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ABSTRACT

Mathematical epidemiology has, now more than ever, attracted great attention in the scientific
community. However, little exploration has been done in the direction of modelling human be-
havioural response when facing an epidemic outbreak. In this context, individuals may employ
containment measures to prevent the disease spreading, i.e. providing a benefit to the entire pop-
ulation, at a cost that is heterogeneously perceived by each individual. In our work we study the
coevolution of cooperative behaviour and individual perception through the lens of evolutionary
game theory, considering the adoption of a disease containment measure as a cooperative act. We
introduce this game-theoretical framework as the "Norm Compliance Dilemma", where the evo-
lution of agents’ behaviors depends on their distinct, time-evolving perceptions. Starting from a
simplified model of a well-mixed infinite population having homogeneous perceptions, we studied
and analytically solved a system of ordinary differential equations to predict the game equilibria.
Subsequently, we compared the theoretical results with those obtained in finite populations having
heterogeneous individual perceptions and organised in network structures. We show that the dis-
ease prevalence promotes cooperation, finding that this result is qualitatively confirmed regardless
of the spatial arrangement of individuals or the heterogeneity of their perception. On the other
hand, networked structures may hinder and slow down the evolution of cooperation with respect
to well-mixed populations. Our model offers an alternative and general methodology to study het-
erogeneous coevolving perceptions which can be applied to different types of epidemic spreading
and norm compliance scenarios.
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1. INTRODUCTION

Evolutionary game theory has recently proven to be a powerful tool for understanding the
complex behavioural mechanisms established between interacting rational agents. While in clas-
sical game theory such interactions are socially and temporally isolated, evolutionary game theory
assumes an evolution over time: individuals can learn from other agents and imitate those adopt-
ing more successful strategies. In fact, it is thought that the extent of change in the strategy is
determined by comparison with the aforementioned level of success: good behaviour is rewarded
while bad is punished, in a form of survival of the fittest. Selection mechanisms in the natural
world, such as human social systems, tend to work this way [1].

In this framework, in general, rational agents face a strategic decision between two options:
cooperation and defection. A cooperator pays a cost to provide a benefit to all individuals with
whom it interacts, whereas a defector does not bring any benefit, but receives those offered by
neighboring cooperators. Indeed, defectors try to free ride from the efforts of the cooperating
agents, but in doing so they threaten the success of the whole community [2]. Although compe-
tition between individuals should reward only selfish behavior, altruistic cooperation is observed
in many contexts in nature. Five mechanisms have been proposed to describe the emergence and
evolution of cooperation: kin selection, direct reciprocity, indirect reciprocity, network reciprocity,
and group selection [3].

The difference between the benefits received and the cost spent determines the net gain or
loss obtained by the agent in an interaction, and this value is referred to as the payoff. The most
successful agents maximise their payoff and are therefore unlikely to change their strategy. In
contrast, agents with a low payoff tend to improve it either by evaluating the payoffs associated
with behavioral alternatives, i.e. best-response dynamics, or by copying the strategies that are
more successful, i.e. replicator dynamics. In our study we adopted the latter. Both strategy update
rules, however, are often implemented in theoretical models of human decision-making and are
considered to be a standard assumption [4].

In our work, we use the framework of evolutionary game theory to model the decision-making
process of individuals who face a potential epidemic outbreak. In these situations, individuals may
take containment measures specific to the disease characteristics to avoid its spread. Most of them
are spontaneous and rely on voluntary action, however, their adoption often results into a cost that
is heterogeneously perceived by the population. Although this cost can often be interpreted as a
mere economic expense, it must be also taken into account the time, energy and mental efforts
consumed by the individual adopting the specific norm.

The "norm compliance dilemma" (NCD) we propose combines the framework of mathemat-
ical epidemiology with evolutionary game theory, with the aim of describing how and to what
extent the presence of a disease influences human behaviour. Since we focus on behavioural
mechanisms rather than the dynamics of epidemic spread, the model is intended to be general and
applicable to a variety of situations. To cite a few examples, the disease under investigation could
be COVID-19, and possible norms to prevent its spread include vaccination, wearing a mask, and
hand disinfection [5]; or it could be a sexually transmitted disease, the prevention of which could
consist of wearing a condom during sexual activity [6]; or also taking pre-exposure prophylaxis
(PrEP) to prevent HIV [7]. For the sake of clarity, we will use the expression "comply with a
norm" with the meaning of actively performing an action whose aim is to contain the spread of the
disease.

To model the heterogeneous perceptions of individuals regarding the act of conforming to
the chosen norm, we introduce the categories of "pro-norm" and "anti-norm" individuals. People



belonging to the first group are those who are willing to comply with the considered containment
measure, or norm. Thus, the cost of adopting the norm for "pro-norms" individuals is considered
to be negligible with respect to other costs involved in the game. On the contrary, those who
are against such measure, or think it is not worth their effort to observe it, are defined as "anti-
norm". It is important to emphasise that the willingness to comply with the measure does not
automatically correspond to actual compliance, but rather describes the perceived effort in doing
so, which is subjective and personal. This allows for the existence of individuals who adopt the
measure despite being against it and individuals who do not adopt it despite being in favour of
it, whether out of choice or obligation. The practical action of complying with the norm will be
referred to as "cooperating", while refraining from adopting it will be "defecting"; whereas we
will call "opinion" the agent’s subjective effort in adopting the given norm.

