
 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 



  



 

 

 

 

 

 

 

 

 

 



  

 

 



 

 

 

 

 

 

 

 

 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

𝑚2



 

 



  



 

 



  



 

 



  



 

 

• 

• 

• 

• 



  

• 

• 



 

 

• 



  



 

 

1𝑆𝑇

𝑅𝑒 = 𝑓(𝐼𝐶) − 𝑔(𝑃𝐴) − ℎ(𝐻𝐹)                                                              

𝑅𝑒  𝑓(𝐼𝐶)

𝑔(𝑃𝐴) ℎ(𝐻𝐹)

𝑃𝑜𝐷(𝑎) =  
𝑒

𝜋

√3
(

ln 𝑎−µ
𝜎

)

1 + 𝑒
𝜋

√3
(

ln 𝑎−µ
𝜎

)
,         

𝑎 σ

𝑃𝑜𝐷(𝑎) =  
𝑒(𝛼+𝛽 ln 𝑎)

1 + 𝑒(𝛼+𝛽 ln 𝑎)

ln (
𝑃𝑜𝐷(𝑎)

1 − 𝑃𝑜𝐷(𝑎)
) =  𝛼 + 𝛽 ln 𝑎    



  

µ = −
𝛼

𝛽
𝜎 =

𝜋

𝛽√3

𝑎

ln(�̂�) =  𝛼1 + 𝛽1 ln 𝑎 + 𝛾

γ

ln(�̂�) µ(𝑎) 𝜎𝛾
2

µ(𝑎)  =  𝛼1 + 𝛽1 ln 𝑎    

𝑃𝑜𝐷(𝑎) ln(�̂�)

𝑃𝑜𝐷(𝑎) =  𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦(ln(�̂�) > ln(�̂�𝑡ℎ))

ln(�̂�𝑡ℎ)

ln(�̂�) ln(�̂�𝑡ℎ)



 

 

• 

• 

• 

• 

• 

• 



  



 

 



  

 



 

 

• 

• 

• 



  



 

 

• 

• 



  



 

 



  

δ

δ

δ



 

 



  

 

 



 

 

• 

• 

• 

• 

𝑛 =
𝑐

𝑣
,

𝑐 𝑣



  



 

 



  



 

 

σ

ε

10−9



  

γ



 

 

ε

ε

𝐿𝜆𝐵 =  
2ℎ𝑐2

𝜆5𝛺0

1

𝑒
ℎ𝑐

𝜆𝑇𝑘𝐵 − 1

,

𝑘𝐵

𝛺0

𝜀𝜆

𝑀𝜆𝐵

𝑀𝜆𝐵 =  𝜋𝛺0𝐿𝜆𝐵 ,

𝑀𝜆𝐵 =  
𝑐1

𝜆5

1

𝑒
𝑐2
𝜆𝑇 − 1

,

𝑐1 =  2𝜋ℎ𝑐2 = 3.742 ∗  10−16 𝑊𝑚2

𝑐2 =
 ℎ𝑐

𝑘𝐵

= 1.439 ∗  10−2 𝐾 𝑚

𝑀𝜆𝐵

𝜆1 𝜆2



  

𝑀𝐵 =  ∫ 𝑀𝜆𝐵

𝜆1

𝜆2

𝑑𝜆

𝑀𝐵 =  𝜎𝑇4

𝜎

𝜎 =
 2𝜋5𝐾𝐵

4

15𝑐2ℎ3
= 5.67 ∗ 10−8  

𝑊

𝑚2𝐾4

𝑀𝐵

𝛼𝜆

𝑇1 𝑇2

𝑄 =  −𝜆
𝛿𝑇

𝛿𝑥 

𝛿𝑥 𝜆

𝑄 =  𝛼𝐶𝑉(𝑇𝑠 − 𝑇𝑎𝑚𝑏)

𝑇𝑠 𝑇𝑎𝑚𝑏

𝛼𝐶𝑉

𝑄 =  𝜎𝛤𝜀(𝑇2
4 − 𝑇1

4)

𝜎 𝛤 𝜀

𝑑

𝑄𝑐𝑑 =  𝜆𝑑(𝑇2 − 𝑇1)/𝑑

𝑄𝑐𝑣 =  𝜆𝑑
𝑐 (𝑇2 − 𝑇1)/𝑑

𝑄𝑟𝑑 =  𝜀𝜎(𝑇2
4 − 𝑇1

4)/𝑑

𝑑



 

