
Politecnico di Torino
DEPARTMENT OF STRUCTURAL, GEOTECHNICAL AND BUILDING

ENGINEERING

Course of Civil Engineering

Master’s Degree Thesis

Elastic-plastic-softening evolutionary analysis of
masonry arches:

The application of the cohesive/overlapping
crack model

Supervisor:

Prof. Alberto Carpinteri

Co-supervisors:

Prof. Stefano Mariani
Dr. Eng. Federico Accornero
Eng. Renato Cafarelli

Candidate:

Giulia Delo

Academic Year: 2020-2021





Acknowledgements

I wish to express my gratitude to Prof. Alberto Carpinteri, Prof. Stefano
Mariani, Dr. Federico Accornero and Eng. Renato Cafarelli for their support
in the realisation of this Thesis.

i





Abstract

The structural behaviour of masonry arches has been deeply investigated
over the centuries, starting with the first theoretical approach by Hook in
1675. Later, with the introduction of the Theory of Elasticity, the graphical
procedure illustrated by Méry (1840) gained high recognition in the field of
arch design. More recently, following the formulation by Heyman (1966),
which is based on Plastic Theory concepts, the modern Limit Analysis was
introduced. Nevertheless, all these models are not able to describe the be-
haviour of arch structures in a comprehensive way, since they are not capable
to predict the damage evolutionary process that affects the load bearing ca-
pacity of masonry arches.
Recent studies have provided a model to analyse masonry arches based on
Linear Elastic Fracture Mechanics, leading to the definition of the fracturing
benefit, which, analogously to the plastic benefit for Limit Analysis, de-
scribes how the arch thrust line is affected by crack formation and the max-
imum admissible load evaluated by means of Fracture Mechanics is larger
than the load predicted by Theory of Elasticity. In this framework, the Co-
hesive/Overlapping Crack Model is able to simulate the transition between
cracking or crushing failure in the arch cross section, highlighting a strong
correlation between the structural behaviour of the arch and its size. In the
present Master Thesis, the Cohesive/Overlapping Crack Model is extended
to the study of masonry or plain concrete arch structures, which are sub-
jected to off-center compression. Multi-cracking and multi-crushing damage
phenomena are simulated by means of the Crack Length Control Scheme,
in order to obtain a complete load history of the arch structure. This Non-
linear Fracture Mechanics model reveals a high capability in predicting the
elastic-plastic-softening behaviour of the arch as well as the local mechanical
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instabilities, such as snap-back and snap-through, occurring during the post-
cracking regime. In this framework, the model is able to highlight an analogy
between arches curvature and the bridging effects provided by reinforcement
in reinforced concrete structures.
In the first part of this Thesis, the main models proposed in the scientific
literature for arch analysis are briefly summarised. Then, the principles of
Nonlinear Fracture Mechanics are introduced, with particular focus on the
Cohesive/Overlapping Crack Model. In the third part of the Thesis, the new
model for arch analysis is introduced and a description of the adopted nu-
merical procedures is provided. In the last part, some parametric analyses
about scale effects in masonry arches are reported together with the results
obtained for the Mosca Bridge case-study. Finally, some future developments
and applications of the model are presented.
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Introduction

Masonry arches are widespread structures in the historical and architectural
heritage. The arch shape has been broadly used in the construction of ma-
sonry bridges throughout the civilised world. Indeed, there are many exam-
ples of such bridges, dating back to the period of the Roman Empire but
still in service today. Therefore, an accurate evaluation of their structural
behaviour becomes of primary importance.
Various studies tried to analyse arches structural response to introduce new
critical approaches for their design and safety assessment, starting from
purely geometric and empiric ones, which were introduced yet in the Sev-
enteenth Century, and early kinematic approaches, which arose in the Eigh-
teenth Century. A widely held method has been proposed by Méry [1].
According to Navier’s studies in 1833 [2]. It introduced the arch Elastic
Analysis, based on the concept of line of thrust. More recently, instead, a
Limit Plastic Analysis has been spread, following Heyman’s theories [3–5].
However, these traditional methods only provide a partial understanding of
the arch structural behaviour. The Elastic Analysis provides a conservative
load limit, and the Plastic Analysis can hardly be used to describe the re-
sponse and damage in a structure subjected to moderate or service loads.
For these structures, it was observed that the cracking process drives the
collapse. Therefore, it is crucial to study them through Fracture Mechanics
Theory to assess their actual loading capacity. Recent studies by Carpinteri
et al. [6] proposed a method based on the Linear Elastic Fracture Mechan-
ics (LEFM) that enables the assessment of the damaging process in arches
with a step-by-step procedure. It investigates the arches behaviour after the
overcoming of elastic limits but before the reaching of plastic limits. Conse-
quently, it defines a “fracturing benefit” from the comparison of the results
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with the limits provided by Elasticity theory.
The present work aims to extend these studies to the field of Non-Linear
Fracture Mechanics, with the application of the Cohesive/Overlapping Crack
Model, to perform a more accurate masonry arch evolutionary analysis, tak-
ing into account the cohesive crack growth and the failure for crushing of
the masonry block. The Cohesive/Overlapping algorithm was introduced by
Carpinteri et al. [7] and Corrado [8], based on previous studies by Carpinteri
[9–11].
It is still based on a step-by-step procedure, in which the loading process is
evaluated through the advancement of a cohesive fictitious crack tip and an
overlapping fictitious crack tip. The final goal is the development of a numer-
ical code in which to implement the Cohesive/Overlapping algorithm in the
cross sections of a masonry arch bridge. It is done through the positioning
of specific “zero thickness elements” in the Finite Element Method (FEM)
framework, which allow for modelling the evolution of the crack in the arch.
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Chapter 1

Masonry arches off-centre
compression

The structural behaviour of masonry arches has been investigated using dif-
ferent approaches developed over the centuries. Firstly, arches design was
solely based on their geometrical characteristics [12, 13], finding a solution
to the static problem. One of the most used empirical approaches follows
the statement written by Robert Hooke in 1675 in the form of an anagram:
“Ut pendet continuum flexile, sic stabit contiguum rigidum inverse” [hooke],
which translates as, “As hangs the flexible line, so but inverted will stand the
rigid arch”.
It generalises the idea of the catenary shape that a string takes under a set
of loads. If rigidified and inverted, this shape illustrates a path of compres-
sive forces for an arched structure to support the same set of inverted loads,
as stated by Poleni [14] in his studies on the Dome of St. Peter’s (Figures
1.1 - 1.2 ). The ideal funicular shape was found experimentally by hanging
weights from a strung [15].
Graphical analysis has been considerably exploited to understand and de-
sign different structures. In addition, recent studies at MIT produced new
graphic tools for the analysis of arches behaviour, based on the evaluation
of the equations of equilibrium and compatibility, allowing for interactive
parametric modelling [16–18].
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Figure 1.1: Poleni’s drawing of his analysis of the Dome of St. Peter’s in
Rome, [14].
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Figure 1.2: Stirling’s arched assembly of smooth spheres with the profile of
an inverted catenary and Poleni’s slicing of a dome into arched lunes, [14].

Some new design approaches, similar to the modern methods, were intro-
duced in the Eighteen century by De La Hire [19], Couplet [20] and Mascheroni
[21], and then reintroduced by Coulomb [22], realising an early kinematic
analysis, highlighting the importance of friction to prevent sliding along the
joints between masonry blocks. Subsequently, Navier’s studies in 1833 intro-
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duced the Elastic Analysis [2] to study the stress distribution at the interfaces
of arch segments.
In agreement with Navier, Mery’s graphical approach, published in 1840 [1],
was extensively used in the arches design. However, some hypotheses of elas-
ticity theory encountered critics, as the concepts of homogeneity and isotropy
are not compliant with the actual conditions of damaged and cracked mate-
rials.
These structural principles for the design of arch bridges geometry are based
on the concept of line of thrust , or line of pressure, which is defined as the set
of lines of action of the resultant forces acting on a structure, or rather, that
act as internal constraint reactions, proceeding from one end to the other
end of the structure. According to this definition, if an arch is realized with
the exact form of its line of pressure, then it will only be subjected to axial
compressive forces because the bending moment vanishes.
This is an ideal condition for structures realized with materials having no
tensile strength. However, it cannot easily be obtained, especially because
the variable actions on the structure must be considered, changing the posi-
tion of the line of thrust. Therefore, according to the Elastic Theory, the line
of thrust should lie within the central kern of each cross section, to prevent
tensile stress with all the possible load conditions. It is the so-called rule of
the middle third, which is the central kern in the case of a rectangular cross
section. Still, this rule is known to be very conservative for most arches, as
highlighted by Accornero et al. [23].
The following studies on the masonry arches led to the modern Kinematic
Approach or Limit Analysis. One of the most significant revisions concerning
the Eighteenth Century theories was formulated by Heyman in 1966 [3]. Re-
ferring to Kooharian’s studies in 1953 [24], he proposed to apply the Plastic
Analysis theorems to solve the issue of the stability of masonry arches in
kinematic terms.
Heyman introduced three basic assumptions for such application:

• “Stone has no tensile strength”;

• “Stone has infinite compressive strength”;
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• “The sliding of a stone on another cannot occur” because the friction
between masonry blocks is able to avoid sliding failure.

Though, the second assumption on masonry infinite compressive strength is
not safe because it does not allow to evaluate the arch failure upon reaching
the material compressive strength. According to these hypotheses, the for-
mation of a hinge occurs in the section where the thrust line is tangent to
the arch at the edges. Thus, a rigid rotation of the faces of the two adjacent
segments takes place around the extreme fibre of the section, as shown by
Gilbert and Melbourne [25].
Three tangential points lead to the formation of three hinges; this results in
a statically determinate structure. The limit to trigger a kinematic collapse
mechanism lies in the development of a fourth hinge [26]. As a result, Limit
Analysis consists of the identification of the lowest possible load multiplier
that generates a line of thrust that is always contained within the arch vol-
ume and tangential to arch edges at four points, as shown in Figure 1.3.
The kinematic mechanisms and the load required to cause them, nowadays,
can be easily evaluated using software which can rapidly search all possible
mechanisms, with reasonings on the rate of change in the potential energy of
the system due to virtual rotations [27–29].

Figure 1.3: Four Hinges arch-collapse mechanism, [4].

