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Summary

This thesis fits in the Adaptive Virtual Element Methods theory. It investigates the
stabilization-free a posteriori error analysis in polygonal meshes in 2d. The first novelty
brought by this work stands in the extension of Beirdo da Veiga et al. [2021] to the cases
of triangular meshes with hanging nodes and polygons of higher degree. Assuming that
any chain of recursively created hanging nodes is uniformly bounded, stabilization-free
upper and lower bounds for energy error are presented. The main difference with respect
to the case of polynomials of degree one is that, given two triangles sharing an edge, the
refinement of one of them brings some points to be both hanging nodes and proper nodes
for the other triangle. On one hand because of this a re-definition of the hanging nodes is
necessary, on the other hand it simplifies a lot the proof of the Scaled Poincaré inequality.

The second topic studied in this thesis is the extension of the analysis to the case of
quadrangles. The main challenge here is the definition itself of the refinement. In this text
the refinement consists in tracing the edges connecting the midpoints of two opposite edges
of the quadrangles. In this way a quadrangle is reduced to four quadrangles. Also the
space of polynomials of degree one has to be changed. Indeed, a polynomial of degree one
is not uniquely determined by the value at the four vertices of the quadrangle. We then
introduced a new functional space that contains the polynomials of degree one. Finally the
enhanced version of this functional space of this Virtual Element and the stabilization-free
a posteriori error analysis have been discussed.
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Introduction

In order to describe the world and its phenomena, an essential concept is necessary: the
derivative. Derivative is the mathematical way to describe the evolution in time or in
space. By combining derivatives and some constraints observed, which are described
as equations, the partial differential equations (PDE) arise. Most of the time we can
just discuss some properties of the solution of an PDE, but finding the explicit solution
can be analytically impossible. Numerical Analysis tries to solve this problem with the
Finite Element Method (FEM). This method is based on finding an approximation of
the real solution; it gets more precise as the degree of accuracy grows. FEM considers a
discretization of the domain made by finite elements, defined by a triple which consists in
the ‘geometrical shape’ E of the element forming the partition, a space of approximation
functions living in £ and a set of degrees of freedom. The main theme of the thesis focuses
on the Virtual Element Method (VEM), a type of FEM, which has been introduced less
than ten years ago.

The first chapter of the thesis consists in an introduction of the VEM, starting from
the first paper Beirdo da Veiga et al. [2013]. The peculiarity of the VEM is the fact that
the functional space defined on each element E concerns only the values of the functions
at the boundary of £ and a condition on the Laplacian of the functions. It means that
we do not require to know the functions in the interior of E.

From the presentation of the VEM, the thesis focuses on the stabilization-free a poste-
riori error analysis, with the purpose to extend the work by Beirdao da Veiga et al. [2021]
from a degree of accuracy 1 to a general degree k.

In the last chapter a re-definition of the VEM has been proposed in order to adapt it
to the case of quadrangles. The functional spaces introduced here become helpful when
refining a discretization made by quadrangles, without reducing to triangles, is needed.
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Chapter 1

Virtual element methods

In this chapter the Virtual element methods are presented. The main reference that
will guide us to the description of this ‘new’ type of finite elements is the work Basic
principles of virtual elements methods by Beirao da Veiga et al. [2013]. The main difference
with respect to their work is that we here present the more general symmetric elliptic PDE,
instead of the classical Poisson problem. This choice has been taken because it will be the
one used in the second chapter and it does not add too many differences in the presentation
of the virtual elements.

1.1 The continuous problem

The first step into the world of the virtual elements starts from the very simple and well
known problem: the bi-dimensional symmetric elliptic problem with vanishing Dirichlet
boundary conditions. This classical problem arises from several engineering and physical
applications, such as Newtonian gravity, hydrodynamics, electrostatics, diffusion problems
etc....

Given Q C R? a polygonal domain, our problem can be written as

1.1
u=70 in 09), (1.1)

{—v (AVu) +cu=f inQ,
where A € L>®(0)**? is symmetric and uniformly positive definite in Q, ¢ € L*°(Q) and
positive in Q, f € L*(Q). The variational formulation of the previous problem reads as
we want to

find u € V:= H}(2) such that (12)
B(u,v) = (f,v), Vvev, '
where (-,-) is the scalar product in L?(Q) and B(u,v) := a(u,v) + m(u,v) is a bilinear

form where
a(u,v) = (AVu, Vo) m(u,v) = (cu,v).

11



Virtual element methods

Denoting by |- |1 the norm in V such that |v|? = (Vv, V), it can be easily proved that
the variational formulation of (1.1) has a unique solution. Indeed, the bilinear form B, is
continuous and coercive:

B(u,v) < ([[Alleo + [lellco)[v]1]ul1, B(v,v) > Blvf;, (1.3)

where § > 0 exists because of the hypothesis on A and c.

1.2 The discrete problem and the assumptions needed

For the continuous problem it is guaranteed the existence of a unique solution. We want
now to introduce a discretization such that the discrete solution we will found is ‘close’ to
the continuous solution. The core of this section is to define the properties a discretization
has to have in order to be ‘well-built’. As done in Beirdo da Veiga et al. [2013], we here
recall these properties and in the next sections we will verify if they hold in the case of in
the virtual elements.

Let us introduce a decomposition T of €2 into elements FE. As usual, h will denote the
maximum of the diameters of the elements in 7. A decomposition is ‘well-built’ if the
following assumptions are satisfied.

Assumption 1.2.1. For every h, the decomposition 7 is made of simple polygons. The
bilinear forms a(-,-), m(-,-) and the norm | - |; can be split over the elements of the
discretization, i.e.

a(u,v) = Z af (u,v), m(u,v) = Z mP (u,v),

EeT EeT
ot = Z ‘U‘i}m Vo, ueV.
EeT

Given the space H'(T) := [[ger H'(E), we can also define the H'-seminorm as

1/2
vl = (Z VU\%,;;) ; Vovev.

EeT

Assumption 1.2.2. For every h, we assume to have:
e aspace V5 CV;
o a symmetric bilinear form By : V+ x V& — R, such that

Br(un,vn) = ar(un,vp) + my(up,vn) = > BY (un, vn),
EcT

and

ar(up,vn) = Y ay (un,vn), m(up,vn) = Y my; (un, vp);
EeT E€Th

Y up, vy, € Vg, where BE(-,-), aZ(-,-) and m¥(-,-) are bilinear forms on Vr|g x
V’T’E — R;

12



1.2 — The discrete problem and the assumptions needed

+ an element f;, € V.

These assumptions allow us to define the following problem

{ﬁnd up, € Vg such that (14)

Br(un,vn) = (fn,vn), Yo, € V7.

We now want to define some assumptions such that this system has got a unique solution
up, which is close enough to the solution u of (1.2). If £ > 1 is the degree of accuracy we
want that the following inequality is valid:

[ —unl S B¥lulksro: (1.5)

Assumption 1.2.3. There exists an integer k& > 1 such that for all A and E € T}, the
space of polynomials of degree k is a subset of V|g. Moreover,

o k-Consistency: For all p € Py(E) and for all v, € Vg,

By} (p, vn) = B (p, vn). (1.6)

o Stability: There exist two constants a, > 0 e o > 0, independent from A and F,
such that

Vo, € Vrlg, . BE (v, vp) < BE (vp, vp) < a*BE (v, vp). (1.7)

This last property implies the continuity of BZ, indeed

Bf(u,v) < (Bf(u,u))% (Bf(v,v))%

<a* (BE(u, u))% (BE(U,’U))

= B*|u|1,plv|1,E, for all u,v € Vr|g; (1.8)

(NI

where 8* 1= o*(||A||co,E + ||¢||00,E)-

Theorem 1.2.1. Under the Assumptions 1.2.2 and 1.2.3, the discrete problem: Find
up, € Vy, such that

B’T(Uhavh) = <fh7/Uh> Yoy, € VT, (19)

has a unique solution up. Moreover, for every approzimation uy € Vo of u for every
approzimation u, of u that is piecewise in Py, we have

lu—unlt < Clu—urly + [u = uclr 7 + [[f = fallvy),
where C'is a constant and for any h, ||f — fyllv: is the smallest constant such that

(f,vn) = (frsvn) <N = fullve|onls, Vo, € Vr. (1.10)
13



Virtual element methods

Proof. From (1.3) and (1.7), the symmetric bilinear form B is continuous and coercive
so that the solution of (1.9) exists and it is unique.
Now, setting d;, := up — uy, we have, from the continuity and the coecivity of B, and
using Stabiliy (1.7) property of By
Ba|0n| < aBB(Sn, 64) < Br(6h, 6n)
= BT(Uh, 6h> - BT(U,[, (5h)
= Br(un,0n) — Br(ur, on) + Br(ux, 6n) — By (ur, on)

= Br(un, ) — > (B,f;i(w — U, 1) + BE (us, 5h)) .
EeT

Using now (1.9) and the k-Consistency assumption (1.6), since u,|g € Pr(E),

Baelonl} < (fusbn) = Y- (BE(ur = un,61) + B (ur, 31))

EcT
= (fn6n) = > (Bh — U, 0p) + BE (uy — u, 03) + B (u, 5h))
EcT
= (fns0n) — B(u, 0p) — > (Bh — Uz, 1) + B (ur — u, 5h))
EecT
= (fnr0n) — (f,00) = D (BE(UJ — Uz, 63) + B (ur — u,(5h)) :
EeT

Applying now the inequality (1.8) and the definition of [|f — fx|[v; (1.10)
Balonlt < I1f = fullw |0y + Y B ur — uxl1.£l0 1.6 + ([[Al]oo + llelloo) ltx — 1l1|0n]1.
EeT

Finally, by using the triangular inequality,

lu —uply < |lu—wurl + |up —urh
< C (I = fallo, + ur = walyr +u = el 1)
Here, the only difference with respect to the proof shown in Beirdo da Veiga et al. [2013]
is that, expectedly, the constant C is a not only a combination of the stability constants

a, and o, but also of the coercive constant 5 and the data of the problem ||A||o and
[leffoo- O

1.3 The discretization: introduction of the virtual el-
ements

In this section we want to introduce the main concept of this work, the virtual element
methods, showing that with this definition the assumptions described in the previous
section are satisfied.

First of all, we briefly recall the definition of finite element, due to Ciarlet (1975).

14



1.3 — The discretization: introduction of the virtual elements

Definition 1.3.1. A finite element in R? is a triple (E, Vg, Lg), where:

« FE is a non-empty compact and connected set in R%, such that £ = E and the
boundary OF is Lipschitz-continuous.

e Vg is a linear space of functions defined in F.

o« L, set of degrees of freedom, is the set collecting linear forms ¢; : Vp — RY, which
is unisolvent for E.

Following this definition, we want to define all the elements of the triple for a virtual
element.

As before, let 7 be a conforming partition of Q made of a finite number of simple
polygons E. We denote as hg the diameter of the element in F, &g the barycenter of F,
e one of the n edges of F and &g the set of all the edges of E.

We are now ready to define the linear spaces of functions in E. Firstly, fixing k£ > 1,
we can define a space containing functions living in the boundary of E:

Vopx = {v € C*(OE) : v|. € P(e),Ve C OE}. (1.11)

A function v € Vyg is a polynomial of degree k for each edge of the element E. The
dimension of this space would so be (k + 1)n, but v has also to be continuous in 0F and
for this reason the values at the n vertices are uniquely defined. The dimension of Vyg s
is then (k4 1)n — n = kn.

It seems clear that the previous space is not enough to the describe an element. Indeed,
by now it is not known anything about how the function in the 'middle’ of E is made.
We now give the definition of the following space,

Ve ={ve H (E):v|or € Vori, Avlg € Pr_o(E)}, (1.12)

recalling that P_;(E) = {0}.

For clarity’s sake, we here describe the spaces for k =1 and k = 2.

Vg1 is the set of functions that are polynomials of degree 1 on the edges of E, deter-
mined by the n vertices and harmonic functions in E.

Vg2 is the set of functions v that are continuous on JF and polynomials of degree < 2
defined by 2n nodes. Inside E the functions are defined by a constant ¢ such that Av = c.
v is so uniquely determined by 2n + 1 conditions.

In general, a function vy, in the space Vg 4, is fully determined by a function g living in
Vag,r and a polynomial gy_o € Pr_o(E) such that vj|pr = ¢ and Avy, = gx—2. For these
reasons

k(k—1)

Ng :=dim(Vgy) = nk + 5 )

(1.13)

since the second term corresponds to the dimension of the space of polynomials with a
degree < k — 2.

It becomes now clear that nk + @ degrees of freedom L j need to be defined. In
particular, we choose:

15



Virtual element methods

* Vg set of the values of v, at the vertices of E;

o &gyt set of the values of vy, at the k — 1 equi-spaced internal points of each edge of
oF;

e Pgj: set of the moments ‘—ng [ m(x)vy(x)de Vm € My_o(E);
where the set Mj_o(FE) is defined as

_ S
My o(E) {<"” mE) sl gk—Q}. (1.14)
he
In (1.14) s is a multi-index and |s| = s1 + s2 with &° := z]'z5?. The dimension of Pg j

is so k(k; U Before discussing if this choice of the degrees of freedom is properly defined,

we show in Figure 1.1 two examples of virtual elements with their degrees of freedom. In
the figure shown, F is a quadrangle (n = 4) and the case (a) is the one of Vg 1, whose
dimension is 4 and the degrees of freedom are the values of vy, at the vertices. In the case
(b) Vo is used and, by (1.13), the dimension is 9 and degrees of freedom are the values
of the function at the 4 vertices, the 4 midpoints of each edge and the value of mean of
the function on F.

