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Abstract 
 
 
The following study investigates the dynamic response and mechanical elastic properties of 
four different composite materials: flax fiber with epoxy resin, carbon fiber with epoxy resin, 
and two types of glass fiber composites — one with an inorganic resin and the other with a 
30% organic resin component. The primary objective is to characterize the elastic moduli and 
damping coefficients of these composites at varying temperatures. Utilizing the Impulse 
Excitation Technique (IET), the natural frequencies of the composites were measured and 
analyzed according to the ASTM E1876-21 standard to evaluate the longitudinal modulus E1 
and the shear modulus G12. 
 
To enhance the accuracy of these evaluations, the coefficients of thermal expansion (CTEs) 
in three directions were also evaluated by directly measuring strains of each composite during 
a typical thermal expansion. This allowed for the separation of the thermal effects on the 
composite expansions from the mechanical properties, ensuring precise determination of the 
moduli under thermal variations. 
 
Additionally, the study examines the impact of 70 ℃ distilled water aging on the mechanical 
properties of the composites. Specimens were submerged in distilled water for 7 and 13 days 
in accordance with the ASTM D570 standard, followed by a reevaluation of their mechanical 
properties. The study revealed significant insights into the changes in elastic moduli and 
damping coefficients due to both temperature variations and aging in water. 
 
The results of this research provide a comprehensive understanding of the dynamic behavior 
and durability of these composite materials, contributing to their potential applications in 
various engineering fields, particularly the automotive one. 
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1. Dynamics and modal analysis 
 
In this study, the dynamic behavior of the composite materials was analyzed using the Impulse 
Excitation Technique (IET). This method involves subjecting the specimen to an impulse-like 
force to investigate its natural frequencies and mode shapes. The general formulation of the 
equation of motion for a linear time-invariant system is provided in Equation (1.0) [1]. 
 
 

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑓(𝑡)																																																			(1.0) 
 
 

Here, mrepresents the mass of the system, c is the damping coefficient, k is the system's 
stiffness, and f(t) is the time-dependent force. In the initial phase of this study, only the mass 
of the composite is known, with the other parameters being determined through the Fast 
Fourier Transform (FFT) of the testing machine's data. Before proceeding, it is important to 
clarify the concept of an impulse. An impulse is an idealized mathematical concept that is 
challenging to achieve in practical experiments. However, with appropriate approximations, 
it can be effectively utilized. Mathematically, an impulse is a function that approaches 
infinity at a specific time 𝑡! and is zero at all other points. This model is based on the unit-
impulse function, δ(t) defined by: 

 

2 𝛿 = 0		(𝑓𝑜𝑟	𝑡 = 0)
𝛿 = 	∞		(𝑓𝑜𝑟	𝑡 = 𝑡!)

	      ∫ 𝛿(𝑡)	dt	 = 1																																						(1.1)"#
$#  

 
 
 
The impulse excitation can thus be expressed by: 𝐹 = 𝑓!	𝛿(𝑡) where 𝛿 is expressed in [𝑠$%] 
And 𝑓! has the dimensions of an impulse [𝑁𝑠]. 
Usually for a single degree of freedom the response of the system depends on the initial 
conditions of the system such as: initial displacement and initial velocity (see eq 1.2). 
 

𝑥(𝑡) = 	
𝑓!	
𝑚	𝜔&

	ℎ(𝑡)																																																							(1.2) 

 
 
Where 𝜔& is the natural frequency of the system and ℎ(𝑡) is the so-called impulse response 
function and is define as follows: 
 
 

ℎ(𝑡) = 	
1

1 − 𝜁' 	𝑒
$()!* ∗ sin I𝜔&J1 − 𝜁'𝑡K																																(1.3) 

 
 
 
Here 𝜁 is the damping ratio and ℎ(𝑡) is defined for 𝜁 < 1. The response can be seen in the 
graph of figure (1.0). 
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The idea behind an impulse excitation is to find a way to excite all the frequencies of the system 
with the same intensity or at least to be able to see the first main important mode shapes. In 
fact, the spectrum of an ideal impulse is a constant horizontal line (with value 𝑓!)	that excites 
all the frequencies in the same way (figure n). In the real case the situation is far from the ideal 
one and can be represented by figure 2 [2] [3]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Impulse response functions with damping ratio from 0 to 1. 

Figure 2: Form of the impulse force in time (above) and its 
Fourier Transform in frequency domain (below). 
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The impulse does not  go to infinite and moreover does not excite all the frequencies with the 
same intensity, but it decreases after a certain frequency. 
So, the higher the frequency that we want to excite, the faster it goes to zero, thus its effect on 
the specimen is limited to the first instants of the impulse. In the first instants all the modes are 
excited, so we see high oscillations of 𝑥(𝑡) = 0, after a while, due to damping, their oscillations 
decrease following an exponential law. The higher the frequency of the mode that we want to 
analyze the faster it will decay. 
 
The bases of the modal analysis and the analytical approach of Euler-Bernoulli beam and 
Timoshenko beam. 
Any multi degree of freedom system can be studied as a single degree of freedom if it respects 
the modal analysis hypothesis: the system has to be linear, time invariant and no force must be 
applied on its boundary, also damping is neglected. The central idea is to split the different 
degrees of freedom of the system and consider them independent from each other, in order to 
study them separately as single degree of freedom systems and at the end use the superpositions 
effect (thanks to linearity) and sum each contribution to get the total effect. 
We start from the homogeneous equation of motion, because as it has been stated before, there 
must be no force applied on the system 𝑓(𝑡) = 0. 
 

[𝑚]�̈� + [𝑐]�̇� + [𝑘]𝑥 = 0																																																		(1.4) 
 
[m], [c], [k] are matrices: [m] is diagonal and positive defined, [c] should be symmetric and [k] 
is again symmetric and positive defined. 
The variable x can be seen as a harmonic motion so easily substituted with a combination of 
different harmonics (synchronous motion):  
 

𝑥 = 𝑥!𝑒+)*																																																																						(1.5) 
�̇� = 𝑖𝜔𝑥!𝑒+)*																																																																		(1.6) 
�̈� = 	−𝜔'𝑥!𝑒+)*																																																													(1.7) 

 
After the substitution, the exponential part can be simplified being valid for any instant of time. 
Leading to: 
 

−𝜔'𝑥![𝑚] + 𝑖𝜔𝑥![𝑐] +	𝑥![𝑘] = 0                                       (1.8) 
 
Consider the hypothesis of no damping, so [c]=0. The result of the eigenvalue problem gives 
the natural frequencies of the system, that are in number equal to the n number of degrees of 
freedom, and the mode shapes. 
So, to study the natural frequencies of the system one can start from: 
 

det([𝑘] − 𝜔'[𝑚]) = 0																																																	(1.9) 
 
Imposing the determinant equal to zero, gives us the n eigenvalues (𝜔') while the natural 
frequencies are √𝜔'. The so-called mode shapes are the different shapes that the structure can 
undergo while excited at the specific eigenvalue used to obtain the eigenvector.  
 

([𝑘] − 𝜔'[𝑚]){𝑥!} = 0																																														(1.10) 
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Here {𝑥!} is the eigenvector and the matrix made of all the eigenvectors is the modal matrix 
[𝜙].  Due to the fact that the determinant of the matrix ([𝑘] − 𝜔'[𝑚])	is lower than n, the 
eigenvectors are linearly dependent on each other. So, in order to obtain the eigenvectors, we 
need to impose the value of one of them and the others will be scaled accordingly. 
 
Up to this point, the system degrees of freedom have not yet been decoupled. To achieve 
decoupling, we will employ a mathematical technique known as modal transformation, 
utilizing the concepts of mass-orthogonality (m-orthogonality) and stiffness-orthogonality (k-
orthogonality). The new variable introduced by the modal transformation is referred to as the 
modal coordinate η, which is related to the original coordinate x as follows: 
 

{𝑥} = [𝜙]{𝜂}																																																									(1.11) 
 
The modal matrix [𝜙]	is invariant in time so during the derivation it is behaving like a constant. 
So, by substituting in the equation of motion the following result is obtained:  
 
 

[𝑚][𝜙]{𝜂}̈ + [𝑐][𝜙]{𝜂}̇ 	+ [𝑘][𝜙]{𝜂} = {𝑓}																														(1.12) 
 
 
By pre-multiplying by [𝜙]-: 
 
 

[𝜙]-[𝑚][𝜙]{𝜂}̈ + [𝜙]-[𝑐][𝜙]{𝜂}̇ 	+ [𝜙]-[𝑘][𝜙]{𝜂} = [𝜙]-{𝑓}															(1.13) 
 
If we consider the m and k orthogonality, and we normalize the eigenvectors by dividing each 
eigenvector by the square root of the modal mass we get the following equations: 
 

{𝜑.}-[𝑚]{𝜑.} = 𝑀. 		(𝑚𝑜𝑑𝑎𝑙	𝑚𝑎𝑠𝑠)																																					(1.14) 
 

{𝜑.}-[𝑘]{𝜑.} = 𝐾. 		(𝑚𝑜𝑑𝑎𝑙	𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠)																																(1.15) 
 

{𝜙.} =
{𝜑.}

J𝑀.
																																																													(1.16) 

 
{𝜙.}-[𝑚]{𝜙.} = [𝐼]		(𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦	𝑚𝑎𝑡𝑟𝑖𝑥)																																(1.17) 

 
{𝜙.}-[𝑘]{𝜙.} = 𝑑𝑖𝑎𝑔(𝜔.')																																												(1.18) 

 
 
Leading to the final formulation in modal coordinates: 
 
 

[𝐼]{𝜂}̈ + [𝑑𝑖𝑎𝑔(2𝜁.𝜔.)]{𝜂}̇  + [𝑑𝑖𝑎𝑔(𝜔.')]	{𝜂} = {Γ}																								(1.19) 
 
 
So, from each equation of the system we can get a SDOF system that has its single contribution 
to the total effect (superposition of effects).  
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It can be shown that by performing an inverse transformation the equations can pass from 
modal coordinate, back to real coordinate in order to see the real effects. Leading to: 
 

{𝑥} = [𝜙]	{𝜂}                                                      (1.20) 
 

{𝑥} = ∑ {&. {𝜙.}{ 𝜂.} = ∑ {&. {𝜙.} 𝑒$(")"*g𝐴. cosg𝜔/,.𝑡k + 𝐵. sing𝜔/,.𝑡kk						(1.21)  
 

 
Where 𝐴. and 𝐵. are functions that depend on the initial conditions: 
 

A1= {3#}[6]{8$}
9#

																																																											(1.22)  
 

𝐵. = {:"}[;][{<̇$}"	(")"{8$}]
9#)%,"

																																																	(1.23) 

 

 

2. Signal processing 
 

Once the equation of motion x(t) is defined, performing a Fast Fourier Transform (FFT) allows 
us to transition from the time domain to the frequency domain. This transformation enables the 
identification of the system's natural frequencies, which correspond to the peaks observed in 
the FFT [4]. 

To transition from an analog signal to a digital one, the machine discretizes the sampling points. 
This requires defining the sampling period 𝑑𝑡 or the sampling frequency 𝑓>. Accurately 
determining the appropriate sampling frequency can be challenging without prior knowledge 
of the system's characteristic frequencies. A practical approach is to initially sample at very 
high frequencies (if the equipment permits), and once the frequency range of interest is 
identified, gradually reduce the sampling frequency. 

However, there are important limitations to consider, one of which is Shannon's Theorem. 
According to this theorem, to avoid "aliasing" errors in the data, the following condition must 
be met: 

𝑓> ≥ 2𝑓?@<																																																																(2.0) 
 
 
So, the sampling frequency must be at least twice the maximum frequency willing to study. 
 
Another important aspect of the signal processing is to understand the process of passing from 
a Fourier Transform to a Discrete Fourier Transform (DFT) and in the end to a Fast Fourier 
Transform. 
 
The Fourier Transform definition is as follows: 
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𝐹(𝑡) = 	 o 𝑓(𝑡)𝑒$+A*	𝑑𝑡																																																		(2.1)
"#

$#

 

 
Then being the system discretized we pass to a digital from so we perform the DFT: 
 

𝐹B =	
1
𝑁p 𝑓&		𝑒

$+'C&D

D$%

&E!

																																																				(2.2) 

 
The last step is the Fast Fourier Transform (FFT): which gets born thanks to Cooley and Tuckey 
that invented a new algorithm from which the signals could be processed in real time, with a 
computational time proportional to D

'
𝑙𝑜𝑔'𝑁. From here comes the necessity for N to be a power 

of two. So, in order to obtain this, software add a number of zeros to the sampling points vector 
(called “zero padding” operation) to make it a power of two. Speeding up the results up to real 
time. 
 
By using the DFT though, another type of error (called “leakage”) comes out due to the 
hypothesis of having a periodic signal, which in most cases it is not true. This error can be 
avoided by performing a “windowing” before the DFT. By multiplying the series by a so-called 
window, it is imposed a periodicity to the temporal signal (also called realizations). It is obvious 
that this procedure is introducing amplitude errors in the first and last part of the signal due to 
the window itself. To avoid this last error, it is performed an overlap. This overlap consists in 
translating the realization  𝑥(𝑡)B"%	back on the realization 𝑥(𝑡)B so having the last point of 
𝑥(𝑡)B not coincident with the first point of the  𝑥(𝑡)B"%	. (figure n, a and b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Shifting of the realizations to avoid leakage error 
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The logarithmic decrement method 
 
The logarithmic decrement method is a technique used to determine the damping ratio ζ of an 
underdamped system, typically a mechanical or electrical oscillatory system. This method is 
particularly useful when the system is exhibiting free oscillations. 
When a system oscillates with damping, the amplitude of the oscillations decreases over time. 
The logarithmic decrement δ quantifies how much the amplitude decreases between 
successive peaks in the oscillation. 
The free response of a damped system has the form: 
 

 
𝑥(𝑡) = 𝑒$Fw!*(a cos(wGt) + b sin(wGt))																																			(2.3)	 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
If from the peak 𝑥% at time 𝑡% one moves an n integer periods, an amplitude 𝑥& is reached at a 
time 𝑡&. The natural logarithm of the amplitudes represents the logarithmic decrement 𝛿, if it 
is considered also the periodicity of the harmonic function, it can be stated: 
 
 

𝛿 = 𝑙𝑛
𝑥%
𝑥&
= 	𝜉	w&	𝑛	𝑇/ = 	𝜉	w&	𝑛	

2p
w/

= 	𝜉	w&	𝑛	
2p

w&J1 − 𝜉'
																	(2.4) 

 
 
The know values that are coming from the measurement are 𝑥% and 𝑥& so it can be concluded 
that the damping factor is: 
 
 

𝜉 =
𝛿

√4𝑛'p' + 𝛿'
																																																													(2.5) 

 

Time 

Am
pl

itu
de

 

Figure 4: Free response of a damped system 
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-3 dB method 
 
The N dB method is a useful approach for determining the damping ratio of a system by 
analyzing its frequency response. The method involves identifying the frequency points where 
the system's response drops by a certain amount in decibels (dB) from its peak value. 
The starting point of this method is the formula of the modulus of the receptance of a system 
with viscous damping. 
 
 

|a(Ω)| =
1/𝑘

xy1 − Ω'
w&'
z
'
+ I2𝜉Ωw&

K
'
																																												(2.6) 

 
By using the curve of the receptance |a(Ω)| the maximum value can be read at w. =
w&J1 − 2𝜉', once at this point one has to consider a decrease of 3 decibel and trace a 
horizontal line on the curve of |a(Ω)| that will intersect it in two points that have an amplitude 
decrease of 10

'
($ 	≅ 	√2 with respect to the maximum. 

Since the power dissipated in a viscous damped system is proportional to the amplitude of the 
oscillation squared, this means that the two points identified are points of half power with 
respect to the maximum power. 
Generally speaking, it is possible to decrease of any N dB and obtain points of reduced 
amplitude with respect to the maximum of a factor √𝑛  with 20𝑙𝑜𝑔√𝑛 = 𝑁. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The value of the receptance at the peak is obtained as follows: 
 

|a| = |
𝑥!
𝐹!
| =

1/𝑘
J(2𝜉)'

=
1/𝑘
b

=
1

𝑚	w&' 	b
																																				(2.7) 

 
Where b is the loss factor, in the end it can be obtained that at resonance 
 

|𝑥!| =
𝐹!/𝑚
w&' 	b

																																																															(2.8) 

Figure 5: Receptance peak reduced of 3 dB 
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The difference between the peak amplitude and the two points should be:  
 

20𝑙𝑜𝑔|𝑥!|.H> − 20𝑙𝑜𝑔|𝑥!|I,J = 𝑁																																				(2.9) 
 
Leading to  
 

20
20 log

|𝑥!|.H>
|𝑥!|I,J

=
𝑁
20																																																			(2.10) 

 
 

|𝑥!|.H>
|𝑥!|I,J

= 10
D
'! = 𝑛																																																			(2.11) 

 
 

1/𝑘
J(1 − 𝑟')' + (2𝜉𝑟)'

=	
1/𝑘

2𝜉J1 − 𝜉'√𝑛
																																		(2.12) 

 
 
Where r is the ratio of Ω/w& 
 
 

𝑟K − 2𝑟'(1 − 2𝜉') + 1 − 4𝑛𝜉K(1 − 𝜉')																															(2.13) 
 
 
Equation that has zeros: 
 

𝑟@,L' = 1 − 2𝜉' ± 2𝜉J(1 − 𝜉')(𝑛 − 1)																																(2.14) 
 
 
Subtracting the two roots and remembering that w. =	w&J1 − 2𝜉' , moreover 𝑟L' > 𝑟@', it can 
be obtained: 
 

𝜉J1 − 𝜉'

1 − 2𝜉' =
1

√𝑛 − 1	
∙
ΩL + Ω@
2w.

∙
ΩL − Ω@
2w.

																																(2.15) 

 
 

𝜉 =
1

√𝑛 − 1	
∙
ΩL − Ω@
2w.

																																																		(2.16) 

 
 
If 𝑛 = √3 we get 
 

𝜉 =
ΩL − Ω@
2w.

																																																										(2.17) 
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3. Finite element method/analysis (FEM) 
 

The Finite Element Method (FEM) is a numerical technique employed to solve differential 
equations that model physical phenomena such as heat transfer, structural mechanics, fluid 
dynamics, and electromagnetism. FEM simplifies complex systems by dividing them into 
smaller, more manageable elements or subdomains, facilitating the approximation of 
solutions to these differential equations [5]. 

In the following sections, a general approach to applying FEM for structural mechanics will 
be outlined, focusing primarily on static and dynamic problems. 

