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Formula Symbol 

Latin Symbols 
In the following, formula symbols are displayed in their general form. The most frequently used 
are provided with the index 𝑗, which is specified in a separate table. 

Symbol Unit Description 

𝑨 - System matrix 

𝑎ISO m/s2 Overall acceleration value according to ISO 2631 

𝑩 - Input matrix 

B m/sam-
ples Sampling interval 

𝑏𝑗 m Track widths 

𝑏eng m Distance of the engine mountings from the x-axis 

𝑪 - Output matrix 

𝑐𝑗 N/m Stiffness 

𝑐𝑣 - Coefficient of variation 

𝑫 - Feedthrough matrix    

𝑫𝑗  Damping matrix 

𝑫∗ - Desired damping matrix in the R controller 

Δ𝑫∗ - Difference between the desired damping matrix and the ac-
tual damping matrix 

𝑑Bo,max Ns/m Maximum body damping rate 

𝑑Bo.min Ns/m Minimum body damping rate 

𝐷𝑗 - Damping rate over critical damping 

𝑑𝑗 
Ns/m 

Ns/rad 
Damping rate  

𝑑sky, 𝑑sky,𝑗 
Ns/m 

Ns/rad 
Skyhook damping rate  

�̂�Bo - Body damping matrix not considering the engine 

𝑬 - External matrix 
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VIII 

𝒆 - Vector error input to the P controller 

𝑭 - Prefilter matrix to the R controller 

𝑓0,j Hz Undamped eigenfrequency 

𝐹dyn,check - Boolean variable for road-holding 

𝐹dyn,j N Dynamic wheel load computed with measured signals 

𝑭ext - External force vector 

𝐹𝑗 N Force 

𝑓𝑗 Hz Eigenfrequency 

𝑭modal,𝑗 - Modal forces vector 

𝐹pass,𝑗 N Passive part of the damping force 

𝑭susp,d N Total suspensions damping force  

𝑭susp,d,𝑗 N Total suspensions damping force at the four corners 

𝑭𝑢,𝑗 N Semi-active part of the suspension force 

𝐹z N Dynamic wheel load for quarter car model 

𝐹𝑧w,j,dyn
 N Dynamic wheel load for the full vehicle model  

𝐹�̃�w,𝑖𝑗,dyn 
 N Online estimation of dynamic wheel loads with Kalman Filter 

𝐹𝑧w,j,stat
 N Static wheel load 

𝑭𝑧w,dyn
 - Dynamic wheel loads vector 

𝐺d m3 PSD of the vertical displacement 

𝐺Fdyn,fr - Dynamic wheel load gain, front right 

𝐺Fdyn,fl - Dynamic wheel load gain, front left 

𝐺Fdyn,max - Maximum between 𝐺Fdyn,𝑖,𝑗 with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l} 

𝐺Fdyn,rl - Dynamic wheel load gain, rear left 

𝐺Fdyn,rr - Dynamic wheel load gain, rear right 

𝐺PS - Gain from the online PS estimation in the frequency range of 
0-5 Hz  

𝐺R - Adaptive gain 

𝐺sus,def - Suspension deflection gain 

𝒉 - Vertical road displacement vector 

𝐈 - Identity matrix 
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𝑖𝑗 - Transmission ratio 

𝐽 - Optimization index 

𝐽eng,𝑥𝑥 kg m2 Roll inertia moment of the engine 

𝐽Bo,𝑡 kg m2 Twist inertia moment of the body 

𝐽𝑥𝑥 kg m2 Roll inertia moment of the body 

𝐽𝑦𝑦 kg m2 Pitch inertia moment of the body 

K+ - Coordination logic 

𝑲𝑗  Stiffness matrix 

𝑲∗ - Desired stiffness matrix 

Δ𝑲∗ - Difference between the desired stiffness matrix and the ac-
tual one  

𝑲P - Gain matrix of the P controller 

𝑲P,α - Gain matrix of the Modified P controller 

𝐾P,𝑗 
Ns/m 

Ns/rad 
P factor of the P controller 

𝐾P,α,𝑗 
Ns/m 

Ns/rad 
P factor of the modified P controller 

�̂�Bo - Body stiffness matrix not considering the engine 

𝑘𝑗 - Percentage of static wheel load 

L m Length of a road profile 

𝑙f m Distance from the front axle to the centre of gravity 

𝑙r m Distance from the rear axle to the centre of gravity 

𝑙eng m Distance of the engine from the x axis  

𝑴𝑗 - Mass matrix 

𝑴Bo,w - Body mass distributed on the four corners 

�̂�Bo - Mass matrix not considering the engine mass 

𝑀𝑗 Nm Torque 

m - Number of actuators 

𝑚𝑗 kg Mass 

N - Measurement inputs 

n - System degrees of freedom 

𝑛 cycles/m Spatial frequency 
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𝑛0 cycles/m Conventional spatial frequency 

PS�̈�Bo,ISO
 (m/s2)2 Online power spectrum estimation of �̈�Bo,ISO via windowing 

PS�̈�Bo, ISO,0−5 Hz (m/s2)2 
PS,�̈�Bo,ISO

 limitation to the frequency range of the body eigenfre-
quency 0-5 Hz 

PStrans - Boolean variable that corrects the adaptive gain accounting for 
the delay in the power spectrum estimation 

𝑝 - Poles position 

𝑹 - Feedback matrix 

𝑠𝑢𝑠th m Suspension deflection threshold to overcome to obtain 𝐺sus,def 

𝑡 s Time 

thdef - Threshold for the gain in suspension deflection 

thdyn - Threshold for 𝐺Fdyn 

𝑡ℎFdyn N Threshold for dynamic wheel load 

thPS - Threshold for 𝐺PS 

thratio - Threshold for power spectrum estimation 

𝑡ℎxdef m Threshold for suspension deflection 

𝑻 - Transformation matrix 

Δ𝑇 s Time interval 

𝑡0 s Initial time 

𝑡e s Final time 

𝑡Bo rad Position of the body in twist mode 

�̇�Bo rad/s Angular rate of the body in twist mode 

�̈�Bo rad/s2 Angular acceleration of the body in twist mode 

𝒖 - Input or control vector 

𝒖MP - Control vector from the Modified P controller at the four cor-
ners 

𝒖MP,modal - Modal control vector from the Modified P controller 

𝒖∗ - Modal control vector from the R controller 

𝒖R,g
∗  - Modal control vector from the R controller with the coordina-

tion logic 

𝒖P - Control vector from the P controller at the four corners 

𝒖P,modal - Modal control vector from the P controller 

𝒖P,modal,g - Modal control vector from the P controller with the coordina-
tion logic 
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𝒖R - Control vector from the R controller at the four corners 

𝒖eng - Control vector for the engine disturbances 

𝒗 - Measurement noise covariance 

𝑣𝑥 m/s Vehicle speed 

𝒘 - Process noise covariance 

𝑊𝑗 m/rad Weightings 

𝑥 - Independent variable of the lookup tables 

𝒙 - State variable vector 

𝒚 - Output vector 

𝑦 - Dependent variable of the lookup tables 

𝒚set - Set signal for P controller 

�̈�Bo,ISO m/s2 Overall acceleration value for the coordination logic 

𝑧𝑗 m Position in heave mode 

�̇�𝑗 m/s Velocity in heave mode 

�̈�𝑗 m/s2 Acceleration in heave mode 

Δ𝑧𝑗 m Relative position in heave mode 

Δ�̇�𝑗 m/s Relative velocity in heave mode 

Δ�̃�sus𝑗 m Kalman Filter estimated suspension deflection through double 
discrete-time integration 
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Greek symbols 
Symbol Unit Description 

𝛼𝑗  - Proportional factor in the modified P controller 

𝛽 rad Randomly generated angle 

𝜼 - Vector of modal coordinates 

𝜃Bo rad Position of the body in pitch mode 

�̇�Bo rad/s Velocity of the body in pitch mode  

�̈�Bo rad/s2 Acceleration of the body in pitch mode  

λ𝑖 - Eigenvalue  

𝜇 variable Mean 

𝜎 variable Standard deviation 

𝜏 -,N,m Time constant in exponential laws  

𝜑𝑗  rad Position in roll mode 

�̇�𝑗 rad/s Velocity in roll mode 

�̈�𝑗 rad/s2 Acceleration in roll mode 

𝜳 - Eingenvector matrix 

𝜔𝑗 rad/s Natural frequency 
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Subscripts 
Symbol Description 

arb Anti-roll bar 

Bo Body 

eng Engine 

f Front 

fl Front left 

fr Front right 

k Kalman filter  

opt Optimal 

r Rear 

rl Rear left 

rr Rear right 

ro Road 

sys System 

sus Suspension 

T Tyre 

w Wheel 

 

  
 



 

 

 

 



 
 
 

1 

1 Introduction 

Autonomous driving allows vehicle occupants to perform secondary activities. This becomes 
possible especially from Level 3 of automation, which, according to SAE definitions [1, p. 2], 
corresponds to conditional automation, as the task of monitoring the driving environment is per-
formed by the system and not by the driver. Among the consequences, there are greater 
demands on driving comfort. 

Vertical vehicle dynamics control is an important aspect in the improvement of semi-active or 
active suspensions and one of its aim is combining driving safety and driving comfort. The exist-
ing conflict between safety and comfort is objective of several research works and especially 
with passive suspensions, it cannot be completely solved. Fully active suspensions can adjust 
their behaviour depending on the driving situation but they present negative aspects as the lack 
of safety and higher costs [2, p. 1120]. Consequently, semi-active suspensions have been im-
proved in terms of technology and controlling algorithms. The current research focuses on the 
enhancement of the vertical vehicle dynamics with semi-active suspensions by means of suitable 
controlling logics. 

1.1 Motivation and aim of the work 
The present thesis work has the objective of improving a modal vertical vehicle dynamics control 
system in terms of resolution of the conflict between driving safety and driving comfort. The latter 
becomes significant when considering autonomous driving where vehicle occupants are allowed 
to perform secondary activities. This leads to an increasing attention towards road excitations 
and the direction and frequency dependence of comfort perception.  

Ride safety and ride comfort are goals that can be achieved independently by using a specific 
type of controller. For example, a Skyhook controller [3] can be used with the purpose of ideally 
suspend the sprung mass by means of a virtual damper connected to an inertial reference in the 
sky. Skyhook control does not consider the wheel dynamics though, and therefore it only is suit-
able for improving driving comfort. An opposite approach is represented by a Groundhook 
controller [4], which uses a fictitious damping element between the wheel and the ground, lead-
ing to an optimization of road-holding. An example of combination between these two 
approaches is performed by checking the relative suspension deflection that allows the definition 
of two variable damping coefficients representing, respectively, the fictitious damper connected 
to the sky or to the ground [5]. Another combination method is derived for active suspensions by 
means of a suitable control law accounting for both groundhook and skyhook dampers [6]. 

There are several applicable approaches to analyse vehicle dynamics. A multibody system ap-
proach [7], explores the dynamic behaviour of either rigid or flexible interconnected bodies by 
simulating their relative movements. Each subsystem is modelled with accuracy but some 
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evaluations cannot be performed as, for example, the independent adjustment of stiffness and 
damping characteristics of the body vehicle in each desired spatial direction.  

The current research uses a different approach with the assumption of rigid body and takes over 
an existing work [8]. Its aim was adjusting the dynamic behaviour of the body in the modal coor-
dinates of heave, pitch and roll by means of a transformation matrix which led to the definition of 
a supplementary eigenmode, the twist mode. KARLE defines two control logics to achieve decou-
pling, each one mainly pursuing either ride comfort or road-holding [8]. In order to take account 
of driving safety, a modal controller (R) is implemented. On the other hand, from a comfort per-
spective, an extended skyhook control with twist mode (P) is used. The aim of this thesis work 
is to enhance the above mentioned controllers by means of a suitable coordination logic between 
the two. Not only does the latter need to assure the system stability, but it also should provide a 
better overall vehicle performance.  

Different analyses are conducted in this work and different methods are presented in order to 
improve the existing controllers. Either stochastic road measurements and artificially generated 
ones are used to test the logic in different scenarios and suitable objectification methods are 
employed to evaluate the results in terms of driving comfort. An appropriate estimation of a driv-
ing safety index is also performed.  

A linear vehicle model is implemented in a simulation environment and at the beginning, it is 
tested with different driving scenarios, either using the modal controller or the skyhook controller. 
A sensitivity analysis is also conducted. Secondly, the coordination logic is developed in other to 
reduce the distance between the two conflicting objectives. The enhanced controller is tested 
again and the results are compared with the ones obtained previously. Finally, the developed 
logic is tested in a real vehicle which is equipped with continuously adjustable semi-active actu-
ators. In the simulation environment, fully active suspensions can also be simulated.  

1.2 Structure of the work 
An overview of the work structure is given (Figure 1.1). In Section 1.1, the motivation of the work 
is presented and goals are defined. In Chapter 2, the needed theoretical background is summa-
rised. This includes a focus on suspensions types, the full vehicle model equations, the 
objectification methods for ride comfort, road-holding estimation and road roughness classifica-
tion. The equations of the existing controllers are also described. 

At the same time, a research on the state of the art regarding the possibility of coordinating two 
different controllers has been conducted and presented in Chapter 3. In addition, an overview of 
some vertical vehicle dynamics controlling approaches is given. Criticism on the state of the art 
is performed (Section 3.3). This directly leads to the development of a new method which is 
presented in Chapter 4. The results of the experimental tests in the vehicle are shown in Chapter 
5 and discussed in Chapter 6. Comments on the developed logic as well as a summary of the 
work with possible future projects are given in Chapter 7.  
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Figure 1.1: Structure of the work 
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2 Basics 

This chapter contains the fundamental theoretical principles which are needed in order to de-
velop the coordination logic between the two controllers and to reach a general enhancement of 
the vehicle performances. Firstly, an overview on suspensions is given (Section 2.1), then some 
considerations are made on road-holding and ride comfort in passive suspensions (Section 2.2). 
The full vehicle model implemented in the simulation environment is described (Section 2.3). In 
Section 2.4, objectification methods for ride comfort are presented. In Section 2.5, an appropriate 
method for road-holding estimation is shown and in Section 2.6, the road roughness classifica-
tion approach employed in this work is displayed. Finally, the existing controllers are analysed 
(Section 2.7). 

2.1 Vehicle Suspensions 
Suspensions connect the vehicle body to the wheels in order to allow a relative motion between 
them. In their simplest form, they consists of an elastic element, a damping element and a set of 
mechanical connections to link the sprung mass to the unsprung masses. The spring carries the 
body mass and isolates it from the induced road disturbances and therefore has a role in comfort. 
The damper is involved in both driving safety and driving comfort. Its tasks are the body damping 
and the limitation of wheel oscillations, directly referable to driving safety as, a non-bouncing 
wheel is the requirement for road-contact forces transfer. In other words, a suspension is a low 
pass filter that should isolate the vehicle from the short wavelength features deriving from the 
deterioration of road surfaces. It should ideally allow the vertical movements of the wheels to 
follow the vertical road profile, while assuring the maintenance of the body at a fixed height [9]. 
Being driving comfort and driving safety, two opposite goals, it is easy to understand why passive 
suspensions have been partially substituted with semi-active or fully active ones. The latter re-
quire a consistent power absorption and present safety issues management [2, pp. 1120-1121]. 
A possible compromise is represented by semi-active suspensions, also known as variable 
damping suspensions. The main difference between active and semi-active suspensions is that 
the first ones can introduce energy to the system. Regardless of the semi-active control systems 
implemented, in case of some control failure, semi-active suspensions would work just as pas-
sive ones, which makes them more reliable. A classification of electronically controlled 
suspensions according to the required energy, the controlled variable and the control bandwidth 
is shown (Table 2.1, [10, p. 15]). Further details on this, can be found in literature [2, p. 1121], 
[11, p. 1356]. 

There are different available technologies for semi-active suspensions. Electromechanical actu-
ators, equipped with servo-valves controlled in current where the latter corresponds to a certain 
opening of the valves’ cross section. Magneto-rheological and electro-rheological dampers in 
which fluids can change their viscosity by means of a magnetic or electric field.  
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The control strategy enhanced and implemented in this work is applied to semi-active suspen-
sions with electrohydraulic dampers controlled by an electric current varying from 0 A to 1.8 A. 
These values respectively correspond to minimum damping and maximum damping with the 
valve completely open. The dynamic properties of the actuators are neglected in the simulation 
model. Inverse look-up tables are used to obtain the control current by checking the relative 
velocity of the dampers. This corresponds to a certain desired damping force. In the model, tests 
can be carried out by using either real actuators properties or by simulating fully active suspen-
sions with no limitations to the deliverable force. Additional information on the suspensions set-
up is given in Appendix G. 

Table 2.1: Suspension classification  [10, p. 25] 

System Force range Control variable Energy demand 
[W] 

Control bandwith 
[Hz] 

passive 

 

- - - 

adaptive 

 

Damping ratio 10-20  1-5 

semi-active 

 

Damping ratio 10-20 30-40 

fully-active 

 

Force 5000-10000 20-30 

 

𝐹

𝑧, �̇�

𝐹

𝑧, �̇�

𝐹

𝑧, �̇�

𝐹

𝑧, �̇�
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2.2 Passive suspensions: ride comfort and road-
holding 

In order to focus on the conflict between road-holding and ride comfort, a concise analysis of a 
quarter car model with passive suspensions has been conducted. In Appendix B, the quarter car 
model as well as the parameter adaptation from the full vehicle model to the simplified one are 
presented. Quarter car model represent a monovalent passive suspension, whose damping co-
efficient and stiffness can be tuned. Suspensions should provide ride comfort by means of a soft 
setup for the spring and the damper while on the other hand, they should assure driving safety 
which requires a stiff configuration. 

In order to account for driving comfort and road-holding, two transfer functions are calculated  
respectively as �̈�Bo 𝑧ro⁄  and (𝐹z 𝑐T)⁄ 𝑧ro⁄ . Driving comfort is obtained when the vertical accelera-
tion of the sprung mass is minimized while, road-holding can be achieved when the vertical force 
transmitted to the ground does not oscillate so as to guarantee the correct manoeuvrability of 
the vehicle. In Figure 2.1, the transfer functions are shown with the vehicle in the passive con-
figuration and using a quarter car model with a focus on the effect of the damping coefficient. 
They are smoothed with a moving average filter with a span of 15 samples. The road disturbance 
input is a stochastic road measurement and the vehicle speed on the path is constant and equal 
to 100 km/h. Further details on this aspect are given in Section 4.3. The transfer functions shown 
in Figure 2.1, are then compared with the ones obtained with different values of the suspension 
damping coefficient. The obtained results are represented in Figure 2.2 and are comparable to 
their theoretical formulation [12, p. 16]. The correspondence between the values in Figure 2.2 
and the optimal passive damping coefficient as calculated in Appendix B, is shown (Table B.1). 
Figure 2.2 clearly highlights the conflict between road-holding and ride comfort in passive sus-
pensions. The latter have fixed damping and stiffness coefficients that need to represent a 
compromise between the two objectives. When it comes to ride comfort, at low damping rates, 
there is a large peak at the body eigenfrequency (around 1 Hz) and a smaller one at the wheel 
hop eigenfrequency (around 10 Hz). At the same time, not only the body and the wheels eigen-
frequencies should be taken into account, but also other significant frequency ranges as for 
example, the one that goes from 4 Hz to 8 Hz, as it is the most effective on human perception of 
ride comfort. Consequently, when it comes to generally minimizing the sprung mass vertical ac-
celeration in the frequency range between 0 and 20 Hz, a low damping coefficient could be 
chosen (𝑑Bo) displaying particular attention at the consequences on the body eigenfrequency 
peak. An opposite behaviour is experienced if considering road-holding, where significantly high 
peaks are found with low damping rates at the wheel hop eigenfrequency. It is important to limit 
the vertical force oscillations as this results in the possibility of developing lateral forces on the 
ground and consequently guaranteeing an appropriate manoeuvrability of the vehicle in terms 
of steering and braking. For this purpose, an higher damping coefficient could be used (2𝑑𝑜𝑝𝑡). 
A compromise between the two, could be represented by 1.25𝑑𝑜𝑝𝑡  which corresponds to a 
damping ratio of 0.4773. An extended analysis on this topic is performed in [13, pp. 255-258]. 
The influence of other design parameters, such as suspension stiffness, on ride comfort and 
road-holding is investigated. There are many attempts of optimization of the suspensions pa-
rameters in literature in passive configuration. For example, the suspension of a two degrees of 
freedom vehicle, travelling on a randomly generated road is optimized with respect to both road-
holding and ride comfort in [14]. In conclusion, passive suspensions can only provide fixed vehi-
cle performances that cannot be adjusted depending on the driving situation.  
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Figure 2.1: Transfer functions for vehicle passive configuration 

 
Figure 2.2: Transfer functions for vehicle passive configuration with different damping rates 
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2.3 The full vehicle model 
The full vehicle model (Figure 2.3, [8, p. 6]) presents the following degrees of freedom: heave of 
the four wheels, the body eigenmodes of heave, pitch and roll and heave and roll of the engine 
unit, which has been modelled as a separate mass. The last degree of freedom is of twist and 
belongs to the body. Further explanations on the twist mode will be given in Section 2.3.1. 

 
Figure 2.3: Full vehicle model [8, p. 6] 

 

The following assumptions have been made : 

• Linear spring  

The spring behaviour can be considered linear in the working range around the rest static posi-
tion of  -0.1 m ≤ Δ𝑧 ≤ 0.1  m. 

• Linear damper 

The damper passive component has a working range of -1 m/s ≤ Δ�̇� ≤ 1 m/s, and can be con-
sidered linear. The active component is non-linear and it is added to the first one. 

• Centre of gravity for pitch and roll 

The movements of pitch and roll happen, respectively, around the pitch centre and roll axis. In 
the model they are assumed to be placed in the centre of gravity. Furthermore, non-diagonal 
terms of inertia moments for pitch and roll are neglected. 

• Small angle 

In the working range of ± 10° , it is assumed that sin 𝑥 ≈ 𝑥 and cos 𝑥 ≈ 1, with an error that is 
under the 2 %. 

• Rigid wheel suspension 

The wheels are assumed to perform an ideal vertical movement, with the neglection of toe and 
camber angles as well as viscoelastic effects. 

• Linear tyre 

The tyre is approximated by a linear spring and its damping can be neglected [15]. 
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• Constant installation ratio from the wheels to the suspensions 

The installation ratio from the wheels to the suspensions is assumed to be constant in the sus-
pensions deflection range. Further explanations on this aspect are given in Appendix G. Forces 
exchanged between the road and the wheels, the wheels and the body and the body and the 
engine are considered to be acting in vertical direction. 

• Rigid body 

The vehicle is modelled as a rigid body in the frequency range of interest, 0-20 Hz. 

• Linear behaviour of the engine mounts 

The engine mounts modelled as a linear spring and damper with stiffness and damping respec-
tively of 600 N/mm and 6 Ns/mm. This is a simplifying assumption because they are made of an 
elastomeric material which shows a changing behaviour in the frequency range of 0-30 Hz when 
excited with sinusoidal excitations of different amplitudes.  

• Constant vehicle speed  

All the simulations are conducted by considering an uniform straight motion. All possible loads 
transfers due to driving manoeuvres such as steering, braking and accelerating are neglected 
as the focus is on road induced vertical movements, namely on vertical vehicle dynamics. 

2.3.1 Twist mode 
The twist mode corresponds to the torsional movement around the longitudinal axis of the vehicle. 
It is introduced in order to guarantee the solvability of the system of equations of the vehicle 
model, which would be not determined. The idea is to distribute the actuating force resulting from 
the active element of the semi-active suspension, on the four corners of the vehicle, where mon-
ovalent vertical wheel suspensions are placed. The body modes of heave, pitch and roll are 
indeed sufficient to calculate three suspensions forces for a rigid body. The forth, belonging to 
the last monovalent vertical wheel suspension causes an over-determined system. This problem 
can be solved by means of a pseudo-inverse matrix [16]. Instead of using the pseudo-inverse 
approach, a forth degree of freedom for the body has been introduced, the twist of the structure, 
𝑡Bo,  leading to the solvability of the system of equations with the definition of a square transfor-
mation matrix. A moment of inertia for the twist mode, 𝐽Bo,𝑡, has been calculated without having 
a physical correspondence by means of a certain damping and stiffness of the body and a certain 
damping ratio for the twist mode 𝐷𝑡Bo

. As there is no possibility of estimating such an inertia 
moment, the following synthetic formula has been used, assuming a passive damping ratio for 
twist mode, 𝐷𝑡Bo

= 0.1. 

𝐽Bo,𝑡 =

(
𝑑𝑡Bo

2𝐷𝑡Bo

)
2

𝑐𝑡Bo

= 991 kgm2 

 

(2.1) 

This leads to the definition of an undamped natural frequency with the following: 

𝑓0,t = √
𝑐𝑡Bo

𝐽Bo,𝑡

1

2𝜋
= 1.46 Hz (2.2) 
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The introduction of the twist mode also aims at the reduction of the wheel excitation without 
influencing the other modes. 

2.3.2 State space approach and equations 
In order to solve the equations of the full vehicle model described above, a state space approach 
has been used. The general form of the state space model is [17, p. 18]: 

�̇� = 𝑨𝒙 + 𝑩𝒖 + 𝑬𝒛 (2.3) 

𝒚 = 𝑪𝒙 + 𝑫𝒖 (2.4) 

The state vector is: 

𝒙 =

(

 
 
 

𝑧w

𝑥Bo

𝑥eng

�̇�w

�̇�Bo

�̇�eng)

 
 
 

 (2.5) 

The degrees of freedom of the wheels are: 

𝒛w = (

𝑧w,fr

𝑧w,fl
𝑧w,rl

𝑧w,rr

) (2.6) 

Therefore 𝒙Bo, having introduced the twist mode, is defined as it follows: 

𝒙Bo = (

𝑧Bo

𝜃Bo
𝜑Bo

𝑡Bo

) (2.7) 

and for the engine: 

𝒙eng = (
zeng

φeng
) (2.8) 

The input vector is: 

𝒖 = 𝒖R + 𝒖P + 𝒖eng = 𝑭u =

(

 

𝐹u,fr

𝐹u,fl

𝐹u,rl

𝐹u,rr)

  (2.9) 

And the external input vector is: 

𝐳 = (
𝑧ro

𝐹ext
) (2.10) 
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The output vector is: 

𝒚 =

(

 

�̇�Bo

�̇�Bo

�̇�Bo

�̇�Bo )

 = �̇�Bo (2.11) 

The system matrices used in the state space equations are: 

𝑨 = [
𝟎 𝑰

𝑴sys
-1 𝑲sys 𝑴sys

-1 𝑫sys
] (2.12) 

𝑩 =

[
 
 
 
𝟎10×4

𝑴w
-1

-𝑴Bo
-1 𝑻

𝟎2×4 ]
 
 
 

 (2.13) 

𝑪 = [𝟎4×14 𝐈4 𝟎4×2] (2.14) 

𝑫 = 𝟎 (2.15) 

𝑬 =

[
 
 
 
 

𝟎10×6

𝑴w
-1𝑲T 𝟎4×2

𝟎4×6

𝟎2×4 𝑴eng
-1

]
 
 
 
 

 (2.16) 

The system mass matrix is defined as: 

𝑴sys = [

𝑴w 0 0
0 𝑴Bo 0
0 0 𝑴eng

] (2.17) 

With 𝑴w, as the mass matrix for the four wheels, 𝑴Bo, as the body mass matrix excluding the 
contribution of the engine, 𝑴eng, as the engine mass matrix: 

𝑴w = [

mw,fr

0
0
0

0
mw,fl

0
0

0
0

mw,rl

0

0
0
0

mw,rr

] (2.18) 

𝑴Bo = [

mBo − meng

0
0
0

0
Jyy − mengleng

2

0
0

0
0

Jxx − Jxx,eng

0

0
0
0

JBo,t

] (2.19) 

𝑴eng = [
meng 0

0 Jxx,eng
] (2.20) 

The system stiffness matrix  𝑲sys  is calculated as a combination of the wheel stiffness matrix 
𝑲T, the suspension stiffness matrix 𝑲sus, the engine stiffness matrix 𝑲eng and the matrix that 
accounts for the anti-roll bar, 𝑲arb. The multiplication factor of the latter results from the fact that 
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a roll moment is equally supported by the left and the right wheel. The complete relationship 
between  𝑲sys and the other matrices is shown in Appendix C.  