Our aim is to investigate the evolution of cooperation and opinion over repeated iterations of
the NCD game. Such evolution occurs since individual strategies are influenced by the behaviour
of other agents. Similarly, opinions vary according to the present number of cooperators in the
population. In infinite well-mixed populations, the strategy dynamics are usually described by
the continuous-time replicator equations [8]. We firstly focused on this simplified population
model, where the analysis was limited to symmetric situations, i.e., where agents perceive the
same cost of compliance. Subsequently, while keeping the well-mixed structure, we analysed
the effects of a finite population size, with a cost of compliance perceived heterogeneously among
individuals, and a discretization of time. Finally, we moved towards a more experimental approach
performing multi-agent simulations on networked populations, focusing on the structures of a
random regular graph and a random geometric graph. The former was chosen to study the effect of
low connectivity on a well-mixed population, and the latter to assess how the spatial arrangement
of individuals affects the evolution of cooperation. Because analytic solutions were not possible
in these cases, we adopted a numerical procedure, where time-evolution was treated as discrete.



2. METHODS

2.1. The norm compliance dilemma (NCD)

In our artificial population, agent i faces a strategic decision between cooperation (s; = 1) or
defection (s; = 0). When it interacts with other agents, it receives a payoff that depends on its
selected strategy s; and on those of its neighbors s;, where j are all agents interacting with i. Using
the standard notation of evolutionary game theory [1], an interaction between two individuals
choosing between cooperation and defection can be characterized by a 2 x 2 payoff matrix, where
mutual cooperation leads to the reward R, mutual defection leads to the punishment P, while the
mixed choice gives to the cooperator the sucker’s payoff S and to the defector the temptation 7.
The values of the payoffs in the matrix are formed by the cost relative to the possibility of getting
the disease and the cost of adopting the containment measure. While the former is fixed and equal
for all individuals, the latter is purely subjective and varies according to the agents’ opinion on the
given norm. The "opinion" of agent i is measured by the variable «; € [0, 1], whose role is to tune
the maximum cost of compliance to be paid when adopting the norm.

An agent who cooperates, i.e. complies with the norm, receives a discount in the probability
of infection, but at the same time may pay a cost due to the adoption of that norm. If such agent
is "anti-norm" (a@; = 0), this cost will be maximum, while if it is "pro-norm" (@; = 1) it will be
0: cooperation towards the common cause of disease eradication for pro-norm agents outperforms
the cost of adopting the norm. As a consequence, every agent in our model possesses a particular
payoff matrix which depends on its opinion «;. In the following table, we briefly introduce the
relevant parameters of the model, which will be discussed in more detail later on.

po €10,1] overall prevalence of the disease
cg=1 disease intrinsic cost

¢y, €10,1] maximum cost of compliance to the norm
€e=09 disease cost discount for a cooperating agent
0=05 disease cost discount when interacting with a cooperator

While here below we present a list of the variables:

x €10,1] | fraction of cooperators

a €[0,1] | population average opinion
s; € {0,1} | strategy of agent i

a; € [0,1] | opinion of agent i

We show the payoff matrices of three different agents: a pro-norm agent (a), an anti-norm agent
(b) and a generic agent with opinion a; (c).

C D C D
C | —poca(1 — €)1 —06) | —poca(l —€) C | —poca(l — €)1 —6) —cu | —poca(l —€) —cy
D —poca(l = 6) —PoCd D —poca(l = 6) —PoCd
(a) Pro-norm payoff matrix (b) Anti-norm payoff matrix
C D
C | —poca(1 — €)1 = 6) —cu(l — @) | —poca(l —€) —c,(1 — i)
D —poca(l = 9) —PoCa

(¢) Payoff matrix of agent i



The first two are, of course, extreme cases of the latter, which are obtained by setting @; = 1 for the
first and @; = 0O for the second. In Fig. 2.2 we illustrate a simple interaction between two agents,
where the norm under study is the wearing of a face mask. In this example, the overall presence
of the disease is set to pg = 0.4, the cost of compliance to ¢, = 0.5, and the opinion of the agent i
(on the left) to @; = 0.5. In this case, the most convenient choice is to adopt the opposite strategy
of the other agent.

Figure 2.2
Hllustration of a 2x2 game. The payoffs shown are relative to the agent i on the left, whose opinion is
a; = 0.5. The parameters settings are: cg =1, € =0.9, 6 = 0.5, pg = 0.4, ¢, = 0.5.
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R = —pocy(1 —€)(1 = 6) — c,(1 —a;) = -0.27 S =-poca(l =€) —c,(1 =) = -

[T = —poca(1 —6) = -0.20 | = —poca = —0.40 |

In the following, we discuss more in detail each of the aforementioned model parameters, and we
justify the values that we set in our study.

e po € [0, 1] — the overall presence of the disease in the population.
It spans from a fully susceptible population (pg = 0) to one where everyone is infected
(po = 1). Normally, it is a dynamical factor which changes during the process of the
epidemic, but for simplicity we keep it fixed and we study settings with different values
of po.

e ¢; = 1 — the disease intrinsic cost.
It measures the cost to be paid by the individual who gets the disease, by taking into account
its severity, the mortality, the availability of a therapy, and so on. In our study, we normalise
this cost to 1, but it can be adjusted according to the characteristics of the disease under
consideration.

e ¢, € [0, 1] — the maximum cost of norm compliance.
It is a factor that quantifies the effort required by the application of the containment measure.
Depending on its value the agents will be more or less induced to cooperate. We set this
parameter in the range [0, 1] because we are only interested in settings where c, is positive
and lower than the disease cost ¢y = 1.

