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Abstract

A typical aircra� engine has many assemblies made up of thousands of contacts, such as blade

tip shrouds and blade root joints. �ese contacts are employed to provide friction damping

and vibration amplitude reduction at resonances. Contacts between components are a signif-

icant source of non-linearity due to the slip, stick and separation behavior during operation,

which a�ect the structural response and the global dynamics of the engine. �e tangential slip

occurring at the interfaces leads to contact hysteresis and energy dissipation, thereby causing

wear, which alters the contact behavior and change the dynamics. In particular, the aim of this

study is to numerically predict of such contact parameters evolution during the wear process

comparing the numerical results with the experimental one in order to validate the numerical

models used to perform the analysis .
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1 Introduction

Aircra� gas turbines are characterized by thousand of mechanical joints connecting compo-

nents together. �ese joints introduce frictional contact because contact interfaces su�er from

relative (sliding) motion due to vibration. Due to frictional contact the in service components

are a�ected by wear that could dramatically change the interface and result in degraded per-

formance or failure. Hence, it is of high importance to be able to accurately predict the e�ect

of wear on the dynamics of the system. In order to predict wear, it is necessary to accurately

model the contact, and this is done by means of the hysteresis loop. A typical hysteresis loop

is shown in the �g. 1 and it is a plot of the friction force versus the relative displacement

between two sliding contacts.

Figure 1: Typical hysteresis loop

From the hysteresis loop it is possible to extract the tangential contact sti�ness from the

slope of the stick portion and the friction coe�cient from the sliding limit. �ese two param-

eters are given as input in numerical simulations in order to predict the nonlinear dynamics

of structures with friction.�e prediction of the dynamics of structures is very important in

order to prevent failures. For this reason nonlinear dynamic modelling techniques were de-

veloped. Contact interfaces are modelled by several elements with relative nodes. Each pair of

nodes of each surface in relative motion condition are linked with a normal and a tangential

contact sti�ness working in parallel. Predictive models to estimate tangential contact sti�ness
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and friction coe�cient are needed to improve the accuracy of the simulations. However, good

predictive models are missing in the literature due to a lack of physical understanding, which

prevents the accurate modelling of these parameters. Bo�o and Lavella proposed a numerical

method [3] to compute contact sti�nesses in quasi-static conditions using as input FE models.

�e routine from the Bo�o-Lavella study is used here to compute the contact sti�ness of the

specimen pairs used in the fre�ing rig. Specimens are discretized using a FE method and the

contact area is �nely meshed. Tangential forces and contact sti�ness are computed from the

code numerically, by giving as input the experimentally known parameters such as applied

normal force and specimens’ relative displacement at the contact. �e routine also computes

the evolution of hysteresis loops, normal pressure distribution, shear traction and slip distri-

butions with progressing wear. For what concern the prediction of the non-linear dynamic

behaviour of the structures the Vibration University Technological Center in Imperial College

of London proposed a numerical method (FORSE) based on a multiharmonic representation

for steady-state response and large-scale realistic friction interface modelling . �e aim of this

thesis is to use the two di�erent numerical techniques to replicate the contact behaviour of

sliding contacts and the dynamics behaviour of the structure undergoing such sliding contact.

1.1 Objectives

�e objective of this thesis project is to perform static and dynamic simulations to replicate the

behaviour of the friction rig built at Imperial College London. �e test rig can perform high

frequency fre�ing test in order to evaluate the dynamic friction contact parameters: friction

coe�cientµ and the tangential contact sti�ness kt. Experimental results have been provided as

a benchmark to validate the numerical simulations. �e la�er have been performed according

to static and dynamic conditions. A �rst set of static simulations, using the Bo�o-Lavella code,

was run to investigate the e�ects of fre�ing wear on the evolution of the tangential contact

sti�ness and contact interfaces. A second set of dynamic simulations, using FORSE, was run

to simulate the dynamic response of the friction rig undergoing fre�ing wear.

In particular, the following parameters have been obtained from simulations and compared to

experiments:
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• Hysteresis loops (and tangential contact sti�ness) – from both static and dynamic sim-

ulations;

• Worn area of contact – from static simulations;

• Evolution of tangential contact sti�ness with wear – from static simulations;

• Frequency response function – from dynamic simulations.

.

�e obtained results have been compared to experimental results and provided insights on

the reliability of the modelling approaches and on the physical origin of the contact phenom-

ena.

1.2 Outline of the �esis

�is Master �esis’ work is organized as follow:

• Chapter 2 presents an overview of the physics of both friction coe�cient and contact

sti�ness and the numerical approaches used to predict the fre�ing dynamics.

• Chapter 3 describes the friction rig of Imperial College, which provided the benchmark

experiments used for the comparison, and has beenmodelled to be used in the numerical

methods.

• Chapter 4 contains the description of the quasi-static numerical method developed in

Politecnico di Torino [3] and the numerical results. �e la�er has been compared with

the experimental results

• Chapter 5 includes an overvew of the numerical method used to simulate the dynamics

of the test rig. �e numerical method, called FORSE, has been developed in Imperial

College of London [7]. In chapter 5 the numerical results are presented and compared

with the numerical ones.

• In Chapter 6 the main conclusions about the two type of numerical methods are pre-

sented with a short summary about the results.
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2 Literature Review

�is chapter provides a physical description of the main frictional parameters analysed and

an overview of the numerical method used in this thesis. �e research goal is to predict fric-

tion forces and energy dissipation at the contact interfaces because they strongly a�ect the

dynamic behaviour of a system. In addition the energy dissipation in the contact interfaces

produces wear and fre�ing fatigue phenomena that could lead to catastrophic failures of the

jointed structures. �e prediction of the dynamic response of jointed structures is not an easy

problem to solve due to the poor understanding of the physics of friction.

Friction is the resistance that one surface or object encounters when moving over another. It

occurs whenever relative sliding motion takes place between two surfaces and causes energy

dissipation due to the force transmi�ed at the contact. �e contact is a state of physical touch-

ing and it occurs when two bodies get in touch. Contact could happen in normal or tangential

direction. Normal contact problems are well known and described in literature [12]. Tangen-

tial contact problems are more complicated due to the non linearity due to the presence of

the friction . In order to get information about friction and consequently energy dissipation

the major parameter used is the hysteresis loop. Hysteresis loop provide information on the

macroscopic behaviour of two surfaces in contact. �e information about the total amount

of energy dissipated can be evaluated looking at the area limited by the loop. In a typical

hysteresis loop shown in �g. 1, three contact regimes may occur, namely stick, microslip and

full sliding conditions. �e stick regime occurs when the friction force is less then the friction

limit stated by the Amonton-Coulomb friction’ s law T < µN where T is the friction force,

µ is the friction coe�cient and N is the normal load. When the contact interfaces are in stick

regime the relation between sliding distance and tangential force is linear and the slope is kt
the tangential contact sti�ness. �e contact sti�ness is a property of the contact interfaces

and it is due to the elastic deformations of the asperities on the two surfaces in touching. �e

micro slip regime is due to the fact that some regions of the contact area are still in stick regime

instead other regions are in sliding conditions hence when the tangential force overtake the

friction limits. �e full sliding regime is reached when in all the point of the contact area the

sliding condition is reached. In order to predict all the main features of the contact interface
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analytical and numerical methods has been used. Analytical methods are the fastest way to

solve normal and tangential problems due to assumptions that simpli�ed the two problems.