𝑲sys = [

-𝑲w,w 𝑲w,Bo 𝟎

𝑲Bo,w -𝑲Bo,Bo 𝑲Bo,eng

𝟎 𝑲eng,Bo -𝑲eng,eng

] (2.21) 

𝑲T =

[
 
 
 
cT,fr 0 0 0

0 cT,fl 0 0

0 0 cT,rl 0

0 0 0 cT,rr]
 
 
 

 (2.22) 

𝑲sus = [

cBo,fr

0
0
0

0
cBo,fl

0
0

0
0

cBo,rl

0

0
0
0

cBo,rr

] (2.23) 

𝑲eng = [

2ceng 0

0
cengbeng

2

2

] (2.24) 

𝑲arb =
1

2

[
 
 
 
carb,f -carb,f 0 0

-carb,f carb,f 0 0

0 0 carb,r -carb,r

0 0 -carb,r carb,r ]
 
 
 

 (2.25) 

The system damping matrix 𝑫sys  is obtained from the wheel damping matrix 𝑫T, the passive 
damping matrix of the suspensions 𝑫sus  and the damping matrix of the engine in the 
eigenmodes of heave and roll, 𝑫eng. The complete relationship between 𝑫sys and the other ma-
trices is shown in Appendix C. The damping rates of the wheels are considered negligible.  

𝑫sys = [

-𝑫w,w 𝑫w,Bo 𝟎

𝑫Bo,w -𝑫Bo,Bo 𝑫Bo,eng

𝟎 𝑫eng,Bo -𝑫eng,eng

] (2.26) 

𝑫T = [

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

] (2.27) 

𝑫sus = [

𝑑Bo,fr

0
0
0

0
𝑑Bo,fl

0
0

0
0

𝑑Bo,rl

0

0
0
0

𝑑Bo,rr

] (2.28) 

𝑫eng = [

2𝑑eng 0

0
𝑑engbeng

2

2

] (2.29) 
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Once that the modal components, namely a force for the heave mode and moments for pitch, 
roll and twist are computed in the control block, a transformation matrix leads to the calculation 
of the real forces acting at the four corners of the vehicle: 

(

 

𝐹z,Bo,sus

𝑀θ,Bo,sus

𝑀φ,Bo,sus

𝑀t,Bo,sus )

 =

[
 
 
 
 
 

1
-lf

-
bf

2

-
bf

2

1
-lf
bf

2
bf

2

1
lr
br

2

-
br

2

1
lr

-
br

2
br

2 ]
 
 
 
 
 

(

𝐹fr

𝐹fl

𝐹rl

𝐹rr

) (2.30) 

𝑭modal,sus = 𝑻𝑭sus (2.31) 

Where the transformation matrix is: 

𝑻 =

[
 
 
 
 
 

1
-lf

-
bf

2

-
bf

2

1
-lf
bf

2
bf

2

1
lr
br

2

-
br

2

1
lr

-
br

2
br

2 ]
 
 
 
 
 

 (2.32) 

The suspensions forces at the four corners of the vehicle, 𝑭sus can be split into a passive linear 
component for the suspension damping and stiffness and the actuating force of the semi-active 
actuators, 𝑭u. 

𝑭sus = -(𝐃susΔ�̇�sus + 𝑲susΔ𝒛sus + 𝑭u) (2.33) 

The relative movement between the body and the wheels is calculated with: 

Δ𝒛sus = 𝒛Bo − 𝒛w (2.34) 

Where:  

𝒛Bo = (

𝑧Bo,fr

𝑧Bo,fl
𝑧Bo,rl

𝑧Bo,rr

) = 𝑻T 𝒙Bo =

[
 
 
 
 
 
 
 1 -lf -

bf

2
-
bf

2

1 -lf
bf

2

bf

2

1 lr
br

2
-
br

2

1 lr -
br

2

br

2 ]
 
 
 
 
 
 
 

(

𝑧Bo

𝜃Bo
𝜑Bo

𝑡Bo

) (2.35) 

The force that accounts for the anti-roll bar contribution is calculated as it follows: 

𝑭arb = -𝑲arbΔ𝒛sus (2.36) 

The equations of motion of the wheels are summarized as: 

𝑴w�̈�w = -(𝑭sus + 𝑭arb) + 𝑭ro (2.37) 
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The force vector representing the solicitation generated by the road irregularities is 𝑭ro and its 
formulation is the following: 

𝑭ro = -𝑲TΔ𝒛w,rel (2.38) 

Where Δ𝒛w,rel corresponds to the relative displacement between the wheels and the road input. 

Δ𝒛w,rel = (

𝑧w,fr

𝑧w,fl
𝑧w,rl

𝑧w,rr

) − (

𝑧ro,fr

𝑧ro,fl
𝑧ro,rl

𝑧ro,rr

) = 𝒛w − 𝒛ro (2.39) 

The equations of motion of the engine are: 

𝑴eng�̈�eng = 𝑭eng + 𝑭ext (2.40) 

The vector 𝑭eng considers the forces acting between the engine and the body. The engine is 
fixed to the body with two engine mounts symmetrically placed with respect to the longitudinal 
axis of the vehicle. 

𝑭eng = -(𝑫engΔ�̇�rel,eng + 𝑲engΔ𝒙rel,eng) (2.41) 

𝑭ext is not considered in this work but could account for external disturbances. 

𝑭ext = 0 (2.42) 

The relative displacement between the engine and the body is defined as it follows: 

Δ𝒙rel,eng = 𝒙eng − 𝑻eng
T 𝒙Bo (2.43) 

Δ�̇�rel,eng can be derived from Eq. (2.43).The engine transformation matrix 𝑻eng is: 

𝑻eng = [

1
-leng

0
0

0
0
1
0

] (2.44) 

The heave engine force and roll engine moment can be derived from the modal coordinates 
using the engine transformation matrix: 

𝑭modal,eng =

(

 
 

𝐹z,Bo,eng

𝑀θ,Bo,eng

𝑀φ,Bo,eng

𝑀t,Bo,eng )

 
 

= 𝑻eng𝑭eng = [

1
-leng

0
0

0
0
1
0

] (
𝐹z,eng

𝑀φ,eng
) (2.45) 
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The equations of motion of the body are the following: 

(

 
 

mBo�̈�Bo

Jyy�̈�Bo

Jxx�̈�Bo

JBo,tẗBo)

 
 

= 𝑭modal,sus + 𝑭modal,arb − 𝑭modal,eng (2.46) 

 𝑴Bo�̈�Bo = 𝑻(𝑭sus + 𝑭arb) − 𝑻eng𝑭eng (2.47) 

 

2.4 Objectification methods for ride comfort 
When it comes to ride comfort, suitable objectification methods are required in order to correlate 
the subjective feelings of a vehicle occupant and a representative physical quantity. Ride comfort 
can be defined as the comfort experienced by vehicle occupants from stationary oscillations 
when the vehicle travels on a road with vertical irregularities [13, p. 248]. Especially in automated 
and autonomous driving, the perception of comfort changes significantly because the occupants 
perform secondary activities. An overview on the objectification methods for ride comfort is given 
in [18]. In order to evaluate driving comfort, the Root Mean Square (RMS) of the accelerations 
of the body eigenmodes is always calculated to have an immediate feedback on driving comfort. 
RMS values are also estimated online via a sliding window method. The latter, consists of a 
window of specified length which moves over the data sample by sample and the RMS value is 
computed over the data in the window. Another method implemented in this work, is the online 
estimation of the Power Spectrum (PS) of acceleration signals. Further details on this will be 
given in Section 4.5.2. 

ISO-2631 [19], BS 6841 [20] and VDI-2057 [21], [22], are some of the possible objectification 
methods for ride comfort. In this work, ISO-2631 is used. Other approaches from science are the 
methods of  RERICHA [23], CUCUZ [24], KLINGER [25] and HENNECKE. A general overview of such 
methods is given as it follows. 

2.4.1 ISO 2631 
ISO 2631 has the aim of measuring whole-body vibrations to take account of health, comfort and 
perception in the frequency range from 0.5 Hz to 80 Hz, and of motion sickness from 0.1 Hz to 
0.5 Hz. The SAE [26] has identified the range between 4 and 8 Hz as the most sensitive for 
human bodies. The procedure described in [19], is applicable when accelerations at certain sup-
porting surfaces can be measured. The required surfaces where translational and rotational 
accelerations must be measured are seat, backrest and foot. Transducers should be located at 
the interface between the body and the source of its vibration. 

For the sake of this work, a simplifying assumption is made as direct measurements at the inter-
faces points are not available in real vehicle tests and neither are they fictitiously estimated in 
simulations. Vertical acceleration in z-direction, as well as rotational accelerations around x- and 
y-axes (Figure 2.3), which respectively correspond to the accelerations of the eigenmodes of 
heave, roll and pitch, are supposed to be measured in the centre of gravity. These acceleration 
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signals are weighted in the frequency domain according to health, comfort, perception and mo-
tion sickness. An overall weighted RMS of an acceleration, 𝑎ISO can be calculated. A weakness 
of this approach is that it underestimates the sensitivity to horizontal vibrations in multi-axial vi-
bration [27]. In Table 2.2, the correlation between 𝑎ISO and comfort perception is displayed [19, 
p. 25]. 

 
Table 2.2: Comfort perception [19, p. 25] 

𝑎ISO in m/s2 Perception description 

< 0,315 Not uncomfortable 

0,315 – 0,63 A little uncomfortable 

0,5 – 1 Fairly uncomfortable 

0,8 – 1,6 Uncomfortable 

1,25 – 2,5 Very uncomfortable 

> 2 Extremely uncomfortable 

2.4.2 Other approaches  
VDI 2057 was first introduced in 1987 [21], displaying his own method but was adapted later to 
ISO 2631 which was published in 1997, [22]. This procedure considers some additional meas-
urement points but still calculates a weighted vibration parameter whose value is correlated to 
the subjective comfort perception. BS 6841 has a similar approach to the others but neglects the 
measurements at the backrest in y and z-direction and uses a different weighting function [20]. 
Other possible approaches in the objectification of ride comfort are the ones from RERICHA [23], 
CUCUZ [24], KLINGER [25] and HENNECKE, all based on ISO 2631. RERICHA additionally considers 
the steering wheel vibration by means of its angular acceleration, CUCUZ also takes into account 
single obstacles as a source of vibration, KLINGER increases the considered degrees of freedom 
at multiple interfaces and pays significant attention to stochastic roads and engine vibration while, 
HENNECKE only refers to pitch and roll. GRIFFIN states that different factors such as seating dis-
comfort and noise affect the judgments on ride comfort [28] and also outlines some of the 
limitations of the standard methods. General factors regarding comfort or discomfort in sitting 
are identified in [29]. They include environment, posture, aesthetics, space, convenience and 
social or organizational parameters. Further details on chairs tests, in order to assess sitting 
comfort are given in [30]. 

Two experimental studies are conducted in literature in order to investigate the differences in the 
cited objectification methods [18]. The studies show that there is a considerable difference in 
comfort perception between attentive and inattentive occupants as the latter tend to increase 
their body movements. In certain driving situations, an accentuated movement of the head can 
be observed which results in a reduced driving comfort. Additionally, inattentive occupants are 
more susceptible to centripetal accelerations [31]. An extended version of ISO 2631 is presented 
by considering the head as a measurement point and it is proved that it leads to an enhancement 
in the objectification of driving comfort [32]. This new setup of body measurement system, in-
cluding the head, is designed in [33]. 
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2.5 Ride safety estimation 
When it comes to vertical dynamics, ride safety is provided by the suspensions as long as forces 
can be transferred between the tires and the road. This leads to the vehicle manoeuvrability in 
terms, for example, of steering and braking.  

In this thesis work, the following criteria on the dynamic wheel loads RMS value is chosen to 
evaluate driving safety [34, p. 20]:  

‖𝐹𝑧w,𝑖𝑗,dyn
‖

rms
≤

𝐹𝑧w,𝑖𝑗,stat

3
 (2.48) 

with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l}. The static wheel loads are computed as it follows: 

𝐹𝑧w,f𝑗,stat = 𝑔(𝑚Bo

𝑙r
2𝑙

+ 𝑚w,f𝑗) (2.49) 

𝐹𝑧w,rj,stat = 𝑔(𝑚Bo

𝑙f
2𝑙

+ 𝑚w,𝑟𝑗) (2.50) 

In [35, p. 2] dynamic wheel loads calculation is presented for a quarter car model. In the simula-
tion model, dynamic wheel loads are derived offline with: 

𝑭𝑧w,dyn
= 𝑴w(�̈�w − 𝒈) + 𝑴Bo,w(�̈�Bo − 𝒈) (2.51) 

with: 

�̈�w =

(

 

�̈�w,fr

�̈�w,fl

�̈�w,rl

�̈�w,rr)

  (2.52) 

�̈�Bo =
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(

 

�̈�Bo

θ̈Bo

�̈�Bo

�̈�Bo )

 = 𝑻T�̈�Bo (2.53) 

𝑴Bo,w =

[
 
 
 
 𝑚Bo

𝑙𝑟
2𝑙

0
0
0

0

𝑚Bo

𝑙𝑟
2𝑙

0
0

0
0

𝑚Bo

𝑙𝑓

2𝑙
0

0
0
0

𝑚Bo

𝑙𝑓

2𝑙]
 
 
 
 

 (2.54) 

Eq. (2.54) shows how to refer the vehicle body mass to the four wheels, with an equilibrium 
around the centre of gravity. Eq. (2.51) is used as a reference for the online estimation of the 
dynamic wheel loads which is needed in the switching logic between the controllers and it is 
performed by using a Kalman filter, as described in Section 4.4. In simulations, the acceleration 
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due to gravity is neglected as the full vehicle model equations are derived from the static deflec-
tion of the body and the wheels. 

2.6 Road roughness classification 
A significant aspect of this work, is the possibility of testing the enhanced controller with different 
roads inputs, at least in a preliminary phase, when the logic is being developed. In addition to 
the availability of a few stochastic road measurements, artificially generated road inputs are 
needed. In order correlate the results of the simulations in terms of comfort or road-holding to 
the road input, ISO 8608 is used [36]. It prescribes a general method to classify road roughness, 
using the Power Spectral Density (PSD) of the vertical road displacement as well as its spatial 
frequency. Spatial frequency, 𝒏, is measured as cycles/m while the PSD of the vertical displace-
ment 𝑮d in m3. The general procedure used in this work to generate random but classifiable 
profiles is presented. The method showed in [37] is followed. The conventional spatial frequency 
value is 𝑛0 = 0.1 cycles/m. Depending on the road class, from A to H, a corresponding PSD 
value 𝐺d(𝑛0) can be identified  [36]. The PSD of the vertical displacement, representing the road 
profile is: 

𝑮d(𝑛) = 𝐺d(𝑛0)(
𝒏

𝑛0
)−2 (2.55) 

Being 𝑁, the number of measurements inputs, and being 𝐿, the length of the longitudinal coor-
dinate of the road profile 𝑥, the sampling interval 𝐵, can be estimated, as well as the spatial 
resolution Δ𝑛 and the maximum spatial frequency, 𝑛𝑚𝑎𝑥: 

𝐵 =
𝐿

𝑁
 (2.56) 

Δ𝑛 =
1

𝐿
 (2.57) 

𝑛𝑚𝑎𝑥 = 𝑁Δ𝑛 (2.58) 

Therefore, the spatial frequency for an artificial road profile can be calculated as a vector Δ𝑛 ≤

𝒏 ≤ 𝑁Δ𝑛, with spatial resolution Δ𝑛. Through some mathematical passages, the following ex-
pression for a random but classifiable road input can be obtained for the road vertical 
displacement, 𝒉(𝑥): 

𝒉(𝑥) = ∑ √2Δ𝑛𝑮d(𝑖Δ𝑛)cos (2𝜋𝑖Δ𝑛𝒙 + 𝜷)

𝑁

𝑖=0

 (2.59) 

Where 𝜷, is a randomly generated angle within 0 and 2𝜋. In order to account for the differences 
between the left and right paths, the role of the coherence between parallel roads has been 
investigated. According to [38], when two parallel tracks are needed, a second correlated ran-
dom profile may be generated in a similar way to the first. In order to do that, the cross spectral 
density and the cross phase angles, between the two parallel tracks, have to be known. This 
leads to the definition of an ordinary coherence function. In this work, the assumption of complete 
correlation between the parallel tracks is made (unitary coherence) in order to simplify the 
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generation of the artificial profiles. The difference between the two paths is therefore obtained 
by means of a phase angle, shifting the first one with respect to the second one. Further ap-
proaches to define an appropriate coherence function, can be found in [39], [40]. 

2.7 The controller 
In this chapter, the existing controller (Figure 2.4 [41]) is presented as developed in [8]. It consists 
of a modal state feedback controller (R) and of an extended skyhook controller with twist mode 
(P). The controller also presents a feedforward compensation for engine and drivetrain vibrations, 
which is neglected in this work. The R controller is inspired by the Lotus Modal Control [42] and 
includes a pole placement by deciding the values of the eigenfrequencies and damping ratios 
for the considered modes, namely heave, pitch, roll and twist. The P controller is based on the 
skyhook principle [3], which is extended to the whole vehicle by selecting a P value representing 
a skyhook inertial damping for each direction of movement. The more comfortable P controller 
does not consider the wheels dynamics and therefore, it is not suitable for road-holding. On the 
other hand, the R controller limits the dynamic wheel loads variations but, entails higher body 
accelerations values because it shows the dynamics of a passive system in each eigenmode. In 
the existing model, the two controllers can only be used separately by manually disabling one of 
the two. This has led to the necessity of developing a suitable coordination logic (K+) that could 
possibly enhance the existing controller and achieve better vehicle performances in terms of 
resolution of the conflict between driving safety and driving comfort.  

 
Figure 2.4: Vertical dynamics controller [8, p. 33] 

First of all, on overview on the Skyhook principle is given (Section 2.7.1). The theoretical princi-
ples of modal analysis and modal controller theory are shown (Section 2.7.2). Finally, the P 
controller (Section 2.7.3) and the R controller (Section 2.7.4) are presented. 

2.7.1 Skyhook principle 
Skyhook controller was developed in 1974 by Karnopp [3]. In its simplest form, the Skyhook 
controller isolates the motion of the mass from the ground motion. The body is suspended via a 
virtual damper, 𝑑sky and the actual damping force is controlled by the adjustment of the damping 
ratio 𝑑Bo (Figure  [43, p. 31]). The latter depends indeed, on the relative speed of the body to the 
wheels and on the direction of the damper displacement. 
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Figure 2.5: Skyhook principle on quarter car suspension [43, p. 31] 

The equations representing the Skyhook control of a quarter car vehicle are the following [43]: 

𝑑Bo =

{
  
 

  
 𝑑Bo,max  if 

𝑑sky�̇�Bo

�̇�Bo − �̇�w
> 𝑑Bo,max

𝑑sky�̇�Bo

�̇�Bo − �̇�w
                     if 𝑑Bo,min <

𝑑sky�̇�Bo

�̇�Bo − �̇�w
≤ 𝑑Bo,max

𝑑Bo,min  if 
𝑑sky�̇�Bo

�̇�Bo − �̇�w
≤ 𝑑Bo,min

 (2.60) 

The range of variation of 𝑑Bo depends on the kind of semi-active suspension used and can cor-
respond to the valve opening controlling current or to the properties of an electro-rheological fluid. 

2.7.2 Modal analysis and modal controller theory 
Modal analysis is the study of the dynamic properties of a system in the frequency domain and 
it allows to define its eigenfrequencies and eigenmodes which represent the way the system 
vibrates. For a second order mechanical system of n degrees of freedom, the following modal 
analysis can be performed, where 𝐲 is the vector containing the system degrees of freedom, M 
is the positive definite, real and diagonal mass matrix, 𝑲 is the positive semidefinite or definite, 
real, symmetric stiffness matrix, 𝑫 is the positive semidefinite or definite, real, symmetric damp-
ing matrix and 𝑭 is the external force vector. The property of the symmetry is always valid when 
natural systems are examined. 

𝑴�̈� + 𝑫�̇� + 𝑲𝐲 = 𝑭 (2.61) 

When considering and undamped and unforced system, meaning 𝑭 = 𝑫 = 0, the existence of 
synchronous solutions can be demonstrated. This leads to the definition of the eigenvalue prob-
lem: 

𝑑sky

𝑑Bo𝑐Bo

𝑧w

𝑧ro

𝑧Bo
𝑚Bo

𝑚w

𝑐T

https://en.wikipedia.org/wiki/Frequency_domain
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(𝑲 − ω2𝑴)𝒚0 = 0 (2.62) 

Which can be solved by: 

det(𝑲 − ω2𝑴) = 0 (2.63) 

Eigenvalues can be calculated by means of the following: 

ω𝑖
2 = λi  (2.64) 

with 𝑖 = 1 …n. In general, a modal direct transformation can be performed, where 𝜼 represents 
the vector of the modal coordinates of the system and 𝜳 is the matrix containing the autovectors 
of the undamped modal system, as columns: 

𝒚 = 𝜳𝜼 (2.65) 

Substituting Eq. (2.65) in Eq. (2.61) and pre-multiplying for the transposed matrix 𝜳𝑇, with 𝑭 =

0,  the following is obtained: 

𝜳𝑇𝑴𝜳 �̈� + 𝜳𝑇𝑫𝜳�̇� + 𝜳𝑇𝑲𝜳𝜼 = 𝟎 (2.66) 

The symmetry of the stiffness and mass matrix leads to the property of orthogonality which de-
couples the equation for mass and stiffness terms. 

𝑴𝒓 �̈� + 𝜳𝑇𝑫𝜳�̇� + 𝑲𝒓𝜼 = 𝟎 (2.67) 

Where 𝑴𝒓 and 𝑲𝒓 are diagonal matrices. The complete decoupling can be achieved by manip-
ulating the damping matrix, for example with proportional damping. A completely decoupled 
system, cannot be obtained though, in the full vehicle model presented in Section 2.3. This is 
due to some asymmetries like the different values of the suspension stiffness between the front 
and rear or the position of the centre of gravity which is not centred with respect to the longitudinal 
axis.  

For MIMO systems (Multiple Input Multiple Output), a central control can be implemented with 
complete decoupling of the equations through state feedback. The idea behind the state feed-
back approach is that all state variables can be measured or at least estimated. The state vector 
is always returned to the control block. The control input 𝒖, is obtained by the difference between 
a set signal, prefiltered with 𝑭 and a feedback signal multiplied by the controller matrix (Figure 
2.6). A comparison on different state feedback controller design methods is performed in [44]. 

 
Figure 2.6: State feedback controller 
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The control variable enters the plant with the following expression: 

𝒖 = -𝑹𝒙 + 𝑭𝒘 (2.68) 

The desired transfer function must be diagonal to generate decoupled equations. In order to 
achieve that, the number of controlled variables must be equal to the number of actuators. This 
is the reason why the twist mode is introduced. An extended explanation on modal control laws 
is given in [45]. In order to apply a modal control law, a reduced set of degrees of freedom is 
chosen as controlled variables. Being nR < n, the number of degrees of freedom of the system 
chosen as the controlled variables (with n, the total number of degrees of freedom), and being 
m, the number of the actuators implemented in order to control the plant, the following rules are 
valid. If m = nR, the problem is determined, the transformation matrix from modal coordinates to 
the actuators directions is invertible. If m > nR, the problem is over-determined and a pseudo-
inverse matrix needs to be adopted. This filters the measurement noise in a least square sense. 
If m < nR, the problem is under-determined and a state observer is required to estimate the 
missing measurements. In the full vehicle model (Section 2.3), with the assumption of a rigid 
body, the dynamic behaviour could be described by the body heave, roll and pitch motions. This 
would lead to three controllable variables and four actuators placed at the corners of the vehicle 
via the semi-active suspensions and would require the usage of a pseudo-inverse approach 
which has been substituted by the introduction of a new degree of freedom for the body motion. 
The R controller whose mathematical model is presented in Section 2.7.4, finds its basis in [46], 
where a feedback controller has been implemented in order to separately tune heave, pitch and 
roll motions of a vehicle body via decoupling of the model equations. Decoupling is achieved 
with a state feedback controller whose control law consists of a gain multiplying the feedback 
state vector. There are two gain matrices, one for stiffness and one for damping. They both result 
in the difference between the desired stiffness and damping matrices and the true ones. The 
desired dynamics is defined with diagonal matrices which guarantees decoupling. The equations 
of motion in the directions of heave, pitch and roll can be obtained and the real actuating forces 
are entered in the model with a transformation matrix considering the real points of application 
of the forces. The described approach, shows a non-quadratic matrix for modal transformation 
that cannot be inverted as the system is over-determined. 

2.7.3 P controller: extended Skyhook 
The Skyhook principle presented in Section 2.5.1, can be identified as a proportional (P) control-
ler. It could be extended to the whole vehicle by implementing it on each of the four corners. In 
this work though, the Skyhook principle has been applied to the modal coordinates of heave, 
pitch, roll and twist. This can be achieved by means of a KP,𝑖  proportional factor, being 𝑖 ϵ 
[𝑧Bo, 𝜃Bo, 𝜑Bo, 𝑡Bo] (Figure 2.7) and by using the transformation matrix. In the extended Skyhook 
control, the KP,𝑖 values correspond to the 𝑑sky of Figure 2.5.  

The P controller block, is fed by an error 𝒆, generated as the difference between a set, 𝒚set and 
a feedback 𝒚 as in Eq. (2.70). The set signal is always equal to zero, meaning that the body 
velocity in the different modes is required to be null (Eq. (2.69)). The feedback signals are the 
velocities of the body in each direction of movement.  
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Figure 2.7: Extended Skyhook controller with twist mode [8, p. 39] 

𝒚set = 𝟎 (2.69) 

𝒆 = 𝒚set − 𝒚 (2.70) 

The so calculated error is multiplied by a KP gain, which can be set to a different value for each 
modal direction.    

𝒖P,modal = 𝑲P𝒆 = -𝑲P𝒚 (2.71) 

Where 𝑲P is: 

𝑲P = [

KP,zBo

0
0
0

0
KP,θBo

0
0

0
0

KP,φBo

0

0
0
0

KP,tBo

] (2.72) 

In order to compute the input actuating force from the P controller, the modal transformation 
matrix is used: 

𝒖P = -𝑻-1𝒖P,modal = 𝑻-1𝑲P𝒚 (2.73) 

2.7.4 R controller 
The R controller, in terms of system controllers classification, is a state feedback with pole place-
ment. The latter is desired as it means directly deciding the location of the eigenvalues of the 
system. As a matter of fact, the R controller allows to choose the desired stiffness, via the desired 
undamped natural frequencies, and damping, via the damping ratios, for the four body degrees 
of freedom (Figure 2.8, [8, p. 34] ). The input vector 𝒖R is calculated after a retransformation of 
the modal coordinates into the direction of action of the four actuators at the vehicle corners. The 
present work does not aim at achieving a perfect decoupling between the modes, as done in [8]. 
Consequently, the values of the spring stiffness, 𝑐𝑖, and of the damping coefficients, 𝑑𝑖 are tuned 
in an optimal sense, being 𝑖 ϵ [𝑧Bo, 𝜃Bo, 𝜑Bo, 𝑡Bo], to achieve the best road-holding or ride comfort. 
Further explanations on this are given in Appendix F. 

