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𝛼(𝑡)

𝑦

ℎ

𝑦 = 𝑦(𝛼(𝑡))

𝛼 𝑡

𝑦 = 𝑦(𝑡)



𝑦(𝑡):

�̇�(𝑡) =
𝑑𝑦

𝑑𝑡

�̈�(𝑡) =
𝑑2𝑦

𝑑𝑡2

𝛼 𝑦 𝑦(𝛼)

𝑑𝑦

𝑑𝛼

𝑑2𝑦

𝑑𝛼2

𝑦′(𝛼) =
𝑑𝑦

𝑑𝛼

𝑦′′(𝛼) =
𝑑2𝑦

𝑑𝛼2
 

𝜔

�̇�(𝑡) = 𝜔 ⋅
𝑑𝑦

𝑑𝛼

 �̈�(𝑡) = 𝜔2 ⋅
𝑑2𝑦

𝑑𝛼2

ω

𝜔 𝑡𝑠 = 𝑡𝑑

𝜔

𝛼 = 𝜔 ⋅ 𝑡 

𝛼 2𝜋 = 𝜔𝑇

𝑇 =
2𝜋

𝜔



𝜔1 𝜔2 𝜔2 = 2𝜔1

ω

𝜔

�̇� =
𝑑𝑦(𝛼(𝑡))

𝑑𝑡
=

𝑑𝑦

𝑑𝛼
⋅

𝑑𝛼

𝑑𝑡
= 𝑦′ ⋅ 𝜔 

𝜔 �̇�𝑚𝑎𝑥

�̇�𝑚𝑎𝑥 = 𝑦𝑚𝑎𝑥
′ ⋅ 𝜔

𝜔



ω

𝜔

�̈�𝑚𝑎𝑥 = 𝑦𝑚𝑎𝑥
′′ ⋅ 𝜔2

𝜔

𝜔2 = 2𝜔1



ω

ω

ω
𝑇 =

2𝜋

𝜔

𝑦𝑚𝑎𝑥̇ = 𝑦𝑚𝑎𝑥
′ ⋅ 𝜔 𝑦𝑚𝑎𝑥̈ = 𝑦𝑚𝑎𝑥

′′ ⋅ 𝜔2

𝝎𝟐 = 𝟐𝝎𝟏
𝑇2 =

𝑇1

2

�̇�𝑚𝑎𝑥,2 = 2�̇�𝑚𝑎𝑥,1 �̈�𝑚𝑎𝑥,2 = 4�̈�𝑚𝑎𝑥,1

ω

 



 

ℎ

𝑡𝑎

𝜏

𝜏 =
𝑡

𝑡𝑎

• 𝑌 =
𝑦

ℎ

• 𝑌′ =
𝑣

ℎ/𝑡𝑎

• 𝑌′′ =
𝑎

ℎ/𝑡𝑎
2

𝜔

𝛼 = 𝜔 ⋅ 𝑡

𝜏 =
𝛼

𝛼𝑎

𝛼𝑎 𝑡𝑎



𝜏 𝑌

𝑌’

𝐶𝑣 = 𝑌𝑚𝑎𝑥
′  

𝐶𝑣 =
�̇�𝑚𝑎𝑥

ℎ
𝑡𝑎

 

𝐶𝑣

ℎ/𝑡𝑎 𝐶𝑣 > 1

�̇�𝑚𝑎𝑥 = 𝐶𝑣 ⋅
ℎ

𝑡𝑎

𝐶𝑣



𝑃𝑚𝑎𝑥  ≅  𝐹 ⋅ �̇�𝑚𝑎𝑥  

𝐶𝑣 �̇�𝑚𝑎𝑥

𝐶𝑎

𝑌’’ 𝐶𝑎+

𝐶𝑎−

�̈�𝑚𝑎𝑥 = 𝐶𝑎 ⋅
ℎ

𝑡𝑎
2 

 



 

[0 𝑡𝑎]

∫ �̈� 𝑑𝑡 = �̇�(𝑡𝑎) − �̇�(0)