e € = 0.9 — the disease cost discount for a cooperating agent.
It measures the efficiency of the chosen containment measure and acts by reducing the prob-
ability of being infected, i.e. the cost of getting the disease. When € = 0 the adopted measure
is completely useless, whereas when € = 1 the probability of contracting the disease for a
cooperating agent drops to 0. However, both are extreme cases that do not reflect reality in



most situations: in our work we set € = 0.9 to study a particular containment measure which
is efficient but not perfect in stopping inward transmission.

e 0 = 0.5 — the disease cost discount for an agent that interacts with a cooperator.
Since the adoption of the measure is often effective in stopping inward transmission as well
as onward transmission, not only the cooperator itself benefits from its compliance, but
also the agents with whom it interacts. The resulting reduction in the probability of being
infected is measured by ¢, which spans between 0 and 1. We set 6 = 0.5 in order to study
a containment measure having higher efficiency in stopping inward rather than outward
transmission, as for example in the case of a vaccine.

Two other important variables, cited in the aforementioned list but not yet discussed, are x =
%Zi s;, 1.e. the fraction of cooperators in a population of N individuals, and o = #Zia/,-, i.e.
the average opinion in the same population. The point x = 1 is reached when every agent in the
population complies with the measure of containment (s; = 1, Vi), while x = 0 describes the
opposite situation where no one does. On the other hand, when all the individuals are pro-norm
(a; = 1, Vi) the point @ = 1 is reached, while a = 0 is obtained when all individuals are anti-norm.

2.2. Evolutionary dynamics

In our model, an agent can switch strategy by copying the one of an opponent, according to their
respective payoffs. At the same time the agent may modify its opinion by being influenced by
the strategies of other agents. When a given strategy is successful, i.e. it achieves higher payoffs
with respect to the average payoff of the entire population, the fraction of individuals adopting it
will increase in the next time step. In a similar manner, agents tune their opinion according to
the present fraction of cooperators in the population. As a consequence, x and « evolve over time
until the system reaches a steady state. One purpose of this work is to analyse the dynamics of the
variables @ and x, and to investigate how they behave under the effect of the parameters py and c,,
as well the initial distributions of strategies and opinions.

2.2.1. Homogeneous ODE model

In this first part of the study we considered an infinite and well-mixed population, where everyone
interacts equally likely with everyone else, and all players possess the same opinion «; = a (hence
the term homogeneous). We remind that the fraction of cooperators x is given by the average of the
individual strategies s; in the population, while the fraction of defectors y is univocally determined
by x, since x + y = 1. The evolution of strategies is governed by the replicator equations [8]:

x=x(fc - f)
y=y(fp—- 1)

where fc and fp are respectively the expected payoffs for cooperation and defection of the agents,
while f is the average payoff of the entire population. Their explicit formulas read:

fc=xR+ (1 -x)S = —pocg(1 —e)(1 —x) —c,(1 — @)
fo =xT + (1 —x)P = —poca(1 — 6x)

f=xfc+yfp=—poca(l = 6x)(1 - €x) — xcp(1 — @)

These equations assume that the probability of interacting with a cooperator is given by x, while
with a defector by y = 1 — x. Since the dynamics of y is given automatically by knowing the one



of x, from now on we will only consider the latter. Simple calculations lead to the form:
i = x(1 = x)[epoca(l = 6x) = cu(1 - )] 2.1)

A different procedure was adopted to describe the evolution of ¢, i.e. the average of the opinion
a; of each agent: it was created by introducing a factor f(x,y) which denotes the feedback of
strategists with the environment, the factors @(1 — @) to bound the evolution of @ between 0 and
1, and the factor y to tune the velocity of the variation of . We adopted a simple linear feedback
mechanism: f(x,y) = x—y = 2x— 1. The reason of this choice stems from the tendency of humans
to follow the majority: when there are more people who cooperate, i.e. follow the norm, rather
than those who defect, individuals tend to have a more favourable view of the norm itself. This
being said, the formula of the a-update reads:

& =ya(l —a)2x - 1) (2.2)

Given this set of differential equations, the expected values of x(¢) and a(¢) can be obtained by
numerical integration, i.e. by discretising the continuous time to update the state variables x(f)
and a(f). The function we implemented works as follows: first, it calculates the instantaneous
rates of change % and % of our variables, then, it multiplies these derivatives by an appropriately
small but finite time interval At, to yield an incremental change in the state variables. In formulas:
x(t + Ar) = x(f) + Ax and a(t + Ar) = a(t) + Aa, where Ax = %At and Aa =~ ‘fl—fAt. Given the
updated values, the process repeats.

2.2.2. Heterogeneous discrete-time model

In the second part of the study we considered a well-mixed but finite population of N individ-
uals, each possessing a certain opinion @; € [0, 1] and a strategy s; € {0, 1} (hence the term
heterogeneous). In addition, to every agent corresponds a cumulative payoff 1" accumulated by
performing the game with each neighbour and calculated as follows:

M= " (s, s)) (2.3)

JENG ()

where Ng(i) denotes the set of neighbours of i, while II(s;, s;) is the payoff obtained by player
i (with a certain «;) adopting strategy s; when playing against player j with strategy s;. The
evolution of strategies within this model is due to the fact that each agent adopts an imitation
process in order to maximise its future payoff. In particular, the probability that agent i will
change the strategy to the one of its neighbor j depends on the difference of the two cumulative
payofts AIl = H;ﬁ”’" — II7*™", and is represented by the Fermi function:

1
P(S,' — Sj) = 1 (24)

1 + e-BAI
Parameter § is the so-called intensity of selection: in the 8 — oo limit, a player is always imposed
the opponent’s strategy when the former’s payoff is lower than the latter’s, but never otherwise.
For 8 — 0, however, worse-performing strategies may also be copied, as the decision-process
becomes approximately random. In our study we set 8 = 1, which is a typical value broadly used
in game theoretical models [9]. In order to describe the updating procedure for @, we introduce
the variable x;, i.e. the fraction of cooperation among the neighbours of i:

Xi = ~ Z S (25)
' jeNG(i)



where V; is the number of neighbours of agent i. Similarly to the infinitesimal incremental change
of the continuous-time ODE model (see formula 2.2), the updated value of «; is computed as:

" = a; + yai(1 — ap)(2x; = 1) (2.6)
The role of parameter v is to tune the speed of the change of variable a: the greater is y the faster
adapts to the changes in X, that is to say, the opinion changes faster to adapt to individual strategies
of the neighbours. In order to have similar behaviours for the time evolution obtained with the
homogeneous ODE model, we sety = 1.

2.3. Network topologies

We investigated two types of network structures: a random regular graph and a random geometric
graph. A random regular graph (RRG) is a a particular kind of undirected random graph, which
is constituted by a set of N nodes randomly connected with exactly k£ neighbours. In our graphs,
the nodes correspond to the agents and the edges represent the connections between the agents,
i.e. they connect the individuals exchanging the most significant interactions in terms of physical
presence, with relative probability of infecting and being infected, but also in terms of opinion
exchange. The simulations are performed on a population of N = 300 individuals where every
agent, i.e. node, has exactly k = 6 neighbours and we assume the graph fixed for the duration of
the evolutionary dynamics.

A random geometric graph (RGGQG) is a type of undirected graph often used to model social
networks, given its spatial geometry that resembles the structures in which humans arrange them-
selves. This type of graph is constructed by randomly placing N nodes in some topological space,
connecting two nodes by a link if their distance is less than a previously specified parameter
r € (0,1). Thus, the parameters r and N fully characterize a RGG. In our simulations we used
the metric space [0, 1]> with the Euclidean distance, and the nodes were placed uniformly and
independently in the underlying space. To compare the results obtained on the RRG we kept the
same number of nodes N = 300 and we chose the radius of connectivity r = 0.082, in order to
have an average number of neighbours k ~ 6.

2.4. Simulation setup

We initialized the simulations assigning to each player i an initial strategy s; € {0, 1}, such that
the fraction of cooperators x in the population was fixed, and an initial opinion «;, taken from a
uniform distribution with a fixed average «. Set the initial conditions, the simulation is performed
over a sequence of steps. In each step we compute for every agent i the fraction of cooperators
among its neighbours x; (using formula 2.5) and its cumulative payoff I1¢*" (using formula 2.3).
While in the well-mixed population there was no need to calculate the fraction of cooperators for
every node i (everyone sees the same x; = x corresponding to the cooperation fraction over the
entire population), in the networks each agent can only see the fraction of cooperation x; relative
to its k neighbours, which has to be computed separately for all agents.

Then, we sequentially take each node in the network as player i and choose player j at random
from i’s neighbors. Agent i compares its own cumulative payoff with that of opponent j and has
a chance to mimic its strategy, which is stored for later update. The update of the strategy occurs
with probability given by formula 2.4, whereas the update of the opinion is given by formula 2.6.
Once every agent has been taken and had the possibility to change its strategy and opinion, all the
nodes in the graph simultaneously update their values of s; and a;, and the simulation proceeds to
the next step .



3. RESULTS

3.1. Types of games - symmetric 2x2 games

The ranking of payoff elements determines the type of game being played. We introduce the two
universal parameters [1] that are used to divide the games in their respective class: D, = T — R
and D, = P-S. When D, > 0 and D, > 0 the game is a Prisoner’s Dilemma (abbreviated
to PD), where players face a trade-off between the reach of a common good and a purely selfish
interest. When D, > 0 and D, < 0 the game is a Snow Drift (SD), where players have an incentive
to defect, but if they both do it, they pay a higher cost: the most convenient choice is to do the
opposite of the other player. When D, < 0 and D, > 0 the game is a Stag Hunt (SH), while with
D, < 0and D, < 0 we are in a Harmony Game (HG), with no dilemma. In this initial part of the
study, we consider a 2x2 game between individuals with homogeneous opinion a; = @. We have:

D,y = —pocqe(l = 6) + cu(1 — @) 3.1
D, = —pocge + c,(1 — @) (3.2)

According to the choice of the parameters pg, ¢,, and the opinion «, the game can vary between a
PD, a SD and a HG: when D, = 0, the game transitions between a PD and a SD game, whereas
when D, = 0, there is a transition between a SD and a HG. Accordingly, the game played is a SD
when we have the following condition on ¢;:

cqge(l =9 Cq€
Poca€( )<CnSP0d (3.3)
-« -«
Figure 3.1
Types of game faced by a player with a = 0.5. The black line is ¢, = ]170ch = 1.8pg, while the white one is
1-¢
o = Poce€d =0 44,
-«

I Prisoner's Dilemma game
[ Snow Drift game
[ Harmony game

0.25 0.5 0.75 1.0
Po

It is also interesting to discriminate the types of games according to the opinion @ and the max-
imum cost of compliance c,. The three following plots show the different areas related to each
type of game: as expected, a greater area is related to a PD game when the overall presence of
the disease pg is low, while as it increases, more combinations of @ and ¢, result in a HG, with
no dilemma. In other words, when the prevalence of the disease is high, agents are more likely to
comply with the norm: the discount offered by cooperation provides a higher payoff regardless of
what other agents do.