�e heavy simpli�cation of the normal and tangential problems make the analytical method

applicable only for few real simple cases. At the base of the analytical methods there is the

Hertzian theory [10]. �e Hertzian theory is referred to the frictionless contact between two

elastic bodies under imposed normal loads .�e numerical methods are able to solve normal

and tangential problems of two contacting interfaces subjected to external forces. �ese meth-

ods are applicable to more general contact situations but due to the increasing complexity of

the problem the numerical methods have some drawbacks linked to the numerical conver-

gence of the solution and to high computational e�orts. Numerical methods are divided into

three major classes: Boundary Element Methods (BEM), Molecular Dynamics (MD) and Finite

Element Methods (FEM). �e la�er has been used in this thesis in order to model the contact

interface.

2.1 Finite Element Modelling

�e FEM is a general discretization method for the solution of the partial derivative di�erential

equations [9]. �e �nite element method consist on the subdivision of the volumes of a certain

structure into �nite elements and so into parts whose dimensions are not vanishingly small.

Depending on the shape of the structure many type of elements have been formulated such

as beam elements, shell elements, plate elements, solid elements. All these elements can be

used to build the entire structure. �e FEM is usually developed using matrix notation to

obtain mathematical expressions easily readable by the computer codes. Each elements is

characterized by speci�c points called nodes. Each nodes has a certain number of degrees

of freedom (DOFs), in particular in the tridimensional space the number of DOfs for each

node is usually three if the rotations are not considered. �e DOFs of each elements are the

displacement at given nodes. �e displacement equation of the nodes inside each element is:

u(x, y, z, t) = N(x, y, z)q(t) (1)

Where q is a vector where the n generalized coordinates of the element are listed and N is

the matrix containing the shape functions. �e shape functions are arbitrary but usually a set
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of polynomials in the space coordinates are usually assumed [9]. In order to get the equation

of motion of each element the sti�ness and mass matrices must be stated. In order to get the

sti�ness and mass matrix a energy evaluation is used, in particular to get the sti�ness matrix

K the potential energy is evaluated instead the mass matrix M is evaluated starting from the

kinetic energy:

U =
1

2

∫
V

εTσdV =
1

2
qT
( ∫

V

BTEBTdV
)
q. (2)

K =

∫
V

BTEBdV (3)

Where B is a matrix containing appropriate derivatives of the shape functions N and E

is the Young modulus, this could varied along the x, y and z direction if the material is not

isotropic. �e recalling that u is the displacement vector the expression of the kinetic energy

is:

T =
1

2

∫
V

ρu̇T u̇dV =
1

2
q̇T
(∫

V

ρNTNdV
)
q̇, (4)

M =

∫
V

ρNTNdV (5)

�e equation of motion of the element is then the same of the descrete systems:

Mq̈ +Kq = f(t) (6)

Since a complex structure could be composed by thousands of elementswith relative nodes,

the matrices could be very large inducing high computational e�orts. In order to reduce the

computational time to reach the solutions some reduction techniques has been developed.

�e reduction techniques are used to reduce the number of the degree of freedoms without

loosing important information on the behaviour of the system reducing in this way the size of

the model. For the reduction technique is necessary to chose slave degrees of freedom, dofs,

to be linked to the master nodes solving the linear system �nding out the expression of the

slave dofs in function of the master ones. �e reduction technique used in this thesis is the

component-mode synthesis or Craig-Bampton Component Mode Synthesis (CB-CMS).
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2.2 Component-Mode Synthesis - CB-CMS

�e component-mode synthesis considers the slave dofs as constrained in this way neglecting

their inertia contribution. �e displacement vector of the constrained dofs x2 is assumed to

be equal to the sum of constrained modes x′2, hence the deformation pa�ern due to the dis-

placement x1 of the master dofs when no force is acting on them, plus the constrained natural

modes x2
′′ when the displacements of the master dofs x1 are equal to zero. �e expression of

the constrained modes can be expressed in eq. 7 :

x′2 = −K−122 K21x1 (7)

�e constrained normal modes can easily be computed by solving the eigenproblem stated

in eq. 8 :

(−ω2M22 +K22)x
′′
2 = 0 (8)

Once the eigenproblem has been solved, the eigenvectors matrix Φ can be built:

x′′2 = Φη2 (9)

So that the generalized coordinates of the system can be wri�en as:

x1x2
 =

 I 0

−K−122 K21 Φ

x1η2
 = Ψ

x1η2
 (10)

Even thou the number of modes is equal to the slave degrees of freedom the computational

advantages grow together with the number of modes that can be neglected. From the eq. 10

is possible to get the transformation matrix Ψ that can be used to compute the new mass,

sti�ness, damping matrix and force vector [9].
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2.3 Harmonic Balance Method

In order to solve the non linear dynamic behaviour of the test rig the harmonic balance method

[4] has been used. Since in the case of study in this thesis is subjected to linear and non linear

external forces its balance equation is:

MQ̈+ CQ̇+KQ = Fe + FNL(Q, Q̇) (11)

Where M,C and K are the mass, damping and sti�ness matrices of the system, Q is the

degrees of freedom displacement vector, Fe is the external periodic forces vector and FNL is

the non linear forces vector. �e harmonic balance method is used to evaluate the steady state

response of the system subjected to non linear external forces. In particular since the external

excitation is periodic also the displacements Q and the non linear forces would be periodic at

steady-state. Hence they can be expressed as truncated of harmonic terms

Q = Q(0) + <
( NH∑
n=1

Qneinωt
)

(12)

FE = F
(0)
E + <

( NH∑
n=1

F n
Ee

inωt
)

(13)

FNE = F
(0)
NE + <

( NH∑
n=1

F n
NEe

inωt
)

(14)

Where NH is the maximum number of harmonics chosen and ω is the fundamental fre-

quency of the excitation forces acting on the system. If the equations from 12 to 14 are replaced

in the balance equation 11, a sets of complex algebraic equations are stated:

DnQn = F n
E + F n

NL (15)

where Dn is the nth dynamic sti�ness matrix of the system and its expression is:

Dn = −(nω)2M + inωC +K (16)

�e 0th order represents the static balance equation.
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3 Description of the Test Case

�e friction rig of Imperial College London [14] has been chosen as a test case to apply the

numerical techniques for predicting the contact behaviour and the dynamic behaviour. Nu-

merical results have then been compared with existing experimental measurements .

�e aim of the experimental measurements is to get the main dynamic fre�ing parameters

from the hysteresis loop such as: the friction coe�cient µ, and the tangential contact sti�ness

Kt.

�e principle of the friction contact parameter measurement is to provide a unidirectional

relative sliding motion between two contact surfaces of two cylindrical specimens shown in

�g 2.

z
x

No
sliding direction

moving specimen 

static specimen

contact area

Figure 2: Cylindrical specimens

�e specimen on the bo�om is clamped to a static block instead the specimen on the top is

clamped to a moving harm linked to a larger moving mass by several springs.�e continuous

contact between the specimens interfaces during the tests is ensured by applying a normal load

N0 by means of a pneumatic actuator placed on the top of the moving block (moving mass plus

moving harm). �e moving mass is exited by a shaker [14]. �e benchmark experiments used
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in this thesis were performed at 100 Hz harmonic excitation frequency instead the amplitude

of the harmonic force produced Fex has been changed for each test in order to evaluate how

it could a�ect the system. In particular the Fex amplitude, for a given normal load leads to

di�erent forced response functions (FRF) due to di�erent contact area conditions:

• stick condition,

• stick/slip condition,

• full slip condition.