𝑡𝑎

0



�̈�𝑑𝑡

𝑀 = ∫ 𝑑𝑀 = ∫ �̈�
𝑡𝑎

0

𝑡 𝑑𝑡 

𝑡𝑣

+)                   ∫ �̈�
𝑡𝑣

0

𝑑𝑡 = �̇�(𝑡𝑣) − �̇�(0) = �̇�𝑚𝑎𝑥

−)              ∫ �̈�
𝑡𝑎

𝑡𝑣

𝑑𝑡 = �̇�(𝑡𝑎) − �̇�(𝑡𝑣) = −�̇�𝑚𝑎𝑥



𝑑

𝑀 = �̇�𝑚𝑎𝑥 ⋅ 𝑑1 − �̇�𝑚𝑎𝑥 ⋅ 𝑑2 = −�̇�𝑚𝑎𝑥 ⋅ 𝑑

∫ �̈�
𝑡𝑎

0

𝑡 𝑑𝑡 = �̇�𝑡|0
𝑡𝑎 − ∫ �̇�

𝑡𝑎

0

𝑑𝑡 = −(𝑦(𝑡𝑎) − 𝑦(0))

𝑡𝑎

𝑀 = −ℎ 

𝑀

�̇�𝑚𝑎𝑥 ⋅ 𝑑 = ℎ 

ℎ

• 𝑑

• 𝑑

𝐶𝑣

ℎ

𝑡𝑎
⋅ 𝑑 = ℎ

𝐶𝑣 ⋅ 𝛿 = 1 

𝛿 =
𝑑

𝑡𝑎

𝑓, 𝑔 ∶ [𝑎, 𝑏] → 𝑅

[𝑎 , 𝑏]

∫ 𝑓(𝑥)𝑔′(𝑥)𝑑𝑥
𝑏

𝑎

= 𝑓(𝑏)𝑔(𝑏) − 𝑓(𝑎)𝑔(𝑎) − ∫ 𝑓′(𝑥)𝑔(𝑥)𝑑𝑥
𝑏

𝑎

https://www.youmath.it/


𝐶𝑣 = 2

�̇�𝑚𝑎𝑥 = �̈�𝑚𝑎𝑥 ⋅ 𝑡𝑣

�̈�𝑚𝑎𝑥 𝑡𝑣

𝐶𝑣 = 𝐶𝑎 ⋅ 𝜏𝑣  

𝐶𝑣 =
1

2
𝐶𝑎 ⋅ 𝜏𝑣

 



 

• 

• 
𝑦 = ℎ

• 
ℎ

• 𝑦 = 0



• 𝑡𝑠 (𝛼𝑠)

• 𝑡𝑑  (𝛼𝑑)

• 𝑡𝑟(𝛼𝑟)

• 𝑡𝑎(𝛼𝑎)

• ℎ

𝑇 = 𝑡𝑠 + 𝑡𝑎 + 𝑡𝑑 + 𝑡𝑟

𝑦(𝑡) 𝑦(𝛼)

• 
• 
• 

 



 

𝑌’’

�̈�𝑚𝑎𝑥 = 𝐶𝑎 ⋅
ℎ

𝛼𝑠
2 ⋅ 𝜔2 

�̈�𝑚𝑎𝑥

• 𝜔

• 𝛼𝑠

• 𝐶𝑎

𝐶𝑎 = 4
4ℎ

𝛼𝑠
2



1

𝛼𝑠
2

• 𝐶𝑣 = 𝐶𝑎
+ ⋅ 𝜏𝑣

• 𝐶𝑣 = 𝐶𝑎
− ⋅ (1 − 𝜏𝑣)

𝐶𝑣 = 2 𝛿 = 0.5



𝜏𝑣

τv

𝜏𝑣

 

𝑌′

�̇�𝑚𝑎𝑥 = 𝐶𝑣 ⋅
ℎ

𝛼𝑠
𝜔

𝜔 ℎ/𝛼𝑠



𝐶𝑣

𝐶𝑎 𝐶𝑣

𝐶𝑣

𝛿 = (1 − 𝜏𝑣)

𝐶𝑣 =
1

1 − 𝜏𝑣

𝜏𝑣

𝐶𝑎 ⋅ 𝜏𝑣 = 𝐶𝑣



𝐶𝑎 =
𝐶𝑣

2

𝐶𝑣 − 1

𝐶𝑣 = 2 𝐶𝑎 = 4 𝐶𝑣 = 1.5

𝐶𝑎 = 4.5

𝐶𝑣 𝐶𝑎

𝜏𝑣 = 0.3 𝐶𝑣 ≈ 1.17

𝐶𝑣 = 1.2

 

