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Abstract

Numerical simulation of partial differential equations is fundamental for studying
complex physical phenomena. However, the high computational cost of high-fidelity
methods, such as finite element and finite volume schemes, makes them prohibitively
expensive for parametrized problems in multi-query contexts. Reduced Order
Models (ROMs) address this issue through dimensionality reduction, maintaining
reasonable accuracy. Nevertheless, this promising approach shows significant
limitations in the context of hyperbolic conservation laws, where classical ROMs
often fail due to the presence of discontinuities and spurious oscillations that
generate physically inadmissible values (e.g., negative density or water height).

This work addresses these challenges by introducing an alternative framework
named the collocated Reduced Order Model (¢cROM), which differs from common
projection-based model (pROM). We investigate strategies for preserving the
structure of conservation laws, with a specific focus on positivity and conservation
properties, in the context of ROMs.

To guarantee positivity, the cROM is combined with two transformations that
are positivity-preserving by construction: the Logarithmic-Exponential (LE) and
the Square-Root (SR). Numerical analysis demonstrates that the SR transformation
provides satisfactory results for the linear transport equation and shows strong
applicability for the shallow water equations, whereas the LE transformation
exhibits limitations that require further investigation.

For the conservation, the introduction of a specific offset on standard cROM
allows us to theoretically achieve such property. The numerical validation of this
approach exhibits significant improvements for both linear advection and SW
equations.

In conclusion, this study demonstrates that a suitable transformation, such
as the square-root, can effectively preserve the positivity of physical variables at
the numerical level, opening the way for applying these techniques to 2D or 3D
problems. The recovery of the conservation property on cROM, while still yielding
preliminary results, represents a promising area for future development.
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Chapter 1

Introduction

Numerical simulation has gained increasingly interest in the fields of engineering
and applied sciences. Advances in computational performance have enabled the
treatment of complex phenomena modelled by Partial Differential Equations (PDEs).
Given the frequent absence of analytical solutions and the practical limitations
of real-world experiments, solving PDEs through numerical methods has become
essential. These methods have been designed to construct an appropriate discrete
formulation that corresponds to the original continuous problem. Their goal is to
accurately reproduce the observed phenomenon by approximating the exact solution,
which is why they are commonly referred to as high-fidelity (HF) schemes. Numerous
HF methods have been developed, such as finite volume schemes, finite element
schemes [1, 2, 3|, spectral methods [4, 5, 6], and discontinuous Galerkin methods
(7, 8, 9]. This manuscript focuses solely on finite volume methods and a specific
class of problems: hyperbolic PDEs, which comprehends conservation and balance
laws (conservations laws with source terms). The fundamental schemes for these
problems are extensively covered in [10], which provides a general introduction to
Riemann solvers and numerical methods for fluid dynamics. Further key references
include [11, 12], which detail the application of these methods for conservation
laws. The primary limitation of HF methods is their prohibitive computational
cost, often deriving from systems with an enormous number of degrees of freedom.

To overcome this restriction, Reduced Order Models (ROMs) have been de-
veloped. Valid references on ROMs, including their variational formulation and
analysis, can be found in [13, 14]. A more general presentation and study is
provided in [15]. The general ROM framework typically consists of two main
stages: an offline phase and an online phase. The goal of the offline phase is to
construct a low-dimensional subspace capable of accurately approximating the HF
solutions. This is typically the most computationally expensive part of the process.
The most common technique for building this reduced basis is Proper Orthogonal
Decomposition (POD) [16, 17]. This method extracts the dominant behaviour

1



Introduction

from a collection of snapshots (HF solutions), allowing us to build a basis that
retains the most significant information from the original system while achieving a
substantial reduction in its dimensionality.

In the subsequent online phase, the goal is to efficiently compute the coefficients
for the reduced basis such that the solution can be represented as a linear com-
bination of the basis functions. These coefficients are typically obtained at a low
computational cost, often using a Petrov-Galerkin projection. In this method, the
test subspace may differ from the trial subspace. If they coincide, the method
is referred to as a Galerkin projection [18, 19]. An alternative approach involves
residual minimization [20].

In this work, we primarily focus on the projection-based Reduced Order Model
(pROM) approach. Furthermore, we introduce an additional layer of approximation
by considering a collocated ROM (cROM) framework, as described in [21].

At the continuous level, the governing equations are characterized by physical
properties, such as the conservation of fundamental variables, the preservation of
their positivity, and the satisfaction of entropy stability conditions. Maintaining
these properties at the discrete level is crucial for the numerical solution to be
mathematically consistent and physically meaningful. Consequently, numerous
HF methods have been designed specifically to enforce these constraints. The
preservation of positivity, for instance, is essential in problems where obtaining
negative values for physical quantities like density or water height is inadmissible.
Significant research has been dedicated to this goal. One approach is presented
by [22], who proposed a positivity-preserving scheme for ordinary differential
equations. Another key contribution is the work of [23], which introduces a scheme
that maintains both positivity and the well-balanced property (a condition where
stationary solutions are preserved over time) for shallow water equations.

Finite volume schemes are inherently conservative by construction. They are
derived from the integral form of PDEs, and their formulation ensures that the
conservation property is preserved at the discrete level [10, 11, 12]. However,
classical ROMs often struggle with advection-dominated problems characterized by
non-smooth solutions and discontinuities. Various strategies have been therefore
provided to enforce physical properties like positivity. For instance, [24] introduced
techniques designed to preserve positivity in cross-diffusion systems. Referring to
this work, we analyze the variable transformation they proposed within the cROM
framework and introduce an alternative transformation which, to the best of our
knowledge, has not yet been explored. Regarding conservation, relevant approaches
include the works of [25], who developed a ROM scheme based on the conservative
structure of finite volume methods for hyperbolic laws, and [26], who proposed a
conservative ROM for fluid flows. In the context of cROMs, this work proposes an
approach aimed at conserving the global quantity of the system.
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1.1

Structure of the manuscript

The structure of this work is therefore divided into the following chapters, excluding
this introductory chapter and the final chapter containing the conclusions and
future perspectives:

Chapter 2: hyperbolic PDEs and their main features are presented math-
ematically, with a particular focus on conservation laws with source terms,
where the absence of this term constitutes classical conservation laws, while
its introduction constitutes balance laws;

Chapter 3: this chapter analyses the essential framework of ROMs, introduc-
ing key concept such as Proper Orthogonal Decomposition. It first presents
the classical projection-based ROM (pROM) formulation before detailing the
derivation and implementation of collocated ROM (cROM).

Chapter 4: this chapter focuses on positivity. Numerous tests are carried
out on linear transport equation and shallow water equations, presenting the
positivity-preserving approaches adopted in combination with cROM.

Chapter 5: this chapter is related to conservation. We present numerical
tests that incorporate a specific formulation designed to maintain the global
conservation of the system. Two distinct cases are studied: one where the
conserved quantity has a constant integral over the domain, and another where
this integral varies in time.



Chapter 2

Hyperbolic Partial
Differential Equations

In this section, we introduce the class of hyperbolic Partial Differential Equations
(PDEs), with a particular focus on conservation laws. The presentation follows
the framework and definitions provided by Toro in [10]. We restrict our discussion
to the one-dimensional case, even though the framework can be extended to
multi-dimensional problems.

2.1 Hyperbolic PDEs

We define a first order PDEs system such as

ou; & ou,;
81/; _'_Zaij(l.)taula“-)um)%+bi($,t,ﬂ1,...,um>:O, Z:L,m (21)
T

Jj=1

This system consists of m equations in m unknowns u; which depend on the space
variable z and the time variable ¢t. These two last variables are the independent
variables, whereas the u; are the dependent variables. The dependence is expressed
via the notation u; = u;(x,t), in which du;/0t and Ou;/0x denote, respectively, the
partial derivative of w;(x,t) with respect to ¢ and x. System (2.1) can be compactly
written in matrix form:

U; + AU, +B =0, (2.2)
4



Hyperbolic Partial Differential Equations

with
Uy by a1 - Aim
Uz by Q21 -+ A2,
U=| .|, B=|_ |, A=
Um, bm Am1 - Amm

The system (2.2) is linear with constant coefficients if the entries a;; of the matrix
A and the components b; of the vector B are both constant. The system is linear
with variable coefficients if a;; = a;;(x,t) and b; = b;(x,t). The system is still linear
if B depends linearly on U and is called quasi-linear if the coefficient matrix A
is a function of the vector U, that is A = A(U). Note that quasi-linear systems
are typically systems of nonlinear equations. System (2.2) is called homogeneous if
B =0.

For a set of PDEs of the form (2.2), the range of variation of the independent
variables x and t needs to be specified. Usually x lies in a subinterval of R, namely
rr, < x < xp; this subinterval is called the spatial domain of the PDEs, or simply
domain. We may need to impose Boundary Conditions (BCs) at the values x, rg.
Moreover, at the initial time one needs to specify an Initial Condition (IC), normally
chosen to be at t® = 0.

Two scalar (m = 1) examples of PDEs of the form (2.1) are given by the linear
advection equation

ou ou

— — =0 2.3

ot or " (2:3)
and the inviscid Burgers equation

ou ou

— — =0. 2.4

ot + Yor 0 (24)

In both equations, the conservative variable is the transported quantity «, while the
coefficient @ and the value a(u) = u represent, respectively, the wave propagation
speed.

As mentioned, we will first focus on conservation laws and later we extend the
definition to general case of balance laws.

Definition 2.1 (Conservation Laws) Conservation laws are systems of partial
differential equations that can be written in the form

U, + F(U), =0, (2.5)
where
U1 Ji
u=|"], FuU)-= {2 ,
e fn
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U is the vector of conserved variables, F = ¥ (U) is called the vector of physical
fluzes and each of its components f; and is a function of the components u; of U.

Definition 2.2 (Jacobian Matrix) The Jacobian of the flux function F(U) in
equation (2.5) is the matriz

gﬁ 884
On ... On
Ouy Oum,

The entries a;; of A(U) are partial derivatives of the components f; of the vector F
with respect to the components u; of the vector of conserved variables U, that is,

_Ofi

Q5 = .
Ou;
J

Note that one can write in quasi-linear form (2.2), with B = 0, a conservation
laws of the form (2.5) by applying the chain rule to the second term in system
(2.5), namely

OF(U) OF 0U
or  0U Oz’

Hence system (2.5) becomes
U, + A(U)U, =0,

which is a specific case of system (2.2). Thanks to the above observations, the
scalar PDEs (2.3) and (2.4) can be reformulated as conservation laws, namely

ou  Of(u) B
n + 9y 0, f(u)=au, (2.7)
ou Of(u) 1,

To study conservation laws, it is necessary to introduce two fundamental concepts:
eigenvalues and eigenvectors.

Definition 2.3 (Eigenvalues) The eigenvalues \; of a matriz A are the solutions
of the characteristic polynomial

|A — M| = det(A — \I) = 0,

where 1 is the identity matriz. The eigenvalues of the coefficient matriz A of a
system of the form (2.5) are called the eigenvalues of the system.

6
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Physically, eigenvalues represent speeds of propagation of information. Speeds
will be measured positive in the direction of increasing x and negative otherwise.

Definition 2.4 (Eigenvectors) A right eigenvector of a matriz A corresponding
to an eigenvalue \; of A is a vector K = [k;ﬁ”, ké’),. kONT satisfying AK® =

coy Py

MK Similarly, a left eigenvector of a matriz A corresponding to an eigenvalue
\; of A is a vector L) = [lgl),lél), o AT such that LOA = \LO).

For the examples (2.7)-(2.8), the eigenvalues are simply found to be A = a and
A = u respectively.
Now we have all the ingredients to formally define the hyperbolicity concept.

Definition 2.5 (Hyperbolic System) A system (2.5) is said to be hyperbolic
at a point (z,t) if A has m real eigenvalues Ay, ..., A, and a corresponding set of
m linearly independent right eigenvectors KM, ... . K™ The system is said to be
strictly hyperbolic if the eigenvalues X\; are all distinct.

Note that strict hyperbolicity implies hyperbolicity, because real and distinct
eigenvalues ensure the existence of a set of linearly independent eigenvectors. The
system (2.5) is said to be elliptic at a point (x,t) if none of the the eigenvalues \;
of A are real. Both scalar examples (2.7)-(2.8) are trivially hyperbolic.

