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Summary

We prove the well-posedness of a multi-population dynamical system with an entropy regular-
ization, and compare the entropic solution to the entropy-free solution. The mean-field limit
of such a system is performed in both the entropic and entropy free cases. We also address the
case of different time scales between the agents’ locations and labels dynamics, performing a
fast reaction limit.
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Mean-field limits for entropic multi-population dynamical systems

1 Introduction

The concept of mean-field interaction, originally used in statistical physics by Kac [18] and
then by McKean [22] to describe the collisions between particles in a gas, has later proved to be
a powerful tool to analyze the asymptotic behavior of systems of interacting agents. Models of
multi-agent interactions have been recently used to describe phenomena in biology, sociology,
and economics; for example cell aggregation and motility [19, 10], coordinated animal motion
[4], synthetic agent behaviour and interactions, such as cooperative robots [11], and influence
of key investors in the stock market [6, indroduction]. Two main mechanisms are considered
in such models to define the dynamics.

The first takes inspiration from physical laws of motion and is based on pairwise forces en-
coding observed “second principles” of biological, social, or economical interactions, including
repulsion/attraction, alignment, self-propulsion/friction. Typically, this leads to Newton-like
first or second order equations with “social interaction” forces. In fact, the evolution of N
agents with time-dependent locations, 7}, ...,z in R? is described by the ODE system

1 X o
@:NZf(m;,xg) fori=1,...,N, t € (0,7,
j=1

where [ is a pre-determined pairwise interaction force between pairs of agents. First order
models of this form are ubiquitous in the literature and have, for instance, been used to model
multi-agent interactions in opinion formation [16], vehicular traffic flow [14], pedestrian mo-
tion [12], and synchronisation of chemical and biological oscillators in neuroscience [20].

In the second mechanism, the dynamics is driven by an evolutionary game where players
simultaneously optimize their cost. Examples are game theoretic models of evolution [17]
or mean-field games, introduced in [21] and independently under the name Nash Certainty
Equivalence (NCE) in [9], later greatly popularized, e.g., within consensus problems.

More recently, the notion of spatially inhomogeneous evolutionary games has been pro-
posed [2] where the transport field for the agent population is directed by an evolutionary
game on their available strategies (see also [1] for a proposal of a numerical scheme for spa-
tially inhomogeneous evolutionary games). Unlike mean-field games, the optimal dynamics is
not chosen via an underlying non-local optimal control problem, but by the agents’ local (in
time and space) decisions. This is implemented by the well-known replicator dynamics [17].
As above, agents may move in R?. We denote by U be the set of pure strategies. A pay-off
function J: (R? x U)? — R is supposed to be known, so that J(x, u, ', u') is the pay-off that
player in position x gets playing pure strategy u against player in position 2’ with pure strat-
egy u’. Each agent does not always play the same strategy, but picks instead different strategies
according to a probability measure o € P(U), which is referred to as mixed strategy. The state
of each agent is given by their position and mixed strategy, e.g., (x,0), so that

/ J(z,u, 2’ u") do’ (u')
U

is the pay-off that player in position x gets playing strategy u against player in position 2’ with
mixed strategy o’. Therefore, if we consider N agents, and denote by (z¢,0%),i = 1,..., N,
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1 Introduction

their states, the pay-off that the i-th player gets playing strategy w against all the other players
at time ¢ is

N
Tzt u) == Z/ J(xi,u,x{,u/)dag(u’).
=17V

Maximizing this pay-off is a consequence of playing the best strategy possible. In order to do
so, the i-th player has to compare the pay-off obtained by a certain strategy with the mean
pay-off over all possible strategies according to their mixed strategy ot. This leads us to the
system of ODEs

= v(x}, o) forim ... N.te 7]
y , , , , ori=1,...,N, t e (0,7T].
o = (T - [ Taiv) o)) o

A more general case has been analyzed in [23], where the velocity of the agents is also de-

pending on the behavior of the other ones, and the replicator dynamics for the strategies has
been replaced by a more general vector field 7T, that is

l‘i :UA§V<$iaU§)
' o i=1,...,N, t€(0,7T],
& = Tan (24, 07)

where AN = ;\/:1 5(xl,0l) € P(R? x P(U)) is a distribution of agents with strategies at
time ¢. The interpretation, given in [23], of these types of systems differs from the one of
game theory: the interacting agents are assumed to belong to a number of different species,
or populations, and therefore we deal with labels instead of strategies. This point of view can
be used to distinguish informed agents steering pedestrians, to highlight the influence of few
key investors in the stock market, or to recognize leaders from followers in opinion formation
models. Throughout this work, we will adopt this perspective.

In [5], the replicator equation is slightly modified adding an entropy regularization H,
see (11) below. However, it is very complicated to define such a functional on the space of
probability measure P(U). Therefore, we fix a probability measure n € P(U), and consider
only probabilities densities with respect to 7. The aim of this work is to study the system

{i’% = upn (], 6f) |
N o A i=1,...,N, t €(0,T7], 0]
6 = ATy (2, 07) + e H(E)

where ¢/ denotes the label of the i-th agent, and therefore it is a probability density with respect
ton; € > 01is a small parameter which modulates the intensity of the entropy functional; A > 1
takes into account the possible time scale difference between the positions and labels dynamics.
We are interested in the well-posedness of this system, and in comparing the entropic solution,
i.e., € > 0, to the entropy-free solution, i.e., ¢ = 0. Our intent is also to compute the mean-field
limit of system (I). The underlying idea is that the behavior of this system, as the number
of agents is large enough, i.e, N — 00, can be efficiently treated by replacing the influence
of all other individuals in the dynamics on a given agent by a single averaged effect. From a
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Mean-field limits for entropic multi-population dynamical systems

mathematical point of view, this amounts to passing from a particle description to a kinetic
description, consisting of a limit PDE whose unknown is the particle density distribution in
the state space. More precisely, if we denote by by~ (2%, ¢}) the vector field which drives the
state (x%, () in system (I), the mean-field limit of such a system is probability measure on the
state space, which solves the continuity equation for measures

atAt -+ diV(bAt At) =0.

The well-posedness of such models has therefore to be proved in spaces of measures (we refer
to [3] for a monograph on this topic). Lastly, we are interested in the case of instantaneous
changes for the labels dynamic, i.e., the fast reaction limit A — 4-o0. In the undisclosed setting
[5], that is Ty (x4, 04) = T (3, (¢, x},..., o)), we prove the convergence of system (I) to a
Newton-like system of the form

i :UAiv(xi,éfi(xtl,...,xiv)) fori=1,...,N, t € (0,71,

where £} is a solution to a particular minimum problem. The mean-field limit of this last
system is a byproduct of the mean-field limit of system (I).

In Sections 2 and 3, we present our notation, and recall some tools of functional analysis and
measure theory. In Section 4 we outline the basic settings of the problem and make the general
assumptions. In Section 5 we study the entropy functional focusing just on the dynamics for
the labels. In section 6 we prove the well-posedness of system (I), and compare the entropic
solution to the entropy free solution. In Section 7 we introduce the notions of Eulerian and
Lagrangian solutions, which are used in Section 8 to obtain the mean-field limit of system
(D). In Section 9, we obtain the fast reaction limit of system (I). We conclude this thesis with
Section 10, where we indicate some possible lines of research for further development of these
topics.

2 Basic notation

If (X,dy) is a metric space we denote by P(X’) the space of probability measures on X'. The
notation P.(X) will be used for probability measures on X having compact support. We de-
note by Cj(X') the space of continuous functions vanishing at the boundary of X', and by
Cp(X) the space of bounded continuous functions. Whenever X' = R% d > 1, it remains
understood that is endowed with the Euclidean norm (and induced distance), which shall be
simply denoted by | - |. For a Lipschitz function f: X — R we denote by

e @ = W)
Llp(f) o x,sy EpX dx(x, y)
Yy

its Lipschitz constant. The notations Lip(X’) and Lip,(X’) will be used for the spaces of Lip-
schitz and bounded Lipschitz function on X, respectively. Both are normed spaces with the
norm || f|| := | f|l., + Lip(f), where |-||  is the supremum norm. In a complete and separa-
ble metric space (X', dx), we shall use the Kantorovich-Rubinstein distance W; in the class of
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3 Well-posedness of ODEs in Banach spaces

P(X), defined as

W) =sup { [ @) dute) = [ ola)dula): o € Lin(¥), Liv) <1} )

or, equivalently (thanks to the Kantorovich duality), as

Wi (1, v) = inf { /Xxxdx(x,y) dl(z, ) < TI(A x X) = p(A), TI(X x B) = V(B)} ,

involving couplings II of it and v. It can be proved that the infimum is actually attained. Notice
that W (u, v) is finite if ;2 and v belong to the space

Pi(X) = {u e P(X): /Xd;\{(.T,T) dp(x) < 400 for some T € X} (2)

and that (P (X'), W) is complete if (X', dy) is complete. For a probability measure ;1 € P(X),
if X is also a Banach space, we define the first moment m; () as

i) = [ ol duo).

So that, the finiteness of the integral above is equivalent to y € P;(X'), whenever the distance
dy is induced by the norm |||, .

Let p € P(X) and f: X — Z a p-measurable function be given. The push-forward measure
fup € P(Z) is defined by fyu(B) = p(f~1(B)) for any Borel set B C Z. It also holds the

change of variables formula

| 9@ dtpnt) = [ gf(@)) dpta)
Z X

whenever either one of the integrals is well defined.

For F being a Banach space, the notation C}} (E) will be used to denote the subspace Cj,(E)
of functions having bounded continuous Fréchet differential at each point. The notation D¢(-)
will be used to denote the Fréchet differential. In the case of a function ¢: [0, T] x £ — R,
the symbol 0; will be used to denote partial differentiation with respect to ¢, while D will only
stand for the differentiation with respect to the variables in F.

3 Well-posedness of ODEs in Banach spaces

We recall a theorem by Brezis [7, section 1.3, Theorem 1.4, Corollary 1.1] on the well-posedness
of ODEs in Banach spaces.

Theorem 1. Let (E, ||-|| ;) be a Banach space, let C' be a closed convex subset of E, and, for
t €[0,T7], let A(t,-): C'— E be a family of operators satisfying the following properties:

(i) there exists a constant L > 0 such that for every c1, co € C andt € [0,T]
[A(t, 1) = At o)l < L flex = call g5
8



Mean-field limits for entropic multi-population dynamical systems

(ii) for every c € C the mapt — A(t, ¢) is continuous in [0, T';
(iii) for every R > O there exists r > 0 such that for everyc € CN{e € E : |le|z < R}

c+0r At c)eC.
Then for every ¢ € C' there exists a unique curve c: [0, T] — C of class C'* such that

d
= Alt,cr) in[0,T], c¢op=r¢.

Moreover, if ¢! and c* are the solutions starting from the initial data ¢, @ € C, respectively, we

have
Hctl - cfHE < el Hﬁl —EQHE foreveryt € [0,T].

For our purposes, we need the following generalization where assumption (i) in Theorem 1
is weakened to a local Lipschitz continuity condition, provided we additionally assume at most
linear growth of the operator A.