More recent studies concern the development of Finite Element Method
(FEM) tension models [30, 31], or non-linear FEM in which the non-linearities
related to the tensile behaviour arise from the theories of Fracture Mechanics.
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Furthermore, studies by Carpinteri et al. [6, 23, 32, 33] proposed a method
to evaluate masonry arch structure stability based on an incremental analy-
sis of the fracturing process according to Linear Elastic Fracture Mechanics
theory.
LEFM can be used to capture the process of damage that can take place in
arch structures when the limits of linear Elastic Analysis are overcome, but
before reaching the limits established by the Plastic Analysis, enabling to
study the arch entire service-life.
It evaluates how the initiating and growth of cracks, with the consequent re-
distribution of internal stresses, may influence the arch structural behaviour
[32]. An elastic-softening law is used [34, 35], corresponding to an elastic
law in which the possibility to have a fracturing process is introduced, as
shown by Hillerborg et al. in 1976 [36]. In addition, it allows evaluating the
maximum admissible load on the structure, introducing a “fracturing bene-
fit”, which is the increment in the admissible load given by the LEFM-based
approach, if compared to the ones predicted by Elastic Analysis.
Linear Elastic Fracture Mechanics theory is based on the concept of stress
intensification. It evaluates the magnitude of stress amplification due to the
presence of a sharp crack, which is usually the case of masonry structures.
Indeed, in this kind of crack, the amplification of stress at the crack tip tends
to be infinite, so it is impossible to assess the behaviour using the concept of
stress concentration, which just gives the stress amplification at the tip of a
notch.
Whence, structures weakened by internal cracks are evaluated using the
stress-intensity factor KI to measure the severity of crack opening if a Mode
I crack opening is assumed.
The shear effect is neglected, as the line of thrust affects the joint with a
slope that is lower than the angle of friction, so there is no mutual sliding.
Moreover, compressive stresses reduce the risk of having a Mode II (shear)
failure.
The structure reaches collapse when KI = KIC, which is the critical value
of the stress-intensity factor. For this reason, it is important to extend the
evaluation of KI for different kind of geometries and load conditions.
In the case of arches, we can study the structure as a curved beam, with a
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rectangular cross section, that is rigidly fixed at the abutments. For each
cross section, it is possible to evaluate the internal actions, which provide
an off-centre compression. Given the cross section properties, also shown in
Figure 1.4:

• h: height of the rectangular cross section.

• t: thickness of the rectangular cross section.

• e: eccentricity of the axial force F.

• a: crack length

• ξ = a/h : crack depth, also called brittle hinge [37] or damage param-
eter.

Figure 1.4: Arch segment subjected to off-centre Compression, [33].

The stress intensity factor, KI, is evaluated through the superimposition
principle as it follows:

KI = KIM −KIF (1.1)
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In which:

• KIM is the stress-intensity factor for the bending moment, M = Fe,
which tends to open the crack.

• KIF is the stress-intensity factor for the compressive axial force, F ,
which tends to close the crack.

KIM =
M

th3/2
YM (ξ) (1.2)

KIF =
F

tb1/2
YF (ξ) (1.3)

Then:
KI =

F

th1/2

[ e
h
YM (ξ)− YF (ξ)

]
(1.4)

Where YM (ξ) and YF (ξ) are the shape functions for a relative span length
0 ≤ ξ ≤ 0.7:

YM (ξ) = 6
(
1.99ξ1/2 − 2.47ξ3/2 + 12.97ξ5/2 − 23.17ξ7/2 + 24.80ξ9/2

)
(1.5)

YF (ξ) = 1.99ξ1/2 − 0.41ξ3/2 + 18.7ξ5/2 − 38.48ξ7/2 + 53.86ξ9/2 (1.6)

The critical condition, KI = KIC, in which the applied axial force is the
critical one, FC, gives a relationship between the crack depth, ξ, and the
load relative eccentricity, e/h.

F̃C =
FC

th1/2KIC

=
1

e
h
YM (ξ)− YF (ξ)

(1.7)

F̃C is the non-dimensional critical axial force. It can be used to evaluate the
process of cracking with reference to the ξ, for the different values of e/h
(Figure 1.5). If it has a descending branch, it means that it is not possible to
have an increase in the relative crack depth without unloading the system,
so it represents an unstable branch. Instead, an ascending branch represents
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a stable process of cracking. In the case of arches’ cross section, there are
initial unstable branches and then stable ones, creating different curves with
the variation of the parameter e/h. So, if the system is in a condition along
the unstable curve and the load is not reduced, a catastrophic behaviour with
a snap-through instability may occur, leading the system to the nearest point
on the curve (e/h = constant) having the same F̃C, with a higher value of ξ.

Figure 1.5: Snap-Through Instability for off-centre Compression (h=b), [6].

It can be noted that for each value of ξ, there exists a relative load eccentric-
ity, e/h, below which the crack tends to close again [6]. The limit condition
to have a closing effect is given by:

KI =
F

th1/2

[ e
h
YM (ξ)− YF (ξ)

]
= 0 (1.8)
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Which leads to:
e

h
=
YF (ξ)

YM (ξ)
(1.9)

If KI ≤ 0, with a fixed value of e/h, the crack reduces its depth, at list
partially, from an initial value of ξ, to ξ∗, as shown in Figure 1.6.

Figure 1.6: Crack closure curve, [6].

Moreover, it is interesting to consider the scale effects that arise due to the
different dimensions of KIC and the ultimate strength, σu.
From:

KIC =
FC

th1/2

[ e
h
YM (ξ)− YF (ξ)

]
(1.10)

It is possible to divide both members by the product σuh1/2:

KIC

σuh1/2
=

FC

σut h

[ e
h
YM (ξ)− YF (ξ)

]
(1.11)

In the previous equation we can identify the brittle number:

s =
KIC

σuh1/2
(1.12)

Consequently, the normalised axial load is given by the following equation:

FC

σut h
=

s[
e
h
YM (ξ)− YF (ξ)

] (1.13)

12



Different curves representing the critical axial load with the variation of ξ
may be evaluated, due to the variation of the brittle number or the relative
eccentricity, as in Figure 1.7.
They can be compared with the curve representing the condition in which the
structure reaches the ultimate strength. Then, as the structure reaches the
collapse due to crack propagation only if ξ ≥ 0.7 (70% of the cross section is
damaged) [6, 38], it occurs if, at ξ ≥ 0.7, the fracturing process occurs before
the reaching of ultimate strength.

(a)
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(b)

(c)

Figure 1.7: Scale effects in masonry arch structures: Dimensionless load of
brittle crack propagation versus normalised crack depth, ξ, for e/h = 0.15

(a); e/h = 0.20 (b); e/h = 0.35 (c), [33].
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The whole masonry arch, finally, can be analysed through a Finite Element
framework, subdividing the arch into beam elements, considering the applied
loads and the elements stiffness.
If the elements are uncracked, they behave as perfectly fixed joints, instead,
if they are cracked, they carry the internal actions as elastically fixed joints
[23, 34], with a stiffness that may be evaluated through an energy balance
between the elastic work and the fractured one. Therefore, the cracked ele-
ments stiffness matrix is modified into the algorithm, exclusively by the four
rotational terms [6, 39–43].
The rotational stiffness of an elastically fixed joint is:

W =
h2tE

2
∫ ξ
0
Y 2
M (ξ) dξ

(1.14)

Applying the principle of virtual work to a beam with an elastic hinge to
simulate the crack at the midspan, the stiffness matrix is given in (1.15) :

EA
l

0 0 −EA
l

0 0

0 12EI
l3

−6EI
l2

0 −12EI
l3

−6EI
l2

0 −6EI
l2

EI(3EI+4lW )
l(EI+lW )

0 6EI
l2

EI(3EI+2lW )
l(EI+lW )

−EA
l

0 0 EA
l

0 0

0 −12EI
l3

6EI
l2

0 12EI
l3

6EI
l2

0 −6EI
l2

EI(3EI+2lW )
l(EI+lW )

0 6EI
l2

EI(3EI+4lW )
l(EI+lW )


(1.15)

Where E is the Young’s modulus of the material, A and I are the area and
the moment of inertia of the cross section, and l is the length of the beam
finite element.
It can be noted that, if W tends to infinity, the four rotational terms in the
matrix return to the standard values of the uncracked beam finite element.
The LEFM-based approach is implemented following a step-by-step proce-
dure, increasing progressively the applied load. For each step the routine
gives the load increment, but also the axial force applied on each segment
with its own eccentricity. Therefore, it is possible to update the crack depth
ξ and the stiffness properties [6, 23, 32].
If the updated ξ is the same as the previously determined one, the process
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stabilizes.
If the updated ξ is lower than the previously determined one, there is a clo-
sure effect, which identifies the maximum admissible crack depth.
Instead, if ξ grows within the load increments and reaches 0.7, the segment
becomes inefficient, giving a fracturing collapse.
The routine also monitors another parameter that is related to the maxi-
mum compressive stress, because when the ultimate compressive strength is
reached, then a crushing collapse may occur.
The previously explained method has been applied to some case studies, to
compare the results with the ones given by the Elasticity Theory or the Limit
Analysis, and to evaluate the so-called “fracturing benefit”.
Among these case studies we have the Porta Napoli multi-span Bridge, lo-
cated in Taranto, Italy [44]; the Mosca Bridge and the Vittorio Emanuele
I Bridge, located in Turin, Italy; the Limyra Bridge, a late Roman monu-
mental arch bridge located in West Turkey; three masonry arch bridges are
located in the Lanzo Valleys (Italy): Forno di Lemie Bridge, Fucine di Viù
Bridge, and the Devil’s Bridge, Ponte del Roch [23].
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Chapter 2

Nonlinear fracture mechanics

Linear Elastic Fracture mechanics assumes that the stress field is amplified
and tends to infinity at the crack tip in an infinitesimal area. However, in
real materials, there is a greater damaged area with finite dimensions, which
is ahead of the crack tip, and the stress field is finite [45].
The non-damaged area can be evaluated through a linear behaviour, while
in the damaged area, also known as the process zone, there is a diffused dis-
sipation of energy. Indeed, the theory of LEFM correctly represents only the
cases in which this process zone is microscopic.
From the characteristics and the behaviour of the process zone, it is pos-
sible to study the most suitable nonlinear model. If damage is distributed
uniformly in the process zone, the Diffused Damage Crack Model can be
used. If the mechanical damage is confined along the crack and there is
still an interaction between the two sides of the crack, the Cohesive Crack
Model can be introduced. It enables an evaluation of the effect of interlocking
that may occur between the grains through an equivalent closing stress field
which is evaluated as a function of the crack mouth opening displacement,
wt (CMOD).
The Bridged Crack Model is suggested when the crack is subjected to a
bridging effect because of the presence of reinforcement. In this case, the
fibres of reinforcement introduce a closing force, and the crack opening con-
tinues locally between two adjacent fibres. It has been exploited for under-
reinforced concrete beams and fibre reinforced elements [46, 47]. In addition,
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the Microcrack-Interacting Model is used to represent elements in which the
process zone, ahead of the crack tip, is subjected to a cloud of micro-cracks.
The following section presents the Cohesive Crack Model in further detail.