All these conditions are re�ected on the relative displacement between the sliding specimens.

�is is measured slightly above and below the contact interfaces, less than 1mm far from the

contact, by means of two Laser Doppler vibrometers (LDVs) �g 3. �is accurate measurement

method leads to a negligible e�ect of the bulk elastic deformation of the specimens, making the

measurement of the tangential contact sti�ness more reliable. �e friction force is measured

with dynamic load cells a�ached to the static block [1].

Figure 3: Test rig [14]
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Measuring the relative displacement and the tangential force the hysteresis loop in �g.

1 can be depicted. �e Kt is measured looking at the slope of the stick portion instead the

friction coe�cient from the limit value of the sliding condition. �e limit value is given by a

simple relation between the tangential Ft and normal force N0 shown in eq. 17.

Ft = µN0 (17)

In order to get numerically what experimentally can be observed two type of numerical

simulations have been performed:

• static simulations (needed to model fre�ing wear and hysteresis loops),

• dynamic simulations (needed to model FRFs and hysteresis loops).
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4 Static Simulations - Finite Element Modelling of Fret-

ting Wear

�e goal of this chapter is to describe the numerical code developed at Politecnico di Torino

to model the fre�ing wear [3]. �e code simulates the fre�ing wear between two oscillating

bodies in contact, and it evaluates pressure distribution, slip distribution, worn area and tan-

gential force. From the tangential force distribution the code evaluates the total tangential

force, and in relation with the tangential displacement, imposed by the user, the hysteresis

loop is obtained for every wear cycle step. From hysteresis loops the tangential sti�ness kt is

analysed in order to get its evolution versus cycles. �e values of kt are compared with the

experimental results.

4.1 Description of the Numerical Code

�is section describes the numerical code developed in [3]. In order to solve the contact prob-

lem, which is very complex in nature, the following assumptions are made to simplify the

analysis :

• the material of the contact bodies ( in this case the specimens) is linearly elastic, and the

deformations are small,

• the roughness is neglected, and the contact surfaces are assumed perfectly smooth,

• An Amonton-Coulomb model of friction is used , this introduces three ideas: the force

of friction is directly proportional to the applied normal load, the force of friction is

independent of the apparent area of contact, Kinetic friction is independent of the sliding

velocity. Moreover, the friction coe�cient is constant.

• �e normal and tangential contact problems are assumed uncoupled.

4.1.1 Normal Contact Problem

�e normal contact problem refers to the computation of the contact area and the normal

stress, or pressure distribution on two contacting interfaces subjected to a normal load. �e
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pressure distribution is replaced with discrete forces applied to the points of contact and the

contact area is approximated with a set of points. At each iteration the true contact area must

be evaluated because due to the wear it changes. According to this idea also the other param-

eters, like the pressure distribution, change. Numerically speaking the problem is to �nd out

howmany points are in or out the true contact area. At any of this points the �rst fundamental

condition is that the sum of the separation between the bodies, the elastic displacement and

the rigid body approach must be equal or greater than zero as stated in the eq. 18 [3]:

h(x, y) + (u1z − u2z) + e(δ1n − δ2n) > 0 (18)

• e = 0 inside the contact area

• e > 0 outside the contact area

Where h(x, y) = z1 − z2 is the separation of the pro�les in the undeformed state, uz the

elastic displacement along the vertical direction, and δ the rigid-body approach. �e displace-

ment along z in static can be related with the applied force according to eq. 19 :

Ku = f (19)

Where K is the reduced sti�ness matrix of the FE model of the specimen. �e reduction

can be performed with the Craig-Bampton method where the master nodes are those are lying

on the contact surface and go under elastic deformation, and a set of distant nodes that de�ne

the normal rigid body approach. �e distant nodes are used as a reference to determine the

contact sti�ness looking at their displacement on the tangential direction.

Until now only the normal contact problem is taken into account the tangential degree of

freedom must be eliminated making it dependent of the normal dof as in eq. 20 :Kzz Kzx

Kxz Kxx

uzux
 =

fzfx
 (20)

ux = Kxx
−1(fx −Kxzuz) (21)

Kzuz = fz −KxxK
−1
xz fx (22)
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Kz = Kzz −KzxK
−1
xxKxz (23)

According to the assumption that the normal contact is uncoupled form the tangential one

the tangential force fx is neglected, generally speaking the contact is friction less. Under this

assumption the eq. 22 becomes:

Kzuz = fz (24)

Figure 4: Flow chart of the procedure to solve the normal contact problem [3]

4.1.2 Tangential Contact Problem

Once the contact area has been determined the tangential contact problem is formulated as-

suming Coulomb’s friction law.Kxx Kxz

Kzx Kzz

uxuz
 =

fxfz
 (25)

uz = Kzz
−1(fz −Kzxux) (26)

Kxux = fx −KzzK
−1
zx fz (27)

Kx = Kxx −KxzK
−1
zz Kzx (28)
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Under the assumption that the normal and the tangential forces are uncoupled the force

so that fx = 0, the eq. 27:

Kxuz = fx (29)

Solving the tangential contact problem the true contact area is split in di�erent regions,

namely adhesion region the one in which the nodal tangential force is less or equal of the nodal

normal force times the friction coe�cient ft < µfn, instead slip region where the tangential

force is higher than the friction limit.

Figure 5: Flow chart of the procedure to solve the tangential contact problem [3]

4.1.3 Masing Rule

At this point the total tangential force can be evaluated summing all the nodal contributions.

�e relation between the tangential force and the rigid tangential displacement of the distant

nodes gives the hysteresis loop. �e la�er is obtained by applying the Masing rule. In order

to get the evolution of Ft in the micro slip regime, when the total tangential force is less than

the friction limit, the so-called virgin-curve has been used.�e virgin curve is the monotonic

curve obtained increasing the tangential displacement up to the limit value µFn, starting from

the rest. �e monotonic friction force fm is a function of the virgin curve [3] [5]. �e Masing

assumption states that the unloading friction force is given by the friction force at the reversal

Ft
MAX plus twice the monotonic force fm evaluated for (δt−δtMAX)

2
, namely [3]:

Ft = Ft
MAX + 2fm

(δt − δtMAX

2

)
(30)

19



Figure 6: Example of virgin curve [3]

In order to get all the frictional parameters from the code, it needs of FE models where the

contact areas are well de�ned. From the FE models the reduced sti�ness and mass matrix of

the two specimens are obtained in order to simulate the normal and the tangential behaviour.

From the simulations the virgin curves for each cycle step are evaluated and applying the

Masing rule also the hysteresis loops. From the hysteresis loops the tangential sti�ness is

calculated.

4.2 Model used for the Static Simulations

�egoal of the numerical method is to simulate the evolution of the friction contact parameters

by modelling the couple specimens used for the experiments on the friction rig of Imperial

College. In order to analyse them in a numerical way the reduced sti�ness andmassmatrices of

the body involved in the experimental test must be extrapolated. �emethod in which the two

matrices were obtained is the FEM, using a so�ware of �nite element modelling such as Ansys.

