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Abstract

Catastrophic consequences, both in terms of human and material losses on high interest
structures, caused by exceptional events, brought AEC sector experts to show growing
interest towards structural safety in last decades. In particular, a new concept of structural
robustness was defined: robustness is intended in a more specific sense as the capability to
support extreme loads due to exceptional events trying to prevent disproportioned collapse.
Several researches have already been done, and a lot of efforts are still spent by scientific
community with the objective to better understand the problem and to propose solutions
regarding the structural robustness theme.

The probabilistic analysis approach, integrates in this continuously developing context
trying to define a more accurate structural design process which implies increasing effi-
ciency in the whole realization process (from the design to the construction), respecting
the established safety thresholds and looking also at the principle of economic sustainabil-
ity.

The combination of these two issues, of paramount importance for structural engineers,
lead to the adoption of a probabilistic analysis approach for the evaluation of the structural
robustness and thus of the structural capacity of a building, with the final aim to define the
reliability of a structure. Therefore, this master’s degree thesis represents another piece of
this complex and articulated mosaic, that researchers are trying to build one tessera after
other.

In this work, probabilistic robustness analysis is performed on a 2D R.C. multistorey
plane frame in seismic zone. After the preliminary design stage with the classical semi-
probabilistic approach, a random sampling is conducted both on material properties and
actions. The sampling was made using the Latin hypercube simulation (LHS) technique
which is a particular Monte Carlo sampling method; therefore, 100 different structural mod-
els were generated from the random values of each sampled variable. Then, a displacement-
control push-down analysis was conducted on each of the 100 models on Atena2D software,
through a non-linear analysis, imposing a controlled displacement to the top of the central
column of the ground floor which was removed. The resulting load-displacement capacity
curves were thus exploited to determine the dynamic amplification factor (DAF), by using
the energetic theory proposed by Izzuddin and others.
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Chapter 1

Introduction

1.1 Background
Structural design has always followed evolution of society and has always been conditioned
by it. At the same time progress both in design and in construction procedures, have
influenced the life of human beings. Therefore, the idea of structure cannot be limited to
the concept of a simple building; structure means also safety, family, work, in simple word
structures are an inextricable part of our life.

Duty of a structural engineer is to guarantee an appropriate design process which can
answer to community needs, being always in line with the times. For this reason, continu-
ous efforts are spent by engineers to update the way in which a structure is conceived and
then realized. Probability based design approach seems to represent a reliable method-
ology to rich the best solution in terms of practical and economical efforts for structural
design. Probability, in AEC (Architecture, Engineering and Construction) sector , assumes
a particular acceptation, is indeed not intended as relative frequency but as the degrees of
belief in relation to the various uncertainties, and suitable to decision making processes [1].
Although the stochastic approach require a broad data set, that in any case cannot describe
exactly the real entity of used materials and applied loads, it can guarantee a more detailed
analysis of structural systems, returning a more reliable final result and more efficient than
that obtained with the deterministic approach using safety factors [2].

Nowadays developments are needed when dealing with extreme events that were not
considered, or only partially, up to last decades in performing structural analysis. Espe-
cially in case of extraordinary events of both natural or anthropic origin, like explosions,
fires, avalanches or terroristic attacks that often cannot be previously predicted. All this
type of events can determine critical conditions for a structure that often cannot bear these
exceptional loads for which it was not designed. In particular, the static conditions of equi-
librium result to be locally not satisfied triggering a chain of events that in some cases can
leads to the partial or total disproportioned collapse of a structure. Terrible events like the
disaster of 11 September 2001, which caused the total collapse of the so-called Twin Towers
and thousands of victims Figure 1.1, or the Ronan Point Tower explosion in 1968 repre-
sented a shock for the entire building community, not only for the material consequences
due to the structural collapse of the buildings, but mostly for human loss.

The concept of Structural Robustness has born to take care of this new aspect of
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Introduction

increasing importance in structural design process, in particular for buildings that represent
centres of large economic and social interest. Thus, design a Robust structure, means
guarantee stability in a wider sense, sometime distant from the academic meaning but
closer to human and social concerns.

Figure 1.1: World Trade Centre twin towers collapse

1.2 Thesis organization
Therefore, Robustness and Reliability Assessment represent the keywords of this thesis
which has as main goal to merge and join together these two aspects of structural engineer-
ing; the starting point consist on the design of robust structure with a semi-probabilistic
approach, then a single frame of the whole structure is considered and a progressive collapse
due to the removal of the central base column is simulated for 100 random combinations
of material properties and applied loads through a probabilistic analysis. An amplification
factor is applied to loads in order to simulate dynamic response of structure due to suddenly
removal of a structural element. The resulting behaviour of each single random simulation
could lead to the definition of a reliability index which could describe probability of failure
of the entire structural system.

After this brief introduction, in Chapter 2, the different section of the Italian CNR
document about structural robustness [3] (Instruction for the construction robustness as-
sessment), are described in all its sections, starting from the definitions of robustness,
describing the actions on the structures and the concept of disproportioned collapse, to
finish with suggestions on structural design of robust RC structure.

In chapter 4, the design of a concrete structure in seismic zone is presented; the de-
sign procedure is conducted observing the NTC 2018 [4]. Assessment respecting ULS are
conducted respecting the resistance hierarchy criterion. After the design procedure and
thanks to previous thesis work, the structural system is improved to obtain a robust frame
which will constitute the basis of the later work steps.

In chapter 5, ATENA 2D software by Cervenka is introduced. It is the chosen finite
element software to perform linear and non-linear static analysis on the multi-storey re-
inforced concrete plane frame, indeed he high level of detail reachable with this software
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allows the user to perform very refined structural analysis.
In chapter 6 the practical reliability analysis is introduced defining how random loads

and material properties are determined and how the 100 different simulation are built
defining the characteristics of the FE models. In this section moreover, the capacity curves
coming from the set of probabilistic push-down analysis are detected and analysed to
describe the global resistance of the structure against the simulated collapse.

Chapter 7 will deal a particular application of the previously found capacity curves: the
determination of the dynamic amplification factor (DAF). Firstly, the theory behind the
DAF will be reported, after a simplified framework for the robustness assessment will be
presented and, therefore, part of it will be used to define the probabilistic distribution of
the DAF.

Finally, the last chapter 8 is reserved to conclusions and suggestions for future works
on reliability analysis and structural robustness assessment.
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Chapter 2

Structural Robustness

2.1 State of art
The concept of Structural Robustness has not yet found a universally accepted meaning in
literature, indeed it is possible to find so many definitions, often similar but never exactly
coincident; this lack of a robust and common theoretical background is accompanied by an
equal absence of shared procedure to be applied in order to satisfy the structural robustness
requirements. The increasing influence of exceptional events on structural safety and, needs
of well-defined procedure to be followed by the designer, will lead hopefully, in a near future,
toward a common approved theory and regulation of the structural robustness matter.

It must be specified that all the contents of this chapter are referred to the Italian CNR
document regarding Structural Robustness [3].

2.1.1 General definitions
According to several authors and technical specifications, a global definition of Structural
Robustness can be given as follows: it expresses the capability of a structure to avoid dis-
proportioned collapse to exceptional event, that trigger a local damage of the structure.
The Disproportioned Collapse represents a case of structural failure of the structure, char-
acterized by the presence of a level of damage which is disproportionate with respect to
the original cause.
Sometime the collapse can be a Progressive Collapse when, after a local damage, different
members of a structure fail one after the other as they get overloaded, like an unstoppable
chain of events: the main consequence in this case is the redistribution of loads and the
continuous variations of the equilibrium conditions of the structural system.
The disproportioned collapse can be avoided through some mitigation actions in the design
phase: the Specific Load Resistance aims to increase the local resistance of some specific
structural elements, which eventual failure could generate a disproportioned failure of the
structural system. Also, the Alternative Load Path procedure results to be very useful in
the condition aforementioned: indeed, it allows to redistribute the load that was originally
sustained by the collapsed elements, transferring thus its portion of load to the nearest
ones.
For a broader picture of the situation some other definitions of Robustness are reported
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below:
Robustness is the ability of a structure to withstand events like fire, explosions, impacts

or the consequences of human error, without being damaged to an extent disproportionate
to the original cause [5].

Robustness is a property of the structure and the extent of the initial damage. If the
initial damage is specified as a notional damage, its causes are immaterial, and robustness
becomes a purely structural property [6].

Robustness: the ability of a structure subject to accidental or exceptional loading to
sustain local damage to some structural components without experiencing a disproportionate
degree of overall distress or collapse [7].

2.1.2 Current legislation
Unfortunately, any legislation is not yet well developed in the robustness reserved section.
Only brief indications of general meaning are given, without neither a deep description of
the various problems linked to the non-robustness of a structural system, neither detailed
practical indications to improve it on a building.

Eurocode – Basis of structural design [8], at 2.1 for example, states simply that a
structure has to be designed in such a way to not be damaged by events like explosions,
impacts, consequences due to human error, in a disproportioned measure with respect to
the cause of the original damage. Then a list of global safety measures is presented without
any detailed specification. While in Eurocode 1 [5] at 3.2 the notions of alternative load
path, key elements and ductility are briefly exposed.

Finally, also the Italian NTC 2018 [4], at 3.6 classifies the extreme actions, the risk
scenarios giving some suggestion about design procedure to guarantee the robustness of a
structure at 2.2.5.

2.2 Accidental actions
In the classic structural design procedure, the involved actions, such all the gravity or
seismic loads, are modelled and applied to the structure through well-defined and widely
approved methods that, in the case of the semi-probabilistic approach, give good results
in terms of reliability and safety of the structural system.

Although it is easy to imagine a lot of causes for the accidental loads, it is not so easy
to model them in such a mathematical way, nor to predict the occurrences of this type of
accidental actions, which often are totally casual and cannot be predicted previously, since
are determined by human actions, like terroristic attack.

Therefore, the main problem of defining the robustness of a structure is firstly to deter-
mine which type of actions it will withstand during its life cycle, with what intensity and
their frequency of occurrence. Fortunately, when dealing with accidental actions, nearly
always, we are talking about rare events that occur only in extraordinary conditions. The
acronym LPHC (low-probability, high-consequence) describe, on one hand, exactly what
was aforesaid, defining the main characteristics of the treated actions: the low probability
of occurrence; on the other hand these actions have as main characteristic the big impact
that they may cause on a structural system in terms of caused damages.
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2.2.1 Classification
Large efforts were spent during last decades, searching for analytical models that should
describe these actions, in order to apply them to the structural models and verify if robust-
ness requisites are satisfied. Moreover, all the accidental actions cannot be represented by
a unique model, since different are the origin that cause this accidental loading, natural or
anthropic, voluntary or involuntary.

A good classification for accidental actions seems to be that proposed by [3] which
divide them in three different categories:

• Category 1 : actions deriving from natural phenomena or from involuntary human
activities: the former can be earthquakes, meteorological phenomena and landslides
while the latter concern explosions and non-arson fires;

• Category 2 : actions intentionally caused by man, such as vandalism and terrorist
attacks;

• Category 3 : actions resulting from errors in the conception, design or execution of
the construction.

From the point of view of the interaction between the event and the construction, these
actions can act on the structure such as:

• distributed loads of exceptional entity;

• impact loads;

• accelerations due to seismic actions;

• induced strains or deformations.

Actions can also be classified on the basis of their duration, although the exceptional
actions are in most cases very short compared to the useful life of the structure; in structural
modelling, they can be applied to the structure statically, dynamically, or with an impulsive
pattern.

2.2.2 Actions of Category 1
Belong to Category 1 all the natural phenomena or those deriving from involuntary human
activity included earthquakes, tsunami, landslides, floods, tornadoes, fires and explosions.
These exceptional actions and the type of load that they can generate on the structure are
briefly described below.

Earthquake is assessed by technical specifications by means of non-epicentral seismic ac-
tions, which are taken considering laws for attenuation of the accelerometric components.
In the case of epicentral actions, the reduced distance between the epicentre and the struc-
ture affected by the seismic action, does not allow adequate damping, and this leads to a
substantial increase with respect to design actions, which can therefore be insignificant.

Tsunami is a natural phenomenon due to submarine movements that determine the
development and propagation of waves in the sea that can have considerable height when
they approach the coast, leading to widespread flooding. Based on the topography of the
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coastal area, it is possible to evaluate the extent of the areas flooded by a tsunami due to
a seismic action, as well as the submersion height and water flow velocity. The effects on
the constructions, although variable, can essentially be attributable to impact pressures
caused by the flow in movement, by concentrated forces due to the debris transported by
it, and hydrostatic thrusts.

Landslides are phenomena due to the loss of stability and/or cohesion of a fractured
soil/rock mass, usually of natural origin but sometimes also caused by anthropic action;
the impact force of a landslide is a function of the speed and type of soil mass affected by
the phenomenon.

Floods are natural phenomena due to heavy rainfall or breakage of hydraulic works along
the hydrographic network which lead to the raising of surface waters and the subsequent
flooding of normally dry areas. The effects of this phenomenon on buildings are manifold:
static and dynamic pressures exerted by the water in quiet or in motion, impacts of objects
carried by the current, saturation of underground soils, localized erosion.

Tornadoes are violent vortices of air which form at the base of the clouds reaching the
ground; these meteorological phenomena are generated by a low-pressure center around
which the air masses rotate producing strong winds and copious rainfall. The strong winds,
that are generated during this type of meteorological phenomena, can seriously damage
buildings, break down plants and power lines, move cars from the roadway, etc. Therefore,
during meteorological phenomena of this magnitude and power, it is good to consider two
distinct actions on buildings: the pressure of the wind on the surfaces and the punctual
impact forces of the objects moved.

Fires can cause the combustion of structural and non-structural elements; the method
of calculating the action, the response of the structures to the fire and prevention are
detailed in many regulatory documents to which it is possible to refer.

In Explosions, the pressure wave forms a shock surface that moves at a very high speed
and carries a significant amount of energy; the arrival of the shock wave on a surface,
placed at a certain distance from the explosion point, results in an almost instantaneous
increase in pressure. The amount of pressure on the surfaces of a building is different in
cases of confined and non-confined environments.

Impacts on structures can be assessed by means of an equivalent static analysis or
through a dynamic analysis. The forces that the impacting body transmits to the impacted
structure depend both on the type of impact and on the stiffness and deformability of each
of the two bodies.

2.2.3 Actions of Category 2
The evaluation of actions due to vandalism and terrorist acts is much more complex than
the previously indicated for the actions of Category 1, as it is first of all necessary to
analyse the intentions and motivations that push individuals, or the group, to provoke a
harm on society.

The objectives of vandalism are usually chosen on the basis of the degree of difficulty in
being able to generate damage, on the basis of the degree of protection and surveillance of
the structures/infrastructures, on the basis of the number of people necessary to complete
the terrorist act.

The theory emphasizes the fact that, when the primary objectives are too protected or
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difficult to attack, the focus shifts to secondary, simpler objectives. In general, terrorists
use similar attack modalities, based on previous attempts that have proven effective, until
a good attack modality emerges which turns out to be particularly effective.

2.2.4 Actions of Category 3

Although they cannot be considered as traditional actions acting on a structure, the errors
that can be committed in all the design and construction phases of a structure are possible
scenarios in which robustness has to be assessed.

These errors lead to the creation of a structure not able to bear the design actions,
varying the structural behaviour with respect to what is indicated by the designer. This
kind of danger is strictly connected to the quality of the process and to the used control
procedures.

Structural conception errors are those concerning the overall behaviour of the whole
structure subject to the design actions. The design errors instead concern the final result
of the project, including the construction details to be carried out on site or in the factory.
Finally, the execution errors are those that concern the construction of the structure,
including the connections between the elements, by the workers.

2.3 Disproportioned Collapse
Not always the consequences due to the application of a load on a specific structural
element or in a portion of the structure, involves only that element or that section of the
building; especially when dealing with extreme actions, which entity is so much higher than
the design resistance of each single element or connection, what happen is that also the
surrounding structural elements result to be involved in a partial or total failure. When the
part of the structure affected by the collapse results to be not proportioned with respect to
the action that caused it, then it is possible to talk about disproportioned collapse. In the
particular case in which a disproportioned collapse is the result of a chain of event triggered
by the failure of a single element we can talk about progressive collapse; therefore the
progressive collapse is only a particular type, a procedure that lead to the disproportioned
one, which refers in more global meaning to the entity of the final consequences of the
collapse.

The entity of the collapse is, of course, strictly related to the type of structure; in turn
the structural typology depends on a lot of factors, the resistance of each single element,
the structural redundancy, the ductility of the structural system, the type of connection
and others. A typical robust structure has an high ductility reserve and an high structural
redundancy, which means that in the case of an eventual failure of some element, the
structural system will activate an alternative load path that, together with the structural
ductile reserves, will guarantee that the building will not collapse at all, but only in the
interested area. On the contrary, structure with no redundancy and rigid connections like
a precast structure, are more subjected to disproportioned collapse. In the latter case
often, fuse elements are adopted, to adsorb the stress increment due to the application of
an accidental load.
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2.4 Risk Analysis
2.4.1 Risk definition
The term "risk" has a statistical meaning which indicates the probability of the occurrence
of a dangerous event capable of triggering a disproportionate event and causing considerable
damages to people or things.

In the Robustness field, all the structures potentially may collapse, since each build-
ing can register during its life cycle the presence of an extraordinary event which causes
an exceptional action. Therefore, sensibility and attention must be paid when dealing
with the design of each type of structure. Fortunately, the events that can trigger the
disproportionate collapse, are characterized by very low probability of occurrence.

In general terms, the risk is determined by the combination of three factors, the hazard
(P ), the vulnerability (V ), and the exposure (E):

R = P · V · E (2.1)

Risk objective evaluation, result to be very difficult since its conception, is strongly
dependent by the point of view of who is evaluating it. For example, common people tend
to underestimate the risk evaluating what can happen on average instead of evaluating
the probability of the single event, on the contrary, large companies prefer to invest a
certain annual sum and take out private insurance to cover the risk of incurring a strongly
adverse event. On the other hand, from a community point of view, sensitivity towards
accidental events is far superior to events of lesser importance but which over time involve
a greater number of people and which statistically speaking are riskier; like in the case of
air disaster against cars accident. Therefore, the acceptable risk threshold turns out to be
strongly subjective, and regulation by sector authority are needed to overcome this problem.
Generally, there is a threshold defined as de minimis and it takes a value of 10−7/year
which represents the limit under which an event in no more considered dangerous by the
society.

2.4.2 Probabilistic Risk Analysis (PRA model)
The main goal of a probabilistic risk analysis is to determine the probability of collapse
P [C] of a structure, which in turn define if a structure is robust or not. The mathematic
model used by [3] to define it, is the Probability Risk Analysis (PRA) method, based on
the concept of correlated probability. Therefore, considering H (Hazard) that represents
a dangerous event with a low occurrence probability but with serious consequences, and
considering as well SL as the local failure, the mathematical expression writes as follows
2.2:

P [C] = P [C|SL] · P [SL|H] · P [H] (2.2)
where:

• P [C] represents the annual probability of structural collapse C due to eventH, related
to the "resistance to collapse" of the system;

• P [C|SL] which represents, given the local damage SL, the conditional probability of
disproportionate collapse;
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• P [SL|H] which represents, given H, the conditional probability of local damage;

• P [H] is the probability of occurrence of event H, assumed equal to the average annual
occurrence rate.

First, is it important to limit the probability of an exceptional event P [H], by adopting
prevention measures that affect the occurrence of the event as well as the average annual
rate of occurrence. In this way is possible to work on the mitigation of the dangerousness
of the phenomenon.

An alternative choice is work on the probability of local damage given the harmful event
P [SL|H]; in this way the mitigation of local vulnerability becomes important, which allows
you to preserve the structure from a disproportionate event despite the occurrence of the
Hazard. The disadvantage of this procedure is that it is uneconomic, moreover it can lead
to un underestimation of some action acting on the structure.

Finally, the most interesting strategy for the purpose of this thesis, is work on the third
factor that defines the equation of the PRA method, analysing the probability of structural
collapse given the local damage P [C|SL] and working on the structure for mitigating global
vulnerability, for example by choosing to compartmentalize the structure or foresee the
possibility that alternative load paths may develop. P [C|SL] indeed, can be seen as the
structural robustness itself of a structural system, therefore, it defines the strength of the
structure and is the only term on which a structural civil engineer can efficiently act, in
order to reduce it; its assessment in probabilistic terms can be complex, requiring, the use
of advanced analysis methods, such as nonlinear dynamic analysis, performed on detailed
and realistic numerical models.