Before delving deeper into the topic of conservation laws and describing some
essential properties, we present a more general definition of conservation laws
introducing additionally a source term in the form (2.5). Formally, this definition
broadens the class of conservation laws, which constitute a special case of the
so-called balance laws.

Definition 2.6 (Balance laws) Balance laws are systems of partial differential
equations that can be written in the form

U, + F(U), =S(U), (2.9)
where
S1
sw) = ||,
S

S = S(U) is the vector of source terms and each component s; is a function of the
components u; of U. If this vector vanishes, S(U) = 0, the system (2.9) reduces to
a conservation law.
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A nonlinear system (m = 2) example of balance laws is provided by the shallow
water (SW) equations

(2.10)
a(h 0
() + %(hlﬂ + %ghQ) = —ghd,z,

where z(x) is the bottom topography, ¢ is the gravitational acceleration, and h(x,t)
and u(z, t) refer to the water height and the water velocity respectively. The system
of equations can be compactly written in the form (2.9) with

0[], R0 o ] S0 [8] e

This model is also hyperbolic, with eigenvalues given by A; 5 = u & v/gh. Note
that the water height h(x,t) must be nonnegative: h = 0 corresponds to a dry
state, while h < 0 has no physical meaning. Mathematically, negative water heights
would result in undefined values due to the square root term 1/gh. In the case
h = 0, the velocity is physically meaningless since it cannot be defined in the
absence of water. A common approach is therefore to impose u = 0 in dry states.

In addition, the system (2.10) admits the steady state known as the lake at rest:

z(z) 4+ h(z,t) = constant, wu(x,t) =0, (2.12)

which represents an equilibrium configuration. This condition will be discussed in
detail in the next chapters since it can lead to numerical issues.

2.2 Conservation Laws

The purpose of this section is to draw attention to some mathematical properties
of hyperbolic conservation laws. We restrict our attention to those properties
considered necessary for the development and application of numerical methods for
conservation laws. In the previous section, we introduced the formal definition of a
system of m conservation laws

U, + F(U), = 0.

According to the previous section, the system is assumed to be hyperbolic with
eigenvalues and eigenvectors ordered as

A (U) < M (U) <, .., < A (U),
KY(U), K@), .., K™ (U).
8
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It is essential to note that now eigenvalues and eigenvectors depend on U, even
though sometimes the argument U can be omitted. We now focus on describing
how to derive the integral and the differential form of conservation laws, taking as
references [10], [11] and [12].

2.2.1 Integral Forms of Conservation Laws

To show how conservation laws derive from physical principles, we will begin by
evaluating one of the simplest fluid dynamics problem: a gas or fluid that flows
through a one-dimensional pipe with some known velocity v(z,t). Let p(z,t) be the
concentration or the density of some chemical tracer present in this fluid; p(z,t) is
the unknown function that we wish to determine. The density is typically measured
in units of mass per unit volume, but, since we are studying a one-dimensional
problem, it is reasonable to assume that p(x,t) is measured in units of mass per
unit length instead.
Let us consider a given section from z; to xg, then

/I " o(w, t)dz (2.13)

L

represents the total mass of the tracer in that section at time t. If we assume
that the walls of the pipe are impermeable and the mass is neither created nor
destroyed, then the mass in this interval can change only because of gas flowing
across the endpoints x or . Let Fj(t) be the rate at which the tracer flows past
the extreme points z; for i = L, R. Using the common convention where F;(t) > 0
corresponds to rightward flux and F;(¢) < 0 indicates leftward flux, we have

TR

@l p(z,t)dx = Fp(t) — Fg(t). (2.14)

This is one formulation of the conservation law in integral form. This relation is
the basis of conservation, namely the rate of change of the total mass only depends
on fluxes through the endpoints. To proceed further, we need to establish the
relation between the flux functions F;(t) and the density p(x,t¢). In the case of
fluid described previously, the rate of flow or flux of gas past at any point x and
time ¢ is given by

F(x,t) = p(z, t)v(z,t). (2.15)

From initial assumptions v(x,t) is a known function, so we can write

F(z,t) = f(p,z,t) = v(x,t)p. (2.16)
9



Hyperbolic Partial Differential Equations

Moreover, if v(x,t) = v is a constant, so it is independent of = and ¢, we have

F(z,t) = f(p,z,t) = vp. (2.17)

The equation is called autonomous since in this case the flux at any point and time
can be determined from the value of the conserved quantity at that point.

For a general autonomous flux f(p) which depends only on the variable p, it is
possible to recast the conservation law (2.14) as

TR

@ | Platide = flpler,t) = f(p(er,1)). (2.18)

Integrating over any time interval [¢', "], this finally yields to

TR TR " !
/ o, ") dx = / p(a,)de + [ flp(ar,)dt — | Flp(ar t)dt.  (2.19)
xy, Ty, t/ t

To derive the differential form of the conservation law, we must assume that
p(x,t) and v(x,t) are differentiable functions. This smoothness hypothesis is very
important to keep in mind when we face nonsmooth solution to these equations.
Based on this assumptions, the equation (2.18) can be rewritten as

TR () TR ()
/IL Splat)de = — [ 7= f(p(e, ) da. (2.20)

TL

or, with further step, as

L

/:R [;p(w, t) + ;;f(p(:c, t))] dz = 0. (2.21)

Since this must hold for any interval [z, zg|, we can conclude that the integrand
in (2.21) must be necessarily equal to zero. This finally leads to the differential
equation

pi+ f(p)e = 0. (2.22)

This is the desired differential form of the conservation laws.

Remark. In this section, we considered the density p(x,t) as conserved variable
for all the equations. The argument, however, is completely general and can be
applied to any conserved quantity. From now on, we will use the generic notation
u(z,t) to denote the conserved variable of interest.

2.2.2 Classical and Weak Solutions

The definition of weak solution is relevant since in practice many interesting solutions
are not smooth or not continuously differentiable, but contain discontinuities such

10



Hyperbolic Partial Differential Equations

as shock waves. Nonlinear conservations laws typically exhibit discontinuities that
can easily develop spontaneously even from smooth initial data. If a discontinuity
appears in u, then the partial differential equation (2.22) does not hold in the
classical sense, whereas the form (2.14) still holds.

Let us begin by introducing what is meant by a solution in the classical sense,
giving its definition

Definition 2.7 (Classical Solution) A function u(x,t) is a classical solution of
the conservation laws if equation (2.22) holds for all x and t over the domain.

To motivate the weak form, we start by supposing that u(z,t) is a smooth
function. Integrating the equation (2.21) in time between two selected times ¢’ and
t”, we obtain

/t,t” /: [Ut + f(U)z} dzdt = 0. (2.23)

Instead of considering this latter integral for arbitrary choices of zy, g, t' and ¢,
we can select, without loss of generality,

/0 h /_ O:O [Ut + f (U)x}qb(x,t)dxdt =0, (2.24)

for a certain class of functions ¢(x,t). Note that if we chose ¢(x,t) such that

1, if (z,t) =[x, zg| x [t',t"] = Q,

' (2.25)
0, otherwise,

then the integral reduces to the previous one in formula (2.23). We can extend this
notion considering ¢(z,t) any function that has compact support, meaning it is
identically equal to zero outside of some bounded region of x — ¢ plane.

Assuming that ¢(x,t) is now a smooth function, we can integrate by parts in
(2.24) and obtain

[ fut fwondudt = — [ u(w0)o(w.0)de. (2.26)

A relevant feature of (2.26) is that the derivatives moved on ¢, and no longer
involve u and f(u). Even if u is discontinuous, the relation (2.26) is still valid.
This motivates the following definition

Definition 2.8 The function u(x,t) is a weak solution of the conservation law
(2.22) with given initial data u(x,t) if relation (2.26) holds for all functions ¢ in
The functions space C}() includes the set of all functions that are C*() (contin-
uously differentiable) and have compact support. It can be shown that the integral

conservation law is also satisfied by any weak solution and vice versa. See [11] and
[12] for further discussions.
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2.3 Numerical Methods

Our interest is the application of numerical methods for solving partial differential
equations (PDEs). Numerical methods replace the continuous problem represented
by the PDEs by a finite set of discrete values. These are obtained by first discretizing
the domain of the PDEs into a finite set of points or volumes via a mesh or grid.
The corresponding discretization of the PDEs on the grid results in discrete values.
In the Finite Difference approach one regards these values as point values
defined at grid points. The Finite Volume approach regards these discrete
values as averages over finite volumes. We are mostly interested in the second one
for the purpose of the forthcoming chapters.

2.3.1 Finite Volume Method

To introduce the finite volumes method, we begin by taking into account an
initial-values problem, also known as Cauchy problem, in one-dimensional domain,

ou Ju
E%—a%—o, $E<JIL,$R), tE(O,T], (227)
u@0) =uwole),  x € [rn sl

in which f(u) = au. By recalling the formula in (2.19) and adjusting it for our
problem, we obtain

TR TR " "
/ ul(z, ") dz = / e, ')dz + / Flu(ar, t))dt — / Flu(zr, t)dt. (2.28)
x t’

L zr t/

We discretize the x — t plane by choosing a mesh width Ax > 0 and a time
step At > 0 and define the discrete mesh points (z;,t") by

xj = jAx, j=01,...,N
t":nAt, n:O,l,...,NT,

where vg =z, vy = v and T = Ny At. In addition, we define the interface points
as follows:

Ax o1
Z’j+1/2:33j+7: ]+§ Az,

For the sake of simplicity, we take a uniform mesh that does not change over
time, although most of the numerical methods can be extended to spatially and
temporally variable meshes. After performing this discretization, we can rewrite

12
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the formula (2.28) for each cell V; =[x;_1/2, T;j11/2) and ¢’ = ¢", ¢ = t"*!, obtaining

Tjt1/2 Tjt+1/2
/ u(z, ") dr = / u(z, t")dz
ZTj_1/2 Tj—1/2

(229
L gt [ ftuter ],

Let us now introduce two essential definitions as the cell average of the exact
solution u(z,t™), defining by
1

n Tj+1/2 n
uj = Ax/le/z u(z, t")dx, (2.30)

and the average of the flux at the interface x;,/, over the time interval At as

1 tn+1

F}n+1/2 = E i f(u(acj+1/2),t)dt. (231)

The integral form of the conservation law then gives us the exact evolution
equation for the cell averages:

A{L‘UJ?'H = Amuy - At(ﬂn—&-l/Z — P}n—l/2)' (232)

A finite volume numerical method is directly based on equation (2.32). The
core of the method is approximate the quantity F}, , along x = x> through
numerical fluzes [}, ;o

1 tn+1

]?l+1/2 ~ AL S f(u<$j+1/2), t)dt. (2.33)

Each numerical method is defined by a particular choice of this numerical flux. For
a hyperbolic problem information propagates with finite speed, so it is reasonable
to first suppose that we can obtain f7, , based only on cell averages u} and uj,,
on either side of the interface z;, /2, namely

12 = F(uf, ufyq). (2.34)

F(u,v) is a function that depend on two real variables u and v.
Once the numerical flux chosen, the numerical scheme is given by

Az U?H = Az uj — AL (fi = [iLa)0); (2.35)
introducing the constant
At
A=—-->0 2.36
Ax ’ ( )

13
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the finite volume method can be written as

U?H = U? —A (ff+1/2 - f]n—l/Q)v (2.37)

or, including the dependency in the fluxes, as

U?H = U? —A f;L+1/2<U?a U?ﬂ) - fﬁlm(U?fl’U?) . (2.38)

In particular, this last equation emphasizes the fact that this type-method is an
explicit method with a three-point stencil, since u;-”“l depends on u}_;, u} and uj, ;.
Let us now briefly introduce some notable methods:

o Lax-Friedrichs method

The numerical flux F(u,v) is given by

JT"LF(U,U) = ;(U+U)+21)\(U_U)a (239)

and the resulting scheme is

uj+1 = §(uj+1 +ujy) — 5)‘a(uj+l —uj_y). (2.40)

« Upwind method

The numerical flux is given by

|al au if a >0,

a
Fu(u,v) = z(u+v)+ —(u—v) = (2.41)
2 2 av if a <0.
and the resulting scheme
uith =l — 5)‘a(u;+1 —uj_y) + 5/\|a|(uj+1 — 2uj + uj_,)
n n n 1 2.42
_ Uy — Aa(uf —uj_y) if a >0, (2.42)
uf — Aa(uf, —uf}) if a <0,
o Lax-Wendroff method
The numerical flux F(u,v) is given by
a 1.5
Frw (u,v) = §(u+v)—l—§)\a (u—w), (2.43)
and the resulting scheme is
ujJr1 = uj — gka(ujﬂ —uj_ )+ §(Aa)2(uj+1 —2uj +uj ). (2.44)

14
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For the next chapters, we will refer to a fully discretized scheme (2.37) under
the following compact form

W= Ll ), (2.45)

where L is an operator which depends on the solution at the previous time step u"
and the selected discretization for the numerical flux.