Corollary 1. Let (E,||-||z) be a Banach space, let C' be a closed convex subset of E, and, for
t € 10,71, let A(t,-): C' — E be a family of operators satisfying the following properties:

(i) for every R > 0 there exists a constant Lr > 0 such that for every t € [0,T] and c,
coelCni{ecE:|e|p <R}

[A(t,c1) — At c2)ll g < Lr [ler — e2ll

(ii) for everyc € C the mapt — A(t,c) is continuous in [0, T);
(iii) for every R > 0 there exists O > 0 such that for everyc € CN{e € E: |le| z < R}

c+0r A(t,c) € C;

(iv) there exists M > 0 such that for every c € C, there holds

[A(t )l g < M1+ lel ).
Then for everyc € C' there exists a unique curve c: [0,T] — C of class C* such that

Ce=Alte) 0T, o=z ()

Moreover, ifc' and c? are the solutions starting from the initial datac',@> € Cn{e € E: |le||p <
R}, respectively, there exists a constant L = L(M, R,T') > 0 such that

Hc% - cfHE <M HEI —EQHE foreveryt € [0,T]. (4)
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4 Functional setting

Proof. Let us fix the initial datum ¢ € C and let us choose R = (||¢| z + MT)eM™. Consider
a smooth function with compact support x: R™ — [0,1] such that y(r) = 1 for every r < R
and set B(t, c) = x(]|c|| g)A(t, ¢). Then one can see that B satisfies hypotheses (i) and (ii) of
Theorem 1. To see that hypothesis (iii) of Theorem 1 is also satisfied, it is suffices to notice
that, by convexity and since 0 < x < 1, the point ¢+ 0x/(||c|| ;) A(t, ¢) belongs to C' whenever
c+0A(t,c) € C. Therefore there exists a unique solution ¢ — c(t) of class C' to

d
= B(t,c¢;) in[0,T], co =C. (5)

Using again that 0 < x < 1 and assumption (iv), one can see that
T
el < el +MT + 31 [ e ds.

hence, Grénwall’s Lemma implies that ||c¢|| ; < R for every ¢ € [0, T]. With this, ¢; solves (3).
A similar argument shows that any other solution ¢ — & to (3) must satisfy ||&]|, < R for
every t € [0, T]. Thus, uniqueness of solutions for (3) follows from the uniqueness of solutions
to (5). A similar argument also yields (4). O

4 Functional setting

The space of labels (U, d) will be assumed to be a separable metric space. Consider the Borel
o-algebra B on U induced by the metric d and let us fix a probability measure 7 € P(U) which
we can assume, without loss of generality, to have full support, i.e.,, spt(n) = U. Notice that
the measure space (U, B, n) is o-finite and separable!. For p € [1, +00], we denote by F the
Banach space L?(U, n) which we suppose to be separable?. Given two constants r and R such
that 0 < r < 1 < R < 400, we introduce the set of probability densities with respect to 7,
having lower bound  and upper bound R:

Crp = {EEE:/UE(u)dn(u)zlandrgﬁan—a.e.}. (6)

For our purposes, both constants will depend on a small parameter € > 0, i.e, 7 = 7. and
R = R., so that we shall use the simpler notation C. instead of C,_ g.. Such dependence will
be discussed in detail in the Section 5. With an abuse of notation, we denote by C . the set
of unbounded probability densities with respect to 7, having L? regularity:

Coo0 = {E eE: /Uf(u) dn(u) =1land £>0n— a.e.} : (7)

! A measure space (X', A, 1) is said to be separable if there exists a countable family of elements in .4, for
which the o-algebra generated by this family coincides with .4, see [8, Definition on page 98].

For p € [1,400), such a space is actually separable because of [8, Theorem 4.13]. For p = 400, a sufficient
condition would be that the elements of U are finite.
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Mean-field limits for entropic multi-population dynamical systems

Since n(U) = 1, the inclusion LP(U,n) C L*(U,n) holds for all p € [1,+o0] and therefore
C: and Cp « are both closed sets with respect to the p-norm. Thus, when equipped with the
p-norm, both C. and Cj », are separable® Banach spaces. Notice that C. and Cj », are also
convex and their interiors are empty.

The state variable of the our system is y = (z,£) € R% x C. = Y.. The component
x € R? describes the location of an agent in space, whereas the component ¢ € C. describes
the distribution of labels (or pure strategies in the case of a replicator dynamics) of the agent.
A probability distribution ¥ € P(Y.) denotes a distribution of agents with labels. To outline
the functional setting for the dynamics, we define Y := R? x E and the norm ||-||3> by

Iyl = 1@ Olly = || + 1]l 1oy - ®)

Since Y. C Y, we equip Y. with the |||l norm. For a given R > 0, we denote by By, the
closed ball of radius R in R? and by B}% the closed ball of radius R in Y, namely, Blgs ={ye
Y.: |lylly < R}. The Banach space structure of Y allows us to define the first moment m; ()
for a probability measure ¥ € P(Y;) as

m(0) = [ lylly d¥(o).

so that the space P;(Yz), see (5), can be equivalently characterized as
Pr(Ye) ={¥ e P(Y2): m1 (V) < +oo}.

Given the arbitrariness of € and since we will be also interested in the limit as ¢ — 0, we define
the space Y := R? x ) . Similarly, we equip ¥ with the norm |-||s- and we denote by B},
the closed ball of radius R in Y. Notice that B}y C B}, for every & > 0.

5 The decoupled problem

In this section, we focus our attention just on the dynamics for a single distribution of labels.
Such dynamics is described by a vector field 7 which is regularized by the entropy functional H
defined below. The intensity of the entropy functional is modulated by a small parameter
€ > 0, so that the overall dynamics, for a distribution of labels ¢ € C., is determined by the
vector field R°(¢) = T (¢) 4+ H(¢). In order to state the regularity assumptions that we make
on R?, we will discuss first the assumptions on 7 and then define the entropy regularization
functional #. To this aim, we recall definitions (6) and (7), and that we have set £ = LP(U, n).
We assume that the operator

T: CO,oo — F (9)
satisfies the following properties:

(d71) T (¢) has zero mean for every { € Cp  :

[ T dnw) =0
U

3 A subset of a separable metric space is also separable, [13].
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5 The decoupled problem

(d72) for every R > 0 there exists a positive constant L g such that for every ¢1, {3 € Cp
with (1] . 1] < R

1T () = TW)lg < Lrr 11— Lo g; (10)

(d773) there exist a monotone increasing function w: [0, +00) — [0, 400), for which

3 lim sup w(s) =t w € [0,+00) and I lim sup w(s) =w € [0, 4+00),

s—0+ S s—+00 S

and a positive constant C's- such that for every / € C » and for n-a.e. u € U
[ T(O)(u)] < Crw(l(u)).

The entropy functional that we consider is

H:C.— FE

(s 0 [1(0) = ogo 1], (1

where I (/) is the negative entropy of the probability density ¢, namely

1(0) = /U 0(u) Tog(£(w)) d(w).

In Lemma 1 below, we show that the entropy functional H is well defined for every choice of
0<r. <1< R, < +4oc0. Notice that H can be written as

H(l) = —Clogol — (—1(0)) ¢,

where, in the term [(¢)¢, the presence of the (negative) entropy I(¢) has the effect that H(¢)
has zero mean, while the presence of ¢ guarantees that H(¢) is compatible with a replicator
dynamics, see, e.g., [5].

Lemma 1. Let T be a functional defined as in (9) satisfying properties (AT 1), (AT 2), and (dT 3).
Then, for every € > ( there exist two constants r. and R, such that 0 < r. < 1 < R, < 400,
and the functional

R°:C. - F o
L= T0)+eH (L) (12)

satisfies the following properties:
(R1) R=(€) has zero mean for every { € C. :

[ RO @) dnw) = 0;
U

R2) RE is Lipschitz continuous with respect to the p-norm: there exists L. > 0 such that for
p P
every (1, s € C.
IR*(6) = RE(L)ll g < Le (|2 = Lol g5

12



Mean-field limits for entropic multi-population dynamical systems

(R3) there exists a positive constant 0. such that for every { € C.

(4 0. RE(0) € Cus

where C, := C,._g_ is defined as in (6), and H is the entropy regularization functional defined in

(11).

Proof. We first check that R° is well defined for any choice of R, > 1 > r. > 0. To this end, it
is sufficient to show that H(C.) C L*(U,n), because L>(U,n) C E and C. C Cj . Fixed
¢ € C,, for every u € U we have that {(u) = r. ((u) + (1 — {(u)) R, with 0 < ((u) < 1.
Thus, using the convexity of the function x — x log(z) we get

1(0) < 7. Jog(r.) [ () dnfu) + Re log(R2) [ (1= G(u) dn(uw).

Since ¢ is a probability density it is straightforward to check that

[ cwantw) = ==

and therefore

R. — R, —1
10 < e log(re) + (1 - TE) R. log(R.).
For the sake of simplicity we define

(Re — 1) 7.
= ——— € (0,1), 13
0 = T € (0.1) (13)

and the previous inequality takes the simpler form
I(l) < a; log(r:) + (1 — ) log(R:) = k.. (14)

Moreover, by Jensen’s inequality

10 [ #(w)dntu) tog [ e(u) dntu) ) =0, (15)
U U
From the bounds on ¢ and (/) it is easy to check that
1
—R. log(R:) < H(!) < Re ke + —,
e

so that H(¢) € L*°(U,n). Since H(¢) has zero mean and (d7 1) holds, (R1) also holds. To
prove (R2) it is sufficient to show that # is Lipschitz on C; because (10) holds with Ly p_ for
every (1, {5 € C.. First, we observe that since = — x log(z) is Lipschitz on [r., R.] whenever
e >0

sup |01 (u) log(£1(u)) — £a(u) log(fa(u))| |71 log (1) — 2 log(x2)]

< sup

uel |61 () = L2 (u)| 21, 22€[re, Re] |71 — 2]
< sup |[log(z) + 1 = ¢
v€fre,Re]

13



5 The decoupled problem

and therefore
() (u) = H(l2)(u)| < [T(C)l(u) — I(C2)la(u)] + |61 (u)log(ly(u)) — C2(u) log(l(u))]
< [I(6) = 1(L2)| 161 (u)| + [T(2)] [€1(u) — L2 (u)] + e |1 (u) — L2(u)]
< R |I(6) = I(6)| + ke |61 (uw) — La(u)] + o |61 (u) — Ca(u)]

< R /U |61 (u) log(f1(u)) = La(u) log(Ca(u))] dn(u) + (k= + pe) [€1(u) — £2(u)]
< Re . /U |61 (u) = a(u)[ dn(u) + (ks + 0c) [fr(u) = £a(u)]-

Thus

[H () = H(b) g < Re pe 161 (u) = (W) 1117y + (ke + 02) (|60 — L2 5
< Repe || — bollp + (ke + 9c) 16— Lol g
= (Re pc + ke + 9c) |61 — €2HE )

where we have used the inclusion L?(U,n) C L'(U,n). Regardless of p, the Lipschitz constant
of R® in not greater than L. = L7 r. + R p- + ke + p- . We have proved so far that for any
choice of R. > 1 > r. > 0 the functional R® is well defined, and both (R1) and (R2) hold.
Now we want to show that for some particular choices of 7. and R. also (R3) holds. To this
end, r. must satisfy the following inequality

3 dr
¢ log < ) > Cr g (16)
4dr, Te
Observe that there exists at least one 7. € (0,1) which satisfies such inequality because
. 3 w(3 3 T6>
limsup € log = +00 and limsup Cr —— = - Crw.
re—0+ 4r, re—0+ Te 3

Instead, . must satisfy the following inequality

ae log (fbe) > 207 wife) CZE(RE).