In the case in which the designer doesn’t act on the term P [SL|H], thus neglecting the
local resistance of each single vulnerable element, the 2.2 takes the new form expressed by
2.3 where the term P [SL|H] assume a value equal to 1:

P [C] ≈ P [C|SL] · P [H] (2.3)

In this case the concept of Alternative Load Path has to be considered, since it ex-
press the capability of a structure to find an alternative for the equilibrium of the whole
structural system, reorganizing the internal distribution of the tensional state among the
elements surrounding the collapsed one. The attention is therefore focused on the global
structural resistance of the structure, and not on the local one. From this point of view, it
is possible to take action with constructive provisions aimed to increase greater redundancy
and structural ductility, considering resistant mechanisms not usually taken into account in
ordinary design; these generally are the second order effects such as the high deformation
capability of beams and pillars given by the arc behaviour or by the catenary effect.

2.5 Design approaches classification
In the design phase, the first choice that must be taken, is on the type of approach that
has to be followed; it strictly depends on the complexity of the problem and on the level of
structural robustness assessment that the designer wants to reach, and therefore the safety
level he intends to obtain.

In particular the different approaches can be classified according to [9] as follows:
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• general approach used for design: prescriptive design process or performance-based
design process;

• structural design method: direct or indirect method;

• risk scenario definition: specific threat or generic threat.

2.5.1 Prescriptive design process and performance-based design
process

In most situations, a prescriptive design approach defined by the regulatory bodies is ap-
plied, which imposes a performance capability standard on the structure. This type of
approach is characterized by standardized threshold that must be checked; these minimum
requirements, based on existing structures, results to be sufficient to increase security
against a disproportionate collapse, slightly increasing the computational effort of the pro-
fessional design compared to a traditional one.

The performance-based design approach, on the other hand, has a different nature
and does not require following predefined analysis paths, but releases the designer from
any regulatory constraint, giving him freedom to experiment with new structures and
materials, with the burden of defining the structural verification path himself and to find
a valid construction solution. Furthermore, this approach allows a direct evaluation of the
structural capabilities allowing the comparison of multiple solutions and making possible
a precise cost-benefit analysis.

2.5.2 Direct or indirect approach
The indirect design methods are mainly prescriptive and aim to obtain robustness by guar-
anteeing a minimum level of connection between the various components of the structure
in order to exploit more effectively the redundancy of the system and the ductility of the
members. To apply this method, firstly it is necessary to verify that the structure under
analysis is comparable to a set of just studied structure with a well-known solution and
defined standard. The main purpose of this method is to guarantee a sufficiently robust-
ness requirement paying particular attention to the structural ties like that between beams
and columns or between beams of different hierarchy level. These structural ties, Figure
2.1 will affect the structure increasing its ductility and developing secondary phenomena
like the catenary effects.

On other hand, the direct method is mainly used in the performance-based approach,
aiming to define the structural capabilities that must be achieved to satisfy the design
requirements. Unfortunately, it requires more complex analytical models and thus more
skills from the designer. In this case, once the risk scenario has been defined, the resistant
capacity of the structure is assessed by working to ensure that a disproportionate collapse
does not occur.

In this case, two different structural design pathways can be followed:

• Local resistance method: key structural elements are strengthened whose local damage
under specific exceptional actions could lead to a disproportionate collapse;
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Figure 2.1: Structural connections (DoD, 2016)

• Alternative load path: in this case, alternative load paths are designed to prevent the
collapse of the structure after the loss of structural element. The analysis is con-
ducted by removing a structural element which is chosen according to the resistance
mechanism that the designer wants to test. This simulates the loss of a resistant
contribution, for example by removing a column in the case of a building.

2.5.3 Generic or specific threat
Generic threat approach is used when or the exceptional actions or their consequences on
the structure are not foreseeable and quantifiable. In the first case nominal actions such
equivalent loads are defined and applied to the structure, in the second case an initial local
damage is forecasted an its evolution is studied with respect to a possible disproportioned
collapse.

While the specific threat design methods foresee the exceptional actions and their con-
sequences on the structure that result to be explicitly defined; an evaluation on how these
can lead to a disastrous evolution of the structure is therefore conducted.

2.6 Robustness conceptual design
The collapse risk probability can be efficiently reduced by adopting some design strategies
that will improve structure performances during its life cycle, especially when a building
has to face with extreme events. These conceptual strategies allow the designer to create a
structure that can potentially bear higher loads with respect to another one traditionally
designed:

• the structural redundancy guarantees an increase of hyper-staticity to the structure
being able to exploit an alternative load path;

• the presence of tri-dimensional ties results to be very useful in particular when collapse
is already started since they allow a good loads redistribution;
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• to take good advantage of the redundancy, a good level of ductility is required as well,
this means that big deformations and rotations must be allowed by the system in the
deformed condition after the removal of a structural element;

• uniform distributions of structural elements, not only from a geometrical point of
view, but intended in a broader sense also as mass, resistance, strength of the single
elements, gives a more efficient load redistribution;

• resistance hierarchy has to be fully respected guaranteeing that shear or punching
failure doesn’t precede the membrane one that exploit structural ductility to delay
the total collapse of system or sub-system (some floors only);

• capability to support inversion of the actions, like in the case of explosions when some
structural elements can pass from a tensional state to a compressive one or vice-versa.

Below, three different design methods that use the just explained design strategies in
them, will be explained.

2.6.1 Local resistance method (key elements design)
Local resistance method has as main goal that of prevent a disproportioned collapse due
to the failure of a single structural element. In other words, if the first element doesn’t
fail, no chain of event that lead to the total failure of the structure is triggered. With this
method therefore, the resistance of each single key element must be correctly calibrated to
allow a correct response of the global system. This means, for example, that the failure of
beam-column node for bending, must precede the shear or the punching one, this to allow
the exploiting of second order effect linked to the bending behaviour of beams and slabs.

Generally, structures for which this approach is suggested, are building with a small
structural redundancy and with no possibility to developpe an alternative load path; also
structures with critical resistance sections like a transfer floor Figure 2.2 which represent
a structural weakness for the whole system, are a perfect field of application of the local
resistance method.

Figure 2.2: Building with a transfer floor (Kokot e Solomos, 2012)

Key elements can be designed in different ways: if the action to which the structural
element has to withstand is well defined by the designer, a direct method can be used,
evaluating the needed design resistance that the element must have in order to behave
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as requested exploiting the ductile reservoirs of the system working in bending; while, on
the other hand, an indirect method of prescriptive nature is suggested when well already
existing elements can be implemented to satisfy the circumstantial requirements.

2.6.2 Alternative load path method
Also in this case, the main objective of the design procedure is to avoid non controlled
behaviour of the structure in a critical circumstance like the presence of an exceptional
action. What change with respect to the previous case is that for this method, the designer
has not to take care about the failure of a single structural elements, but has to face with
the global behaviour of the structural system as consequence of the loss of a key element.
This means that the structure must be designed taking into account the future possible loss
of some bearing section. For this purpose, in the design procedure the loss of a structural
element is simulated and the building response in term of loads redistribution is analysed.
Also in this case the main goal is to ensure that the structural elements failure will respect
the resistance hierarchy principle, triggering second order effects like the catenary one, that
in a condition like the removal of a base column, like that reported in Figure 2.3, results
to be of paramount importance to avoid the total collapse of the structure.

Figure 2.3: Example of alternative load path (SCI, 2011)

2.6.3 Compartmentation
This method is used as well, to prevent the evolution of a local collapse in a global one.
It is mainly used in reinforced concrete precast structures that often, are already divided
on sub-section depending on their structural scheme. What basically is done is to create
strong structural elements at the edges of these sub-structure using fuse-like elements to
connect them which weakness allows, in case of collapse of one of these sections, to stop
the collapse, preserving the adjacent autonomous structural section. Both prescriptive or
performance-based approach can be used in this case.

2.7 Robustness practical design
The study of structural robustness, for a design sensitive to minimizing the risk of dispro-
portionate collapse related to an exceptional event, requires considering a large number
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of variables for the definition of the model, the materials but also the analysis procedure.
Therefore, is important a careful evaluation of expert designers, capable of calibrating the
analysis to obtain consistent results.

2.7.1 Structural models
Regarding material properties, the correct choices made by the designer are fundamental
to obtain consistent results with respect to the expected ones. Each choice has to be made
depending on the level of detail the author wants to reach, and the level of reliability fixed.
Different type of structural model can be exploited.

• constitutive linear-elastic models: these are the simplest type of models, looking at
both the input choice phase and at the output interpretation. They allow to build up
simple model allowing the structural system to behave in the elastic filed and, for this
reason, they don’t admit large displacements and rotations. For this reason, these
models result to be very useful in preliminary analysis phase when global structural
behaviour have to be studied. But on the other side they are not so good in describing
complex phenomena like a disproportioned collapse;

• constitutive non-linear models: these models are valid for the study of disproportion-
ate collapse, as they are able to describe the behaviour of the materials due to high
deformations in the inelastic field where plasticization, covers an important dissipa-
tive role, that cannot be overlooked in case of a realistic analysis. Furthermore, in
this type of law it is possible to consider the resistance increases due to the instan-
taneous application of force (as in the case of explosion, vehicle or aircraft impacts),
making the constitutive law dependent on the speed of application of the load which
is important to take into account for the definition of robustness;

• global and local models: an efficient structural analysis must be conducted on different
level of detail, since not all the parts of a building play the same role and have the
same structural criticism. Therefore, global models are used to define the general
behaviour of the structure, for example in terms of maximum displacement or force
reaction distribution, while the local models are exploited for more accurate level of
detail and are thus reserved for example for a beam-column connection analysis or a
bolt connection of a steel frame structure.

2.7.2 Types of analysis
Robustness analysis involves a large set of simulated events that a structure has to face
with, like the removal of a column or the suddenly collapse of a beam; these causes lead the
structure to behave in a dynamic way; changes in the static equilibrium conditions indeed,
means to force the structure to find a new one, if possible, otherwise collapse happens.
These latter phenomena are thus totally dynamic, therefore dynamic analysis have to be
considered. Moreover, the critical conditions imposed, trigger plasticization of sections and
nonlinear behaviour for which coherent analysis are required. The type of analysis among
which is possible to choose in the design phase are the following.
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• static linear analysis: used for its simplicity of application but it provides approxi-
mate results; therefore, it is applied only for very simple structures, using less complex
programs. They can be used by increasing the effects by means of a suitable dynamic
amplification coefficient; obviously the linear analysis do not allow to capture im-
portant effects such as the redistribution of stresses, the geometric and mechanical
non-linearities and therefore the catenary effect;

• non-linear static analysis: also in this case the dynamic effects are taken into account
by means of amplification coefficients but unlike the previous approach the geometric
and material non-linearities are considered; in this way, through the definition of
realistic constitutive laws, it is possible to study the membrane effect and evaluate
the real materials behaviour in the inelastic field;

• dynamic linear analysis: allow to take into account the dynamic effects connected to
local damage/collapse, however it does not allow to study the effects related to the
non-linearity of the problem;

• dynamic non-linear analysis: they are the most complete and suitable type of analysis
to simulate especially for problems with a high level of complexity. The calculation
is generally performed using three-dimensional, non-linear models, in conditions of
large deformations. However, not all calculation programs are able to carry out this
type of study. Due to the complexity and the large number of parameters involved,
this type of analysis can only be carried out by expert designers. The computational
efforts that these models entail, especially in the case of large structures, must also
be taken into account.

2.8 Reinforced concrete structure cast in-situ

2.8.1 General behaviour of an RC structure

Reinforced concrete structures cast in-situ, present several favourable characteristics to-
wards exceptional actions. Indeed, structural continuity, and thus structural redundancy
as well, guarantee generally, a good load redistribution triggering easily an alternative load
path such as in the case of a column removal. If the structure is well conceived, the duc-
tility reservoirs can be well exploited and the flexural behaviour, together with the second
order bending effects, allow a good behaviour of the structural system also after that plas-
ticization stage starts; of course this characteristics are exploitable only if the structure is
designed respecting the resistance hierarchy, avoiding the onset of fragile mechanism espe-
cially at nodes. Moreover, reinforced concrete columns result to be not very susceptible
to instability phenomena thanks to their dimensions. Finally, although the heavy mass of
an RC building ensures a good response to explosion consequences, on the other hand it
can be a problem since an eventual redistribution of forces would involve heavy loads to
be redistributed to other elements.
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2.8.2 Membrane effects on RC beams
Membrane effects on RC beams, as well as in RC slabs, guarantee a useful reservoir of
resistance against exceptional vertical forces due to the loss of a column or a suddenly
increasing of the design load for which the horizontal system was not designed Figure 2.4.
In a few words, it consists on horizontal stresses triggered along the whole beam section
which improve the flexural behaviour of the beam itself.

Figure 2.4: Membrane effects on beams (CNR, 2018)

In particular Figure 2.4 (a) represents the case of a distributed vertical overload q on
the beams; while Figure 2.4 (b) describe a column removing process in a continuous slab
system. In the first case, plastic hinges are formed at the edges and at the mid-spans of
the overloaded beams, while in the case of the column removal they starts to form at the
nodes were column continue to exist and in the node above the lost column.

The Figure 2.4 (c) finally, defines the behaviour of the load q applied on the slab as
function of the inflection generated; it is easy to understand from this last figure as the
membrane effect, substantially increases the flexural resistance of the beams, both in com-
pression (in the first stage after cracks starts opening) and in tension (when plasticization
occurs).

2.8.3 Behaviour towards column removal
The structural behaviour of reinforced concrete framed buildings subject to a scenario of a
vertical load-bearing element removal consists of various phases, depending on the vertical
displacement at the section where the column is removed.

The various phases are described with respect to the experimental test shown in Figure
2.5, of a two-dimensional reinforced concrete frame subject to the removal of a non-edge
column. The prototype is subject to an imposed displacement at point P1, to simulate the
relative loss of the column.

The experimental behaviour is represented in Figure 2.6 and Figure 2.7, in terms of
force applied at point P1, Figure 2.6 and horizontal displacement of point P2 Figure 2.7
as a function of the vertical displacement imposed at point P1.

The experimental analysis allows to distinguish three different phases:
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Figure 2.5: Element subjected to experimental tests (Lew et al., 2011)

• Stage OA: related to flexural behaviour of the beam and ends with the formation
of plastic hinges at the beam-column connections; point P2 is subject to a negative
horizontal displacement (outwards) due to the cracking of the beam which leads to an
increase in length; If this increase in length is limited by the stiffness of the column,
the beam is compressed triggering a compressive arch behaviour.

• Stage AB: softening with decrease of the force applied as the vertical displacement of
point P1 increases; the horizontal displacement of point P2 begins to change towards
cancelling out at point B. In this phase the compression effort in the beam decreases
until it is zeroed.

• Stage BC: increase in force applied as the vertical displacement of point P1 increases;
the horizontal displacement of point P2 becomes positive (inwards) and consequently
the beam is stretched. In this phase the load is carried by the beam with a com-
bination of flexural effect and a catenary effect from the continuous reinforcement
present in the beam. The catenary effect becomes gradually larger as the vertical
displacement of point P1 increases.

In order for the catenary effect to be established, a continuous reinforcement must be
present between the columns on the sides of the one removed by the exceptional and/or
extreme event; otherwise the maximum load that can be supported by the structure will
be that corresponding only to the flexural behaviour (point A).

2.8.4 Design towards column removal
Using simplifying hypotheses, it is possible to estimate the bearing capacity of a framed
system in the case of accidental removal of a bearing column.

The maximum load for purely flexural behaviour (point A of Figure 2.6) can be calcu-
lated with the theory of plasticity and with the principle of virtual works with the following
formula:
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Figure 2.6: Imposed displacement-reaction behaviour with catenary effect

Figure 2.7: Imposed displacement-lateral displacement diagram with catenary effect

PMAX,FL = 2(M+
PL +M−

PL)
L

(2.4)

where M+
PL and M−

PL are the plastic moments of the beam at node for positive and
negative moment respectively.

By neglecting the reinforcement in the compressed region in favour of safety, the plastic
moments can be calculated in a simplified way as follows:

M+
PL = 0.9A+

S fy d (2.5)

M−
PL = 0.9A−

S fy d (2.6)

where A+
S and A−

S are the bar reinforcements of the beam at the connection with the
column, respectively for positive and negative moment, d is the useful height of the beam,
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fy is the design yield stress of the reinforcement obtained by applying the relevant safety
coefficients for accidental verification.

As regards the catenary behaviour (point B of Figure 2.6), the maximum bearable load
can be evaluated as:

PMAX,CAT = 2 δ
L
AS,cont ft (2.7)

where δ is the displacement capacity of the point where the column was removed,
AS,cont is the continuous reinforcement on beam length 2L and ft is ultimate stress of
the reinforcement obtained by applying the safety coefficients related to the accidental
verification.

For the evaluation of the rotation capacity and the consequent value of δ, reference
should be made to experimental values.

In order to establish the catenary behaviour, the designer must ensure that the resulting
tensile stress is compatible with the portion of the structure outside the damaged area.

Finally, the catenary behaviour will represent an effective increase in resistance com-
pared to the flexural behaviour, only in the case in which PMAX,CAT ≥ PMAX,FL.

2.9 Probabilistic robustness assessment
Evolution in construction techniques and the mutating social, economic and politic situa-
tion have led structural engineers to consider new exceptional actions in the design process;
actions that before where marginally taken into account, now need to be considered espe-
cially when dealing with structure of high social importance, for which an increasing safety
degree is required.

However, is not always possible in the design phase consider all the actions that can
intervene during the building life cycle, since it will be uneconomical and technically al-
most impossible. Moreover, dangerous events can have different impacts depending on the
related level of hazard, but also depending on the return period considered for each action
as well as the perception that people have of a specific potential risk.

Therefore, only refined comparation, between various potential actions can led the stake-
holders to make correct decisions depending on the resulting probability of collapse linked
to each of them.

For a correct assessment of disproportionate collapse risk, it may be necessary to con-
sider the presence of multiple harmful events and initial states of damage. In this case,
equation 2.2 can be generalized as illustrated in the following equation (valid for indepen-
dent events):

P [C] =
Ø
H

Ø
SL

P [C|SL] · P [SL|H] · λH (2.8)

where λH can substitute P [H] if occurrence probability is less that 10−2/year. Values
of λH are reported in Table 2.1.

If λH is lower than the de minimis risk threshold, the probability of damage or collapse
given that the event H has occurred, will contribute negligibly to the probability of collapse
P [C].

21



Structural Robustness

Event λH
Gas explosions 2 · 10−5 / apartment
Bomb explosions 2 · 10−6 / building
Vehicle impacts 6 · 10−4 / building
Fires 5 · 10−8 / building

Table 2.1: Occurrance probability for different exceptional actions

Equation 2.8 can also be extended to define the concept of expected loss, using dif-
ferent metrics for risk assessment: risk of death, probability of collapse and cost-benefit
assessment. The annual probability of loss can, in this sense, be calculated according to
the equation 2.9:

P [L] =
Ø
H

Ø
SL

Ø
C

Ø
L

P [L|C] · P [C|SL] · P [SL|H] · λH (2.9)

where L represents the appropriate metric to use and contemplates economic losses,
serious damage to things and people, loss of human lives and direct costs of the damage.

Conditioned probabilities presented in equation 2.9 can be obtained by a probabilistic
risk analysis (PRA), in which it is possible to model uncertainties, study their propagation
and the effects on the required performance of the system. In the case of structural systems,
this approach is called structural reliability analysis and failure (collapse in the case in
question), is considered achieved when demand S (i.e. the effects generated by the actions)
exceeds capacity R. The probability of failure is equal to:

pf =
Ú
FR(x) · fS(x) · dx (2.10)

where FR(x) CDF (cumulative distribution function) of R and fS(x) is the PDF (prob-
ability density function) of S.

The probability of disproportionate collapse can be defined in an equivalent manner
according to the equation 2.11:

pf = P [S ≥ R] or pf = Φ(−β) (2.11)

where β is the reliability index and Φ(·) is a normal standard distribution function.
If a performance-based design approach is adopted, an acceptable value of risk tolerance

has to be defined; in the case of a disproportioned collapse, which main consequence
is the loss of human life, decision-makers can assume that the performance objective of
safeguarding human life is achieved if the following relationship is verified 2.12:

P [C] < pth (2.12)

where pth in the risk threshold dined as de minimis which assumes values ranging from
10−5/year and 10−7/year.