We will examine the key differential equations used in the mechanical context to address 
these systems and derive the fundamental matrices: the stiffness matrix and the mass matrix. 
Additionally, for dynamic problems, we will also consider the damping matrix, circulatory 
matrix, and gyroscopic matrix. 

The three principal partial differential equations governing equilibrium are: 

 

p
𝜕𝜎+M
𝜕𝑥+

+ 𝜙M = 𝜌M 					(𝑗 = 1,2,3)
N

+E%

																																				(3.0) 

 
Where the variation of the stress in the different directions are the forces acting on the boundary 
and the second term 𝜙M are the volume forces. According to the position (it will be explained 
in detail later on) this equilibrium equation can be equal to zero or equal to a quality called 
residual (which is an error). 
Next set of equations are made by six partial differential equations of compatibility which 
define the deformations: 
 
 

𝜀++ =	
𝜕𝑢+
𝜕𝑥+

																																																																		(3.1) 

 

𝛾+M =	
𝜕𝑢+
𝜕𝑥M

+
𝜕𝑢M
𝜕𝑥+

							(𝑖, 𝑗 = 1,2,3)																													(3.2) 

 
In the end there are other six algebraic equations called constitutive laws of the material 
(written in matrix from): 
 

{𝜎} = [𝐸]	{𝜀}																																																													(3.3) 
 
 

Given these three sets of equations, the Finite Element Method (FEM) transitions from 
differential equations to a numerical solution in integral form over a finite domain. The core 
concept of FEM is to discretize a continuum system by introducing approximation functions. 
This involves converting the differential equations into a numerical functional over the 
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discretized domain. By substituting the approximation functions into the integral functional, 
the problem is reduced to a matrix problem, which can be efficiently solved using a computer. 

A critical aspect of FEM is the choice of functional. In structural mechanics, different 
approaches can lead to the same results, with some methods being more efficient depending on 
the problem type. In statics, the primary functional used is the principle of virtual work, 
whereas in dynamics, the Lagrange equations are predominantly employed. Both methods yield 
the same results and are considered energetic methods, as the energetic functional is essentially 
a scalar quantity, simplifying its handling. Additionally, variational methods such as the 
Galerkin and Rayleigh-Ritz methods are used to evaluate functionals. The following sections 
will provide detailed descriptions of the first two methods. 

The principle of virtual work states that, for a continuum with infinitesimal volume elements 
dx, dy, and dz, and a field of forces and stresses in equilibrium, the virtual internal work 
(resulting from the stresses and strains) is equal to the virtual external work (resulting from the 
forces and displacements) when a virtual displacement and strain field are applied. (See Figure 
6). 

 
𝐿+ = 𝐿H 																																																																			(3.4) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
The virtual work in all the points of the structure of the continuum mechanics is a scalar given 
by the multiplication of the components of the tension and the virtual components of the 
displacement.  
 

p[−𝜎+B𝛿𝑢B𝑑𝐴+ + (𝜎+B +
𝜕𝜎+B
𝜕𝑥+

N

BE%

𝑑𝑥+)(𝛿𝑢B +
𝜕
𝜕𝑥+

(𝛿𝑢B)𝑑𝑥+)𝑑𝐴+]																(3.5) 

 
Leading to the sum of the three directions: 
 

pp(
N

BE%

N

+E%

𝜕𝜎+B
𝜕𝑥+

	𝛿𝑢B + 𝜎+B
𝜕
𝜕𝑥+

(𝛿𝑢B))𝑑𝑉																																	(3.6) 

 
From here it can be seen that the six compatibility equations are coming from the second term: 
 

Figure 6: Infinitesimal continuum showing components of tension and virtual displacements 
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pp𝜎+B𝛿
𝜕𝑢B
𝜕𝑥+

N

BE%

=
N

+E%

= 𝜎%%𝛿𝜀%%𝜎''𝛿𝜀'' + 𝜎NN𝛿𝜀NN + (𝜎%'𝛿
𝜕𝑢'
𝜕𝑥%

+ 𝜎'%𝛿
𝜕𝑢%
𝜕𝑥'

+𝜎%N𝛿
𝜕𝑢N
𝜕𝑥%

+ 𝜎N%𝛿
𝜕𝑢%
𝜕𝑥N

+𝜎'N𝛿
𝜕𝑢N
𝜕𝑥'

+ 𝜎N'𝛿
𝜕𝑢'
𝜕𝑥N

																																																																				(3.7) 

 
It is obtained a form of a scalar product: 
 

pp𝜎+B𝛿
𝜕𝑢B
𝜕𝑥+

N

BE%

N

+E%

= {𝜎}-{𝛿𝜀} = {𝛿𝜀-}{𝜎}																																		(3.8) 

 
 
While from the first term it can be obtained the differential equations of equilibrium: 
 
 

pp
𝜕𝜎+B
𝜕𝑥+

	𝛿𝑢B

N

BE%

=	py
𝜕𝜎%B
𝜕𝑥%

+
𝜕𝜎'B
𝜕𝑥'

+
𝜕𝜎NB
𝜕𝑥N

z 𝛿𝑢B 																									(3.9)
N

BE%

N

+E%

 

 

pp
𝜕𝜎+B
𝜕𝑥+

	𝛿𝑢B =	−p𝜙B𝛿𝑢B = −{𝜙}-{𝛿𝑢} = −{𝛿𝑢}-{𝜙}
N

BE%

N

BE%

N

+E%

															(3.10) 

 
 
Leading to the final formulation: 
 
 

∑ ∑ (N
BE%

N
+E%

OP)*
O<)

	𝛿𝑢B + 𝜎+B
O
O<)
(𝛿𝑢B))𝑑𝑉 =({𝛿𝜀-}{𝜎} − {𝛿𝑢}-{𝜙})𝑑𝑉									(3.11) 

 
 
Now it can be considered also the contribution of the virtual external work of the force acting 
on the boundary: 
 

po𝑡B𝛿𝑢B𝑑𝐴 =
N

BE%

o(𝑡%𝛿𝑢% +𝑡'𝛿𝑢' + 𝑡N𝛿𝑢N)𝑑𝐴 = 	o{𝛿𝑢}-{𝑡}	𝑑𝐴									(3.12) 

 
 
By rewriting the virtual work equation from (3.4) one gets:  
 
 
 

∫{𝛿𝜀-}{𝜎}	𝑑𝑉 = 	∫{𝛿𝑢}-{𝜙}	𝑑𝑉 + ∫{𝛿𝑢}-{𝑡}	𝑑𝐴																									(3.13) 
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So, from the principle of virtual works it can be obtained one single integral equation that 
contains both the compatibility equations and the equilibrium equations. 
 
 

∫{𝛿𝑢}-{𝑡}	𝑑𝐴 = ∫{𝛿𝜀}-{𝜎}	𝑑𝑉 − ∫{𝛿𝑢}-{𝜙}	𝑑𝑉																										(3.14) 
 
 

At this stage, the only remaining step is to substitute the shape functions, or approximation 
functions, into the integral formulation to obtain the matrix formulation or matrix problem. 

The selection of shape functions is influenced by the physical properties of the system. Shape 
functions are typically polynomials characterized by various coefficients, and, like all 
polynomials, they have an order. The coefficients of these polynomials are determined by the 
geometric characteristics of the element, while the polynomial order is based on the number 
of nodes used to describe the element.The most commonly used formulation is expressed by 
the following equation: 

 
{𝑢} = [𝑛]{𝑠}																																																											(3.15) 

 
 
Where {u} are the generic displacements in the element, [n] is the shape function and {s} are 
the displacements of the nodes. 
To pass from here to strains and stress it is enough to derive the displacements {u}: 
 

{𝜀} = [𝜕]{𝑢} = [𝜕][𝑛]{𝑠} = [𝑏]{𝑠}																																								(3.16) 
 

{𝜎} = [𝐸]({𝜀} − {𝜀!}) + {𝜎!}																																											(3.17) 
 
Since at the beginning the principle of virtual works assigned a displacement field, this implies 
that equilibrium will not be satisfied at each point: leading us back to the idea of residual. 
 
 

p
𝜕𝜎+M
𝜕𝑥+

+ 𝜙M = 𝜌M 																																																		(3.18)	
N

+E%

 

 
 
𝜌M is present in each point of the element, but not in the nodes where it is zero (so the 
equilibrium will be respected there because the solution is exact). The idea of residual is that 
of an error introduced in the model being every FEM model stiffer than the reality. So, it is a 
like saying how much stiffer is the system with respect to the reality. Another point of view of 
the residual is to imagine a continuum object forced to fit in a frame, from where it can be 
concluded that basically all FEM models are wrong, being just approximations. Although 
thanks to numerical integrations techniques results are quite impressive. 
 
Let’s see how the choice of the elements might change the interpolation shape function. By 
increasing the number of divisions so increasing the number of nodes of discretization we are 
basically decreasing the residual error of the model. Another way of decreasing the residual 
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error is to change the type of element and use one which has more nodes per element, increasing 
in this way the grade of the polynomial. When the number of nodes or elements (which 
correspond also to the n degrees of freedom of the model) tends to infinite, the model converges 
to the exact solution. Or stated in another way: if 𝜌M tends to zero in all points, the model has 
converged to the exact solution. 
If an element was a certain number of nodes, it means the shape function will have an equal 
number of coefficients. While for the degree of the polynomial, it is connected with the number 
of nodes per element. 
 
At this point, the previous formulations of {u} and {𝜀} might be replaced in the integral 
formulation to pass to the matrix formulation: 
 
 

{𝜀} = [𝜕]{𝑢} = [𝜕][𝑛]{𝑠} = [𝑏]{𝑠}																																							(3.19) 
 
 

∫{𝛿𝑢}-{𝑡}	𝑑𝐴 = ∫{𝛿𝜀}-{𝜎}	𝑑𝑉 − ∫{𝛿𝑢}-{𝜙}	𝑑𝑉																												(3.20) 
 
 

{𝛿𝑠}-o[𝑛]-{𝑡∗}𝑑𝐴 − {𝛿𝑠}- o[𝑛]-{𝜌}𝑑𝑉 + {𝛿𝑠}-o[𝑛]-{𝑡!}𝑑𝐴

+ {𝛿𝑠}-o[𝑛]-{𝜙}𝑑𝑉 = {𝛿𝑠}-o[𝑏]-[𝐸][𝑏]𝑑𝑉	{𝑠}																																						(3.21) 

 
{𝛿𝑠} is virtual for any value, that allows us to simplify it and write all in a stuffiness matrix 
formulation: 
 

{𝑓} + {𝑓H}*$ +	{𝑓H}:	 = [𝑘]{𝑠}																																							(3.22) 
 
Where {𝑓}	are the nodal loads {𝑓H}*$are the surface loads, {𝑓H}:	are the body forces and [k] is 
the stiffness matrix. 
Let us see some examples of shape function and element: truss element which has two nodes, 
and it was one degree of freedom per node (figure n). 
 
 
 
 
 
 
 
 
 
 
 
 
 
A general procedure for fining the shape functions can be seen for this type of element: 
 
 

{𝑢} = [𝑃]{𝑎}																																																											(3.23) 

Figure 7: Truss element 
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{𝑠} = [𝐴]{𝑎}																																																										(3.24) 

 
{𝑎} = [𝐴]$%{𝑠}																																																							(3.25) 

 
{𝑢} = [𝑃][𝐴]$%{𝑠} = [𝑛]{𝑠}																																										(3.26) 

 
 
Which for the truss element becomes: 

𝑢% = �1 𝑥%] �
𝑎%
𝑎'�																																																		(3.27) 

 
𝑢' = �1 𝑥'] �

𝑎%
𝑎'�																																																		

(3.28) 
 
 
By imposing the boundary conditions of the coordinates: 𝑥% = 0 and 𝑥' = 𝑙 
 

𝑢 = 𝑎% + 𝑎'𝑥																																																							(3.29) 
 
 

�
𝑢%
𝑢'} = 	 �

1 0
1 𝑙 � �

𝑎%
𝑎'}																																															(3.30)	 

 
 
At this point the relation {𝑎} = [𝐴]$%{𝑠} : 
 
 

�
𝑎%
𝑎'} = �1 0

1 𝑙 �
$%
�
𝑢%
𝑢'}																																															(3.31) 

 
 
 
The last passage becomes: 
 

{𝑢} = [𝑃][𝐴]$%{𝑠} = [𝑛]{𝑠}																																													(3.32) 
 

{𝑢} = [1 𝑥]
1
𝑙 �

𝑙 0
−1 1� �

𝑢%
𝑢'} = [	1 −

𝑥
𝑙

𝑥
𝑙 � �

𝑢%
𝑢'}																										(3.33) 

 
{𝑢} = [𝑛%		𝑛']{𝑠} = �	1 −

𝑥
𝑙

𝑥
𝑙 �
{𝑠}																																				(3.34) 

 
 
In order to pass to the strains, it is enough to derivate the shape functions: 
 
 

{𝜀} = [𝜕][𝑛]{𝑠} = [𝑏]{𝑠}																																														(3.35) 
 

𝜀<< =
𝑑
𝑑𝑥	

[𝑛%	𝑛']{𝑠} = �1
𝑙

1
𝑙
� {𝑠}																																					(3.36) 
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And the last passage to express stiffness matrix becomes: 
 
 

[𝑘] = o[𝑏]-[𝐸][𝑏]𝑑𝑉																																																		(3.37) 

 
 

[𝑘] = 	o[
−
1
𝑙
1
𝑙

] 		𝐸	 �−
1
𝑙

1
𝑙
� 𝑑𝑉																																									(3.38) 

 
 

[𝑘] =
𝐸𝐴
𝑙 �

1 −1
−1 1 �																																																			(3.39) 

 
 

With the conclusion of this example, we can emphasize a critical aspect of continuum 
discretization: achieving more accurate results necessitates a high-quality discretization. This 
can be accomplished either by increasing the number of nodes or by elevating the degree of the 
polynomial shape functions, as previously discussed. 

In dynamic problems, it is also essential to consider the mass matrix and the damping matrix. 
These matrices can be evaluated using either the principle of virtual work or the Lagrange 
method. Both approaches will be presented in the following sections. 

 
Recalling: 
 

{𝛿𝑢}-{𝑓} + o{𝛿𝑢}- {𝑡!}𝑑𝐴

+ o{𝛿𝑢}-{𝜙}𝑑𝑉

= o{𝛿𝜀}-{𝜎}𝑑𝑉 + o{𝛿𝑢}- 	𝜌	{�̈�}𝑑𝑉 + o{𝛿𝑢}- 𝑐>	{�̇�}𝑑𝑉																										(3.40) 

 
 

Where the last two terms are the dynamic internal work and dynamic internal damping:  

o{𝛿𝑢}- 	𝜌	{�̈�}𝑑𝑉 + o{𝛿𝑢}- 𝑐>	{�̇�}𝑑𝑉																																	(3.41) 

 
Introducing the shape function: {𝑢} = [𝑛]{𝑠} 
 
Leading to the formulation: 
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{𝛿𝑠}-{𝑓} + {𝛿𝑠}-o[𝑛]-{𝑡!}𝑑𝐴 + {𝛿𝑠}-o[𝑛]- {𝜙}𝑑𝑉

= {𝛿𝑠}-o[𝑏]-[𝐸][𝑏]	𝑑𝑉	{𝑠} + {𝛿𝑠}-o𝜌[𝑛]-[𝑛]	𝑑𝑉	{�̈�}

+ {𝛿𝑠}-o𝑐>[𝑛]-[𝑛]	𝑑𝑉	{�̇�}																																																																																(3.42) 

 
Being the right-hand side of the equation (in order) the stiffness matrix, mass matrix and 
damping matrix. 
 

[𝑘]{𝑠} + [𝑚]{�̈�} + [𝑐]{�̇�} = {𝑓} + {𝑓H}*$ + {{𝑓H}:																						(3.43) 
 
 
Some matrixes can be obtained if instead of the virtual works we would have used the Lagrange 
equation: 
 

𝑑
𝑑𝑡 y

𝜕𝑇
𝜕�̇�+

z −
𝜕𝑇
𝜕𝑥+

+
𝜕𝑈
𝜕𝑥+

= 𝑄+ 																																											(3.44) 

 
 
Where T is the kinetic energy, U is the potential energy, Q the external force and x the general 
coordinate. The equation of Q can be obtained from the derivation of the virtual work with 
respect to the virtual displacement: 
 

𝑄+ =	
𝜕𝛿𝐿
𝜕𝛿𝑥+

																																																														(3.45) 

 
 
From this Q external force, it can be extrapolated the dissipative forces: 
 

𝐹� =
1
2 �̇�

-𝐶�̇� +	 �̇�-𝐻𝑥																																																(3.46) 
 

𝜕𝐹�
𝜕�̇�+

= 𝑐+�̇�+ + ℎ+𝑥+																																																																							(3.47) 

 
 
With [H] being the circulatory matrix typical of rotating systems on lubricated bearing. The 
term T kinetic energy has three components, one depending on the square of the velocity, one 
depending linearly on the velocity and on independent from it. The potential energy is formed 
by two terms, one dependent on the square of the displacement and the other independent from 
it. From the kinetic terms derived according to the equation of Lagrange can be obtained the 
matrixes G and 𝐾R	also called 𝑀R to remind the fact that it comes from the kinetic energy (so 
responsible of the mass matrix). 
 
The final complete formulation for any dynamic system is: 
 
 

[𝑀]{�̈�} + ([𝐺] + [𝐶]){�̇�} + g[𝑘] + �𝑀R� + [𝐻]k{𝑥} = 𝑄																					(3.48) 
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The stiffness formulation comes from the potential energy: 
 

𝑈 =
1
2o𝜀

-𝜎 𝑑𝑉 =
1
2
{𝑠}-(o[𝑏]-[𝐸][𝑏]𝑑𝑉)	{𝑠}																						(3.49) 

 

[𝑘] = o[𝑏]-[𝐸][𝑏]𝑑𝑉																																													(3.50) 

 
 
While the mass from kinetic energy: 
 

𝑇 =
1
2o𝜌	�̇�

-�̇�	𝑑𝑉 =
1
2 {�̇�

-}(o𝜌	[𝑛]-[𝑛]	𝑑𝑉)	{�̇�}																					(3.51) 

 

[𝑀] = o𝜌	[𝑛]-[𝑛]	𝑑𝑉 																																													(3.52) 

 
 
Which basically is the same formulation obtained before by using the virtual work approach. 
 
 
 
 
 
Numerical Errors 
 
Let us describe in the following the three main types of errors that we can have in a FEM 
model. 

• The discretization error or residual given by the discretization of the mesh and the 
degree of the polynomial shape functions. 

• The distortion of the elements or better the non-regular form of the elements. 
• The error due to numerical integration affecting the matrices of the system. 