(17)

Observe that there exists at least one R, > 1 which satisfies such inequality because

R, 2C R 2Crw
lim sup a. log ( > 400 and lim sup Twlft)  2C0re .
R:—+o00 Te Re—+00 € RE €

Let us show now that we can choose 6, such that for n-a.e. u € U
lu) 4+ 0. R°(0)(u) < R .
In fact, using (d73) and (14) we get
C(u) + 0 [T(0)(u) + e H(O)(w)] < L(u) + 0 [Cw(l(u)) + e H(E)(u)]
< L(u) +0e [Crw(Re) + e b(u) (I(€) —log(¢(u)))] (18)
< U(u) + 0c [C7 w(Re) + € L(u) (e log(re) + (1 — ac) log(Re) — log(£(w)))] -
14



Mean-field limits for entropic multi-population dynamical systems

Because of (17)

E(ul)iglR* [Crw(R:) 4+ e l(u) (ae log(re) + (1 — a)log(R:) — log(¢(u)))] =

= Crw(R:) —ea: R log (RE) < —Crw(R.) <0,

Te

so that there exists R. < R, for which the right-hand side of (18) is not greater than R.
whenever ((u) € [R., R.]. Otherwise, if {(u) < R.

() + 0. RE(0)(u) < R, + 6. {CTw(RE) veRok+ 5|,

and there exists at least one positive value, that we shall denote 0., for which the right-hand
side of the previous inequality is not greater than R, for every positive 0. < 0! . Similarly, we
show that we can choose 6. such that for n-a.e. u € U

O(u) +0:-RE(0)(u) > 7. .
In fact, using (d73) and (15)
(u) + 0= [T(O)(u) +eH()(w)] = £(u) + 0= [-C7 w(l(u)) — e l(u)log(£(u))].

If {(u) > 3 7.

) + 0. [T(0)(w) + e H(0) ()] > %ra 40, [~Crw(R.) — & R. log(R.)].

and there exists at least one positive value, that we shall denote 62, for which the right-hand
side of the previous inequality is not less than r. for every positive 6. < 62. Otherwise, if

l(u) < %rs

£(w) + 0. [T()(u) + = H(OW)] 2 €(u) + 6. €(u) | ~Cr ‘”%;)) - = log(t(u)|
3
4r, )]

4
> l(u) + 6 L(u) [—CTW(?’TE) +¢ log (
where the last inequality follows from (16). Finally, taking 0 < 6. < min{6!, 6} we get

> U(u),

gr’e
re < l(u)+0-R°(L(u)) < R,
forn-ae.u e U. O

Remark 1. The Lipschitz continuity of R is a consequence of the boundedness of C. with
respect to the p-norm, in fact 7 is Lipschitz, and not just locally Lipschitz, on Cs.

Remark 2. With a similar line of reasoning, it can be proved that for any choice of 0 < a <
1 < b < 400 there exists # > 0 such that for every ¢ € Cyj, we have that { + 0 H(() € Cyp.
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5 The decoupled problem

We now have a well-posedness theorem for the labels dynamics.

Theorem 2. For every e > 0, there exist two constants r. € (0,1), and R. € (1,+00) such
that for every T > 0, and every { € C. there exists a unique curve (: [0,T] — C. of class C!
satisfying

d

&gt = RE(&) in [07 T}, EO = Z,

where R is defined as in (12).

Proof. For any choice of 0 < r. < 1 < R. < 400 the space C; is a convex and closed subset
of the Banach space E. The map [0,7] x C. > (t,{) — R*({) € E is independent of ¢, and
therefore it satisfies hypothesis (ii) of Theorem 1. For Lemma 1 hypothesis (i) is also satisfied
with L = L1 p. + € (R p- + ke + o). Again, for Lemma 1 there exists a particular choice of
re and R, for which such a map also satisfies hypothesis (iii) of Theorem 1. O

We conclude this section with few remarks.

Remark 3. The modelling choice of setting the probability densities in C; instead of the larger
space Cp o is due to two main reasons. First, the lower bound r. guarantees that the en-
tropy functional is Lipschitz continuous. Second, the upper bound R, guarantees the non-
degeneracy of the term ¢ log o /. In fact, given the vector space structure of E, for any choice
of §,if ¢ € Ethen( + 6 [T ({) +cH(¢)] € E if and only if H(¢) € E. However, if { € E it’s
not necessarily true that {logo ¢ € E, unless { is bounded.

Remark 4. The choice of 7. and R. is made once ¢ is fixed. Therefore, for ¢ — 0 from (16)
and (17) we get that 7. — 0" and R. — +00. More precisely, for every monotone decreasing
sequence £, — 0™ there exist a monotone decreasing sequence ., — 0" and a monotone
increasing sequence I, — +00. For this reason

-l

00700 = U Can (19)
n=1

which, given the encapsulation of the sets C;, we shall denote it simply by C. — Cp « as
e — 0. To check why this is true, let

Xe: R — {0,1}

s xa(z) = {1 if v € [re, Re],

0 otherwise,

and for every ¢ € C o, consider the function

Avge(0) ) = ([ xelttw) ) dntw)) xe(o) .

Clearly Avg(x.(¢)¢) is a probability density and it’s greater than r. for n-a.e. u € U, however
it’s not necessarily smaller than R, for n-a.e. u € U. Nevertheless, fixedn € N there exists m €
N such that m > n, and Avg(x.,(¢)¢) € C., . For n — +oo we have that ||Avg(x., (£)¢) —
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Mean-field limits for entropic multi-population dynamical systems

Remark 5. The entropy regularization functional acts similarly to the Laplacian operator on
the space of labels U. Indeed, if we consider a dynamics of the type ¢, = H((;), for At < 1
we can approximate (, a; ~ {; + AH(¢;). For u € U such that £(u) < e/() we have that
H(l)(u) > 0, otherwise H(¢;)(u) < 0. Iterating, ¢, gets closer to u — 1 since I(¢;) gets closer
to zero. This is shown in detail in [5] taking J(z, u, 2'u") = 0 for the replicator dynamics.

6 The coupled problem

Recall that the state of our system is described by pairs y = (z,¢) € Y. = R? x C.. The
element + € R? denotes the position of an agent, whereas the element / € C. denotes a
distribution of labels, see (6). The space Y; is equipped with the norm ||y|y = |z| + ||¢| 5,
where Y = R%x [, see (8). A distribution of states will be described by an element A° € P(Y,).
We will be concerned with the evolution of A®, given an initial KE, determined by the laws of
evolution of x and ¢, which are going to be discussed below.

Fory = (x,f) € Y. and ¥ € Py(Y.), see (2), we define the entropic vector field b5,: Y. — Y

through
bi(y) = (%%) : (20)

The first component of b5, is a velocity field in R? determined by the global state of the system
U; the second component is expressed in terms of an entropy perturbed vector filed 7y (y) for
the labels dynamics: RS, (y) = Tw(y) + € H(¢), where H is defined as in (12). For y € Y and
U € P;(Y), the entropy free vector field by : Y — Y is defined as

o ()

where Y = R? x (g, see (7). In order to state the regularity assumptions that we make on
by and by, we will discuss separately the assumptions that we make on vy and on 7y. Given
the arbitrariness of £ and since we will be also interested in the limit as € — 0, we state our
regularity assumptions on the larger space Y instead of Y.. In doing so, we’ll be interested
in comparing the entropic and the entropy free solutions, upon knowing that Y, — Y in the
sense of (19). We recall that B% C B}, and we’ll use the notation P(K) to denote a probability
measure with support contained on a given bounded subset K C Y, for example K = B}, or
K = BJ;. Notice that trivially we have P(K) C Py(Y).

We assume that the velocity field vy : Y — R satisfies the following conditions:

(v1) for every R > 0, for every ¥ € P(B}), vy € Lip(B); R?) uniformly with respect to ¥,
namely there exists L, r > 0 such that

e (y') — ve(?)| < Lor|ly' — vlly

(v2) for every R > 0, there exists L, p > 0 such that for every y € B, and for every W1,
% € P(BE)
g1 (y) — ve2 (y)| < Ly g WA (T, 02);
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6 The coupled problem

(v3) there exists M,, > 0 such that for every y € Y, and for every ¥ € P;(Y") there holds

e (y)| < My (1 + [ly[lg + ma (V).

We now describe the assumptions on 7. For every ¥ € P;(Y),let Ty : Y — E be an operator
such that

(T0) Tw(y) has zero mean for every (y,¥) € Y x P1(Y):
/, 7o) dnfu) = o:

(T1) for every (y, V) € Y x P1(Y), there exists M7 > 0 such that

1TeW)llp < M7 (1+ llyllg +ma(P));

(T2) for e\;ery R > 0 there exists L7 r > 0 such that for every (y', ¥!), (y2,¥?) € B} x
P(Bkr)

1T (y") = Tae (@)l < L (ly' = ¥y + Wi(3", 92)) ;
(T3) there exist a monotone increasing function w: [0, +00) — [0, 4+00), for which

Jlim sup w(s) = w € [0,+00) and Jlim sup w(s) =w € [0, +00),

s—0F S S—00 S

and a constant C'r > 0 such that for every (y,¥) € Y x P1(Y)

|Tw(y)(u)] < Crw(l(u))
for n-almost every v € U.

Since we’re interested in the limit as € goes to zero, we wish that the entropy free solution also
exists. To this end, we require that

(T4) for every R > 0 there exists 5 > 0 such that for every (y, ¥) € B}, x P(B}) we have
((u) + 0r Tu(y)(u) = 0
for n-almost every v € U.
We now have the following regularity properties for the entropy free vector field by.

Proposition 1. Fory € Y and ¥ € P1(Y), define by (y) as in (21). Assume that vy: Y — R?
satisfies properties (v1)-(v3), and Ty : Y — E satisfies properties (T0)-(T4). Then

(i) for every R > 0, there exists Lr > 0 such that for every U € P(BY), and for ever yt,
Yy y R y
y? € By,
lbw(y') — be (v)|ly < Lrlly' = v*lly;
18



Mean-field limits for entropic multi-population dynamical systems

(ii) for every R > 0, there exists Lr > 0 such that for every W', W2 € P(BY,), and for every
y € BY
[1bwr (y) = buz(y)|ly < Le Wi (T, 92);

(iii) for every R > 0, there exists O > 0 such that for everyy € B},, and for every ¥ € P(B),)

Y+ Hqu,(y) S Y;

(iv) there exists M > O such that for everyy € Y and for every ¥ € P1(Y") there holds

[lbw (y)[l5 < M1+ [ly[l5 + ma (V).

Proof. Property (i) is a consequence of (v1) and (T2); property (ii) follows from (v2) and (T2);
property (iv) is a direct consequence of (v3) and (T1). Lastly, because of the vector space
structure of RY, property (iii) follows from (T0) and (T4). Notice that (T0) and (T4) can be
combined together because for our notation ¥ € P(B)) C Pi(Y). Observe also that we
haven’t use (T3). O

We now have the following regularity properties for the entropic vector field bg,.