(a) (b)

Figure 1.1: This figure shows two virtual elements where the dots represents the degrees
of freedom. In (a) the space of functions is Vg 1, while in (b) Vg .

The last step that needs to be verified is if the set of the degrees of freedom is unisolvent
for VE,k:-

Proposition 1.3.1. Let E be a simple polygon with n edges, and let the space Vg be
defined as in (1.12). The degrees of freedom Vg plus Ep i plus Pgy are unisolvent for
\o

Proof. We divide this proof into 3 steps, where the first two are just a recall of what is
known for the basic finite elements. Given vy € Vg i, we want to prove that if £;(vs) = 0,
V¢ € Ly, then v, =0 in E.

1. If vp(x;) = 0, where x; is a vertex or one of the k& — 1 equi-spaced internal points
of each edge of E, then v, = 0 on JF. Indeed: let e be one of the edges of F,
by definition (1.11), vyl is a polynomial of degree k. Because of vp|c(x;) = 0,1 =
1...k+1, then v,|. = 0. Repeating the same procedure for each edge, we obtain
v, =0 on OF

16



1.3 — The discretization: introduction of the virtual elements

2. If £;(vy) = 0, V{; € Pry, then PE v, = 0 in E, where PF 5 : L? — P_»(E) is the

L2-projection onto Py_o(E). A polynomial of degree < k — 2 that has got @

moments vanishing is null in E.

3. If v, = 0 on OF and P,f_zvh = 0 in E, then v, = 0 in E. By the definition of
(1.12), we just need to prove that Avy, = 0 in E. To this end, we define an auxiliary

problem. For every ¢ € Py o(E), we find w € H}(E), such that
(Vw,Vv)o g = (q,v)0,E, Vv € Hy(E);
which can be re-written as
—Aw=gqin F, w=0on JF,

or, formally, w = —A&}Eq. We consider now a map R : Py_o(FE) — Pr_o(E), such
that

R(q) = Pl£2(Aa,JlEQ> = Pl y(w).
. R is an isomorphism, indeed, if ¢ € Py_o(F), then
(R(9),9)o.e = (PEo(Ag59), Do = (PEoyw, q)oz = (w,@)o.z = (Vw, Vw)og.
Since w € H}(E),
{R(q) = 0} & {w =0}
We notice that if v, = 0 on JF, as in our case,
PY qun = PEo(=Ag p(—=Avy)) = R(=Auwy).

By step 2, we know that PF ,v;, = 0, which implies R(—Awy,) = 0, hence Avy, = 0
in E.
O

Remark 1. Given v, € Vg and p € Pi(E), the degrees of freedom chosen allow us to
compute the value of a” (v, p). Indeed, using the Green formula,

0
@ o) :/ Ale Von - Vp = _/ Alp Ap vp +/ Alop a£ Un,
E E OB n

which implies that it can be computed without knowing the value of v, in the interior
of E. Indeed, the first integral can be computed using the values of the moments of v
(because of Ap € P,_o(FE)), while the second integral considers the value of vj, on the
boundary of E.
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Virtual element methods

1.4 Construction of the discretization

In the previous section we have introduced the local spaces that we will use for the
discretization. In this section we firstly define the spaces on the domain €2, then the
bilinear form By and finally the right-hand term f;,. In the last paragraph we will discuss if
the discretization is ‘well-built’, meaning if given the solution u of the continuous problem
(1.2) is close enough to the discrete solution uy of (1.4). In particular, we will show that
the inequality (1.5) holds.

1.4.1 Construction of V

We are now ready to describe the space of virtual elements on the whole €. Given a
k > 1, we have

VT = {U 6V57)|E €V|E,k7 VE € T}

Defining NV, N¥ and N¥, respectively, to be the number of internal vertices, of internal
edges and of elements in T; we can compute the dimension of V. By the description of
V& i, we have one degree of freedom for each vertex, k — 1 for each internal points of the
edge and those that can allow to have a polynomial of degree k — 2 for each element. So
that

(k—1)

k
N .= dim(Vy) = NV + N¥(k — 1) + N” (1.15)

We remark the fact that we have considered only the internal vertices and edges because
of the boundary Dirichlet conditions at 0.

1.4.2 Construction of By

We are now ready to define the so called Nabla operator, that allows us to construct the
form Br. Let the operator I}, : Vg — Pr(E) C Vg be the projector that guarantees
the following system to have a unique solution:

[x VIIYv -Vq= [ Vv-Vq Vq € Py(E)

(1.16)
[TYv =7, Yo € Vi,
where, if ¢ is a smooth function and {V;};—1 , the set of vertices of F, we define
1 n
==Y o(Vi).
n
=1
If ¢ € Pi(F), the previous system has got as solution
Y.q = q. (1.17)
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In the following, we need a projector defined on the entire discretization. In order to
achieve this, we firstly need to define the space of functions that are polynomials on each
element E, but we require them to be just L? on 2. We so have that

Wh = {w e L*(Q) : w|g € Px(E)}.

This definition allows us to define the projector H7V— V75 — W’;-, that restricts to IT} on
each E. Moreover, because of it will be used in the second chapter, from the definition of
Wlfr we can here also define the space VOT as

V9 = Ve nWh
Remark 2. From the first condition of the system (1.16), we have that Vq € Pr(E),
o” (TM§v, q) = a” (v,q).

This implies that, Vv € Vg,

B¥ (HEU, q) —BE(v,q) = cp /E (HEU — v) q=0, (1.18)

where the last integral is equal to 0, using the enhanced space definition, that will be
discussed in the next section. By now, in order not to interrupt the flow, we take for valid
this result.

Thanks to the projection operator, we can define the bilinear form B for which both
the k-Consistency and the Stability assumptions are valid. In particular, we consider

af (v, w) = /E (AEVHgv) : (Vﬂgw) ,

m¥ (v, w) = /E (CEVHEU> : (ng) ,

where Ap := Alg, cp = c|g and BE = aF (u,v) + m¥ (u,v). For such forms, for sure the

k-Consistency condition (1.6) holds, but in general the Stability condition (1.7) does not.
We need to define a symmetric bilinear form sg : Vg X Vg — R, such that

cslvlf g < sp(v,v) < Cslvlf g, Vv € Vg i /R, (1.19)
where ¢; and Cs are positive constants independent of E and hg. Then set
BF (v,w) := BE (TG, Tw) + sp(v — Mo, w — M hw), Yo, w € Vg, (1.20)
which imitates the the Pythagoras theorem. Indeed,
BE (v,w) = BE (1w, TTGw) + BY (v — v, w — Mpw),  Yv, w € Vgy. (1.21)

This definition satisfies k-Consistency, because of (1.17) and (1.18), indeed, Vp €
Pr(E),

By (p,v) = B (Ip, TYw) + sp(p — Mip, w — ITj0) = B(p. Tiw) = B (p, v).
We need now to prove that also the Stability holds.
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Theorem 1.4.1. The bilinear form BE(-,-), as defined in (1.20), satisfies the Stability
property.
Proof. For all v € Vg, by the definition of BE(-,-) (1.3), BE(-,-) (1.20), the stability
bilinear form (1.19) and the orthogonality (1.21):
BF (v,v) = BE(ITYw, TTw) 4 sp(v — v, v — i)

< B (g, Ew) + Clv — Tgo[ &

< (I14pllso + lleplloo) ME0] g + Cslv = TE0lf

< max{||Aplloe + [[cnlloo, Cs} (ITFVE 5 + v — 0]} )

max{|[Ap|lo + [[cEloo, Cs}

= 5 Blvli g < o BF (v, v).

Similarity, v € Vg,
Bf (v,v) > BE (v, Ijv) + colv — Mguf?
> 5|HEU’2E,1 + cslv —
> min{ﬁaCS}‘Uﬁ,E'

O

As already discussed in the previous sections, from the Stability property the BE results
continuous and coercive on Vg i X Vg 1.

We can now extend the definition of the bilinear form to the entire discretization. We
define Br(-,-) : V7 x Vr - R as

7 (on, wn) ==Y By, (vn, w),
EeT

which results continuous and coercive on V5 guaranteeing the existence and uniqueness
of the solution uy in (1.9).

1.4.3 Choice of S

Following Beirdo da Veiga et al. [2013], the choice of sg, in general, depends on the
problem. Here we present the simplest form of sg, that we will use in the next chapter.
We can choose a canonical basis @1, ..., ¢y, such that

li (05) = i, i,j=1,...,Ng

where ¢;, as defined previously, are the local degrees of freedom.
We can define Sg as

Su(pi¢5) = sp (i = Wi, ¢ — pep;) = ZE( MEe:) £ (5 — ;)
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In the following, we will use this definition of the stability form in the case of Vg ; and
VE2. In the case of Vg i, the degrees of freedom are the values of the functions at the
vertices of F. In the case of Vg o, the degrees of freedom are the values of the functions
at the vertices, at the midpoints of each edge and value the moments. So that we can
define the stability form as:

NE—d’im('PEyk) dim(PE,k)
sp(v,w) = > v(x)w(z) + > OM() M (w), (1.22)
i=1 i=1

where {@; }i—1. {Np—dim(Ps,)} are the nodes of E at the vertices or at the midpoints and
{K?}izl.‘.dim(pw) are the degrees of freedom related to the moments. We recall that in
the case of Vg there is not the second part of (1.22), while in Vg o there is only the
mean of v on F.

The extension on ) of S7 is

vh,wh Z SE Uh,wh Y v, wp € V.
EeT

A stabilization constant v > 0 is then added, bringing the definition of By to

B (v, wy) = ar(vp, wp) + my(vp, wy) + vS7(vh, wp), YV up, wy € V. (1.23)

1.4.4 Construction of the right-hand side
Given k > 2 and recalling the L2-projection PE_, : L>(E) — Pj_s(E), we define f;, as

fn=PEF,f, on each element E in 7.

Consequently, we have
(fn,vn) = Z/fhvh—Z/ Peof Uh—Z/ P zvh
EcTy, EeT

We here remark that the last integral can be computed by using the known degrees of
freedom of each element. Indeed, the P vy, is a polynomial of degree k — 2 and can by
computed by knowing the moments of vy,. This choice of fj is closer to f, when h goes to

0. Indeed,

(non) = (o) = 3 [ (BE = £) (on = PE(w),

EeT

using the Cauchy- Schwarz inequality, and the error estimates for the projector operators

(frron) = (f,on) < W fleer,ehelonlie

EeT

< Ch* (Z \fl%_l,E> o1

EeT
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This implies, from (1.2.1), that we have an estimation on || f — fu[lv: ,

If = fallvy, < Ch* (Z Iflﬁ_l,E> : (1.24)

EeT

1.4.5 The error of the discretization

In order to discuss the error of the discretization we firstly need to remark that, given a
smooth function w, the Assumption (1.2.1) does not imply the existence of w, € Py(FE)
sufficiently close to w. For this reason, as done in Beirao da Veiga et al. [2013], we use a
new assumption.

Assumption 1.4.1. There exists a 6 > 0 such that, for all h, each element E in T}, is
star-shaped with respect to a ball of radius > dhg.

Thanks to this assumption, according to the Scott-Dupont theory (See Brenner and
Scott [2008]), we have the two following results.

Proposition 1.4.2. [f the assumption (1.4.1) is satisfied, there exists a constant C, de-
pending only on k and «y such that for every s with 1 < s < k+1 and for everyw € H%(E),
there exists a wy € Pi(E) such that

Hw—wﬂHO’E'i‘hE”w—’wﬂh’E SChSE"w‘S’E (125)

Proposition 1.4.3. If the assumption (1.4.1) is satisfied, there exists a constant C, de-
pending only on k and ~y such that for every s with 1 < s < k+ 1, for every he, for all
E € Ty, and for every w € H*(E), there exists a wy € VFF such that

||w — Wy |0,E + hE|w — w[’LE < ChSE|w|57E (1.26)

Because of the construction of the bilinear form By, we have that it is continuous and
coercive and so the Theorem 1.2.1 is valid. Then, if u is the solution of (1.2) and wy, the
solution of (1.4), we have

lu—unlt S fu—urli + |[u—trlpy + [[f = fullv,,
that, by using (1.24), (1.25) and (1.26), becomes
lu —upl1 S hk‘“‘kﬂ,m

with h = maxge7; {hg}. The inequality we wanted, (1.5), holds.

1.5 The enhanced definition of VEM

In order to define a more advanced and more operative definition of the virtual element
space, we here present the idea of Ahmad et al. [2013] of a new definition, known as
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enhanced space. The importance of this definition is so evident that we already needed it
to prove the k-Consistency of BE (see Remark 2).

The idea is to define a new space for the VEM such that the degrees of freedom are
the same as before, but in which the moments of H%v and v coincides, Vv € Wg ;.