Figure 3.2

The effect of the disease prevalence py on the type of game.
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3.2. Homogeneous infinite population

In this section we present four relevant results obtained by numerically integrating the set of or-
dinary differential equations 2.1 - 2.2, as explained in section 2.2.1. The same examples will be
repeated in the following sections, and the results compared.

Figure 3.3

Time evolution of x(t) and a(t) within the continuous-time ODE model in a homogeneous infinite population.
The initial average opinion a(0) is fixed to 0.25, while various values of x(0) and of parameters py and c,

are tested.
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As expected, the system evolves to the "pro-norm, fully cooperators" state when the initial con-
dition x(0) is high enough to allow «a to rapidly increase and converge to 1 (Fig. 3.3a), or when
the parameters describe a situation of high presence of the disease and low cost of compliance
(Fig. 3.3d). Instead, for the cases where pg and ¢, have comparable values, i.e. for the points in
the po-c, plane (relative to the present @) that correspond to a SD game, x may converge to a fixed
value between 0 and 1: this is the case of Fig. 3.3c, where the convergence point is (0.41,0).

3.2.1. Stability of fixed points

The previous simulations converged to fixed values of x and @. These combinations of state
variables represent stable points in phase space where the trajectories converge: they are among
the so called "fixed points" of the system. The set of fixed points of the system:

34

it = x(1 = x)| epoca(l = 6x) = ca(1 - @)]
a=ya(l —-a)2x—-1)

is given by solving x = 0, & = 0. We get the following six equilibrium solutions:
o (x1,@)) =(0,0)
o (x5, =(0,1)
o (x3,03) =(1,0)

o (x;,ay)=(1,1)

. . (1 ca—epocal = %)

L4 (-x5, a5) = 5, c
n

- €P0Cd — Cn

o (xg,ap) = ~eoroca

The first four represent "boundary" fixed points, as they are found at the corners of our area of
interest, formed by [0, 1]%. The fifth fixed point is a "saddle point": a point that is stable for
trajectories coming from two directions but unstable for all others. The condition for which this
fixed point exists in the area of interest is given by:

Cp > pocde(l - g) (3.6)

The sixth fixed point instead belongs to the x-axis, and again its existence in the area of interest
depends on the choice of the model parameters. More precisely, it is found in the interval x € [0, 1]
when:

epoca(l —0) < ¢, < €pocy (3.7

We note that this condition corresponds to the one for which we have a SD game given by eq. 3.3,
in the case when @ = 0. We remark that we are analysing an infinite population of homogeneous
opinion, where @ represents the common opinion possessed by each agent. When a = 0, i.e. all
agents are anti-norm, the condition 3.7 implies that each player faces a SD game.

10



3.2.2. Phase plane visualizations

What happens when the system is not at one of the fixed points? There are several approaches
to study the dynamics of the system: in our work we focused on two of them. The first one
consists in analysing how the variables x and a change with respect to time, given some initial
conditions x(0) and @(0) and fixing the values of the parameters of the system. A second approach
consists in analysing how each variable changes with respect to the other, with time being implicit
rather than explicit. In this way, the dynamics of the coupled systems can be represented in terms
of dynamics in phase space. In the phase portrait of Fig. 3.4, all possible initial conditions are
simultaneously present in the same plane and the trajectories show the convergence point given
each initial condition. In general, the dimensionality of the phase space is as large as the number
of variables: in our case we have a 2D phase plane represented by (x(¢), a(?)).

In order to understand the trajectory in the phase space when far from the fixed point, it is
useful to identify the so called "nullclines" of the system. A nullcline associated to a particular
variable is the set of points in phase space for which its dynamical equation is set to 0. Thus, in our
system we have x and « nullclines, respectively denoted by the green and red lines in the figure
below. The intersections between the nullclines associated with x and a correspond to the fixed

points found before.

Figure 3.4
Phase portrait of the ODE system (3.4) with py = 0.3 and c, = 0.25. Green lines are x nullclines, while red

lines are a nullclines.
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We analysed different scenarios according to the parameters pg and c,. As it can be seen in
Fig. 3.5, the effect of a high py is to favour cooperation, while a high ¢, tends to reduce it. In
other words, agents cooperate more when there is a high prevalence of disease together with a low
cost of compliance, as we would have expected. In addition, we note that if parameters pg and c,
are such that the game played on the x-axis is a HG, the system evolves towards the fixed point
(1, 1), despite of the initial conditions x(0) and a(0) (see Fig. 3.5f). Instead, situations for which
the game with @ = 0 is a SD (condition 3.7) result in the appearance of the fixed point on the
x-axis (see Fig. 3.5¢- 3.5¢), which confirms what we found in the previous subsection.
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Figure 3.5
The effect of po and c,, on the evolution of cooperation and opinion.
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It is important to emphasise the following feature that is clearly visible in the phase space. When
the average opinion is @ = 1, i.e. the entire population is pro-norm, the game played is always
a HG, despite the choice of the parameters py and c,. In this case, there is no social dilemma
and the system converges to (1,1). Instead, for @ = 0, we can have the three different games: a
PD-type of game, where defection wins against cooperation and the trajectory converges to (0, 0),
a HG-type, where the trajectory converges to (1, 1), and a SD-type, where the stationary solution
is found inside the interval x € (0, 1) and its position depends on the parameters pg and c¢,. We can
therefore say that the HG found with @ = 1 couples with either a PD, a SD or with another HG
with @ = 0.