Proposition 2. Assume thatvy: Y — R? satisfies (v1)-(v3) and Ty: Y — E satisfies (T0)-
(T4). Then for every € > 0 there exist . € (0,1) and R. € (1,+00) such that for every
(y,¥) € Yo x Pi(Yz), with spt(¥) C Y., the vector field b3, (y) defined as in (20) satisfies the
following properties:

(i) for every R > 0, there exists L. p > 0 such that for every ¥ € P(B})%), and for every y?,
y? € B

1% (y") = 05, (W)lly < Ler [l — v7lly; (22)

(i) for every R > 0, there exists Lr > 0 such that for every U', W2 € P(BJ;), and for every

Yy e B}%
163 () = 032 ()lly < Lr Wi (', %) (23)

(iii) for every R > 0, there existsOr > 0 such that for everyy € ng and for every U € P(BEE)
y+0rby(y) € Yo (24)

(iv) there exists M. > 0 such that for everyy € Y. and for every ¥ € Py (Y:) withspt(¥) C Y
there holds

0% (Wl < M (1+ [lylly + ma(P)). (25)

Proof. We start noticing that By C B) and therefore for our notation P(BY) C P(B)).
Moreover, # is Lipschitz on C., with respect to the p-norm, for every choice of r. € (0,1)
and R. € (1,+00). Then, properties (i) and (ii) follow from Proposition 1. Observe that
the Lipchitz constant in (23) does not depend on ¢ because H does not depend on ¥, and
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6 The coupled problem

L.r = Lg + ¢Lip(#H). Similarly, property (iv) follows from Proposition 1 because for a
measure U € P;(Y:), which support is at most Y., it holds that ¥ € P;(Y"), and because

11Oz < (1(£) + (= log(re) V1og(Re))) [|€] 5
< (log(R:) + (=log(re) V1og(R:))) 6l p = he V]| o,

having in the end M, = M + € h.. To prove (iii), because of the vector space structure of
R?, we simply have to show that for every R > 0, there exists g > 0 such that for every
y = (z,0) € Bff and ¥ € P(B})

(26)

(+0r[Tu(y) +eH(()] € Ce. (27)
Chosen r. and R, satisfying (16) and (17) respectively, the proof is identical to the one of
Lemma 1. O

Remark 6. 1t is important to notice that since the choice of 7. and R, has to be independent of
the pair (y, V') also the constant C' has to be independent of (y, V). For the same reason we
can’t allow C7 to be dependent on the constant R of formula (27).

Remark 7. In the proof of Proposition 2 assumption (T4) has not been used. Nevertheless, it
can be used to show that for every R > 0 there exists §g > 0 such that for every (y, V) €
B} x P(B);) and for p-ae. u € U

C+0r[Tu(y) +eH)] > 1,

making inequality (16) redundant. Thus, one can pick r. = ¢ as long as (T4) holds.

Remark 8. Manipulating inequality (17) it is easy to see that ¢ log R. / 0 whenever @ + 0.
Indeed, by (17), and recalling (13), we have that

2CTw(R,)
R,
taking the limit as ¢ — 0T

+ ac e log(r.) <eaclog(R.) < e log(R.),

lim ¢ log(R:) > 2Crw.

e—0t

For every ¢ > 0, we now consider a particle system of NV agents evolving according to

SE £, pELN
{xt —UA{V<33t ),

Ly R , fori=1,...,N, t€[0,T 28
EtE,z:7;\?1\](1‘?17&5,1)+€H<£ts,z) or? [ ] ( )

where 25" € RY, (" € C. for eachi € {1,..., N}, and

v 1y

= — . .

A = N Zl Ogei oy (29)
1=

is the empirical measure associated with the system. Recalling that definition of b° in (20), the

evolution (28) can be written in compact form as

gt =ben(yyt)  fori=1,....N, t€[0,T]. (30)
t

We discuss the well-posedness of system (30) for every choice of an initial datum yol =
(=, "), fori=1,..., N.
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Mean-field limits for entropic multi-population dynamical systems

Theorem 3. Assume that vy: Y — RY satisfies (v1)-(v3) and Ty: Y — FE satisfies (T0)-
(T4). Then, for every e > 0 there exist r. € (0,1) and R. € (1,+00) such that for every
choice of ' € Y. ,i =1,..., N, the system (30) has a unique solution in [0, T]. Moreover, for
i=1,....N

N
Iyl < (Z 175l + NMT) e(BMFehe) T, (31)
=1

Proof. We introduce the vector-valued variable
y® = (ye’l, . ,ye’N) S YEN C ?N,

which we endow with the norm

1 Y .
Y llon == > Iy Iy,
Y N 1=1

and the associated empirical measure

1 N
- N;éys,i,

which belongs to P(B);) whenever y € (B))". Consider the map bV : YV — " whose
components are defined through

Y () = B (7).
Then the Cauchy problem associated with (30) can be written as
{yi ="V (y5),
Yo=9"

In order to apply Corollary 1 to the system above, we first notice that assumption (ii) is auto-
matically satisfied since the system is autonomous. To check the other assumptions, we fix a

ball BESN and notice that B}%N C (B}\%R)N . Applying (24) with U = A®" to each component
y=* of y°, we get that assumption (iii) of Corollary 1 is satisfied with § = 6zy. We now show

N
that assumption (i) holds. Fix y5, y5 € By C (Bs)Y, and let A, A5" be the associated
empirical measures. Recalling (1), we notice that

1 N . .
N N ; ;
WA, AFY) < 31— 55l = Iyt — willgv,
i=1
an therefore by the triangle inequality, (22), and (23)

165 (y5) — b= (w2l = ZIIbAN ui") = Uiy (63"l

< Ly Wi(ATY, A5Y) + ENRZH — 5" lls

<2L:nr|ly] — y§||7N
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6 The coupled problem

for every y3, y5 € BEEN. To see that also assumption (iv) holds, we apply (25), upon noticing
that m, (AE’N) = Hye”?N,

165 ()l = ZHbAEN

M €, € €
< WZ Iyl + i (AY)) = Mo (14 21 7] [p).

Therefore we can apply Corollary 1, which proves the existence and uniqueness of the solution.
Finally, because of (25), and (26), we have that

Iyillgr < 15l + Z/ 5 ()l ds
<l + Z/ oy (0l + el (e 1) ds
=€ 1 €% € €%

< Iy H?N+NZ/O (M4 1yl + ma (AZY)) + € he [1657]]] s
i=1
1 N T . .

STl + 5 20 [ MO+ I+ 1) + 2 el ] ds
i=1

T
=9l + [ [MO+ 211yl ) + 2 el ds
T
— |g°lln + MT + (2M +5h5)/ ] ds,
0
and therefore by Gronwall’s Lemma
lyillgn < (I[F|lg + MT) B HeraT,

Noticing that ||y= |5 < N||y®|lsv gives us (31). O

Since we are also interested in the entropy free case, we consider also a particle system of
N agents evolving according to

{qcé = vpy (af, ),
0 = Tay (i}, £])

where 2 € R%, ¢} € Cj o foreachi € {1,..., N}, and

1 N
= 5 2t e (33)
=1

is the empirical measure associated with the system. Recalling that definition of b in (21), the
evolution (32) can be written in compact form as

i =bay(yj)  fori=1,...,N, t€[0,T]. (34)

fori=1,....,N, t€[0,T] (32)
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Mean-field limits for entropic multi-population dynamical systems

We discuss the well-posedness of system (34) for every choice of an initial datum 7° = (z%,7"),
fori=1,...,N.
Theorem 4. Assume thatvy: Y — R? satisfies (v1)-(v3) and Ty : Y — E satisfies (T0)-(T4).
Then, for every choice of §* € Y,i = 1,..., N, the system (34) has a unique solution in [0, T).
Moreover

lyilly < (Z\yl!\yHVMT) C (35)

i=1

Proof. Since Proposition 1 holds, with a similar line of reasoning of Theorem 3 one can prove
the statement. O

We are now interested in comparing the entropic and the entropy free solutions, that is the
solutions of (30) and (34) respectively. Fixed the initial data y* € Y and gy € YV, we shall
denote by y° € YV and by y € YV the entropic and entropy free solutions respectively. We
shall also denote by A*" and A" the associated empirical measures. Then, we have that

1 N
I = vl = 5 2|

i e,
Y¢ — Yy

(36)
ds.

1 & 1Lt
_ 7 — 75| — . i\ _ JE £,1
<y LTl 2 [ s ) = v )
We focus our attention on the integrand of (36): by the triangle inequality, (22), (23), and (26)

< |Jean 00 = b () |+ [oan (95 = B (65

[oan () = b (27)

Yo Y
< Loy ok = w2+ [lonr 05) = by (i) 5+ 2 e |
< L [yt — 2|+ Lewa(AY, 45N + e e
< I [y = 5|+ Loy = willpn + 2R,
(37)

where

N
R =3 (I[7'lly + 5| [y + NMT) e@Mteh? > Jup max (il v 11 lly)
i=1 L] e

because of (31) and (35). Combining (36), and (37), we get
T
Iy~ ¥illgy <15~ Fllgs +heRT+2Ln [ 1y, — wilps ds.
and by Gronwall’s lemma
lye — willgn < (15 =T llgw +RehoT) 2207 (38)

Even if y¢ — g as ¢ — 0T, estimate (38) does not guarantee convergence of the entropic
solution to the entropy free solution because of Remark 8. To avoid this obstacle, one has to
avoid using inequality (17) by making stronger assumptions on 7. For example, instead of (T3)
we could require that
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7 Eulerian and Lagrangian Solutions

(T3’) for every R > 0, there exists 0 > 0 such that for every ¢ > 0 and for every (y, V) €

(B),P(B)))

4+ 0Tw(y) € C,

as long as r. € (0,1) and R, € (1,+00).
Notice that if (T3’) holds, recalling Remark 2, and using the convexity of C., one can easily
check that for every R > 0, there exists fg > 0 such that for every ¢ > 0, and for every
(. ¥) € (B, P(Bg))

C+0[Tuly) +eH(0)] € C:

for any choice of 7. € (0,1) and R. € (1,+00). Therefore we could pick 7. = ¢, because of
Remark 7,and R. = 1+ &1, so that ¢ h. — 0 as ¢ — 0™, having convergence of the entropic
solution to the free entropy one. However, assumption (T3’) is too stringent, in fact it is not a
priori satisfied by the replicator dynamics.

7 Eulerian and Lagrangian Solutions

We are interested in the mean-field limit as N — oo of the solutions yi’N to (30) or, equiva-
lently, the limiting behaviour of the associated empirical measure AS" defined in (29). In order
to do so, we first need to recall the concept of Eulerian solution to the continuity equation.

Definition 1 (Eulerian solution, [3]). Let A° € C°([0,T]; (P1(Yz),W))) and let A € P,(Y.)
be a given initial datum. We say that A® is an Eulerian solution to the initial value problem for
the continuity equation

A} + div(bi: A7) =0 (39)
starting from A" if and only if A = A° and, for every ¢ € C}([0,T] x Y),

/ o(t,y) dAS(y / $(0,y) dAS(y // (0165, 9)+ Do (s, y)-bi. (v) dAS(y) ds, (40)

where D(s,y) is the Fréchet differential of ¢ in the y variable.

