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Chapter 1

Introduction

Understanding the mechanisms by which the brain learns remains a central un-
resolved issue in neuroscience. Significant research focuses on elucidating, at the
neuronal level, the algorithms that determine which synapses are modified, the
extent of these modifications, and the signals that guide these processes. Recent
cortical learning models propose biologically plausible routes to backpropaga-
tion: dendritic microcircuit schemes that approximate error backpropagation [1],
burst-dependent plasticity that coordinates learning across hierarchical circuits
2], and Deep Feedback Control with locally available target signals [3]. These
frameworks are powerful but remain primarily theoretical or simulation—based
rather than validated at scale on neural population data.

A converging line of experimental research focuses on reactivations, defined as
spontaneous or offline recurrences of stimulus-evoked patterns, which are associated
with subsequent changes in cortical responses during learning. In the mouse sensory
cortex, both the content and frequency of reactivations predict bidirectional network
changes and future sensory responses. These findings suggest that reactivation
serves as a learning signal [4] [5].

Building on this idea, recent analyses frame cortical learning in terms of target
stgnals: population—level results in mouse neocortex argue that data may align
better with Target Learning than with backprop—style mechanisms [6], and comple-
mentary work similarly evaluates whether reactivation—derived signals generalize
across conditions [7]. These studies motivate the central, neuroscientific question
addressed in this work: What is the nature of the underlying drive that shapes how
neurons adapt their responses across stimuli?



Introduction

Even as experimental and theoretical work advances, comparatively few candidate
learning algorithms have been confronted with rich population datasets. The
bottleneck is twofold: it is challenging to acquire stable recordings of neuronal
populations at scale, and the resulting datasets are structurally rich, requiring
models that match their features instead of forcing the data to conform to the model.
This motivates multiway models that treat recordings as higher—order objects and
let structure emerge directly from repeated trials and temporal organization.

Tensor component analysis provides exactly this kind of interface. Heuristi-
cally, the Canonical Polyadic decomposition (CP/PARAFAC) asks the dataset,
“which few archetypal triplets recur together?”—a characteristic neuron pattern, a
within—trial temporal motif, and a cross—trial profile. Each component is one such
triplet; the data are explained as a superposition of a small number of these recur-
ring motifs, and separates them into interpretable building blocks, a perspective
rooted in multiway chemometrics and now widely codified in [8] [9]. Classic results
clarify when such motifs are essentially unique up to trivial scalings [10]. This
“archetype triplet” view extends naturally to statistical modeling and prediction
via tensor regression [11].

The range of alternative models beyond standard CP is continually evolving.
Recently, sliceTCA was introduced to disentangle distinct covariability classes that
may co-occur within the same dataset [12]. When one axis varies in length or
alignment across measurements, such as trials with different durations or internal
time warps, PARAFAC2 addresses this by allowing the factor associated with that
axis to change from slice to slice while preserving a shared latent metric. This
approach was originally developed to address chromatographic retention time shifts
and remains widely used in chemometrics [13].

In sum, modern tensor methods—CP /TCA, sliceTCA, and PARAFAC2—offer
a compact, mode—aware language that naturally amalgamates with neural popu-
lation data, turning recurring multiway structure into interpretable motifs while
accommodating realistic irregularities in experimental recordings [8].



Chapter 2

Background

2.1 DMotivation for Tensor-Based Representations
of Neural Activity

Neural data usually consists of a collection of time series reporting the activity of
neurons in specific regions of the brain; each trace is associated with a region of
interest (ROI) if the recorded tissue, where one or more neurons can reside. Calcium
imaging is an in vivo recording technique performed with a microscope implanted
on the animal’s skull and pointed to the brain region under study. A genetically
encoded calcium indicator (GCaMP) has been inserted into the neuron, resulting
in the production of a fluorescent protein that changes its structure and becomes
brightly fluorescent when calcium ions bind to it. When a neuron is active, calcium
enters the cell, and this influx causes the GCaMP protein to fluoresce, allowing the
microscope to detect neuronal activity. After a post-processing procedure, the video
recorded from the microscope is converted to calcium traces, which are proportional
to the calcium concentration in the ROI; these turn into a proxy for the activity
of the neuron circumscribed in the area. The calcium dynamics remain, however,
slower in their rise and decay compared to the rapid spikes fired by excited neurons,
resulting in smoother and slower signals relative to the timescale of neuronal activity.

A study usually includes multiple trials, in which the same animal is observed and
its cells’ activity is recorded; each trial results in a matrix [Neurons x Samples],
and the phenomena of interest such as learning and adaptation are reflected by
the evolution of the neural activity over trials, which naturally leads to further
storing the data in a tensor [Neurons x Samples x Trials]. A this point, the
analysis of the data recorded can be conducted in many ways, depending on the
research question the neuroscientists are trying to address, but there are some steps
that are common to almost any study, such as dimensionality reduction, given
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the large amount of neurons Calcium Imaging allows to record (from hundreds to
thousands) and flattening of the data, since most algorithms are suited to work
with vectorial observations and not the matricial ones eventually associated to trials.

Rotation and loss of physiological interpretability in PCA. Principal
Component Analysis (PCA) is one of the most popular dimensionality-reduction
techniques used in computational neuroscience, but it comes with a requirement
on the data to be 2-dimensional [Features x Observations|, therefore forcing the
destruction of its original 3-dimensional structure by aggregating observations over
the time dimension, resulting in a [Neurons x Trials] matrix. This matrix can
then be fed to the algorithm, where neurons are treated as features and trials as
repeated observations of the phenomenon under study. This does not happen to
be the only disadvantage of PCA.

PCA belongs to a family of techniques known as '"low-rank matrix factoriza-
tions". One limitation of these methods is that post-multiplying the factor matrix
by an invertible transformation does not alter the reconstruction. This leads to
rotational indeterminacy, because there are infinitely many equivalent factorizations
and possible interpretations of the factors. Principal Component Analysis (PCA)
resolves this by enforcing orthogonality on loading vectors. This ensures uncor-
related component scores. Although statistically convenient, this property is not
always physiologically meaningful or biologically plausible, since neural responses
to distinct stimuli are known to be correlated across neurons.

Because of the orthogonality constraint, PCA often can fail to reflect the re-
ality of neural processes, which typically involve correlated, overlapping activations.
For instance, a group of neurons may respond to multiple visual stimuli, indicating
that the true underlying activity axes in the neural population space are not or-
thogonal. When PCA is applied to such correlated sources, it looks for orthogonal
axes by rotating the original subspace. This approach aims to avoid rotational
indeterminacy while maximizing explained variance, but there is no reason to
assume that the physiological explainability of the components actually benefits
from these constraints. For instance, a counterexample is shown in Figure 2.1
where the retrieved components PC and PC5 are linear combinations of neural
processes, rather than direct representations of them; PC may increase when
either Stimulus 1 or 2 related processes activate, and PC5 reflects their opposition,
but none actually accounts for one of them.

A tool to reduce dimensionality without imposing orthogonality across components
is the Canonical Polyadic Tensor Decomposition (CP/PARAFAC), which avoids
rotational indeterminacy under mild conditions (e.g., Kruskal’s condition 2.3.3).

4
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Moreover, representing data as triplets of factors across neurons, time, and trials,
and preserving the 3D tensorial structure of the data, allows the model to capture
correlated or overlapping patterns, such as different stimulus-evoked responses, as
distinct, physiologically meaningful components without the artificial constraints

imposed by PCA.

PCA rotation on overlapping neural populations

Stimulus 1 trials
Stimulus 2 trials

o
o
o
a
N
]
B
<
PC2 (= diff)
PC1 (: Sum) 15.1% var
84.9% var
A P
Axis 1: Pop. 1

Figure 2.1: Illustration of PCA rotation. Synthetic example showing how PCA
enforces orthogonal axes (PCy, PCs) on overlapping neuronal subpopulations (Pop. 1,
Pop. 2). Because of their overlap, each population responds to both stimuli with different
intensities, causing PC; to align with the diagonal direction of shared variance while PC,
captures the orthogonal contrast between them. None of the two components actually
correspond to a specific stimulus and thus loses a clear physiological interpretation
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2.2 'Tensors: preliminaries

A tensor is a multi-dimensional generalization of vectors and matrices that stores
data with more than two axes. A vector has one mode (length), a matrix has two
modes (rows x columns), and an order-N or N-ways tensor has N modes (e.g.,
neurons X time X trials).

fibers
K
X ]
, /77 4
slices | /
o
Xk X X;

Figure 2.2: Fibers and Slices. Entries of an order-3 tensor X grouped as fibers
(vectors) or slices (matrices).

2.2.1 Notation and basic objects

The following notation is used. Scalars are lowercase letters (a € R). Vectors are
bold lowercase (a € R!). Matrices are bold uppercase (A € R™*”). Higher—order
arrays are tensors, written with calligraphic letters (X € RI>*I~) The entry at

(il, Ce ,iN) is Liy.in

Fibers and slices. A mode-n fiber is a vector obtained fixing all indices except
the n-th. A slice is the matrix resulting from fixing all but two indices. These
objects are useful building blocks for organizing data in tensor form (Figure 2.2).

Unfoldings (matricizations). The mode-n unfolding of X', denoted X, €

R Im, rearranges the entries of X into a matrix by stacking all mode-n
fibers as columns according to a consistent ordering convention that can be kept
abstract to remain implementation-agnostic, as long as is respected in algorithms
and proofs.
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Vectorization. We use vec(-) to stack the columns of a matrix into a vector. For
tensors, we first unfold the tensor along a chosen mode and then apply vectorization.

Basic products. The basic products defined for tensors and relevant to this

work are:

e Outer product of vectors, e.g. a o b o c, makes a rank-1 tensor with entries
(a obo C)ijk = aibjck.

« Hadamard product A *x B is elementwise multiplication.

e Kronecker product. For A € RP*? and B € R"*?, the Kronecker product
A ® B € R®)*() i5 the block matrix

CLHB cee aqu
AB=| + ..
4B - B

« Khatri-Rao product (columnwise Kronecker). If A € R”*? and B €
R7*% share the same number of columns, their Khatri-Rao product is

AoB = [a1®b1 aa®@by .- aR®bR} € RUI*E

i.e., each column is the Kronecker product of the corresponding columns. A
useful consequence is:

(A®B)'(A®B)=(ATA)*(B'B),

where * is the Hadamard (elementwise) product.