𝐹 = 𝐹𝑖 + 𝐹𝑟

𝐹𝑖 ≫ 𝐹𝑟

𝜂 = 1



𝑃𝑖𝑛 = 𝐹𝑖 ⋅ �̇� 

• 𝑃𝑖𝑛

• 𝐹𝑖

• �̇�

𝑃𝑖𝑛 = 𝐶 ⋅ 𝜔 𝐹𝑖𝑛 = 𝑚 ⋅ �̈�

𝐶 ⋅ 𝜔 = 𝑚 �̈� 𝑦′𝜔

𝐶 = 𝑚 �̈� 𝑦′

𝜔

𝑃𝑚𝑎𝑥 = 𝑚 (𝑌′′
ℎ

𝑡𝑠
2 ⋅ 𝑌′

ℎ

𝑡𝑠
)

𝑚𝑎𝑥

ℎ 𝑡𝑠

𝑃𝑚𝑎𝑥 = 𝑚
ℎ2

𝑡𝑠
3 ⋅ (𝑌′′ ⋅ 𝑌′)𝑚𝑎𝑥 

𝐶𝑘 (𝑌′′ ⋅ 𝑌′)

𝐶𝑘 = (𝑌′′ ⋅ 𝑌′)

𝐶𝑘 𝐶𝑎 ⋅ 𝐶𝑣

𝐶𝑎 = 4

𝐶𝑘 = 𝐶𝑎 ⋅ 𝐶𝑣 = 8



𝜹 2/3 

𝑪𝒗 = 1
𝛿⁄ 1.5

𝑪𝒂 = 4 ⋅ 𝐶𝑣 6

𝝉



𝑌′′ ⋅ 𝑌′

𝐶𝑘 = 3.4

𝐶𝑣
2 ≤ 𝐶𝑘 ≤ 𝐶𝑣 ⋅ 𝐶𝑎 

𝐶𝑘

𝐶𝑘

𝐶𝑣 = 1.5 𝐶𝑘 = 3.4

 



 

𝑉𝑐

• 𝑡1

• 𝑉𝑐 𝑡2

• 𝑡3

𝑉𝐶 𝑉𝐹



𝑉𝐹

𝑉𝐶

• 𝑡1

• 𝑉𝐶 𝑡2

• 𝑡3

• 𝑉𝐹 𝑡4

• 𝑡5

ℎ



𝜏𝑣
∗

𝐶𝑣 = 1.2

𝜏𝑣
∗ =

𝐶𝑣 − 1

𝐶𝑣
= 0.17

𝐶𝑎 = 7.2



𝐸𝑘𝑚𝑎𝑥 = 20 𝐽

𝐸𝑘 =
1

2
𝑚𝑣2

𝑚 𝑣

𝑚 = 90 𝑘𝑔

𝑣𝑚𝑎𝑥 = √
2 ⋅ 𝐸𝑘

𝑚
= 0.67

𝑚

𝑠

ℎ

𝑡𝑎 =
𝐶𝑣 ⋅ ℎ

𝑣𝑚𝑎𝑥
= 2.15 𝑠

𝑌′

𝑣(𝑡) = 𝑌′ ⋅
ℎ

𝑡𝑎



𝑪𝒗 = 𝟏. 𝟐

𝐶𝑣

𝑡1 𝑉𝑐

ℎ 𝑉𝑓

 



 

 



 

 
 
 
 

• 







𝑑 = 60 𝑚𝑚



 



 



• 𝐶𝑀

• 𝐶0

• 𝐶

• 𝜃, �̇�, �̈�

• 𝛼, 𝜔, �̇�

• 𝑥, �̇�, �̈�

• 

• 
• 

• 

• 

• 

• 

 



 

𝜔

𝑉𝐴 = 𝑅𝑖 + 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑘𝑒𝜔

• 𝑅

• 𝐿

• 𝑉𝐴

• 𝑖

• 𝜔

• 𝑘𝑒

𝑉𝐴



𝐶𝑀 = 𝐼𝑀�̇� + 𝛽𝜔 + 𝐶0

• 𝐼𝑀

• 𝛽

• 𝐶0

𝑘𝑐

𝐶𝑀 = 𝑘𝑐 ⋅ 𝑖

𝐶0



ω

 



 