The way in which in Ahmad et al. [2013] the new space is defined consists in two stps.

e The enlargement. Firstly, we consider the space
WN/'E,;c ={v:v|gp € Vopr and Av e Pi(E)}.
e The restriction. Secondly, we restrict \NIEJc to the space where the moments of
degree k — 1 and k of v and IT}v coincide. So,
Wgy = {veVgy: (v—TYv,q)p =0, where ¢ € Mj_,(E) UM;(E)},
where the set M} (FE) is defined as

Proposition 1.5.1. The dimension ofVEyk is

(k+1)(k+2)

2 )
the degrees of freedom of@E,k are the same as those of Vg 1, but the moments considered
are up to order k.

dim(Vg ) = kn +

Proof. We can follow the same idea for the dimension of Vg, but now the polynomial
Av € Pi(E), not more in Py_o(E). O

Proposition 1.5.2. The dimension of Wg, is

k(k—1)
—
As the degrees of freedom of Wg i, we take the same of Vg .

dim(WEJg) =kn +

Proof. The dimension of Mj_,(E) U M;(E) is equal to 2k + 1 (number of polynomials
of degree k — 1 or k). For sure, we have that

(k+1)(k+2) k(k—1)

2 2 '

By definition of 11}, (1.16) a function v € Wg, that vanishes on OF and with moments

up to order k — 2 are zeros, IIj,v = 0. Since v is in Wg, all the moments up to order k
are zeros, which implies v is identically zero.

This implies that the dimension of Wg j is kn + k(k — 1)/n and that the same choice

of the degrees of freedom is unisolvent on Wg . O

dim(VEyk) > kn+ - (2]43 + 1) =kn+ (1.27)

In order not to add to many notations, in the following, we will use the same notation
Vg for the enhanced space. We will underline when some properties depend on the
definition of the VEM space.
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Chapter 2

Stabilization-free a posteriori
error analysis with the space
of polynomials of degree 2

Being inspired by the work Adaptive vem: stabilization-free a posteriori error analysis by
Beirao da Veiga et al. [2021], in this chapter we present the stabilization-free a posteriori
analysis using the space of polynomials of degree 2. With respect to the mentioned paper,
we will highlight the main differences brought by the space Vg 5. The analysis here carried
out will take into consideration the problem (1.1), already widely discussed in the first
section.

As done in Beirdo da Veiga et al. [2021], this analysis will be done in 2 dimensions and
considering as elements of triangulation E only the triangles. These choices have been
made for two reasons: on one hand a lot of results with VEM in three dimensions are not
valid and on the other hand to the author it is not known a uniqueness and acknowledged
way to define the refinement of elements with more then three edges, if not reducing to
triangles. An enlargement to the case of quadrangles is proposed in the next chapter.

2.1 Preliminary setting

Before going directly to the discussion of the a posteriori error analysis, we here briefly
recall some properties of the Virtual Elements in the case examined. Given a triangulation
T on  made of Ny elements E. With the definition discussed in the first chapter we
have the local spaces

Vopo = {v € C°(OE) : v|. € Py(e), Ve C OF},
Vgo :={ve H' (E) :v|sr € Vopa, Av|g = ¢, where ¢ € R};
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and spaces defined on 2

Vrg:={veV:v|geVgy VE € Tp},
W2 .= {w e L*(Q) : w|g € Py(E)},
V9 = Vo W2
In the case examined, the degrees of freedom of Vg5 are 7, showed in Figure 2.1. The 3

value of the functions of Vg o at the vertices, the 3 values at the midpoinst and the mean
of the function on E.

%
* % X

Figure 2.1: The figure represents with blue crosses the degrees of freedom of the element
VE,2, in the case £ is a triangle.

Following what written in the first chapter, from (1.22), the stabilization form then
becomes,

sgp(v,w) := Zv(ml)w(wl) + LM ()M (w), Vo, w € Vg (2.1)
i=1

where {x;};=1 ¢ are the vertices or the midpoints of £ and ¢™ is the degree of freedom
related to the mean. Since, following Beirao da Veiga et al. [2017], the stabilization term in
the a posteriori error analysis can be simplified by dropping the contribution of the degrees
of freedom linked to the moments, we will consider the (2.1) without the term with ¢™.
This choice of the stabilization form does not affect the stability and the convergence
properties.

Because of some basic definitions will be fundamental in the following discussion, we
here recall them here. In the literature the new nodes that occur after the refinement of
an element are called hanging nodes. We here remark that in the case of Py(E) after the
first refinement one node will coincide with a proper node. In general, we notice that if
the degree of the polynomials is even, then some proper nodes of the triangulation are
midpoints of some edges. When a refinement occurs, these midpoints become also hanging
nodes. For clarity’s sake, we here redefine the sets of nodes.

Definition 2.1.1. Given a triangulation 7, we have the followings.

« A node of the triangulation is a vertex of some triangle or the midpoint of some
edge of a triangle. The set of these points will be referred as N.

o A proper node is a vertex or a midpoint of each triangle containing it. The set of
the proper nodes will be called P.
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« A hanging node is a node of the triangulation which is not a proper node. We will
use the letter H for referring to the set of these points.

We can also ‘restrict’ these definitions to an element of the triangulation £ € 7. In
particular we have the following sets.

Definition 2.1.2. Let £ be an element in 7. We can define

Ng: subset of N, with the nodes sitting on OF,
Pg: set of the proper nodes of F,
Hpg: set of the hanging nodes of E.

An important definition, introduced in Beirao da Veiga et al. [2021], is the Global index
of a node, that we here recall.

Definition 2.1.3 (Global index of a node). The global index A\ of a node & € N is
recursively defined as follows:

 If x is a proper node, then set A(x) := 0;

o If x is a hanging node, with &/, &’ € B(x), then set A\(x) := max{\(z’), A\(x")} +1,
where B(x) indicates the set of the endpoints {z’, &’} of the edge containing the
node x as midpoint.

Moreover, we define the largest global index in T as

Ay = max Ax)

and we require it has got a limit.
Assumption 2.1.1. Given a triangulation 7, there exists a constant A > 1 such that

Ar <A

Remark 3. The Assumption 2.1.1, as discussed in Beirdo da Veiga et al. [2021], has
some implications on the number of the hanging nodes. Given an element E of the
triangulation we have that, for each half side of the triangle, the maximum number of
hanging nodes is 2% — 2, according to definition of hanging node previously given. The
number of nodes is so [Ng| < 6- 2% Moreover each refinement of £ would introduce 2
degrees of freedoms, the moments of each ‘new’ triangle. This implies that we can bound
the dimension of Vg2 by 6 - oM 1 2A.

An example of the display of the global indexes is shown in Fig. 2.2. In particular, we
notice that after 6 refinements A7 does not blow-up and, in this case, it remains equal to
2.
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S
0 0

Figure 2.2: The figure shows the global indexes of the nodes that occur after 6 refinements.
The proper nodes are represented in red, the hanging nodes in black.
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2.2 The Poincaré inequality in Vg,

In Beirao da Veiga et al. [2021] a great effort has been carried out in order to prove the
validity of a Scaled Poincaré Inequality on the whole triangulation. The inequality was
necessary because in the case of Vg ; an element E can have all the vertices that are not
proper node, as shown in Figure 2.3. For this reason it could happen that a function
v € Vo such that v(x) = 0, for all  that are proper nodes, might not be zero in any
point of £. On the other hand, this does not happen in the case of Vg . Indeed, the new
edge that arises after a refinement splits an element in two new triangles. As a result the
node in the middle of the new edge cannot be an hanging node, as shown in Figure 2.4.

9O
o

0 0

Figure 2.3: Example of triangulation using the space Vg ;. We see that the triangle in
light blue has all the vertices that are not proper nodes. The Poincaré inequality cannot
be applied directly to this element. The numbers on the nodes are the global indexes, as
described in Beirao da Veiga et al. [2021].

Figure 2.4: The figure shows the two elements that arise when a new edge (the blue one)
is traced. In particular we notice that the midpoint of the blue edge is a proper node for
both the elements Fy and Es.

We now recall the classical Poincaré inequality that now can be applied on each element
E.
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Proposition 2.2.1 (Poincaré inequality). Given an element E, there exists a constant
Ch > 0 depending on A, such that

hgllvl e < Calvlf g,
Vv € Vo such that v(x) =0, Vo € P.

By summing on each element of the triangulation 7 we obtain

> g l§ g < Calvli,
EeT

which is the same inequality proved in Beirdao da Veiga et al. [2021] in the case of Vg ;.

Remark 4. In the case of the space Vg, with £ > 2, the edge that arises with the
refinement contains nodes that are not hanging nodes for the two new elements. The only
case in which the Poincaré inequality cannot be applied directly on each element is the
case with k& = 1, as shown in Beirdao da Veiga et al. [2021].

2.3 Other preparatory results

We now want to discuss some properties of the space VOT. This space will be essential in
the following proof. A function v in VQF is a polynomial of degree 2 in each element F of
the triangulation and it is uniquely defined by the six values of the function at the vertices
and at the midpoints. Let zpeqw be the hanging node that occurs after a refinement. This
point is also a midpoint on the edge with endpoints z” and z”’. Because of z,eq is not a
proper node, at least one between z’ and z’’ is a midpoint. We fix 2’/ in the middle of
the edge with end points 2’ and z’”/. There are two possible situations. The first one is
showed in Fig. 2.5.

’” 177

Figure 2.5: This figure shows the position of the nodes z,ey, 2/, 2" and 2.
In this case, we can summarize the relations among these nodes as:
’ 144 24
2" = Zpew — Az, 2" = Zpew + Az, 2" = Zpew + 3Az,

where Az = } (2" — 2’). It is now possible to find a polynomial of degree 2 interpolating
v(z’), v(2") and v(2""). For this purpose it is convenient to write the polynomial as:

T — Zpew 2 T — Znew
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We so have

—Az\?2 —Az
N — _— = —
v(z)-a(Az> +b(Az>+c a—b+e,

Az\? Az
" = —_— —_— =
v(z)-a( z> +b< Z)+c a+b+c,

3Az\? 3Az
"y _ _
v(z )a<z> +b<z>+c 9a + 3b+ c.

The coefficients obtained are
v(2") = 2v(2") + v(2’)

a =
8
,_ () = o)
= 5 ,
__ =o(E") + Gu(=") + Bu(')

Posing the passage by znew, the polynomial obtained is
—v(2"") + 6v(2") 4+ 3v(2’
(spa) = M) 0E0)

The other possible situation is showed in Fig. 2.6, with the relations,
Z/ = Znpew T AZ, Z” = Znew — AZ, Z”’ = Znew

by the same steps we obtain the same formula (2.3).

—3Az,

" Z” Znew z

Figure 2.6: This figure shows the position of the nodes z,¢y, 2’, 2" and 2.

We can now define a basis for this space
lif z ==,

v : = € Vi satisfies vq(2) =
. Vg € Vo satisfies ¢z(2) {()jfzep\{w}'

We can define the Lagrange interpolation operator
I%)— V75 — Vg— such that
I3 = >_ v(@)va(9)-

xzeP
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We will also need the Clément quasi-interpolation operators. We will denote as fr the
classical Clément operator on V% and as Z7 the classical Clément operator on V7.
We here recall the following Lemma, as proved in Beirdo da Veiga et al. [2021].

Lemma 2.3.1 (Clément interpolation estimate). It holds the following inequality

_ =0
Z hEsz - ITUH%,E = ’U’%v Vv €V,
EeT

where the hidden constant depends only on A.

Proof. Let define vy = Z7v. We notice that
v— fgrv =(v—ovr)+ <U7’ - Tf)rvT) + (Tg—UT - TOTU)
and we recall that TOT is locally stable in L2, then

_ =0 _ _950
ol =Tl e S Y he'llv—orlld s+ D kel Trvr — ol e
EeT EeT EeT

_91=0
< I+ Z hg* | Tror — UTH(Q),E'
EeT

We just now to prove that

_9.1=0
> hlZrvr — o7l e S lorlis (2.4)
EeT

and then concluding with the stability of Z7. The inequality (2.4) can be proved writing
=0 =0
v — IT’UT = V7 — IEI]-UT + IT (I%)-UT — UT) ,
because j(’)r is invariant in Vg—. We can use again the stability of TOT and we have
2
S 2 hit[fer = Tyor]|
< Z hg™ ||lvr — Zrvr 0.F
EeT

< Oy lorl},

> 13 (or = Zpor) < 25 (2o = o),
EeT ’

where in the last inequality the Poincaré inequality (Proposition 2.2.1) has been used.
O

2.4 A posteriori error analysis

In order to discuss the a posteriori error control, we firstly have to define the internal
residual over E as

rr(E;0,D) == [ — cplllv+ V- (AEVHEU) : Vv € Vo, (2.5)
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where D = (A, ¢, f) denotes the set of piecewise constant data.
Analogously, given two elements E7 and Fy in T and let e be the edge shared by the
two elements. We can define the jump over e as

jr(e;v, D) == [[ApVIL}v]le = (Ap, VIIE v|g,) - n1 + (Ag, VIIE,v|g,) - na, (2.6)

where n; denotes the unit vector to e pointing outward with respect to E;. If e € 02 we
set jr(e;v, D) = 0. We then define the local residual estimator associated with E,

1 .
0 (E;v, D) = il lrr(B; 0, D)5 + 5 > hollir(e; v, D)llG. (2.7)
e€fp

and the global residual as

n*(v,D) := Z n%—(E;v,D).
EeT

In the following we present an upper and lower bounds for the energy norms. For the
upper bound we will follow the proof showed in Cangiani et al. [2017].