The n-mode product. For X € RIv**IN and A € R7*!"_ the n-mode product
Y =X x,, A is a tensor in R XIn-1XIxXInp1XXIN with

In
Yirin—1jint1in — Z Liy..in By, -

in=1

If applied to unfoldings results in the identities

.
Yo =AX@, Y =Xm(I©©A@--0I) (m+#n)
7
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2.2.2 Tensor rank and rank-1 tensors

A rank-1 tensor in RN is the outer product of N vectors:
N
X = a(l) o a(2) O:++-0 a(N), $1‘1”.Z’N = H GZ(:)
n=1

Notice how this reduces to the definition of rank-1 matrix in the case of (X € R1*2)

The CP rank of X is the smallest integer R such that

R
X:Zaﬁ,l)oag)o---oaﬁm.

r=1

An important reformulation consists in collecting the n-th mode related vectors

a( as columns of the matrices AM™ = [al™ ... alM] € RI"*E this is implied in

the definition of the following form.

Unfolded forms. For each mode-n unfolding of X', the CP structure implies
T
X = A (Auv) oA o AD ...@Au)) _

where © is the Khatri-Rao product.

2.3 Canonical Polyadic (CP/PARAFAC) decom-

position
:;;'{ /)/'/
3 4 4 & < / /y 2‘ . r ug)
| ~ ) + )+ + @
24 I il

uf? ul uff

Figure 2.3: CP/PARAFAC schematic. An order-3 tensor X is approximated as a

sum of R rank-1 components: X =~ Zle(uﬁl) ou? o uﬁS)),

8
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2.3.1 Model definition

The Canonical Polyadic (CP), also called Parallel Factors (PARAFAC), decomposi-
tion, writes an order-N tensor X € R/ XN a5 a sum of R rank-1 components:

R
X = Zaq(nl) oa@o...0al™,
r=1
where al™ € R is the r-th component for mode n. If we stack these vectors

as columns A = [agn) ag)], the model is fully described by the N factor
matrices {AMIN_

Kolda—Bader double-bracket notation We write X = [A®, ..., AM] to
denote the CP model that builds X from the factor matrices A™ via a sum of
rank-1 outer products.

2.3.2 Reconstruction error

Given a tensor X’ and its CP approximation with R components,
R
Ty alooal)
r=1

the residual is & = X — X. The reconstruction error is measured by the Frobenius
norm of the residual,
1€]lF = I& = X]|F,

i.e., the square root of the sum of squared entries. In standard CP fitting we
minimize this quantity (or its square). For comparison across datasets and models
is often reported the relative error

I L id 1

Ep = and the corresponding fit 1 — &,
X1

which reaches 100% when the reconstruction is exact (zero residual).

Scaling and permutation. CP has two simple indeterminacies: (i) we can
permute the R components in the same way across all modes; (ii) we can rescale
columns across modes as long as the product of scalings is 1 (e.g., multiply one
column by ¢ in one mode and divide by ¢ in another). In practice, we fix these by
column normalization (e.g., unit fo-norm per column) and by sorting components
with a clear rule (e.g., by column norm or explained variance).

9
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2.3.3 Kruskal’s condition for uniqueness and component
identifiability

The property of the Canonical Polyadic (CP/PARAFAC) decomposition to be
unique, apart from component permutation and column scaling, ensures that the
recovered factors correspond to well-defined latent components embedded in data.
This property is fundamental for interpreting CP components as actual structures
underlying the data. The recovered components are stable and interpretable across
runs. The conditions for which uniqueness is verified are mild and discussed in the
following.

Kruskal rank and uniqueness. Let X € R™*/*X be an order-3 tensor s.t.

R
X:ZArarobrocT,

r=1

where a, € R!, b, € R’, and ¢, € RX are the factor vectors collected in the
matrices A = [ay,...,ag|, B=[by,...,bg|, and C' = [cy,...,cR].

The Kruskal rank (or k-rank) of a matrix A, denoted k4, is defined as the largest
integer such that every subset of k4 columns of A is linearly independent.
Kruskal proved the following inequality to be a sufficient condition for the CP
decomposition to be essentially unique [10]— up to permutation and scaling of the
components:
ka+kp+ ke > 2R+ 2.

Interpretation in practice. Kruskal’s inequality cannot be verified on the true
factors, so it represents a theoretical guarantee of identifiability, not a condition to
verify on the raw tensor. In applications, one can rely on Kruskal-rank estimates or
on stability checks, such as Multi-start reproducibility and other post-fit diagnostics,
to support identifiability of the components retrieved.

10
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2.4 From Gaussian Noise modeling to ALS for
CP

In this section we derive Alternating Least Squares (ALS) from a statistical
model in which the observed tensor is a low-rank CP signal corrupted by i.i.d.
Gaussian noise. With this model, maximizing the likelihood is equivalent to
minimizing the squared Frobenius residual; this structure yields the alternating
least-squares updates for the factor matrices.

2.4.1 Gaussian Noise assumption

Let X € RIXIN be the observed tensor and let its CP be X = [A® ... AN,
Assume additive white Gaussian noise:

~ 2\ - -
Liq.iny = Liq.iy + 81‘1”,1‘1\], 61‘1._.@]\, ~ N(O, g ) i.i.d.

Equivalently, each entry is Gaussian around its CP mean and independent across
indices:

1 N) 2 ~ 2 .. . .
Tiyoin | AV AW 52 N(xihm,iz\r? o > i.id. over (iy,...,in).

Likelihood. Independence and Gaussianity imply the joint density factorizes

entrywise:
. 2
exp(—( 1. 0N i1 zN) >

1
LAM .. AWM 52| ) =
( | X) HN s

Taking logs turns the product into a sum:

202

M 1 N
log L = Y log(27m2) T 952 ‘12 (Tiy iy — xil...iN)Qa

21, ,IN

where M = HnNzl I,, is the number of observed entries. Thus the negative log-
likelihood is

M 1 N
—logL = —- log(2m0?) + ] il;N(%...m — By ay)?

For fixed 02 minimizing — log L is equivalent to minimizing:

Z (xil---iN - iil---iN)z'

115N

11
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Maximizing log L over the factors is therefore equivalent to minimizing the squared
Frobenius residual:

mi Hz"(—[[A(l),...,A(N)]]H2 = min

11
A AN F ReMEP

-7,

for a fixed rank R, where ||T||% =3 %

2.4.2 Alternating Least Squares

For simplicity, a 3-way tensor X € R*/*X with rank R is considered. The CP
model is

R
Tk = Y @i bj i, AcR™E B eR™E C e REXE,
=1

We fit the model by minimizing the squared Frobenius residual:
. I J K R 2
F(A,B,C) = |X-X|7 = > Z(Iz]k — Zawbjeckf> :

i=1 j=1k=1 =1

This problem is nonconvez in (A, B, C') jointly, but becomes convez in one factor
if the other two are fixed. ALS exploits this: fix two factors and update the third
by solving normal equations.

Update for A (fix B and C). Setting 0F/da; = 0 gives

OF Ll
_ —zz(xijk -y aimbjmckm) bucre = 0 for all i, £,
aaié 3.k m=1

which leads to

R
> ain (S by ) (X cuacion) = S e iecr
m=1 J k

gk

=: Gom = Mip

so that a;G = m;, with Gy, = (B'B)ym © (CTC)gy elementwise, and my, =
>k Tigkbjecre. Each row a; is obtained by solving this linear system, and the
process repeats symmetrically for B and C'.

12
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Matrix form. Using the mode-1 matricization X € R*(/K) and the Khatri-
Rao product C' ® B € RUK)*E the update for A compactly reads

A« Xu(CoB)[(CTC)+(BTB)|
where * denotes elementwise (Hadamard) product. Analogous updates hold for the

other two modes by cyclic permutation:

1

B + X (COA) [(CTC)*(ATA)]‘l, C' + X (BoA)[(BTB)x(ATA)| .

Algorithmic loop. Cycle over A, B and C' until a stopping rule (small change
in ||X — X||% or max iterations). After each update, normalize columns (to fix
scaling indeterminacy) and optionally absorb the norms into component weights
A¢.In short, ALS tackles a nonconver problem by solving three coupled but convex
least-squares subproblems, one per factor, in alternation.

2.4.3 Rank selection (model order)

Computing the CP rank of a tensor X of order N >3 is NP-hard [14], so choosing
the model rank R is a practical decision. Common heuristics include:

« Explained variance / fit (elbow): increase R until improvements in fit
become small.

» Cross-validation: select R with the best performance on held-out entries/s-
lices.

e Stability across runs: check if components are consistent over multiple
random initializations.

« Diagnostic checks: watch for overfactoring (high collinearity, noisy or
duplicate components).

o Residual analysis: if strong structure remains in the residual, a larger R
may be justified.

« Constraints/regularization: prefer the smallest R that yields stable, inter-
pretable factors under domain constraints.

We usually report sensitivity to nearby ranks (e.g., R+1) and choose the lowest R
that balances fit, stability, and interpretability.
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2.5 Non-negative CP

A wide set of constraints, such as sparsity, smoothness, and orthogonality, can be
applied to CP decompositions to encode prior knowledge. In this work, we will
impose non-negativity on the factors, as it makes the interpretation of the additive
components easier.

2.5.1 Nonnegative CP (NNCP): multiplicative updates

When non-negativity is required or desirable for interpretability, an option is to
use multiplicative updates, as they preserve non-negativity by construction.

For a third-order nonnegative CP model, the Lee-Seung—type multiplicative update
[15] [16] for the mode-1 factor A is

X(l)Z+€

A+ A*—A(ZTZ)—FE’

7=CoB,

with a small € > 0 for numerical stability. The same update is applied cyclically to
B and C. This is the nonnegative counterpart of the CP-ALS step described in
2.4.2.

Why multiplicative updates preserve non-negativity. Consider the mode-1
NNCP update applied elementwise with £ > 0. Assume we start from nonnegative
factors A, B,C' > 0 and a nonnegative data tensor X > 0. Then:

e« Z =C®B >0 (columnwise Kronecker of nonnegative matrices).

« The numerator X(;)Z is a product of nonnegative matrices, hence X()Z > 0;
adding ¢ keeps it strictly positive.

o The factor Z'Z is positive semidefinite with nonnegative entries (since Z > 0),
so A(Z"Z) > 0; adding € keeps the denominator strictly positive.

Therefore, the elementwise ratio is nonnegative, and multiplying a nonnegative
A by a nonnegative ratio yields an updated A that is still nonnegative. By the
same argument, the B and C' updates preserve nonnegativity. By induction over
iterations, NNCP with multiplicative updates maintains A, B,C' > 0.

14
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2.6 From Logistic Regression to CP-Structured
Tensor Logistic Regression

In neural data each trial is a matrix X; € R/ (neurons x time), whereas the
circumstances or outcomes associated to the neural response observed during the
trial (the specific stimulus presented to the subject, a task successfully completed
or not, etc.) can be seen as labels inherent to the specific trial.