2.3.2 Convergence

Let us now introduce some fundamental concepts concerning the convergence of
numerical methods. These concepts certainly deserve more in-depth and specific
treatment (see [10], [12]), but they are not the main focus of this work. We will
therefore limit ourselves to providing some simple definitions that will be useful for
the following discussions. One essential requirement is that the resulting method
should be convergent, i.e., the numerical solution should converge to the true
solution of the differential equation as the grid is refined (as Az, At — 0). This
generally requires two conditions:

o Consistency: the method approximates the differential equation well locally;

o Stability: the method produces small errors at each time step that do not
blow-up or grow too rapidly.

Consistency

The integral in (2.33) should be approximated by the numerical flux. In particular,
if the function u(z,t) = u is constant in x, then w will not vary in time and the
integral in (2.33) simply reduces to f(u). As a result, if v} | = u} = 4, then we
expect the numerical flux function F of (2.34) to reduce to f(u), so we require

Flu,u) = f(u) (2.46)

for any value w. This is part of the basic consistency condition. It is easy to
verify that all the methods introduced above satisfy this condition and are therefore
consistent.

Stability

In order to properly describe the concept of stability, it is important to first define
what is meant by the domain of dependence of a PDE.

Let (7,t) be some fixed point in space-time. The solution u(Z, ) is affected only
by the initial data ug at m particular points & — A\t for p = 1,2,...,m. This set
of points,

D(z,t)={T—MNt:p=12,...,m} (2.47)
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is called the domain of dependence of the point (Z,t) (see Figure 2.1). The numerical

domain of dependence, D(Z,t), for a particular method is similarly defined. It is

the set of points = for which the numerical solution u(Z,t) depends on the initial
data ug(z).

T — A\st I — Aot T — M\t
Figure 2.1: Domain of dependence of the point (7,t) for a general hyperbolic
system of three equations with eigenvalues \; < 0 < Ay < A3.

In 1928, Courant, Friedrichs and Lewy recognized a necessary stability condition
for any numerical method.This one was named CFL condition in honour of them
and it states as follows:

Definition 2.9 (CFL condition) A numerical method can be stable only if its
numerical domain of dependence contains the true domain of dependence of the
PDE, at least in the limit as At and Ax go to zero.

It is crucial to note that the CFL condition is only a necessary condition for stability,
and indeed it is not always sufficient to guarantee stability. However, for the linear
methods we have previously introduced (such as the Upwind, Lax-Friedrichs, and
Lax-Wendroff schemes), it can be mathematically proved that the CFL condition
is also sufficient for stability in appropriate norms.

For the linear advection equation (2.27), let us introduce the Courant number

At
C = |a|\ = |a|—. 2.48
our = |a IGIA:C (2.48)
The CFL condition simply results in Cour < 1, namely
A
At < |"’|“" (2.49)
a

In practice, the Courant number is set such that 0 < Cour < 1 and, after choosing
the mesh width Az, we can determine the time step At through the following

expression
Cour

At = Azx. (2.50)

lal
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In this way, the CFL condition is automatically satisfied.
If the coefficient a is not constant, the Courant number will be defined as

Cour™ = max ajs1/2| A

Now it depends on the current time step and the CFL condition is given by
Cour™ < 1 for each n > 0.

2.3.3 Conservation property

As mentioned above, if we are studying a substance that is neither created nor
destroyed within a given section, then the total mass within this section can change
only due to the flux or flow of particles through the endpoints of the section at x,
and xg. For clarity, let us recall the formula (2.14), which expresses the concept of
conservation of physical variables

jt / jR w(w, )z = Fu(t) — Fa(t).

The same conservation property that we expressed in the integral continuous form
finds a counterpart in the discrete scheme: the finite volume method (2.37) is in
fact built in order to preserve the total quantity exactly, as we show below. This
property is related to its formulation since it is written in conservation form. In
fact, note that summing u?“Ax over N cells, we have

N . N N At
S Ar =Y A= Y L (Flage — S A

The sum of the flux differences leads to cancel all the terms except for fluxes at
the extreme edges

> 2

j=1

jn+1/2 - ff—1/2> Az = At(fﬁﬂ/g - f{b—l/2>7

where the boundary conditions have to be imposed, resulting in the final expression

N N
Zu?“Ax = ZU?AQC + At(fzr\L/+1/2 - f1n1/2>‘ (2-51)
Jj=1 j=1

We can guarantee that the numerical method is conservative in a way that
mimics the true solution. This is because Z;-Vzl u Az represents the integral of u
over the entire interval [z, zg]|, and if we use a method that is in conservation

17



Hyperbolic Partial Differential Equations

form, then this discrete sum will evolve only due to fluxes at the boundaries x = x,
and r = zp.

If the inflow and the outflow coincide, we can also eliminate the last term in
(2.51) yielding to

N N
1
douiT Ar =) ufAx. (2.52)
j=1 j=1

This latter equation shows that the integral of u at time n + 1 is equal to the
integral of the same at the previous step n.

To conclude, the total "mass" within the computational domain will be therefore
preserved, or at least will vary correctly if the boundary conditions are properly
imposed.

2.3.4 Positivity preservation

The preservation of positivity plays a crucial role in the study of conservation laws,
in particular for equations involving physical quantities that do not allow negative
values, such as water height, pressure, and density. Mathematically speaking, the
models used to study these quantities have been designed to verify this property
on a continuous basis. The same goal is pursued by numerical methods, including
finite volume methods; as we have seen, the latter depend strictly on the choice
of numerical flux and this choice should be done in order to preserve the physical
feature of positivity for conserved variables.
For a numerical method, this definition can be express as

Definition 2.10 (Positivity preservation) Assume u? > 0, Yy, then the posi-
tivity preservation is satisfied only if

uy >0, Vj, n=1,.., Nr.

To present the concept, we consider the linear advection equation (2.27) with
the initial condition

1, x€10.25,0.5],
0, otherwise.

u(z,0) = up(z) = {

In this simple test case, we consider an initial condition uy > 0 and we also know
the analytical solution of the equation (2.7) which is simply given by a translation
of the initial profile, namely

u(z,t) = uo(z — at). (2.53)

From the expression (2.53), note that the solution remains greater than or equal to
zero over time since the positivity of u is closely linked to the positivity of the initial
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condition chosen for our problem. In more complex problems such as the shallow
water system (2.10), the question of positivity is closely related to the physics of
the problem instead. Negative values of water height h do not correspond to any
real state and are therefore not physically admissible.

The wave propagation speed is set to @ = 1/2 and the Courant number is chosen
as Cour = 0.8 < 1. The spatial discretization uses a mesh width Az = 1/128,
while the time step At is selected according to the CFL stability condition (2.50).

14 , , , 14

Exact Exact
Upwind i 12} Lax-Wendroff

121

1r 1 1r V
08r 1 081
06r R 06 r

04 r 1 04 r
02r R 02r \
0 A

0

-0.2 -0.2
0 0.5 1 15 2 0 0.5 1 15 2

Figure 2.2: Comparison between the exact solution and the numerical approxi-
mation with the Upwind scheme (left) and the Lax—Wendroff scheme (right).

Figure 2.2 highlights the different behaviour of the two schemes. The Upwind
method does not produce negative values and thus preserves positivity, although
the profile suffers from numerical diffusion. In contrast, the Lax—Wendroff scheme
yields non-physical spurious oscillations nearby the discontinuities, which in turn
lead to non-negative values of the approximate solution w.

However, this elementary test emphasizes that positivity preservation is not
automatically guaranteed for all the methods and a fundamental role is played by
the choice of the numerical flux.
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Chapter 3

Reduced Order Models

3.1 Introduction

A wide range of physical problems can be described by parametrized PDEs. To
obtain their numerical solutions, high-fidelity discretization techniques such as the
FV method, presented above, are typically employed. However, these methods are
often computationally expensive, particularly when applied to large-scale systems
or multi-query simulations. To overcome this issue, Reduced Order Models (ROMs)
have been developed in recent years. This approach allows for a significant reduction
in computational cost while maintaining a balanced level of accuracy.
The ROM construction process is divided into two main stages:

« Offline (training) phase: A set of HF solutions (snapshots) is computed for
selected parameter values. These snapshots are used to capture the general
behaviour of the system and to build a low-dimensional trial subspace that
accurately represents the HF solutions.

e Online (prediction) phase: For new parameter instances, the solution is
rapidly computed by exploiting the information gathered in the previous stage.

In this chapter, we first introduce the mathematical framework of parametrized
PDEs and the concept of solution manifold. We then analyze the Proper Orthogonal
Decomposition (POD) technique for computing the reduced basis. Finally, we
compare the classic projection ROM (pROM) and the more recent collocated ROM
(cROM) technique.
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3.2 Parametrized PDEs

Let P C RP? be a closed and bounded parametric space with p € N*, and let Q C R?
be the spatial domain with d € {1,2,3}. In this work, we restrict our attention to
one-dimensional problems; thus, the spatial domain corresponds to a open interval
Q= (IL‘L, CL’R>.

We consider a parametric, time-dependent PDE of the form [15]:

gtu(x,t; )+ Glu(z,t;9)] =0, 2€Q, teR}, VP, (3.1)
where z denotes the spatial coordinate, ¢ the time variable, and 1 the parameter
vector. The problem is combined with suitable initial and boundary conditions.
The unknown u(z,t;9) is the exact solution of the problem, which we assume
belongs to an appropriate functional space V(€2) enabled with the inner product
(-,-)v and the associated norm || - ||y = /< -,- >v. The operator G corresponds to
the spatial differential operator that contains the flux and source terms when we
consider conservation and balance laws.

Since analytical solutions to (3.1) are typically not available, we search for
a discrete counterpart, which is appropriate for its resolution. Indeed, we seek
numerical approximation in a discrete subspace V;, C V of dimension N, (the
number of Degrees of Freedom (DOF)), in which the approximate solution is sought.
The discrete solution
Up (33' ot 19)

approximates the exact solution at point x, time instance ¢ and input parameter ¥.

3.2.1 Solution Manifold and Reduced Basis Approximation

A fundamental concept in ROMs is the solution manifold [13], which comprises all
solutions of the parametric problem (3.1) under variation of the parameters

M= {u@) |9 P} CV. (3.2)

Each u(¥) € V corresponds to the solution of the exact problem.
Following this definition for the continuum problem, we can similarly define the
discrete form of the solution manifold

My, = {uh(ﬁ) | ¥ e ]P} C Vy, (33)

where each uy () € V), corresponds to the solution of the discrete problem. We
require that the solution manifold is of low dimension, which means that the span
of a low number of appropriately chosen basis functions represents the solution
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manifold with small error. Assuming N,-dimensional reduced basis, denoted as
{(bk}iv;l C Vy, then the associated reduced basis space is given by

Vy, = span{¢', ¢*, ..., 6"} C V.

The assumption of the low dimensionality of the manifold implies that N, < N,
and thus the solution is approximated by

iz, £:9) = uo(x) + ; a(t; 0)0" (), (3.4)

where @ is the approximated solution, ug(x) is the offset and {ax}n", are the
coefficients which represent the solution in the reduced space V;. Common choices
for the offset include:

» No offset: uy(x) =0,
» "Mass" offset: ug(x) is the mean value over the domain.