2.1 The cohesive crack model

The Cohesive Crack Model can be used to describe the response of materials
with a strain-softening behaviour. Therefore, it is helpful to understand the
behaviour of plain concrete or masonry structures, in which an interlocking
effect may introduce closing actions on the crack. It has been firstly proposed
by Hillerborg et al. in 1976 [36]. The Cohesive Crack model is similar to
Dugdale’s model [48]. Dugdale simulates the plastic area through a uniform
distribution of stress directly applied to the sides of a fictitious crack, which
is longer than the real crack, as shown in Figure 2.1.

Figure 2.1: Representation of the plastic zone on a crack according to Dug-
dale model [48] , from Carpinteri, Advanced Structural Mechanics, [49].

The length of the fictitious crack is identified by imposing that the total
stress-intensity factor is equal to zero:

KI(σ) +KI(σp) = 0 (2.1)

In which, the first term is related to the applied stress, while the second term
is related to the restraining effect due to the σp on the fictitious crack. The
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main difference is that in the Cohesive Crack Model, the distribution of the
cohesive forces is not uniform but decreases as the crack opening increases,
following a softening law.
It is analysed with the introduction of a strength failure criterion to describe
the initiation of the cracking process when a point reaches the ultimate ten-
sile stress. From this condition, the fracture area grows. The process zone
is modelled as an extension of the real crack, or a fictitious crack, in which
closing stresses arise, with a σ−wt law [50, 51]. A mode I failure is analysed
(Figure 2.2).

Figure 2.2: Developing of the macrocrack, still partially sutured by inclu-
sions, aggregates, or fibres (a); σ − w law (b), from Carpinteri, Advanced
Structural Mechanics, [49].

The point of the crack in which the stress drops to zero and the crack open-
ing reaches the critical width wt

cr is defined as the real crack tip. The point
between the process zone and the undamaged material is defined as the fic-
titious crack tip. In this model, shear stress on the crack faces is neglected.
In the non-damaged material, a linear constitutive law can be introduced,
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until the ultimate stress and strain, (σt, εt), are reached. In the process area,
for the sake of simplicity, the stress field can be studied as linear, with the
maximum value, σt, at the fictitious crack tip, and a stress-free condition at
the real crack tip, as shown in Figure 2.3.

,
(a) Pre-peak stress–strain curve

,
(b) Linearised post-peak stress – cohesive
displacement law

Figure 2.3: Simplified Cohesive Crack Model relationship, [52].

The area below the curve represents the fracture energy, GF. The constitutive
law is therefore represented by the following equation:

σ = Eε ε ≤ εt

σ = σt(1− wt

wt
cr

) w ≤ wt
cr

σ = 0 w ≥ wt
cr

(2.2)

Consequently, it is possible to evaluate the displacement, δ, at the top of a
specimen, fixed at the base with length ` and width b subjected to tensile
forces, as shown in Figure 2.4.
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Figure 2.4: Loading process of a specimen, fixed at the base and subjected
to tensile stress, [53].

In the first step:
δ =

σ

E
` ε ≤ εt (2.3)

When ε reaches the ultimate value in the Elastic field, there is the initiation
of a crack and the development of the cohesive area.
Consequently, the displacement is given by:

δ =
σ

E
`+ wt w ≤ wt

cr (2.4)

Introducing the Eqn.(2.2) into the Eqn.(2.3), if w ≤ wt
cr:

δ =
σ

E
`+ wt

cr

(
1− σ

σt

)
= σ

(
`

E
− wt

cr

σt

)
+ wt

cr

(2.5)

It represents a straight line and the behaviour is evaluated according to its
slope:

dδ

dσ
=

(
`

E
− wt

cr

σt

)
(2.6)

• If wt
cr >

σt`
E
, the slope is negative. The behaviour consists in a softening

branch which is stable if loading is displacement controlled, (Figure
2.5a).
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• If wt
cr = σt`

E
, there is a vertical drop, even with a displacement-controlled

analysis, (Figure 2.5b).

• If wt
cr <

σt`
E
, the slope is positive, with a reduction in both stress

and displacement. A catastrophic softening, or snap-back behaviour,
occurs, (Figure 2.5c).
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,
(a) Strain softening behaviour

,
(b) Catastrophic softening

,
(c) Catastrophic softening with snap-back

Figure 2.5: Post peak stress-displacement response, [54].

The snap-back behaviour is due to brittle fracturing of the concrete or ma-
sonry. In the analysis of a cracked beam, it can be evaluated by controlling
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the crack mouth opening displacement instead of the beam deflection [54].
The condition giving snap-back instability can be rewritten as it follows:

wt
cr/2b

εt`/b
<

1

2
(2.7)

With the assumption of a linear stress-displacement field in the process zone
GF is given by:

GF =
1

2
σtw

t
cr (2.8)

It follows:
wt

cr

2b
=
GF

σtb
= sE (2.9)

Where, sE is the energy brittleness number.
Introducing also the slenderness ratio of the element λ = `/b, the condition
to have a snap-back becomes:

sE
εtλ
≤ 1

2
(2.10)

It highlights that the mechanical behaviour of the element has a size-scale
dependency. In detail, if the slenderness λ and the scale of the element are
relatively high and the fracture energyGF is low, there is the tendency toward
a brittle behaviour [54].

2.2 Carpinteri algorithm

The post-peak behaviour is analysed through a numerical procedure pro-
posed by Carpinteri [9–11]. It is based on a Finite Element Method (FEM)
approach, and it has been applied mainly on concrete beams.
The algorithm simulates the fracture process by evaluating the development
of a crack opening. Each step of the analysis is governed by the crack mouth
opening displacement (CMOD) to study the growth of the fictitious crack
and to be able to assess an eventual snap-back instability.
Therefore, at each step, the loading on the element is an additional unknown
value, which is evaluated, together with the displacement, with an iterative
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process. The analysed setup is that of a three-point bending test, with the
following characteristics:

• `: length of the beam;

• t,b: dimensions of the beam cross section;

• δ: midspan deflection.

The midspan cross section is modelled through n nodes, and the distance
between two nodes, m, as shown in Figure 2.6.
These parameters have to satisfy the following condition to avoid numerical
issues:

m ≤ 600wt
cr (2.11)

(a) Stress distribution across the cohe-
sive zone

(b) Equivalent nodal forces in the FEM
discretization

Figure 2.6: Potential fracture line: physical and numerical schemes, from
Carpinteri algorithm, [10].

Given the main assumptions [55]:

1. The cohesive fracture zone (process zone) begins to develop when the
maximum principal stress achieves the ultimate tensile strength σt.

2. The material in the process zone is partially damaged but is still able
to transfer stress. Such a stress is dependent on the CMOD wt.
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The crack opening process is governed by:

{w} = [K]{F}+ {C}P + {Γ} (2.12)

In which:

• {w}: vector of nodal crack opening displacement;

• [K]: matrix of coefficients of influence, with nodal displacements for
unit applied nodal force {F};

• {F}: vector of nodal forces;

• {C}: vector of coefficients of influence, with crack displacements for
unit external load P ;

• P : external load at the midspan of the beam;

• {Γ}: vector of crack opening due to the specimen weight.
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,
(a) Initial phase, without process zone

,
(b) Intermediate phase, with the cohesive process zone

Figure 2.7: Three Point Bending Test with Carpinteri algorithm, [55].

In the first phase, the process zone is absent ( Figure 2.7a). From node 1 to
node k, there is the initial crack. In node k wt = 0 and the ultimate force
is reached. Therefore, the system is governed by (2n) equations with the
unknowns {w} and {F}:

Fi = 0, i = 1, 2, ..., (k− 1) (2.13a)

wi = 0, i = k, ...., n (2.13b)

In the second phase, with the presence of the fictitious crack ( Figure 2.7b),
a system of (2n+1) equations is needed due to the presence of the additional
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variable P .

Fi = 0, i = 1, 2, ..., (j− 1) (2.14a)

Fi = Fu

(
1− wt

i

wt
cr

)
, i = j, ..., l (2.14b)

wt
i = 0, i = l, ...., n (2.14c)

The beam deflection δ is evaluated from:

δ = {C}T{F}+DPP +Dγ (2.15)

Where DP is the deflection for P = 1, and Dγ is the displacement generated
by the weight of the specimen.
In the steps with the cohesive zone between two nodes, k and (k + 1), the
external load is computed so that the ultimate nodal force is applied at node
(k + 1). The fictitious crack is then incremented by one finite element, and
the deflection is evaluated. When the fictitious crack tip reaches node n, the
routine ends.
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Chapter 3

The crushing issue and the
overlapping crack model

The Cohesive Crack Model is used to model the opening and development of
cracks in quasi-brittle structural elements that are subjected to tensile forces.
Though, it does not allow to assess the problems related to the crushing fail-
ure that may occur due to compressive forces.
The commonly used constitutive laws for concrete in compression are the
elastic-perfectly plastic one, the parabolic-perfectly plastic one and Sargin’s
parabola, but they do not consider size dependency of the response. How-
ever, the compressive behaviour of this typology of materials, especially con-
crete, has been deeply studied. In particular, Hillerborg [56] introduced a
model based on the concepts of strain softening and localisation in the com-
pressed area. In addition, different theoretical models and laboratory tests
analysed the post-peak compression behaviour and confirmed the presence
of size-effects [57–61]. Consequently, the Overlapping Crack model has been
proposed by Carpinteri et al. [7, 62, 63].