The main result of this work is the following theorem, stating the existence of a unique
Eulerian solution to (39) and its characterization as the mean-field limit of solutions to the
discrete problem (28).

Theorem 7. Let 7 > 0, and A~ € P(BY) be a given initial datum. Then

(i) there exists a unique Eulerian solution ¢ — A7 to (39) starting from A5
(i) if A =% ZN 5 <, is a sequence of atomic measures in P(B)¢) such that
lim Wi(A°, A"y =0
N—oo

and, for fixed NV, Ai’N are the empirical measures associated with the unique solution to
(28) with initial datum 77 , we have

Jim Wi(A;,ASYY =0 uniformily with respect to ¢ € [0, 7.
—00
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Mean-field limits for entropic multi-population dynamical systems

The proof of Theorem 7 will be based on a fixed point argument and on the notion of
Lagrangian solution, which are going to be introduced below.
We start by proving an auxiliary well-posedness result for an ODE in Y; of the form

£

Ui =bu:(vr), v =" (41)
where [0, 7] 5t — ¥§ € P;(Y:) is a continuous curve and ¢ € Y.

Proposition 3. Assume that foreveryy € Y and ¥ € Py(Y) the velocity vy : Y — R? satisfies
(v1)-(v3) and the operator Ty : Y — E satisfies (T0)-(T3). Let ¥¢ € C°([0, T); (P1(Yz), W1))
and assume that there exists R > 0 such that ¥V, € P(B}%) forallt € [0,T). Then, for every
choice of §° € Y, the ODE (41) has a unique solution.

Proof. We set A(t,y) = bj:(y). Since ¢ — V7§ is continuous, using (23) we get that, for any
fixed y € Y, A(-,y) is continuous. Moreover, A(t, -) is locally Lipschitz because of (22) with
the Lipschitz constant independent of t because W; € P (B ) for all ¢ € [0, T). For the same
reason, by (25), we have the sub-linear growth of A:

At )|l < Me (1+ [Jylls +ma (%) < M. (1 + ||yl + R).

Similarly, from (24), we have that condition (iii) of Corollary 1 is satisfied, so that existence
and uniqueness of the solution follow directly from Corollary 1. O]

In view of the previous result the following definition is justified.

Definition 2 (Transition map). The transition map Y3, (t, s,7¢) associated with the ODE (41),
replacing the initial condition by y; = ¢ is defined through

Y5 (ts,7%) =y, (42)
where t — y; is the unique solution to (41).

We can now proceed to defining the notion of Lagrangian solution to (39).

Definition 3 (Lagrangian solutions). Let A° € C([0, T]; (Py(Yz),W;)) and let A° € P,(Y.)
be a given initial datum. We say that A® is a Lagrangian solution to the initial value problem for
(39) starting from A" if and only if it satisfies the fixed point condition

NS =Y5.(t,0,)4A°  forevery0 <t <T, (43)
where Y. (t, s,7°) are the transition maps associated with the ODE (41).
S, Y p

Remark 9. Recalling the definition of push-forward measure, it can be easily proven that La-
grangian solutions are also Eulerian solutions. Indeed, for every ¢ € C([0,7] x V)

(i/ys o(t,y)dA (y) = ((;t/ys o(t, Y5 (£,0,7)) dKE(y)
= | [00(t, Y5 (£0.7)) + Dolt, Y3 (£0,7)) - Byo (Y3 (0.7))] dR°(@) @9

= [ (a0(t.)+ Dolt.y) - Vg (1)) A7)
which, upon integrating, coincides with (40).
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7 Eulerian and Lagrangian Solutions

Remark 10. For a fixed N € N, let A,f’N be the empirical measures associated with the unique

. L e e —&,N
solution to (30) with initial datum 3%, i = 1,..., N. f we now set A~ = L Zfil Ogei , by

N
Definition 2 there holds
AN = Y5 (t,0, )4 A" forevery 0 <t <T. (45)

. . . .1 . .
Indeed, A%? is continuous, since ¢ ~— 3;"* are continuous, and it has compact support because

of (31).

We now want to show that an infinite-dimensional converse of Proposition 3 holds, proving
that indeed, in our case, every Eulerian solution is also a Lagrangian solution. This stems out
of a general abstract principle known as the superposition principle in the version introduced
in [2]. In the statement below, the evaluation map ev; is defined, at a given ¢ € [0, T'], by

evi(y) = (t) forally € C([0,T]; E);

we also use the notion of cylindrical functions, which are defined in the following way. We
say that ¢ € C}(FE) is a cylindrical function if there exists a function ¢ € C}(RY) and
21,..., 2y € E' such that

D(y) = o((21,9),---» (21, 9)),

where (-, -) denotes the duality map between E’ and F.

Theorem 5 (Superposition principle). Let (E, ||-||) be a separable Banach space, letb: (0,T") x
E — E be a Borel vector field, and let [0,T] > t — 1, € P(E) be a continuous curve with

T
/ / bl 5 dpte dt < +o0.
0 E

If

d :

&Mt + le(bt Mt) =0

in duality with cylindrical functions ¢ € C}(E)*, then there exists € P(C([0,T]; E)) concen-
trated on absolutely continuous solutions to the ODE y = bi(y) and with (evy)ym = p for all
te0,T).

Proof. See [2, Theorem 5.2] for the proof. O

Combining the Superposition Principle with the uniqueness granted from Proposition 3, we
can prove the announced equivalence result. Notice that the proof has an intermediate step,
since in order to apply Proposition 3 we first must ensure that an Eulerian solution A} has
equi-compact support for all £. We are able to deduce this from the Superposition Principle and
the assumption that the initial datum A~ € P,(Y2).

* By this we mean that the definition of weak solutions to the continuity equation has only to be satisfied for
test functions that are cylindrical.
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Mean-field limits for entropic multi-population dynamical systems

Theorem 6. Let A° € C°([0, T]; (P1(Yz),W,)) and let A° € P.(Y.) be a given initial datum.
Assume that A® is an Eulerian solution to the initial value problem for 0,A; + div( A A) =0

starting from N°, in the sense of (39), then there exists R > 0 such that S P(BEE) for all
t € 10,77, and B
NS =Y5.(t,0,)4A°  forevery0 <t <T, (46)

where Y4 (t, s,7) are the transition maps associated with the ODE (41).

Proof. Since A° € C°([0,T7]; (P1(Yz), Wy)), the map

teomi(8) = [ vl di(

is continuous and, hence, bounded in [0, 7). We set b;(y) = b} (y) for y € Y, and extend it
to zero on Y\ Y.. Using (25), we have

[ Ll asiwar= [ [ 1)) a
< [ 0+ ol + (47 g a

< TM, ( + 2 max ml(A5)> < +00.

tel0,7

Hence we can apply Theorem 5 with E' = Y and p; = A$, obtaining that A = (ev;)yn for a
suitable n € P(C([0,T];Y')) concentrated on absolutely continuous solutions to the ODE

Yo ="bi:(y7) in [0, 7], for every initial datum 7° € Y. (47)
Now, using (25) again, we have

B3 )l < Me(1+ [lyllg+ ma(AD)) < M (1 + [lyll5) “9)

where we set Ma- = M_(1 + maxycp ) m1(A7)). The equality A° = A§ = (evp)yn, which

reads
Lo ob)dnt) = [ o di )
C(0.T]Y) Ye

for each ¢ € C(Y:), implies that 7 is concentrated on the set of solutions to (47) satisfying
y%(0) € BY=, where r is such that spt(A°) C BY-. With (48) and the Gronwall’s Lemma, each
of these solutions must satisfy y°(t) € BEE, where R is explicitly given by

R = RT’M&AS’T = (T’ -+ MAET)eMAST.

From the equality A; = (ev;)n we deduce that A, € Py(Bjs) for all t € [0,T]. We can
therefore apply Proposition 3 and exploit uniqueness of the solution to the Cauchy problem
to deduce the representation

Y(t) = Y3 (£,0,7(0))
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8 Mean-field limit

with v(0) € BY, for each continuous path v € spt(n). With the equality A; = (ev;)4mn, this
gives

O dAi ) = [ B(Y3-(£0.4(0) / B(Y5 (£.0,)) AR (y)
Ye C([o,7}Y)
for each ¢ € Cp(YZ), which implies the conclusion. O

Remark 11. The same notions of Eulerian and Lagrangian solutions, with the proper adjust-
ments, hold for the entropy free vector field (21) in the larger space Y. With the same line of
reasoning the equivalence between the two can indeed be proved.

8 Mean-field limit

As mentioned in the previous section, we are interested in the mean-field limit as N — oo of
the solutions y?N to (30) or, equivalently, the limiting behaviour of the associated empirical
measure Af’N, defined in (29). Such behaviour is described in Theorem 7, stating the existence
of a unique Eulerian solution to (39) and its characterization as the mean-field limit of solutions
to the discrete problem (28). In this section, we prove Theorem 7 and compare the entropic
mean-field limit to the entropy free mean-field limit. As a preliminary step towards the proof,
we need the following lemma, ensuring that the size of the support of a Lagrangian solution
in the sense of Definition 3 can be a priori estimated from the data of the problem.

Lemma 2. Assume that for everyy € Y and ¥ € Py(Y) the velocity vy: Y — R? satisfies
(v1)- (V3) and the operator Ty : Y — E satisfies (T0)-(T4). Let A° € CO([O TY); (P1(Y. ) Wh))
and let A° € P, (Y. <) be a given initial datum. Fix r > 0 such that A° has support in BY:, and
let M. be the constant given by (25). Assume that A® is the a Lagrangian solution to the lmtlal
value problem for (39) starting from A" in the sense of (44). Then, for R = (r + M. T)e*MeT
we have

As € P(B))  forallt €[0,T].

Proof. For r, R as in statement, it suffices to show that

ma§< HYE e (t707 7/) H?
yeB;©

for all t € [0,7]. Indeed, if this holds the statement follows immediately from (44) and ele-
mentary properties of the push-forward measure, taking into account that A has support in
BY:. To prove the above claim, we first observe that by definition of Lagrangian solutions and
the fact that A° € P(B)*) we immediately have

my (A7) < max Y3 (2,0, 9) Iy (49)
ye

forall ¢ € [0, 7. We now set f(s) = max pv. [[Y}:(5,0,y)|l5 Then, we have by definition
of the transition map, (25) and (49) that for every choice of y € B)*

T
Y ac(t0,9) Iy < 7+ M [ (1 + ¥ (5.0, [+ ma (49) ds

T
<M. [ (+20(s)ds
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Mean-field limits for entropic multi-population dynamical systems

which implies by Gronwall inequality that f(¢) < R forall ¢ € [0, T]. O
We can now prove Theorem 7.
Theorem 7. Letr > 0 and A~ € P(BY*) be a given initial datum. Then

(i) there exists a unique Eulerian solution t — AS to (39) starting from A" ;

s e &N . . .
(i) if A = % >N Ogz,, Is a sequence of atomic measures in P(BY¢) such that

lim Wy (A%, A° ) 0

N—oo

and, for fixed N, Af’N are the empirical measures associated with the unique solution to (28)
with initial datum y{fN , we have

A}im Wi (AZ, A =0 uniformily with respect to t € [0, 7.
—00

Proof. The proof goes through a finite-dimensional approximation and involves three steps.