�e idea is to model in the optimal way the contact interfaces between the two cylindrical

specimens looking at their real features and then model them with the �nite elements. �e rig

uses two cylindrical specimens, each of them has 8 mm diameter and it is 33 mm long. �ey

have 1mm-wide rectangular surface. �e specimens are rotated about their axis in order to

make orthogonal the two �at rectangular surfaces generating a 1mm2 nominal contact area,

as shown in �g. 2 . �e contact area has been analysed with an electronic microscope �nding

out that, due to manufacturing, it has a curvature of: 1000 mm radius on the xz plane, 50
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mm radius on the yz plane. �ese curvatures might have a strong e�ect on the numerical

simulations, and for this reasons two FE models have been created one fully �at and one with

curvature. �e main sizes of the two specimens are reported in �g. 7.
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Figure 7: main dimensions of the specimen in mm

Starting from the main dimensions of the specimen a 3D model has been made using a

commercial so�ware : SolidWorks. In the 3D model the 1 mm2 contact area was isolated

making it such a stand alone volume for each specimen ,�g.8a,in order to be able to make a

more precise element subdivision for the FEM. . In the end the assembly, as shown in �g. 8b,

of the two bodies has been made and it has been exported as a parasolid �le in Ansys.
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Isolated volume

(a) isolated volume zoom

(b) specimens assembly

Figure 8: specimens 3D models

For the �nite element modelling it is fundamental to declare the main characteristic of the

material at �rst. �e two specimen are made of steel with the following mechanical properties:

• Young modulus E = 200000× 106 [ N
m2 ],

• density ρ = 7800 [ kg
m3 ]

• Poisson coe�cient ν = 0.3

Since ANSYS APDL haven’ t got any unit of measure all the main physics dimensions

must be consistent with the fundamental ones. Since the model was imported in mm and

then scaled in µm all the mechanical properties have been converted according to the unit of

measure adopted.

• Young modulus E = 200000× 10−6 [ N
µm2 ],

• density ρ = 7800× 10−24 [ Mg
µm3 ]

• Poisson coe�cient ν = 0.3
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A�er the material properties have been declared the element type must be chosen de-

pending on the precision that the user wants for his analysis, but more precision means more

computational time. For this study a simple brick element has been chosen with 8 nodes cor-

responding to the eight vertices of the cube ( solid 185), �g.9 .

Figure 9: brick element with relative nodes

�e mesh has been made di�erently according to the complexity of the volumes as shown

in �g. 10, in particular the contact area has been subdivided in 10 by 10 elements (121 nodes).

(a) real specimen (b) meshed model

Figure 10: comparison between modelled and real specimen

�e same procedure has been made for the double curvature case but they are still di�cult
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to see also with a very high zoom on the interested area so ,a�er the mesh, the coordinates

of the nodes that lie on it have been obtained and thanks to Matlab a be�er view has been

realised, �g 11.

Figure 11: double curvature highlight
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From the FE model it is possible to extract the sti�ness, K, and mass ,M, matrices of the

two specimens, but since there are too many nodes the matrices would be very prohibitively

needing large the computational time. In order to solve this problem a CB reduction method

has been performed in order to get the reduced sti�ness and mass matrices. �e CB reduction

method also known as component mode synthesis, it works partially with physical coordi-

nates and partially with modal coordinates. �e physical coordinates are related to the master

nodes instead the modal coordinates are related to the slave nodes. It is very e�ective be-

cause not all the modes are necessary to the analysis introducing a further reduction in the

computation. According to this concept 20 modes ranging beyond the operating frequencies

have been chosen for the analysis. �e master nodes, as stated in the section 4.1.1, have been

divided into two sets: contact and distant nodes. �e contact nodes lie on the contact area of

1 mm2 instead the distant nodes lie on the circumference at the end of the specimen holders

at 31 mm from the bo�om as shown in �g. 12b :

(a) Specimen holders (b) Distant nodes positioning

Figure 12: Specimen clamping

To have a be�er idea about the reduction a comparison between the specimens with all

the relative nodes and the reduced model is shown in �g.13 :
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(a) All nodes (b) Reduced nodes

Figure 13: Comparison between the full model and the reduced one

�e system passed from thousands of nodes to 121 contact nodes plus 16 distant nodes.

Since each node has three degree of freedom the dimensions of the K and M matrices have

been reduced at (121 + 16) · 3 + 20 modes rows and columns, �g. 14.

Figure 14: Matrix non zero elements

26



�e reduction introduces some errors, so in order to verify how much is the amplitude

of that a modal analysis has been performed for the two models ge�ing the relatives natural

frequencies. �e la�er have been compared. Since the model has not boundary conditions the

�rst six natural frequencies correspond to the six rigid body motions generally speaking their

value is zero, the comparison up the 12th frequency is shown in the tab. 1.

SET FREQ. FULL MODEL

[Hz]

FREQ. REDUCED

MODEL [Hz]

7 29852 29874

8 29885 29907

9 47439 47489

10 69989 70228

11 70145 70379

12 76965 77207

Table 1: Frequencies for each model

�e natural frequencies are quite close and hence the reduced model is veri�ed.
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4.3 Code Interface

In order to make the code works a certain number of inputs are needed. Looking at the two

specimens, one is on the top, named body 1, and one is on the bo�om, named body 2, contact-

ing at the interface as shown in �g.15 .

Figure 15: FEM specimens assembly

For each body the reduced sti�ness andmass matrix has been evaluated with the CB reduc-

tion method. �e degrees of freedom,dof, of the two matrices are ordered in growing order of

number of nodes. �e problem is that even if the numbering of the contact nodes is the same,

the two specimens are tilted, as stated in section 4.2, this means that the nodal coordinates of

the same node number are di�erent. �is is re�ected also on the K and M matrices, so a re-

ordering process is mandatory in order to couple the right nodes, in particular those have the

same x and y coordinates. Keeping body 1 as reference the body 2 nodes have been reordered
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in such a way their positions correspond to the nodes of the body 1 having the same x and

y coordinates. From the new positioning the K and M matrices row and columns have been

swapped. In addition to the K and M matrices the code needs others input listed in tab. 2:

INPUT MATRICES

ProjectNameElements.mat List of elements and relative nodes

ProjectNameKMbody1.mat Sti�ness and Mass matrices for body1. . .

ProjectNameKMbody2.mat . . . and body2.

ProjectNameMasterNodesbody1.mat Nodes list with coordinates for body1. . .

ProjectNameMasterNodesbody2.mat . . . and body 2.

Table 2: Code inputs matrices

�e element matrix is needed to evaluate the area of each element belongs to the contact

interface. In this matrix is stored the node number of the element and the number of nodes

belonging to each of them. �e node number is needed in order to �nd the coordinates and

in this way derive the element areas for each iteration. A�er giving to the code the necessary

inputs the user can tune the simulations parameters that will be the conditions at which the

two bodes are subjected. �e simulation parameters are described in tab. 3:

SIMULATIONS PARAMETERS

Normal force Normal constant force FN In the contact ,in [N].