 

𝑑sky, Bo

𝑑sky, Bo

𝑑sky,𝑧Bo
𝑑sky,𝑧Bo

𝑑sky,𝑡Bo
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Figure 2.8: R controller [8, p. 34] 

In the derivation of the control law, only the body movements are taken into account while the 
movements of the engine are neglected. This derives from the assumption that the eigenfre-
quencies of the body are of an order of magnitude lower than the ones of the engine and that 
the vehicle shows a rigid body behaviour. The state space equations for the full vehicle change 
as it follows: 

�̂�Bo =  𝑻(𝑲sus + 𝑲arb)𝑻T (2.74) 

�̂�Bo =  𝑻𝑫sus𝑻
T (2.75) 

�̂�Bo = [

mBo

0
0
0

0
Jyy

0
0

0
0
Jxx

0

0
0
0

JBo,t

] (2.76) 

The body dynamics can be seen as the difference between the desired one and the passive 
suspensions dynamics as it follows: 

𝑴Bo�̈�Bo = -(�̂�BoΔ�̇�Bo + �̂�BoΔ𝒙Bo) + 𝐮∗ (2.77) 

But it can also be expressed as an immediate derivation of equations from Figure 2.8. 

𝑴Bo�̈�Bo = -(𝑫∗Δ�̇�Bo + 𝑲∗Δ𝒙Bo) (2.78) 

Where 𝑫∗ and 𝑲∗ are diagonal matrices and give place to decoupled equations. Eq. (2.78), 
shows the dynamics of a passive system. 

𝑫∗ = [

dzBo

0
0
0

0
dθBo

0
0

0
0

dφBo

0

0
0
0

dtBo

] (2.79) 

𝑲∗ = [

czBo

0
0
0

0
cθBo

0
0

0
0

cφBo

0

0
0
0

ctBo

] (2.80) 

And with Δ𝒙Bo: 

Δ𝒙Bo = 𝑻-TΔ𝒛sus = 𝒙Bo − 𝑻-T𝒛w (2.81) 
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From Eq. (2.77) and Eq. (2.78) the following is derived: 

𝒖∗ = -(𝑫∗Δ�̇�Bo + 𝑲∗Δ𝒙Bo) + (�̂�BoΔ�̇�Bo + �̂�BoΔ𝒙Bo) 

      = - (Δ𝑫∗Δ�̇�Bo + Δ𝑲∗Δ𝒙Bo) 
(2.82) 

Δ𝑫∗ = 𝑫∗ − �̂�Bo;  Δ𝑲∗ = 𝑲∗ − �̂�Bo (2.83) 

Eq. (2.83) can be expressed via the state space variables, underlining the two effects of the 
control law, on the body and on the wheels: 

𝒖∗ = -(Δ𝑫∗�̇�Bo + Δ𝑲∗𝒙Bo) + Δ𝑫∗𝑻-T�̇�w + Δ𝑲∗𝑻-T𝒛w (2.84) 

To obtain the actual control law of the actuators, the transformation matrix is used: 

𝒖R = -𝑻-1𝒖∗ = 𝑻-1(Δ𝑫∗�̇�Bo + Δ𝑲∗𝒙Bo) − 𝑻-1(Δ𝑫∗𝑻-T�̇�w + Δ𝑲∗𝑻-T𝒛w) 

                  = -𝑹𝒙 
(2.85) 

Matrix 𝑹 is shown in Appendix B. In the simulation model,  Δ𝑧sus and  Δ�̇�sus are used as input 
variables as they can be directly measured in the real vehicle. The control law is modified as it 
follows: 

𝒖R = 𝑻-1Δ𝑫∗𝑻-TΔ�̇�sus + 𝑻-1Δ𝑲∗𝑻-TΔ𝒛sus (2.86) 

When it comes to the wheels dynamics, the following applies: 

𝑴w�̈�w = 𝑫susΔ�̇�sus + (𝑲sus + 𝑲arb)Δ𝒛sus − 𝑲T𝒛w,rel + 𝒖R (2.87) 

Neglecting the road excitation, 𝒛ro = 0, and the body movements, (𝒙Bo = �̇�Bo = 0), and substi-
tuting Eq. (2.86) in Eq. (2.87), the controlled wheels dynamics is derived: 

𝑴w�̈�w = -(𝑻-1𝑫∗𝑻-T�̇�w + (𝑻-1𝑲∗𝑻-T + 𝑲T)𝒛w) (2.88) 

The stiffness behaviour is decoupled as 𝑲T is a diagonal matrix and the secondary diagonal 
elements can be neglected due to the high stiffness values of the tyres. The damping terms show 
a coupled behaviour depending on the deviation between the desired damping values in the 
body eigenmodes: the greater, the higher the coupling in the wheels.  
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3 State of the art 

This chapter presents a concise overview of the state of the art in the switching between different 
controllers techniques (Section 3.1) and in adaptive controllers applied to active or semi-active 
suspensions (Section 3.2). An overview on suspension oriented Skyhook control is given (Sec-
tion 3.3). In Section 3.4 a criticism to the state of the art is conducted. 

3.1 Switching strategies  
In this section, switching strategies between controllers are presented. These include anytime 
control algorithm, artificial neural network and coordinated control strategies as well as Crone 
suspension switching algorithm. In [47], it is shown how switching between a finite number of 
controllers can be used to improve closed loop performances. 

3.1.1 Anytime control with two controllers 
In computer science, an example of event-triggered anytime control with two controllers is found 
in [48]. In embedded control systems, computational resources are usually shared and random 
data packets losses as well as unavailability of process variables can happen. Anytime algo-
rithms have been taken into account especially for real time systems. Such an anytime algorithm 
presents two control policies requiring a different amount of processor resources to calculate the 
input to the control unit. The switching between the two controllers is realized comparing a certain 
process variable to a significant threshold. Linear control algorithms are transformed to anytime 
control algorithms by switching between controllers of different order. 

3.1.2 Neural networks and coordinated control strategies  
In the field of artificial intelligence, artificial neural network (ANN) attempts to imitate the human 
brain logic. ANN finds one of its possible applications in power transmission [49], with the aim of 
coordinating three control laws with a genetic algorithm capable of tuning some system param-
eters and minimizing some performance indices. 

A coordinated system is a model built on different hierarchical levels in which a coordinator at 
the highest level is in charge of managing subsystems at the lowest levels. This is achieved by 
means of a suitable control law that needs to ensure a proper interaction between the lower level 
subsystems. An example of overall coordinated controller is found in [50], with the purpose of 
ensuring power sharing between a renewable and a dispatchable source of energy. An adaptive 
neuro-fuzzy inference system (ANFIS) based coordinated controller is presented in [51]. Its aim 
is to enhance the stability and reliability of a multiterminal high voltage direct current system 
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(MTDC) in combination to a series of PI controllers. Other examples of coordinated controllers 
in the energy field can be found in [52], [53], [54]. A coordinated control strategy is proposed in 
order to combine different goals in a full vehicle model [55]. A coordination between two families 
of controllers, high order sliding mode and backstepping controllers is achieved. The aim of the 
work is to globally control the chassis with respect to active steering, differential braking and 
active suspensions. Both normal and critical driving situations are considered and when entering 
from the first scenario to the second one, a smooth switching in control parameters of the active 
suspension is performed. A threshold is defined, and a stability factor is used for the switching 
condition. 

3.1.3 Crone suspension switching algorithm 
C  N  is the  rench acr n m  f “suspensi n `a C mp rtement    uste  ’ r re N n  ntier” 

[56], and consists of a traditional suspension configuration where the spring and the damper are 
substituted by an hydropneumatic system. These systems are called multi-mode systems as 
they are provided with a switching law to choose between different modes. Usually, those switch-
ing la s  epen   n a  river’s input.  n [57] a switching law between an hard and a soft mode is 
analysed depending on the  river’s acti n  n the steering  heel. T   architectures are availa le 
whose difference is due to additional air volumes to the principal one. The main objective of this 
system is to solve the dilemma between road-holding and ride comfort. 

3.2 Adaptive control of active and semi-active sus-
pensions 

Adaptive control is a control method that consists of an adaptation of the controller to the system 
varying conditions by changing a set of parameters and eventually the control law. In [58] an 
example of adaptive control for vehicle active suspensions with unknown nonlinearities is pre-
sented. A prescribed performance function is used into the control design to stabilize heave and 
pitch motions and an adaptive law is implemented in order to achieve a parameter estimation. In 
[59], a traffic condition based fuzzy controller for active suspension is designed. Two fuzzy con-
trollers for front and rear suspensions are implemented and tuned by considering two 
optimization objectives, namely a ride comfort index and the maximum suspension travel. Adap-
tive nonlinear active suspension control, based on a road classifier with a modified super-twisting 
algorithm is shown in [60]. In an offline phase, optimised control parameters are estimated and 
provided to a probabilistic neural network (PNN) for training. In an online phase, PNN determines 
the road level and the corresponding control parameters which are supplied to a nonlinear con-
troller providing the active contribution of the suspension. A control law for a semi-active 
suspension is extended from the conventional skyhook control, and the controller gains are 
scheduled for various frequency regions of road disturbances by means of road-frequency adap-
tive controller [61]. In addition, several adaptive controller approaches are presented in order to 
detect the driving state and consequently schedule the controller parametrization [34].  

In adaptive control theory, the multiple model approach can be found. This leads to an improved 
efficiency in adaptive systems. A large number of models can be used at every simulation time 
step. In [62] a multiple model switching controllers using H∞ control for systems with large uncer-
tainties is carried out. In switching based control, a set of candidate controllers for some 
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corresponding multiple models is chosen and the main controller switches between the set of 
candidate, according to online measurements. The H∞ control theory is used to develop single 
candidate controllers. An example of its application to active suspension systems is given in [63].  

3.3 Suspension oriented Skyhook control 
In literature, there are several examples of suspension oriented skyhook control. These ap-
proaches have been mainly applied to quarter car models with semi-active dampers. A simple 
method for skyhook damper control is presented in [64] and applied to continuously adjustable 
dampers. 

Another possibility is a suspension oriented skyhook control which is compared to an H∞  control 
in a quarter car model [65]. With reference to Figure 3.1 [65, p. 108], the following control law 
was designed: 

𝒖 = −𝑑sky�̇�Bo + 𝛼𝑑sky�̇�w (3.1) 

Where 𝑑sky represents the damping of the link to the sky and 𝛼 the percentage of the damping 
𝑑sky used for the suspension. 

 
Figure 3.1: Quarter car model with suspension oriented Skyhook controller 

In [66], some practical aspects of the same approach are carried out and conclusions are made 
on the better efficiency on the H∞  control despite the easier adjustability of the skyhook approach. 
In [67] a study on the dynamic jerk caused by the change in the damping force is developed by 
means of an adjustable damping factor depending on the relative velocity between the sprung 
and the unsprung masses. In [68], the 𝒖 input force is estimated by minimizing a 𝐽 index with 
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linear quadratic control. The 𝐽 index takes into account limitations on the suspension deflection. 
This approach is compared to the classic Skyhook approach where: 

𝒖 = −𝑑sky�̇�Bo (3.2) 

In this case the quarter car vehicle is designed with a virtual prototype so that full vehicle ma-
noeuvres can be simulated. In [69], optimal suspensions for quarter car models are analysed. A 
performance index accounting for tire and suspension deflection is formulated. In [70], an optimal 
skyhook control for semi-active suspensions is developed. The control law is the same of Eq. 
(3.1). A weighted cost function is designed and it is minimized to obtain an optimal value for both 
𝑑sky and 𝛼. In [71], Eq. (3.1) is modified as it follows and the control law is addressed to as 
modified Skyhook control. 

𝒖 = 𝐶max𝛼(�̇�Bo − �̇�w) + (1 − 𝛼)�̇�w (3.3) 

With: 

𝐶max = 𝐶p + 𝐶s (3.4) 

𝛼 =
𝐶p

𝐶max
 (3.5) 

Where 𝐶p and 𝐶s are, respectively, the passive and Skyhook damping rates and 𝐶max is the 
physical limit on the performance of the damper. BESINGER approach [71] was taken and imple-
mented in a more complex model but applied with quarter car model equations only on the four 
vehicle corners [72]. A different approach implemented the skyhook control law of Eq. (3.1) by 
modifying and extending it, to a 7 degrees of freedom vehicle model to control heave, pitch and 
roll [73]. Conclusions on optimal 𝛼 values or on a way of combining the different proposed control 
laws were not drawn though. The above mentioned approaches are transformed and enhanced 
in order to develop a modified P controller (Section 4.6). 

3.4 Criticism of the state of the art 
The R modal controller, manages to efficiently control the wheel dynamics. With respect to [46], 
where the wheels were not considered in the control law, the R control provides better driving 
safety. In the modal space though, this results in the dynamics of a passive system and entails 
higher acceleration values that results in uncomfortable driving perceptions. Of course the dif-
ference with a passive suspension is the possibility of tuning the body modes of heave, pitch, 
roll and twist individually and variably. On the other hand, the more comfortable P controller 
alone, does not account for the wheels dynamics and can imply dangerously high dynamic wheel 
loads. This leads to the necessity of a suitable coordination logic between the two controllers. 

From the concise overview on the state of the art, it is clear that the idea of switching between 
two different controllers has not been sufficiently explored yet, especially in the field of semi-
active and active suspension control and with the aim of combining safety and comfort. The 
definition of an appropriate coordination logic directly implies an online estimation of some vari-
ables of interest that can possibly represent ride comfort as well as road-holding. The control 
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logic must combine the R and the P controller in an adaptive way depending on the simulation 
scenario.  

As a consequence, aspects from adaptive control theory are considered as well as switching 
controller approaches. Classic adaptive controllers, in their simplest form, adjust the controller 
parameters in a continuous way as a consequence of an online identification of model variables 
changing in time, but do not necessarily imply the use of multiple controllers especially displaying 
two different objectives. At the same time, switching strategies between controllers do not seem 
to be applied to active and semi-active suspensions, and the attempts of coordinated controllers 
refers to vehicle subsystems that are not considered in this work, as the focus is on vertical 
dynamics.  

On the other hand, suspension oriented Skyhook approaches have always been developed for 
quarter car models and even when applied to more complex models they would anyway consider 
only heave, pitch and roll of the body. In addition, their main field of interest has always been 
magneto-rheological dampers and not electrohydraulic ones.  
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4 Method 

This chapter describes the procedures and the methods that have been used in the enhance-
ment of the vertical dynamics controller. From the criticism to the state of the art, the scientific 
news value of the work is presented (Section 4.1). The development environment (Section 4.2) 
as well as test scenarios (Section 4.3) are described. The development of four Kalman filters to 
estimate the dynamic wheel loads is carried out (Section 4.4). The coordination logic design is 
derived (Section 4.5) and a modified P controller is presented (Section 4.6). Finally, simulations 
results are shown (Section 4.7). 

4.1 Scientific news value 
From the criticism of the state of the art, the scientific news value of the work can be immediately 
derived. First of all, P and R controllers were designed in [8] to achieve decoupling and conse-
quently a variable tuning in the body eigenmodes. They could only be used separately by 
manually activating one of the two before starting a simulation. The P controller alone is more 
suitable where road excitations, whose profile is smaller than the suspension travel, are simu-
lated. In those cases, the Skyhook principle can compensate the solicitation and provide high 
comfort without incurring into road-holding issues. With larger excitations the R controller is pref-
erable even though it reduces comfort perception due to its passive dynamics in the modal space. 
In this work, P and R controllers are tuned to achieve respectively optimal comfort and optimal 
road-holding with the minimization of the accelerations RMS values as well as of dynamic wheel 
loads. The feedforward compensation for engine dynamics is neglected in this work. A strong 
novelty is a coordination logic, K+. This removes the necessity of manually choosing the control-
ler in the simulation as K+directly adjusts the overall control law depending on the driving 
simulation. This results in an optimal exploitation of both controllers strengths. Secondly, a mod-
ified P controller is developed. Its effectiveness is compared with the coordination logic one. A 
novelty with respect to [65], is that in this work, the modified Skyhook principle is applied to the 
full vehicle model and not to a quarter car one. Electrohydraulic dampers are implemented and 
not magneto-rheological ones. There have been attempts of extending this modified principle to 
a seven degrees of freedom vehicle model, but in none of these cases the twist mode was con-
sidered.    

4.2 Development environment 
The implementation of the model is performed in the object-oriented environment MatLab/Sim-
ulink. The advantage of using a simulation model relies in the possibility of making adjustments 
and modifications, as well as conducting relatively fast sensitivity analysis, without incurring in 
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additional costs or efforts. Only when the logic is fully optimized in the simulation environment, it 
can be tested in the real vehicle where further improvements can be performed. The simulation 
model consists mainly of three parts (Figure 4.1). The controllers block, which consists of the P 
controller, the R controller, the coordination logic between the two, and of a transformation block 
which transforms the desired modal force and moments from the controllers into the active or 
semi-active forces at the four suspensions corners. The real forces estimator block, which con-
tains inverse lookup tables that represent the actuator properties. A specific actuator model is 
not implemented and its dynamics is neglected, but real actuator force limits can be considered. 
There is a manual switch in the block that allows to perform simulations without considering the 
actuator force constraints and can result in ideal actuators or in a sense, active ones. Actuators 
are not physically placed in correspondence of the wheels and therefore an installation ratio, 
assumed constant in the working range, must be taken into account in terms of moments equi-
librium. The total semi-active suspension force, only considering its damping component, and 
referred to the wheels, 𝑭susp,d,𝑖𝑗, is expressed as it follows: 

𝑭susp,d,𝑖𝑗 = 𝑖𝑖𝑭susp,d     (4.1) 

with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l} and where 𝑭susp,d is the semi-active damping dissipative component oc-
curring at the physical position of the shock absorbers (Appendix G). The plant model block 
manages the resolution of the state space equations for the chosen full vehicle model. It receives 
the input from the controllers, eventually considering the actuators limitations, and the input from 
the road, in terms of vertical displacement. As the road input is usually not known a-priori in real 
life tests, an estimator has been implemented in order to correctly compute the variables that are 
needed for the coordination logic (Section 4.5). From the plant block, the state space vector is 
calculated at each time step and fed as an input to the controller block. In the testing phase of 
the logic, the plant model block is substituted with the real vehicle, equipped with standard sen-
sors in order to measure the inputs to the controllers block. 

 

 
Figure 4.1: Simulation model 
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4.3 Test scenarios  
In order to test the simulation model during the development phase of the coordination logic and 
to enhance the controller, different test scenarios are employed in this work. Two stochastic 
profiles from Munich area are available. They were recorded by means of a laser profilometer 
and the right and left tracks were obtained from the scan of the surface as a function of the 
trackwidth and the centre line of the vehicle on the road. Measurements were available in five 
columns, respectively representing the longitudinal coordinate going from 0 to the length of the 
recorded path and the road displacements in vertical direction for each wheel. A third order pass-
band from 0.1 Hz to 25 Hz Butterworth filter has been used to cut off the low frequency 
components of the measured road profiles, specifically below 0.1 Hz and the highest ones, above 
25 Hz. The Butterworth filter shows a smooth passband and a smooth increase in stopband 
attenuation. The attenuation in the stopband rises by -20n dB/decade or -6n dB/octave where n 
represents the number of poles and the filter order [74, 245]. The measured road profiles are 
addressed as MnF and FnP, respectively representing paths from Massenhausen to Fürholzen 
and Freising to Pulling. The dependence of the amplitude, for real road profiles, to frequency can 
be observed (Figure 4.2, 4.3).  

Within the scope of this work, either the power spectrum or the power spectral density are always 
computed to elaborate the simulations results. WELCH’s meth   is used [75], [76]. The spectrum 
is limited in the frequency range from 0.1 Hz to 20 Hz. Windowing is always performed to process 
simulation results with a hanning window of variable length. The resulting PS or PSD is usually 
furthermore smoothed my means of a moving average filter with a span that varies depending 
on the simulation. 

 

 
Figure 4.2: MnF, 100 km/h, Bandpass-filter 0.1-25 Hz 

 
Figure 4.3: FnP, 100 km/h, Bandpass-filter 0.1-25 Hz 
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As well as stochastic road profiles, artificially generated ones are employed in this work. A single 
obstacle is modelled in order to simulate a road bump. The obstacle is assumed to be driven on 
with the right side of the vehicle. Figure 4.4, shows the shape of the bump.  

 
Figure 4.4: Single Obstacle, 30 km/h 

The method displayed in Section 2.6, is used to generate fictitious profiles, classifiable by road 
roughness, following ISO 8608 prescriptions. A test profile is derived where four sections can be 
distinguished in terms of road roughness in a sequence that is A-C-A-C according to [36]. This 
road is especially suitable for the development of the coordination logic. Sections with a low 
roughness class (A) can be controlled by the more comfortable P controller because dynamic 
wheel loads are not dangerously high. On the other hand, sections with high roughness class 
(C) should be managed with the safer R controller that would account for the wheels dynamics. 
The coordination logic has to be able to detect changes in terms of induced vibrations on the 
vehicle, at the interface of the sections in order to correctly combine the two controllers. Figure 
4.5, shows the A-C-A-C test profile. 

 

 
Figure 4.5: A-C-A-C profile, 100 km/h 

An artificially generated road profile with C roughness is used as well (Figure 4.6) and tested 
with different vehicle speeds to analyse their influence on the vehicle dynamics. A road in very 
poor conditions can result in acceptable dynamic wheels loads if the vehicle speed is sufficiently 
low. Finally, a garage road profile (Garage) is modelled (Figure 4.7). It is designed as an hori-
zontal path of 5 m followed by a downhill whose angle can be changed in the simulations. The 
depth is of -2 m. An horizontal path of 10 m is found at the lowest height and the entire path is 
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mirrored. Vehicle speed is equal to 20 km/h. The road profile displays some random A class 
roughness on the horizontal paths. This road has been used because it reveals another down 
side of the P controller.  

 

 
Figure 4.6: C profile, 80 km/h 

 
Figure 4.7: Garage, 20 km/h 

The skyhook principle is built to level the body so that it does not resent of the road irregularities. 
If the vehicle descends on a path as in the garage simulation, the P controller would cause un 
undesired body elevation at the beginning of the slope in the active suspension configuration 
(Figure 4.8).  

 
Figure 4.8: Garage, 20 km/h, 𝑧Bo with P and R controller 
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This is visible in the simulation model as no constraint in the suspension travel is implemented. 
A simple constraint model to suspension deflection was developed and applied to the same 
simulation of Figure 4.8. The elevation of the body is reduced (Figure 4.9). In Appendix D, the 
constraint model is presented. The coordination logic should take into account those type of 
situations as well and prefer the use of the R controller. 

 
Figure 4.9: Garage, 20 km/h, 𝑧Bo with P and R controller and a constraint in the suspension travel 

4.4 Kalman Filter 
As shown in Section 2.4, an important aspect of the coordination logic development is an appro-
priate estimation of dynamic wheel loads. Eq. (2.51), shows a way of calculating the desired 
quantity. Two main limitations are involved in this formula. First of all, in order to use the criteria 
of Eq. (2.48), the RMS of the dynamic wheel loads must be computed implying the knowledge 
of the function of interest over the interval of time considered. This means that it can only be 
computed offline, after having run a simulation in the model. This problem can be solved by using 
a moving RMS function consisting of a window of specified length which moves over the data. 
By using an appropriate window length, this procedure has proved to be sufficiently accurate. 
The second problem with dynamic wheel loads calculation is that it implies the resolution of the 
state space equations presented in Section 2.2. When it comes to the simulation model, this is 
always possible as the strong assumption of knowing the road input disturbance is made. In real 
life tests, road inputs are always unknown. Therefore, accelerations can only be measured and 
eventually filtered for their correct estimation. This consideration has led to the necessity of im-
plementing a Kalman filter with the objective of estimating the wheels vertical accelerations as 
well as the body accelerations at the four corners of the vehicle. The employed method is pre-
sented as it follows. In Appendix E, general equations for Kalman filters are shown. The idea is 
to develop a robust estimator against sensor noise and modelling errors in the equations. An 
example of Kalman filtering in semi-active suspension control is shown in [77], where the focus 
is on the estimation of the vertical velocities of the body and of the damper in a quarter car model. 
Another possible application of Kalman filtering can be found in [78], where it is used to indirectly 
estimate bridge deterioration by means of the evaluation of the dynamic tyre forces. In [79], a 
road roughness estimation based on a discrete extended Kalman filter with unknown input is 
designed. General procedures for observers synthesis can be found in [80].  

Figure 4.10, shows a quarter car vehicle suspension with semi-active dampers. This model is 
applied to the four vehicle corners and consequently, four Kalman filters are used for the sake 
of this work. Another possibility could have been to extend the Kalman filter to the 10 degrees of 
freedom of the full vehicle model. This choice would have complicated the equations by consid-
ering roll, pitch and twist of the body as well as the engine modes of heave and roll, without a 



4 Method 

39 

significant improvement in the results. It has been demonstrated to be sufficiently accurate de-
spite the simplifying assumption.  

 
Figure 4.10: Quarter car model of semi-active suspensions 

A second important assumption that has been made for the implementation of this Kalman filter, 
is the non-knowledge of the road input  which is consequently neglected in the equations (𝒛ro =

0). This is taken into account by the process noise covariance 𝒘. Uncertainties on the measure-
ment process, depending in real tests on the employed sensors, are considered in 𝒗. Further 
explanations on this are given in Appendix E. The following equations apply in the state space 
form: 

�̇� = 𝑨k𝒙 + 𝑩k𝒖 + 𝒘 (4.2) 

𝒚 = 𝑪k𝒙 + 𝑫k𝒖 + 𝒗 (4.3) 

Where: 

𝑨k = [

0
−𝑐Bo/𝑚Bo

0
𝑐Bo/𝑚w

1
−𝑑Bo/𝑚Bo

0
𝑑Bo/𝑚w

0
𝑐Bo/𝑚Bo

0
−(𝑐Bo + 𝑐T)/𝑚w

0
𝑑Bo/𝑚Bo

1
−𝑑Bo/𝑚w

] (4.4) 

𝑩k = [

0
−1/𝑚Bo

0
1/𝑚w

] (4.5) 

𝑪k = [
−𝑐Bo/𝑚Bo −𝑑Bo/𝑚Bo

𝑐Bo/𝑚w 𝑑Bo/𝑚w
    

𝑐Bo/𝑚Bo 𝑑Bo/𝑚Bo

−(𝑐Bo + 𝑐T)/𝑚w −𝑑Bo/𝑚w
] (4.6) 

𝑫k = [
−1/𝑚Bo

1/𝑚w
] (4.7) 

The state space vector, the observer vector and the control vector are respectively: 
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 Bo
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𝒙 = [𝒛Bo �̇�Bo    𝒛w �̇�w]𝑇 (4.8) 

𝒚 = [�̈�Bo �̈�w]𝑇 (4.9) 

𝒖 = 𝑭𝑢𝑖𝑗
  (4.10) 

with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l}. It must be noted that the contribution of the damping force is split into its 
passive and semi-active components. The aim of the designed Kalman filter is to correctly esti-
mate the observer vector 𝒚. For each time step of the simulation model, it is calculated and finally 
used to compute the dynamic wheel loads. Four Kalman filters are implemented and therefore, 
four wheels accelerations are calculated. Four body accelerations in vertical direction, neglecting 
the eigenmodes of pitch, roll and twist are estimated as well at the four vehicle corners. The 
online estimation of the dynamic wheel load is performed as it follows: 

𝐹�̃�w,𝑖𝑗,dyn = 𝑚Bo,𝑖𝑗
�̃̈�Bo,𝑖𝑗 + 𝑚w,𝑖𝑗

�̃̈�w,𝑖𝑗  (4.11) 

with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l}. Eq. (4.11) is obtained from Eq. (2.51) where the body acceleration in verti-
cal direction is derived from the four body eigenmodes while this formulation is taken from a 
quarter car model that only considers vertical direction. This results in a general underestimation 
of the dynamic wheel loads. As the aim of this estimation is to implement an appropriate switch-
ing logic between the controllers with the possibility of detecting changes in the vibrations 
induced from the road, is considered acceptable. In order to fictitiously reproduce a measure-
ment process in the simulation environment, a band-limited white noise is added to the 
accelerations of the body and of the wheels, calculated from the resolution of the state space 
equations of the full vehicle model in the plant. This results in the measurement vector 𝒚. The 
latter and the control vector with the semi-active damping forces, are given as an input to the 
Kalman filters. These provide the estimate of the state vector and of the measurement vector. 
The estimated measurement vector is of interest to calculate online dynamic wheel loads. An 
overview of the method is shown (Figure 4.11). 