Remark. This latter case, however, requires an important clarification. For
now, we will consider the offset constant, which is valid as long as the "mass" within
the domain remains unchanged over time. We will later focus on cases where
the "mass" is governed by inflow and outflow at the boundaries; in those specific
scenarios, the offset becomes time-dependent. A more detailed analysis will be
provided when we discuss conservation within the ROMs in Chapter 5.

3.2.2 Finite Volume Discretization

Even if we can discretize the spatial operator G by applying several approaches, i.e.
Finite Difference (FD), Finite Element (FE), Finite Volume (FV) or Discontinuous
Galerkin (DG), we rely on the FV method discussed in the previous part. In this
context, the domain (2 is typically partitioned into a set of non-overlapping {V; }évzl
cells such that
Q:UVj, V]ﬂvzzwforj#z
J

Through the cell-averages approximation,
1
u;(t; ) =~ —/ u(z, t;v)dzr,
J( ) |VJ| v, ( )

and employing a linear step scheme for time discretization with approximated
fluxes at the cell interfaces, this leads to the discrete evolution equation:

un+1 — £(un)7 (35)
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where L represents the discrete operator introduced in expression (2.45). The
discrete high-fidelity solution wy(z, t; 1) is here represented by the N-dimensional
vector

uw'(W)=| " | eRY, (3.6)
uR (9)
where u?(9) ~ u(x;,1";19). The discrete manifold is hence a subspace of Vj, = RY

where N, = N. In this subspace, the inner product is induced by a Symmetric
Positive-Definite (SPD) matrix W € RV*V:

(Vi, Vo)w = VlTWVg,

where v = [v1, v, ..., un5]T € RY.

Let ¢™ = [T, ¢, ..., ¢%]T € RY be a column vector comprising the coefficients
of the m-th basis function ¢™, m = 1,..., N,. By introducing the offset vector
uy € RY, the reduced coefficients a” € R and the basis functions matrix
® c RV*Nr guch that

U10 o1 7 e Oy ay
U0 Gy B3 oo by . ay
Uy = . ) P = . . . . y o = ’
uNo SN On o ON oy,
we can define the approximated discrete solution (3.4) in compact form as follows
u"(¥) = ug + ®a”(9), (3.7)

To summarize, the ROM procedure is divided in two main steps: the offline phase
requires the computation of ®, while the online phase computes the coefficients
a”.

3.3 Proper Orthogonal Decomposition

This section details the computation of ROM basis functions ¢™ from a set of
high-fidelity PDE solutions, known as snapshots.

For a given time instance t) and input parameter v;(), a snapshot is defined
as s, = u*(9;)) for L = 1,..., Ny, where uf(l)(ﬁj(l)) ~ u(x;, tey; ¥5)). Once Ny
snapshots are collected into a snapshot matrix S, assembled as:

S11 S12 ** S1IN,
S91 S22 1t S2nN,

S=1|. . . U] e RMNs (3.8)
SN1 SN2 *** SNN,
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the basis functions are obtained by solving a Least-Squares (LS) minimization
problem [15]. Let §; be the orthogonal projection of the snapshot onto the NV,-
dimensional subspace spanned by the basis functions. The basis is found by
solving:

N,
. a2
ol ZZ st — 8illw

(3.9)
subject to (¢", 0" )w = Opm, Vn,m e {l,...,N,}.

The objective function, in the LS sense, measures the difference between the
snapshots and their orthogonal projections onto the affine subspace of rank N,.
Here, 6 denotes the Kronecker delta.

By centring the snapshots s; = s; — ug, the minimization problem (3.9) can be
cast in matrix form as

min_ ||S — ®®TWS||%
PERNXNr v (3.10)
subject to ®TW® =1 ,
where Iy corresponds to the N, x N, identity matrix and
1|5, = Tr(ATWA)

denotes the Frobenius norm associated with the inner product induced by W. In
order to employ a factorization of the symmetric positive definite matrix W, we
briefly recall the definition of Cholesky decomposition.

Definition 3.1 (Cholesky Decomposition [15]) The Cholesky decomposition
of a Hermitian positive-definite matrix A € R™ ™ is a factorization of the form

A=LLT,

where L € R™"™ 4s a lower triangular matriz with real and positive diagonal
entries. Every Hermitian positive-definite matriz (and thus every real symmetric
positive-definite matrix) admits a unique Cholesky decomposition.

The matrix W can be decomposed as
W = WI2(WY2)T,
By introducing the following change of variables
S = (W/2)Ts, & = (W7o,

we recast the problem into the standard low-rank approximation form:

min, I8~ 828 -

subject to ®TP = Iy,
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where ||A[|% = Tr(ATA) denotes now the classical Frobenius norm.

The fundamental Schmidt—Eckart—Young—Mirsky theorem provides the best
rank- N, approximation of S for the low-rank approximation problem (3.11). Before
formally state the theorem, we recall the definition of Singular Value Decomposition.

Definition 3.2 (Singular Value Decomposition) Let M € K" where K is
etther the field of real or compler numbers. The singular value decomposition

(SVD) of M is the factorization
M = USV?,

where U € K™ and V. € K™™ are orthogonal (or unitary) matrices, and
3 € R™™ 4s a diagonal matriz whose nonnegative entries are the singular values

of M [15].

Theorem 3.1 (Schmidt-Eckart—Young-Mirsky theorem) Let S € R™™ e
a real rectangular matriz. Suppose that the singular value decomposition (SVD) of
S is
S=UxVvT,

where U € R™"™ and V € R™™ are orthogonal matrices, and 3 € R*™ is a
diagonal matriz whose entries o1 > 03 2> +++ 2 Omintm,m) = 0 are the singular values
of S.

For any integer k < min(n,m), the best rank-k approzimation to S in the
Frobenius norm is given by [27, 28, 29]:

min(n,m)

min_ S - X|E = S-Sl = > o

rank(X)<k =kt 1

where X = ®®TS and Sy, denotes the truncated singular value decomposition of S:

o --- 0
Ups - Uil |2 Vie - Vim]'

- 0 oy -+ 0 i

S =1 : : S : C| eRM
Un,l : Un,k O O .. Uk Vk,l e Vk,m

According to the theorem (3.1) and recovering ® = (W2)~T® via inverse
transformation, the basis functions ¢™ are finally obtained as:

Uip -+ Uln,

= (W) I (3.12)
Uvi -+ Unn,
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where U is provided by the SVD of S = UL V7.
The dimension N, of the ROM is chosen by relying on a popular indicator,
called Relative Information Content (RIC) [15]:

Ny 2
RIC(N,) = mzn’g;—lN";‘ >1—¢, (3.13)
n=1 o 0721

where o, corresponds to the n-th singular value. This rate indicates the percentage
of total energy captured by the basis functions. Note that if the singular values
decrease rapidly, we need to consider a small number N, of modes in order to
globally assimilate the solution behaviour.

3.4 Projection-Based ROM (pROM)

Having computed the reduced basis ® = [¢!,... ¢"] € RV*Nr via POD, we
now address the online phase with the calculation of the reduced coefficients
o =[of, ..., af T e RN

Consider the continuum L? projection operator Pyy, : L3(Q2) — Vy, defined in
[21] by:

g— Pvy g: (/ g¢de> & (3.14)

Assuming ug = 0 for simplicity and using the approximation (3.4), we have:

/ugzﬁjdx = (u, &) r2(0 <Zo¢2¢> ¢J> = oy, (3.15)

L2(Q)

since the basis functions are orthonormal by hypothesis.
The discrete manifold M; C RY inherits the inner product (-, -)w associated

with the norm [ - [[w = 1/(:, )w from the SPD matrix W € R¥*V,
The integral is therefore approximated by:

/ (e, b 0)¢ dx =~ Zwsus (t:0)¢), Vj=1,...,N, (3.16)
Q

s=1

where the w, corresponds to the weights associated with the quadrature points of
the grid. The formula (3.16) can be compactly written as:

/ngbjda: ~ (u,¢')w = ¢ Wu. (3.17)
The vector a of reduced coefficients is given by:
a(t;9) = ®TWu(t; 0). (3.18)
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Finally, the reduced solution onto the subspace Vy _ is:
a(t;0) = @ Wu(t; ). (3.19)

This approach is a first layer of ROM approximation. We now investigate an
alternative method that proposes a second approximation layer.

3.5 Collocated ROM (cROM)

We present this method and emphasize that it will be used for all subsequent
simulations in this manuscript. This approach adds empirical quadrature as a
second layer of approximation to increase computational efficiency. The main idea
is to use a sparse empirical rule that only employs a carefully chosen subset of
quadrature points in place of the full quadrature rule.

We approximate the projection integral as:

Nin ‘
/ ude %Y Bt Py = 1o N, (3.20)
Q

k=1

where {0, } are empirical weights and m(x) maps empirical indices to physical grid
points.

The empirical quadrature points with the corresponding weights give the best
approximation of the contiuum projection integral. In order to compute them, we
define the matrix forv=1,..., N:

sudp o SOy (s1,0")
G, = : : , d; = : : (3.21)
SNaBT o UN NP (s, ")
Assembling the global matrix G = [G{,...,G} ]7 € R¥V*M and vector

d=[df,...,d} ]" € R¥: we solve the Non-Negative Least Squares (NNLS)
minimization problem [30] [31] [32]:

0 = in ||Gw —d|? 3.22
w argwrrel@H w —d|[3, (3.22)

using the Lawson-Hanson algorithm [33]. This yields sparse nonnegative weights
w that accurately approximate the projection integrals while using only a small
subset of quadrature points.
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By adapting the formula (3.16) for the coefficient «, this yields to:
a(t; ) = PW u(t; ), (3.23)

where & is the vector approximating the vector of reduced coefficients a and
W, € RV is the matrix containing all the non-zeros entries obtained by solving
the NNLS problem (3.22). The e subscript refers to the approximation error made.
This matrix is diagonal and, moreover, is sparse along the diagonal since only few
entries are not zero. Let Z. be the set of indexes where w; > 0 such that:

UJ]' = (We)jj> ] c Ic, (324)

corresponding to the indexes of the so-called collocation points or magic points.
Solving the problem means finding the best approximation of the empirical weights,
taking into account the following error committed due to the NNLS algorithm:

|BWu(t; 0) — BW. u(t: )2 < exnis||8Wu(t; ). (3.25)

The reduced solution is now a collocated solution, expressed as:

w(0) = (5 ey )or. (3.26)

m=1 \jeZ.

or simply,

u.(V) = 2ETW_u(?). (3.27)

By computing the reduced solution at the discrete time t", the collocated solution

at the next time t"*! is updated via the high-fidelity discretization £(u?) as follows:

u' (W) = 2RTW . L(u(V)). (3.28)

We can define this approach collocated or collocation-based Reduced Order Model

(cROM) since it is not a simple projection onto the trial subspace, but we consider
a new layer of approximation based directly on the collocation points.

Since only N,, points need to be employed in order to compute the update

collocated solution, then this latter equation may be manipulated further, leading

to:
ut(0) = @B W.L(ur(0)). (3.29)

The notation via bar = over the variables is introduced to specify that the quantities
are computed only at the N,, collocated points. A last step can be finally done;
indeed, since the HF discretization is typically made by considering three-stencil
type-method, we need to know the solution in the magic points and their neighbours.
We define N, the total amount of collocated points with their neighbours. Note
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that a few collocated points may share the same neighbour points or simply be
the neighbour of one of them. In order to restrict the computation to N,., we
introduce an additional notation, namely the * over a matrix or a vector. The final
form of our cROM is now given by:

artl(9) = 83 W.L(T(0)), (3.30)

(¢

where ® € RNenXNm

3.6 cROM implementation

We have described the structure of the cROM in greater mathematical detail, but we
will now briefly summarize the numerical steps needed to implement this algorithm.
The cROM implementation follows the standard offline-online decomposition:

Input: N, Ng, N,, N,, and exnLs-
Output: The collocated solution u?™! () at the time t"*!.

C

Offline phase.
1. Compute the HF snapshots
S; :uﬁ(l)(ﬁj(l)), L= 1,...,N8,
via F'V method.