𝜏

𝜏 =
𝜔

�̇�

𝜔 �̇�

𝐶0 = 𝐶 + 𝐼𝑅�̈�

• 𝐼𝑅

• 𝐶

𝜏

𝐶0  



 

𝐶

𝐶 = 2𝑅 ⋅
𝑑

2
= 𝑅 ⋅ 𝑑

• 𝑅

• 𝑑

 



 



𝑥

• 
• 

𝑅𝐴 𝑅𝐵

• 𝑎

• 𝑏



𝑅

1) 𝑅𝐴 + 𝑅𝐵 − 𝑚𝑔 = 0

2) 𝑅 = 𝑚�̈�

3) 𝑅𝐵 ⋅ 𝑎 + 𝑚�̈� ⋅
𝑏

2
= 0

𝑅𝐴 = 𝑚𝑔 + 𝑚�̈� ⋅
𝑏

2𝑎

𝑅𝐵 = −𝑚�̈� ⋅
𝑏

2𝑎

 
 
 

𝑅𝐵 𝑅𝐴

• 𝑅𝐴,1

• 𝑅𝐴,2

• 𝑅𝐵,1

• 𝑅𝐵,2



𝑅𝐴,1 = 𝑅𝐴,2 =
𝑅𝐴

2

𝑅𝐵,1 = 𝑅𝐵,2 =
𝑅𝐵

2

• 𝐹𝐴,1

• 𝐹𝐴,2

• 𝐹𝐵,1

• 𝐹𝐵,2

𝐹

𝜇𝑣 𝑇 

𝐹 = 𝜇𝑣 ⋅ 𝑇)

𝐹𝐴,1 = 𝐹𝐴,2 = 𝜇𝑣

𝑅𝐴

2

𝐹𝐵,1 = 𝐹𝐵,2 = 𝜇𝑣

𝑅𝐵

2

𝑅 = 𝑚�̈� + 𝐹𝐴,1 + 𝐹𝐴,2 + 𝐹𝐵,1 + 𝐹𝐵,2



R = 𝜇𝑣𝑅𝐴 + 𝜇𝑣𝑅𝐵 + 𝑚�̈�

𝑅𝐴 𝑅𝐵

R = 𝜇𝑣𝑚𝑔 + 𝑚�̈�

𝜃, 𝑥, �̇�, �̈�)

• 
• 
• 



𝜃

𝜃

𝜃

𝜔 𝑥

ℎ

θ

�̈�

𝜃

�̇�

𝐶

 



 

𝑘𝑒

𝐶0

ω

𝜏

�̇�

𝐶

𝐼𝑅�̈� 𝐶0

�̈�



𝑑𝑢

𝑑𝑡
=

𝑢(𝑡𝑛) − 𝑢(𝑡𝑛−1)

𝑡𝑛 − 𝑡𝑛−1

𝑛 𝑛 − 1

𝑛

𝑛 + 1

10−4 𝑠

𝐶 ⋅ 𝑠

𝑠 + 𝐶
 

𝑠 𝐶

𝐶

𝐶 ⋅ 𝑠

𝑠 + 𝐶
 ≈  

𝐶 ⋅ 𝑠

𝐶
 ≈  𝑠

𝐶 = 30



�̈�

𝜔𝑠𝑒𝑡

• 𝑡1

• 𝑉𝑐 𝑡2

• 𝑡3

𝑣𝐴 = �̇� ⋅
𝑑

2



�̇�

�̇� = 2 ⋅
𝑣𝐴

𝑑

𝜔 = 𝜏 ⋅ �̇�

𝜏

𝑑

• 
o 
o 

o 
• 

o 

o 

o �̇�

• 

 



 

• 
• 

• 

𝐹𝑒𝑥𝑡

𝑅𝐺 = 𝑅𝑍 =
𝐹𝑒𝑥𝑡

2

• 𝑅𝐺

• 𝑅𝑍



𝑅𝐺 𝜇𝐺 𝐹𝐺 = 𝜇𝐺 ⋅ 𝑅𝐺

𝑅𝑍 𝜇𝑍 𝐹𝑍 = 𝜇𝑍 ⋅ 𝑅𝑍



𝑅 =  𝜇𝑉𝑚𝑔 + 𝑚�̈� +
𝐹𝑒𝑥𝑡

2
⋅ (𝜇𝐺 + 𝜇𝑍)

