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1 Introduction:

The study of collective decision-making in large, distribied groups of animals is a truly
fascinating problem. How often, when looking at the coordit@ movements of birds
[48], or the intricate trails of ants [3], do we nd ourselvesvondering: how do they do
it? The answer to this question bridges the elds of physics anddiogy, o ering insight
from neuronal networks [5], genetic regulatory networks Jj6all the way to crowds of
people [29].

The common feature of all these systems is that they are, india collective. What is
most surprising is the emergence of complex phenomena, sashocking and synchro-
nization, which can be seen as forms of order arising from theeraction of individuals
(agents), each of whom has access only to local informatiotdowever, what really
characterizes these systems is not order, but response [18]de ning property of liv-
ing systems, distinguishing them from most inanimate matteis their ability to adapt
reactively. When this adaptation occurs at the group leveltioften confers advantages
to the participants, and can be seen as an evolutionary trait

The precise mechanism enabling collectives to achieve suemarkable e ciency, how-
ever, remains largely unknown. In the early twentieth centty, the British ornithologist
Edmund Selous, referring to ocks of birds, said: \They must think collectively, all at
the same time.. a ash out of so many braif$52]. Later, the attention had turned
from telepathy to synchrony arising from the rapid transmision of local behavioural re-
sponse to neighbours. This perspective has led to the viewsoich groups as intelligent
entities, laying the foundations of the eld now known aswarm intelligence

Figure 1: Shoal of sulphur mollies from Wikipedia and starlingpcks from [48].

'Edmund Selous (14 August 1857 { 25 March 1934) was a British ornithologist and write.



In this work, | focus on a curious predator-prey system inveing large sh shoals of
sulphur mollies Poecilia sulphuraria), which constitute a perfect example of complex,
adaptive system [46, 22, 95]. These shoals are unique in bdileir behaviour and the
environment in which they live. Indeed, these mollies are erof only two species of sh
known to inhabit the Banos del Azufrein Southern Mexico, a freshwater spring charac-
terized by high temperatures and low oxygen levels, whichqeires them to swim near
the surface for aquatic respiration. While positioned at theurface, they become vul-
nerable to sh-eating birds; in response, the shoals disglaepeated synchronized diving
behaviour as a defence mechanism, generating ripples on teter surface, which lead
to the formation of wave-like patterns, and have been showrm treduce the frequency
of attacks [8].

My goal is to identify and analyse the core mechanisms undeirlg this biological sys-
tem; a central question is How can animal collectives perceive, propagate, process and
store information?".

To address this matter, and describe the speci ¢ biologicalystem under consideration
(section 3), | will introduce an SIR quadratic contagion modl on a spatially embedded
network (section 4, section 5). Here, the term \contagion" fers speci cally to be-
havioural contagion, and a more complex mechanism is progaolsto go beyond pairwise
connections, considering group interactions too. This aagnts for the importance of
reinforcement-mechanism in social in uence.

The results clearly show that social contagion and spatialrganization are deeply in-
terconnected. To explore this interplay, | will de ne variais possible algorithms on
which to build the networks, and point-out the di erences. B/ systematically studying
the properties and dynamics of this interacting network of sh, we aim to gain deeper
insights into the principles that govern collective behawaur in social animals. This
model could also provide a foundation for understanding sitar processes in other ani-
mal groups, or even arti cial agent-based systems, desighto mimic biological swarm
behaviour.

Given that one of the peculiarities of the system is its abtly to respond to danger,
one might ask: \How can sh discriminate between signal and noisé? To analyse
this point, | will propose a de nition for signal and one for mise, by focusing on the
concept of spatially correlated activations. Based on thig will introduce a measure of
the system's susceptibility, which quanti es its responseness by comparing perturba-
tions induced by either true or false positives. Let us notedne, that a key assumption
in the study of collective biological systems is that they agrate at (or near) the so-
called critical point, and this is known in literature as thecriticality hypothesis The
idea stems from the fact that critical systems exhibit distict properties, such as maxi-
mal responsiveness to external stimuli and optimal propatgan of information, making
them well-suited in describing what we observe in animal dettives. In this context,



the biological system will be most accurately described byp¢ model when the combi-
nation of parameters maximizes susceptibility.

Moreover, given the importance of spatial organization inhese phenomena, it is crucial
to understand how the topology of the network a ects the dynamic3o this purpose, |
will analyse the Mean-Field approximation (section 7). Theesults in the case of spa-
tially correlated networks di er from those of the theoretcal mean eld case, and this
con rms the crucial role of heterogeneities in shaping thenal outcome of the contagion
dynamics.

Finally, in a eldwork trip to Mexico in May 2024, | obtained some empirical observa-
tions of the study system (section 8). The question rises inediately: \How can we
compare these results to real datd? In this direction, | will build new networks using
the empirically observed positions of the sh. This will of ourse a ect the topology and
the dynamics in a non-trivial way. In particular, the quadrdic contagion mechanism,
which was suggested to be a possible way of discriminatingtiween signal and noise,
has no more (or little) in uence. In the last section, | will dso introduce the hexnut-
experiment (section 8.5), whose goal is to test the responsiethe shoals by increasing
an external stimulus and measuring the size of the waves. Thesults will be compared
with those of the model, to estimate its ability to reproducehe behaviour of the system.

When examining such a complex study system, various levelsarfalysis can arise, de-
pending on the initially posed questions. For this reasonhé progression is not strictly
linear, but rather follows an approach aimed at shedding lig on speci c points of
interest, ranging from a more theoretical analysis, to a qlitative comparison with
experimental data.

To conclude, these results would contribute shifting the &inating \collective mind’
metaphor to a more quantitative context.



2 Background:

The emergence of a global order is one distinctive trait of anals living in collectives:
all individuals within the group synchronize to some extentheir behavioural state.
This phenomenon is visible in the motion of large groups of emals [7], as well as in
crowds of people, like in the case of the famous Mexican wal@, Ola, which rose to
fame during the 1986 World Cup in Mexico [29]. The presence tifis order is easy
to detect, but it may have radically di erent origins, and discovering the underlying
mechanism is not straightforward [10].

In general, large-scale collective biological systems laveen suggested to operate in a
special parameter region where the system's behaviour uingees a qualitative change,
or phase transition, at a so-callectritical point [28, 10, 46] between two structurally
and functionally di erent states. More convincing supportfor the \ criticality hypothe-
sis" can be obtained by identifying the mechanisms which enabl@ological systems to
self-organize towards criticality. For example, in neuraal systems, synaptic plasticity
has been shown to provide such a mechanism [31, 32]. In gehdfee concept of Self
Organized Criticality (SOC), introduced by Per Bak, Chao Tang and Kurt Wiesenfeld
(\BTW") [50], is considered to be one of the mechanisms by whiccomplexity arises in
nature [94]. Such type of systems spontaneously organizeia critical state. Bak and
colleagues introduced this concept when studying a cellulautomaton model, known
today as the sand-pile model. Here, we will refer to self-ongaation in a general sense
for macroscopic (group-wide) collective behaviours, witidead to formation of spatio-
temporal dynamics and patterns that cannot be attributed skely to the behaviour of
isolated individuals or to environmental factors.

In the context of animal groups, the key concepts related tdits hypothesis include the
following [75]: collective decision making, behavioural contagion, synchronizati@mnd
ocking. Let us explain these concepts one by one, and this will naally lead us to
the introduction of the main ideas of the thesis.

Starting from an initially undecided state, collective decision makingis the commit-
ment of a majority of a group to a single option [72]. Examplesf this process include
social insects choosing a new nest site [71], sh schools abbon troops [73] deciding
where to forage. Collective decision making can take placerass a variety of spatial
and temporal scales but the fundamental dynamics are oftemgtured by simple, non
spatial models. Most decision models consider binary deois tasks, which can be
modelled by Ising-type models [74] whereas, in case of mudkioice decisions, the Potts
model [76] is commonly used. These models typically assuneeng sort of quorum or
threshold interactions, in which agents update their statebased on the choices made by
their neighbours; these situations are modelled with beh@mwral algorithms in discrete



time. It has been shown that speed and accuracy of collectidecisions are strongly
modulated by the distance from a critical point on networks77].

With the term behavioural contagionwe indicate the spread of behaviour or infor-
mation through a group, resulting in behavioural cascadefat can rapidly encompass
the entire collective. This type of collective dynamics d@enot correspond to a spon-
taneous symmetry breaking, but rather to percolation, andsi directly related to the
non-equilibrium phase transition studied in epidemic spealing.

We have synchronization when individuals in a group engage in periodic behaviours
[78]. A classic model used to describe this phenomenon is #agramoto model [79, 80]
in which oscillators in uence one another via pairwise colipg that depends on di er-
ence between phases.

One of the most easily observed phase transition is the emenge of orientational order
due to spontaneous symmetry breaking, known ascking. This transition separates a
disordered state, where many individuals move in random @ictions with a vanishing

centre of mass speed, from an ordered ocking state, in whiehpreferred direction of

the group is noticeable, with a non vanishing average momemh of the entire system.

A paradigmatic case is provided by European starling§turnus vulgaris which can be

observed in many Italian cities where they establish theiroosting sites. These birds
are able to gather at dusk and swirl with extraordinary spatl coherence. They have
been largely studied by Ballerini et al. [26].

The parameter space in which such collective biological $gs1s operate is vast, both
due to the complexity of single individuals, and to the largaumber of individuals that

constitute a functional group. Then the relevant questiontat arises is whether certain
combinations of parameters or speci ¢ regions within a systn are especially suited to
a biological function, enabling their collective behaviauto approach an optimal state.

In the context of the criticality hypothesis, at such optimd points, statistical physics

predicts maximal susceptibility, i.e. the sensitivity of he collective dynamics to any
external stimuli. It is worth noticing that the applicabili ty of the concepts of statistical

physics is limited by two main aspects:

" Biological systems are out of equilibrium;

" The dimension of biological system is nite, typically of tie order of 10 10 indi-
viduals, only in some rare cases can reach®lifdividuals, such as large migration
movements in animals like pelagic sh e.g. sardines [58] oeskrt locust [57].



These two observations, while correct, do not refute the sigcance of phase transi-
tions and criticality when describing nite-sized biologcal systems. Various aspects
of collective information processing, such as correlatidangths and susceptibility still
become maximal at quasi-critical points in nite-sized syems [69, 67]. Moreover, even
if over the past century, following the introduction of the king model, much of the
research has focused on understanding systems at thermatiérium, the study of
self-organization and pattern formation in non-equilibum systems [30], relevant for
biological systems, has gained increasing importance. lnig context, criticality might
be a plausible principle of distributed information procesing in large animal collectives,
o0 ering a balance between robustness and adaptability [35Indeed, an intriguing prop-
erty of living systems that distinguishes them from most (ihot all) inanimate matter
is their ability to react adaptively to changing environmets. In general, this capacity
relies on distributed processing of information at varioutevels, characterized by the
collective dynamics of a large number of interacting compents, or agents, that make
up the complex biological system. These groups are able torfeem e cient collective
information processing, even though each unit or agent tygally has sole access to lo-
cal information. They can perform highly coordinated collgtive behaviours that confer
bene ts to the participating individuals by facilitating social information exchange and
providing protection from predators [1, 4]. However, in muitagent systems, group-
level and individual-level evolutionary optima are often derent, leading to so-called
social dilemmas emerging in a broad range of multi-agent evolutionary gantbeoretic
problems. For this reason, understanding how consensus &ached and information
is processed within a collective is fundamental to many asge of social dynamics in
animals and humans.

In this context, the social transmission of behavioural chrage is central to collective be-
haviour and collective response is the way a group as a whoéacts to its environment;
it is crucial for a group (or for subsets of it) to respond coliently to perturbations.
For many mobile groups, such as schooling sh and ocking s, social contagion can
be fast, resulting in dramatic waves of response [51]. Wauiis indeed a vivid example
of collective behaviour occurring in insects, birds, mamnsgand sh is the formation of
global waves, which are direct consequences of the aforetimered processes, and has
been typically interpreted as an anti-predator response 9p These escape waves are
an example of more general avalanche processes, which playimportant role in the
collective dynamics in many biological systems, includingpike avalanches in neuronal
networks [34] and disease transmission in human or animalgsations [38]. In such
processes a local change in the state of an individual unit€i spiking of a neuron
or the infection of an individual) can trigger the same chargyin its neighbours, thus
spreading through the system like an avalanche [51, 1], withrate of spreading that



can decrease (subcritical) or increase (supercritical) dse avalanche grows. Across
many living systems, we have evidence that the degree of sumbhavioural spreading
is regulated. In neural cultures, adding biochemical regatiors that modify excitation
and inhibition can force the system to supercritical and sutritical states [53], while
macaques, key individuals have been shown to in uence howndat spreads through
a colony [54].

One of the rst experimental studies of cascading behavioalk change was undertaken
by Dimitrii Radakov [60]. Radakov hand-traced the paths of&h sh, frame-by-frame,
revealing that the speed of the \wave of agitation" could prpagate much faster than the
maximum swim speed of individuals. Using similar methodolggTreherne? and Foster
[61] studied rapid waves of escape response in marine skateescribing what they saw
as \the Trafalgar e ect" in reference to the speed of communication, via signallinggs,
among ships in the British Navy's eet of the Admiral Nelson at the battle of Trafalgar
in 1805. Signals observable at a distance allowed informati to travel much faster
than the ships could move themselves. In many situations, &u as when a predator
attacks a group [59], or when arti cial stimuli are used, it$ not possible to di erentiate
between the propagation of behaviour through social contey and the propagation of
behaviour resulting from direct response to the stimulus,reeome combination of both.
A fundamental aspect of the self-organization of colleces|from collective decision-
making to consensus formation, including coordinated maveents is that individuals
are limited in terms of perception and cognition. Without diect access to the state of
the whole group they must rely on local information. It has ben shown [81] that in
heterogeneous environments, strongly limited attentionapability of individual agents
results in higher accuracy with respect to large scale codmdtion; this is caused by a
dynamical spatial \echo chamber"-like e ect, where indivilual attention becomes sat-
urated by social information and non-social cues are largelnores.

In conclusion, the investigation of collective behaviour ers valuable insights into the
mechanisms that drive self-organization, adaptability, md complex patterns across di-
verse biological systems.

2John Edwin Treherne (15 May 1929 { 23 September 1989) was an English entomologistho
specialized in insect biochemistry and physiology and conducted ¢ensive experimental studies.
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3 Study system:

The de ning property of living systems is their capacity foradaptive responses. Through-
out their lifespan, nearly all organisms encounter enviranental changes and these vari-
ations may occur at di erent temporal scales or arise unpréctably. For many animals,
the initial response to altered conditions is often behavimal adaptation [13]. This be-
havioural exibility is particularly vital in highly dynam ic environments. These types
of uctuations have the potential to a ect not only individu als and populations but
also higher community levels through interactions betweemscies, such as competition
and predator-prey relationship [95].

In agquatic ecosystems oxygen is often a limiting factor [15]

As part of a research project at the Science of Intelligence Bter, we are studying
the behaviour of naturally occurring schools of the freshwer sh Poecilia sulphuraria
or Sulphur molly.

Their distinctive behaviour is closely linked to the uniquecharacteristics of the envi-
ronment in which they live. The speci c conditions of their labitat, such as water
temperature, and the presence of predators, play a cruciable in shaping their ac-
tions and responses. Over time, these environmental factonave in uenced their be-
havioural adaptations, allowing them to thrive in their paticular ecological niche. This
connection between their behaviour and habitat underscaehe importance of their
surroundings in driving their evolution and survival strakgies.

These sh are endemic to Mexico, speci cally to the Baes del Azufre (Grijalva River
basin) near Teapa, Tabasco (1733 N, 93'00 W) 2. The Baros del Azufre are sul dic
springs fed by sul dic groundwater aquifers with high cona#rations of hydrogen-sul de
(H»S) generated from volcanic deposits and bacterial sulfatedection (e.g., drainages
Pichucalco, Tacotalpa and Puyacatengo) [95].

3When referring to we | mean Pawel Romanckuz, Yunus Sevinchan, Carla Vollmoeller, who hae
partecipated in the discussion of the model and its implementation,and David Bierbach, Jens Krause
and Korbinian Pacher, biologists who helped me understand the biologicabystem and set up the
experiments in Mexico.
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Figure 2: Map of Mexico to see the location of the study systemoin [95] and [96].

In the case of our study species, the sulphur mollies, suldand non-sul dic lineages
genetically diverged between 15 and 30 ky ago [11]. While seslanorphological and
physiological adaptations allow this species to persist these conditions, for examples
mouth and gill area enlargement for enhanced oxygen uptakeodi ed toxicity tar-
gets and detoxi cation pathways [112, 12], they are still dgendent on aquatic surface
respiration (ASR) for survival. A previous study estimated hat sulphur mollies spend
up to 84% of their time performing ASR [18], which was three ties higher than a
closely related speciesPecilia mexicang from a nearby, slightly less sul dic, spring
system. The environment in which they live was characteride[19] (see also Fig. g. 3)
as a freshwater habitat with high temperatures (31.9 0.7) and sul de content (H,S:
190.4 119.7 mol/L), low oxygen (1.06 0.92 mg/L) and pH (6.9 0.1), and high
conductivity (2.7 0.2 mS/cm), which shows little variation across the year busome
spatial variation due to di erences in habitat structure ard spring discharge.