The classification task, consisting of predicting those labels from the neural
activity, is called decoding and aims to interpret brain activity, associating it with
controllable variables or observable outcomes of the experiment. The ultimate goal
is to gain insight into how the brain works, understanding if specific populations of
neurons are predictive of certain stimuli presented or behaviors assumed from the
animal.

Decoding involves the use of decoders-a term in neuroscience for algorithms
that perform classification (and, when appropriate, regression) on neural data.
Logistic regression is an algorithm often used for this scope, because it’s simple,
interpretable, and well-suited to label classification, since it outputs probabilities,
not just hard labels. One of the goals of this work is to move beyond flat logistic
regression by evaluating decoders that operate directly on tensor representations
of the data—an approach used extensively in fMRI [17] and, to our knowledge,
applied to calcium imaging only by [18] with their LS-STM method.

2.6.1 Multiclass Logistic Regression

Given features x; € RY and label y; € {1,...,C}, multiclass logistic regression
models class probabilities via

eXp (i) (2.1)

T C
n, = x;, W + beR", plyi =c|x;) = )
Zg:l eXp('rh-@)

Here W € RP*% and b € RY are learned by minimizing the cross-entropy loss
(Sec. 2.6.4).

Why move beyond vectors? This model assumes vector inputs; to achieve this
it’s required to flatten structured inputs (e.g., neuron X time matrices) shrinking
the information contained in the temporal dynamic to a scalar that usually happens
to be the mean, the max, or an other statistic. An alternative could be flattening
to x; = vec(X;), but this approach ignores separability across modes (neurons vs.
time) and leads to learn a dense W € RU7)*C vector; this becomes statistically
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and computationally inefficient since the number of parameters grows enormously
and can lead to an over-parameterized model.

2.6.2 Tensorial Logistic Regression

For matrix inputs X; € R’™*/ we define per-class weight matrices {W,}<_, c RI*/
(analogous to the weight vectors in Sec. 2.6.1). Class scores are computed via the
Frobenius inner product,

I g
Nie = (We, Xy) + be, (A,B) := > > A;By,
—~

=17

which extends entrywise to higher-order tensors. Then, for each sample, the label
classification still consists in evaluating the class probabilities:

<W17 XZ>
N = : +b,  p(y = c|X;) = softmax(m;). (22)
<WC7 Xl>

This preserves the two-mode structure (neuron X time matrices) that is lost once
data is adapted to the classic logistic regressor, but still uses I.J - C' free parameters
in (W,)%,. As with the flattened logistic regressor, this often over-parameterizes
the model and leads to overfitting, since the parameters outnumber the data avail-
able for reliable estimation; in practice, experiments rarely include more than a
few hundred trials, a number influenced from task difficulty, session length, and
animal engagement or stress.

Most classical statistical models assume regression coefficients are vectors and
are not suitable for high-dimensional regression problems. There are two main
disadvantages of employing the traditional regression methods. First, it requires vec-
torization of multiway data, which can ignore the data’s inherent high-dimensional
structure, resulting in degraded model performance. On the other hand, a large
vector-based model will require a large number of parameters, leading to storage
and computational burdens, as well as undesired numerical instability.

To overcome these complications, prior knowledge must be incorporated to simplify
this regression problem. The same low rank assumption of the CP decomposition
can be formulated on the regression coefficients (W,)¢_,. In this way, not only can
the model parameters be reduced, but also the multidirectional relation between
the N-dimensional predictor and response can be explored in a structured way, to
improve the model performance. Some commonly used low-rank tensor assump-
tions are based on the CP, Tucker, Tensor Train, and Tensor Ring decomposition
methods [17]. Different assumptions over tensor rank determine different subspace
exploration strategies and different predictive capabilities of the regression model.
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This work focuses on the CP-structure assumption over the regression coefficients
of the classifier applied to neural data, since its characteristics most resemble the
actual structure we expect neural data to have.

2.6.3 CP-Structured Tensor Logistic Regression

We rewrite the regression coefficients assuming an underlying R-rank CP structure:

R
W = Y ab] with A=la,...,ag] € R B=[by,...,bg] € R7*F,

r=1
(2.3)
for each trial X; then we can compute R bilinear components z; , each associated
with the r — th spatio-temporal motif

T
Zigy = arTXibr - Z; = (Zi,h ceey Zi,R) € RE. (24)

The following steps are straightforward: the vector z; is first multiplied by the
Class-by-Component weights W ., summed to b, and thenitss entries are used in
a standard softmax classifier.

n = Z;‘I—Wclass + b7 Wclass € RRXC- (25)

Compared to dense matrix weights, the parameter count drops from I.J - C to
IR+ JR+ RC (plus biases). At the same time, each component r is interpretable
as a spatio-temporal motif (a,,b,) with class contributions W[, :]. The use
of CP/PARAFAC follows the standard tensor literature [8]; the idea of low-rank
coefficient tensors for regression was formalized in [11] and is adapted here to the
logistic (classification) loss.

2.6.4 Optimization, Loss, and Regularization

An official implementation of the CP-Structured Logistic Classifier is not available,
so we implemented it ad hoc in Python using the PyTorch library. The following
equations describe the loss function used to estimate the model parameters. The
pseudocode of the training algorithm is also reported.

Components are collected in a 3-way array W, = A;.Bj,, while trials in X &
RN*IXJ “Then

an = Z Xm'j AirBjrv Nne = Z an (Wclass>rc + bc' (26)

i7j
This is implemented efficiently with tensor contractions (e.g. einsum).
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With one-hot labels (y;.), probabilities p;. = softmax(n;)., and optional
quadratic penalties, we minimize the cross-entropy

N C
L(A7B7Wclass’b> - _Zzyi,c logpi,c + /\AHAH% + )\BHBH% + )‘WHWclass“%"

1=1c=1
(2.7)
Parameters are learned by first-order optimization (e.g. Adam) with automatic
differentiation. Column normalization and component sorting (by |[Weiass|r :]||2 or
temporal peak in b,) mitigate CP scaling/permutation indeterminacies [8].

2.6.5 Training pseudocode

Algorithm 1 Training CP-Structured Tensor Logistic Classifier

Require: X € RY*/*7 labels y € {1,...,C}", rank R, epochs T, Ir 7, weight
decays (Aa, A\, A\w)
1: Initialize A € R™*F B € R7*? W« € RF*C b =0
2: fort=1to T do
3: VVijr — AirBj’r
4: L = 21 j XnijWijr (bilinear projections)
5: Nne < S0 Znr(Welass )re + bes  Pne — softmax(n,,).
6: L+ =, 1yn=cllogpac + AalAlE+ AslIBl% + A | Weass |3
7.
8

: Update (A, B, W, b) with one optimizer step on VL (e.g. Adam)
: end for
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Chapter 3

Hypothesizing an Unified
Learning Signal

3.1 Biological background

Consolidation of learning occurs through the potentiation and depression of synapses
within specific regions of the brain. An immediate parallel arises between biolog-
ical and artificial neural networks: synapses can be modeled as weighted edges
between neurons, with the weight encoding the strength of the pre- to postsynaptic
interaction. Given a neuronal network, we can define:

N :  set of all neurons in the network
{i,j} : oriented synapse from j to i
w;; © weight associated to synapse {7, 7}

E . set of synapses in the network

For us, neurons will always belong to A/ and synapses to &£.
The rules that determine which synaptic weights are modified, and how these

changes occur during learning, implicitly define the learning algorithm implemented
by the brain.
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Reactivations—i.e., the spontaneous re-expression of recent population activity
during sleep or quiet wakefulness—are believed to be widely implicated in learning:
hippocampal ensembles replay prior experience [19] and replay is coordinated
between hippocampus and visual cortex [20], consistently as a reinforcement-like
teaching signal [21], providing feedback signals that reinforce or weaken specific
synaptic connections.

3.2 Framing Empirical observations into Hebbian
learning

Hebbian learning is a broadly used theoretical framework for synaptic plasticity. In
its simplest form, the synaptic weight from pre-synaptic neuron j to post-synaptic
neuron ¢ changes proportionally to the correlation of their activities:

sz‘j = NZ;Yi,

where z; and y; denote pre- and postsynaptic neurons activity and n > 0 is the
constant learning rate. Closely related—but supervised—is the delta (Widrow—Hoff)
rule,

Aw;j = na, (ti - yi)’
where t; is a teaching target and (¢; — ;) is an error term. While this update

shares the correlational (pre x post-side) form of Hebbian learning, it replaces
post-synaptic activity y; with an error signal.

Empirical observation motivating our hypothesis. We previously stated
that reactivations are a learning signal. Now we can specify what kind of correction
they carry and fit their definition into the delta learning rule. Treating the
reactivation r! associated with neuron 7 at time ¢ as the analogue of the term ¢; in
the delta learning rule, and assuming the activity of the same neuron at time ¢, x,
plays the role of y;, we can reformulate the learning rule as:

Awj; = naj (rf — [Et> = naj (($f + %) — xf) = natél

]

where 0! is the feedback received from the post-synaptic neuron ¢ at time ¢ via
the apical dendrite. With this model, given stimuli Sy, k € {A, B} presented at
time ¢, to which the neuron’s response is x%(Sx) and the associated reactivation is
rt(Sk), is reasonable to assume the following proportionality relation

2;(Sa) — 271 (Sa) o< 6;(Sa) = 7i(Sa) — x;(Sa)

Simply stating that for neuron 4, the difference among consecutive stimulus-evoked
activities is proportional to the weight update that affected the synapses in between
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the two. The proportionality relation was demonstrated on the same dataset
analyzed in this work, using a classifier trained on r!(S4) — x(S4) to predict the
sign of the change in activity sign(z! — 2!~"). Besides confirming the assumption,
the tests led to a striking observation [7]: reactivations believed to replay Si-evoked
patterns predict not only the subsequent change in the response to the evoked
stimulus k, as expected, but also the change in the response to the second stimulus
being learned in parallel,

7?(Sp) — 27 (Sp) o 0;(Sa) = 7i(Sa)ai(Sa)

Here, the chronological sequence of events is not trivial as before; we have to >t > ¢4,
so the reactivation and the response to S4 at time ¢t happen between the first and
second stimulus-evoked response to Sp.

Concretely, the reactivation-response contrast §/(S4) computed from S4 carried
predictive power for the sign of the trial-to-trial change in evoked activity for both
Sa and Sp (and symmetrically for 0!(Sp)). This observation supports a unified
learning signal from reactivations—i.e., a neuron-level drive 0! that shapes plastic-
ity across all stimulus-specific inputs to neuron i—and motivates our subsequent
hypotheses.
Under this view, synaptic updates obey
Awy o<z 0L,
B

¢
Awp o< zj 0;,

so the same scalar §! imposes the same sign of change across both pathways.