Hillerborg’s model concerns the evaluation of moment and rotational capac-
ity of concrete beams, taking into account the material compressive failure.
If concrete is subjected to uniaxial compression, in the post-peak phase, it
can be subjected to microcracks development and fragmentation. Therefore,
the assumptions related to the commonly used constitutive laws and the hy-
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,
(a) Complete relationship

,
(b) Simplified relationship

Figure 3.1: Compressive stress-strain relationship, with an ascending stress-
strain curve and a descending stress-deformation curve, [56].

pothesis of the cross section planarity in the deformed configuration are not
sufficiently accurate. However, Hillerborg tried to develop a simplified numer-
ical model to represent the localisation of stresses and the size-dependency
of the behaviour with the assumption that plane sections remain plane and
linear stress-strain relationships can be used.
In the initial linear elastic brach, concrete reaches (ε0, σc). In the second
brach, a softening law (σ − wc) is assumed as shown in Figure 3.1. The
strain localisation is introduced to evaluate the energy dissipation in the
localisation length `, which is a function of the depth of the neutral axis ξd:

` = βξd (3.1)
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In which, β is evaluated from experimental tests, or it is assumed equal to
0.8. Following these assumptions, Hillerborg evaluated the beam’s moment-
curvature diagrams realising a first attempt to introduce fracture mechanics
concepts for compressed concrete.

3.1 The overlapping crack model

The Overlapping Crack Model is able to simulate the behaviour and the
damage process of concrete and generic quasi-brittle materials when they are
subjected to compressive actions. The compressive damage is also known
as crushing. Its evaluation is complex because it depends on the friction
between concrete surfaces and loading surfaces, and also on the specimen
slenderness and size [59, 64]. The crushing zone is described by a fictitious
interpenetration of the material, while the other part of the cross section
remains in elastic field [65]. Consequently, in analogy with the Cohesive
Crack Model, it is necessary to introduce a first σ − ε relationship, until the
compression strength, σc, is achieved (Figure 3.2a), and a σ−wc relationship
to describe concrete crushing (Figure 3.2b), in which wc is the fictitious
overlapping displacement, until the critical value wc

cr is reached. The area
below the σ−wc curve represents the crushing energy, GC, which is a material
property.
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,
(a) Pre-peak stress–strain curve

,
(b) Post-peak stress–overlapping displacement
law

Figure 3.2: Overlapping Crack Model relationship, [7].

According to this model, the crushing zone grows perpendicular to the second
principal stress, and it is subdivided into two parts. Similarly to the Cohesive
Crack Model, there is the part in which the fictitious overlapping displace-
ment is lower than the critical value wc

cr, where the element is damaged, but
it is still able to transfer stresses, while the other part, where wc ≥ wc

cr, is a
stress-free area.
In the experimental tests, for the evaluation of wc, the σ − δ relationship is
considered. The value of wc is given by the whole displacement reduced of
the elastic displacement δel, caused by the reduction of the applied stress in
the post-peak regime, and the pre-peak plastic deformation, δpl, as shown in
Figure 3.3.

δel =
σ

Eci

` (3.2)

Where, ` is the length of the specimen and Eci is the tangent elastic modulus.
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Figure 3.3: Estimation of the localised interpenetration, wc, from the total
shortening of the specimen, δ, [65].

For the numerical analysis, it is possible to simplify the constitutive laws
adopting a linearised overlapping law, as shown in Figure 3.4.

,
(a) Pre-peak stress–strain curve

,
(b) Linearised post-peak stress – overlap-
ping displacement law

Figure 3.4: Simplified Overlapping Crack Model relationship, [52].
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The constitutive law is therefore represented by the following equation:
σ = Eε ε ≤ εc

σ = σc

(
1− wc

wc
cr

)
wc ≤ wc

cr

σ = 0 wc ≥ wc
cr

(3.3)

3.2 Uniaxial compression test

The Overlapping Crack Model can be used to evaluate the response of a
specimen subjected to uniaxial compression, having a length equal to ` and
width b. Firstly, the specimen behaves according to the elastic constitutive

Figure 3.5: The loading process of a uniaxial compression test, [65].

law, without any damage (Figure 3.5a). The displacement, δ, is given by:

δ = ε` =
σ

E
` ε ≤ εc (3.4)

When the ultimate elastic condition is reached (Figure 3.5b), damage starts
to localise on a sloped crushing band. Instead, in the non-damaged area, the
behaviour is still elastic. In this phase, the displacement is incremented by
the value of interpenetration, wc, (Figure 3.5c).

δ =
σ

E
`+ wc wc ≤ wc

cr (3.5)
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Introducing (3.3) in (3.5):

δ =
σ

E
`+ wc

cr

(
1− σ

σc

)
wc ≤ wc

cr (3.6)

In the third phase (Figure 3.5d), wc
cr is reached. Therefore, the material

is completely damage and it is not able to transfer stress (σ = 0). From
the rearrangement of 3.6, it is possible to represent a straight line, and the
behaviour is evaluated according to its slope.

δ = wc
cr + σ

(
`

E
− wc

cr

σc

)
(3.7)

The slope is given by:
dδ

dσ
=

(
`

E
− wc

cr

σc

)
(3.8)

If the slope is negative, the behaviour consists of a softening branch which is
stable if loading is displacement controlled (Figure 3.6a).(

`

E
− wc

cr

σc

)
< 0 (3.9)

If dδ
dσ

is equal to zero a vertical drop occurs (Figure 3.6b).
If dδ

dσ
is positive, a snap-back behaviour occurs (Figure 3.6c).(

`

E
− wc

cr

σc

)
> 0 (3.10)

The Eqn.(3.10) can be rewritten as it follows:

wc
cr/2b

εcλ
≤ 1

2
(3.11)

(a) Strain softening be-
haviour

(b) Catastrophic softening (c) Catastrophic softening
with snap-back

Figure 3.6: Stress-displacement response in compression, [62].
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In analogy with the Cohesive Model, Eqn.(2.9), it is possible to introduce
the energy brittleness number in compression, scE.

scE =
wc

cr

2b
=
GC

σcb
(3.12)

Where, GC = 1
2
σcw

c
cr.

Consequently, the condition to get the snap-back becomes:

scE
εcλ
≤ 1

2
(3.13)
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Chapter 4

The cohesive/overlapping crack
model

The Cohesive/Overlapping Crack Model and the related algorithm has been
proposed by Carpinteri et al. [7, 62, 63] as a further development of the
cohesive algorithm to introduce the compressive failure in the numerical pro-
cedure. It allows to model the cohesive crack in tension (Figure 4.1a) and
the overlapping crack in compression (Figure 4.1b).

,
(a) Cohesive Crack

,
(b) Overlapping Crack

Figure 4.1: Tensile fracture with cohesive zone and compressive crushing
with overlapping, [52].

The algorithm evaluates a specimen subjected to bending moment, M by
means of a sectional analysis. The stress distribution is analysed as linear-
elastic until the tensile stress at the intrados reaches the concrete tensile
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strength or the compressive stress reaches the concrete compressive strength.
When σ ≥ σt, a cohesive crack starts to develop from the intrados, while, out-
side the crack, the material is modelled in the elastic field. In addition, if the
crack mouth opening reaches the condition: wt ≥ wt

cr, a stress free area arises.
In the part of the specimen that is subjected to compression, when σ ≥ σc

crushing starts to develop in an analogous way. At the extrados, if wc ≥ wc
cr

the compressive stress drops to zero [63]. The Cohesive/Overlapping Crack
Model represents an effective tool to investigate ductile-to-brittle transition
and non-linear phenomena occurring in plain and reinforced concrete struc-
tures. In addition, it has been recently applied for the analysis of prestressed
concrete elements subjected to flexural actions [66]. In particular, it is possi-
ble to study the effect of a straight steel strand layout, for a correct evaluation
of the scale effects and the estimation of the maximum reinforcement per-
centage. Similarly to the evaluation of ordinary reinforcement, it is done by
introducing the presence of the prestressed strands with a specific bond-slip
constitutive law, to highlight the relationship between crack opening and
steel response.

Figure 4.2: Cohesive/Overlapping Crack Model, finite nodes position in the
numerical algorithm, [63].

The beam is modelled through a FEM approach, in which the midspan cross
section is discretised in n nodes and (n − 1) segments. In this scheme, it
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is possible to introduce the effect of ordinary reinforcement as well as pre-
stressed steel strands at the node r, as shown in Figures 4.2-4.3.

Figure 4.3: Cohesive/Overlapping Crack Model, force distribution according
to the numerical algorithm, [67].

In Figure 4.3, the indices are referred to:

• j: real cohesive crack tip;

• m: fictitious cohesive crack tip;

• p: fictitious overlapping crack tip;

• q: real overlapping crack tip;

• r: reinforcement node position.

The numerical step-by-step routine is controlled by the positions of the co-
hesive fictitious crack tip and of the overlapping fictitious crack tip. At each
step, the tip that reaches the ultimate condition is computed and moved for-
ward.
The governing system is:

{w} = [H]{F}+ {C}M (4.1)

In which:
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• {w}: vector of nodal crack opening/overlapping displacement;

• [K]: matrix of coefficients of influence, with nodal displacements for
unit applied nodal force {F};

• {F}: vector of nodal forces;

• {C}: vector of coefficients of influence, with nodal displacements for
unit applied bending momentM ;

• M : applied bending moment;

As shown in Figure 4.3, the model is solved taking into account the following
conditions:

Fi = 0, i = 1, 2, ..., (j− 1), i 6= r (4.2a)

Fi = Ft

(
1− wi

wt
cr

)
, i = j, ..., (m− 1) (4.2b)

wi = 0, i = m, ...., p (4.2c)

Fi = Fc

(
1− wi

wc
cr

)
, i = (p + 1), ..., q (4.2d)

Fi = 0, i = (q + 1), ..., n (4.2e)

Fi = f(wi) i = r, (4.2f)

Therefore, the system is given by 2n equations and (2n + 1) unknowns,
{w}, {F} and M. An additional condition is needed, and it derives from the
strength criterion governing the propagation process [68]. Starting from the
original positions of the cohesive and the overlapping fictitious crack tips, the
routine evaluates the external load that leads node m to reach the ultimate
tensile force and the one that leads node p to reach the ultimate compressive
force. The value of M is given by the minimum between the two external
loads previously evaluated. Only the tip that reaches the ultimate strength is
moved forward for the subsequent step of the analysis. Thus, crack opening
and crushing are distinct phenomena that can take place independently.
The localised beam rotation, θ, is given by:

{DF}T{F}+DMM (4.3)

Where:
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• {DF} is the vector of coefficients of influence with the rotation gener-
ated by init nodal forces, {F};

• DM is the coefficient of influence that gives the rotation generated by
unit bending moment, M.

