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Abstract

The wisdom of crowds is a sociological theory claiming that a mass of relatively
inexperienced individuals may express a wiser behavior than a single one. In
this thesis, we consider this issue in the context of the DeGroot learning model,
assuming that the various agents are heterogeneous in their capability to access
the true information. We study the effect of the network and of the self-confidence
in the consensus value reached by the community. Particular focus is reserved to
the case when the population is split into two classes, the regular people and the
expert ones: we analyze to which extent the self-confidence of the experts can be

beneficial to the entire community.



Introduction

The wisdom of crowds is a sociological theory claiming that a mass of relatively
inexperienced individuals may express a wiser behavior than a single one. The
spirit of the wisdom of crowds inspires many sites and projects on Internet, such
as Wikipedia and Yahoo! Answers. It finds application even in the Sciences,
as said Trisha Gura, "Citizen science can help researchers to address previously
insoluble problems" [13].

The term crowd refers to a group of individuals not necessarily cohesive, who may
not know each other or share the same ideas. According to James Surowiecki [16],

there are four criteria that must be respected for the theory to work:

Diversity of opinion, each person must have a different opinion;

Independence, people’s opinions should not be influenced by those of oth-

ers;

Decentralization, nobody must be able to control them:;

Aggregation, opinions must be able to be aggregated in order to obtain a

final result.

According to Aristotle, who is considered to be the first one to mention the wisdom
of the crowds, "it is possible that the many, though not individually good men, yet
when they come together may be better, not individually but collectively, than those
who are so, just as public dinners to which many contribute are better than those

supplied at one man’s cost" [1].



Since the beginning of the last century, several scientists have treated the
theme of collective intelligence and the first one who talked about it was the
statistician Francis Galton [11]. In 1906, at a cattle fair in Plymouth, people were
asked about the weight of the exposed ox and writing it on a piece of paper. The
most accurate in the prediction would have won the ox. About 800 individuals
participated in the estimation competition. Each attendee had to buy stamped
and numbered cards at a price of 6 pence each, on which they had to write
their name, address and estimate. The six-penny fee discouraged jokes, while
the hope of a prize and the joy of the competition drove each competitor to do
their best. Competitors included very experienced people in judging the weight
of livestock, such as butchers, farmers, and common citizens. Galton collected all
the individual answers and found that the average of the estimates provided was
more precise than the estimate provided by the individual experts.

Over time, the idea of the wisdom of crowds has been integrated in the learning
models. An important model of network influence has been created thanks to
Morris H. DeGroot. "In the model that has been presented here, it is assumed that
there is no possibility of learning whether the opinion of one individual is closer to
the truth than that of another. In other words, it is assumed that no outside data,
observations, or information about the value of truth is available. It is assumed
that at the beginning, each individual © chooses the weights pij that he is going to
use and he then continues to use these weights throughout the process.” [6].

In this work, we study the conditions in which DeGroot learning model holds
the effect of wisdom of the crowds. These conditions concern the way the self-
confidence connects to centrality. Accordingly, since groups are heterogeneous,
we might exploit the presence of expert individuals. In fact, the use of social
information is advantageous when individuals copy good performers. We focus on
giving the right self-confidence to individuals so that learning leads to make a good
decision. Initially, we make analitical studies, next, we find a way to determine

agents’ self-confidence, after they came to know the beliefs of neighbors.



The outline of the thesis is the following. In Chapter 1, we shortly present
the graph theory needed in this thesis. Chapter 2 is mainly devoted to a formal
description of the learning model and to a discussion of how to increase wisdom
asymptotically. We present the details of the effect of adding self-weights, that
represent the self-confidence of individuals. In Chapter 3, we analyze the effect of
self-confidence on a social network where agents are split into two parts, expert
and regular ones. Chapter 4 contains a set of examples on known networks where
there are just some nodes with self-confidence, these examples verify what has
been analytically addressed. In Chapter 5, we report some numerical simulations
based on different graph architectures: Complete and Erd&s-Rényi. Since nodes
are human beings and not electronic devices, we try to simulate realistic scenarios.
To this aim, we consider a social network where nobody knows its variability and,
therefore, we estimate it based on the neighbors’ responses. Finally, the last

Chapter concludes the work, summarizing achieved results.



Chapter 1

Basic Concepts

In this chapter, we review all basic mathematical concepts needed in the for-
malization of our model. More precisely, we overview some basic concepts from

topological and algebraic graph theory.

1.1 Graphs

Graphs are mathematical structures used to describe networks. A graph is made
up of a non-empty set of nodes and a set of edges. There are three key aspects in

modeling a network that are captured by the concept of graph:

1. The set of nodes V represents the units participating in the network, (e.g.

people, biological entities, economic individuals, computers, sensors).

2. The set of edges £ describes how nodes are linked. These connections are
represented by a choice of ordered pairs sets (i,7), where i,7 € V. In our
case, the presence of a specific link (4, 7) means that i can communicate with
7.

3. In order to express in a quantitative way the activity level of a certain link

(i,7) it is possible to associate a value W;;, also called weight.



Definition 1.1. A directed graph G = (V,E) consists in a pair of sets (always
finite in this thesis) where the elements of V,

V =A{v,...,u.},

are called vertices (or nodes) of G, while the elements of &,

E=A{e1,...,en},

are called edges (or arcs) of G. Each edge is a set of two ordered vertices e = (v, w),

ec€& andv,w e V.

We call it undirected graph, if the existence of the link (7, j) implies the ex-
istence of the link with reversed direction (j,7). For undirected graphs, one can
consider undirected links described as unordered pairs {i, j}, each of which corre-
sponds to the pair of directed links (4, 7) and (j,7). Note that, by doing so, every
undirected link corresponds to two directed links. In this work we use undirected
graphs.

In general, in the graph G = (V, £), the set V is non-empty, whereas £ might be
empty. Of course, if V = (), then also £ = ) and G = (0, () is the trivial graph

with no vertices and no edges.

Definition 1.2. Let G = (V,€) be an undirected graph. Two vertices v,w € V

are called adjacent if (v,w) € €, that is, if they are connected by an edge.

Definition 1.3. Let G = (V, &) be an undirected graph. For a verter v € V, its

degree is the number of edges attached to v. Namely, deg(v).

The degree of each vertex represents the number of individuals with whom it is

in communication.



1.1.1 Some graphs with special structures
Regular graph

Definition 1.4. A regular graph is a graph where each vertex has the same number

of neighbors, i.e., every verter has the same degree.

Definition 1.5. A reqular graph with vertices of degree r is called a r — reqular

graph.

It is well known that the necessary and sufficient conditions for a r — regular
graph of order n to exist are that n > r+1 and that nr is even. In Figure 1.1 it is
possible to understand the creation of regular graphs by increasing their number of
nodes and their degree. In particular, for any number of nodes a 0—regular graph
is the empty graph, i.e., it consists of isolated nodes with no edges. A 1 —regular
graph consists of disconnected edges, and a 2 — regular graph consists of one or

more (disconnected) cycles.

. /'/

Figure 1.1: Regular graphs with n nodes (1 < n < 5) and with degree r (0 < r <
4).



Complete graph

Definition 1.6. For every n > 1, we denote by K, the complete graph with n
vertices, that is, the graph with set of vertices {1,...,n} and all possible edges.

Kp: 0 ' K1 ' Ky 3 ' K6

Figure 1.2: Complete graphs without self-loops with n vertices, 1 < n < 12, and

their respective number of edges.