 
It is very important to mention also that the errors may be local or global. For example, the 
residual is a global error. 
While the first type of error may be reduced by increasing the number of nodes (or elements) 
the second one might need to be analyzed in more depth to understand its critical points. This 
idea starts form a basic question: does the shape or distortion of the elements affect the stiffness 
matrix and can we have problems in calculating it? The answer is clearly yes.  
Starting from the polynomial shape functions it was been found a way to describe a distorted 
element but in another coordinate system. The procedure is called conformal mapping, 
practically it is possible to describe the polynomial shape function in natural coordinate. In 
natural coordinate the shape function must be non-dimensional and limited between -1 and 1 
as a weight function. Maximum 1 in correspondence of the described node and 0 in all the other 
nodes. 
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The equation describing the conformal mapping are: 
 

𝑥 =p𝑛+(𝜉, 𝜂, 𝜁)𝑥+

&

+E%

																																																					(3.53) 

  

𝑦 =p𝑛+(𝜉, 𝜂, 𝜁)𝑦+

&

+E%

																																																					(3.54) 

 

𝑧 =p𝑛+(𝜉, 𝜂, 𝜁)𝑧+ 																																																						(3.55)
&

+E%

 

 
 
Where 𝑛+(𝜉, 𝜂, 𝜁) are the shape functions in natural coordinates. Also, the displacements can 
be expressed using a conformal mapping:  
 
 
 

𝑢 =p𝑛+(𝜉, 𝜂, 𝜁)𝑢+

?

+E%

																																																					(3.56) 

  

𝑣 =p𝑛+(𝜉, 𝜂, 𝜁)𝑣+ 																																																						(3.57)
?

+E%

 

 

𝑤 =p𝑛+(𝜉, 𝜂, 𝜁)𝑤+

?

+E%

																																																			(3.58) 

 
 
If 𝑚 = 𝑛 it is said isoperimetric formulation, having the same number of parameters for the 
geometry filed and for the displacement field. Moreover, also the strains can be represented 
with this method: 

Figure 8: From distorted general coordinate system to natural coordinate system 
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𝜀<< =p
𝜕𝑛+
𝜕𝑥 𝑢+

&

+E%

																																																										(3.59) 

 

𝜀SS =p
𝜕𝑛+
𝜕𝑦 𝑣+ 																																																											(3.60)

&

+E%

 

 
 

𝛾<S = ∑ (O&)
OS
𝑢+&

+E% +O&)
O<
𝑣+)                                           (3.61) 

 
 

Expressing the shape function derivative in function of the natural coordinates 
 

⎩
⎨

⎧
𝜕𝑛+
𝜕𝜉
𝜕𝑛+
𝜕𝜂 ⎭
⎬

⎫
=

⎣
⎢
⎢
⎢
⎡
𝜕𝑥
𝜕𝜉

𝜕𝑦
𝜕𝜉

𝜕𝑥
𝜕𝜂

𝜕𝑦
𝜕𝜂⎦
⎥
⎥
⎥
⎤

⎩
⎨

⎧
𝜕𝑛+
𝜕𝑥
𝜕𝑛+
𝜕𝑦 ⎭
⎬

⎫
																																													(3.62) 

 
This formulation leads to the Jacobian matrix that describes how the general coordinates 
change in function of the natural coordinates. Moreover, the Jacobian matrix [J] is used to pass 
from the derivative of the shape functions in general coordinates to the derivative of shape 
functions in natural coordinates. 
 
 

⎩
⎨

⎧
𝜕𝑛+
𝜕𝜉
𝜕𝑛+
𝜕𝜂 ⎭
⎬

⎫
= [𝐽]

⎩
⎨

⎧
𝜕𝑛+
𝜕𝑥
𝜕𝑛+
𝜕𝑦

}																																																					(3.63) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9: The concept of Jacobian used to pass from the derivative of shape 
functions in general coordinates to the derivative of shape functions in natural 
coordinates. 
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Conformal mapping requires to evaluate the correspondence of 𝑑𝐴 (see Figure 9) integration 
domain in natural coordinates. 
 

{𝑎} =

⎩
⎨

⎧
𝜕𝑥
𝜕𝜉
𝜕𝑦
𝜕𝜉⎭
⎬

⎫
𝑑𝜉																																																											(3.64) 

 

{𝑏} =

⎩
⎨

⎧
𝜕𝑥
𝜕𝜂
𝜕𝑦
𝜕𝜂⎭
⎬

⎫
𝑑𝜂																																																											(3.65) 

 

𝑑𝐴 = {𝑎} ∙ {𝑏} = y
𝜕𝑥
𝜕𝜉
𝜕𝑦
𝜕𝜂 −

𝜕𝑦
𝜕𝜉
𝜕𝑥
𝜕𝜂z𝑑𝜉	𝑑𝜂																																	(3.66) 

 
 
So, 𝑑𝐴 can be expressed: 
 
 

𝑑𝐴 = {𝑎} ∙ {𝑏} = det[𝐽] 	𝑑𝜉	𝑑𝜂																																									(3.67) 
 
 
And now finally connecting it with the formulation of stiffness: 
 
 

[𝑘] = o[𝑏]-[𝐸][𝑏]𝑑𝑉																																																	(3.68) 

 

[𝑘] = o[𝑏]-[𝐸][𝑏]	𝑑𝐴	ℎ			(𝑖𝑛	𝑎	2𝐷	𝑓𝑜𝑟𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛)						(3.69) 

 

[𝑘] = ℎ	o o [𝑏]-[𝐸][𝑏]
%

$%

%

$%
det[𝐽] 	𝑑𝜉	𝑑𝜂																															(3.70) 

 
 
The stiffness matrix of each element of the model is numerically integrated in natural 
coordinates and related to the physical domain by means of Jacobian transformation: 
 
 

[𝑘] = pp𝑤+𝑤M	[𝑏]-+M[𝐸][𝑏]+M det[𝐽]+M ℎ
?

ME%

?

+E%

																														(3.71) 

 
 
Where 𝑤+	𝑎𝑛𝑑	𝑤M	are the weight functions of the numerical integration. 
In conclusion it is clear how the distortion of the element can affect the stiffness matrix, the 
more the element is distorted the more the determinant of J will have a value close to zero or 
also zero. In the absurd case in which the det(J) is zero or negative (so we have a negative 
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stiffness) the stiffness matrix can’t be calculated. When the det(J) is equal to one, it means that 
the element is not distorted at all. Distortion can be a global error or more often a local error. 
 
 
Let us see now the error coming out of the numerical integration of the stiffness matrix. 
Numerical integration is a global error. 
 

o𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥	𝑑𝑦	𝑑𝑧 = 	ppp𝑤+𝑤M𝑤B𝑓g𝑥+ , 𝑦M , 𝑧Bk + 𝑒
?*

BE%

?+

ME%

?)

+E%

																		(3.72) 

 
 
One of the most used numerical integration methods is called: Gauss-Legendre. This type of 
method locates the sampling points so that for a given number of them, greatest accuracy is 
achieved. 
 
 

o 𝑓(𝑥)𝑑𝑥 = 	o 𝐹(𝑥)
L

@
𝑑𝑥 + 𝑒																																											(3.73)

L

@
 

 
 

𝐹(𝑥) =p𝑓(𝑥+)𝑙+(𝑥) + 𝑃(𝑥)(𝑎! + 𝑎%	𝑥 + 𝑎'𝑥' +⋯+ 𝑎&$%𝑥&$%)											(3.74)
?

+E%

 

 
 

Where 𝑙+(𝑥) is the so-called Lagrange function while the integral of it ∫ 𝑙+(𝑥)	𝑑𝑥 = 𝑤+
L
@  

 
 
 

𝑃(𝑥) = (𝑥 − 𝑥%)(𝑥 − 𝑥')… (𝑥 − 𝑥?)																																	(3.75) 
 

 
P(x) is called the Legendre polynomial. 
 

 
 

o 𝐹(𝑥)
L

@
𝑑𝑥 = 	p𝑓(𝑥+)o 𝑙+(𝑥)	𝑑𝑥 + p 𝑎+o 𝑥+𝑃(𝑥)𝑑𝑥																		(3.76)

L

@

?$%

+E+

	
L

@

?

+E%

 

 
 
 
To find the best integration points in order to minimize the integration error (called also optimal 
points or Barlow points) it must be imposed that the integral of the Legendre polynomial must 
be zero: 
 

o 𝑥+𝑃(𝑥)𝑑𝑥 = 0																																																					(3.77)
L

@
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Also called minimization technique: finding the best points of estimating the function inside 
the element. Moreover, the optimal points are calculated in the natural domain. Leading to: 
 
 
 

o 𝐹(𝑥)
L

@
𝑑𝑥 =p𝑓(𝑥+∗

?

+E%

)	o 𝑙+(𝑥)𝑑𝑥																																	
L

@
	(3.78) 

 
 
 
Meaning that with m sampling points a function of order (2m-1) can be exactly integrated. For 
example, we can exactly integrate a function of order 5 with only 3 points. In table n it can be 
seen the values of the integration points (optimal points) in natural coordinate and the values 
of the wight functions depending on the number of sampling points. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

m 𝜉+ 𝜂+ 𝑤+ 
1 0 0 2 
2 ±1/√3 ±1/√3 1 
3 0 

±√0.6 
0 

±√0.6 
8/9 
5/9 

Table 1: Sampling points and weight for Gauss quadrature [-1, 1] 

 
 

[𝑘] =pp𝑤+𝑤M 	[𝑏]+M- 	[𝐸][𝑏]+M det[𝐽]+M ℎ																																			(3.79)
?

ME%

?

+E%

 

 
 
As it can be seen from the formula, the wight functions directly affect the stiffness matrix, so 
the choice of the integration points is extremely important to correctly estimate the stiffness 
matrix. 
Moreover, the choice of the integration points of the stiffness matrix could affect the elastic 
energy of the system, introducing spurious modes or hidden mechanism (zero-energy 
deformation mode) or better it can be seen as a new rigid motion that doesn’t exist in reality.  

Figure 10: Integration points inside a quadratic element of four nodes 
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𝑈 ∝ [𝑘∗]oℎ det[𝐽] 𝑑𝜉	𝑑𝜂 																																													(3.80) 

 
 
A general formula of understanding if spurious modes are introduced in the system is by 
evaluating the next formula: 
 
 

𝑀 = 𝐺𝑁 − 𝐿 − 𝑟𝑛																																																				(3.81) 
 
 
 
If M≤ 0 no spurious modes are present. Or if 𝑟𝑛 ≥ 𝐺𝑁 − 𝐿. 
 
G: number of nodal d.o.f. 
N: number of element nodes 
L: number of rigid modes d.o.f. 
r: rank of matrix [E] 
n: number of integration points 
 
 
Another valuable test for verifying spurious modes is examining the eigenvalues of the stiffness 
matrix. The eigenvalues of the stiffness matrix are proportional to the potential energy 
associated with different deformation modes. Therefore, an eigenvalue test can serve as an 
effective measure of element quality, as it can identify zero-energy modes, which indicate 
potential issues with the discretization or element formulation. 
The element strain energy is:  
 
 

𝑈 =
1
2 {𝑠}

-[𝑘]{𝑠}																																																					(3.82) 
 
The eigenproblem: 
 

[𝑘]{f} = l{f}																																																									(3.83) 
 
 
Each eigenvalue l+ of [k] is twice the element strain energy 𝑈+ when normalized nodal 
displacement ²f+³ are imposed: 
 

²f+³
-[𝑘]²f+³ = 2𝑈+ =	l+																																																(3.84) 

 
 
l+ = 0 when the corresponding ²f+³	represent rigid body motion. 
If the number of zero eigenvalues is greater then, d.o.f. of rigid body motion, spurious rigid 
body motion will be present. In fact, zero-energy deformation modes also yield zero 
eigenvalues combination of zero-energy mode and rigid body mode. 
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Time integration methods 
 
Equations are verified only at discrete value of time and usually at very time step ∆𝑡. A law is 
assumed for displacement, velocity, and acceleration in the time interval ∆𝑡. For this reason, 
some direct integration methods are born. The most know two are classified as Explicit and 
Implicit methods. 
 

• Explicit methods (central difference method): Solution at time t is written and solution 
at time 𝑡 + ∆𝑡  is obtained by using the finite difference expressions for displacement, 
velocity, and acceleration. This method is conditionally stable and can be solved 
directly.  

 
 

𝑢(𝑡&"%) = 𝑢(𝑡&) +	∆𝑡	𝑓g𝑡&, 𝑢(𝑡&)k																																								(3.85) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑀𝑢&"%̈ + 𝐶𝑢&"%̇ + 𝐾𝑢&"% = 𝑃&"%(𝑡)																																		(3.86) 
 
 
Approximation of velocity and acceleration becomes: 
 

�̇�& =
1
2∆𝑡

(𝑢&"% − 𝑢&$%)																																												(3.87) 
 
 

�̈�& =
1
∆𝑡'

(𝑢&"% − 2𝑢& + 𝑢&$%)																																							(3.88) 
 
 

y𝑀 +
1
2∆𝑡	𝐶z 𝑢&"% =

(∆𝑡')𝑃& − [(∆𝑡')𝐾 − 2𝑀]𝑢& − y𝑀 −
∆𝑡
2 𝐶z𝑢&$%										(3.89) 

 
 

Figure 11: Approximation of the u through its derivative 
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• Implicit methods (Houbolt, Wilson-q, Newmark): equilibrium equation is written at 
time t+Dt. Displacement vector is a function of displacement at time t (know), and 
velocities and acceleration at time t+Dt (unknow). Implicit methods are 
unconditionally stable, but it has to be solved iteratively. 

 
 
 

𝑢(𝑡&"%) = 𝑢(𝑡&) +	∆𝑡	𝑓g𝑡&"%, 𝑢(𝑡&"%)k																																	(3.90) 
 
 

𝑀𝑢&"%̈ + 𝐶𝑢&̇ + 𝐾𝑢& = 𝑃&(𝑡)																																											(3.91) 
 
 
An important observation is that the cost of a direct integration is directly proportional to the 
number of time steps required for the solution. The time step Dt must be small enough to obtain 
accuracy in the solution and avoid divergence problems, but it must not be smaller than 
necessary. Stability of an integration method means that the initial condition for the equations 
with a large value of Dt/T must not be amplified artificially. Accuracy errors in the integration 
method can be measured in terms of period elongation or amplitude decay. 
 
The general condition for stability in explicit is to have a convergence criterion: 
 

D𝑡 ≤ 	
2

max(𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒)																																														(3.92) 

 
While for implicit it’s enough Dt > 0 but an opportune time step has to be chosen to yield an 
accurate and effective solution and avoid period elongations or amplitude decay. 
 
Another equivalent method of evaluating the time-step Dt is determined by the smallest 
element of the mesh: 
 

∆𝑡	 ≤ 𝑓 ∗ 𝑚𝑖𝑛 y
ℎ
𝑐z																																																			(3.93) 

The time-step size is limited so that a stress wave cannot travel farther than the smallest 
element characteristic length in a single time-step. This is called the Courant-Friedrichs- 
Lewy (CFL) condition. 

• h is the characteristic length of a finite element. In explicit analysis, having uniform 
element size is very important, because the time-step size is controlled by the smallest 
element.  

• c is the sound speed in the material.  
• f is a safety factor, usually equal to or smaller than 1.  
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Advantages and disadvantages of both ;me integra;on methods 
 
Explicit 
 

• Computa3onal fast 
• Robust, even for strong nonlinear problems 
• Condi3onally stable 
• Expensive to conduct long dura3ons  
• To control equilibrium the energy balance must be controlled 

 
 
Implicit  
 

• The method is unconditionally stable  
• Can be used for static simulations 
• Relatively inexpensive for long durations  
• Often requires large amount of memory  
• Can have problems with strong non-linear models 

 
 
The two methods are used for different applications. The explicit time integration is used for 
high-rate dynamic analysis, car crash, impact/penetration problems, explosives. While the 
implicit time integration is used for low-rate dynamic analysis, static simulations, eigenvalue 
analyses, spring-back, gravity loading, preload. 
 
 
 
 

4. Composites materials 
 
A composite material is a material made from two or more constituent materials with 
significantly different physical or chemical properties that, when combined, produce a material 
with characteristics different from those of the individual components. In simpler terms, 
composites are created by blending two or more materials to achieve desired properties that 
may not be achievable with any single material alone. 
One of the most common types of composite materials is fibre-reinforced composites, where 
fibres—often made of materials like carbon, glass, or aramid—are embedded within a matrix 
material, typically a polymer resin. The fibres provide strength and stiffness, while the matrix 
holds them in place and transfers loads between them. This combination results in a material 
that is lightweight, strong, and tailored to specific applications. 
 
The applications of composite materials are vast and varied, spanning industries from 
aerospace and automotive to construction and sports equipment. Here are some notable 
examples: 
 

• Aerospace: Composite materials revolutionized the aerospace industry by offering 
lightweight alternatives to traditional metals. Aircraft components like wings, 
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fuselages, and empennages are now commonly constructed using carbon fiber 
composites, reducing weight and improving fuel efficiency. 

 
• Automotive: In the automotive sector, composites are used to manufacture components 

such as body panels, chassis parts, and interior trim. Carbon fibre reinforced polymers 
(CFRP) are particularly popular in high-performance vehicles for their strength-to-
weight ratio and corrosion resistance. 

 
• Marine: Composite materials find extensive use in the marine industry due to their 

resistance to corrosion and ability to withstand harsh environments. They are used in 
boat hulls, decks, masts, and other structural components, offering durability and 
performance benefits over traditional materials like wood or metal. 

 
• Wind Energy: Wind turbine blades benefit greatly from composite construction. 

Fiberglass and carbon fibre composites are used to create lightweight yet durable blades 
that efficiently capture wind kinetic energy. Composites enable longer blades, 
increasing the energy output of wind turbines. 

 
• Sporting Goods: From tennis rackets to golf clubs and bicycle frames, composite 

materials have become synonymous with high-performance sporting goods. Their 
ability to be precisely engineered for specific stiffness, strength, and weight 
characteristics makes them ideal for enhancing athletic performance. 

 
• Construction: In the construction industry, composites are used in a variety of 

applications, including bridges, panels, and reinforcement materials. Composite 
materials offer advantages such as corrosion resistance, high strength, and ease of 
installation, making them appealing for both new construction and rehabilitation 
projects. 

 
 
Advantages 
 
Composites are engineered materials. We can engineer them specifically to meet our needs on 
a case-to-case basis. In general, following properties can be improved by using composite 
materials. 
 