Delta Z1, Delta Z2 Vertical (z- direction) approaches between which the code looks

for the normal force FN. Negative value parameters in µm

Stroke Range of the tangential displacement in µm

Wear Cycle Number of total wear cycles to be simulated

Cycles increment per stint Number of cycles for which the contact geometry is assumed un-

changed. If this increment is too large instability problem could

arise in the simulation

Table 3: Code simulations parameters

29



At this point the code is ready to start the simulations but the user can choose also the

output that he would like the code shows. �e output chosen for this thesis are the ones listed

in tab. 4

ANALYSED OUTPUT

Worn geometry Plot the geometry of the worn contact surfaces.

Pressure distribution Plot the contact pressure in surf mode

Slip Plot the slip between contact nodes in contour mode.

Tangential force Plot the contact tangential force in contour mode.

Table 4: Outputs requested

�e code computes the evolution of the contact interface at each wear iteration, and for

each wear iteration the hysteresis loop is computed. �e contact sti�ness is extracted from

every hysteresis loop so that its evolution versus wear can be studied and compared to the

experiments.

4.4 Numerical Results

�e simulations have been performed at �rst for the �at case and then for the curved one. �e

obtained results have been compared with the experimental ones in order to �gure out which

one of the two models describes be�er the fre�ing behaviour of the two specimens in terms of

the Kt evolution respect to the number of cycles. �e experimental tests have been performed

according the following conditions :

• di�erent normal load : 17 ,87 ,150 ,250 [N];

• tangential displacement : 14 µm;

• friction coe�cient µ : 0.88.

�e output for the �at 17 N of normal load case are shown in �g. 16.
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Figure 16: Flat contact area cycle conditions for 17 N normal load case

In particular the �g. 16 shows the evolution of the outputs, in tab. 9, requested for a cer-

tain number of cycles.�e �gure shows the evolution of normal pressure and the contact area

increasing the number of wear cycles. In the beginning the pressure distribution is the typi-

cal one expected for a �at-on-�at contact [11] , and then it tends towards a constant pressure

distribution which is reached a�er about 30,000 cycles. �e area of contact decreases with

wear because in the beginning the contact is �at-on-�at and hence all the interface is in full

contact, and towards the end it becomes similar to a spherical contact due to increased wear

at the edges, and hence the real area of contact decreases. Fig. 17 shows the evolution of the

contact sti�ness with the wear cycles, in order to compare it with the experimental results.
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Unfortunately, the simulation shows that the contact sti�ness slightly decreases with wear on

the contrary of what has been shown by the experimental results. �e numerical results are

acceptable since the area of contact in the simulation decreases with wear as shown in Fig. 16,

thus resulting in a lower �nal contact sti�ness.

Figure 17: Kt versus number of cycles (Flat case)

At this point the more realistic FE model of the specimens has been analysed, the curved

one previously shown in �g 11. �e slight curvatures and the fact that specimens are rotated,

results in a sphere on sphere equivalent contact. Due to the curvatures, the contact in the

beginning is only on a point and the contact area gradually increases with wear as shown in

�g. 18.
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Figure 18: Contact area conditions for di�erent number of cycles, 17 N normal load (Curved

case)

�is increase in the contact area results in an increase in the contact sti�ness. �e evolution

of the contact sti�ness with wear cycles is shown in Fig. 19 .
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Figure 19: Kt versus number of cycles (Curved case)

It can be noticed that a certain point the curves of the 87, 150 and 250 N normal load be-

come �at reaching the steady state condition within 500000 wear cycles, in which the 17 N

normal load case never reach the steady state condition. Physically the steady state condition

is reached due to a full steady interaction between the contact interfaces. �ese interactions

increase the resistance to motion resulting in increasing of the contact sti�ness [8]. From liter-

ature [1] it is suggested to plot the evolution of the contact parameters versus the cumulative

energy dissipate as shown in �g. 20 rather than fre�ing cycles, since the cumulative energy

dissipated allows for a more reliable comparison of results obtained in di�erent test conditions.

�e cumulative energy dissipated is obtained as the cumulative sum of the energy dissipated

for each cycle.
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Figure 20: Kt versus cumulative energy dissipated

In �g. 20 the 87,150 and 250 N normal load cases have been submi�ed to the same number

of fre�ing cycles. In particular can be noticed that the steady state condition occurs in the same

point but the �nal value of cumulative energy dissipation is di�erent. In particular higher is the

amplitude of the normal load and higher is the energy dissipated. �is result is in accordance

with the physical evidence because increasing the normal load, the friction limit is higher and

so in the same conditions of sliding distance, the area limited by the hysteresis loop generated

increases. For the 17 N normal load case 2500000 wear cycles have been performed in order to

reach the steady state conditions, con�rming the idea that the normal load a�ect the amount

of energy dissipated. Once the numerical results have been obtained, they were compared

with experimental measurements in order to validate or not the two models: �at and curved.

4.5 Experimental Results and Comparison

�e experimental analysis [1] were conducted in Imperial College of London using the in-

house test rig described in section 3. �e test rig is used to measure the relative displacements

of two sliding specimens and the friction force . By measuring the tangential displacement

and the tangential force it is possible to get the hysteresis loop. From the hysteresis loop

the frictional parameters, such as friction coe�cient and contact sti�ness, can be extracted.

�ese frictional parameters have been extracted as functions of energy dissipated. Several
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fre�ing tests were conducted over di�erent time spans in order to capture the evolution of the

hysteresis loops with wear. �e numerical simulations conditions are:

• constant normal load Fn = 60N ;

• excitation frequency f = 100Hz;

• nominal area of contact 1mm2;

• specimens material = stainless steel;

• temperature = 25 Co

All the tests have been conducted at imposed later forces that generated di�erent strokes

characterized by an average of 14µm and 22µm sliding distances. One of the main di�erences

with the numerical simulations is that in experimental tests the sliding distances is not imposed

but it is a function of time-dependent coe�cient of friction and contact sti�ness in reaction to

an external periodic excitation. �e experimental results are shown in �g. 21.

(a) Hysteresis evolution with wear
(b) Contact sti�ness evolution with wear

Figure 21: Experimental results

From �g. 21 it possible to get some conclusions. It is clear that the contact sti�ness in-

creases with wear, as shown in �g. 21b, because the slope of the stick portion in the hysteresis

loops increases as well, as shown in �g. 21a,starting from an initial value of 26 N
µm

and reaching

a steady state value of about 50 N
µm

. �is trend is physically due to:

• an increased conformity of the contact surfaces;
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• the increased interaction between the wear grooves;

�e increase in the interface conformity leads to a larger amount of asperities in contact,

which in turn contributes to the increase in the contact sti�ness. �e increase in the inter-

action between wear grooves is due to the conformity of peaks and valleys, which lock the

surfaces together and add elastic resistance to the relative motion during the stick phase [8].