Step 1: Stability of Lagrangian solutions. We fix r > 0, two initial data Ke’l, A7 e P(BY),

and assume that two Lagrangian solutions AS Af’l starting from A7 and KE’Q, respectively,
exist. We fix R = (r + M.T)e?-T and the corresponding constant L. r provided by (22).
Notice that such Lipschitz constant is greater than the one of (23). We claim that

WA, AS?) < elerttlac™ "y (RN T2 forallt € [0,7]. (50)
To prove this claim, we fix 7! and 72 € BY= and observe that by the previous Lemma

HY551<7 7 )||Y<R (51)

forallt € [0,7] and i = 1, 2. With (51), (22) and (23), the solutions y} and y? to the ODEs
' = b ., (y") with initial data 77! and 72 respectively satisfy
t

It = sl < 17" =72l + [ (105 (08) = By Gl + 10 02) = Bl i
<17 =l L [ WA A+ [ Lenllo} — il ds.
This gives, by Gronwall’s Lemma, that
I =l < (15" ~72lly + L [ WA(AT AZ2)s) el
equivalently,

t
Ve (t0.9) = Yaea (t0.7) 5 < (115" = °lly + L [ Wh(A31, A%)ds) ebert (52
0
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8 Mean-field limit

forallt € [0,7] and ', 52 € B)Y-.

Now, let II be an optimal coupling between A" and A%, Then clearly, by the definition
of Lagrangian solutions, (Y5..1(£,0,-), Y3..(t,0, )11 is a coupling between A" and AJ”.
Therefore

WIATAP) < [ YA (10.51) = Yiea(t0.07) Iy dil(y' )
EX €

= /BYS . Y3 (80, yh) = Y52 (80,97 [y dI(y', v7),
where we also used that A~ A% € P(BY:). Hence, using (52) we get

Wh(AL, A2) < ebent /

BYexBYe

t
Iy = Pl Al ) + Lnebn [ (AT AS)ds
0
o o t
= el=rt )y, (AE’I, AE’Q) + Lpelert / Wl(Ai’l, Ai’z)ds.
0

With this and the Grénwall Lemma, we get (50).
Step 2: Existence and approximation of Lagrangian solutions. We start by fixing a sequence of

atomic measures A~ € P(BY) such that
. —e,N ——e

]\}gnoo Wi(A™ A7) =0. (53)
Such a sequence can be for instance constructed as follows: choose 7°(z) € Y. independent
and identically distributed, with law Xg, so that the random measures Kg’N = % Zi]\il 5?( 2)
almost surely converge in P} (Y:) to A°, and choose a realization z such that this convergence
takes place. Now let Ai’N be the empirical measures associated with the unique solution to
(28) with initial datum 7,7 = 1,..., N. As noticed in (45), Ai’N are Lagrangian solutions to
(39) starting from AN, Hence, (50) provides a constant C' := C(e, M., r, T) such that

Wi (AN ASM) < o (RN, KM
forallt € [0,7] and N, M € N. If follows that A;"™ € C([0,T]; (P1(BX), W,)) is a Cauchy
sequence. Let then A € C([0,T]; (P1(B}),W:)) be the limit of the sequence A;". For
a given ¢ € B):, consider now the solution y; N and y¢ to the ODEs ¢V = bf\g,w(ye’N
and §° = bj. (y°), respectively, with initial datum 7. Let R > R be an upper bound® for

maxeo,7] ||yi |l which can be taken independent form 3¢ € B}*. With (22) and (23) we
obtain again that

t
Y5 (4.0,5°) — Yoo (60,7l < L ket / Wh(AS, A5V )ds,
0

> Observe that at this point of the proof we cannot a priori exclude that R’ > R, since we still do not know
that A® is a Lagrangian solution, hence we cannot apply (51) (which holds instead for ASN).
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Mean-field limits for entropic multi-population dynamical systems

which entails the uniform convergence of Y5. ~ (-, ¢, ) to Y4~ (-, ¢,-) in [0, 7] x BY=. For each
t € [0,7] this implies together with (53) and the fact that Y5-(¢,0, -) is a Lipschitz map on
B)-, that

AN = Y5 (80,9587 = Y. (£0,-)4A°

in Py (Y2), which gives A = Y5.(t,0,-)xA".

Step 3: Uniqueness and conclusion. Uniqueness of Lagrangian solutions, given the initial datum,
follows now from (50). Existence and uniqueness of Eulerian solutions is now a consequence
of Remark 9 and Theorem 6, respectively. O

Remark 12. The same theorem, with the proper adjustment holds for the entropy free vector
field (21) in the larger space Y.

We now want to compare the entropic solution, to the continuity equation (39), to entropy
free solution for the correspondent continuity equation that is

815/\75 + diV(bAt At) = 0, (54)

where now A € C°([0, T]; (P1(Y),W;)) and A € P(Y).

Consider two initial data A € P(BY) and A~ € P(BY*), so that there exist two unique solu-
tions A and A to the continuity equations (39) and (54), starting from A and A ° respectively.
Let AN and Ai’N be the relative empirical measures in the sense of Step 2 of Theorem 7. We no-
tice that all these measures have support contained in the balls BY,, with R = (r + MT)e*MT,
for the entropy free case, and in the balls BY,, with R’ = (r + M.T)e?*=T, for the entropic
case. Moreover R’ > R, since M. = M + ¢ h. (see the proof of Proposition 2). By the triangle
inequality

Wi (A;—v At) <W (A;—v A?N> +W (A?Na Aiv) + W (Ai\/’ At) (55)
With a similar reasoning to the one that led us to (50) one has
WIAFY, AN < Pt D ROV RY) e R el 0T

< ebat O+ y (RSN K W (A°, ) + Wi (R, A (56)
+ch, Rt ebrr t (e R
Combining (55) with (56), and taking the limit as N — +o00, we get
Wi (AS, Ay) < ebr ke R ) ) (A°,A) +ech. R telw t(etr),

If Ty satisfies (T3’) instead of (T3) then ¢ h. — 0, so that R" — R. Using this and assuming
that the initial entropic data converge to the entropy free ones, that is A° — A, we have the
desired result

lim Wi(A7,A) =0

uniformly with respect to ¢ € [0, T'.

31



9  Fast Reaction Limit

9 Fast Reaction Limit

The aim of this section is to address the case in which the dynamics for the labels runs at a
much faster time scale than the dynamics for the agents’ positions. In this case, introducing
the fast time scale 7 = A ¢, with A > 1, system (28) takes the form

. €50 €% pE
{xt’ :UA{V(% L),

S € i e fori:1,...,N, tE[O,T] (57)
o :/\[7?\?1\’(%77 ¢) e ()]

Note that the well-posedness of (57) is still guaranteed by Theorem 3. Our attention is focused
on the behaviour of system (57) as A — +00, thus we are interested in the case of instantaneous
adjustment for the labels (or the strategies if a replicator dynamics is being considered). To
this end, we suppose that the dynamics for the labels can be written as follows

étsﬂ- = )\ (/UagFﬂ-#Af’N (x?i7 tE,i(u)7 u) Eteyi(u> dn(u) - awa#Ai’N (‘T?iv tEﬂ-a )) etﬁ,i7 (58)

where
7 Y. 5> RY
Yy—x
is the position projection, and
F: PI(RY) x RY x [re, Re] x U — [—00, +00] (59)
(E, I,f,U) = FE(I,f,U)

satisfies the following properties:

(FI) forany R > 0, ¥ € P(Bg), v € Br,and ¢ € C. themap u € U — Fx(z,l(u),u) is
n-Lebesgue integrable;

(FI) for any R > 0, ¥ € P(Bg), xz € Bgr, and for n-a.e. u € U the map
g:[re, Re] = R
SH FE(CU,S, U)

is twice differentiable with second derivative strictly positive and bounded uniformly
with respect to u, that is 2o < ¢”(§) < M for every § € [r., R.] and for some M, > 0
independent of u;

(FIII) for any R > 0 there exists L > 0 such that for every >1,%s € P(Bg), x1,22 € Bg,
¢ €re, R, and for n-ae.u € U

’le(xhga U) - FEQ(‘T%é.au)‘ < LR(‘xl - xQ’ + Wl(EhEQ))?

and
|85F21 (xhga U) - 85F22<x27£7u)‘ < LR (‘1’1 - x2’ + Wl(zh 22))

Note that by Rademacher’s Theorem, the map = — Fx(x,&, u) is differentiable for
almost every = € int(Bg) and |0, Fx(z, &, u)| < Lg.
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Mean-field limits for entropic multi-population dynamical systems

Remark 13. Assumptions (FI), (FII), and (FIII) do hold for the replicator dynamics in a par-
ticular case, which is referred to as undisclosed setting [5]. The pay-off that player in position =
gets playing strategy u against all the other players according to a distribution ¥ of players
with mixed strategies is

jq,(x,u):/y /UJ(x,u,x',u')E'(u’) dn(u')dw (2, 0.

If we suppose that opponents’ strategies are undisclosed, that is J(x,u,2',v') = J(x,u,z’),
we have that

Ju(z,u) :/

J(z,u, ')A (2, 1)) = / J(x,u,2") dng V(") = Tr (2, u),
Yo

Rd
and therefore

Tu(z,0) = (jﬂ#\y(x, )= /Ujﬂ#q,(a;’,u)f(u) dn(u)) l.
This leads us to
Tat )+ H(0) = [ [elog(b(u) = Tepwlaru)] u) dnu) — [<1og(0) = Trpu(a.)]) £
and finally

Fﬂ#\l’(xagvu) - _jﬂ'#\ll(xvu)g_F € [glog(g) - g]

It easy to check that such a function satisfies properties (FI), (FII), and (FIII) whenever
J € Lip, (R x U x R? x U).

The following proposition provides a set of conditions under which the assumptions stated
above are satisfied for Fx(z, £, u) being an integral function.

Proposition 4. Let F’ be a function as in (59) defined as follows
Fo(. &) = [ flogoua) dE@),
R4

where f: R? x [r., R.] x U x R? x C. — [—00, +-00] satisfies the following properties
(fI) forevery R > 0,% € P(Bg), x € Br,{ € C. the map

U / flx, l(u),u,2")dX(x)
Rd
is n-Lebesgue integrable;

(fIT) for every R > 0,z € Br, 2’ € Bg, and forn-a.e. w € U the map § — f(x,&,u, ') is
twice differentiable with second derivative bounded from above and below by two positive
constants independent of u and x’;

(fIII) for every R > 0, x, 2’ € B, & € [r., R.], and for n-a.e. u € U the function f(x,{,u,-) €
Lip,(R%), and the function f(-,&,u,2") € Lip(R%), with Lipschitz constants dependent
only on R;
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9  Fast Reaction Limit

(fIV) foreveryR > 0,z,2' € Bg,§ € [re, R.], and forn-a.e.u € U the function O¢ f (x, &, u, ) €
Lip,(R?), and the function O¢ f (-, &, u,2') € Lip(RY), with Lipschitz constants dependent
only on R.

Then F satisfies properties (FI), (FII), and (FIII).