3.2.3. Area of basin of attraction

We studied the final cooperation fraction averaged for all initial conditions in x and @, i.e. the mean
value of x(¢) calculated for all trajectories in the phase space, after sufficient time ¢ to guarantee
convergence. From now on we will refer to this variable as "final cooperation"”, denoted with Cy.
To do so, we numerically computed the basins of attraction of the fixed points using Mathematica.
In particular, we computed the area A ; of the phase plane composed by the trajectories converging
to the stable stationary solution in (1, 1), and the area A, o of all trajectories converging to the fixed
point on the x-axis, if present.

In the case of a coupling with a PD and a HG, we used the fixed point (1, 1) as the attractor.
In Fig. 3.6 we show two examples using the typical values for py and ¢, which we used in the
previous subsection. We obtained respectively A;; = 0.32 and A;; = 1. In these cases, the final
cooperation Cy corresponds to the value of the area Ay, since the only two stable points are in
x = 1and x = 0 and all trajectories converge to one of these two points.
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Figure 3.6
Area of the basin of attraction of (1,1) computed numerically with Mathematica.
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In the cases where condition 3.7 is satisfied, instead, we have a coupling with a SD game. Here, the
final cooperation C ¢ does not simply correspond to the area A;; as before, but instead is computed
as:

€PoCy — C
Cr= ( u n)Ax,O +(1 - Ay) (3.8)
€0pocCd
. . . % . * EpOCd - Cn
where Ay is calculated dynamically towards the fixed point (xg, 0), with x¢ = that
€0poca

moves along the x-axis as the parameters are varied. In Fig. 3.7 we show the basin of attraction
of the fixed point (0.41, 0), having area A, o = 0.24, corresponding to a final cooperation fraction
Cy =0.86.

Figure 3.7
Area of basin of attraction of fixed point (xg,0) computed numerically with Mathematica.
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(a) Coupling with a SD with py = 0.7 and ¢, = 0.5
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We computed the final cooperation fraction Cy for various values of py and c,, and we plotted
the result in the heatmap below.

Figure 3.8

41x41 heatmap showing the final cooperation fraction for each combination of the parameters py and c,,.
The black and while lines delimit the types of games played on the x-axis, the orange line the fulfilment of
the existence condition of the fixed point on the x-axis.
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Similarly to Fig. 3.1, we have the coupling with the PD, SD or HG being separated by the black
and the white lines. In particular, above the black line there is a coupling with a PD game, below
the white line with a HG, and in between with a SD game. In Fig. 3.1, however, a was set to 0.5,
while here is set to 0 as we are interested in distinguishing the types of games played on the x-axis.
As evident in the heatmap, below the orange central line ¢, = epocy(1 — g) the final cooperation
Cy is always 1: we are in the situations where all agents find more convenient to cooperate, and
the average opinion converges to a fully pro-norm population. This is exactly what we would have
expected below the white line ¢, = epgcy, where there is a coupling with a HG, and no dilemma
for any agent (Fig. 3.5f). Anyway, we see that the convergence towards (1, 1) is also guaranteed
in the slice of plane between the white and the orange line: we are here in settings where the
fixed point on the x-axis exists and is found in (0.5, 1], while the central saddle point does not
exist (see condition 3.6). When this happens, although the coupling with a SD would suggest
a lower cooperation fraction Cy, all trajectories converge to (1, 1), as evident in Fig. 3.5e. The
slice of plane inside the black and orange lines corresponds to situations where both the central
saddle point and the fixed point on the x-axis are simultaneously present in the phase plane (see
conditions 3.6 - 3.7 and Fig. 3.5¢). As it can be seen, such region is darker than the one above
the black line, due to the fact that here we are not only considering the area A;; but we are also
adding the contribution of the fixed point on the x-axis, as shown in formula 3.8. To conclude, the
area above the black line concerns the couplings with a PD game: here the stable fixed points are
found at (0,0) and (1, 1), and all trajectories either converge to one or the other with a ratio that
depends on the parameters pg and ¢, (see Fig. 3.5a-3.5b-3.5d).
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3.3. Well-mixed finite population

In this section we want to compare the results of the continuous ODE model with those obtained
by simulating a well-mixed finite population within the heterogeneous discrete-time model (see
section 2.2.2). As for the infinite well-mix population analysed above, agents interact with equal
probability with all other agents. The difference is that in this case each individual i has its own
strategy x; and opinion «;, which spans continuously between the extremes of pro-norm and anti-
norm. To make the comparison clear, we show the same four examples presented in Fig. 3.3 in
terms of the values of py, ¢,, x(0) and @(0), obtained by performing a simulation over 80 steps.

Figure 3.9
Time evolution of x(t) and a(t) within the heterogeneous discrete-time model in a well-mixed population
made of N = 300 individuals.
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When the system is coupled with either a PD or a HG, the results obtained within the hetero-
geneous discrete-time model are reflecting those of the ODE model (see Fig. 3.9a - 3.9b - 3.9d
compared with Fig. 3.3a - 3.3b - 3.3d). On the other hand, Fig. 3.9c is not in agreement with
the corresponding Fig. 3.3c of the ODE model. Although we are starting the simulation at
(x(0), 2(0)) = (0.25,0.25) and we have a coupling with a SD game, the system converges to
(1, 1), instead of (0.41,0) as Fig. 3.7 would suggest. This discrepancy is due to the finite-size ef-
fect on the system that makes the stochastic oscillations of x around the point 0.41 exceed x = 0.5.
Consequently, variable @, which increases when x > 0.5, eventually converges to 1 and positively
affects the increase in x.
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3.4. Networked populations

So far, we have analysed a simplified model of an unstructured, well-mixed population in which
everyone can interact with everyone else. This model can also be seen as a fully connected net-
work, where individuals occupy the vertices of a graph and the edges determine who interacts with
whom. However, real populations are not well-mixed: a more realistic scenario involves interac-
tions not being random, but determined by spatial relationships or social networks [3]. In this part
of the study, we aim at capturing the effect of the network structure on the evolutionary dynamics
of the system. Furthermore, we investigate if and to what extent the evolution of cooperation is
favoured by network structures.