�e results in �g. 20 are quite promising as they are in accordance with the experimental

trend, and also the values are of the similar order of magnitude. �e di�erence in values could

be due to the fact that the FE model has a perfectly smooth contact interface, while the real

specimens have a roughness. However it is demonstrated that the curvatures a�ect strongly

the numerical results bringing out that the ones obtained for the �at on �at contact, �g. 17 are

not in conformity to what experimentally is measured.
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5 Nonlinear Dynamic Simulations of Fretting Wear

�e simulations of the non-linear dynamics of the test rig have been performed using the

non-linear structural dynamic analysis code FORSE developed in Imperial College of London

for Rolls-Royce [2][7]. It is based on a multiharmonic representation for steady-state response

and large-scale realistic friction interface modelling of the two specimens. �e code requires as

input the modal shapes of the two bodies obtained from a �nite element commercial so�ware

Abaqus and an accurate contact interface description, in particular the pair of nodes in contact

between the two bodies must be de�ned. Each pair of contact nodes is linked by contact

interface elements, used to describe the dynamic role of the roughness in the response of the

entire system, what was missing in the quasi-static simulations. �e parameters required in

the non linear analysis can be separated into three main groups:

• the friction interface parameters that describe the material properties of contact area

• the modelling parameters that de�ne the nonlinear model and its excitation,

• the analysis parameters, which control the accuracy and speed of calculations. [13]

Furthermore the simulations gives as results also the nodal conditions ( full separation,

stick, stick/slip or slip condition) for each frequency.

5.1 Description of the numerical model

�e numerical approach used in FORSE (FOrced Responce SuitE ) to analyse the non-linear

system of the test rig is based on the multi-harmonic representation of the steady-state re-

sponse. �e equation of motion 31 of the moved specimen consist of a linear part, which is

independent of the vibration amplitudes, and a non linear part resulting from friction at the

contact area interface:

Mq̈(t) + Cq̇(t) +Kq(t) + f [q(t), q̇(t)] = p(t) (31)

Where M, C and K are the mass, damping and sti�ness matrices, q(t) is the contact nodes dofs

vector and f [q(t), q̇(t)] is a vector of nonlinear, friction interface forces, which is dependent
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on displacements and velocities of the interacting nodes, and p(t) is the vector of the external

exiting forces. By applying the Harmonic Balance Method is possible to solve the non linear

equations by a set of non-linear algebraic equations. �is is possible because the external force

Fex is periodic. If the external force is periodic also the displacements and the non-linear forces

would be periodic. �ey can be approximated by Fourier series as:

q(t) = Q0 +
n∑
j=1

(Qj
ccos(mjωt) +Qj

ssin(mjωt)) (32)

WhereQj
cs are the vectors of the harmonics coe�cient respectively of the cosine and sine

parts instead n is the number of harmonics needed to describe the variation of the physical

dimensions in time , higher is n higher is the precision but heavier computational speaking.

�e �ow chart of the main computational processes performed by the code is shown in �g. 22.

Figure 22: Computational �ow chart [2]
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5.1.1 Derivation of Nonlinear Friction Interface Elements

�e roughness of the contact interface is modelled by non linear friction interface elements.

�is elements are characterised by speci�c mechanical properties, as shown in �g. 23:

• friction coe�cients µ in order to link normal load Fz0 with tangential forces fx;

• tangential sti�ness kx or kt directed along the tangential motion direction;

• normal sti�ness kz or kn directed along the normal direction;

• the initial gap g between the pair of contact nodes linked by the friction interface ele-

ments.

�e initial gap depends on the magnitude of the static normal load , higher is the normal

load less is the initial gap between the nodes, de�ning the initial conditions of the non linear

simulations.

Figure 23: Interface element [7]

To derive the expression for friction interface matrices, the relative motion of the contact

nodes in terms of tangential, x, and normal, z, must be taken into account. �e periodic motion

40



of each nodal degree of freedom can be represented by a sum of all harmonic components

analyzed as stated in eq.33 :

x(τ) = H(τ)
TX; z(τ) = H(τ)

TZ (33)

Where τ is the non dimensional period of time, τ = ωt,X andZ are the vectors containing

the harmonic coe�cients of the relative motions; H is the vector composed be harmonics

functions, which is used for transition from frequency to time domain [7].

5.1.2 Modeling of the Nonlinear Interface Forces

During the relative motions between the contact nodes several states could happen. �e mo-

tion along the normal direction determines if the nodes are in contact or they are separated.

During contact other two possible conditions could happen: stick or slip condition. In the slip

condition the tangential force fx, is a dry friction force, instead in the stick condition fx is de-

termined by the elastic deformations of the asperities. Expressions for non linear interaction

forces can be derived for all possible states in the following form:

Tangential force:

fx =


f 0

x + kx(x− x0) for stick,

ξµfy for slip,

0 for separation

(34)

Normal force :

fz =

Fz0 + kzz for contact,

0 for separation
(35)

ξ is the sign function in case of constant normal load determined by the tangential velocity

ξ = sgn(ẋ(τslip)) where τslip is the time instant of slip state initiation. �e other constants

in eq. 34 and 35, x0 = x(τstick) and f 0
x = f(τstick) are values of the relative tangential

displacement and the interaction force at the beginning of the stick-state,τstick,respectively.
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5.2 Model Used for the Dynamic Simulations

�e two specimens was modelled as in the static simulations, section 4, using the commercial

so�ware Abaqus. In order to simplify the model, for the dynamic simulations the major cur-

vature of 1000 mm has been neglected. �e two specimens have the same disposition used for

the static simulations but there is a di�erence: in the dynamic simulations the contribution

of the test rig has been implemented. �e test rig was modelled with a 2 degrees of freedom

lumped parameters model where the main features are shown in �g. 24.

Figure 24: 2DOF lumped parameters model [8]

Where k1 is the leaf spring, m1 is the moving mass, k2 is the connecting spring sti�ness,

m2 is the moving harm mass. To be�er understand the meaning of the lumped parameters

in the 2 DOFs model the complete system is shown in �g. 25, where is more clear where the

external periodic force Fex is applied by a shaker.
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Figure 25: Complete system [1]

In the end two subsystems must be modelled in order to get their modal shapes useful for

the dynamic simulations:

• 2DOF implemented to the body 1;

• body 2.

Before the implementation of the 2DOF system, the two specimens must be modelled. As for

the static simulations,a stand alone volume that contain the contact area has been created in

order to be�ermesh the friction interface. A�er themodelmesh two reference points ( RP1 and

RP2 in �g. 26 ) have been created in order to a�ach the two lumped massesm1 = 21.152Kg

and m2 = 1.189Kg. �e two lumped masses are linked by the connecting spring having

sti�ness k2 = 273 · 103 N
mm

. �e moving mass m2 is linked to the ground by the leaf spring

having sti�ness k1 = 1.3469 · 103 N
mm

. Looking at the test rig the two lumped masses have

been constrained to move only on the x tangential direction and z normal direction like the

specimen. �e la�er is linked to the 2DOF system by a rigid beam interaction between the

nodes that lie on the clamped part surface and m2. At this point the system would have a

not constrained degree of freedom, the normal one. In order to avoid any rigid body motion
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on the z direction a dummy spring having a very li�le sti�ness kd = 10−6 N
mm

acting on the

normal direction has been added.�e rigid body motion must be avoided because of numerical

problem with the code.