Moreover, in the particular case in which the alternative load path method is used in
the design phase, the collapse probability becomes P [C|SL], which in turn has to respect
the following condition (2.13)
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P [C|SL] < pth
λH

(2.13)

Therefore, assuming λH equal to 10−6/year - 10−5/year, the performance target es-
tablished by condition 2.13 requires that the conditional probability of collapse be in the
order of 10−2/year - 10−1/year.

Consequently, the reference reliability index β0 for the limit collapse state of conditioned
by the occurrence of the damage will be in the order of 1.5, that is significantly lower than
that assumed for the ultimate limit state of new buildings for residential use in the case
of ordinary actions (i.e. β0 = 3.8, which corresponds to a reference probability for the
collapse of the order of 10−4).

The theory regarding structural reliability analysis until now only marginally treated,
will be deepened with more mathematical detailing in the next chapter.
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Chapter 3

Basic of reliability method

3.1 Introduction
Generally, in structural engineering, all the parameters involved, such as material proper-
ties and design actions, are totally random variables, represented by chosen characteristic
values, to facilitate the analysis in a deterministic or more commonly semi-probabilistic
approach. This means that each single material used in the construction process, as well
as the actions, can never be exactly predicted, therefore the behaviour of the building itself
during its life cycle cannot be forecasted with absolute certainty. The term reliability is
globally used to express the safety level of a structure, a reliable structure means that with
high probability it will not fail, but it must be specified that this has not to be considered
as an absolute true, since a certain degree of uncertainty will always be present also for
the most safe designed structure. People should accept that to build a structure that will
never collapse with an absolute certainty, is practically impossible; what engineers can do,
is to design following rules based on considerations of social, financial and political nature
that define acceptable risk threshold.

3.2 Limit states design, basic principles and uncer-
tainties

The basic principles of structural reliability are reported by the international codes as ISO
2394, EN 1990 and fib Model Code 2010.

Reliability and economy are the two main concepts on which structural design is based
according to these codes. It means that a structure should respect both conditions satisfy-
ing reliability limits and thus safety requirements but has also to be designed respecting the
principle of economic sustainability. The structural reliability can be defined as the abil-
ity of the structure to comply with given requirements under specific loading conditions
during its service life. Quantitatively, the term reliability may be considered as the com-
plement to one of the probability of structural failure. The service life is intended as the
interval for which the structure should accomplish its functionality. The main performance
requirements for structural design are represented by safety, serviceability, durability and
robustness [10].
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In order to satisfy the aforementioned requirements, limit states are defined. According
to [7] they are defined as “the condition beyond which the structure, or a part of it, does
no longer satisfy one of its performance requirements”. Different limit states exist:

• Ultimate limit states (ULS): that define the limit after which the structure or part of
it fails. In many sections the ultimate resistance properties of material are reached
and deformations a so high to not guarantee the safety of the structure anymore.
Reached this stage, several phenomena like instability, large deformations, cracks,
loss of equilibrium and others appear.

• Serviceability limit state (SLS): describe a state in which some requirements like func-
tionality visual aspect or comfort of the building are no more respected. A significant
example can be a high deflection of a slab with consequent practical problems in use
that space. The SLS can be reversible or irreversible.

These limit states should be addressed for different structures according to different
levels of reliability depending from the intended service life.

3.2.1 Uncertainties and their classification
The analysis aimed to define the reliability of a structure have to face with several uncer-
tainties of different nature:

• randomness: representing the natural and unavoidable variation of intrinsic material
characteristics or loads actions;

• model uncertainties: related to the mathematical model used, and to the different
choices made when a model is created;

• statistical uncertainties: consequences of the limited number of samples involved in
the statistic analysis;

• measurement errors: performed observing and measuring the data;

• human errors: linked to human actions in all the different stages of the design and
construction procedure.

All the different sources of uncertainty affect, at different levels, the reliability analysis
of a structural system.

Another distinction among the different types of uncertainties lead to the definition of
two macro-families, the aleatory uncertainties and the epistemic uncertainties.

3.2.2 Aleatory uncertainties and their evaluation
Aleatory uncertainties are that related to the intrinsic characteristic of the variable and
cannot be modified being strictly linked with the randomness of the variable itself. Material
properties are a perfect example of aleatory uncertainties, as well as geometrical parameters
and environmental actions. A lot of probabilistic models are present in literature, in
particular for construction material in EN 1990 and JCSS Probabilistic Model Code, 2010
interesting models can be exploited.
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Probabilistic model for concrete properties In general, according to JCSS Proba-
bilistic Model Code 2001, EN 1990 and fib Model Code 2010 the cylinder concrete compres-
sive strength random variable fc may be represented by a lognormal distribution having:

• expected value equal to the mean value fcm obtained by testing results or by codes
prescription (e.g. EN 1992-1-1, fib Model Code 2010 );

• coefficient of variation Vc equal to 0.15; this result shows to be very conservative,
in particular, in presence of growing magnitude of the concrete compressive strength
(JCSS Probabilistic Model Code 2001 ). However, it can be considered as a safe
assumption if experimental or inspection results are not available.

The other parameters as concrete tensile strength fct, Young modulus Ec, fracture
energy Gf , peak strain at concrete compressive strength and ultimate deformation may be
evaluated depending from cylinder concrete compressive strength according to expressions
reported by EN 1992-1-1 and fib Model Code 2010 or probabilistically modelled according
to JCSS Probabilistic Model Code, 2001.

Probabilistic model for reinforcement properties According to JCSS Probabilistic
Model Code 2001, EN 1990 and fib Model Code 2010 the probabilistic model for the yielding
strength of ordinary reinforcements may be defined adopting a lognormal distribution with
the following parameters:

• expected value equal to the mean value fym obtained by testing results or by codes
prescription (e.g. EN 1992-1-1 ; fib Model Code 2010 );

• coefficient of variation Vy equal to 0.05 in absence of test results (JCSS Probabilistic
Model Code 2001 ; fib Model Code 2010 ).

In particular, the elastic modulus Es can be modelled as a lognormal distribution having
mean value equal to 210000 MPa and coefficient of variation equal to 0.03.

Figure 3.1: Probabilistic modelling of concrete compressive strength (a) and reinforcement
yielding strength (b) (Gino, 2019)
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3.2.3 Epistemic uncertainties and their evaluation
Epistemic uncertainties concern the lack of information related to the structural model
that sometimes are substituted by theoretical assumptions to build up complex model like
that used for non-linear analysis. Problems can eventually occur, when wrong assumption
are made, generating complex but unrealistic models; in these cases, results better to
substitute them with a simpler but also more reliable model.

Detailed resistance model for example, can be affected by lack of information in terms
of considered parameters or unknown material behaviour under particular conditions that
can lead the designer to make simplified assumptions. A methodology useful to quantify
model uncertainties related to resistance models is proposed by JCSS Probabilistic Model
Code, 2001.

The following aspects have to be considered in order to quantify resistance model un-
certainty:

• the database of experimental observations should provide all the parameters for the
reproduction of the tests and the calculation of the resistance using the model under
consideration;

• the range of parameters that composes the set of experimental results defines the
limits of applicability of the analysis and, consequently, the limits of the resistance
model after model uncertainty incorporation;

• statistical inference for the observed sample of the model uncertainty needs to be
carried out in order to define the most likely probabilistic distribution and its param-
eters.

Defining ϑ as the model uncertainty random variable due to factors affecting test and
model results, according to JCSS Probabilistic Model Code, 2001, in general, the most
appropriate probabilistic distribution able to represents ϑ is the lognormal one.

3.2.4 General formulation of the structural reliability problem
In reliability analysis, the structural behaviour can be described by means of a set of N
basic random variables Xi:

Xi = (X1, X2, . . . , Xi, . . . , XN ) i = 1,2, . . . , N (3.1)

where the variable Xi may represent material properties, actions, geometrical properties
and model uncertainties.

As already rapidly described in the previous chapter, probability of failure Pf is an
appropriate way to measure structural reliability. Otherwise the reliability index β can be
adopted. Moreover, as just seen, a relation exists between the two reliability index, that
from (2.11) can be rewritten as follows:

β = −Φ(Pf )−1 (3.2)

Where, once again, the φ represents the cumulative standard normal distribution. The
reliability index β is used very often by international codes (ISO 2394 ; EN 1990 ; fib Model
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Code 2010 ) in order to quantify structural reliability. The bigger is the reliability index
β, the more reliable is the structure (i.e. lower Pf ). Moreover, this relation can also be
reported in a simple graph Figure 3.2.

Figure 3.2: Relationship between the probability of failure Pf and reliability index β (Gino,
2019).

Once that a measure of the structural reliability was defined, the limit states to which
refer the structural analysis must be outlined. Generally, the previously listed ULS, SLS
are represented by the limit state function Z, which takes the following form as a function
of main random variables Xi:

Z = g(Xi) = 0 (3.3)

The limit state function Z is defined, according to Figure 3.3, so that:I
Z ≥ 0→ safe region
Z < 0→ failure region

(3.4)

Figure 3.3: General representation of the limit state domain with 2 random variables X1
and X2 (Gino, 2019).
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Therefore, a positive or zero value of the function Z, define a safe region where collapse
doesn’t occur while a negative value of the limit state function defines a critical situation
for integrity of the structural system. Based to this definition, the probability of failure Pf
can be calculated as:

Pf = P [Z < 0] (3.5)

Furthermore, defining as fXi(xi) the N -dimensional probability density function of the
N basic variables Xi, the probability of failure Pf can be expressed in the following integral
form:

Pf =
Ú
Z<0

fXi(xi)dxi i = 1,2, . . . , N (3.6)

Conversely, the probability of survival (i.e. structural reliability) PS can be valuated as:

PS = 1− Pf (3.7)

The probability of failure Pf has to be estimated considering a specific reference period
tref that commonly, but not necessarily, corresponds to the design or residual service life.

3.3 Reliability methods and theory background
Structural reliability estimation can be conducted bot with refined or simplified approaches.
In general, the reliability methods can be classified in four different levels:

• level III method (probabilistic);

• level II method (probabilistic);

• level I method (semi-probabilistic);

• level 0 method (deterministic).

Proceeding from the level III toward level 0 the degree of difficulty and the computa-
tional efforts requested for the analysis decrease substantially.

3.3.1 Level III method

The choice to use a level III method, implies the resolution of the integral of equation (3.6;
unfortunately to solve this integral is possible only when variables involved are represented
by simply integrable functions. In the other cases, other strategies like the Monte Carlo
method must be used.
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Integral resolution example: two independent random variables and linear limit
state function In the simple case of two independent random variables, R (representing
resistances) and S (representing actions) with a linear limit state function expressed by
(3.8):

Z = g(R,E) = R− E (3.8)

the probability of failure Pf is defined as:

Pf =
Ú
Z<0

fR,E(r, e)drde =
Ú
Z<0

fR(r)fE(e)drde (3.9)

The analytical solution may be found easily if both the random variable R and E are
normally or lognormally distributed.

In fact, if R and E are normally distributed with mean values µR,µE and variance σ2
R,

σ2
E , respectively, the variable Z of (3.8) is normally distributed too and it has a mean value
µZ = µR − µE and variance σ2

Z = σ2
R + σ2

E .
Then, the probability of failure Pf can be expressed according to:

Pf = P [Z < 0] = φ[−µZ
σZ

] = φ[−β] (3.10)

where φ is the cumulative standard normal distribution and β is the reliability index.
In case R and E are lognormally distributed the solution is similar, having care to take
into account that the variables RÍ = ln(R) and EÍ = ln(E) are normally distributed.

The Monte Carlo’s method and sampling techniques When integral solution can-
not be found easily Monte Carlo method results to be a valid alternative to define the
failure probability Pf . This probability can be written as:

Pf =
Ú
g(Xi)<0

fXi(xi)dxi =
Ú +∞

−∞
I[g(Xi)]fXi(xi)dxi i = 1,2, . . . , N (3.11)

Where I[g(Xi)] is the indicator function and is defined as:

I[g(Xi)] =
I

0 if g(Xi) ≥ 0
1 if g(Xi) < 0

i = 1,2, . . . , N (3.12)

Through Monte Carlo method, a large number of samples of the random variable Xi

are generated together with the definition of the limit state function; then is possible to
check if each realization belongs to the safe region, to the unsafe one or to the limit state
boundary. The sum of the realizations belonging to the unsafe region divided for the
number of samples gives the failure probability. More specifically:

Pf ≈ P n
f = 1

n

nØ
j=1

I[g(Xi)] i = 1,2, . . . , N j = 1,2, . . . , n (3.13)

where n is the total number of simulations.
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The number of samples to be used for the simulations, is proportional to the inverse
of the target probability of failure to be estimated. Consequently, the number of simula-
tions required for the reliability analysis is extremely high (commonly around 105 − 106

simulations). A method developed to reduce the computational effort for a Monte Carlo
simulation is the Latin hypercube simulation (LHS).

Latin hypercube simulation The Latin hypercube simulation (LHS) [11] allows the
user to reduce computational time in performing structural analysis, using this method each
variable is sampled by its probabilistic distribution and, successively, randomly combined
with the others. The sampling algorithm ensures that each distribution function is sampled
uniformly between the interval of probabilities (0,1). The Figure 3.4 reports the difference
between theoretical cumulative distribution for the generic variable Xi and the stratified
sampling of a lognormal distribution.

Figure 3.4: Stratified sampling according to LHS: example of LHS sampling from basic
variable (Gino, 2019)

The sampling from the probabilistic distribution of basic variables Xi can be performed
according to the following steps:

• for each variable Xi the probability interval (0,1) is subdivided in n non-overlapping
equiprobable sub-intervals (hinf, hsup);

• in each one of the n sub-intervals, one value between (hinf, hsup) is sampled randomly
from a uniform distribution and the corresponding value of the basic variable Xi is
evaluated;

• a random permutation between the n values sampled for each variableXi is performed
in order to randomly combine the outcomes. In this way, the n input sets of basic
variables to perform the simulations is defined.

The LHS method can be very efficient in case reliability analysis is performed by means
of non-linear finite element method; thus, can be adopted efficiently in order to characterize
probabilistic distribution of structural resistance by means of a reduced number of samples.
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3.3.2 Level II method
Structural reliability analysis using level II method are conducted by using moments of
basic variables. In particular, two different methods exist, they are the “First Order Second
Moment - FOSM” and “First Order Reliability Methods - FORM” depending on which
moment is involved in the analysis.

Within Level II methods, the measure of structural reliability is performed by means
the reliability index β that, according to [12] can be defined as:

β = µZ
σZ

(3.14)

Then, considering in this case a linearized limit state function Z = g(Xi), the reliability
index β is defined as the distance between the mean value µZ from the failure condition
(i.e. Z = 0) expressed in number of standard deviation of the limit state function σZ
Figure 3.5.

Figure 3.5: Definition of reliability index β according to (Cornell, 1969).

According to [13] a more geometrical definition of β can be given: reliability index β is
defined as the closest distance between the mean value of the joint probabilistic distribution
of basic variables in the standard normal space and the multidimensional limit state surface.
The explanation is reported in Figure 3.6 in the case of two random variable R and E with
linear limit state function.

Where the structural critical condition is defined by the particular limit condition of
Z = R− E = 0.

However, a more valid alternative presented by [14] for the II level method, is based on
the definition of a new limit state function linearized in the so called design point which
is that one having the highest probability density. In other words, is the point having
coordinates (Rd, Ed) closest to the mean point of coordinates (µR,µE). The coordinates
of the design point may be written in function of the reliability index β as:

RD = µR − αRβσR (3.15)

ED = µE − αEβσE (3.16)
where αR and αE denotes the First Order Reliability Method - FORM - sensitivity

factors of the random variables R and E, evaluated as the direction cosines of the design
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Figure 3.6: Definition of design point and reliability index (Hasofer and Lindt, 1974).

point. According to [8] and [7] suggested values of the sensitivity factors can be adopted;
specifically, the value of αR is set equal to 0.8 and the value of αS is set equal to −0.7.
The mentioned above values for αR and αS are defined for dominant random variables. In
case of accompanying or non-dominant random variables, the value of FORM sensitivity
factors ca be pre-multiplied for 0.4.

3.3.3 Level I method
The level I method is based on a semi-probabilistic approach. Therefore, although prob-
abilistic distributions of both resistances and actions are considered, characteristic values
are practically used in the design. These values are taken considering specific percentiles
of the aforementioned distributions. In general, the characteristic value is considered as be
the 5% quantile of the probabilistic distribution of the resistances, the 50% quantile of the
probabilistic distribution of permanent actions and the 95-98% quantile in case of variable
actions. Partial safety factors for materials γm and for actions γf are hence introduced
and applied to the characteristic values, in order to obtain the design values.

γm = Rk
Rd

(3.17)

γf = Ed
Ek

(3.18)

According to [8] one has to verify whether the design resistance Rd is at least equal to
the design value of the load effect E : d:

Rd ≥ Ed (3.19)
with Ed and Rd defined as follows:

Ed = E(Fd1, Fd2, . . . , ad1, ad2, . . . , ϑd1, ϑd2) (3.20)
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Rd = R(Xd1, Xd2, . . . , ad1, ad2, . . . , ϑd1, ϑd2) (3.21)
Where F represents an external actions; X represents a material properties; a is a

geometrical property; ϑ is the model uncertainty.

3.3.4 Level 0 method
The level 0 method is a purely deterministic approach that doesn’t consider any type of
random variability. Therefore, nominal values of both actions and resistances are used,
and only a global safety factor is applied. The verification in this case has to respect the
following condition:

Rnom ≥ γ · Enom (3.22)
Obviously, reliability analysis based on probabilistic states, cannot be conducted in this

case; moreover, the risk to underestimate the safety of a structure become consistent using
this obsolete approach

3.3.5 Target reliability and reliability differentiation for new and
existing structures

The target reliability is defined considering the consequences due to an eventual structural
failure which can cause loss of human and economic resources. An important role is
also played by the costs that the safety measures require to reduce collapse probability.
Moreover, the reliability index definition, and the acceptable failure probability depend
on the considered limit state. Finally, a differentiation has to be made between new and
existing structure, for which different consideration must be taken into account. Indeed,
increase the level of reliability of an existing structure often costs much more than design
a new one.

In an extremely simplified model, the total costs Ctot of a structure during its working
life can be expressed as:

Ctot = Ci + PfD (3.23)
Where Ci are the initial costs for build the new structure or for up-grade the existing

one and PfD is the expected failure costs related to the working life. The optimum target
reliability index can be identified as the one that meet the principle of minimizing the total
cost Ctot without be lower to the minimum requirements for human safety.

In Table 3.1 the target reliability indexes for new and existing structures proposed by
fib Model Code 2010 are reported. It must be specified that these values are related to
structures for which failure is preceded by a certain level of warning.

3.4 Safety formats for design and assessment of rein-
forced concrete structures

The safety format can be identified as a series of rules and methods defined to perform
design or assessment of new and existing structures according to pre-determined reliability
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Limit states Target reliability index β Reference period
New Structures

(fib Model Code 2010)
Serviceability (SLE)
reversible 0.0 service life
irreversible 1.5 50 years
irreversible 3.0 1 year
Ultimate (SLU)
low consequences of failure 3.1 50 years

4.1 1 year
medium consequences of failure 3.8 50 years

4.7 1 year
high consequences of failure 4.3 50 years

5.1 1 year
Existing structures

(fib Model Code 2010)
Serviceability (SLE) 1.5 residual service life
Ultimate (SLU) 3.1-3.8* 50 years

3.4-4.1* 15 years
4.1-4.7* 1 year

*depending from costs for safety measures and upgrading of the structure;
more detailed information can be derived from fib Bulletin 80.

Table 3.1: Suggested range of target reliability from fib Model Code 2010 for new and
existing structures (Gino, 2019)

target. In this Section the basic principles reported by [7], [8] and [15] are described.

3.4.1 The levels of approximation approach
Structural models are only simplifications of reality; therefore, they are affected by dif-
ferent level of approximation depending on the accuracy one wants to reach. A “level of
approximation” (LoA) is a design or assessment methodology where the accuracy on the
estimate of the response of a structural member or system can be refined by improving the
knowledge about the involved physical parameters and the complexity of the mathematical
model [10].