Proposition 1.7. Let K,, = (V, &) be the complete graph with n vertices. Then

7) - b

9] = T 2

deglv)=n—1 Yv eV, |5|=<

Here, we are considering a complete graph without self-loops, therefore the com-
plete graph K, is a regular graph of degree n — 1. On the other hand, a complete
graph K, with self-loops is a regular graph of degree n. In Figure 1.2, it is possible

to observe some examples of complete graphs without self-loops.



Star graph

A star graph is a graph in which a node, called root, is adjacent to all the others,
called leaves, and the latter are adjacent only to the center. A star with n nodes
is normally referred to as S,,. In a star graph S,,, the root, labeled with index 1,

has degree (n — 1), while the leaves {2,...,n} have degree 1.

Erdds-Rényi graph

An Erd6s-Rényi graph (ER Graph), G = (n, p), is a random graph with n nodes in
which each arc has probability p to exist. Therefore, the average number of edges
is given by @p. It is possible to observe that n and p cannot be univocally
deduced by the graph which is the result of a random process |8]. Consequently,

many different outputs may be obtained given the same values of n and p. The

degree of connection in these types of graphs depends on the parameter p.




Firstly, let us consider the borderline cases:
e p = 0, every node has degree equal to 0, thus all nodes are isolated,

e p =1, every node has degree equal to n — 1, thus the network is a complete

graph.

Secondly, in [8], it has been proven that in order to not have isolated nodes, p

must be
(14¢)lnn
" )

p >

Thus 22 is a sharp threshold for the connection of G = (n, p).

1.1.2 The adjacency matrix

Definition 1.8. Let G = (V,€) be a graph with V = {1,....n}, where n = |V|.
The n x n matriz A = (a;j) where

1 if(i,j) €€

0 if(i,5)¢¢

CLZ']' =

18 called the adjacency matriz of G.

The element a;; on the diagonal can be a; = 0 if node ¢ does not have a self-loop,
otherwise a; = 1 if it has a self-loop. Since we consider undirected graphs, it is

immediate to check that:
1. the adjacency matrix A is symmetric;

2. the structure of the graph G is completely determined by A (because, from

A, one can reconstruct the edges of G).

If a graph G = (V, €) has n vertices but its vertices are not labelled as the integers
{1,...,n} (as in our case which are individuals), it is always possible to relabel
them in this way, and still consider the adjacency matrix. Of course, the resulting

adjacency matrix depends on how we have labelled the vertices. Consequently,

9



the matrices that we obtained are similar and it is possible to get one from the

other by applying a permutation.

Example 1.1. The adjacency matriz of the complete graph K,,, without self-loops,

s given by
01 1
10 1 1
1
1
r1 ... ... 1 0

It is a n x n matrix with 1 everywhere except along the main diagonal where all

entries are zero.

Example 1.2. The adjacency matriz of the star graph S,,, where the root is labeled
by 1, is given by

01 1 1
10 0 0
10

0
10 ... ... 0 0

It is a n X n matriz with all 1 in the first row and in the first column except the

term (1,1) and all the others entries are zero.

1.1.3 Weighted graphs

A weighted graph is defined as a triple (V,E,W), where V is the set of nodes,
£ is the set of links and W € RKW is the weigth matrix. In many applications,

each edge may have an associated numerical value, called weight. Therefore, the

10



weight matrix W is a generalization of the adjacency matrix A described above.
Consequently, the weight matrix is then a non-negative square matrix whose en-
tries satisfy W;; > 01if (¢,7) € € and W;; = 0if (4,7) ¢ €. In many situations,
it is convenient to identify V = {1,...,n} so that W € R}*". Let G = (V,&E, W)
be a graph, as said before, we focus on undirected graphs in which W’ =W | i.e.,
each link and the one with reverse direction have the same weight W;; = Wj;.
If W;; € {0,1} for all nodes i,j € V, the graph G is called unweighted. In this
case the graph is often described by the pair G = (V,€). The matrix W, which

can be univocally deduced from the set £, it is simply the adjacency matrix A of G.

Besides the weight /adjacency matrix, other matrices are associated to a graph
G = (V,&E, W), for instance the normalized weight matrix P, also called transition

matrix. The normalized weight matrix is obtained as follows
P=D"'W, (1.1)

where D = diag(w) and w = W1. All entries of P are non-negative, thus P is
a non-negative matrix. Since P1 = 1, P is a stochastic matrix!. Any stochastic
matrix P over a set ), can be thought as the normalized weight matrix of a graph.
It is sufficient to consider Gp = (V, &, P) where € = {(¢,7)|P;; > 0}. We call Gp
the graph associated with P. Sometimes we use the following terminology: P is
called irreducible if Gp is strongly connected, and it is called aperiodic if Gp is

such.

Theorem 1.9. Let W be a non-negative matriz. There exists an eigenvalue Ay

of W real and positive and two non-negative vectors x # 0 and y # 0 such that
1. Wz = \wax, Wy = A\yy;

2. every eigenvalue p of W is such that |u| < Aw.

LA matrix is said to be stochastic whether it is a square matrix where all entries are non-

negative and the sum of entries in each row is 1.

11



The eigenvalue Ay is called the dominant eigenvalue of W. Important properties

of stochastic matrices are shown below.

Proposition 1.10. Let G = (V,E,W) be a graph and let P = D7'W be ils

normalized weight matriz. Then
1. )\p = 1,’
2. there exists a non-negative vector w such that 7’1l =1 and P'm = .

Proof. See Lecture notes on Dynamics over Networks, [9].

]

The probability distribution 7 = (74, ..., m,) is the invariant measure of P, besides

it denotes its centrality.

1.2 Social network

A social network consists of any group of individuals connected by different social
ties. For humans, ties range from casual knowledge, to working relationships,
family ties and so on. The analysis of social networks, i.e., the mapping and
measurement of social networks, can be conducted with a mathematical formalism
by graph theory. In fact, a social network is a graph where the nodes represent
people and the edges represent social connections between them. In the following
of this thesis the term social network will be used to denote the graph of social
interactions through which agents communicate. A social network, defined as a
graph, is characterized by its density. The density of a network can give an idea
of how efficient is the relational interchange between the various elements of the
network. If all the elements of the network establish links between them, then
the network densities would be equal to one (complete graph). Otherwise, if the
network elements did not communicate with each other, the network density would

be zero (null graph). The analysis of social networks has shown how structure and

12



density contribute to determining its potential utility for individuals. Small and
dense networks may sometimes prove to be less useful than larger networks and
with weak links. In fact, the latter would lend themselves more to the exchange
of new ideas and opportunities, thus favoring the processes of innovation. To
simulate how a social network forms, mathematicians use random graphs that
model how people make connections as they enter the network. In fact, in some
of our simulation we use the simplest type of random graph, the Erdds-Rényi

graph.