Due to their reliance on ASR, the sh spend a majority of their ime near the surface,
often leading to dense aggregations that result in a quadb2system; however, they
frequently dive under water to engage in benthic foraging asell as aggressive or re-
productive activities (Fig.4). While at water surface, they ae more visible and thus
susceptible to predation by sh-eating birds; main predats are king shers, herons and
egrets (see Fig.5). The sh have developed a defence mechamigshe shoals perform
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Figure 3: Oxygen concentration, Water temperature and turldity over the daytime.
Data from January 2023, plot made by Yunus Sevinchan and Davigierbach.

collective and synchronized diving as a response to bird atks, causing ripples on the
water surface and wave-like patterns (\surface waves", s&deos)). The visibility of
these waves can be attributed to a two-fold mechanism: inddual splashes obviously
play a role, but additionally, when the sh perceive risk, tley often adopt a C-shape,
revealing their light-coloured bellies.

This collective diving may last for an extended period of tira and is presumed to reduce
the frequency of attacks by predatory birds [8].
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Figure 4: Images from the surface and underwater of the studyssem. These photos
were taken and kindly made available from Juliane Lukas (a) @David Bierbach (b).

Figure 5: Some of the main predators. On the top left corner (ahe Green King sher
(Chloroceryle americang and on the right (b) the Amazon King sher (Chloroceryle
amazong. On the bottom left (c) the Black-necked stilt (Himanoptus mexicanuy, in
the centre (d) the Tricolored heron Egretta tricolor) and on the right (e) the Great
kiskadee Pitangus sulphuratu3. These photos were taken and kindly made available
by Korbinian Pacher (a,b,c,e) and Jens Krause (d).
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Figure 6: Image from Wikipedia page \Lateral line". Oblique vew of a gold sh (Caras-
sius auratug, showing pored scales of the lateral line system.

Ultimately, these sh face two distinct pressures, which cabe described as habitat
constraints. On one hand, they must ful | their need for oxyegn, requiring them to
engage in active respiration, often by surfacing or stayingn oxygen-rich areas; this
process demands a signi cant portion of their time and eneygas maintaining e ective
respiration is critical for their survival. On the other hard, they are under constant
threat from predators, particularly birds, which forces tlem to remain vigilant and de-
velop strategies to avoid attacks. Balancing these two pr&#es | ensuring su cient
oxygen intake, while minimizing their vulnerability to predation | presents a complex
challenge that shapes their behaviour and overall survivalrategies.

These sh have thus developed the remarkable ability of respding to two di erent
types of stimuli. They can detect visual stimuli through thé sense of sight, allowing
them to process changes in their surroundings; additiongllithey can perceive stimuli
through the lateral line organ, a specialized sensory systighat enables them to detect
vibrations and movements in the water [68]. This dual senspcapability enables them
to interact e ectively with their environment. While the pri mary characteristics and
limitations of their eyesight are relatively intuitive | be ing in uenced by factors such
as distance, occlusion, and light availability | the lateral line organ remains less well-
known and understood. This organ plays a crucial, yet oftenverlooked, role in their
sensory perception; to better appreciate its signi cancéet us introduce the structure
and function of this fascinating sensory system, which corgments their vision and
enhances their ability to interact with their environment.

The mechanosensory lateral line (LLO) is a system of sensarygans found in all sh
(see Fig.6) and some amphibia, which responds to hydrodynanstimuli, such as water
movement and vibration. The sensory ability is achieved vianodi ed epithelia cells,
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known as hair cells, which respond to displacement caused imption, and transduce
these signals into electrical impulses via excitatory sypaes. This response is much
faster than visually-induced reaction. The time-scales arestimated to be: for LLO (in
the case of hydrodynamic sensory input) - 5-20 ms circa, foisual reaction - approxi-
mately 120 ms.

In a dense uid environment, such as water, disturbances amreated by anything that
moves. Of course, lateral line organs can be very di erentessory structures and cen-
tral processing have been shaped by evolution to exploit pkigal properties of water
disturbances in order to extract biologically signi cant nformation. It is important to
notice that LLO appears to be functionally important to all shes, even those who rely
most on sight, like bill sh. We also note that other sensoryystems are stimulated by
mechanical disturbance: tactile receptors and external $¢e buds, for example. The
range of cutaneous senses in sh also reinforces the notidvat most behaviour is prob-
ably mediated via a synergy of diverse sensory informatiorgther than being mediated
by a single discrete sensory modality such as the lateral érsystem. In both sh and
amphibians, the lateral line input is connected tMauthner cells a pair of big and easily
identi able neurons that are responsible for a very fast eape re ex, known asC-start
response which mediates escape behaviour; this is clear evidencelw importance of
the LLO to prey sh, though it must be said that vision is the daninant Mauthner cell
input [35]. During active swimming the oscillatory movemenof the tail produces a
substantial turbulent wake, that can persist in the water fo some time after the sh has
passed; this vortex wake will produce a potent lateral linetimulus allowing sh that
swim into the wake to detect the sh which has passed. In thisigew, water movements
produced by swimming are also used as a form of communicati@md the coordination
of schooling sh is in part maintained by lateral line stimul.

A detailed distinction between these two communication paivays lies beyond the scope
of this thesis. For the purposes of this work, we will genefglassume that they in-
teract through a speci c mechanism However, when discussirige potential linking
algorithms (section 4.2), we will explore which approachese better suited to replicat-
ing visual interactions and which are more appropriate for odelling the functioning
of the lateral line organ (LLO). This distinction will help identify algorithms that best
capture the nuances of each sensory modality.

To conclude this section, it is important to highlight a signcant study conducted
on our same system. In a notable work by Gomez-Nava et al. [48)e authors ex-
amined the baseline behaviour of these sh shoals in the abse of bird attacks. This
study is particularly relevant as it strongly supports the citicality hypothesis, which
forms a cornerstone of my research. Given its importance aitg role in motivating
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this work, 1 will brie y outline the key ndings of Gomez-Nava et al. to provide context
for the following discussions.

By combining the experimental results with an agent-based odel of the system, they
were able to show that these sh shoals might operate at a cictl point between a
state of high individual diving activity and low overall diving activity. To test the crit-
icality hypothesis they acquired videos over multiple days absence of bird attacks,
binarized the original videos into active pixels that repreent the diving of sh and non
active pixels corresponding to sh at surface, or underwatgeand analysed the fraction
of active pixels as a proxy for the number of sh diving at a gien moment in time.
They observed peaks of activity (spikes) corresponding tcames spreading through the
system, separated by long periods of low activity correspdimg to small-scale non-
propagating surface activity. By de ning the activity clusters as the number of active
pixels connected in time and space corresponding to a singlave, they found that
the empirical cluster size distribution is consistent withar power-law distribution with
exponent = 2:3. However, as we know, the existence of a power-law distrilban in
empirical data is not su cient to conclude that a system is atcriticality. They also
devised a cellular automata model for the spatio-temporalrppagation of the surface-
activity waves, in which each cell can be one of three statel this way they simulated
the emergent collective dynamics and identi ed parameterbest tting the observed
macroscopic behaviour.

To identify the phase transition they:

" Computed the average correlation of uctuations between ighbouring cells,
which peaks at the phase transition;

Computed the susceptibility of the surface-activity signkbas a function of system
size (L2 [25, 50, 100, 200, 400, 800]): they found that the susceplityiincreases
as a function of system size in a way that is consistent with aopver-law with
exponent 1.7,

Computed the susceptibility in the empirical videos usingicerent window sizes,
nding that it increases with said size. The exponents vary @oss measurement
days | potentially due to environmental factors such as temperature, or lighting
conditions | but they are consistent with the exponent in the model for at least
three measurement days.

This means basically that susceptibility is scale-free, widh is one of main indicator of
criticality in biological systems [10].

17



Figure 7: Results for inter-spike times, spike duration andlaster areas by Gomez et
al. [46].

These ndings provide strong evidence that the collectiveyshamics of the sh shoals
are governed by critical phenomena, where the system is pemsbetween high and low
activity states.

Building on that research, we aim to better understand how tkse sh respond in
di erent ecological contexts, maximizing their ability to discriminate among di erent
environmental stimuli. We are combining experimental obseations with computa-
tional approaches to understand how these sh tune the respsiveness of the school
in a self-organised way, e.g. through individual-level chges in sensitivity to predator
stimuli and social cues.
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4 Network Model:

We will propose a contagion dynamics on a network model. It reecessary to introduce
some of basic concepts of network theory and then explain whacontagion model is.
Loosely speaking, a network is a collection of nodes conrexttin some way. Repre-
senting the system as a network means mapping elements of #ystem to nodes and
relations among such elements, called links. A network isuk an interconnected struc-
ture where nodes and link have some meaning. The object oltad by stripping a
network of the meaning of its elements is what in mathematids called a graph, nodes
are known as vertices and links as edges.

A graph G=(V,E) is a pair formed by a nite set V=1f1,...,Ng of vertices and a set
E=fey,...eng of pairs of vertices called edges. As a combinatorial objecgeaph is one
of the possible ways in which NV elements can be arranged intt = JEj subsets
of 2 elements each. The graph is encoded in its adjacency nratA, a NXN matrix
whose element#\; are such that:

1 if e =fi;jg exists

A.. =
! 0 otherwise

In general for a weighted graph instead of 1's or 0's there widube some positive or
negative numbers. Moreover, there are also directed grapiwhere links have a direc-
tion.

A subset of vertices where each vertex is connected to any ettvertex is called clique.
If a clique is not included in any larger clique is called mamial. A n-cycle is a closed
chain of n edges joining n vertices. A tree is a graph with no ches. A graph is bipartite
if the vertex set is partitioned into two subsets representig two types of vertices and
so the edges only connect vertices of di erent type.

In this project, we de ne a network where nodes represent inddual sh, and links
represent interactions or communication pathways among thre The network is static
since neither node positions nor links change. Indeed, tleeexists a time-scale separa-
tion where the spread of information is much faster than anyhange in the interaction
network [47]. Moreover, we assume that individual sh in theshoal are interchangeable
and the macroscopic structure of the sh shoal remains simail over time, despite sh
changing their position within the shoal [115].

Under this hypothesis, sh are treated as agents in a spatigllembedded network, al-
lowing us to analyse how they interact within a shared envirament. A key focus of
our research is to examine the response of this network to spe stimuli, which, in
this case, involves the activation of selected nodes withthe network. By activating
certain nodes, we simulate a stimulus that might represent maatural trigger, such as

19



the perception of a predator or an environmental change, arabserve how this in u-
ence propagates throughout the network. This analysis is de by de ning a contagion
model, which describes the way a stimulus can spread withihé network (section 5).
To thoroughly understand this phenomenon, our study will ivolve:

" Characterizing the structural properties of the network: is includes analysing
metrics such as degree distribution and clustering, whichrgvide insights into the
connectivity and resilience of the network;

" Exploring the dynamics of information ow: This analysis wil help us identify key
patterns in response dynamics that are crucial for coordited group behaviours.

One of the central challenges is establishing a consistemtdabiologically plausible rule
for constructing the network. Coordination among social amals, like sh, relies on
e cient and rapid information transfer between individuals, which may depend on the
structural characteristics of the network they form [89]. Te topology of the network,
speci cally its connectivity patterns and levels of hetergeneity, plays a signi cant role
in shaping how e ectively information can spread. For examnlp, a densely connected
network might facilitate rapid information dissemination but could also lead to con-
gestion or excessive sensitivity to local disturbances. faermore, the structure and
heterogeneity of the network have profound implications fahe dynamics of contagious
processes [114, 17], such as the spread of information, baétars, or alerts within the
group. Accurately predicting the scale and speed of contagioas well as identifying
nodes that are particularly in uential in these processess critical for understanding
the group's coordinated behaviour.

By systematically studying the properties and dynamics ohiis sh interaction network,
we aim to gain deeper insights into the principles that govarcollective behaviour in
social animals. This model could also provide a foundatiomrf understanding simi-
lar processes in other animal groups or even arti cial agefitased systems designed to
mimic biological swarm behaviour.

4.1 Positioning algorithms:

We can de ne di erent algorithms to generate the positions bthe network. Prior to
having the empirical positions of the sh, we estimated thenvia a Poisson Disk Sam-
pling method [21]. This method is an iterative sampling strategyStarting from a seed
sample, n-candidates are sampled in the hypersphere sumding the seed. Candidates
below a certain radius or outside the domain are rejected. Nesamples are added in a
pool of sample seeds. The process stops when the pool is engstyvhen the number
of required samples is reached. In the end, this algorithmlalvs us to obtain a set
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Figure 8: Poisson disk sampling to place 100 nodes in a square.

of uniformly distant nodes with a xed density, which is spatally homogeneous but
non-regular (see Fig.8). Positional noise can also be adddulit we opted not to in
order to maintain the physical constraint that distance betveen sh must be greater
than zero, given the very size of the sh. Additionally, the itroduction of noise makes
the network highly heterogeneous. While this heterogeneitg bene cial for creating a
more realistic representation of the network, it can lead tondesirable outcomes when
analysing borderline cases. For example, in networks witlery few links, certain spe-
ci ¢ con gurations may arise where the contagion cannot e etively propagate. This
choice allows us to concentrate on the role of linking.

We set the density to be consistent with the real system; typal densities are around
1000- 2000 individuals per square meter.

In the last part of the thesis (section 8) we will introduce tle empirically measured
positions of the sh, which will be denoted assh positions. We will see just how
deeply modi ed the outcome of the dynamics results by simplysing these new posi-
tions.
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Figure 9: Two examples of networks: in the rst, the positionare estimated via Poisson
sampling, in the second, empirically observed position®n annotated images are used.

4.1.1 Nearest-Neighbors distance distribution (NND):

A clear characterization of the structure group is given byhe spatial distribution of
nearest-neighbours. As we know, the Poisson sampling methalibws us to maintain
a lower limit for the Nearest Neighbors Distance (NND).

Figure 10: Nearest Neighbour distribution in absence of noiskeft) and with positional
noise (right).

In the rst plot we see a cut-o . Adding positional noise, the ait-o disappears and
the nearest-neighbour distance can be 0.
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4.2 Linking algorithms:

A major challenge in the study of collective animal behaviaus that the pathways of
communication are not directly observable. It has long beerecognized in the study
of isolated organisms that mapping the physical and functmal connectivity of neural
networks is essential for developing a quantitative and pdéctive science of how indi-
vidual behaviour is generated [14]. By contrast, in the stydof mobile animal groups,
the analogous issue of determining the structure of the semg networks by which in-
teractions, and the resulting group behaviour, are mediateremains to be explored.
Typically, spatially embedded interaction networks betwen biological agents are mod-
elled either via metric network models, where the probabiji of a link (or its strength)
depends only on the inter-individual distance, or by topolgical models where a focal
agent is connected to a set of spatial neighbours based onithdistance rank in com-
parison to all others, as e.g., in the k- nearest neighbourtmerk model, but where the
actual link probability (or strength) does not depend on theabsolute physical distance.
In the past, most agent-based models assumed metric intetiao networks, but after
evidence for topological interaction in starling ocks hadeen presented by Ballerini et
al. [48], corresponding topological interaction networksave received increased atten-
tion in the context of collective animal behaviour. In the stidy of the starling ocks,
they discovered that each bird interacts on average with a e&d number of neighbours
equal to either six or seven individuals. Their explanatiofor this phenomenon is that a
topological interaction is indispensable for maintaininghe ock's cohesion against the
large density changes caused by external perturbations,pigally predation. Finally,
topological interaction networks with a limited number of arest neighbours have been
recently discussed in the context of cognitive constraintegarding the number of neigh-
bours (or objects) a focal individual can pay attention to [&].

However, the discussion of these two idealized models lagg&nores the constraints
set by di erent sensory mechanisms underlying social intactions. In the system un-
der analysis, the two most relevant mechanisms are: visuatldhLLO communications
(see section 3). This second mechanism is not a ected by ctmamts, as is vision (e.g.
occlusion at high densities), but mainly depends on sensdimits and properties of the
medium. The LLO in sh is indeed involved in detecting mechaisal vibrations and
water movements, which can indirectly facilitate acoustitike interactions. While it is
not a traditional \acoustic" system like the ears of terrestial animals, it shares simi-
larities with acoustic detection because it is sensitive tpressure waves and vibrations
in the surrounding water.

We will briey illustrate the three di erent types of networ k we are going to analyse
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from a structural and dynamical point of view.

4.2.1 Metric networks:

Metric interaction networks are the most common in the studpf animal collectives and
in models of collective movement. This is due to the typicaissumption that collective
behaviour emerges from simple rules of interaction amongdimiduals [48]. The main
theoretical assumptions are:

"~ attraction among individuals;
" short range repulsion;
" alignment of the velocities.

These are reasonable, but generic, and there are as many deet models as there are
di erent ways of implementing these assumptions. To grantahesion, models make
the sound assumption that individuals align and attract to ech other, and that such
interaction decays with increasing distance between theniThese models adopt met-
ric distance, since animals have developed many ways of e&tting distance,including
stereo-vision, retinal image size, and optic ow [49]. Thysa metric interaction seems
natural. However, it is important to underline that little is know about the mechanism
and accuracy with which sh perceive distance [4]. L&t al. [2], for example, suggested
that sh use parallax while moving through water. In the caseof sh, metric interac-
tion may provide a simple model for social interactions via lLO, which is reasonably
dependent on the sole measure of distance, given the medium.

In these models, we could de ne a strength of interaction as decreasing function
of the Euclidean distanced; between two individuals i and j. Here we will just set a
threshold distance: two nodes are connected only if their Elidean distance is smaller
than the metric threshold ewic - The adjacency matrix is then de ned as:
C
1 if dij metric
0 otherwise

This algorithm strongly depends on the density and on the rads (d; *) we assume.