Designers can choose different LoA depending on the model complexity and on the
level of detail they want to obtain from the analysis results. Four different LoA exist, a
schematic representation is reported in Figure 3.7.

From level I to level IV the level of detail increases, but on the other hand, the com-
putational efforts and the time spent for the whole evaluation process increase as well.

More in detail, according to fib Model Code 2010, for levels II and III a probabilistic
approach implying the determination of the limit states and the failure probability is
suggested. While for level I the partial safety factor approach is the most suitable. The
latter in particular, involves the use of the coefficients commonly used for the classic design
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Figure 3.7: Levels of approximation approach as defined by Muttoni and Ruiz, 2012 and
fib Model Code 2010.

of new RC building. For the existing structure, fib Bulletin 80 suggest two assessment
methodologies: the “Design Value Method” and the “Adjusted Partial Factor Method”.

3.4.2 Global resistance format
The global resistance format (GRF) in mainly used when global structural analysis, often
non-linear, are performed. Indeed, this method allows the designer to define a design global
resistance Rd which takes into account mechanisms of global resistance derived from the
secondary order effects on the building, that in a simpler linear elastic analysis are not
taken into account. This procedure allows to pass from a local analysis, conducted on the
cross sections of the structural elements, to a higher level of detail analysis, that allow the
engineer to better understand the behaviour of the whole structural system under critical
and exceptional situations like the progressive damaging and eventually the consequent
collapse.

Definition of the design global resistance According to the GRF, the representative
variable for the global resistance is the structural resistance R. The following representative
values of resistance can be derived:

• Rm, mean value of global structural resistance;

• Rk, 5% characteristic value of the global structural resistance;

• Rd, design value of the global structural resistance according to specified target reli-
ability index β.

The safety condition is represented by the following equations:

Fd ≤ Rd , Rd = Rm
γR · γRd

(3.24)

where Fd is the design external action defined according to the partial factor format;
γR is denoted as the global resistance safety factor, which account for material aleatory
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Figure 3.8: Comparison between local structural analysis and global structural analysis

uncertainties; γRd represents the resistance model uncertainty safety factor, which account
for the resistance model uncertainty.
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Chapter 4

R.C. multistorey plane frane
design in a seismic zone

4.1 General description
Robustness and structural probabilistic analysis were conducted on a R.C. multistorey 2D
plane frame which is a section of an R.C. building designed in seismic zone. The building
is a residential house situated in L’Aquila at 714 m a.s.l. in a seismic zone of category 2.

Followings codes were taken into account for the design procedure:

• - D.M. January 17 2018: Aggiornamento delle “Norme tecniche per le costruzioni”
[4];

• explanatory circular January 21 2019: Istruzioni per l’applicazione dell’Aggiornamento
delle “Norme tecniche per le costruzioni” di cui al decreto ministeriale 17 gennaio 2018
[16];

• EN1992 Eurocode 2: “Design of concrete structures” [17];

• UNI EN 206-1: Concrete: Specification, performance, production and conformity
[18].

The design concerns the construction of a new structure; the nominal life is intended as
the number of years in which the structure, provided it is subject to routine maintenance,
must be able to be used for the purpose for which it is intended. In table 2.4.I of [4] here
reported as Table 4.1, the standard defines three types of constructions.

In this specific case is assumed a building of category 2, ordinary construction, with
a design nominal life of 50 years. The service class of the building is class II, defined in
2.4.2 of [4]: buildings whose use provides for normal crowding, without dangerous contents
for the environment and without essential public and social functions. For this class the
utilization coefficient CU is equal to 1 according to table 2.4.I of [4] here reported as Table
4.2.

Therefore, the reference period VR defined in 2.4.3 of [4] is:

VR = CUVN = 50 years (4.1)
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Tipi di costruzioni Valori minimi di VN (anni)
Costruzioni temporanee e provvisorie 10
Costruzioni con livelli di prestazioni ordinari 50
Costruzioni con livelli di prestazioni elevati 100

Table 4.1: Minimum values of the design nominal life VN for the different types of con-
struction [4]

Classe d’uso I II III IV
Coefficiente CU 0,7 1 1,5 2,0

Table 4.2: Values of utilization coefficient CU [4]

In Table 4.3 are reported the concrete properties. The exposure class is XC2, so the
minimum concrete cover is 25 mm and, considering a laying tolerance of 10 mm, a concrete
cover of 35 mm was chosen. Hot rolled steel in bars with improved adherence is used for
the reinforcement; its characteristics are described in Table 4.4.

The building consists of four floors above ground that have an inter-storey height of
3m, it has 4 spans in plan in both directions, as shown in Figure 4.1, and since it respects
the requirements of geometric regularity it was possible to carry out the design of a single
intermediate plane frame, shown in Figure 4.2.

The ductility class "A" was chosen for the design; finite element modeling and stress
calculation were performed with SAP2000 software.

4.2 Actions
In 2.5 of [4], an action is defined as any cause or set of causes capable of inducing limit
states in a structure. The loads can be classified according to their intensity variation over
time as:

• permanent loads G: acting for the entire life-cycle of the structure and over time they
can be considered constant;

• variable loads Q: that can be of long or short duration;

• accidental loads A: due to exceptional events;

• seismic actions E : due to earthquakes.

In order to proceed with the verifications according to limit states, combination of
actions have to be defined:

• SLU combination, fundamental combination of actions for persistent or transient
design situations:

γG1G1 + γG2G2 + γQ1Qk1 +
nØ
i=2

γQiΨ0iQki (4.2)
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Resistance class C25/30
Cubic characteristic resistance 30 N/mm2

Partial factor for concrete γc 1.50
Partial factor for permanent actions αcc 0.85
Design value of concrete compressive strength fcd 14.17 N/mm2

Mean value of axial tensile strength of concrete fctm 2.56 N/mm2

Characteristic axial tensile strength of concrete fctk 1.8 N/mm2

Design axial tensile strength of concrete fctd 1.20 N/mm2

Ultimate compressive strain in the concrete εcu 3.50❤
Specific weight 25 kN/m3

Secant modulus of elasticity of concrete 31476 N/mm2

Poisson coefficient ν 0.20

Table 4.3: Concrete properties

Steel class B450C
Characteristic tensile strength of reinforcement ftk 540 N/mm2

Characteristic yield strength of reinforcement fyk 450 N/mm2

Partial factor for reinforcing γs 1.15
Design yield strength of reinforcement fyd 391 N/mm2

Characteristic strain at maximum load εuk 75❤
Design yielding strain of reinforcement εsyd 1.96❤
Ultimate compressive strain εud 0.9 · εuk = 63❤
Design value of modulus of elasticity 200000 N/mm2

Poisson coefficient ν 0.30

Table 4.4: Reinforcement properties

• irreversible SLS combination, characteristic rare combination:

G1 +G2 +Qk1 +
nØ
i=2

Ψ0iQki (4.3)

• reversible SLS combination, frequent combination:

G1 +G2 + Ψ11Qk1 +
nØ
i=2

Ψ2iQki (4.4)

• SLS combination, quasi-permanent combination for long term effects:

G1 +G2 + Ψ21Qk1 +
nØ
i=2

Ψ2iQki (4.5)

• seismic SLU combination, for limit states related to seismic actions E:

E +G1 +G2 + Ψ21Qk1 +
nØ
i=2

Ψ2iQki (4.6)
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Figure 4.1: Generic floor plane drawing

Figure 4.2: Plane frame section

• accidental SLU combination, for limit states related to accidental actions A:

A+G1 +G2 + Ψ21Qk1 +
nØ
i=2

Ψ2iQki (4.7)

where:

• γG1 is the partial safety factor for permanent live loads;

• γG2 is the partial safety factor for permanent dead loads;

• γQ is the partial safety factor for variable loads;

• Ψ0i are the combination factors given by 2.5.I of [4], reported in Table 4.5.
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Categoria/Azione variabile Ψ0j Ψ1j Ψ2j

Categoria A - Ambienti ad uso residenziale 0.7 0.5 0.3
Categoria B - Uffici 0.7 0.5 0.3
Categoria C - Ambienti suscettibili di affollamento 0.7 0.7 0.6
Categoria D - Ambienti ad uso commerciale 0.7 0.7 0.6
Categoria E - Aree per immagazzinamento,

1.0 0.9 0.8uso commerciale e uso industriale
Biblioteche, archivi, magazzini e ambienti ad uso industriale
Categoria F - Rimesse, parcheggi ed aree per il traffico di veicoli 0.7 0.7 0.6(per autoveicoli di peso ≤ 30 kN
Categoria G - Rimesse, parcheggi ed aree per il traffico di veicoli 0.7 0.5 0.3(per autoveicoli di peso > 30 kN
Categoria H - Coperture accessibili per sola manutenzione 0.0 0.0 0.0
Categoria I - Coperture praticabili da valutarsi
Categoria K - Coperture per usi speciali (impianti, eliporti, \dots) caso per caso
Vento 0.6 0.2 0.0
Neve (a quota ≤ 1000 m s.l.m.) 0.5 0.2 0.0
Neve (a quota > 1000 m s.l.m.) 0.7 0.5 0.2
Variazioni termiche 0.6 0.5 0.0

Table 4.5: Combination factors Ψ0i

4.2.1 Permanent actions
The permanent structural actions (G1) are constituted by the own weights of columns
and beams, which are taken into account by the calculation software which receives the
dimensions and specific weight as input, and the own weight of slab made of R.C. joists
and hollow blocks, whose geometry is illustrated in Figure 4.3.

Figure 4.3: Slab scheme

The analysis of the total weight of the composite slab is reported in Table 4.6 with the
details of each component.

The permanent non-structural actions (G2) are given by the non-structural part of the
slab and by the internal masonry. The part of the permanent non-structural load of the
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Component Width [m] Thickness [m] Unitary weight [kN/m3] Load [kN/m2]
slab 1.00 0.05 25.0 1.25
joists 2 · 0.10 0.18 25.0 0.90
hollow blocks 2 · 0.40 0.18 7.3 1.05

3.20

Table 4.6: Permanent load of slab

slab is given by the weight of the screed, the paving and the plaster; results are shown in
Table 4.7.

Component Width [m] Thickness [m] Unitary weight [kN/m3] Load [kN/m2]
screed 1,00 0.05 16.0 0.80
paving 2 · 0.10 0.18 25.0 0.90
plaster 2 · 0.40 0.18 7.30 1.05

3.20

Table 4.7: Permanent non-structural loads of slab

For the calculation of the weight of the internal walls, the scheme is illustrated in Figure
4.4.

And therefore, the resulting loads are reported in Table 4.8.
Considering a height of the walls of 2.70 m, the load per unit of length of the masonry

will be equal to:

G2 = 2.70 · 0.88 = 2.38 kN/m (4.8)

that must be compared with the class defined by [4] at 3.1.3 considering that the found
linear load, can be taken into account as an equivalent uniformly distributed load g2 applied
on the entire slab. In this case, the value of G2 equal to 2.38 kN/m lead to a value of g2
equal to 1.2 kN/m2. The distributed loads applied on the slabs is appropriately multiplied
by the depth of 5 meters of the influence area and modeled as linear loads acting on the
beams.

4.2.2 Variable actions
The variable loads due to use, according to table 3.1.II of [4], is equal to 2.0 kN/m2 for the
intermediate floors and 0.5 kN/m2 for the roof.

The wind action is calculated following the indications of 3.3 of [4]:

p = qb · ce · cp · cd (4.9)

where:

• qb is kinetic wind pressure;
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Figure 4.4: Layers scheme of the internal masonry: a) hollow bocks, b) screed

Component Thickness [m] Unitary weight [kN/m3] Load [kN/m2]
hollow blocks 0.08 6.0 0.48
screed 0.1 20.0 0.40

0.88

Table 4.8: Permanent non-structural loads of internal walls

• ce is the exposure factor;

• cp is the shape coefficient (or aerodynamic);

• cd is the dynamic factor.

The reference kinetic pressure qr is determined with the formula 4.10:

qr = 1
2ρv

2
r (4.10)

Where ρ = 1.25 kg/m3 is the air density (assumed constant for simplicity), while the
reference wind speed in L’Aquila is 31.3 m/s, thus qr is equal to 611.3 N/mm2.

The exposure coefficient ce depends on the elevation z of the considered point, on the
soil topography and on the exposition category of the site in which the building has to be
built.

ce(z) = k2
rct ln( z

z0
)[7 + ct ln( z

z0
)] if z ≥ zmin (4.11)

ce(z)ce(zmin) if z < zmin (4.12)

Moreover, by identifying a roughness class A, a site exposure category V is obtained,
for which we have kr = 0.23, z0 = 0.7 m and zmin = 12.0 m, moreover, ct assumes a value
equal to 1, therefore the following values of ce must be used at the different levels of the
structure.

The pressure coefficient cp is equal to 0.80 for the upwind facade and −0.40 for the
downwind facade, while the dynamic coefficient cd is equal to 1, so ultimately, taking into
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z [m] ce [-]
0 1.48
3 1.48
6 1.48
9 1.48
12 1.48
15 1.63

Table 4.9: Values of ce depending on elevation

account the depth of 5 meters, the wind pressure, inserted as a linear load in the plane
model, turns out to be that defined in Table 4.10:

z [m] pup [kN/m] pdown [kN/m]
0 3.60 -1.80
3 3.60 -1.80
6 3.60 -1.80
9 3.60 -1.80
12 3.60 -1.80
15 4.00 -2.00

Table 4.10: Values of linear loads due to wind pressure

Snow load is applied in all that surfaces where the snow has the possibility to accu-
mulate (roofing, balcony, terrace). It depends on many factors such as the shape and
the characteristics of the surface (roughness, inclination, heat capacity) and local weather
(wind, precipitation).

Snow load is computed according to 3.4 of [4] through this expression:

qs = µi · qsk · ce · ct (4.13)

where:

• qsk is the characteristic ground snow load;

• µi shape coefficient;

• ce is the exposure coefficient;

• ct is the thermal coefficient.

In this case, given an altitude of 714 m a.s.l. qsk = 2.72 kN/m2, µi is 0.8 and the two
coefficients ce and ct are unitary, hence qs is 2.17 kN/m2.
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4.2.3 Seismic actions
The seismic action was determined by following the indications of 3.2 [4]; it is a function
of the following parameters:

Se(T ) = f(ag, F0, T
∗
c ) (4.14)

where:

• ag is the peak ground acceleration;

• F0i is the maximum amplification factor of the site;

• T ∗
c is the starting point of the constant velocity part of the spectrum.

These parameters are computed according to the reference period VR of the structure
defined by 4.1 and equal to 50 years.

For the realization of the response spectra, the Excel spreadsheet made available by
the Italian Ministry of Infrastructure and Transport was used. By inserting within the
program, the geographical coordinates of the area being studied in phase 1, the nominal
life (50 years) and the use coefficient (Cu = 1) in phase 2, the soil category (B) and the
topographic one (T3) in phase 3, it is possible to obtain the elastic response spectrum.

A conventional damping ξ = 5%, was chosen to define the structure spectrum, being
the structure made of reinforced concrete.

For the inelastic design response spectrum, it is necessary to define a further parameter,
the structure factor q. Considering the structural typology, the ductility class, the regu-
larity in elevation and the number of floors, the structure factor is determined according
to the following formulation, indicated in 7.3.1 of [4]:

q = q0KR (4.15)

The parameter KR, which is a reductive factor that depends on the regularity charac-
teristics of building with elevation, is taken equal to 1 since the structure is regular.

q0 is the basic value of the structure factor which depends on the expected ductility
level, on the structural typology and on the ratio αu/α1. By choosing a high ductility class
"A", the value of q0 is obtained from the following relationship:

q0 = 3αu
α1

= 4.5 · 1.3 = 5.85 (4.16)

Where the ratio αu/α1 was obtained considering the structure to belong to the category
of multistory frame structure with more than one span, 7.5.2.2 of [4].

Therefore, q became:

q = q0KR = 5.85 · 1 = 5.85 (4.17)

On Figure 4.5 and Figure 4.6 are reported the LLS response spectra for ULS verification
and the DLS response spectrum for the SLS assessment of the displacement at floors.

From these spectra, the values of accelerations at TB, TC and TD can be detected.
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Figure 4.5: LLS life-saving limit state elastic and anelastic response spectra

Figure 4.6: DLS damage limit state response spectrum

4.3 Finite element modeling
The modeling was carried out using a flat frame using the SAP2000 finite element software;
it was chosen to study a frame with square section columns, with sides of 0.6 m, and
rectangular beams 0.5 m high and 0.4 m wide; beams and columns are modeled with beam
elements linked through interconnection nodes and have the same dimensions for all floors.

Moreover, it was decided to use perfect fixed constraints at the base of the columns,
neglecting the soil-structure interaction.

Figure 4.7 shows the finite element model with the names of the different structural
elements.

4.4 Model analysis
Considering the geometrical regularity of the structure, it was decided to proceed with a
linear analysis for the assessment of the solicitations determined by an eventual earthquake.

48



4.5 – Design assessment

Figure 4.7: DLS damage limit state response spectrum

A modal analysis was hence performed, it represents a conventional procedure for assessing
the effects of seismic action and is carried out to determine the vibration modes of the
structure considered in the elastic field.

According to [4] it is necessary to take into account all the eigenmodes that contribute
significantly to the overall response of the structure. More in detail the code imposes that
the sum of the effective modal masses of the considered modes, must represent at least 85%
of the total mass of the structure, moreover, that is necessary to consider all the vibration
modes characterized by an effective modal mass greater than 5% of the total mass. The
seismic mass of the structure that has been taken into account in the calculation of the
vibration modes is given by 4.5.

As a result of the performed modal analysis, it is observed that the aforementioned
conditions are respected by considering the first 2 eigenmodes; however, considering the
model simplicity and the low computational effort required, the first 12 vibration modes
were considered in the calculation of the stresses related to seismic actions.

4.5 Design assessment
The stresses analysis was conducted using SAP2000 software, through a linear static anal-
ysis for the load combinations of SLU and SLE and through a modal analysis for seismic
combinations.

The verifications were carried out according to the resistance hierarchy criterion: it
aims to make the formation of global collapse mechanisms highly unlikely, favouring first
the formation of ductile local mechanisms.

The beams are ductile elements, which must first be plasticized in bending to dissipate
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energy in the event of an earthquake; therefore, the bending reinforcement of the beams
is defined on the basis of the computed stresses. Everything else, i.e. shear reinforcement
in beams, bending and shear reinforcement of the columns, is defined starting from the
bending reinforcement of the beams.

The procedures used to verify the structural elements at the ultimate and serviceability
limit states are illustrated below.

4.5.1 Beams: bending ULS
To determine the amount of longitudinal reinforcement required for the beam, it is neces-
sary to refer to the envelope values of the calculation moment acting on the beams obtained
using SAP2000 software. The Table 4.11 resumes the geometrical characteristics of beams
elements.

Element B [mm] H [mm] c [mm] d [mm] dÍ [mm]
Beams 400 500 35 52 448

Table 4.11: Beam geometrical properties

The value of MEd acting on the beam, must be compared with MRd,lim obtained as:

MRd,lim[kN m] = 0.2961B d2 fcd = 336.8 kN m (4.18)

Although the obtained value results to be always greater than the acting one, and thus
should lead to not consider compressive bending reinforcement in the design, a minimum
amount of rebars will always be considered according to [4].

Knowing the material properties and the values of β1 and β2 (filling coefficients) equal
to 0.8095 e 0.4160, it is possible to determine the design value of xu through the binomial
expression which terms are the following:

a = β1 β2 B fcd (4.19)

b = β1 B fcd d (4.20)

c = MEd (4.21)

And thus, the reinforcement on the tensile zone can be computed by using the expression
4.22:

As,min [mm2] = β1 B fcd xu
fyd

(4.22)

Depending on the minimum reinforcement value required, the number of rebars is chosen
using the diameters available on the market.