3.3 Competing Hypotheses

If as observed, reactivations instantiate a single neuron-level learning signal, the
weight updates for a given neuron should be coordinated across its stimulus-specific
synapses of the neuron: the same signal should tend to drive either co-potentiation
or co-depression of synapses associated with neurons that are principal contributors
to the representations of S, and Sp.

3.3.1 Independence across inputs

It is trivial to notice that the Hebbian framework does not impose constraints on
how the learning process should affect the set of synaptic weights incoming to a
neuron 1%

W) = {wy; 1 j € Pr(i)},  Pr(i)={j € N: {i,j} € &}
21



Hypothesizing an Unified Learning Signal

Where Pr(i) is the set of all pre-synaptic neurons in a synapse having ¢ as the
post-synaptic neuron. Each synapse weight can be increased or decreased regardless
of what happens to the others, so for a fixed post-synaptic neuron 4, potentiation
and depression can, theoretically, occur on different inputs j independently.

The cross-stimuli significance of the learning signal, can be translated into an
important constraint applied to the learning rule: neurons can’t freely decide which
dendrites associated to which stimuli potentiate, instead they either potentiate or
depress all of the synapses in the same way.

3.3.2 Hypotheses formulation

In the following, the hypotheses that frame our research question are formally
derived.

Notation. Let s € {A, B} index two stimulus-specific pathways projecting to
the same post-synaptic neuron associated with two different stimuli. Denote by
x > 0 the activity of a neuron; by w, the synaptic weight of pathway s, and
specifically, by 7 ., its pre-synaptic activity, and by z. the post-synaptic activity

pre
after a strictly increasing monotonic and possibly nonlinear activation function

Tpost = @(-). We consider a generic correlational update

Aw, = 2%, 08 (3.1)

pre “post?

where 67 is a postsynaptic learning drive associated with stimulus s.

H,; (Single-signal, neuron-level)

Assume the two drives, consequent to the same neuron-level learning signal, carry
the same sign—implying a same-direction change for both synapses A and B—and
are directly proportional through «,

) = sign (62

post) ) (5A = 5B

Sign (5A post post (Oé € R+) : (3 2)

post

s
pre

Substituting into the update rule Aw, = x7,, 05, gives

2A
_ A B _  pre
Awy = x5, @050 = o —5- Awp.
pre

xA .
Collecting o = a —5* € R* yields Awy = o’ Awp.
pre
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Effect on post-synaptic activation. A weight update Aw, changes the input
to ¢ as

gb(waére) v, gz5((w,4 + Awy) xgre)7

which induces a change in postsynaptic activity Ax?ost. Let z4 == w A$£re and
4 := Awaz,. By the mean value theorem (MVT),
A:zcﬁost = p(za+ea) — P(za) (3.3)
= ¢'(a) e
For some &4 € (24,24 +€4).
Analogously, with zp := wpz}, and e := Awpz],,
Alifost = gb(ZB + 53) - ¢(ZB) (35)

= ¢/(53) €B-

For some &g € (2,25 +€B).

Induced proportionality across pathways. Using Awy = o Awg in the
forms obtained with the MVT leads to

A ! A
Az s _ ¢(§A)  Thre

N

Once defined

CH(es)  TES

we obtain Azfl, = o Azl . The monotonicity of ¢ together with o/ € R* then

implies o > 0 and therefore the two changes share the same sign

sign(Az?

post

) = sign(Aszzfost). (3.7)
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S, % S, ¥

Figure 3.1: Coherent potentiation or depression of synaptic weights on basal
dendrites associated with stimulus-specific pathways.

The situation that would result from the just-stated hypothesis being true is
graphically summarized for a single post-synaptic neuron in Figure 3.2.

1.5

»

10r euron

0.5r

0.0

A
Xpost

-0.5¢

_1.0 L

-1.5f
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

B
Xpost

Figure 3.2: How stimulus tuning would possibly result for a neuron under
our hypotheses.

Assume we have two stimuli Si, k € {1,2}; a post-synaptic neuron’s activity
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Tpost can be represented as a point in the S;/Ss plane, where its position resembles
the strength of response to the respective stimulus on the axis, at a specific time
instant or trial 3. During future stimulus presentations, under the constraint

) = sign(Az?

Sigﬂ(ASL’A post)

post

associated with the hypothesis Hy, the response to the stimuli can either increase
or decrease for both, so the response-change vector pointing to the neuron’s re-
sponse location at a successive time instant ¢;, ¢ > 0 is expected to fall within the
orange-shadowed area depicted in Figure 3.2. The two vectors reported in Figure
3.2 represent two possible situations in which the neuron’s responsiveness increases
or decreases by the same amount over one or more trials, depending on how many
occur between ty and t;.

A stimulus response at time t; resulting in response-change vector aligned to
any direction falling in a quadrant bisected by the dashed blue line (/1 or IV
quadrant), would be symptomatic of a tuning process in which the response to a
stimulus is potentiated while the other is depressed; a situation inadmissible under
Hl-

H, (Dual-signal, stimulus-specific)

The most natural and general null hypotheses to pose in contrast to the strong
constraint in Eq. 3.7, is that there exist stimulus-specific learning signals r(54) and
7(Sp) driving the synaptic weights updates Aw,, implying &7, are conditionally
independent of each other, and consequently, the variations in the post-synaptic
neuron’s stimulus-evoked activity across different trials Axg‘ost and Axfost are not
subject to the same-sign constraint expressed in Eq. 3.7. This hypothesis would
manifest as the situation illustrated in Figure 3.3: for a given neuron, the change
in its response to either S4 or Sp over several trials can take any possible direction,
either a stimulus-selective direction (opposite signs across stimuli, NW/SE) or a
shared-sign (non-stimulus-specific) direction (same signs across stimuli, NE/SW).
The four response-change vectors represent scenarios in which the magnitude of the
change is equal across the two stimuli and covers all possible sign combinations.

Weight trajectories under Hy and H;. In conclusion, the temporal evolution
of the stimulus—specific synaptic weights is summarized in Fig. 3.4. Under the null
Hj (two independent, stimulus—specific drives), the updates to wa(t) and wg(t)
are independent in sign; a typical outcome is selective potentiation of one pathway
with concomitant depotentiation of the other, yielding opposite slopes and even
a possible crossing of the two trajectories (panel a). Under the alternative H; (a
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Figure 3.3: Possible stimulus tuning scenarios under the null hypotheses Hj.

single neuron—level learning signal), both weights are driven by the same scalar o},
so their increments share the sign—both increase or both decrease (panel b).

0.9} 1.0 Wa
Wg
0.8 0.9
0.7f 0.8
0.6 0.7f
g W, s
- 05} a ~06f
2 N
0.4} 0.5f
0.3f 0.4}
0.2} 0.3f
01 L 1 1 L L L 02 L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
time t time t
(a) (b)

Figure 3.4: Qualitative plot of the weights trajectories under the two H, (a)
and H; (b).
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Chapter 4

Dataset and Methods

4.1 Experimental paradigm and Dataset

We re-analysed the publicly released calcium-imaging dataset from awake, head-
fixed mice exposed to repeated visual stimuli, originally collected by Nguyen et
al. [5]. Adult Emx1-Cre mice expressed the genetically encoded calcium indicator
jGCaMPTs in cortical excitatory neurons. Animals were implanted with a lateral
visual-cortex cranial window and imaged with wide-field two-photon microscopy
across three planes in layer 2/3, simultaneously sampling ~6,900 neurons per
session across the lateral visual cortical areas.

A

i’

A A

Figure 4.1: Top: The stimuli S1 and S2. Bottom-left: Schematic rendering
of the setup. Bottom-right: Example calcium-imaging frame showing some
neurons emitting fluorescence.
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Each daily session lasted ~3h and consisted of a 30 min baseline (grey screen)
followed by passive, randomized presentations of two luminance-matched checker-
board patterns (stimulus 1, S1; stimulus 2, S2) Figure 4.1. Individual stimulus
epochs lasted 2s and were separated by a 58s inter-trial interval (ITI; grey screen),
yielding 64 presentations of each stimulus per day (total ~128 trials). This schedule
intentionally inserts long ITIs to capture stimulus-specific reactivations—short,
synchronous population events in the tens of seconds after each stimulus. Image
processing and source extraction were performed using Suite2p for motion correc-
tion and region-of-interest (ROI) detection.

In Nguyen et al. [5], analyses use peak-normalized, deconvolved (OASIS algo-
rithm) Ca?" activity for all stimulus-driven neurons. For context, the original study
decoded stimulus-specific reactivation content during the I'TIs using multinomial
logistic regression. In the same deconvolved traces, it has been found [7] that
reactivations allowed the prediction of the sign of future changes in responses to
the stimulus, independently of whether the stimulus was the same as that for which
the reactivations were classified (see Figure 4.2).

In this work, calcium traces rather than deconvolved activity have been used, as
they better align with the algorithms used.

Dataset The recordings analyzed in this work covered data from a single mouse
over a single day, comprising 128 consecutive trials, imaging at 10.42Hz the activity
of ~5,400 ROIs. After discarding ROIs replicated over the three planes imaged, the
number of effective neurons imaged reduced to 5,192 raw calcium traces, composing
a matrix [Neurons x Time] with shape [5,192 x 106665] containing the recording
performed during ~30 min of baseline and 128 trials of length 1 min each. With
the same shape was also supplied a matrix containing the F™ew°pPil 5 collection of
calcium traces, one per neuron, recorded in a ring surrounding the neuron itself; the
scope this data is to collect the luminescence in the surrounding area of the neuron
populated by axons dendrites and possibly other neurons, who’s fluorescence that
could be overlapping and contaminating the neuron’s soma recording, so that it can
in a second moment subtracted to the neuron’s raw trace using some sort of strategy.
A separate behavioral file accompanied the recording, containing frame-by-frame
annotations of the experiment. It included the onset and offset frames of each
stimulus presentation, the frame marking the end of the baseline period, and other
behavioral variables, all synchronized with the calcium-imaging timeline.
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Figure 4.2: Accuracy of a logistic classifier decoding the sign (increase/de-
crease) of future stimulus-evoked activity. (a) Cross-stimulus prediction.
Reactivations predict the sign of the next stimulus-evoked response even when the reac-
tivations come from the opposite category; the Stimulus-Evoked € Reactivation model
reaches ~ 0.78 accuracy, exceeding the within-category baseline. (b) Within-stimulus
prediction. Cross-validated logistic regression decoding the sign of change in the next
stimulus-evoked response using different feature sets (bars show mean + S.E.M.; dashed
line = chance 0.5): (1) Stimulus-Evoked — current stimulus-evoked activity; (2) Stimulus-
Evoked & Stimulus- Evoked — difference between consecutive stimulus-evoked responses;
(3) Stimulus-Evoked & Reactivation — difference between the current stimulus-evoked
response and its intervening reactivation; (4) Reactivation & Reactivation — difference
between consecutive reactivations; (5) Reactivation — reactivation alone. Including
reactivations with the current stimulus-evoked response (3) yields the highest accuracy,
indicating that reactivations add predictive information about upcoming evoked changes
within the same category.
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4.2 Preprocessing

A first visual inspection of the data revealed an artifact affecting all the raw calcium
traces: five frames, equally spaced and in the same position in every trace, assuming
suspiciously low values relative to the rest of the signal. This could be most easily
attributed to the microscope recording process, which periodically introduces the
artifact (see Figure 4.3). While the first frame was discarded, the remaining four
faulty frames were handled in the same way on all of the raw traces, simply with
an imputation of the mean between the previous and successive frames.