𝑞

𝑞 =
1

2
𝜌𝑣2

• 𝑞 𝑁/𝑚2

• 𝜌 = 1.225 𝑘𝑔/𝑚2 𝑇 = 20° 𝐶

• 𝑣

𝑅𝐺 = 𝑅𝑍 =
𝑞 ⋅ 𝑙𝑏 ⋅ 𝐶𝑣

2



• 𝐶𝑣

𝐶𝑣 = 1

• 𝑙

• 𝑏



𝑡𝑎

𝐹𝑒𝑥𝑡 (𝑁)



𝜋

 

𝐹𝑒𝑥𝑡 (𝑁)



 

• 
𝐾𝑃

• 
𝐾𝐼

• 
𝐾𝐷



𝐾𝑃

• 
• 
• 
• 

𝐾𝑃

• 

𝐾𝐼

• 

𝐾𝐼

• 
• 



𝐾𝐷

• 
• 
• 

𝐾𝐷

• 

𝐺(𝑠) = 𝐾𝑃 + 𝐾𝐼 ⋅ 𝑠 +
𝐾𝐷

𝑠
 



�̇�

𝐶

𝜔 𝜏 𝑑





±10 𝑉

𝑘𝑠𝑒𝑡

±10 𝑉

 



 

 



 

 

𝜏

𝐼𝑟 ⋅ ⋅

𝜂𝑟

𝑑

𝜂1



𝑙

𝑏

𝑎

𝑚

ℎ

• 
• 

𝜇𝑣

𝜇𝑠

𝜇𝑧

𝜇𝑔

 



 

𝑅 Ω

𝐿 𝐻

𝑘𝑒 𝑉 𝑟𝑎𝑑/𝑠⁄

𝑘𝑐 𝑁𝑚 𝐴⁄

𝐼𝑚 𝑘𝑔 ⋅ 𝑚2

𝛽 𝑁𝑚 𝑟𝑎𝑑/𝑠⁄

𝐺(𝑠) =

1
𝑘𝑒

⁄

𝜏𝑚𝜏𝑒 ⋅ 𝑠2 + 𝜏𝑚 ⋅ 𝑠 + 1

𝜏𝑚

𝜏𝑒

𝜏𝑚 =
𝑅 ⋅ 𝐼𝑚

𝑘𝑒 ⋅ 𝑘𝑐
                      𝜏𝑒 =

𝐿

𝑅



𝐼𝑚

𝑅

𝑅 = 0.1 Ω 𝐿

𝐿 = 𝑅 ⋅ 𝜏𝑒

𝑘𝑐 =
𝑅 ⋅ 𝐼𝑚

𝜏𝑚 ⋅ 𝑘𝑒

𝑉𝐴 = 𝑘𝑒 ⋅ 𝜔𝑓𝑢𝑔𝑎  



𝑘𝑒 =
𝑉𝐴

𝜔𝑓𝑢𝑔𝑎
 



𝑘𝑒 = 0.081
𝑉

𝑟𝑎𝑑/𝑠

𝑘𝑐 = 0.0758 
𝑁𝑚

𝐴

 

• 
• 



• 
• 
• 

• 

 



 

 

𝑉𝑐 = 0.5 𝑚/𝑠



𝜏 𝑑

ω



𝑖 𝑘𝑐



𝑅

R = 𝜇𝑣𝑚𝑔 + 𝑚�̈�

𝑅

• 𝜇𝑣𝑚𝑔

• 𝑚�̈�

𝑅

𝑅

𝑅



𝑃 = 𝐶 ⋅ 𝜔 

𝐶 𝜔



 

ω



 





 



 

ω



ω



𝑘𝑝 = 30

𝑘𝑝 = 60



𝑘𝑖 = 30



𝑘𝑝 = 60 𝑘𝑝 = 60, 𝑘𝑖 =

30

 



 

ω



• 𝑡1 = 0.5 𝑠 𝑡2 = 2.2 𝑠 𝑡3 = 2.5 𝑠

• 𝑉𝑐 = 220 𝑟𝑎𝑑/𝑠



ω



 



 

 



 

𝐸𝑘 =
1

2
𝑚1𝑣2 +

1

2
𝑚2𝑣2𝜂1

2 +
1

2
𝜂1 [𝐼𝑟�̇�2 + 𝐼𝑚𝜂2(�̇� ⋅ 𝜏)

2
]