4This radius, even if not explicitly speci ed, will be given in metres.
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Figure 11: Metric network for radius 0.03, 0.04, 0.05, 0.07 nm@ network built with
the empirically observed positions (section 8).

All these measures are referred in terms of metres.

4.2.2 \oronoi networks:

This algorithm is based orVoronoi tassellatiore, which for a given set of node positions,
divides the space into cells, each containing one node. Al@bund a node is made up

SInvented by the russian mathematician Georgij Feodos'evc Voronoj (Zuravka, 1868 { Zuravka,
1908), should be more correctly writtenVoronoj tassellation.
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of all points in space which, using Euclidean distance and aetnic, are closer to this
node than to any other.

The rst shell of Voronoi neighbours of a node is given by all ades for which the
containing cells share a common border. The second and higleeder shells are then
de ned similarly by having a common cell border with the preious shell. A Voronoi
network is constructed by connecting each node to its (usugl rst shell of) Voronoi
neighbours. As a result, network neighbours are more evenlystlibuted around the
focal individual than in the KNN topological network, descrbed in the next section.
By construction, Voronoi networks always connect all indiduals within a group. As
observed by Strandburg et al. [90], Voronoi models may bettapproximate visual ones,
as their transitivity (which is the extent to which individu als who share a neighbour are
neighbours themselves, and re ects the redundancy of infaation among neighbours)
is similar.

Figure 12: Example of Voronoi tasselation with randomly lodad points.

4.2.3 Topological networks (or k-nearest neighbours):

Motivated by empirical research and considerations of codjve constraints that limit

the number of objects or individuals an animal can keep trac&f [81], these network
prescribe a xed number of links (k) to each node. For compa®dn, we now recall
that human observers are unable to accurately report a numbef objects shown in a
ash whenever this number exceeds 4, a well studied e ect, kwn as numerosity in
the human psychophysical literature [24, 23]. For exampléhe percentage of incorrect
counting when eight objects are briey presented to a humanbserver is known to
exceed 50%. Based on these observations, Krawgeal. [4] showed through an ex-
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periment on Three-spined sticklebacks@asterosteus aculeatysfrightened via a light
stimulus, that they cannot make any accurate size distinadh between shoals with r 3.
Of course, it is important to keep in mind that we are working o a totally di erent
system, and then these results can not be directly used in oorodel.

Finally, systems based on metric distance may be unable to repluce the density
changes typical of animal aggregation [48]. In this case, dimg as k the number of
nearest neighbours to consider, the adjacency matrix getswritten:

1; if KNN
0; otherwise

We will analyse how the variation of k a ects the dynamic.

ST SOOI,
WAICSRA P RSU<R]
& SREENI
JZAN AAA"'V\ .4\‘&.
N SRR
SNITAT

v,h-‘ \ J '7

Figure 13: Generated networks with same positions (100 nogesth Poisson sampling
positioning ) in the case of Metric, KNN and Voronoi networks.

In conclusion, let us show an image from Strandburg et al. [PGvhere we clearly
see the di erence between the above illustrated networks drthe visual network. In

this work they showed explicitly how the Voronoi network was good estimation of the
visual one.
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Figure 14: Comparison between networks from Strandburg et.go0].

4.3 Weights:

In the following discussion we will set the weights to 1, assung an undirected net-
work. This modelling choice was made to keep the model as simps possible, with a
minimal number of variables and parameters.

However, there are alternative descriptions of the study stsn that include the ef-
fects of weights. For example, Rosenthal et al. [82] compdt@ planar representation
of each sh's visual eld using ray casting to approximate tle pathways of light onto
the retina, based on automated estimation of the body postarand eye position of each
individual. This representation reveals the underlying \wual information available to
each sh. Then, determining the initiator and rst responde of a startle, they inves-
tigate the social contagion, analysing how individuals tmaslate sensory information to
motor response (evasion) and revealing the social cues thatorm individual decision
making in this behavioural context.
They nally formulated a probability of responseP(ijj) in sh i given that sh j is
startled:

P@ijj)=(1+ exp( 1 LMD  3AR))?

where ;; ,; 3 are the model coe cients to t the data (0.302, -1.421, -0.18), LMD is
the log of the metric distance between shiand j, AR is the ran&d angular area of sh
j subtended on the eye of sh i. This mapping between sensonygut and behavioural
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response, constructed based only on the behaviour of rstggonders, allows to build
a hypothetical network, predictive of how behaviour will spead through the group.
Here, the weight of an edge between individuals i andw; = P (ijj), is the probability
of a behavioural response by individual i if individual j exlbits behavioural change.

4.4 Network characterization:

The emergent collective behaviour of animal groups, or mogenerally multi-agent
systems, is decisively shaped by the underlying networks sbcial interactions. A
variety of measures have been introduced to characterizeettstructural properties of
networks, often with the intention to predict the average otcome of a certain dynamical
process on the network [102]. Within this thesis several walstablished measures are
used to characterize the di erent types of networks and undstand the behaviour of
di erent dynamical processes: the average in-degree, thieistering coe cient and the
number of triangles. These quantities, are relevant in ordéo describe the contagion
processes on a network [89]. It has been shown [62] that iniegs disease dynamics can
be profoundly in uenced by two key network properties: the nmber of contacts per
individual (degree distribution) and the transitivity, or clustering, of contact. Moreover,
although it is widely accepted that high connectivity amongndividuals facilitates group
consensus, and that being in a group provides bene ts to indduals through social
information about environment provided by other group memeérs, it has been shown
[81] that large scale coordination can be maximized by strgly limiting the cognitive
capacity of individuals, where due to self-organized dynaos the collective self-isolates
from disrupting information. In conclusion, within this thesis, it is possible to show that
the outcome of the contagion process is ultimately determad not by the actual links,
but mainly by these general measures, and in particular theigtributions of degrees
and triangles.

4.5 In degree:

The in-degree of a node is de ned as the number of its incomiktigks. Since we consider
undirected networks, it coincides with the degree. Given thadjacency matrix, the
degree of node i is de ned as:

Counting the fraction of nodes with degree k in the graph gigethe degree distribution.
This distribution is typically used as a measure of heterogeity, as it provides insights
into how connections are distributed across the network.
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Figure 15: Histogram of degrees on a metric network for di erérradii (0.03, 0.04,
0.05).

The peak obviously shifts by changing the radius of in uenceHere we see that it
goes from 3to 7.
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Figure 16: Histogram of degrees on topological (k=8) and Voronnetworks.

KNN and Voronoi linking algorithms are independent on the derity of the nodes.
Let us note that in the topological network, even if we pose k& we will have a non
negligible fraction of nodes with higher degree, because luglt it in a such a way that
all nodes haveat least k neighbours. In the Voronoi network, the average degree is
around 6.

4.6 Clustering coe cient:

Clustering, also known as transitivity, is a typical propety of acquaintance networks,
where two individuals with a common friend are likely to knoweach other. The clus-
tering coe cient is a measure of how frequently any two neighours of a node are
themselves neighbours. In terms of a generic graph, trarigity means the presence of
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high number of triangles. For unweighted graphs, the clusteg of a node is the fraction
of possible triangles through that node T(u) is the number of triangles through that
node). The clustering coe cient per node is de ned as:

6, = 2T (u)
k(u)(k(u) 1)

It is assigned to O if the degree is lower than 2.
We can analyse the distribution of clustering coe cients arong the di erent networks.

density = 3000
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Figure 17: Distribution of clustering coe cients for a metric network with increasing
density (from 1000 individuals per square metre to 3000).

As we can see, by increasing the density, the distribution tels to be more peaked.
For low densities it is wider and takes on some discrete vakjevhile for bigger densities
it is a continuous distribution with a well de ned peak.

If instead we analyse the variation of the radius, the distbution looks like:

Figure 18: Distribution of clustering coe cients for a metric network with increasing
radii (0.03, 0.04, 0.05).
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In case of smaller radius, being the network almost discoroted, the distribution
is highly peaked in a clustering coe cient equal to 0.
Finally, the KNN and the Voronoi networks:

mode = k_nearest mode = voronoi

1750 A
1500 A
1250 1

1000 4

Count

750 A

500 A I

T i
250 4 |-II|]I.I| 1 | |
NERENY | | | || 'YFRE A} VN I R

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
clustering clustering

Figure 19: Distribution of clustering coe cients for KNN (left) and Voronoi networks.

The Voronoi network is characterized by some discrete vakiassociated with a very
high number of counts, while the KNN has a more Gaussian-shapdistribution.

This coe cient can have a signi cant impact on the epidemic &e or endemic state.
For example, it is widely accepted that the value of the trammission rate needed to
generate an epidemic is larger for networks which are clustd when compared to an
equivalent network with the same degree distribution but n@lustering [102].

We could de ne a generalized de nition accounting for weigh. There are several ways
to de ne clustering [33], one example is to use the geometawerage of the sub-graph
edge weights:

1 X

~ dequ)(dequ) 1)

wherew,, are the edge weights, normalized by the maximum weight in theetwork.

Gy (W Wy Wy ) =2

vw

Representing the clustering coe cient with di erent colours from white to dark green,
we can visualize how this coe cient changes by varying the dius in the construction
of the metric networks.
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Figure 20: Metric networks for radius 0.03, 0.04 and 0.05 xmdensity at 1000 indi-
viduals/square meters. The green colours represent the staring coe cients.

If in the quasi-disconnected case (radius = 0.03) all nodesve clustering equal
to zero apart for some isolated nodes with clustering 1, bydreasing the radius, the
clustering seems to be more uniformly distributed among theetwork.

Finally, let us see the same representation for the KNN and Vomoi networks:
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Figure 21: KNN and Voronoi networks for xed density 1000. The mgen colours
represent the clustering coe cients.

The Voronoi network tends to be more homogeneous in terms @iagial distribution
of the clustering coe cient per node with some few nodes witlslustering 1, the KNN
never reaches clustering equal to 1.

4.7 Number of triangles:

Another useful measure, which will turn out to be relevant inthe description of complex
contagion, is the number of triangles, the con gurations o8 strongly connected nodes.
In the case of metric networks, this measure depends on theosken density.
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Figure 22: Distribution of number of triangles for metric netvorks of increasing density.

The distribution from being very peaked relaxes with increang density.
It also depends strongly on the radius. Let us see how it vasidoy changing it from
0.03 to 0.05 m.
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Figure 23: Distribution of triangles for metric with radius Q03, 0.04, 0.05 for xed
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Figure 24: Distribution of triangles for the KNN and the Vorona networks.

As compared to metric and KNN networks, Voronoi tends to have,maverage, a
smaller number of triangles.
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5 Simulated Dynamics:

5.1 Introduction:

To model our physical system, we will consider a contagion ngmic over a network
model. Let us now better characterize the contagion models.

The term 'contagion’ itself has roots in the Latin verb 'coningere’, formed by the com-
bination of com (\with, together”) and tangere (\to touch"), thus conveying the idea
of spreading through contact. The earliest recorded usagé this word dates back to
ancient Rome. For instance, it appears in Lucretiu$'epic poemDe Rerum Natura (1st
century BCE circa), where he describes the transmission odase from one person to
another through direct contact. This disease-related mearg of \contagion" persisted
for centuries and was largely con ned to describing the spmd of pathogens. It was
not until the late 19th century that the concept began to extead beyond the domain
of disease. Sociologists Gabriel Tarl@nd Gustave Le BoA were among the rst to
examine contagion in a social context, with Le Bon introduag the term behavioural
contagion to describe how behaviours spread within group39]. Later, in 1939, Her-
bert Blumer °| a foundational gure in the study of collective behaviour| coined the
term social contagion [42]. By the mid-20th century, contagn had become a widely
used concept in sociology, capturing the spread of behavispyopinions, rumours, and
norms across societies [43].

In the late 20th and early 21st centuries, the application afontagion theory expanded
further, encompassing nancial and economic systems. Eammists and nancial an-
alysts began using the term to describe the transmission ohancial crises or shocks,
which could propagate between interdependent markets andaomies through mech-
anisms such as investor behaviour and information cascaddd]. Nowadays, this term
also describes the rapid spread of information, trends, anisual content across online
platforms [41].

What brings together all the described phenomena is the tramsssion of some quantity-

6Titus Lucretius Carus (c.99 { c.55 BC) was a Roman poet and philosopher. H only known
work is the philosophical poemDe Rerum Natura, a didactic work about the tenets and philosophy of
Epicureanism.

"Gabriel Tarde (12 March 1843 { 13 May 1904) was a French sociologist, criminologisand social
psychologist who conceived sociology as based on small psychological intdfans among individuals
(much as if it were chemistry), the fundamental forces being imiation and innovation.

8Charles-Marie Gustave Le Bon (7 May 1841 { 13 December 1931) was a leading Freimpolymath
whose areas of interest included anthropology, psychology, sociology, mette, invention, and physics.
He is best known for his 1895 work The Crowd: A Study of the Popular Mind, wvhich is considered
one of the seminal works of crowd psychology.

9Herbert George Blumer (March 7, 1900 { April 13, 1987) was an American sociologist whosmain
scholarly interests were symbolic interactionism and methods of smal research.
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information-entity throughout a population, facilitated by a network of interactions-
communication. In this way, contagion dynamics in a networknodel capture how cer-
tain entities|whether biological, social, or information al|propagate through these in-
teractions, regardless of whether the \contact" is physid@r simply a network-mediated
in uence.

Classical contagion models, like SIR, SIS, and SIRS, deberithese phenomena by at-
tributing to all agents a state. In these models S means suptible, that is to say
that an individual can be infected, | means infected, R receved, died, or no-more
prone to infection. The SIR model assumes permanent immuyiafter recovery, useful
for diseases like measles [63]; the SIS model has individuedturn to a susceptible
state, describing well the common cold for example [64]; atide SIRS model includes
temporary immunity, conveys e ectively infections like ceain in uenza strains [65].
Extensions, like SEIR and SEIRS, add an \Exposed" stage fon¢ubation periods and
are used for diseases with delayed infectiousness, such @/(D-19 [66].

Contagion processes can be classi ed as simple or complexhefie are di erent non-
equivalent criteria to de ne the two. We can distinguish betveen them by assuming
that a contagion is simple if each exposure acts independgnfrom any other expo-
sure, while complex contagions are trivially those in whicimultiple exposures do not
act independently, but their e ect is instead interdependet.

In particular, when dealing with social contagion phenomen such as adoption of
norms, simple epidemic-like contagions do not provide a ssfictory description, es-
pecially if reinforcement mechanisms are at work [92]. Conex contagion mechanisms
have been proposed to account for these e ects. As de ned by i@ela and Macy [93],
\a contagion is complex if its transmission requires an individual to have contact with
two or more sources of activatioty i.e. if a \ contact with a single active neighbour is
not enough to trigger adoptioh. Here, we propose to go further and take into account
that contagion can occur in di erent ways, either through p&wise interactions (the
links of a network) or through group interactions, i.e., though higher-order structures.
Consequently we can de ne a minimum \critical mass" of adogrs, often required for
many social entities to spread widely. Finally, we observe #t higher order interactions
enable more nodes to exchange information simultaneoustys allowing more e cient
communication and leading to enhanced synchronization [B3

Since our model will be of the SIR kind with a quadratic contagn mechanism, let
us explain brie y how to approach the standard SIR model. Tta model, formulated by
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Kermack!® and McKendrick!! [27] in 1927 to describe the irreversible propagation of
an infectious disease, is the most popular and used contagimodel. Given the rate of
infection , t is the probability that infection occurs during the small tme interval

t. Clearly this probability should be proportional to the nunber of contacts k an
individual had during the interval. Moreover, infected indviduals recover and obtain
permanent immunity with a constant rate . Let S(t), I(t), R(t) be the fraction of
susceptible, infected and recovered at time t, the dynamids described by a set of
ordinary di erential equations (ODES):

8
23(t)= kS (O)I(1)
S I(t)= kS (A)I(t) | (1)
CR() =1 (1)
with the constraint S(t)+I(t)+R(t)=1, only two of these equ ations are independent.
Rewriting the above equations, we get the following:
dS(t) _
SO
integrating, we obtain a solution for the evolution of susqeible nodes:

(k= )dR(t)

S(t) = SO)exp —“(R(t) R(0))

then I(t) is just a function of R(t) with parameters S(0) and R(0).

Figure 25: Figure from the Ph.D. thesis of Burgio G. [45]. Phenmenology of the
SIR model. (a) Time evolution of the fraction of susceptibleinfected and recovered
individuals in the population. (b) Final attack rate R; as function of k=

Owilliam Ogilvy Kermack (26 April 1898 { 20 July 1970) was a Scottish biochemist
1Lt Col Anderson Gray McKendrick (8 September 1876 { 30 May 1943) was a Scottishmilitary
physician and epidemiologist.
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In this analysis the quantity k= plays a central role. Here, £ represents the
average infection period, which is the average time interivbetween an individual be-
coming infected and recovering. During this period, an iné¢éed individual transmits
the infection to each of its susceptible contacts with a prability of = . In a popula-
tion where all other individuals are susceptible, an infeetl individual will, on average,
infect k= others. This value is known as the basic reproduction numhezommonly
denoted asRy. It represents the number of secondary cases generated byiragke pri-
mary case. IfRy > 1, the rst case will cause more than one secondary case, orige,
before recovering, leading to exponential growth in the nuper of infections.

It is important to note that the deterministic dynamics descibing the evolution of the
system's average state are valid only in the in nite-sizerhit. For any nite popula-
tion size, statistical uctuations around the average beaue signi cant, and there is a
non-zero probability that the number of infected individuds deviates from the expected
in nite-size behaviour, potentially uctuating down to zero. Once the system reaches
this state with no infected individuals, it cannot return to an active state. This state
is referred to as an absorbing state.

