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Abstract

Hydrofoiling boats represent the cutting-edge of the world of sailing. Their ability
of “flying over the water” makes them one of the most fascinating challenges for
designers. The increasing complexity results in the need to find trade-offs across the
multiple specialist areas involved, in order to achieve a successful project. Hence the
importance in the development of design tools capable of “foreseeing the future”.
This thesis work aims to contribute to all design stages, from the preliminary to
the more detailed, of an International Moth. At first, the high-level requirements
are identified, imposed by the sailor’s needs, manufacturing’s limits and perfor-
mance. Therefore, an optimization tool is implemented, by exploiting global and
local optimization algorithms, aiming to determine the best boat’s configuration
capable to be compliant with requirements. Considerable emphasis is placed on
the stability concepts, by analysis both static and dynamic aspects through the
small perturbation theories.
The need to move a step towards the reality and to simulate the performance of
the resulting design, leads to the development of a 6 DOF dynamic model.
The model allows for sailor-boat interactions and stability assessments, as well as
manoeuvres simulations. Sailor’s movements and adjustments are reproduced by
means of controllers on sail, rudder and rudder-foil. An in-depth study of the main
foil control system is provided, highlighting its performance and its crucial role in
ensuring a stable flight.
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Chapter 1

Introduction

1.1 Motivation

The reasons behind this work stem from two challenges I have faced during my
experience as a member of the “dynamic and performance section” at PoliTo sailing
team1, when I have been involved into the project of our first International Moth.
The first challenge concerns the need to fill the gap between the preliminary design
stages and the final product. In fact, one of the keys for the project’s successes rely
on having a vision as clear as possible of the final purposes, starting from the very
early stages. Despite this "prediction work" involves thousands of unknowns and
some assumptions must be made to go on, it allows the following design phases to
be constantly in line with the main basic concept. Consequently, the development of
a design optimization tool aiming to define the preliminary boat’s configuration
according to pre-established requirements.
Secondly, if the strength of a project is proved by how forward-looking the pre-
liminary designers are, it is also true that, as the project progresses, there is a
constant need to look back, verify the impact of the current decisions on the final
product and try to find a compromise among the different project’s needs. Hence,
the development of a 6 DOF dynamic model with the goal to investigate boat’s
performance, stability and sailor-boat interaction.
Therefore, this thesis is divided into two parts: firstly, the priority is given on
finding the optimum Moth‘s design and secondly, its dynamic behavior is deeply
analysed.

1https://areeweb.polito.it/politosailingteam/index.php

1
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Introduction

1.2 State of art
The state of art of foiling boats’ preliminary design tools is represented by a large
number of softwares able to evaluate both static and dynamic performance.
One of the most renowned is FS-equilibrium[1] (Future Ship), an open modular
workbench created by the Fluid Engineering Department of the classification
society and maritime advisor DNV GL. It is a modular and a multi-purpose tool
which is suitable for different sailboat classes. Users, after entering the geometric,
hydrodynamic and inertial proprieties, are asked to select among different pre-
defined force modules in order to build the mathematical model. However, importing
data from external sources, such as CFD analysis results, is an option too. Finally,
boat’s performance and maneuvers are simulated with high-fidelity results.
Another tool worthy of mention is Typhoon [2], developed by the University of
Ghent. With a user-friendly interface, capable of reproducing the desired foil’s
configuration, this software calculates the equilibrium point, the trim conditions and
investigate the dynamic response to a small disturbance by using the “Vortex-lattex
method” to evaluate forces.
Moreover, one of the most innovative approach into the foiling boats’ design is
given by Rafael Tannenberg [3]. The goal of his PhD is to optimize the foil’s
geometry inside a wider prospective of the boat’s performance evaluated by a VPP
(Velocity Prediction Program). The crucial point of the work is represented by the
numerous optimization variables needed to model the foil’s geometry and hydro-
dynamic characteristics into detail. This would entail to an incredible calculation
demand and a resultant massive time-consuming process. In order to overcome
this problem he makes use of automatic differentiation to obtain the differentiated
version (adjoint version) of the simulation code. This adjoint code allows him to
compute the gradients required for optimization around ten times faster than with
conventional methods.
Finally, as far as International Moth is concerned, Bögle [4] and Eggert [5] did
a huge work on studying the static, dynamic performance and stability with the
development of a VPP and a DVPP.

1.3 International Moth Class
The International Moth is a single handed, mono hull and una-rigged dinghy.
Officially the “International moth class” was born in 1972. The peculiarities of this
class is stated in the opening sentence of its regulation:“the intention of these class
rules is to give the designer and builder the fullest liberty in design and construction”
[6]. The main limitations are:

• Maximum length of 3.355m;

2
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• Maximum beam of 2.250 ;

• Total weight is unlimited;

• Maximum sail area of 8.2m2;

• Maximum overall length of mast spars of 6.250m.

Figure 1.1: International Moth

The first Moth ever built was called ’Olivia’ and was made in 1928 by Len Morris.
After several years of development around the world, it was not until 1999 that
the Australian Dr. Ian Ward drastically changed the class with the introduction
of foils in order to lift the boat out of the water. In particular, his concept was
the same as the current one. The configuration is composed by two T-foils, thus
distinguishing it from catamarans and trimarans. The central T-foil consists of a
vertical part called daggerboard and a horizontal component called main foil,
while the rear T-foil is split into rudder and rudder foil. However, this innovation
became widespread only once the main foil control system was developed by the
brothers Gath and John Hett.
Another milestone in the history of the Moth was the born of the ’Bladerider’ in
2005, the result of a collaboration between McDougall, a long-time sailor, and
McConaugh Boats, a company specialising in composite materials. Its lightweight
design, coupled with its ability to fly on water, enabled the Moth to reach record
speeds and sparked great interest throughout the sailing world [7].

3
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1.4 Thesis structure description
The thesis starts with a briefly sailing background, in chapter 2, to get the reader
into the peculiarities and terminologies of the world of sailing with a specialization
on the physics behind foiling boats. Then, the design tool is discussed through the
underling of the mathematical aspect before going into the details of the simplified
2 DOF static model and the linearized dynamic model. Furthermore, once the boat
configuration is defined, the chapter 4 aims to describe the 6 DOF dynamic model,
while boat’s performances, stability and manoeuvres are analysed in chapter 5 and
6.
Finally, the main results are resumed and some suggestions for the possible next
steps to continue this work are indicated.

4



Chapter 2

Sailing Background

2.1 True and Apparent Wind
The basic concept behind sailboats is to exploiting the power of the wind by means
of the sail. By interacting with the wind, the sail is capable of developing the
driving force needed to move forward the boat. In static conditions, the True
Wind is measured both in intensity TWS and direction TWA. However, as the
boat speed increases, it is combined with the true wind resulting in the Apparent
Wind. The latter is, therefore, what is actually experienced while sailing and it is
responsible of the sail forces generation. The relation between true and apparent
wind is stated below and it can be deduced how, as the boat’s speed rise up, the
AWS is more intense, while the AWA is reduced.

AWA = arccos
TWS · cos

1
TWA

2
+ V

√
TWS2 + V 2 + 2 · TWS · V cosTWA

AWS =
ò
TWS2 + V 2 + 2 · TWS · V cos

1
TWA

2 (2.1)

Depending on the true wind direction, several typical courses can be identified.They
are classified as Upwind courses (TWA < 90◦) and Downwind courses (TWA >
90◦):

• Close Hauled (or Windward): (TWA ≈ 40◦/45◦);

• Beam reach (or Wind abeam): (TWA ≈ 90◦);

• Reach: (TWA ≈ 100◦/130◦);

• Broad Reach: (TWA ≈ 140◦/170◦);

• Running (or Down-wind): (TWA ≈ 180◦).

5



Sailing Background

Figure 2.1: True and Apparent wind [3]

Figure 2.2: Sailing Courses [8]

Moreover, the typical manoeuvers for sailing boats, can be divided into four
categories:

• Tacking: consists on sailing towards the wind and changing the bow direction.
This is useful to go up the wind;

• Gybing: it is the same of Tacking for downwind courses;

• Heading up: consists in turning up to the wind and pass from a downwind
to an upwind condition;

6
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• Bearing away: consists in turning away from the wind and pass from an
upwind to a downwind condition.

2.2 Physic behind
Sailing boats are complex systems because of the large number of variables involved,
and the environmental interactions with air and water at the same time.
As mentioned in the last section, sail’s aerodynamic forces (lift and drag) are
developed by the encountering apparent wind. They are decomposed into the
longitudinal and later axes, resulting in a driving force and a side force respectively.
If the driving force aims to move the boat towards the desired course, the side-force
prevents it, causing a lateral movement called “sway”. Therefore, the direction is
shifted by the “leeway angle”. As a consequence, vertical appendages (daggerboard
and rudder) develop hydro-dynamic forces in order to counteract the sway movement.
However, these forces are responsible for the capsizing moment and the movement
of the sailor is intended to ensure the rolling equilibrium, thus creating the ’righting
moment’. At the same time, though, it has been proved that the sailor weight is
not sufficient. The sailing style of hydrofoils suggests heeling the boat windward in
order to reduce the lateral force component of sail. In addition, the helmsman can
act on the sail adjustments by making the sail less tight. This way, the amount of
sail force decreases with the drawback of reducing the driving force too.
As far as vertical forces are concerned, the weight of sailor and the boat itself are
balanced by the foils’ forces. At the same time, they influence the pitching moment
equilibrium. The longitudinal movements of the sailor, coupled with the control
systems of the main foil and the rudder foil, are needed to ensure the balance and
guarantee the desired boat’s attitude.
Finally, according to the course, the aforementioned interactions can be enhanced.
As depicted in figure 2.3, when sailing upwind the side-force is the dominant effect
and the sailor must depower the sail. As a consequence, the maximum boat’s speed
in upwind course is approximately equal to the TWS. On the contrary, downwind
courses are characterized by a greater driving force component and, therefore, the
boat’s speed can be greater than the TWS.

2.3 Main foil control system
Compared to the piercing hydrofoil boats, the International Moth needs the main
foil control system to control, maintain ride height and ensure stability throughout
the entire speed range. Since its first introduction by the brothers Gath and John
Hett, the system has undergone several developments. However, the main concept
is still the same: regulate the amount of lift generated by the main foil according

7
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Figure 2.3: Sail Forces direction [3]

to the fly height.
In analogy with the aircrafts, this is done by moving the main foil trailing-edge
flap. As a result, the AoA of the main foil changes and leads to a variation in the
lift coefficient. This effect can be expressed by the derivative τ that represents the
connection between the flap movement and the consequent angle of attack. Its
value depends on the ratio between the flap and airfoil chords.

∆α = δα

δαflap

· αflap = τ · αflap (2.2)

In particular, the system is based on a feedback control on the ride height given by
a sensor wand, mounted at the bow of the boat and constantly in contact with
the water surface thanks to a rubber rope. As the fly height changes, the wand
rotates and causes the translation of the push rod. This latter is connected to a
bell-crack that converts the motion from horizontal to vertical, thus moving the
flap.
Therefore, at low rides and during the take-off phase, the flap must generate greater
lift. On the other hand, when the desired ride height is reached, flap’s deflection
must be appropriate in order to guarantee the equilibrium condition or producing
depower to prevent the boat from jumping out of the water.
The most important component that determines the performance of the system is
the bow mechanism. Its purpose is to connect the rotation of the sensor wand,
representing the current fly height, and the translation of the push rod, representing
the flap movement. In the following, two of the most widespread bow mechanisms
are described.
The so-called Mach 2 [9] is composed by a pivot, consisting on a screw-nut system,
directly connected to the wand by a lateral link. At the bottom, the control link
provides the connection with the push rod. As a results, the rotation of the wand
leads to a rotation of the pivot and consequently a translation of the push rod.