104 Neuron 63 raw fluorescence trace
T T T T T

L . . . . .
0 2 4 6 8 10
Samples <104

Figure 4.3: Calcium trace of a specific neuron showing the artifact injected
from the recording instrumentation

4.2.1 Neuropil correction.

Following standard practice, several pipelines subtract a fraction of the neuropil!
fluorescence captured in an annular around the ROI,

() = Fi(t) — a F(1).

A heuristic originating from earlier two-photon analyses and adopted by default in
Suite2p when per-cell estimation is not performed is to set a global value, «, for all

INeuropil: the space between neuronal cell bodies that is comprised of dendrites, axons and
synapses
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neurons (a = 0.7 by default), and then compute the neuropil-corrected trace. While
simple, a global coefficient can be overly aggressive in cells with little contamination,
and too weak where neuropil dominates. Moreover, a fixed—a subtraction often
removes part of the signal’s continuous component (DC); when contamination is
minor this leads to Ff°™(t) = F;(t) — aF"(t) having long negative stretches. This
is both biophysically implausible (fluorescence intensities are non-negative) and
numerically harmful for downstream AF/F, which requires a positive, baseline
denominator.

For those reasons, we preferred not to rely on a single global value of a for
all cells, but to adopt a per-neuron regression that removes only the neuropil
fluctuations while preserving the neuron’s DC (offset).

Let F(t) = Fi(t), N(t) = F"(t) and B be the ~30 min baseline window
at the beginning of the session. We fixed a neuron ¢ and a baseline index set
B C {1, ce ,TB} with size |B| =Tg.

For any constant ;¢ € R, we defined the centered regressor z,(t) = N(t) — p and
the response y(t) = F(t), both restricted to t € B. We estimate (¢, «) by ordinary
least squares with an intercept:

2
(c,a) = argmin » (y(t) —c— ozx#(t)> :

(@) 1ch

Write sample means on B as § = T%; Ypy(t) and z, = T—ls > 5 Z,(t). The normal
equations are

Z(y—c—amu):o, %mu(y—c—a:ﬁ“)zo.

B

Solving the first gives ¢ =y — & x,. Substituting into the second yields

ZB(@u - Eu) (y - g) . COVB(wm y).

‘= ZB(%L - fu)Q B Var8<xu)

Note that (z, — 7,) = (N — N) for any y, hence the slope is actually

- Su(N—N)(F—F) _ Covg(N.F)

> (N — N)Z Varp(N)

independent of the chosen centering constant p (provided Vars(N) > 0). The
intercept then is é=F — & (N — p).

DC preservation. We correct the full trace by removing only the zero-mean
neuropil component:

Fer(t) = F(t)—a(N@t) —p), t=1,...T
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Thus, baseline DC is exactly preserved iff we set 4 = N (the baseline mean):
Feorry = F. We preferred to use the median for robustness to outliers

i = median{ﬂneu(t) tte B},
and doing so the identity became approximate; the slope & is unchanged, while the
intercept shifts by & (N — p).
The DC-safe corrected trace is then
Fem(t) = Fi(t) — of (F'(8) — ),  t=1,...,T.

Why this preserves DC. Taking the mean over B,

- _ J—
Fz’mrrg = I'ip — Oy (Fineus - Mi) = Fip,

so the neuron’s baseline level is unchanged; only neuropil fluctuations around u;
are removed. In contrast, the naive F; — o F"*" also subtracts neuropil DC and can
invert signs or inflate AF/F downstream.

For diagnostics, we monitor residual coupling on the baseline

r, = Corr(ﬂneu([)’), FZ-C‘)”(B)>,
and preservation of event power via the demeaned-energy ratio
—\2
Zt (Ecorr<t> _ Ficorr)
2
> (Fi(t) - F)

In Figure 4.4 we report the distribution of Corr(F;(t), F*"(t)), over baseline,
before any correction.

(4.1)

Energy Preserved; =

Original correlation before correction
T T T T

250

200

# Neurons
N
wn
[=]

-
=]
(=]
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" I
0.2 0 0.2 0.4 0.6 0.8
Corr(F, F__ )on baseline
neu

Figure 4.4: Distribution of the correlation between F; and F" computed
over the baseline.
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As shown in Figure 4.5, selecting global « often introduces a negative correlation
between traces and neuropil fluorescence, an artifact resulting from overly aggressive
subtraction.

Residual correlation after correction with ai=0.7
700 — T T T T T .

500

400

# Neurons

300

200

100

-0.8 -0.6 -0.4 -0.2 o 0.z 0.4

CornF__,F___)onbaseline
neu corr

Figure 4.5: Distribution of the correlation between F*" and F*" computed
over the baseline.

Residual correlation after correction with ai' = min(ai, 0.7) Energy preserved after neuropil subtraction with ni‘ = min(ai, 0.7)
T T T T 600 T T T T T

500

# Neurons
# Neurons

03 02 01 0 01 02 03 04 05 20 a0 60 80 100 120

Corr(F,, F*) over baseline % of original energy preserved

(a) (b)

Figure 4.6: Diagnostic plots with o/; = min(&;,0.7).
(a) Distribution of the correlation between Ff" and F**" computed over the
baseline.

In Figure 4.6, it is shown that limiting alpha to 0.7 does not introduce negative
correlation, yet still leaves most traces correlated with their F™** signal. Figure
4.7 shows that the fully adaptive method successfully makes the signals Ff" ()
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and F"(t) orthogonal while avoiding excessive energy loss (4.2.1) compared to

the previous solution.

Residual correlation after correction with optimal o

# Neurons

2 15 -1 05 0 05 1 15 2 25
i -15
Carr(Fneu, er)on baseling %10
(a)

# Neurons

Energy preserved after neuropil subtraction with optimal a

20 40 60 80 100 120 140
% of original energy preserved

(b)

Figure 4.7: Diagnostic plots with o/; = &;.
(a) Distribution of the correlation between Ff" and F" computed over the

baseline. (b) Distribution of the relative energy remaining in the Ff" traces after

the correction
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4.2.2 Wavelet-based screening of spurious traces.

After neuropil subtraction, we questioned whether we should have kept all traces
or discarded some for quality, and what actually defines the rule for this screening.
Given their high number, a visual inspection of the signals was not possible.
However, at first glance, we found that many traces were affected by drift and
slow-moving artifacts, possibly due to multiple cells captured in the same ROI
or to actual ROIs containing only axons and dendrites. Some of those traces are
shown in Figure 4.8, along with a healthy trace for comparison. It was evident
that the artifacts affecting the traces would mostly manifest as slow drifts, much
slower than the actual calcium transients evoked by neuronal activity, leading us
to consider screening traces via a multi-resolution wavelet analysis.

<104 Neuron 18 a5 <104 Neuron 8

3

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

Samples 104 Samples x10*
(a) Neuron 18 (b) Neuron 8
a5 «10* ‘ ‘ ‘ . Ne‘uron %S 15000 i Neuran 2(-:\‘66 ‘

10000 ||

5000

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Samples 2104 Samples «10%

(c) Neuron 26 (d) Neuron 2666

Figure 4.8: Calcium traces Panels (a), (b), and (c) display low-quality calcium traces
that are either heavily corrupted by noise or do not originate from a single neuron’s
activity. Panel (d) shows the expected signal shape of an ideal calcium trace, serving as
a reference.

35



Dataset and Methods

As mother wavelet, we used the Daubechies-3 (Db3), a compactly supported
wavelet; wavelet denoising is established in two-photon calcium imaging [22] and
db3 has been used to denoise neural signals [23].

MODWT and multiresolution analysis. For each trace x(t) we computed
the maximal-overlap discrete wavelet transform (MODWT) with db3 up to level
J =16. The MODWT is a shift-invariant filterbank: at each scale j, the signal is
convolved with upsampled, rescaled analysis filters derived from the db3 mother
wavelet. Denoting by A; (high-pass) and §; (low-pass) the level-j MODWT analysis
filters, the detail and scaling coefficient sequences are

Di(t) = (zxhy)(t),  At) = (@*g)t), j=1....J

where * the discrete convolution.

The associated multiresolution analysis (MRA) provides scale-specific
time—domain components by applying the inverse transform, retaining only the
coefficients from a given band. We define

mp,(t) = MODWT™(D;)(t),  ma,(t) = MODWT(A,)(t),

so that the components add exactly to the original signal:

z(t) = ;mpj(t) + may,(1).

Because the MODWT is a non-orthogonal filter bank, the MRA components
are additive in time but not orthogonal in energy: >;||mp, |3 + ||m.a,||3 need not
to be equal to ||z||3.

Energy distribution across scales. To quantify how much of a trace lives at
each time scale, we computed per—band energies from the MRA components and
normalized by the signal energy:

Ey,

= 2 frac — % . 4.
Ek zt:mk(t) ) Ek th(t>27 k € {D17 7DJ7AJ} ( 2)

We found that high—quality calcium traces place most energy in the lower
bands, compatible with calcium transients D;... Dy, while low—quality traces tend
to be dominated by very coarse scales, the approximations D~5 and A;. In the
trace reported in Figure 4.11, it’s evident how the reconstructions from Dy ... D5
mostly account for slow drifts due to noise, and the energy is widely distributed
over the coarser detail coefficients; the comparison with the trace reported in Figure
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Share of neurons retained vs. wavelet-energy threshold

09r

08r
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Proportion of neurons kept
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Threshold H on D1..D4 energy (%)

Figure 4.9: Proportion of retained traces vs threshold ¢

4.10 underlines how, in a good quality trace, the energy is condensed in the first
coefficients D; ... D, rather than the last ones.
Operationally, we summarized high—frequency dominance with

4

0 = > ERS,

Jj=1

and used a fixed cutoff (50%) derived from manual inspection together with the
curve depicted in Figure 4.9 to reject traces with 6 < 0.5 as noise-dominated.
Traces retained under this criterion exhibit their energy primarily at low-mid levels,
consistent with calcium events. This led to discarding ~1000 traces out of the
5192.
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Figure 4.10: Wavelet decomposition of an ideal calcium trace. (a) The calcium trace is
reported with its reconstructions derived from high-detail coefficients; the heatmap at the bottom
shows how the energy is distributed over the bands. (b) The same trace is reported with the resulting
reconstruction from Dy ... D4 and Dy ... Asg.
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Neuron 18, MODWT(db3)
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Figure 4.11: Wavelet decomposition of a corrupted trace. (a) A corrupted trace
is shown with the reconstructions derived from lower and higher-order coefficients; the
heatmap at the bottom shows how the energy is distributed over the bands. (b) The
same trace is reported with the resulting reconstruction from D;...D; and Ds...Asg.