 
Figure 4.11: Kalman filters overview 
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Eq. (2.48) becomes: 

‖𝐹�̃�w,𝑖𝑗,dyn ‖rms
≤ 𝑘𝑖𝐹𝑧w,𝑖𝑗,stat

    (4.12) 

Where 𝑘𝑖 represents a percentage of the static load and can be tuned depending on the desired 
dynamics. Two examples of estimation are reported. The first one (Figure 4.12) represents an 
initial attempt of filtering in order to estimate the vertical acceleration of the body at the front right 
c rner. The s nthetic e pressi n, “true y” refers t  the varia le �̈�Bo, calculated from the state 
space model of the full vehicle and given as an input to the filter after having added some white 
noise. On the other hand, “estimate   ” refers t  the  utput  f the filter, as the estimate  vertical 

acceleration of the body on the front right corner, z̃̈Bo,fr.  

 
Figure 4.12: Untuned Kalman filter simulation 

 
Figure 4.13: Tuned Kalman filter simulation 

The second simulation (Figure 4.13) represents an optimized version of the filter having appro-
priately tuned the process and measurement noises. The mentioned simulations have been 
performed with the stochastic road profile MnF and with a constant vehicle speed of 100 km/h. 

4.5 Coordination logic 
One of the objectives of this work is to develop a suitable coordination logic, addressed in the 
controller synthesis with K+(Figure 2.4). Its aim is to combine two differently oriented controllers 
for continuously adjustable semi-active dampers: the modal R controller and the extended P 
controller with twist mode, respectively focused on road-holding and ride comfort. The general 
procedure for the development of an adaptive gain is presented (Section 4.5.1). The different 
aspects of the coordination logic are described in terms of ride comfort (Section 4.5.2), road-
holding (Section 4.5.3) and suspensions constraints (Section 4.5.4). A correction to the adaptive 
gain is also made (Section 4.5.5). A modified version of the P controller is developed in Section 
4.6 and it is used as a comparison for the coordination logic. Finally, some results with the semi-
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active configuration are shown and compared to the ones obtained with the single controllers 
(Section 4.7). 

4.5.1 Adaptive gain 
Initial attempts of coordination have been conducted. These involved the calculation of a suitable 
variable that would be compared, for each time step, to a significant threshold. This would lead 
to the activation of either the P or the R controller and the deactivation of the other one. Such an 
approach entails an hard switch between the controllers. With some simulation setups, this would 
result in optimal switching. With very poor road conditions, the R controller would always be 
active and instead, with a good roughness class or lower vehicle speeds, the more comfortable 
P controller would be present. Issues were found when simulation parameters provided uncer-
tainties in comfort or road-holding classification, causing a continuous switch between the 
controllers since the controlled variable was oscillating around the threshold. This approach was 
the most immediate as the controllers were thought to work separately and be manually activated 
before the start of a new simulation but it revealed itself as inefficient. This led to the definition of 
a different approach by means of an adaptive gain. The basic idea of such a gain is the appro-
priate online calculation of a 𝐺R factor so that: 

𝒖R,g
∗ = 𝒖∗𝐺R (4.13) 

𝒖P,modal,g = 𝒖P,modal(1 − 𝐺R) (4.14) 

Eq. (2.73) and Eq. (2.85) become: 

𝒖P = -𝑻-1𝒖P,modal,g (4.15) 

𝒖R = -𝑻-1𝒖R,g
∗  (4.16) 

By the definition of a gain to weight the control laws, the continuous switching between the con-
trollers is avoided. 𝐺R is a real gain so that 0 < 𝐺R < 1 and assures the co-presence of both P 
and R controllers, in all possible working conditions. It is defined as “adaptive” as it has been 
designed to detect significant changes in comfort, road-holding or suspensions deflection and to 
adapt its value in an optimal way. Examples of adaptive gain synthesis, respectively in the field 
of renewable energies and in acoustics can be found in [81], [82]. An adaptive gain to combine 
road-holding and ride comfort is designed in [83] as a function of the body sprung mass. There 
are many examples of adaptive control laws applied in the field of semi-active suspensions as 
reported in Section 3.2, but a strategy to coordinate two control laws with an adaptive gain has 
not been explored yet. For an appropriate definition of the gain, the calculation of auxiliary gains 
and variables is needed. These gains are combined in order to define, for each time step, a 
unique value for 𝐺R.The definition of the auxiliary gains is given in detail in Section 4.5.2, 4.5.3 
and 4.5.4. The coordination between them, in order to obtain a value for 𝐺R is summarised in 
Figure 4.14 and with Eq. (4.17). The idea is to compute, for each time-step of the simulation, the 
gains of interest: 𝐺Fdyn,max and the sum between 𝐺PS and 𝐺sus,def and, by means of a switching 
condition, deciding which one is the output and becomes 𝐺R, the adaptive gain that multiplies 
the control laws (Figure 4.14). 
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Figure 4.14: Adaptive gain logic 

The switching condition (Figure 4.15), consists in meeting two requirements simultaneously: the 
boolean variable 𝐹dyn,check  must be equal to 1 and 𝐺PS < 𝐺Fdyn,max . The boolean variable 
𝐹dyn,check represents the accomplishment of the condition expressed by Eq. (4.12) on all four 
wheels. This always assures an acceptable level of road-holding. Switching from 𝐺Fdyn,max to 
𝐺PS + 𝐺sus,def entails weighting more the P controller rather than the R and results in lower ac-
celerations. This switching is only possible if there is convenience to do that, namely 𝐺PS <

𝐺Fdyn,max so that the percentage of usage of the R controller becomes lower, and at the same 
time, if the RMS of the estimated dynamic wheel loads is below a certain threshold on each 
vehicle corner. A saturation block is needed to ensure that 𝐺R ≤ 1. 

 
Figure 4.15: Switching condition 

 

𝐺R = {

𝐺PS + 𝐺sus,def

1
𝐺Fdyn,max

          

if 𝐹dyn,check = 1 ∧ 𝐺PS < 𝐺Fdyn,max

if 𝐺PS + 𝐺sus,def > 1

else

           (4.17) 

The definition of the adaptive gain 𝐺R is obtained by taking into account different aspects: ride 
comfort (Section 4.5.3), road-holding (Section 4.5.4) and a constraint in the suspensions deflec-
tion (Section 4.5.5). The general procedure consists of using several lookup tables which are 
built previously and with laws obtained by the analysis of the initial simulations. These lookup 
tables return, for each time-step, a value for the different auxiliary gains and through some cor-
rections and conditions which must be respected, 𝐺R is computed. 

𝐺PS + 𝐺sus,def

𝐺Fdyn,max

Saturation
block

𝐺R

Switching 
condition

if

else

AND

𝐹dyn,check

𝐺PS < 𝐺Fdyn,max

Switching condition
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4.5.2 Ride comfort 
The evaluation of ride comfort has the aim of computing the gain 𝐺PS. In order to achieve this 
goal, different approaches were considered at first. The most immediate would have consisted 
in the calculation of the RMS values of the accelerations signals, as they are strongly correlated 
with the perception of comfort. The limit to such approach is the difficulty in adapting it to variable 
simulation conditions. A threshold should have been defined to compare the computed RMS, 
and there was no possibility to detect a single value that could work in all simulation scenarios. 
Therefore, a different solution was found. A power spectrum estimation is conducted online (Eq. 
(4.22)). For this, the Spectrum Estimator Simulink block is used. It returns as output, the power 
spectrum of the input signal, using Welch’s method of averaged modified periodograms. The 
block buffers the input data into overlapping segments whose length can be specified as well as 
the amount of data overlap between consecutive segments. The input is chosen to be an overall 
acceleration signal, �̈�Bo,ISO and the power spectrum is performed in the range going from 0 to 20 
Hz, which is the one of interest. The acceleration, �̈�Bo,ISO is obtained by combining the acceler-
ation signals of the body in heave, pitch and roll following the prescription of ISO 2631 when 
combining vibrations in more than one direction [19, p. 12]. 

�̈�Bo,ISO = (�̈�Bo
2 𝑊k

2 + �̈�Bo
2 𝑊e,θ

2 + �̈�Bo
2 𝑊e,φ

2 )
1
2 (4.18) 

The weightings are equal to [19, p. 15]: 

𝑊k = 1 (4.19) 

𝑊e,θ = 0.4 m/rad (4.20) 

𝑊e, = 0.63 m/rad (4.21) 

The online power spectrum estimation of �̈�Bo,ISO is conducted with a sliding hanning window of 
2 s of width and 50% of overlap between two segments.  

PSz̈Bo,ISO
=

1

2𝑇
|ℱ(�̈�Bo,ISO(t)(ω)|2 (4.22) 

The power spectrum, PSz̈Bo,ISO
 is further elaborated. The frequency range between 0 and 5 Hz is 

chosen and the power spectrum, limited to this frequency range is obtained and named 
PSz̈Bo,ISO,0−5 Hz (Figure 4.16). The range of 0-5 Hz is chosen as it contains the body eigenfre-
quency. An examples of the power spectrum estimation at a certain time step is shown for the 
MnF road input at 100 km/h (Figure 4.17). 

 
Figure 4.16: PSz̈Bo,ISO,0−5 Hz 

Spectrum
estimator

0-5 Hz 
range 

selection

PSz̈Bo,ISO,      z̈Bo,ISO 
  PSz̈Bo,ISO
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Figure 4.17: Power spectrum online estimation at a certain time step 

The mean value of PSz̈Bo,ISO,0−5 Hz is derived and divided by the moving maximum of the same 
mean value. This ratio, which always lies between 0 and 1, is computed in order to obtain an 
esteem of the perceived comfort level in an objective way and without the necessity of defining 
any thresholds and it represents the input for a lookup table which returns a value for  𝐺PS (Figure 
4.18). 

 
Figure 4.18:  𝐺PS  

The moving maximum returns a value which is the maximum calculated over a sliding window 
of 2 s of width. This means that its estimation becomes more precise when a sufficient number 
of data points are available. In other terms, the ratio between the mean value of PSz̈Bo,ISO,0−5 Hz 
and its moving maximum, gains accuracy as the simulation time goes on. Its aim is identifying 
when the power spectrum in the range of 0-5 Hz and estimated at a certain time step, becomes 
significant with respect to the entire simulation time. As showed in Figure 4.18, the ratio enters 
a lookup table which returns  𝐺PS. The equation accounting for this lookup table is, in its general 
form: 

y = 1 − e−
x
τ (4.23) 

Where y =  𝐺PS and x =
𝑚𝑒𝑎𝑛(PS ̈Bo,ISO,      )

𝑚𝑜𝑣𝑖𝑛𝑔𝑚𝑎𝑥(𝑚𝑒𝑎𝑛(PS ̈Bo,ISO,      ))
 and τ is chosen in order to obtain  𝐺PS =

thPS when x = thratio. Figure 4.19, shows a possible trend of  𝐺PS. Using such an exponential 
law assures that in case of poor driving comfort, the P controller would be weighted more than 
the R controller. Both thPS and thratio can be tuned and adjusted.  

MEAN

MOVING 
MAXIMUM

× Lookup
table

𝐺PS
PSz̈Bo,ISO,      
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Figure 4.19: Lookup table for  𝐺PS 

Figure (4.20) and (4.21) show the estimation, over the simulation time, of the ratio x. In the first 
case, the A-C-A-C profile is employed and x is shown. Its estimation becomes more precise from 
the second section (C). In case of an inverted profile starting with a C section of road roughness, 
namely C-A-C-A, the estimation is more accurate because the denominator of x is closer to the 
overall maximum of the PS mean, already at the beginning of the simulation, as the first section 
implies less comfort for the vehicle occupants.  

 
Figure 4.20: x for A-C-A-C profile 

 
Figure 4.21: x  for C-A-C-A profile 

It is known that the frequency range of most human sensitivity to comfort lies between 4 and 8 
Hz [19]. Several attempts were made with this frequency range but better results in terms of 
overall comfort estimation with �̈�Bo,ISO have been achieved in the 0-5 Hz range.  

4.5.3 Road-holding 
The auxiliary gain that accounts for road-holding is 𝐺Fdyn,max which is obtained as the maximum 
between 𝐺Fdyn,ij with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l} (Figure 4.22). 
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Figure 4.22: 𝐺Fdyn,max 

In Section 4.4, a method for the estimation of dynamic wheel loads, 𝐹�̃�w,𝑖𝑗,dyn has been designed. 
Their moving RMS is computed online via a sliding window of 2 s of length and the input for the 
lookup tables is obtained (Figure 4.23). This results in four gains 𝐺Fdyn,𝑖𝑗, each accounting for 
one vehicle corner. The maximum value between the four is chosen to guarantee that the R 
controller output is weighted with the highest value. 

In the switching condition, an additional control on dynamic wheel loads is performed via 
𝐹dyn,check which becomes equal to 1 when all four conditions of Figure 4.24 are fulfilled. The 
thresholds of the switching condition can be tuned depending on the desired overall dynamics 
via 𝑘𝑖. The latter is usually set to 0.35 but it can be increased in order to generally reproduce a 
dynamic behaviour which is closer to the one obtained with the pure P controller. 

The general equation for the lookup tables in Figure 4.25, is the same as Eq. (4.23). In this case 
y =  𝐺Fdyn,ij , 𝑥 = 𝑚𝑜𝑣𝑖𝑛𝑔𝑅𝑀𝑆(𝐹�̃�w,𝑖𝑗,dyn )  and τ  is chosen in order to obtain 𝐺Fdyn,ij = thdyn 
when 𝑥 = 𝑡ℎFdyn, with i ϵ {f, r}, j ϵ {r, l}. Both thdyn and 𝑡ℎFdyn can be tuned.  

 
Figure 4.23: 𝐺Fdyn,𝑖𝑗 
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Figure 4.24: Fdyn,check 

 
Figure 4.25: 𝐺Fdyn,𝑖𝑗 

4.5.4 Suspensions constraint 
Logics described in Section 4.5.2 and 4.5.3 manage to cover for a wide range of simulation 
setups. They are thought to work on the safety side but can eventually switch to more comforta-
ble configurations when there is a prevalence of the extended Skyhook controller on the modal 
one, namely when 𝐺R approaches to zero. There are some road scenarios where ride safety is 
always guaranteed because dynamic wheel loads are low and therefore the P controller is pre-
vailing even if it is not desired. Examples are single obstacles, bumps or the road input presented 
in Section 4.3 with the garage road simulation. In this case, the P controller tends to level the 
body so that it does not resent of the road irregularities because of the skyhook principle. When 
descending down into the deep, the P controller would cause an undesired body elevation at the 
beginning of the slope in the active suspension configuration (Figure 4.8).  

By neglecting the additional logic of Figure 4.14, where 𝐺sus,def is added to 𝐺PS, the resulting 𝐺R 
for the garage simulation would be the one in Figure 4.26, where the R controller would not be 
sufficiently predominant in the overall control law. Figure 4.27, shows 𝐺R with the additional logic 
taking account of suspensions deflection. 
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Figure 4.26: 𝐺R for garage simulation without 𝐺sus,def 

 
Figure 4.27: 𝐺R for garage simulation with 𝐺sus,def 

This results in the necessity of defining some additional variables to detect similar behaviours. If 
the road input was known, an immediate shift towards the R controller would be performed. As 
this is not achievable, the suspension travel is considered. In the garage simulation Δ𝑧sus 
reaches significantly high values, of the magnitude of half a meter. With other road inputs, artifi-
cially generated and measured ones, Δzsus lies between ±0.1 m. This is why Δ𝑧sus is taken as a 
reference variable to detect the presence of slopes as in the garage simulation. In the real vehicle, 
Δ𝑧sus is known since it is measured with standard sensor equipment. In the simulation model, it 
could be consequently taken directly, from the state space equation resolution block. In this case 
it is taken from the Kalman filter by double integration of the accelerations signals. The integrator 
blocks are time-discrete. Integrating a measured signal can always lead to inaccuracies in real 
life tests but in this simulation environment, it has proved to be accurate. Figure 4.28, shows the 
described procedure where �̈� Bo,𝑖𝑗  and �̈� w,𝑖𝑗  are the outputs of the four Kalman filters, with 
𝑖 ϵ {f, r}, 𝑗 ϵ {r, l}.  

 
Figure 4.28: Δz̃sus,𝑖𝑗   

The variable Δz̃sus,𝑖𝑗 is obtained and 𝐺sus,def can be computed (Figure 4.29). The output of the 
block in Figure 4.29, is 𝐺sus,def if the maximum between the absolute values of Δz̃sus,𝑖𝑗 over-
comes the threshold 𝑠𝑢𝑠th, otherwise it is equal to zero. The threshold is set initially to 0.10 m. 
This value is chosen by observing the variability of Δzsus with different road inputs but it is a 
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reasonable choice in the constraint of the suspension stroke. For example, in [60] it is set to 
0.08 𝑚. 

 
Figure 4.29: 𝐺sus,def 

 

At each time-step of the simulation 𝐺sus,def is obtained by means of a lookup table (Figure 4.30). 

 
Figure 4.30: 𝐺sus,def  logic 

Eq. 4.23 holds where y =  𝐺sus,def , 𝑥 = max (  |Δz̃𝑠𝑢𝑠,𝑖𝑗|)  and τ  is chosen in order to obtain 
 𝐺sus,def = thdef when 𝑥 = 𝑡ℎxdef. Both thdef and 𝑡ℎxdef can be tuned. Figure 4.31 shows a pos-
sible trend of  𝐺sus,def.  

 
Figure 4.31: 𝐺sus,def 

4.5.5 Gain correction 
An additional correction is introduced in order to account for an initial transitory where the power 
spectrum has not been computed yet. Such a delay depends on the windowing, which in the 
simulations is set to 2 s. This entails that, in the first 2 s of the simulations, the adaptive gain 
value would always be equal to 𝐺Fdyn,max, weighting more the R controller and eventually over-
estimating the necessary road-holding. Figure 4.32 shows the adaptive gain 𝐺R for the A-C-A-C 
profile with its transitory until 2 s. 
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Figure 4.32: 𝐺R without gain correction 

Consequently a correction is added to the resulting 𝐺R (Figure 4.14). If both the boolean varia-
bles 𝐹dyn,check and PStrans are equal to 1, 𝐺R is directly set to 0.1, weighting the P controller as a 
90% of the total control force. When 𝐹dyn,check = 1, dynamic wheel loads on all four wheels are 
below the chosen thresholds. This results in the possibility of using the more comfortable P con-
troller as the request on road-holding is respected. On the other hand, PStrans is a logic variable, 
that becomes equal to 1 when the following applies: 

∑PSz̈Bo,ISO
== 0 (4.24) 

If Eq. (4.24) is verified, PStrans = 1. The overview of the gain correction logic is given in Eq. (4.25). 

𝐺R = {
0.1
𝐺R

   
if
if
   

𝐹dyn,check ∧ PStrans = 1

𝐹dyn,check ∨ PStrans = 0
 (4.25) 

4.6 Modified P controller 
One of the objectives of this work is to generally improve the vertical vehicle dynamics controller 
for semi-active and active suspensions (Figure 2.4), taking into account road-holding and ride 
comfort. This can be achieved by means of the coordination logic described in Section 4.5, but 
other strategies can be considered. A modified P controller is designed with the aim of substitut-
ing both P and R controllers so not to necessitate any coordination logic as well. The R controller 
entails higher accelerations values because the vehicle displays the dynamics of a passive sys-
tem as shown by Eq. (2.78). On the other hand, the P controller does not consider the wheels 
dynamics and therefore provides higher dynamic wheel loads. The modified P controller law is 
described as it follows: 

𝒖MP,modal = 𝑲P,α[(𝜶𝑖 − 1)�̇�Bo − 𝜶𝑖Δ�̇�Bo] (4.26) 

Where 𝑲P,α, 𝜶𝑖 and Δ�̇�Bo are: 

𝑲P,α = [

KP,α,zBo

0
0
0

0
KP,α,θBo

0
0

0
0

KP,α,φBo

0

0
0
0

KP,α,tBo

] (4.27) 
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𝜶𝑖 = [

α𝑧Bo

α Bo

α Bo

α𝑡Bo

] = [

αh

αp

αr

αt

] (4.28) 

Δ�̇�Bo = 𝑻-TΔ�̇�sus = �̇�Bo − 𝑻-T�̇�𝑤 (4.29) 

With 𝑖 ϵ {h, p, r, t} or equally, 𝑖 ϵ {𝑧Bo, 𝜃Bo, 𝜑Bo, 𝑡Bo}. Eq. (4.26)  transforms into: 

𝒖MP,modal = 𝑲P,α[−�̇�Bo + 𝜶𝑖𝑻
-T�̇�𝑤] (4.30) 

In order to calculate the input actuating force from the modified P controller, the modal transfor-
mation matrix is used: 

𝒖MP = -𝑻-1𝒖MP,modal (4.31) 

These 𝜶𝑖 lie between 0 and 1. When 𝛂 = 0, the P controller is obtained. Increasing values for 𝛂 
implies a shift to a suspension oriented controller, that results, in general, in lower dynamic wheel 
loads and higher accelerations. From this, Eq. (2.9) can be modified as it follows: 

𝒖 = {
𝒖MP

𝒖P + 𝒖R
    (4.32) 

Where 𝒖P and 𝒖R are taken from Eq.( 4.15) and Eq. (4.16), the feedforward compensation term 
for engine vibrations is neglected and the switch between the modified P controller and the co-
ordination logic is performed manually before the start of a simulation. 

4.7 Simulation results 
Simulation results are presented in this section. Details on the parametrization of the controllers 
are given in Appendix F. At first, adaptive gains for each road input are shown (Section 4.7.1). 
Secondly, an analysis on the body eigenmodes of heave (Section 4.7.2), pitch (Section 4.7.3) 
and roll (Section 4.7.4) is conducted with different simulation scenarios. Results for the overall 
acceleration value according to ISO 2631 are shown (Section 4.7.5). Dynamic wheel loads are 
also examined (Section 4.7.6). Simulation results are displayed in the same figures with different 
controller settings. Pure P and R controllers are tested and compared with the addition of the 
coordination logic. Simulations with the modified P controller are displayed as well. Results for 
the adaptive gain are always shown in the time domain and can be compared with the corre-
sponding road inputs (Section 4.7.1). Accelerations signals as well as dynamic wheel loads are 
shown in the frequency domain with a logarithmic y-axis, for the two stochastic profiles of MnF 
and Fnp, and for the artificially generated one, A-C-A-C. Their PSD is computed with an hanning 
window of 1 s of width in the frequency range from 0.1 and 20 Hz. Four significant digits are used 
for all simulation results while three are employed for experimental measurement tests. 

4.7.1 Adaptive gain results 
In the following, results for the adaptive gain 𝐺R are presented. Figure 4.33 shows its trend in 
time for the A-C-A-C profile, with vehicle speed equal to 100 km/h. The effectiveness of the 
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coordination logic is displayed as, at the interface between the two road sections, there is a shift 
in the prevailing controller. In terms of driving comfort, as expected, it is improved with the sim-
ulation time. In the third section, which corresponds to an A roughness class, 𝐺R becomes lower 
with respect to the first section. The adaptive gains for the stochastic road inputs of MnF and 
FnP are also shown (Figure 4.34, 4.35). 

 
Figure 4.33: 𝐺R for A-C-A-C profile, 100 km/h 

 
Figure 4.34:   𝐺R for Mnf, 100 km/h 

 
Figure 4.35: 𝐺R for Fnp, 100 km/h 

Figure 4.36 shows the adaptive gain for the C profile, with vehicle speed of 80 km/h. In this case, 
the R controller is predominant over the whole simulation time.  

 
Figure 4.36: 𝐺R for C profile, 80 km/h 
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When simulating a single obstacle occurring at 5 s and on the right wheels of the vehicle whose 
speed is 100 km/h, the coordination logic detects the bump and shifts towards the safer R con-
troller (Figure 4.37). 

 
Figure 4.37: 𝐺R for single obstacle, 100 km/h 

4.7.2 Heave 
In the following, the influence of the controllers on the acceleration of the body for the eigenmode 
of heave, �̈�Bo is analysed. The most comfortable behaviour in terms of lowest RMS value, is 
reached with the modified P controller for both stochastic road inputs (Figure 4.38, 4.39). In both 
cases, the four controllers display a similar behaviour until 4 Hz. At the latter, a local minimum of 
the R controller is found for the FnP profile. From 4 Hz to the wheel eigenfrequency, the P con-
troller and the adaptive gain guarantee the lowest PSD, followed by the modified P controller 
and the R controller which shows the highest peak between 8 and 10 Hz. From 10 to 13 Hz, the 
R controller shows the lowest PSD, followed by the modified P controller. The behaviour from 
13 Hz to 20 Hz, resembles the one described for the range between 4 Hz to the wheel eigenfre-
quency. For the artificially generated profile, the most comfortable RMS value is reached with 
the pure P controller, followed by the modified P controller, and the adaptive gain. The latter 
shows a similar dynamic behaviour to the R controller in the whole frequency range considered. 
This is due to the employed thresholds for the coordination logic in terms of maximum dynamic 
wheel loads. These thresholds can be tuned so to obtain a closer behaviour to the pure P con-
troller. The lowest PSD values are reached with the pure P controller that shows a local 
maximum at the wheel eigenfrequency that it is shifted towards higher frequencies with respect 
to the R controller and the adaptive gain. The modified P controller displays a similar behaviour.  