In the above description there is no contact network in the nuel; contacts occur
uniformly at random between any two individuals in the popution. In fact, we only
speci ed the number or rate of contacts k, the degree in the tveork, which is the same
for each node, thus the network is k-regular.

5.2 Dynamics description:

Contagion models have broad applications, ranging from el@miology, where they help
model the spread of infectious diseases [85], to social @mibn [86] and the di usion

of rumours [87]. Traditionally, these models operate undé¢he assumption that conta-

gion spreads via pairwise interactions, often representdttough network graphs where
nodes signify individuals and edges represent interacti®ietween them. In these con-
ventional models, the spread is limited to interactions beteen two individuals at a

time. However, this framework has recently been expanded tapmture more complex
dynamics, as researchers have introduced models that ingorate higher-order inter-

actions, which are essential in scenarios involving grolgased interactions or collective
behaviour [92, 45].

To model these higher-order e ects in behavioural contagionetworks, we introduce
a complex contagion model that accounts for interactions tin groups of three (trian-
gles) and includes a fractional contagion perspective. Thiractional model emphasizes
the relative in uence of contagious neighbours, based ondhr proportion, rather than
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their absolute number. Thus, in this formulation, the contgion mechanism depends
on both the presence of immediate contacts and their clusteg in small groups.
Ultimately, this model adapts the Susceptible-Infected-Rmvered (SIR) framework to
incorporate both link-based and group-based contagion. Heusceptible corresponds
to the sh at the surface of the water, Infected means in the aof diving and moving in
this movement the water and Recovered corresponds to a sh derwater which cannot
infect any more the others. In this sense, the contagion cesponds to the adoption of
the diving-behaviour. In the complex SIR model, thénfection rate for an individual
I is de ned as follows:
X X
(St )= [k A X + o[k Ajj Ak Ajk Xj Xk (1)
j jk

where:

1 and , are respective infection rates for pairwise and trianglealsed interac-
tions;

k! is the degree of individual i in terms of pairwise (singleflk) connections, while
k? represents the count of triangles involving i;

Aj is the adjacency matrix element indicating the presence (19r absence (0),
of a link between nodes i and j;

X; is a binary indicator of the infectious state of neighbour i;

the exponent modulates the in uence of the connection strength based ored
gree. Specically =0 for numeric contagion =1 for fractional.

In the following we will assume fractional contagion and wedve two di erent mecha-
nisms for the recovery:

A

constant time recovery: Individuals recover after a xed nmber of steps after t
steps;

constant rate recovery: Each individual has a xed probahiy  of recovering at
each time step.

Seeing as our goal is to model a biological system, it would bEasonable to assume a
deterministic recovery (constant time) mechanism, re ed¢hg the observation that sh
typically need a consistent amount of time to dive underwate If not speci ed explic-
itly, it will be a deterministic model with t=10. Changing this time simply shifts the
transition, but does not deeply a ect the dynamics (see seon 6.1). Nonetheless, we
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Figure 26: Explanation of the various channels of infectionyith the corresponding
rates. If we only have one link between an infected (red) noded a susceptible (blue)
node, the infection rate is just ;. In the case of triangles, either 2 nodes are infected,
in which case we can have infection via both the links and theiangle itself with rate

2, Or just one node is infected and the contagion travels alorige links only.

will also explore the probabilistic recovery case to congd possible variations and to
analytically analyse the model.

Let us observe that moreover, if we wanted to analyse the regged wave behaviour, we
would also need to consider the transition from R to S again. \know from the data
that the period they spend underwater is around 2 seconds.

As seen in Formulal, we are working within a fractional contagn framework. Here,
the activation of each node is in uenced by the activity levieof its neighbouring nodes.
However, unlike independent link channels, activation depds on the fraction of active
neighbours relative to the maximum possible activity level This fractional approach
is particularly suited for modelling sh school behaviour,as studies have shown that
behavioural transmission in these groups aligns closelytiwifractional contagion dy-
namics [82]. In general, for all types of networks and initiaonditions with increasing

1 (simple contagion), we observe a clear transition from a sithéraction (n.e) of re-
covered ton,.c 1, and this can be de ned as single avalanche spreading thgiuthe
network. However the corresponding transition for increasyj , (complex contagion)
depends strongly on network properties and initial conditins. In the next section,
section 6.1, and in the nal section, section 8, we will try taunderstand the role that
network properties play in this transition.

Another relevant aspect to be analysed is the ability of Iteing out noise from sig-
nal in collective networked systems. Since birds must entédne water to catch sh, a

combination of visual and mechano-acoustic cues (multimal) characterize an imme-
diate attack, while single cues (unimodal) may representds dangerous disturbances.
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In a eld survey, Lukas et al. [95] con rmed that the sulphur mdlies frequently have
to distinguish between these two stimuli. Sensitivity was igh regardless of stimulus
type and number, but sh dove deeper, faster, and for longerhen both stimuli were

available simultaneously. Based on the system's high rate$ bird activity, we argue

that the sh adopt a non-selective dive initiation strategy quickly starting their de-

scent without detailed evaluation, and then ne-tune theirdiving parameters based on
received cues. This behaviour allows them to conserve engnghich is essential for re-
sponding to future predatory attacks. The model does not repduced this mechanism,
but what is relevant is that it retains the ability to discriminate.

We have focused on two biologically relevant and arbitrary elnitions of signal and
noise:

" Coincidence detection: We know from sh schools that individuals can occa-
sionally startle spontaneously, even without an actual pdation threat, but it is
unlikely for two individuals to startle simultaneously by tvance. Therefore we fo-
cus on the case where the signal is de ned as two nodes actedisimultaneously,
and noise as only one activated node. This is a reasonable appmation in the
case that the rate of spontaneous startles is low, such thatiecomes vanishingly
unlikely for two spontaneous startles to occur in the same seade event.

Spatially correlated activations: In some cases a true positive, such as a
predator approaching from a given spatial position, is likg to induce activations,
which are correlated in space. Of course, the opposite cowdtso be true, that
simultaneous activations of distant individuals are lessikely to be correlated
and are more likely to give uncorrelated information abouthte environment. To
model this, we compare simultaneous initial activations ahdividuals close and
far apart, in network terms.

The question is now whether complex contagion could be a rasiumechanism for |-
tering out false positive signals (spontaneous startles)Additionally, both signal and
noise may be introduced at certain places within the group'structure, and we have
separated this into boundary and bulk conditions (i.e. intoduced only at the periphery
or in the core of the group). This is important to consider beause biological systems
have boundary conditions that, on the scale of the systems \aee interested in, will be
relevant to the dynamics of the process. We consider this fac because it is relevant
for real animal groups and would generate empirically tedtée predictions.

An important observable to be analysed is the fraction of regered individuals, which
basically de nes the dimension of the infection in the netwd.
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5.2.1 Role of weights:

Another important factor to take into account when modellingthe contagion process
is the role of weighted interactions, which can capture theniensity or strength of
connections between nodes. To represent this, we introddcevo distinct infection
rates for the two di erent contagion mechanism. Speci cayl, if we wanted to account
for the presence of weightsw):

1 Wq

NO RO
1]

2 W2
in which the weights are combinations of weights associatéol each link. Speci cally,
we distinguish between absolute and fractional modes:

" simple-weight (v;,) can be:

{ absolute: simply the weight of the associated link;
{ fractional: weight divided by the total weight for links induding the node;

~ gquadratic-weight (w;) can be de ned in di erent ways:

{ mean: the average of the weights involved in the triangle;

{ mean fractional: average divided by the total weight for tiangles including
the node;

{ max: max between weights of links in the triangle;

{ max fractional: max divided by the total weight for triangles including the
node;

{ min: min between weights;
{ min fractional: min divided by the total weight for triangles including the
node.

We will concentrate on the case in which weights are constardand the chosen modes
for computing probabilities are fractional and mean fractinal.

5.3 Model Implementation:

To run our simulations we used Utopia, a comprehensive modelj framework for com-
plex and adaptive systems [99, 100, 101]. Utopia handles slation con guration,

parallelized parameter sweeps, as well as e cient readingyriting, and evaluating of
high-dimensional simulation output. It is designed to faditate collaborative research
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and exible model development while maintaining high indiidual freedom in imple-
mentation and analysis. Utopia includes a C++ library for moekl implementations and
data writing, and a Python interface for simulation contro| data analysis, and plotting.
The model itself is implemented in Python, using NetworkX forepresenting spatially
embedded networks.
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6 Percolation transition: SIR model on spatial net-
works.

6.1 Introduction:

By de ning the model as a three-state SIR system (section 5,2we aim to describe
the diving behaviour of sh while excluding the possibilityof repeated waves. Instead,
the focus is solely on the so-called escape wave. Observaiof the biological system
(see empirical data in section 8) reveal that when externglstimulated by a su ciently
strong input, an initial wave is generated. The size of this ave depends on the stimu-
lus intensity. Subsequently, additional waves may occurjtker in the same or di erent
locations. In this context, the stimuli correspond to bird #acks.

The nal state of an SIR model is characterized by a fraction fosusceptible nodes,
while the remaining nodes are classi ed as recovered. Reewmd nodes (denoted as
R) are all those that were infected by the contagion. Thus, wen comparing with the
biological system, it is reasonable to associate these rem@d nodes with the sh that
participated in the escape wave (see Fig.27).

Figure 27: In the Figure above, we see on the left an example oktmal state of the
network, where recovered nodes are in grey and susceptibtedas are in blue. On the
right, a screenshot of the annotation tool we used to analysenpirical data (section 8).
The small yellow circle indicates the impact point of the exdrnal arti cial stimulus, the
outer yellow line outlines the clearly visible escape wave.

The fraction of R relative to the total number of individuals serves as the order

45



parameter, a key measure that allows us to distinguish betem two distinct phases:
one in which the contagion spreads across the entire netwpdnd another where only
a subset of the sh dive. This perspective naturally aligns ith a percolation model,
where the critical observable is the size of the giant clustthe single, large connected

component of nodes that dive in response to the stimulus.

What we will do, in this rst part, is study the behaviour of the system by varying
the strength of the contagion process, or rate of infectiomot the initial input. This

can be seen as a phase transition between a system that doeshawe the capability to
spread the diving behaviour, and a fully connected system which all sh dive. This
transition would strongly depend on the topology of the netark.

To better understand what we will be studying, let us brie y ntroduce the main con-
cepts of percolation theory [117, 102].

Percolation theory is one of the simplest statistical-meemics models showing non-
trivial phase transition. The purely geometrical nature othese transitions makes them
fundamental ingredients of more complex collective phen@ma observed in many phys-
ical systems. We can distinguish between bond percolatioma site percolation. In
general each bond (or link) of the model is assigned to a biyavariable x;, with prob-
ability p (typically a constant unique value) of being equako 1, and with probability
(1-p) of being 0. The probability p is calledoccupation probability and x; = 1 means
that the site (the link) is either occupied, present, or actie, depending on the context.
The percolation problem involves analysing the conditionen the occupation proba-
bility required for the emergence of connected groups of it (clusters), whose size is
comparable to that of the entire system, corresponding to inite clusters in the ther-
modynamic limit. The existence of a macroscopic aggregaté annnected sites would
ensure the existence of a path between boundaries. We wiluthobserve a singularity at
a certain p., called critical probability, minimum value over which percolating clusters
exist. Generally bond and site percolation are di erent, €. the value ofp. is not the
same for a given topology, but there are some trivial caseswhich they coincide, such
as the one-dimensional case. Moreover, this model is strgng ected by the dimen-
sionality of the embedding space, which is however, not a vaile in this case.

Given the presence of a phase transition, many propertiesIwexhibit power-law be-
haviour with respect to the distance from the critical poinf (p p.). The behaviour
of the system close to criticality is expected to be characaieed by universal proper-
ties. In this context, when exact results are not accessiblapproximation methods can
be employed; Real Space Renormalization Group [40] is patiarly useful because it
allows to extract qualitatively correct information on crtical behaviour and determine
the critical exponents.
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In the following section, we will give a general analysis oh¢ model in terms of the
ability of the networks to distinguish between noise and si@l. In the context of epi-
demic modelling on networks, measuring the susceptibilitgf a population to infection
is essential for understanding the dynamics of disease sgteand the potential for out-
breaks. A useful way of quantifying this susceptibility is ¥ assessing how sensitive
the nal epidemic outcome is to the initial number of infecté individuals. For this
purpose, we introduce a susceptibility measure based on tteerence in the fraction
of individuals in the recovered state under two initial contdions in the SIR model;
namely the di erence between a minimal infection -one inféed individual only- versus
a slightly larger initial infection -two infected individuals. This assumption is just an
arbitrary choice. Even though we assume that the peaks of thimeasure correspond
to the so-called critical region of parameters, this couldebprofoundly di erent for a
di erent de nition of susceptibility. In networked populations, however, this measure
can reveal aspects of the structure that in uence epidemigeead, such as clustering,
connectivity, or the presence of highly connected nodes ().

Of course it is useful to analyse other cases, like the di eree between infections in the
periphery and in the centre, or in the case of more initiallynfected agents.

In the nal part of this thesis (section 8), we will see why ths analysis is relevant
for our speci ¢ study system by introducing an experiment we&onducted in the eld
(section 8.5).

The di erent network topologies will be discussed separdie
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6.2 Metric Network:

In the beginning, we focus on a metric network to observe hovanying connectivity,
through changes in the interaction radius, a ects the systa's susceptibility to disease
spread. By tuning the interaction radius, we control the avage in-degree of nodes,
thereby moving the network between states of near-isolatiqwith a low radius and few
connections), where widespread disease transmission iotpable and independent on
the quadratic contagion, and highly connected con guratios (with a higher radius), in
which the system becomes su ciently connected, allowing amfection to potentially
activate the entire network and here we've a strong dependemon , . The transi-
tion point while varying the radius is of particular intereg, as it marks the critical
connectivity where disease spread dynamics change sigantly. As explained, a key
aspect of our analysis is the system's response to di eremitial conditions, speci cally
comparing the outcomes when the infection begins with onlyne infected node versus
when it begins with a pair of connected infected nodes. Thi®mparison is essential
for assessing the system's sensitivity to initial infectio conditions and understanding
the degree to which network structure ampli es or dampens #hspread from a minimal
initial infection.

We will always, if not explicitly said, apply the stimulus in the centre to a number
N of individuals. This analysis will be focused on the heatnpg describing, by varying
1 and ,, the fraction of recovered nodes and the susceptibility meare.

Let us comment the results. As observed in Fig.28, the dynamicsensitivity to
variations in , appears to increase with the radius. This behaviour is inttive, as
for smaller radii (e.g., 0.03), there is practically no dep®lence on quadratic contagion
e ects. In such cases, the number of triangles in the netwoik essentially zero, which
limits the in uence of higher-order interactions.

In the more connected cases, the susceptibility peaks at higalues of , (see Fig. 29),
highlighting how important the quadratic contagion mecharsm is for these values.
This result could appear straightforward. The assumptionfohaving two infected con-
nected nodes and , 1 implies that these two nodes will probably infect other noses
via both channels of contagion. On the contrary, for small vaes of ,, only the links
spread the epidemic, thus the two analysed initial conditits are not so di erent, since
being linked to another infected node does not favour the cagion via triangles.
However, as will we see in the analysis of the dynamics on thetwerks built using
the empirically observed positions (section 8), this is nalways the case. The hetero-
geneities change non-trivially the results.
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0.00

Figure 28: Fraction of recovered for N=1 (above) and N=2 (belowin the case of metric
network by varying the radius. Yellow means all nodes recaws, purple none of them
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Figure 29: Susceptibility heatmap. It is obtained by subtraiing, for each radius, the
N=1 and N=2 cases.
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Let us focus for a moment on the last case, with radius xed t0.05 and we analyse
the susceptibility. In the context of the criticality hypothesis (section 2), identifying
the parameters that maximize the susceptibility measure laws us to conclude that
the system, under that speci ¢ combination of parameterssiat the critical state. Of

course, this conclusion must be justi ed within the framewd of the chosen model
and, speci cally, in terms of the de ned susceptibility. Weare not concluding that the

biological system is critical. Instead, we state that if thesystem is well described by
the model under that speci c combination of parameters, and it can be demonstrated
through experimental evidence that the system is indeed in @itical state (which is

something partly done in [46]), then the de ned susceptibtly could be considered a
good description of the sensitivity of the system.

Figure 30: This plot represents the susceptibility heatmapof metric network with
radius 0.05. The red square represents the region of paraerst where susceptibility
assumes its highest values.

It is worth noticing that:

A

This is just one possible measure of susceptibility, we cdliave de ned a di erent
susceptibility. Here, for the purpose of studying the disamination ability of the
shoals, we decided to keep just this and use it to describe thgstem phase;

The susceptibility will strongly depend on the network size
The susceptibility strongly depends on the network topolog

Another aspect to analyse is that the infection dynamics areatably in uenced by the

location where the stimulus is applied. Speci cally, whenhe stimulus is initiated at

the centre, the infection spreads more e ectively. This iskely due to the higher con-
nectivity of central nodes, which facilitates the propagabn of the signal. In contrast,
nodes located near the boundary are less connected, and assult, the wave signal
tends to dissipate before reaching the edges. This highligtihe critical role of network

structure and geometry in shaping the spread of contagion gresses.

Indeed, if we assume that the initially infected nodes are oken in the left-down corner
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Figure 31: Fraction of recovered for N=1 and N=2. Here we have a nret network
with radius 0.05 and the initially infected nodes are in thedft-down corner.

instead of the centre, we will obtain Fig.31. In this plot is ement that the dependence
on the quadratic contagion is much less important in the trasition. This can be justi-
ed by the fact that in the border it is less probable to be invdved in triangles.