As shown in Eqn.(4.2f), the beam reinforcement is taken into account as
a specific layer, that is modelled by means of a bond-slip law. In case of
ordinary reinforcement, the law proposed by Ruiz et al. [69] and Model
Code 2010 [70] can be used:

σs = σy
wt

wy

(4.4)

Figure 4.4: Steel–concrete interaction, [67].

A reinforced element of length 2Lτ and a crack at midspan is considered,
as shown in Figure 4.4. This element is subjected to the action in steel,
σsAs, and to the shearing stress, τ(x), which is mutually transferred between
concrete and steel. From the equilibrium of the element:

σsAs =

∫ Lτ

0

πΦτ(x)dx (4.5)
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If an average value of the shearing stress is assumed: τ(x) = τm, the value of
the stress transferring length, Lτ , is given as in Eqn.(4.6)

Lτ =
σsAs

πΦτm
(4.6)

The crack opening can be written as the slip between concrete and steel along
2Lτ :

wt = 2

∫ Lτ

0

[εs(x)− εc0]dx (4.7)

Neglecting concrete contribution and introducing Eqn.(4.6) in Eqn.(4.7):

wt =
σ2
sAs

EsπΦτm
(4.8)

From Eqn.(4.8) and Eqn.(4.4), it is possible to evaluate wy and define steel
constitutive law, as shown in Figure 4.5.

Figure 4.5: Steel constitutive law, [67].

The algorithm can analogously consider the presence of steel prestressed
strands. In this case, the bond-slip relationship takes into account a linear
variation of the steel stress from the cracked cross section, σp, to the point
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at the distance Lτ , σ0. Consequently, Eqn.(4.8) becomes:

wt =
(σp − σ0)2Asp

EsπΦτm
(4.9)

In addition, the governing system of n equations has an additional term due
to the nodal forces generated by prestressing, {Fp}.

{w} = [H]{F}+ {C}M + [H]{Fp} (4.10)
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Chapter 5

A new algorithm for arches
analysis

The following part of the Thesis describes an algorithm for arches struc-
tural analysis, adopting the principles of Non-Linear Fracture Mechanics
and exploiting a FEM framework. In detail, the algorithm adopts the Cohe-
sive/Overlapping Crack Model, which is described in the previous chapters,
and it is developed as a further extension of the studies on the problem
of off-centre compression in arches, carried out in the field of Linear Elas-
tic Fracture Mechanics. The program is written using MatlabR2021a [71]
and Python programming language [72]. In particular, the main routines of
PyFEM software are exploited [73].
For the analysis of the arch global behaviour, it is necessary to consider the
eventual initiation of fractures along the whole finite element model in dif-
ferent cross sections, and not just in one critical cross section, which should
be formerly defined by the user. Thus, it requires the introduction of specific
non-dimensional elements in the mesh, that are the so-called zero-thickness
elements, in which the Cohesive/Overlapping law has to be introduced. The
arch is firstly described by continuous elements only and failure criteria for
the opening of cracks and for crushing are defined. When one of these cri-
teria is reached, the mesh of the model is updated introducing the cohesive
or overlapping zero-thickness elements, according to the type of failure. The
concept of mesh updating, or remeshing, to represent a crack had been previ-
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ously used by Needleman and Tvergaard [74, 75], even if in their first studies
the finite element that reached failure was directly taken to vanish, without
changing the nodal points. Afterwards, Needleman also introduced a cohesive
zone type interface model [76] and, to allow for a more arbitrary direction of
crack propagation, Xu and Needleman proposed the introduction of interface
elements equipped with a cohesive zone between all continuum elements of
the mesh [77].

5.1 Zero-thickness elements

In a FEM analysis, the opening and development of cracks can be analysed
by introducing special joint elements. They are defined as interface elements,
or zero-thickness elements, because they do not have geometrical dimensions.
Therefore, they do not modify the model geometry but only the structural re-
sponse. Zero-Thickness elements were idealised in 1967 by Ngo and Scordelis
[78] for reinforced concrete beams to represent a crack opening (Figure 5.1).
It was done through a separation of the elements adjacent to the section
where the crack formation was assumed, assigning different nodal points and
introducing a linkage between each side of the crack with linear springs (Fig-
ure 5.2). In addition, linkage elements may also be used to simulate weak
discontinuities as the bonding relationship between steel and concrete.
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Figure 5.1: Finite Element idealisation with cracks according to Ngo and
Scordelis, [78].

Figure 5.2: Linkage element from Ngo and Scordelis, [78].

Afterwards, in 1987, Wawryzynek and Ingraffea, from the Cornell Fracture
Group, developed FRANC2D (FRacture ANalysis Code 2D) ([79] and Fig-
ure 5.3), a finite element based program that allows analysing crack prop-
agation according to the classical criteria of Linear Elastic Fracture Me-
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chanics. Shortly after, the Cornell Fracture Group began the development
of FRANC3D to design a program capable of simulating 3D crack growth
in engineering structures. Besides, in 1991, the Cohesive Crack Program
(CCRAP) has been proposed by Valente et al. [80].
Further developments in this field have been proposed by Ingraffea and
Saouma [81], and Rots [82], with a focus on reinforced concrete and pre-
stressed reinforced concrete elements.

Figure 5.3: Finite Element mesh with a crack, [79].

More recently, the adoption of these elements has been enhanced due to
the development of open-source programs, such as DEIP (Discontinuous El-
ement Insertion Program) [83], the program proposed by Vinh Phu Nguyen
[84], and PyFEM, which has been proposed by De Borst in 2012 [73]. The
DEIP algorithm allows the introduction of zero-thickness elements, called
couplers in 2D or 3D meshes. Each coupler is made of nodes from two el-
ements between the surfaces of a possible fracture section, also called facet.
It is realised through duplication of the nodes lying on the shared facet to
effectively split the mesh along that surface, as shown in Figure 5.4. Thus,
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the two sides initially coincide but may separate apart during the following
steps of the analysis. Consequently, element connectivity is also updated
allowing the introduction of different typologies of interface elements. DEIP
has been integrated into WARP3D, an open-source code for nonlinear anal-
ysis of solids, which has been supported by many organisations (e.g. The
U.S. Nuclear Regulatory Commission, NASA Ames Research Center, NASA
Marshall Spaceflight Center, Air Force Research Laboratory) and is primarily
used for fatigue and fracture simulations for materials under static, dynamic
and thermal loadings [85].

Figure 5.4: Discretisation of a generic domain with continuum elements and
zero-thickness interface elements, [84].
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5.2 Algorithm definition

The following section describes the theoretical framework of the algorithm.
The system is firstly idealised as an assemblage of continuous finite elements
which are interconnected at structural joints, with the possibility to intro-
duce the interfaces in a reduced number of cross sections, that are defined as
control sections, to reduce the algorithm computational effort.
The standard formulation for the finite element solution is the displacement-
based method, and its primary relationship is the Virtual Work Principle.
It asserts the equality between external virtual work (forces for relative dis-
placements) and internal virtual work (stresses for relative deformations).
More precisely, it can be asserted that the Virtual Work Principle consti-
tutes the very definition of internal deformation work. It is also known as
the “weak form” of the equilibrium equations because the equilibrium is only
ensured for a subset of virtual displacement fields and may not be satisfied
pointwise, which leads to an approximate solution of the actual displacement
field.
Given a generic solid body and being V the three-dimensional domain occu-
pied by the body and S the frontier of that domain, it is possible to define
the statically admissible system of external forces (the volume loads, {F},
and the surface loads, {t}).
In addition, a kinematically admissible system of displacements, {u}, and
deformations, {ε}, is introduced. For the Virtual Work Principle, in the case
of the undamaged solid, the equilibrium is defined as:∫

V

δ{ε}T{u}dV =

∫
V

δ{u}T{F}dV +

∫
S

δ{u}T{t}dS (5.1)

In the case of a damaged solid having n cracks and r overlapping zones, the
last term of the previous equation can be decomposed as:∫

S

δ{u}T{t}dS =
∑∫

Sc,n

δ{u}T{pc}dS+

+
∑∫

St,r

δ{u}T{pt}dS +

∫
Sres

δ{u}T{p}dS

(5.2)

In which Sres = S−
∑

Sc −
∑

St.
The first of the three terms represents the cohesive forces on the cracked
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interface, while the second term represents the overlapping forces along the
respective zone. The last term represents the real surface loads {p}, as shown
in Figure 5.5.

Figure 5.5: Scheme of a generic body subjected to crack opening and crush-
ing.

In the finite element framework, the integration is carried out over the single
elements domains, and the results are summed. The main variables are the
displacement vectors at all the element nodes, called the nodal displacements,
{ū}, and the elements variables are given by the following relationships:

{u} = [N ]{ū} (5.3)

{ε} = [B]{ū} (5.4)

{σ} = [D]{ε} (5.5)

Where, σ and ε are the elements stress and strain, and {u} is the vector of
the elements displacements.
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• [N ] is the displacement interpolation matrix;

• [B] is the strain-displacement matrix, in which the rows are obtained by
appropriately differentiating and combining the rows of the [N ]matrix;

• [D] is the matrix of the constitutive law.

In detail, the first term of the Eqn.(5.1) is the internal virtual work and it can
be rewritten as it follows, adopting Eqn.(5.4) and Eqn.(5.5) and introducing
the sum over the elements, m:

δ{ū}T
∑
m

∫
V

[B]T[D][B]dV {ū} (5.6)

Neglecting the external virtual work given by the volume loads, it is possible
to study the effect of surface loads only.
The constitutive laws for the cohesive and overlapping interface elements
have to be defined. These elements are introduced only when the nodal
stress reaches the tensile ultimate condition, σt, or the compressive ultimate
condition, σc. Therefore, the constitutive laws should model the behaviour
of the process zone and the stress-free area. Assuming linear cohesive and
overlapping softening laws and neglecting the shearing stresses on the crack
faces, the cohesive and the overlapping softening matrices are evaluated as
follows.