• Strength 
• Modulus 
• Weight 
• Vibration damping 
• Thermal stability 
• Acoustical insulation o Fatigue 
• Aesthetics 
• Resistance to wear 
• Resistance to corrosion 
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Disadvantages 
 
Like all things in nature, composites materials have their limitations as well. Some of the 
important ones are: 

• Anisotropy: Many composites have direc3on dependent material proper3es. This 
makes them more difficult to understand, analyse and engineer, compared to 
isotropic materials. 

• Non-homogenous: Further, these materials by defini3on are not homogenous. Hence 
their material proper3es vary from point-to-point. This factor as well makes them 
difficult to model and analyse. 

• Costly: Composite materials are in general expensive. Thus, they are used only in 
applica3ons where their benefits outweigh their costs. 

• Residual thermal stresses: Laminated composites come in with residual thermal 
stresses because they get fabricated at high temperatures, and then cooled. Such a 
process locks in thermal stresses into the structure. 

• Moisture effects: Laminated composites are also sensi3ve to moisture, and their 
performance varies significantly when exposed to moisture for long periods of 3me. 
 
 
 

Fibres characteristics 
 
Fibres are significantly stronger than bulk materials because: 

• They have a far more “perfect” structure, i.e. their crystals are aligned along the fibre 
axis. 

• There are fewer internal defects, especially in direction normal to fibre orientation, 
and hence there are lesser number of dislocations. 

As it can be seen from the table n the difference in the bulk and fibres strength is significant. 
 
 
 
 

Figure 12: Physical and Mechanical properties comparison between Composites and metals 
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Fibre Specific Gravity E modulus 

(GPa) 
Bulk tensile 
strength (MPa) 

Fibre tensile 
strength (MPa) 

Al 2.7 78 140-620 620 
Ti alloy/fibre 4.5 115 1040 1900 
Stell 7.8 210 340-1200 4100 
E-glass 2.54 72 70-210 3500 
S-glass 2.48 86 70-210 4600 
Carbon 1.41 190 Very low 2100-2500 

Table 2: general mechanical properties of fibers 

 
 
Matrix characteristics  
 
The matrix has different functions in the composite: 
 

• Transmit force between fibers  
• Arrest cracks from spreading between fibers 
• Do not carry most of the load 
• Hold fibers in proper orientation  
• Protect fibers from environment 

 
Moreover, the matrix should also sustain interlaminar shear stress, be tough, resist to 
environmental moisture and temperature conditions. 
Most widely used matrix materials are: Epoxies, Polyesters, vinylesters, PEEK, PPS, nylon, 
polycarbonate, polyacetals, polyamides, polyether imides, polystyrene, silicones. 
 
 
 
Advantages 
 

• Relatively low cost 
• Easy to process 
• Low density 
• Superior chemical resistance 

 
 
Disadvantages 
 

• Low strength 
• Low modulus  
• Limited range for operating temperature 
• Sensitivity to UV radiation, specific solvents, and occasionally humidity  
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Hooke’s Law for 3D Orthotropic Lamina 
 

The stress tensor comprises nine different components: normal stresses, which can be either 
compressive or tensile, and shear stresses, which arise from torsional moments or pure shear 
forces. Similarly, the strain tensor also has nine components: three are normal strains, and the 
remaining six are shear strains. Initially, this would suggest 81 independent elastic constants to 
relate stresses and strains according to Hooke’s Law. However, by applying the reciprocity 
theorem of stresses and strains and leveraging the symmetry of the stiffness matrix (as 
described by Schwarz's theorem), the number of independent elastic constants is reduced to 36 
[6]. 

 
s+M = sM+ 																																																																		(4.0) 

 
gBT = gTB 																																																																		(4.1) 

 
𝐶+M = 𝐶M+ 																																																																		(4.2) 

 
𝜕'𝜂
𝜕e+𝜕eM

=	
𝜕'𝜂
𝜕eM𝜕e+

																																																									(4.3) 

 
 

⎩
⎪
⎨

⎪
⎧
s%
s'
sN
t'N
tN%
t%'⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐶%% 𝐶%' 𝐶%N
𝐶'% 𝐶'' 𝐶'N

𝐶%K 𝐶%U 𝐶%V
𝐶'K 𝐶'U 𝐶'V

𝐶N% 𝐶N' 𝐶NN
𝐶K% 𝐶K' 𝐶KN
𝐶U%
𝐶V%

𝐶U'
𝐶V'

𝐶UN
𝐶VN

𝐶NK
𝐶KK

𝐶NU 𝐶NV
𝐶KU 𝐶KV

𝐶UK
𝐶VK

𝐶UU 𝐶UV
𝐶VU 𝐶VV⎦

⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
e%
e'
eN
g'N
gN%
g%'⎭
⎪
⎬

⎪
⎫

																								(4.4) 

 
 
Only 21 of these 36 constants are independent constants: 
 

⎩
⎪
⎨

⎪
⎧
s%
s'
sN
t'N
tN%
t%'⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐶%% 𝐶%' 𝐶%N
𝐶'% 𝐶'' 𝐶'N

𝐶%K 𝐶%U 𝐶%V
𝐶'K 𝐶'U 𝐶'V

𝐶N% 𝐶N' 𝐶NN
𝐶K% 𝐶K' 𝐶KN
𝐶U%
𝐶V%

𝐶U'
𝐶V'

𝐶UN
𝐶VN

𝐶NK
𝐶KK

𝐶NU 𝐶NV
𝐶KU 𝐶KV

𝐶UK
𝐶VK

𝐶UU 𝐶UV
𝐶VU 𝐶VV⎦

⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
e%
e'
eN
g'N
gN%
g%'⎭
⎪
⎬

⎪
⎫

																											(4.5) 

 
 
 
Composites are not isotropic material, so their properties are not the same in all directions, 
but they are orthotropic, meaning that properties are constants only along the material axis 
thank to the existence of three planes of material symmetry.  
Having an orthotropic material, the number of constants are decreasing to 9: 
 
 



 41 

[𝐶] =

⎣
⎢
⎢
⎢
⎢
⎡
𝐶%% 𝐶%' 𝐶%N
𝐶%' 𝐶'' 𝐶'N
𝐶%N 𝐶'N 𝐶NN

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

𝐶KK 0 0
0 𝐶UU 0
0 0 𝐶VV⎦

⎥
⎥
⎥
⎥
⎤

																																					(4.6) 

 
 
 
As it is know, if the stiffness matrix exists we can also write the invers of it: the compliance 
matrix [S]. 
 
 
 

[𝑆] =

⎣
⎢
⎢
⎢
⎢
⎡
𝑆%% 𝑆%' 𝑆%N
𝑆%' 𝑆'' 𝑆'N
𝑆%N 𝑆'N 𝑆NN

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

𝑆KK 0 0
0 𝑆UU 0
0 0 𝑆VV⎦

⎥
⎥
⎥
⎥
⎤

																																							(4.7) 

 
 
 

[𝑆] =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1
𝐸%

−𝜈%'
𝐸%

−𝜈%N
𝐸%

−𝜈'%
𝐸'

1
𝐸'

−𝜈'N
𝐸'

−𝜈N%
𝐸N

−𝜈N'
𝐸N

1
𝐸N

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

1
𝐺'N

0 0

0
1
𝐺N%

0

0 0
1
𝐺%'⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																		(4.8) 

 
 
 
 
Another important point to keep in mind is that even if the composite are orthotropic, there is 
a transversely isotropic plane (plane 2-3). 
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In direction 2 and 3, elastic properties are direction independent: leading to another reduction 
of the elastic constants from 9 to 5. 
 
 
 

[𝐶] =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝐶%% 𝐶%' 𝐶%'
𝐶%' 𝐶'' 𝐶'N
𝐶%' 𝐶'N 𝐶''

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

𝐶'' − 𝐶'N
2 0 0
0 𝐶UU 0
0 0 𝐶UU⎦

⎥
⎥
⎥
⎥
⎥
⎤

																															(4.9) 

 
 
 
A lamina may be assumed to have only two dimensions as its thickness is very small 
compared to its in-plane dimensions. The plane stress conditions are: sN = t'N = tN% = 0. 
Allowing to have in this way 6 independent constants. In case the composite is transversely 
isotropic, they will be 5. 
 
 

º
s%
	s'
t%'
» = ¼

𝑄%% 𝑄%' 0
𝑄%' 𝑄'' 0
0 0 𝑄VV

½ º
e%
e'
g%'
»																																											(4.10) 

 
 
 
 
 
 



 43 

Fundamental material properties 
 
For transversely isotropic composites, there are five fundamental material strength 
parameters and five elastic constants that are crucial for describing the behavior of a lamina. 
To summarize, for transversely isotropic unidirectional materials, you need to specify five 
distinct material strength parameters in the principal material directions, as well as five elastic 
constants. 
 

• Longitudinal tensile strength sW*X 
• Transverse tensile strength s-*X 
• Longitudinal compressive strength sWYX 
• Transverse compressive strength s-YX 
• In-plane shear strength tX 
• Longitudinal modulus 𝐸% 
• Transverse modulus 𝐸' 
• Major Poisson’s ratio 𝜈%' 
• Shear modulus 𝐺%' 
• Transverse Poisson’s ratio 𝜈'N 

 
 
These properties can be expressed either as volume fractions, or as mass fractions. While mass 
fractions are easier to obtain during fabrication of composites, volume fractions are handier in 
theoretical analyses.  
Volume fraction of matrix 𝑉?	and fiber 𝑉Z are given by the ratio of volumes: 
 

𝑉? =
𝜈?
𝜈Y
																																																																	(4.11) 

 
𝑉Z =

𝜈Z
𝜈Y
																																																																		(4.12) 

 
 
Then the mass fraction of matrix 𝑀? and fiber 𝑀Z are: 
 
 

𝑀? =	?,
?-

  = r,
r-
𝑉?																																																						(4.13) 

 
 

𝑀Z =	
?.

?-
  = 

r.
r-
𝑉Z																																																									(4.14) 

 
 

The density of the composite is obtained as a rule of mixture: 
 
 

rY = r?
𝜈?
𝜈Y
+ rZ

𝜈Z
𝜈Y
=	r?𝑉; +	rZ𝑉Z																																			(4.15) 
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In real cases, there is also a volume fraction of voids in the composites 𝑉[ :  
 

𝑉[ =	
𝜈[
𝜈YH

																																																															(4.16) 

 
Where 𝜈YH 	is the empirical (with voids) composite volume. Leading to an empirical and a 
theoretical composites density: 
 

¾
rYH =	

𝑚Y

𝜈YH
rY* =	

𝑚Y

𝜈Y*

																																																													(4.17) 

 
 
It can be seen that the longitudinal modulus 𝐸% can be obtained also by a rule of mixture, 
considering the composite as a spring in parallel model, having two stiffnesses, one of the 
matrix, and one of the fibre. Both are undergoing the same strain when deformed but the 
stresses are different. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e = eY = eZ = e?																																																								(4.18) 
 

s% =	sZ𝑉Z +	s?𝑉?																																																						(4.19) 
 

𝐸W = 𝐸% = 𝐸Z𝑉Z + 𝐸?𝑉?																																															(4.20) 
 

 
The rule of mixtures indicates that the load carried by fibers can be increased by either 
enhancing the fiber stiffness or by raising the fiber volume fraction. However, experimental 
data reveal that targeting fiber volume fractions above 80% becomes impractical. This is due 
to challenges such as poor fiber wetting and inadequate matrix impregnation between the 
fibers. 
 
Regarding the transverse modulus 𝐸': it can be evaluated by considering the model of tow 
spring in series. They undergo the same load but different strains due to the difference in 
stiffness.  
 
 

Figure 14: Lamina representation under tension along direction 1 
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s' =	sY = sZ = s?																																																			(4.21) 
 

e' =	 e',Y = e',Z𝑉Z + e',?𝑉?																																													(4.22) 
 
 

1
𝐸'
=
1
𝐸-

=
𝑉Z
𝐸Z
+
𝑉?
𝐸;

																																																			(4.23) 

 
According to experiments this rule of mixture is not so accurate, for this reason a correction 
is introduce by Halpin-Tsai: 
 

𝐸'
𝐸?

=	
1 + 	𝜁𝜂𝑉Z
1 − 𝜂𝑉Z

																																																							(4.24) 

 
Where 𝜁 is a parameter that accounts for packing, fiber geometry and loading conditions. It is 
2 for fibers with square and round cross-sections. 
 
Another important parameter is the major Poisson’s ratio (obtained with anther rule of 
mixture): 𝜈%' 
 
 
 
 
 
 
 
 
 
 
 

e- =	
∆𝑤
𝑤 =

∆𝑤Z + ∆𝑤?
𝑤 =	

−𝜈ZeW𝑤Z − 𝜈?eW𝑤?
𝑤 																															(4.25) 

 
 

Figure 15: Lamina representation under tension along 
direction 2 

Figure 16: Lamina representation under tension along direction 1 
with width variation for the evaluation of Poisson’s ratio. 
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𝜈%' =	𝜈W- =
−e-
eW

=	𝜈Z𝑉Z + 𝜈?𝑉?																																											(4.26) 

 
 
For the minor Poisson’s ratio, it's important to consider the differing behaviors of the two 
materials under load. The matrix tends to contract more, while the fiber tends to contract less. 
Although the final deformation is uniform, this difference in behavior results in the matrix 
being subjected to tensile stress, while the fiber experiences compressive stress. 
 
 
 

e%,Z =	 e% +	𝜈Ze',Z < 0																						(4.27) 
 

e%,? =	 e% +	𝜈?e',? > 0																		(4.28) 
 

s' = s',Z = s',?																																(4.29) 
 

s%,Z𝑉Z + s%,?𝑉? = 0																										(4.30)	 
 
 

𝜈'%
𝐸'

=
𝜈%'
𝐸%
																																															(4.31) 

 
 
 
 
 
Next in line is the shear modulus 𝐺%', it is evaluated in the same way as the model of series 
springs explained previously. So, the springs undergo the same load, but due to their different 
stiffness they deform differently. From here another rule of mixture will come out: 
 
 

t%' =	 tY = tZ = t?																													(4.32) 
 

gY = gZ𝑉Z + g?𝑉;																																(4.33) 
 

1
𝐺%'

=
1
𝐺W-

=
𝑉?
𝐺?

+
𝑉Z
𝐺Z
																									(4.34) 

 
 
 
 
 
 
 
A more accurate formulation is provided by Halpin-Tsai: 
 
 

Figure 17: Lamina representation under 
tension along direction 2 for the 

evaluation of minor Poisson’s ratio. 

Figure 18: Lamina under shear tension 
for the evaluation of the shear modulus 
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𝐺%'
𝐺?

=	
1 + 	𝜂	𝑉Z
1 − 	𝜂	𝑉Z

																																																										(4.35) 

 
 
Another important material constant is the longitudinal CTE (coefficient of thermal expansion): 
During the thermal expansion of a composite, the different parts of it tend to react differently, 
the matrix would like to expand more while the fibre would like to expand less. The final 
deformation is the same, but the conditions of stress are different, the matrix is under 
compression while the fibre is under tension. These equations are valid for a unidirectional 
lamina. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The strains are: 
 
 

e%,Z,∆- = e% − aZ∆𝑇 > 0																																																		(4.36) 
 

e%,?,∆- = e% − a?∆𝑇 < 0																																																		(4.37) 
 
 
The stresses are: 
 

s%,Z𝑉Z +	s(%,?)𝑉? = 0																																																				(4.38) 
 
 
The rule of mixture describing the longitudinal CTE: 
 
 

a% = aW =	aZ
𝐸Z𝑉Z
𝐸%

+ a?
𝐸?𝑉?
𝐸%

																																											(4.39) 

 
 
 
The CTE in the transversal direction can be evaluated starting from physical considerations 
(as before). During the expansion of the composite the matrix would like to expand more 

Figure 19: Lamina under thermal load in direction 1 
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while the fibre would like to expand less. In terms of stresses the matrix is under compression 
and the fibre is under tension.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The situation is more complex in this case, in order to understand what’s happening it must be 
considered the strains of fibre and of the matrix separately: 
 
Strain in fibre due to thermal dilatation of fibre 
 

e',Z,∆-	 =	aZ∆𝑇 > 0																																																					(4.40)  
 
The dilatation in direction two will induce a reduction of dimension in direction one described 
by the Poisson’s ratio: 
 

e',Z,[. =	−	𝜈Ze%,Z,∆- < 0																																																		(4.41) 
 
So, the total strain of the fibre is:  
 

e',Z =	aZ∆𝑇 −	𝜈Ze%,Z,∆- > 0																																											(4.42) 
 
 
Which is positive (so fibres in tension) only if  e',Z,∆-	 >	 e',Z,[. 
 
For the matrix the situation is analogues, the only difference is that the strain that comes from 
Poisson’s ratio in this case is positive. 
 

e',?,∆-	 =	a?∆𝑇 > 0																																																				(4.43)  
 

e',?,[. =	−	𝜈?e%,?,∆- > 0																																																(4.44) 
 

e',? =	a?∆𝑇 −	𝜈?e%,?,∆- > 0																																											(4.45) 
 
In this case the matrix is in tension. The transversal coefficient CTE is given by: 
 

 
Figure 20:Laminate under thermal load in direction 2 



 49 

 
a' = a- = g1 + 𝜈ZkaZ	𝑉Z + (1 + 𝜈?)a?	𝑉? −	𝜈%'a%																				(4.46) 

 
Laminate 

A laminate is composed of multiple laminae, stacked and bonded together. Each lamina within 
the stack may possess different properties. To predict the response of a laminate, the first step 
is to develop stress-strain relations for a composite plate. The primary assumptions regarding 
the properties of each lamina are as follows: it is elastic, orthotropic, and homogeneous; the 
adhesive bond between two adjacent layers is perfect, meaning it has zero thickness and no 
shear deformation (i.e., laminae cannot slip over one another). Additionally, the displacements 
across the laminate are assumed to be continuous. 

To transform from a global coordinate system x,y,z, to the material coordinate system, a 
transformation matrix [T] is required. For the stresses: 

 
 

º
s%
s'
t%'
» = [𝑇] º

s<
sS
t<S

»																																																								(4.47) 

 
 
 
Where [T] is: 
 

[𝑇] = ¼
cos' q sin' q 2	𝑠𝑖𝑛q	𝑐𝑜𝑠q
sin' q cos' q −2	𝑠𝑖𝑛q	𝑐𝑜𝑠q	

−𝑠𝑖𝑛q	𝑐𝑜𝑠q 𝑠𝑖𝑛q	𝑐𝑜𝑠q cos' q	 − sin' q	
½	(4.48) 

 
 
 
 

º
s<
sS
t<S

» = [𝑇]$% º
s%
s'
t%'
»																																																			(4.49) 

 
 
 
For the strains: 
 

º
e%
e'
g%'
» = [𝑅][𝑇][𝑅]$% º

e<
eS
g<S

»																																																(4.50) 

 
 
With [R]: 
 

Figure 21: Global and material 
coordinates of a composite. 
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[𝑅] = ¼
1 0 0
0 1 0
0 0 2

½																																																						(4.51) 

 
In case the stresses in x,y,z directions must be evaluated starting from the strains in x,y,z the 
stiffness matrix [Q] will be modified as follows. 
 