Proposition 2.4.1 (Upper bound). There ezists a constant Cqpost depending only on A
and D, such that

[u —ur|i < Capost (7727<u77 D) + St(ur, UT)) :

Proof. Let v € H}(Q) and vy = TOTU € VY%, where T(f)r is the Clément quasi-interpolation.
We have

B(u—ur,v) = ((f,v—vr)a — Blur,v —vy)) + Bu —ur,vr) = I + I1.
The first term can be estimated as follows.

I="73 A(f,v—vr)p — (ApVIlgur, V(v - v7))p — cp(ur, v — vr)p}
EeT

+ Z {(ApV ([T %ur —ur), V(v —v1))g + ce(Mpur —ur,v —vp)g} = I + L.
EeT

Then, integrating by parts

|| < Z ’(f, v —v7r)g — (ApVIIGur, V(v — vr)) g — cg(ITur, v — UT)E’

EeT
= Z ‘(f + V- (AgVIIYLur) — cpllyur,v — vr)g — (ApVIGur, v — UT)HE’
EeT
_ 1 . _
=Y hgllrrllo.gh’llv — vrllos + 5 > hellir(e;v,D)llochg' v — vrlloe
EeT eclp

< nr(ur, D)o,
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where in the last passage it has been used the Cauchy-Schwarz inequality and the Lemma
2.3.1. While for the second part

L] < 3 [(AsV Gy — ur), Vv = vr)s| + Y |es(Fur — ur,v = vr)|

BeT BeT
S Y he ( 2 IV (TG ur — ur)lloz + [Mur — urlo, E) hi v —orllo.s
EcT

1/2 1/2
(z IV (TSur — ) 5 +hE\HEuT—uﬂ\3,E) (z h22llo —wuaE)

EcT EcT

1/2
(Z V(T ur — up)|[§ g + he| T ur — UTH%,;;) lor]1,
EeT

where we used again Lemma 2.3.1, concluding

| < St(ur, ur)? Jor)s.

For the term 1T we firstly apply (1.18)

B(u—ur,vr) = CE/ MYur — ur)vr,
EeT

because vy € V%. By the definition of IT); and the scaled Poincaré inequality ||IIjur —
urlloe S hE\HEuT —ur| g, VE €T we have

B(u —ur,vr) < hgSt(ur, uT)l/2 lur|.
Taking now v = u — uy, we end the proof by using the coercivity of B(-,-). O

We report here the Proposition showed in Cangiani et al. [2017] concerning the local
lower bound.

Proposition 2.4.2 (Local lower bound). There holds

P (Eur, D) S Y (lu—url p + Sp(ur,ur))

E'cwg

where wg := {E' : |[0E N OE'| # 0}. The hidden constant does not depend on 7, h,u and
ur.

Corollary 2.4.3 (Global lower bound). There exists a constant cqpost > 0, depending on
A, but independent of u, T, ur and v such that

Capost?]” (ur, D) < u— ur|] + Sr(ur, ur).
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2.5 — Bound of the stabilization term by the residual

2.5 Bound of the stabilization term by the residual

Following Beirao da Veiga et al. [2021], in this section we introduce the bound for the
stabilization term by the residual in the case of V 5.

As first step we need to discuss the interpolation error in Vg—, Z%J-, and Vyo, Z7. We
notice that, by the triangle inequality, Vv € Vo

v —THv|y = [v = T 7 < |v — Zrv|i7 + [ Zrv — THoli 7
If we show that
| Z7v —I%UM,T,S [v —Zrvli,T, (2.8)
then we can conclude that
o = Z7oh < v = Zroli 7. (2.9)

In order to prove (2.8), we need to write the function of the hierarchical detail of v. In
section 2.3, we have already discussed how it is possible to build the polynomial of degree
2 interpolating three nodes. Thanks to this, we can write the following function.

Definition 2.5.1 (Hierarchical detail of v). To each function v € Vgy we associate
a vector d(v) = {d(v; 2)}zen,, that collects the following values, so called hierarchical
details of v

1 3 3 (2.10)

U(Z) if z € PE,
v(z) + sv(z") — ZU<Z”) — év(z') if z € Hpg,

where 2/, 2’ and 2’| are defined as follows. z’ is the midpoint of the edge with endpoints
z" and 2" and z is the midpoint of the edge with endpoints z’ and z”.

From Beirdo da Veiga et al. [2021], we have the following Lemma.

Lemma 2.5.1 (Local interpolation error vs hierarchical detail). For all E in T it holds
the following relation.

|v _IEU’%,E ~ Z d*(v; ), v € Vg, (2.11)
xEHE

where the hidden constants depend only on A.

Proof. From Beirdao da Veiga et al. [2017], with the choice of stabilization (1.22), we have
v — IEUﬁ’E ~ Z lv(x) — Zr(x)|, vE Vg,
r€HE

from the Definition 2.5.1, we have that d(Zgv;x) = 0. Then the relation (2.11) holds
true if

Z d*(v — Tpv;x) ~ Z lv(x) — Zr(x)|, veEVga.

ccHE xEHE
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Equivalently,
Z dZ(w;w) ~ Z |w(x)|, w e VEQ?
xEHE zEHE
where VEQ = {v € Vga : v(z) = 0,V& € Vg}. These two quantities are equivalent
norms in the finite dimension space Vg 5 and depend only on the value of the function at
the nodes of Hg and not at the shape of E. O

Corollary 2.5.2 (Global interpolation error vs hierarchical detail). It holds the following
relation.

o= Zrofi 7= Y (v, v e Vry,
xEH

where the hidden constants depend only on A.

Proof. Summing on each element E € T the relation in Lemma 2.5.1 O

If x is a proper node, then v(z) = (Z%v) (x). For any & € H, let us define

o(v,x) :=v(x) — (I%)-U) (x),
that will be useful to estimate

Zro-Tlir = 3 [Tro-ThlRp = Y 3 (Tro - T§v)} pla).
EeT E€T x€Vg

Indeed, if ¢ € Vg, (Zgv)(x) = (v)(x), then

Zro = Tpoliz = 3 > w-Tv)ip() = ) &*(v,2).

EeT xeVE xEH

From the Corollary 2.5.2, the (2.9) holds if the following it is true

Z (v, x) < Z d*(v; ), v e Vra. (2.12)

xcH xcH

As done in Beirdo da Veiga et al. [2021], we fix v and we define d(x) := §(v, x), d(x) :=
d(v,z) and v* := Zv. Let

6 = (0()) gep » d = (d(T)) ey »
the relation (2.12) reduces to

1611220y S 1Id 1220
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2.5 — Bound of the stabilization term by the residual

If v* is on the segment [z’, 2], we have
§(@) = (@) — v*(@) = vl) + " (@)~ S0 (a") S0 (@)
= v(@) + go(a™) - 3 (@) — (@) - Ju(a")
+3 (@) v (@") - So(@) + 3 (v(a') —v*(2"))
~ d(x) — %5( ")+ 25a) + ga( /

Thus, we can build a matrix W : [2(H) — [2(H) such that § = Wd. We just need to
prove that

Wll2 S 1.

We now organize the hanging nodes with respect to the global index A € [1, A7]. Calling
Hyr={x € H: \Nz) = A}, and H = U;j<y<p, Ha. Matrix W can be factorized in lower
triangular matrix W), that change the nodes of level A, leaving the others unchanged. In
particular,

W =Wy, Wi, ... WoW,,

where Wy = I, the identity matrix, since if A = 1, then §(z’) = d(z”") = i(z’”’) = 0.
Each matrix W), differs from the identity only in the rows of block A. Each of these rows
contain all the elements equals to zero, but three entries with the coefficients previously
found (— é, Z, g) in the off-diagonal and one 1 in the diagonal. In order to estimate Wj,
we use the Holder inequality: |[|[Wy|[3 < |[Wi||1]|Wil|so-
From the construction of Wy have that
Willw < g + 5+ 2 +1=1 WAl <55 +1= 2,

where in the last inequality it has been used the fact that an hanging node of global index
< A, will appear at most 5 times in the relation between d(x) and d(x). These bring us
to the following

A-1
171\ =
iWik< T 1wl < (55 )

2<A<AT

Remark 5. We here want to recall that the proof is essentially the same to the one
showed in Beirao da Veiga et al. [2021]. The main difference is in the values of the entries
of matrix W. In the case of polynomials of first order there were only two off-diagonal
entries different from zero and they were both % The values here found derive from the
interpolating polynomial. Using higher polynomial degrees, as we will show in the next
sections the proof still remains valid, but there will be more non null entries. This brings
the estimates of the norms previously found to grow.

Because of this discussion, the following proposition showed in Beirao da Veiga et al.
[2021] remains valid.
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Proposition 2.5.3 (Comparison between interpolation operators). There exists a con-
stant Cy depending only on A, such that

lv — T3]y < Crlv — Zro|y T, Vv € Vro.

The following proof, showed in Beirdao da Veiga et al. [2021] and here reported only for
the sake of completeness, where the only difference lies in the definition of the residual

(2.5).

Proposition 2.5.4 (Bound of the stabilization term by the residual). There exists a
constant Cp depending only on A, such that

Y Sr(ur,ur) < Cpny(ur, D).

Proof. From the definition (1.23), Vw € V% we have

St(ur,ur) = St(ur, ur — w) = Br(ur,ur — W) — ar(ur,ur — w) — my(ur,ur — w),

since in order to have the k-Consistency property (1.6) for By, we asked that if w is
a polynomial, then S7(ur,w) = 0. We analyze now the single terms and using the
definitions of the bilinear forms we have:

Br(ur,ur —w) = B (WFur, TIY (ur —w)) = (.17 (u —w))__;

?

mr(ur,ur —w) =m <H7V—U7’, H7V— (ur — w)) = (chY-uT, H7V— (ur — w))Q

ar(ur,ur —w) =a (HyuT, Y (ur — w)) = Z (ApVITYur, VIIY, (ur — w))p
EcT

= Z (ApVIyur -n,ur —w)ap — (V - ApVIIgur, I§ (ur — w))p.
EeT

Given these and the definitions of 7 (2.5) and j7 (2.6), we have

St(ur,ur) = (r7(E;ur, D), 1Y (ur — w)a + >_(jre;ur, D), ur — w)e
ec&

<> hpllrr(E;ur, D)|o,shy" (|lur — wllo.s + helur — wl,p)
EeT

+ 5 Z Z hE/ H]T(e;uTvp)HO,ehE / ||U7’ — U)||078
EET&EET

From the definition of 1 (2.7), we obtain that, for any § > 0,

1 0
ST (ur, ur) < %772(“% D) + 5o7(ur —w), Vwe Vg, (2.13)
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with

or(ur —w) = (hEQWT —wl[§ g+ lur —w g+ D hp'llur — wH%Le)

e€lr
S (hPllur = wl g+ lur — wfis) -
EecT

Choosing now w = Iﬁ}u% we can apply the Poincaré inequality (2.2.1), we have

o7 (ur — Trur) S lur — Tyurli.
From the Proposition 2.5.3 and the property (1.19), we can end the proof by writing

o7 (ur — Lyur) < CoS7(uT,ur).
Setting in (2.13) 0 = v/Cp and Cy = Cp, we obtain
v Sr(ur,ur) < Cpng(ur, D).

O

Using Proposition 2.5.4, Proposition 2.4.1 and Corollary 2.4.3, we have the last
result.

Corollary 2.5.5 (Stabilization-free a posteriori error estimates). If v is chosen as v* >

Ce_ 4t holds true
Capost

(Capost - 03'72)772(“% D) < |u— uﬂ% < Oapost(l + 0372)772(UT7 D).

2.6 Extension to higher polynomial degree

In order to extend the a posteriori error estimates to the case of the polynomials of
degree three, we previously discuss what happens in terms of degrees of freedom when a
refinement occurs. As already discussed in the case of Vg 5, we consider only the degrees
of freedom on the boundary of E. For clarity’s sake, we suppose a triangulation made
of two elements, as showed in Figure 2.7. When a refinement occurs two ‘new’ elements
form and with them their ‘new’ degrees of freedom (showed with red squares in 2.8).
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x
x

Figure 2.7: The figure shows the two elements and their degrees of freedom (represented
with blue crosses).

Figure 2.8: Triangulation after the first refinement. The degrees of freedom for the new
elements are showed with red squares.

The first remark is that some nodes are degrees of freedom for both the ‘old’ triangles
and the ‘new’ ones. And this is something that will be repeated with the following
refinements. The situation is shown in Figure 2.9.

In the constructions of the details (used in Beirdo da Veiga et al. [2021]), the global
index of a node plays a fundamental role. In order to show this we previously recall how
these details have been computed in the cases of lower polynomial degrees.