[C] =

σt/wt
cr 0 0

0 0 0

0 0 0

 (5.7)

[T ] =

σc/wc
cr 0 0

0 0 0

0 0 0

 (5.8)
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Figure 5.6: Scheme of an interface element.

The interface element is divided in the upper and the lower crack faces, as
shown in Figure 5.6. Consequently, the displacements of these two faces are
evaluated by means of the shape functions, N1 and N2:[

N1

N2

]
=

[
0.5(1− ξ)
0.5(1 + ξ)

]
(5.9)



uin
usn
uit
ust
uis
uss


=



N1 N2 0 0 0 0 0 0 0 0 0 0

0 0 N1 N2 0 0 0 0 0 0 0 0

0 0 0 0 N1 N2 0 0 0 0 0 0

0 0 0 0 0 0 N1 N2 0 0 0 0

0 0 0 0 0 0 0 0 N1 N2 0 0

0 0 0 0 0 0 0 0 0 0 N1 N2





un1

un2

un3

un4

ut1

ut2

ut3

ut4

us1

us2

us3

us4


(5.10)

Eqn.(5.10) can be concisely written as: {u} = [N ]{ū}.
The interface elements response depends on the crack opening w, or the
analogous overlapping, which is evaluated adopting the matrix L:

{w} = [L]{u} (5.11)
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Where:

[L] =

−1 1 0 0 0 0

0 0 −1 1 0 0

0 0 0 0 −1 1

 (5.12)

{w} =

wn

wt

ws

 (5.13)

Thus, the stress transferred through the crack faces is defined as:

{σ} = [S]{w} = [S][L][N ]{ū} (5.14)

In which, [S] is the generic softening matrix, and it is equal to [C] or [T ]

according to the kind of failure. Introducing Eqn.(5.14) into Eqn.(5.2), the
contribution from the cracked zone is written as:∫

Sc,n

δ{u}T{pc}dS = δ{ū}T
∑
m

∫
Sc,m

[C][L][N ]dS {ū} (5.15)

In analogy, the contribution from the overlapping zone is written as:∫
St,n

δ{u}T{pt}dS = δ{ū}T
∑
m

∫
St,m

[T ][L][N ]dS {ū} (5.16)

In addition, introducing the load factor, λ:∫
Sres

δ{u}T{p}dS = δ{ū}Tλ
∑
m

∫
Sres,m

{p0}dS (5.17)

As the equilibrium should be satisfied for each value of δ{ū}T, the governing
equation can be written as:(∑∫

[B]T[D][B]dV −
∑∫

[C][L][N ]dS −
∑∫

[T ][L][N ]dS

)
{ū} =

= λ
∑∫

{p0}dS

(5.18)
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Introducing :

• [K] =
∑∫

[B]T[D][B]dV;

• [SC] =
∑∫

[C][L][N ]dS;

• [ST] =
∑∫

[T ][L][N ]dS.

The governing equation becomes:(
[K]− [SC]− [ST]

)
{ū} = λ{f} (5.19)

This result is equal to the one obtained by Bocca, Carpinteri, Valente (1991)
[80]. In the first step of the analysis, [SC] and [ST] are null matrices, and
the equation is simplified. When failure is reached, and interface elements
are introduced through remeshing, the softening matrices modify the first
term of the Eqn.(5.19), thus, the equilibrium is not satisfied, and an error
can be evaluated. Consequently, an iterative procedure is applied to solve
the system reducing the error until a specific tolerance is reached.
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Chapter 6

Description of the routines

In this part of the Thesis, the new algorithm is presented by means of a de-
tailed description of its routines. The program for the elastic-plastic-softening
evolutionary analysis of arch structures is mainly written using Python pro-
gramming language, adopting the basic routines introduced in PyFEM and
keeping the theoretical framework of the Cohesive/Overlapping Crack Model.
It is constituted by the main routine, called Master.py and a series of subrou-
tines that are separate codes used for specific functionalities of the program.

6.1 The routine Master.py

The routine Master.py is the main script of the program. It is able to call
the other subroutines and define the procedures to be repeated for each step
of the analysis until a termination criterion is reached. In detail, this routine
firstly defines the initial mesh that represents the arch structure in the FEM
framework. To do so, it calls the routine MeshGenerator.py and reads in the
input file, which has the extension ".dat".
It reads as well a second input file, with the extension ".pro", from which it
gets the information about the elements constitutive laws, the solver and the
primary output management.
Afterwards, it processes the input data by identifying a subset of the arch
cross sections as the control sections. It is theoretically possible to con-
sider all the cross sections generated by the model discretisation. However,
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a reduced number of them allows reducing the computational effort of the
program.
Finally, the routine Master.py defines the sequence of instructions that must
be repeated in each analysis cycle until the number of cycles reaches the
maximum value imposed by the user or until four hinges are formed. The
criterion of hinges formation is related to the principles of plastic Limit Anal-
ysis, and in this algorithm, a hinge is introduced when the cracking failure
affects the entire cross section, except for one element.
In each cycle:

• The system is firstly solved through the Newton-Raphson iterative
method implemented in the sub-routine CohesiveOverlappingSolver.py ;

• Assuming a linear behaviour of the structure for a small calculation
step, the routine evaluates the load factor, λ, that generates the ulti-
mate strength in each fictitious tip (in tension as well as in compres-
sion). In the initial phase, the fictitious crack tips are defined as the
external nodes of each control section;

• From the list of load factors, the critical value of λ is assumed as the
minimum of the absolute values;

• The algorithm identifies which is the node that reaches the ultimate
strength and the kind of failure;

• Given the critical λ, the external load vector is updated, and the system
is solved a second time with the same iterative method;

• The mesh is updated introducing the cohesive or overlapping interface
elements in the positions found in the previous steps. To do so, DEIP
MatLab tool is exploited. In addition, the fictitious crack tips are
updated according to the new mesh.
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6.2 The routine MeshGenerator.py

MeshGenerator.py is the routine that enables the definition of the initial
mesh. It defines the arch geometry and its discretisation. Indeed, it eval-
uates the coordinates of the nodes, the continuous elements, the external
constraints, and the initial external forces. The arch geometry can be easily
estimated through the parametric equations of an ellipse or a circumference.
It is possible to adopt a fixed cross section depth s, or a variable one, as in
the case of Mosca Bridge. In the case studies, arcs of circumferences have
been used. Given the arch span length, `, and its rise, r, the routine evaluates
which are the characteristics of the arch of the circumference to be used, i.e.,
the radius, R, and the arch inclination at the abutment level, θ0. From these
input data, it generates the mesh. The external constraints are modelled to
rigidly fix the arch at the abutments, while the external forces are designed
to be uniformly distributed along the span length. MeshGenerator.py finally
writes the input file arch.dat according to the syntax requirements imposed
by PyFEM.

6.3 The file arch.pro and the related sub-routines

The arch.pro file is used as an additional input file, which provides all in-
formation about materials, constitutive laws, solver type, and the required
output. In the first input file, arch.dat, each element is assigned to a specific
category. In the first cycle, there are only continuous elements but, from the
second cycle, cohesive and overlapping interface elements may be present as
well. Therefore, in the file arch.pro, these elements categories are defined by
assigning the constitutive law and the required mechanical properties.
The constitutive laws are reported on the following sub-routines:

• PlaneStress.py ;

• Cohesive.py ;

• Overlapping.py.

The continuous elements follow the constitutive law defined by PlaneStress.py,
in accordance with the theory of small deformations. They are modelled with
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a linear elastic behaviour, which is governed by the material elastic modulus,
E, and the Poisson coefficient, ν.
The zero-thickness elements, or interfaces, are instead defined with more spe-
cific constitutive laws, to correctly represent the process zone.
The routine Cohesive.py is governed by the values of the fracture energy,
GF, and the ultimate tensile strength, σt. The stress state on the element is
defined as a function of the crack opening, w, with a linear behaviour.

Therefore:

wt
cr = 2

GF

σt
(6.1)

If w < wt
cr: σ = σt(1− w/wt

cr)

τ = 0
(6.2)

Else: σ = 0

τ = 0
(6.3)

In analogy, the routine Overlapping.py is governed by the values of the crush-
ing energy, GC, and the ultimate compressive strength, σc. The stress state
on the element is defined as a function of the fictitious overlapping, w, with
a linear behaviour.
Therefore:

wc
cr = 2

GC

σc
(6.4)

If w < wc
cr: σ = σc(1− w/wc

cr)

τ = 0
(6.5)

Else: σ = 0

τ = 0
(6.6)
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The arch.pro file also defines the basic output properties through some PyFEM
subroutines (i.e. OutputManager.py, OutputWriter.py, MeshWriter.py and
GraphWriter.py). They allow to derive graphs (load-displacement), lists with
stress values and properties of each node of interest, and animations of the
model. In addition, arch.pro defines the system solver, which is described by
the CohesiveOverlappingSolver.py routine.

6.4 The routine CohesiveOverlappingSolver.py

The CohesiveOverlappingSolver.py sub-routine is the one in which the reso-
lution procedure is implemented. It is recalled several times in the master
file, so as to initially solve the system with the new mesh, then evaluate the
load increment required to reach cracking, and evaluate the state of the sys-
tem in the incipient cracking condition.
In the preamble, the routine initialises the basic parameters of the solver
method, such as the tolerance and the maximum number of iterations. Con-
sequently, the sub-routine defines the function run, which is called in the
Master.py. After the evaluation of the solver status, the function retrieves
the state of the system:

• {a}: state of the system in terms of displacements;

• {∆a}: displacements variation at the present step;

• {f̂}: vector of external forces at the present step.

The error is fixed to a unit value and then the stiffness matrix, [K] and the
internal forces {fint}, are evaluated. The governing equation is given by:

[K]{δa} = {f̂} − {fint} (6.7)

The model is solved by exploiting an approximate method, which allows
the Enq.(6.7) result to be obtained with a high degree of accuracy. It is the
Newton-Raphson iterative method, also called the method of tangents, which
is based on the geometrical idea of approximating, at each step, the graph of
the function by the tangent line.
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While the error is higher than the imposed tolerance, the Enq.(6.7) is solved
to get {δa} and it is used to update the displacements:

{∆a} = {∆a}+ {δa} (6.8a)

{a} = {a}+ {δa} (6.8b)

The values of [K] and {fint} are evaluated again with the new displacement
state and the error is analysed:

error =
‖{f̂} − {fint}‖
‖{f̂}‖

(6.9)

6.5 The routine MeshManagement.py

The MeshManagement.py sub-routine is a crucial one. It allows updating
the mesh, introducing the interface elements and specifying their constitutive
law. In the first version of the algorithm, this routine adopts the functions
of DEIP [83], which is written in the MatLab environment. Therefore, it is
necessary to import MatLab engine in Python, to be able to exploit DEIP
re-meshing capability.
The function MeshUpdater requires the definition of the following quantities:

• Coordinates, a list that gives the coordinates of each node and its ID.