13



Chapter 2

The DeGroot Model

Opinion dynamics study the way opinions of individuals modify through pairwise
or group interactions. A celebrity model considered in opinion dynamics is the
DeGroot model. Assume a community of people V = {1,...,n} to be connected to
agraph G = (V,E, W), where W is the interaction matrix. As seen in section 1.1.3,
the corresponding stochastic matrix P is obtained by the formula P = D',
Furthermore, assume that the community has to estimate a parameter. Each
individual can state its own estimation z;(0) of the parameter, where i denotes
the individual and the value in brackets represents the time of estimation /revision
(in this case t = 0). The update process is based on the weighted average of the
neighbors’ beliefs at the previous time. The updating rule of the DeGroot Model
is the following

X(t+1)=PX(1), (2.1)

where X (t) € R™ is the beliefs vector at time ¢ and P is the interaction matrix.
The matrix P is a n X n non-negative matrix and it is stochastic, so that the sum
of its entries in each row is equal to one. In particular, p;; is the trust that agent
¢t places on agent j. In the learning process, each member’s revision is a linear

combination that takes into account the latest changes in the opinion of oneself

14



and others. By iterating the process (2.1) we get
X(t)=PX(t—1)=P'X(0). (2.2)

It is assumed that individuals continue to make these revisions indefinitely or until
X (t+1) = X (t) for some value t, i.e., further revisions no longer lead to changes.
The initial opinion,

z;(0) = u+ N, Vie, (2.3)

is defined as the sum of the truth x4 and a noisy term N;, which we assume is nor-
mally distributed with mean 0 and variance o7 > 0. Noisy terms are independent
one from the other.

We start to define the average group belief because it is a fundamental element
in the comparison between the wisdom of the crowds and the learning model; at

the time t it is given by
1 n
m(t) =~ > wi(t),
i=1

and at time t = 0, we have
1 1<
m(0) = szi(m =u+gzNi- (2.4)

i=1 =1

We notice that %22;1 N; is normally distributed with mean 0 and variance

1< 1<
— = Z Var(N;) = = Z ol
i=1 i=1

2.1 The asymptotic behavior

In a society, a consensus is reached if and only if the value of all n members

converges to the same limit as ¢ — oo.

Definition 2.1. Let X (t) € R™ be the opinions vector. The estimations of the n

idividuals converge to each other if and only iof there is a value x* such that

lim z;(t) = 2%, Vi=1,..,n. (2.5)

t—o00

15



It follows from (2.2) that a consensus is reached if and only if there exists an

invariant vector m = (my, ..., m,) such that, fori =1,...,nand j =1,..,n

(1)

lim p;;’ = m;, (2.6)

t—o00

where pg) denotes the element in row ¢ and column j of the matrix P'. When
(2.6) is satisfied for every value of i and j, then 7y, ..., m, are non-negative and
such that " m = 1.

Assume P to be irreducible and aperiodic and let us consider the invariant

probability vector 7 related to the stochastic matrix P
m'P =7

where >~ | m; =1 and 7 denotes the centrality of P, see Proposition 1.10. Then,
if X (¢) is the solution of the DeGroot Model (2.1), we have that
lim X(¢) = 1(7'X(0)),

t——+o00

this means that the beliefs vector X(t) converges to 1(7'X(0)) = 1X,, when

t — oo. More specifically we get
Xoo =7 X(0) = p+ ZﬂiNi.
i=1

We want to analyze the difference between the average group belief at time

t =0 and at time ¢t = oo:
0) = i+ 1izv
m = — iy
! N

m(oo) = p+ Zm]\fi.
i=1

We compare the wisdom of crowds with the asymptotic behavior. In addition, we

notice that E(m(0)) = E(m(c0)) = u. We evaluate the distance with respect to

16



the truth value p by using the variance!:

1 n
Elp—m(0)* = 5> o},
=1

n

E|p —m(c0)|* = Var (Z WiNi) = Z ol
i=1 i=1

To sum up, the first value represents the variance of the initial error and the

second one represents the variance of the asymptotic error.

2.2 Wisdom of crowds and wise societies

When we talk about wisdom of crowds, we refer to a collective intelligence. Many
social scientists describe the wisdom of crowds as the phenomenon for which "large
groups of people are smarter than an elite few" [16]. It does not matter how clever
people are or how much they know about the specific topic, because the group,
rather than the individual, is always better at solving problems, making wise
decisions or predicting the future. As reported by Golub and Jackson, "A society
1s wise if and only if the influence of the most influential agent is vanishing as
the society grows" [12]. Let us consider a society as a sequence of graphs with

increasing dimension n and assume that the true state p is kept constant.

Definition 2.2. (Wisdom notion). Given a sequence of stochastic matrices of
increasing dimensions {P") € R™"} ey, define a sequence of opinion dynam-
ics problems with initial state {X"(0) € R"},en satisfying (2.3). The sequence
{PI ¢ R}, is wise if

plim 7/ X (0) = pu. (2.7)

n——+0o

In this work plim is meant as probability limit.

Assume 0 < ¢? < 0? < 52 < +oo, Vi € V. Definition 2.2 is equivalent to say that

1By definition Var(X) = E[(X — E[X])?].

17



the limiting belief of all agents converges to the truth as n — +o0 if and only if

the influence of the most influential agent vanishes.

Proposition 2.3. Consider a sequence of stochastic matrices of increasing di-
mensions { P € R}, cy. The sequence is wise if and only if

plim max 7Tz[n] = 0.
n—+oo !

Proof. By Definition 2.2, plim M X00) = p, where /M XM(0) = 4+

n——+00

/PN Therefore, we have to prove that

plim 7'M NP =0, (2.8)

n—-+o0o

Let 7/MINT =57 7l"'N". Then Var <Z?:1 wg”]N}"]) =7 me?,

First, suppose max; Wz[n]

Var (Z b Ni["]) = Z w2l g2
i=1 i=1
<3 (max " )mio}

— 0.

(maxwz[ he? = 0, Vn e N

By Chebychev’s inequality, fixing any e > 0, it is proven (2.8).

For the converse, suppose max; 7 74> 0.

Var (Z Wl["]Ni[n]) > (max Wz["])zaf > (maxw h2g? 10,

- i i
=1

which means that the Y, 77["} N can not converge to 0 in probability.

)
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When noisy terms are equally distributed, o = 02, the variance of the asymp-

totic error is thus
n n
Var (Z 7rZ-NZ-> = g2 Z 7r2-2.
i=1 i=1
It is well known that if there exists an invariant vector m, then 7m; > 0 for all < and
thus " 72 < 3" m = 1. Using this consideration as a starting point, it may
be observed

Var (Z 7er2> < 02,
=1

namely, the crowd is wiser than a single.
The wisdom we have defined above refers to the asymptotic behavior of a

crowd. It is possible to talk about wisdom even in the finite time.

2.3 Increasing wisdom

Given the variances o7 we are interested in analyzing for which 7 it holds that

Zn:ﬂfof < % znjaf, (2.9)
i=1 i=1

so that the learning process improves the collective estimation of the truth value

L4

We start by analyzing the following minimum problem:

n
- 2 2
arg min E Tio;. (2.10)
yrlm=t =1

In order to solve this problem we use the method of Lagrange multipliers. Ac-

cordingly, the Lagrange function is defined by

A2, .. 02 0) =202 + . 1o F A(m A T — 1),

9 Yno

and, the partial derivatives are




By setting the gradient to zero we obtain the following system:

oA - A
o, =0 Vi, 1=1,...,n & 71'2‘:—@

%_ KA
o\

which amounts to solving n + 1 equations in n + 1 unknowns. By replacing

Vi, i =1,...,n

0

A

—557 in the original constraint we find A

i_A o - 1 1
2072 B A =20

=1 ¢

T, —

To minimize Y, | w707, each probability 7; must be inversely proportional to its

variance:

1 1

g; . 3
7 j_]_ a—j

This is the 7 achieving the minimum variance.

We now analyze in more detail the improvement of the wisdom of crowds
starting from the simple case n = 2. In this case, the inequality (2.9) corresponds

to

1
w0} 4 w05 < 7(07 + 03), (2.12)

where m + T = 1.