 
Figure 4.38: MnF,  �̈�Bo,100 km/h 
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Figure 4.39: FnP,  �̈�Bo,100 km/h 

 

Figure 4.40: A-C-A-C,  �̈�Bo,100 km/h 

4.7.3 Pitch 
The body mode of pitch shows low RMS values for both stochastic road profiles (Figure 4.41, 
4.42) and higher values for the artificially generated one (Figure 4.43), especially if compared to 
the other body modes. For the MnF input, the lowest RMS value is obtained with the R controller, 
which shows the lowest dynamic behaviour in terms of PSD, in the frequency range from 2 Hz 
to 8 Hz and from 13 to 20 Hz. For the FnP input, the most comfortable RMS value is reached 
with the modified P controller, followed by the adaptive gain. In this case, the R controller, 
reaches the minimum PSD value in the ranges between 4 to 8 Hz, and 13 to 20 Hz. For the A-
C-A-C profile, the lowest RMS value is reached with the P controller which shows the minimum 
PSD from 4 to 15 Hz.   
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Figure 4.41: MnF,  �̈�Bo,100 km/h 

 
Figure 4.42: FnP,  �̈�Bo,100 km/h 

 
Figure 4.43: A-C-A-C,  �̈�Bo,100 km/h 
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4.7.4 Roll  
The body eigenmode of roll is the one displaying the major differences between the controllers 
at the body eigenfrequency. For both stochastic road inputs, in the frequency range between 5 
and 13 Hz, the dynamic behaviour of the body is almost the same for all four controlling logics 
(Figure 4.44, 4.45). From 13 Hz to 20 Hz the largest peaks in terms of PSD can be found for the 
R controller. A lowering in the PSD peak at the body eigenfrequency, at around 2 Hz, is seen 
with the P controller, the modified P controller or the adaptive gain. For both MnF and FnP inputs, 
the lowest RMS value is reached with the modified P controller. The same applies for the A-C-
A-C profile, where the lowest PSD values are reached with both P and modified P controllers, 
while the R and the adaptive gain, show a similar behaviour in the entire frequency range con-
sidered.  

 
Figure 4.44: MnF,  �̈�Bo,100 km/h 

 
Figure 4.45: FnP,  �̈�Bo,100 km/h 
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Figure 4.46: A-C-A-C,  �̈�Bo,100 km/h 

4.7.5 Overall comfort perception 
The overall acceleration value for comfort perception, 𝑎ISO  is computed for the simulations 
shown in the previous sections. The assumptions for the estimation of 𝑎ISO have already been 
explained in Section 2.4.1. Tables 4.1, 4.2 and 4.3 summarise the results for the road inputs of 
MnF, FnP and A-C-A-C, respectively. 

Table 4.1: 𝑎ISO in m/s2  for MnF  

P R Adaptive Gain Modified P 

0.5718 0.7809 0.5863 0.5824 

 

 

Table 4.2: 𝑎ISO in m/s2  for FnP  

P R Adaptive Gain Modified P 

0.5419 0.6532 0.5417 0.5364 

 

 

Table 4.3: 𝑎ISO in m/s2  for A-C-A-C 

P R Adaptive Gain Modified P 

0.7393 1.016 0.9671 0.7919 

For both MnF and A-C-A-C profiles, the lowest values for 𝑎ISO are obtained with the pure P con-
troller, followed by the modified P controller and the adaptive gain. For the FnP road input, the 
best comfort is achieved with the modified P controller and with the adaptive gain, immediately 
followed by the pure P controller. In whole three cases, the highest 𝑎ISO, is reached with the pure 
R controller. 

 



4 Method 

59 

4.7.6 Dynamic wheel loads 
Dynamic wheel loads are computed offline with Eq. (2.51). The mean of the PSD of the dynamic 
loads between the four wheels is calculated to have only one reference signal to use in order to 
compare the different controllers. The RMS value displayed for each configuration is the mean 
of the RMS of the signals on the four wheels. In the frequency range from 12 to 20 Hz, no sig-
nificant changes are displayed between the four controllers. The main differences between the 
logics can be found at the body and wheel eigenfrequencies and in general, in the range between 
0.1 to 12 Hz. The R controller is the one displaying the lowest RMS for both MnF and A-C-A-C 
(Figure 4.47, 4.49). For the FnP profile, the lowest RMS is reached with the modified P controller 
(Figure 4.48).  

 
Figure 4.47: MnF,  𝐹dyn, 100 km/h 

The coordination logic displays a similar behaviour to the pure P controller for both MnF and FnP. 
This happens because for the two inputs, the RMS values of the dynamic wheel loads tend not 
to exceed the defined threshold, which, for these simulations, was set to the 35% of the static 
wheel loads. For the artificially generated profile A-C-A-C, the peak of the PSD at the wheel 
eigenfrequency is lowered with respect to the one obtained with the pure P controller for every 
other configuration. 

 
Figure 4.48: FnP,  𝐹dyn, 100 km/h 
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At the wheel eigenfrequency, the PSD for the modified P controller, lies in all three case between 
the pure P and the pure R, which is the one displaying the lowest value. At the body eigenfre-
quency, the modified P presents a similar behaviour to the pure P, managing to lower the peak 
reached with the pure R.  

 
Figure 4.49: A-C-A-C,  𝐹dyn, 100 km/h 

4.7.7 Thresholds tuning potential  
The coordination logic displays the advantage of being easily tuneable by simply changing the 
values of the thresholds described in Section 4.5. The A-C-A-C profile is used in both semi-active 
(Figure 4.50) and active configurations (Figure 4.51). The threshold 𝑘 was changed and set, for 
both front and rear of the vehicle to 30%, 50% and 70%. The higher 𝑘, the closer the overall 
vehicle dynamics response to the pure P controller. It is shown from the simulation results, that 
the coordination logic always lies between the dynamic behaviour of the vehicle with the pure P 
and R controllers but it can be adjusted towards the one or the other depending on the desired 
dynamics. The most appreciable differences in the tuning of the coordination logic can be ob-
served in both semi-active and active configurations at the body eigenfrequency for the body 
acceleration in roll mode and at the body and wheel eigenfrequencies for the dynamic wheel 
load.  
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Figure 4.50: A-C-A-C, from top: �̈�Bo, �̈�Bo, 𝐹dyn for semi-active suspensions, 100 km/h 
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Figure 4.51: A-C-A-C, from top: �̈�Bo, �̈�Bo, 𝐹dyn for active suspensions, 100 km/h 
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5 Results 

The following chapter contains the results of the work, according to the method described in 
Chapter 4. Firstly, the experimental setup for real life tests (Section 5.1) as well as the measure-
ments processing (Section 5.2) are displayed. Several analysis are conducted: experimental 
tests with pure P and R controllers (Section 5.3), a comparison with the full vehicle model (Sec-
tion 5.4) and tests results with the modified P controller and the coordination logic (Section 5.5). 
A sensitivity analysis on the parameter 𝛼𝑖 for the modified P controller is carried out (Section 5.6). 
Finally, results for the adaptive gain of the coordination logic are shown for different vehicle 
speeds (Section 5.7). 

5.1 Experimental setup  
The vertical vehicle dynamics department of the industrial partner uses a specific development 
environment (BACE) with limited available libraries. Such an environment can be found in 
MatLab,  version R2015B. A reimplementation of the developed logic is needed in order to as-
sure compatibility with the vehicle in the subsequent testing phases. The BACE environment 
provides well-defined rules which are followed in order to obtain a stable and consistent C-Code 
generation from the Simulink model. Matrix and vectors multiplications are not allowed, constants 
need to be defined directly in the model as numerical values. Signals need to have a “single” 
precision and all operations must be performed with discrete resolution methods and fixed step 
size. Parameters as well as signals are defined in separate files with their own extension (.json). 
 n  r er t  measure a signal, the Simulink pr pert  “Signal name must resolve to Simulink signal 
object” must  e activated. The ECU has limited memory resources and therefore the software 
cannot exceed in computational time, RAM or disk space. Changes to the logic are made in 
order to reduce the computational effort and to reconstruct some unavailable blocks in the BACE 
library as the moving RMS block or the Spectrum Estimator block. The overall principles of the 
logic are maintained. Further explanations on this are given in Appendix J. The coordination logic 
as well as the modified version of the P controller are implemented in the industrial partner model 
regarding vertical vehicle dynamics control. Such model provides the estimation of the vehicle 
states in terms of accelerations in heave, pitch and roll as well as the corresponding velocities. 
The series vertical vehicle dynamics controller is also active. In order to exclude its presence, 
disabling switches are used. 

Models are saved in Git which allows multiple users to locally work on the same projects. A 
master is available and copies of it can be made as branches to work freely and independently 
of the master. For the scope of this thesis a new branch has been created, where the developed 
logic is added. A code generation in the hexadecimal system to transfer the logic to the vehicle 
ECU is performed. Final creation of the software version as well as the transfer of the latter to 
the ECU require specific permissions from the company. The help of an expert is needed for this 
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process. Several attempts have been made before obtaining a running software because of 
memory allocation problems to the ECU unit. These can usually depend on the definition of 
floating parameters and signals or on the computational effort required when, for example, buff-
ering and saving some values online.  

The test vehicle is a 7 series (G12, long version) BMW AG sedan which displays standard sen-
sors. Further explanations on the suspension setup are given in Appendix G. In order to perform 
test measurements, additional sensors are mounted in the vehicle. An Automotive Dynamic Mo-
tion Analyzer (ADMA) is installed on top of the vehicle with measurements referring to the vehicle 
centre of gravity, and acquired at a sampling rate of 100 Hz. The basic principle of ADMA entails 
three gyroscopes, recording the rotational motion in three space dimensions and three accel-
erometers, to record linear movements. Signals are processed via an extended Kalman Filter. 
Potential sensors drift is corrected by using a Global Navigation Satellite System like GPS. Some 
of the measured signals are the acceleration of the body in vertical direction (heave motion) as 
well as roll and pitch rates which are available in °/s and consequently converted in rad/s. The 
corresponding accelerations are not available as measurements and therefore are derived with 
the following: 

𝜕𝑓(𝑥0)

𝜕𝑥
=

𝑓(𝑥0 + ℎ) − 𝑓(𝑥0)

ℎ
 (5.1) 

Both signals from the inertial and vehicle reference frame are recorded. The latter considers the 
vertical direction always perpendicular to the ground. Four accelerometers are also mounted on 
each of the four wheels and they measure the accelerations of the wheels in all three space 
directions, acquired at a sampling rate of 100 Hz. The processed signals are the wheels accel-
erations in vertical direction. All the measured signals are recorded with CANape by Vector on a 
portable computer by means of an eight-channel multi-input analog measurement module. Fur-
ther explanations on the mounted sensors and acquisition modules are given in Appendix H. 

5.2 Measurements processing 
At the beginning, driving tests are conducted in different Munich areas in order to validate the 
setup of the sensors. The BMW test track in Aschheim (48° 13′ 14.8″ N, 11° 43′ 15.7″ O) is ini-
tially chosen. The road is driven by with constant speed of 80 km/h. Tests are conducted by 
either using the P or the R controller separately. Measurements signals are processed and ob-
servations are made. A comparison between recorded signals and estimated ones from a 
reference estimator from BMW is conducted. Furthermore, an analysis on dynamic wheel loads 
estimation reliability is performed. The parametrization for both P and R controller of Appendix F 
is used and it is addressed in the following as, respectively, “ ptimal  ” an  “ ptimal  ”. For the 
R controller, two extreme values in terms of damping ratios (percentage of critical damping) are 
used and namely 𝐷𝑖 = 0.05 and 𝐷𝑖 = 2 with 𝑖 ϵ {𝑧Bo, 𝜃Bo, 𝜑Bo, 𝑡Bo}. The test track is driven on 
from a reference point A to a reference point B (AB) and in the opposite direction (BA). Table 5.1 
summarizes the number of attempts of measurements for the BMW test track in Aschheim, for 
each configuration of the controllers. 

 

 

https://tools.wmflabs.org/geohack/geohack.php?params=48.220784_N_11.721039_E_region:DE-BY_type:landmark&pagename=BMW-Messgel%C3%A4nde_Aschheim&language=de
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Table 5.1: Number of tests measurements in Aschheim 

 Optimal R Optimal P R, 𝐷𝑖 = 0.05 R, 𝐷𝑖 = 2 

AB 3 2 3 3 

BA 3 2 3 3 

The RMS values of the acceleration in heave direction, of the roll and pitch rates and of the 
accelerations of the four wheels, all considered in the vehicle reference frame, are calculated for 
each test. Their mean value is computed among the available measurements on the same path 
and with the same controller configuration. The same applies for their coefficient of variation. 
The latter, 𝑐𝑣 is equal to the ratio of the standard deviation 𝜎 to the mean 𝜇: 

𝑐𝑣 =
𝜎

𝜇
 (5.2) 

The higher the coefficient of variation, the more uncertain the measurements. The standard de-
viation and signals mean value are computed as it follows: 

𝜎 = √
1

𝑛
∑(𝑥𝑘 − 𝜇)2

𝑛

𝑖=1

 (5.3) 

𝜇 =
1

𝑛
∑ 𝑥𝑘

𝑛

𝑘=1

 (5.4) 

 

Tables 5.2 and 5.3 present the mean value between the available attempts, of the RMS of the 
measured signals as well as their coefficient of variation for section AB.  

 
Table 5.2: 𝜇 for section AB 

Signals Optimal R Optimal P R, 𝐷𝑖 = 0.05 R, 𝐷𝑖 = 2 

�̈�Bo, m/s2 1.32 1.10 1.19 1.99 

�̈�w,fr, m/s2 20.9 23.0 22.0 19.0 

�̈�w,f𝑙 , m/s2 0.870 0.532 0.652 0.888 

�̈�w,rl, m/s2 14.7 14.0 15.3 13.8 

�̈�w,rr, m/s2 18.6 19.0 17.9 15.9 

�̇�Bo, rad/s 35.2 ∙ 10−3 29.9 ∙ 10−3 31.7 ∙ 10−3 38.4 ∙ 10−3 

�̇�Bo, rad/s 59.1 ∙ 10−3 55.7 ∙ 10−3 58.1 ∙ 10−3 57.4 ∙ 10−3 
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Table 5.3: 𝑐𝑣 for section AB 

Signals Optimal R Optimal P R, 𝐷𝑖 = 0.05 R, 𝐷𝑖 = 2 

�̈�Bo
 12.8 ∙ 10−3 10.1 ∙ 10−3 86.0 ∙ 10−4 28.0 ∙ 10−3 

�̈�w,fr 14.5 ∙ 10−3 36.3 ∙ 10−3 29.0 ∙ 10−4 52.0 ∙ 10−4 

�̈�w,f𝑙 0.165 11.6 ∙ 10−3 70.7 ∙ 10−3 0.166 

�̈�w,rl 29.0 ∙ 10−3 30.0 ∙ 10−3 27.0 ∙ 10−3 35.0 ∙ 10−3 

�̈�w,rr 15.6 ∙ 10−3 47.1 ∙ 10−3 48.0 ∙ 10−4 10.6 ∙ 10−3 

�̇�Bo 96.0 ∙ 10−4 19.4 ∙ 10−3 12.0 ∙ 10−4 18.9 ∙ 10−3 

�̇�Bo 17.0 ∙ 10−4 47.0 ∙ 10−4 42.7 ∙ 10−3 38.0 ∙ 10−4 

The same procedure was performed for section BA (Appendix I). The RMS values listed in the 
tables are obtained from raw signals. From the analysis of the tables, it can be observed that the 
coefficient of variation lies between 10-3 and 10-2 for all the signals. The only exception is 
represented by the acceleration of the front left wheel which diplays a mean RMS value 
significantly distant from the other wheels. This can be the result of a mounting error or of the 
detachment of the accelerometer from the initial position of mounting. Consequently 
accelerations signals of the front left wheel as well as the correspondant dynamic wheel loads 
are not considered for further analysis. Results are shown in the frequency domain. All recorded 
signals are treated with the following procedure: 

1. Filtering of the raw signal with a lowpass filter with cut-off frequency of 18 Hz. 

2. Alignment of the available measurement attempts of the same type. For this pur-
pose the MatLab function finddelay is used and a manual code is written to obtain 
the realignment. 

3. Cutting of the available realigned signals according to the shortest signal length.  

4. Computation of the power spectral  ensit   ith Welch’s meth    f average  peri 

odograms, with rectangular window of 0.5 s of width if not differently specified, for 
each of the signals available for one simulation setup, in the frequency range from 
0.1 Hz to 20 Hz. 

5. Averaging of the computed PSD according to the number of available measure-
ments. 

6. Plot in the frequency domain with a smoothing average filter with 10 samples of 
span. 

When it comes to dynamic wheel loads, they are computed with the following: 

𝐹dyn,𝑖𝑗 = 𝑚Bo,𝑖𝑗
�̈�Bo,𝑖𝑗 + 𝑚w,𝑖𝑗

�̈�w,𝑖𝑗 (5.5) 

where 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l} and where the accelerations signals �̈�Bo,𝑖𝑗 and �̈�w,𝑖𝑗 are taken from the 
sensors and are further processed with steps 1, 2 and 3. From step 4, the same procedure is 
applied to dynamic wheel loads. In Section 5.5, rather than considering the dynamic wheel load 
on each of the four wheels, an average value is derived from the front right wheel and the rear 
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wheels and it is addressed as 𝐹dyn. This is obtained by processing the acceleration signals from 
the sensors with steps 1,2 and 3. Afterwards, Eq. (5.5) is used to obtain a dynamic wheel load 
on each of the 3 wheels considered. Eq. (5.4) is applied where 𝑥𝑘 is the power spectral density 
of 𝐹dyn,𝑖𝑗 and 𝑘 goes from 1 to 𝑛, where the latter corresponds to the number of wheels consid-
ered and it is equal to 3. The so-obtained mean value on a single measurement file, is further 
treated between the available set of measurements with steps 5 and 6. In Section 5.5, RMS 
values of the signals are displayed. They are the mean of the RMS values of the signals for each 
available measurements treated with steps 1, 2 and 3. The RMS of 𝐹dyn, is computed as it fol-
lows: 

RMS(𝐹dyn) =
1

𝑛
∑ RMS(𝐹dyn,𝑖𝑗)𝑘

𝑛

𝑘=1

 (5.6) 

Where RMS(𝐹dyn,𝑖𝑗) is previously averaged on the number of available measurements. Appen-
dix I shows an example of how raw signals have been treated, according to the described 
procedure.  

A comparison between a reference estimator from BMW and the experimental sensor setup is 
performed for some of the signals of interest. The extremely underdamped configuration for the 
R controller is used as an example. It must be considered that, when referring synthetically to 
“  M ” for dynamic wheel loads, the latter are calculated, and not directly measured, by taking 
into account both vertical body acceleration from ADMA as well as wheels vertical accelerations 
from the accelerometers, and therefore, the reference is to the whole sensor setup. Angular rates 
and accelerations for pitch and roll are displayed, respectively, with reference to the same y-axis 
scale. Vertical acceleration on the contrary, is shown on a different scale because it is, in the 
majority of the test setups, an order of magnitude higher. 

It can be observed that the reference estimator slightly overestimates the acceleration of the 
body in heave, at the body eigenfrequency and the latter it is shifted towards lower frequencies 
if compared to the measured signal. In the frequency range from 2 Hz to 12, they present almost 
the same behaviour. The wheel eigenfrequency is slightly underestimated with respect to 
measurements (Figure 5.1). The acceleration in pitch mode, at the body eigenfrequency around 
2 Hz is slightly overestimated with respect to the measurements. The effect of the filter eliminates  
higher frequencies vibrations that could occur due to other phenomena (Figure 5.2). The 
acceleration in roll eigenmode displays the major differences between the signals in the whole 
frequency range of interest (Figure 5.3). Roll and pitch rates presents a similar behaviour 
between the reference estimator and ADMA respectively from 8 to 20 Hz and from 4 to 20 Hz. 
At the body eigenfrequency the estimator overestimates the pitch rate. Viceversa, the roll rate is 
significantly understimated in comparison to the measurements (Figure 5.4, 5.5). 

 
Figure 5.1:  �̈�Bo for R, 𝐷𝑖 = 0.05 
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Figure 5.2: �̈�Bo for R, 𝐷𝑖 = 0.05 

Figure 5.3: �̈�Bo for R, 𝐷𝑖 = 0.05 

 
Figure 5.4: �̇�Bo for R, 𝐷𝑖 = 0.05 

 
Figure 5.5: �̇�Bo for R, 𝐷𝑖 = 0.05 

Dynamics wheel loads estimated by the BMW logic are compared to the ones derived from 
ADMA and accelerometers measurements, applying the procedure which has been described 
previously. The first one takes into account estimated wheels accelerations and the suspension 
forces, also considering the contribution of anti-roll bars. For the front right wheel, the estimator 
overcomes the measurements until 9 Hz and from 14 to 20 Hz. At the wheel eigenfrequency, at 
around 12 Hz, measurements show a greater peak (Figure 5.6). For the rear of the vehicle, 
ADMA displays a lower PSD for the dynamic wheel load except at the body eigenfrequency. The 
wheel eigenfrequency is slightly shifted towards greater frequencies (Figure 5.7, 5.8). 
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Figure 5.6: 𝐹dyn,fr for R, 𝐷𝑖 = 0.05 

 
Figure 5.7: 𝐹dyn,rl for R, 𝐷𝑖 = 0.05 

 
Figure 5.8: 𝐹dyn,rr for R, 𝐷𝑖 = 0.05 

The different configurations for the R controller and the one for the P controller are also compared 
in the following. Only direct measurements results are shown. The front right wheel acceleration 
shows a reduction of the peak at the wheel eigenfrequency with the R controller with the optimal 
parametrization and in the overdamped case. The latter presents a shift of the eigenfrequency 
towards higher frequencies (Figure 5.9). The acceleration of the body as well as the dynamic 
wheel load display, with the R controller, the theoretical expected behaviour of a passive sus-
pension with different damping ratios [2, p. 1120], [13, p. 257]. A small damping coefficient entails 
higher accelerations at the body eigenfrequency but lower ones between the frequency range 
from the body bounce to the wheel hop. An opposite behaviour can be observed in the 
overdamped configuration (Figure 5.10). Figure 5.11 shows the dynamic wheel load for the front 
right wheel obtained from measurements. Increasing damping causes a shift towards higher 
values of the wheel eigenfrequency. Pure P controller reduces the PSD of the acceleration of 
the body at around 1 Hz (Figure 5.10) but shows an high peak at the wheel eigenfrequency for 
the dynamic wheel load (Figure 5.11). 
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Figure 5.9:  �̈�w,fr  

 
Figure 5.10:  �̈�Bo  

 
Figure 5.11: 𝐹dyn,fr  

The initial measurement processing phase allowed to validate the sensor setup in the estimation 
of the desired quantities, highlighting anomalies as the one for the front left wheel. Eq. (4.11) is 
proved to be accurate in the estimation of dynamic wheel loads with the measured signals and 
despite its derivation from a quarter car model. A comparison between the measured signals 
and the estimated ones from a reference estimator has shown that the latter possesses limited 
accuracy. Nevertheless, some of the estimated signals have been used in the coordination logic 
as the velocity in heave mode, pitch and roll rates as accuracy in the estimation is not the main 
requirement in the coordination but an efficient detection of changes in different driving condi-
tions.  

5.3 Experimental results with P and R controllers 
A new set of driving tests is organised. The aim is to experimentally observe the main differences 
in the behaviour of the signals of interest, when using the pure P and R controllers. Tests have 
been performed with the optimized parametrization of Appendix F in a comfort perspective. The 
area around Pulling and Freising (48° 21′ 44.9″ N, 11° 42′ 11.7″ O) is selected. Two tracks are 
chosen in the specific, the FnP, as addressed in this work, whose measurements of the height 

https://tools.wmflabs.org/geohack/geohack.php?params=48.220784_N_11.721039_E_region:DE-BY_type:landmark&pagename=BMW-Messgel%C3%A4nde_Aschheim&language=de
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levels are available and a second one, nearby the first, which is driven from a point C to a point 
D (CD) with constant speed of 70 km/h. The same analysis of Section 5.2 on the RMS mean 
values and coefficients of variation has been carried out and it is included in Appendix I. Only 
some of the directly measured signals are displayed in this section. At first, an analysis on the 
CD path is performed. 

It can be observed that the acceleration of the body as well as the roll and pitch rates, display a 
lower PSD in the whole frequency range considered, using the pure P controller (Figure 5.12, 
5.13, 5.14). The peaks displayed with the pure R controller are not significantly higher because 
of the optimization in comfort perspective. 

 
Figure 5.12:  �̈�Bo, CD 

 
Figure 5.13: �̇�Bo, CD  

When it comes to the dynamic wheel load on the other hand, the R controller shows a lower PSD 
at the wheel eigenfrequency while the opposite happens at the body eigenfrequency. This is 
consequence of the observations that have been already pointed out in the design of the con-
troller, as the extended Skyhook law does not limit the wheel excitation. 

 
Figure 5.14: �̇�Bo, CD  
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Figure 5.15: 𝐹dyn,rr, CD  

Results for the FnP profile are shown as it follows. The track is driven by with constant speed of 
100 km/h. The observations made for the CD track in terms of acceleration and body rates are 
valid. The PSD of the acceleration in heave mode, is an order of magnitude higher, compared 
to the previous test track (Figure 5.16, 5.17, 5.18). From the latter and considering the analysis 
of the dynamic wheel loads, it can be seen that this track, presents a high content of low fre-
quency disturbance. The two controllers presents approximately the same behaviour in the 
range that goes from 6 to 20 Hz while at the body eigenfrequency, the P controller shows a better 
dynamic behaviour (Figure 5.19). 

 
Figure 5.16:  �̈�Bo, FnP 

 
Figure 5.17: �̇�Bo, FnP 

 
Figure 5.18: �̇�Bo, FnP  
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Figure 5.19: 𝐹dyn,rr, FnP  

5.4 Comparison with the full vehicle model 
In this section, a comparison between the measured signals, the estimates from the reference 
estimator and the simulated ones with the full vehicle model of Section 2.3 is performed. The 
first two are taken from the tests on the FnP profile, driven by with constant speed of 100 km/h. 
The measured and estimated signals are acquired with CANape with a sampling rate of 100 Hz. 
On the other hand, the simulation model uses a fixed time step resolver with a sampling rate of 
105 Hz. The PSD of both measure  an  simulate  signals is c mpute   ith Welch’s meth    f 

averaged periodograms with a rectangular window of 1 s and 50 % of overlap. Such a compari-
son is carried out as the method has been developed in reference to the full vehicle model, but 
in order to produce a running software testable in the car, estimated signals have to be used. 
Signals from ADMA are used as a reference of what is truthfully occurring in the vehicle. Both 
configurations with optimal P and optimal R controllers, in comfort sense, are analysed. For what 
concerns the P controller, at the body eigenfrequency, the reference estimator is the one dis-
playing the highest values in terms of vertical body acceleration (Figure 5.20), pitch acceleration 
(Figure 5.21) and pitch rate (Figure 5.23), followed by the measured values and the ones from 
the full vehicle model.  

 
Figure 5.20:  �̈�Bo, FnP, P controller 

 
Figure 5.21:  �̈�Bo, FnP, P controller 
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The roll angular acceleration displays an almost constant PSD from 0.1 to 10 Hz with the refer-
ence estimator, while it shows two peaks at the body and wheel eigenfrequency for both ADMA 
and the full vehicle model, where the latter shows an higher PSD around 10 Hz, compared to 
the measurements, and an opposite behaviour at around 2 Hz (Figure 5.22). Roll rate is under-
estimated by both the full vehicle model and the reference estimator (Figure 5.24). Dynamic 
wheel loads are characterised by a low PSD content at the wheel eigenfrequency as already 
observed in the previous section, which is overestimated by the full vehicle model and shifted 
towards lower frequencies. This is due to the simplifying assumptions that have been made for 
the full vehicle model. At the body eigenfrequency, for the front axle, a similar relationship be-
tween the models to the one observed for the vertical acceleration, is observed (Figure 5.25). 
On the rear axle at 1 Hz, both full vehicle model and reference estimator, underestimates the 
maximum peak reached with the measured signals (Figure 5.26, 5.27).  