2. Assemble the snapshot matrix S € RV*¥s whose i-th column is s;, and
compute POD basis ® € RV*" via SVD.

3. Solve NNLS problem to obtain the set of indices Z. of the collocation
points and the weights ws = (W.);;, j € Z..

Online phase.
1. Given u?(v), compute the HF discretization at collocated points:

@"(0) = L(@(9)).

(& C

2. Compute the cROM solution in the collocation points and neighbouring
cells:

amt (¥) = & W.L(T"(0)).
3. Reconstruct full discrete solution at the desired time:

't (9) = 8D W.L(T (D).
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3.7 NNLS Algorithm and Computational Speedup
Analysis

3.7.1 NNLS Tolerance

The selection of magic points is performed via NNLS using MATLAB’s 1sqnonneg
function. The default tolerance exnig is defined as:

ennLs = 10 - eps - norm(G,1) - length(G)

where eps is MATLAB’s machine precision and G is the coefficient matrix G in the
NNLS formulation (3.22). In the next chapters, we will specify the tolerance set for
each simulation performed. The NNLS algorithm is applied with a preconditioning
strategy that implicitly bounds the maximum number of selectable magic points.
While this upper bound is set a priori, the actual number of points identified by
the algorithm may be lower, depending on the tolerance and the specific problem.

3.7.2 Computational Complexity Comparison

In the Full Order Model (FOM), the computational cost of the finite volume scheme
scales as:
Crom = O(N; - N - Cry)

where NV, is the number of time steps, N the number of spatial cells and Cgy the
cost per cell of the finite volume update.

The collocated Reduced Order Model (cROM) attempts to alleviate the compu-
tational effort through:

CCROM = O(Nt : (Nm : CFV + Ncn : Nm))

where N, denotes the number of time steps in reduced model (typically N, < Ny),
N,, the number of magic points and N, the number of magic points plus neighbours.

At each time step, the term N, - Cpy represents the cost of updating the solution
at magic points, while N, - N,, accounts for the extension operator application.
Indeed, the extended operator @ETWE can be pre-allocated into a matrix of
dimension N, X N, before computing the online stage.

3.7.3 Time steps analysis

Let M be the number of magic points where we can compute the maximum wave
speed necessary for the CFL condition. We may obtain the following inequality:

MAX @41/ 2 MAX @410 (3.31)
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where M C P, thus the total number of cells contains a restricted set of cells
related to the magic points.

If the mesh is not uniform, then it is possible to estimate with an additional
inequality the space width Ax; which is now dependent from the cells. The CFL
condition is now variable over the time domain and the time step is given by:

M
Apr = BTmin o (3.32)

maXiem |ai|

If we consider the minimum over the M cells, in general this minimum will be
greater than the minimum over all the cells, so:

AzM > Azl
The time step can become greater as for the non uniform meshes since the collocated
points the minimum could not be the global minimum as for the inequality seen

before. This explains why in general N, < N and this is considerably valuable with
respect to the speedup.

3.7.4 Speedup Definition

The computational speedup is quantified as:

Ti
Speedup = TFOOM ,
cROM

where Trom and T.rom represent the total execution times of the full and reduced
order models, respectively.

Remark. All numerical simulations were run using MATLAB R2024b on a
personal computer equipped with an Intel Core i5-1035G1 processor and 8 GB
RAM. The reported speedup values are still useful for comparing the full and
reduced order models, even though absolute timing measurements depend on the
hardware.
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Chapter 4
Positivity-preserving ROMs

Conservation laws are a class of PDEs that can exhibit discontinuous or non-smooth
solutions with advection-dominated behaviour, therefore classical ROMs are likely
to fail in this scenario. Hence, physical properties are easily lost. On the contrary,
there exist many HF schemes capable of preserving relevant properties, such as
positivity, entropy stability, conservation, etc. In general, the research aims to
transfer them to ROMs. In this chapter, we focus on positivity-preservation seeking
a ROM approach that inherits this property.

The previous section has shown a general description of ROM and discussed two
different approaches: pROM and cROM. In the next sections, we examine some
numerical test cases employing techniques applied directly to the cROM.

4.1 Test case 1: Linear Advection Equation

Let us recall the linear advection equation (2.27):

ou ou
54‘@%—0, xE(O,l),tE(O,T], (41)
u(a},O) = UQ(ZE), S [07 l]

We consider the following test case with a smooth initial condition, defined as:

AsinZ(Z(x—:Bc)+72r), x € (v.—L/2,x.+ L/2)

0, otherwise.

up(x) = (4.2)

The length interval is [ = 1, while the final time is 7" = 0.4. The coefficients of
the initial solution ug are set to A = 1, z. = 0.2 and L = 0.2. We perform a
discretization over the domain [0,1] by considering N = 2000 cells (/N +1 interfaces).
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The mesh width is equal to Az = (1 —0)/N =5-10"*. To approximate the fluxes
at the interfaces, the upwind scheme (2.42) is implemented. As mentioned, this
method is consistent and, moreover, stable (under certain norms), only if the CFL
condition (2.48) is satisfied. Setting the Courant number Cour = 0.8, the expression
(2.50) provides the time step At = 4-107*. We recall that the analytical solution
for this problem is expressed in formula (2.53) and corresponds to the initial profile
shifted in according to the sign of the propagation speed; in our case, it is on the
right (a > 0).

While the parameter ¥ is not directly involved in the formulation, the problem
can be considered as parametric. We can treat time ¢ as a parameter by collecting
snapshots at discrete times during the simulation to capture the dynamical evolution.
The key is that these snapshots are not captured at each time step of the HF
scheme, but typically on a larger scale. This practice of sub-sampling the time
domain is precisely what allows us to consider ¢ as a discrete parameter, thus
permitting to deal with a parametric problem. We collected N, = 40 snapshots at
intervals of At™* = (.0103s, which are reported in the following figure.

1
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Figure 4.1: 40 snapshots for the problem (4.1) with space step Az = 51074,
time step At = 4 -10~* and Courant number Cour = 0.8 for the upwind scheme.

The number of snapshots can be increased to obtain a deeper understanding
of the system’s general dynamics. While a large set of HF solutions allows the
ROM to better assimilate the system’s behaviour through the basis functions, it
also implies a computational effort of the offline phase. This stage requires the
calculation of a significant number of HF solutions, followed by performing a SVD
and solving a NNLS problem for high-dimensional systems. The offline phase is,
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by definition, the most computationally expensive stage of a ROM. Although it
is reasonable to invest computational resources in this stage, the cost of the HF
simulations can be prohibitively high. In this example, our focus is not primarily
on this aspect, even though it warrants more attention for higher-dimensional
problems.
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Figure 4.2: Plot of squared singular values o2 (left) and basis functions ¢™ for
m=1,...,7 (right) for standard cROM.

The SVD of the snapshots matrix (3.8) is performed. Plotting the squared
singular values (see Figure 4.2) and employing the RIC indicator with e = 0.01,
we discover that only 7 out of 40 basis are required to capture the 99% of the
system’s energy, highlighting the effective compressibility of the system. Within
the offline phase, the NNLS algorithm identifies a number of collocated or magic
points IV, = 119 with NNLS tolerance exnrg set to default, as described in Section
3.7.1.

For the online stage, a new solution is computed by advancing the simulation to
a chosen final time. It is crucial to note that in this specific test case, distinguishing
between in-sample and out-of-sample parameters is not straightforward. Since the
discrete solution is updated at each time step, it accumulates an approximation
error. Therefore, even if the final time corresponds to the time of an in-sample
snapshot, the resulting ROM solution will not perfectly match the original high-
fidelity solution due to this error accumulation.

Figure 4.3 shows a comparison of the HF solution, the pROM solution, and
the cROM solution at t* = t3y, which corresponds to the temporal instant of
the 30th snapshot. In the legend, u™F denotes the high-fidelity solution, u, the
pROM solution, and u. the cROM solution. The result highlights a significant
issue: oscillations on the left side of the domain, where the solution should form a
flat plateau. This condition is shared by both the pROM and ¢cROM, underscoring
that the problem is not restricted to the cROM approach but is already present
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12 Comparison between solutions at time t'=0.2976s
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Figure 4.3: Comparison between HF, pROM and cROM solutions at t3p = 0.2976s.

in the classical pROM. While these oscillations leading to negative values are
mathematically feasible in this toy example, they motivate the exploration of
techniques to ensure positivity. Such methods should be developed for preserving
the physical positivity of conservative variables when applied to systems such as the
SW equations, where negative values are not admissible. To guarantee positivity
solutions, the next section investigates two nonlinear transformations within the
cROM framework: Logarithm-Exponential (LE) and Square-Root (SR).

4.1.1 Positivity and Non-Negativity-Preserving Transfor-
mations

Let u. be the collocated solution. The core idea is to transform the updated
solution applying a given function, perform the cROM procedure and then go back
to the original solution with the inverse function.

Let us begin with the Logarithm-Exponential (LE) approach, whose idea
has been proposed for cross-diffusion systems in [24]. The standard cROM update
is:

u't = dSTW L(ul). (4.3)
The modified LE approach acts on the updated solution by the £ operator:

ut! = exp[®@DTW Jog(L(u?))]. (4.4)
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where the hat notation indicates that the matrices ® and W€ are derived from
transformed snapshots. Indeed, it is essential to note that these transformations
modify the input of the cROM architecture, as the model acts on transformed
solutions. Consequently, the computation of matrices ® and W, differs from
the classical cROM approach due to the snapshot matrix S, which now contains
transformed vectors. In particular, this transformation implies that the POD basis
is optimal for representing log(u) instead of the original variable u. This formulation
enforces positivity by construction, as the exponential function provides strictly
positive values. However, a critical implementation issue arises: the logarithm is
undefined for non-positive arguments; in this example, the HF solution is zero
on both sides of the domain. To overcome this, we introduce a small upward
shift before applying the logarithm and a corresponding downward shift after the
exponential, yielding finally to:

u't! = exp[®DTW log(L(u?) + 5)] — s (4.5)

We perform the simulations with the shift parameter set to s = 0.05. However, it is
crucial to note that this formulation does not guarantee strict positivity. While the
exponential function ensures positive values, the final downward shift can produce
negative results if exp[®®7TW Jog(L(u”) + s)] < s.

We propose the Square-Root (SR) transformation, which represents, to the
best of our knowledge, an unexplored alternative for ensuring positivity. This
approach only requires the solution to be nonnegative and is computationally
simpler, as it avoids the need for shift in this example. The corresponding updated
solution is given by:

A

wrt = {Crzq%Twe (L(ug))}Q. (4.6)
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Figure 4.4: Plot of squared singular values o2 (left) and basis functions ¢™ for
m=1,...,7 (right) for cROM+LE.
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Figure 4.5: Plot of squared singular values o2 (left) and basis functions ¢™ for
m=1,...,7 (right) for cROM+SR.

As a result, the squared singular values and basis functions are modified, as
shown in Figures 4.4 and 4.5. In particular, the first squared singular values for
LE approach is significantly higher than the subsequent one. We tested different
values for the shift parameter and observed that this parameter compresses the
bump in the snapshots dataset. This compression causes the first POD mode to
mostly capture the general behaviour of the solution, which results in a large gap
between the first and second squared singular values.

The first N, = 4 basis provide the 99% of the system’s total energy for LE
approach, whereas N, = 6 basis are required for SR approach. This indicates that
most energy is contained in a few modes and, furthermore, that the transformations
do not alter significantly the compressibility of the system. Examining the first
basis function ¢', Figures (4.4)-(4.5) reveal a notable difference: the SR approach
generates the similar bump behaviour observed in the classical cROM, while the LE
approach shifts it downward without preserving this shape. This stems precisely
from the introduction of the shift in the transformation. If the snapshots are not
centred at the beginning of the cROM procedure, i.e. the offset ug(z) = 0, then the
first basis function corresponds to the average of all snapshots. Since the snapshots
represent the same solution propagating rightward over the domain, ¢! effectively
approximates the initial solution’s profile in classical cROM and SR approach.
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Comparison between solutions at time t'=0.2976s
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Figure 4.6: Comparison between solutions obtained with LE transformation (left)
and SR transformation (right).