Assuming that 07 > 03 and m; < 7, let us take m = (3

: —x) and m = (5 + ).

Therefore, (2.12) is as follows

1 1 1
(5 —z)%07 + (5 +1)%05 < Z(U% + 03)

2*(0? 4 03) — x(0} — 03) < 0.

0'2—0'2 .
L —2 It is thus clear that

2
o1+0o5

It is a convex parabola, which is null in x = 0 and x =

(2.12) holds true if 0 < z < ol-o

0% +J§ '

For the general case, we have the following partial result.

20



Proposition 2.4. Let 0? be ordered as o} > --- > o2. Then, Vr probability such
that

T S Ti+1 (213)

2 2
Ti0; 2 Tig10541, (2.14)

it holds,
n 1 n
Zﬂ'?a? < EZU% (2.15)
i=1 i=1

Proof. Let us consider the following functional

1 n n
_ 2 2 2
F(W)——QE al-—g Oy
ns ;
=1 =1

We need to show that for any probability 7 satisfying (2.13) and (2.14) we have
that F(r) > 0. This derives from the following considerations. Given i > j we

have that
OF (m) OF(m)
(971'2' 87rj

We fix 7 satisfying (2.13) and (2.14). Starting from 7% = (1/n,1/n,...,1/n) we

_ 2 2
= Q[Wjaj — Wiai].

can imagine to move towards the direction of 7 by movements of type z(e; — e;)
where ¢ > 7 and © > 0. The partial derivative condition insures that as long
as conditions (2.14) are not violated, the functional F' will increase along these

movements. This yields the result.

2.4 The effect of adding Self-Weights

We now modify the model introducing a new parameter a € [0, 1]”. The parameter
«; is called self-weight and it represents the weight that the individual 7 places on
its own belief. Using self-weights, the original transition matrix P becomes the
following

P, = diag(a) + (I — diag(a))P. (2.16)

21



The new centrality vector 7,, = 7/, P, can be computed as follows:

7, = m. diag(a) + 7, (I — diag(a))P,

7 (I — diag(«)) = 7l (I — diag(a)) P.

!

™ s

Therefore,

7 (I — diag(a)) = 7'\,

for some positive scalar A. By carrying out calculations with respect to a single

component ¢:

Zi:l lji)cz ‘

The value of the new centrality vector is thus given by

T
po= 170 (2.17)
>
= 1 —

We notice that any new possible centrality vector 7 can be achieved as follows.

To obtain that 7" = 7; for every 1, it is sufficient to put

/T
max; m; /7,
In particular, setting
2
0}
a=1—-—"1 55 (2.18)
IIlan 7Tj0'j

we obtain the optimal choice (2.11).
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Chapter 3

Social network with experts. The

effect of self-confidence

De Marzo, Vayanos, and Zweibel |7] note that a rational actor should place more
weight on those estimates which it considers to be more reliable. Thus, if agents
have information about the accuracy of their own estimates, therefore the self-
weight is correlated with accuracy. For this reason, we want to analyze the effect
of self-confidence on the wisdom.

We now assume the population to be split into two parts N = RUE where E are
the expert nodes, while R are the regular ones. We assume that o7 = o for every
i € R, while 0? = 0%, < 0% for every i € E. We also assume that there are n;
expert nodes and ns regular ones, where n; + ny = n. In this case the minimum

problem (2.10) becomes

n

arg min nlo?

iy >0 L

>
Z?:l mi=1 =1
ny n
=arg min 5 202 + E o,
mim; >0
sroom=1 i=1 i=n1+1
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and the solution takes the form of

0.2
T, = %, Vi € E,
nogp +n20E
2
g .
T = %, Vi € R.
N10p + N20g

(3.1)

Proposition 2.4 in this context takes the following special form.

Proposition 3.1. Assume that 0? = 0%, Vi € E, and 0? = o%, Vi € R, where

0% < o%. V7 probability such that 7, = 7, Vi € E, m; = 7, Vi € R and

TE Z TR,

7TEUI23 < WRU?%.

It 1s verified that
n 1 n
2 2 2
E WiUASEE o;.
=1 =1

Notice how the above result requires the centrality vector m to be constant

over the expert nodes and the regular ones, respectively.

3.1 The effect of self-confidence

We now assume the social network to possess a general centrality vector 7. In order
to achieve the optimal centrality (3.1), it is necessary for the agents to implement
self-weights according to (2.18). However, the implementation of (2.18) is rather
complicated because of the information that requires to agents, in fact, they must
have full knowledge of the network.

Anyway, a natural feature is the following: to be expert is related to self-
confidence, as pointed out in [2], [14]. For this reason, below, we investigate what
happens when expert nodes introduce a self-weight « (the same for all of them)
while the regular nodes do not change their updating rule. We want to see if such

modification is always beneficial for the system in the sense that improves the
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asymptotic wisdom.

From (2.17) we obtain that the new centrality vector is given by

o iﬂ'i if ¢ €ER
mﬂ'i ifie B

The normalization constant p is thus

(R = 1—0z7r(R)7

l—«

where we are denoting
m(E) = Zm, m(R) = Zm—.
i€E i€ER
The variance of the asymptotic error as a function of the parameter « is thus

given by

S(a) = Z(W?)Qaf = % Ui—Ea)Z Zﬂ'? + U%ZTF? : (3.3)

i i€E i€R
It is convenient to introduce the symbols:
n®(E) =Y xF,  aP(R) =) .
i€k i€R
Therefore, we can rewrite the form of S(«) as follows

o4 (E) + (1 - a)203n®(R)

Sla) = (0~ an(R))?

(3.4)

Of course, in @ = 0 we have the variance of the asymptotic error of the original
DeGroot model. We want to understand if S(«) is less than S(0) for some «. This
would show that some self-confidence would be helpful in the learning process. To
this aim, we need to understand the monotonicity of S(«) near 0. Accordingly,

we study the derivative in zero:

S'(0) =2 [r(R)ogn P (E) — n(E)ofm®(R)] .
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The only way to improve the asymptotic error of the original DeGroot model is

that S(«) is decreasing in zero. Therefore, we have that S’(0) < 0 if and only if

, 7A(E) _ ,5O(R)
oy ) <o ) (3.5)
The terms o o
L_mm) aO(R)
E — W(E) 3 R W(R) ) (36)

measure how much the centrality is diffused among the expert and regular nodes,

respectively. We thus proved the following Theorem.

Theorem 3.2. There exists a > 0 such that S(«) < S(0) if and only if

O'% WE

0'12% WR

< 1. (3.7)
This is the condition under which, the addition of a small self-weight to all expert
nodes is beneficial in terms of the asymptotic wisdom. Notice the combination of

two ratios: the one of variances and the one of the diffusion rate of the centrality

of experts and regulars.

3.1.1 Centrality diffusion rates

We now analyze in better detail the terms entering in the condition (3.7). It is
necessary that the ratio between experts’ centrality diffusion rate and regulars’
centrality diffusion rate (Z—E) does not explode, otherwise it is not possible to
reduce the asymptotic errorRof the original DeGroot model. The ratio depends
not only on how much the experts are central, but also on how much they are
concentrated, roughly.