39




Dataset and Methods

4.2.3 Normalized fluorescence %

A standard way to normalize calcium-imaging fluorescence traces is to compute the
fractional change relative to a baseline, AF/F. Let F; = Ff°" be the i-th neuron
neuropil-corrected trace. For each t, we define
AF (1) F(t); — F2(t)
T TRm

where Fj is a time-varying estimate of the fluorescence baseline of the neuron.

(4.3)

Baseline via rolling lower percentile. To obtain a baseline fluorescence Fj
that is robust to positive transients and can track slow drifts, we first apply a
zero-phase Gaussian filter with standard deviation o (in seconds) to smooth the
trace along time,
Fi = Fixgs o(7) o oxp(—53). (4.4)
then we use a rolling lower percentile within a sliding window centered at ¢. Let
W (t) denote a temporal window of fixed length w samples around ¢. For a chosen
percentile g € [0,100], we set

F(t) = percq(FSi(T) CTE W(t)), (4.5)

where F§ is smoothed version of F' used only for baseline estimation.

Intuitively, (4.5) tracks the baseline by selecting a low quantile within each local
window, thereby suppressing upward deflections caused by calcium transients while
remains sensitive to slow changes in the baseline possibly due to photo-bleaching
or general physiological drift? .

Hyperparameters:

o Percentile ¢ = 20.
e Window length w = 60s.

e Smoothing sigma = 10s .

The choice of the window length is motivated by the experimental design; with
a trial duration of 1 minute, composed of 2s of stimulus presentation and 58s of
resting state. A 60-second wide window allows for capturing a large portion of
resting activity and for estimating a solid baseline.

2Photo-bleaching is the gradual, loss of fluorescence as repeated excitation irreversibly deac-
tivates fluorophores, producing a slow downward shift in the baseline even without neural events.
Physiological drift denotes slow, non—event-related baseline changes (over seconds—minutes)
arising from biological and optical factors—e.g., hemodynamics, metabolic state, slight focus
creep or motion-induced scattering—that can shift the baseline up or down.
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4.3 CP decomposition

We employed CP Tensor decomposition for two primary purposes. The first was to
denoise the neural data to recover the underlying neural dynamics embedded in
the tensor. The second aim was to retrieve components that could provide insight
into the response-consolidation process occurring in the neural population under
investigation.

Among the available variants, Non-negative CP decomposition was selected to avoid
combinations of positive and negative coefficients arising from distinct components
and associated with the same neuron or trial; such results are often counterintuitive
and difficult to interpret. The non-negative multiplicative update implementation
from [24] was used after each AF/F' trace was normalized to the interval [0, 1] using
min-max normalization to ensure compatibility with the method. This last step is
not harmful, as our analysis is focused on neuron-level changes in stimulus-evoked
activity.

The portions of traces corresponding to stimulus presentation, plus an additional
half second to account for the extinguishment of calcium transients originating
within the stimulus presentation window, were extracted and organized, preserving
the chronological order of trials, into a tensor of dimensions [Neurons x Time x
Trials] as in Figure 4.12.

Neurons

Trials

Created in BioRender.com bio

Figure 4.12: Organization of the neural data in a tensor

To mitigate slow trial-wise rundown, we applied a global normalization per trial.
For each trial k, all entries were divided by that trial’s overall mean across neurons
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and time,

Koy = itk g = ] gjix
itk = T s k= o itk

X NT i=1t=1
This operation removes trial-wide amplitude fluctuations while preserving within-
trial structure across neurons and time. Such fluctuations are common in two-photon
calcium imaging and can arise from photobleaching of the indicator and gradual
physiological adaptation or arousal changes across the session.

Distirbution of average neuron activity over the session 2Per-neun‘.\n mean with std shadow — neurons keept : 3964/4172
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Figure 4.13: Per-neuron activity screening and quantile trimming. (a) His-
togram of session-averaged activity per neuron. (b) Per-neuron mean activity (blue;
neurons sorted by mean) with a shaded +s.d. band; dotted lines mark the quantile
thresholds Q25 = 0.747 and Q975 = 1.25. The orange curve highlights neurons retained
after quantile trimming to [Qa.5, Qo7.5], yielding 3964/4172 neurons (=~ 95.0%) used in
subsequent CP analyses.

To avoid the CP/PARAFAC decomposition fit being dominated by a handful of
high-amplitude units, we first screened neuron-wise activity across the whole session.
As shown in Fig. 4.13 panel (a), the distribution of per-neuron session means is
tightly concentrated—with most values lying between 0.8 and 1.2 (arbitrary units
after preprocessing)—and homogeneous standard deviations, except a few traces
lying at the two extremes of the curve in Fig. 4.13 panel (b). To trim these extremes,
we excluded neurons whose session mean fell outside the central quantile interval
[Qo.025, Qo.o75] (i-e., below the 2.5th or above the 97.5th percentile of the empirical
mean distribution). The resulting cleaned distribution is shown by the orange
curve in Fig. 4.13 panel (b), and the filtered tensor was used for all subsequent CP
analyses.
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4.3.1 Rank Selection

The only parameter requiring tuning is the rank of the tensor decomposition, R.
Tuning R is challenging because it involves minimizing a loss function, which can
lead to distinct local minima for the same number of factors R. Therefore, we
performed multiple optimization runs for each R € [2,10] optimizing the factors for
a maximum of 1000 iterations or untill the condition |Afit| < 107 (change in fit
per iteration) was verified, to obtain stable results and mitigate the indeterminacy
arising from distinct starting points and minima.

Medoid selection across restarts. Given the data tensor X € RYJ™*¥ (neu-
rons X time x trials), we fit, for each rank R, a family of S = 50 CP models by
multiple random restarts:

R
X — Z )\ﬁs) aﬁs)obf)ocﬁs), s=1,...,5,
r=1

where A®) > 0 and the factor matrices are A® = [a!” ... al)] € RV*E BO ¢
RT*E O6) ¢ REXE To summarize the S solutions with a single representative, we
select a medoid model X" as the one with maximal similarity to the consensus.
As in previous works [25], similarity between two CP models is measured by the
Factor Match Score (FMS), which aligns components via an optimal permutation
7w and multiplies per-mode cosine matches:

R
PMS(0, X0) = max 3" (1@, a0} 1(B,), )1 (67,69},
where Sg is the permutation group, and tildes denote ¢s-normalized columns (e.g.
a = a/|lalls). We then assembled the similarity matrix F € [0,1]5%% F}; =
FMS(i, 7), and defined the medoid as the restart with the highest average similarity
to all others. This exhaustive O(S?) procedure (here S = 50) yields a robust
representative model for downstream diagnostics and visualization.

Stability across restarts. We quantified solution stability in two complementary
ways. In Figure 4.14 (a), we summarize the overall pairwise consistency by
computing all off-diagonal Factor Match Scores (FMS) between the S restarts at
each rank R and plotting the mean+std with the median overlaid. In panel (b), we
report the FMS to the medoid: for the run with the highest average similarity to
all others. In both plots, scores remain close to 1 at low ranks ([2-4]) and decrease
smoothly as R increases, indicating that higher ranks capture less reproducible
structure.
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Stability across all restarts (pairwise FMS, off-diagonal)
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(a) Overall stability: meantstd and median of all
off-diagonal FMS values across restarts.
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(b) Stability to the medoid: mean+std and median of across
restarts.

Figure 4.14: Restart stability as a function of CP rank. Both metrics decrease

gradually with R, while remaining high enough to indicate consistent recovery of the
dominant components.

Diagnostics. The primary diagnostic metric considered is the reconstruction
error

|X = Xllr
1% ]|
44
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or equivalently, the fraction of variance explained:
FVE =1 — errpq.

As shown in the Figure 4.15, the reconstruction error was not particularly informa-
tive in this case. Although a reconstruction rate of ~ 73% is considered good for
neural data, this value did not increase significantly with higher ranks R.
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Figure 4.15: Explained variance achieved over the multiple runs for each rank

R

This outcome is likely attributable to low intrinsic dimensionality. Because
stimulus presentations are brief, the time mode contains only 7' = 27 samples, and
responses are concentrated on a few shared temporal motifs. Once these motifs and
their trial modulations are captured by a small number of components, increasing
the rank primarily redistributes already-explained variance rather than introducing
new directions. This often results in splitting neuron groups while reusing similar
temporal kernels, which does not reduce the global loss on unseen trials.

This phenomenon is also evident in Figure 4.16, where intra-mode collinearity
is reported. Given the medoid factor matrices UV = A" ¢ RN*E 72 = B(") ¢
RT*E B =C6") ¢ REXE we quantify how similar the components are within a
mode m € {1,2,3} by the absolute cosine similarities between normalized columns.
Let U™ = [ﬁgm) ﬁ%n)] with @™ = u(™ /[|[u{™|,. Define the off-diagonal
cosine matrix

ctm = gt e o) E e <o,

@™, w"™| e 01, i
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Figure 4.16: Cosine similarity metric between rank-R medoid factors

We report two summary statistics:

colr(ffg( = max C’,E:?),

12 coll™ = median ({ cim <o })

as R grows, a decreasing Coll(;zzi suggests that higher ranks partition the neuron-

associated components that tend to become heterogeneous, while elevated values
of colfr’gz{ indicate almost duplicated temporal components also at higher ranks.
This suggests that the temporal motifs identified by the decomposition remain
consistent without introducing new temporal kernels, but higher decomposition
ranks can help disentangle the activity of distinct populations across the factors,
even though the explained variance does not increase.