Finally, we observe that the duration of the Infected to Recared (I R) transi-
tion a ects the system's behaviour by shifting the overall tansition line but does not
fundamentally change the dynamics of the spread. Here, theive" refers to the xed
duration that an individual remains in the Infected (l) state before transitioning to
the Recovered (R) state. This duration directly in uences he rate at which infected
individuals recover, thus shaping the timing of the epidemis progression through the
network. To simplify our analysis, we xed this Infected to Recovered transition time
to t=10. By holding this transition time constant, we can foais more e ectively on the
e ects of two key parameters, which control other aspects dfie infection dynamics.
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Figure 32: Fraction of recovered for the metric network (radis 0.05) as function of the
parameters for N=1,2 in the metric network by changing the tine of recovery.
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6.3 Voronoi Network:

Assuming now the Voronoi linking algorithm, we want to analys the same quantities as
in the metric case, speci cally the fraction of recovered ahthe susceptibility measure.
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Figure 33: Fraction of recovered for the Voronoi network for N and N=2.

The region of parameters where the susceptibility maximigds again concentrated
in the upper-left portion of the heatmap, emphasizing the dical role of the quadratic
contagion mechanism (see Fig.33). These results are comyideato those observed in
the metric network with a radius of 0.05, as both exhibit simar degree distributions.

We now turn nally our attention to the probabilistic case of the model, which in-
troduces randomness in the transition dynamics. Analysindits probabilistic approach
o ers valuable insights, as it allows us to draw more analytally tractable models. In
the probabilistic model, the likelihood of an infected indiidual passing the infection
or transitioning to recovery at any given time step is basednoprede ned probabilities
rather than xed time intervals. This approach aligns well with real-world scenarios,
where the exact duration of infection and recovery times vgramong individuals.

As expected, compared to the deterministic case, there issigantly more noise (espe-
cially for N=1) due to the additional stochasticity introduced (see Fig.34). Nevertheless,
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Figure 34: Fraction of recovered for the Voronoi network for Nt and N=2 in the
probabilistic case assuming p= 0.1

it is still possible to observe a dependency on,.

We are able to show that a key distinguishing factor betweerhése two cases lies in
the evolution of the number of \active" triangles over time,which means triangles with
two infected nodes. In the probabilistic case, this count igenerally lower (for example,
comparing t=10 with p=0.1) but also active for more time.

This suggests that a form of \synchronized" behaviour is esstial to maintain the struc-
ture of active triangles. Consequently, the probabilisticase is more sensitive to chance
deactivations of nodes, as a single early deactivation carsiaipt triangle connections,
while a chance extension of activity in one node has a less poonced e ect. Let us
show explicitly the number of active triangles over time:

sssssssssss

Figure 35: Comparison of the number of active triangles oveinte between the de-
terministic case with time of recovery t=10 and the probabiktic case with p=0.1 for
N=1,2. In both plots ;=1and ,=1.

6.4 Knn Network:

Considering a topological linking algorithm we obtain the Rn network. Let us analyse
again the fraction of recovered nodes and the susceptibylitit is interesting to show how
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these two observables are dependent on the chosen k (to bute network); similarily
to the metric case, increasing the connectivity we observen ancrease in dependency
with respect to ,. Highly connected graphs imply greater dependency on the giratic
contagion mechanism.
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Figure 36: The rstimage shows the fraction of recovered fohe Knn network for N=1
and N=2 by varying the value of k. The second represents the septibility measure.

6.5 Conclusions:

To summarize, the analysis of the percolation transition kdws us to conclude that the
collective response ultimately depends heavily on the im@ay between the dynamics
and the structure of the underlying network. We were in fact lale to show how the
choice of the linking algorithm is determinant in the outcora of the contagion and in
the identi cation of the values of the parameters that maxinized the susceptibility; in
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the framework of the criticality hypothesis these ultimatéy correspond to the critical
values.

In the deterministic case, where the infection time is xedthe entire network exhibits
a sharp transition characterized by a well-de ned criticaline. While this transition is
less pronounced in the probabilistic case, it remains obsable. This distinction can,
in part, be explained by examining the evolution of the numkbreof active triangles over
time. Additionally, the degree distribution plays a pivotalrole: only in su ciently con-

nected networks does the quadratic contagion mechanism é@xha clear and explicit
in uence on the system's behaviour.
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7 Mean-Field approximation on SIS dynamics:

7.1 Introduction to simplicial complexes:

Complex networks have proven highly e ective in describindisease spread within pop-
ulations of interacting individuals [56].

One recent advancement in this eld is the formalization ofrteraction patterns using

hypergraphs [92, 114, 109], which generalize traditionatagphs by allowing edges, or
hyperedges, to conneany number of vertices. In this work, we will introduce the main
concepts of hypergraph theory and demonstrate how they cae lapplied to analyse the
mean- eld approximation of the SIS model. However, to factlite a comparison with

our model, we will ultimately return to the framework of tradtional graph theory.

A hypergraph is encoded either in a series of adjacency tersseach one accounting for
the connectivity at the level of m-edges or through an incichee matrix H, de ned as
follows:

1 ifv2e

0

where H indicates the presence or absence of vertices in elagber-edge, allowing for a
detailed and exible representation of the relationships ithin complex social systems.

H(v;e) =

Figure 37: Image fromMathematical Foundations of Hypergraph110].

This exibility makes hypergraphs particularly suited to capturing correlations in
complex, multi-way interactions beyond simple pairwise cmections.
To better understand these structures, we can de ne an eq@lence between hyper-
graphs and bipartite graphs mapping the two subset of vertss of the bipartite graph
to the vertex set and the edge set of the hypergraph.
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Figure 38: Image from [45]. A hypergraph, its equivalent repsentation as a bipartite
graph, and its underlying graph. Note that the hypergraph in his example is linear.

A hypergraph is called simple if no hyperedges is subset ofyasther. If H is simple
and two hyperedges share no more than one vertex, then H iscs& be linear.

This framework allows us to introduce the concept adsimplical complexes

We know that a simplex is simply a generalization of the conpeof a triangle (in 2
dimensions) or a tetrahedron (in 3 dimensions) to any numbef dimensions. For sim-
plicity, we call nodes (or vertices) the 0-simplices and lks (edges) the 1-simplices of
a simplicial complex K, 2-simplices correspond to the fulriangles, 3- simplices to the
tetrahedra of K and so on (see Fig.39).

A simplicial complex K on the vertex set V is a hypergraph endeed with the additional
hereditary property: given k2 K and k' Kk, then k' 2 K.

The elements of K are called faces and a n-dimensional facefdoe) is a subset of V
made of n+1 vertices. The hereditary property says that givea face or hyperdge which
Is included in the complex, then all its sub-faces or sub-hgpedges are included too. For
instance: k=fi;j; k ggenerates the simplex s# i;j;k g;fi;j g;fi;kg;fj;kg;fig;fj g;fkgg.

In the context of networks and complex systems, a simplex iften used to repre-
sent a basic unit of interaction or relationship between eities in a higher-dimensional
space, where interactions involve more than just pairs of dividuals. Introduced by
lacopini et al. [92], the simplicial contagion model recogzes group, many-body inter-
actions as an alternative mechanism responsible for comypleontagions.
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Figure 39: Image from lacopini et al. ([92])

Unlike generic hypergraphs, simplicial complexes receivedbstantial attention from
a broader community. In particular, they recently proved tobe useful in describing
the architecture of complex networks: functional [103] andtructural [104] brain net-
works, protein interactions [105], semantic networks [16and co-authorship networks
in science [107]. Building on these principles, we model a isbgroup as a simplex and
employ simplicial complexes to represent the underlyingrsicture of the social system
under study.

In a recent paper, lacopini et al. [92] showed that in the casd# exponential random
simplicial complex and comparing to some social interactiobased networks, higher
order interactions lead to the emergence of new phenomen&acging the nature of
the transition at the epidemic threshold from continuous todiscontinuous. Further-
more, Burgio et al. [108], demonstrated that the outcome ohé contagion process is
closely tied to how interactions of di erent orders are stratured within the system.
These works o er a more quantitative analysis that reinfores the previous qualitative
ndings [36, 37] and provide a qualitative understanding though mean- eld approxi-
mation.

To conclude, these ndings underscore the crucial role ofdher-order interactions in
shaping the dynamics of complex systems.
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7.2 Mean eld:

In this section, to gain additional insights into the interaction network we have con-
structed and to better characterize our model, we will intrduce the widely used Mean-
Field approximation (MF). Contagion processes are known to fidamentally depend
on the structural properties of the interaction networks tlhough which they propagate.
Many real-world networked systems exhibit clustered subsictures, comprising either
collections of all-to-all pairwise interactions (cliquésor group interactions involving

multiple members simultaneously. Therefore, it is crucidb examine how the underly-
ing structure and its heterogeneities in uence the dynamsgof these processes.

In particular, di erently from the other sections of this thesis, we will map now the
social contagion to a SIS process. To keep this di erence dgnt we will call now ;
and -, the infection rates, instead of ; and ».

Systems with many (sometimes in nite) degrees of freedomegenerally hard to solve
exactly or compute in closed, analytic form, except for songmple cases. In this way,
MF is an approximation method that often makes the original ppblem to be solvable
and open to calculation, and in some cases it may give very acate approximations.
In general, the MF theory assumes that to some extent degreé foeedom interacts
equally with the others, as if it was interacting just with sene average of the others
and neglecting correlations between the agents.

Here, the approximation consists on considering each agerdiihg a ected in the same
way by the presence of the neighbourhood. This removes lowgatiability and we keep
only some features of the original network, speci cally thaverage degree and the av-
erage number of triangles.

We will be able show how the outcome of the contagion procesdundamentally linked
to how the interactions of di erent order are arranged in thesystem and then how this
approximation is weak in our case.

Generically, we will de ne as (" the rate of which a node involved in a (n+1)-body
interaction with n simultaneously infected individuals gés infected.

Suppose m is the size of the largest groups, the evolution diet fraction of infected
individuals in the population under the assumption of homagneous mixing hypothesis

Is given by:
1

X
= 1 ©O+Q 1) W™ (t)"
n=1
wherek™ is the average generalized simplicial degree.
That corresponds essentially to the rate of change of the aege density of active
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sites. Under this homogeneous mixing hypothesis, all sitelay an identical role in the

dynamics of the well-mixed system, therefore the dynamics completely speci ed by
the number of active sites.

We will develop a slightly more accurate approximation. In@y case, if we want now to
de ne the rst-order moments and derive the evolution of it,we see that it depends on
moments of higher orders. Moment equations does not close,vge need to introduce
moment closures.

7.3 Closures:

Let us start from the closure approximation which we apply tdhe exact microscopic
equations on hypergraphs. We know that there are several ¢bes of closures. Closing,
for example, the equations at the level of nodes requires thesumption that the states
of the neighbouring nodes are statistically independent. nlour description we will
introduce instead the triadic approximation. This choicemplies a more qualitatively
correct model, capable to predict new qualitative e ects. fie need of introducing such
approximation is to account for dynamical correlations be&teen the individuals.

To better understand this point let us introduce an illustraive example from [102] of
a SIR model on a simple line network with three nodes. Let us nete as: hSji (t) the
probability that node i is susceptible at time t,H;i(t) the probability that i is infected
at time t, hR;i(t) recovered, f;i + MR;i)(t) the probability that i is either infected or
recovered,n;ihR;i the probability that i is susceptible and j infected at time t Each
node can be infected if it is susceptible from a neighbour Wwirate , while the recovery
rate is called .

Figure 40: (a) Simple line network with three nodes. (b) Creatn of new infected
node. (c,d) Sl links are created when SS pairs are invaded fected nodes, which
requires us to develop equations for triplets such as SSI.
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If one would be to write down evolution equations at level ofades, pairs, triplets,
etc, the procedure would need to continue until full networlsize is reached.

8
hSsi = hS:15i
Ha = hSilai H i
hR4i = H i
hS,i = H 1 S,i hS,| 5
Hai = HSi + BSylai H i
hRsi = Hsi
hSsi = H ,Ssi
Hsi = H,Sai H ;i

© hRsi = Hai

The equations for R can be eliminated becau$R;i =1 h Sji h I;i. This reduces the

number of di erential equations. However, we have to study t evolution of the new
terms such adhS;1,i and this requires additional equations. Using similar arguants,

we nd: 8
%I’S]_-I.zl = I’S]_Szlgi ( + )hSllzl
h

152i = h 182|3i ( + )H 182i
§ thJ,3| = h 182|3i ( + )r82|3|
’ HzSgi = Hh 1SZS3i ( + )H 283i
These equations requires further information about spea triples:
8
2 hS;Solsi ( + IS Sylsi

>f81$2I3i (2 +2 )N ;iSoli
" HiSSH = (+ )N1SSsi

Ultimately, by neglecting the equations for R, we reduce theystem to just 13 di erential
equations. However, this approach quickly becomes impramdi as the network size
increases, due to the rapid growth in the number of requiredyaeations. For a generic
network, the number of terms needed would equal the total numer of nodes, making
the model cumbersome to handle.

To simplify the model, we aim to express pairs in terms of sifeg, triples in terms of
pairs and singles, and so on. These simpli cations are tygilty performed to reduce
higher-order structures into lower-order ones. For instae, if we can represent all triples
in terms of pairs and singles, such as:

I'SiSj |k| = I'SiSj IhSJ Iki:th [
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then the total number of equations is O(N) provided that the nmber of edges scales
as such. This yields systems simple enough to be studies nuicedly and sometimes
even analytically.

In practice, the common thread across all these approachesthe goal of expressing
higher-order structures in terms of lower-order ones, eih exactly or approximately.
This strategy relies on the assumption that, at some scaleerntain variables can be
treated as independent. For instance, consider two neighlring sites with either iden-
tical or di erent statuses. The correlation between thesewo types can be expressed
as: P(AB;) _ ABi

P(A)P(B;) bAihB;i

where C=1 is equivalent with assuming independence.

CAi;Bj =

For both SIS and SIR models, this assumption does not hold, edected nodes transmit

to their susceptible neighbours, leading to an increasedgtrability that infected nodes

will be connected to other infected nodes. In contrast, susatibles and infected nodes
are negatively correlated. In this context, knowing that nde i is infected provides
information about the status of node j. This correlation carbe expressed as:

hA\iBj i = hA\||hBJ i CAi;Bj
Assuming independence at the pair level means:
PA;B;i h A;ihB;i

Thus simpli cation is the assumption of weak correlation which is often reasonable
in large networks where nodes interact only locally and thestates are not strongly
dependent on each other. However, as the epidemic progressesrelations tend to

increase, making this assumption less accurate. This camadeto an underestimation of
the epidemic's spread.

For this reason, this approach is generalized to higher omdstructures. For example,
following van Baalen ([9]), the probability of an open tripé (i,j,k) where i and k not

connected can be written as:

hAi Bj Ckl = hAthBJ IthI CAi;Bj CBj :Cy TAi ;B ;Ck

whereTAi;Bj .c, IS the triple-level correlation. Note that if B;i = 0 then this is zero. If
hB;i > 0 then plugging in the corresponding expressions for the pa&ével correlations
and neglecting triple-level correlations Ta, 5, :c,) then:

MAB;ihB; Cyi

hAiBj Cki' rle

62



Equivalently, if i,j,k form a triangle (closed triple), yields:
hAi Bj Ckl = hAi IhBJ Ithl CAi B; CB,- Ck CAiCkTAi Bj Ck

which leads: _ . .
hAi Bj Ith CkIhAiCkl

PA;ihB; ihCyi
This approach can be extended to higher-order interactiontsy considering more com-
plex structures, such as quadruples, and beyond. In thesesea, the same principle of
expressing higher-order dependencies in terms of lowed@r correlations is applied, but
now the relationships between multiple nodes must be cardfuconsidered. This exten-
sion allows for a more detailed approximation of the systesibehaviour, accounting for
increasingly intricate interactions and incomporating tle information about network
topology, that cannot be captured by pairwise correlationalone. As such, the method
enables a more accurate description of the dynamics in syst® where higher-order
connections play a signi cant role.

hA\i Bj Cki '

This leads to some questions:
" At which level (pairs, triplets) should the closure be appéd?

" How well will the solutions of the closed system compare to dts based on the
original exact system?

" How do all the above depend on the structure/topology of the m&ork and prop-
erties of the dyanamics?

Let us see a possible approach.

7.4 Results:

Going back to our model, we need to analyse the SIS dynamics the networks built.
Considering up to three-body interactions, we account foihe evolution of:

N

the state probability P, ' for node i to be in state ;;

A

the maximal link probability P;' ' for the link to be in state ; ;;

" the maximal (i.e. cliques not subsets of larger ones) 3-alig probability Py * '
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Figure 41: Image from Burgio et al. [108] showing the di ererecbetween the 3 cycles,
3-edge, triangle.

We observe that a 3-clique, when projected back onto the hyygeaph, can manifest in
one of three forms (see Fig:41): a length-3 cycle, represagtihree 2-body interactions;
a 3-edge, representing a 3-body interaction; or a 2-simpléxiangle), which encapsu-
lates all of these interactions. Although we will initially present the general analysis
considering all three types of 3-cliques, we will ultimatglsimplify our model by assum-
ing that only the rst form|essentially a triangle in a tradi tional graph structure|is
present.

The state probability of the other local structures is apprgimated in terms of the
maximal cliques composing it. We thus need a closure only ftine following local
structures: two maximally connected links, a maximal link cnnected to a 3clique, 2
connected 3cliques.