In Figure 4.6 we show the effect of transformations on the problem solution,
with simulations run until t3p = 0.2976s and set a priori N, = 7 and N, = 200.
The LE transformation successfully damps oscillations, even though it produces
slightly negative values and overestimates the maximum of the bump. The SR
method, on the other hand, not only damps oscillations effectively but also captures
the correct bump profile.

4.1.2 Error analysis

We compare the relative approximation errors across three approaches: the classical
cROM, and cROM combined with the LE and SR transformations. The error is
computed as follows:
lurp(T) — uronm (T)||r:
e (T 1

where T' = t49. The discrete norm is defined as:

, (4.7)

N

vz == Z |v;| Az,

i=1

where v = [vy,v9,...,vx]T € RY.

Table 4.1 presents the number of magic points, percentage relative error, and
speedup for the three approaches across different numbers of basis functions. Since
we increase the number of basis functions, the NNLS algorithm needs more iterations
to reach the tolerance, which explains why the number of magic points increases.
The modified cROM approaches require more magic points than the standard
method. Both the classical and SR approaches show similar accuracy when using
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many basis functions, while LE has the highest error in these cases. Regarding
computational efficiency, the speedup generally shows a decreasing trend across all
methods.

N Err u [%)] Speedup [X]
cROM LE SR |cROM LE SR | cROM LE SR
107 137 117 | 72.89 40.06 41.60 | 3.62 2.21 391
107 145 124 | 27.68 1391 T7.18 257 147 270
119 153 125 | 3.60 8.97 5.14 272 149 2.90
129 161 138 | 1.50 2.710  1.64 1.80 1.10 2.17
20 139 167 146 | 1.06 1.88 1.24 194  1.39 1.99
25 144 174 147 | 0.95 1.80  1.40 1.10  1.34 1.78
30 150 183 153 | 0.94 1.16  1.10 1.98 1.33 1.77

52 |2

Table 4.1: N,,, realtive L' error and speedup varying N, at time t4 = 0.4s.

We now fix N, = 15 basis functions, previously identified as the best trade-off,
and conduct a further analysis on the number of magic points. Interestingly,
the error slightly decreases when using fewer points (e.g., 110 or 90), while still
maintaining a good speedup for this 1D problem. The results in the last row
demonstrate that an insufficient number of magic points (2.5%) leads to increased
error, thus providing a lower bound for the required number of collocation points.
In particular, we observe an error saturation for N,, ranging from 90 to 160.

Err u [%)] Speedup [X]

N,, | cROM LE SR | cROM LE SR
160 | 1.50 2.70  1.64 227 150 2.23
150 | 1.49 2.69 1.64 221 148 2.40
130 | 1.50 2.67 1.61 210  1.71 242
110 | 1.51 2.59 148 2.719 211 3.32
90 1.50 719 147 3.63  2.73 4.62
70 1.80 747 3.34 4.25 282 4.89
50 4.89 6226 1537 | 691 4.39 8.57

Table 4.2: Error and speedup varying N,, at time t49 = 0.4s, fixed N, = 15.

We now analyze the percentage of negative solution values during the simulation.
Setting N, = 10 basis functions, we quantify the proportion of solution cells that
become negative over the entire time evolution up to 7' = 0.4s. Figure 4.7 shows
the percentage of negative cells N relative to the total number N, plotted against
the time step (t" = nAt). The results reveal contrasting behaviours: ¢cROM
shows oscillatory patterns with a period of approximately 200 time steps and
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negative values ranging from 20% to 30%. The cROM+LE approach exhibits
unsatisfactory values, with negative cells percentage reaching up to 70%. In
contrast, the cROM+SR approach fully maintains positivity, demonstrating its
effectiveness in preserving this physical property.
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Figure 4.7: Percentage No/N of negative cells until final time 7" = 0.4s across
the three approaches
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Figure 4.8: Comparison of solutions across three different approaches, fixing
N, =10, N,, =200 and T = 0.4s.
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To investigate the high percentage of negative values in cROM+LE approach,
we compare the solutions at time t39 = 0.2976s corresponding to the 30th snapshot.
Since Figure 4.8 does not straightforwardly highlight the reason of this issue, we
therefore report two lateral regions in Figure 4.9. These zoomed views reveal that
cROM+LE underestimates the flat plateau with values dropping below zero, which
account for the greater proportion of points involved in Figure 4.7. We attribute
this behaviour to the shift introduced in our transformation, which is necessary for
this test case. Although the shift is small, it becomes critical in problems requiring
strictly positive variable values.
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Figure 4.9: Zoom of solutions showed in Figure 4.8.

In summary, cROM+SR achieves performance comparable to classical cROM
while preserving positivity by construction, which was the central objective of this
section. Although cROM+LE requires further development, it may represents a
promising alternative for shift-free scenarios. We now turn to a more challenging
physical test case where non-negativity of the conservative variable is essential.

4.2 Test case 2: Shallow Water Equations

In this section, we present some numerical examples based on the Shallow Water
(SW) equations (2.10), where h > 0 by definition. This system of PDEs can be
rewritten using the conservative variable ¢ = hu as:

ot Oz
b0 0l 1, (4.8)
E + 81’<h + §gh ) = —gh@xz(x)

Since we are dealing with a nonlinear system, we should adapt a transformation
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architecture accordingly. Given the greater results of the SR approach highlighted
for the linear advection equation, we extend this technique to SW system. Let us
first examine the update for the collocated solution of h:

bt = { &, 8 WL} = (@8] W)}, 49

where £(U") advances the solution U? = [h", g"]” to the next time step using the
chosen numerical scheme. The subscript denotes the first component of £(U?).

While the LE transformation for ¢ is not strictly necessary, we chose to extend
the SR transformation to the second variable. Noting that:

Q! = B = (). (4.10)
we can express the update for ¢ as:

s s g L(UT
gt = q>hq>ZWe\/£(U?)1<I>q<I>qTWe£((U3§ (4.11)
c)l

Having described the SR transformation framework for the one-dimensional SW
equations, we now discuss the numerical flux used for snapshot computation. We
implemented the HLL solver from [10] for flux approximation. Since the wave
speeds vary over the time due to their dependence from the conservative variables,
the CFL condition must be updated at each time step [10] as follows:

Ax
Stooo= — 4.12
= cUr (12

where S7 . is the maximum wave speed at time n:
St =max (|u;| +1/gh;) . 4.13
max j (‘ j‘ g J) ( )

To validate our implementation of the HLL numerical flux, we provided a
convergence test using a double rarefaction waves problem (see Appendix A). In
the following sections, we present two distinct test cases: the first without source
terms (flat bottom topography), and the second incorporating a non-flat basin.
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4.2.1 Singular non-transonic wave

To construct a singular non-transonic rarefaction wave test case, we follow the
treatment in [34]. By analyzing the intersection of rarefaction and shock curves
in the phase plane, we derived the correct left and right states for the Riemann
problem. This analysis yields the following initial conditions:

(hp, ug) = (0.2, —1), Tin < X < T¢,

(4.14)
(hg, ug) = (0.0368717, 0.598579), Zc < & < Tena.

U(z,0) = {

where x;, = —1.5, £¢pg = 1.5, and z. = 0.5. The domain of length 3 is discretized
using N = 2000 cells, with a CFL number set to 0.9. Figure 4.10 exhibits a
comparison of the exact solution of this Riemann problem with the numerical one
computed through HLL solver until the final time chosen, i.e. T = 0.4s. The
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Figure 4.10: Comparison between solutions at final time T = 0.4

Figure reveals a spurious wave typical of the HLL scheme, although the method
captures the exact solution with good global accuracy. This motivates the choice
of this numerical flux for snapshot collection. Setting N; = 40, Figure 4.11 displays
the squared singular values for h and ¢ with respect to cROM and cROM+SR
approaches, both computed via SVD.
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Figure 4.11: Comparison of squared singular values for h (left) and ¢ (right)
between classical cROM and cROM+SR. approaches.

Overall, the SR transformation does not alter the compressibility of the system.
Specifically, 99% of the system’s energy is captured by 2 modes for A and 3 modes
for ¢ in standard cROM, compared to just 1 mode for A and 2 modes for ¢ when
using cROM+SR. Since basis functions showed similar trends, they are not reported.
From these observations, we initially set N, = 3 and N,, = 200 to compute the
reduced order solution up to the final time t35. The exnpg tolerance is set to its
default value. Figure 4.12 shows the comparison of the two approaches with the
exact Riemann problem solution.

'=0.3593, Ng =3, N,, = 200, Cour=0.9 t'=0.3593, Ng =3, Ny = 200, Cour=0.9
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Figure 4.12: Comparison of h (left) and w (right) at time 39 between classical
cROM, SR approaches, and the exact solution.

Both methods represent the general solution behaviour using an extremely
small number of modes, i.e. N, = 3. However, the flat plateau on the left for h
is not perfectly captured, and the solution for u is less accurate near the initial
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discontinuity at x.. The relative L' error produces the following results:

cROM SR
L' Error Rel Error [%] | L' Error  Rel Error [%)]
h | 0.0088 2.46 0.0072 2.00
u | 0.0153 4.27 0.0128 3.56

Table 4.3: Error with N, =3, N,,, = 200 at T" = 0.4s.

Table 4.3 demonstrates that both methods achieve an acceptable approximation,
even though the SR transformation yields superior results in terms of relative error.

Let us continue studying the error for h and u varying the number of basis
functions selected for the reduced space approximation. We compare different
choices of N, and their relative speedup. The first column displays the actual
number of magic points computed through NNLS. We performed the simulation
until the time T = t49 = 0.4s.

Non Err h [%)] Err u [%)] Speedup [x]
cROM SR | cROM SR | cROM SR | cROM SR
122 127 | 435 383 939 T7.19| 935 877
132 139 | 223 1.78 | 459 3.18 | 842 7.82
143 147 1.84 099 | 3.16 192 | 737 7.25
146 157 | 085 061 | 1.8 1.32| 810 6.86
10 148 160 | 055 043 | 177 1.13| 7.17 6.08
15 170 1741 037 031 | 080 0.59| 7.72 6.30
20 173 182 034 033 | 064 0.39] 692 594

@\]Cﬂwg

Table 4.4: Error and speedup varying N, at time T = t49 = 0.4s.

Analyzing the results column by column, we observe that the number of magic
points increases with for both methods. This is expected, as a larger basis captures
more complex dynamics, requiring more points to effectively minimize the NNLS
residual. The SR approach generally yields lower errors than the classical cROM.
However, the error appears to converge and saturate as /N, increases. Regarding
computational efficiency, the speedup is calculated based on the total time required
to update the solution at each time step.

In summary, the SR approach consistently outperforms standard cROM. The
best trade-off between accuracy, compressibility and efficiency for this test case is
achieved with N, = 7. We therefore perform a error analysis by fixing /N, = 7 and
varying the number of magic points N,,.
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Err h [%)] Err u [%] Speedup [X]
N, | cROM SR | cROM SR | cROM SR
140 | 1.89 1.03| 324 197 | 7.64 7.28
130 { 193 1.03| 3.29 198 | 7.92 7.98
120 192 099 | 340 191 | 9.22 8.16
110 186 093] 3.34 193 | 943 8.95
100 | 188 1.15| 331 197 | 9.65 8.95
90 1.81 117 | 3.28 198 | 11.98 10.58
80 NaN 1.18 | NaN 2.04 | NaN 11.56

Table 4.5: Error and speedup varying N,, (N, = 7 fixed).

Table 4.5 demonstrates that reducing the number of magic points is significative,
as the error increases only slightly compared to the significant speedup gained.
Moreover, the last row is particularly relevant: with only 80 magic points, the
standard cROM fails (producing negative values for h), while the SR approach
remains stable, yielding less accurate but still acceptable values.

This test case demonstrates the strong potential of the ROM technique. Since
nonnegative water height values occurs marginally in this introductory example,
we now extend our analysis to a more challenging test case with a non-flat basin.