Figure 26: Implementation of the 2DOF model

For what concern the �xed specimen (body 2) a reference point RP3 has been created. �e

�xed specimen is clamped like the moving specimen and so the nodes that lie on the surface

of the clamped part are linked to the reference point like in body 1 but the reference point RP3

is fully constrained. At this point the modal analysis for the two bodies has been performed

ge�ing as output the modal shapes of a certain number of nodes, the master nodes. �emaster

nodes, shown in �g. 27, have been chosen according to what would have been necessary for

the dynamic simulations:
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• nodes that lie on the contact area;

• laser target points;

• clamped nodes;

• RP2 where the normal load Fn is applied;

• RP1 where the external periodic force Fex is applied;

Figure 27: Master nodes
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5.3 Code Interface

Ones the modal shapes of the master nodes of each body have been evaluated, they have been

recorded into two text �les. �e la�er describe the dynamic behaviour of the two bodies as

input for the code. �e two text �les have to be declared in the input �le that will be read by

FORSE. �e input �le has a speci�c format that can be subdivided in four main parts[6]:

• analysis controls;

• linear model de�nition ;

• non linear model de�nition;

• output requested.

All the input �le parts examples given in the sections 5.3.1, 5.3.2 and 5.3.3 belong to the input

�le used to perform the dynamic simulations in this thesis.

5.3.1 Analysis controls

Analysis control data are responsible for control of the solution and tracing processes. �ese

data have to be started with a line ‘harmonic.balance’ to indicate that input data required by

the FORSE frequency-domain solver will follow. An example of the analysis controls data is

shown in �g. 28. �e meanings of each line are given in tab. 5.
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Figure 28: Example of analysis controls data
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ANALYSIS CONTROLS

KEYWORD DESCRIPTION

start analysis starting frequency

end analysis ending frequency

Kharm number of harmonics used in the multiharmonic expansion

Ihz Indicate unit for all frequencies: 1 – frequency is given in Hz, 0

– in rad/s. Default value is 1.

p0 Start value for the tracing parameter, default 0.0.

pk End value for the tracing parameter

solvtype Type of solver used for solution and tracing of nonlinear equa-

tions:

0 – Fried’s corrector

1 – Riks’s corrector (default value)

2 – Riks’s corrector for the reduced residual vector

3 – arclength corrector for full residual vector

4 – arclength corrector for reduced residual vector

tolerance Error tolerance, default 10−6

iArcCorrect Indicates whether tracing parameter (and rotation speed) is �xed

(=0) or not �xed (=1) at corrector phase of the solution process.

Default value is 1.

MaxIter Maximum number of iterations allowable for each step, default

value is 100

ntrials Coe�cient of increase of the number of allowable iterations for

search of a �rst, starting solution.

p1 Size of �rst step for tracing parameter, default 0.01

p1min Minimum value for the tracing parameter step

p1max Maximum value for the tracing parameter step
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cMin Minimum value for cosine between two consequential tangents

to trajectory

cMax Maximum value for cosine between two consequential tangents

to trajectory

sMin Minimum value for the step along trajectory of solutions

sMax Maximum value for the step along trajectory of solutions

iMin Minimum number of the iterations at each tracing step. �is

number is used as the primary criterion for automatic choice of

the tracing parameter step. When this criterion is satis�ed then

cMin value is applied for tracing parameter variation.

iMax Maximum number of the iterations at each tracing step. �is

number is used as the primary criterion for automatic choice of

the tracing parameter step. When this criterion is satis�ed then

cMax value is applied for tracing parameter variation.

nDOFnod is the number of the nodal degrees of freedom

idampcoef Indicate meaning of coe�cient used for description of modal

damping

itrials �is is an optional parameter which allows choice of the initial

approximation for solution used at the start of the analysis.

Table 5: Code controls data

5.3.2 Linear Model De�nition

�e linear part of the model has to be created and saved in a separate �le. �e name of the

�le, which can include a path to a necessary directory, has to be provided in the �rst line of

input data for the linear model de�nition, shown in the example in �g. 29, recalling that the

two specimens was named as body 1, the moving specimen on the top and body 2 the �xed

specimen on the bo�om as stated in section 4.2.
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Figure 29: Example of linear model de�nition
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LINEAR MODEL DEFINITION INPUT DATA

KEYWORD DATA PRESENTATION DESCRIPTION

model �le name Name of the �le containing

description of a major struc-

ture, modal model (has ex-

tension ‘mod’), a generalised

Guyan model (has extension

‘mas’)

modal.damping Obligatory for a model

provided by .mas �le (Guyan

model) and optional for

model in .mod �le (modal

model)

mode.data integer-real number Damping factors for a speci-

�ed mode

Table 6: Linear model de�nition input data
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�e shaker force element de�nes a periodic excitation force applied to a speci�c degree of

freedom. �e static force element de�nes where a static force is applied and its amplitude does

not vary during the analysis. �e two elements data are de�ned in tab. 7 and 8.

SHAKER ELEMENT DATA

KEYWORD DATA PRESENTATION DESCRIPTION

dof dof name De�ne �rst DOF where the

force is applied and direction:

1 x direction,

2 y direction,

3 z direction.

amplitude real number Amplitude of the force

kharm integer number De�ne the number of har-

monics

phase real number Phase angle (degrees), default

0.0

scale real number Scale factor for amplitude,

default 1.0

Table 7: Shaker element input data

STATIC ELEMENT DATA

KEYWORD DATA PRESENTATION DESCRIPTION

dof dof name De�ne �rst DOF where the

force is applied and direction:

1 x direction,

2 y direction,

3 z direction.

amplitude real number Amplitude of the force

Table 8: Static element input data
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5.3.3 Non Linear Model De�nition

Each pair of contact nodes (121) is linked by a non linear friction interface element fully de-

scribed in section 5.1.1 . �is element is characterised by speci�c mechanical properties:

• friction coe�cientmu = 0.88,

• tangential sti�ness kt = 371.9008 N
mm2 ,

• normal sti�ness kn = 1.3 · kt from literature,

• gap, normal distance between a pair of contact nodes.

�e gap is variable depending on the contact nodes x and y coordinates. �e gap varies

because of the curvature of the contact interface and for each pair of nodes having the same

x and y coordinates the normal distance has been calculated using the commercial so�ware

Matlab, �g. 30. �e kt value (45000 N
mm2 ) has been evaluated experimentally, in particular

looking at the steady state value. �e la�er has been divided by the number of nodes. E

Figure 30: Friction interface element de�nition

�e voice ”cond” in �g. 30 actually is an output request, the user can declare if he want as

output the nodal condition for each frequency.

5.3.4 Output Requested

�e aim of the dynamic simulations in this thesis is to get the harmonic expansion of the

displacements of the target points of the two lasers and the harmonic expansion of the tan-

gential force linked to each contact node building up during the sliding motion. �e relation

between the di�erence of the lasers point displacements and the overall tangential forces gives

the hysteresis loop in unworn condition. �e hysteresis loop is evaluated in one cycle period
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according to T = 1
f
where f is around 100 Hz since in the experimental tests the frequency of

the periodic external force Fex is 100 Hz. �e output requested are shown in �g. 31 .