Moreover for the rebars design, the following suggestions given at 7.4.6.2.1 of [4] have
to be considered:
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• at least two bars with a diameter of not less than 14mm must be present at the top
and bottom for the entire length of the beam;

• at each edge of the beam there must be a compression reinforcement in correspondence
with the critical sections not less than half of the tension one (ρÍ

s ≥ 0.5ρs), while in
the other sections ρÍ

s ≥ 0.25ρs, where:

ρs = AS
BH

ρÍ
s = AÍ

S

BH
(4.23)

• - in each section of the beam, the geometric percentage of longitudinal tension rein-
forcement at the upper edge and at lower edge must be within the following limits:

1.4
fyk
≤ ρ ≤ ρÍ = 3.5

fyk
(4.24)

Once that the amount of reinforcement is defined, the assessment can be carried out;
the value of xu has firstly to be determined:

xu = fyk(AS − AÍ
S)

β1 B fcd
(4.25)

In order for the initial hypothesis of yielding of the reinforcement to be verified (Field
3 with εcd = 0.35% and εs > 0.196%) it may be necessary to use a linear interpolation, for
which a value of xu is obtained such that the system is in equilibrium and the condition
(4.26) is verified:

C + SÍ − S = 0 (4.26)
where:

C = β1 B fcd xu S = fydAS SÍ = εÍ
sEsAS (4.27)

Once xu is obtained, the following verifications have to be made:

• Ductility: xu < 0.45d

• Resisting moment: MEd < MRd with:

MRd = β1 B fcd xu(d− β2xu) + fydA
Í
S(d− dÍ) (4.28)

For the arrangement of the longitudinal reinforcement of the beams, it was chosen
for simplicity to use only bars with a diameter of 18 mm. The checks on the ULS for
bending and the construction details made a reinforcement disposition, with the following
characteristics:

• 3 continuous rebars in the lower strip for all the beams and for the entire length of
the same, suitable for supporting the positive moments in the span;

• 2 rebars in the upper strip for all the beams, which when crossed, form on the supports
a reinforcement area equal to that of 4 rebars;

• from 1 to 3 additional rebars in the upper strip at the supports, to obtain a reinforce-
ment area necessary to cover the peaks of negative moment.
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4.5.2 Beams: shear ULS
For the design of the main beams [4] require to ensure a certain amount of shear reinforce-
ment.

The stirrups are arranged with a variable spacing sw along the beam in order to meet the
relevant regulatory requirements in terms of strength and minimum quantity of transverse
reinforcement. Following the criterion from the hierarchy of the resistances, the design
shear is determined starting from the resistant moments at the ends of the beams at the
time of the formation of the plastic hinges, also taking into account the contribution due
to the gravitational loads, as follows:

VEd = γRd
MRb,1 +MRb,2

lc
+ 1

2(G+ ψ2Q)lc (4.29)

where

• lc is the simply supported beam length;

• MRb,1 is the resisting bending moment at the first edge;

• MRb,2 is the resisting bending moment at the second edge;

• γRd is the amplification factor equal to 1.2 for A ductility class, and 1.0 for the B
class;

• G+ ψ2Q is the gravitational load related to the seismic design.

Knowing the acting shear, it is possible to proceed with the shear reinforcement design
according to 4.1.2.3.5.2 of [4].

The calculation model is based on the Ritter-Morsch truss, an ideal isostatic grid that
is formed due to the combined effect of bending and shear, consisting of an upper strip
of compressed concrete, a lower strip tensioned represented by the longitudinal reinforce-
ment, concrete struts inclined of θ with respect to the longitudinal direction and ties with
inclination α with respect to the longitudinal direction represented by stirrups, in this case
vertical, therefore β = 90◦. Limitations have to respected for θ:

1 ≤ cot θ ≤ 2.5 cot θ = 1if classA (4.30)

Assuming this behaviour, with reference to core concrete, the design resistance to "com-
pression shear" is calculated with:

VRcd = 0.9 d v bw αc fcd
cotα + cot θ

1 + cot2 θ
(4.31)

With reference to the transversal reinforcement, the design resistance to "traction shear"
is calculated with:

VRSd = 0.9 dAsw
s

fyd(cotα + cot θ) sinα (4.32)

where
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• d is the effective beam height;

• bw is the cross-section width;

• αc equal to 1 in this case, considers the tension in the compression zone;

• v fcd is the reduced compressive strenght of core concrete with v = 0.5;

• Asw is the transversal reinforcement area;

• s is the transversal spacing.

The shear assessment for ULS are the following:

• V Í
Ed < VRcd with V Í

Ed equal to the shear at the exact edge of the beam;

• V ÍÍ
Ed < VRcd with V ÍÍ

Ed equal to the shear at distance d from the column.

Moreover, for ductility requirements, VRSd has to be lower than VRcd.
For the definition of the construction details, the dissipative zone is distinguished from

the non-dissipative one. The dissipative zone, with a length equal to 1.5 and 1.0 times the
height of the beam, respectively for class "A" and "B", is the area at the end of the beam,
where the formation of plastic hinges is expected.

Limitation are illustrated in 4.1.6.1.1 e 7.4.6.2.1 of [4]:

• In the dissipative zone, the stirrups must be arranged with a spacing no greater than
the smaller of the following sizes:

– a quarter of the effective height of the cross-section;
– 175 mm and 225 mm respectively for class A and B;
– 6 times and 8 times the minimum diameter of the longitudinal rebars considered

for the assessment, respectively for class A and B;
– 24 times the diameter of the transversal rebars.

• In the non-dissipative zone, which is that in between the two dissipative zones, the
stirrups must be arranged following the limitations below:

– Total section not lower than Ast = 1.5bmm2/m with b core thickness in mm;
– 3 stirrups each meter;
– Spacing not higher than 0.8 times the effective section height.

In order to comply with the aforementioned checks and limitations, it was chosen to use
a transversal reinforcement arrangement that is the same for all the beams of the frame,
which includes two-arm stirrups φ8, with a spacing equal to 7.5 cm in dissipative zones and
15 cm in the non-dissipative ones.
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4.5.3 Beams: SLS
Limitations on tensions [17] prescribes that the maximum stresses in concrete and
steel are lower than the following limit values:

• σc < 0.6fck for rare-characteristic combination;

• σc < 0.45fck for quasi-permanent combination;

• σc < 0.45fyk for rare-characteristic combination.

Where tensions are computed with Navier expressions:

σc = M

Iom,x
y (4.33)

σs = n
M

Iom,x
y (4.34)

having found the position of the neutral x axis by canceling the static moment of the
section, in order to calculate the moment of inertia of the homogenized section; n indicates
the homogenization coefficient.

The y value indicates the distance from the neutral axis of the fiber considered; the
values of the distance of the tension reinforcement from the neutral axis will be used for
the calculation of the stresses in the steel, and for concrete those of the distance of the
outermost fiber, being subjected to greater deformation and therefore to higher tensions.

By calculating the stresses in the most stressed sections, i.e. at the ends and in the
center of the beams, all the checks were satisfied.

Cracking The cracks width must be limited to not compromise the functionality, dura-
bility and aesthetics of the structure.

[17] allows to use limit values for the cracks width wmax, indicated in table 7.1N of the
same standard, depending on the load combination and the environmental exposure class;
the verification can be carried out through the analytical calculation of the cracks width:

wmax = sr,max(εsm − εcm) (4.35)

where:

• sr,max = k3c+ k1k2k4Φ/ρeff is the maximum cracks distance;

• c is the concrete cover;

• k1 is the coefficient that takes into account the adhesion properties of the reinforce-
ment (0.8 for bars with improved adherence; 1.6 for smooth bars);

• k2 is the coefficient that takes into account the distribution of deformations (0.5 for
bending; 1.0 for pure traction);

• k3 = 0.4;
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• k4 = 0.425;

• εsm is the average reinforcement strain, taking into account the imposed strain and
the effect of "tension stiffening";

• εcm is the average concrete stain among cracks.

The difference between the two average strains is computed as follows:

εsm − εcm =
σs,max − ktfctm

ρ (1 + αeρeff)
Es

(4.36)

where:

• kt is the load-dependent factor (0.6 for short-term loads; 0.4 for long-term loads);

• αe = Es/Ec;

• ρeff = As/Bhc,eff;

Known εsm − εcm, wk is calculated, which is compared with wmax; it was found that
the crack openings were always less than the maximum indicated in the standard, equal
to 0.3 mm.

Deformation The functionality of the structure must be guaranteed by establishing
adequate deformation limit values. In general, we have that:

• - The appearance and functionality of the structure can be compromised if the de-
flection of a beam, plate or cantilever subjected to quasi-permanent loads is greater
than 1/250 of the span;

• For the secondary elements, such as partitions, walls, fixtures, windows, the deflection
must not exceed 1/500 of the span.

According to [4], for beams and slabs with spans not exceeding 10 m it is possible to
ignore the verification of the deflections considering it implicitly satisfied if the slenderness
ratio λ = l/h between span and height respects the limitation C4.1.4 of the aforementioned
standard:

λ ≤ K(11 + 0.0015fck
ρ+ ρÍ )( 500As.eff

fykAs,calc
) (4.37)

where fck is the characteristic compressive strength of concrete, ρ and ρÍ are the tense
and compressed reinforcement ratios respectively, As,eff and As,calc are, respectively, the
tension reinforcement present in the most stressed zone and the calculation reinforcement
in the same section, fyk is the yield strength characteristic of the reinforcement (in MPa)
and K is a corrective coefficient, which depends on the structural scheme. The verification
was satisfied for all beams.
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4.5.4 Colums: bucklings ULS
For the column buckling assessment, it is correct to start from the limitations on the
longitudinal reinforcement, following what [4] suggests in 4.1.6.1.2 and 7.4.6.2.2:

• the rebars parallel to the column axis must have a diameter greater than or equal to
12 mm and a spacing smaller than 300 mm;

• reinforcement area must be greater than 0.10NEd/fyd and in any case not lower than
0.003Ac;

• reinforcement area must respect the following limits:

1% ≤ ρ ≤ 4% (4.38)

where ρ is given by the ratio between the total longitudinal reinforcement area and
the area of the gross concrete section. In the case in question, there are square columns
with a side of 600 mm, therefore the minimum reinforcement is equal to 3600 mm2, for
which a reinforcement consisting of 12 rebars with a diameter of 20 mm is chosen for all
the columns, of which 4 are of corner and 8 additional intermediates, which form a total
area of 3770 mm2.

This choice translates into a single moment-normal resistance domain, Figure 4.8, since
this depends only on the geometry of the section.

Figure 4.8: M-N resistance domain of columns

Following the resistance hierarchy, for each direction and each orientation of seismic ac-
tions application, the columns must be protected from premature plasticization by adopting
appropriate design bending moments: this condition is reached if, for each beam-column
node and for each direction and towards the seismic action, the overall resistance of the
columns is greater than the overall resistance of the beams amplified by a coefficient γRd,
in accordance with 7.4.4.2.1 of [4].

Thus, equation (4.39) follows:Ø
Mc,Rd ≥ γRd

Ø
Mb,Rd (4.39)

where:
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• γRd is the over resistance factor equal to 1.3 for ductility class A and B;

• Mc,Rd is the resistance moment of the generic column at node, calculated for the
normal action present in the seismic combinations of actions;

• Mb,Rd is the generic resistance moment of the beam at node;

For the base section of the column of the ground floor, is used as design moment the
largest between the moment resulting from the analysis and the moment Mc,Rd of the
top section of the column. The criterion of hierarchy of the resistances does not apply to
the top sections of the columns of the top floor, because this would determine very large
sections them, therefore for these sections it is better to proceed with the classic assessment
procedure, which includes the inclusion of the pointNEd,MEd within the resistance domain.

With the reinforcement consisting of 12 rebars with a diameter of 20 mm, the ULS
assessment and the construction limitations were satisfied.

4.5.5 Colums: shear ULS
In order to exclude the formation of inelastic mechanisms due to the shear solicitations,
the criterion of the resistance hierarchy provides that the shear stresses to be used for the
checks and for the reinforcement design are obtained from the equilibrium condition of the
column, subject to the action of the resistant moments in the upper end sections M s

c,Rd

and lower M i
c,Rd, according to the expression provided in 7.4.4.2.1:

VEd = γRd
M s
c,Rd +M i

c,Rd

lp
(4.40)

where lp is the column length.
Knowing the acting shear is thus possible to proceed with the shear design as suggested

in 4.1.2.3.5.2 of [4].
As described for the beams, the calculation model is based on the Ritter-Morsch truss.

Assuming this behaviour, with reference to core concrete, the design resistance to "com-
pression shear" is calculated with (4.31) and (4.32).

For ductility requirements it must be also verified that VRsd > VRcd.
According to 7.4.6.1.2, in the absence of more accurate analyses, it can be assumed that

the length of the dissipative zone is the greater than:

• Section height;

• 1/6 of the column free length;

• 45 cm;

• The column free length, if it is smaller than 3 times the section height.

Moreover, according to 7.4.6.2.2, in the dissipative zones, the following requirements
must be taken into account:

• the corners rebars must be contained by the stirrups;
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• at least one rebar every two, of those arranged on the sides, must be held by internal
stirrups or by links;

• the not fixed rebars must be at less than 20 cm from a fixed rebar for ductility class
B and at less than 15 cm for class A.

The diameter of the containment stirrups and links must be not less than 6 mm and
their spacing must be no greater than the smaller of the following quantities:

• 1/3 or 1/2 of the smaller side of the transversal section respectively for class A and
B;

• 175 mm or 125 mm respectively for class A and B;

• 6 or 8 times the diameter of the longitudinal rebars respectively for class A and B.

The mechanical ratio of the transversal confinement reinforcement ωwd within the dis-
sipative zone must be not less than 0.12 in class a and 0.8 in class B where:

ωwd = confinement stirrups volume
concrete core volume

fyd
fcd

(4.41)

In all the columns, and for the entire length of the same, 2 stirrups with 2 arms were
used, for a total of 4 arms, in both directions with a diameter of 8 mm, with spacing of
10 cm and this meant that they came comply with the resistance checks and regulatory
limitations.

4.5.6 Nodes
A node is defined as the area of the column that crosses with the beams competing with
it. The resistance of the node must be such as to ensure that it does not reach failure
before the areas of the beam and column adjacent to it; it is also necessary to avoid, as far
as possible, the presence of eccentricity between the axis of the beam and the axis of the
column competing in the same node.

The nodes assessment is aimed at checking that the maximum diagonal compression
and the maximum diagonal tension in the node do not exceed the resistance values of the
concrete.

In 7.4.4.3.1, [4] provides that the horizontal shear acting in a beam-column node, for
each direction of the seismic action, can be determined through simplified expressions :

• for internal nodes:
Vjbd = γRd(As1 + As2)fyd − Vc (4.42)

• for external nodes:
Vjbd = γRdAs1fyd − Vc (4.43)

where:

• As1 is the reinforcement of upper strip;
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• As2 is the reinforcement of lower strip;

• Vc is the shear force in the pillar above the node, in the seismic condition;

The diagonal compression induced in the node by the truss mechanism must not be
greater than the compressive strength of the concrete; in the absence of a more accurate
model, this prescription can be verified by the use of the following rule:

Vjbd ≤ ηfcdbjhjc

ò
1− vd

η
(4.44)

where:

• η = αj(1− fck/250) with

• αj equal to 0.48 for inner nodes and 0.60 for external nodes;

• vd = NEd/(Acfcd) normalized axial force above the column;

• hjc distance between the farthest rebars of the column;

• bj effective node width assumed as the smaller between:

– the greater of the widths of the column and beam section;
– the smaller of the widths of the column and of the beam section, both increased

by half the height of the column section.

To avoid that the maximum diagonal traction of the concrete exceeds fctd, adequate
confinement must be provided which, in the absence of more accurate models, is given by
horizontal stirrups with a diameter of not less than 6mm such that:

Ashfywd
bjhjw

≥
( Vjhd

bjhjc
)2

fctd + vdfcd
− fctd (4.45)

where:

• Ash is the total area of the horizontal stirrups;

• hjw is the distance between the upper and lower rebars of the beam.

Alternatively, the integrity of the node due to the diagonal cracking can be fully guar-
anteed by the horizontal stirrups if:

• for internal nodes:

Ashfywd ≥ γRd(As1 + As2)fyd − (1− 0.8vd) (4.46)

• for external nodes:
Ashfywd ≥ γRdAs2fyd − (1− 0.8vd) (4.47)

In all nodes 2 stirrups with 2 arms were used, for a total of 4 arms, in both directions
with a diameter of 8 mm, with a spacing of 5 mm and this meant that the aforementioned
checks were respected.
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4.5.7 Inter-storey displacements
According to 7.3.6.1 of [4], the required condition in terms of structural stiffness is con-
sidered satisfied if the structural elements deformation does not cause damage on the
non-structural elements such as to make the construction temporarily unusable. In the
case of civil and industrial buildings, if the temporary inaccessibility is due to excessive
inter-storey displacements, this condition can be considered satisfied when the inter-storey
displacements obtained by the analysis in the presence of the design seismic action cor-
responding to the limit state and utilization class considered are lower than the limits
indicated below:

qdr ≤ 0.01h (4.48)

where dr is the inter-storey displacement, (i.e. the difference between the displacements
of the upper and lower floors), calculated, in the case of an earthquake with DLS elastic
spectrum and h is the height of the floor, equal to 3 m.

The verification is satisfied for all floors of the frame.

4.6 Summary of the design choices
The main characteristics of the frame designed according to the ultimate limit state method
are summarized below, in compliance with the hierarchy of resistances and the constructive
limitations of the standard:

• columns cross-section: 60x60 cm;

• beams cross-section: 40x50 cm;

• longitudinal columns rebars: 12φ20;

• longitudinal beams rebars: 3φ18 in the upper zone and 2− 5φ18 in the lower one;

• 4 arms stirrups(φ8) spacing, in columns: 10 cm;

• 2 arms stirrups (φ8) spacing, in dissipative zone of beams: 7.5 cm;

• 2 arms stirrups(φ8) spacing, in non-dissipative zone of beams: 15 cm;

• 4 arms stirrups(φ8) spacing, in nodes: 5 cm;

Attached are the tables concerning the geometry and the arrangement of the reinforce-
ment bars in the structural elements.

4.7 Robustness adjustments
The design choices described in the latter paragraph of this chapter, are the result of a
traditional design procedure, following a semi-probabilistic approach in accordance with
the specification suggested in [4] and [17]. The R.C. frame obtained is hence designed to
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withstand permanent, accidental and seismic actions; extreme events, which entity and
impact on the structure cannot be exactly defined, have not yet been taken into account.

Thus, a robustness analysis which consider such exceptional action, in order to prevent
a disproportioned collapse, still has to be conducted; moreover, aim of this thesis is to
proceed with a probabilistic approach that was not yet exploited until this design stage.

For this purpose a preliminary robustness analysis is described below, recalling some
work steps and some results obtained in previous Master’s thesis works [19] and [20].

Therefore, this brief discussion constitutes the logical conjunction point between the
traditional design just described, and the probabilistic robustness analysis of the next
chapters, that will lead to obtain the final probabilistic capacity curves of the structure.

4.7.1 Preliminary analysis
In order to analyse the behaviour of the structure under particular situation, specific anal-
ysis have been conducted; more specifically, pushdown analysis have been carried out to
simulate the loss of the central column at the ground floor of the structure to study the
frame behaviour under this extreme event, reproducing the effect of a possible impact or
explosion near that element during the service life of the structure.

The pushdown analysis has been conducted removing the ideally lost column and im-
posing a controlled displacement et the top of the previously existent element.

Firstly, preliminary analysis conducted by [19] and [20] started considering the excep-
tional combination of actions that writes as follows:

G1 +G2Ψ21Qk1 + Ψ22Qk2 + . . . (4.49)

where G1 and G2 are the permanent structural and non-structural loads respectively,
Qkj are the variable actions and Ψij are the coefficients of combinations relating to the
j-th variable action, equal to 0.3 for the overload due to the use in intermediate floors and
equal to 0 for wind, snow and overload on the roof.

The analysis conducted with this exceptional combination allows to compute a value of
the reaction at the base of the central column equal to 1032 kN.

Once the reaction was founded, a dynamic amplification factor λ = 1.5 was applied to
loads, carrying out another analysis that lead to a new value of reaction equal to 1548 kN.

This application of the dynamic amplification factor is generally used in structural anal-
ysis to simulate the suddenly and accidental removal of a structural element. Indeed, when
a structural element like a column collapses, what happen is that the static equilibrium is
perturbated, thus the structure responses in a dynamic way trying to find a new equilibrium
condition represented by a balance between displacement and internal solicitations.