8



Sailing Background

Figure 2.4: Transmission line [5]

Since the control link follows a circular trajectory, the resulting horizontal excursion
is maximum when it is at the bottom, while the movement is minimum as the link
goes upwards. This leads to a different sensitivity depending on the αwand range.
The latest control systems are mounted at the edge of a bowsprit, rather than on
the deck, in order to get earlier information about disturbances, such as waves.
Therefore, the system is based on the so-called BugsCam [10]. It differs from
the Mach 2 having a pivot that slides within a well-defined guide. The particular
shape of its curve integrates the automatically change of the sensitivity and can be
divided into four operating zones:

• Zone 1: it is active during the take off phase and aims to bring the boat to the
regime condition as quickly as possible. The maximum lift is provided because
the push rod takes the flap at maximum angle. The radius of curvature is
almost constant and the sensitivity is small, leading to maintain the same flap
angle despite a variation of the wand angle;

• Zone 2 and 3: they are active into the regime conditions and provide a
constant sensitivity to avoid small disturbances from being transferred to the
command chain;

• Zone 4: it is active if the right height is above the desired one, e.g. due
to strong disturbances. The radius of curvature suddenly changes causing a
rapidly decrease of the flap angle, in order to generate sufficient depower.
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Figure 2.5: Mach 2 Figure 2.6: Bugs Cam

Even though the main foil control system is completely automatic, the helmsman
can interact with the system by acting on different adjustments. In particular:

• Wand length: changing the length of the wand leads to a variation of the
sensitivity of the system. In particular, if the length is reduced, the same
angle swept is traduced into more translation of the push rod, thus increasing
the sensitivity.

• Offset: it is a setting made by a screw system located on the desk and close
to the daggerboard. It allows the sailor to change the zero-lift angle of flap,
thus changing the desired ride height. This adjustment occurs frequently on
board because, as the speed increase, the main foil would produce too much
lift.

• Gearing: it is defined as the control of the sensitivity of flap due to variation
of the wand angle. This setting is realized by changing the vertical lever arm
of the bell-crank, thus changing the bell-crack ratio. This way, with the same
horizontal translation of the push rod, the vertical movement is increased
or decreased. Alternatively, on the Mach2 system, this setting is done by
turning the screw head and causing a variation of the length of the connection
point, directly on the bow mechanism.
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Chapter 3

Optimization Tool

As stated in the 1.2, the mentioned state-of-art design tools need the configuration
of the boat as an input. But, what if there is no idea about it?
The first step to answer this question is to understand which are the main require-
ments that a racing sailboat must meet. As mentioned by Boegle [4]: “the Moth
should be fast and good to handle”, therefore the high-level requirements affecting
the boat’s design are:

• The boat’s configuration must maximize speed;

• The boat’s configuration must be statically stable over most of the operative
range;

• The boat’s configuration must be dynamically stable over most of the operative
range;

• The boat’s configuration must be manoeuvrable over most of the operative
range.

These requirements has to be turned into some performance parameters, in
order to quantify the goodness of the design itself. If maximizing speed is strictly
related to the drag minimization, the concepts of stability and manoeuvrability
need a more detailed investigation.
In fact, in the hydrofoiling boats and in particular on the International Moth, the
stability is affected by several factors strongly interacting with each other. However,
the main contributions come from the geometry of the boat, the control systems
and the sailor’s movements and adjustments.
By analysing the real behaviour and performance of the International Moth, it is
possible to understand how the sailor mainly affects the lateral-directional stability
rather than the longitudinal one. In fact, through lateral movements and the
control of the sail’s settings, the helmsman brings the boat to reach and maintain a
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Figure 3.1: Sailor-boat interactions [4]

desired heel angle and contrasts external disturbances. Obviously, the geometry of
the foils and vertical appendages also have an important effect. However, to a first
approximation, the capsizing and righting moments are mainly due to the lateral
force of the sail and the sailor’s weight respectively, while the effects of foils and
vertical appendages can be neglected.
On the other hand, the foil’s design and the corresponding control systems play a
fundamental role into the longitudinal motion. For example, different foil’s absolute
surfaces would lead to a different take off and maximum speeds. Moreover, stable
and unstable boats are distinguished by different surfaces distribution between
main and rudder foils as well as different foil’s longitudinal positions. Therefore,
the only interaction with the sailor is represented by the rudder foil control system,
since the flap control is automatic.
To sum up, despite the fact that the International Moth’s behaviour is characterized
by a strong coupling among components and therefore it is not possible to clearly
distinguish causes and effects, the longitudinal motion is the one that has the
greatest influence on the design. This is why, into this preliminary design phases,
the simplified model is based only on the longitudinal, vertical and pitching moment
equations.
Moreover, longitudinal static and dynamic stability have found wide application in
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the aeronautic field. However, even though with some differences, these theories
are applicable for foiling boats too.
After the evaluation of requirements through the performance parameters, the
next step is to identify the design variables with which the configuration of the
boat is described. From this stage follows the accuracy and the computational
time of the tool. In fact, the more the design variables the more accurate is
the definition of the geometric and hydro-dynamic characteristics and the more
the optimization process is time-consuming. To find a trade-off, it is decided to
represent the most relevant components of a hydrofoiling boat i.e. foils, because
they are responsible for the boat flying and they mostly affect performances and
stability.
Assuming a fixed hydro-dynamic profile, the design variables taken into account
are the positions w.r.t the bow, the surfaces and the aspect ratios of foils:

(xmf , xrf , Smf ,
Srf

Smf

, ARmf , ARrf ) (3.1)

• Foils’ positions (xmf , xrf) are related to the stability because it changes the
lever arms of lift and drag forces with the respect of the centre of gravity;

• Foils’ surfaces (Smf , Srf) are directly related to both drag and stability re-
quirements;

• Foils’ aspect ratios (ARmf , ARrf ), from their definition, allow to identify the
geometry of foils and they affects the lifting performance and induced drag
component. Therefore, AR’s have an influence on both drag and stability.

To solve the problem and find the optimum combination of design variables a
genetic algorithm is used.
Once the first boat configuration is guessed, the next step is to find the equilibrium
conditions on which to evaluate the performance parameters. Concerning the
longitudinal motion, the state variables are the boat’s attitude θ and the fly height
z. However, to get a more accurate representation of reality and of the pitching
moment control, the rudder foil angle δR is introduced as trim variable. To find
the equilibrium conditions a local optimization algorithm is implemented.

Finally, to summarise, the optimization tool aims to find the most suitable Moth
configuration (design variables) to guarantee the requirements (performance
parameters) for the whole range of operating speeds (state variables, trim
variable), while remaining within the general limits of the project.
Some of the assumptions are resumed below and more details are provided in A.4:

• Fixed CoG position at xg = 2.12m from the bow;
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• Fixed sailor position;

• Fixed vertical appendages’ geometric and hydro-dynamic characteristics;

• Fixed centre of effort of vertical appendages;

• Fixed weight of the boat with sailor;

• Zero heel angle;

• Small leeway angle;

• Fixed foil’s hydro-dynamic profile NACA 63 − 412 [11];

• Fixed vertical appendage’s hydro-dynamic profile NACA 0012 [12].

3.1 Methodology
The tool can be divided into the three parts:

• User’s inputs;

• Core;

• Solver.

In the first part, users can choose the operative scenario on which the boat will
work, by entering the desired speed range. Then, it is asked to decide the design
variables involved into the optimization process, and finally, setting the boundaries
on within which the design can move.
The core of the tool is the model of the boat whereby the performance parameters
can be evaluated. Surrounding the whole, the solver is capable of finding the best
boat’s configuration and calculate its equilibrium conditions within the operative
range.
After entering the necessary inputs, the genetic algorithm is started, in order to
generate the first guess of boat’s configuration. At this point, there is the need to
understand if this configuration meets the requirements or not. For this purpose,
the local solver receives the geometry as an input and finds the equilibrium
solution for every speed considered. Subsequently, the performance parameters are
evaluated in order to write the objective function that the genetic algorithm
aims to minimize. This process is repeated and, by the end, the tool provides
the optimum boat’s configuration among those guessed, with the corresponding
equilibrium conditions.
In order to guarantee a feasible solution, the design space is limited by two
constrains:
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• Take off: it is imposed that the 70% of the boat’s weight is withstand by the
main foil at the take off speed. This condition has a direct consequence on
the minimum value of main foil surface that the optimization toll can handle:

LmfT O
≥ 0.7 ·W −→ Smf ≥ 2 · 0.7 ·W

ρV 2
T OCLT O

(3.2)

• Stall preventing: this condition comes from the aeronautic field concerning the
design of the horizontal tail. It is imposed that the stall angle of the rudder
foil is greater than the one of the main foil. This way, it would be possible to
recover from a critical condition and prevent the boat to collapse because of
the stall of the main foil. This constraint affects the value of the aspect ratio
as follows:

ARrf ≥ ARmf (3.3)

Moreover, boundaries on the absolute values of the design variables are stated in
the table below:

xmf [m] xrf [m] Smf [m2] Srf

Smf
[−] ARmf [−] ARrf [−]

1.3 ÷ 1.5 3.3 ÷ 3.8 0.08 ÷ 0.14 0.4 ÷ 0.82 7 ÷ 11 7 ÷ 11

Table 3.1: Boundaries on design variables

As far as the objective function is concerned, it consists on a weighted average of
the total amount of drag and the value of the pitching moment derivative. However,
since the tool aims to find the optimum configuration among the entire speed range,
the total objective function is given by the sum of the partial ones.

objfunction =
Ø 1

K1 ·Drag(i) +K2 · CMα(i)
2

(3.4)

The dynamic stability is evaluated through the eigenvalues coming from the lin-
earized model. Nevertheless, due to the difficulty in expressing them as part of the
objective function, it is decided to penalise the “unstable population” of design
variables and rule them out from the selection.

3.2 Static Model
As previously mentioned, the model of the boat composes the core of the tool.
Although the full dynamic model will be presented in the following chapters (4), at
this stage there is a need to simplify the model, highlighting the most important
features and avoiding an extreme time-consuming process. Hence, the development
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Figure 3.2: Algorithm flow chart

of a static 2 DOF model focusing on the longitudinal motion. Since the input of
the model is the speed range, it is assumed the longitudinal equilibrium equation is
already satisfied by imposing that the driving sail force is equal to the sum of drags.
Consequently, the two degrees of freedom taken into account regard the vertical
equilibrium and the pitching moment equilibrium. The state variables representing
the system are the boat’s attitude θ and the boat’s fly height z and the rudder
foil angle δR is the trim variable.
The model description starts with the definition of the reference systems. They
follow the aeronautic convention for the axes orientation: longitudinal axes towards
the bow, vertical axes towards the water surface and the lateral one as a consequence.
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In particular, the frames are:

• BODY: follows the boat’s movements and the equilibrium equations are
written into this reference system.

• INERTIAL: fixed reference system. By comparing with the body frame, the
state variables are identified.

Figure 3.3: Reference frames 2 DOF model

The classic aerodynamic theory is used to express lift and drag forces and typical
foiling boat’s phenomena like the free-surface and the wave drag effects are taken
into account.

L = 1
2ρV

2SCL

D = 1
2ρV

2SCD (3.5)

The free-surface effect is responsible of the worsening of the lifting performance,
as the foil is closer to the water surface. In particular, there is an inflow speed
reduction as well as the effective profile chamber decreases. Through the biplane
analogy, is possible to obtain an analytical expression of the free-surface correction
[13]:

CL = CL∞ · (1 − 0.422 · e−1.454· h
c ) (3.6)
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The second effect is related to the wave generation [3] and therefore, another drag
component is added to the shape drag and the induced drag:

CD = CD0 + CDi
+ CDwv (3.7)

CDwv = 1
2 ·K0 · c · C2

L · e−2K0h (3.8)

After the force modules calculation into the inertial frame, they are converted into
the body axes by using the rotational matrix Θ, representing the rotation around
the yb exes:

Θ =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 (3.9)

Finally, the equilibrium equations are stated:Fz = 0
My = 0

(3.10)

As underlined in the 3.1, the local optimization algorithm aims to solve the system
of these two equations. However, the problem has three unknowns, which are the
two state variables and the rudder foil angle. For this purpose, another condition
is added: the attitude of a Moth must be as neutral as possible. This statement,
coming from observation, allows the optimization to find an equilibrium condition
in line with the real behaviour of the boat. Therefore, the local optimization
algorithm is asked to solve the following problem:


Fz = 0
My = 0
θ = 0

(3.11)

As done with the genetic algorithm, boundaries on the state variables are imposed.