3.4.1. Random regular graph (RRG)

We show here the same four simulations which were performed firstly within the continuous time
ODE model and secondly on a well-mixed but finite population. To make the comparison clear,
we kept the same population size N = 300 and we performed the simulations over a number of
steps that ensures convergence. In this setting, the main difference with the previous models is that
individuals, being spatially arranged on a RRG network, can only interact with a limited number
of agents, i.e. with their k = 6 neighbours. What happens in the rest of the population is beyond
the reach of the agent in question, who is therefore not affected by it in a direct way.

Figure 3.10
Time evolution of x(t) and a(t) within the RRG model.
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In general, we found that the simulations within this network structure are qualitatively similar
to those of the well-mixed population, especially if k is increased. This was to be expected since
the well-mixed population corresponds to a fully connected RRG, i.e. with k = N — 1. However,
as evident in the simulations 3.10a- 3.10c performed over 200 steps, the network structure delays
the convergence to the fixed point. This is due to the effect of the reduced number of neighbours,
which makes a dominant strategy (or opinion) take longer to reach all nodes and impose itself on
the population.

3.4.2. Random geometric graph (RGG)

As we did in the previous sections, we show the simulations performed with the same parameters,
but this time in a population structure built with a RGG.

Figure 3.11
Time evolution of x(t) and a(t) within the RGG model.
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Interestingly, within this population structure the convergence towards fixed points (1, 1) or (0, 0)
is delayed (see Fig. 3.11c - 3.11d), and in some cases it is not guaranteed (Fig. 3.11a - 3.11b). A
similar delaying effect was also observed for the RRG, but here we see it amplified, as the RGG has
a longer average path length [10], resulting in slower propagation of information (see Fig. 3.10c
compared to Fig. 3.11c). In particular, RGGs are characterized by the presence of clusters, i.e.
highly interconnected nodes in the population. Here, individuals share most interactions and copy
one another, therefore they tend to conform to the same strategy (or opinion). It seems clear to
us that the high clustering present in the RGG is at the root of the slow convergence to the fixed
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points. For these reasons, the structure of RGGs seems appropriate to study the emergence and
maintenance of cooperation in societies almost entirely made of defectors (and respectively the
emergence of free-riders clusters in cooperative societies). To show this feature, we present in
Fig. 3.12 an additional simulation, with the corresponding spatial arrangement of individuals.

Figure 3.12
Time evolution and final arrangement of cumulative payoffs, cooperation and opinion in a RGG of N=300
nodes and average number of neighbours k ~ 6. Setting: po = 0.4, c, = 0.5, x(0) = 0.5, a(0) = 0.5.
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The simulation shows an initial increase in both variables, that then stabilise around a constant
value. However, stochastic oscillations in the fraction of cooperators are observed. As mentioned
above, the structure of the RGG may allow the assortment of cooperators (or defectors) in clusters
that are more robust against invasion. In Fig. 3.12c we see the survival of clusters of defectors, even
if they get a lower average payoff due to their higher probability of infection (see Fig. 3.12b). This
is due to the process of imitation that is only carried out among neighbours. An agent surrounded
by defectors is likely to become a defector, and at the same time its opinion a; will decrease.
Eventually, the system converges to situations where most cooperating agents are pro-norm, while
defectors are anti-norm (see Figs. 3.12¢ and 3.12d). Most strategy updates occur at the borders:
it’s here that evolution takes place. Furthermore, it is common to see a mismatch between strategy
and opinion at the borders. In Fig. 3.12b the two individuals that have the lowest payoff (in blue),
are two anti-norm cooperators, who pay the full cost of compliance to the norm c,,.
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Another interesting observation concerns the effect of the number of neighbours k, which is
in average equal to 6, but can vary among the individuals. A cooperating agent pays a cost for all
its k neighbours and receives a discount from each cooperator among them. However, since the
payoffs are all negative and an agent’s cumulative payoft is calculated over all its neighbours, the
most favoured agents are actually those with the fewest neighbours (see the lonely individual in the
lower left corner of Fig. 3.12b). It is interesting to make a comparison with the real world, where
one of the measures to protect oneself from any contagious disease is to adopt social distance,
since all interactions with other agents involve the possibility of contracting the disease. This
aspect obviously could not be taken into account in the RRG, where each agent has a fixed number
of neighbours.

3.4.3. The effect of the network topology

To give a visually clear impression of the effect of population structures on the evolution of opinion
and cooperation, we present the following Fig. 3.13. We computed the final values of the average
opinion « (first column) and the cooperation fraction x (second column) in the three population
structures (well-mix in the first row, RRG in the second, RGG in the third). Each heatmap is a
21x21 matrix which shows the convergence value for each combination of pg and c,. All simu-
lations started from the initial conditions (x(0), @(0)) = (0.5,0.5), they were performed over 300
steps (¢* = 300) and repeated 30 times to mitigate the effects of stochasticity.