• 𝐸𝑘

• 𝑚1

• 𝑚2

• 𝑣

• 𝜂1

• 𝜂2



• 𝜏

• �̇�

• 𝐼𝑚

• 𝐼𝑟

𝑚1 = 𝑚2

𝐸𝑘 = 𝑓(𝑣, �̇�)

�̇� 𝑣 𝑣 = �̇� ⋅ 𝑑/2

𝑣

𝐸𝑘𝑚𝑎𝑥
∝ 𝑣𝑚𝑎𝑥

• 𝐶𝑚𝑚𝑎𝑥

• 𝑖𝑚𝑎𝑥

• 𝑃𝑚𝑎𝑥

𝑃 = 𝐶𝑚 ⋅ 𝜔



𝐶𝑚 = 𝑘𝑐 ⋅ 𝑖

𝐶𝑟 = 𝑅 ⋅
𝑑

2
= (𝜇𝑣𝑚𝑔 + 𝑚�̈�) ⋅

𝑑

2
  

• 𝜇𝑣𝑚𝑔

• 𝑚�̈�

�̈� =
𝑉𝐶

𝑡1
 

𝑉𝑐 𝑡1

𝑉𝐶 𝑡1

ℎ𝑚𝑎𝑥 

 



 

• ℎ𝑚𝑎𝑥

• 𝐸𝑘,𝑚𝑎𝑥

• 𝐶𝑚,𝑚𝑎𝑥

• 𝑡𝑎

𝑡1, 𝑡2, 𝑡3 𝑉𝑐

• 

• 𝑡1 𝑉𝑐



• 𝑡2 𝑡3

• 

• 
• 
• 

𝑓𝑢𝑛(𝑥) − 𝑤𝑒𝑖𝑔ℎ𝑡 ⋅ 𝛾 ≤ 𝑔𝑜𝑎𝑙

𝛾



• ℎ𝑚𝑎𝑥 = 1.2 𝑚

• 𝐸𝑘,𝑚𝑎𝑥 = 20 𝐽

• 𝐶𝑚,𝑚𝑎𝑥 = 1 𝑁𝑚

• 𝑚 = 100 𝑘𝑔

• 𝜏 = 12

• 𝑑 = 60 𝑚𝑚

 

𝑡1

𝑡2

𝑡3

𝑉𝑐

𝐸𝑘,𝑖 = 23.78 𝐽

ℎ𝑖 = 1 𝑚



𝑒𝑟𝑟 𝐸𝑘 = |𝐸𝑘,𝑚𝑎𝑥 − 𝐸𝑘|

𝑒𝑟𝑟 ℎ = |ℎ𝑚𝑎𝑥 − ℎ|

𝑡1

𝑡2

𝑡3

𝑉𝑐

𝐸𝑘,1 = 20 𝐽

ℎ1 = 1.2 𝑚

𝑉𝑐

ℎ𝑚𝑎𝑥



 

𝑡1

𝑉𝑐

𝑒𝑟𝑟 𝐶𝑚 = |𝐶𝑚,𝑚𝑎𝑥 − 𝐶𝑚|

𝐶𝑚,𝑖 = 1 𝑁𝑚



𝑡1

𝑡1

𝑡2

𝑡3

𝑉𝑐

𝐶𝑚,2 = 1.2 𝑁𝑚

ℎ2 = 1.22 𝑚



 

𝑡2

𝑡3

𝑡2

𝑡1

𝑡2

𝑡3

𝑉𝑐



 

• 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5

• 𝑉𝑐 𝑉𝐹 



• 
• 𝑡1 𝑉𝑐

• 

𝑉𝑓

 



 

 



 

• 
• 
• 
• 
• 
• 
• 



 



 





• 

• 

 
𝑉𝑐

 

 

 



 

• 𝑉𝑐

• 
• 
• 

𝑎𝑆𝐸𝑇 =
𝑉𝑐

𝑡1
 

𝒕𝟏 (𝒔) 𝒕𝟐 (𝒔) 𝒕𝟑 (𝒔) 𝑽𝑪 (𝒓𝒑𝒎)