θ [deg] z [m] δR[deg]
-3 ÷ 2 0 ÷ 0.8 -6 ÷ 3

Table 3.2: Boundaries on state variables
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3.3 Static Stability Evaluation

The static stability concept stems from the aeronautic field. An aircraft flying in an
equilibrium condition, is statically stable if, following an external disturbance, it is
able to return to the previous condition. Similarly, the same concept is applicable
for the foiling boat, albeit with some differences. Indeed, the stability problem of an
aircraft can be approximated by considering only the linear terms, i.e. those taking
into account the lift forces (CL = f(α)). On the contrary, the moth configuration
envisages two long vertical appendages (daggerboard and rudder) causing the fluid
dynamic forces to be applied at a significant distance with the respect to the centre
of gravity. This way, the moment due to drag forces cannot be neglected and the
problem cannot be linearized (CD = f(α2)).
The longitudinal static stability is assessed by introducing the derivative of pitching
moment’s coefficient [14]. Starting from the previous model is possible to simulate
a small perturbation by evaluating My at a fixed speed and with different boat’s
attitudes. At this point, the pitching moment coefficient is calculated by normalizing
with the respect of the main foil:

CM = My
1
2ρV

2Smfcmf

(3.12)

Finally, it is possible to calculate the derivative CMα in the equilibrium point.This
is done by approximating the CM curve with a linear interpolation, resulting in:

CM = CM0 + CMα · θ (3.13)

3.4 Dynamic Stability: linearized model

With the aim of moving the first step into the dynamic aspects of the design, the
linearized dynamic model is developed. If static stability concerns the boat’s first
reaction after a perturbation, dynamic stability takes into account how the boat
tends to return to its previous equilibrium condition. This dynamic behaviour is
crucial in sailboat design because there are simultaneous perturbations and the
boat must be able to mitigate these effects. In addition, the sailor himself can
cause an external disturbance on the system by making some small mistakes. In
this case, it is necessary for the boat to be "forgiving" and allows the sailor to
continue the regatta without critical consequences.
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Figure 3.4: CMα linear approximation

3.4.1 Small perturbation theory
The dynamic stability is analysed thought the small perturbation theory. As a
result, the equations can be linearized and the state space formulation is obtained: ˙̄x = Ax̄+Bū

ȳ = Cx̄+Dū
(3.14)

The dynamic characteristic of the system depends on the state matrix only. More-
over, the aim of the optimization tool is to find the boat’s configuration that is
intrinsically stable without the involvement of external controls. For this reason,
the command vector is not taken into account. The second equation represents the
“output equation” and it is not useful for evaluating the dynamic behaviour.
In particular, the equation ˙̄x = Ax̄ identifies a system of n first order homogenous
differential equations and can be solved with the eigenvalue’s theory. The free
response of the system, starting from an initial condition, depends on the eigenval-
ues and eigenvectors of the state matrix A. Through the modal decomposition
technique, the time response is stated [14]:

x̄(t) =
Ø

V̄i ·
è
W̄i

T · x̄0
é

· eλit (3.15)

The eigenvalues indicate the modal response and their sign determines the stability
or instability of the system, while the eigenvectors represents the relationship
among the state variables i.e. the mode shape.
As far as eigenvalues are concerned, they are calculated by solving the characteristic
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equation det(A− λI) = 0 and they can be real or complex and conjugate numbers
leading to an aperiodic or oscillatory mode respectively:

λ = a λ = a± jb (3.16)

If the real part is negative, the system is stable because it conjugate back to the
previous condition; on the other hand it will diverge. The imaginary part is the
frequency of the damped system and it is strictly related to the oscillation period:

eλt = e(a±jb)t = eat(cos (bt) ± j sin (bt)) (3.17)

In order to evaluate the main characteristics of the modal response, some parameters
are listed below. Finally, the graphic tool of the Root Loci is used to depict

Damped frequency [rad/s] ω = b = Im(λ)
Damping factor [-] ζ = − a

ωn

Natural system frequency [rad/s] ωn = ω√
1−ζ2

Oscillation period [s] T = 2π
ω

Decay time [s] t1/2 = ln(2)
a

Decay cycles [-] N1/2 = t1/2
T

Table 3.3: Parameters of modal response

eigenvalues and their evolution with the system’s parameters. Circular lines
represents iso-frequency curves that increase its radius as the system’s response is
faster, whereas the radial lines concern iso-damping conditions and, as they get
closer to the real axis, the greater the damping.
The connection between static and dynamic stability can be stated by the second

Routh criteria [14]: “a system can be statically stable but dynamically unstable. On
the other hand, if the dynamic stability is guaranteed, so the static stability”. These
sentences are resumed into the Stability Diagram which relates the static and
dynamic stability through the CMα and the real part of eigenvalues respectively.
In particular:

• First quadrant: dynamically and statically stable conditions;

• Second quadrant: dynamically stable but statically unstable conditions;

• Third quadrant: dynamically unstable and statically unstable conditions;

• Fourth quadrant: dynamically unstable but statically stable conditions.
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Figure 3.5: Root Loci [14]

3.4.2 Longitudinal stability
As far as the optimization tool is concerned, the interest of the problem is on the
longitudinal dynamic. Therefore, the following state variables can be identified:

x̄ = {u,w, θ, q, h}T (3.18)

The equilibrium equations are referred to the body reference frame. However, the
equilibrium system is then completed with two kinematic equations regarding the
pitch angle rate and the vertical speed into the inertial reference system [13]:

mu̇ = Fx

m(ẇ − V q) = Fz

Iy q̇ = My

q = θ̇

ḣ = w − V θ

(3.19)

Furthermore, the linearization occurs into the forces and moments expressions,
assuming a small leeway angle and a zero heel angle. They are written with a linear
Taylor series expansion, thus introducing the stability derivatives, as function of
state variables:

Fx = Xuu+Xww +Xθθ +Xqq +Xhh (3.20)
Fz = Zuu+ Zww + Zθθ + Zqq + Zhh+ Zẇẇ + Zq̇ q̇ (3.21)

My = Muu+Mww +Mθθ +Mqq +Mhh+Mẇẇ +Mq̇ q̇ (3.22)
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Figure 3.6: Reference frame and state variables

Finally, from the equations 3.19, the state space matrix is obtained.


u̇
ẇ

θ̇
q̇

ḣ


=



Xu

m
Xw

m
Xθ

m
Xq

m
Xh

m
Zu

m−Zẇ

Zw

m−Zẇ

Zθ

m−Zẇ

Zq+mθeq

m−Zẇ

Zh

m−Zẇ

0 0 0 1 0
Mu

Iy−Mq̇

Mw

Iy−Mq̇

Mθ

Iy−Mq̇

Mq

Iy−Mq̇

Mh

Iy−Mq̇

0 1 −Veq 0 0

 ·



u
w
θ
q
h


(3.23)

3.4.3 Derivatives
The stability derivatives take into account how forces and moments will change
following a small disturbance. Their expressions are combination of the elementary
derivatives and depend on the geometry of the boat as well as the equilibrium
condition considered.
As mentioned in section 2.3, the main foil control system is the key to guarantee
the longitudinal stability. By analysing the system transmission from the sensor
wand to the flap angle, it possible to identify the evolution of the flap angle as
function of the ride height. It is approximated by a quadratic interpolation to
simplify the expression and facilitate the calculation of the derivative. As the
ride height decreases, the flap angle increases to generate more lift and return to
the previous condition. This results in a negative value of the derivative δαflap

δz
.

However, the state variable is the submerged length and not the ride height, so if
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the boat tends to fall down, the submerged length is greater. The minus sign is
therefore necessary to describe this opposite dependency:

αflap = P1 + P2z + P3z
2 (3.24)

δαflap

δh
|eq = δαflap

δz

δz

δh
= −δαflap

δz
|eq = −(P2 + 2P3zeq) (3.25)

Lift and drag coefficients are function of:

• AoA, through the hydro-dynamic characteristics of foils i.e. lift curve slope
CLα ;

• Ride height, due to the free surface and wave drag effects.

In particular, the derivatives w.r.t AoA are the same for main foil and rudder foil,
while there is a great difference when evaluating them as function of the ride height.
In fact, the main foil’s derivative takes into account the flap angle variation, which
has a huge impact on its sign and value. On the contrary, the rudder foil control
system is not related to the fly height.

δCLmf

δα
|eq = amf · (1 − 0.422e−1.454 heq

c ) (3.26)

δCLrf

δα
|eq = arf · (1 − 0.422e−1.454 heq

c ) (3.27)

δCLmf

δh
|eq = δCL∞

δh
+ CL∞

11.454 · 0.422
c

e−1.454 heq
c

2
=

= amfτ
δαflap

δh

|eq · (1 − 0.422e−1.454 heq
c )+

+ amf (θ + imf + ταflap)
11.454 · 0.422

c
e−1.454 heq

c

2
(3.28)

δCLrf

δh
|eq = arf

1
θeq + irf + δreq

211.454 · 0.422
c

e−1.454 heq
c

2
(3.29)

As far as drag coefficient is concerned, only the induced drag, which includes the
derivatives δCL

δh
, and the wave drag components vary with the AoA and the ride

height. The following expressions are valid for both the main foil and rudder foil:

δCD

δα
|eq = δ(CD0 + CDi

+ CDwv)
δα

= 2CLeq

eπAR

δCL

δα
|eq +K0 · c · CLeq

δCL

δα
|eqe

−2K0heq

(3.30)
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δCD

δh
|eq = δ(CD0 + CDi

+ CDwv)
δh

=

= 2CLeq

eπAR

δCL

δh
|eq + 1

2K0c
1
2CLeq

δCL

δh
|eqe

−2K0heq + C2
Leq

1
− 2K0

2
e−2K0heq

2
(3.31)

From the latter expressions, some considerations on the sign and values of the
derivatives are discussed.
The lift coefficient derivatives w.r.t AoA are always positive, while the drag deriva-
tives are strictly dependent on the equilibrium condition, i.e. depend on the sign
of the AoA. Then, δCLmf

δh
has a positive value because of the two effects of flap and

free surface. In particular, if the foil is further from the water surface, the lifting
performance are improved and the flap angle is increased too. As far as rudder foil
is concerned, the behaviour is the same, but it is more likely to have a negative
CLrf

|eq resulting in a negative value of δCLrf

δh
.

Finally, the drag variation with the fly height has two opposite contributes. If the
wave drag would lead to a decrease of the drag coefficient as the submerged length
increases, the induced component causes an opposite effect due to the increase
of the lift coefficient. This latter contribution is more relevant in the main foil
because of the flap angle effect.

Figure 3.7: Derivatives contributions

At this point, the stability derivatives are described, investigating the effect of
the variations of the state variables on forces and moments. It is worth noticing
that the body reference system follows the aeronautic convection with the vertical
axes towards the water. Therefore, in the following, a rise of lift leads to a nega-
tive increase of vertical force FZ , and a rise of drag leads to negative increase of
longitudinal force FX . Moreover, from the assumption of small leeway angle, the
only force considered on the vertical appendages is the drag. In particular, it is
function of the longitudinal speed and the submerged surface variation through
the derivative δS

δh
.