Deeper argumentations on this theme of paramount importance for this thesis, will be
deeply discussed in the next chapters.

Once the amplified reaction is calculated it can be applied to the structure during
the pushdown analysis and interesting results can be found. In particular, what [19] and
[20] want to stress in their works, is that the results of the capacity curves describe a
structural situation according to which the frame is not able to bear the amplification of
lads; indeed from the capacity curve obtained it was found a value of maximum flexural
resistance moment equal to 1035 kN, which is so much lower that the value of the previously
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mentioned reaction equal to 1548 kN that the structure has ideally to bear. Moreover, also
the value of the maximum membrane resistance moment equal to 942 kN, is even smaller.

This made the authors to deepen the reinforcement design of the beams obtaining
interesting results.

4.7.2 Reinforcement adjustments
In [19] and [20], different reinforcement modifications have been exploited; all the treated
aspects started from the analysis of the global behaviour of the frame, read as consequence
of local failure process like formation of plastic hinges in some specific points. This analysis
brought authors to apply the following progressive modifications to the longitudinal rebars
of the beams:

• rebars continuity: the application of continuous rebars along the entire length of the
beams improves the homogeneity of tension redistribution, leading to an increase of
resistance reserves, in terms of maximum appliable displacement.

• rebars symmetry: the use of symmetric rebars, lead to an increment of both flexural
an membrane maximum resistance moment, indeed have more rebars in the lower
strip of the beam allow to trigger higher positive resistance moment that are needed
when column is removed and the beam, at the central node, undergoes a change in
sign of the acting moment from negative to positive.

• rebars homogeneity in floors: finally, the application of homogeneous rebars at all
the beams of each floor, lead to a global improvement of the structural behaviour; in
particular catenary effects can be detected from capacity curve analysis, as well as an
increment of the membrane maximum resistance moment that exceeds the flexural
peak.

These improving steps have brought to a final design model in which all the beams
have a longitudinal reinforcement constituted by 5φ18 both in upper and lower strip. This
constitute the model on which analysis will be carried out in the next chapters.
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Chapter 5

Modeling with Atena 2D

5.1 Software overview
Probabilistic capacity curves determination was possible through detailed structural anal-
ysis carried out with a dedicated non-linear analysis software: ATENA 2D.

ATENA 2D belongs to a bigger family of software produced by Cervenka Consulting
software house, specialized in the production of structural analysis software. In general,
ATENA software allow users to make static or dynamic non-linear analysis both in 2D or 3D
environment, considering several complex behaviour of construction materials like concrete,
steel, but also masonry, soil and rocks. Indeed, detailed materials constitutive laws are
exploitable, testing construction material behaviours in different inelastic situations as
plastic stages, softening or cracks opening. Moreover, specific conditions like influence
of viscosity, thermal effects, or humidity and their consequences on the materials can be
studied with a high level of detail.

Very accurate solutions can be obtained thanks to the multiple choices of finite element
among which the user can choose (several 2D isoparametric elements or 3D solid elements)
and tanks also to the various exploitable FEM solutions.

5.1.1 Software organization
Using ATENA 2D for structural analysis, three distinct utilization steps can be detected
when a common user have to face with the software:

• Pre-processing: in this first phase, materials, geometry, supports and actions can be
defined, in this stage moreover, the analysis conditions have to be chosen, in terms of
loading history and solution parameters. Monitoring points can be also placed, and
the mesh is generated.

• FE non-linear analysis: this is the phase during which the software runs, applying
the loads to the previously constructed model and analysing the various results. The
graphical interface allows users to follow in real time the evolution of the events.

• Post-processing: when analysis ends, all the found results are accessible tanks both
to interactive interface in a graphical way, or in a list format choosing firstly which
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type of information one wants to read an eventually export for further analysis.

Finally it must be specified that the Pre-processing stage can be conducted not only by
using the graphical interface of the software; indeed it is possible to write a code in a “.cct”
format containing all the information described for this stage,. The file can be directly
imported in the software making often the pre-processing stage more rapid and efficient,
especially when the user has to deal with several similar models.

Conducted analysis overview

ATENA 2D in particular, allows to perform non-linear static analysis in a 2D environment;
this choice results to be sufficient for the purposes of this work. More specifically one
particular type of model was created starting from the 2D R.C. multistorey plane frame
designed in the previous chapter: the type of analysis was a displacement controlled Push-
down analysis conducted on a model where the central column of the ground floor was
removed to simulate an exceptional event; the probabilistic analyses were required for the
final determination of the capacity curves which data have been then used to determine
the dynamic amplification factors, simulating the column removal dynamic effect on each
of the aleatory model. Results are so interpreted, trying to understand finally, if each
of them will withstand or not the consequences of a sudden column removal, without a
disproportioned collapse.

5.2 Pre-processing
As just said, the pre-processing stage is the first phase of the structural analysis during
which material properties, structural geometry, constraints and loads are defined in detail.

All these model properties can be defined through the menu on left side of the graphic
interface of the software.

5.2.1 Materials
In the section Materials, ATENA 2D gives the possibility to choose among several types of
construction materials: Plane Stress Elastic Isotropic; Plane Strain Elastic Isotropic; 3D
Non Linear Cementitious; SBeta Material; Microplane 4 Material; 3D Bilinear Steel Von
Mises; 2D Interface; Reinforcement; Spring; Bond for Reinforcement; 3D Drugker-Prager
Plasticity; Material with Random Field.

The materials used for the modeling of a reinforced concrete building are concrete, de-
fined with SBeta Material and steel of the reinforcement bars, defined with Reinforcement.

SBeta Material The name SBeta derives from the software in which this material model
was used for the first time and represents the German abbreviation of StahlBETonAnalyse,
which means "analysis of reinforced concrete". SBeta material includes the following effects
of concrete behavior:

• nonlinear behaviour in compression, including both the hardening and softening
phases;
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• cracking of tensioned concrete according to non-linear laws of fracture mechanics;

• criterion of resistance in a state of biaxial tension;

• tension stiffening effect;

• fixed or variable reduction of shear stiffness after cracking;

• two models of cracking: fixed and rotated direction of the crack.

All these aspects of concrete behaviour can be managed thanks to five different graphic
windows: Basic, Tensile, Compressive, Shear and Miscellaneous.

Basic In this stage are defined the tangent elastic modulus E, the Poisson coefficient
µ, the tensile strength ft and the and the compressive one fc. Figure 5.1.

Figure 5.1: SBeta Basic Window

Tensile Here it is possible to choose the concrete traction law among exponential,
linear and local deformation; it is also possible to define the softening parameter c3 and
the crack model, which can be fixed or rotated. Figure 5.2.

Compressive The compressive deformation value at the compressive resistance in
the uniaxial test, the reduction coefficient of the compression resistance due to cracking,
the softening law, and the softening parameter cd are requested. Figure 5.3.

Shear It is necessary to choose a reduction law of the fixed or variable shear modulus,
and the type of compression tension interaction, which can be linear or described by two
different hyperbolic laws. Figure 5.4.

Miscellaneous The specific weight of the material ρ and the thermal expansion co-
efficient α are requested. Figure 5.5
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Figure 5.2: SBeta Tensile Window

Figure 5.3: SBeta Compressive Window

Reinforcement The material type Reinforcement can be defined in two distinct ways,
i.e. discreetly or widely. Discrete reinforcement is in the form of reinforcement rebars and
is modeled linearly by entering the start and end points; diffuse reinforcement is considered
as a component of the composite material to which it belongs.

In both cases, the constitutive law relating to the monoaxial test used in all steel types is
considered, which can be modeled in the program as linear, bilinear, multilinear or bilinear
with hardening. For the definition of the latter, in the Basic section four parameters are
required, which are the elastic modulus E, the yield stress σy, the ultimate stress σt and
the ultimate strain εlim. While in the Miscellaneous window the specific weight of the
material ρ and the thermal expansion coefficient α are requested.
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Figure 5.4: SBeta Shear Window

Figure 5.5: SBeta Miscellaneous Window

5.2.2 Geometry
The elements geometry in reinforced ATENA 2D is defined in the Topology section by
means of nodes, lines that connect the various nodes and macro-elements that are enclosed
within multiple lines.

The points are defined in the Joints subsection, where the values of the X coordinate
and the Y coordinate are requested, as shown in Figure 5.8; there is also the possibility of
inserting springs in each defined point.

The lines are defined in the Line subsection, where the markers of the start and end
points are inserted Figure 5.9; also, for the lines it is possible to create springs that act on
the entire length of the lines themselves.

In the Macro-elements subsection macro-elements are created: a Boundary list is re-
quested, which is the list of markers of the lines that enclose the element, the type of mesh,
which can be triangular, quadrilateral or mixed, the size of the mesh , the material and
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Figure 5.6: Reinforcement Basic Window

Figure 5.7: Reinforcement Miscellaneous Window

the thickness, as shown in Figure 5.10. The diffused reinforcements can be defined in this
phase by means of the Layers of smeared reinforcement sub-window.

While the discrete reinforcing bars are defined in the Reinforcement subsection by means
of the material, the coordinates of the start and end points Figure 5.11, the area of the
bar section and the interaction between steel and concrete, which can be considered to be
perfect adherence, or it can be modeled through a specific bond Figure 5.12.
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Figure 5.8: Nodes definition

Figure 5.9: Lines definition

5.2.3 Mesh generation
Once the geometry of the model is fully defined, it is possible to automatically generate
the Mesh trough the executing button. Depending on the geometry of the Macro-elements
previously created, the software creates a Finite Element mesh that will represents the nest
which nodes will be the representing points of the structural elements, and in that point
the analysed solutions will be found. The dimension and the refining of the mesh around
specific edges of the elements, are choices of paramount importance for the quality of the
final results; therefore knowing a-priori the most interesting structural zones, it possible to
refine there the mesh and also save computation time.

It is important to underline that similar mesh density have to be used for adjacent
element with different characteristic to allow the software to fit the elements belonging to
the two different sections.

5.2.4 Support and Loads
In the Loads and Supports section, it is possible to define the constraints of the structure,
the applied loads, the imposed displacements, the effects of thermal variation, shrinkage
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Figure 5.10: Macro-elements definition

Figure 5.11: Reinforcement Topology definition

and prestressing, as shown in Figure 5.13.

Once the various Load cases have been created, the second step is to apply them on
the model; to do this, it is necessary first activate one element by clicking on Set active
in the bottom window, and then select the reference points, lines or macro-elements in
the model. Then click on the Joint, Line or Macro-element subsections in the Loads
and supports section, and enter the required parameters, which are shown in Figure 5.14,
Figure 5.15 and Figure 5.16 respectively for the definition of imposed constraints, forces
and displacements:
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Figure 5.12: Reinforcement Properties definition

Figure 5.13: Reinforcement Properties definition

5.2.5 Analysis parameters
The analysis settings are defined in the Run section; in particular, the main subsections
are represented by the Analysis steps and by the Monitoring points.

The individual analysis steps are created by clicking on Add in the Analysis steps
subsection; here the list of Load cases to be considered in the analysis is requested and the
type of non-linear calculation, which can be Standard Newton-Raphson and Standard arc
length: in Figure 5.17 a possible sequence of analysis steps is illustrated:

The monitoring points are specific points of the model, where user wants to know for
example the displacement or the nodal reaction and are created by clicking on Add in the
Monitoring points subsection; the coordinates of the point and the type of monitoring are
therefore requested; Figure 5.18 illustrates a possible list of monitoring points.

With the setting of the monitoring points, any curves to be checked in the post-processing
phase are automatically selected: each component will have a value for each analysis step,
which can be related to all the other components in the form of graphs, which can be for
example force-displacement curves or displacement-displacement curves.
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Figure 5.14: Definition of linear constraints

Figure 5.15: Definition of linear distributed load

5.3 FE non-linear analysis

Once that all the Pre-processing steps are defined and thus the model is completed and
the FE Mesh is generated, it is possible to proceed with the actual analysis.

5.3.1 Starting analysis

By clicking on the Run button hence, the analysis can start; an initialization windows
opens allowing the user to select which steps he wants to run and if for each step the
results must be saved. Moreover, it is possible to choose which type of diagram visualize
during the analysis, even if it can be changed also while the software is running Figure
5.19.

Obviously if data for certain load step are not saved, the relative results cannot be
analysed during the Post-processing stage.
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Figure 5.16: Definition of imposed displacement

Figure 5.17: Example of Analysis steps

5.3.2 Interactive window
When the Analyze button is pressed, analysis starts, and a new graphic interface opens.
Managing it, is possible to change the quantities represented in the live 2D graph; therefore,
since nonlinear analysis are usually very expensive from a computational point of view and
often take a long time, ATENA 2D allows the results to be graphically displayed not only
at the end of the analysis, but also in real time, i.e. at the end of each step Figure 5.20.
This means that for example is possible to monitor the displacements and cracks evolution
in the structure using also a magnification factor that facilitates the visualization of even
small opening or movements of the model.

5.4 Post-processing
The post-processing phase is that relating to the control of the results; these can be checked
graphically using rendering maps that are overlapped to the geometrical model to facilitates
an immediate visualization of the global behaviour of the model. Cracks pattern, stress
and strain maps, as well as displacement at each integration point can be thus easily seen.

Below, some examples of possible graphical results are reported: Figure 5.21, Figure
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Figure 5.18: Example of Monitoring Points

Figure 5.19: The dialog window before the finite element analysis

5.22 and Figure 5.23.
Moreover, the software allows the user to obtain all these sets of results in a text format,

so that they can be exported and analysed with other software or simply algorithm. Figure
5.24

74



5.4 – Post-processing

Figure 5.20: Example of 2D interactive graph

Figure 5.21: Example of displacement and cracks pattern of a plane frame model
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Figure 5.22: Example of Principal Total Strain rendering plot of a plane frame model

Figure 5.23: Example of reinforcement Principal stress plot of a plane frame model
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Figure 5.24: Example of results in text format
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Chapter 6

Push-down analysis and
probabilistic capacity curves

In this chapter the FE model built on ATENA 2D will be described in detail in all its
sections: materials and constitutive laws, geometry, applied loads, constraints and mesh.

Later, the push-down analysis will be introduced defining all the parameters involved
to perform them; thus, the resulting probabilistic capacity curves will be discussed.

6.1 Introduction
Since the analysis conducted on the 2D plane frame are not simply deterministic, one
single model is not sufficient to study the structural robustness from a probabilistic point of
view; therefore 100 different FE models have been created to obtain statistically significant
results. More in detail, what differentiate each model from the others, are the randomly
sampled material properties.

In reality, it will be shown that also the applied loads have been sampled in the same
stage of the material properties sampling; indeed, the random data obtained from the
application of the used LHS sampling method (3.3.1), strongly depends on the amount of
variables to be sampled and on the correlation matrix that links them.

Therefore, for completeness, the entire sampling (material properties and loads) will be
described in the next paragraph, even if the sampled loads will be not taken into account
for the push-down analysis, since they will be exploited only in the next chapter.

6.2 Probabilistic sampling
Before to start with the definition of all the model characteristics, is hence necessary to
describe the probabilistic sampling that have been carried out.

As just said, both materials properties and actions have been sampled trough a partic-
ular simulation technique, the Latin hypercube simulation (LHS). In 3.3.1 it was described
as a particular simplified technique, used to reduce the computational efforts required for
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a traditional Monte Carlo simulation, which in turn is adopted when using III method
approach, the integral of Pf cannot be easily computed.

Using this method, each variable is sampled by its probabilistic distribution and, suc-
cessively, randomly combined with the others. The LHS method can be very efficient in
case reliability analysis is performed by means of non-linear finite element method; thus,
can be adopted efficiently in order to characterize probabilistic distribution of structural
resistance by means of a reduced number of samples.

Firstly, the sampled concrete properties will be discussed, then the reinforcement ones
and finally the actions on the structure; for each variable the PDF distribution, the his-
togram representation and the scatter plot will be shown. At the end, an overview of the
sampling will be given, showing also variables correlation effects on sampling.

6.2.1 Concrete properties
Regarding the concrete properties, two of them have been sorted since the others can be
directly detected from them: the compressive strength of concrete fc and the concrete
density ρ.

Concrete compressive strenght The starting point for the probabilistic evaluation of
the concrete compressive strength fc is the characteristic compressive cubic strength of
concrete at 28 days Rck that, for the chosen concrete C25/30, is equal to 30 N/mm2; thus,
the characteristic compressive cylinder strength of concrete fck can be obtained thanks to
the expression (6.1) suggested in 11.2.10.1 of [4]:

fck = 0.83 ·Rck (6.1)

The mean value of concrete cylinder compressive strength fcm in turns, can be found
following the expression coming from of 3.1 of [17]:

fcm = f1.645Vc

ck (6.2)

Where Vc is the coefficient of variance of concrete which suggested value is 0.15 ac-
cording to [7]. Moreover, the fib Model Code 2010 again, suggests modelling the concrete
compressive strength fc with a lognormal distribution:

fc = LN(fcm, Vc = 0.15) (6.3)

The PDF distribution assume thus the aspect shown in Figure 6.1a. It is also possible
to see from Figure 6.1b, how the lognormal distribution exactly fits the histogram of
the sampled variable. Finally, also the scatter plot Figure 6.1c, shows how values are
distributed with respect to the maximum the minimum and the mean value (red line).

Concrete density The second concrete property is the density ρ; this variable is simply
sampled from a Normal distribution with the following characteristic:

ρ = N(ρm, Vρ = 0.05) (6.4)
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(a) Probability density function of fc (b) Histogram and probability density
function of fc

(c) Scatter plot of fc

Figure 6.1: Plots for fc

with ρm mean value equal to 25 kN/m3, considering that one of the reinforced concrete
since in the model the steel density is set equal to zero. Instead the value of Vρ is suggested
by [7]. Also, for this sampled variable, the three graphs representing the PDF distribution,
the fitted histogram and the scatter plot are reported in Figure 6.2.

All the other concrete properties needed to complete the ATENA 2D model will be
derived successively from these just discussed.

6.2.2 Reinforcing steel properties
The steel chosen for the rebars of the structure is B450C. The sampled reinforcement prop-
erties are the following: elastic modulus ES ; tensile yielding strength fy; tensile ultimate
strength fu; tensile ultimate strain εu.

Elastic modulus The elasticity modulus of steel ES used for reinforcement is modelled
as a lognormal distribution with mean ESm equal to 210000 MPa and a coefficient of
variation equal to 0.03 as suggested by [26]. Thus, the distribution can be expressed as:

ES = LN(ESm, VE = 0.03) (6.5)
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(a) Probability density function of ρ (b) Histogram and probability density func-
tion of ρ

(c) Scatter plot of ρ

Figure 6.2: Plots for ρ

Also for this sampled variable, the three graphs representing the PDF distribution, the
fitted histogram and the scatter plot are reported in Figure 6.3.

Tensile yielding strenght The tensile yielding strength fy is modelled as a lognor-
mal distribution with mean fym that derive from the characteristic yielding strength of
reinforcement fyk equal to 450 N/mm2, according to the equation:

fym = fyke
1.645VS (6.6)

Where VS is the coefficient of variance of steel which suggested value is 0.05, according
to [7]. Thus, the distribution can be expressed as:

fy = LN(fym, VS = 0.05) (6.7)

Also for this sampled variable, the three graphs representing the PDF distribution, the
fitted histogram and the scatter plot are reported in Figure 6.4.
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(a) Probability density function of ES (b) Histogram and probability density func-
tion of ES

(c) Scatter plot of ES

Figure 6.3: Plots for ES

Tensile ultimate strenght The tensile ultimate strength fu is modelled as a lognor-
mal distribution with mean fum that derive from the tensile yield strength fy previously
sampled, according to the equation:

fum = fym + αfym (6.8)

Where α is a coefficient equal to 0.15 according to [7]. Considering a coefficient of
variation equal to 0.05, the distribution can be expressed as:

fu = LN(fum, Vu = 0.05) (6.9)

Also for this sampled variable, the three graphs representing the PDF distribution, the
fitted histogram and the scatter plot are reported in Figure 6.5.

Tensile ultimate strain The last steel property sampled is the tensile ultimate strain
εu. In this case the mean value for the used steel B450C is the mean value of that suggested
by [21] in table 4 and equal to 14%. For the value of the coefficient of variance Vε, a deep
research had led to use the value of 0.09 as suggested by [22], [23] and [24].