Hyperparameter tuning conclusions To balance the considerations provided
by the reconstruction error—which, given the negligible increase in explained vari-
ance at higher ranks, advocates for parsimony in the choice of R—with the results
of the collinearity analysis, we made a careful choice. The collinearity analysis
indicates a potential benefit in selecting slightly higher ranks than the minimum
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inspected, especially when the objective is to disentangle population dynamics
as outlined earlier in this chapter. Therefore, we opted for a decomposition rank
R = 4. This choice, when considering both neuron and time-mode collinearity,
represents the lowest value that ensures optimal performance with respect to the
collinearity metrics while also achieving an exhaustive disentanglement of the
responses to distinct stimuli across the trials dimension (see Figure 4.18); result
that the more parsimonious model with R = 2 fails to achieve, as illustrated in
Figure 4.17.

The decompositions shown in Figures 4.17 and 4.18 confirm that the tempo-
ral motifs of the neural response are consistently reproduced across distinct models
and factors within the same model. These motifs closely resemble the expected
stimulus-evoked response of a neuron exhibiting slow calcium transient dynamics.
In contrast, the components associated with neurons and trials differ between the
first and second models. When the rank is limited to two, the trial components pri-
marily capture simple increasing and decreasing trends in response strength across
trials, with these trends distributed relatively homogeneously among neurons, as
indicated by the coefficients in the bottom panels of the figure. In Figure 4.18, two
additional trial-specific trends emerge when the model is allowed greater flexibility
to distribute variance across more components. These new factors, which distinctly
separate by stimulus type across trials, clearly reveal the temporal profile of neural
responses and are markedly sparser across neurons, as evident from the steeper
neuron-loading panels when compared with the other components.
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Figure 4.17: Factors resulting from rank R =4 CP decomposition. The top
panels show the temporal profiles from the factors B decomposing the time dimension.
The central panels report the response strength for each trial as encoded in the C factors;
distinct colors discern trials by the stimulus presented (S4 or Sg). The bottom panels
show the neuron factor A reordered by coefficient magnitude; the top 100 entries are

displayed.
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Medoid components (R = 4)
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Figure 4.18: Factors resulting from rank R =4 CP decomposition. The top
panels show temporal profiles from the B factors (time mode). The central panels report
the trial-wise response strengths in C, with colors distinguishing stimulus identity (S4 vs.
Sp). The bottom panels show the neuron factor A, reordered by coefficient magnitude;
the top 100 entries are displayed.

Finally, to quantify component overlap in terms of neural population, for each
factor we considered the top % neurons in the neuron mode (ranked by loading)
and measured pairwise similarity of the two sets via the Jaccard index,

B |AN B|

JAB) = SR

Figures 4.19-4.21 report the overlap matrices for x € {1,5,10}%. Across all
thresholds, off-diagonal entries remain low, indicating that distinct components
recruit largely non-overlapping neuron subsets. The model could successfully
disentangle the populations encoding responses to the two stimuli S4 and Sg.
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Overlap of top 1% neurons (Jaccard)
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Figure 4.19: Overlap among top 1% neurons per component ordered by loadings. Cells
display Jaccard similarity.

Overlap of top 5% neurons (Jaccard)
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Figure 4.20: Overlap among top 5% neurons per component ordered by loadings. Cells
display Jaccard similarity.
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Overlap of top 10% neurons (Jaccard)
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Figure 4.21: Overlap among top 10% neurons per component ordered by loadings.
Cells display Jaccard similarity.
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Chapter 5

Results

After decomposing the recordings with a rank-R = 4 CP/PARAFAC model we
have reconstructed the tensor using all the factors. For each neuron 7, we defined
early (E) and late (L) blocks as the first and last K = 5 presentations per stimulus,
and computed mean responses over time and trials. The stimulus-specific changes
related to S4 and Sg are

_AL  -AE ~-BL _ -BJE
AxiA:xi’ -z, AxiB:xi’ —x;".

Each neuron’s tuning would then be represented by an arrow from (z:F, 22%) to
(z°F, 2P in the (S4, Sp) plane, as described in §3.3.2 and illustrated in Figures
3.2 and 3.3. Because the population is large and a neuron-level plot would be
overcrowded, we summarize tuning directions with a 20-bin circular glyph weighted

by arrow magnitude.

Directional weighted 20-bin glyph. For each neuron we form the change
vector (Ax?, AxP) and convert it to polar form with angle §; and magnitute m;:

0; = atan2(Az, AzP) € (=, 7], m; = \/(Ax{‘)Q + (AxP)2.
The circle is partitioned into 20 equal angular sectors by edges
{—m=do <1 < <yp=r}

with ¢ = —7 + k- (27/20) and bin centers ¢, = (dr—1 + ¢x)/2. Each arrow
contributes to exactly one bin £ = min{j : §; < ¢;}. We draw from the origin,
along direction 1, a ray of length

Sk
L= gy e = 2 m
i=1"1% 1:0;€(Pr—1, P
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so that L encodes the share of total movement (vector-norm) for bin k. The 20
rays plotted at {i} form a circular histogram whose radial extent reflects the
distribution of change magnitudes across directions; dotted diagonals at £45° are
there to provide visual reference. A synthetic example with unit-length rays is
reported in Figure 5.1.

20-bin glyph — all rays same length

Figure 5.1: 20-bin weighted directional glyph

Under the single-learning-signal hypothesis H; derived in §3.3.2, both stimulus-
locked synaptic weights are driven by the same scalar learning drive 9; and therefore,
as we derived, changes in activity must share the same sign:

sign (Axf) = sign (Al‘f)

Geometrically, these are precisely the arrows falling in the NE quadrant (Az#t >
0, AzZ > 0) or the SW quadrant (Az# < 0, AzP < 0). Arrows in the NW/SE
quadrants (Az AzP < 0) violate the same-sign constraint and are compatible
with the alternative H.
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5.1 Qualitative and quantitative evidence for H
vs H;

Figure 5.2 shows the circular weighted glyph (all neurons) obtained from the CP
decomposition R = 4 once factors were reassembled in a tensor. The distribution of

20-bin length-weighted glyph from R = 4

/

Figure 5.2: 20-bin weighted glyph resulting form the R =4 CP model

arrow directions concentrates along the same-sign diagonals (NE and SO), whereas
opposite-sign quadrants (SE and NO) are comparatively rare. Figure 5.3 shows a
simplified four—bin glyph centered on NE, NO, SE, and SO, where arrow lengths are
proportional to the fraction of neurons pointing in each quadrant, independently
of change magnitude.
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4-bins counts/TOTAL glyph fromR =4

NE 2019 (50.9%) | NO 298 (7.5%) | SE 233 (5.9%) | SO 1414 (35.7%)

Figure 5.3: Four-bin empirical frequencies glyph from the R =4 CP model.
Arrows at NE, NO, SE, and SO encode the fraction of neurons whose changes (Az{!, AzP)
fall in each quadrant; lengths reflect frequency only (not change magnitude).

Quadrant Count %Count SumLen %Weighted

NE 2019 50.93% 15.300 45.27%
SE 233 5.88% 0.735 2.17%
NO 298 7.52% 1.250 3.69%
SO 1414 35.67% 16.600 48.87%
Total 3964 100.00% 33.885 100.00%

Table 5.1: Quadrant summary from the length-weighted glyph. NE: (Az# >0, AzP >
0), SE: (Az# >0, Az? < 0), NO: (Az{! <0, AzP >0), SO: (Az? <0, AzP <0).
SumLen is the total arrow length (movement magnitude) within a quadrant, %Weighted
its share of the total movement.

Same-sign changes dominate (NE+SO = 86.6% by count), indicating that
responses to A and B tend to evolve in the same direction across neurons. While
NE contains the largest fraction of neurons (50.93%), SO contributes the largest
share of total movement (48.87%). Thus, joint decreases (SO) are fewer than joint
increases (NE) but are typically stronger in magnitude.
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5.1.1 Robustness across model orders.

For completeness, we repeated the glyph analysis on the medoids obtained using
ranks R =4 +1 (i.e,, R € {3,4,5}) and also at R = 10. Across these settings,
the qualitative patterns of the glyphs remained consistent, indicating that our
conclusions are not sensitive to moderate changes in the chosen CP rank.

4-bins count/TOTAL glyph fromR =3 20-bin length-weighted glyph from R =3

NE 2166 (54.6%) | NO 259 (6.5%) | SE 105 (2.6%) | SO 1435 (36.2%)

(a) (b)

Figure 5.4: Glyph analysis for the denoised tensor with CP rank R = 3: (a) counts
per direction; (b) weighted glyph reflecting the distribution and relative strength of
directions.

4-bins count/TOTAL glyph fromR =5 20-bin length-weighted glyph from R=5

NE 2046 (51.6%) | NO B0 (1.5%) | SE 47 (1.2%) | SO 1811 (45.7%)

() (b)

Figure 5.5: Glyph analysis for the denoised tensor with CP rank R = 5: (a) counts
per direction; (b) weighted glyph reflecting the distribution and relative strength of
directions.
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4-bins count/TOTAL glyph from R =10 20-bin length-weighted glyph from R =10

. y

NE 1614 (40.7%) | NO 524 (13.2%) | SE 508 (12.8%) | SO 1318 (33.2%)

(a) (b)

Figure 5.6: Glyph analysis for the denoised tensor with CP rank R = 10: (a) counts
per direction; (b) weighted glyph reflecting the distribution and relative strength of
directions.

At higher rank (R = 10, Figure 5.6) we observe some very short arrows in the
NW and SE quadrants. Such arrows could be due to over-factoring: the additional
components start to model noise as small variations yielding tiny vector magnitudes
that almost disappear when glyphs are length—weighted, i.e. when vectors are scaled
by their effect size. Hence, the qualitative structure remains governed by the stable
NE/SW pattern.
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Chapter 6

Conclusions

This thesis pursued a dual aim: at a technical level, it advanced a tensor—decomposition|
view of calcium—imaging data that preserves the [neuronsxtimextrials| structure
and cleanly disentangles stimulus-related populations; then, at a biological level
we used those factors to probe how neurons update responses to multiple stimuli
during learning.

A small number of nonnegative CP components captured the dominant variance
without collapsing time, revealing concise temporal kernels, neuron—-mode sparsity,
and stimulus—separating trial structure. Components could recruit largely distinct
neuron subsets for stimulus—related structure (low overlaps at top—x% neuron sets),
clarifying which assemblies carry which parts of the code.

Starting from the observation from [7] that reactivations act as a single neuron-level
learning drive, we instantiated it in the delta-rule model of plasticity, arriving at
the sign-coupling constraint sign(Ax; ) = sign(Az7 ) (Eq. 3.7). This formaliza-
tion provided clear, testable predictions for population drift under the null and
alternative hypotheses. The distribution of per-neuron change vectors showed that
most neurons adjust their responses to both stimuli with the same sign, supporting
a single neuron-level learning drive that acts like a feature-selection mechanism,

enhancing some assemblies while down-weighting others.