Let’s consider the case of polynomials of degree 1. After the first refinement the detail
is built as the difference of a linear function given by the two endpoints of the edge and
the two linear functions each of them living in one half of the edge. As shown in Figure
2.10, this detail can be computed by the value of the polynomials at the midpoint (global
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Figure 2.9: Triangulation after the three refinement. The original degrees of freedom
are represented with blue crosses, the ones generated after the first refinement with red
squares. Green circles and orange triangles are used for the degrees of freedom of the
second and the third refinement respectively. The numbers on the horizontal line are the
global indexes for the nodes.

index 1). The same happens with the second refinement (Figure 2.11), where now the
difference is computed in the second half of the segment and the detail is the value of the
function at the point with global index 2.
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RO
[

o T i
®
(b)
Figure 2.10: In (a) it is shown in blue the polynomial of degree 1 defined in the whole

segment and in red the two polynomials of degree 1 living in half of the segment. (b)
shows in black the detail of the first order.

(a

—

0 1 2 0
B &= ] [E, = £
(a) (b)

Figure 2.11: In (a) it is shown in blue the polynomial of degree 1 defined in the whole
segment and in red the two polynomials of degree 1 living in half of the segment and in
orange the polynomials that occur after the second refinement. (b) shows in black the
detail of the second order.

Something analogous happens with the polynomials of degree 2. As shown in Figure
2.12 and 2.13, the number of details double with respect to the case of Py and again for
the first refinement it is computed in the values of the functions at the nodes with global
index 1 and for the second refinement using the values of the polynomials at the nodes
with global index 2.
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®O

0
%

(a

o
KO

(b)

Figure 2.12: In (a) it is shown in blue the polynomial of degree 2 defined in the whole
segment and in red the two polynomials of degree 2 living in half of the segment. (b)
shows in black the detail of the first order.

~—

O

0 2 1 2
(a
Figure 2.13: In (a) it is shown in blue the polynomial of degree 2 defined in the whole
segment and in red the two polynomials of degree 2 living in half of the segment and in

orange the polynomials that occur after the second refinement. (b) shows in black the
detail of the second order.

BO

[E, = = = ]

(b

g
~

The same is for the case with polynomials with degree 3, showed in Figure 2.14 and
2.15.

43



Stabilization-free a posteriori error analysis with the space of polynomials of degree 2

(b)

Figure 2.14: In (a) it is shown in blue the polynomial of degree 3 defined in the whole
segment and in red the two polynomials of degree 3 living in half of the segment. (b)
shows in black the detail of the first order.

RO
o~
MO
o
MO
mo—
RO

(a

~—

(b)

Figure 2.15: In (a) it is shown in blue the polynomial of degree 3 defined in the whole
segment and in red the two polynomials of degree 3 living in half of the segment and in
orange the polynomials that occur after the second refinement. (b) shows in black the
detail of the second order.
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2.6.1 Interpolating function in the case of polynomial of degree
3

In order to write the function of the hierarchical detail of v we need to determine the
polynomial of degree 3, interpolating four nodes.

There are two possible situations. The first one is showed in Fig. 2.16.

244
’ ’” 11/
z Znew z

Figure 2.16: This figure shows the position of the nodes z,¢,, 2/, 2”7, 2’ and 2.

In this case, we can summarize the relations among these nodes as:

z' = Znew — sz 2" = Znew T sz

2" = zZpew + 3Az, 2" = zpew + DAZ.
It is now possible to find a polynomial of degree 3 interpolating v(2’), v(z"), v(2"")

and v(z”""). For this purpose it is convenient to write the polynomial as:

3 2
L — Znew L — Zpew T — Znew
II(x)=a| ———— b| ——— c| —— d. 2.14
(=) (AZ>+<Az)+(Az >+ (2.14)
We so have

Az

—Az\?3 —Az\?2 —Az
n —— _
v(z)-a(Az +b<Az) +c< >+d— a+b—c+d,
3 2
Az) er(Az) +C(Az)+d:a+b+c+d,
Az
z

Az Az
3 2
U(Z’”)—a< ) +b(?Az> +C(S)Az>+d—27a+9b+36+d,
z AZ AZ

5Az\3 5Az) 2 5Az
"N o _ =
v(z )—a(z) +b< z) —|—c< z)+d 125a + 250 + 5¢ + d.

The coefficients obtained are

(=) = 30(z") 4 30(z") — (=)

48 ’
b —v(2"") 4+ 50(2"") = Tv(2") + 3v(2’)
16 ’
—v(2"") 4 3v(2"") + 21v(2") — 23v(2’)
CcC =
48 ’
de (") = bu(2"") + 15v(2") + bv(2’)
B 16 '
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Posing the passage by zpew, the polynomial obtained is

v(2"") = bvu(2"") + 15v(2") + bv(2’)

I(znew) = 2.1
(2new) y (215)
The other possible situation is showed in Fig. 2.17, with the relations,

2\ = Zpew — 3Az, 2" = zpew — Az,

2" = zpew + Az, 2" = zpew + 3Az.

z’ 2! Znew 2" 2"
Figure 2.17: This figure shows the position of the nodes z,¢., 2/, 2”7, 2’ and 2.
Here we have

Az\3 A —3A
=a —382 +b( =3 z) +c< 5 z>+d:—27a+9b—30+d,
Az Az
Az\? 2 —Az
G(Az) +0b ( ) +C(Az)+d—a+b—c+d,
Az\? A A
2" —a(z) ( z) +c( z>+d—a+b+c+d
z Az A
3A 3Az\? 3A
U(Z,,,,)—CL(A:) b(A;) c(AZz>—|—d—27a+9b+3c+d
The coefficients now become
y e v(2"") = 3v(2"") + 3v(2") —v(2’)
- 48 ’
b _ ,U(zllll) _ U(z/,l) _ ,U(zll) + ,U(z/)
16 ’
(") 4 2Tu(2") = 2Tu(2") +u(2')
c 18 ’
g —v(2"") 4+ 9 (2"") + Ju(2") — v(2’)
= G .
As before, posing the passage by Znew, the polynomial obtained is
_ 7z " "y _ ’
M(Zpen) = v(Z"") + (") + Jv(2") —v(z ) (2.16)

16
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2.6.2 A posterirori error analysis in the case of polynomials of
degree 3

We want to remark that all the results provided in the case of Vg5 do not depend on
the space of polynomial used, but the Lemma 2.5.1. In this case we need to re-write the
function of hierarchical details. In particular Definition 2.5.1 has to be reformulated,
using the interpolating function built in the previous section, as follows.

Definition 2.6.1. To each function v € Vg 3 we associate a vector d(v) = {d(v; z) }2en
that collects the following values, so called hierarchical details of v

v(2) if z € Pg,
U(z)_iv(z////)_’_iv(zm)_gv(z//)_iv(z/) if 2 € Hp/M
d(v; z) = 16 16 16 16 BIEEE
1 9 9 1
v(z) + Ev(z"") Ev(z”’) — Ev(z") + 1—6’0(,2') it ze Hg N Mg,

(2.17)
where Mg is the set of midpoints of edges of E and 2/, 2 and z’”, are defined as follows.
2’ and 2" split into three equal pats the edge with endpoints 2’ and z"”.

By the Remark 5, the Corollary 2.5.2 holds also in the case of Vg3 and so the
stabilization-free a posteriori error estimates ( Corollary 2.5.5).
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Chapter 3

Adaptive Virtual Element
Methods on quadrangles

In the second chapter we have discussed the a posteriori error analysis considering a
discretization made only of triangles. We have seen that a fundamental role has been
played by the space V9, made of functions in V4 that are polynomials on each element
E of the triangulation. In this chapter we want to extend the previous analysis to a
different geometry: a discretization made of convex quadrangles. We here firstly remark
that, in order to refine a quadrangle, a possible strategy is to trace the edges connecting
the barycenter to each vertices, as it is showed in Figure 3.1 (a). This approach reduces
the problem to the case of four triangles. Another strategy consists in tracing the lines
connecting the midpoints of two opposite edges forming four new quadrangles, as showed
in Figure 3.1 (b). Here we want to analyze this latter situation that brings us to redefine
the VEM functional spaces. In particular, we want to define the space Vg— containing the
functions that are ‘polynomials’ on each element of the discretization.

(a) (b)

Figure 3.1: In (a) the refinement reduces the quadrangle to four triangles. Picture (b)
shows the refinement reducing the quadrangle to four quadrangles.
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The first trivial recall we need to make is that, given a quadrangle and supposing to
consider as the space of the degrees of freedom the values of the function at the vertices,
the space of the polynomials P; is not determined by the values at the vertices of the
quadrangle. Indeed, a general polynomial in two dimensions can be written as p(z,y) =
1T + aoy + ag, where o; i = 1,2,3 are values in R. The space of polynomials of degree
1 has then dimension three, while the set of the values at each vertex of the quadrangles
has dimension four.

The idea is so to consider the space of the ‘bilinear’ functions on each element, where
with the term ‘bilinear’ we mean a function ¢(z,y) = azy + asr + asy + g, linear in x
and in y. But this function is not enough to describe the space Vg—. Indeed, we want that

VS CVr.

If, as in the case of the triangles, V+ contains functions that are polynomials on the
boundaries of each element E of the discretization 7T, then the description of the set of
bilinear functions is not adequate. A bilinear function, when restricted to an edge, is not
in general a polynomial of degree 1 in the arc-length (we are not requiring the quadrangles
to have the edges parallel to the axis). The strategy used to go further this problem is to
consider a unitary square as a reference element. Since here the edges are parallel to
the axis, the bilinear functions restricted to an edge are polynomials, as it will be discussed
in details in the following. The idea of the map between the reference element and the
physical element is taken from Gordon and Hall [1973] and its properties will be analysed.

Moreover, when a refinement in the sense of Figure 3.1 (b) occurs, we want that the
restriction of a bilinear function on a formed element FE; is a bilinear function on F;. We
will show that also this property holds using the reference element.

For clarity’s sake, in the following we will discuss the classical Poisson problem, with
Dirichlet condition at the boundary of the domain €2,

—Au = in
u=f in ), (3.1)
u=20 on 02,
with f € L?(2). The variational formulation reads as
find u € V:= H}(2) such that (3.2)
a(u,v) = (f,v), VoveV, ‘

with a(u,v) = (Vu, Vo). This problem admits a unique solution, since a(-, -) is continuous
and coercive on ().

We finally remark that the definition of the Nabla Projector is not trivial and a dis-
cussion on it has been presented in the last section and needs further studies.
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3.1 To the reference element via the Gordon-Hall

function
As the first step, let us consider a single physical quadrangle E of the discretization. We
call its vertices P;, 1 = 0,...,3, displaced as shown in Figure 3.2. We here want to make
some assumptions on F. In order to do this, we define the following vectors:
V1 = P1 — Po, Vo = P2 — P(),
V3 = 133—.F’27 Uy = P3—P1.
Py
Ps
v3
V2 E V4
v1
Py Py

Figure 3.2: This figure shows a generic quadrangle of the partition.

Assumption 3.1.1. Given a partition T, we assume that it is made of quadrangles F
that do not degenerate. In particular, we ask the following: for each element E € T,

e FE is convex. This implies that if we consider a point P in the interior of E, it can
be written as a convex combination of the vertices of E;

o the angle forming between two adjacent vectors cannot vanish. In formula, there
exists a p > 0 such that

[|vg A v1]|2 [|vi Aviga]]o

> and >p,i=1,2 3. (3.3)
[[va[2]|v1]]2 il |2/ visa]]2
With the symbol ‘A’ we are referring to the classical cross product in R3.

We now want to define another object: the reference element. From a geometrical
point of view the reference element is a unitary quadrangle E= [0,1]2, as showed in Figure
3.3. Inspired by Gordon and Hall [1973], we define a mapping that allows us to pass from
E to E. We call this function used as the Gordon-Hall’s one, defined as follows:

F: E — E, such that

F(s,t)=(1—3s)(1—t)Pyp+s(1—t)Py + (1 — s)tPs + stPs. (3.4)
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t
1.5 ¢
1 N
P Py
05 | 2
130 ‘ ‘ ‘ ‘ 131 ‘ ‘ S
02 04 06 0.8 1 1.2 14 1.6

Figure 3.3: This figure shows the unitary quadrangle that has been used as reference
element.

3.1.1 Properties of the Gordon-Hall function

In this section we want to discuss some properties of the the Gordon-Hall function as
defined in (3.4). First of all, we see that the vertices of E correspond to those of E.
Indeed

F(Py) := F(0,0) = P,, F(Py):=F(1,0) = P, (3.5)
2 3

Moreover, for instance, the edge with endpoints Py and 153, as taken in Figure 3.3, can
be written as

P3— Py ={(s,1): s €[0,1]}.

This edge corresponds to the edge with endpoints P, and Ps. Indeed, the restriction of
function F' to the edge with endpoints P» and Pj5 results

F(s,1) = (1—s)P2+ sPs, with s € [0,1].
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These remarks suggest us that F' is bijective. In order to prove this we compute the
jacobian matrix of F'.