Proof. Assumption (FI) coincides with (fI). Assumption (FII) follows from (fII), (fIII), and
(fIV) by applying Leibniz integral rule. Assumption (FIII) is a direct consequence of (fIII)
and (fIV). O

Our goal is to prove the convergence, as A — +00, of system (57) to a suitable system of
agents with labels, where such labels are defined as minima of some particular functionals.
In Proposition 5 we introduce the prototype for these functionals and present some of its
properties. Before, stating Proposition 5, we recall the definition of Fréchet-differentiability.

Definition 4 (Fréchet-differentiability). A functional F: LP(U,n) — R is said to be continuos
Fréchet-differentiable, if for every { € LP(U;n) there exists a unique linear application DF ({) €
L(LP(U,n);R) such that

[F(0) = F(6) = DF()(L — 1)

2, 16 =2l om)

:O’

and the map LP(U,n) > ¢ — DF(¢) € L(LP(U,n);R) is continuous. A functional F: C. — R
is continuous Fréchet-differentiable if it is the restriction of a continuous Frechét-differentiable
functional over LP(U, ).

Proposition 5. Let F' be a function defined as in (59) which satisfies properties (FI), (FII) and
(FIII). Then for any R > 0, U € P(B)), and x € By, the functional

G\p(l', ) Cg — R
l— Gy(z,0) = /FW#q,(x,E(u), w) dn(u) (60)
U
is well defined, Fréchet differentiable if p > 1, strongly convex if 1 < p < 2 and uniformly convex
if2 < p < 400. Moreover, for every { € C., the map
Bpr x 'P(BR) > (m,ﬂ'#\lf) — G\p(a?,f) (61)
is Lipschitz continuous, with Lipschitz constant dependent only on R.

Proof. The functional Gy (z, -) defined in (60) is well defined as a consequence of property (FI).
Furthermore, it is Fréchet-differentiable in ¢; € C. with differential

DGy(x,01): Cc —» R

Uy — /agFW#q,(x,El(u),u) lo(u) dn(u).
U
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Mean-field limits for entropic multi-population dynamical systems

Indeed, because of (FII) there exists M > 0, independent of u, such that |¢”(£)| < M for every
¢ € [re, R.] and therefore

|G\1/ xr Eg) G\p(l‘ 61) DG\IJ(I‘ 61)(62 —£1)| =
‘/ rpw (7, b (), ) = Frpw (2, 01 (u), u) = OcFryw (x, £ (), u) (b2 — £1) (u)] dn(u)
= aféer#\If(iE ly g (), u)(Cy — 1) (u) dn(u)

2/2_£1 dn)

foz = Ullerwm 2 = €l Lo

| /\

| /\

where (1 2(u) is the value provided by the Mean Value Theorem and ¢ is the conjugate expo-
nent of p. This leads us to

|G\p(l‘7€2) — Gq;(l‘,£1) — DGq;(CL‘,gl)(gg — 51)\ M

lim < — lim [l = e -
Zziﬂl ||€2 —ElHLp(Um) 2 zzim 2(U,m)

Ifp > g, then ||l — (1| oy < €2 = lill oy - Otherwise, if ¢ > p
162 = o[ Ty < (Be — ?”s)q_p/U [lo — P (w)dn(u) = (Re — )P [[lo — Ol o7y -

In either case, /5 EEN {1 implies that ¢, EAR {1, proving the Fréchet differentiability for all
p > 1. We now prove the strong convexity for 1 < p < 2. Because of property (FII), the map
& — Fx(z,&,u) is strongly convex and therefore

Gy(x,ly) — Gy(x, b)) = /[Fﬂ#\p(le(u),u) — Fr u(z, lo(u), u)]dn(u)
e

> [ [0Fry 0l 20, 0) (6 (w) = () +a (6 (w) = ()] dnw)

U

(62)
= [ 0P (o, o) ) (0 = ) () dnw) + @ 1 = Lol
U

= DGy(x, L) = o) + o ||y = 72
> DGy (x,62) (01 — L) + ||y — La||Fo i, -
Otherwise, if 2 < p < +00
1 = G < (Be = 1P 2 1 = o[ (63)

which, together with (62), proves that Gy(x,-) is uniformly convex. Finally, the Lipschitz
continuity is a direct consequence of property (FIII), indeed

‘G‘I’2<x2ﬂ€) - G‘Ifl(xlvg)‘ < /‘Fﬂ#wz(‘x?vg(u)v u) - Fﬂ#‘yl($17£(u)7u)’ dn(u)
U

< Lr (w2 — 21| + Wi(my Vo, mp W),
which concludes the proof. O
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9  Fast Reaction Limit

As a consequence of Proposition 5 we have the following corollary.

Corollary 2. Let F' be a function defined as in (59) which satisfies properties (FI), (FII), (FIII),
and let G be defined as in (60). Then for every R > 0, U € P(B)), z € Br,and1 < p < 400
there exists a unique solution (* to ]énicn Gy(z,0), and for every l € C.

eC.

Gu(z,0) = Go(a,0%) = a ||t = ]2 (64)

Moreover, the map
BR X P(BR) > (SU,?T#\I/) — G\y(x,f*), (65)

is Lipschitz continuous for every 1 < p < oo, while the map
Bpr x P(BR) > (l‘,ﬂ'#\lf) — 0* (66)
is Lipschitz continuous for 1 < p < 2 and Hélder continuous for2 < p < +oc0.

Proof. The existence and uniqueness to the minimum problem is a direct consequence of the
strong and uniform convexity of Gy(z, -) together with the convexity of C.. Then, by (62)
and by the minimality of ¢*

Gu(,0) = Gu(,0%) > DGy () = ") +al|l = |[Tawy = allt = ClL2 -

>0

Let 71, 72 € Br, Uy, Uy € Py(B)5), and let £ and £} be the solutions to minec, Gy, (21, )
and mingec. Gy, (72, £) respectively. If Gy, (v2, (3) > Gy, (x1, (), using the minimality of £}
and the Lipschitz continuity of (61)

|G\P2('T27€§) - G‘Ifl(x17€>lk>’ = G‘I’2<x27£§) - G\Pz(m%F{) + G\pz(l‘g,f{) - G‘lfl(xlvgjlv
< GWz(anET) - G‘I/l (1‘1761()
< Lg(Jzg — 21| + Wi(myg Vo, mply)).

Otherwise, if Gy, (72, 03) < Gy, (21, (), with a similar line of reasoning, we reach the same
result:

|G‘I’2(‘T27‘€§) - G‘I’l (1‘17[1’()’ = G‘Ifl (xl,gi) - G‘Ih (th;) + G‘I’l (%1,[3) - G‘I’2 (1‘27€§)
< G‘I’1 (th;) - G‘Pz (xzvfg)
< Lp (|zg — 21| + Wa(mpWa, m401)),

which gives us the Lipshitz conitnuity of (65). Since Gy (z, -) is strongly convex for p = 2 we
have that

[DGw, (w2, 03) = DG, (w2, )]G = 61) = a |15 = Gl[72 0.
By minimaility
DG\I’Z($27€;)(£; - F{) <0< DGq;l(:Cl,f{)(g; - E’{)7
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and therefore using property (FIII)
allty = Gl Taw. < [DGw, (21, 6) = DGy, (x2, ())(6 — £7)
= [ 0w, (@1, 600, 0) = B (2,6 0), )] (6 = ) () o)
< L ([z2 — 21| + Wi(mp Uy, mp Us)) /U |65 — €5 (u) dn(u)
< L (w2 — 21| + Wi(mgp ¥y, mpWo)) (165 — ] 20 -
Finally, if p < 2 then
165~ Gl < 165 = Gllizwa < =2 (fe2 = 0] + Wm0y, w4 02)),

otherwise remembering (63)

* * L —
165 = Gl gy < o (Be = o) (g = | + Wiy U1, my U)). O

As intermediate step towards the main result of this section we have the following Lemma.

Lemma 3. Let F' be a function defined as in (59) which satisfies properties (FI), (FII), (FIII),
and let G' be defined as in (60). Consider system (57) and suppose that the dynamics for the labels
can be written as in (58). Then, for any 1 < p < +o0, foreveryi = 1,..., N, and for almost
everyt € (0,7 ‘ ‘
lim ||, — 4,%"||p =0, (67)
A—00
where (; " is the unique solution to ?611013 GA?N (27" 0).
Proof. The proof consists of two steps. In the first step, we obtain some useful estimates and
properties of system (57), which we’ll use in the second step to prove (67).

Step 1. First, we have a bound for every agent’s location. In fact, using (v3), remembering that
my(ASY) < ||y; [, and noticing that ||¢,”"||z < R. for any p < 400, we have that

|25 < |afy H—/ [vpen (@ 2= 05| ds
Sl [ M a1 (A5)) ds
< |z§’| + M, (1+ R.) T+/ o ([ + [lyellg~) ds
< a5 + M, (1 +2R.) T+/ o (25| 4 || ds.
Therefore, a straightforward computation leads us to

T
HwiHyN < ngHyN + M, (1+2R6)T+2Mv/0 HaiH?N ds,
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9  Fast Reaction Limit

and applying Gronwall’s Lemma
g lgv < (lxgllyn + My (1+2R:) T) M T
Then for each agent’s location

25" < N (||l + My (14 2R.) T) ™" = R. (68)

Second, the map ¢ — xil is Lipschitz continuous:

to
o =i < [ o @ 5 ds
1

(69)
< M,(1+R+2R.+ R/N) |ty — t1] = Alts — t1],
and therefore ¢ — w4 A7 M is also Lipschitz continuous:
Wil A5 mpA5Y) < a5, — a5, [ < Alta — . (70)

Step 2. Using the convexity of G AN (25", -) we have that

Ge (@ 5) = Gyem (a5, 65) < DGy (o, € (), ) 65" — £°9)

= [ 0cF e @ 7 0, 0 (6~ ) (w)dn()

= [k, o 6 w0 - [ Af,wci”‘, £ (0,0 ) — £ u)nt)

< [ock e ) = [ B G @ 0 dn)| = 6 g

L2(U.m)

which together with (64) lead us to

oz[GAsN(xt TR — GAEN(th,E*“)} <

et gei ) F RN 05 ) ()| 7
ﬂ'#AfN xt y4e Ty AEN zt ) vt ( )7”) t (U) T](U)

2Um)
For almost every ¢ € (0, 7]

d

I G B G o]

:/aEFAfN@ (), ) 65 () (o) + DG oo (a7 657) - 5+

@ @ (72)

d a4 ke
T:t_$GAEN(xt )

() )
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Mean-field limits for entropic multi-population dynamical systems

We now show that the terms @, @, and @ are well defined and uniformly bounded with
respect to \. Because of property (FIII), (v3), and bound (68) we get

() = 0a Gy (", £57) - 5
/a Feos (65, 65) - oo (57, £5) diy(u)

/|a Fpen (07 60 Jogen (257, 65 d(u) (73)

/ L, Mo(L+ 197" [y + ma (A7) d(u)

< LR+RE M, (1+ R+2R. + R/N) = Lpg. A.