Limitations These conclusions are preliminary: the current evidence (one mouse,
one session) lacks the scale and dependence-aware inference required for a definitive
claim, and naive independence assumptions (e.g., applying Rayleigh’s test directly
to raw angle data) can overstate evidence in the presence of shared covariance across
neurons, time, and trials. Strengthening this result will require larger, replicated

58



Conclusions

datasets, inference that preserves dependence (permutation or block/bootstrap
procedures) and explicitly accounts for correlation of neuronal populations.

Future work. Future work should expand the dataset across animals and sessions
to quantify effect sizes with uncertainty at both neuron and animal levels; de-
velop rigorously dependence-aware inference, test robustness systematically across
reasonable ranks while exploring variants and evolutions of the CP/PARAFAC
decomposition as the temporally flexible model PARAFAC2;
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Appendix A

CP-structured logistic
neural decoder

In this appendix, we report an additional analysis on the performance of a neural
decoder built with the CP-structured logistic regression model illustrated in 2.6
(custom implementation), which infers the stimulus identity [Si,S2] from the
neuronal population’s stimulus-evoked responses.

No definitive conclusion is intended here, as that would require a much more
rigorous treatment. The goal of this paragraph is simply to showcase some indicative
results that may spark interest in a class of decoders for computational neuroscience
that has received comparatively little attention so far, overshadowed by simpler,
more conventional techniques.

The purpose of these experiments is methodological: to assess the potential
gains of tensor-aware decoders that preserve temporal structure and to compare
their performance with the time—averaged logistic regressor used, for example, in
[5]. However, they do not directly address the neuroscientific hypothesis we tested
in the main chapters. For this reason, the CP-logistic results are presented here in
the appendix rather than in the core Results and Discussion.

We compared the performance of a CP-structured logistic regressor with that
of a baseline provided by a standard logistic regression model. In the baseline,
each neuron’s activity is collapsed into a time-averaged feature. The CP-structured
regressor instead operates directly on the full [neurons x time x trials| activity
tensor, using a Canonical Polyadic (CP) decomposition to impose a low-rank
structure on the weights as illustrated in 2.6. In this way, the model can, in
principle, exploit the rich temporal organization of responses and their interactions
with stimulus identity.
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CP-structured logistic neural decoder

Baseline. For the baseline decoder we used the standard ¢o-regularised logistic
regression implemented in the LogisticRegression class of the scikit-learn
library. Given features x; € RY and labels y; € {1,...,C}, the model parametrises
class scores as in (2.1) and estimates (W, b) by minimising the regularised cross-
entropy

.1 1
min HZ[— 10gp<yi | Xz)] + BTl W%,

where C' > 0 is the inverse regularization strength used in the hyperparameter
search and ||-||r denotes the Frobenius norm.

To construct a controlled test bench of classification problems, we proceeded as
follows. First, we reshaped the activity tensor into a [trials x neurons X time] array
and collapsed the temporal dimension by averaging each neuron’s trace, yielding
a [trials x neurons| design matrix'. Using this time-averaged representation, we
estimated a decoding score for each neuron separately: for each neuron, we trained
a univariate logistic regression model and computed its 5-fold stratified cross-
validated accuracy, yielding one accuracy value per neuron. These single-neuron
accuracies were used to rank neurons from worst to best.

The hyperparameters for the univariate logistic regression baseline were chosen
by a grid search, summarised in Table A.1. For each configuration, defined by
the maximum number of iterations, the optimiser, and the inverse regularisation
strength C'; we computed the cross-validated decoding accuracy of the baseline
classifier over the whole neuron set and then summarised its distribution across
neurons ( median, and quantiles). The final choice corresponds to the configuration
achieving the highest median accuracy; among models with comparable median
accuracy, we further selected the one with the largest lower 25% quantile. This
criterion favours models that perform well not only on average, but also in a robust
way across most neurons, avoiding those that performed well on a small subset
of highly informative units while leaving a large fraction of neurons essentially
uninformative.

In Figure A.1 we report the cross-validated decoding accuracies of the univariate
classifier for the neurons, ordered from lowest to highest accuracy.

1To avoid data leakage, we did not apply the trace by trace 0-1 normalisation used in the
main preprocessing pipeline. Instead, for each split of the 5-fold cross-validation, we fitted a
per-neuron standardiser (zero mean, unit variance) using only the four training folds and then
applied this transformation to the held-out fold.
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Table A.1: Hyperparameter search for univariate LR

Parameter Search space Selected
C {1,0.1,0.05,0.01,0.001} 0.01
Iters {1000, 2000, 4000} 2000
Optimizer {'lbfgs') liblinear'} 'Ibfgs’
All neurons by univariate LR accuracy Bottom 1400 neurons by univariate LR accuracy
(a) (b)

Figure A.1: Sorted single-neuron decoding accuracies. (a) Classification accuracy of
univariate logistic regressors trained on each neuron individually, sorted by performance
across the full population; (b) Zoom on the 1400 lowest-scoring neurons; Notice that
their accuracies cluster close to chance level.

Starting from this ranking, we defined families of baseline decoders that use only
the first k-worst neurons in the ordered list. For each k, we trained a multivariate
logistic regression on the corresponding subset of time-averaged features. We used
the same 5-fold stratified cross-validation splits for all values of k. This yielded a
curve of mean CV accuracy (with standard deviations across folds) as a function
of the number of neurons included. This procedure produces a sequence of logistic
benchmarks. We can then compare the performance of the CP-structured decoder
that operates on the full tensor against these benchmarks.

Using exactly the same neuron subsets and the same CV folds, we then trained
three CP-structured logistic regressors with ranks R € {3,4,5}. In our analysis we
keep the CP hyperparameters (rank, learning rate= 0.001, weight decay= 0.001,
maximum number of epochs= 2500) fixed across all neuron subsets k, and likewise
use a single hyperparameter setting for the logistic regression, so that performance
as a function of k reflects the behavior of each model under a consistent configuration
rather than subset-specific retuning.
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Figure A.2: Time—-averaged LR baseline as a function of k. Meantstd CV
accuracy of the time-averaged logistic regression decoder as the number of included
neurons k increases (from 10 to 1400 in steps of 10). The same neuron ranking and outer
CV folds used for the CP—logistic models are employed here.

Results. Figure A.2 shows the performance of the same time-averaged LR
baseline when progressively including the first 1400 neurons in the ranking in steps
of ten. The resulting mean accuracies + std, of the three CP-structured logistic
regressors, are reported in Figures A.3 - A.5, alongside the baseline classifier for
comparison. It is evident that the CP-based decoder reaches higher accuracies with
fewer neurons in the early subsets; it also achieves higher mean accuracies than
the time-averaged logistic regression baseline in all three cases R € {3,4,5}, and
the standard deviations across the same cross-validation folds are generally smaller.
However, the mean accuracy of the LR baseline appears more stable as a function of
k, whereas the CP regressor, for a few isolated neuron subsets, performs markedly
worse than logistic regression, exhibiting deep accuracy drops that become less
pronounced as the rank increases.
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Decoding accuracy vs #neurons
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Figure A.3: CP-logistic decoder vs time—averaged LR, rank R = 3. Mean+std
CV accuracy of the CP—logistic decoder as a function of the number of neurons & (from
10 to 1400 in steps of 10), together with the time—averaged LR baseline fitted on the
same neuron subsets and outer folds.
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Decoding accuracy vs #neurons
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Figure A.4: CP-logistic decoder vs time—averaged LR, rank R = 4. Same
analysis as in Fig. A.3, now for a CP—logistic decoder with rank R = 4.

Decoding accuracy vs #neurons
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Figure A.5: CP-logistic decoder vs time—averaged LR, rank R = 5. Same
analysis as in Fig. A.3, now for a CP-logistic decoder with rank R = 5.
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Model interpretation. One of the main reasons to use decoders in this context
is to obtain interpretable models from which to draw conclusions about neural
dynamics. The interpretability of the CP-structured regressor is not limited to
identifying which neurons contribute most to each stimulus, as one can already do
by inspecting the coefficients of a standard LR. In addition, it offers insight into
the key features of the temporal dynamics that distinguish the responses to the
two stimuli. For a two-class CP decoder with factors A € R¥*% and B € RT*F
and class weights Weaes € R¥*2, the effective neuron-by-time weight matrix for
class c € {1,2} is

R
WO (n,t) = 3 W, ) A(n, 7) B(t,7),

r=1

so that the logit for class ¢ is the inner product between W and the activity
tensor. A simple and informative way to inspect the model is to visualise the
difference matrix

AW (n,t) = WS (n,t) — WP (n,t),

shown in Figures A.6a and A.6b for & = 20 neurons taken from the best and worst
tails of the univariate ranking. Each pixel of AW reports how much activity of a
given neuron at a given time bin pushes the decision towards stimulus 1 (red) rather
than stimulus 2 (blue); the magnitude |AW (n,t)| encodes the strength of this
effect. For the same subsets of neurons, we also plot the corresponding LR weights
as a heatmap. This makes clear that the LR baseline can only assign a single,
time-independent weight to each neuron (horizontal stripes), whereas the rank-5 CP
model discovers structured patches of positive and negative contributions that are
confined to specific temporal windows and subsets of neurons. In the best neurons,
these patches form coherent motifs that align with the task-relevant epochs, while
for the worst neurons AW is more diffuse and closer to zero, consistent with their
low individual predictive power. Overall, the CP representation turns the decoder
into a temporally resolved “importance map”, providing a much richer and more
interpretable description of how population activity supports the discrimination
between the two stimuli.
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CP W_diff (class 1 - 0) LR weights (time-averaged)
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(a) Difference matrix AW = W — W® for the k = 20 best neurons in the univariate
ranking(both decoders achieve 100% accuracy on this subset). Each pixel encodes how
much activity of neuron n at time bin ¢ pushes the decision towards stimulus 1 (red) rather
than stimulus 2 (blue); the magnitude reflects the strength of this contribution. Most
discriminative weights concentrate after the seventh time bin, suggesting that this late
response segment carries the strongest stimulus-specific information.
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(b) Same representation as in panel (a), now for the k& = 20 worst neurons in the univariate
ranking. Here the entries of AW are generally smaller in magnitude and less structured in
time, consistent with the low individual predictive power of these units.

Figure A.6: CP decoder weight-difference maps for the two extremes of the neuron
ranking. Panels (a) and (b) show the neuron-time difference matrix AW = W) — W)
learned by the rank-5 CP-structured decoder for the 20 best and 20 worst neurons,
respectively. These heatmaps summarise which neuron—time pairs are most discriminative
for the two stimuli, and how this structure depends on the quality of the underlying
units.
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