25



Optimization Tool

• u derivatives: the more the speed, the more drag and lift, while the effect on
the pitching moment is null:

Xu = −ρVeq

1
SmfCDmf

+ SrfCDrf
+ SDCDD

+ SRCDR

2
Zu = −ρVeq

1
SmfCLmf

+ SrfCLrf

2
Mu = 0

(3.32)

• w derivatives: they take into account the variation of the angle of attack due
to the composition of the vertical speed with the longitudinal one: ∆α = w

u

(figure 3.8). The longitudinal resultant is increased (Xw > 0) because there is
a positive lift component on the xb direction. The magnitude of the vertical
resultant is increased (Zw < 0) because there is a positive drag component in
the zb direction. This is called "lifting damping effect” because, as the boat
tends to go up (w < 0), the amount of lift is damped by the reduction of the
angle of attack. The pitching moment is composed by a positive component
of the main foil’s lift, while the rudder foil’s lift and drags lead to a negative
contribution (Mw < 0):

Xw = 1
2ρVeq

1
SmfCLmf

+ SrfCLrf

2
− 1

2ρVeq

1
SmfCDαmf

+ SrfCDαrf

2
Zw = −1

2ρVeq

1
SmfCDmf

+ SrfCDrf
+ SDCDD

+ SDCDD

2
+

− 1
2ρVeq

1
SmfCLαmf

+ SrfCLαrf

2
Mw = 1

2ρVeqSmf

1
CDmf

+ CLαmf

2
lxmf

− 1
2ρVeqSrf

1
CDrf

+ CLαrf

2
lxrf

+

+ 1
2ρVeqSmf

1
CLmf

− CDαmf

2
lzmf

+ 1
2ρVeqSrf

1
CLrf

− CDαrf

2
lzrf

(3.33)

Figure 3.8: Vertical speed effect

• θ derivatives: they take into account how the boat reacts after changing
its attitude. A pitch angle produces a component of the weight into the
longitudinal axes and changes the submerged length of the two foils leading to
a variation in the lifting and resistance performance. In particular, if θ > 0, the
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longitudinal resultant is negative (Xθ < 0) because of the weight component
−Wθ. The main foil is closer to the free surface leading to a less CLmf

, while
the rudder foil is further and the CLrf

is thus increased. These result to a
lowering of the boat (Zθ > 0). The pitching moment tends to be negative
(Mθ < 0) because of the latter trends of foils’ lift:

Xθ = 1
2ρV

2
eq

1
SmfCDhmf

lxmf
− SrfCDhrf

lxrf

2
−W

Zθ = 1
2ρV

2
eq

1
SmfCLhmf

lxmf
− SrfCLhrf

lxrf

2
Mθ = 1

2ρV
2

eq

1
SmfCDhmf

lxmf
lzmf

− SrfCDhrf
lxrf

lzrf
+

− SmfCLhmf
l2xmf

− SrfCLhrf
l2xrf

2
(3.34)

• q derivatives: they take into account another damping effect. A pitch rate
results in a linear velocity perturbation along longitudinal and vertical axes.
The latter can be traced back to the effect of the vertical speed w. In particular,
considering figure 3.9, with a positive increment of the pitch rate, the velocity
of main foil and rudder foil in increased by qz. At the same time, the angle of
attack of main foil is decreased by − qlxmf

u
, while the angle of attack of rudder

foil is increased by qlxrf

u
leading to a negative pitching moment (Mq < 0):

Xq = −ρVeq

1
SmfCDmf

lzmf
+ SrfCDrf

lzrf
+ SDCDD

lzD
+ SRCDR

lzR

2
+

+ 1
2ρVeq

1
SmfCDαmf

lxmf
− SrfCDαrf

lxrf

2
Zq = −ρVeq

1
SmfCLmf

lzmf
+ SrfCLrf

lzrf

2
+

+ 1
2ρVeq

1
SmfCLαmf

lxmf
− SrfCLαrf

lxrf

2
Mq = −1

2ρVeq

1
2CDmf

lzmf
− CDαlxmf

2
Smf lzmf

+

+ 1
2ρVeq

1
2CLmf

lzmf
− CLαlxmf

2
Smf lxmf

+

− 1
2ρVeq

1
2CDrf

lzrf
− CDαlxrf

2
Srf lzrf

+

− 1
2ρVeq

1
2CLrf

lzrf
− CLαlxrf

2
Srf lxrf

(3.35)

• h derivatives: they take into account how lift and drag changes with the
submerged length. As described with the elementary derivatives, the main
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Figure 3.9: Pitch rate effect

contribution is given by the flap angle leading to an increase of drag and lift
(Xh < 0, Zh < 0). At the same time, the boat tends to pitch up because the
greater lift on the main foil (Mh < 0).

Xh = −1
2ρV

2
eq

1
SmfCDhmf

+ SrfCDhrf
+ ShD

CDD
+ ShR

CDR

2
Zh = −1

2ρV
2

eq

1
SmfCLhmf

+ SrfCLhrf

2
Mh = −1

2ρV
2

eq

1
SmfCDhmf

lzmf
+ SrfCDhrf

lzrf
+ ShD

CDD
lzD

+ ShR
CDR

lzR

2
+

+ 1
2ρV

2
eq

1
SmfCLhmf

lxmf
− SrfCLhrf

lxrf

2
(3.36)

• ẇ derivatives: they take into account the added mass effect of foils along
the vertical direction. With the approximation of considering the foil surface
as elliptic, the derivatives are obtained as function of the inertia factors
(Kmf , Krf ) given by [15]:

Xẇ = 0

Zẇ = −ρπ4
1
KmfSmfcmf +KrfSrfcrf

2
Mẇ = ρ

π

4
1
KmfSmfcmf lxmf

−KrfSrfcrf lxrf

2 (3.37)

• q̇ derivatives: they take into account the added mass effect due to the
pitching acceleration. Similarly to the previous ones, the derivatives are:

Xq̇ = 0

Zq̇ = ρ
π

4
1
KmfSmfcmfxmf −KrfSrfcrfxrf

2
Mq̇ = −ρπ4

1
KmfSmfcmf l

2
xmf

+KrfSrfcrf l
2
xrf

2 (3.38)
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3.5 Results
In this section the optimization tool’s results are presented. Simulations are carried
out by assuming a take-off speed of 3.5 m/s and a maximum speed of 11.5 m/s.
As far as the take-off condition constraint is concerned, the most demanding case
was taken into account. In fact, in order to emphasize the importance of the main
foil’s surface, the minimum value of lift coefficient was selected by considering
a null pitch angle and the minimum value of aspect ratio. The latter results in
CLmf @T O ≈ 1.
The genetic algorithm [16] is started with the Matlab default settings consisting
of 100 as number of maximum iterations and 200 as maximum population size. For
the objective function, after several attempts, the weighting parameters K1 and
K2 are set to 400 and 1.5 respectively. The reason lies on the definition of the two
performance parameters: pseudo drag coefficient CDpseduo

and derivative of pitching
moment CMα .

CDpseduo
= Drag

1
2ρV

2 (3.39)

From a preliminary estimate of their order of magnitude, it is possible to assess
CDpseduo

≈ 0.01[m2] and CMα ≈ 1[1/◦]. Therefore, the objective function at each
speed amounts to about 5.5.

objfunction(i) = K1 · CDpseduo
(i) +K2 · CMα(i) ≈ 5.5 (3.40)

Finally, the local optimization algorithm was implemented by the Matlab
default routine called MultiStart [17], aiming to find the equilibrium system’s
solution with a tolerance of 1 · 10−4.
The genetic algorithm converges towards the minimum value of the objective
function. As a consequence, the optimization process results in an optimum
configuration of the boat in line with the commercial ones, despite some differences.
The longitudinal foils’ position certifies the algorithm’s goal towards stability. In
fact, the rudder foil is placed at 3.8m to maximize the pitching down moment. On
the other hand, the main foil position is closer to the upper limit of the design
space (1.53 m), resulting in a smaller arm relative to the centre of gravity and,
consequently, a lower pitching up moment. At the same time, the surface ratio
between rudder and main foil amounts to 0.82 in order to strengthen the stability
requirement. Furthermore, the value of the main foil’s surface (0.1m2) comes from
the trade-off between the stability and the efficiency and it guarantees the take-off
condition at 3.5 m/s. Finally, if the stability is mainly influenced by the latter
design variables, in order enhance the efficiency of the configuration, the parameters
to act on are the Aspect Ratios. It is understandable how their values lead to more
efficient wing-foils because of the reduction of the induced drag component.
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The preliminary design can be completed by evaluating the geometrical dimensions
of foils. From the definition of the AR, the wing span and the mean aerodynamic
chord are calculated. Furthermore, the root and tip chords are also obtained, by
assuming a taper ratio 1 of 0.6 [18].

AR = b2

S
= b

c̄
(3.41)

croot = c̄ · 3(1 + λ)
2(1 + λ+ λ2) (3.42)

ctip = crootλ (3.43)

From the local optimization algorithm, the equilibrium conditions are deter-
mined. Although they are representative of static conditions, they are also able to
describe, with good approximation, the real operational behaviour of the boat. In
fact, as the speed increases, the boat tends to rise up and stabilize the ride height
at about 0.6m. At the same time, in order to reduce the take off time, the pitch
angle is positive resulting in a greater AoA of main foil i.e. greater lift. Moreover,
the trend aims to reach and maintain an attitude as neutral as possible, by acting
on the rudder foil control.
Finally, the design configuration guarantees both static and dynamic stability. The
pitching moment derivative is negative, so that, after a disturbance causing an
increase (or decrease) of the boat’s attitude, the pitching moment is negative (or
positive) allowing the boat to return to the equilibrium condition. In addition,
the more the speed the more the stability due to the fact that drag components
increase their influence. Looking at the dynamic behaviour, it is characterized by
three real eigenvalues and one complex and conjugate pair leading to an oscillatory
response.

xmf [m] xrf [m] Smf [m2] Srf [m2] ARmf [−] ARrf [−]
1.53 3.79 0.1 0.082 10.92 8.67

Table 3.4: Results: Design variables

1λ = taper ratio in this context
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bmf [m] c̄mf crootmf
[m] ctipmf

[m] brf [m] c̄rf crootrf
[m] ctiprf

[m]
1.04 0.095 0.016 0.07 0.84 0.097 0.018 0.071

Table 3.5: Results: main and rudder foil’s geometry

Figure 3.10: Results: GA iterations - equilibrium solutions

Figure 3.11: Results: static stability
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Figure 3.12: Results: eigenvalues - stability diagram

V [m/s] λ1[1/s] λ2[1/s] λ3[1/s] λ4[1/s] λ5[1/s]
3.5 -22.403 -9.067 -0.7063 + 0.896i -0.7063 - 0.896i -0.046
4.5 -30.046 -12.634 -0.843 + 1.278i -0.843 - 1.278i -0.141
5.5 -36.565 -16.434 -1.030 + 1.840i -1.030 - 1.840i -0.264
6.5 -42.612 -20.313 -1.206 + 2.347i -1.206 - 2.347i -0.364
7.5 -48.360 -23.960 -1.424 + 2.867i -1.424 - 2.867i -0.445
8.5 54.145 -27.658 -1.623 + 3.349i -1.623 - 3.349i -0.518
9.5 59.961 -31.384 -1.808 + 3.806i -1.808 - 3.806i -0.586
10.5 65.770 -35.058 -1.996 + 4.261i -1.996 - 4.261i -0.652
11.5 71.637 -38.803 -2.164 + 4.689i -2.164 - 4.689i -0.718

Table 3.6: Results: modes

V [m/s] t1/2(λ1)[s] t1/2(λ2)[s] t1/2(λ3)[s] t1/2(λ4)[s] t1/2(λ5)[s]
3.5 0.0309 0.0764 0.9813 0.9813 14.8805
4.5 0.0231 0.0549 0.8213 0.8213 4.9116
5.5 0.0190 0.0422 0.6725 0.6725 2.6185
6.5 0.0163 0.0341 0.5746 0.5746 1.9006
7.5 0.0143 0.0289 0.4868 0.4868 1.5542
8.5 0.0128 0.0251 0.4269 0.4269 1.3371
9.5 0.0116 0.0221 0.3834 0.3834 1.1810
10.5 0.0105 0.0198 0.3472 0.3472 1.0617
11.5 0.0097 0.0179 0.3203 0.3203 0.9645

Table 3.7: Results: decay time
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6 DOF dynamic model

The aim of this section is to provide an in deep description of the 6 DOF dynamic
model, explaining assumptions and purposes for which the model could be used.
After the introduction of reference systems, the focus moves on the physical model
behind the foiling boats and finally a wide panoramic about the boat’s controllers
is presented.