We recall that >, 77 > (Tpae)?, and, in addition, Y, 77 < Taz D0y T
Using these estimates it is possible to determine a lower and upper bound for the

ratio between experts’ centrality diffusion rate and the regulars’ one.
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Lemma 3.3. If W is a subset of V the following holds true:

(max;ew 7;)>

U
< .
Wiy < max ;.
(2)
Proof. Since (W) = Z T, T (W) = Zﬁf and wy = W(—I(/II;I;), we have
T
iew iew

This yields the result.
[

Proposition 3.4. Given any subset W of V, V = {E, R}, the ratio between the

centrality diffusion rates is bounded as follows:

2
T (R
el o lroler(R 58)
m(E)|7rllee — wr Imell3
Proof. Proof follows from Lemma 3.3, taking W = E and W = R.
O

Suppose now that we let the size of network going to infinity, n — 4o0.
Let us show when the lower bound of (3.8) breaks out and, consequently, it is
impossible to decrease the asymptotic error of the original DeGroot model with
the introduction of self-weight. In addition, we show when the upper bound of
(3.8) is bounded and, consequently, it could be possible to decrease the asymptotic

error of the original DeGroot model with the introduction of self-weight.
Remark 3.1. Assume that
m(E) = ey,

accordingly, m1(R) = 1 —e,. We focus on cases when e, does not go to zero and

to one, that means 0 < § < e, < 1—0§ < 1'. In addition, we assume that the

! This condition represents a situation in which the experts are not negligible fraction of the

population, but not even the whole fraction of population.
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wmvariant measures of the most relevant agents among experts and regulars are

respectively:

7B loc = bn,

7R 0 = an-

In view of this, we observe that the lower bound of (3.8) tends to +o0o if and only
if the following condition holds true

ay, = o(bi).

Moreover, the upper bound of (3.8) is bounded if and only if the following condition
holds true
by, = O(a).

Summarizing the results, we obtain

o if a, = o(b2), then (w—E) — +00,

WR
o ifb, = O(afl), then <O£> <k, keR,.
WR
This is a situation in which neither of them, at the centrality level, would take

the upper hand, consequently it depends on the dispersion level. Therefore,

e if the expert agents are too concentrated compared to the regular ones, then

the ratio between the centrality diffusion rates bursts,

o if expert agents are sufficiently widespread compared to the regular ones,

then the ratio between the centrality diffusion rates is bounded.

3.1.2 The best self-weight

Of course, we are also interested in understanding which extent we can introduce

self-confidence without implement the overall behavior. To this aim, we complete
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the analysis of our function S(«) below. We recall that
o2 (E) + (1 — a)?0%7?(R)
(1 —an(R))?

Firstly, we determine the function zeros, under the condition o # ﬁ

S(a) =

o2n?D(E) + (1 — a)*0%r?(R) = 0.

Since A = —o%0271 P (R)m?(E) < 0, the function S(a) is always positive and in

zero its value is equal to
S(0) = o7 P(E) + o7 P(R) > 0.
To define the stationary points, we examine the first derivative

2(1 - an(R)) |—-(1 — )7(E)on®(R) + 7(R)o%m P (E)

S'(a) = . (39
(1- omr(R))4
The study reveals that there is only one stationary point which is
a=1-— éw—E,

0 0.2 0.4 0.6 0.8 1

Figure 3.1: Plot of S(«) of a star network with 10 individuals (two expert leaves
and the other nodes are regular), between 0 and 1, since a can only represent

these values.
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When the condition (3.7) occurs, the addition of self-weight confers benefits if
2
a € (0, 1— 0—5@} Accordingly, o = 1 — U—gw—E is the maximum self-weight
0% WR ORp WR
for which there is a benefit, precisely the maximum benefit. The optimum alpha,

denoted o, is thus

In order to evaluate the extent of the improvement over the variance of the asymp-
totic error of the original DeGroot model, i.e., S(0), we first calculate the value
that S(«) takes in o

o2oikn?(E)n?(R)

S(a*) = U%(W(E))QW(Q)(R) + O‘%(’]T(R))QW(2)(E)

(3.10)

S(a*) represents the smallest asymptotic variance value that can be obtained.
Consequently, the maximum profit that we get from the introduction of alpha is
given by

(037 (E)r®(R) — o3 (R)r?(E)]”

S0) = 50) = S BN @ (R) + o3 (n (B)Er D (B

(3.11)

Namely it represents the greater asymptotic improvement with respect to the

original DeGroot model when the condition (3.7) holds true.

3.1.3 Comparison with initial variance

Up to this point, we evaluated the performance of the self-weight adjustment
compared to the case without self-loops. Now, we want to compare the variance
of the asymptotic error by self-weight adjustment to the initial variance.

By assuming that there are n; experts, the initial variance is well-known and it is

defined as follows:

1

1
V= EZO’? = ﬁ[nl(f%ﬁ— (n—nl)a]zgj
i=1

We want to understand under which conditions there is an improvement over

time. Since the study is relative to alpha, the initial variance is a constant. We
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0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

()

Figure 3.2: Comparison between the variance of the asymptotic error (red) and

the initial variance (blue).

can obtain three different situations, depicted in Figure 3.2.

Figure 3.2(a) shows a case where the initial variance is always greater than the
variance of the asymptotic error, therefore any alpha we insert it always lead to an
improvement. Precisely, a = 0 is enough for a better result. Figure 3.2(b) shows a
case where the initial variance intersects the variance of the asymptotic error. This
means that if we take a appropriately we can obtain an improvement. Finally,
Figure 3.2(c) shows a case where the initial variance is always lower than the
variance of the asymptotic error, therefore for any « introduced there is nothing

that can be done, we can never break down the initial value.
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Chapter 4

Examples with some self-confident

nodes

In this Chapter, we analyze in detail the consequences of the theoretical results
of previous section for specific examples of experts’ distributions and, afterwards,
specific networks. In each example, we use Theorem 3.2 in order to restate the
improvement condition (3.7). In addition, we evaluate the optimum alpha o* and
the minimum variance of the asymptotic error S(a*). Finally, we examine the

comparison with the asymptotic error variance of the original DeGroot model.

4.1 Particular cases

In this section, we assume that no particular information is available regarding

the network, but for the centrality vector.

Case 1. Only one expert

In this example, we assume there is only one expert. This yields

m(E) = 7, 7@(E) = 7, and WE = Tg.
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The variance of the asymptotic error is given by

o3r% + (1 a)203m(R)
Q-an(®)

S(a) =

and, by Theorem 3.2, S(a) < S(0) if and only if

O'%WE

2

< 1. 4.1
o (4.1)

If this condition occurs, then the optimum alpha is thus

and, by using this value, we obtain the minimum variance of the asymptotic error

2

* OE
S(a”) = o (xR
L+ a' 7(2)(R)

Accordingly, the maximum profit is equal to

(037 P(R) — o3 (R)TE ?

o (R) — o (w(R))?

S(0) — S(a*) =

This means the asymptotic error variance of the original DeGroot model is larger
than S(a*), which represents the smallest asymptotic value that can be obtained
with the introduction of a self-weight. In addition, we obtain an improvement
over the initial variance if and only if the following inequality is verified

(T N LU

o2 7@ (R) | |n? " 0% n?