º
s%
s'
t%'
» = [𝑄] º

e%
e'
g%'
»																																																								(4.52) 

 

[𝑇]$% º
s%
s'
t%'
» = [𝑇]$%[𝑄] º

e%
e'
g%'
»																																																	(4.53) 

 

º
s<
sS
t<S

» = [𝑇]$%[𝑄] º
e%
e'
g%'
» = [𝑇]$%[𝑄][𝑅][𝑇][𝑅]$% º

e<
eS
g<S

» = [𝑄À] º
e<
eS
g<S

»												(4.54) 

 
 
[𝑄À] is fully populated: 
 

[𝑄À] = Á
𝑄%%ÀÀÀÀÀ 𝑄%'ÀÀÀÀÀ 𝑄%VÀÀÀÀÀ
𝑄%'ÀÀÀÀÀ 𝑄''ÀÀÀÀÀ 𝑄'VÀÀÀÀÀ
𝑄%VÀÀÀÀÀ 𝑄'VÀÀÀÀÀ 𝑄VVÀÀÀÀÀ

Â																																																			(4.55) 

 
 
Particular attention must be dedicated to the terms 𝑄%V and 𝑄'V which couple normal and shear 
responses, present in orthotropic lamina when loading direction and material axes are not 
coincident, application of normal stresses produces normal as well as shear strains. These two 
terms are also known as cross-coupling stiffness coefficients.  
 
From displacement field to Strain field 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑢(𝑥, 𝑦, 𝑧) = 𝑢!(𝑥, 𝑦) − a(𝑥, 𝑦) ∙ 𝑧																																									(4.56) 
 

𝑤(𝑥, 𝑦) = 𝑤!(𝑥, 𝑦)																																																				(4.57) 

Figure 22: Infinitesimal element under bending with direct effect on 
the displacement u(x,y,z). 
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a(𝑥, 𝑦) =
𝜕𝑤(𝑥, 𝑦)
𝜕𝑥 =

𝜕𝑤!(𝑥, 𝑦)
𝜕𝑥 																																								(4.58) 

 

𝑢(𝑥, 𝑦, 𝑧) = 𝑢!(𝑥, 𝑦) − 𝑧
𝜕𝑤!(𝑥, 𝑦)

𝜕𝑥 																																					(4.59) 
 
 

𝑣(𝑥, 𝑦, 𝑧) = 𝑣!(𝑥, 𝑦) − 𝑧
𝜕𝑤!(𝑥, 𝑦)

𝜕𝑦 																																				(4.60) 

 
 
It is known that the strains are nothing but the variation of the displacement in the different 
directions: 
 

e< =
𝜕𝑢(𝑥, 𝑦, 𝑧)

𝜕𝑥 =
𝜕𝑢!(𝑥, 𝑦)

𝜕𝑥 − 𝑧
𝜕'𝑤!(𝑥, 𝑦)

𝜕𝑥' 																													(4.61) 
 

eS =
𝜕𝑢(𝑥, 𝑦, 𝑧)

𝜕𝑥 =
𝜕𝑣!(𝑥, 𝑦)

𝜕𝑥 − 𝑧
𝜕'𝑤!(𝑥, 𝑦)

𝜕𝑥' 																													(4.62) 
 

g<S =
𝜕𝑢(𝑥, 𝑦, 𝑧)

𝜕𝑥 =
𝜕𝑢!(𝑥, 𝑦)

𝜕𝑥 +
𝜕𝑣!(𝑥, 𝑦)

𝜕𝑥 	− 2𝑧
𝜕'𝑤!(𝑥, 𝑦)
𝜕𝑥𝜕𝑦 																(4.63) 

 
 
Leading to obtain two contributions, the first one is the membrane strain while the other one 
is the k curvature due to bending. 
 
 

º
e<
eS
g<S

» = ¾
e<!

eS!

g<S
!
Ã + 𝑧Ä

𝑘<
𝑘S
𝑘<S

Å																																																	(4.64) 

 
From strain filed to stress field  
 
The stress in one layer is given by:  
 
 

º
s<
sS
t<S

» = Á
𝑄%%ÀÀÀÀÀ 𝑄%'ÀÀÀÀÀ 𝑄%VÀÀÀÀÀ
𝑄%'ÀÀÀÀÀ 𝑄''ÀÀÀÀÀ 𝑄'VÀÀÀÀÀ
𝑄%VÀÀÀÀÀ 𝑄'VÀÀÀÀÀ 𝑄VVÀÀÀÀÀ

Â ¾
e<!

eS!

g<S
!
Ã + 𝑧 Á

𝑄%%ÀÀÀÀÀ 𝑄%'ÀÀÀÀÀ 𝑄%VÀÀÀÀÀ
𝑄%'ÀÀÀÀÀ 𝑄''ÀÀÀÀÀ 𝑄'VÀÀÀÀÀ
𝑄%VÀÀÀÀÀ 𝑄'VÀÀÀÀÀ 𝑄VVÀÀÀÀÀ

Â Ä
𝑘<
𝑘S
𝑘<S

Å										(4.65) 

 
 
The stresses are evaluated from the resultant forces and moments along the thickness of the 
layers of the laminate. At the same time stress are also evaluated as the result of the stiffness 
matrix and strains.  
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Ä
𝑁<
𝑁S
𝑁<S

Å =po
s<
{sS
t<S

_+	

_+/(
}

D

ME%

	𝑑𝑧																																																	(4.66) 

 

Ä
𝑀<
𝑀S
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So, it can be shown the connection between the forces, moments, and stresses (eq. 4.68 and 
4.69): 
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Obtaining (4.73 and 4.74):  
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Figure 23: Laminate’s N-th Lamina and distances from the 
midplane. 
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Shortly written as: 
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Considerations about extensional matrix [A]:  
 

• For a given resultant force, mid-plane strains decrease as elements of this matrix 
increase in magnitude. 

• Magnitude of extensional stiffness increases directly in proportion to the thickness of 
each layer, since (ℎM − ℎM$%) equals thickness of 𝑘*_lamina. 

• If terms 𝐴%V and 𝐴'V are different form zero means an extensional force will generate 
not only extensional strain but shear strain as well; similarly shear forces will generate 
not only shear strain in the laminate but extensional strain as well. 

 
 
 
Considerations about coupling matrix [B]:  
 

• If the magnitude of this matrix is non-zero, then a composite laminate will exhibit 
bending and twisting, even if external moment on it is perfectly zero; also the composite 
will exhibit extensional and shear strains even if external forces on it are zero. 

• Laminates are carefully engineered to ensure that all elements of B are zero. 
 
 
 
 
 
 
Considerations about bending matrix [D]:  
 
 

• The bigger the magnitude of [D] the lower the curvature generate by a unit bending 
moment. 
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• Terms 𝐷%V and 𝐷'V couple bending and twisting. If either of these terms is non-zero, 
then, a pure moment will generate not only bending curvature but twist curvature as 
well; vice-versa for a pure torque. 

 
 
Thermal stresses and strains in a laminate  
 
Mechanical and thermal strains in the j-th lamina are the sum of the two contributions: 
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From the strains the passage to the stresses is straightforward: 
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Mechanical force in the laminate if only the ∆𝑇 is applied are zero so we can express the 
thermal forces in the laminate can be expressed as:  
 
 

Ä
𝑁<
𝑁S
𝑁<S

Å

∆-

= ∆𝑇pÁ
𝑄%%ÀÀÀÀÀ 𝑄%'ÀÀÀÀÀ 𝑄%VÀÀÀÀÀ
𝑄%'ÀÀÀÀÀ 𝑄''ÀÀÀÀÀ 𝑄'VÀÀÀÀÀ
𝑄%VÀÀÀÀÀ 𝑄'VÀÀÀÀÀ 𝑄VVÀÀÀÀÀ

Â º
a<
aS
a<S

» gℎM − ℎM$%k
D

ME%

																		(4.83) 

 
 
Coupling with strains: 
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The mechanical moments in the laminate if only ∆𝑇 is applied are zero so the thermal 
moments in the laminate are: 
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Coupling with strains: 
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So, the thermal strains in the laminate can be expressed as:  
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The residual thermal strains and stresses in the j-th lamina is given by the subtraction of the 
actual strains of the j-th lamina and the free stains that would have happened in the lamina if 
it would be free to expand. 
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Composites lamina-on: vacuum bag method 
 
The vacuum bag infusion technique is a popular technique for fabricating high-quality 
composite laminates. This method involves placing the fiber fabric layup into a vacuum bag to 
obtain the vacuum and then carrying out the resin infusion. 
 
A description of the manufacturing processes used to fabricate the laminates used in the work 
is provided below: 
 

• Depending on the thickness needed, an appropriate number of fiber layers should be 
cut according to the dimensions of the mold. 

• Clean the mold, ensuring that the mold surface is clean, smooth, and free from any 
debris. 

• Apply a mold release agent to ensure the laminate can be easily removed from the mold 
once cured. 

• Layup Layers (Figure 24): Lay the composite fabric onto the mold, layer by layer, 
according to the design specifications. In this case we had 2x2 woven configuration for 
all composites. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Flow mesh: Place the mesh cloth over the release fabric. This material allows air and 
resin to flow from inlet to outlet valves. 
 

• Apply sealant tape around the perimeter of the mold, ensuring there are no gaps. 
 

Figure 24: Layup Layers 
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• Cut the vacuum bag film to size and place it over the entire layup and mold. Press the 
edges of the bag onto the sealant tape to create an airtight seal. 

 

• Attach the vacuum port to the bag and connect it to the vacuum pump using tubes 
(Figure 25) 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

• Evacuate Air: Turn on the vacuum pump and evacuate the air from the vacuum bag, 
monitoring the vacuum gauge to ensure proper vacuum pressure is achieved. 

 
• Monitor for 5-10 min that the vacuum gauge pressure does not change, in order to 

understand if the bag has some leakages due to the sealant or it’s damaged. 
 

• Mix the resin with the hardener according to the specifications of the producer and by 
using the vacuum pump eliminate any possible air trapped inside during the mixing 
process (Figure 26). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 25: Layers covered by the sealed vacuum bag 

Figure 26: Mixing the resin with the hardener 
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• From one side of the bag use one of the tubes to blow the resin inside the bag wetting 
the fibers. 

 
• Cure the Laminate: allow the laminate to cure as per the resin manufacturer’s 

instructions. This may involve room temperature curing or elevated temperature curing 
in an oven. For this thesis a room temperature curing of 24 h plus a 4h at 90 ℃ has been 
implemented. 
 

• Remove the Vacuum Bag and demold the part: once the laminate is fully cured, 
carefully remove the vacuum bag, breather cloth, and demold the part. The oven curing 
can start at this point. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
After the curing process the composite is ready to be cut according to the dimensions needed 
for the tests. In the case of this thesis the composites had general dimensions of 150x30x(3.5-
4) mm. 
 
 
 
 
 
 
 
 
 
 
 

Figure 27: Curing oven (left) and final result of the lamination (right) 
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Types of composites 
 
In this thesis, four types of composites were laminated using the vacuum technique method: 
 

• Woven glass fiber with 30% natural epoxy resin  
 

• Woven glass fiber with a traditional epoxy resin. 
 

• Woven carbon fiber with traditional epoxy resin  
 

• Woven flax fiber with traditional epoxy resin 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In this study the theoretical geometry of each specimen after the cutting process using the sand 
water jet machine is 150x30x(3.5÷4) mm. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 28: Carbon and Flax fibers (left) epoxy infusion resin (right) 
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5. Evalua-on of specimen mechanical proper-es 
 
The four types of composites have been tested in the RFDA-HT1600 machine. Each specimen 
was located on two supports depending on the configuration tested: flexural or torsional. Under 
the specimen there was located an impulse device that hits the specimen exciting it and making 
it vibrate or better exciting all its modes (or most of them). Above the specimen, a special 
microphone is located, for detecting and capturing the vibrations of the specimen [7].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The tests have been performed at different temperatures: 25℃, 40℃, 60℃, 80℃ thanks to the 
Eurotherm programs of the machine. 
The general block diagram followed by the machine and acquisition system is illustrated in 
figure 31. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 29: Impulse excitation machine RFDA-HT 1600 IMCE 

Figure 30: Block diagram of the machine 



 62 

SeCngs of the soDware 
 
In the software of the machine, it is possible to set the specific parameters of the specimen and 
of the acquisition system. First information to insert are: the mass of the specimen, the 
geometry, the distance of the nodes, the Poisson’s ratio and the modes tested: flexural or 
torsional (Figure 31). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the acquisition system there are some specific settings; i) the sampling rate, depending on 
the biggest natural frequency needed to be evaluated; ii) the channel to be used for the 
acquisition; iii) the maximum measured time; iv) the trigger level in volts; v) the interval of 
time after which another impulse will take place; vi) the power of the impulse. In case one is 
interested in some portions of the signal, there is the possibility of inserting a filter having 
(according to the type of filter) low or high cut-off frequency. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 31: Characteristics of the specimen and mode to be calculated 

Figure 32: Sampling frequency and possible filters for the signal 
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Other special settings regard the number of points used for the FFT (fast Fourier transform) 
or the upper and lower limit of the signal in percentage used to evaluate the FFT. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
The results of the test are the graph of the signal decay, the FFT graph (spectrum) showing all 
the peaks representing the natural frequencies of the structure, the loss rate and the damping 
coefficient. The software also calculates the modulus (E or G), depending on the configuration 
that has been chosen. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 33: Trigger time repeated impulses and max points to calculate the FFT 

Figure 34: General window of results 
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Results of the thin glass fibre with epoxy 30% natural resin 
 
After performing the impulse excitation tests at different temperatures on the composite in 
flexural and torsional configuration it was possible to calculate according to the standard 
ASTM E1876-21, the elastic modulus 𝐸% and 𝐺%'. 
In table 3 it can be seen the natural frequencies and damping coefficient at the different 
temperatures. 
 
 
Table 3: Thin glass fiber composite first and second natural frequencies at different temperature 

Natural flexural 
frequency (Hz) 

Natural torsional 
frequency (Hz) 

Damping 
coefficient 
(flexural) 

Damping 
coefficient 
(torsional) 

Temperature (℃) 

571.35 1092.6 0.0262 0.0359 25 
567.68 1059.67 0.0291 0.0306 40 
559.15 994.24 0.0246 0.04 60 
505.72 728.33 0.1349 0.06 80 

 
 
In figure 35 and 36 it can be observed a typical spectrum in flexural and torsional 
configuration having on the abscissa the frequency in Hz and on the ordinate the amplitude in 
a linear scale. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 35: Spectrum of Thin glass in flexural configuration 
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It can be calculated, starting from the natural frequencies and geometry of the specimen, the 
elastic modulus 𝐸% and shear modulus 𝐺%' according to the formulas [8]: 
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Where 𝑇% is a correction factor that if L/t > 20, it is equal to: 
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𝐺 = 	
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Where R is a correction factor: 
 
 

Figure 36: Spectrum of Thin glass in torsional configuration 
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Where each parameter is: 
E = Young modulus [GPa] 
G= shear modulus [GPa] 
m = mass [g] 
𝑓>	or 𝑓* = flexural or torsional natural frequency [Hz] 
b = width of sample [mm] 
L = length of sample [mm] 
t = thickness of sample [mm] 
n = order of the resonance 
 
 
In table 4 it can be seen the results of this equations: 
 

 
Table 4: Thin glass fiber composite elastic moduli at different temperatures  

Elastic modulus 
𝐸1 (GPa) 

Shear modulus 
𝐺!" (GPa) 

Temperature 
(℃) 

21.47 3.27 25 
21.15 3.07 40 
20.46 2.69 60 
16.69 1.44 80 

 
 
In order to have a better overview on what it’s happening, it can be seen in table 5 the 
increase or decrease in percentage of the elastic modulus 𝐸%, shear modulus 𝐺%' and the 
damping coefficients [9] [10] [11]. 
 
 
 
Table 5: percentage variation of elastic moduli and damping coefficient with respect to the room temperature 
values 

Elastic modulus 
𝐸1 variation % 

Shear modulus 
𝐺!" variation % 

 

Damping 
coefficient % 

(flexural) 

Damping 
coefficient % 

(torsional) 

Temperature (℃) 

-1.49% -6.13% 11.29% -14.65% 40 
-4.69% -17.6% -5.87% 11.42% 60 
-22.26% -55.89% 414.76% 67.13% 80 
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Results of the thick glass fibre with epoxy resin 
 
Starting again from the measurements of the natural frequencies in different configurations 
(flexural or torsional) it was possible to evaluate the elastic modulus 𝐸% and shear modulus 𝐺%'. 
Let us see again in table n the values of natural frequencies and damping coefficients. 
 
 
Table 6: Thick glass fibers composite first and second natural frequencies and damping at different temperature 

Natural flexural 
frequency (Hz) 

Natural torsional 
frequency (Hz) 

Damping 
coefficient 
(flexural) 

Damping 
coefficient 
(torsional) 

Temperature (℃) 

668.58 1338.26 0.00934 0.03067 25 
664.49 1312.16 0.00812 0.02763 40 
647.60 1243.89 0.01210 0.06485 60 
606.87 1215.81 0.05306 0.05580 80 

 
 
 
In figure 37 and 38 it can be observed a typical spectrum in flexural and torsional configuration 
having on the abscissa the frequency in Hz and on the ordinate the amplitude in a linear scale. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 37: Spectrum of thick glass in flexural configuration 
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Using the same formulas of the standard, in table n it can be seen the results of 𝐸% and 𝐺%': 
 

 
Table 7: Thick glass fiber composite elastic moduli at different temperature 

Elastic modulus 
𝐸1 (GPa) 

Shear modulus 
𝐺!" (GPa) 

Temperature 
(℃) 

22.24 3.62 25 
21.92 3.47 40 
20.75 3.11 60 
18.15 2.96 80 

 
In order to have a better overview on what it’s happening, it can be seen in table n the 
increase or decrease in percentage of the elastic modulus 𝐸%, shear modulus 𝐺%' and the 
damping coefficients. 
 