4.1 Motivation and assumptions
Once the boat’s configuration has been defined from the optimization process,
the development of a dynamic model brings the design one step closer to the reality.
In particular, the model aims to:

• Study the dynamic stability during all the regatta conditions;

• Perform real manoeuvres;

• Investigate the take off phase;

• Analyse the best possible setup for the flap control system and how it changes
according to the different courses;

• Study the sailor-boat interaction;

• Provide information about most critical loads’ conditions of the appendages.

It is important to underline that the model gives a global view of the boat-sailor
system and does not focus on the fluid-dynamic and structural point of view.
Therefore, phenomena like cavitation or fluid-structure interactions are not in the
interest of this work.
The following assumptions underlie the formulation of the model:
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• Fixed CoG position: considering a classic moth design with the most common
sailor position at 2.8m from the bow;

• Neglected the hell angle effect on the apparent wind calculation;

• The centre of effort of vertical appendages have the same longitudinal position
as the corresponding foils;

• The centre of effort of vertical appendages in the centreline between foil and
water surface;

• Fixed true wind direction, coming from the North.

4.2 Reference systems and model variables
The first step into the development of the model is the definition of the reference
systems. In fact, their choice is crucial in order to explicit all variables involved
and understand how they are connected with each other.
The origin lies on the centre of gravity placed at {xg, yg, zg} = {2.12,0,0.755} m
from the bow and the deck plane. Moreover, axes orientation follows the aeronautic
convection with the longitudinal axes towards the bow, and the vertical axes
towards the water free surface:

• BODY (B) : follows the boat’s movements. Dynamic equilibrium equations
are written in this frame;

• WATER (W) : parallel with the water surface and oriented as the water
speed (i.e. boat speed). This frame is useful to express lift and drag forces of
foils and vertical appendages;

• APPARENT WIND (AWA) : parallel with the apparent wind, therefore
aerodynamic sail’s forces are decomposed into this frame;

• INERTIAL (I) : fixed frame, parallel to the water surface and having the
longitudinal axes pointing to the North direction. Referring to this system,
the boat’s x, y positions, fly height and heading direction are identified.

From the top view, it is possible to describe:

• TWA: true wind angle between the TWS direction and the bow of the boat;

• V : boat’s speed. Assuming no sea currents, it is the same as the incoming
water stream;

• AWA: apparent wind angle between TWS and boat speed;
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Figure 4.1: Reference frames 6 DOF: top,lateral,rear views

• λ : leeway angle between the longitudinal axes and the boat speed;

• Ψ: heading angle between longitudinal axes and North direction .

At this point, rotational matrixes are written to represent the linkage among
reference frames. Therefore, following the forces’ decomposition into the W and
AWA frames, they are transferred to the B in order to write the equilibrium
equations. More details are provided in the appendix A.1.
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Further key steps in the development of the model consist on the identification
of parameters representing the system’s behaviour, the understanding of how the
system is controlled and how it interacts with external forces. For this purposes,
the following variables are declared:

• Inputs: represented by the true wind in both intensity TWS and direction
TWA. As depicted in figure 4.1, it is chosen to represent the wind coming
from the left side of the boat, thus with a negative sign. This will affect
the apparent wind angle calculation as well as the apparent wind rotational
matrix.

• State variables: necessary to describe the system:

– u, v, w: boat’s speed components into body axes;
– p, q, r: speed angular rate around body axes;
– ϕ, θ, ψ: Euler angles indicating the boat’s attitude with the respect to the

inertial frame;
– xI , yI , zI : boat’s position into inertial axes.

x̄ = {u, v, w, p, q, r, ψ, θ, ψ, xI , yI , zI}T (4.1)

• Control variables: necessary to control the boat evolution:

– αflap: main foil flap angle, regulating the amount of lift generated by the
main foil;

– δr: rudder foil angle, regulating the attitude of the boat;
– γr: rudder angle, regulating the direction of the boat;
– xsailor, ysailor: longitudinal and lateral sailor position;
– p: power of the sail, regulating the amount of total sail force and moment

generated.

velocity [m/s] position [m] angle [deg] angular rate [1/ deg]
X u (surge) x ϕ (hell or roll) p (roll)
Y v (sway) y θ (pitch) q (pitch)
Z w (heave) z (ride height) ψ (heading) r (yaw)

Table 4.1: State variables
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Figure 4.2: DOF names

4.3 Force modules
The effectiveness of the entire model depends on the accuracy of the description of
the several physical phenomena involved. Since the hydrofoiling boats are complex
systems, being composed of different elements strongly interacting with each other,
distinguish their peculiarities became crucial for a successful outcome.

4.3.1 Foils
By generating lift to fly over the water surface, foils represent the cutting edge
in the world of sailing. In order to underline their main contributions to the
dynamic performance and to avoid a computationally-heavy model, the foil’s forces
formulation is based on the classic lift and drag expressions. However, in accordance
with the pre-described static model (section 3.2), typical phenomena such as the
free surface or the wave drag effect are included, as well as dynamic aspects.
Particular emphasis will be placed on the lift and drag coefficients. It is well-known
how they mainly depends on the hydro-dynamic characteristics of profile and on
the direction of the incoming water flow:

CL = CLα3D
· α

CD = CD0 + C2
L

eπAR
+ CDwv = CD0 +

C2
Lα3D

eπAR
· α2 + CDwv

(4.2)

Furthermore, the angle of attack depends on the attitude of the boat, the setting
angles and the control variables:

αmf = αg + imf + τ · αflap

αrf = αg + irf + δr

(4.3)
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However, as the dynamic movements occur, the water direction changes, causing

Figure 4.3: Main and rudder foil aerodynamic angles

a deviation from the static value of the angle of attack. These terms lead to the
“lifting damping effect” because they bring the hydrodynamic surfaces to reduce
the forces’ magnitude as the boat is moving.

• Vertical speed w : as the boat goes up (w < 0), the foil is affected by a
reduction of the angle of attack due to the combination between horizontal
and vertical speed:

∆αmfw = ∆αrfw = arctan
1w
u

2
(4.4)

• Pitch rate q : as the boat tends to pitch up (q > 0), a vertical speed variation
of the two foils occurs. In particular, the main foil is affected by a reduction
of the angle of attack while the one of the rudder foil increases its value:

∆αmfq = − arctan
1q(xg − xmf )

u

2
∆αrfq = arctan

1q(xrf − xg)
u

2 (4.5)

By resuming, the total expression of the angle of attack is:
αmf = αg + imf + ταflap + ∆αmfw + ∆αmfq

αrf = αg + irf + δr + ∆αrfw + ∆αrfq

(4.6)

38



6 DOF dynamic model

4.3.2 Vertical appendages
Daggerboard and rudder guarantee the lateral and direction control of the boat.
In fact, their hydro-dynamic forces, generated by the leeway angle λ, act in the
opposite direction of the sail, preventing the boat from losing its desired course.
If the lateral control is intrinsic on the system, the rudder γR guarantees the
directional control, i.e. the heading control.
Moreover, while foils’ platform is constantly immersed, the vertical appendages’
wetted surface changes with the fly height, resulting in a consequent variation of
forces and moments. In particular, as the height increases, the wetted surface is
reduced and the centre of pressure moves downwards, causing shift away from the
centre of gravity. Assuming that the centre of pressure is placed in the centreline
between the foil and the water surface, the relationships among submerged length,
fly height and pitch angle can be stated:

lD = LD − zI − θ(xg − xmf )
lR = LR − zI + θ(xrf − xg)

(4.7)

SD = cDLD

SR = cRLR

(4.8)

zD = lD
2 + zI + hhull + zg

zR = lR
2 + zI + hhull + zg

(4.9)

It is worth noticing that lD and lR must be considered inside the free surface and
wave drag corrections of foils, since they represent their current distance from the
water. Moreover, the latter equations are valid in flying conditions, so when zI has
a positive value. Finally, the Aspect Ratio is affected too, causing a small variation
into the induced drag component as well as in the lift curve slope:

ARD = lD
cD

ARR = lR
cR

(4.10)

Similarly to foils, the boat movement leads to change the angle of attack of the
vertical appendages too. In particular:
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• Leeway angle λ: it takes into account both static and dynamic effects due
to the lateral speed v. It is defined by:

λ = arctan
1 v
V

2
(4.11)

• Yaw rate r: as the boat is rotating around the zb axes, the resulting angle of
attack variation is:

∆αDr = arctan
1r(xg − xmf )

u

2
∆αRr = − arctan

1r(xrf − xg)
u

2 (4.12)

• Roll rate p: as the boat is rotating around the xb axes, the resulting angle of
attack variation is:

∆αDp = − arctan
1pzD

u

2
∆αRp = − arctan

1pzR

u

2 (4.13)

By resuming, the total expression of the angle of attack is:

αD = λ+ ∆αDr + ∆αDp

αR = λ+ γr + ∆αRr + ∆αRp

(4.14)

Because of hydro-dynamic forces are developed in the xb − yb plane, vertical
appendages are not affected by the free surface or wave drag corrections, so lift
and drag coefficient are simply given by:

CL = CLα3D
α

CD = CD0 + C2
L

eπAR

(4.15)

4.3.3 Hull
The buoyancy force is the one who models the hull. With the assumption of
considering the hull shape as rectangular, it is possible to express the submerged
volume as the product between the platform area and the submerged length:

Fbuoyancy = ρg(Shull · lhull) (4.16)

Obviously, this force is active only if the fly height is less than the buoyancy height,
assumed half the hull height.
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4.3.4 Sail
Sail represents the core element proving the driving force. However, it is the most
complex at the same time, being the primary means of interaction between boat
and sailor. In fact, in addition to forward movement, sail’s force is responsible of
the lateral motion and the capsizing moment. Consequently, through the numerous
adjustments, the helmsman must be able to find a balance between the desire to go
faster and maintain a stable equilibrium condition. More details about this control
are described in the following sections 4.5.
As far as sail model is concerned, it involves a huge effort with CFD methods, or
real measurements. In this thesis, the work of Boegle [4] is taken into account.
By neglecting the effect of the hell angle on the apparent wind direction, sail’s lift
and drag coefficients are expressed as function of the AWA with an interpolation
of the original data. This results in the following.

Figure 4.4: Sail polars

The sail drag coefficient takes into account:

• Separation drag CDs obtained with the product between lift coefficient and
drag separation constant CDs = C2

Lcs;

• Induced drag CDi
defined as CDi

= C2
L

eπAR
;

• Parasitic drag CDp that is the dominant effect.