• NodesOnElement, which gives the nodes that compose each finite ele-
ment and its ID.

• RegionOnElement, which defines the regions, i.e. the sets of contiguous
elements giving a non convex sub-domain. These regions are used to
insert the interface elements, they are helpful to represent fibres or
grains in polycrystalline materials. However, in this case, each element
constitutes a single region.

• Intertypes, which gives the positions where interface elements should
be introduced.
It is a square lower triangular matrix having the dimension of the num-
ber of regions. It has only zero and unit values. The position (i, j) of
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each unit value denotes that it is necessary to insert an interface ele-
ment (also called coupler) in the facet between the regions i and j. If
Intertypes has unit values in the diagonal positions, it means that all
elements within the corresponding region must be split.

Given a target position, that defines the nodes where the failure occurs, the
MeshUpdater updates the Intertypes by introducing a unit value in the corre-
sponding position. Consequently, it applies the DEIP functions to duplicate
the nodes and update the above-mentioned lists ( Coordinates, NodesOnEle-
ment, RegionOnElement) An example of node duplication and re-meshing is
given in Figure 6.1, where 5 regions are defined and the Intertypes is the one
defined in Eqn.(6.10)

Intertypes =


1 0 0 0 0

1 0 0 0 0

1 0 0 0 0

1 1 0 0 0

1 0 0 0 0

 (6.10)

(a) Conforming mesh containing regions
that illustrate interfaces (between re-
gions) and intrafaces (within a specific
region)

(b) Resulting mesh after node duplica-
tion along cut interfaces and intrafaces

Figure 6.1: Example 2D linear triangular finite element mesh, in which the
regions are identified by capital letters, the elements are identified by lower-
case letters and the nodes are identified by numbers, [83].
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Finally, the routine writes a new input file, arch.dat, in which the cohesive
and overlapping interface elements are specified.

6.6 The routine OutputDiagrams.py

The OutputDiagrams sub-routine is realised in order to export the results in
the desired step of the analysis. It allows to get the stress data for each node
and to evaluate the stress components in the polar reference system (σn, σθ).
Consequently, it evaluates the resulting axial force, N , for each cross section
of the arch model as well as the resulting bending moment, M , and it gives
the eccentricity, e, of the compressive force:

M = Ne (6.11)

These output data are subsequently used to plot the diagrams of the arch
stress characteristics and the thrust line. The load-displacement curves, as
well as the mesh representation, are instead provided by the original PyFEM
output routines, which are recalled in the arch.pro file.
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Chapter 7

Algorithm results

The new algorithm for arches evolutionary analysis is applied for the eval-
uation of different case studies. After the first section on the assumed me-
chanical properties, the second section presents a parametric analysis on the
arches scale effects, and the third section presents the real case study of the
Mosca bridge. The analyses are specialised for circular arches, and the ca-
pability to implement a variable depth is introduced for the Mosca bridge
case study. A focus is given to the effects of the mesh discretisation and the
mechanical parameters.

7.1 Material mechanical properties

The definition of the model in the FEM framework requires the assignment
of the materials constitutive laws and their mechanical parameters, which
are reported in the arch.pro file. For concrete simulation, these parameters
reflect the average mechanical characteristics that are given by plain con-
crete. Therefore, for the continuous elements, the elastic modulus, E, and
the Poisson coefficient, ν, are fixed to:

• E = 30000 MPa;

• ν = 0.15.
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The cohesive interface elements are described by the values of the fracture
energy, GF, and the ultimate tensile strength, σt:

• GF = 0.14 N/mm;

• σt = 2.6 MPa.

The overlapping interface elements are described by the values of the crushing
energy, GC, and the ultimate compressive strength, σc:

• GC = 30.0 N/mm;

• σc = 30.0 MPa.

A deep analysis would be necessary to correctly fix the masonry constitutive
laws for each case study. However, from the literature review, it is observed
that the evaluation of masonry mechanical characteristics may be complex,
especially in terms of fracture energy, GF, and crushing energy, GC. Conse-
quently, masonry arches mechanical properties are firstly assumed, as follows,
mainly with reference to the Mosca bridge case study with the LEFM ap-
proach [33].
The continuous elements are described by the elastic modulus, E, and the
Poisson coefficient, ν:

• E = 50000 MPa;

• ν = 0.2.

The ultimate strength in tension as well as in compression are fixed to:

• σt = 0.3 MPa;

• σc = 50.0 MPa.

The value of the fracture energy, GF, is evaluated from the relationship be-
tween GF and the critical stress intensification factor KIc which in Mode I is
given by the following formula:

GF =
K2

Ic

E
(7.1)
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This equation expresses the equivalence between the local or tensional frac-
ture propagation criterion proposed by Irwin and the global or energetic
criterion proposed by Griffith.
In which:

• KIc = 100 daN/cm3/2;

• GF = 0.02 N/mm.

Due to the lack of experimental values for the determination of GC, it is fixed
to 50N/mm keeping an increase of approximately three orders of magnitude
with respect to the value of GF.

7.2 Scale effects analysis

The algorithm is adopted for the analysis of scale effects that may occur in
arches. Three different scales are analysed in order to compare the resulting
behaviours.
The geometry of the three arcs is defined based on the span `, the rise, r,
and the depth, h. The shallowness ratio is fixed to 1 : 3.3, while the slender-
ness ratio is fixed to 1 : 10. Instead, the scale factor between the models is
1− 10− 100.

The small scale arch has:

• ` = 2 m;

• r = 0.3 m;

• h = 0.1 m.

The medium scale arch has:

• ` = 20 m;

• r = 3 m;

• h = 1 m.
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The large scale arch has:

• ` = 200 m;

• r = 30 m;

• h = 10 m.

Each arch is analysed with the same mesh discretisation and the same me-
chanical properties to carry out a comparison. In addition, the number of
controlled cross sections (i.e. the cross sections where the damaging process
may occur) is fixed to 17 to reduce the computational effort, with respect
to the evaluation of the damaging process in each cross section of the mesh.
The same comparison is reiterated by adopting two mesh discretisations, to
highlight the mesh effect on the local instabilities. The result is given in
terms of load-displacement curves, as shown in Figure 7.1.
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Figure 7.1: Comparison between the Load-Displacement curves for the key-
stone node of the three arch scales, with a dense mesh.

In these curves, the vertical axis represents the total variable load, Q, that is
applied on the structure as a uniformly distributed one, q. To get compara-
ble results, it is reduced to a dimensionless form: Q/(GCh). In analogy, the
vertical displacement, δ is divided by the related value of h.

The curve for the medium scale and the curve for the small scale are similar.
It is observed that the large scale model exhibits a globally brittle behaviour,
with a global snap-back and a pseudo-plastic plateau section. In contrast,
the smaller scale models exhibit a pseudo-ductile behaviour.
A second effect can be observed, as the peak value of the large scale model
occurs for lower values of load with respect to the smaller models. In addi-
tion, local snap-backs are also present in all three models since the analysis is
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driven by the cracking process. Although notably, such local instabilities are
higher in the larger scale arches, while, in the smaller scale arch, the curve
is less jagged.

The results proposed in Figure 7.1 are obtained with an averagely dense mesh
with 5781 nodal points and 5600 finite elements. Since the computational
effort is high, the analysis is reiterated with a less dense mesh having 1491
nodal points, and 1400 finite elements, (Figure 7.2). This discretisation is
necessary to accurately simulate the development of the process zone on the
arch depth, still guaranteeing a good shape factor in the finite elements.

Figure 7.2: Comparison between the Load-Displacement curves for the key-
stone node of the three arch scales, with a less dense mesh.

The main difference between the two discretisations is the degree of curve
detail, i.e., the visibility of local instabilities, which disappears with the looser
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mesh. However, the global behaviour is still correctly evaluated.
It can be seen that each of the three arch models reaches failure after the
realisation of three hinges in the central part of the arch (Sections 8-9-10). In
these cross sections, crushing failure at the arch extrados is initially prevalent,
while, in the second part of the analysis, cracking also occurs at the arch
intrados. It is shown in Figure 7.3, which represents the tensions at the
interfaces for the different models.
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(a) Small scale arch.

(b) Medium scale arch.

(c) Large scale arch.

Figure 7.3: Comparison between the three arch models in the deformed con-
figuration with the interface tensions, from ParaView. The displacements
are subjected to a scaling factor equal to 10.

In the small and medium scale arches, crushing is also prevalent at the intra-
dos of the other cross sections (Figures 7.3a-7.3b). Instead, the large scale
model shows a higher effect of cracking at the extrados of the lateral cross
sections (Figure 7.3c). With a focus on the large scale arch, Figure 7.4 shows
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the process of damage that occurs in the three central cross sections, where
both the cohesive and the overlapping process zones are visible, and Figure
7.5 shows the process of cracking that occurs in the last step of the analysis
at the extrados of the arch. These figures report the displacements with a
scale factor equal to 10 in order to enhance their clarity.

Figure 7.4: Detail of the keystone cross section in the deformed configuration
with the interface tensions at the end of the analysis, from ParaView. The
displacements are subjected to a scaling factor equal to 10.
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(a) Step 31.

(b) Step 32.

Figure 7.5: Detail of the lateral cross sections in the deformed configura-
tion with the interface tensions at the two final steps of the analysis, from
ParaView. The displacements are subjected to a scaling factor equal to 10.
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The load-displacement curve of the small scale arch is afterwards analysed
by means of the identification of three significant steps, as shown in Figure
7.6. The curve shows an initial elastic branch until it reaches the peak value
of q in step 9. In this phase, the process is governed by the crushing failure
of the central cross section. In the second phase, between steps 17 and 25,
the arch shows a pseudo-plastic plateau which corresponds to a distributed
process of damage over different cross sections.