4.2.2 Topography: nonflat basin

In this section, we introduce the study of the wet-dry transition, involving non
smooth topography. This problem, originally proposed in [35] and also studied in
[36], involves the propagation of two rarefaction waves moving in opposite directions.
Their interaction produces discontinuities and leads to the formation of a dry bed
in the middle of the domain. The spatial domain is [0,25] with a nonflat bottom

topography defined as:
7a € §7 % 9
2(z) = ve(5,3) (4.15)
6, elsewhere.
Concerning the initial conditions, we have

—300 if 2 > %0
’O — Y — 3 )
a(=0) {300, if 7 < 20

and
h(x,0) := n(z,0) — z(x) = 16 — z(x),

where z is the bottom topography, h is the total water height (from bottom to the
free surface) and 7 is the free surface elevation (z + h). According to [35, 36, 23],
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the simulation is run until the final time 7" = 0.25. The spatial discretization is
performed using N = 1000 cells, and the CFL parameter is set to 0.9. The FV
discretization is chosen implementing a hydrostatic reconstruction [37] and the
HLL method [10]. The hydrostatic reconstruction, obtained in the asymptotic limit,
provides an approximation of the source term. This approach slightly modifies the
fluxes, which are then resolved via the HLL method. Overall, this reconstruction
leads to a well-balanced scheme that preserves the lake-at-rest condition 2.12 (see
Appendix B for details). This test case represents a first example of a problem that
is parametric in a strict sense, as it now depends on a physical parameter, distinct
from time. We consider two potential options for the analysis of parameter p € P:
the height of the bottom step and its width.

20 Comparison at t*=0.250 18 Comparison at t*=0.250
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Figure 4.13: High-fidelity solutions for different topography parameters: water
surface elevation 7 for different step heights z (left) and for varying step widths
(right).

Figure 4.13 displays the behaviour of HF solutions for n = h + z at final time T’
varying the topography settings. In particular, the left panel varies the central step
height within {6.5,7,7.5,8,8.5}, while the right panel modifies the step width by
halving or doubling the original interval. The qualitative similarity among solutions
in the left panel stems from the fixed positions of the discontinuities in the domain,
suggesting this parameter range is suitable for ROM applications. We therefore
focus on varying the step height within the parametric space P = [6,9], discretized
as:

P, ={6,6.5,6.75,7,7.25,7.5,7.75,8,8.25,8.5,9}.
The parameter space is partitioned into in-sample and out-of-sample values:
Py, ={6.5,7,7.5,8,85}, Pu. = {6,6.75,7.25,7.75,8.25,9}.
We collect Ny, = 100 snapshots for each in-sample parameter value.
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Figure 4.14 compares solutions at 3o = 0.2249s (the 30th snapshot) for N, = 10
and N,, = 300, showing the high-fidelity solution 7, its projection 7., and the
SR-approximated solution nsg. The projection is evaluated as:

Tlproj = P (I)TWeT]snap )

where 7)gnap corresponds to the HE solution at the selected time snapshot (¢30). The
classical cROM fails due to negative values, while the LE transformation for h
causes unbounded growth that diverges from the physical solution. In contrast, the
SR method accurately captures the basin emptying and reproduces the solution
behaviour on the left of the step.

Comparison at t30 =0.2249 s

20

n

i proj

"lsr

10+

6 . . .
0 5 10 15 20 25
X

Figure 4.14: High-fidelity solution 7, its projection 7,,.;, and the SR-approximated
solution nggr at time t3y = 0.2249s.
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Figure 4.15 illustrates the relative L' error for h. The projection error provides
a theoretical lower bound, while the cROM+SR error remains low within the green
region (in-sample parameters interval) but increases in the red region (outside
in-sample parameters interval). An interesting and counterintuitive observation
concerns parameters within the red regions. Flat topography, i.e. p = 6, yields
lower error than p = 9 despite the POD basis being constructed from nonflat
topography snapshots.

Comparison at T = 0.2249 with Ng = 10 and Ny = 300
01k —¥— Projection

—+— cROM+SR
009

Err[hng, Brom)]
o
=)
&

Figure 4.15: Relative L! error for h varying height step within P, set.

The following Tables present an error analysis for the out-of-sample parameter
p = 7.75 within the green region.

Table 4.6 shows results for varying N, with N,, = 300, obtained via NNLS.
In this specific case, the NNLS tolerance is set exnps = 1076 in order to reach
convergence. In the cROM+SR approach, 99.9% of the system energy is captured
by just 8 modes for both h and g. With N = 1000 cells, N,, = 300 represents a
substantial fraction of the domain, necessary to achieve satisfactory accuracy but
resulting in modest speedups that remain below 2x. Note that we omit the column
for maximum magic points since the NNLS algorithm produces exactly 300 points
for each N,.

As mentioned, the projection error provides a theoretical lower bound, rep-
resenting the optimal reconstruction achievable. In contrast, the actual cROM
approach accumulates errors at each time step. Analysis of the relative L! errors
for h and q reveals that N, = 10 provides the best trade-off between accuracy
and computational efficiency. Interestingly, if we consider a large number of basis
functions, this leads to higher relative errors. This behaviour originates from
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the higher modes: due to their high-frequency nature, they introduce spurious

oscillations that deteriorate the solution accuracy.

Err h [%)] Err q [%]
N, | Proj c¢ROM | Proj cROM | Speedup [x]
8§ 1658 810 | 6.16 7.51 1.22
10 | 346 4.01 | 3.16 3.55 1.20
15 1213 458 | 196 3.58 1.46
201159 915 | 139 7.83 1.10
30 | 1.09 886 | 0.86 8.16 1.17

Table 4.6: Error and speedup varying N, at time T = 0.25s, set p = 7.75 and
N,, = 300.

Fixing N, = 10, Table 4.7 shows the effect of reducing the number of magic
points. As expected, decreasing N,, improves computational speedup but results

in increased approximation error.
functional but produces significantly larger errors.

For N,, = 150,200, the algorithm remains

Err h [%)] Err q [%]
N, | Proj ¢cROM | Proj cROM | Speedup [x]
250 | 3.46 463 | 3.17 4.07 1.49
200 | 3.46 15.63 | 3.17 10.64 1.50
150 | 3.46 16.07 | 3.17 11.25 2.33

Table 4.7: Error and speedup varying NV, at time 7' = 0.25s, set p = 7.75 and
N, = 10.

These analyses highlight the complexity of wet-dry transition problems and
underscore some relevant observations. First, this test case exhibits sensitivity to
parameter settings, producing degradation with increasing basis functions due to
introduced oscillations. However, our study demonstrates that the SR approach
remains satisfactory and stable compared to both classical cROM (which fails due
to negative values) and LE transformation (which suffers from solution blow-up).
This test case clearly deserves deeper investigation, particularly regarding the
development of enhanced ROM. The SR method emerges as a promising approach
for such future work with 2D and 3D problems.

50



Chapter 5

Conservation property in
ROMs

5.1 Conservation property

In Chapter 2, we derived FV methods from the integral form of PDEs. While
such discretization techniques numerically enforce conservation over each control
volume, standard ROMs often fail to preserve this property, being inherently non-
conservative. Key works in the literature addressing this issue include [25], which
proposed a conservative model reduction framework that assimilates the structure
intrinsic to FV methods, and [26], which applied conservative ROM techniques
directly to fluid flows. This section investigates an alternative approach to guarantee
global conservation in the collocated reduced-order model (cROM). It is crucial
to note that we exclusively consider standard cROM formulation, not involving
the LE and SR transformations described previously. Introducing such nonlinear
transformations is problematic, as it can further complicate the already persistent
non-conservative state. A perspective future direction is to develop techniques that
combine cROM to preserve properties like positivity with the essential structure-
preserving aspect of these governing laws, namely the conservation.

In the present discussion, we employ a specific choice for the offset term in
equation (3.4), which we now proceed to explain. Let us consider the approximate
solution:

up(x, t;9) ~ My + i a(t;9) " (), (5.1)

k=1

where M, is the offset quantity to be determined.
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Integrating over the spatial domain of the equation €2, this yields to:

Ny
/ updx = Mo|Q + > ak/ PFdz. (5.2)
Q = o

To enforce that the integral of the discrete solution remains invariant over time,
the integral of each basis function ¢* must vanish:

/gzﬁkdx:(), fork=1,.... N,
Q
This requirement is satisfied by choosing the offset such that:
/ undz — Mo|Q] = 0. (5.3)
Q

Performing a F'V discretization over a one-dimensional domain of length L , at a
generic time step t”, this leads to:

i(uHF)?AI ~ MoyL. (5.4)

i=1
Thus, the initial mass offset is selected as:
1 N
i=1
Since the high-fidelity solution is computed using a conservative scheme, and
assuming the total "mass" remains unchanged, the discrete integral:

N
> (upr)! Az = constant (5.6)
i=1

is constant in time. Consequently, we can compute the snapshot adjusted removing

the offset as:
1 N

S = ujjp — T > (ufip)iAz = ufjp — My (5.7)
i=1
where M is the vector whose entries are all equal to the computed mean value.
This formulation directly influences the architecture of the cROM, where the
updated solution is now computed as follows:
u’tt = My + PTW [L(u”) — M) (5.8)
In this procedure, we remove the offset quantity before computing the updated
solution through the £ and finally we add the same quantity to recover the updated
cROM solution at the next time ¢"!.

52



Conservation property in ROMs

However, the assumption of constant integral deserves more attention, as the
integral may vary if the conserved quantity depends on the inflow and outflow at
the domain boundaries. We therefore distinguish between two main test cases:
constant "mass" and variable "mass". In particular, we analyze the linear advection
and SW equations under the constant "mass" assumption, while also performing a
SW simulation where the mass changes over the domain.

5.1.1 Linear Advection Equation

Initially we carry out a conservation analysis on the linear advection equation.
We employ the same parameters as in Section 4.1, i.e. number of cells N = 2000,
number of snapshots N, = 40, number of magic points N, = 200 and number of
basis functions N, = 10. Since the integral over the domain is constant equal to 0.1
and the domain length [ = 1, thus the offset corresponds to My = 0.1. The final
time is set to T'= 0.4 and cour = 0.8.

The effect of the offset is firstly provided by Table 5.1 which compares the
integral [ for the first 5 basis functions with or without offset. Although the
introduction of the offset is significant, the integrals are not close to the machine
precision which is a primary requirement to validate our analysis.

[dx No Offset Offset
P! -0.014010309174975 | -8.981729068862609¢-09
®* | 2.179715073278799¢-05 | 4.559809686161300e-06
®? 0.005282810172803 8.385788242941091e-06
¢t | 2.357551603267199¢-06 | 5.063161192765235¢-09
@° -0.003980955565185 4.742157153662557¢e-06

Table 5.1: Comparison of the integral of the first 5 basis functions including no
offset and offset on linear advection equation.

To visualize the temporal evolution of the integral up to final time 0.4s, we
plot in Figure 5.1 the comparison of HF and cROM solutions when the offset is
considered or not. While the HF integral of u is equal to 0.1 accordingly to previous
discussion, we observe a significant improvement, gaining approximately three
orders of magnitude, when we introduce the offset. This first example provides a
preliminary application of the idea, showing that the order of accuracy in terms of
conservation can be significantly improved. This promising validation on the linear
advection equation encourages the application of the method to more complex
systems, such as the SW equations, where conservation is still critical.
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Figure 5.1: Comparison of the integral varying over time without offset (left) and
with offset (right).

5.1.2 Shallow Water: constant "mass"

In this part, we rely on SW equations (2.10) without source term. We present a
Riemann problem with the following initial conditions:

0.5, Tim < T < T,
h(z,0) =<1, T, <z <z, (5.9)
0.5, Tl < < Tepg,
and
q(x,0) =0, Tin < T < Tepd- (5.10)
The spatial domain is (Zi,, ZTena) = (—3,3), while the coefficients z; = —0.5 and

x} = 0.5. The final time is T = 0.4s. Employing a spatial discretization with
N = 3000 cells and cour = 0.9, we run the simulation for the standard cROM
approach using N, = 50, N,,, = 300 and N; = 120. Since the domain length is 6 and
the integral of the initial condition for A is 3.5, the constant offset is My = 3.5/6. In
the following Table 5.2, we compare the integral of basis functions with or without
the introduction of the offset.
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Jdx No Offset Offset
o' | 0.108146569958359 | 1.584010700383942¢-16
®? | 0.007688588823427 | 8.645861804268407¢-17
| 0.005158369892580 | 3.842065554593432¢-17
¢t | 0.003702278536896 | 2.748842820032849¢-17
> | 0.001614328223451 | 1.897960955066225¢-17

Table 5.2: Comparison of the integral of the first 5 basis functions for h including
no offset and offset on SW equations (constant mass).