The closure approximation we apply to the exact microscopeaguations on hypergraphs
is the triadic approximation

Py OPIRY =R
S P T Py Py =R
. PIJ"I,]kJ I h k PIJII j |P|hjk| h k:F)I|

The triadic approximation helps to improve the accuracy of @demic predictions and
is particularly important in networks with many triangles. In lattice networks without
triangles, such as the square or hexagonal lattice, the tda& approximation often pro-
vides less additional information because triads are absemeaning that the pairwise
approximation alone can often su ce.

The higgher-order interaction structure is encoded in the flowing binary tensor_s:A(l)
st. Al = 1if link ij exists; A9 and ACY sit. Ai(j}'o) =1 (Ai(j}‘o) =0 and Ai(j?‘l) =0
(ARP = 1) if ijl is a 3-cycle (3-edge), and such thatA| @ ALY = 1 if ijl is a triangle.
Rescaling by , the general process is described by the following systemnatroscopic
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equations:

X 1 X , :
P|_| — Pil + @ Ai(jl) PijSI + é [Ai(j},O) (1)(PijSISI+ Pijsl|s +2PijS|” )+ Ai(j(IJ,l) (Z)Pijsln]
j il
sl — pll W\p S! 1) X (1) pisl (1) X (1) pssi
P& = Py a+ )P A P+ AP+
16] I6i
1X (1;0) (1) /plsis ISSI ISl 0;1) @ plsl T
> [Ain (Pjin > + P + 2Py )+ Ay Pin 1+[1 j]
I:h
. X
PijS'I_SI - (1+2Ai(j:IL’O) (1))PijSISI + P"!IS| + Pijsl,n ) Ai(#) PjﬁrLSI +
hé j;l
X 1 X
1 1 1;0
O ARRES e @ AR T AR W(pgEe s
h6 il h6 i;j h;k6j;l
_ X
+PIRS +2PSR ) + ARY @pRa O D (R
h;k 6 il h;k6i;j
Piﬁ'” — (2+2Ai(ﬁ;0) @ 4 Ai(jcl);l) (2))PijSI” + Ai(j};O) (1)(Pijs|.S| + Pijs||s)+ Pi;lu
X 1
O APRIR + @ APPRES . @ pRST S [ARD GRS
hé j;l h6 il h6 iij h;k 6 j;|
+ Pt +2Pjind )+ AR @ Pime 1+ ]
where | j] denoted that obtained by swapping i and j in the explicit tem.
The other state probabilities are found as:
8
% PiS =1 Pi'
PijSS =1 Pi' Pijs'
pll = p! PpIS
ij i ij
PijSI,SS =1 Pil PijSI” PijSISI PijSIIS
. Pij!I” - Pil P_IIS P_ISS

ijl ijl

To make the model more analytically tractable, we perform a Ban Field approximation
by regarding all the nodes and cliques as equivalent to theaverage counterparts,
equivalently by considering the network to be homogeneougccordingly, every node
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is assumed to be part of the same number of maximal link§?, 3-cliquesk®:?, 3-edges
k@D and triangles kD). The states probabilitiesP, , P; °, P, ° " with ; & " 2
fS; g are taken equal to their respective averages. Considering= S;I;R, we can

write: X p

Similarly for the edges:

T j Aij Nk®
And for triangles: .
P o _ X X I:)ijl
X - N ijl 2N kX

il
where x2 f (1,0),(0,1),(1,1) indicating the type of the considered 3-clique. Then the
system of equations is:

P_I = PI+ 1k(1)PSI +2 (1)[k(1 O)(P(?_SOI) (?I(I)))_i_ k(l 1)(P(?51|) (?I!L))]_l_ 2[k(0 1)PSII +k(1 1)P
PSI PSS
RS' = @+ )PS'+P" (k@ 1)PS'—PS +
(1.0 (psSS! 4 pSli (1:1)(p SS psli PSS
2 4[k"7(Paoy + Pig) + K (P(l Pa. 1))]
) . pst  psSs
+ z[k(o'l)P(%!b + k(l'”P(?!'l)])—Ps
PSSl pSss
EXSSI — 2(1+ 11X6(0;1))PXSSI +2PS|| lk(l)PSI X PS X
(KEOD 1y 0))(P(?So|) 3”0)) +(KEY 1, ;1))('3(?;31')+
psli PSSI Istss ;1) Sl (1:1)
Pi.y)l ps (K5 Li=0:1))Pipy + (K 7+
ZPSSI PSSS
1x=(1;1))P(?!|1)]) s <
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P2 = (12+2 1Leo:n*+ 2Lea0)Pr +2 1lxsoayPe> + P+

2
(1) pS! szn 2P><SS| (1;0) Ss| Sl ;1)
kP = 24[(K"Y L 0)(Pi + Paig) + (KH+
PSII ZPSSI . .
L= 1))(P(?SI (?”1))]— S[(KOY 1. ©; 1))P(?)” + (k& +

psSil opSs!
l=q 1))P(1 1)])X—

where:

Pl = p! PSI
PSSS =1 PI PSII ZPSSI
. PIII - PI PSSI ZPS”

Now, since we have a network model without hyper-edges we camwnassume thatk;
and kjo are both equal to zero and use ds, and ko, the average degree and quadratic
degree, respectively. Once the equations are de ned, it i®ogsible to nd a numeri-
cal solution. To this end, | implemented a Python code to simate the dynamics of
the system of di erential equations, speci cally focusingn the stationary state ofP,,
associated to the infected individuals which represents éhproportion of infected indi-
viduals. This stationary state depends on the parameters, and , for the contagion
dynamics which govern the contagion dynamics, as well as thatial condition, de ned
by the initial probability of being infected, P, (). We considered two values for,
speci cally: [0.0000001, 0.7], to explore how the initialandition in uences the nal
outcome.

The results from this analysis are reported in Fig.42.

Let us comment these results.

Firstly, we were able to reproduce the e ect for which increasg , (then the non-
linearity of the transmission process) the transition beeoes discontinuous, which is
well known in literature [108, 114, 92].

On the opposite, if we consider now the particular case of giuhe contagion, or , =0,
we have only the continuous transition as expected for a SISoakel (see blue curves
in Fig.42). To interpret this situation we have to re ect abou the di erence between
a discontinuous and continuous transition. Here, we are loibiy at a phase transition
between the inactive, when the infection dies, and the actvphase, where you have a
constant number of infected individuals over time. In this entext, the order param-
eter, is just the fraction of infected individuals. We know lhat, whenever you have
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Figure 42: Numerical results for the metric (a), knn (b) and Voonoi (c) networks.
These plots represent the stable state of infected individis in a mean- eld approxi-
mation for di erent initial conditions and varying the values of ; and ;. The three
networks are characterized by di erent average degree andagratic degree (number of
triangles). Speci cally: metric degree: 6.66 and metric qdratic degree: 8.55, Voronoi
degree=5.94 and Voronoi quadratic degree=5.92, knn degre6.55 and knn quadratic
degree 8.04. The dark-orange and dark-green lines corraspp¢o =0.7. The values of
o are 0 (blue), 0.5 (orange) and 1 (green).
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an abrupt change in the order parameter by varying the contigparameter, now the
infection strength (or better ; for each selected ), then we call it rst order phase
transition or discontinuous phase transition. Whenever we ka such transition we have
a sort of threshold mechanism, to Iter out false positive with implies the existence of
a critical mass value needed for the activation of the transon. On the opposite, for
slowly varying order parameter we have a second order or contous phase transition.
Here, even if we have an non-heterogeneous network (thankghe mean- eld hypoth-
esis), we have a clustered network. Indeed, we see that theemge number of triangles
per node is quite high (comparable to the number of links). Tdnks to this high clus-
tering whenever a node becomes infected, its neighbours &kely connected to each
other via triangles. This means that an infected node can suttaneously reinforce
the infection in multiple neighbours through their shared ennections, amplifying the
spread locally. At low infection probability this reinforement mechanism is weak, and
the infection struggles to sustain itself. However, as the fiection probability crosses
a critical threshold, the clustering e ect \activates" and triggers a rapid cascade of
infections. This feedback mechanism creates a situation arie system abruptly jumps
from a low-infection state to a high-infection state, skipjmg intermediate levels. This
is analogous to a bistable system in physics or engineeringhere the system has two
stable states (low and high infection), and small changes imput lead to dramatic shifts
between states.

Now, in order to compare the mean eld approximation to our moel, we can plot
the fraction of infected nodes in the stationary state regim obtained waiting a su -
ciently large number of steps (5000 steps). Let us show frorhet time series why it is
possible to conclude that the stationarity is e ectively rached.

alpha_1=00 alpha_1=0.25 alpha 1505 ~ alpha_1=0.75 alpha_1=10

f
00=2"eydre

suscepiive
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0T =2 eyde

0 200 400 600 800 1000 O 200 400 600 800 1000 O 200 400 600 800 1000 O 200 400 600 800 1000 O 200 400 600 800 1000
time [5] tmels)  timels s timel: s timels 5]

Figure 43: Example of a time series for the fraction of infedenodes in Voronoi network,
only one node is initially infected, deterministic recovertime.
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The results of the model simulation are illustrated in Fig.44
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Figure 44: Stable state of the number of infected in the simuian of the model. We
reproduced the results for all three networks as a comparis¢o the above mean- eld
results. Speci cally, the rst line represents the Metric retwork (radius 0.05), the second
the topological network (k=6) and the third is the Voronoi néwork. Same number of
random seeds (26), N=10 infected initially, p=0.1 for trandion | to S, averaging over
the last 100 time-steps (over 5000 steps). In the left to thenite we just show a zoom-in
of the right.

We also include one example of the above plots in the log-x e compare with
Fig.42.
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alpha_1

Figure 45: This is Fig.44 in log-x scale.

Let us comment these results.
First of all we observe that of course, we get a great variancalg in correspondence of
the sharp transition.
Moreover, we see that the transition is only continuous nowit is known that typically
the heterogeneities can increase the values of where we have the destruction of the
discontinuous transition increases until when we just haveontinuous transition [114].
Let us observe that real networks, like the ones we are analyg, are heterogeneous,
with some nodes (hubs) having many connections and othersvitag very few, espe-
cially close to the border. This variability dilutes the e ect of clustering because hubs
can act as bridges between otherwise unconnected clustelsstroying in some way the
clustering e ect above. In such networks, even when trianglbased contagion is strong,
the in uence of hubs ensures a smoother progression of irtffen, preventing abrupt
changes. Here hubs act as \super-spreaders” ensuring thaetinfection spreads more
uniformly throughout the network, regardless of local clusring e ects. This uniform
spread smooths out the transition, as the infection can pragate e ectively even at
lower probabilities, bypassing the need for a critical thihold to activate clustering-
based feedback. The presence of hubs diminishes the abrupirijp" caused by triangles,
as infection pathways via hubs dominate over localized clesing e ects. Even if the
network built with the Poisson disk sampling and the linkingalgorithms de ned are
not very heterogeneous, this e ect is still present.

In conclusion, in heterogeneous graphs, the infection doest rely solely on triangle-

based pathways. Instead, it can propagate through multiplenechanisms: direct in-
fection via long-range connections, indirect infection &i weakly clustered or loosely
connected parts. This diversity of pathways ensures that thinfection spreads in-
crementally, with a smooth increase in prevalence as infea probability rises. The

feedback loop necessary for a discontinuous transition lo@tes diluted by these alter-
native routes.
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Another factor to consider is that the mean- eld approximaton is quite crude, making
it reasonable for the results to show discrepancies.

It is worth also noticing that the above results do not tell uswhether there are some
cases in which we actually have bi-stability. To see if this @ the case the plotted the
density of the stable state in a heatmap.
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Figure 46: Density of stable state for the Metric network withN=10, 200, 800 initial
infected.

The results are consistent also for the other two networks. &/can then conclude
that we do not have bi-stability.

7.5 Conclusions:

We conclude this section by reiterating that these resultdearly demonstrate the deep
interconnection between social contagion behaviour and afal organization within
animal collectives. The scope of conducting this Mean-Fiethalysis was to understand
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just how important the actual topology of the network was in @termining the dynamics.
It turns out to be fundamental. The outcome of the contagion pcess is deeply modi ed
by assuming that all nodes are, in terms of degree and numbdrtoangles, equivalent.
The heterogeneities destroy the discontinuous transitiome observe through the analysis
of the mean eld equations; the infection spreads incremeadty, propagating through
multiple mechanisms (direct infection via long-range comttions, indirect infection via
weakly clustered or loosely connected parts, for example)This naturally leads us
to the introduction of the next section (section 8), where wavill analyse even more
heterogeneous cases; we will build more realistic networksing the actual positions of
the sh instead of the approximate we used so far.
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8 Using empirically observed data from Mexico trip:

8.1 Introduction:

In this last section we want to try to link the theoretical mocel with the real system.
This can be done using the empirically observed data. In thesond half of May 2024,
during the local dry season, we went to Mexico to study the stsn in its natural
environment. First of all we wanted to understand how much ouestimation of the
positions of the sh, through the Poisson disk sampling (we Wdenote these networks
as Poisson network$, was correct. Then we took photos of the shoals in di erent g
sitions and at di erent times and analysed the underlying ngvork. In this way the
density uctuations are more reproduced. It is important to rote that, as we could
understand from the introduction of the study system abovethere are several aspects
that could a ect the dimension and the topology of the shoals Primary, the shoals
are in di erent positions in the river. Then, and this is realy relevant, the presence of
predators of external stimuli in general (as our presence the eld) strongly a ect the
behaviour. Sometimes it was evident that they basically esped from us. Moreover,
there are several other factors as the time of the day and therhperature. For these
reasons it is really important that we develop now, using oueld data, a systematic
analysis of the real network in di erent external conditiors (which are not accounted
in the model). From now on we will refer to the empirically obsrved positions of the
sh as the sh positions. Of course, we can not have the real pathway on interaction
since we do not develop a speci ¢ analysis about the mechani®f communication.
However, it is reasonable to assume a Voronoi network as it apgimate the visual
network [90]. This network is also quite convenient since does not depend explicitly
on some parameters, as the metric and the topological netwsrwhich depend on the
radius the rst and on the number k the latter.

An example of an annotated image is shown in Fig.47, where thedds and tails of the
sh are highlighted with red and green dots, respectively. & more details regarding
these annotations see section 8.5.3.

After annotating the positions from frames of the sh in the dd we built new network
using the actual positions. Let us note that since our modelodnot account for the
dimension of the nodes, to build the network we consider ontiie position of the head
and forget about the actual size of the sh and about the origation.

As an example, in Fig.48, two networks obtained from di erentdcations are shown,
displaying signi cantly di erent densities. Apart from the links, which are now set via
metric rule, what is evident is that the node-positions aregally di erent with respect to
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Figure 47. Example of annotated image. The red dot are the heaaf the sh, the
green dot the tails.

the network we were using until now. We indeed observe graptiat are far less homo-
geneous, featuring highly clustered regions (hubs) adja¢e¢a sparsely connected areas,
with even isolated, disconnected nodes. This structural texogeneity will undoubtedly
have a signi cant impact on the dynamics.
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Figure 48: Example of images from the eld (left) and the corgponding networks
constructed via metric rule (right). There are 704 and 791 Is, respectively.
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8.2 Network characterization:

To characterize the network built with the sh positions, weuse the same measures
introduced in rst part of the thesis for the Poisson networls. Let us rst visualize how
di erent the network structures here is by changing the linkng algorithm.
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Figure 49: Example of KNN, metric and Voronoi networks built on lhe same network
structure from empirical data.

Here, this di erence becomes more pronounced compared to hmgeneous networks,
particularly in the case of the metric network.
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The main measures of interest, given the de nition of the dyamics, are [62]:
" the degree distribution;
" the clustering coe cient;
" the distribution of the number of triangles.

Let us show what these distributions look like, then we will @alyse a bit deeper the
comparison with the Poisson network.
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Figure 50: Degree distribution ( rst line), clustering coe cient (second line), triangles
(third line), for two empirically built positions (on the left and on the right). For both
we show the results for the three linking algorithms.

Although the two networks discussed above are quite distinctheir distributions
exhibit a similar overall shape. Notably, the metric networkdi ers signi cantly from
both the Voronoi and knn networks, particularly in the distibution of the number of
triangles.

To deepen this analysis, we directly compare the number ofidngles in these networks
with the distributions observed in the approximated Poisso networks examined earlier
in this thesis. This comparison proves highly valuable fornderstanding the dynamics,
especially in evaluating how the measure of susceptibilityi ers when applied to sh
position networks.
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Figure 51: These plots represent the number of triangles fohe network with the
estimated positions with Poisson sampling and for the empaally observed network
with same number of nodes. The above plots correspond to therdgnoi network while
below they correspond to the metric network. Note the di erehscales for Voronoi
compared to metric. Note that the width of the lines does not ha a meaning.

It is evident that in both cases, and this is drastic in the casof metric network, the
distributions related to the sh positions are less peakedn the metric network we see
that there exist nodes involved in even 100 triangles, comgal to the Poisson network
distribution that goes to zero after 20 triangles.

Homogeneous structures, being more regular, tend to have tseme number of triangles
(then very peaked distributions). On the opposite, in empical networks we have both
highly connected nodes (hubs) and peripheral or sparselyntected nodes that are
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less likely to participate in triangles, leading to a wider whtribution. This feature is

expected to have signi cant implications for the study of tle dynamics. Speci cally,
we will nd that the nal outcome is largely independent of the quadratic contagion
mechanism. This can be partially attributed to the heterogeeous nature of the graph.
Such heterogeneity creates structural challenges that luar the spread of the epidemic.
To characterize the degree of heterogeneity we computed thariance of the degree
distribution, denoted asV ar(k).