Case 2. n, experts and w; = wg, Vi € E, and w; = g, Vi € R
In this instance, the number of experts is more than one and we have further
information on the invariant probabilities. In fact, the centrality vector is made

up of only two values, one for experts mg and one for regulars wg. This yields

m(E) = mi7g, m?(E) = min, and  wp =T7p,

ﬂ-(R) - (n - nl)ﬂ-RJ W(Q)(R) = (TL — nl)ﬂ’%{, and WR = TR.
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The variance of the asympotic error is given by

nogms + (n—ny)(1 — a)?okms

Y

S(a) =

(1 —(n—nq)arg)?

and, by Theorem 3.2, S(a) < S(0) if and only if

ﬁ”—’f <1 (4.2)
0% TR

It is noticeable that this decreasing condition remains unchanged even when the
number of experts is one (ny = 1). This means that, if 7, = ng, Vi € E, and
m; = Mg, Vi € R, no matter how many experts there are, the improvement depends
only on the variances and the invariant probabilities. If the condition (4.2) occurs,

then the optimum alpha is thus

and we get

S(a*) =

no% +(n—ny)oy

Accordingly, the maximum profit is equal to

2
_ mi(n—m)[ohmr — 0pTE]

S(0) — S(a*) =

niog + (n—ny)os
The introduction of alpha leads to an improvement over the initial variance if and

only if the following inequality is verified

2 2
n10R+(n—n1)aE 2 2
oot niog + (n—mny)op| > 1.

By imposing n; = 1, we obtain the results for the more specific case.

Case 3. Uniform &, m = %]1

In this case, all invariant probabilities are equal, therefore, assuming n, experts,
the diffusion rates of centrality are given by

1
m(E) = nlg W(Q)(E) = nln_ and Wg =

and WR =

SIS



The variance of the asympotic error is given by

S p—
R e CETD:
and, by Theorem 3.2, S(a) < S(0) if and only if

noy + (n—ny)(1 —a)o%

?

£ <1 (4.3)

Since by definition 0% < %, we can conclude that the addition of self-weight is

always suitable. The optimum alpha is thus

and we get
2 2

g0
S *\ EYR )
(a ) n10%+(n—n1)a%

Accordingly, the maximum profit is equal to

ni(n —nq) [012_3 — 0’%]2

n?[nio% + (n —ny)o%]’

S(0) — S(a*) =

By introducing alpha, there is an improvement over the initial variance if and only

if the following inequality is verified

2 2
nop + (n—nog 2 2
) nioy + (n—mny)op| > 1.

As can be seen, S(a*) and the condition that determines if it is possible to break
down the initial variance are equal to the above case. In fact, we can consider the
Case 3 as a particular case of the more generic Case 2.

Let n; be a fraction of the total number of agents, i.e., ny = 6n, for 6 € [0, 1].

In this scenario, the variance of the asymptotic error can be written as
S(a) = Go2 + (1 —0)(1 — a)’o%
n[l — (1 —0)a)?

For large scales, i.e., n — 0o, S(«) vanishes. This means that the variance of the

asymptotic error in the limit vanishes. Consequently, we get

oo
S(a*) = EYR 7
(a”) n(fo% + (1 —6)o)

and




4.2 Known networks cases

In this section, we know the real structure of the network, consequently we have

information about the form of the centrality vector.

4.2.1 Regular Graph

A regular graph is a graph where each vertex has the same number of neighbors,
that is to say every vertex has the same degree, see Section 1.1.1. In general, in
rn

a r-regular graph, every vertex has degree r, so there are %' edges. The general

centrality vector 7 is proportional to the degree. Specifically, it is given by

r r
T=(—..,—]),
rn rn

which is the degree divided by the total number of links.

A complete graph K, is a regular graph of degree n — 1, i.e., a simple undi-
rected graph with n nodes in which every pair of distinct vertices is connected by

a unique edge. Consequently, the general centrality vector 7 is given by
n—1 n—1
T = eees .
n(n—1)" "n(n—1)

It is evident that the invariant vector in both cases is

1
=-1 4.4
! (14)

which is the uniform invariant probability.
Since the invariant probability is uniform, if we assume there are n; experts and
(n — ny) regular agents, then we can see the detailed analysis in the Case 3 of

section 4.1.

Petersen Graph
Let us consider a Petersen graph with 10 nodes, where each of them has degree

three.
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We assume there are 3 experts, identified by the red color, and 0? = 0%, Vi € F,

0? = 0%, Vi € R. In addition, based on the above explanation, the centrality

(3
vector is m = 151. We set 0%, = 1 and o}, = 2, accordingly we get that the

optimum self-weight is a* = % The variance improvement (over time) is given by

1T 2

Complete Graph
Let us consider a complete graph with 12 nodes, where each of them has degree

r=11.

We assume there is just one expert, identified by the red color, with variance 0%,
and 07 = 0%, Vi € R. In addition, the general centrality vector is 7 = 1. We set
0% =1 and 0% = 2, accordingly we get that the optimum self-weight is a* = 1.

The variance improvement (over time) is given by

L2302
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In order to compare this example with the previous one, let us assume there are

three experts and the variances remain unchanged:

L2 2
S(0) = S(a*) =+ — <= ~ 13%.

We can conclude by saying that, in regular graphs, setting the variances (0% and
0%) and the number of experts, the extent of the improvement decreases when

the number of the individuals increases.

4.2.1.1 Applications of the modified DeGroot model

We apply the DeGroot Model to concretely observe the improvement, assuming
that the true state is 0. In Figure 4.1, the learning model is applied to the example
described above. It is possible to notice that the consensus, in the model with
self-weights, is better than the original DeGroot model because it is closer to the
truth, o = 0. The original dynamic would have led to a consensus X,, = —0.2905,
which is improved with the introduction of self-weight, X% = —0.1346.

0.8

Modified DeGroot Model
Original DeGroot Model

0.6 [

04

021

X(t)

0.2

[

-04

-0.6

Figure 4.1: Comparison between the modified DeGroot model and the original
DeGroot one on Complete Graph without self-loops, n = 12, nl = 1, 0% = 1,

2 _
op = 2.
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This improvement is visible even on large networks. Therefore, we report two
applications of DeGroot model on networks with 10000 agents. In the first case,
illustrated in Figure 4.2, there are 2000 expert individuals. Expert individuals
and regular ones have very different variances: 0% = 1 and 0% = 11, respectively.
The consensus achieved by the original DeGroot model is X, = 0.1111, but
the addition of self-weight to experts leads to a remarkable improvement, i.e.,
X2 = 0.0471. In the second case, illustrated in Figure 4.3, two aspects change:
the percentage of experts increases to 8000, and self-loops are added to the original
graph. Also in this example there is an improvement: X& = —0.0085 compared to
X = —0.0656. In this case, it is worth noting that the DeGroot model converges

to consensus in 1 step. Hence, the plot is a line.

T
Modified DeGroot Model
Original DeGroot Model

X{t)

0 50 100 150 200
t

Figure 4.2: Comparison between the modified DeGroot model and the original
DeGroot one on Complete Graph without self-loops, n = 10000, n1 = 2000,

ot =1, 0% =11
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T
Modified DeGroot Model
Original DeGroot Model | |

X(t)

0 50 100 150 200

Figure 4.3: Comparison between the modified DeGroot model and the original
DeGroot one on Complete Graph with self-loops, n = 10000, n1 = 8000, 0% = 1,

o% =11.

4.2.2 Star Graph

The star graph, see Section 1.1.1, has a centralized topology. The centrality vector
7 is given by
if ¢ root

ﬁ if 7 leaf

D=

T, =

We focus on the introduction of self-weights in a network where individuals are
split in experts and regulars. We make use of system (3.2) to determine the new

centrality vector and we analyze three particular cases.