 
Table 8: percentage variation of elastic moduli and damping coefficient with respect to the room temperature 
values  

Elastic modulus 
𝐸1 variation % 

Shear modulus 
𝐺!" variation % 

 

Damping 
coefficient % 

(flexural) 

Damping 
coefficient % 

(torsional) 

Temperature (℃) 

-1.47% -4.09% -13.06% -9.91% 40 
-6.73% -14.07% 29.55% 111.44% 60 
-18.38% -18.20% 468.09% 81.94% 80 

Figure 38: Spectrum of thick glass in torsional configuration 
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Results of the carbon fibre with epoxy resin 
 
Starting again from the measurements of the natural frequencies in different configurations 
(flexural or torsional) it was possible to evaluate the elastic modulus 𝐸% and shear modulus 
𝐺%'. Let us see again in table n the values of natural frequencies and damping coefficients. 
 
 
Table 9: Carbon fiber composite first and second natural frequencies and damping coefficient at different 
temperatures 

Natural flexural 
frequency (Hz) 

Natural torsional 
frequency (Hz) 

Damping 
coefficient 
(flexural) 

Damping 
coefficient 
(torsional) 

Temperature (℃) 

1042.80 1388.77 0.0188 0.0222 25 
1041.64 1357.02 0.0130 0.0296 40 
1032.78 1314.08 0.0147 0.0382 60 
1003.84 1308.93 0.0340 0.0398 80 

 
 
In figure 39 and 40 it can be observed a typical spectrum in flexural and torsional 
configuration having on the abscissa the frequency in Hz and on the ordinate the amplitude in 
a linear scale. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 39: Spectrum of Carbon in flexural configuration 
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Using the same formulas of the standard, in table n it can be seen the results of 𝐸% and 𝐺%': 
 
 
Table 10: Carbon fiber composite elastic moduli at different temperatures 

Elastic modulus 
𝐸1 (GPa) 

Shear modulus 
𝐺!" (GPa) 

Temperature 
(℃) 

45.13 3.22 25 
44.91 3.06 40 
44.02 2.86 60 
41.43 2.83 80 

 
In order to have a better overview on what it’s happening, it can be seen in table n the 
increase or decrease in percentage of the elastic modulus 𝐸%, shear modulus 𝐺%' and the 
damping coefficients. 
 
Table 11: : percentage variation of elastic moduli and damping coefficient with respect to the room temperature 
values   

Elastic modulus 
𝐸1 variation % 

Shear modulus 
𝐺!" variation % 

 

Damping 
coefficient % 

(flexural) 

Damping 
coefficient % 

(torsional) 

Temperature (℃) 

-0.51% -4.78% 10.17% 32.85% 40 
-2.47% -10.94% 24.57% 71.36% 60 
-8.19% -11.94% 188.17% 78.95% 80 

Figure 40: Spectrum of carbon in torsional configuration 
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Results of the flax fibre with epoxy resin 
 
 Using the measurements of the natural frequencies in different configurations (flexural or 
torsional) it was possible to evaluate the elastic modulus 𝐸% and shear modulus 𝐺%'. Let us 
see again in table n the values of natural frequencies and damping coefficients. 
 
 
Table 12: Flax  fibers composite first and second natural frequencies and damping at different temperature 

Natural flexural 
frequency (Hz) 

Natural torsional 
frequency (Hz) 

Damping 
coefficient 
(flexural) 

Damping 
coefficient 
(torsional) 

Temperature (℃) 

534.37 962.02 0.0230 0.0388 25 
521.24 923.64 0.0246 0.0330 40 
488.49 825.07 0.0462 0.0427 60 
380.26 679.10 0.0859 0.0678 80 

 
 
 
In figure 41 and 42 it can be observed a typical spectrum in flexural and torsional configuration 
having on the abscissa the frequency in Hz and on the ordinate the amplitude in a linear scale. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 41: Spectrum of flax in flexural configuration 
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Using the same formulas of the standard, in table n it can be seen the results of 𝐸% and 𝐺%': 
 
 
Table 13: Flax fiber composite elastic moduli at different temperatures 

Elastic modulus 
𝐸1 (GPa) 

Shear modulus 
𝐺!" (GPa) 

Temperature 
(℃) 

10.69 1.38 25 
10.14 1.27 40 
8.85 1.01 60 
5.33 0.68 80 

 
 
In order to have a better overview on what it’s happening, it can be seen in table n the 
increase or decrease in percentage of the elastic modulus 𝐸%, shear modulus 𝐺%' and the 
damping coefficients. 
 
Table 14: : percentage variation of elastic moduli and damping coefficient with respect to the room temperature 
values   

Elastic modulus 
𝐸1 variation % 

Shear modulus 
𝐺!" variation % 

 

Damping 
coefficient % 

(flexural) 

Damping 
coefficient % 

(torsional) 

Temperature (℃) 

-5.19% -8.14% 6.96% -15.01% 40 
-17.23% -27.10% 100.87% 9.97% 60 
-50.14% -50.56% 273.48% 74.56% 80 

Figure 42: Spectrum of flax in torsional configuration 
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General trend of the elastic moduli in the experimental case 
 
In this section four graphs will be presented in order to have a general idea of the trend in 
function of the temperature of the elastic moduli E1 and G12. The graphs have been divided 
in two categories, same fibre and same resin having the normalized value of E1 and G12 at 
temperature 25℃. 
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6. Evalua-on of thermal expansion of composites 
 
 
Considering the conditions presented previously (specimen exposed to thermal gradients) in 
which the composites were tested, it seemed more then logic to evaluate the natural frequencies 
independently from the thermal expansions. So, all the results seen before (in terms of 𝐸% and 
𝐺%') have been evaluated considering first the thermal expansions of the composites, then the 
variation of their geometry. 
In order to evaluate the thermal expansions of each composite, it has been installed two strain 
gages located on the surface of the specimen with an orientation of 0 and 90 degrees to evaluate 
the coefficients of thermal expansion afla1 and alfa2 (in direction 1 and respectively 2). The 
tests were performed at 60℃ in the oven [12]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the direction 3, so in order to evaluate alfa3, another type of strain gage (smaller with 
respect to the first one) has been installed along the thickness of each specimen (Figure 45). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 43: Strain gages installed on the specimens 

Figure 44: Strain gage installed along the thickness 
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Each strain gage was connected to the acquisition board (Quantum X HBM) through a one 
quarter Wheatstone bridge connection using the software Catman to change the parameters of 
the strain gauge. 
The Wheatstone bridge circuit in its simplest form consists of four resistive elements (figure 
45), or bridge arms (R1, R2, R3, R4), connected in a series-parallel arrangement, with an 
excitation voltage source. The connection points formed by (adjacent) pairs of bridge arms and 
the leadwires from the excitation voltage source are input corners of the bridge; and those 
formed by pairs of bridge arms and the signal (V_0) measurement leads are output corners. It 
is worth noting for this discussion that each input corner is adjacent to each output corner, and 
each bridge arm is connected between two adjacent corners. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The output voltage of the bridge will be 𝑉!: 
 
 

𝑉! = �	
𝑅N

𝑅N + 𝑅K
−

𝑅'
𝑅% + 𝑅'

� ∙ 𝑉ab																																									(6.0) 

 
 
Any change in resistance in any arm of the bridge will result in a nonzero output voltage. 
Therefore, if we replace R4 with an active strain gauge, any changes in the strain gauge 
resistance will unbalance the bridge and produce a nonzero output voltage. If the nominal 
resistance of the strain gage is designated as RG, then the strain-induced change in resistance, 
∆R, can be expressed as ∆R = RG•GF•ε (where e is the strain and GF the gage factor). 
Assuming that R1 = R2 and R3 = RG (figure 46), the bridge equation above can be rewritten 
to express c2

c34
 as a function of strain. Note the presence of the 1/(1+GF•ε/2) term that indicates 

the nonlinearity of the quarter-bridge output with respect to strain. 
 
 

𝑉!
𝑉ab

= −
𝐺𝐹	 ∙ 	e
4 	Ð

1

1 + 𝐺𝐹 ∙ e2
Ñ																																										(6.1) 

 
 

Figure 45: Wheatstone bridge circuit 
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From a practical point of view the wires were located into the connector as it is shown in 
Figure 47 and connected to the quantum x acquisition system in the appropriate channel. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The same procedure has been performed for both strain gauges. Moreover, together with the 
strain gauges, on the specimen, was mounted also a thermocouple in order to monitor the 
temperature of the composite. Both strain gages and thermocouple could be configurate in the 
Catman software (Figure 48). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 46: Wheatstone bridge 

Figure 47: Connector (left) and acquisition system Quantum X (right) 

Figure 48: General window of the Catman software 
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In the software Catman it was possible, if the temperature was provided (using a 
thermocouple), to automatically compensate the strain of the strain gage due to temperature by 
giving as input the four constants: a0, a1 a2 and a3 (see data sheet of the strain gage in the 
appendix). 
 
Other parameters that must be provided when performing the configuration in the software of 
the strain gauges are gage factor, excitation voltage, CTE of the strain gage and the reference 
temperature (which in this case was always 25 ℃). 
The sampling frequency for this type of measurement was set at 1 Hz. 
 
 
From strains to CTE 
 
In order to pass from the strains, measured with the strain gages, to the coefficients of thermal 
expansion, it has been used a formula given by the technical sheet of the strain gage (eq. 6.2) 
 
 

e	(𝑇) = 	 e?H@>X.H/ − (𝑎! + 𝑎%𝑇 + 𝑎'𝑇' + 𝑎N𝑇N) − (a? − ade)g𝑇 − 𝑇.HZk							(6.2) 
 
 
The term e?H@>X.H/ is the strain measured by the strain gage to which we compensate the 
expansion of the strain gage, so subtracting the coefficients “a”. The coefficient of thermal 
expansion a_SG of the strain gage is given by the technical sheet while the unknown is the 
a_m of the measured material. In order to find the value of the last one (a_m), we need to 
hypothesize the value of a_m material using two different values and see if the value of the e 
measured stays more or less constant. It has been done this test with a_m material equal to zero 
and one. The measured strain remained constant. Thanks to this it was possible to compute the 
values of CTE using the following equations. Moreover e(T) is the equation of the total strain 
(including the stain coming form mechanical loads, not only thermal). 
From eq.6.2 considering the fact that we have no mechanical load applied we can pass to eq. 
6.3. 
 
 

0 = 	 e?H@>X.H/ − (𝑎! + 𝑎%𝑇 + 𝑎'𝑇' + 𝑎N𝑇N) − (a? − ade)g𝑇 − 𝑇.HZk									(6.3) 
 
 
From this point it is straight forward to obtain a of the material: 
 
 

(a? − ade) ∙ ∆𝑇 = e?H@>X.H/ − (𝑎! + 𝑎%𝑇 + 𝑎'𝑇' + 𝑎N𝑇N)																		(6.4) 
 
 

a? =	ade +
e?H@>X.H/ − (𝑎! + 𝑎%𝑇 + 𝑎'𝑇' + 𝑎N𝑇N)

∆𝑇 																								(6.5) 
 
 
 
The values obtained for the four types of composites are listed in the following table: 
 



 79 

 
Table 15: CTE coefficients of four types of composites 

CTE Flax Carbon Thick glass Thin glass 
a! 7.61*10^-6  4.85*10^-6 13.29*10^-6 14.58*10^-6 
a" 7.92*10^-6 6.12*10^-6 15.48*10^-6 14.97*10^-6 
a# 97.25*10^-6 61.6*10^-6 70.45*10^-6 56.11*10^-6 

 
 

In order to confirm the results, some additional tests have been performed on an isotropic 
material with known value of CTE. The material tested was alumina, an aluminum oxide. The 
value of alumina CTE was certified according to some lab experiments involving the use of a 
dilatometer while the values obtained in this study were obtained in the same way previously 
discussed (by installing a strain gage). 
The value of CTE obtained according to the tests and from literature are listed in the following 
table. 
 
 
Table 16: comparison of CTE of alumina  from experiments and from literature 

CTE From strain gage tests From literature 
a 5.67*10^-6 (4.22 ÷ 9.2) *10^-6 

 
 
 
Also for the four composites the value of CTE was in the range according to the values 
available in literature. 
 
 
 
Table 17: comparison of CTE of composites  from experiments and from literature 

CTE in 
literature 

Flax Carbon Thick glass Thin glass 

a! (7÷10) *10^-6  (3.6÷5) *10^-6 (13÷18) *10^-6 (13÷18) *10^-6 
a" (7÷10) *10^-6 (3.6÷5) *10^-6 (13÷18) *10^-6 (13÷18) *10^-6 
a# (50÷100) *10^-6 (40÷60) *10^-6 (40÷70) *10^-6 (40÷70) *10^-6 
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7. FEM models 
 
In this study three types of simulations have been performed in order to study and compare 
from a numerical point of view the physics of the experimental test performed on the 
composites. All three models have been created in LS Dyna ANSYS using the student version 
of the software [13]. 
 
 
Modal analysis 
 
This type of model is needed in order to evaluate the natural frequencies and the mode shapes 
of the system studied. 
Starting from the bases, the first step to be considered is the creation of the geometry of the 
model, the evaluation of the constrains (in case they are needed) the choice of the size of the 
mesh and the type of elements used. It is purely theoretical because each specimen has been 
cut using the sand water machine so the geometries might vary slightly, so in each simulation 
the real dimensions has been used (see Figure 49). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The model had no constraints, due to the principal hypothesis of the modal analysis, the body 
should be free. The optimal size of the shell elements involved is of 1 mm although this wasn’t 
the initial size. In order to understand which was the best size a convergence analysis have been 
performed.  
The second step is to set the part as a composite (using an option of LS Dyna) and set the 
number of layers, with their thickness and angle orientation (figure 50). 
 
 
 
 
 

Figure 49:Meshed geometry in LS-Dyna using shell elements 
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This option allows us to consider the real number of layers with their thickness (see THICK1 
and THICK2) and the angle between each fiber layer (see B1 and B2). Another aspect needed 
is the selection of a material card (see MID1 and MID2). 
The material card used for this type of simulation was the “002” of LS Dyna, orthotropic elastic. 
There was no need for a more complex card at least for this simulation considering that the 
displacements during the application of the impulse were very small. Accordingly, the 
composite was not undergoing any damage or failure. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 50: Card of the part composite 

Figure 51: Material card for an elastic orthotropic material 
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In this material card it is possible to insert the density of the composite, the six elastic moduli 
and the three Poisson’s moduli. Moreover, it is also possible to define the material axes which 
in this care was globally orthotropic with material axes determined by vectors A and D.  
 
The next step is to set the different controls of the simulation: they will be responsible of the 
results of the simulation. In this simulation the dynamics of the composites have been evaluated 
in an implicit way. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The analysis uses a Newmark time integration also known as the Newmark-beta method, that 
is a numerical technique used in structural dynamics to integrate the equations of motion. It is 
widely used for solving linear and non-linear second-order ordinary differential equations in 
the context of dynamic analysis, particularly for structures subjected to time-varying loads. 
 
The following control card is the one responsible of the evaluation of the number of modes of 
the structure. (Figure 54) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 52: Control card for implicit dynamics analysis using Newmark time integration 

Figure 53: card for setting the number of modes to be calculated 
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Number of modes extracted are set in the NEIG option. To compute the eigenvalues the Block 
Shift-and-Invert Lanczos method is used (see EIGMTH). It is an advanced numerical technique 
used for extracting a few eigenvalues and corresponding eigenvectors of large, sparse matrices. 
This method is particularly useful in structural dynamics, computational physics, and other 
fields requiring efficient computation of eigenvalues. It reduces the matrix to a tridiagonal 
form, from which eigenvalues are easier to compute. The block method instead of working 
with single vectors, works with blocks of vectors, enhancing numerical stability and 
convergence for multiple eigenvalues. This is particularly useful when multiple eigenvalues 
are needed or when dealing with nearly degenerate eigenvalues. 
In the control implicit general card, it can be set the type of analysis that in this case was 
implicit, it can be chosen with the flag IMFLAG that is a switching flag allowing the user to 
choose between different explicit and implicit analysis.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Still in this material card, also the initial time step can be set for the analysis (see DT0). 
Another type of control implemented in the model is “control implicit solution”, in this card it 
can be set the solution method, which in this case was a non-linear one. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 54: card used for the choice of the initial time step 

Figure 55: control card used to set the non-linear solution and solver 
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Moreover, in this card it can be decided also the convergence method. In this study the default 
method has been used, so the energy method using sum of translational rotational degrees of 
freedom. 
 
Last but not the least is the solver control, called “control implicit solver” used in order to 
choose the solver method, in this study is a linear equation solver parallel multi-frontal sparse 
solver. The parallel multi-frontal sparse solver is an advanced solver for efficiently handling 
large, sparse systems of linear equations by decomposing the problem into smaller dense 
submatrices, leveraging parallel processing to achieve high performance and scalability. It is 
particularly well-suited for the computational demands of implicit finite element analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Results of the modal analysis and comparison with the experimental results 
 
In the next figures it will be illustrated the graphical results of the modal analysis of one type 
of composite analyzed in this study (carbon fiber with epoxy resin). The first six mode shapes 
are not illustrated because they are just rigid body motion, being the structure free to move.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 56: control card used to set the type of solver 
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In order to understand how many elements were needed in the modal analysis, a convergence 
analysis on the first two natural frequencies has been performed (here are illustrated the two 
natural freq. of carbon composite). 
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Figure 57: First 8 modes for carbon composite 
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The comparison of the experimental and numerical results can be seen in the following 
tables. Each frequency has been analyzed at the four different temperatures of the study and 
the percentage difference between the experimental and numerical results have been also 
computed. These results are obtained by manually changing the moduli, so we need a more 
complex model to fully describe the physics of the problem.  
 
Table 18: Comparison between experimental and numerical natural frequencies at different temperature for 
thin glass 

Thin glass with epoxy resin 30% natural 
1st natural 
freq. [Hz] 

experimental 

1st natural 
freq. [Hz]  
numerical 

2nd natural 
freq. [Hz] 

experimental 

2nd natural 
freq. [Hz] 
numerical 

Difference 
in % of 1st 

freq. 

Difference 
in % of 2nd 

freq. 

Temperature 
[℃	] 

571.35 570.83 1092.60 1050.40 0.091% 3.862% 25 
567.68 566.92 1059.67 1019.50 0.134% 3.791% 40 
559.15 558.26 994.24 956.41 0.159% 3.805% 60 
505.72 504.42 728.33 706.45 0.256% 3.004% 80 

 
 
Table 19: Comparison between experimental and numerical natural frequencies at different temperature for 
thick glass 

Thick glass with epoxy resin 
1st natural 
freq. [Hz] 

experimental 

1st natural 
freq. [Hz]  
numerical 

2nd natural 
freq. [Hz] 

experimental 

2nd natural 
freq. [Hz] 
numerical 

Difference 
in % of 1st 

freq. 

Difference 
in % of 2nd 

freq. 