5 F(s.1)
JF(s,t) = , with
5 F(s,1)
;F(&t) = —(1 — t)P() + (1 — t)Pl —tPy +tP3
S
= (1 —-t)(P1 — Po) +t(Ps — P)
= (1 — t)v1 + t’l)g;
0

aF(s,t) =—(1-8)Py—sP1+ (1 —3s)Py+sPs
= (1—5)(Py — Py) +s(Ps — P)

= (1 — s)vg + svg.

We can now compute the determinant of Jg showing that it is lower bounded by a
quantity that does not vanish.

[ det(Jp)| = [[ (1 =) w1 + twz) A ((1 = s)va + sv4) |2

= ||(1 — t)(l — 8)’U1 N Vg + 8(1 — t)’Ul N vy th(l — s)'v3 N v + stvg /\’U4H2.

From the choice of the vectors v;, i = 1...4 (see Figure 3.2) all the modules of the cross
products are positive. Moreover, they are aligned in the direction that goes out of the
plane; then, by using the Assumption 3.1.1 on the discretization,

[det(Jr)| = (1 =1)(1 = s)[|vr Awalla + s(1 — t)[Jr A valf2 + H(1 = 5)[|vs A a2
+ StH’Ug A ’U4H2

2 p((1 =) (1 = s)|Jor]l2]|v2][2 + s(1 = O)[Jva[2][vall2 + £(1 = s)[|vs][2][v2]]2
+ stl|vs][2[[val]2)

= p (1 = )[[v1ll2 + tl[vs]|2) (1 = s)[|vall2 + s]|vall2))

> p min {(1 —?)||vi[|2 + t[|vs|[2} min {(1 — s)|[v2|]2 + s[|val[2}
te[0,1] s€[0,1]

= pmin {|[v1][2, [[vs|[2} min {|[va][2, |[[v4l[2} > 0.

We remark that we have bounded the absolute value of the determinant of E with
a sort of minimal area. This is coherent to the case of the parallelogram whose edges
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are aligned only according to two different directions w; and ws and the area can be
computed as

Area g = [[wi A wsll2 = |[wi[2]|ws][2] sin 6],

where 0 is the angle between the two vectors.
We see also that the det(Jg) can be bounded from above as follows:

|det(Jp)| = (1 —)(1 — s)||vr Avall2 + (1 —t)||v1 A val|2 + (1 — 8)||vg A val|2
+ St||’03 A 'v4||2

< (=) = s)[[vrlle|[vall2 + (1 = B)[|v1llaf [vall2 + £(1 = 5)[[vs]]2][va]]2

+ st||vs|[2]|va] |2

< max {(1 —#)[[va||2 + t[[vs[|2} max {(1 = s)[|val2 + s][val|2}
t€[0,1] s€[0,1]
= max {[[v1[[2, [|vs||2} max {[|va ]2, [[val[2} - (3.6)

We notice that the determinant of the jacobian matrix is fundamental to pass from an
integral quantity computed on E to one computed on Rp:

/v:/ vo Fdet(Jp).
E Rg

The considerations on the jacobian matrix allow us to state that F'is injective. Indeed,
if F(so,to) = F(s1,t1), then using the Mean value theorem we know that there exists a
point (s*,t*) such that

0 = F(so,t0) — F(s1,t1) = Jp(s*,t") [i? : :01] .

Since we have proved that det(Jg) # 0, necessarily so = s1 and tg = t1 V (s, to), (s1,t1) €
[0,1]2.
Moreover, by the Assumption 3.1.1 on the discretization, E is convex. This implies

that a point in £ can be written as a convex combination of the vertices of the quadrangle.
Then VP € E, there exist (s*,t*) € [0,1] such that

P=(1-5)1—t)Py+s(1—t)P,+ (1 — s\ Py + s"t" Py = F(s*,1*).

F is surjective, and so bijective.

3.2 Definition of the Functional Spaces

During the refinement procedure some hanging nodes can be generated. We define a
reference element Rp that takes into account the presence of hanging nodes in £. The
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3.2 — Definition of the Functional Spaces

novelty here is that the hanging nodes are transported to the reference element via F~1,
as showed in Figure 3.4.

1.4 %

0.8 1
0.6 1
0.4

021
‘ p() ‘ ‘Hl ‘ Hz‘ P1 ‘ S‘
0.2 02 04 06 08 1 12 14 -
021 Py H, H; P

Figure 3.4: In the first picture it is shown the hanging nodes on the reference element,
while in the second the corresponding hanging nodes are on the physical element.

We are now ready to define the functional spaces on Rp. As we have already done
in the introduction of VEM, we firstly define the space on the boundary of the reference
element. We call

Vo, = {0€C°(0Rg) : 0]c € P1(e), Ve € E(Rp)}.

This space contains the continuous functions living on the boundary of Rp, that are poly-
nomials of degree 1 on each edge. In the interior of Rg, we define

Vi, = {0 € B (Bp) : dlyp, € Vo, and A pyd =0in Rp}.

These two definitions are the same of the classical VEM’s ones given in Beirdo da Veiga
et al. [2013], but here the functions live on the reference elements.
The set of bilinear functions on F,

Qi(E) ={q(s,t) = arst +ags +agt + oy : a; €R, i =1,... 4},

is contained in Vp . Indeed, if ¢ € @1(E), then A(Syt)(j = 0 and the restriction on each
edge of the boundary is a linear function:

4(0,t) = ast + oy (1, t) = (a1 +as)t + as + oy
)

(,0) = ags + oy 4(s,1) = (aq + a9)s + ag + ay,

Q>
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defined by the four values «;, i = 1,...,4. A possible choice to determine the values «; is
to take the values of the functions at the four vertices. A general bilinear function on £
can so be written as

4(s,t) = (L=s)(1—=1) Bo+s(1 =)0 + (1 — 5)tB2 + stfs, (3.7)
where we have defined
60 = qA(O>O)7 61 = 6(170)7 /82 = Q<071)7 63 = qA(171)

We are now ready to define the functional spaces on F. We have
Vo = {v € C°(OE) : v|. € Pr(e), Ve € £(B)} (3.8)
= {UECO(aE):@:UOFGVaRE},
Vg = {UEHl(E)Z v|@E€VaEandf)::voF€VﬁE}. (3.9)

The difference with respect to the classical definitions of VEM is that the Laplacian is
not required to vanish on the element, but on the reference element.

The dimension of Vg depends on the number of hanging nodes. It is equal to the
number of hanging nodes plus four (the number of the geometrical vertices). As set of the
degrees of freedom we take the set of the values of the function at these nodes.

As discussed in the first chapter, when a finite element is defined, the need of verifying
if the degrees of freedom are unisolvent for Vg arises.

Proposition 3.2.1. Let FE be a quadrangle and let Vi be the space defined in (3.9). The
degrees of freedom defined as the set of the values at the nodes of the element is unisolvent
for V.

Proof. Let v be in Vg, such that v(P;) = 0, Vi = 0,...,3 and possibly in some other
hanging nodes formed on the geometric edges of £. From (3.5), we have also that v(P;) =
v(F(P)) = 9(P;) = 0. It implies that we have a function & which is equals zero in the
nodes on the boundary of the reference element and whose Laplacian vanishes. The space
defined on the reference element is the same of the classical VEM’s one. This implies from

Proposition 1.3.1 that ¢ = 0. Since F' is a bijection, then also v is null. O

We define the space functions that are bilinear function on E as the function ‘trans-
ported’ on the reference element:

Qi(E) = {qe H'(E): §:=qo F e Qu(B)}. (3.10)

We remind here that, if § € @1(EA)7 then it is linear on the boundary of £. By the
already discussed property of the Gordon-Hall function, the function F' does not change
the property of linearity along the boundaries. This means that ¢ = §o F~! is linear on
the boundary of E. We have so obtained the following inclusion:

Q,(E) C Vg. (3.11)
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3.2 — Definition of the Functional Spaces

Proposition 3.2.2. Let P1(E) the space of polynomials of degree 1 defined on E and let
Q1(FE) be defined in (3.10). The following inclusion holds:

P (E) C O(E). (3.12)

Proof. Let’s take a polynomial p € P1(F) that can be written as p(x,y) = ax + Sy + 7.
On the reference element p becomes p(s,t) = po F(s,t) = aFy(s,t)+ BFy(s,t) +, where
F(s,t) = (Fi(s,t), Fa(s,t)). Since F'(s,t) is bilinear, then Fj(s,t), i = 1,2 are scalar

A

bilinear functions. This implies that p € Q;(£) and so p € Q1(E). O

Remark 6. Let a”(-,-) be the restriction of the bilinear form a(-,-), defined in (3.2), to
the element E. The degrees of freedom defined are enough to compute a(u,p) when
p € P1(F) and u € V. Indeed,

Jp

a® (u,p) :/ VuVp = —/ ulAp +
E E
requires only the value of 4 on the boundary of E, since Ap = 0 when p is a polynomial
of degree 1. We want to underline here that, despite the definition Vg does not require
that Av =0 on FE as in the classical VEM, the previous integral can still be computed.

We now want to define a projector, I1},, that ‘brings’ a function from Vg to the space
of polynomials. This definition derives directly from the work of Beirao da Veiga et al.
[2013] for the classical VEM space. This choice is not optimal. It does not allow us to
directly use the proofs contained in Beirdo da Veiga et al. [2021]. We will highlight the
points where the proofs fail and in the last section we propose other projectors, showing
their strengths and weaknesses.

By now define IT}, : Vi — P;(E) that guarantees the following system to have a unique
solution:

Jg VIIYv-Vq= [y Vv-Vq Vq €P(E)
(3.14)

[MYv =7, Yv € Vg,

where, if ¢ is a smooth function and {V;};—1., the set of vertices of E, we define
1 n
Pi==> (Vi)
N3

With this definition of the projector I1%, we have that if p € P;(E), then it holds:
Myp = p, (3.15)

as in the case of the classical VEM in (1.17). Moreover, the system (3.14) states that on
each element of the discretization E we have

aP(IYv, q) = a¥(v,q), (3.16)
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As already done in the case of the classical VEM, we need a stabilization term in order
to define the approximation bilinear form, B¥(-,-) : Vg x Vg — R,

BE(v,w) = o Y0, TTgw) + sp(v — v, w — Myw), (3.17)
where sg : Vg X Vg — R is a symmetric bilinear form such that
cs\v\iE < sp(v,v) < Cylol} g, Vv € Vg/R, (3.18)

and ¢; and C are positive constants independent of ' and hg
From the definition of Vg (3.9), we can now define the space Vi on the whole dis-
cretization T as

V7= {U c Hé (Q) : U‘E € Vg, VE € T}, (3'19)

then, summing on each element E of the discretization, we define the bilinear form
BT(', ) : V’T X VT — R as

Br(v,w) := ar(v,w) + vS7(v,w), (3.20)
where
ar(v,w) = Z af (v, TTw), Sr(v,w) == Z sp(v — MY, w — MYw),
EeT EeT

7V- is the operator that restricts to E is I}, and 7 > 7o fixed is a stabilization constant
independent of T.

Since (3.15) and (3.16) hold, following the same proof in the case of the classical
VEM space (see Beirao da Veiga et al. [2013]), By (-, -) satisfies the k-Consistency and the
Stability properties and then the discrete problem admits a unique solution. Indeed the
Theorem 1.2.1 holds and we have the following inequality

ju—un| S lu—urh +[u—uxl 7 +|[f = fullv, (3.21)
where up, is the unique solution solving
By (un,vn) = (fn, vn) Vo, € Vo,

ur € Vg is an approximation of v and u, is an approximation of u that is piece-wise in

Py and

fh7vh Z / fHEUhH Yo, € V.
EcTy
For the construction of the right-hand side, we here have

(fwron) = (fron) = > / S(ITwp — vp) (3.22)

EeTy,

1/2
LElvR1LE S h ( > |f’2> VR 1 (3.23)

EeTh, EeTy,
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3.3 — The enhanced definition of Vg

Then, we obtain that

1/2
fn = Fllvy. Sh<2 !f\2) : (3.24)

EeT,

We remark that Assumption 1.4.1 holds by the definition of quadrangles. As done in the
case of the classical VEM, we apply the Scott-Dupont theory (Brenner and Scott [2008])
and Proposition 1.4.2 and Proposition 1.4.3 hold. We then obtain that:

lu —upl10 < hlulaq,

with h = maxger{hg}.

3.3 The enhanced definition of Vg

In the discussion of the bilinear form of a general symmetric elliptic problem, it has been
necessary to introduce the enhanced definition of the VEM space. This space plays an
important role in a lot of other proofs.

In this section we want to introduce an enhanced definition of Vg as done with the
classical virtual elements in Ahmad et al. [2013]. In particular, we want to define a new
space, here denoted as W, such that the moments of ITY,v and v coincide for all v € Wp.
The new definition passes through two steps: we firstly enlarge Vg and then we restrict
it.

e The enlargement. We define the following spaces:

V}?E = {f} S HI(EE) : @‘BRE S VBRE and A(s,t)@ S Pl(E>} ,

@E:: {v:v|aEGVaEandz?:voFGX?RE}.

In other terms we have introduced three new degrees of freedom on A(sﬂf)ff).