𝑉𝑐 = 1000 𝑟𝑝𝑚) 𝑎𝑆𝐸𝑇 = 500
𝑟𝑝𝑚

𝑠

𝜔𝐹𝐵
8

𝜔𝑆𝐸𝑇



𝑉𝑐 = 2000 𝑟𝑝𝑚 𝑎𝑆𝐸𝑇 =

1000
𝑟𝑝𝑚

𝑠

1000
𝑟𝑝𝑚

𝑠
= 3.6

𝑐𝑜𝑢𝑛𝑡𝑠

𝑠𝑎𝑚𝑝𝑙𝑒2



3.6 ≈ 4
𝑐𝑜𝑢𝑛𝑡𝑠

𝑠𝑎𝑚𝑝𝑙𝑒2
= 1100

𝑟𝑝𝑚

𝑠

 

𝑎𝑆𝐸𝑇



𝒕𝟏 (𝒔) 𝒕𝟐 (𝒔) 𝒕𝟑 (𝒔) 𝑽𝑪 (𝒓𝒑𝒎)

1

𝑉𝑐 =

1000 𝑟𝑝𝑚

𝜔𝐹𝐵



 

• 

• 

• 𝑘𝑃 = 0

• 𝑘𝐼 = 10

• 𝑘𝐷 = 0



𝒕𝟏 (𝒔) 𝒕𝟐 (𝒔) 𝒕𝟑 (𝒔) 𝑽𝑪 (𝒓𝒑𝒎)



 



 

 

𝜏𝑚 =
𝑅 ⋅ 𝐼𝑚

𝑘𝑒 ⋅ 𝑘𝑐
                      𝜏𝑒 =

𝐿

𝑅

• 𝑘𝑒

• 𝑅

• 𝛽

𝐿 𝑘𝑐

𝐿 = 𝑅 ⋅ 𝜏𝑒                             𝑘𝑐 =
𝑅 ⋅ 𝐼𝑚

𝜏𝑚 ⋅ 𝑘𝑒



𝑉𝑐 = 2000 𝑟𝑝𝑚

𝜔



𝛽



 Parametri 

Prova sperimentale 
R 

(Ohm) 
ke 

(rad/s/V) 
β 

(N*m/rad/s) 
Tipo T1 T2 T3 

Vc 
(rpm) 

Trap 2 1 2 1000 0,120 0,151 2,59E-04 

Trap 2 1 2 2000 0,130 0,085 1,60E-04 

Trap 2 1 2 500 0,170 0,090 1,00E-04 

Trap 1 1 1 2000 0,190 0,144 1,55E-04 

Trap 0,5 1 0,5 2000 0,200 0,050 1,49E-04 

  

 

Media 0,16 0,104 1,65E-04 

Varianza 1,88E-04 1,45E-03 2,69E-09 

 



 

• 𝑑 = 80 𝑚𝑚

• 
• 
• 



• 

𝐿𝑅 =
𝐼𝑀+𝐼𝐿

𝐼𝑀
𝐼𝐿

𝐼𝑀

• 

• 

• 



𝜔𝑐 = 90 𝑟𝑝𝑚

ω



ω

𝜔𝑐 = 90 𝑟𝑝𝑚

ω



ω



𝜔𝑐 = 100 𝑟𝑝𝑚

ω





𝑅

𝑘𝑒 𝛽



 

𝑌′′ ⋅ 𝑌′

𝑌′′ = 𝐶𝑎 ⋅ (1 − 2𝜏)

𝑑𝜏

𝑌′ = ∫ 𝐶𝑎(1 − 2𝜏) ⋅ 𝑑𝜏 = 𝐶𝑎 ⋅ 𝜏(1 − 𝜏)
𝜏

0

𝑌′′ ⋅ 𝑌′ = 𝐶𝑎
2 (1 − 2𝜏)(1 − 𝜏) 𝜏 = 𝐶𝑎

2 ⋅ 𝐺(𝜏)

𝐺(𝜏) = (1 − 2𝜏)(1 − 𝜏) 𝜏

𝐶𝑘 = (𝑌′′ ⋅ 𝑌′)𝑚𝑎𝑥 𝜏

𝐺(𝜏)

𝑑𝐺(𝜏)

𝑑𝜏
= 6𝜏2 − 6𝜏 + 1 = 0

𝜏1 =
1

2
−

√3

6

𝜏1 𝑌′′ ⋅ 𝑌′

𝐶𝑘 = 𝐶𝑎
2 ⋅ 𝐺(𝜏1) = 3.4

 



 