 

𝑅 =
𝛥𝑈𝑠

ΔΦ0

,

ΔΦ0

𝑁𝐸𝑇𝐷 =
𝛥𝑇

𝛥𝑈𝑠

𝑢𝑅

,

𝑢𝑅

𝐶𝑃

𝐺𝑡ℎ



  

|ΔT| =
𝛼𝜏

𝐺𝑡ℎ

|ΔΦ|

√1 + 𝜔2𝜏𝑡ℎ
2

,

ω

𝜏𝑡ℎ 𝐶𝑃 𝐺𝑡ℎ

𝐶𝑃

𝐺𝑡ℎ

𝛥𝑈𝑠

𝛥𝑈𝑠 = 𝑁𝛥𝛼𝑆𝛥𝑇,

𝛥𝛼𝑆

𝛥𝑇

𝛥𝑇



 

 



  



 

 

• 

• 

• 

• 

𝑓𝐿𝐼



  

µ = √
𝛼

𝜋𝑓
,

α

𝛼 =
𝜆

𝜌𝐶𝑃

,

𝜆 𝜌 𝐶𝑃

𝑏 = √𝜌𝜆𝐶𝑃,

𝑏



 

 

𝑆1, … , 𝑆4

𝑡1, 𝑡2 = 𝑡1 +
𝑇

4
, 𝑡3 = 𝑡1 +

𝑇

2
, 𝑡4 = 𝑡1 +

3𝑇

4
𝑛

𝐴(𝑛) =  √[𝑆1(𝑛) − 𝑆3(𝑛)]2 + [𝑆2(𝑛) − 𝑆4(𝑛)]2,

𝜑(𝑛) =  𝑎𝑟𝑐𝑡𝑎𝑛
[𝑆1(𝑛) − 𝑆3(𝑛)]

[𝑆2(𝑛) − 𝑆4(𝑛)]
,



  

 

 

• 

• 

• 

• 

• 

 

 



 

 

 

 

𝑃𝑜 = (𝑥𝑝, 𝑦𝑝, 𝑧𝑝) 𝐶 = (𝑥0, 𝑦0, 𝑧0) 𝑃𝑖 = (𝑥, 𝑦) 

λ

𝑥 − 𝑥0 = −λ(𝑥0 − 𝑥𝑃),

𝑦 − 𝑦0 = −λ(𝑦0 − 𝑦𝑃),

𝑐 = λ(𝑧𝑃 − 𝑧0),



  

λ

𝑥 − 𝑥0 = −𝑐
(𝑥𝑃 − 𝑥0)

(𝑧𝑃 − 𝑧0)
,

𝑦 − 𝑦0 = −𝑐
(𝑦𝑃 − 𝑦0)

(𝑧𝑃 − 𝑧0)
,

𝑃𝑖 𝑄𝑜

𝑃𝑖 =
1

λ
𝑄𝑜 ,

𝑄𝑜

𝑃𝑜

 

 

𝑃𝑖 =
1

λ
𝑹𝑄𝑜 =

1

λ
𝑹(𝑃𝑜 − 𝐶),



 

 

𝑥 =
1

λ
(𝑥𝑃 − 𝑥0)𝑟11 + (𝑦𝑃 − 𝑦0)𝑟12 + (𝑧𝑃 − 𝑧0)𝑟13,

𝑦 =
1

λ
(𝑥𝑃 − 𝑥0)𝑟21 + (𝑦𝑃 − 𝑦0)𝑟22 + (𝑧𝑃 − 𝑧0)𝑟23,

−𝑐 =
1

λ
(𝑥𝑃 − 𝑥0)𝑟31 + (𝑦𝑃 − 𝑦0)𝑟32 + (𝑧𝑃 − 𝑧0)𝑟33,

𝑥 = −𝑐
(𝑥𝑃 − 𝑥0)𝑟11 + (𝑦𝑃 − 𝑦0)𝑟12 + (𝑧𝑃 − 𝑧0)𝑟13

(𝑥𝑃 − 𝑥0)𝑟31 + (𝑦𝑃 − 𝑦0)𝑟32 + (𝑧𝑃 − 𝑧0)𝑟33

,

𝑦 = −𝑐
(𝑥𝑃 − 𝑥0)𝑟21 + (𝑦𝑃 − 𝑦0)𝑟22 + (𝑧𝑃 − 𝑧0)𝑟23

(𝑥𝑃 − 𝑥0)𝑟31 + (𝑦𝑃 − 𝑦0)𝑟32 + (𝑧𝑃 − 𝑧0)𝑟33

,

𝑥0, 𝑦0, 𝑧0

• 

• 

• 

 