Table 5.2 shows that the presence of the offset leads to basis function integrals
that are numerically zero, on the order of machine epsilon. Let us analyze the time
evolution of the integral computed for the HF solution and the cROM solution in
Figure 5.2. Without offset, the global quantity A exhibits a relevant "mass" loss
over time; conversely, the right view demonstrates the effectiveness of the offset,
with variations on the order of 10713/1071*. Note that the HF solution integral is
not exact (the real value is 3.5), resulting in a slight error.

No offset Offset
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Figure 5.2: Comparison of the integral varying over time without offset (left) and

with offset (right).

This second example demonstrates that the introduction of the offset yields
excellent results and opens a possible application involving non constant offset.

5.1.3 Shallow water: variable

1

'mass"

In this test, we consider again SW equations with a suitable problem varying its
"mass’ inside the domain. We examine a Riemann problem that generates two
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rarefaction waves. The initial data are given by:

h(z,0) =1, Tin < T < Tend (5.11)
and
= -2 in < < Zc
(2,0) = {UL ’ PSS (5.12)
Ur = 2, Te < T < Tepd

where x;, = —1.5, Zeng = 1.5 and x. = 0. The final time is set to T = 0.2s. In this
scenario, we define the snapshots similar to formula (5.7):

N
s = e — 1 (e, (513)
i=1
It is essential to note that the integral over the domain of the HF solution changes
at each time step. Therefore, the mean value subtracted from each snapshot is not
a global constant but is computed individually for each snapshot. This process
ensures that all the basis functions have a zero mean. For the online stage of the
cROM, the offset is now time-dependent. To determine its evolution, we start from
the definition of the total mass M. Its rate of change is given by:

= F( 14
dt dt/ (x,t)dx = /@xt /8 x,t)d (5.14)
Applying the divergence theorem to the last term, we obtain:
dM
— =— F(z,t)dx. 5.15
== | Fltd (5.15)

Since we work on one-dimensional domain, we consider € = (a, b); thus, this results
in
dM

Performing a discretization of the latter equation in time with a simple Euler
scheme and introduction a flux function provides the update rule for the discrete
mass:

M= M" + (f1n/2 - fz%+1/2)a (5-17)

where f{‘/z and fy, /o are the numerical fluxes at the left and right domain
boundaries, respectively, at time step t" = nAt.
In this variable "mass" scenario, the solution is computed as follows:

wt =M+ PTW [L(u}) — M (5.18)

where M" is a vector whose entries are all equal to the computed mean value at
time t".
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[ dx No Offset Offset
o' | -0.065967062287350 | 3.280709037767337¢e-17
»* | -0.009224251340041 | 2.810252031082428¢-18
¢ | -0.005839060643247 | -4.292399768957011e-17
¢t | 0.003797630976401 | -3.699124340172944e-17
> | 0.002773251029157 | -7.635558851859514e-17

Table 5.3: Comparison of the integral of the first 5 basis functions for h including
no offset and offset on SW equations (variable mass).

The introduction of the offset is extremely significative, as shown in Table
5.3. The integrals of the first basis functions are reduced to the order of machine
precision. Recalling formula (5.16), the rate of change of "mass" for this problem is
given by:

O (b, 1)) ~ F(hrma 1)), (5.19)

The flux function for A is Fj, = hu. Given the constant initial states at the
boundaries h = 1, uy, = —2 and ug = 2, we obtain the boundary fluxes:

Fh(l'ina t) = _2a

5.20
Fh(l'end,t) = 2. ( )

Consequently, the exact "mass" evolution is described by the linear function:

M(t) =3 — 4t.

Figure 5.3 confirms the expected trend: a significant difference exists between the
cases with and without the offset. Specifically, the simulation without the offset
overestimates the true integral of h, whereas the simulation with offset matches
the linear decreasing evolution. To quantify this effect, we essentially examine the
integral deviation between hF" and h¢fiOM in Figure 5.4. This analysis reveals that
introducing the offset produces approximately one order of magnitude in terms of
conservation accuracy compared to the case without it.
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Figure 5.3: Comparison of the h integral varying over time without offset (left)
and with offset (right).
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Figure 5.4: Comparison of [,( varying over time without offset

(left) and with offset (right).

This final example exhibits promising feedback for future works and discussions.
Although the current improvement is marginal, this offset introduction deserves
deeper investigation to evaluate its effectiveness on complex problems such as
higher-dimensional SW systems or the Euler equations.

To summarize, introducing the offset achieved the outcome of driving the integral
of basis functions close of zero. Despite not obtaining integral values on the order of
machine precision for linear advection equation, we attained notable results for SW
equations. The accuracy of the conservation is certainly improved by the inclusion
of the offset, but it only provided excellent results in the case of SW, where the
error was close to the order of machine precision. The conservation improvement
with offset showed initial and promising findings but it deserves several tests to
effectively validate this introductory hypothesis.
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Chapter 6

Conclusions

In this work, we addressed the challenge of maintaining intrinsic properties of
hyperbolic PDE systems, such as positivity and conservation.

The application of transformations such as Logarithm-Exponential (LE) and
square-root (SR) has produced significant results: while for the linear transport
equation the SR approach yields results comparable to those of cROM, successfully
maintaining a positive solution over time, the LE approach shows that the intro-
duction of a shift is inappropriate for preserving positivity. For the shallow water
equations in a non-transonic rarefaction scenario, we model the SR transformation
on both conservative variables h and ¢ = hu. This approach demonstrates improved
accuracy and computational speed compared to classical ROM, particularly in
an example where issues related to near-zero values do not directly arise. In the
final test, the SR strategy proves effective even in a more complex topography
setting involving a non-flat basin. Here, the SR transformation enables accurate
approximation of the solution, whereas the classical ROM fails due to the presence
of negative values and the LE approach produces numerical blow-up.

Regarding conservation, the first tests carried out with the introduction of this
offset verified some expected properties, such as the vanishing integral of the first
basis functions, and showed a noticeable but still limited improvement in overall
conservation.

6.1 Future Perspectives

These promising initial results pave the way for several research directions. Future
work will focus on different primary fronts:

e Structure-Preserving ROMs: this task pursues the initial contribution of
this work, aiming to develop ROMs capable of preserving sharp fronts and
discontinuities, as well as well-balanced and asymptotic-preserving ROMs. A
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key objective is to extend these goals on 2D-3D dimensional problems, such
as the shallow water or Euler equations;

Improvement of Reduced Basis Construction: this task aims to to
enhance the offline phase by studying the influence of different norms employed
in the POD), choosing the most appropriate function space for the case of
conservation laws, minimizing the number of basis functions needed whilst
keeping a good level of expressivity, and optimise the choice of parameter
values used to obtain the snapshots;

Error estimation and Uncertainty Quantification: this final front aims to
develop error estimators for ROMs of conservation laws, providing confidence
intervals for ROM output and studying the interaction between different types
of error.

60



Appendix A

Convergence test on shallow
water

In this appendix, we perform a convergence test for a shallow water Riemann
problem characterized by two rarefaction waves. The initial conditions are defined
as:

h(z,0) = 0.5, T € [Tin, Tend (A.1)
and
= -2 in < < T
u(x,0) = {uL ’ Tin == (A.2)
Ur = 2, Te < < Tend

where x;, = 0, Zeng = 1 and . = 0.5. The final time is set to T' = 0.1s. We apply
a finite volume discretization, refining the mesh over the following set of cells:

N = {500, 1000, 2000, 4000}.

Figure A.1 compares the L' error for the conservative variable h and ¢. The results
confirm the suitability of the HLL solver, as the error decreases systematically
with mesh refinement, demonstrating an expected convergence behaviour as Az is
reduced.
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Convergence test on shallow water
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Figure A.1: L! error comparison under mesh refinement for the conservative
variables h (left) and ¢ = hu (right).

Ax Error L' h Error L' ¢
0.0020 0.002795871778442 0.006535502103863
1le-03 0.001616166276042 0.003784732742197
5e-04 | 9.183423662733807e-04 | 0.002156915988136
2.5e-04 | 5.144137776586987e-04 | 0.001211968370247

Table A.1: Numerical values corresponding to the convergence study in Figure

Al

Through the MATLAB command polyfit, we estimate the experimental order
of convergence based on the data in Table A.1. The resulting order is approximately
0.81 for both conservative variables. This value indicates a reasonable convergence
rate, especially considering that the HLL solver is applied to a non-trivial test
case involving two rarefaction waves. These results support the choice of the HLL
scheme for the simulations discussed in this work, particularly in the context of
shallow water equations.
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Appendix B

Lake at rest

In this appendix, we test the preservation of the "lake at rest' steady state,
a fundamental property for numerical schemes solving the SW equations. We
present three test cases with different topographies (linear, smooth, and bump)
to demonstrate the effectiveness of hydrostatic reconstruction implementation
combined with HLL solver.

B.1 Linear Topography

For the first test, we consider the following initial conditions and a liner bottom
with slope:

n(z,0) =11, wu(z,0)=0, z(x)=0.5z. (B.1)

12 . ‘ : 5o 2107

n
—z w

06+
04+ 1 m

ot
02+ 1

0 - - - 0 05 1 15 2
0 0.5 1 15 2

h(T)- h,
————

Figure B.1: Lake at rest state (left) and deviation from initial state hA(7T") — h(0)
(right) at time T' = 2s with linear topography (hydrostatic reconstruction + HLL
solver).
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Lake at rest

The computational domain is [0,2], simulated until a final time 7" = 2s with a
CFL number of 0.8. We perfrom spatial discretization using N = 2000 cells. Figure
B.1 shows the numerical solution at T' = 2s. The free surface elevation n = h + z
remains perfectly flat. The right panel shows that the deviation from the initial
water height is on the order of 107!, confirming that the lake-at-rest condition is
preserved to machine precision.

B.2 Smooth Topography

This test features a continuous piecewise topography with a smooth quadratic
section:

0.522 x>0
z,0) =21, u(z,0)=0, z(z)= ’ B.2
(r0) (@0) =0, = {07 ST

The computational domain is [—2,2], with final time 7' = 2s, CFL = 0.8, and
N = 2000 cells. As shown in Figure B.2, the free surface remains level. The error

25 T . . . . . ! 4 x10

&
h(T) - h,
f
—

os! ] Al

-2 -1.5 -1 -05 0 0.5 1 1.5 2

Figure B.2: Lake at rest state (left) and deviation from initial state h(7") — h(0)
(right) at time T' = 2s with smooth topography (hydrostatic reconstruction + HLL
solver).

plot (right) confirms preservation of the steady state, with deviations on the order
of 10715,
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Lake at rest

B.3 Bump topography

The final test involves a discontinuous bottom topography with a bump, referring
to [38]:

n(x,0) =3, wu(z,0)=0,

(o) = {2+f(x), ld<z<16 (B3)

)2 otherwise.

where f(z) = 0.25(cos(10m(x — 0.5)) + 1). The computational domain is [0,2], with
final time T" = 0.2s, CFL = 0.8, and N = 2000 cells. Figure B.3 demonstrates the

-16
3 T T T 6 x10

29+¢

28

27r

0
26+ 1
&£ 2t
25+ 1 ~
-
T o4

24

2371

22r¢

21r

2 * - : 0 05 1 1.5 2
0 0.5 1 15 2 X

Figure B.3: Lake at rest state (left) and deviation from initial state h(7") — h(0)
(right) at time 7" = 2s with bump topography (hydrostatic reconstruction + HLL
solver).

scheme is still capable to handle this complex bottom profile. The error remains
on the order of 10716, proving that the steady state is perfectly preserved.

All three tests consistently show that HLL solver comined with the hydrostatic
reconstruction preserves the lake-at-rest state to machine precision (~ 1071—
10716). This is achieved even in the presence of different topographies, validating
its effectiveness as a robust and well-balanced scheme.
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