Case 1. One expert: the root

The invariant vector influenced by « is

if 7 root

if 7 leaf
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As before, this yields

1 1 1
m(E) = Y @(E) = T and  wp= 3
1 1 1
R) == (2) R = —— d = —
(R =3 ) = Ty T )
The variance of the asymptotic error is given by
S(a) = (n—1)o% + (1 — 04)202,%’
(n—1)(2—«)?
and, by Theorem 3.2, S(a) < S(0) if and only if
o2
—~L(n-1)<1. (4.5)
R

This condition, for large n, is never verified, therefore, for n — oo, there is never
the possibility of an improvement. This is due to the fact that the expert is too
concentrated. If the condition (4.5) occurs, then the optimum alpha is given by

«_ 0h—(n—=1op
o = = ,
R

and, by using this self-confidence, we obtain

o202
S(a*) = EYR .
(o) or+ (n—1)0%

In addition, the maximum profit is given by
(n—1)o% + 0% o%o%
4(n—1) or+ (n—1)o%

[0% — (n — 1)o3]”

4(n—1)o% + 4(n —1)%20%°

S(0) — S(a*) =

Case 2. n; experts, only leaves

The invariant vector influenced by « is

1
(-1 (1-a)
o 1
© ) 2u(n—1)
2i if 7 root
"

if ¢ expert leaf

if ¢ regular leaf
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Of course, if ny = 1, there is only one expert that is a leaf. As before, we make

our considerations starting by the diffusion rates of centrality.

__m Qg™ __
"E) =sp—y T B =gy wder= oy
on—ng —2 @ n®>—n—mn n®—n—m
_n-m-—z T M ndwp = .
(10 i s I S T o  ER Rl P § T ey

The variance of the asymptotic error is given by

_ mop+ (n*—n—ny)(1 —a)of

S(a) = 2
(@) [2(n—1) = (2n —ny — 2)a]

and, by Theorem 3.2, S(a) < S(0) if and only if

2 9 —ny — 2
e o (4.6)
ohn?—n—n

We observe that, in the limit case n; = 1, the condition simplifies to

2. 9 —3
"—5—2” <1.
opn®—n—1

It is interesting to note that, for large n, such condition is always verified, therefore

the introduction of alpha always decreases the asymptotic error of the original

DeGroot model. If the condition (4.6) occurs, then the optimum alpha is thus

(n? —n —ny)ok — (2n —ny — 2)o%,

*

“ = (n? —n—ny)o% ’
and we obtain
S(CE*) _ 012‘3012%(”2 —n— nl)

ni(n? —n —ny)od + (2n —ny — 2)%0%’
In addition, we can conclude that the maximum profit is given by
nio% + (n* —n —mny
4(n —1)2
ni[(n? —n —ni)ok — (2n —ny — 2)og]

- A4n—1)2[ni(n® —n—n)ok + (2n —ny — 2)%0%]

S(0) — S(a*) = )7k _ S(a*)

2
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Case 3. n; experts: root and (n; — 1) leaves

The invariant vector influenced by « is

1
2u(l-a)

= m if 4 expert leaf
1
2p(n—1)

if 7 root

if ¢ regular leaf

As before, we make our considerations starting by the diffusion rates of centrality.

2 2
W(E):n+n1—2, W@)(E):n —2n+n17 and wpy = n® —2n+n ’
2(n—1) 4(n —1)? 2(n—1)(n+ny —2)
_nem gy nem P
"R =snmy T W =nThe wder=gn Ty

The variance of the asymptotic error is given by

(n? —2n+n1)or + (n —n1)(1 — a)?oy

[2(n—1) — (n— nl)af

S(a) =

Y

and, by Theorem 3.2, S(a) < S(0) if and only if

2 2
-2
opnt =2ty (47
o n+ng—2

It is possible to observe that, for large n, such condition is never verified, therefore,

for n — oo, there is never the possibility of an improvement. Anyway, in cases

where the condition (4.7) occurs, the optimum alpha is

. (n+ny—2)of — (n® —2n+ny)oy,
(ot 71— 2)07

Y

and the asymptotic variance by using this self-confidence is the following

o%o%(n* —2n+ny)(n —ny)
(n—n1)(n+ny —2)%0% 4+ (n —n1)2(n? — 2n+ ny)os

S(a*) =

Accordingly, the maximum profit is given by
n? —2n+ny)os + (n —ny)os
4(n —1)2
(n—m)[(n—ny —2)0% — (n2 = 2n + ny)o%]’

A4n—1)2[(n+n1 —2)%0% + (n — ny)(n® — 2n +ny)%0%]

S(0) — S(a*) = ¢ ~ S(a”)
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4.2.2.1 Specific numerical example

Let us suppose to have a star network with 10 individuals and just two of them
are experts. Moreover, the experts are two leaves, so they can only get in touch
with the central agent (Case 2). In the graph below, experts are identified by the

red color.

We also assume that 0% = 1 and 0% = 2. We can easily calculate the centrality

diffusion rates
1 11

Since the condition (4.6) is respected, there is an improvement with the intro-

WE

duction of a. The value of the asymptotic variance, using the optimum alpha

10

of = 4, is S(aF) = %. By applying o, the error decreases by 26% compared to

the case without self-weights.
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Chapter 5

Learning our expertise

We now want to study a different and more interesting situation that is when
agents are not aware to which class (regular or expert) they belong. In this
case they are not able to implement the self-weight adjustment as introduced in
the previous sections. In this Chapter, we propose a simple learning method to
overcome this difficulty and we show that, under certain assumptions, it produces
a positive effect on the estimation of the truth p. For the purpose of the simulation,
we assume that the truth value p is equal to 0.

We consider, as before, N = R U E and that the initial individual variance is

2

o} = 0%, Vi € R, and 07 = 0%, Vi € E. For each agent ¢, we consider the

dispersion of its measure with respect to those of its neighbors:

7= (50) — 57 2 0
JEN;
This means that only one measurement of the empirical variance of each agent is
made and this is based on the initial opinions of its neighbors. In addition, we
consider the following model for the assigment of the self-weight:

0.9

_ 09 5.1
T 1k (5:1)

where £ > 0 is a non-negative coefficient. We observe that, since k is non-negative,

« is a decreasing function. For this reason, we can express the following concept:
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"The closer T get to the truth value, the more I will be self-confident in future
decisions."
In order to find the best alpha values, we modify the coefficient £ of the bell

curve, see Figure 5.1. In the subsequent simulations the angular coefficient &

k =0.001

Figure 5.1: Several functions used to determine the self-weights.

assume values ranging between 0.002 and 2.5.

An analogous version of this problem is considered in [10] in the context of sensor
networks. There, agents are sensors that can be faulty (regular nodes) or non-
faulty (expert nodes). The proposed solution was a distributed implementation of
the maximum-a-posteriori estimator. This type of solution is however not feasible
in our social context for its complexity. Here we have preferred to consider and

study a much simpler learning model.
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5.1 Simulations

We implement these simulations on two different networks. First, we work on
a Complete graph. Then, we consider an Erdgs-Rényi random graph. In both
cases, the number of agents and experts is known. We apply the Monte Carlo
simulation to have a general idea of the goodness of the estimate. The number
of runs r in each simulation is set to » = 1000. Hence, we get r initial conditions
by generating a random number from the normal distribution, each independent
of the others, and we save them in the rows of a matrix. In this way we can
always use the same initial conditions when the self-weights assignment function
varies and the comparison of the results is not affected by noise. The different
initial conditions are studied at different times. Then, for each agent, we calculate
the mean of the initial values of its neighbors which it will be used to estimate
its variance. In fact, the variance of each individual is defined as the squared
difference between the average of initial values of its neighbors and its own initial
condition. Next, we define «; according to the bell function (5.1). As said above,
we change the coefficient k& of the function to identify the one that produces
the most improvement. As seen in Section 2.4, the use of self-weights modifies
the invariant measures. In order to identify the new centrality vector, we have
to compute the normalization constant. Finally, we can calculate the consensus
point.