  

• 

• 

• 

 

 



 

 

 



  



 

 



  

𝑝 = (𝑥, 𝑦, 𝑧)

𝑝2𝐷 = [𝐼2𝑥2|𝟎]𝑝,

𝐼2𝑥2 𝟎

𝑝2�̃� =  [
1 0 0 0
0 1 0 0
0 0 0 1

] 𝑝,̃

𝑠

𝑝2�̃� =  [
𝑎00 𝑎01 𝑎02 𝑎03

𝑎10 𝑎11 𝑎12 𝑎13

0     0     0     1 
] 𝑝,̃

𝑎𝑖𝑗

𝑝2�̃� =  [
  𝑥/𝑧  
𝑦/𝑧

1

],

𝑠𝑥 , 𝑠𝑦 𝑂𝑐

𝑐𝑠 𝑅𝑠



 

 

𝑝 = [ 𝑅𝑠 | 𝑐𝑠 ] [

 𝑠𝑥   0  0
 0  𝑠𝑦  0

 0   0   0
 0   0   1

 ] [
 𝑥𝑠  
𝑦𝑠

1
] = 𝑀𝑠𝑝2𝐷 ,

𝑀𝑠

𝑥𝑠 𝑦𝑠

𝑐𝑠 𝑀𝑠

 𝑅𝑠

𝑐𝑠 𝑠𝑥 , 𝑠𝑦

𝑝𝑐

𝑝 𝑂𝑐 𝑐𝑠

𝑝 𝑝𝑐

𝑝2𝐷 =  [
 𝑥𝑝𝑠 

 𝑦𝑝𝑠 ] = 𝛼𝑀𝑠
−1𝑝𝑐 = 𝐾𝑝𝑐 ,

α

𝑝2𝐷 = 𝐾 [𝑅 | 𝑡] 𝑝 = 𝑃𝑝,

𝑓 𝑎



  



 

 

𝑧0 𝑧1

𝑓

1

𝑧0

+
1

𝑧𝑖

=
1

𝑓
,

𝑧0 →  ∞ 𝑧𝑖 = 𝑓

𝑓 𝑓

𝑥 = (𝑖, 𝑗)

𝑔(𝑥) = ℎ(𝑓(𝑥)),

𝑔(𝑥) 𝑓(𝑥) ℎ(∙)

𝑔(𝑥) = 𝑎𝑓(𝑥) + 𝑏,

𝑎 > 0 𝑏

𝑥 = (𝑖, 𝑗)

𝑔(𝑥) = (1 − 𝛼)𝑓0 + 𝛼𝑓1(𝑥),



  

α

α

𝛼 = 0 𝛼 =

𝛼

𝐶 = (1 − 𝛼)𝐵 + 𝛼𝐹,

(1 − 𝛼) 𝛼

𝛼𝐹

𝑥

𝑦 𝑥 𝑦



 

 

𝑥 𝑦

ℎ(𝑖)

𝑐(𝑗) =
1

𝑁
∑ ℎ(𝑖)

𝑗

𝑖=0

= 𝑐(𝑗 − 1) +
1

𝑁
ℎ(𝑗),

𝑐(𝑗)

𝑔(𝑖, 𝑗) = ∑ 𝑓(𝑖 + 𝑘, 𝑗 + 𝑙)ℎ(𝑘, 𝑙)

𝑘.𝑙

𝑘 𝑙 𝑖, 𝑗 ℎ(𝑘, 𝑙)

𝑔 = 𝑓 ∗ ℎ,



  

• 

• 

• 

• 

• 

𝐺(𝑥, 𝑦; 𝜎) =
1

2𝜋𝜎2
𝑒

−
𝑥2+𝑦2

2𝜎2 ,

▽2 𝐺(𝑥, 𝑦; 𝜎) = (
𝑥2 + 𝑦2

𝜎4
−

2

𝜎2
) 𝐺(𝑥, 𝑦; 𝜎),



 

 

�̂� = (𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃) ▽

�̂� ∙▽ (𝐺 ∗ 𝑓) =▽𝑢 (𝐺 ∗ 𝑓) = (▽𝑢 𝐺) ∗ 𝑓,

(𝑥) (𝑦)