Var(k) = K3 h ki2

We report some numerical values for graphs with same numbefr modes built on the
estimated network, denoted as Poisson network, and with ennigal positions, called
the empirical network.

Linking algorithm Poisson network: Empirical network:
Voronoi: 0.91 1.49
KNN: 0.5 0.98
metric: 1.7 13.75

Table 1: Table of the values of variance for the three linkinglgorithms for both the
Poisson network and the empirical network.

Comparing this results with an homogeneous network, as theskagonal lattice
(0.06), it is quite evident how these two networks are hetegeneous. Values bigger
than 1 means that there are a few highly connected nodes (hjzsd many nodes with
lower degrees. This is common in real-world networks like@al networks, the internet,
or biological networks, where a small number of nodes (hubdminate the connections,
and most nodes have a much lower degree.

Finally it is interesting to observe the change in shape of theearest neighbour distri-
bution (Fig.52). This indicates that the assumption of remoing positional noise in the
positioning algorithm, though reasonable, results in a sigcantly altered distribution.
However, when accounting for the presence of noise, the distition becomes notably
more symmetrical, aligning better with expected patterns.
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Figure 52: Nearest-neighbour distribution for the Poisson neork without positional
noise, with the normally distributed noise to the individua coordinates (standard de-
viation: 0.01) and the network using the sh positions.

8.3 Dynamics of the SIR model:

As outlined in the Percolation section (section 6.1), we de@an SIR dynamics incorpo-
rating a quadratic contagion mechanism, which accounts fdrigher-order interactions.
The objective is to estimate the escape wave size, corresgimg to the extent of the
contagion phenomenon or the number of nal recovered node&nalysing this system
by varying model parameters reveals behaviour akin to a p&lation transition, distin-
guishing between parameter regimes where the contagion @@ns localized and those
where it propagates across the entire network.

Of particular interest is the system's ability to discrimirate between noise and signal,
where noise is characterized as a single random sh divingoak, and signal as two
neighbouring sh diving together. This distinction enabls the de nition of a suscep-
tibility measure, calculated as the di erence in responsediween these two scenarios.
The \critical" parameter values can then be identi ed as thee that maximize suscepti-
bility, highlighting the system's optimal sensitivity to distinguishing noise from signal.
Instead of repeating the whole analysis as in 6.1 let us ansé¢yspeci cally only the sus-
ceptibility measure. In Fig.53 we compare directly the resulve got with the Poisson
network and the new susceptibility we obtain with the sh pogions.

The region of \critical" parameters undergoes a noticeablshift. While in the rst
plot we observe a strong dependence on, the quadratic contagion parameter, this
in uence vanishes in the case of the empirical network. In th latter scenario, the
critical region is determined almost exclusively by the caagion via links ( 1), with
the maximum values of susceptibility occurring even at smiavalues of ,. This high-
lights how the structural characteristics of the empiricahetwork signi cantly alter the
system's dynamics. The presence of such a degree of hetanegg greatly in uences
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Figure 53: Susceptibility heatmap for a Voronoi network builtwith the estimated po-
sitions with the Poisson sampling and with the sh positions

the dynamics, implying the existence of various pathways rfahe infection to spread:

direct infection via long-range connections and indirechfection via weakly clustered

or loosely connected regions. In this context, the model ofigdratic contagion loses its
relevance and only the rate of contagion via pairwise intecions a ects the suscepti-

bility.

From Fig.53 we can extract the values of the alpha's that maxirpes the susceptibil-
ity and analyse the sub-critical, critical and super-crittal cases. We are then mainly
interested in the region of parameters indicated by the redjgare in the following image:

Figure 54: Susceptibility measure for network with empiridy observed positions. The
red square evidence the region where this measure maximiz&ke points correspond
to the values we will analyse. In particular we will consideB possible values of , (0.1,
0.4, 0.8) and for each of them 6 possible values of (0.05, 0.1, 0.2, 0.25, 0.3, 0.45).

The blue, yellow and green dots correspond to the combinatie of parameters we
will consider. In particular, we will classify as sub-crital the rst two values of ;
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for all three values of ,, critical the three central values and nally as super-crical
the last point. Even if this last point does not seemeally supercritical, it is evident
from the plot of the fraction of recovered nodes that it alredy represents the upper
bound of the dynamics. For this reason, we will not analyse aarger values. We want
to study the response of the system by varying the externalistulus, which is simply
represented by the number of initially infected nodes. Aftethe activation of them,
indeed, the contagion can di use in the network and the way itloes it depends on the
infection rate, of course, and on the network topology.

Let us show the fraction of nal recovered nodes, which can lenoted astRi.
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Figure 55: Voronoi network built with sh positions. Estimation of nal number of
recovered for some values of; and , as explained above and varying the number of
initially infected nodes from 0 to 300.

We note a clear change of behaviour. The sub-critical lineseaalmost linear, the
critical lines have a pronounced increase followed by a pé#tu and the super-critical
line is almost at. However, the dependence with respect to, is almost absent. We
see that all the curves are just a little bit steeper.

These results will be compared to the empirical results (demn 8.5).
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8.4 Mean-Field analysis:

Similarly with what we did for the networks with the estimated positions (section 7),
we can perform the mean- eld approximation of the SIS modelngler the triadic closure
approximation. This analysis was motivated by the willing bacquiring more informa-
tion about the network and speci cally the role of the hetergeneities for the dynamics.
Indeed, this approximation consists in assuming each agesftthe network as equivalent
in terms of degree and number of triangles. We nd here compatrle results as before,
speci cally:

1. The appearance of the discontinuous transition for incasing ,, then the non
linearity, in the solution of the mean eld equations;

2. The presence of only continuous transitions from the sirfaiion of the model.
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Figure 56: Voronoi network built with real positions. compason of the estimated
transition via mean eld analysis and the results of the mode

The rst point is justi ed by the fact that the high average number of triangles and
then an high clustering induce a clustering e ect for whichhe infection experiences a
sharp increase in correspondence of a threshold value fgerand then system abruptly
change. For this reason we observe the appearance of a diocoous transition (for
more detailed explanation see section 7).

The second point, instead, is once a way, due to the heterogéres of the network.
This variability implies the presence of multiple channelsf infection. We could have for
example some long range connections or some indirected ctifn via weakly clustered
parts connected to highly clustered hubs.

The topology plays a crucial role in determining the outcomef the contagion process,
and as such, the mean- eld (MF) approximation proves to be tosimplistic to capture
its full complexity.
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8.5 The hexnut experiment:

We present here one of the experiments we conducted in MexicoMay 2024. We
de ned a easily reproducible experiment which main goal wake analysis of the escape
wave. It is not easy in the eld to account for all possible sig-e ects of an experiment
in the same way as it is impossible in a model to account for gbssible variables that
play a role. In order to have more statistics we analysed dirent shoals in di erent
parts of the river in di erent moments of the days with two Iming sessions per day for
2 weeks.

8.5.1 Scope:

The scope of this experiment was to analyse the response of thh to external arti cial
stimuli. Of course, it is now important to distinguish the 2 d erent mechanisms that
could lead a sh to dive. The rst one is the direct stimulation from the external, as
the attack of a predator or some external stimuli. The secondne is the behavioural
contagion, the one modelled with the complex contagion memhism. These two are
di cult to disentangle, we can not really know if a sh \felt" the dangerous or if it is
just copying the behaviour of its neighbours. However, as welkgee, we are able in this
speci ¢ setting to have an estimation of the fraction of indriduals that immediately
react after an external perturbation and of the fraction of sh involved in the whole
escape wave. In the prospective of analysing the escape wase Imed the reaction
of the shoals when stimulated with an increasing the size diig stimulus, which now
corresponds with objects of increasing weight.

8.5.2 Set-up:

We set a stick on the riverside from which a string was tied upsée Fig.57). The
string terminated in the water, where it was anchored to theiver oor. In this way
we had a constant angle between the string and the water. Thset-up allowed us to
drop into water hexnuts of increasing weight which correspd to stimuli of increasing
strength. Then with time intervals dependent on the weight bthe stimulus (to ensure
the system to come back to the \normal state", then when repéed wave behaviour
was nished) we stimulated the shoals and Im the response. He stimuli were typically
randomized and are all of di erent sizes and we can assume theach of them does
not imply a visual stimulation of the shoal, compared to the ypical size of the bird
predators. Probably the external stimulus mainly a ect thelateral line organ (LLO) for
the rst responding sh. We analysed three di erent locations along the river, which
are denoted as: Small Bridge, BigPoolOutlet, Banana Bay. Ehriver was Imed by
two cameras (Sony FDR-AX53 and Canon XF-200 ) one with a close-up where the
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Figure 57: Scheme of the experiment. From the river bank we g stick from which

a string was kept in tension into the water with a xed angle. Fom the opposite side
of the bank there were two cameras used to record their reamti in response to the
external stimulation.

string entered the water, to have a recording of the local dsity and to estimate the
kinetic energy of the hexnuts when approaching the water, drthe other for the whole
shoal, to analyse the waves. A list of the di erent stimuli ad the time interval to wait
after each of them:

stimulus type weight: time interval:
1 039 2 min
1+1 0.6¢g 2 min
2 08¢ 2 min
3 11g 2 min
4 12¢g 2 min
4D 13¢g 2 min
242 16¢g 2 min
3+3 229 2 min
5 29¢ 3 min
5+2 3.7¢ 4 min
6 4.2 ¢ 3 min
4x4D 5.2¢ 3 min
7 6.59 4 min
6+6 8.4¢9 4 min
7+5 949 4 min
8 128 g 4 min
9 31.3¢g 4 min
10 49.0¢ 4 min

Table 2: Table of the di erent stimuli we used in the experimet and the corresponding

waiting times.
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8.5.3 Analysis:

Thanks to an annotation tool implemented by Yunus Sevinchgnmember of the research
group, it is possible to analyse in a systematic way the respge. FishWaveAnalysis
(see Link to the Zenodo page ) is a Python-based toolkit for hquantitative analysis
of so-called \ sh waves"; to annotate and process video rebngs made in the eld
and subsequently extract quantitative observables of theaving behaviour.

We manually marked the coordinates of sh positions in the sl and then the escape
wave shapes. Using a calibration object of known size and a geective transforma-
tion we were obtain to obtain a 2D top-down view of the shoal, ere a quantitative
geometric analysis becomes possible. To see how it worke, Big.58.

Figure 58: Screenshots from the annotation tool. In all imagehe yellow curve repre-
sents the nal size of the escape wave. The small yellow cidk the impact point. In
the rst image the hexnut is approaching the water, showing m waves, the second is
taken after the impact, showing the wave expanding.

Let us observe that the escape wave area is a sort of integaatiover time, in the
sense that we do not have the whole area active simultaneguslut rather an initial
small region around the hexnut which propagates outwards.

What we can immediately visualize from the above experimerg the area of the waves,
depending on the stimulus strength which is quanti ed by thekinetic energy of the
hexnut approaching the water (Fig.59).

Of course we could repeat this plot by associating the di erg colours to di erent days,
moments of the day for example, or nd some other criteria. Hoswer, this would not
be useful. There are so many observables we could accountdod it is really impossi-
ble to disentangle all possible e ects, like the relation lhereen the time of the day and
the location, which could be more/less exposed to the sun. iBhgoes far beyond our
analysis of the system.

87



Figure 59: The plot above represent the empirical data of theelknut experiment; they
represent the area of diving sh with respect to impact kingt energy. The second plot
has a log-x scale. The dierent colours represent di erentolcations along the river,
namely: SmallBridge, BigPoolOutlet, BananaBay.

What we observe from these plots is that the escape wave areargases steeply with
the external stimulus for low energies (below 0.1J) and therppears to plateau or ex-
hibit a slower rate of increase. However, it is not entirely ear how this impact energy
translates into a stimulus perceived by the animals. The pssure wave becomes com-
plicated when looked at it in detail but as a rst approximation, a behaviour of the
pressure scaling with £r? is something reasonable to assume.

Even sh that do not react directly, would feel some shock was; which may prime them.
This type of stimulus is not encoded in the actual model so toagn deeper insights, we
need quantities that are more directly comparable with the nderlying model.

To this purpose, we analysed therst response areg which is de ned as the area di-
rectly reacting to the external stimulus. We arbitrarily (heuristically) chose to analyse
the size of the wave at 3 frames after impact (120 20 ms). To understand this choice
let us consider some frames (Fig.60).

In frame 2, 3 and 4, some very clear, small, individual splas$. It is even possible to
see the light-coloured belly of the sh. In the later framesripples overlap, forming
some kind of waving front. After four frames the social respse sets in. As observed
in section 3, the timescale of reaction is typically 5-20 m®if LLO, 120 ms circa for
visual. It is therefore reasonable to assume that, 120 ms aftthe hexnut approaches
the water, the only sh diving are those directly frightenedby it.
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Figure 60: Frames from annotation tool.

Coming back to the analysis, let us show the plot of the escapeave from the
empirical data and the related plot from the model analysis.

Figure 61: This plot represents the Escape wave area (y) witlespect to the rst
response area (X). The di erent colours represent the impaenergy of the hexnut.

This type of analysis is more related to Fig.55 where we anaga the fraction of
recovered nodes by increasing the number of initially infesl nodes. Speci cally to have
an even more clear correspondence between these two leviedsalysis we could consider
from the model point of view the fraction of recovered nodeg/tvarying the fraction of
initially infected nodes, from the empirical analysis the armalized area of the escape
wave (with respect to the maximum area, which we can assume ¢orrespond to the
size of the shoal), as function of the normalized rst respse area (same normalization
as before). Let us show these plots and then discuss the comgan (Fig,62, Fig.63).
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Figure 62: These plots represent (in lin-x scale and log-x $epthe fraction of recovered
nodes w.r.t. the fraction of initially infected nodes. The alue of , is xed equal to
0.4, while the di erent colours represent the values of;.

Figure 63: These plots represent (in lin-x scale and log-x $eathe escape wave area
w.r.t. the fast response area. The di erent colours represethe impact energy of the
hexnut.

By analysing the non-logarithmic plot in Fig.63, it becomeslear that the empirical
data exhibits an increase that lacks the characteristic st¢pness observed in Fig.62 for
high values of 4, particularly in the critical and super-critical cases. Fathermore, the
data does not show the subsequent plateau, characteristi€ green and red curves in
Fig.62. Moreover, the log plot shows a qualitative correspdance only with the sub-
critical case, where both plots feature an initial plateauwhich can be interpreted as an
activation threshold. Then, the biological system seems toe described by the model
in the sub-critical regime.
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As previously mentioned in section 6.1, this analysis aloneés not allow us to draw
strong conclusions about the applicability of the criticaty hypothesis to this system.
However, given arbitrary de nition of the susceptibility we have given, we can only
conclude that, within the speci ¢ parameter region and forhat particular de nition of
susceptibility, the model can be de ned critical. If we are lale to show that the model
is well-suited in describing the empirical observations anthat the biological system
shows some evidences of being at criticality (like the fachat the main properties are
described by power-laws, as observed by Gomez et al., [4@fen this analysis would
be meaningful.

With these results, however, we do not nd it to be critical butrather sub-critical.

In conclusion, another interesting observable is the shamé the waves (Fig.64). As
we will discuss in (section 9), this feature is not completglrepresented in the model.
In particular, if the escape wave has typically an approximaly-circular shape, similar
to what we obtain in the model, the repeated waves will have noh di erent forms.
The shape of the wave depends on the shape of shoal, which é&adly modelled by the
riverbank, presence of obstacles, the current and other exhal factors.

Here we show all the escape waves for di erent Iming sessigriee colours are related
to the kinetic impact energy, so to the stimulus strength.

Figure 64: Shapes of the waves. The rst plot represent all antated waves shifting
the location where the hexnut approaches the water to the @in for all. The second
plot contains all the rst-response waves. The colour-bamndicates the corresponding
energies.
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Figure 65: Same as above but for just one recording (recid3-@8w.MP4). Note that
the colour range is di erent.

8.6 Conclusions:

This section of thesis allows to understand how complex thenalysis of this biological
system really is. The introduction of the positions of the &, which of course a ects
the topology but it is only one of the competing factors in shang the dynamics,

turned out to have a crucial role. In particular, the quadraic contagion mechanism,
which was suggested to be a possible way to discriminate betn signal and noise,
has no more (or little) in uence. The role of the linking is cucial. Moreover, with

the hexnut experiment section 8.5, we aimed tested the resme of the shoals. By
varying the external stimulus, we estimated fraction of the reacting via the analysis
of videos. This is then qualitatively compared to the modelwhich allows to predict

exactly the same result. It seems that only in the "sub-crital" regime, the model is
able to reproduce this behaviour.
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9 Discussion:

We now want to revisit some of the key concepts explored thrghout this thesis, and
re ect on the underlying motivation that has driven our resarch. By summarizing the
central themes and objectives, we can better appreciate halae various components of
the study connect and contribute to a deeper understanding the study system.

We started with the broad observation that social contagiodehaviour within animal
groups is closely linked to their spatial organization. Whd interactions within these
collectives occur primarily on a local scale, the group as ahwle exhibits emergent
patterns of self-organization [82].