« The restriction. We define Wy, as the subspace of ¥V, such that for all the elements
v € Wg it holds:

/E (v —Iv)p =0, vV pePy(E). (3.25)

We now need to verify that the newly defined space Wg has the same dimension of V.
This means that the three new conditions on the moments of the restriction step are
linearly independent. In order to show this via numerical experiments, we firstly define
the followings:

o abasis {P;};_; 55 of P, (E):;
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the set of functions {9;},_, , ; as the solutions of the classical Poisson problem with
Dirichlet boundary conditions and p; as a forcing term.

;=0 on OF; )
« the set of functions {v;},_, , 3, such that 9; = v; o F;

« abasis {g;},_, 53 of P1(E);

o the 3 X 3 matrix A whose entries are computed as
{A}i,j = /E Vigj- (3.27)

We need to show that v = 0 if and only if [, vg = 0, Vg € P;(E). The first implication
is trivial because clearly if v = 0, then the integral is 0. The other implication can be
proved if we show that for a certain choice of {p;} and {¢;} the matrix A is not singular,
meaning that if we want to find A € R? such that

AX =0,

then A = 0.
Indeed, any function v € Wg whose Laplacian on the reference element is a polynomial
can be written as v = Z§:1 Av;, for some A\; € R. If matrix A is not singular then Vj

vq; = )\ﬂ}i P = )\Z/U’L ':0,
/E 4qj /E Xl: 4j Xl: i 4q;
implying that A; =0, ¢ =1,2,3, and v = 0.

3.3.1 The numerical experiments

Here we present the following numerical experiments showing that matrix A is not sin-
gular. As the set of {p;}, we have chosen

]5121 ﬁ2:28—1 ﬁ3:2t—1
The solutions of (3.26) have been computed with the software MATLAB, using a trian-
gulation on the unitary quadrangle and the classical Courant element of order 1, P;. The
solutions are showed in Figure 3.5.

In order to compute matrix A we previously need to define the set of polynomials g;
that forms a basis in Py (F). The basis has been chosen as follows:

q(z,y) =c, @(z,y) = asx + by + ¢, q3(z,y) = asz + b3y + c.

The first polynomial is constant on F. The same constant has been used for the other
two polynomials; this guarantees us that the three polynomials are linearly independent.
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Poisson solution, case i; =1 Poisson solution, case p» = 2s— 1

0.08
0.06
0.04
0.02 -0.01

-0.02
0

Poisson solution, case jiy = 2f — 1

0.02

0.01

-0.01

-0.02
0

Figure 3.5: The figure shows the numerical solutions of problem (3.26) for different choices
of the forcing term, p;. They are obtained using the Courant elements of order one.

The coefficients as and by are chosen such that ¢ vanishes when restricted to the segment
with endpoints the midpoints @1 and Q3 of two opposite edges, as shown in Figure 3.6.
Analogously, the coefficients a3 and b3 can be found imposing that ¢3 has to vanish along
the segment connecting the other two midpoints.
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P, P,
Q
3 P3 P3
@ Qu
®
Py Q1 Py Py Py

Figure 3.6: In the first picture it is shown the edge along which the polynomial g5 vanishes.
The second picture shows the edge where g3 = 0.

Finally, in order to build the matrix A, we compute the integrals (3.27), passing to
the reference element.

[E vig; = /E 00y det(Jr) = [E tug; (F(s,1)) det (T ).

Since our purpose is to verify that the determinant of A is not zero, we have rescaled
the polynomials ¢; and the functions v; with respect to their norms on E. In this way,
the previous integrals are independent of the area of E.

As first experiment, we tested the position of points such that F' becomes the identity
function. With points P;,

P() = (070) P1 = (1,0) P2 = (0,1) Pg = (1,1),

the matrix obtained is

0.8509 0.0003 0.0003
A = |0.0001 0.7952 0.0001],
0.0001 0.0001 0.7952

diagonally dominant by rows, the determinant is 0.5380. Let’s now consider the quadran-
gles that present an acute angle. In particular, we fix the points Py, P; and Py and let
the point P3 be P3 = (2",2"). Geometrically, we are considering the situation showed in
Figure 3.7.
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P, P; P, P.

PO P1 PO P]_ PO Pl

Figure 3.7: This picture shows the first three cases tested. Letting the two equal coordi-
nates of P to grow, it arises an acute angle in vertex Ps.

The results of our simulation are showed in Figure 3.8. Despite the presence of an
angle which is smaller and smaller, when the coordinates of P3 grow, the determinant of
A does not vanish, as wished.

Determinant of A in presence of an acute angle

0.46

0.44 ‘gg
\ 24 ©

0.42

0 200 400 600 800 1000 1200
Values of both the coordinates of the point P

Figure 3.8: The figure shows how the determinant of A changes in presence of an acute
angle obtained changing the coordinates of Pj.

We now consider the case showed in Figure 3.9. Three vertices are fixed Py = (0,0),
P, = (1,0) and P3 = (1.5,1.5). P; is rotated, by posing P, = (cos(f),sin(6)) and
letting 6 varying. We remark that, since we are considering convex quadrangles, we

tested 6 € [5, 7). The results obtained are showed in Figure 3.10. Again the determinant
of A does not go to zero.
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Py

Py Py
P, P Py, P

Py, P

Ps Ps Ps
2
P, P P, P P, P

Figure 3.9: This picture shows the geometrical shapes of the second test. Py, P; and Ps
are fixed. Py is ‘rotated’ bringing the quadrangle to be similar to a triangle.

Determinant of A rotating a vertex

0.5

0.46 [

0.44

1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2
Values of #, such that % = (cos(f),sin(#))

Figure 3.10: The figure shows how the determinant of A changes when rotating the vertex
Ps.

3.4 The refinement

As declared in the introduction of the chapter, our purpose is to split the quadrangles
into four smaller quadrangles. As represented in Figure 3.11 (b), on the physical element
E the partition introduces four quadrangles E;, i = 0,...,3 and five nodes. In particular,
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0.8 1 . .

0.6 1

0.4

0.2 ¢

—02 02 04 06 08 1 12 14
02|

(a)

Figure 3.11: In picture (a) it is shown the refinement on the reference element. (b) shows
the refinement on the physical element E.

we have

(P + Py),

Q= (P + Py, Q> =

w\»—‘ l\D\H
l\D\»—l l\D\H
—

w

Qs (Ps+ Py), Q- (P, + P3), Qs = fZPi.

0) and ( 1) on the reference

We remark that if we fix the edge with the endpomts (%,
0,1]}), using the definition of F' we

element (that can be described as the set {(3, t) ¢
have:

F (; t) = “;t) (Py+ Py) +t§ (P + P3)

=(1-1)Q1 +1Qs.

Analogously for the other edge of the refinement, if s € [0,1],

F(Sa ;)I (128) (P0+P2)+§(P1+P3)

=(1-15)Q2 + sQ4.

This means that if ¢ is linear on the new edge brought by the refinement on the reference
element, then the function F' does not modify the linearity on the edge on the physical
element. Moreover, we obtain a fundamental property.
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Proposition 3.4.1. Let E be an element of the discretization T and E;, i = 0,...,3
obtained after a refinement, as shown in Figure 3.11, then

Qi (E)
where Q1(E) has been defined in (3.10).

B = Q1(E), (3.28)

Proof. A bilinear function on E can be defined by its values at vertices that we have called
{Bi}i=0,.. 3, as discussed in (3.7). If we want to restrict the bilinear function to the smaller

element, for instance, £y = [0, %]2, we have
q(s,t) =(1—=3s)(1—1t) Bo+ s(1 —1t)B1 + (1 — 8)tPs + stfs.

If we change the variables § = 2s and £ = 2¢, then the previous function becomes, for

(3,1) € [0,1]

4(3,1) = (1 — ;s> (1 — ;t) Bo + %s <1 — ;t) b1+ (1 — ;s> %E,BQ + 35553

1 1. 1. 1 1.2 1. 1. 1_.
= 1 - -5 — — -3 —S — —§ —t— —3 -5
( 55 2t—|—45t) ﬁo—|—<2$ 4st) b1+ <2t 4515) Bg+4st63
Adding and subtracting %Ef 51 and iS’f B2 and reorganizing the terms, we obtain
U ~ i + _(Bo+ 1 (S
43,6 =01-3(1-1 Bg+s(1—ﬂw+(l—s)tw+st4 (Z@) .
i=0

This last bilinear function is defined on Ejy and, because of the linearity on each edge, the
combinations of 5; that arise are nothing but the values of the bilinear functions on F at
the midpoints formed with the refinement. Then we have that

Qi(E)|E, € Qu(E).

On the other hand, let ¢ be a function in Q;(Ep), the proof for the other elements
E;;i = 1,2,3 follows in the same way. By the definition (3.10), § = g o F' is a bilinear
function in Ey, then it can be written, following the names given in Figure 3.11, as

s,1) = (1= 5) (L= 1) fo+ (1= )15+ (1 = 8) s + st
where s € [0,1], t € [0,1] and
=000 f=i(30).  me=a(0g). m=d(yy)-

Let us define the variables (8, t)

(35, 3t), then
4(3,1) = (1 —23) (1 — 2t) Bo+ 25 (1 —2) By + 2t (1 — 23) B5 + 45t 36,
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for € [0,1], t € [0,3].
Using now the definitions of {3;}i=o,.. 3, given in (3.7) and the linearity on each edge,
we have the following relations

3
b1 =3 (Br + o) Bs = 3 (B2 + fo) %—i(}j@-)
1=0

4(3,t) = (1 — 21 — 20 + 451) By + (5 — 25t) (B1 + Bo) + (£ — 25t) (B2 + Bo) + 5T (iﬁ)

=0
(1—1—1+5) 8o+ (35— 5) By + (f — 31) Bz + 5153
= (1= 3)(1—1) Bo +3(1 = §)B1 + (1 — 8)B + 5153,

with (5, 1) € [0, %}2 This implies that ¢ € Q1(F)|g,. Since this proof can be extended to
the other elements F; i = 0,...,3, we have that

Qi1(E;) € Q1(F)

Eis
that concludes the proof. O
We can now define the space VOT as
Vi ={veVr: v|lp€Qp VEET}. (3.29)
Proposition 3.4.2. Let V% be defined as in (3.29) and V7 as in (3.19). We have:
V9 C VY.,
where T is a discretization obtained as a refinement of T .

Proof. From the previous Proposition 3.4.1 and the definition of V%, it follows immedi-
ately the proof. O

3.5 Stabilization-free a posteriori error analysis

In this section we want to extend the work by Beirdo da Veiga et al. [2021], in the case of
the virtual element that we have defined. First of all, we recall the following set of nodes.

Definition 3.5.1. Given a discretization T,

o the set of all the vertices of the quadrangles is denoted by N. If & € N, it is called
as node of the discretization,;

o the subset of N' whose nodes are vertices of all the quadrangles containing them is
called set of proper nodes, denoted as P;

o the set of nodes « in N that are not in P is defined as set of the hanging nodes,

H.
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Analogously, we can define the previous set, but related to a single element £ € 7. In
particular,

Ng: subset of N, with the nodes sitting on OF,
Pg: set of the proper nodes of E,
Hpg: set of the hanging nodes of E.

For clarity’s sake, we here recall the Definition 2.1.3 of Global index of a node.
The global index X of a node & € N is recursively defined as follows:

 If @ is a proper node, then set A(x) := 0;

o If x is a hanging node, with &/, &’ € B(x), then set A\(x) := max{\(z’), \(x")} + 1,
where B(x) indicates the set of the endpoints {x’, &’} of the edge which is bisected
to create .

We will work under the Assumption 2.1.1, for which there exists a constant A > 1,
such that

Ar = max Az) <A

Remark 7. Figure 3.12 shows the global index of each node that arises with a refinement.
As described in the previous section, the refinements ’creates’ five new nodes. The node
at the center of the quadrangles is by definition a proper node, since it is shared by all
four quadrangles.

As done in Beirao da Veiga et al. [2021] and in the second chapter for the case of
polynomials of higher degree, we firstly show the scaled Poincaré inequality.

Proposition 3.5.1 (Scaled Poincaré inequality in V). Given a discretization T, there
exists a constant Cn > 0 depending on A but independent on T, such that

Z he2||vl[6.e < Calvl3, Vv €V such that v(x) =0, V& € P.
EeT

Proof. Let E € T be fixed. As seen in the Remark 7, at least one node of F is a proper
node, then we immediately have:

—2/1.112 2
hlvlloe < vl e
By summing on all the elements of the discretization, we conclude the proof. 0

We now go back to the space V9, that we have introduced in (3.29). A function v € V¥
is a polynomial of degree 1 on each edge. Then, if « is hanging node and &’ and =’ are
the endpoints of the edge containing @ as a midpoint,

(v(@’) + v(@")).

N |

v(x) =
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0

Figure 3.12: The picture shows the values of the global index at each node that arises
when a refinement occurs. The red nodes are the proper nodes, while the black nodes are
the hanging nodes.