∑ 𝜔(𝑘, 𝑙)|𝑓(𝑖 + 𝑘, 𝑗 + 𝑙) − 𝑔(𝑖, 𝑗)|𝑝,

𝑘,𝑙

𝑔(𝑖, 𝑗) 𝜔(𝑘, 𝑙)



  

𝐸𝑊𝑆𝑆𝐷(𝒖) = ∑ 𝜔(𝒙𝒊)[𝐼1(𝒙𝒊 + 𝒖) − 𝐼0(𝒙𝒊)]2,

𝑖

𝐼0 𝐼1 𝒖 = (𝑢, 𝑣) 𝜔(𝒙)

𝑖

𝐸𝑊𝑆𝑆𝐷

• 

• 

• 



 

 

• 

𝐿(𝑥, 𝑦, 𝜎) = 𝐺(𝑥, 𝑦, 𝜎) ∗ 𝐼(𝑥, 𝑦),

𝐿(𝑥, 𝑦, 𝜎)

𝐺(𝑥, 𝑦, 𝜎) 𝐼(𝑥, 𝑦)

𝑘

𝐷(𝑥, 𝑦, 𝜎) = (𝐺(𝑥, 𝑦, 𝑘𝜎) − 𝐺(𝑥, 𝑦, 𝜎)) ∗ 𝐼(𝑥, 𝑦) = 𝐿(𝑥, 𝑦, 𝑘𝜎) − 𝐿(𝑥, 𝑦, 𝜎),



  

𝐷(𝑥) = 𝐷 +
𝛿𝐷𝑇

𝛿𝑥
𝑥 +

1

2
𝑥𝑇

𝛿2𝐷

𝛿𝑥2
𝑥,

𝑥 = (𝑥, 𝑦, 𝜎)𝑇

�̂� 𝐷(𝑥) 𝑥

�̂� =
𝛿2𝐷−1

𝛿𝑥2

𝛿𝐷

𝛿𝑥
,

�̂�

𝐿(𝑥, 𝑦, 𝜎)

𝑚(𝑥, 𝑦) = √(𝐿(𝑥 + 1, 𝑦) − 𝐿(𝑥 − 1, 𝑦))
2

+ (𝐿(𝑥, 𝑦 + 1) − 𝐿(𝑥, 𝑦 − 1))
2

,

𝜃(𝑥, 𝑦) = 𝑡𝑎𝑛−1
(𝐿(𝑥, 𝑦 + 1) − 𝐿(𝑥, 𝑦 − 1))

(𝐿(𝑥 + 1, 𝑦) − 𝐿(𝑥 − 1, 𝑦))
,



 

 

𝐽(𝑥) =▽ 𝐼(𝑥) = (
𝛿𝐼

𝛿𝑥
,

𝛿𝐼

𝛿𝑦
) (𝑥),



  

• 

• 

• 

• 



 

 

𝑝

𝑥𝑗 𝑝 𝑞𝑗

‖𝑐𝑗 + 𝑑𝑗𝑣�̂� − 𝑝‖
2

,

𝑐𝑗 𝑗 𝑣�̂� 𝑑𝑗 = 𝑣�̂�(𝑝 − 𝑐𝑗)

𝑞𝑗 = 𝑐𝑗 + (𝑣�̂�𝑣�̂�
𝑇)(𝑝 − 𝑐𝑗) = 𝑐𝑗 + (𝑝 − 𝑐𝑗),

𝑝

𝑐0 = 0 𝑅0 = 𝐼

𝑝 𝑝0 = 𝑑0𝑥0̂

𝑑1𝑥1̂ = 𝑝1 = 𝑹𝑝0 + 𝒕 = 𝑹(𝑑0𝑥0̂) + 𝒕,

𝑑1[𝒕]  𝑥1̂ = 𝑑0[𝒕] 𝑹𝑥0 ,̂



  

𝑥1̂

𝑑0𝑥1̂([𝒕] 𝑹)𝑥0̂ = 𝑑1𝑥1̂[𝒕] 𝑥1̂ = 0

�̂�1
𝑇𝑬�̂�0 = 0,

𝑒0 𝑒1

𝑀

𝑥𝑖𝑗

𝑖 𝑗

𝑥𝑖𝑗 = 𝒇(𝑝𝑖 , 𝑹𝑗 , 𝑐𝑗 , 𝑲𝑗),

𝑝𝑖 𝑹𝑗 , 𝑐𝑗 , 𝑲𝑗

𝑗

𝑛 𝑚 𝑥𝑖𝑗 𝑖



 