With this framework in mind, we focused on a predator-prey sysm, involving large sh
shoals of sulphur mollies. These shoals inhabit a freshwatnvironment characterized
by high temperatures and low oxygen levels [22]. These camals force them to stay
near the surface for aquatic respiration [70], making them are visible and thus vul-
nerable to sh-eating birds. As a defence mechanism, the sh®axhibit synchronized
and repeated dives [8], generating waves on the water sudacNotably, this diving
behaviour appears to act as a form of information transmigsa within the group. The
spatio-temporal characteristics of these waves can be maggponto a network contagion
model, o ering a valuable framework for analysing the dynams of such collective be-
haviours.

To describe this system, we de ned a spatially embedded neaivk model with three
potential linking algorithms (section 4.2): the metric, the Voronoi, and the topological
network. Each of these algorithms successfully capturesrteen key properties of col-
lective biological systems like the one we are analysing, thitiremains unclear which
gives the most accurate representation. It is possible, forstance, that the more suited
network is a hybrid of these models. Moreover, particularlyhen the empirical posi-
tions of the sh are used, the metric linking can overestim& connections in certain
areas due to the signi cant spatial variability in density.

Another possible description could be given by consideringly the visual interaction,
which can be studied systematically from the experimentsQ@ This would give a more
accurate linking, but as we know, sight is not the only mechasm of interaction.

The positions are initially estimated via a Poisson disk sapling which was designed
to obtain uniformly spaced nodes, with the density value olained empirically from the
biological system. This approach generates a spatially hogeneous - which does not
correctly reproduce density uctuations - but irregular gaph.

In the latter part of the thesis, where we compared the modebtthe empirical data
(section 8), we focused on the Voronoi network, as it has besimown to closely resemble
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the visual network of the sh [90]. Let us note that, while posions are central to shap-
ing the dynamics, what truly makes a di erence is the linking a factor incorporated
in the model and that we will never be able to observe directly

Additionally, we assumed the interaction network to be stati: neither the positions of
the nodes, nor the links between them, change over time. Thassumption is based on
the idea that individual sh within the shoal are interchangeable, and that the macro-
scopic structure of the shoal remains relatively constangven though individual sh
may change their positions within the group. We implicitly &sumed that the time scale
at which the network changes is much lower than that at whichantagion occurs. One
natural evolution of this approach would be to track the posions over time, creating a
dynamic network. This is extremely challenging, if not impssible, with empirical data,
but can be done with simulations. Alternatively, another wayto improve the model
would be to incorporate an adaptive network, as is done, foxxample, in modelling
neuronal processing networks [116].

Finally, a potential extension of the model involves implenmging a weighted network,
as discussed in section 4.3. For instance, Rosenthal et aB2] computed the planar
representation of each sh's visual eld, uncovering the @ual information accessible
to each individual. By identifying the initiator and rst re sponder of a startle event,
they examined social contagion dynamics, analysing how seny input translates into
motor responses (evasion) and identifying the social cudsat drive decision-making
in this behavioural context. This approach enabled them toaiculate the probabil-
ity of a behavioural response by individual when individual j exhibited behavioural
change. These probabilities could be introduced as weightsthe network, adding an
empirical layer to the model that could signi cantly in uence the dynamics, particu-
larly in real-world networks where sparsely connected zanmight result in longer links.

The dynamics we de ned are based on a quadratic SIR contagionodel applied to
our spatially embedded, static network (section 5). Two argses were developed: the
study of the percolation transition (section 6.1) and the man- eld analysis (section 7).
Regarding the latter, it is clear that the approximation of teating all individuals as
identical agents is quite rough. This approach could be impved: by introducing an
individual-based mean- eld framework [16], we would achre a better characterization
of the network's nal state. With this approach, the local topology of the network is
taken into account.

The choice of SIR dynamics was primarily driven by our goal aftudying the escape
wave, which is the initial wave observed following the extaal stimulation of the sys-
tem. Moreover, to capture a more realistic social contagiodynamic that includes
reinforcement mechanisms, we incorporated a quadratic aagion mechanism in which
contagion spreads both via links and through triangles, elavith distinct rates.
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That said, other modelling alternatives are also possiblend may be better suited for
describing certain aspects of the system. One such alterivat is a drift-di usion model
[115]. In this approach, the system is de ned by a three-statdynamics on a spa-
tially embedded network, similar to our model, but with di erent state transition rules.
Speci cally, each node is associated with an excitatory viable that increases as a result
of social interactions, generating a drift term. Once the eitation exceeds a certain
threshold, the node changes state. This model is likely toigh more closely with the
biological system under study, as it o ers a more individuabased perspective on the
dynamics; however, it introduces a greater number of variéds, which could complicate
the analysis and make it more challenging to explore all paske combinations of these
variables.

One important aspect to consider when justifying the choicef the model is that, ex-
cept for some general information - such as typical densiieand a few pre-annotated
networks - the empirical data for this system only became alable towards the end of
this thesis. Initially, it was not anticipated that such data would be accessible, and thus
the model was not designed to be directly data-driven. Inshel, it was primarily an
abstract, theoretical framework, which was only later comgred to the available empir-
ical data. Thus, the initial focus of this project was the anlysis and exploration of the
model itself, with a relatively distant connection to the sgci ¢ biological system under
investigation. This allowed us to work in a more controlled r@d simpli ed manner,
without being constrained by the complexities of empiricht measured data.

The comparison between the model and the biological systeravealed that some as-
pects of real-world dynamics cannot be fully captured by thehosen model mechanisms.
One notable discrepancy is the geometry of the waves. In theodtel, the escape waves
are essentially circular in shape. This is due to the assum@ns of an undirected in-
teraction network and point-like agents, which do not accau for agent orientation or
possible asymmetric interactions, and also due to the fachat we typically assume
the stimulus to be in the centre. In contrast, in the natural evironment, waves of-
ten exhibit a variety of shapes, depending on the speci ¢ cayuration of the shoal.
However, it is worth noting that when focusing speci cally orthe escape wave, like in
the case of our study, its shape approximates a circular patin, as can be observed
by inspecting the x-y shapes in Fig.64. This could suggest than shaping the escape
wave, the polarization plays a marginal role. As a consequencseeing as the visual
interaction strongly depends on the orientation of the indiiduals, it can not be the
only mechanism to consider when building the networks. It isavth noticing however,
that using the empirical positions sometimes causes the vesvto have highly irregu-
lar and non-circular shapes, even when the stimulus is apgi at the centre (see Fig.66).
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Figure 66: Final state of the network in case of Voronoi and metr network built

on the same sh positions; blue indicates recovered nodeshilg the green indicates
susceptible nodes. In both cases, we started with only 4 indluals infected at the
centre.

Another important limitation of the model concerns the size bthe shoals. Our
analysis was conducted on a small subset of the shoal, whiclaymot fully represent
the characteristics of a larger, more complex group. Shoafsnature are typically much
larger, and it is often di cult to precisely de ne the boundaries of a single shoal, as
more of them can exist in close proximity and even overlap. Ehphysical boundary for
the shoals is the river itself, and thus their shape is usuglkelongated along the river-
bank. This elongated con guration is not accounted for in oumodel, which assumes a
more abstract, simpli ed representation of the shoal. Thidimitation should be taken
into account when interpreting the model's results in relabn to the biological system.
Despite all these observations and the simple assumptiong wade in the model, we
showed that a spatial interaction model can qualitatively rproduce some features of
this complex biological system, and we demonstrated that éhnetwork topology plays
a critical role in shaping its dynamics.

Certainly, there are several possible re nements we couldtioduce to the model. For
example, one important direction for future work would be toextend the model to
capture the dynamics of repeated waves. While the escape waegves as an important
starting point for understanding the collective behaviourof the sh shoals, focusing
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solely on this initial wave represents a limitation of the cuent study. The repeated
wave behaviour, which is crucial for the survival of these shls, must be incorporated
to provide a more comprehensive view of the system's dynamicThese waves are con-
sidered in other works on the same biological system [115].48y considering these
successive waves, we would be able to better model the ongoiadaptive nature of the
shoals' responses to external threats, which is essentiat tinderstanding the long-term
survival strategies of the sh.

Another important aspect is the depth of the diving: thanks tasome underwater Im-
ing, we noticed this could be a key parameter in allowing thesh to distinguish between
signal and noise. In a eld survey, Lukas et al. [95] showeddh sh dive deeper, faster,
and for longer periods of time when both visual and mechane@ustic cues stimuli are
available simultaneously. To incorporate this additionafeature we could, for example,
distinguish between two levels of infection, if we wanted tkeep our model as it is.
This point is also relevant to another factor: the waves arepatially limited. Each
time the shoal is stimulated, a reaction of varying intensyt is observed. However, only
for very strong stimuli|such as predator attacks|do all the sh perform a diving re-
sponse. What determines the criterion at which the sh stop ding, causing the wave
to halt? A decisive factor could lie in the dynamics of the dimg behaviour itself, such
as its speed and depth. It is worth noting that, despite not gdicitly incorporating
this type of characterization, the model successfully repduces the nite nature of the
contagion waves.

Finally, another signi cant aspect that could be integratedinto the model is the con-
sideration of sh orientation and the polarization of the sloals. As mentioned in the
introduction, one of the key features of collective animaldhaviour, particularly in the
study of biological collectives as critical systems, is d&mng|where individuals within

a group align their movements and form orientational orderThis emergent order plays
a critical role in the dynamics of the collective, as it allow for coordinated responses
and e cient movement. In the case of sulphur mollies, the oantation of individual
sh within the shoal is likely in uenced by external factors such as the ow of water in
their environment. Given that these sh live in a river, whee there is a constant ow in
one direction, it is plausible that they tend to align themskes with the current. This
alignment could signi cantly a ect the way the shoal reactsto stimuli and performs
collective actions, such as diving. Investigating how thialignment and polarization
evolve before and after a diving event would o er valuable sights into the dynamics
of the shoal. It would also allow for a better understandingfahe potential link be-
tween the spatial con guration of the sh and the overall cdlective response to external
threats. By incorporating these elements into the model, weould be able to explore
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how orientational order in uences the system's behaviourral how it changes over time
in response to environmental conditions or behavioural ceidrom other members of the
shoal. This would help bridge the gap between the simpli ed odel used in the current
study and a more realistic representation of the biologicalystem.
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10 Conclusions:

Let us now summarize the key steps of our work. The rst step iour analysis, af-
ter having understood the relevant aspects of the biologicalystem, was to de ne the
model. We implemented SIR contagion dynamics on a spatialgmbedded network.
After de ning this general framework, we investigated the peolation transition (sec-
tion 6.1) - essentially, the conditions (in terms of dynami parameters and network)
under which contagion can spread throughout the entire netwk. This allowed us to
identify a measure of susceptibility by examining the di eence between noise detection
(just one sh diving) and coincidence detection (two connded sh diving). Even if
the spontaneous startling is probable, it is infrequent. Tén it is reasonable to assume
that two spontaneous startles occur in case of true danger.

By comparing these two cases, we were able to gain deeperghsinto the contagion
mechanisms at play. Speci cally, this analysis helped usdtilight the signi cance of the
guadratic contagion mechanism, which operates via both ks and triangles within the
network. We showed that this quadratic contagion mechanismplays a crucial role in
determining the nal outcome of the network's response andoald be a key mechanism
in the discrimination ability of the agents between actualignal and noise.

Moreover, by systematically varying the parameters, we werable to pinpoint the con-
ditions that maximize the susceptibility measure, sheddm light on the factors that
in uence the spread of contagion within the system. These dings provided valuable
insights into the dynamics of collective behaviour, espeadly in the context of how
network structure and contagion mechanisms interact to sip& the overall dynamics.
Ultimately, our work demonstrates the importance of these teractions in the study
of collective systems and lays the groundwork for further westigation into the factors
that drive contagion processes in spatially embedded netiks.

Linking this analysis to the biological system, the goal wat® study the escape wave,
the rst wave after any attack, which can be described in terra of \diving" area, and
may be compared to the size of the entire shoal to estimate tifi@action of diving indi-
viduals. The analysis of the size of the epidemic as a perdaa process allows us to
obtain a directly comparable measure from the model.

By delving deeper into the role of the spatial network, we enigyed a mean- eld anal-

ysis (section 7) by assuming that each agent is included inghsame number of links
and triangles, which were xed to be equal to the corresponalj averages of the net-
work. We also introduced the triadic approximation as a clase for the equations. This
analysis allowed us to uncover the critical role that localédterogeneities in interactions
play in the system's overall responsiveness to externalmsitili. The results showed that
the mean- eld is not able to describe the system under studylndeed, while in the
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mean- eld description we observe the appearance of a distonous transition for large
values of the quadratic contagion (thus the non-linearity) this is not present in the
analysis of the model, which shows only continuous transth. This emphasizes once
more the importance of accounting for spatial structure whestudying the dynamics
of collective systems.

Finally we introduced some empirical data (section 8). Firsyl the detected posi-
tions of the sh, which allowed us to build new networks and ngeat the same analysis
(percolation and mean- eld) on these new structures. The agparison between the
Poisson-sampled network (which represents a more unifornrusture) and the real
empirical network (which re ects the observed spatial het®geneities) highlighted sub-
stantial di erences in the way contagion spreads through # system. In particular, the
empirical network, with its inherent local clustering and patially structured interac-
tions, exhibited a more nuanced response to external stimutompared to the more
homogeneous network generated via Poisson sampling. Thevealed that the spatial
distribution of links|such as the clustering of interactio ns or the presence of isolated
regions|can profoundly alter the dynamics of contagion praesses, making the study of
systems with explicit spatial embedding crucial for accutaly capturing the behaviour
of said processes.

Furthermore, our ndings suggest that these local heterogeities|whether in the form
of tightly-knit clusters or sparsely connected regions|ply a key role in determining
the e ectiveness of contagion transmission and the overaksilience of the network to
disruptions. This underscores the importance of not only asidering the global net-
work structure, but also paying close attention to the locéted interactions within the
system. In conclusion, our analysis demonstrates that exgt spatial modelling is es-
sential for a more realistic and detailed understanding ohe dynamics which govern
complex, spatially embedded systems, such as those obsériecollective animal be-
haviour.

During eld studies on the sulphur molly system, carried outduring the local dry
season in May 2024, we also set up an experiment whose goal twaest the response
of the system under external stimulations of increasing gngth. We called it the hexnut
experiment (section 8.5) since the stimuli of increasingreingth correspond to hexnuts
of increasing weight. De ning an easily reproducible setpuand Iming the response
of the shoals at di erent location and time of day, we were ablto estimate the escape
wave area as a function of the strength of the stimulus, whiclias measured as the nal
kinetic energy of the hexnuts. Moreover, it was possible ts#mate the rst response
area and gain a clear distinction between the fraction of sleacting to the stimulus,
and the fraction of sh diving due to behavioural contagion.
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To connect these results to the model, we have estimated thaal fraction of recovered
nodes as a function of the number of initially infected nodewhich should be compared
to an increasing external stimulus. What we found is that onlypy considering values of
the infection rates in the so-called sub-critical region # curves are comparable; they
present a linear increase. This observation raises the pibd#ty that our measure of
susceptibility may not be fully accurate or, more fundameiatly, that the criticality
hypothesis might not be applicable to this system. Naturallyour model is relatively
simple, and it would be unrealistic to expect it to fully captire the complexity of the
biological system or yield de nitive conclusions. NeverthHess, with speci ¢ parameter
combinations, the model successfully replicated the quiive trends observed in the
system. This outcome highlights the potential for further gploration in this direction,
with the aim of re ning the model and possibly achieving moreuantitatively robust
results.

These ndings contribute to advancing our understanding ofarge animal collectives,

showcasing the power of physics in predicting and explaimgjrthe behaviour of biological
systems.
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11 Appendices:

11.1 Square Lattice and Hexagonal Lattice:

We repeat the analysis we did in section 6.1 in two very knowmd regular structures:
the square lattice and the hexagonal lattice.

A square lattice in 2D consists of nodes arranged in a regulgrd pattern, where each
node is connected to its four immediate neighbours and thigrscture lacks triangular

connections. The absence of triangles simpli es the coniag dynamics, as interactions
are primarily between directly adjacent nodes, reducing thlikelihood of clustering ef-
fects that might accelerate contagion. On the other hand, agxagonal lattice in 2D is
formed by arranging nodes so each has six neighbours, cregta honeycomb pattern.
Like the square lattice, the hexagonal lattice is triangldree.

Both the square and hexagonal lattices provide valuable iight into how network struc-
ture a ects the spread of infection. Due to their lack of triangles, these networks exhibit
no quadratic contagion e ects. In such networks, it is alsoa@nmon to observe some
isolated nodes remaining susceptible even after the majgrof nodes are infected, high-
lighting their unique contagion-resistance properties. He we see that these models are
not able to distinguish between N=1 and N=2 and we can not iderly a region of pa-
rameters where the susceptibility peaks. | report only theassults for the regular lattice,
since the same results are obtained for the hexagonal latic
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Figure 67: Results in lattice network with 2500 individuals.

When comparing cases, in the susceptibility measure, we obh&ethat the network
with N=1 often experiences higher infection rates than the enwith N=2.

11.2 Susceptibility measure for metric and KNN:

In section 8, | focused exclusively on the Voronoi linking @brithm to avoid making
things too complex. However, it is equally interesting to argse the other two algo-
rithms, particularly the metric linking, which exhibits markedly di erent characteristics
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in terms of degree and triangle distributions. In both caseshe results remain consis-
tent with the Voronoi network, showing little to no dependewe on , However, while
in the Voronoi case susceptibility is maximized at low valeof ,, the parameter re-
gion for maximum susceptibility becomes broader for both #nmetric and alternative

algorithms, leading to an even weaker dependence on the quettt contagion.
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Figure 68: Suscpetibility measure for metric (radius 0.05)a knn (k=6) networks built
with sh positions.
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