�̈� =
𝑉𝑐

𝑡1
0 ≤ 𝑡 ≤ 𝑡1

�̈� = 0 𝑡1 ≤ 𝑡 ≤ 𝑡2

�̈� =
𝑉𝑐

𝑡2 − 𝑡𝑎
𝑡2 ≤ 𝑡 ≤ 𝑡𝑎

�̇� =
𝑉𝑐

𝑡1
⋅ 𝑡 0 ≤ 𝑡 ≤ 𝑡1

�̇� = 𝑉𝑐 𝑡1 ≤ 𝑡 ≤ 𝑡2

�̈� = 𝑉𝑐 ⋅
𝑡𝑎 − 𝑡

𝑡𝑎 − 𝑡2
𝑡2 ≤ 𝑡 ≤ 𝑡𝑎

𝑥 =
1

2

𝑉𝑐

𝑡1
⋅ 𝑡2 0 ≤ 𝑡 ≤ 𝑡1

𝑥 = 𝑉𝑐 (𝑡 −
1

2
𝑡1) 𝑡1 ≤ 𝑡 ≤ 𝑡2

𝑥 = 𝑉𝑐 (𝑡 −
1

2
𝑡1 −

(𝑡 − 𝑡2)2

2(𝑡𝑎 − 𝑡2)
) 𝑡2 ≤ 𝑡 ≤ 𝑡𝑎



�̈� =
𝑉𝑐

𝑡1
0 ≤ 𝑡 ≤ 𝑡1

�̈� = 0 𝑡1 ≤ 𝑡 ≤ 𝑡2

�̈� =
𝑉𝑓 − 𝑉𝑐

𝑡2 − 𝑡𝑎
𝑡2 ≤ 𝑡 ≤ 𝑡3

�̈� = 0 𝑡3 ≤ 𝑡 ≤ 𝑡4

�̈� =
𝑉𝑓

𝑡4 − 𝑡𝑐
𝑡4 ≤ 𝑡 ≤ 𝑡𝑐

�̇� =
𝑉𝑐

𝑡1
⋅ 𝑡 0 ≤ 𝑡 ≤ 𝑡1

�̇� = 𝑉𝑐 𝑡1 ≤ 𝑡 ≤ 𝑡2

�̇� = 𝑉𝑐 +
𝑉𝑓 − 𝑉𝑐

𝑡3 − 𝑡2
⋅ (𝑡 − 𝑡2) 𝑡2 ≤ 𝑡 ≤ 𝑡3

�̇� = 𝑉𝑓 𝑡3 ≤ 𝑡 ≤ 𝑡4

�̇� = 𝑉𝑓 ⋅
𝑡𝑐 − 𝑡

𝑡𝑐 − 𝑡4
𝑡4 ≤ 𝑡 ≤ 𝑡𝑐

𝑥 =
1

2

𝑉𝑐

𝑡1
⋅ 𝑡2 0 ≤ 𝑡 ≤ 𝑡1

𝑥 = 𝑉𝑐 (𝑡 −
1

2
𝑡1) 𝑡1 ≤ 𝑡 ≤ 𝑡2

𝑥 = 𝑉𝑐 (𝑡 −
1

2
𝑡1) +

1

2

𝑉𝑓 − 𝑉𝑐

𝑡3 − 𝑡2
⋅ (𝑡 − 𝑡2)2 𝑡2 ≤ 𝑡 ≤ 𝑡3

𝑥 = 𝐴 + 𝑉𝑓 ⋅ 𝑡 𝑡3 ≤ 𝑡 ≤ 𝑡4

𝑥 = 𝐴 + 𝑉𝑓 ⋅ 𝑡 −
1

2

𝑉𝑓

𝑡𝑐 − 𝑡4
 (𝑡 − 𝑡4)2 𝑡4 ≤ 𝑡 ≤ 𝑡𝑐

𝐴 = −
1

2
𝑉𝑐𝑡1 −

1

2
 (𝑉𝑓 − 𝑉𝑐) ⋅ (𝑡3 − 𝑡2)



  



 

 

 

 

 

 

 

 

 

 

ω  

ω  

ω  

 

 

 

 

 

 

 

τv  

 

 

 

 

 

 

 



𝑪𝒗 = 𝟏. 𝟐  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

θ  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ω  

 

 



 

 

ω  

 

 

 

 

ω  

ω  

 

 

 

 

 

ω

 

 

 

ω  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

ω  

 

ω

 

 

ω  

 

ω  



ω  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 