 
Figure 5.22:  �̈�Bo, FnP, P controller 

 
Figure 5.23: �̇�Bo, FnP, P controller 

 
Figure 5.24: �̇�Bo, FnP, P controller 
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Figure 5.25: 𝐹dyn,fr, FnP, P controller 

The same observations can be made for the pure R controller. Differences are found with the 
angular roll acceleration which displays at both body and wheels eigenfrequencies, an overesti-
mation of its PSD with the full vehicle model with respect to the measurements (Figure 5.29).  

 
Figure 5.26: 𝐹dyn,rl, FnP, P controller 

 
Figure 5.27: 𝐹dyn,rr, FnP, P controller 

The desired suspension force from the control unit in the eigenmode of heave, respectively from 
P and R controllers, shows that with the latter, it is not null at the wheel eigenfrequency even if it 
is significantly smaller with respect to the PSD peak at lower frequencies (Figure 5.30). It is equal 
to zero for the pure P controller that as already stated, does not control the higher frequency 
range (Figure 5.28). When it comes to the desired suspension force in heave or moments in 
pitch, r ll an  t ist, the “ eference  stimat r”   es n t provide an actual estimation as these 
signals are directly computed in the controller block of the model, using the estimated kinematic 
signals. 
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Figure 5.28: 𝐹z,Bo,sus, FnP, P controller 

 
Figure 5.29:  �̈�Bo, FnP, R controller 

 
Figure 5.30: 𝐹z,Bo,sus, FnP, R controller 

5.5 Experimental results with modified P controller 
and coordination logic 

In the previous sections, a comparison between the pure P and R controllers, as well as an 
analysis on a reference estimator, the sensor setup and the full vehicle model have been per-
formed. From this preliminary considerations, further experimental tests have been made in 
order to evaluate the modified P controller and the coordination logic. In the following, measured 
signals are displayed, as the acceleration of the body in heave, as well as the derived angular 
roll and pitch accelerations according to Eq. (5.1). Dynamic wheel loads are also computed as 
described in Section 5.2. Both modified P controller and the coordination logic with its adaptive 
gain, are compared to pure P and R controllers which are used as reference. Controllers para-
metrization is shown in Appendix F. RMS values are obtained as described in Section 5.2. Firstly, 
results from test tracks AB and BA are shown. Both roads sections are driven by with constant 
speed of 80 km/h. Figure 31 shows the vertical acceleration of the body for test track AB. It 
displays a similar behaviour when activating the pure P, the modified P and the coordination 
logic from 0.1 to 10 Hz. At the wheel eigenfrequency, the modified P controller entails a reduction 
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in the PSD peak with respect to the pure P controller. The R controller displays the highest PSD 
in the whole frequency range. The lowest RMS value is obtained with the P controller followed 
by the modified P. The same is valid for the pitch angular acceleration of the body. The modified 
P and the coordination logic lie between the pure P and the pure R at the body eigenfrequency. 
At the wheel eigenfrequency, the modified P and the pure P display a comparable behaviour 
(Figure 5.32). The roll acceleration of the body, displays a similar behaviour for the coordination 
logic and the R controller from 0.1 to 4 Hz. From 4 Hz to 20 Hz, the coordination logic entails a 
lower PSD with respect to the R controller. The lowest PSD is obtained respectively with the 
pure P controller in the intervals of 0.1-2 Hz, 3.5-6 Hz and with the modified P controller in the 
complementary frequency ranges. The lowest RMS value is obtained with the modified P con-
troller.   

 
Figure 5.31:  �̈�Bo, AB 

 
Figure 5.32:  �̈�Bo, AB 

 
Figure 5.33:  �̈�Bo, AB 

When it comes to dynamic wheel loads, both the adaptive gain and the modified P controller 
manage to lower the peak of the R controller at approximately 1 Hz. At the wheel eigenfrequency, 
the lowest PSD is reached with any of the controllers except for the pure P, but there is a shift in 
the wheel eigenfrequency value. The lowest RMS values is reached with the modified P control-
ler (Figure 5.34).  



5 Results 

78 

 
Figure 5.34: 𝐹dyn, AB  

Figure 5.35 shows the adaptive gain behaviour in the time domain. The coordination detects 
changes in the driving conditions, weighting the two controllers differently during the test meas-
urements. 

 
Figure 5.35: 𝐺R, AB 

Similar observations can be made for test track BA, for both vertical and pitch accelerations 
(Figure 5.36, 5.37).  

 
Figure 5.36:  �̈�Bo, BA 

 
Figure 5.37:  �̈�Bo, BA 

The lowest RMS for roll acceleration is obtained with the pure P controller (Figure 5.38). When 
it comes to dynamic wheel loads, both the modified P controller and the coordination logic display 
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a dynamic behaviour which lies between the pure R and pure P and the lowest RMS values are 
reached with the R controller and the modified P (Figure 5.39). Figure 5.40 shows the adaptive 
gain trend, which, compared to the AB section, tends to privilege the usage of the P controller. 
This is due to higher dynamic wheel loads in the AB test track. 

 
Figure 5.38:  �̈�Bo, BA 

 
Figure 5.39: 𝐹dyn, BA  

 
Figure 5.40: 𝐺R, BA 

Test track FnP is driven by with constant speed of 100 km/h. Vertical acceleration of the body 
displays a similar behaviour with all controllers except for the R, which presents the highest RMS 
value. The lowest RMS is reached with the modified P controller and the pure P (Figure 5.41). 

 
Figure 5.41:  �̈�Bo, FnP 
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The lowest RMS is obtained with the coordination logic for both pitch and roll body accelerations 
(Figure 5.42, 5.43). The latter shows, at the body eigenfrequency, the major differences between 
the controller, and the PSD maximum is progressively lowered when switching from the R con-
troller, to the modified P, the adaptive gain and the P controller. The coordination logic entails 
the most comfortable behaviour in the frequency range between 4 Hz and 8 Hz (Figure 5.43). 
Figure 5.44 shows the behaviour of dynamic wheel loads. For this particular test track, as already 
observed, the low frequency solicitations are prevalent and this entails a lower PSD for the P 
controller at the body eigenfrequency. The highest frequency content is recognised by the coor-
dination logic that weighs the R controller until the 90% of the overall controlling force in specific 
sections of the road (Figure 5.45). This results in the lowest RMS for dynamic wheel loads (Fig-
ure 5.44). 

 
Figure 5.42:  �̈�Bo, FnP 

 
Figure 5.43:  �̈�Bo, FnP 

 
Figure 5.44: 𝐹dyn, FnP 

Tests have been conducted on track CD which is driven by with constant speed of 70 km/h. It is 
an A roughness road with only three sections displaying an higher roughness class. These can 
be perceived by the vehicle occupants during the tests phases and they are recognized by the 
coordination logic (Figure 5.50). The modified P controller shows the lowest PSD for the vertical 
acceleration of the body in the whole frequency range considered, followed by the P controller, 
the adaptive gain, and the more uncomfortable R controller (Figure 5.46). 
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Figure 5.45: 𝐺R, FnP 

For pitch angular acceleration, at the body eigenfrequency, the lowest PSD is obtained with the 
P controller. On the contrary, at the wheel eigenfrequency, the modified P controller shows the 
lowest values (Figure 5.47). When it comes to roll acceleration, the minimum RMS value is ob-
tained with the pure P controller, followed by the coordination logic. The latter shows a similar 
behaviour to the pure P controller at the wheel eigenfrequency and to the R controller between 
3 and 8 Hz. The highest PSD at 13 Hz is reached with the modified P controller. 

 
Figure 5.46:  �̈�Bo, CD 

 
Figure 5.47:  �̈�Bo, CD 

 
Figure 5.48:  �̈�Bo, CD  

The lowest PSD for dynamic wheel loads is reached with the coordination logic at the wheel 
eigenfrequency and at the body eigenfrequency, with the modified P controller. The latter shows 
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the highest PSD between the controllers from 6 to 15 Hz, as well as the highest RMS value. The 
lowest RMS is reached with the coordination logic. 

 
Figure 5.49: 𝐹dyn, CD  

 
Figure 5.50: 𝐺R, CD 

5.6 Sensitivity analysis on modified P controller 
An analysis on the parameter 𝛼𝑖, with 𝑖 ϵ {h, p, r, t}, is conducted. The chosen test tracks are the 
FnP and section CD. For each controller configuration, two measurements are made on the 
same track (Appendix I). The set of optimised parameters for the modified P controller is taken 
as a reference (Appendix F, Table F.4, F.5). These 𝛼𝑖 and 𝑲P,α values have been obtained with 
an optimization procedure using the MnF profile as a simulated input to the full vehicle model. In 
these tests, the parameter 𝑲P,α is not changed. According to Eq. (4.30), when 𝛼𝑖 = 0, the pure 
P controller is obtained with its skyhook logic extended to the vehicle modes. In this analysis, 
with respect to the optimal values, for each test, only one 𝛼𝑖 value is changed. This is done 
because the vehicle modes are not completely decoupled and a change in some parameters for 
one body mode can affect the others. This is due, for example, to the different spring stiffnesses 
for the front and rear axles, to the position of the centre of gravity which is not in the exact middle 
of the wheelbase or to the loads distribution in the vehicle, due to its occupants. The set of values, 
chosen for this analysis are: 

• 𝛼h = [0.1, 0.5, 0.7,0.9] 

• 𝛼p = [0.3, 0.5, 0.7,0.9] 

• 𝛼r = [0.1, 0.3, 0.5, 0.7,0.9] 

• 𝛼t = [0.1, 0.5, 0.7,0.9] 

The reason for the differences in the chosen values for the four modes, depends on their optimal 
values. For example, 𝛼t is equal to 0.3 according to the optimization and therefore this value, 
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has already been tested previously. Each body mode is tested with 4 different 𝛼 values except 
for the body mode of roll, which is analysed with 5, as its optimised version was found to be 𝛼r =

0, which corresponds to pure skyhook in the vehicle rolling. 

Results for this analysis are shown in the following. The RMS of the accelerations of the body 
for the modes of heave, pitch and roll, as well as of dynamic wheel loads are displayed. The 
available experimental values have been interpolated with linear segments to provide an easier 
graphic interpretation. The dashed orange line represents, for each plot, the RMS of the variable 
in analysis, with optimal 𝛼𝑖. The region below this line represents a possible improvement of the 
optimal solution. This needs to be compared with the RMS of the other signals. The RMS of the 
measured signals, derived as described in Section 5.2, is a representative value of their level of 
vibration and therefore it must be minimized for both accelerations and dynamic wheel loads. 

Figure 5.51, 5.52, 5.53 and 5.54 show the results for the FnP test track. From the analysis of the 
RMS of the acceleration of the body in heave, it can be observed that the lowest RMS can be 
reached by using 𝛼h = 0.1 (Figure 5.51). This choice would entail a decrease of the RMS of the 
acceleration for both pitch and roll (Figure 5.52, 5.53). It would also provide the lowest RMS for 
the dynamic wheel load of 839 N with respect to 884 N of the optimal configuration. This can be 
explained as the FnP mainly solicitates the low frequency ranges, where the body eigenfre-
quency is located and therefore, lowering 𝛼h from the optimal value of 0.3786 to 0.1, would mean 
weighting less the suspensions velocities and getting closer to a pure P controller configuration 
for the heave mode. The value  𝛼r = 0.5 would lower the RMS for the accelerations in heave 
and pitch and of the dynamic wheel load, but would cause an increase of the RMS of the roll 
acceleration. The same happens for other combinations.  

 
Figure 5.51: RMS of �̈�Bo, FnP 
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Figure 5.52: RMS of  �̈�Bo, FnP 

 
Figure 5.53: RMS of  �̈�Bo, FnP 

 
Figure 5.54: RMS of  𝐹dyn, FnP 
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The analysis conducted on the path CD, show different results. For both the accelerations of the 
body in heave and pitch, there is no convenience in changing 𝛼𝑖 (Figure 5.55, 5.56). This effect 
is especially relevant in the first case, since the optimal RMS is equal to 0.577 m/s2  with respect 
to the other configurations where it lies between 0.609 and 0.640 m/s2 (Figure 5.56) . The RMS 
of the angular acceleration of  roll, could be improved from the optimal 0.424 rad/s2 to a minimum 
of 0.398 rad/s2, with 𝛼p = 0.7 (Figure 5.57). The latter would increase the RMS of �̈�Bo to 0.634 
m/s2  and of �̈�Bo to 0.295 rad/s2  from  0.271 rad/s2. At the same time, it would lower the RMS of 
the dynamic wheel loads from 516 N to 493 N (Figure 5.58). The lowest one is reached with 
𝛼r = 0.9 and it is equal to 471 N but this choice would increase the RMS of all three accelerations 
signals. 

 
Figure 5.55: RMS of �̈�Bo, CD 

 
Figure 5.56: RMS of �̈�Bo, CD 
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Figure 5.57: RMS of  �̈�Bo, CD 

 
Figure 5.58: RMS of  𝐹dyn, CD 

5.7 Coordination logic at different speeds 
An analysis on the coordination logic is conducted by driving at different constant vehicle speeds 
on the same road sections. Test tracks AB and BA are selected for this analysis and driven by 
at 20, 40, 60, 80 and 100 km/h. In the following, the synthetic 𝑎ISO value is shown for each ve-
locity and road section (Table 5.4). The behaviour of the resulting adaptive gain is also displayed 
(Figure 5.59, 5.60). From the tests results and subsequent post-processing to calculate 𝑎ISO, it 
can be observed that, increasing the vehicle speeds results in a less comfortable perception 
from the vehicle occupants. Furthermore, section BA is more comfortable than section AB. Both 
test tracks can be categorized between classes B and C, according to [36]. The same observa-
tions can be made analysing Figure 5.59 and Figure 5.60. For every vehicle speed, section BA 
displays a lower mean value for the adaptive gain. This is a consequence of higher dynamic 
wheel loads for section AB where the coordination logic acts to weight more the R controller. 
Despite the quality of the roads, lowering the vehicle speed leads to a more comfortable feeling 
for the passengers and to lower loads on the wheels. Consequently the adaptive gain 𝐺R 
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approaches to lower values. Section AB present a higher number of shifts of the adaptive gain 
towards the R controller as a consequence of a worse road roughness (Figure 5.59).  

Table 5.4: 𝑎ISO in m/s2  for AB and BA  

 20 km/h 40 km/h 60 km/h 80 km/h 100 km/h 

AB 0.337 0.547 0.755 0.953 1.11 

BA 0.276 0.444 0.627 0.796 0.895 

 
Figure 5.59: 𝐺R at different speeds, AB 

 
Figure 5.60: 𝐺R at different speeds, BA 
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6 Discussion 

In the following, a discussion of the results is presented. Reference to the initial aim of the work 
is made (Section 1.1). At the beginning of the experimental phase of this work, attention was put 
on the validation of the sensors equipment. ADMA and accelerometers measurements were 
compared with the estimated signals from a reference estimator, since the input signals to the 
controller block would have been the estimated ones. A general overestimation of the kinematic 
signals can be observed, with exception for the roll mode, which displays a significantly different 
behaviour with respect to the measured one. Dynamic wheel loads have been compared as well, 
showing an overall similar trend in the frequency domain. The experimental tests conducted in 
the test vehicle were performed at first, to verify the behaviour of the pure P and R controllers in 
real life scenarios. Results confirmed the expectations on the two controllers: the pure P control-
ler, with respect to the R, entails lower accelerations of the body since it is derived from the 
skyhook principle, but higher peaks at the wheel eigenfrequency in the dynamic wheel loads. In 
test tracks as the FnP, where the low frequency range is the one presenting the worst dynamic 
behaviour, the two controllers act similarly at the wheel eigenfrequency. A comparison with the 
full vehicle model was also performed showing that the latter generally underestimates the state 
space variables. Its limited accuracy with respect to real life tests depends on the simplifying 
hypothesis including the one of linearity. Additionally, semi-active suspensions properties are 
considered via lookup tables but the modelling of the actuators and the servo-valves with their 
dynamic properties is neglected. It is anyway an useful mean, especially in a preliminary devel-
oping phase, because it allows to perform Model in the Loop tests and to iteratively improve the 
logic according to simulation results. 

When it comes to tests with the modified P controller, the latter generally shows an improved 
dynamic behaviour with respect to the R controller in the body accelerations. For what concerns 
dynamic wheel loads, it displays a better behaviour in the low frequency range with respect to 
the R controller and in the high frequency range compared to the pure P controller. Exceptions 
to this behaviour are found with the CD track, where the modified P controller shows, for roll 
acceleration in the frequency range from 0.1 to 9 Hz, the lowest PSD and in the range from 9 to 
20 Hz, the worst dynamic behaviour. This can be solved by increasing 𝛼r from 0, which corre-
sponds to pure skyhook control, to 0.1 (Figure 5.57). The same happens with the dynamic wheel 
load, where the dynamic behaviour with the modified P controller becomes the worst between 
the controllers at the wheel eigenfrequency, with a PSD peak which is almost two times to lowest 
ones. The sensitivity analysis showed that there is a great potential in lowering the RMS of the 
dynamic wheel load on the CD path. This can be achieved by increasing 𝛼r to the highest pos-
sible value. An optimal compromise, not to affect significantly the other signals, is 𝛼r  = 0.1 that 
would lower as well, the roll angular acceleration. The overall promising behaviour of the modi-
fied P controller was already observed in the simulations results (Section 4.7), even though the 
influence of the controllers in both angular pitch acceleration and at the body eigenfrequency in 
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vertical acceleration is not comparable to the experimental one, since in simulations, there is no 
appreciable difference between the controllers in these two cases. 

For what concerns the coordination logic, initial expectations were that it would have represented 
a compromise between the pure P and the pure R controllers, in order to solve the conflict be-
tween ride comfort and road-holding. According to experimental tests, this goal has been 
achieved. The dynamic behaviour of the signals of interest generally lies between the pure P 
and the pure R controllers. Exception to this, is found in the BA path in the roll angular acceler-
ati n at the      eigenfrequenc ,  here the c  r inati n l gic  verc mes the   c ntr ller’s peak. 
This can be solved via a different parametrization for the single controllers. On the other hand, 
in the CD path, it shows the best dynamic behaviour at the wheel eigenfrequency.  

Results for the adaptive gain with the stochastic input of FnP in the simulation model (Figure 
4.35), showed a significantly different behaviour with respect to experimental tests (Figure 5.45). 
In the first case, the P controller is weighed as a 90% of the overall controlling force while in 
second one, the coordination logic detects some bumps, weighing more the R controller. This is 
due to an underestimation of dynamic wheel loads in simulation with respect to real life scenarios. 
A significant result accomplished with the coordination logic is the gain behaviour with respect 
to the vehicle speed (Figure 5.59, 5.60). The gain manages to adapt itself to the velocity of the 
vehicle. At 20 km/h the more comfortable P controller is mainly used. With an increase in the 
vehicle speed, the gain progressively detects bumps until 100 km/h, where the R controller is 
the most present in the overall control force. This results in a controller that changes with the 
speed, without the latter being an input to the control law.  

A weakness of the developed method, is a delay in the coordination logic and namely in the 
estimation of the adaptive gain. This depends on the number of samples stored for the online 
estimation of the variables as well as on the sample rate. At the same time, it does not affect the 
stability of the system since it does not introduce any delay in the control forces but only in the 
coordination. Furthermore, the developed logic has not been tested with speeds higher than 100 
km/h and the influence of lateral and longitudinal dynamics has not been considered. In order to 
limit the memory allocation on the ECU, adjustments were made in the reimplementation of the 
logic in the company environment. Considering the limited amount of time available to perform 
experimental tests, fixed values for the thresholds in the coordination logic were chosen. Further 
details on this and on the stability of the system are given in Appendix J and Appendix K.  

A positive aspect of this work, is the possibility of direct tuning of the body characteristics in the 
different modes, thanks to an overall modal approach. In order to limit dynamic wheel loads, a 
groundhook approach could have been considered rather than the R controller. This choice 
though, would have led to the implementation of the groundhook principle at the four vehicle 
corners and not at the body modes, resulting in a less immediate tuning of the parameters as it 
can be done with the logic developed in this work. 

In order to perform additional analysis and considerations with the objective of further improving 
the vertical dynamics controller, additional time should have been spent in this work. Neverthe-
less, the initial aim of enhancing an existing controller in order to reduce the conflict between ride 
comfort and road-holding, has been achieved. 
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7 Summary and Outlook  

The aim of this work was the improvement of an existing vertical vehicle dynamics controller in 
order to solve the conflict between ride comfort and road-holding. Initial simulations have been 
made and limits to the existing logic were identified. According to these, a research on the state 
of the art has been performed with a focus on the strategies to combine different controllers, on 
adaptive control systems as well as on suspensions oriented skyhook control. Criticism of the 
state of the art was carried out, leading to the scientific news value of this work. Its novelty is 
represented by two different approaches to control vertical vehicle dynamics: a coordination logic 
in terms of an adaptive gain, combining criteria for ride comfort, road-holding and suspension 
deflection and an extended skyhook control, with additional consideration of the suspensions 
velocities. Both approaches were tested at the beginning, with measured road displacements 
and were progressively and recursively improved with artificially generated inputs. Results have 
been evaluated in terms of perceived vehicle occupants comfort as well as in terms of resulting 
dynamic wheel loads. The developed logic was later implemented in the industrial partner de-
velopment environment. Thanks to adjustments to the logic, experimental tests have been 
performed with an adequate post-processing of the measurements. Results have been showed 
and discussed, underlining both the limits and the potential of the logic. 

Future research work can be developed. For what concerns the adaptive gain, at first, sensitivity 
analysis in the real vehicle should be performed by changing the coordination logic thresholds 
as it has been done in simulations. Further attention should be put in the parametrization of the 
pure P and R controllers since the set of optimal values was obtained having performed an 
optimization procedure in the simulation environment but real tests outcome has not been suffi-
ciently tested. Furthermore, an analysis on the influence of the stiffness parameter in the R 
controller in terms of desired undamped body eigenfrequency should be carried out, since the 
focus has been on the damping term. The role of the delay in the coordination logic should be 
further exploited. This could include the substitution of the online estimation blocks with an im-
mediate comparison of the signal of interest with a physical threshold. An analytical description 
of the stability of the coordination logic should also be considered.  

A further development of the modified P controller could be made. This can include a logic to 
continuously change the 𝛼𝑖 values in order to combine ride comfort and road-holding. This ap-
proach could entail an adaptive solution for the proportional damping rates as well. The overall 
controller should be tested at higher speeds, and it could be also modified taking into account 
aspects of the longitudinal and lateral dynamics, as well as some inputs from the driver. 
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Appendix A Model parametrization 

Table A.1 Data sheet for the test vehicle 

Symbol Value Description 

𝑙f 1.588 m Distance from front axle and centre of gravity 

𝑙r 1.621 m Distance from rear axle and centre of gravity 

𝑙eng 1.486 m Distance from the engine mounting and the vehicle centre of 
gravity in x-direction 

𝑏eng 0.6520 m Distance from the engine mounting and the vehicle centre of 
gravity in y-direction 

𝑏f 1.609 m Front axle track width 

𝑏r 1.637 m Rear axle track width 

𝑐Bo,fr = 𝑐Bo,fl 20.51 ∙ 103 N/m Suspension stiffness, front axle 

𝑐Bo,rr = 𝑐Bo,rl 24.52 ∙ 103 N/m Suspension stiffness, rear axle 

𝑐arb,f 15.49 ∙ 103 N/m Anti-roll bar stiffness, front axle 

𝑐arb,r 25.86 ∙ 102 N/m Anti-roll bar stiffness, rear axle 

𝑐T,f = 𝑐T,r 27.06 ∙ 104 N/m Tyre stiffness 

𝑐eng 6.000 ∙ 105 N/m Stiffness of the engine mounting 

𝑑Bo,fr = 𝑑Bo,fl 542.1 N s/m Suspension damping coefficient, front axle 

𝑑Bo,rr = 𝑑Bo,rl 829.6 N s/m Suspension damping coefficient, rear axle 

𝑑eng 6000 N s/m Damping of the engine mounting 

𝑚 2160 kg Vehicle mass 

𝑚Bo 1903 kg Body mass 

𝑚eng 300 kg Engine mass 

𝑚w,fr = 𝑚w,fl 66.12 kg Unsprung mass, front axle 

𝑚w,rr = 𝑚w,rl 62.43 kg Unsprung mass, rear axle 

𝐽eng,𝑥𝑥 54.4 kg m2 Roll moment of inertia of the engine 

𝐽Bo,𝑡 991.2 kg m2 Twist moment of inertia of the body 

𝐽𝑥𝑥 543.5 kg m2 Roll moment of inertia of the body 
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𝐽𝑦𝑦 3563 kg m2 Pitch moment of inertia of the body 

𝑠𝑢𝑠th 0.1 m 
Suspension deflection threshold to overcome to obtain 
𝐺sus,def 

thdef 0.6 Threshold for the gain in suspension deflection 

thdyn 0.9 Threshold for 𝐺Fdyn 

𝑡ℎFdyn 𝑘𝑖𝐹𝑧w,𝑖𝑗,stat
N Threshold for dynamic wheel load 

thPS 0.1 Threshold for 𝐺PS 

thratio 0.9 Threshold for power spectrum estimation 

𝑡ℎxdef 0.1 m Threshold for suspension deflection 



Appendix 

xviii 
 

Appendix B Quarter car model 

Quarter car model, also known as quarter car suspension, is shown in Figure B.1. The system 
consists of 𝑚Bo, sprung mass, 𝑚w, unsprung mass, 𝑐Bo, stiffness coefficient of the suspension, 
𝑐T, vertical stiffness of the wheel, 𝑑Bo , damping coefficient of the suspension, 𝑑T damping coef-
ficient of the wheel. The latter is neglected as usually relatively low. The vertical displacements 
of the sprung and unsprung masses are respectively denoted by 𝒛Bo and 𝒛w, while 𝒛ro is the 
road excitation. This only model accounts for the mass movements on the vertical axis. 

 
Figure B.1: Quarter car model  

The equations of motions of this two degrees of freedom model are: 

𝑚Bo�̈�Bo = −𝑑Bo(�̇�Bo − �̇�w) − 𝑐Bo(𝒛Bo − 𝒛w) (B.1) 

𝑚w�̈�w = −𝑑Bo(�̇�w − �̇�Bo) − 𝑐Bo(𝒛w − 𝒛Bo) − 𝑐T(𝒛w − 𝒛ro) (B.2) 

and expressed in matrix form: 

𝑴�̈� + 𝑫�̇� + 𝑲𝒒 = 𝑯𝒛ro (B.3) 

with: 

𝒒 = {
𝒛Bo

𝒛w
},   (B.4) 

𝑴 = [
𝑚Bo 0
0 𝑚w

] (B.5) 

𝑫 = [
𝑑Bo −𝑑Bo

−𝑑Bo 𝑑Bo
] (B.6) 

𝑚Bo

𝑚w

𝑑Bo𝑐Bo

𝑐T

𝑧w

𝑧Bo

𝑧ro
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𝑲 = [
𝑐Bo −𝑐Bo

−𝑐Bo 𝑐Bo + 𝑐T
] (B.7) 

𝑯 = [
0
𝑐T

] (B.8) 

 

With respect to the vehicle datas, parameters in Table B.1 have been used: 

Table B.1 Data test vehicle adapted to quarter car model 

Symbol Value Description 

𝑚Bo 550.7 kg Quarter of the sum of the engine mass and body mass 

𝑚w 64.27 kg Mean between front and rear tyres masses 

𝑑Bo 685.9 N s/m Mean between front and rear suspension damping coefficient 

𝑐Bo 22.52 ∙ 104 N/m Mean between front and rear suspension stiffness 

𝑐T 27.06 ∙ 104 N/m Mean between front and rear wheels stiffness 

𝑑opt 
26.89 ∙ 104 
N s/m Optimal damping coefficient 

0.5𝑑opt 
1.345 ∙ 104 
N s/m - 

1.25𝑑opt 
3.362 ∙ 104 
N s/m - 

2𝑑opt 
5.379 ∙ 104 
N s/m - 

The vertical force transmitted to the ground, representing road-holding is 𝐹𝑧 and it is calculated 
as it follows: 

  𝑭𝑧 = −𝑐T(𝒛w − 𝒛ro) (B.9) 

The natural frequencies are computed: the lower frequency is equal to 0.9775 Hz and corre-
sp n s t  the “  unce m  e”,  ith   th masses in phase, the higher frequenc  is equal t  10.75 

Hz an  it is calle  the “ heel h p m  e”,  here the masses are in c unter-phase and the sprung 
mass is almost not moving [13, p. 245]. An optimal damping coefficient value can be calculated 
as to obtain an horizontal tangent in the first invariant point at low frequencies [12] (Figure 2.1). 