Figure 31: Outputs requested

OUTPUTS

KEYWORD DATA PRESENTATION DESCRIPTION

i3Dampl 1-0 Indicates whether the maxi-

mum displacement in three-

dimensional motion (=1) or

the maximum displacement

for a single speci�ed DOF

(=0)

displ dof name integer num-

ber

number of nodes to be anal-

ysed and direction, 1 is for x

tangential direction

force dof name integer num-

ber

number of nodes to be anal-

ysed and direction, 1 is for x

tangential direction

Table 9: Output de�nition

5.4 Numerical Results

�e simulations was performed with 5 odd harmonics as generally done in studies [2]. �e

input parameters for the simulations were:

• friction coe�cient µ = 0.88;
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• �xed normal load Fn : 60 N;

• di�erent external forces Fex : 1,10,30,50,70,90 N

�e di�erent amplitudes of external forces lead to di�erent contact area conditions, stick,

slip,full contact or combination of the three . All these conditions have an e�ect on the fre-

quency response, as shown in �g.32 where the nodal condition have been evaluated for the

two resonance peaks at 38.9 Hz for a full sliding condition and 400 Hz where the most of the

nodes in contact are in stick condition. Above 400 Hz the FRFs are interrupted because the

main mode of interest is the �rst one, which varies between 40 and 400Hz

Figure 32: Forced response

�e frequency taken into account to analyse the tangential contact sti�ness Kt is the one

used for the experimental measurements, 100 Hz. At this frequency the harmonic expansion of

the displacements of the two laser points and the harmonic expansion of the nodal tangential

force have been obtained in order to pass from the frequency domain to the time domain. �e

relation between the di�erence of the two displacement and the total tangential force gives the

hysteresis loops for di�erent external excitation forces. �e precision of the results depends on

the number of harmonics, but higher is the number of harmonics taken into account, higher

would be the computational time as stated in section 5.1. �eKt analysis was performed with

55



15 odd harmonics because for very large sliding conditions the hysteresis loops need a larger

number of harmonics to be be�er captured as shown in �g. 33 .

Figure 33: Comparison of the hysteresis loops for 5 and 15 odd harmonics

�e number of harmonics chosen is 15 due to computational limits. �e harmonic expan-

sions of the total tangential force, the lasers displacements and the hysteresis loops are shown

in �g. 34.
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Figure 34: From harmonic expansions to hysteresis loops

Looking at �g. 34 the kt seems to decrease increasing the external force amplitude. A

further analysis has been conducted in order to verify if the kt decreases or not. In particular

the stick portion of the hysteresis loops has been compared as shown in �g 35.
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Figure 35: Stick portions comparison

It is clear looking at the �g. 35 that the stick portions of the 10, 30, 50 N external force

cases have the same slope, for the other two cases the stick portion is not well de�ned yet

and if an higher number of harmonics was used the kt would be the same of the other cases.

Increasing the external force the sliding increases and so the energy dissipation, represented

by the hysteresis loop area. �e energy dissipation is directly related to the magnitude of the

external force, changing the dynamic behaviour of the entire system. �is concept is validate

experimentally.

5.5 Experimental Results and Comparison

�e aim of the experimental tests [8] in this section is to analyse the dynamic response of the

friction rig to the hysteresis loop variations at the contact interface. �e hysteresis loops were

measured for di�erent normal load under a 100 Hz periodic excitation. A�er the evaluation of

the hysteresis loops an hammer test has been performed in order to get the test rig dynamic

behaviour. Hammer tests were conducted with hammer impacts of 100 N and the response was

measured with an accelerometer placed on the moving arm. �e evolution of the experimental

measured FRFs is shown in �g.36.
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Figure 36: Experimental FRFS [8]

Figure 37: Numerical FRFs

In particular the experimental results in �g. 36 must be compared to the numerical results

in �g. 37. �e di�erence is that for numerical results the amplitude of the periodic external

force varies instead the normal load is the same. For what concern the experimental results

the �rst mode moves from 40 Hz at very low normal loads to 200 Hz at very high normal loads.

For what concern the numerical model the resonance peak moves from 400 Hz for very low

external force, to 38.9 Hz for high external force. Low external force means poor sliding, in fact

as shown in �g.32 a stick condition is established. High external forcemeansmore sliding and a
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sliding condition in established. �e increase in the sliding distance results in wider hysteresis

loops that lower the overall sti�ness of the joint, and hence lower the natural frequency of the

system [8], those leading to have a the same e�ects of the experimental measurements on the

numerical simulations.
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6 Conclusions and Discussions

�asi-static simulations and dynamic simulations have been performed in this thesis to repli-

cate the fre�ing experimental results obtained from the test rig of the Imperial College of

London[1] [8]. �e quasi-static simulations have been performed using a numerical wear code

based on the Finite Element method developed in Politecnico di Torino [3], while the dynamic

simulations have been performed using a multi-harmonic balance method based numerical

code developed in Imperial College of London[2] [7]. �e aim of the quasi-static simulations

was to obtain the evolution of the tangential contact sti�ness with wear for di�erent normal

loads and compare it with the experimental results. �e aim of the dynamic simulations was

to obtain the response functions for di�erent excitations and compare them with the experi-

mental ones. In addition the hysteresis loops were also obtained from simulations, fromwhich

the contact sti�ness was evaluated. Results highlighted some interesting features on the used

numerical methods.

In particular from the quasi-static simulations highlighted that:

• �e numerical code is capable of accurately capturing the evolution of the contact sti�-

ness observed in the experiment, given that a realistic �nite element model is used as

input in the simulations. In fact, the initial FE model used in simulations could not cap-

ture the experimental trends , and it had to be updated to be�er approximate the real

morphology of the friction rig fre�ing specimens.

• �e numerical values of the contact sti�nesswere two times larger than the experimental

ones. �is deviation in the values could be a�ributed to the numerical assumption of a

perfectly smooth contact, whereas in reality the sti�ness is reduced due to micro scale

roughness at the contact.

• �e contact sti�ness in the numerical results grows with wear because the contact area

increases with the energy dissipated until a uniform pressure distribution is reached.

When a uniform pressure is reached, the contact sti�ness becomes constant and reaches

a steady state condition. �is is the same trend observed in experiment. However the

numerical steady state value do not seem to depends on the normal load on the contrary
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of what observed in the experimental tests.

For what concern the dynamic simulations, the results have shown that:

• �e MHBM numerical code is able to correctly capture the evolution of the FRFs that

is observed in the experiments. In addition, for every FRF, hysteresis loops and contact

conditions were computed and compared with experiments, showing a good agreement

in the trends.

• In particular , the FRFs obtained for di�erent excitation forces show that the �rst reso-

nance moves from stick peak at 400 Hz to a free peak at 39 Hz as shown in the experi-

mental results. �is con�rms that the model used in simulations is reliable.

• A sensitivity analysis on the number of harmonics has been performed and it has been

shown that the number of harmonics chosen to �t the tangential displacement and the

tangential force, strongly a�ect the precision of the resultant hysteresis loops and as a

consequence a�ect the contact sti�ness values. �e contact sti�ness values are evaluated

using 5 odd harmonics and 15 odd harmonics. �e comparison between the two cases

shows that for stick or transition conditions the values are similar but if the slip condition

occurs 5 odd harmonics are no more su�cient to get the contact sti�ness value with

precision. In addition, it was found that the tangential contact sti�ness depends on the

amplitude sliding, even this dependency might just be due to a wrong approximation

due to the insu�cient number of harmonics used for the simulations.

Concluding, this thesis has shown that the twomodelling approaches were capable to replicate

the trends observed in experiments, and the discrepancies in the �nal values were justi�ed by

the underlying assumptions of the models. In the future, more simulations can be conducted

by using numerical modelsmore similar to the real structures, on theway to be able to replicate

the behaviour of complex structures with frictional contacts.
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