Figure 7.6: Load-displacement curve of the small scale arch.

In these steps it is possible to evaluate the pattern of the axial force, N, and
the bending moment, M, to study the arch thrust lines, which are shown in
Figures 7.7 - 7.8 - 7.9.
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Figure 7.7: Thrust line of the small scale arch for the 17 sections, step 9.

Figure 7.8: Thrust line of the small scale arch for the 17 sections, step 17.
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Figure 7.9: Thrust line of the small scale arch for the 17 sections, step 25.

The thrust lines show that the arch at the initial steps is purely subjected
to compression, with crushing in section 9 ( Figure 7.7). Subsequently, the
thrust line is subjected to a recentering, as the eccentricity is reduced for
the central section. However, there is an increase in eccentricity for the side
sections, which are subject to damage in the pseudo-plastic plateau phase
(Figure 7.9).

The medium scale arch model shows similar results, which are shown in
Figure 7.10 in terms of the load-displacement curve and in Figures 7.11 -
7.12 - 7.13 in terms of thrust lines.
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Figure 7.10: Load-displacement curve of the small scale arch.

Figure 7.11: Thrust line of the medium scale arch for the 17 sections, step 9.

76



Figure 7.12: Thrust line of the medium scale arch for the 17 sections, step
19.

Figure 7.13: Thrust line of the medium scale arch for the 17 sections, step
30.

The results of the large scale arch model are analysed through four significant
steps (Figure 7.14). Step 6 identifies the load peak value at the end of the
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elastic brach, which occurs due to the initiation of the overlapping failure in
the central cross section (9). Between steps 6 and 12, crushing occurs in the
three central cross sections (8-9-10), and in step 12, there is the initiation
of a crack in section 9, which propagates until a hinge is generated. In the
last steps, the damage process develops with the formation of cracks at the
extrados of the arch. However, it globally remains more limited to just the
middle sections.

Figure 7.14: Load-displacement curve of the small scale arch.

As shown by the thrust lines (Figures 7.15 - 7.16 - 7.17), the recentering
effect between steps 6 and 25 is less evident, if compared to the other arches.
In addition, the cracking failure in the last step is highlighted by the thrust
line, which exceeds the limit of the middle third of the cross section (Figure
7.18).
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Figure 7.15: Thrust line of the large scale arch for the 17 sections, step 6.

Figure 7.16: Thrust line of the large scale arch for the 17 sections, step 12.
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Figure 7.17: Thrust line of the large scale arch for the 17 sections, step 25.

Figure 7.18: Thrust line of the large scale arch for the 17 sections, step 32.
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7.3 The Mosca bridge case study

The following case study refers to the Mosca bridge, located in Turin, Italy
(Figure 7.19). The Mosca bridge is the most daring construction built in
Turin in the first half of the XIXth century. The total length of the arch
bridge is 129 m, and its width is 13.7 m. The principal structure, entirely
cut in stone, is a single shallow arch with a span of 45 m, a rise of 5.5 m, and
a depth that goes from 2.0 m, at the abutments, to 1.5 m at the keystone.
Therefore, the arch structure shallowness ratio is approximately 1 : 8, and its
slenderness ratio is approximately 1 : 30. The structural material of the arch
is Melanaggio stone, a greenish-grey gneiss with mechanical characteristics
similar to those of granite.
The model of the Mosca bridge follows a circular shape with the abovemen-
tioned values of length and rise. The depth is modelled as linearly varying
between the abutment and the keystone. The external constraints are two
rigidly fixed joints at the abutments, and the external variable load is uni-
formly distributed along the length (f̂). The mesh is subdivided by means
of 17 cross sections, in which the opening of cracks and the crushing failure
can be simulated.
The analysis firstly considers the effects of the permanent loads given by the
arch self-weight and the effect of the filling. The assumed value of density
for the Manalaggio Granite is 27 kN/m3, while the density of the filling is
23 kN/m3. These actions are represented by a parabolic load distribution,
in which amplitude can be incremented until the total permanent loads are
applied. From this analysis, it is possible to assess the formation of a sym-
metric crack pattern at the springings, which arises due to the application of
permanent loads only. The value of (f̂) is updated through the load factor,
λ, from the initial value, (f̂0).
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(a)

(b)

Figure 7.19: Mosca bridge, Turin (Italy): Overview, [33] (a); Arch sketch by
Alberto Castigliano, 1879, [87] (b).
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After the application of the permanent loads, the stress reaches the ultimate
tensile value at the springings, at the extrados of the arch (Figure 7.20). At
this level of load, there is the initiation of two symmetric cracks, as shown
in Figure 7.21 and in the detail of Figure 7.22

Figure 7.20: Stress distribution in Mosca bridge after the application of the
permanent loads, from ParaView.

Figure 7.21: Distribution of tensions at the crack interfaces in Mosca bridge
after the application of the permanent loads, from ParaView.
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Figure 7.22: Detail of Mosca bridge springings with the crack process zone
after the application of the permanent loads. Deformed configuration from
ParaView.

The cohesive process zone at the bridge lateral cross section can grow for low
values of variable loads (6 kN/m per unit thickness), in agreement with the
analysis performed by Castigliano [87]. However, for higher values of variable
loads, the fracturing processes presents a crack closure, and the arch remains
stable until a crushing failure occurs. The principal result of the analysis is
given in terms of the load-displacement diagram (Figure 7.23). It shows a
maximum live load of qlive = 1030 kN/m per unit thickness. As, from elastic
analysis, the arch is subjected to cracks with qlive = 0 kN/m, the "fracturing
benefit" is equal to qlive = 1030 kN/m. This result is higher than the one
evaluated with the linear elastic fracture mechanics approach (qlive = 870

kN/m), but it is lower than the "plastic benefit" of 1190 kN/m given by the
limit analysis [33].
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Figure 7.23: Load-Displacement curve for the keystone node of Mosca Bridge
in vertical direction.

From Figure 7.23, it is possible to identify a first elastic brach, until the arch
reaches the peak distributed load, a softening branch, in which a snap-back
instability is present, a load resumption and a final branch which represents
a pseudo-plastic plateau until the arch reaches the ultimate displacement.
Some local instabilities (local snap-backs) are visible as well, especially in
the final branch. By modifying the mesh, increasing the number of nodes,
the global snap-back tends to become more detailed, highlighting the local
instabilities. The output listing shows that the snap-back is governed by the
crushing failure in the central cross section (section 9) in steps 1-25 (Figures
7.24-7.25 ). Instead, after the global snap-back, the arch is subjected to
a more diffused failure process, in which both crushing and cracking occur
(Figure 7.26).
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(a) Step 5.

(b) Step 20.

(c) Step 30.

Figure 7.24: Mosca bridge, representation of the arch model in the FEM
framework in the deformed configuration with the interface tensions, from
ParaView.
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(a) Step 5. (b) Step 10.

(c) Step 20. (d) Step 45.

(e)

Figure 7.25: Mosca bridge, detail of the keystone cross section in the de-
formed configuration with the interface tensions, from ParaView.

Figure 7.26: Mosca bridge, representation of the arch model in the FEM
framework at step 45, in the deformed configuration with the interface ten-
sions, from ParaView.
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Adopting PyFEM output writer and OutputDiagrams.py, for each analysis
step, the thrust lines can be represented as well as the diagrams of axial force
and bending moment. In this case study, four significant steps are identified,
as shown in Figure 7.27, and for each one the thrust line is presented to
highlight the process of crushing that occurs after the peak load and the
damage process that subsequently arise in the lateral cross sections (Figures
7.28 - 7.29 - 7.30 - 7.31).

Figure 7.27: Load-Displacement curve for the keystone node of Mosca Bridge
in vertical direction. Identification of the steps for the representation of the
thrust lines.
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Figure 7.28: Thrust line of the Mosca bridge for the 17 sections, step 4.

Figure 7.29: Thrust line of the Mosca bridge for the 17 sections, step 25.
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Figure 7.30: Thrust line of the Mosca bridge for the 17 sections, step 35.

Figure 7.31: Thrust line of the Mosca bridge for the 17 sections, step 49.

The analysis of the Mosca bridge is reiterated with a modification of the
mechanical parameters. In particular, the constitutive laws are updated by
introducing the average characteristics of concrete, as shown in Section 7.1.
The load-displacement curve is presented in Figure 7.32. It shows the variable
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load with the same global behaviour given in Figure 7.23, therefore, the effect
of material properties is lower if compared to the effect of arch shape.

Figure 7.32: Load-Displacement curve for the keystone node of Mosca Bridge
in vertical direction, with concrete mechanical properties.
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Chapter 8

Conclusions

The present work proposes an algorithm for arches analysis, showing the
potentiality of the cohesive/overlapping crack model to perform their elasto-
plastic-softening evolutionary analysis, describing their non-linear response
due to crushing and cracking failure. The algorithm is formulated in the
FEM framework, exploiting the introduction of zero-thickness elements to
update the mesh and simulate the cohesive process zone as well as the over-
lapping one.
In agreement with the linear elastic fracture mechanics-based procedure, it
is possible to determine the maximum admissible live load and to compare it
with the load predicted by elasticity theory, studying the fracturing benefit.
Furthermore, the whole load-displacement response can be evaluated, and
the scale effects can be highlighted.
The aforementioned non-linear fracture mechanics-based method allows study-
ing the effects of off-centre compression on masonry structures. This com-
pressive stress state leads to a prevalent crushing failure for high levels of
live loads. It also leads to an internal stress redistribution, detectable from
the analysis of the arch thrust line, in which a re-centring trend occurs after
crack formation.
It is interesting to note that the curvature effect is of primary importance
on the overall arch behaviour. It acts similarly to the effects given by the
reinforcement in reinforced concrete elements. Therefore, this tendency may
be analysed by adopting the algorithm on different arch models realised as
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the shallowness ratio varies.
The current version of the algorithm only considers a Mode I failure. Conse-
quently, it may be generalised to acknowledge the effects of Mode II failure
and realise a more comprehensive analysis of arches collapse mechanisms.
However, the application of the cohesive/overlapping model for masonry
arches requires the knowledge of the fracture properties of materials, i.e. the
fracture energy, GF, and the crushing energy, GC, which are rarely evaluated
in experimental studies, so, further investigation is required.
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