4.4 Equilibrium equations
The equilibrium of the system is based on the D’Alambert principle [14] stating
that the sum of external and inertial forces and moments is zero:
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F⃗ext − dQ⃗

dt
= 0

M⃗ext − dK⃗

dt
= 0

(4.17)

By going through the expression, momentum and angular momentum derivatives
can be made explicit into the body frame:

dQ⃗

dt
= Q̇x⃗i+ Q̇y j⃗ + Q̇zk⃗ +Qx

d⃗i

dt
+Qy

d⃗j

dt
+Qz

dk⃗

dt
= ˙⃗
Q+ ω⃗ × Q⃗

dK⃗

dt
= K̇x⃗i+ K̇y j⃗ + K̇zk⃗ +Kx

d⃗i

dt
+Ky

d⃗j

dt
+Kz

dk⃗

dt
= ˙⃗
K + ω⃗ × K⃗

(4.18)

Furthermore, considering the Q⃗, K⃗ and ω⃗ definition gives:

ω⃗ = p⃗i+ qj⃗ + rk⃗

Q⃗ = mu i⃗+mv j⃗ +mw k⃗

K⃗ = Kx⃗i+Ky j⃗ +Kzk⃗ =
=

1
pIx − rIxz − qIxy

2⃗
i+

1
qIy − rIyz − pIxy

2⃗
j +

1
rIz − pIxz − qIxy

2
k⃗

(4.19)

ω⃗ × Q⃗ =

-------
i⃗ j⃗ k⃗
p q r
mu mv mw

------- =
è
m

1
qw − rv

2é⃗
i+

è
m

1
ru− pw

2é⃗
j +

è
m

1
pv − qu

2é
k⃗

ω⃗ × K⃗ =

-------
i⃗ j⃗ k⃗
p q r
Kx Ky Kz

------- =
1
qKz − rKy

2⃗
i+

1
rKx − pKz

2⃗
j +

1
pKy − qKx

2
k⃗

(4.20)

The only null cross product inertia is the Ixy. In fact, in spite of the boat symmetry,
the sailor contribution gives rise to Iyz term. Finally, the general set of dynamic
equation is stated:

Fx = m(u̇+ qw − rv)
Fy = m(v̇ + ru− pw)
Fz = m(ẇ + pv − qu)
Mx = Ixṗ+ (Iz − Iy)qr − Ixz(ṙ + pq) − Iyz(q2 − r2)
My = Iy q̇ + (Ix − Iz)rp− Ixz(p2 − r2) − Iyz(ṙ − pq)
Mz = Iz ṙ + (Iy − Ix)pq − Ixz(ṗ− rq) − Iyz(q2 − r2)

(4.21)
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As far as external forces are concerned, they come from the force modules previously
expressed with the addition of the sailor’s weight and position. In particular, forces
and moments developed by the boat elements are enclosed together as an algebraic
sum, while the sailor’s forces and moments are considered separately:

X, Y, Z =
6Ø

i=1
Rib

(1,2,3)

L,M,N =
6Ø

i=1
Mib

(1,2,3)
(4.22)

Where:

• X, Y, Z: resulting body forces along xb, yb, zb axes respectively;

• L,M,N : resulting body moments around xb, yb, zb axes respectively;

• Rib
: resulting force of the i− element into body axes;

• Mib
: resulting moment of the i− element into body axes;

Finally, adding the external forces and moments due to boat and sailor weight, the
dynamic equations are obtained. Moreover, kinematic equations are necessary in
order to complete the set of equations:

Fx = m(u̇+ qw − rv) = X −W sin(θ)
Fy = m(v̇ + ru− pw) = Y +W cos(θ) sin(ϕ)
Fz = m(ẇ + pv − qu) = Z +W cos(θ) cos(θ)
Mx = Ixṗ+ (Iz − Iy)qr − Ixz(ṙ + pq) − Iyz(q2 − r2) = L−Wsailorysailor cosϕ
My = Iy q̇ + (Ix − Iz)rp− Ixz(p2 − r2) − Iyz(ṙ − pq) = M +Wsailorxsailor cos θ
Mz = Iz ṙ + (Iy − Ix)pq − Ixz(ṗ− rq) − Iyz(q2 − r2) = N

(4.23)
ϕ̇ = p+ q sin(ϕ) tan(θ) + r cos(ϕ) tan(θ)
θ̇ = q cos(ϕ) − r sin(ϕ)
ψ̇ = q sin(ϕ)

cos(θ) + r cos(ϕ)
cos(θ)

(4.24)



ẋI = u cos(θ) cos(ψ) + v(− cos(ϕ) sin(ψ) + sin(ϕ) sin(θ) cos(ψ))+
w(sin(ϕ) sin(ψ) + cos(ϕ) sin(θ) cos(ψ))

ẏI = u cos(θ) sin(ψ) + v(− cos(ϕ) cos(ψ) + sin(ϕ) sin(θ) sin(ψ))+
w(− sin(ϕ) sin(ψ) + cos(ϕ) sin(θ) sin(ψ))

żI = u sin(θ) − v sin(ϕ) cos(θ) − w cos(ϕ) cos(θ)

(4.25)
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It is important to highlight that:

• m is the total mass given by the sum of boat and sailor mass;

• W is the total weight given by the sum of boat and sailor weight;

• xsailor and ysailor represent the sailor’s distance from the CoG of the system.
They are considered with positive values;

• Inertia terms take into account the boat and the sailor inertia (appendix A.2);

• The last equation represents the vertical speed with an opposite sign with
respect of the vertical inertial axes. This way, as the boat goes up, the vertical
speed is positive as well as the vertical position. Moreover, it is worth to
remember that:

– zI < 0 in the displacement condition;
– zI = 0 when the hull base is touching the water;
– zI > 0 when the boat is flying.

4.5 Controllers
This section aims to provide a broad understanding of the main controllers required
to handle an International Moth. Their use is fundamental to ensuring stable
dynamic behaviour and achieving the desired sailing conditions. It should be
emphasised how the helmsman is the principal governor of the craft by acting on all
systems, from the sail, to the rudder, to the main foil. However, the latter is fully
automatic and adjustments are sporadic and aimed at changing trim conditions.
Therefore, for the modelling purposes, for the main foil control system only well-
defined equations can be written, while the others simulate the sailor’s behaviour,
and the theory of P-I-D controllers [19] is involved.

4.5.1 Main foil control system
The main foil control system is the crucial component of a Moth being capable
of guarantee a stable flight. Following the introduction on the main elements
composing the system in 2.3, the performance are now analysed. The input comes
from the wand sensor, located at the bow and constantly in contact with the water.
Therefore, αwand is strictly related to the fly height and, being jointed to the boat,
depends on its attitude too [5].

αwand =

arccos
1

zI

| cos ϕ|·lwand

2
− θ zI

| cos ϕ| < lwand

0 zI

| cos ϕ| ⩾ lwand

(4.26)
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On the buoyancy regime, the fly height is less than zero and the wand angle is at
the maximum value represented by the ratio between the waterline height and the
length of the wand. As the boat is flying higher, the wand rotates towards the bow
thus reducing the wand angle.
The bow mechanism converts the wand rotation into a horizontal movement of
the push rod and the downstream kinematics leads to the deflection of flap. After
the analysis of all variables involved (details in A.3), the correlation between flap
angle and ride height is obtained for both systems: Mach2 and BugsCam. The

Figure 4.5: Mach2: performance curve Figure 4.6: BugsCam: performance
curve

two performance curves shows the same trend of the flap angle. However, the
BugsCam presents a marked difference among the various flight stages, while the
sensitivity of the Mach2 is almost constant apart from the “Back-up” zone where,
even a small height variation leads to a wider flap movement.

4.5.2 Rudder foil control system
While the main foil control system is involved into the ride height control, the
rudder foil is sailor-managed via a screw nut mechanism in order to control the
pitching attitude of the boat. In fact, by changing the rudder foil angle of attack,
more pitching up/down moment is generated because of the rear lift variation. In
contrast to the main foil, in this case, the overall rudder is movable with an external
joint structure placed at the stern of the hull called “gantry”. The longitudinal
sailor’s movements could also control the pitching angle, but usually, the sailing
style suggests to stand still and operates with the tiller of the rudder. Nevertheless,
when a massive pitch angle variation is required, the only rudder action is not
sufficient and the movement is inevitable.
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As far as cruise phase is concerned, the desired pitch angle depends on the perfor-
mance and on the sailor’s preferences. In particular, with the AC-75, the American’s
Cup boats, the most efficient trim consists of a small pitch down angle, but for an
International Moth there is no a great difference. For this reason, the desired θ is
set at 0° in order to have a flat boat and easy to prevent nosedive into water. On
the other hand, during the take off phase, sailor can pitch up the boat and take
advantage of the greater main foil angle of attack to reduce the take off time and
space.
P-I-D controller is implemented for both the rudder foil and longitudinal sailor
position, by imposing saturation values due to the mechanism’s movement limits,
airfoil inefficiency and sailor movement limits.

4.5.3 Rudder directional control system
It represents the directional control allowing the boat to follow a desired path and
change course direction. Good rudder control leads to a great manoeuvrability in
racing scenarios where the boat must change wind direction frequently, especially in
the upwind conditions. The P-I-D law is implemented, with heading ψ as controlled
variable and rudder angle γr as control variable.
With the assumption that the true wind direction is coincident with North, the
TWA is the equivalent of the heading and vice versa.
Therefore, at the beginning of the simulation the wind orientation, and consequently
the heading angle, is fixed in order to investigate an upwind or downwind take-off
phase. However, to perform manoeuvres, the desired ψ is modified and the wind
conditions change automatically:if t = 0 ψ0 = |TWA|

else TWA = |ψ|
(4.27)

4.5.4 Roll motion control
As stated by all the moth sailors, controlling the roll motion is the most critical part
of sailing a moth. In fact, they spend most of their time managing this equilibrium
to avoid catastrophic consequences. In order to have a high fidelity model of the
roll motion control, it is necessary to study in depth the sailor’s behaviour and how
forces are generated by the other elements of the boat.
As explained in the previous sections, the sail provides the driving force to move
forward, but, because of the apparent wind direction, a lateral force component
is generated. Daggerboard and rudder aims to contrast the latter to prevent the
path lose and thus guarantee the Fy equilibrium. However, from a rear view, it
is possible to understand how the equilibrium moment around the longitudinal
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axes Mx is not satisfied and the sailor must intervene to contrast this capsizing
moment. To mitigate the latter, the typical moth sailing style consists on flying
with an upwind heel angle. In addition, having a heel angle allows the boat to
reduce the leeway angle, and thus the drag of the vertical appendages.
From these lines, the complexity of the problem is evident, due to the numerous
couplings between the equations. In spite of this, the two most important variables
on which to act are the sailor lateral position ysailor and sail power p. Assuming
an optimum heel angle of ϕdes = −15°, leading to an upwind condition, the real
behaviour is based on the following ideas:

• ϕ < ϕdes: it means that the boat is too much heeled upwind. To reach the
desired condition, the system has to generate a positive roll moment. To do
so, it is necessary to give maximum power to the sail and move the sailor
towards the centre of the boat;

• ϕ > ϕdes: it means that the boat is with a more downwind heel angle than
the desired condition. In order not to lose sail power, and therefore speed, the
first reaction is the helmsman’s movement towards the outer position while
the sail is still fully powered;

• ϕ >> ϕdes: it means that the boat is too much rolled downwind. The sailor’s
weight is not enough to achieve the desired heel angle and a depowering of
the sail depower is necessary.

Figure 4.7: Roll motion control

The model stems from these ideas and takes the Heggert thesis work as reference
[5]. In particular, the two control variables are combined into one called Mxctr, to
reflect the sequence of sailor movements and sail depower. As already mentioned,
the priority is to maintain the sail’s power as long as possible to exploit the driving
force. Once the sailor’s weight cannot longer ensure the balance, the sail must be
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depowered.
For this reason, Mxctr ranges from 0 to 1.8:

• Range 0 − 1 represents the condition in which sailor is moving, while sail is
totally powered:

ysailor = Mxctr · ysailormax

p = 1
(4.28)

• Range 1−1.8 represents the condition in which sailor is placed at the maximum
outer position and sail is depowered:ysailor = ysailormax

p = 2 −Mxctr
(4.29)

For example, if Mxctr = 1.2 it means ysailor = ysailormax and p = 0.8.
As done for the other controls, a P-I-D controller is used, with ϕ as controlled
variable and Mxctr as control variable.
The parameter power has a direct effect on the lift and drag coefficient as well
as on the centre of effort of the sail. In this context, the work of Hansen [20] is
taken as reference to describe the sail depowering model. Even though this model
does not represent the physical change of the sail geometry given by the different
adjustments available, it gives a wider view of the effects in the generation of forces
and moments.
Power is defined as the ratio between the actual heeling moment coefficient and
the optimum heeling moment coefficient representing fully powered sail:

p = CMx

CMxopt

(4.30)

Therefore, by different measurements it is possible to find regression parameters to
connect CL, CD, zsail and power p:

CL = CLopt · pa1

CD = CDs + CDi
+ CDp = csC

2
Lp

a5 + C2
L

eπAR
pa6 + CDopt(a3 + (1 − a3)pa4)

zsail = zsailopt · pa2

(4.31)
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a1 a2 a3 a4 a5 a6

0.7 0.3 0.42 1.82 3.21 -1.1

Table 4.2: Regression parameters

4.6 Simulation results
In this section the main results are presented with the aim to describe the physical
coherence of the model and provide a comparison between different wind conditions.
Simulations are carried out with the boat’s configuration given by the optimization
tool and with the BugsCam as main foil control system.
The simulation conditions are summarized as follows:

• TWS = 5m
s

;

• TWA = −50°;

• x̄0 = {u0, v0, w0, p0, q0, r0, ϕ0, θ0, ψ0, x0, y0, z0} = {1.5,0,0,0,0,0,0,0,50◦,0,0,0}

At the beginning of the simulation, the boat is in the bouancy regime and the hull
force is the dominat effect.
At the same time, the sail driving force leads to an increase of the logitudinal speed
u and, as a consequence, the lift forces became sufficient to bring the boat away
from the free surface. In fact, after 3.76 s the nullyfing of the hull force occurs,
which means that the craft is no longer in contact with the water.
Meanwhile, the boat tends to move towards ϕdes = −15°. This leads to significant
fluctuations in sail force due to the continuous power/de-power, needed to balance
the rolling moment, as well as the variation of AWA and AWS as the boat’s speed
increases. Nevertheless, the coupoling with the lateral equilibrium causes leeway
angle oscillations that are reflected in the daggerboard and rudder forces. At the
same time, the longitudinal attitude is also involved due to the sail pitching down
effect.
Finally, when the rolling motion is expired, the sail force assumes an almost constant
value, and the equilibrium of the system is thus guaranteed.
As far as take-off performance are concerned, the boat configuration is capable of
lift off from the water after 3.76 s when the speed reaches 3.8m/s. This feature
is in accordance with the optimization tool assumption of take-off speed equal to
3.5m/s. However, this slight difference is attributed to the static approximations
such as neglecting the hull resistance and the sail force variations.
Moreover, the BugsCam control system provides 15° of flap at take-off, resulting
in zone 1 of the curve. As the height increases, the flap angle drops down until
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Figure 4.8: Results: TWS = 5 m/s TWA = 50°: AWA variation

Figure 4.9: Results TWS = 5 m/s TWA = 50°: speeds,body forces

reaching a regime condition at about 0° in the zone 3, corresponding with a steady
flight at 0.63m.
Investigating the longitudinal motion, the pitch angle is subjected to high frequency
oscillations with an amplitude less than 2°. As a results of the P-I-D controller,
the rudder foil control system is stressed by continuous adjustments. The take-off
phase is characterized by a slight pitch up attitude in order to increase the AoA of
the main foil.
The majority of θ fluctuations are caused by the roll motion control, acting of the
sail force. In particular, at the beginning of the simulation the helmsman is in
the outer position and the sail is depowered. After a few seconds, the situation
reverses and, when the sail power is maximum, the pitch angle drops to a negative
value. Finally, at the end of the continuous sail adjustments, the desired heel angle
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Figure 4.10: Results TWS = 5 m/s TWA = 50°: TO speed, control system

is reached in less than 15 seconds and the steady sail power is 0.7.
At the same time, the flight height is influenced by the two variables θ and ϕ,
because their effects are strictly related to the lift force distribution. In fact, a
change in the pitch angle results in a variation in foils angles of attack, while
sail power/de-power leads to a different boat speed. The directional control is
guaranteed with a positive rotation of the rudder angle around the zb axes.

With the same initial conditions and TWA = −50°, a further simulation is carried
out to investigate the effect of the true wind intensity. It is assumed a true wind
speed of 8m/s.
First, the resulting AWA and AWS are increased and, thus, the sail force is enhanced.
Therefore, the take off time falls down to 2.44 s. The boat’s speed reaches a
maximum of about 6m/s resulting in a higher flight condition. Consequently, the
control system regime zone is the fourth, the most sensitive.
However, despite more wind speed, the boat speed tends to assume the same
steady-state value of the former condition. The main reason is that the rolling
moment equilibrium is guaranteed by a sail power of 0.35 (about half of the previous
simulation) and less oscillations occur. In fact, even small adjustments are amplified
by the increased strength of the sail. Finally, as far as pitch moment equilibrium
is concerned, the rudder foil equilibrium is achieved at about −4.5° in order to
provide a more intensive pitching up moment and, thus, counteract the pitching
down effect of sail.
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Figure 4.11: Results TWS = 5 m/s TWA = 50°: longitudinal,roll mo-
tion,directional controls

Figure 4.12: Results: TWS = 8 m/s TWA = 50°: AWA variation
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Figure 4.13: Results TWS = 8 m/s TWA = 50°: TO, flap, longitudinal, roll
motion
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Chapter 5

Stability assessments

From the previous sections 3.4, the linearized model was described to investigate
the boat’s stability through the small perturbation theory. It is a useful tool in
the first stages of design. However, downstream the development of the 6 DOF
dynamic model, further details can be added and the linear model can be validated.
In doing so, it is important to highlight the fact that only the longitudinal motion
is taken into account. Moreover, the linearized model does not include the boat’s
controllers, apart from the main foil control system. Therefore, to have a real
comparison between the linear and non-linear response, it is necessary to adapt
the 6 DOF model.
At first, the complete dynamic simulation is performed, by inputting the TWS
and TWA conditions. Once the regime is achieved, the equilibrium points are
saved. At this stage, a disturbance on the state variables is introduced. Simul-
taneously, the three degree of freedom outside the longitudinal plane are frozen
(Fy = Mx = Mz = 0) and the controllers are disabled. Thereby, the non-linear and
controlled 6 DOF model is converted into a non-linear 3 DOF with the only main
foil control system as active controller.

In the following simulations, TWS = 8 m/s and TWA = 50° are considered
and a disturbance of 0.15m in the fly height is given.
The eigenvalues shows a stable dynamic behaviour, in accordance with the expec-
tations. In particular, the response is dominated by an oscillatory mode, with a
damping factor of ζ = 0.38 and a natural frequency of ωn = 4.54 rad/s, and an
aperiodic mode with a decay time t1/2 = 1 s.
By comparing the linear and non-linear responses, it is noticeable a similar trend
of the state variables. In fact, a drop in fly height is followed by an increase of
drag, and therefore the speed is reduced. In addition, the free surface effect is less
influent and the lift coefficients are risen up, resulting in an ascent speed (w < 0)
and a pitching up moment (q, θ > 0). However, the non-linear response is affected
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Figure 5.1: TWS = 8 m/s TWA = 50° : Eigenvalues

by more oscillations than the linear one. This could be attributable to the linear
model neglecting the sail force variation as function of the AWA and AWS, as
stated by [15]. Nevertheless, the eigenmodes are run out in fifteen seconds without
the helmsman’s action.

Figure 5.2: Linear and Non-linear response (∆h = 0.15m)

An in deep investigation, regarding the contribution of main foil control system
to the stability is provided.
From the mathematical point of view, the control system affects the variation of
flap angle as function of the ride height, thus introducing the derivative δαflap

δh
. It

influences the main foil’s lift coefficient resulting in a different boat’s dynamic
response.
By taking into account the same wind conditions of the previous simulation, it is
clear that the control system leads to a more damped and faster response (figure
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5.4). In fact, the derivative CLhmf
decreases by two order of magnitude, if a constant

flap angle is considered. Therefore, the variation of lift forces is only based on the
free surface effect.

Figure 5.3: Flap effect: Eigenval

ζwithflap ζnoflap ωnwithflap
[ rad

s
] ωnnoflap

[ rad
s

] CLhmf
withflap[ 1

m
] CLhmf

noflap[ 1
m

]
0.38 0.03 4.54 1.05 2.13 0.0937

Table 5.1: Dynamic response characteristics

Finally, a comparison between the performance of Mach2 and BugsCam is
presented. In particular, the investigation concerns the systems’ capability to
prevent the boat from jumping out of the water. Therefore, simulations are carried
out with the same wind conditions and an impulsive disturbance (tab ??) on the
ride height is introduced, once the regime condition is achieved.
Following an increase of the fly height, the BugsCam system immediately switches
to the “back-up” zone providing a huge and rapid variation of the flap angle. As
a consequence, the boat tends to go down and the operating zone is restored to the
third one (regime condition). After four seconds, the pulse signal drops to zero,
causing a downward disturbance for the system. Therefore, the zone 2 is activated
and the flap angle assumes a positive value to provide a greater amount of lift.
This would lead to a significant height increase. However, the zone 4 brings the
boat back to the equilibrium condition. It is worthy of highlight the asymmetry in
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Figure 5.4: Flap effect: time response

Period [s] Pulse Width [%] Amplitude [m] Delay [s]
20 5 0.15 40

Table 5.2: Impulsive disturbance

the intervention of zone 4 and 2. In fact, this latter is the zone characterized by
the greatest sensitivity, resulting in a strong effect on flap angle and its effect is
limited for a small range of αwand.
On the contrary, since the Mach2 does not have a severe “back-up” zone, it controls
the boat with a smoother behaviour and avoids the flap from high-demanding
variations.
Furthermore, in order to simulate the wave motion, a sinusoidal disturbance is
analysed. It can be observed how the BugsCam tends to cut the upper peaks
due to the continuous transitions between the regime and the “back-up” zone.
Nevertheless, in the Mach2 system this effect is not evident.
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Figure 5.5: Response to impulsive disturbance ∆h = 0.15m

Figure 5.6: Response to sinusoidal disturbance
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Maneuvers

One of the main reasons behind the development of the 6 DOF dynamic model,
was the possibility to carry out maneuvers simulations. This could allow both
designers and sailors to test the boat’s performance or predict the sailor-boat
interactions that will occur during the regatta.
In the following the Bearing away maneuver is simulated (figure 6.1). Therefore,
the boat aims to change the course direction with respect to the North. On doing
so, the action of the rudder controller is essential in order to create the necessary
yawing moment and change the bow’s orientation. As a consequence, the true
wind condition is different and so does the apparent wind. This leads to a lower
sail’s side-force and results in a less heeled attitude. The following steps are, thus,

Figure 6.1: Bearing Away maneuver [21]
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performed to set up the simulation:

1. TWS = 5m/s;

2. TWA = −50°;

3. Initial conditions: x̄0 = {u0, v0, w0, p0, q0, r0, ϕ0, θ0, ψ0, x0, y0, z0} =
= {1.5,0,0,0,0,0,0,0,−TWA,0,0,0};

4. At 50s the desired heading is switched, through a ramp signal with a rate of
10◦/s ;

5. At 50s the desired heel angle is switched from ϕdes = −15° to ϕdes = −8° .
At the same time, the P-I-D gains, controlling the roll motion, are adapted to
the new condition.

The first noteworthy result concerns the boat speed. In accordance with reality,
when sailing downwind, the speed increases beyond the TWS. This is due to the
change in the apparent wind, which results in a more powerful sail (i.e. a higher
driving force) and at the same time a lower lateral force. Therefore, with a true
wind speed of 5m/s, the boat’s speed goes from about 4.8m/s in upwind, to about
6.8m/s in downwind course. As a result, the main foil produces more lift, which
leads to a significant increase in sailing height, and, without acting on the control
system settings, the BugsCam’s operating zone goes from third to fourth. In fact,
it is a common practice to shorten the transmission rod, by acting on the offset,
to reduce the flap angle.
Meanwhile, during the change of course, the optimum heel angle is reduced and the

Figure 6.2: Maneuver: AWA variation, BugsCam control system

sailor must move towards the centre of the boat first and then manage sail power.
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Figure 6.3: Maneuver: X,Y,Z body forces

The regime value of sail power is similar for upwind and downwind conditions,
however, as already described, it refers to two different magnitudes of sail force.
As far as pitching attitude is concerned, it remains approximately constant, with
some slight fluctuations (< 0.5°).