𝑑opt = √
𝑚Bo𝑐Bo

2

𝑐T + 2𝑐Bo

𝑐Bo
 (B.10) 

Usually damping coefficients are expressed via their damping ratio which is: 
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𝜁 =
𝑑Bo

𝑑crit
 (B.11) 

where: 

𝑑crit = 2√𝑚Bo𝑐Bo (B.12) 
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Appendix C Model matrices 

Eq. (2.21) and Eq. (2.26) display the system stiffness matrix 𝑲sys and the system damping matrix 
𝑫sys. Their formulation is based on the following: 

𝑲w,w = 𝑲T + 𝑲sus + 𝑲arb (C.1) 

𝑲w,Bo = (𝑲sus + 𝑲arb)𝑻T (C.2) 

𝑲Bo,w = 𝑻(𝑲sus + 𝑲arb) (C.3) 

𝑲Bo,Bo = (𝑻(𝑲sus + 𝑲arb)𝑻𝐓 + 𝑻eng𝑲eng𝑻eng
T ) (C.4) 

𝑲Bo,eng = 𝑻eng𝑲eng (C.5) 

𝑲eng,Bo = 𝑲eng𝑻eng
T  (C.6) 

𝑲eng,eng = 𝑲eng (C.7) 

𝑫w,w = 𝑫T + 𝑫sus (C.8) 

𝑫w,Bo = 𝑫sus𝑻
T (C.9) 

𝐃Bo,w = 𝑻𝑫sus (C.10) 

𝑫Bo,Bo = 𝑻𝑫sus𝑻
T + 𝑻eng𝑫eng𝑻eng

T  (C.11) 

𝑫Bo,eng = 𝑻eng𝑫eng (C.12) 

𝑫eng,Bo = 𝑫eng𝑻eng
T  (C.13) 

𝑫eng,eng = 𝑫eng (C.14) 

The expression for the 𝑹 matrix of Eq. (2.86) is the following: 

𝑹 = [𝑻-1Δ𝑲∗𝑻-T -𝑻-1Δ𝑲∗ 𝟎 𝑻-1Δ𝑫∗𝑻-T -𝑻-1Δ𝑫∗ 𝟎] (C.15) 

Eq. (C.15) can be also written as: 

𝑹 = 𝑻-𝟏[𝑲∗ − �̂�Bo 𝑫∗ − �̂�Bo] [
𝑻-T -𝐈4
𝟎4 𝟎4

𝟎𝟖×𝟐

𝟎4 𝟎4

𝑻-T -𝐈4
𝟎𝟖×𝟐] (C.16) 
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Appendix D Suspensions constraints 
model in garage simulation 

In order to analyse the differences between the P and the R controllers in scenarios as the gar-
age road, a simple model to simulate a constraint in the suspension travel has been implemented 
(Figure D.1). The block receives as an input parameter, the suspension travel, ∆𝒛sus,𝑖𝑗, calcu-
lated with the resolution of the state space equations and provides as an output, �̇�add,𝑖𝑗 which is 
an acceleration vector which is added in the state space equation: 

�̇� = 𝐀𝐱 + 𝐁𝐮 + 𝐄𝐳 + ∑�̇�add,𝑖𝑗 (D.1) 

 
Figure D.1: Scheme of the suspensions constraints model  

The idea is to gradually increase the stiffness suspension coefficient with an exponential function 
and calculate the difference between the corresponding increased stiffness force and the initial 
one. From the resulting force, the acceleration vector, �̇�add,𝑖𝑗 can be finally obtained. The follow-
ing equations apply for the model: 

𝑐Bo,add,ij

= {
𝑐Bo,𝑖𝑗𝑒

[𝑘𝑖𝑗(∆𝒛sus,𝑖𝑗−∆𝒛sus,𝑐,𝑖𝑗𝑝𝑖𝑗)−1]                      if ∆𝒛sus,𝑖𝑗 > ∆𝑧sus,𝑐+,𝑖𝑗𝑝𝑖𝑗

𝑐Bo,𝑖𝑗𝑒
[−𝑘𝑖𝑗(∆𝒛sus,𝑖𝑗−∆𝒛sus,𝑐,𝑖𝑗𝑝𝑖𝑗)−1]                      if ∆𝒛sus,𝑖𝑗 < ∆𝑧sus,𝑐−,𝑖𝑗𝑝𝑖𝑗

 
(D.2) 

𝑭sus,add,𝑖𝑗 = [

0
0
0

𝐹add,𝑖𝑗

] (D.3) 

Where 𝐹add,𝑖𝑗 is: 

𝐹add,𝑖𝑗 = 𝑐Bo,add,𝑖𝑗(∆𝒛sus,𝑖𝑗 − ∆𝒛sus,𝑐,𝑖𝑗) (D.4) 

Finally �̇�add,𝑖𝑗 is derived: 

�̇�add,𝑖𝑗 = 𝑀sus

[
 
 
 

010×1

𝐹add,𝑖𝑗

−𝑇𝐹add,𝑖𝑗

02×1 ]
 
 
 
 (D.5) 

Suspensions
constraints

model

∆𝑧sus,𝑖𝑗 �̇�add,𝑖𝑗
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With 𝑴sus: 

𝑴sus = [
010×20

010×10     𝑴sys
−1 ] (D.6) 

By adding to the state space equation an increasingly high acceleration vector, the suspension 
travel becomes restricted. This approach entails inevitable peaks in the accelerations of the body 
and therefore it is used only to investigate the differences between P and R controllers when 
introducing a constraint in the suspensions travel. Table (D.1) summarizes the mentioned varia-
bles: 

Table D.1 Parameters for suspensions constraints model 

Symbol Description Value 

𝑘𝑓𝑗  Weighting factor for ∆𝑧𝑠𝑢𝑠,𝑖𝑗 − ∆𝑧𝑠𝑢𝑠,𝑐,𝑖𝑗𝑝𝑖𝑗, 
front axle 

100 

𝑘𝑟𝑗 Weighting factor for ∆𝑧𝑠𝑢𝑠,𝑖𝑗 − ∆𝑧𝑠𝑢𝑠,𝑐,𝑖𝑗𝑝𝑖𝑗, 
rear axle 

100 

𝑝𝑓𝑗 Percentage of ∆𝑧𝑠𝑢𝑠,𝑐+,𝑖𝑗 and ∆𝑧𝑠𝑢𝑠,𝑐−,𝑖𝑗, 
front axle 

0.9 

𝑝𝑟𝑗 Percentage of ∆𝑧𝑠𝑢𝑠,𝑐+,𝑖𝑗 and ∆𝑧𝑠𝑢𝑠,𝑐−,𝑖𝑗, 
rear axle 

0.6 

∆𝑧sus,𝑐+,𝑖𝑗 Maximum desired suspension travel 0.1 𝑚 

∆𝑧sus,𝑐−,𝑖𝑗 Minimum desired suspension travel −0.1 𝑚 
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Appendix E Kalman Filter 

Kalman filtering is an algorithm that employs measurements conducted over time and containing 
noise and inaccuracies in order to estimate variables with a joint probability distribution. In simple 
terms, it is an iterative mathematical process to estimate the true values of some process varia-
bles. It is widely employed in signal processing and robotic motion planning. In Table E.1 there 
is an overview of the matrix format of the filter. In order to estimate the internal state for a linear 
and continuous time model, the following differential equations can be defined: 

�̇� = 𝑨𝑘𝒙 + 𝑩𝑘𝒖 + 𝒘 (E.1) 

𝒚 = 𝑪𝑘𝒙 + 𝑫𝑘𝒖 + 𝒗 (E.2) 

 

Table E.1 Kalman Filter parameters 

Symbol Description 

𝒙 State space vector ∈ 𝑅𝑛 

𝑨𝑘 State-transition matrix, 𝑛 𝑥 𝑛 

𝒖 Control vector ∈ 𝑅𝑙 

𝑩𝑘 Control-input matrix, 𝑛 𝑥 𝑙 

𝒚 Observation or measurement vector ∈ 𝑅𝑚 

𝑪𝑘 Observation matrix, 𝑚 𝑥 𝑛 

𝑫𝑘 Control-input matrix for the measurement equation, 𝑚 𝑥 𝑙 

𝒘 Process noise 

𝒗 Observation or measurement noise 

𝑸𝑘 Process noise covariance matrix 

𝑹𝑘 Observation noise covariance matrix 

𝑷 Error covariance matrix 

𝑲 Kalman gain 

Discrete-time Kalman filter transforms the linear and continuous formulation of Eq. (E.1) and Eq. 
(E.2) in a linear system where 𝑗 + 1  indicates the following time-step with respect to 𝑗. 

𝒙𝑗+1 = 𝑨𝑘𝑗
𝒙𝑗 + 𝑩𝑘𝑗

𝒖𝑗 + 𝒘𝑗 (E.3) 
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𝒚𝑗 = 𝑪𝑘𝑗
𝒙𝑗 + 𝑫𝑘𝑗

𝒖𝑗 + 𝒗𝑗 (E.4) 

Kalman filter is a recursive filter which requires, for each iteration, the knowledge of the previous 
time-step estimate �̂�𝑗−1 and the current observation 𝒚𝑗. Being �̂�−

𝑗, the a-priori estimation of the 
system state, based on the estimation at 𝑗 − 1, and being �̂�𝑗 the a-posteriori estimation of the 
system state based on the knowledge of  𝒚𝑗, the estimated errors, a-priori and a-posteriori, can 
be respectively defined: 

𝒆𝑗
− = 𝒙𝑗 − �̂�−

𝑗 (E.5) 

𝒆𝑗 = 𝒙𝑗 − �̂�𝑗 (E.6) 

This errors can be associated to two error covariance matrices, respectively a-priori and a-pos-
teriori as it follows: 

𝑷𝑗
− = 𝐸[𝒆𝑗

−𝒆𝑗
−𝑇] (E.7) 

𝑷𝑗 = 𝐸[𝒆𝑗 𝒆𝑗
𝑇] (E.8) 

Where 𝐸[𝜁], stands for the expected value of the general variable 𝜁. The aim of the Kalman filter 
is to minimize the a posteriori covariance matrix 𝑷𝑗 and to provide a method for the correct esti-
mation of �̂�𝑗 based on �̂�−

𝑗 and 𝒚𝑗. The following applies for the a-posteriori state: 

�̂�𝑗 = �̂�−
𝑗 + 𝑲𝑗(𝒚𝑘 − 𝑪𝑘𝑗

�̂�−
𝑗) (E.9) 

The problem moves to the computation of the Kalman gain that multiplies the term 𝒚𝑘 − 𝑪𝑘𝑗
�̂�−

𝑗, 
calle  “inn vati n”. The pr cess  escri e      q. ( .9) can  e summarise  in t   phases.  t 

first, an a-priori estimation of both �̂�𝑗 and 𝑷𝑗 by means of the following: 

�̂�−
𝑗 = 𝑨𝑘�̂�𝑗−1 + 𝑩𝑘𝒖𝑗 (E.10) 

𝑷𝑗
− = 𝑨𝑘𝑷𝑗−1𝑨𝑘

𝑇 + 𝑸𝑘𝑗 (E.11) 

Those two are the best estimates of the state vector and of the covariance at instant 𝑗. The 
second phase consists in calculating the Kalman gain with the following: 

𝑲𝑗 = 𝑷𝑗
−𝑪𝑘𝑗

𝑇 (𝑪𝑘𝑗
𝑷𝑗

−𝑪𝑘𝑗

𝑇 + 𝑹𝑘𝑗
)

−1
 (E.12) 

By substituting Eq. (E. 11) in (E. 12), Eq. (E.10) and (E.12) in (E.9), the a-posteriori state is 
defined. With Eq. (E. 12), the a-posteriori estimation of the covariance matrix becomes: 

𝑷𝑗 = (𝑰 − 𝑲𝑗𝑪𝑘𝑗
)𝑷𝑗

− (E.13) 

Those equations can be translated in a more general form by means of: 
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𝑐𝑜𝑣(𝒙𝑗, 𝒚𝑗) = 𝑷𝑗
−𝑪𝑘𝑗

𝑇  (E.14) 

𝑐𝑜𝑣(𝒚𝑗) = 𝑪𝑘𝑗
𝑷𝑗

−𝑪𝑘𝑗

𝑇  (E.15) 

Eq. (E. 12) and (E. 13) become: 

𝑲𝑗 = 𝑐𝑜𝑣(𝒙𝑗, 𝒚𝑗) (𝑐𝑜𝑣(𝒚𝑗) + 𝑹𝑘𝑗
)

−1
 (E.16) 

𝑷𝑗 = 𝑷𝑗
− − 𝑲𝑗𝑐𝑜𝑣(𝒙𝑗, 𝒚𝑗)

𝑇 (E.17) 

The last formulation shows how the covariance matrix and the Kalman gain do not depend on 
the state, the observer or the innovation. It is important to notice that the variables 𝒘𝑗 and 𝒗𝑗, 
which respectively represent the process noise and the measurement noise, present a null mean 
value meaning that �̅�𝑗 = �̅�𝑗 = 0. Process noise, 𝒘𝑗 is assumed to be taken from a zero mean 
multivariate normal distribution with covariance 𝑸𝑘, while the measurement noise 𝒗𝑗 is a zero 
mean Gaussian white noise with covariance 𝑹𝑘. Further explanations on Kalman filter mathe-
matical formulation can be found in [84]. With reference to Section 4.4, the following 
parametrization is used for the test vehicle: 

Table E.2: Test vehicle parametrization 

Variable Value 

𝑚1fr
 480.6 kg 

𝑚1fl 480.6 kg 

𝑚1rl
 470.9 kg 

𝑚1rr 470.9 kg 

𝑚2fr 66.12 kg 

𝑚2fl 66.12 kg 

𝑚2rl 62.43 kg 

𝑚2rr 62.43 kg 

𝑐1fr 542.1 N s/m 

𝑐1fl 542.1 N s/m 

𝑐1rl 829.6 N s/m 

𝑐1rr 829.6 N s/m 

𝑘1fr
 20.51 ∙ 103 N/m 

𝑘1fl
 20.51 ∙ 103 N/m 
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𝑘1rl 24.52 ∙ 103 N/m 

𝑘1rr 24.52 ∙ 103 N/m 

𝑘2fr 27.06 ∙ 104 N/m 

𝑘2fl
 27.06 ∙ 104 N/m 

𝑘2rl 27.06 ∙ 104 N/m 

𝑘2rr 27.06 ∙ 104 N/m 

𝒘 10 

𝒗 10−4 

As explained in Section 4.4, in order to simulate a measurement process, a white Gaussian 
noise has been added to the computed measurement vector 𝒚 via the state space equations for 
the full vehicle. The white noise power added to the 𝒚 vector has been calculated as 𝒗𝑑𝑡sim 
where 𝑑𝑡sim corresponds to the fixed simulation time step. 

 

 

 

 

 



Appendix 

xxviii 
 

Appendix F Controllers parametriza-
tion 

The controllers parametrization is described in this Appendix. The desired eigenfrequencies 𝑓0,𝑖, 
of the body, with 𝑖 ϵ {𝑧Bo, 𝜃Bo, 𝜑Bo, 𝑡Bo}, in the directions of heave, pitch, roll and twist have been 
set to the following values for all simulations with the R controller and with the coordination logic, 
K+ (Table F.1): 

Table F.1: Eigenfrequencies parametrization  
𝑓0,𝑖 in Hz 

𝑓0,𝑧Bo
 𝑓0, Bo

 𝑓0, Bo
 𝑓0,𝑡Bo

 

1.095 1.285 1.966 1.456 

The eigenfrequencies values, namely the desired stiffnesses in the body eigenmodes, have not 
been changed in this work. The focus has been put on the tuning of the damping ratios, for the 
R controller and the adaptive gain, for the proportional values 𝑲P to the velocities of the body of 
the P controller, and to the 𝑲P,α values and the 𝛼𝑖 for the modified P controller. All of the men-
tioned parameters have been tuned in an optimal sense for comfort. The following optimization 
procedure has been performed. The Response Optimizer App from Simulink has been used. For 
each optimization, a Design Variable Set is chosen as the list of variables to optimize. The sig-
nals that are the objective of the optimization are chosen as well. An increasing number of signals 
or set variables clearly increases the computational effort and the optimization time. Finally, the 
signal property to be optimized is chosen. Independently of the signal, its moving RMS is always 
computed, with a window length of 2 s. The mean of the so obtained vector is therefore mini-
mized.  

All the simulation results shown in Chapter 4 and experimental tests in Chapter 5, are performed 
with the parameters displayed in Tables (F.2, F.3, F.4, F.5). All the resulting controller values 
have been obtained by optimizing the body accelerations signals in the mode of heave, pitch 
and roll with the stochastic road input of MnF. For the coordination logic, both P and R controller 
are parametrized with the values of their individual optimizations.  

Table F.2: Damping ratios 𝐷𝑖 for R controller  

𝐷𝑧Bo
 𝐷 Bo

 𝐷 Bo
 𝐷𝑡Bo

 

0.3865 0.1327 0.2445 0.2774 

 

Table F.3: 𝑲P values for P controller in Ns/m  

𝐾𝑧Bo
 𝐾 Bo

 𝐾 Bo
 𝐾𝑡Bo

 

5.833 ∙ 103 1.631∙ 104 2.025 ∙ 104 2.194 ∙ 103 
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Table F.4:             𝑲P,α values for modified P controller in Ns/m 

𝐾𝑧Bo,α 𝐾 Bo,α 𝐾 Bo,α 𝐾𝑡Bo,α 

6.923 ∙ 103 1.462∙ 104 1.627∙ 104 2.514 ∙ 103 

Table F.5: 𝛼𝑖 values for modified P controller in Ns/m  

𝛼𝑧Bo
 𝛼 Bo

 𝛼 Bo
 𝛼𝑡Bo

 

0.3786 0.1587 0 0.3 

In the R controller, the poles specification is implicit, meaning that the desired body stiffness and 
damping are tuned by actually choosing, respectively, the body undamped natural frequencies 
and damping ratios as they are of more immediate understanding for the user of the logic. The 
following applies to obtain the spring stiffness and damping rates for the R controller logic: 

𝑐𝑖 = 4π2𝑓0,𝑖
2 𝑚𝑖 (F.1) 

𝑑𝑖 = 4π𝐷𝑖𝑓0,𝑖𝑚𝑖 (F.2) 

If the system is underdamped ( Di < 1 ), the following equation applies for poles position: 

𝑝i,± = -2π𝑓0,i (𝐷i ± i√1 − 𝐷i
2) (F.3) 
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Appendix G Passive and Semi-Active 
Suspensions 

A comparison between the passive configuration and the semi-active one is performed by means 
of the simulation model in terms of dynamic wheel load. In the first case, Eq. (2.33) becomes: 

𝑭sus = -(𝐃susΔ�̇�sus + 𝑲susΔ𝒛sus) (G.1) 

Simulations with the stochastic road input of MnF are performed with a vehicle speed of 100 
km/h (Figure G.1). For the semi-active behaviour, the coordination logic has been used. 

 
Figure G.1 : Passive and Semi-Active suspensions  

The two configurations display a similar behaviour in the frequency range between 14 Hz to 20 
Hz. At 4 and 13 Hz, the passive configuration shows the lowest PSD value. Between 2 Hz and 
9 Hz, it displays lower values with respect to the semi-active system. The latter results in a sig-
nificant reduction of the peaks at the body and wheel eigenfrequencies, respectively around 1 
Hz and 10 Hz. Considering Eq. (4.1), the following can be written: 

𝐹pass,𝑖𝑗 = 𝑑Bo,𝑖𝑗Δ�̇�sus,𝑖𝑗 (G.2) 

𝐹susp,d,𝑖𝑗 = 𝐹pass,𝑖𝑗 + 𝐹𝑢,𝑖𝑗 (G.3) 

with 𝑖 ϵ {f, r}, 𝑗 ϵ {r, l}. The total force of the suspensions for the damping contribution, 𝐹susp,d,𝑖𝑗 
can be split in two terms, the semi-active part 𝐹𝑢,𝑖𝑗 which is the controlled one, and the passive 
one 𝐹pass,𝑖𝑗. When the active configuration is chosen in the simulation model, the active term 
becomes unrestricted and can ideally assume any value. On the other hand, in the semi-active 
configuration, the real characteristic of the dampers is considered, depending on the control cur-
rent and on the damper velocity. The dampers characteristics provided by the industrial partner 
are defined in a working range between -4 m/s and 4 m/s. This working range is restricted to -1 



Appendix 

xxxi 
 

m/s and 1 m/s as the assumption of linearity for the passive component is made for such a range. 
The linear component is added to the non-linear one to obtain 𝐹susp,d,𝑖𝑗 (Figure G.2, G.3, G.4). 
The working range of the damper current, which controls the cross section of the actuator valve 
goes from 0 A to 1.8 A. 

 
Figure G.2 : 𝐹pass,𝑖𝑗  

 
Figure G.3 : 𝐹𝑢,fj  

 
Figure G.4 : 𝐹𝑢,𝑟j  
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As already stated in Sections 2.1 and 2.2, suspensions are one of the most relevant aspects in 
vertical vehicle dynamics and their main components are springs, dampers and ARBs. Usually, 
one couple of wheels, is equipped with two springs, two shock absorbers, four stops and an ARB. 
Between the springs types, one can mainly find: leaf springs, coil springs and air springs. Rubber 
springs and polyurethane elastomer ones are as well, other existing types. Leaf springs are also 
called elliptical or semi-elliptical and present an arc shape, at which middle point the axle is 
located. The ends of the arc are usually attached to the vehicle chassis. They are divided in 
longitudinal springs and transverse springs and can be multi/single layered or parabolic. They 
have been mainly implied in the 70s and are still used in heave vehicles. They generally distribute 
the loads widely rather than to a single point as the coil springs. Coil springs display the simplest 
design and they are used on both front and rear axles. They show a linear characteristic in their 
whole working range. Air or gas springs have the advantage of guaranteeing that the body nat-
ural frequency remains unaltered with changes in the vehicle load. In the past, they have been 
mainly installed in buses and long-distance commercial vehicles. Air springs consist of a flexible 
bellow made of an elastomeric material, inflated with pressurised air. The latter is provided by 
compressors via some control valves. Air springs present a non-linear characteristic which is 
usually frequency-dependent in terms of stiffness. The bellow or rolling bellow entails an addi-
tional damping degree. Other possibilities are available, as the one used by Citroën called hydro-
pneumatic springing (Section 3.1.3). Dampers or shock absorbers, in their passive form, need 
to represent a compromise between road holding and road comfort (Section 2.2). Adaptive 
dampers are able to switch from a lower to an higher damping ratio. Continuous damping control 
(CDC) provides any damping force which lies between the minimum and maximum damping 
rate. They are semi-active dampers, which means that they only have a dissipative effect and 
they can be magnetorheological, electrorheological or electromechanical. Their damping char-
acteristics are non-linear. The first two types consist of a shock absorber filled with a magneto-
rheological or electrorheological fluid whose viscosity is controlled via a magnetic or electric field 
by varying, for example, the power of an electromagnet. Fluid viscosity increases with the inten-
sity of the electromagnet. Electromechanical dampers consist of a shock absorber equipped with 
a solenoid-controlled valve, receiving a controlling signal in terms of current. Depending on the 
current and on the relative velocity between the chassis and the wheels (sprung and unsprung 
masses), a damping force is obtained. A common solution for damping adjustment consists of 
changing the flow area of the shock absorber throttle valve. The latter needs to have fast re-
sponse speed and high control precision. Active dampers on the other hand, provide a force 
which is independent of the suspension speed and not purely dissipative usually by means of an 
electrical servopump. ARBs can be passive or active. The first ones rigidly connect two wheels 
of the same axle and their aim is to reduce body rolling during cornering as well as influencing 
the over- or understeering behaviour. At the same time they entail coupling of the wheels as road 
excitation on one, is transferred to the other. Active ARBs are usually designed to provide differ-
ent roll stiffness in cornering. An important aspect of vehicle suspensions is the installation ratio 
of the spring/damper that relates the motion of the spring and the damper to the one of the wheel 
and tyre. Its most immediate form is expressed with Eq.(G.4) where 𝑖 ∈ {f, r}. 

𝑖𝑖 = 
damper displacement

wheel displacement
     (G.4) 

The installation ratio can also be expressed as a result of a forces equilibrium according to Figure 
G.5. 
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Figure G.5 : Suspensions mounting   

The top of the shock absorber is fixed to the body or the frame and the bottom to a suspension 
link or the axle itself. The shock absorber should be mounted vertically but it can present an 
angle 𝜉𝐷. Assuming that cos 𝜉𝐷 ≈ 1, the installation ratio can be written as: 

𝑖𝑖 = 
bSp

br
     (G.5) 

The luxury class sedan, BMW AG 7 series (G12, long version), which has been used for the 
experimental part in this work, is equipped with air springs, which are fed by an electrical air 
compressor, and by ZF continuously adjustable dampers which are controlled with the devel-
oped controlling logics. In series cars, they are thought to switch from an optimum damping or a 
sporty stiff one to a softer configuration, all according to the skyhook principle, where the vehicle 
superstructures can be adjusted independently of road conditions. In Figure G.6 there is an ex-
ample of ZF CDC damper with external valve. 

 
Figure G.6 : ZF CDC damper with external valve 
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Appendix H Sensor setup 

 
As already stated in Section 5.1, ADMA stands for Automotive Dynamic Motion Analyzer and it 
refers to a Inertial Measurement Unit using Differential Global Positioning System. An inertial 
platform is equipped with three accelerometers measuring linear motions in all three directions 
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of movement. Three gyroscopes, mounted orthogonally, measure the rotational motions. From 
the available measurements, via an Extended Kalman Filter, location, spatial position and vehi-
cle speed are derived with a precision of 1 cm. A Global Navigation Satellite System is used to 
compensate potential drifts in the sensors measurements. ADMA uses a CAN bus interface to 
output the datas with an IPETRONIK module (Figure H.4). A FlexRay is used as an interface for 
some signals from the ECU (Figure H.6) . Measurements are available in both an horizontal 
reference frame, represented in red (Figure H.1) and in a body-fixed one, represented in grey. 
The latter is the one effectively employed in the post processing of the measurements. 

 
Figure H.1 : ADMA reference frame 

Figure H.2 shows the test vehicle which has been used in this work. Figure H.3 displays ADMA 
sensor system. 