83



Push-down analysis and probabilistic capacity curves

(a) Probability density function of fy (b) Histogram and probability density
function of fy

(c) Scatter plot of fy

Figure 6.4: Plots for fy

Therefore, the distribution can be expressed as:

εu = LN(εum, Vε = 0.09) (6.10)
Also for this sampled variable, the three graphs representing the PDF distribution, the

fitted histogram and the scatter plot are reported in Figure 6.6.

6.2.3 Loads
The loads acting on the structure are that computed with the expression given in chapter
4; they are applied on the beams as distributed linear loads and their entity come from the
analysis of the influence areas. The Table 6.1 below resume their values.

Permanent structural load For this variable, a normal distribution is considered with
mean value equal to the design one, 16 kN/m, and a coefficient of variation equal to 0.05
as suggested by [15] and [25].

Therefore, the distribution can be expressed as:

G1 = N(G1m, VG1 = 0.05) (6.11)
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(a) Probability density function of fu (b) Histogram and probability density
function of fu

(c) Scatter plot of fu

Figure 6.5: Plots for fu

va load [kN/m] exceptional combination coefficient
Permanent structural load 16.00 1.0
Permanent non- structural load 13.00 1.0
Variable at floors 10.00 0.3
Variable at roof 2.50 0.0

Table 6.1: Values of linear distributed loads on the beams

Also for this sampled variable, the three graphs representing the PDF distribution, the
fitted histogram and the scatter plot are reported in Figure 6.7.

Permanent non-structural load For this variable, a normal distribution is considered
as well with mean value equal to the design one, 13 kN/m, and a coefficient of variation
equal to 0.05 as suggested by [15] and [25].

Therefore, the distribution can be expressed as:

G2 = N(G2m, VG1 = 0.05) (6.12)
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(a) Probability density function of εu (b) Histogram and probability density
function of εu

(c) Scatter plot of εu

Figure 6.6: Plots for εu

Also for this sampled variable, the three graphs representing the PDF distribution, the
fitted histogram and the scatter plot are reported in Figure 6.8.

Variable loads The variable loads are instead represented by a Gumbel distribution.
The mean values of the distributions for the floors action Qf and for the roof one Qr, are
the 98◦ percentile at 50 years of normal distributions with an averages equal to 10 kN/m
and 2.5 kN/m respectively, thus they are equal to 6.5 kN/m and 1.6 kN/m. The same value
of the coefficient of variation is considered according to [25], and is equal to 0.2.

The Gumbel distribution require also, to define the two parameters θ1 and θ2 defining
the position and the dispersion of data in the distribution plot; these parameters are defined
according to the following expressions:I

θ1 = x̄+ γEθ2

θ2 =
√

6
π s

(6.13)

where:

• x̄ is the mean value of the variable;
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(a) Probability density function of G1 (b) Histogram and probability density
function of G1

(c) Scatter plot of G1

Figure 6.7: Plots for G1

• s is the standard deviation;

• γE is a coefficient equal to 0.5772.

Therefore, the distributions can be expressed as:

Qf = Gumbel(Qfm, θ1, θ2 VQf = 0.2) (6.14)

Qr = Gumbel(Qrm, θ1, θ2 VQr = 0.2) (6.15)

Also for this sampled variables, the three graphs representing the PDF distributions,
the fitted histograms and the scatter plots are reported in Figure 6.9 and Figure 6.10.

6.2.4 Variable correlations
As just said, the sampling has been made in a unique solution to obtain consistent values
of each variable, depending the LHS technique on the amount of variables and on their
correlation. Correlated variables are present in this case since the tensile yielding strength
fy, the tensile ultimate strength fu and the tensile ultimate strain εu of steel, are correlated
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(a) Probability density function of G2 (b) Histogram and probability density
function of G2

(c) Scatter plot of G2

Figure 6.8: Plots for G2

according to table B “correlation matrix” of [26]. In this specific case the whole correlation
matrix assumes the form expressed in Table 6.2.

Moreover, since the sampling is totally random, as well as the combination of the various
variables to form the 100 different combinations, all of them have to be sampled in the
same running process to allow the best random variables sorting according to correlation
coefficients.

The correlation between the different variables can also be seen looking at the plots
reported in Figure 6.11 In particular from these three images, it is possible to see that
when no correlation exists between two random variables (coefficient equal to zero), like in
the case of Es vs. fy, the points which coordinates in the graph represent the values, that
those two variables have in one combination, are sparse Figure 6.11a; while in the case in
which a coefficient of correlation different from zero exists, like in the case of Figure 6.11b
and Figure 6.11c, then the point are more or less distributed along a line which direction
and slope depend respectively on the sign and the value of the coefficient, and with a
dispersion from that imaginary line that decreases if the correlation coefficient increases.

In Figure 6.12 the joint-PDF of the three previous cases are reported both in 2D and
3D histograms; for each lognormal distribution 105 samples were generated and their cor-
relation was analysed and plotted.
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(a) Probability density function of Qf (b) Histogram and probability density
function of Qf

(c) Scatter plot of Qf

Figure 6.9: Plots for Qf

fc ρ Es fy fu εu G1 G2 Qf Qr

fc 1 0 0 0 0 0 0 0 0 0
ρ 1 0 0 0 0 0 0 0 0
Es 1 0 0 0 0 0 0 0
fy 1 0.75 −0.45 0 0 0 0
fu 1 −0.60 0 0 0 0
εu 1 0 0 0 0
G1 1 0 0 0
G2 1 0 0
Qf 1 0
Qr 1

Table 6.2: Correlation matrix
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(a) Probability density function of Qr (b) Histogram and probability density
function of Qr

(c) Scatter plot of Qr

Figure 6.10: Plots for Qr

6.2.5 Summary of sampled variables
The Table 6.3 resumes all the main information concerning the sampled variables: the type
of variable, the chosen distribution, the mean value and the coefficient of variation used
for the sampling.

6.3 FE model
Once that the probabilistic variables have been made, the whole FE model can be described
in all its parts.

6.3.1 Materials
The two adopted construction material are the concrete modelled in ATENA 2D as SBeta
Material, and the reinforcing steel for which Reinforcement option was chosen. The infor-
mation needed by the software and the physical explanation have been rapidly discussed
in chapter 5, moreover in the same chapter, some of the variables required were just pre-
sented discussing about the probabilistic sampling; therefore only a brief resume of those
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(a) Correlation graph, steel elastic modulus-
steel-yielding strenght

(b) Steel yielding strenght-steel ultimate
strenght

(c) Steel ultimate strenght-steel ultimate
strain

Figure 6.11: Correlation between various variables

Distribution Mean value Coefficient of variation[−]
fc Lognormal 31.8685 N/mm2 0.15
ρ Normal 25 kN/m3 0.05
Es Lognormal 210000 MPa 0.03
fy Lognormal 488.5772 N/mm2 0.05
fu Lognormal 561.8638 N/mm2 0.05
εu Lognormal 14% 0.09
G1 Normal 16 kN/m3 0.05
G2 Normal 13 kN/m3 0.05
Qf Gumbel 6.5 kN/m3 0.20
Qr Gumbel 1.6 kN/m3 0.20

Table 6.3: Variable sampling summary
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(a) 2D joint-PDF histogram of steel elastic
modulus-steel yielding strength

(b) 3D joint-PDF histogram of steel elastic
modulus-steel yielding strength

(c) 2D joint-PDF histogram of steel yielding
strength-steel ultimate strength

(d) 3D joint-PDF histogram of steel yielding
strength-steel ultimate strength

(e) 2D joint-PDF histogram of steel ultimate
strength-steel ultimate strain

(f) 3D joint-PDF histogram of steel ultimate
strength-steel ultimate strain

Figure 6.12: 2D and 3D histograms of various variables

data and the description of those not yet analysed will be given here. The constitutive law
of concrete according to Saatcioglu and Razvi (1992) [27] theory will be also described.

92



6.3 – FE model

Concrete Concrete is a composite material, made up of cement and aggregates and for
this reason it has a typically non-linear behaviour, due to the internal micro-cracks that
are created due to the stress concentrations at the interface between cement matrix and
aggregates.

The σ− ε resistance curve of concrete, depends on various factors, including the lateral
confinement, made possible in the beams and columns of reinforced concrete structures by
the presence of transverse stirrups.

The non-linear behaviour of confined and non-confined concrete was described in this
study with the model of Saatcioglu and Razvi (1992) 6.13, through which it was possible
to consider different behaviours with varying confinement.

Figure 6.13: Proposed strain-stress relationship [27]

The implementation of the Saatcioglu and Razvi theory, resulted in four resistance
curves of the concrete for each single structural model, different with respect to the geom-
etry and the longitudinal and transverse bars and relating to the columns, the nodes, the
dissipative zone of the beams and the non-dissipative zone of the beams. While for the
concrete cover this model was not applied since there the concrete is not confined and thus
classical expression can be adopted.

The application of such constitutive model highlights properly the influence of con-
finement on the resistance of the concrete, indeed the higher is the number of rebars and
thus the confinement level, the higher as well is the resistance of concrete. This can be
easily seen studying the resistance curves of the nodes or the columns, which result to be
improved with respect to that of the beam where confinement is smaller.

The model was implemented in an Excel spreadsheet, which requires as input the sam-
pled value of concrete compressive strength fc, the geometry of the section, the concrete
cover, the sampled yield stress of the steel fym, the diameter of the four side bars enclosed
from the stirrups, the diameter, the number of arms and the spacing of the stirrups. Some
of these data, having been sampled, are different for each of the 100 different models while
others, like the concrete cover remain invariant.

The model was implemented in an Excel spreadsheet, which requires as input the sam-
pled value of concrete compressive strength fc, the geometry of the section, the concrete
cover, the sampled yield stress of the steel fym, the diameter of the four side bars enclosed
from the stirrups, the diameter, the number of arms and the spacing of the stirrups. Some
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of these data, having been sampled, are different for each of the 100 different models while
others, like the concrete cover remain invariant.

Now the concrete properties used as input data for ATENA 2D model, will be listed
according to the software organization of the SBeta Material described in 5.2.1 of this
thesis (the variables in bolt font characters are that requested by the software):

• Basic window: the Elastic modulus E is taken considering the tangent one Ectm
obtained from the secant one Ecm, which in turns came from the confined compressive
strength f Í

cc computed through the Saatcioglu and Razvi model (see Table 3.1 of 3.1.3
and (2) of 3.1.4(2) of [17]); the Poisson ratio ν is constant and equal to 0.2; the tensile
strength ft is derived from the characteristic compressive strength of concrete fck and
is always equal to the mean value of axial tensile strength of concrete fctm 2.558 MPa
(see Table 3.1 of 3.1.3 of [17]); for the compressive strength fc the aforementioned
f ÍÍ
cc is considered.

• Tensile window: the type of tension softening chosen is the local strain one; while for
the crack model the fixed one was chosen with a softening parameter c3 depending on
the tensile strength ft and the tangent elastic modulus Ectm aforementioned according
to the expression c3 = 10 · fctm/Ectm.

• Compressive window: the compressive strain at compressive strength in the uniaxial
compressive test εs derive from the Saatcioglu and Razvi model; the reduction of
compressive strength due to cracks is taken equal to 0.8 as suggested by the software
theoretical manual [28]; the type of compression softening is the softening modulus;
while the compression softening parameter derives from the Saatcioglu and Razvi
model as well.

• Shear window: the shear retention factor is assumed variable; while the tension-
compression interaction is considered linear.

• Miscellaneous window: the specific material weight ρ is that previously sampled; the
coefficient of thermal expansion α is constant and equal to 1.2 · 10−5 1/K.

Reinforcing steel The modelling of the steel rebars is an important phase of this study;
indeed, this significantly affects the predisposition of the beam to the membrane behaviour
and therefore to the development of the catenary mechanism.

As shown previously, the steel used is B450C, characterized by a characteristic yield
strength fyk = 450 MPa and a ductility class C (hot rolled steels).

The windows governing the Reinforcement on ATENA 2D are two:

• Basic window: in which the four sampled properties are requested: elastic modulus
ES ; tensile yielding strength fy; tensile ultimate strength fu; tensile ultimate strain
εu.

• Miscellaneous window: the specific material weight ρ is set equal to zero as just said
since the influence of the steel on the dead load is just taken in to account in the
reinforced concrete density; the coefficient of thermal expansion α is constant and
equal to 1.2 10−5 1/K.
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6.3.2 Geometry
Following the conceptual scheme described in 5.2.2, the geometry was defined in the
ATENA 2D software firstly building the points, then the lines, followed by the macroele-
ments and finally the reinforcement rebars; rigid edge plates were also built in the external
nodes with a thickness of 10 cm to control the displacements in that points avoiding stress
concentrations in the constraints and in the imposed displacement points.

The scheme adopted provides for a subdivision of beams, pillars and nodes consistent
with the various constitutive laws of concrete due to confinement.

The columns have been divided into four vertical bands, two external ones represented
by the concrete cover and two internal ones divided by the barycentric axis, while vertically
can be detected three different zones representing the two dissipative regions at the edges
and the non-dissipative one in the middle.

The beams have been divided vertically into three bands, two external represented
by the concrete cover and one internal, for which vertical rows of four points have been
inserted for each beam, and three regions in the longitudinal direction representing the two
dissipative zones and the non-dissipative one.

It must be reminded that, since this model have been built for a push-down analysis,
the central column of the ground floor is missing from the structural model.

In total 1025 points have been defined; their scheme is reported in Figure 6.14

Figure 6.14: Nodes scheme in blue

Once that all the points have been identified, 1890 lines have been drawn to link them.
Thus, 850 macroelements have been created to define the surface of the plane frame, each
of them results to be enclosed inside four lines constituting a rectangular region Figure
6.15.

The reinforcements have been arranged discreetly both for the longitudinal direction
and the transversal one. The stirrups spacing used, obtained from the shear tests, is 5 cm
for the nodes, 10 cm for the columns, 10 cm for the dissipative area of the beams and 15 cm
for the non-dissipative area of the beams. The longitudinal reinforcement of the columns
in the 2D model are represented by four vertical rows given the presence of two bars in the
intermediate part, while the longitudinal reinforcement of the beams have been arranged
in two rows, which represent the lower reinforcement and the upper reinforcement. Figure
6.16 shows the arrangement of the bars in the model.
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Figure 6.15: Lines arrangement in dark grey and macroelements in light grey

Figure 6.16: Rebars arrangement in red

6.3.3 Loads and constraints

Even if all the permanent and the variable loads have been sampled, in this stage of the
analysis, no loads are considered in performing the structural assessment, since the type
of analysis conducted is a displacement-controlled push-down that consist on estimate the
vertical reaction generated by an imposed displacement. However, the loads sampling
will return useful in the next chapter to compute the vertical reaction under the removed
column for the calculation of the dynamic amplification factor.

Therefore, the load cases applied in this procedure consists simply on the fixed con-
straints at the base of the four columns Figure 6.17, and a gradual imposed displacement
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δ at the top point of the central column removed, simulating hence the element removal
itself.

Figure 6.17: Fixed contrain at the base of the column

6.4 Non-linear displacement-controlled push-down anal-
ysis

6.4.1 Analysis type choice
The analysed structure is made of reinforced concrete, that as well known, is the results of
a successful materials coupling between concrete and steel. In performing usual analysis
and traditional assessment, the behaviour of these two materials can be approximatively
considered linear elastic; unfortunately this approach, cannot be used when dealing with
particular circumstances in which structures have to undergo particular situations that
lead the structural system in a condition of large non-linear displacements. When these
condition starts, material non-linearity behaviour appears, involving a series of event like
plasticization, that cannot be analysed through linear elastic theory.

Therefore, when dealing with particular structural analysis as the investigation on pro-
gressive collapse due to a column removal, non-linear analysis allow the designer to perform
detailed analysis. As shown by [29] indeed linear elastic analysis produce conservative esti-
mations of the resistance capacity of structure neglecting the non-linearity of construction
materials in the inelastic field.

However, it must be specified that also the non-linear analysis represent a simplifica-
tion of the reality; indeed when a progressive collapse is simulated, the non-linear analysis
doesn’t allow to consider the dynamic effects triggered by the suddenly changes of internal
equilibrium conditions, for example as discovered by [30], performing non-linear analysis
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doesn’t allow to take into account the lateral load spread, that instead assumes a more
vertical load path. This of course influence the analysis of the structure sections surround-
ing that directly interested by the collapse. Moreover, [31] found that static non-linear
analysis overestimates the structure capacity when simulating a collapse, respect to the
results obtained performing a non-linear dynamic analysis.

Although, only non-linear dynamic analysis seems to be the best solution to obtain
consistent and very detailed results, if the purpose of the study consist on finding the
capacity curve of the structure, as in this case, non-linear analysis results to be an optimal
solution [29].

More in detail, the type of non-liner analysis performed in this specific case is a push-
down analysis. The proposed method is inspired by the pushover method commonly used
in earthquake engineering [32]. According to many authors [31], [32], [33] indeed this
procedure allows to define the structural resistance of a structure when dealing with a
progressive collapse simulation. The study of the structural robustness is therefore enabled
by the analysis of the resulting capacity curves.

Push-down analysis can be conducted following different procedures; basically, these
different procedures belong to two big families: the load-controlled push-down analysis
and the displacement-controlled ones. In any case it must be underlined the independency
of the results from the initial condition of load, therefore this type of analysis is valid
for any potential hazard. In this specific case a displacement-controlled analysis seems
to be the best option. According to [31] indeed, this choice allow the designer to see
the behaviour of the structure also after the failure of the system, giving the possibility to
study the complete collapse process without problems of numerical convergence. Moreover,
load-controlled push-down often requires reruns of the analysis to find the best analysis
parameter conditions to obtain consistent solutions and in addition, a strong dependency
on the load steps and on the chosen error tolerance was found by [33].

In conclusion, non-linear displacement-controlled push-down analysis have been chosen
in this particular case, since it seems to be the best solution guaranteeing reliable results
in terms of structural robustness.

6.4.2 Analysis setting
To perform the push-down analysis and build the force-displacement curves, the external
loads were no activated as just said, but only the fixed constraints and the imposed dis-
placements. The steps were set with the Standard Newton-Raphson nonlinear calculation
model, all with step coefficient equal to 1.0 and always with constraints present; finally, it
was decided to perform the first 15 steps, which relate to sudden changes in the slope of
the curve, with an imposed displacement of 1.5 cm and the remaining, corresponding to
more rounded corners of the capacity curve, with an imposed displacement of 3.0 cm, in
order to reduce the analysis time. A total displacement of 1.2 m is thus imposed at the
end of the 45th step, even if the structural collapse is always reached before that step for
all the 100 probabilistic simulations, ensuring a correct estimation of the capacity curves.

The arrangement of the monitoring points was set in accordance with what is illustrated
in Figure 6.18: the displacement δ and reaction of the point at the point of the structure in
correspondent with the removed column and the lateral displacements of the various floors
were then monitored, evaluated only on one side of the structure given the symmetry of
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the problem.

Figure 6.18: List of monitoring points

The position of the monitoring points on the structure is shown in Figure 6.19.

Figure 6.19: Disposition of monitoring points

6.5 Push-down analysis results
Each of the 100 different structural models produced a single capacity curve, representing
a particular structural behaviour influenced by the combination of the sampled material
properties. This means that obviously each simulation and thus each derived result, repre-
sent a hypothetical aleatory situation that could potentially represents a realistic structural
system. The set of results, hence, can be analyzed with a probabilistic approach.

6.5.1 Representative capacity curves
On figure 6.20 three particular capacity curves are reported; looking at them the global
behaviour shown by all the 100 different capacity curves can be analysed as follows:
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• in the first stage, which is that before the first peak, the plane frame undergoes a
certain vertical displacement in the linear elastic field until a certain point where
non-linear material behaviour became dominant. In the last phase of this stage the
compressive membrane effect governed by concrete properties and due to cracks open-
ings, guarantee a certain resistance reservoir which is capable to bear the load until
the maximum flexural behaviour is reached;

• the first peak stage represents the condition in which the maximum flexural resistance
is reached. The value of the corresponding load can be directly detected from each
capacity curves, otherwise a simplified analytical approach can be exploited using
equations (2.4), (2.5)) and (2.6);

• after this first peak, plastic hinges are formed and the tensile membranal effects
governed by reinforcement properties, ensure still a resistance against the imposed
displacement which continues even if the corresponding acting load remain more or
less constant. This plateaux stage, continues until the second and last peak is reached;

• the second peak is the catenary peak. The corresponding load can be obtained from
the graph, in alternative for an approximate approach, equation (2.7) can be used.
This point represents the final moment in which the equilibrium conditions can be
still satisfied, after that indeed, failure happens;

• the last stage is represented by the critical resistance drop, it defines a no more realistic
situation in which static equilibrium can no longer be achieved and therefore what is
obtain from the analysis are no more realistic data but only numerical approximation
founded by the software trying to reach the numerical convergence.