Given the Lipschitz continuity of map (61), and because of bounds (68) and (70), the map
T Gyew (z",47") is Lipschitz continuous:

|G (@77, 677 = Gew (07 7)) < L Wa(mp SN mp ASY) < Lpig, Alre —7il,

and therefore differentiable by Rademacher’s Theorem for almost every ¢ € (0, T'], with deriva-
tive bounded by its Lipschitz constant, that is

d ’L ’L
() = G (2?67
Because of bound (68), the Lipschitz continuity of (65), (69), (70), and Rademacher’s Theorem,
we have that p
@ <[ Fonert o
Regarding @ instead, using (58) and (71) we have that
D= [ 0P, ool ) 67 () dinlw)
-/ (agFﬂ#Agw S0 = [ OcF, e w60 (0).0) €/ 0) dn(w) ) 67w )
Y /U (agFﬁ#AfN (257, 05 / OcF, oo (257, (5 (0),0) €57 (0) dn(v)> (54 (u) dn(u)
A 2
—\re /U (85]5’7r AEN (25 057 / O:F_ AEN (25" 05 (), v) L5 (v) dn(v)) dn(u)

< —Ar. o [GAEN(fo, t“) GAEN(xtl, Z“)].

< Lpyr. A. (74)

T=t

<2Lpir. A (75)

IN

(76)
Using (73), (74), (75), and (76), from (72) we get the following inequality

d £, pEL £,1 *az
%[GA?N(:E{ 7€t7 ) GAEN(xt ’ )] <

S—/\TEOK[GAEN(IL'il, o — GA5N<.Z't N +4Lpyg A,
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9  Fast Reaction Limit

or equivalently

d

o A _ 4 A
G (0 = G a6 -

Aar,

Lrig.| <
4 A

£

€% pEs 0 pkEL
< -Area [GA?N(J% 4t )—GAjN(Uﬂt ) - Lrir.

Therefore, by Gronwall’s Lemma

4A
L
Xar. R+R.

4A
3 LRrig.
arTe

<

(G (5, £7) = G (a5, ) -

< [Gagn ' 65) — G (' 637 - (AreaT,

and applying (64)

. . 4 A
67 = 6 oy < 5y Lient
€

o . , 4A
£, RANES E1 pRELY —AreaT
—+ |:GA8,N (Z‘O ,EO ) GA(EJ,N (ZEO 760 ) )\047"6 LR+RE:| e .

Taking the limit as A — oo gives the desired result. O

Remark 14. Since (;" is independent of \ so is /3", and therefore it is obvious that
tn (165~ 63571 = 1165 ~ 661
A—00

We are now ready to state and prove our main result for the undisclosed setting.

Theorem 8. Let I be a function defined as in (59) which satisfies properties (FI), (FII), (FIII),
and let G be defined as in (60). Let (TEJE) € YN, Consider system (57) with initial datum
- €

(=, L"), suppose that the dynamics for the labels can be written as in (58), and denote by t — y;
its unique solution. Consider the system

AEL AE [EL
Ty —UA?N(% » Lt )
0 =arégglinGA;»N(ff§’”, ) fori=1,...,N, te(0,T], (77)
€C:
i‘g’i = F&t
where
.y 1 X
g, — PR
AP = N;a(ji,by,_,:,z). (78)
1=

Then, for any 1 < p < 2 and for almost everyt € (0,T], problem (77) admits a unique
solution t — §;. Moreover, for almost every t € (0,T], the solution y; converges to §; as
A — 400, namely

: € _ Al —
Jim [ly; = gillgy = 0.
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Mean-field limits for entropic multi-population dynamical systems

Proof. Existence and uniqueness of the solution to system (77) follows form the Lipschitz con-
tinuity of the map (66), by standard results on ODE theory [15]. For the same reason, we have
that

> 1L
Hﬁf—EtHEN = Nzy‘gt‘c‘ﬂ_gf,zHE
=1

1 i\f: , , 1 ﬁ\’: o
< 2 M =G e+ 2 D I =4 e
N = N

< 167 = €:%llp~ + Lrsr. (125 — & ll@ay + WimgAf™, meAi ™))
< [1€5 = £€%lley + 2 Leyr. |27 — &5l Rayy,
where R is the bound defined in (68). From Lemma 3, there exists C'(\) > 0 such that C'(\) ~
1/Xas A — 400, and |[€; — £;°||pv < C(A). Thus
167 = & || o> < C(N) +2 Lpsr, |1 — &]| gy

Using the Lipschitz continuity of the vector filed v, and the previous inequality, we can estimate

AE,T

i||9r38 — &f||rayy < 1 i i
t t S t t
dt N &
1 N S S
= 2 oas (28 67) = vgen (37, 67°)]
i=1

1 N . e . Az N
< 3 2 L (lopt = &7 4 (1657 = B+ WA (AP AF™))
=1

<2 Lpir, (|25 = &l gy + 1167 = & [1ev)
<2Lp+r.C(N) + 4 Lpir. |2 — 2| mayy
< 4Lpir. (CA) + [|&; — 2| (mayv)
or equivantely
d
dt
Therefore, by applying Gronwall’s Lemma, for any 7 > 0 we obtain
C(N) + ||z = 2| @ayy < (CN) + |25 — &5 || gayy) etFremt),

which leads us to

(CO) + 1125 = #ll@an ) < 4Lrir, (CO) + 125 — &Iy )

|f — &5 || Rayy < (C(N) + ||25 — &Z||(gayy ) e*FrereT

Since the same initial data are being considered, we have that

1 N T . . i e
I = gy < 353 [ I (2 5) g 057 0]
i=1

1N S o .
< LR+RENZ/O (J5" =25+ 165" — €5 || B + (|2 — &5l mayn) ds
1=1

< LR+RE(1+4R+4R€)T.
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9  Fast Reaction Limit

Finally, choosing 7 = 1/
5 A€ 1 4L T
H.’Bt —ZBtH(Rd)N < C(/\)+LR+RE(1+4R+4RE)X e RtRe

Taking the limit as A — 400 completes the proof. O

Remark 15. With the same line of reasoning of Section 8, it can be proved that the mean-field
limit of system (77) is a probability measure ; € C°([0, T]; (P1(R?), W )) which satisfies the
continuity equation

%5 + div (v (- 6;) 3) =0,
where

*_(z) == arg min / Fre(r,0(u),u)dn(u)  and RS = (id, ) 45 |
¢ LeCye ¢

that is
[ (t2)asi(@ / (0, 2)dSS5 (x / / (9ud(s, )+ V(s ) vy, (x, £ ()))AZS () s

for every ¢ € CL([0,T] x R%). As a consequence of Theorem 8, we have the following result
: 3 g\ __
AETOO Wi (27, A7) =0,
where Af is the mean-field limit of system (57). Indeed, by the triangle inequality we have that
WAL AD) < WAL AT™) (AT, AP™) (A, AD),
and taking the limit as A — +00 we obtain
Wi(A], A7) < WIAG APY) + W (A7, A7),
Finally, recalling (1) we have that
Wi AY) = s [ 0k 0 - [ et 0di (w0
Ye

p€ELip,, (Yz) Y-
Lip(¢)<1

1 XN o

= sup / x, 05 (2)) dY5 (2) — — A o

oL (Ya) Rd‘P( Et( ) d¥i (@) N;@( i)
Lip(¢)<1

= s [l (@) A% @) — [ (e o (@) dmphi(a),
welip,(vz) /R R -
Lip(p)<1

by the triangle inequality
Wi(Rs,AsN) = sup /]R'i p(z, 5 (2)) A5 (z) — /Rd o(x, b (7)) dm AN (2)

p€Lip, (Yz)
Lip(¢)<1

+ s [ ol (@) = ol € (@) dreh Y (o).
peLip, (V) /R o
Lip(¢)<1
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Mean-field limits for entropic multi-population dynamical systems

Since there exists R > 0 such that 33, W#/A\i’N € P(Bg) forallt € [0,7] and N > N, and
because of (66), we have that

Wi(Af, APY) < (1+ Lg)Wh(S5, meAP™) + Le Wi (S5, mpAp™).
In the end, we have
Wi(AS,AF) < (142 Lp)Wai(S5, meAD™) + Wi(ADY, AS),

which gives the desired result taking the limit as N — oc.

10 Possible Improvements

In Section 9, we have analyzed just the undisclosed case. In order to address the general case,
the equations for the labels (58) suggest us to suppose, for the functional F, a full depen-
dence on the state of the system and not just on the agents’ locations. Thus, we shall consider
Fyw (ay ' 05" (u),u), instead of F, AN (20 0 "(u), u). By doing so, the functional ( takes the
followmg form

GAEN xfz, “ /FAN mi’, “( ), u) dn(u),

instead of (60), which in turn leads us to a problematic expression for the labels equations of
system (77):

gfi:argmin/ FAN (25, 05" (u), w) dn(u) i=1,...,N.
LeCe

The expression above does not make any sense because on the right-hand side the other so-
lutions to the minimum problem appear in the term /A\gv . While it may initially resemble a
fixed point problem, a closer inspection reveals that it is not, due to the vector nature of the
problem. For this reason, instead of (58), we are lead to consider

07 = ([ Dy (o 8 ) ) @) ) T = D (o, 57, ) (67, £0), (79

where now

II: C. x CN — C.
(0,8) — ¢

and DF is the Fréchet-differential, in the sense of Definition 4, of
Foov o (2% u): [re, R] x CY = [—o0, +o]
N ZJ 1 %49,

({ E)HFNEJ 1 WU)( 1’§,u).

We notice that since (79) has to be compatible with (57) in order to use Definition 4, we would
have to extend smoothly the entropy functional H to zero. We also observe that in the undis-
closed setting, the expression in (79) gives us back that in (58). To avoid dealing with derivatives
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10  Possible Improvements

in the space of measures, we deal with integral functions only, that is
: 1 XN o
! = — i i pi

Fros g @6 sz_‘lf(xé,u,x Y (80)

In such cases, to guarantee that similar assumptions to (FI), (FII), and (FIII) are satisfied, it
is sufficient to make similar hypothesis on f to the ones of Proposition 4. At this point we can
define

1 XN o . 1 XN
Gz, 0) = N Z /U Fan (2, 0 (u), u) dn(u), with AN = N Z (23,09 5
i=1 Jj=1

and have an analogous results to Proposition 5 and Corollary 2; in particular one can prove
the existence and uniqueness of the solution £* to the minimum problem mingc o~ G(x, £). To
prove a result similar to Lemma 3, we require an additional property:

nﬁ<u><nﬁﬁuxef% £, (miu) (e, 69)) )

=1

> C||my (|7 Ry on-m) (65 (), )| ey

where
mi() = = ([ Dy @', €0 (u),u) 6" () dnfu) TT = DE e (o, 6 () 0) )

Unfortunately, the replicator dynamics does not satisfies this last hypothesis, and satisfies
the other ones only for J(z,u,2’,u") = —J(2',u/,x,u), so that a cooperative behavior is
not allowed. Therefore, we have to think about how to weaken the assumptions on f to still
guarantee the desired results. Another problem arise when we want to perform the mean-field
limit. We have defined our functional F' over [r., R.] x C¥ in the form (80), but taking the
limit as N — oo to obtain a mean-field description is an ill-posed operation since the spaces
change with N. Therefore, the particular form (80) does not solve our issue and it seems that
considering measures derivatives can be a possible way to deal with the general problem.
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