We can now define a basis for VOT as

lif z =,

v : w € Vi satisfies v (2) =
e Vg € Vo satisfies ¢z (2) {Oifzép\{w}'

As done in Beirdo da Veiga et al. [2021], we introduce the Lagrange interpolation operator
Ig Vg — VOT such that
IHE) = Y v(@)a(€).

xcP

Moreover, we denote by TOT the classical Clément operator on Vg—.
Lemma 2.3.1, as proved in Beirdo da Veiga et al. [2021], holds and provide the fol-
lowing inequality:

_ =0
Yo bt =Zrolf5 g S ol Yo €V.
EeT

We define now the internal residual over E as

rr(E; f) = [k, YoueV. (3.30)
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Let E7 and E5 be two elements in 7 and let e be the edge shared by the two elements.
We can define the jump over e as

gr(esv) = [[VIIFv]le = (VIIE, vlp,) - n + (VI v|m,) - ne, (3.31)

where n; denotes the unit vector to e pointing outward with respect to E;. If e € 0€) we
set jr(e;v) = 0. We then define the local residual estimator associated with E,

1 .
(B v, f) = Bpllrr (B Hllge + 5 D helliv(e )i, (3.32)
e€EE
and the global residual as

(v, f) = > nr(E;v, f).

EeT

The choice of the projector plays here a fundamental role. We would like the upper
and lower bounds for the energy to follow from Proposition 2.4.1, given in Cangiani
et al. [2017]. We here discuss where the ‘proposition’ fails.

‘Proposition’ 3.5.2 (Upper bound). There ezists a constant Copost depending only on A
and f, such that

‘u - UT|1 < Capost (ﬁgr(u’r, f) + ST(uTv UT)) .
Proof. Let v € H}(Q) and vy = TOTU € V%. We have

a(u —ur,v) = ((f,v —vr)a —alur,v —vy)) + alu — ur,vyr) = 1+ I1I.

The first term can be estimated as follows.

1= A{(f,v—vr)e — (VIIjur, V(v —vr))s}
EeT

+ Z {(VIIYur —uy), Vv —vr))g} = I + L.
EeT

Then, integrating by parts

L1 < Y |(frv = vr)s = (VIIEur, V(o — vr)g|
EeT

= Z ’(f + Alljur,v — vr)g — (Vpur, v — UT)aE‘
EeT

_ 1 ) _
= > hgllrr(e; Hllo.ehz v — vrllo.s + 5 > hgllir(ev)lloehs v — vrloe

EcT eclp
S nr(ur, v,
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where in the last passage it has been used the Cauchy-Schwarz inequality and the Lemma
2.3.1. While for the second part

B < 3 |(V(IFur — ur), V(v - vr))g|

EeT
< S (IVur — up)llo.g) b o = vrllos
EeT
1/2 1/2
< (S IvFur —urife) (X g orlis )
EeT EeT

1/2
< (z HV(HEUT—UT)HS,E> o7,

EeT

where we used again Lemma 2.3.1, concluding

o] < St (ur,ur)’? Jor)y.

In order to conclude the proof we would like to estimate the last term I7. But this is not
possible. Indeed if vr|g € Py (£), from (3.16),

CL(U —ur, UT) = 07

but P;(E) is a proper subset of Vg—. This property becomes so crucial, in the discussion
of the projectors we will highlight it. O

From the Proposition showed in Cangiani et al. [2017] concerning the local lower
bound, we would have the following inequality

" (EBur, ) S > (Iu —urli g+ SE’(UTvUT)) ;

FE'cwp

where wg := {E’ : [0E N OE'| # 0}. The hidden constant does not depend on ~, h, u and
ur.

Then, as in the Corollary 2.4.3, there exists a constant cyposr > 0, depending on A,
but independent of u, 7, ur and 7 such that

Capost'rIQ(u'T’ f) < ‘U - U’Tﬁ + S’T(UT7 UT).

3.5.1 Bound of the stabilization term by the residual

As discussed in the second chapter and in Beirdo da Veiga et al. [2021], we firstly need to
discuss the interpolation error in VOT, IQF, and in Vo, Z7. In particular, we need to show
that the inequality 2.8, here reported:

Zrv — IQFU|1,T S v —=Zrvlir
For this purpose, we introduce the hierarchical detail of v.
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Definition 3.5.2 (Hierarchical detail of v). To each function v € Vg we associate a vector
d(v) = {d(v; 2) } zenr, that collects the following values, so called hierarchical details of v

v(z) if z € PE,
d(v; z) = { 1 (3.33)

v(z) — 3 (v(z") +v(2")) if z € Hp,

where 2z’ and z”/, are the endpoints of the edge with z as a midpoint.

Lemma 2.5.1 holds and we have: the following:

lv — IEUE,E o~ Z d*(v; ), v € Vgo, (3.34)
xEHE

where the hidden constants depend only on A and from Corollary 2.5.2

v — Iﬂ)ﬁj ~ Z d*(v; ), veVr,
xEH

where again the hidden constants depend only on A. We now observe, as in Beirdo da
Veiga et al. [2021], that if @ is a proper node, then v(x) = (Z%v) (z) and, for any « € H,
let us define

3(v, @) = v(@) - (T}v) (@),
that will be useful to estimate

R e Z | Zrv - Zolt p =~ Z Z (Zrv = Z7v)ip(@).

Indeed, if € Vg, (Zpv)(x) = (v)(x), then

|Z7v —Ig-vﬁj ~ Z Z (v —I%v)?E(a:) = Z 6% (v, ).

EeT xeVE xrEH

From Corollary 2.5.2, (2.9) holds if the following it is true

Z 82 (v,x) < Z d*(v; ), veVr (3.35)

xEH xEH

As done in Beirdo da Veiga et al. [2021], we fix v and we define d(x) := §(v, x), d(x) :=
d(v,z) and v* := Zv. Let

6 = (6(2))gen »
the relation (3.35) reduces to
10112 20) < Mldfi2(30)-
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If v* is on the segment [x’, '], we have

5(z) = @) —v'(@!) = @) - & (&) + (2"
= v(zm) — %v(ac”) + % (v(z") — v (z"))
1 ' 1 ’ w00
—fv(ac)—i-i(v(m)—v ()
—d(@) - L (5@ + 6(2)

Thus, we can build a matrix W : [2(H) — [2(H) such that § = Wd. We just need to
prove that

W2 S 1.

We now organize the hanging nodes with respect to the global index A € [1, A7]. Calling
Hy={xz € H: MNz) = A}, and H = ;<) <p, Ha. Matrix W can be factorized in lower
triangular matrix W), that change the nodes of level A, leaving the others unchanged. In
particular,

W =Wy, Wy, .. WoW,,

where W7 = I, the identity matrix, since if A = 1, then d(z’) = d(=”) = 0. Each
matrix W), differs from the identity only in the rows of block A\. Each of these rows
contain all the elements equals to zero, but two entries equal % in the off-diagonal and
one 1 in the diagonal. In order to estimate W), we use the Hélder inequality: ||[Wy|[3 <
WAl WAoo

From the construction of W) have that

11 1
Wil <5 +5+1=2 Wil <45 +1=3,

where in the last inequality it has been used the fact that hanging node of global index
< A, will appear at most 4 times in the relation between d(x) and d(x), as shown in
Figure 3.13. These bring us to the following

Wile< TI Wl < 64072,

2<A<AT
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Figure 3.13: Given the blue node x’ at the center of the quadrangle with A(z’) < A, 4
hanging nodes x of global index A are such that ' € B(x). In the figure the proper nodes
are in red, while the hanging nodes in black.

Because of this discussion, the following proposition showed in Beirdo da Veiga et al.
[2021] remains valid.

Proposition 3.5.3 (Comparison between interpolation operators). There ezists a con-
stant Ct depending only on A, such that

lv — ZYv|y < Crlv — Zro|y T, Yv e Vr.

The discussion on the a posteriori error analysis can be ended following Proposition
showed in Beirao da Veiga et al. [2021]. Here again the following ‘Proposition’ does not
hold, but suggests us another property we should ask for the projector.

‘Proposition’ 3.5.4 (Bound of the stabilization term by the residual). There exists a
constant Cg depending only on A, such that

7257'(“’7'7 UT) S CBn%’(“T; f)

Proof. If we have that Yw € V- and w|g € P;(E) we would have been able to solve the
proof as it follows. We need in particular that

Hyw =w, w e VOT.
If the previous one does hold, then we have
St (ur,ur) = ¥ST(uT, ur — W) = Br(ur, uT — W) — ay(ur,ur — w),

since we have that if w is a polynomial, then S7(ur,w) = 0. We analyze now the single
terms and using the definitions of the bilinear forms we have, from the definition of By
(3.20) and (3.22):

Br(ur,ur —w) = (f, 1LY (u7 — w))ﬂ ;
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ar(ur,ur —w) =a (Hy—u% Y (ur — w)) = Z (VIIjur, VIR (ur — w))g
EeT

= Z (VIIgur - n,ur — w)op — (V- VIIgur, Y (ur — w))g.
EeT

Given these and the definitions of 77 (3.30) and j7 (3.31), we have

St(ur,ur) = (rr(E; £), 10 (ur —w)a + Y (j7(e; ur), ur — w)e
ecf

<> hellrr(B; Allo.shs ([lur — wlloe + helur — wl,5)
EeT

1 /2 —1/2
+5 2 > mdllir(eun)llochy llur = wilo
EeT ecér

From the definition of 7 (3.32), we obtain that, for any ¢ > 0,

1 )
vST(ur, ur) < 2—5772(UT, f)+ 5(]57-(1&7 —w), Ywe VT, (3.36)

with

or(ur —w) = (hEQWT —wl[§ g+ lur —wi g+ D bt llur — wH(Q),e)

EeT ecEr

S (hPllur = wl g+ lur — wfig) -
EeT

Choosing now w = Z%ur, we can apply the Poincaré inequality (3.5.1), we have
o7 (ur — Iyur) S |lur — Tyurli.
From the Proposition 3.5.3 and the property (3.18), we can end the proof by writing
o7 (ur — Zyur) < CpS7(ur, ut).
Setting in (3.36) 6 = v/Cp and Cy = Cp, we obtain
v S7(ur, ur) < Cpni(ur, D).
O

Using ‘Proposition’ 3.5.4, Proposition 3.5.2 and Corollary 2.4.3, we have the last
result.

Corollary 3.5.5 (Stabilization-free a posteriori error estimates). If v is chosen as v* >
Co_ it holds true

Capost

(Capost - 0372)7]2(UT; D) < ’U - u’]’ﬁ < Capost(l + 0372)772(“7'7 D)
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3.6 Analysis of the projectors

The previous section has shown the limits of the given definition of IT}%, even though it is
the most natural way to define it since it comes directly from the Beirdo da Veiga et al.
[2013]. In particular, we have seen that all the propositions of Beirdo da Veiga et al. [2021]
are satisfied if

1.VEeT,
¥q =g, Vg e Qi(E);
2. Yv e Vg
a”(ITgv, q) = a® (v, q), Vg e Qi(E).
3. we can compute
a® (v, TTw), Yo, w € Vg.

Property 3. is the only one which is satisfied by the IT}, operator defined in (3.14), as
showed with (3.13), while the first and the second are valid only for P (£) which is a
proper subset of Q1 (F).

The first property suggests that 1) should be defined projecting Vi on Q;(FE). Let
I}, : Vi — Q1(FE) be now the operator that guarantees the following system to have a
unique solution:

Jp VII§v Vg = [;Vv-Vq Vg € Qi(E)

Hgv =, Yv € Vg.

The first two properties are satisfied by the definition of I1},, but the third is not. Indeed,
given ¢ = Iyw € Q1(F), we have

0
af (v, q) :/ VuVg = —/ vAq + v—q,
E E OE M
but here in general Ag # 0, by definition of Q(E) we know only that AG = 0 on the
reference element F.
An alternative definition of IT}, wants to use the condition on the Laplacian on the

reference element. We define 11}, : Vi — Q; and f[; :Vp — Q1 (E) such that, given
eV, ,b=voF,

MYw = ([1Y0) o F~1. (3.37)
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ﬂg is defined such that the following system admits a unique solution

=
>

S5 VIIY

Vi=[,V0-Vi Y§ € Q(F)

=
|

@/\_ 3 A
p0=17, Vo € Vg .

Firstly we remark that if § € Q;(F), then ﬂgfj = §. By the definition of the space, we

have that given ¢ € Q;(E), it exists § € Q;(E), such that ¢ = §o F~'. From (3.37), the
first property for this definition of IT}, is satisfied, indeed,

MYq= (5§ oF ' =GoF ' =

On the reference element the second property holds by the definition of the operator. Also
the third property is valid on the E: we have

. ) i 04
[ ViV = — / oAG + / 9% / 94
E E oL 8n oE 8n

since ¢ is a bilinear function, the previous integral can be computed knowing only the
value of ¥ on the border of E. These properties cannot be transferred on E. Indeed, let
x be a point in E and & = F~!(x) the corresponding point in £, ¢ := Hgﬁ and

p(x) = p(F~ ' (x)),

deriving

V() = (JF—l) V(&)

where Jp-1 is the jacobian matrix of F~!. The integral required for the property 3,
/ VoVIIGw = / (Je 1)V - (Jp ) VLD det(Tp1),
E

cannot be computed.
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