These just explained stages can be easily detected in Figure 6.20a, 6.20b and 6.20c. More
in detail, the figures represent three particular cases among the 100 different models. Figure
6.20a represents the capacity curves of the case “21” in which the maximum flexural peak
Pmax is registered (1554 kN). Figure 6.20b, which results from case “23”, is the case where
the maximum value of the catenary peak Pult is registered (1518 kN). The explanation of
this singular behaviours can be understood looking at the material properties of the models
under consideration shown in Table 6.4. The case reported in Figure 6.20c represents the
case “11” with both minimum Pmax (1198 kN) and Pult (1151 kN). In this case the material
characteristics define a structural system with poorer structural characteristics, Table 6.4.

case fc [N/mm2] ρ [N/mm3] Es [MPa] fy [N/mm2] fu [N/mm2] εu [−]
11 25.71 26.52 218540.7 435.56 498.04 0.162
21 33.72 24.81 206523.1 573.74 611.51 0.119
23 34.19 25.39 209416.9 525.80 661.36 0.127

Table 6.4: Material properties of case "11", "21" and "23".

As it is possible to see, material properties of case “21” and “23” define better combina-
tions in terms of resistances of both concrete and steel. While for case “11” the situation
is the opposite, since the higher concrete density, together with the poorer properties of
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(a) Capacity curve of case "21" (b) Capacity curve of case "23"

(c) Capacity curve of case "11"

Figure 6.20: Plots for cases "21", "23" and "11"

construction materials define a more critical situation for the eventual collapse of the struc-
ture. Moreover, the higher ultimate stress both of steel and concrete in case “23” produce
a higher ultimate peak. Finally, although case “11” represent a model with poor material
properties, the high ultimate strain of steel ensure as well an high value of deformation
corresponding to the second peak, suggesting a better ductile behaviour that indeed can
be seen from the capacity curves of Figure 6.20c, looking at the distance between the two
peaks.

On Figure 6.21 the 100 different capacity curves are reported all together in the same
graphs. Figure 6.21a and 6.21b present the curves stopped at the first step after collapse
begins, while Figure 6.21c and 6.21d report the curves stopped at the value of Pult, in these
two graphs moreover, the peaks are reported with red dots for each simulation. In Figure
6.21a and 6.21c the curves are reported with their real values; is possible to see directly
that the general behaviour defined by the previously described stages, is reflected in all
of them. For all the simulations the three phases are clearly visible even if with different
characteristics. In particular, the initial displacement necessary to reach the flexural peak
are similar but, the value of the corresponding peak load changes ranging from 1198 kN of
model “11” to 1554 kN of model “21”.

The amplitude of the second stage, that in between the two peaks, is more varying,
indeed it strongly depends on the material properties of each single model. Consequently,
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(a) Capacity curves of all 100 simulations (b) Normalized capacity curves of all 100
simulations

(c) Capacity curves of all 100
simulations with peaks

(d) Normalized capacity curves of all 100
simulations with peaks

Figure 6.21: Plots for all 100 simulations

also the displacement value at which the catenary peak is reached varies as well. The
second peak ranges from 1151 kN of model “11” to 1518 kN of model “23”. Moreover, is
possible to understand that generally the flexural peak has a value slightly higher that
the catenary one. However there are particular situations like case “23”, Figure 6.20b for
which the catenary peak is higher then the first one, this means that for these cases the
catenary behaviour is fully exploited by the structural system that thus, behaves like a
robust structure.

Finally on Figure 6.21b and 6.21d the same capacity curves normalized are reported;
the loads have been normalized with respect to the value of the first peak, while the
displacements have been normalised with respect to the value that it assumes at the flexural
peak. As demonstration is possible clearly to see that all the curves pass from the point
of coordinate (1;1).

6.5.2 Probabilistic analysis of peaks resistances

The two peaks which physical meaning was just explained are now analyzed with a prob-
abilistic approach. For each variable the graphs representing the probability distribution
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functions 6.22a, the histogram with the fitted PDF 6.22b, the probability plot of the log-
arithm of the variable 6.22c and the scatter plot 6.22d are reported in Figure 6.22 Figure
6.22. For both Pmax and Pult it was found that a lognormal distribution exactly fits the
data how is possible to check looking at the figures.

The mean values and the standard deviations are reported in Table 6.5.

Variable Mean Standard deviation
Pmax[kN] 1346.52 63.05
Pult[kN] 1311.18 63.65

Table 6.5: Pmax and Pult data

(a) Probability density function of Pmax (b) Histogram and probability den-
sity function of Pmax

(c) Probability plot of log(Pmax) (d) Scatter plot of Pmax

Figure 6.22: Plots of Pmax
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(a) Probability density function of Pult (b) Histogram and probability den-
sity function of Pult

(c) Probability plot of log(Pult) (d) Scatter plot of Pult

Figure 6.23: Plots of Pult
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Chapter 7

Capacity curves to assess the
dynamic amplification factor

Capacity curves detection opens several directions of work in studying structural phenom-
ena from different points of view. Although the results obtained from capacity curves seem
to be very simple in their interpretation, often they represent a simple but very efficient
instrument for structural analysis. Indeed, the analysis of such results can widely help en-
gineers and researchers in performing different structural analysis aimed to many different
purposes, with the final goal to obtain the best refined description of structural system.
An example, can be the determination of the dynamic amplification factor (DAF) which
makes possible the study of structural behaviour subjected to dynamic stress conditions.
In this chapter in particular, the theory formulated by Izzuddin and others [34] based on
an energetic approach, to find the DAF is exposed and then applied to the plane frame.
Extended to the probabilistic analysis field, the statistic information obtained constitute
the starting point of a reliability analysis, which starts properly from a simple but efficient
description of the global resistance of the building. In this sense insights will be finally
given regarding further probabilistic analysis appliable to the multistorey plane frame.

7.1 Dynamic amplification factor
The concept of dynamic amplification factor (DAF) has born to compensate for the ap-
proximation made when a structural non-linear analysis is performed. Indeed, although
this approach guarantees to take into account geometrical and material non linearities, it
must be stressed that the dynamic behaviour involved in particular analysis conditions are
not taken into account; therefore, to obtain consistent results trying to better simulate
the real behaviour of a building, dynamicity has to be taken into account. In particular,
the sudden removal of an element of a structure to perform progressing collapse analysis,
causes an immediate geometric change in the structure; the results are a release of poten-
tial energy and rapid alteration of internal static dynamic forces, including the inertial one
[30].

The application of the DAF allows thus to perform correctly non-linear analysis, ensur-
ing a correct interpretation of the global behaviour of the structure simulating the dynamic
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consequences that exceptional event can reflect on the structural system.
When a base column of a frame is seriously damaged by an accidental action, an in-

stantaneous downward loading equal to the vertical load supported by the lost column is
transferred to the remaining building. The alternative load path method allows the struc-
ture to redistribute the stress trying to find a new equilibrium condition. This may be
described by a step force function that is shown in Figure 7.1, where the rise time tr is
taken as an infinitesimal value [29].

Figure 7.1: The step force function for dynamic analyses

The displacement-based (see next) elastic DAF under the step force can be computed
trough the formula suggested by Chopra [35]:

DAF = 1 + | sin(πtr/Tn)|
πtr/Tn

(7.1)

where Tn is the structural natural period in the force direction. When the sudden
removal of a base column is simulated, the value of tr/Tn tends to zero. Hence, the DAF
is approximated to 2.0 and it is therefore the maximum possible amplification that the
structure can undergo; moreover, in this case the displacement-based DAF is equal to the
force-based one.

In fact, two different formulations of the DAF can be defined:

• The displacement-based DAF defined as the ratio of the dynamic displacement re-
sponse (∆dy) of an elastic single-degree-of-freedom (SDOF) system to its static dis-
placement response (∆st) under an equal applied loading P . It can be expressed by
the following expression:

DAF = ∆dy

∆st
= P/kdy
P/kst

= kst
kdy

(7.2)

where kst and kdy represent the equivalent static and dynamic stiffness of the SDOF
system, respectively [29].

• The force-based DAF expressed as the ratio of the static force response to the dynamic
force response under an equal displacement demand. In this case it is defined as:

DAF = Pst
Pdy

(7.3)
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where Pst and Pdy are the required static and dynamic force under the same deflection.

The two definitions coincide only in the elastic field.
Codes like [36] and [37], suggest to use a DAF equal to 2 in performing linear structural

analysis. The non-reliability of linear approach has been discussed yet, the use of an
amplification factor equal to 2 in addition, make the analysis result even more unrealistic,
since such amplification entity is strongly not recommended in literature by [38], [39] and
others. Indeed, according to them, the DAF can change under different conditions and
with different force demand, meaning that using a DAF equal to 2.0 generally lead to
highly conservative estimates and inconsistent results.

7.2 Simplified framework for progressive collapse as-
sessment

Referring to the robustness evaluation of a multistorey building considering a column loss
scenario, a valid alternative has been presented by [34], which defined a new simplified
framework for progressive collapse assessment. The main advantage in using this method is
the possibility to carry out reliable estimation of structural robustness, even from non-linear
static analysis without the need to resort to dynamic non-linear analysis but considering
dynamic effects trough a simplified approach.

7.2.1 Method workflow
The method is organized in three phases, each of them is necessary for the final evaluation
of structural robustness:

• non-linear static response: in this stage the structural non-linear analysis under grav-
ity loading is carried out. This analysis has as main goal to define the response curve
of the damaged structure under increasing loads;

• simplified dynamic assessment: in this second stage the maximum dynamic response
under sudden column loss is established. A simplified mathematical approach based
on the energy based virtual work principle is used in this phase;

• ductility assessment: in this last phase the potential alternative load paths are ex-
amined to understand if connections above all, can bear the new loads determined
by the new equilibrium conditions. The system pseudo capacity as measure of the
ductility limit is also computed.

Finally, thanks to the multilevel approach discussed, the system pseudo capacity ob-
tained cam be compared with the originally applied gravity load defining a measure of the
structural robustness.

According to authors, this approach can be applied to different structural scheme of
different complexity, whether it is a complex structural system like an entire building or a
simpler one like an individual floor or a single beam system.
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7.2.2 Application to the multistorey plane frame and mathemat-
ical formulation

The theory just exposed can be adopted for the analysis of the multistorey plane frame
under analysis. In particular, the first stage of the proposed simplified framework can be
resumed in the results just obtained from the study of the probabilistic capacity curves
determined in the previous chapter. The resistance assessment of the structural system,
by mean of a non-linear analysis, therefore, has been just carried out and is possible to use
the obtained capacity curves as starting point to move on with the second step.

In this stage the DAF is determined by mean of a simplified dynamic assessment. The
importance of determine such coefficient with maximum possible reliability was as well
discussed in this chapter. Also, the physical meaning of the application of such coefficient
was explained. In the formulation that follows the DAF is recalled in its mathematical
form as λd.

The basic concept behind this approach, is that sudden column removal is similar in ef-
fect to sudden application of the gravity loads on the interested sub-structure. In the initial
stages of the dynamic response, the gravity load exceeds the static structural resistance,
and the external work done over the increasing deformations is transformed into additional
kinetic energy, generating an increment of velocities. As the deformations increase, the
static resistance exceeds the gravity loading, and the differential energy absorbed accounts
for a reduction in the kinetic energy, thus the velocities decrease. The maximum dynamic
response is achieved when the kinetic energy is zeroed, and hence when the external work
done by the gravity loads becomes identical to the energy absorbed by the structure [34].
These concepts are illustrated in Figure 7.2a and 7.2b for two different dynamic ampli-
fication of the initial gravity load P0; udi define the maximum dynamic displacements
corresponding to the nonlinear static load-deflection response evaluated on the capacity
curve.

(a) Dynamic response Pd1 = λ1P0 (b) Dynamic response Pd2 = λ2P0

Figure 7.2: Dynamic responses for Pd1 and Pd2 [34].

The following expression for the external work We and internal energy Wi can be given:

We(u) = P0u (7.4)
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Wi(u) =
Ú u

0
P (u)du (7.5)

In both cases of Figure 7.2, the equivalence between external work We and internal
energy Wi is obtained when the two depicted hatched areas become identical. This means
that the two functions, in this new equilibrium state, have an interception point defined
by the condition u = ud; explicating the equation:

P0ud =
Ú ud

0
P (u)du (7.6)

From which the value of ud can be determined. Thus, the dynamic response Pd can be
computed as:

Pd = P (ud) (7.7)

Therefore, the dynamic amplification factor λd writes:

λd = Pd
P0

(7.8)

It must be specified that this approach remain valid until a new equilibrium condition
is reached by the system; in the next section this problem will be better stressed.

7.3 Probabilistic assessment of the DAF
The theory just explained, consisting in the second stage of the Simplified framework for
progressive collapse assessment and, as just said, it can be adopted for the probabilistic
assessment of the DAF also for the case of the multistorey plane frame.

The calculation of the DAF according to (7.8), needs for the estimates of the two terms,
the original reaction P0 and the dynamic response Pd.

7.3.1 Calculation of P0

Therefore, the first step consists on the computation of the reaction at the point in which
the column removal has been simulated during the push-over analysis. This step has been
made for all the 100 different cases, to remain consistent with the probabilistic approach
used. Therefore the reactions can be calculated considering the loads sampled through the
LHS procedure which obtained results have been discussed in 6.2.3 of this thesis. After
sampling, loads are multiplied for the influence area of each floor considering a width equal
to the sum of half of the two central spans (5 m) and a depth equal to 5 m (it must be
remembered that the sampled loads have been just computed considering the depth of 5 m
thus they will be multiplied only fort the width of the influence area). At these distributed
loads, the self-weight of the beams and the columns included in the considered influence
area must be added taking as computational density that sampled in 6.2.1. This analysis
can be resumed in the following expressions:

G1,beams = ρ · 0.4 m · 0.5 m · 4.4 m · 5 (7.9)
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where 0.4 m and 0.5 m are respectively the width and the height of the beams and 4.4 m
is the total length of the two half beams excluding the node width;

G1,columns = ρ · 0.6 m · 0.6 m · 12.5 m (7.10)

where 0.6 m and 0.6 m are respectively the width and the depth of the columns and
12.5 is the total length of the four central remaining columns included the nodes; thus, the
value of the reaction P0 writes:

P0 = G1,beams +G1,columns + (G1 +G2 +Qf ) · 5 m · 4 + (G1 +G2 +Qr) · 5 m (7.11)

where 5 m is the aforementioned width of the influence area.
The obtained values of the reactions can be statistically analysed; a lognormal distribu-

tion is shown to well fit the data set, the graphs representing the probability distribution
functions, the histogram with the fitted PDF, the probability plot and the scatter plot
are reported in Figure 7.3. The value of the reaction ranges from a maximum value of
1210.65 kN, to a minimum value of 998.56 kN, the arithmetic mean is equal to 1085.33 kN.

(a) Probability density function of P0 (b) Histogram and probability density
function of P0

(c) Probability plot of log(P0) (d) Scatter plot of P0

Figure 7.3: Plots of P0
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7.3.2 Calculation of Pd
Once that the P0 values are obtained, the dynamic response needs. To compute the 100
different values, the equivalence between the external work and the internal energy must
be found in terms of correspondent dynamic displacement. To detect the ud, equations
(7.4) and (7.5) are computed and plotted on the same graph. On Figure 7.4 and Figure 7.5
two cases, “11” and “21” are presented, repurposing the just seen capacity curve together
with the energetic plot of Wi and We.

A graphical approach is therefore used to compute the searched solution in each of the
100 cases. From the intersection point between the two curves the corresponding abscissa
ud is then estimated. After, it is used to compute the equivalent dynamic response Pd by
entering in the capacity curves and searching for the corresponding value on the ordinate
axis. Now both terms are available to compute λd according to equation 7.8.

(a) Capacity curve (b) Energy plot

Figure 7.4: Case "11"

(a) Capacity curve (b) Energy plot

Figure 7.5: Case "21"

7.3.3 Probabilistic estimation of the DAF (λd)
The estimate of λd leads to a set of 100 different values ranging from a maximum of 1.448
to a minimum of 1.053. The mean value is equal to 1.229 and the representation of all the
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values are reported in Figure 7.6d where the red line represents the mean value.
Finally, also in this case, the obtained values of the dynamic amplification factor can be

statistically analysed; a lognormal distribution is shown to well fit the data set, the graphs
representing the probability distribution functions, the histogram with the fitted PDF, the
probability plot and the scatter are reported in Figure 7.6.

(a) Probability density function of λd (b) Histogram and probability density
function of λd

(c) Probability plot of λd (d) Scatter plot of λd

Figure 7.6: Plots of λd
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Chapter 8

Conclusion and future works

8.1 Conclusions
In this Master’s Thesis the probabilistic capacity curves of a R.C. multistorey plane frame
have been analysed as main goal. The structure considered for the analysis was a frame
with a particular reinforcement arrangement derived by previous robustness analysis. The
analysis had the objective to study the resistance of such structural system against a
suddenly removal of a bearing element able to trigger a disproportioned collapse.

A probabilistic sampling has been carried out both on material and actions. The proce-
dure followed for this purpose have implied the adoption of the Latin hypercube simulation;
therefore 100 different models have been created with different characteristics and prop-
erties. The main attention has been focused on the push-down analysis, the consequent
results and their possible application.

The push-down analysis have been carried out to simulate the column removal, and to
understand the behaviour of the structure under this condition. The resulting displacement-
force diagrams, one for each different case, define the ranges by which flexural and catenary
structural behaviour can ensure a certain equilibrium condition, avoiding a disproportioned
collapse. In particular, the value of the flexural peak ranges from 1198 kN to 1554 kN.
While the catenary peak ranges from 1151 kN to 1518 kN.

Moreover, it can be added that the displacement value corresponding to the first peak
remain almost constant while the value of the second peak change strongly for all the dif-
ferent 100 cases. This suggests that the maximum flexural capacity of the system involves
linear elastic stage of material behaviour, being not much influenced by the sampled prop-
erties. On the contrary the catenary peak is strongly interested by the non-linear properties
of materials that have been sampled; indeed the intermediate stage of the capacity curves,
that in between the two peaks, is influenced by the yielding of steel, as well as the second
peak itself is governed by ultimate strain and stress of materials.

Finally, capacity curves have been adopted to exploit one stage of the simplified frame-
work for progressive collapse assessment. In particular by using the proposed simplified
dynamic assessment the dynamic amplification factors λd have been probabilistic deter-
mined thanks to the virtual work principle and the capacity curves previously defined.
Analysis have led to a set of 100 different values ranging from a maximum of 1.448 to a
minimum of 1.053. these values represent the hypothetic dynamic amplification that loads
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can show if a column loss scenario would happen.

8.2 Future developments
The results obtained up to this point constitute only the starting point of more complex
probabilistic robustness analysis. Indeed, capacity curves found in chapter 6 give infor-
mation regarding the global behaviour of the structure under a column removal condition,
while from the dynamic amplification factors computed in this chapter, it possible to un-
derstand which could be the dynamic response of the structure under the same exceptional
event.

However, the DAF as just suggested, could be used to simulate the dynamic effect of the
column removal, applying it directly on the loads in a set of probabilistic non-linear struc-
tural analysis, in which, through some expedient such an a temporally fictitious reaction,
the column removal can be simulated. This approach might produce a set of probabilistic
simulations from which the behaviour of the structural system against a disproportioned
collapse could be directly analysed.

Moreover, the aforementioned simulation results, in terms of deformation due to ampli-
fied loads, might be the starting point of a reliability analysis conducted with the aim to
find the probability of failure Pf of such structure and consequently the reliability index
β according to expression (2.11) which could express finally a measure of the structural
safety and robustness of the structure under analysis.

All this procedure, conducted with a probabilistic approach could represent the basis of
a new path work for the future of the structural design procedure, producing more accurate
results, but less conservative and therefore economically advantageous.
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