Temperature 
[℃	] 

668.58 667.37 1338.25 1296.40 0.181% 3.127% 25 
664.49 663.19 1312.15 1271.50 0.196% 3.098% 40 
647.60 646.14 1243.89 1206.20 0.225% 3.030% 60 
606.87 605.53 1215.80 1177 0.221% 3.191% 80 
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Table 20: Comparison between experimental and numerical natural frequencies at different temperature for 
carbon 

Carbon fiber with epoxy resin 
1st natural 
freq. [Hz] 

experimental 

1st natural 
freq. [Hz]  
numerical 

2nd natural 
freq. [Hz] 

experimental 

2nd natural 
freq. [Hz] 
numerical 

Difference 
in % of 1st 

freq. 

Difference 
in % of 2nd 

freq. 

Temperature 
[℃	] 

1042.80 1037 1388.77 1362 0.556% 1.928% 25 
1041.64 1035.60 1357.02 1331.70 0.580% 1.866% 40 
1032.78 1026.90 1314.08 1291.20 0.569% 1.741% 60 
1003.84 998.50 1308.93 1285.30 0.532% 1.805% 80 

 
 
Table 21: Comparison between experimental and numerical natural frequencies at different temperature for flax 

Flax fiber with epoxy resin 
1st natural 
freq. [Hz] 

experimental 

1st natural 
freq. [Hz]  
numerical 

2nd natural 
freq. [Hz] 

experimental 

2nd natural 
freq. [Hz] 
numerical 

Difference 
in % of 1st 

freq. 

Difference 
in % of 2nd 

freq. 

Temperature 
[℃	] 

534.37 527.66 962.02 922.70 1.256% 4.087% 25 
521.24 514.71 923.64 886.73 1.253% 3.996% 40 
488.49 482.13 825.07 794.10 1.302% 3.754% 60 
380.26 375.36 679.14 650.24 1.289% 4.255% 80 

 
 
Thermal model 
 
This model is needed in order to simulate the thermal expansion of the composite specimen at 
different temperature, in particular 40, 60 and 80 ℃. 
The first step as previously seen for the modal analysis is the definition of the geometry of the 
model (which is the same as in the model analysis). In this case study, the geometry has been 
modeled with solid elements fully integrated quadratic 8 nodes with nodal rotation. While in 
terms of constraints, the structure was free to move as in the experimental case. The results of 
the simulations are the expansions of the specimen in the three directions x,y,z. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 58: Meshed geometry in LS-Dyna using solid elements 
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Let us see the only boundary given for this model which is the initial temperature. In order to 
see the expansion of the specimen the model need an initial temperature and a final one. The 
initial temperature has been given using a boundary condition able to select all the nodes of the 
structure and set an initial temperature of 25℃. 
To set the final temperature a curve has been defined, giving the profile of temperature needed 
to be followed by the simulation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Regarding the material, in this simulation the material card is completely different from the 
one used in the modal analysis. The material card is the orthotropic thermal 021. It needs as 
input the density of the composite, the six elastic moduli, the three coefficients of thermal 

Figure 59: card for defining the temperature curve (left) and card for initial temperature set (right) 

Figure 60: Temperature profile (in this case 40 Celsius) 
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expansion (CTEs) and the three coefficients of Poisson’s. Another aspect is the definition of 
two unitary vectors (see A1 and D2) used in the definition of the material axes (in this case 
globally orthotropic). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For this thermal model it is necessary also a card for the material thermal properties. Some of 
the properties required by the thermal material card are: the thermal density, which in this case 
is equal to the structural one (see TRO), the phase change temperature (not so relevant for this 
study, so it has been set to 1000℃ (temperature never reached in the simulation), the latent 
heat, and the most important, the heat capacity (see HC) and the thermal conductivity in the 
three directions x,y,z (see K1, K2, K3). 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 61: Material card for orthotropic material used for thermal expansion 

Figure 62: Material card for thermal properties 
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One of the most important aspects to consider in simulation is the solution imposed to the 
solver, in this case the analysis is a coupled one, thermal and structural (see SOLN). It can be 
set in the “control solution”. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Beside this solution the simulation needs the usual implicit solution needed for the non-linear 
analysis (see NSOLVR 12). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The next important step is the evaluation of the time-step. Being a coupled simulation, the time-
step of the structural part must, at least at the beginning of the simulation, match the time-step 

Figure 63: Control card for setting the coupled structural thermal analysis 

Figure 64: control card used to set the non-linear solution and solver 
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of the thermal part. For the structural part the time-step can be set in the “control implicit 
general” (see DT0). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The time-step of the thermal part can be set in “control thermal timestep”. Moreover, in this 
control it can be set also the time integration parameter to a fully implicit or a Crank-Nicholson 
scheme, which is an implicit of second order. For this study the last one has been used (see 
TIP). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 65: control card used to set the time-step 

Figure 66: control card to set the thermal time-step 
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Next step to follow is the implementation of the type of analysis needed in the thermal model. 
In this study it has been performed a transient analysis (see AYPE) of a non-linear problem 
(see PTYPE) set by using “control thermal solver”. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Another control needed for the transient problem is the divergence control parameter set in the 
card “control thermal nonlinear” (see DCP=0.5). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 67: control card for setting the non-linear thermal solver 

Figure 68: control card for controlling the divergence of the non-linear problem 
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Results of the thermal analysis and comparison with the experimental results 
 
 
In the following figures it is illustrated the graphical results of the thermal analysis in terms 
of x,y,z displacements caused by the thermal expansion. The numerical results are compared 
with the analytical ones obtained by using the values of the three coefficients of thermal 
expansions that have been calculated from the experimental strains. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The analytical relations used for the comparison with the numerical results are:  
 
 

∆𝐿 = 𝐿! ∙ a< ∙ ∆𝑇																																																												(7.0) 
 

∆𝑏 = 𝑏! ∙ aS ∙ ∆𝑇																																																												(7.1) 
 

∆𝑡 = 𝑡! ∙ af ∙ ∆𝑇																																																													(7.2) 
 
 
Where 𝐿!, 𝑏!, and 𝑡! are respectively the initial length, the initial width, and the initial 
thickness. This increment in dimensions is to be added to the initial value of the geometry 
considered. In the following tables can be seen the final values of L, b and t after the thermal 
expansion. 
 

Figure 69: thermal expansion in the three directions 
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Table 22: Comparison between experimental and numerical results of thermal expansion for thin glass 

Thin glass with epoxy resin 30% natural 
Analytical [mm] Numerical [mm] Difference in % Temp 

[℃] L b t L b t L b t 
150.372 30.566 3.533 150.372 30.567 3.533 0 0.003 0 40 
150.416 30.576 3.537 150.416 30.576 3.538 0 0 0.028 60 
150.460 30.585 3.541 150.461 30.588 3.542 0.0007 0.0098 0.028 80 

 
 
Table 23: Comparison between experimental and numerical results of thermal expansion for thick glass 

Thick glass with epoxy resin 
Analytical [mm] Numerical [mm] Difference in % Temp 

[℃] L b t L b t L b t 
148.969 29.447 4.014 148.969 29.447 4.014 0 0 0 40 
149.009 29.456 4.019 149.009 29.456 4.021 0 0 0.049 60 
149.048 29.465 4.025 149.049 29.466 4.026 0.00067 0.0034 0.025 80 

 
 
Table 24: Comparison between experimental and numerical results of thermal expansion carbon 

Carbon with epoxy resin 
Analytical [mm] Numerical [mm] Difference in % Temp 

[℃] L b t L b t L b t 
149.111 29.303 3.964 149.111 29.303 3.965 0 0 0.0252 40 
149.125 29.306 3.968 149.125 29.307 3.972 0 0.0034 0.1 60 
149.140 29.310 3.973 149.140 29.312 3.973 0 0.0068 0 80 

 
 
Table 25: Comparison between experimental and numerical results of thermal expansion flax 

Flax with epoxy resin 
Analytical [mm] Numerical [mm] Difference in % Temp 

[℃] L b t L b t L b t 
149.227 29.333 3.875 149.227 29.334 3.876 0 0.0034 0.0258 40 
149.250 29.338 3.883 149.250 29.338 3.883 0 0 0 60 
149.272 29.343 3.891 149.273 29.346 3.892 0.0007 0.0102 0.0257 80 

 
Coupled analysis – Modal and Thermal models with temperature dependency of the 
elas;c moduli 
 
The goal of this type of simulation is to underline the temperature dependency of the elastic 
moduli though the change in natural frequencies. This simulation performs three simulations 
in one; i) a first a modal analysis at room temperature; ii) a thermal simulation that modifies 
the geometry of the specimen and iii) in the end another modal analysis that accounts for the 
variation of the elastic moduli and specimen dimensions in the computation of natural 
frequencies. 
Being a combination of the two previous simulations, in the following pages it will be discussed 
only the new parts added to the simulation. 
The type of element used is the same of the thermal simulation (solid elements). 
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In addition to the curve of the temperature profile, a new curve has been defined. This curve is 
needed in order to set the initial and final modal analysis. Basically, it is just an horizontal line, 
but the idea behind it is to start a modal analysis at the first point of the curve (in this case at 
time equal zero) and one at the last point of the curve (in this case time 0.2 seconds) which 
corresponds also at the end of the thermal analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The value of the ordinates of the graph sets the number of modes needed to be extracted (in 
this case was 20 modes). 
Another new aspect of this simulation is the material card. This new material card is called 
“temperature dependent orthotropic” and as the name suggests it allows the user to insert 
different points that are temperature dependent. At each temperature can be set: the six elastic 
moduli, the three Poisson’s ratios and the three coefficients of thermal expansion (CTEs).  
 

Figure 70: card needed to define the eigenvalues curve 

Figure 71: Curve of eigenvalues to be computed 
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As for the thermal model, also in this simulation is needed the same thermal orthotropic card 
that provides the thermal properties of the composite. 
In the control cards the only difference for the modal analysis is the number of modes to be 
extracted. In the modal analysis implicit eigenvalue card the NEIG was responsible of the 
extraction of n number of modes. Now the card gets the curve shown before in order to extract 
the modes, the value of the ordinates are the modes to be extracted while the abscissa values 
are the two moments in time when the modal analysis is performed. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 72: Material card for orthotropic temperature dependent materials 

Figure 73: control card needed to set the curve of eigenvalues that will be eventually calculated 
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The other control card added in this simulation is the accuracy card. This card is used to 
increase the accuracy of the simulation especially in this case of solid elements used for an 
orthotropic material that undergoes significant deformations. In the “control accuracy” can be 
set an option called “INN” to value 4. This option has no effect on solid elements of isotropic 
elements, but only anisotropic material subjected to significant deformation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Results of the elastic moduli temperature dependent analysis and comparison with the 
experimental results 
 
 
In this section it will be illustrated the graphical and numerical results of the most important 
simulation performed in this study. The characteristic length of the solid elements was 1 mm, 
having in total 17284 elements. Particular attention has been dedicated also to the distortion 
index of the model, being connected with the determinant of the Jacobian matrix, in this case 
the distortion index had values between 0.999 and 1 which means that the elements were not 
distorted.  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 74: control accuracy to improve the convergence 

Figure 75: First mode at 25C (left) and at 80C (right) with frequency reduction 
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Table 26: Comparison between experimental and numerical results of modal analysis with thermal dependency 

Thin glass fiber with epoxy resin 30% natural 
1st natural 

freq. 
experimental 

[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

571.4 570.6 1092.6 1038.1 0.14% 4.9% 25 
567.7 566.6 1059.7 1001.3 0.19% 5.5% 40 
559.2 558.5 994.2 944.5 0.13% 5% 60 
505.7 505.1 728.3 701.2 0.12% 3.7% 80 

 
Thick glass fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

668.6 667.2 1338.3 1273.4 0.21% 4.85% 25 
664.5 663.4 1312.2 1251.1 0.16% 4.65% 40 
647.6 647.1 1243.2 1191.4 0.08% 4.16% 60 
606.8 606.8 1215.8 1161.9 0% 4.43% 80 

 
Carbon fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

1042.8 1036.9 1388.7 1342.8 0.56% 3.31% 25 
1041.6 1035.8 1357 1314.9 0.55% 3.10% 40 
1032.7 1027.2 1314 1275 0.53% 2.97% 60 
1003.8 998.8 1308.9 1268.3 0.49% 3.10% 80 

 
Flax fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

534.4 534.1 962 923.1 0.056% 4.04% 25 
521.2 521.1 923.6 887.3 0.019% 3.93% 40 

Figure 76: Second mode at 25C (left) and at 80C (right) with frequency reduction  
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488.5 488.3 825 794.9 0.041% 3.65% 60 
380.3 379.8 679.1 648.4 0.13% 4.52% 80 

 
Validation of the numerical model 
 
 
In this section of the study, the numerical model will be validated thanks to some simulations 
performed at intermediate temperature, in particular at 50 and 70℃. The results of the 
experimental tests and numerical results will be compared in order to understand if the model 
is reflecting the realty and how is the model interpolating between the given parameters. As a 
reminder, in the material card 23 it has been implemented 4 points with mechanical 
properties at 25, 40, 60, and 80℃. So, to get the values at 50 and 70℃ the software will 
interpolate between the given points.  
 
Table 27:Validation and comparison of intermediate temperatures 

Thin glass fiber with epoxy resin 30% natural 
1st natural 

freq. 
experimental 

[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

561.6 562.6 1020.9 973.5 0.17% 4.64% 50 
538.7 532.5 858.8 832.4 1.15% 3.07% 70 

 
Thick glass fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

656.2 655.4 1282.4 1221.7 0.12% 4.73% 50 
619.6 627.4 1228 1176.8 1.35% 4.16% 70 

 
Carbon fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

1036.3 1031.6 1328.3 1295.2 0.45% 2.49% 50 
1017.7 1013.2 1310.8 1271.7 0.44% 2.98% 70 

 
Flax fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. 

numerical 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. 

numerical 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

498.4 505 856 842.5 1.32% 1.57% 50 
451.9 437.6 784.9 725.9 3.16% 7.51% 70 

 
 
 
As it can be observed in the table the difference in percentage for the first natural frequency 
is quite accurate for the first natural frequency being in almost all the cases under 3%, the big 
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difference is observed on the second natural frequency where it reaches also 7.5% for the 
flax. For this reason, it is necessary to see and understand how is the software interpolating in 
this particular material card. 
In the implementation for three-dimensional continua a total Lagrangian formulation is used. 
In this approach the material law that relates second Piola-Kirchhoff stress 
S to the Green-St. Venant strain E	is:	
	
	

𝑆 = 𝐶 ∙ 𝐸 = 𝑇-𝐶%𝑇 ∙ 𝐸																																																						(7.3)	
 
 
Where T is the transformation matrix 
 
 

𝑇 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 𝑙%' 𝑚%

' 𝑛%'

𝑙'' 𝑚'
' 𝑛''

𝑙N' 𝑚N
' 𝑛N'

𝑙%𝑚% 𝑚%𝑛% 𝑛%𝑙%
𝑙'𝑚' 𝑚'𝑛' 𝑛'𝑙'
𝑙N𝑚N 𝑚N𝑛N 𝑛N𝑙N

2𝑙%𝑙' 2𝑚%𝑚' 2𝑛%𝑛'
2𝑙'𝑙N 2𝑚'𝑚N 2𝑛'𝑛N
2𝑙N𝑙% 2𝑚N𝑚% 2𝑛N𝑛%

(𝑙%𝑚' + 𝑙%𝑚%) (𝑚%𝑛' +𝑚'𝑛%) (𝑛%𝑙' + 𝑛'𝑙%)
(𝑙'𝑚N + 𝑙N𝑚') (𝑚'𝑛N +𝑚N𝑛') (𝑛'𝑙N + 𝑛N𝑙')
(𝑙N𝑚% + 𝑙%𝑚N) (𝑚N𝑛% +𝑚%𝑛N) (𝑛N𝑙% + 𝑛%𝑙N)⎦

⎥
⎥
⎥
⎥
⎥
⎤

				(7.4) 

 
 
 
𝑙+ , 𝑚+ , 𝑛+ are the direction cosines. 
 
The material axis 𝑥+g is given by: 
 

𝑥+g = 𝑙+𝑥% +𝑚+𝑥' + 𝑛+𝑥N							𝑓𝑜𝑟	𝑖 = 1,2,3																												(7.5) 
 
 
The temperature dependent constitutive matrix C1 is defined in terms of the material axes as 
 
 
 

𝐶%$% =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 1
𝐸%%(𝑇)

−
𝜈'%(𝑇)
𝐸''(𝑇)

−
𝜈N%(𝑇)
𝐸NN(𝑇)

−
𝜈%'(𝑇)
𝐸%%(𝑇)

1
𝐸''(𝑇)

−
𝜈N'(𝑇)
𝐸NN(𝑇)

−
𝜈%N(𝑇)
𝐸%%(𝑇)

−
𝜈'N(𝑇)
𝐸''(𝑇)

1
𝐸NN(𝑇)

0 0 0
0 0 0
0 0 0

0 0 0
0 0 0
0 0 0

1
𝐺%'(𝑇)

0 0

0
1

𝐺'N(𝑇)
0

0 0
1

𝐺N%(𝑇)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

												(7.6) 
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Since C1 is symmetric 

𝜈%'
𝐸%%

=
𝜈'%
𝐸''

																																																																(7.7) 

 
 
The vector of Green-St. Venant strain components is: 
 
 

𝐸- = [𝐸%%		𝐸''		𝐸NN		𝐸%'		𝐸'N		𝐸N%]																																											(7.8) 
 
 
The local strains are integrated in time in the following form: 
 
 

e@@&"% = e@@& + a@ y𝑇
&"%'z [𝑇&"% − 𝑇&]																																									(7.9) 

 

eLL&"% = eLL& + aL y𝑇
&"%'z [𝑇&"% − 𝑇&]																																						(7.10) 

 

eYY&"% = eYY& + aY y𝑇
&"%'z [𝑇&"% − 𝑇&]																																						(7.11) 

 
 
Where alfa is the coefficient of thermal expansion. 
Due to this formulation the natural frequencies, which are strictly connected to the stiffness 
of the structure (that is now temperature dependent) and to the changing geometry (due to 
thermal expansion), are not actually linearly interpolated.  
The results of a linear interpolation at 50 and 70℃ are illustrated and compared with the 
experimental results in the table n. 
 