Figure 6.4: Maneuver: Longitudinal, Roll motion control

Finally, a 3D representation of the maneuver is provided. Following the take-off
phase, the boat heads towards North-East, while after fifty seconds orientation is
towards South-East. The differences between the real and the desired path are due
to the leeway angle. This deviation is reduce in downwind because of the decrease
of sail’s lateral force component.
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Figure 6.5: Maneuver: 3D path
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Chapter 7

Conclusion and future work

This thesis work, starting from the definition of the high-level requirements for an
International Moth, was capable of designing an optimum configuration, by means
of an optimization tool and to simulate its performance through the development
of a 6 DOF dynamic model.
In particular, the implementation of a genetic algorithm made it possible to
compare the numerous possible designs and select the most suitable one to comply
with stability and efficiency requirements. For this purpose, a 2 DOF static model
and a linearized model were developed. Through them, a local algorithm evalu-
ated the trim conditions and the performance parameters.
Once the boat’s configuration was defined, it was simulated in order to investi-
gate dynamic performance and carry out regatta-like manoeuvres. The 6 DOF
dynamic model was based on simple assumptions and the formulation took its
cue from flight mechanics theory. Nevertheless, all relevant aspects of the boat’s
dynamic behaviour were taken into account. In particular, considerable emphasis
was placed on the sailor-boat interactions by modelling all the on-boar controls
and adjustments. Furthermore, an in deep analysis of the main foil control
system was carried out. The Mach2 and the BugsCam system were compared
and the importance of the system in ensuring the stability of the boat was proved.
Finally, the bearing away manoeuvre was simulated and a good correlation was
observed between the simulated results and the expected real behaviour.

Some of the possible work improvements are resumed below.
As far as the optimization tool is concerned, it can be enhanced by taking into
account the wind effect. Therefore, the would pass from 2 DOF to 3 DOF where the
boat’s speed is a new state variable. This way, the resultant boat’s configuration
would be the optimum one for the regatta field.
Furthermore, in order to have a more detailed description of the boat’s system,
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foil’s setting angles (imf , irf ) or foil’s sweep angles (Λmf ,Λrf ) should be added. The
approximation of assuming the same airfoil, can be overcome by considering NACA
profile parameters within the optimization. However, the expression of forces and
aerodynamic coefficients would require a more detailed definition. Alternatively,
the tool should provide an external link with software analysis such as X-FOIL
[22].
Improvements on the 6 DOF dynamic model could concern the control laws
and the take-off phase analysis.
In particular, it would be possible to exploit the linearized model to incorporate
controllers such as LQR [23] or H∞ [24], thus expanding the applicability of the
model to more comprehensive wind conditions. Moreover, the main foil control
system adjustments (offset and gearing) should be included, in order to have a
more detailed sailor-boat interaction model.
Finally, a more thorough formulation of the hull’s forces and moments would lead
to a better understanding of the water-air transition.
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Appendix

A.1 Forces components
As stated in previous chapters (4.2) WATER and APPARENT WIND reference
systems are used to express lift and drag forces of each element. To write them,
the following consideration must be taken into account:

• Drag forces are in the opposite direction of the longitudinal axes xb because
they are developed along speed direction;

• Lift forces of main foil and rudder foil are in the opposite direction of the
vertical axes zb;

• Lift and drag forces of daggerboard and rudder depends on their angles of
attack (αD, αR);

• Lift and drag forces of sail depends on the AWA;

• Hull force aligned with vertical inertial axes zI .

RmfW
=


−Dmf

0
−Lmf

RrfW
=


−Drf

0
−Lrf



RDW
=


−DD

−sign(αD)|LD|
0

RRW
=


−DR

−sign(αR)|LR|
0

 (A.1)

RsailAW A
=


−Dsail

−sign(AWA)|Lsail|
0

RhullI =


0
0

−Fhull
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Furthermore, matrix representing the rotation around one single axes are:

Ψ =

cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1



Θ =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)



Φ =

1 0 0
0 cos(ϕ) − sin(ϕ)
0 sin(ϕ) cos(ϕ)



AWA =

cos(AWA) − sin(AWA) 0
sin(AWA) cos(AWA) 0

0 0 1



Λ =

cos(λ) − sin(λ) 0
sin(λ) cos(λ) 0

0 0 1



αD =

cos(αD) − sin(αD) 0
sin(αD) cos(αD) 0

0 0 1



αR =

cos(αR) − sin(αR) 0
sin(αR) cos(αR) 0

0 0 1



(A.2)

Then, in order to express forces into body axes, rotational matrices are stated
(subscripts represent final and starting reference frame respectively).

LBW = [Λ][Θ] =

cos(λ) − sin(λ) 0
sin(λ) cos(λ) 0

0 0 1


 cos(θ) 0 sin(θ)

0 1 0
− sin(θ) 0 cos(θ)



LBAW A = [AWA][Θ] =

cos(AWA) − sin(AWA) 0
sin(AWA) cos(AWA) 0

0 0 1


 cos(θ) 0 sin(θ)

0 1 0
− sin(θ) 0 cos(θ)



LIB = [Ψ][Θ][Φ] =

c(ψ) −s(ψ) 0
s(ψ) c(ψ) 0

0 0 1


 c(θ) 0 s(θ)

0 1 0
−s(θ) 0 c(θ)


1 0 0
0 c(ϕ) −s(ϕ)
0 s(ϕ) c(ϕ)


(A.3)
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Finally, body force components are obtained from:

RmfB
= [LBW ]RmfW

RrfB
= [LBW ]RrfW

RDB
= [αD][Θ]RDW

RRB
= [αR][Θ]RRW

RsailB = [LBAW A]RsailAW A

RhullB = [LIB]′
RhullI

(A.4)

Moments about the CoG derive from the definition, by calculating the cross product
between the vector distance between the centre of effort of the i-element and the
force vector into body axes:

r⃗i =


xg − xi

yg − yi

zg − zi


M⃗i = r⃗i × R⃗iB

(A.5)

A.2 Inertia of the system
The inertia values could be evaluated in different ways, with analytic approach
or from 3D CAD measurements. For the purpose of this thesis, reference values
are given the work of Boegle [4] who applied a FE (finite element) approach to
describe the inertia tensor of a moth with standard characteristic and geometry.
In general, this represents an approximation for the current thesis work, since the
geometry could change (and thus the inertia) as function of the optimization
tool results. However, this error does not affect the model accuracy but can lead
to a slight change in the P-I-D gains because a different boat reaction.
Focusing of the Boegle work, the inertia tensor of the boat is:

Iboat =

Ixx Ixy Ixz

Ixy Iyy Iyx

Ixz Iyz Izz

 =

 90.22 0 −2.19
0 114.45 0

−2.19 0 31.47

 [Kg ·m2] (A.6)

For the sailor contribution, he assumed the sailor body as composition of simple
geometric bodies, then he calculated inertia tensor into sailor reference system and
finally passed results into the body system. Results are provide in terms of gyradii
matrix:

isailor =

ixx ixy ixz

ixy iyy iyx

ixz iyz izz

 =

0.36 0 0
0 0.3 0.24
0 0.24 0.35

 [m] (A.7)
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To convert the latter, into the tensor matrix is necessary to remember the gyradii
definition:

iij = sign(Iij)
ó
Iij

m
(A.8)

Assuming a sailor mass of 75kg, it gives:

Isailor =

Ixx Ixy Ixz

Ixy Iyy Iyx

Ixz Iyz Izz

 =

9.72 0 0
0 6.75 4.32
0 4.32 9.19

 [Kg ·m2] (A.9)

By the end, the total inertia tensor of the system is:

Isystem = Iboat + Isailor =

 99.94 0 −2.19
0 121.2 4.32

−2.19 4.32 40.66

 [Kg ·m2] (A.10)

A.3 Control systems
The analysis of the control system mechanism involves numerous parameters and
disciplines. In this thesis the model is simplified and aims to find a link between
the flight height h (input) and the angle of flap αflap (output). In the following
the Mach2 and BugsCam systems are distinguished due to different peculiarities
concerning the functioning of the bow mechanism.

A.3.1 Mach2
The bow mechanism of Mach2 is based on the circular movement of the control
link, which is responsible of the horizontal translation ∆x of the push rod. The
mathematical model of the system consists of the following two equations:

• Equation of a line passing through the fixed pivot, joint with the lateral link
and representing the connection between the fixed pivot and the control link:

fpivot = x− xp

tan(ϵ) + yp (A.11)

• Equation of a circumference centred into the fixed pivot, representing the
trajectory of the control link:

fcontrollink
= yp −

ñ
r2 − (x− xp)2 (A.12)

Where:
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• {xp, yp} = {2,2} cm position of the fixed pivot;

• r = 2 cm length of the pivot;

• ϵ angle between the vertical direction and the direction of pivot. It is related
to the αwand through:

αwand = ϵ−max(ϵ) (A.13)

Figure A.1: Mach2: real system

Figure A.2: Mach2: model variables

The problem’s solution comes from imposing a value of ϵ and find the intersection
between the two curves in order to obtain the correspondence value x. Iterating
the process it is possible to correlate the horizontal translation of the push rod
with the sensor wand rotation, thus representing the sensitivity of the system.
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Figure A.3: Mach2: sensitivity

Figure A.4: Mach2: model

Moreover, considering a bell-crank ratio of 1 : 2, the vertical translation ∆y is
found and consequently the flap angle. This results in the total amount of flap
deflection, and a further offset must be considered to impose the desired take off
angle at 15°.

αflap = − arcsin ∆y
cflap

+ 5◦ (A.14)

The performance curve is thus obtained in figure A.5.

A.3.2 BugsCam
With reference to the article [10], the main idea on which the BugsCam system
is founded, is to provide different sensitives according to the flight condition and
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Figure A.5: Mach2: performance

avoid the implementation of gearing adjustment to reduce the sailor’s workload.
The sensitivity is defined as the ratio between the vertical movement of the push
rod and the angle swept by the wand:

sensitivity = ∆y
αwand

(A.15)

It represents the main design parameter because the variables involved (e.g. flap
angle and flight height) are directly connected each other from already presented
equations.
The sensitivity is chosen to allow the craft to reach the steady state flight as quickly
as possible, and to descend rapidly after the occurrence of a disturbance, through
a “back-up” zone capable of immediately reducing lift, thus preventing the craft
from jumping out of the water.
The typical regime flight condition corresponds to the third zone . It is character-
ized by a lower sensitivity in order to neglect effects of small disturbances and lead
to a smoother flight condition. When severe perturbations, such as intense waves,
occur, the more sensitive zones are activated. In particular, the “back-up”zone
4 provides greater sensitivity for a range of 12° of wand angle. As far as take-off
phase is concerned, the first zone shows a linear trend, gradually increasing in
sensitivity. This means that at low rides the flap angle is almost constant and
close to the maximum value. Finally, the zone 2 can be seen as a “transition
zone”, featured by the maximum sensitivity. Therefore, during the take-off, the flap
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moves rapidly towards the steady state condition while, following a disturbance, it
immediately provides more lift to return to the regime height.

Figure A.6: BugsCam: curve

Figure A.7: BugsCam: sensitivity
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Figure A.8: BugsCam: performance

A.4 Fixed data
The fixed model data are resumed in the following table. Measurements are
referenced from the bow and from the deck plane.
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Boat and Sailor data
Boat’s mass mboat 30Kg
Sailor’s mass msailor 75Kg
Centre of Gravity {xg, yg, zg} {2.1,0,0.755}m
Inertia {Ixx, Iyy, Izz} {99.94,121.2,40.66} kg ·m2

Cross-product inertia {Ixy, Ixz, Iyz} {0,−2.19,4.32} kg ·m2

Hull
Platform surface Shull 0.8m2

Hull’s height hhull 0.4m
Hull’s buoyancy line hbuoyancy 0.2m

Sail
Centre of effort {xs, ys, zs} {1.8,0,2.3}m
Surface Ssail 8.2m2

Main foil
Profile NACA 63-412 /
Lift curve slope (2D) amf 0.1165 1

◦

Zero lift angle of attack α0 −3◦

Setting angle imf 4◦

Flap derivative τ 0.4
Oswold factor e 0.85

Rudder foil
Profile NACA 63-412 /
Lift curve slope (2D) arf 0.1165 1

◦

Zero lift angle of attack α0 −3◦

Setting angle irf 0◦

Oswold factor e 0.85
Daggeroard

Profile NACA 0012 /
Lift curve slope (2D) aD 0.1 1

◦

Water Length LD 0.95m
Oswold factor e 0.95

Rudder
Profile NACA 0012 /
Lift curve slope (2D) aR 0.1 1

◦

Water Length LR 0.94m
Oswold factor e 0.95

Table A.1: fixed model data
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