 
Figure H.2 : BMW 7 series, G12 

 

 

 

 

 

 

 

 

 
Figure H.3 : ADMA 
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Figure H.4 : FlexRay and IPETRONIK modules 

 

Four Piezoelectric accelerometers from PCB Piezotronics have been mounted on the four 
wheels. In the specific, they have been fixed to the mounting bolts of the brake caliper (Figure 
H.5). They are fed by constant current conditioners and they provide low-impedance output sig-
nals. The mounting technique needs to be carefully analysed as it affects the high frequency 
performance of the sensors: this happens because, depending on the chosen technique, mass 
is added to the system and the mounting stiffness can be reduced. This phenomenon does not 
affect the frequency range up until 1000 Hz which means, considering the specific application, 
that the results are not dependent on the mounting, as the frequency range of interest is the one 
between 0 and 20 Hz. 

 

 
Figure H.5 : Accelerometer’s m unting 
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Figure H.6 : Overall sensors and electronic modules scheme 
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Appendix I Measurements processing 

In the following, the analysis of the test measurements is performed as done in Section 5.2. An 
example of how signals have been processed in this work is shown. Four measurements are 
available for the FnP track for the pure optimal P controller, as listed in Table I.3. Figure I.1 shows 
the four raw signals of the roll angular rate of the body. As explained in Section 5.2, raw signals 
are filtered with a lowpass filter with 18 Hz as a cut-off frequency, realigned and cut according to 
the shortest signal length (Figure I.2). 

 
Figure I.1 : Raw signals 

 
Figure I.2 : Processed signals in time with steps 1, 2 and 3 
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Figure I.3 displays the PSD with a focus on the range from 0 to 5 Hz of the signals as processed 
with steps 1, 2 and 3 of the procedure described in Section 5.2. Figure I.4 shows the final result 
consisting of an average of the PSD of the signals of Figure I.3 in the frequency domain and a 
subsequent smoothing with a moving average filter with 10 samples of span. 

 
Figure I.3 : PSD of the signals, zoom on 0-5 Hz; step 4 

 
Figure I.4 : Averaged and smoothed PSD of the signals, steps 5 and 6 

The following tables show an analysis of the raw signals in terms of mean of the RMS and coef-
ficient of variation. It has been performed for all the available tests measurements. 

Table I.1: 𝜇 for section BA, Section 5.2  

Signals Optimal R Optimal P R, 𝐷𝑖 = 0.05 R, 𝐷𝑖 = 2 

�̈�Bo, m/s2 1.13 0.924 1.06 1.84 

�̈�w,fr, m/s2 12.8 14.1 14.0 12.3 

�̈�w,f𝑙 , m/s2 0.706 0.466 0.648 0.667 

�̈�w,rl, m/s2 12.7 12.4 13.9 12.7 

�̈�w,rr, m/s2 10.9 11.1 10.9 10.3 

�̇�Bo, rad/s 32.0 ∙ 10−3 24.6 ∙ 10−3 29.7 ∙ 10−3 33.9 ∙ 10−3 

�̇�Bo, rad/s 43.2 ∙ 10−3 41.1 ∙ 10−3 44.7 ∙ 10−3 43.4 ∙ 10−3 
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Table I.2: 𝑐𝑣 for section BA, Section 5.2 

Signals Optimal R Optimal P R, 𝐷𝑖 = 0.05 R, 𝐷𝑖 = 2 

�̈�Bo
 11.7 ∙ 10−3 46.0 ∙ 10−4 27.4 ∙ 10−3 94.0 ∙ 10−4 

�̈�w,fr 25.6 ∙ 10−3 53.0 ∙ 10−4 12.1 ∙ 10−3 21.1 ∙ 10−3 

�̈�w,f𝑙 15.7 ∙ 10−2 0.100 41.3 ∙ 10−3 77.4 ∙ 10−3 

�̈�w,rl 28.5 ∙ 10−3 30.0 ∙ 10−3 48.1 ∙ 10−3 36.8 ∙ 10−3 

�̈�w,rr 15.6 ∙ 10−3 49.0 ∙ 10−4 10.8 ∙ 10−3 19.4 ∙ 10−3 

�̇�Bo 18.0 ∙ 10−4 13.5 ∙ 10−3 12.7 ∙ 10−3 68.0 ∙ 10−4 

�̇�Bo 77.0 ∙ 10−4 10.3 ∙ 10−3 78.0 ∙ 10−4 11.9 ∙ 10−3 

 

Table I.3: Number of tests measurements in Freising/Pulling, Section 5.3 

 Optimal R Optimal P R, 𝐷𝑡Bo
= 0 R, 𝐷𝑡Bo

= 1 

CD 4 4 3 3 

FnP 4 4 3 3 

 

Table I.4: 𝜇 for section CD, Section 5.3 

Signals Optimal R Optimal P R, 𝐷𝑡Bo
= 0 R, 𝐷𝑡Bo

= 1 

�̈�Bo, m/s2 0.732 0.677 0.734 0.792 

�̈�w,fr, m/s2 7.51 8.05 7.46 7.02 

�̈�w,f𝑙 , m/s2 0.296 38.5 0.257 0.295 

�̈�w,rl, m/s2 5.01 5.26 5.01 5.18 

�̈�w,rr, m/s2 5.57 6.28 5.39 5.99 

�̇�Bo, rad/s 27.4 ∙ 10−3 24.9 ∙ 10−3 27.7 ∙ 10−3 27.5 ∙ 10−3 

�̇�Bo, rad/s 35.2 ∙ 10−3 33.6 ∙ 10−3 34.9 ∙ 10−3 34.3 ∙ 10−3 
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Table I.5: 𝑐𝑣 for section CD, Section 5.3 

Signals Optimal R Optimal P R, 𝐷𝑡Bo
= 0 R, 𝐷𝑡Bo

= 1 

�̈�Bo
 26.8 ∙ 10−3 21.6 ∙ 10−3 13.3 ∙ 10−3 25.9 ∙ 10−3 

�̈�w,fr 25.1 ∙ 10−3 24.0 ∙ 10−3 69.0 ∙ 10−4 24.6 ∙ 10−3 

�̈�w,f𝑙 44.5 ∙ 10−3 1.78 43.6 ∙ 10−3 26.4 ∙ 10−3 

�̈�w,rl 42.3 ∙ 10−3 47.8 ∙ 10−3 47.5 ∙ 10−3 96.5 ∙ 10−3 

�̈�w,rr 33.5 ∙ 10−3 18.2 ∙ 10−3 17.9 ∙ 10−3 19.4 ∙ 10−3 

�̇�Bo 11.3 ∙ 10−3 20.1 ∙ 10−3 69.0 ∙ 10−4 82.0 ∙ 10−4 

�̇�Bo 16.5 ∙ 10−3 78.0 ∙ 10−4 80.0 ∙ 10−4 24.3 ∙ 10−3 

Table I.6: 𝜇 for FnP, Section 5.3 

Signals Optimal R Optimal P R, 𝐷𝑡Bo
= 0 R, 𝐷𝑡Bo

= 1 

�̈�Bo, m/s2 1.62 1.45 1.63 1.70 

�̈�w,fr, m/s2 9.17 9.60 8.94 9.95 

�̈�w,f𝑙 , m/s2 0.543 32.3 0.471 0.722 

�̈�w,rl, m/s2 7.15 7.59 7.34 8.20 

�̈�w,rr, m/s2 7.90 8.37 7.93 8.97 

�̇�Bo, rad/s 45.7 ∙ 10−3 38.7 ∙ 10−3 46.0 ∙ 10−3 47.3 ∙ 10−3 

�̇�Bo, rad/s 56.4∙ 10−3 52.2 ∙ 10−3 54.3 ∙ 10−3 56.1∙ 10−3 

Table I.7: 𝑐𝑣 for  FnP,  Section 5.3 

Signals Optimal R Optimal P R, 𝐷𝑡Bo
= 0 R, 𝐷𝑡Bo

= 1 

�̈�Bo
 83.0 ∙ 10−4 67.0 ∙ 10−4 72.0 ∙ 10−4 15.6 ∙ 10−3 

�̈�w,fr 41.7 ∙ 10−3 46.5 ∙ 10−4 15.5 ∙ 10−3 61.0∙ 10−3 

�̈�w,f𝑙 57.7 ∙ 10−3 1.46 0.156 0.355 

�̈�w,rl 23.7 ∙ 10−3 25.3 ∙ 10−3 78.4 ∙ 10−5 22.2 ∙ 10−3 

�̈�w,rr 33.0 ∙ 10−3 58.2 ∙ 10−3 20.7∙ 10−3 66.3 ∙ 10−3 

�̇�Bo 95.0 ∙ 10−4 34.2 ∙ 10−3 49.0 ∙ 10−4 15.8 ∙ 10−3 

�̇�Bo 13.3 ∙ 10−3 80.0 ∙ 10−4 57.0 ∙ 10−4 73.0 ∙ 10−4 
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Table I.8: Number of tests measurements in Aschheim, Section 5.4 

 Coordination logic Modified P 

AB 4 4 

BA 4 4 

 

Table I.9: 𝜇 for section AB, Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo, m/s2 1.15 1.11 

�̈�w,fr, m/s2 20.7 21.1 

�̈�w,f𝑙 , m/s2 18.8 0.612 

�̈�w,rl, m/s2 13.3 13.5 

�̈�w,rr, m/s2 18.0 18.0 

�̇�Bo, rad/s 30.7 ∙ 10−3 29.9 ∙ 10−3 

�̇�Bo, rad/s 57.0 ∙ 10−3 56.3 ∙ 10−3 

Table I.10: 𝑐𝑣 for section AB,  Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo
 20.2 ∙ 10−3 82.0 ∙ 10−4 

�̈�w,fr 19.1 ∙ 10−3 23.5 ∙ 10−3 

�̈�w,f𝑙 77.6 ∙ 10−3 0.165 

�̈�w,rl 28.6 ∙ 10−3 12.5 ∙ 10−3 

�̈�w,rr 32.3 ∙ 10−3 28.6 ∙ 10−3 

�̇�Bo 18.6 ∙ 10−3 34.9 ∙ 10−3 

�̇�Bo 14.6 ∙ 10−3 14.4 ∙ 10−3 

Table I.11: 𝜇 for section BA, Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo, m/s2 0.972 0.964 

�̈�w,fr, m/s2 13.2 13.7 
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�̈�w,f𝑙 , m/s2 16.8 0.581 

�̈�w,rl, m/s2 12.5 12.4 

�̈�w,rr, m/s2 10.8 10.7 

�̇�Bo, rad/s 25.7∙ 10−3 25.4 ∙ 10−3 

�̇�Bo, rad/s 42.8∙ 10−3 41.9 ∙ 10−3 

 

Table I.12: 𝑐𝑣 for section BA,  Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo
 12.6 ∙ 10−3 10.2 ∙ 10−4 

�̈�w,fr 14.2 ∙ 10−3 34.2 ∙ 10−4 

�̈�w,f𝑙 52.2 ∙ 10−3 0.143 

�̈�w,rl 15.5 ∙ 10−3 12.6 ∙ 10−3 

�̈�w,rr 11.3 ∙ 10−3 24.6 ∙ 10−3 

�̇�Bo 58.0 ∙ 10−4 12.8 ∙ 10−3 

�̇�Bo 16.0 ∙ 10−3 18.3 ∙ 10−3 

 

Table I.13: Number of tests measurements in Freising/Pulling, Section 5.4 

 Coordination logic Modified P 

CD 2 4 

FnP 2 4 

 

Table I.14: 𝜇 for section CD, Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo, m/s2 0.704 0.684 

�̈�w,fr, m/s2 7.15 7.97 

�̈�w,f𝑙 , m/s2 25.8 0.294 

�̈�w,rl, m/s2 4.88 4.84 

�̈�w,rr, m/s2 5.41 6.23 
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�̇�Bo, rad/s 26.2 ∙ 10−3 26.1 ∙ 10−3 

�̇�Bo, rad/s 34.0 ∙ 10−3 34.2 ∙ 10−3 

 

Table I.15: 𝑐𝑣 for section CD,  Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo
 12.9 ∙ 10−3 36.2 ∙ 10−3 

�̈�w,fr 86.0 ∙ 10−4 53.3 ∙ 10−3 

�̈�w,f𝑙 1.39 59.5 ∙ 10−3 

�̈�w,rl 63.0 ∙ 10−4 89.2 ∙ 10−3 

�̈�w,rr 14.9 ∙ 10−3 74.0 ∙ 10−3 

�̇�Bo 10.0 ∙ 10−4 36.3 ∙ 10−3 

�̇�Bo 88.0 ∙ 10−4 23.9 ∙ 10−3 

Table I.16: 𝜇 for section FnP, Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo, m/s2 1.46 1.43 

�̈�w,fr, m/s2 8.68 9.15 

�̈�w,f𝑙 , m/s2 3.91 0.582 

�̈�w,rl, m/s2 7.42 7.19 

�̈�w,rr, m/s2 7.74 7.86 

�̇�Bo, rad/s 38.5 ∙ 10−3 37.6 ∙ 10−3 

�̇�Bo, rad/s 52.8∙ 10−3 53.2 ∙ 10−3 

Table I.17: 𝑐𝑣 for section FnP,  Section 5.4 

Signals Coordination logic Modified P 

�̈�Bo
 26.0 ∙ 10−4 14.2 ∙ 10−3 

�̈�w,fr 40.2 ∙ 10−3 99.9 ∙ 10−3 

�̈�w,f𝑙 1.21 73.5∙ 10−3 

�̈�w,rl 64.0 ∙ 10−4 12.8∙ 10−3 

�̈�w,rr 32.4 ∙ 10−3 60.3 ∙ 10−3 
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�̇�Bo 13.3 ∙ 10−3 24.8 ∙ 10−3 

�̇�Bo 98.0 ∙ 10−4 21.8∙ 10−3 

Table I.18: Number of tests measurements in Freising/Pulling, heave, Section 5.6 

 𝛼h = 0.1 𝛼h = 0.5 𝛼h = 0.7 𝛼h = 0.9 

CD 2 2 2 2 

FnP 2 2 2 2 

Table I.19: Number of tests measurements in Freising/Pulling, pitch, Section 5.6 

 𝛼p = 0.3 𝛼p = 0.5 𝛼p = 0.7 𝛼p = 0.9 

CD 2 2 2 2 

FnP 2 2 2 2 

 

Table I.20: Number of tests measurements in Freising/Pulling, roll, Section 5.6 

 𝛼r = 0.1 𝛼r = 0.3 𝛼r = 0.5 𝛼r = 0.7 𝛼𝑟 = 0.9 

CD 2 2 2 2 2 

FnP 2 2 2 2 2 

 

Table I.21: Number of tests measurements in Freising/Pulling, twist, Section 5.6 

 𝛼t = 0.1 𝛼t = 0.5 𝛼t = 0.7 𝛼t = 0.9 

CD 2 2 2 2 

FnP 2 2 2 2 

 

Table I.22: 𝜇 for FnP, heave, Section 5.6 

Signals 𝛼h = 0.1 𝛼h = 0.5 𝛼h = 0.7 𝛼h = 0.9 

�̈�Bo, m/s2 1.38 1.45 1.48 1.51 

�̈�w,fr, m/s2 9.24 9.51 9.49 9.61 

�̈�w,f𝑙 , m/s2 49.5 6.13 8.99 8.97 

�̈�w,rl, m/s2 7.58 7.65 7.17 8.15 

�̈�w,rr, m/s2 8.05 8.22 7.99 8.04 
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�̇�Bo, rad/s 37.0 ∙ 10−3 36.4 ∙ 10−3 35.8 ∙ 10−3 34.5 ∙ 10−3 

�̇�Bo, rad/s 52.4 ∙ 10−3 53.5 ∙ 10−3 54.0 ∙ 10−3 52.3 ∙ 10−3 

Table I.23: 𝑐𝑣 for  FnP, heave,  Section 5.6 

Signals 𝛼h = 0.1 𝛼h = 0.5 𝛼h = 0.7 𝛼h = 0.9 

�̈�Bo
 65.0 ∙ 10−4 28.0 ∙ 10−4 77.0 ∙ 10−4 11.7 ∙ 10−3 

�̈�w,fr 35.6 ∙ 10−3 56.10 ∙ 10−3 44.3 ∙ 10−3 62.5 ∙ 10−3 

�̈�w,f𝑙 0.695 78.2 ∙ 10−3 31.3 ∙ 10−3 33.6 ∙ 10−3 

�̈�w,rl 37.3 ∙ 10−3 19.0 ∙ 10−4 69.0 ∙ 10−4 0.152 

�̈�w,rr 52.9 ∙ 10−3 72.8 ∙ 10−3 47.9 ∙ 10−3 44.2 ∙ 10−3 

�̇�Bo 29.1 ∙ 10−3 74.0 ∙ 10−4 49.0 ∙ 10−4 17.5∙ 10−3 

�̇�Bo 62.0∙ 10−4 15.7 ∙ 10−3 57.0 ∙ 10−4 17.0 ∙ 10−3 

 

Table I.24: 𝜇 for FnP, pitch, Section 5.6 

Signals 𝛼p = 0.3 𝛼p = 0.5 𝛼p = 0.7 𝛼p = 0.9 

�̈�Bo, m/s2 1.43 1.46 1.43 1.44 

�̈�w,fr, m/s2 9.66 9.36 9.36 9.80 

�̈�w,f𝑙 , m/s2 8.56 8.40 8.50 8.39 

�̈�w,rl, m/s2 7.43 7.48 7.60 7.60 

�̈�w,rr, m/s2 8.56 7.93 8.40 9.13 

�̇�Bo, rad/s 38.1 ∙ 10−3 41.8 ∙ 10−3 40.0 ∙ 10−3 43.1 ∙ 10−3 

�̇�Bo, rad/s 53.6 ∙ 10−3 53.5 ∙ 10−3 51.9 ∙ 10−3 53.0 ∙ 10−3 

Table I.25: 𝑐𝑣 for  FnP, pitch,  Section 5.6 

Signals 𝛼p = 0.3 𝛼p = 0.5 𝛼p = 0.7 𝛼p = 0.9 

�̈�Bo
 14.5 ∙ 10−3 28.8 ∙ 10−3 85.0 ∙ 10−4 23.0 ∙ 10−4 

�̈�w,fr 96.0 ∙ 10−3 84.3 ∙ 10−3 76.8 ∙ 10−3 27.7 ∙ 10−3 

�̈�w,f𝑙 71.0 ∙ 10−4 65.0 ∙ 10−4 32.9 ∙ 10−3 12.6 ∙ 10−3 

�̈�w,rl 97.0∙ 10−4 34.0 ∙ 10−4 47.0 ∙ 10−4 64.0 ∙ 10−4 



Appendix 

xlvii 
 

�̈�w,rr 84.1 ∙ 10−3 24.5 ∙ 10−3 68.2 ∙ 10−3 57.3 ∙ 10−3 

�̇�Bo 22.5 ∙ 10−3 86.3 ∙ 10−3 20.1 ∙ 10−3 78.0 ∙ 10−4 

�̇�Bo 22.8 ∙ 10−3 16.6 ∙ 10−3 16.3 ∙ 10−3 59.0 ∙ 10−4 

 

Table I.26: 𝜇 for FnP, roll, Section 5.6 

Signals 𝛼r = 0.1 𝛼r = 0.3 𝛼r = 0.5 𝛼r = 0.7 𝛼r = 0.9 

�̈�Bo, m/s2 1.44 1.43 1.42 1.46 1.49 

�̈�w,fr, m/s2 10.3 10.1 9.28 9.59 9.07 

�̈�w,f𝑙 , m/s2 8.39 8.47 8.57 8.77 8.53 

�̈�w,rl, m/s2 7.25 7.31 7.48 7.71 8.07 

�̈�w,rr, m/s2 8.97 8.74 8.14 8.67 8.40 

�̇�Bo, rad/s 38.2 ∙ 10−3 37.8 ∙ 10−3 37.1 ∙ 10−3 37.5 ∙ 10−3 37.3 ∙

10−3 

�̇�Bo, rad/s 53.2 ∙ 10−3 53.9 ∙ 10−3 52.7 ∙ 10−3 52.9 ∙ 10−3 51.7 ∙

10−3 

Table I.27: 𝑐𝑣 for  FnP, roll,  Section 5.6 

Signals 𝛼r = 0.1 𝛼r = 0.3 𝛼r = 0.5 𝛼r = 0.7 𝛼r = 0.9 

�̈�Bo
 68.0 ∙ 10−4 87.0 ∙ 10−4 17.4 ∙ 10−3 11.3 ∙ 10−3 10.4 ∙ 10−3 

�̈�w,fr 89.7 ∙ 10−3 35.2 ∙ 10−3 0.123 36.9 ∙ 10−3 64.1 ∙ 10−3 

�̈�w,f𝑙 43.6 ∙ 10−3 16.4 ∙ 10−3 13.9 ∙ 10−3 72.0 ∙ 10−4 15.0 ∙ 10−3 

�̈�w,rl 62.2 ∙ 10−3 13.6 ∙ 10−3 32.8 ∙ 10−3 68.0 ∙ 10−4 20.0 ∙ 10−3 

�̈�w,rr 0.108 29.1 ∙ 10−3 0.135 28.2 ∙ 10−3 95.0 ∙ 10−3 

�̇�Bo 17.5 ∙ 10−3 77.0 ∙ 10−4 25.0 ∙ 10−3 14.8 ∙ 10−3 21.8 ∙ 10−3 

�̇�Bo 11.0 ∙ 10−3 13.4 ∙ 10−3 71.0 ∙ 10−4 34.0 ∙ 10−4 19.6 ∙ 10−3 

 

Table I.28: 𝜇 for FnP, twist, Section 5.6 

Signals 𝛼t = 0.1 𝛼t = 0.5 𝛼t = 0.7 𝛼t = 0.9 

�̈�Bo, m/s2 1.50 1.43 1.45 1.45 

�̈�w,fr, m/s2 9.82 10.3 9.80 9.74 
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�̈�w,f𝑙 , m/s2 8.86 8.48 8.54 8.85 

�̈�w,rl, m/s2 8.08 7.34 7.31 7.44 

�̈�w,rr, m/s2 9.19 9.08 8.71 8.59 

�̇�Bo, rad/s 38.1 ∙ 10−3 38.7 ∙ 10−3 34.9 ∙ 10−3 38.9 ∙ 10−3 

�̇�Bo, rad/s 53.2 ∙ 10−3 54.6 ∙ 10−3 53.1 ∙ 10−3 53.1 ∙ 10−3 

Table I.29: 𝑐𝑣 for  FnP, twist,  Section 5.6 

Signals 𝛼t = 0.1 𝛼t = 0.5 𝛼t = 0.7 𝛼t = 0.9 

�̈�Bo
 25.0 ∙ 10−4 76.0 ∙ 10−4 44.0 ∙ 10−4 10.0 ∙ 10−5 

�̈�w,fr 50.8 ∙ 10−3 0.103 90.0 ∙ 10−4 30.1 ∙ 10−3 

�̈�w,f𝑙 75.0 ∙ 10−4 47.1 ∙ 10−3 38.4∙ 10−3 58.2 ∙ 10−3 

�̈�w,rl 19.3 ∙ 10−3 48.3 ∙ 10−3 36.0 ∙ 10−3 29.5 ∙ 10−3 

�̈�w,rr 32.4 ∙ 10−3 0.119 13.4 ∙ 10−3 17.1 ∙ 10−3 

�̇�Bo 94.0 ∙ 10−4 99.0 ∙ 10−4 43.0 ∙ 10−4 13.5 ∙ 10−3 

�̇�Bo 26.0 ∙ 10−4 15.4 ∙ 10−3 21.0 ∙ 10−4 22.6 ∙ 10−3 
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Appendix J Implementation of the 
logic in the vehicle test 

As stated in Section 5.1, a reimplementation of the developed logic from the simulation model, 
to the BMW development environment was needed. This entailed two main difficulties: 

1. The BACE, (BMW Autocoding Environment), only provided certain blocks with re-
spect to the available Simulink libraries. This led to the necessity of rebuilding some 
of the blocks as the moving RMS one. 

2. In the software creation phase, a maximum memory allocation was available with 
the implementation of the developed logic and therefore adjustments had to be 
made. 

The modified P controller could be easily implemented in the new model paying attention to 
replace the vector-matrix multiplication with direct vector-constants multiplication and subse-
quent sum or subtraction of the equation terms. The coordination logic on the other hand, was 
modified to meet the memory requirements on the ECU. The adaptive gain law, was corrected 
as it follows: 

𝐺R = {

𝐺PS + 𝐺sus,def

1
𝐺Fdyn,max

          

if 𝐹dyn,check = 1 ∧  𝐺PS < 𝐺Fdyn,max

if 𝐺PS + 𝐺sus,def > 1

else

               (J.1) 

Where: 

𝐺PS = 0.1     (J.2) 

The gain accounting for ride comfort was set to a constant value in order to avoid the implemen-
tation of the power spectrum online estimation, which would have required an excessive 
computational effort. During the simulations in the real vehicle, the gain was set to 0.1, but it 
could have been adjusted differently according to the desired dynamics. Lookup tables were 
substituted with simpler blocks to directly build the exponential law of Eq. (4.23). For the deriva-
tion of the gain accounting for dynamic wheel loads, the online calculation of an RMS value was 
required. Since the block was not available in the BACE library, the following procedure was 
used: 

• Square of the signal 

• Calculation of a fixed moving average with 127 samples 

• Square root of the signal to obtain the moving RMS value 

Furthermore, in the testing phase, the threshold for the acceptable dynamic wheel load is set to 
𝑘𝑖 = 35% of the static wheel load.  
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Appendix K Stability 

A stability analysis of the full vehicle model, presented in Section 2.3 has been carried out in [8, 
xxi-xxiii]. It was focused on two stability aspects: with respect to an initial state or to an input 
variable, namely an input-output stability. The system was considered without the input vector 
(𝒖 = 𝟎), with �̇� = 0 and starting from a stationary equilibrium point, an asymptotically stability 
criterion was applied. For a linear system, this corresponds to an analysis of the eigenvalues of 
the state system matrix 𝑨. The eigenvalues need to have a negative real part in order to assure 
asymptotically stability. The same criterion applies to input-output stability, where the poles of 
the transfer matrix need to possess a real negative part in the complex plane. Asymptotically 
stability is proven analysing the eigenvalues of 𝑨 and, since the poles of the transfer matrix are 
included in the eigenvalues, input-output stability is confirmed as well. An additional analysis was 
carried out regarding the influence on the stability, of the feedback system in the calculation of 
the semi-active part of the four suspension forces. It is shown that, as soon as the suspension 
display a dissipative behaviour, namely they are semi-active and not fully active, they contribute 
in shifting the eigenvalues towards more negative real parts in the complex plane. An alternative 
analysis to the input-output stability for linear models, is the definition of a unique model transfer  
function, having performed Laplace transformations, and an analysis of its module and phase in 
a Bode diagram, in order to evaluate gain and phase margins. The full vehicle model adopted in 
this work, is the same as in [8] and therefore the same considerations applies when neglecting 
the input vector (𝒖 = 𝟎). An additional analysis should be performed when considering the coor-
dination logic. Even though the resulting suspension forces are still dissipative and therefore they 
do not influence negatively the stability analysis, the calculation of the adaptive gain presents a 
non-linear procedure. When it comes to non-linear systems or subsystems, Lyapunov reduced 
criterion should be applied. It states that the stability analysis of an equilibrium point is performed 
by studying the stability of the corresponding linearized system in proximity of the equilibrium 
point [85]. An analytical stability analysis of the coordination logic has not been performed and 
can be object of further research. It has been proved in simulations and in experimental tests 
though, according to the stable response of the system. 

  

 

 

 

 

 

 

 

 
 