 
Table 28: Comparison of experimental natural freq. and from the linear interpolation 

Thin glass fiber with epoxy resin 30% natural 
1st natural 

freq. 
experimental 

[Hz] 

1st natural 
freq. linear 

interpolation 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. linear 

interpolation 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

561.6 563.5 1020.9 1026.9 0.34% 0.59% 50 
538.7 532.5 858.8 861.3 1.15% 0.29% 70 

 
Thick glass fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. linear 

interpolation 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. linear 

interpolation 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

656.2 656.1 1282.4 1277.7 0.015% 0.37% 50 
619.6 627.2 1228 1229.5 1.23% 0.12% 70 
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Carbon fiber with epoxy resin 

1st natural 
freq. 

experimental 
[Hz] 

1st natural 
freq. linear 

interpolation 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. linear 

interpolation 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

1036.3 1037.5 1328.3 1335.5 0.11% 0.54% 50 
1017.7 1018.2 1310.8 1311.4 0.05% 0.05% 70 

 
 

Flax fiber with epoxy resin 
1st natural 

freq. 
experimental 

[Hz] 

1st natural 
freq. linear 

interpolation 
[Hz] 

2nd natural 
freq. 

experimental 
[Hz] 

2nd natural 
freq. linear 

interpolation 
[Hz] 

%Diff. on 
the 1st  
natural 
freq. 

%Diff. on 
the 2nd 
natural 
freq. 

Temperature 
[℃] 

498.4 504.8 856 874.3 1.28% 2.14% 50 
451.9 434.3 784.9 752.1 3.89% 4.17% 70 

 
 
 
The conclusion of this comparison is that, if it is compared also with the previous results 
where the software performed its own interpolation, by using a simple linear interpolation the 
results are better, especially considering the second natural frequency, where the difference is 
around 4%, significantly better than the previous result of 7%. 
 
 
 
 
Limits of the model 
 
In this sub-section it will be shown how the model is behaving in a more extreme situation, in 
particular, the model will have in input only two points out of four, at 25 and 80℃ (at the 
extremes of our testing). The general trend of the experimental frequencies will be compared 
with the results of interpolation of LS-Dyna. 
Let’s see the trend of the first and second natural frequency for thin glass. 
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Same graphs can be plot for thick glass composite: 
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Let’s see the carbon fiber composite: 
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Last but not the least, the flax composite: 
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The obvious conclusion is that the model behaves quite linear in both approximations, first 
and second natural frequency, moreover it is always underestimating the natural frequency 
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with respect to the real values. So the model considers the composites less stiff compared 
with the reality when the model is let free to interpolate having only two points. 
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8. Aging of composites 
 
 
This section describes a process of aging applied to composites in order to understand how well 
are, the composites tested, reacting to extreme conditions. Considering that a lot of composites 
undergo and aging process during their life, especially in the automotive field, it might be 
interesting to see how their mechanical properties will be affected. 
In this procedure of aging the four types of composites have been immersed in distillated water 
at 70℃ in the oven. In total eight specimens (two by two identical) have been tested; the only 
difference was the immersion time. Four of them have been immersed for seven days while the 
other four composites for thirteen days.  
Before immersion each composite has been measured, weighted, and subsequently conditioned 
for 16h at 70℃ in order to reduce to minimum the humidity level present inside of it. After one 
week the first set of composites was taken out, measured, weighted, and afterward 
reconditioned for other 16h at 70℃. After the reconditioning, they were measured and weighted 
again and tested at the IET machine in the same range of temperatures used for the other tests 
seen before. The same procedure was used for the other four composites after thirteen days of 
aging.  
In order to understand the increase in weight between the state wet and after the conditioning 
of 16h as well as the solubility of the resin, the standard ASTM D570-22 has been used [14]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 77: Composites prepared for aging 
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Seven days aging – mass varia;on  
 
 
In the following table it is shown the difference in mass of each composite (of the first set of 
four), before aging, after conditioning, after aging and after reconditioning. 
 

 
 
By using the standard ASTM D570-22 and the equations suggested it is possible to calculate 
the percentage of increase weight between the conditioned mass and the wet mass. Moreover, 
it is possible to understand the percentage of soluble matter lost in the reconditioning. 
 
 

𝐼𝑛𝑐𝑟𝑒𝑎𝑠𝑒	𝑖𝑛	𝑤𝑒𝑖𝑔ℎ𝑡	% =
𝑤𝑒𝑡	𝑤𝑒𝑖𝑔ℎ𝑡 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑	𝑤𝑒𝑖𝑔ℎ𝑡

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑	𝑤𝑒𝑖𝑔ℎ𝑡 × 100										(8.0) 

 
 

𝑆𝑜𝑙𝑢𝑏𝑙𝑒	𝑚𝑎𝑡𝑡𝑒𝑟	𝑙𝑜𝑠𝑡	% = 	
𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑	𝑤𝑒𝑖𝑔ℎ𝑡 − 𝑟𝑒𝑐𝑜𝑛𝑑𝑖𝑡𝑜𝑛𝑒𝑑	𝑤𝑒𝑖𝑔ℎ𝑡

𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑒𝑑	𝑤𝑒𝑖𝑔ℎ𝑡 × 	100				(8.1) 

 
 
Table 29: Increase in weight and soluble matter 

Composites Thin glass Thick glass Carbon Flax 
Increase in weight % 1.12% 0.84% 0.94% 10.77% 
Soluble matter lost% -0.63% -0.49% -0.55% -1.58% 

 
 

As it can be seen from table 30, the flax exhibits the biggest increase in weight due to its fibers 
that absorb the water much easier with respect to the other types of fibers.  
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For what concerns the solubility of the resin in water, no matter is actually lost, it can be seen 
the negative values that mean an increase in weight between the conditioning and reconditing, 
so even with 16h in the oven, the composites retained a small percentage of humidity. 
 
 
 
Seven days aging – external aspect and geometry 
 
A special microscope has made it possible to assess the external appearance of the composites 
and detect any changes in color. For each specimen it will be shown three conditions: before 
aging, after seven days wet and after seven days of aging reconditioned. Depending on the type 
of composite, in most of the cases if there was no variation of the external aspect, the study is 
focused mainly on the thickness variation. 
For the thin glass for example, there are no external variations, the color of the composite stays 
invariant the only variation is along the thickness. The composite is thicker after the 
reconditioning with respect to the initial geometry conditioned. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 78: : thin glass thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 30: Geometry variation for thin glass 

Thin Glass Geometry 
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 150.31 150.34 150.31 0% 
b [mm] 30.56 30.56 30.56 0% 
t [mm] 3.55 3.62 3.585 0.98% 

 
 
 
For the thick glass composite the situation is similar as for the thin glass, the only important 
variation of geometry is along the thickness. The external aspect and color remain constant 
during the aging.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 79: thick glass thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 31: Geometry variation of thick glass 

Thick Glass Geometry  
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 148.94 148.94 148.94 0% 
b [mm] 29.44 29.44 29.44 0% 
t [mm] 4.01 4.05 4.00 -0,25% 

 
 
 
For the Carbon composite the same aspects considered for the previous two composites are 
valid. The carbon doesn’t suffer the humidity, similarly to the glass fibers. Due to small 
porosity inside the composite, water might get trapped insider and might seem that the 
composite is retaining some water.  
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 80: : carbon fibre thickness and aspect variation, conditioned (left), wet (right), reconditioned 
(below) 
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Table 32: Geometry variation of carbon 

Carbon Geometry  
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 149.10 149.10 149.10 0% 
b [mm] 29.30 29.30 29.30 0% 
t [mm] 3.96 4.035 4.00 1% 

 
 
The most affected composite was the flax, due to the ability of linen fibers of absorbing 
humidity the thickness of the composites was significantly affected. The external aspect was 
affected too, the color of the composites changed passing from a light green to an almost dark 
yellow color. The fibers had absorbed the water becoming darker, having an almost black color 
on the surface of the composite. 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 81: : flax thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 33: Geometry variation of flax 

 
Flax Geometry  

 Conditioned Wet Reconditioned %Increase 
between cond. 

and recond. 
L [mm] 149.21 149.21 149.21 0% 
b [mm] 29.33 29.33 29.33 0% 
t [mm] 3.87 4.48 4.18 7,42% 

 
 
 
 
Seven days aging – elas;c moduli and damping coefficient 
 
During this period of aging of seven days, the natural frequencies of the specimen had a 
reduction with respect to the standard ones (seen before) to a decrease of elastic moduli 𝐸% and 
𝐺%'. In the following pages, a series of graphs that compare the two conditions (standard or not 
aged and aged) will be presented showing how are the moduli change with temperature (25, 
40, 60 ,80℃) but also how is the damping coefficient changing. 
 
 
 

Figure 82: flax aspect variation, conditioned (left), wet (right), reconditioned (below) 
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As we can see from the graphs, the most significant results in terms of reduction of moduli is 
present for flax and carbon, while the most stable results (meaning that this type of aging didn’t 
affect them) are for the thick glass and thin glass. 
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For what regards the damping coefficient, the situation as it can be seen easily from the graph 
is much more complicated. For some composites the damping coefficient has increased due to 
aging for some others exactly the opposite thing had happened. Starting from the flax, it is 
possible to see that in both cases, flexural and torsional, the damping has increased with respect 
to the non-aged case. For carbon the situations it is different, generally the aged composite 
exhibits a lower damping till 60℃ and a higher one at 80℃. For the two types of glass it is 
necessary a distinction between flexural damping and torsional in terms of trends. The thick 
glass aged composite exhibits a higher flexural damping coefficient, with respect to the non-
aged one, and also with respect to the thin glass aged composite which has a lower flexural 
damping coefficient, except at 80℃, with respect to its non-aged composite. For what regards 
the torsional damping coefficient the two glasses exhibit a very strange trend, the aged thin 
glass stays predominantly lower with respect to the non-aged composite while the thick glass 
stays lower except at 80℃ [15] [16]. 
 
 
Thirteen days aging – mass varia;on  
 
In the following table it is shown the difference in mass of each composite (of the second set 
of four), before aging, after conditioning, after aging and after reconditioning. 
 

 
 
By using the standard ASTM D570-22 and the equations suggested and seen previously (see 
eq. n) it is possible to calculate the percentage of increase weight between the conditioned mass 
and the wet mass. Moreover, it is possible to understand the percentage of soluble matter lost 
in the reconditioning 
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By adding to the table of the first set of specimens (aged seven days) the second set of 
composites aged thirteen days it is easy to see that the increase in weight doesn’t keep the same 
slop when passing from seven to thirteen days, considering that after almost double the days 
the weight increased relatively lower. Thin glass increased in weight in the other six days of 
only 0.30%, the thick glass of 0.14%, the carbon of 0.23% and the flax of only 0.10%. These 
results may suggest that the fastest composite to age is the flax, that reaches almost its 
maximum of water absorption after the first seven days having in the next six the lowest 
increase in weight between the four types of composites.  
 
 
 
Thirteen days aging – external aspect and geometry 
 
By using the same camera used for the first set of composites, it was possible to spot any 
external aspect variation. The geometry has been determined thanks to a digital caliper.  
 
The first composite analyzed is as usual the thin glass. It has a small variation along the width 
and the thickness from conditioned to wet state. In terms of external aspect, it is basically 
invariant.  
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Table 34: Geometry variation thin glass 

Thin Glass Geometry 
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 150.43 150.47 150.43 0% 
b [mm] 30.36 30.39 30.36 0% 
t [mm] 3.53 3.62 3.60 1.94% 

 
 
 
For the thick glass composite the situation is not exactly similar as for the thin glass, it was 
possible to measure some geometry variations along all three dimensions. The external aspect 
and color remain constant during the aging.  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 83: thin glass thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 35: Geometry variation thick glass 

Thick Glass Geometry 
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 148.93 148.96 148.91 0% 
b [mm] 29.15 29.19 29.16 0% 
t [mm] 3.99 4.02 4.00 0.25% 

 
 
 
Regarding the carbon it is possible to see from the table n, that the changes in dimensions are 
quite low, the thickness has the bigger influence among the three directions. From the imagines 
it is possible to see the small cracks present on the composites. It is in this zone that the water 
might get trapped. 
 
 
 
 
 
 

Figure 84: thick glass thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 36: Geometry variation of carbon 

Carbon Geometry 
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 149.07 149.10 149.08 0% 
b [mm] 29.29 29.31 29.29 0% 
t [mm] 3.98 4.05 4.01 0.75% 

 
 
 
Last but not the least is the flax. As in the previous case is the composite that has the biggest 
water absorption between the four composites. This is clearly visible in the change of thickness 
of the fibers and in the change of geometry. 
 
 
 
 
 

Figure 85: carbon thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 
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From the point of view of the color and superficial aspect, the flax is becoming darker in the  
 
area near the fibers due to the absorbed water. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 86: flax thickness and aspect variation, conditioned (left), wet (right), reconditioned (below) 

Figure 87: flax aspect variation, conditioned (left), wet (right), reconditioned (below) 
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Table 37: Geometry variation of flax 

Flax Geometry 
 Conditioned Wet Reconditioned %Increase 

between cond. 
and recond. 

L [mm] 149.25 149.45 149.28 0% 
b [mm] 29.52 29.61 29.54 0% 
t [mm] 3.84 4.37 4.21 8.79% 

 
Thirteen days aging – elas;c moduli and damping coefficient 
 
As in the previous case, a reduction of the natural frequencies from non-aged to aged 
composites is exhibit. The reduction is not necessary more severe with respect to the seven 
days aging, meaning that some composites (for example flax) reach their full aged condition 
already in the seven days, while others might continue aging decreasing their natural 
frequencies, and so the elastic moduli, slower but continually. In the following graph it will be 
shown the different trends of elastic moduli of the first and second set of composites on the 
same graph, in order to have a better view of how the aging evolved. 
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From the previous graphs can be concluded that the flax has the aging almost complete after 
seven days, considering that in the next six days the decrease in moduli is not so severe 
anymore. While for carbon for example, the situation is different, it is possible to see a 
continuous decrease also in the last six days of aging. For what regards the two gasses, they 
are affected sightly by the aging, suffering very low reductions in moduli.  
 
Another interesting aspect to analyze and see how it did evolve with the proceeding of the 
aging is the damping coefficient. In the following graphs it is shown the non-aged value (called 
“std”), the value of the composite seven days and of the one aged thirteen days. 
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As it can be seen from the graphs, the behavior of the thirteen days aged composites damping 
coefficient is quite hard to predict, in some cases it just proceeds with the same trend, just 
more severe, as the seven days aged composites (see torsional damping of thin glass, 
torsional damping of thick glass, flexural damping for carbon and torsional damping for flax) 
in some others it is just overlapped with the seven days aged composites damping coefficient 
(see flexural damping for thick and thin glass), and in some others it is just exhibiting a 
different trend (see flexural damping for flax and torsional damping for carbon). 
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9. Conclusions 
 
 
After the extensive presentation of data, tables, and graphs, it is essential to provide a well-
defined conclusion. Let us revisit the aim of this study and its potential applications. The 
primary objective was to characterize, through the use of the Impulse Excitation Technique 
(IET), the elastic moduli 𝐸% and 𝐺%' , and the damping coefficient at various temperatures 
(specifically 25°C, 40°C, 60°C, and 80°C) for four different composites: flax fiber, carbon 
fiber, and two types of glass fibers. These composites were combined with two distinct resin 
types—an inorganic epoxy resin and a 30% natural epoxy resin. The significance of this 
method lies in its non-destructive nature, which not only reduces the production costs (needing 
fewer specimen for tests) of these composites but also allows the reuse of specimens for further 
testing. Additionally, the IET yields reliable results comparable to those obtained through 
destructive methods. 
 
For this study, three additional constants were required to ensure the reliability of the results: 
the coefficients of thermal expansion (CTE) for each composite. These values were calculated 
using strain data from three strain gauges affixed to each composite, which were tested in an 
oven. The inclusion of CTE enabled the division of thermal effects into two categories: changes 
in natural frequencies due to thermal expansion and changes due to thermal softening. A key 
focus of this study was on the softening effects under varying temperatures. The results of the 
elastic moduli and damping coefficient were calculated using the IET and following the ASTM 
E1976-21 standard. 
 
As a general observation, the IET results showed that all four composites exhibited a decreasing 
trend in their elastic moduli and an increase in damping coefficient as temperature increased. 
 
Another aspect of the study involved using the experimental data to create three finite element 
method (FEM) models. These models were then compared to the experimental results. One of 
the FEM models involved a modal analysis of the composite material, applying an orthotropic-
elastic material card without temperature dependency. A second simulation was conducted to 
model the thermal expansion of the composite using an orthotropic-thermal material card. The 
third model sought to combine the previous two, incorporating modal analyses alongside the 
thermal expansion of a composite model that included temperature-dependent elastic moduli. 
 
By comparing the experimental results with the numerical outcomes at intermediate 
temperatures (specifically 50°C and 70°C), it was possible to validate the FEM models, which 
generally demonstrated errors below 5%. Moreover, the study tested the limits of the model, 
concluding that in the extreme condition of providing only two points, the model was always 
depending a lot from the initial and final point provided, usually the two points were 
underestimating the stiffness of the model so also the other points interpolated by dyna where 
underestimating the stiffness with a linear trend in all the four cases. 
 
Additionally, the study addressed an aging process involving immersion in distilled water at 
70°C for periods of seven and thirteen days for two sets of the four composites. After the aging 
process, the specimens were tested again using the IET, leading to the expected conclusion 
when the post-aging results were compared to the standard (non-aged) values of natural 
frequencies and, consequently, elastic moduli. In general, water absorption by the composites 
resulted in a decrease in elastic moduli, and depending on the temperature, either an increase 
or decrease in damping coefficient. Flax fiber, due to its high affinity for moisture, absorbed 
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the largest amount of water among the four composites and exhibited the most pronounced 
aging. After seven and thirteen days of aging, the elastic moduli of flax fiber were nearly 
identical, indicating rapid aging. The other composites exhibited a more gradual decrease in 
moduli. 
 
While this study offers significant insights, certain limitations were identified, and further 
research may be necessary. For instance, the IET method used in this study only characterized 
the elastic moduli 𝐸% and 𝐺%', as the tests were conducted in flexural and torsional 
configurations. Additionally, out-of-plane moduli, which are necessary for FEM analysis and 
differ from the in-plane moduli (as fibers in woven configurations exhibit consistent 
mechanical properties in directions 1 and 2), may require characterization through different 
tests or methods. 
 
Furthermore, to achieve a more comprehensive understanding of the aging process in 
composites, a larger number of samples may be required to adopt a more statistically robust 
approach to the problem. 
 
This research has potential applications in the automotive industry, where a deeper 
understanding of composite materials and their behavior under various conditions is crucial. 
The findings of this study could be used to optimize composites for enhanced performance, 
including improved damping properties and reduced fuel consumption. 
 
In conclusion, this thesis presents a thorough analysis of the elastic moduli and damping 
properties of four different composite materials, offering novel insights and practical 
applications that could inform future research on the use of composites in the automotive 
sector, particularly regarding their damping properties and contributions to fuel efficiency 
together with good mechanical properties of different parts of the vehicle. 
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Strain Gauge HBM technical data sheet 
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