 

𝑗 𝑣𝑖𝑗 𝑖 𝑗

𝑏𝑖 𝑎𝑗

min
𝑎𝑗,𝑏𝑗

∑ ∑ 𝑣𝑖𝑗𝑑(𝑄(𝑎𝑗 , 𝑏𝑗), 𝑥𝑖𝑗)
2

,

𝑚

𝑗=1

𝑛

𝑖=1

𝑄(𝑎𝑗 , 𝑏𝑗) 𝑖 𝑗 𝑑(∙)

• 

• 

• 

• 

• 

• 



  

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

 

 

 



 

 

𝑘𝑔/𝑚3

𝑐𝑚2 𝑐𝑚2



  

 

 



 

 

 

 



  



 

 

 



  

 



 

 

𝑓(𝑖, 𝑗)

𝑔(𝑖, 𝑗)

𝑔(𝑖, 𝑗) =
∏ 𝑓(𝑘, 𝑗) ∏ 𝑓(𝑘, ℎ)

𝑗+1
ℎ=𝑗−1

𝑖+1
𝑘=𝑖−1

max (𝑓(𝑘, ℎ))
,

 

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙

∙∙ ∙∙ ∙∙



  

𝑡

𝜔1(𝑡) = ∑ 𝑝(𝑖)

𝑡−1

𝑖=0

,

𝜔2(𝑡) = ∑ 𝑝(𝑖),

𝐿−1

𝑖=𝑡

𝜔1  𝜔2 𝑝(𝑖)

𝜎𝜔
2(𝑡) = 𝜔1(𝑡)𝜎1

2(𝑡) + 𝜔2(𝑡)𝜎2
2(𝑡),

𝜎1
2(𝑡) 𝜎2

2(𝑡)

𝜎𝑏
2(𝑡) = 𝜎2 − 𝜎𝜔

2(𝑡) = 𝜔1(µ1 − µ𝑇)2 + 𝜔2(µ2 − µ𝑇)2 = 𝜔1(𝑡)𝜔2(𝑡)[µ1(𝑡) − µ2(𝑡)]2,

ω 

µ1(𝑡) =
∑ 𝑖𝑝(𝑖)𝑡−1

𝑖=0

𝜔1(𝑡)
,

µ2(𝑡) =
∑ 𝑖𝑝(𝑖)𝐿−1

𝑖=𝑡

𝜔2(𝑡)
,

µ𝑇 = ∑ 𝑖𝑝(𝑖),

𝐿−1

𝑖=0



 

 

 

 µ𝑖(0) 𝜔𝑖(0)

 𝑡

 µ𝑖  𝜔𝑖

 𝜎𝑏
2(𝑡)

 𝜎𝑏
2(𝑡) 𝑡

 



  

• 

• 

• 

• 

 



 

 

 
 
 
 

𝑖𝑜𝑢𝑡(𝑖, 𝑗) =
∏ 𝑖𝑖𝑛(𝑘, 𝑗) ∏ 𝑖𝑖𝑛(𝑘, ℎ)

𝑗+1
ℎ=𝑗−1

𝑖+1
𝑘=𝑖−1

max (𝑖𝑖𝑛(𝑘, ℎ))
;

 

𝜎𝜔
2(𝑡) =  𝜔𝑖(𝑡)𝜎𝑖

2(𝑡) +  𝜔𝑗(𝑡)𝜎𝑗
2(𝑡)

    𝑡𝑜𝑝𝑡 = 𝑡 ∶  𝜎𝜔
2(𝑡𝑜𝑝𝑡) 𝜎𝜔

2(𝑡), ∀

 
 

 

 
         

 



  

 

 



 

 

 

 



  

  



 

 



  

 

 
 



 

 

 

 
 

 

  



  



 

 

 



  

 

 

 



 

 



  

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

 

 

 

 

 

 

 

 



 

 

 



  

 

 

  

 

  



 

 

 

 

 

 

 

 

 

 

  



  

  

 

 

 



 

 

 



  

 

 

 



 

 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 



  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 



 

 

 



  

 



 

 

 

 

 



  



 

 

   

 



  

 