We start by noting that the difference between the final average opinion «(z*) and the cooper-
ation fraction x(¢*), in all three population structures, is negligible. This is in agreement with the
previous results and confirms the fact that, in most cases and after sufficient time, x(#) and a()
evolve towards the same value. For this reason, in the next observations we will just refer to the
cooperation fraction. For what concerns the well-mixed finite population and the RRG, the region
of plane inside the two lines, or in its near proximity, results in a transition between an average of
x(t*) = 1 (in blue) and an average of x(z*) = 0 (in magenta). We remind that these results are aver-
aged twice: one is the average in the population x(¢*) = % > 8i(t"), and one is the average (x(1*))
obtained over the 30 simulations. For these two population structures, the transitioning phase with
(x(*))s € (0, 1) is due to the average over the simulations. In fact, 300 steps are enough to ensure
convergence and the system converges either to x(*) = 1 or to x(¢*) = 0, due to the stochastic
oscillations of x (see Figs. 3.9 - 3.10). The smoother transition of the RGG shown in Fig. 3.13f,
however, is not due to the average over simulations. In fact, in this case x(#*) does not necessarily
converge to 1 or 0, but can, and most often does, acquire intermediate values (see Fig. 3.11).
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Figure 3.13

Comparison of final average opinion and cooperation fraction for different population structures, starting
from initial conditions (x(0),(0)) = (0.5,0.5). The white lines delimit the area where both the central
saddle point and the fixed point on the x-axis are simultaneously present in the phase plane (x(1), a()).
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4. DISCUSSION

In many real societal systems, individuals experience distinct and very personal perceptions of
the same interaction. This translates into the fact that payoffs do not depend solely on the strategies
of the agents participating in a game, but also on their individualistic perception of the game itself.
However, most models in evolutionary game theory assume homogeneous interactions both be-
tween agents and over time. Otherwise, in the case where they do consider heterogeneous payoffs,
they primarily deal with interactions between two distinct populations, e.g. two-species biological
systems [11], or in which individuals possess different roles, e.g. the Battle of the Sexes [12].
In our work, we investigated the effect of distinct, time-evolving perceptions of interactions. In
particular, we focused on how this perception, which we called "opinion", propagates and evolves
in different population structures. In our model, this opinion corresponds to the agent’s individual
effort in "adopting the norm", i.e. actively taking an action to contain the spread of the disease.
We referred to a "cooperator” as one who respects the norm, while one who does the opposite was
called a "defector".

Our norm compliance dilemma (NCD) represents a new framework which involves evolution
of cooperation together with opinion dynamics. It is intended to be general and applicable to
different coevolutionary games. In fact, the results we obtained are specific to the values of the
cost of getting the disease, ¢4, and the inward and outward efficiency of the containment measure,
€ and ¢ respectively. Other choices of the aforementioned parameters correspond to different
real-world scenarios, e.g. a higher value of disease cost could be set to model a more severe
disease, along with lower values of inward and outward efficiency to describe a less effective
containment measure, or norm. We firstly constructed a differential equation model which was
solved analytically for an infinite population of homogeneous perception; then, we compared the
results with those obtained in finite populations having heterogeneous individual perceptions and
arranged in network structures.

One of the purposes of this study was to investigate the impact of the two parameters we
kept free: the presence of the disease in the population, pg, and the maximum cost of compliance
to the norm, c¢,. We found that a high presence of the disease favours cooperation and causes
the preponderant opinion in the population to be in favour of the norm, or "pro-norm". On the
contrary, a high cost of compliance results in less cooperation and a higher presence of "anti-
norm" individuals. This result holds qualitatively for all population structures, regardless of spatial
arrangement or heterogeneity of opinions. A possible implementation of our model could be to
let pg change dynamically as the number of cooperators changes in time. This could be done by
coupling our evolutionary decision-making model to a disease-spreading model, as suggested by
the Vaccination Dilemma [13].

Another purpose of the study was to assess the effect of the population structure on the evo-
Iution of cooperation. Previous works have shown that certain network structures promote coop-
erative behaviour, especially if they have a low connectivity [14]. According to our results, we
could evince that spatial arrangement of individuals is responsible for the survival of cooperation
communities in a society almost entirely made of defectors. Symmetrically, defection commu-
nities arise and endure in cooperative societies. It is interesting to note how this reflects reality:
people who exchange relevant interactions reinforce each other’s opinions and often end up acting
in the same way. For this reason, spatial networks have once again proven to be a powerful tool
for shaping real-life social interactions.

The large variability of the final cumulative payoffs of individuals in spatial structures inspires
the idea of implementing an adaptive network, i.e. a network that changes its structure, evolving in
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time. In terms of our model, individuals facing a potential epidemic outbreak could decide to adopt
social distancing by removing the connections they have with some individuals. This corresponds
to change their number of neighbours k, which would become a new dynamical variable of the
model, together with x and @. For example, an agent with few neighbours interacting with an
agent with many neighbours might decide to sever the connection with the latter, fearing the cost
of the disease.

Another possible extension of the model consists in the introduction of a multiplex network [15].
In this structure, each type of interaction between nodes takes place on a separate network layer.
In our case, it would be useful to build two distinct layers: a "contact network" and an "opinion
dynamics network". The first one would describe the face-to-face interactions within which the
disease can spread, e.g. people on a bus, co-workers sharing the same office, family, neighbours,
friends. The second one, instead, would concern the connections where opinions propagate, e.g.
through social networks, phone calls, meetings.
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