Performances are studied through the analysis of the following indices: X, the
mean of the initial condition averages in absolute value; X, the mean of the con-
sensus points in absolute value; X2, the mean of the consensus points in absolute
value when we use the self-confidence; and M, the magnitude of improvement
between the two consensus value. We report these performance indices in each

simulation. First of all, we remember from the theory that for the generic initial
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condition z € R", we get the following values:

n

= %imi(O), T — imim), 7o =3 7o (0).
i=1 i=1

i=1
The first one, i.e., Z, is the initial conditions mean, the other two cases concern
the consensus points. The former is the consensus reached without self-weights,
while the latter is the consensus reached by introducing the self-confidence. Now

we can introduce the indices mentioned above, they are given by
IR 1o 1o
X:;Z\i’j\’ Xoo:;Z\(foo)jL X&Z;Z!(fi)j!
j=1 j=1 j=1
and the magnitude of improvement is thus

Xoo — X2
X

M =

The X measures the average of the initial opinions without social influence. On
the contrary instead, X, and X2 imply the presence of social influence. We are
interested in positive values of M because they represent an improvement on the
consensus point. In more detail, this means that the consensus obtained through
the self-weight adjustment is better than the original consensus, i.e., X% < X.,.
The greater M is, the bigger is the improvement got with respect to the original
consensus. That is to say the greater M is, the better is the consensus obtained
by the introduction of a. Therefore, we are looking for the biggest values of M.

The idea is to determine r random initial conditions and to apply the various
bell functions to identify the parameter . We analyze different situations by
changing the variances assigned to experts and regulars, used to determine the
initial conditions. In Table visible on each simulation, the improvement compared
to the case without self-weight is shown in correspondence with the number of
experts n; and the coefficient £ used. Regarding the graphs, on the horizontal
axis there is the value of the coefficient £ and on the vertical one there is the

corresponding value of M.
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5.1.1 Complete Graph

In a complete graph with n individuals, each agent communicates with all the
others. Here, we consider the complete graph with self-loops. For this reason,
we estimate the variance as the squared difference between the individual opinion

and the overall average of the initial opinions:
G = (xi(())—f)2, Vi=1,..,n,

where 2;(0) is the initial opinion of the agent ¢ and z = £ 3" | x;(0). Since in the
complete graph the centrality vector is m = %]l, see (4.4), then Z also represents

the consensus in the absence of self-weights, i.e., Zo.. For that reason X = X...

Optimum alpha

X(1)

0 W-HH,H —

0 20 40 60 80 100 120 140 160 180 200
t
Estimate of alpha

.

0 20 40 60 80 100 120 140 1860 180 200

X(t)

Figure 5.2: DeGroot Model on Complete Graph, n = 400, nl = 40, 0% = 1,
0% =11 and 7% = 0.1091, 2% = 0.1752, T = 0.2207.

Figure 5.2 illustrates the comparison between the study case in Chapter 3 and
the one of the following simulations, which we now analyze in detail. We consider
a society where the number of individuals is 400, while the number of experts

varies. We use the following values: 40, 120, and 250.
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Simulation 1. The variances used to determine the random initial condi-
tions of experts and regulars are considerably different, i.e., 0% = 0.2 and 0% = 11,
respectively. As expected, X, is monotonically decreasing with respect to the
number of experts. It is possible to observe this phenomenon from the first row

of Table 5.1: when the number of experts increases, then X, decreases.

n, = 40 ny = 120 ng = 250

ol
8

o
5
&

0.3672 0.2777

xXe M Xe M xXe M

k=0.002 0.3687 0.0789 0.2617 0.2873 0.1361 0.5098
k=0.005 0.3493 0.1273 0.2291 0.3761 0.1069 0.6149
k=0.01 0.3335 0.1668 0.2075 0.4348 0.0906 0.6737
k=0.03 0.3131 02177 0.1844 0.4979 0.0762 0.7255
k=0.04 0.3097 0.2261 0.1814 0.5060 0.0750 0.7299
k=0.05 0.3079 0.2306 0.1801 0.5094 0.0748
k=0.07  0.3066 0.1801 0.0758  0.7270
k=0.1 03072 0.2324 0.1827 0.5025 0.0787 0.7166
k=0.2 03141 02153 0.1953 0.4681 0.0897 0.6769
k=0.3 03211 0.1977 0.2072 0.4358 0.0995 0.6415
k=0.4 03271 0.1828 0.2173 0.4082 0.1080 0.6111
k=0.6  0.3364 0.1596 0.2333 0.3646 0.1217 0.5617
k=0.9  0.3461 0.1354 0.2506 0.3174 0.1372  0.5058

Table 5.1: Simulations on Complete Graph where 0% = 0.2 and 0% = 11.

Compared to the classic DeGroot model, we get remarkable improvements at the
asymptotic level. In the best three cases of ny = 40, n; = 120 and n; = 250, we
improve the consensus respectively of 23.39%, 50.95% and 73.06%.

As we can observe from Figure 5.3, it is clearly visible a maximum value, which
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is obtained by using k of the order of magnitude of 107! in all three cases.

0.8
n1=40
0.7 n1=120 B
n1=250
06
05F /7 —
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0.1 .

Figure 5.3: Simulations on Complete Graph with n = 400. Comparison between
the values that M assumes in the three different situations (n; = 40, n; = 120,

ny = 250), when the coefficient k varies. (0% = 0.2 and 0% = 11).

Simulation 2. Here, for the experts, we use the same variance of the previ-
ous simulation, i.e., 0% = 0.2. The variance used to determine the initial random
conditions of regular agents is clearly lower than the previous case, 0% = 4. This
has a remarkable effect on the average of the initial conditions. In fact, the values
of X, are much lower than in Simulation 1. By comparing Figures 5.3 and 5.4,
we observe a similar behavior. Furthermore, even in this case there is a maximum
value, which, as before, is obtained for k of the order of magnitude of 10~! in all
three cases. However, we notice that these values of k£ are a little bit larger than

in the previous simulation.
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n; = 40 ny, = 120 ny; = 250
Xoo 0.1481 0.1311 0.0983
Xe M Xe M Xe M

k=0.002 0.1448 0.0225 0.1168 0.1092 0.0757  0.2300
k=0.01 0.1386 0.0643 0.0997 0.2397 0.0547 0.4436
k=0.03 0.1314 0.1126 0.0865 0.3402 0.0425 0.5680
k=0.05 0.1279 0.1364 0.0813 0.3802 0.0386 0.6077
k=0.07 0.1257 0.1510 0.0784 0.4018 0.0368 0.6257
k=0.1  0.1237 0.1647 0.0761 0.4195 0.0357
k=0.2 01212 0.1816 0.0742 0.0361  0.6332
k=0.3  0.1208 0.0748  0.4296 0.0378 0.6159
k=0.4  0.1210 0.1832 0.0760 0.4202 0.0397 0.5968
k=0.7  0.1226 0.1725 0.0802 0.3884 0.0447 0.5456
k=1.2  0.1254 0.1534 0.0860 0.3443 0.0508 0.4830
k=1.8  0.1281 0.1353 0.0911 0.3055 0.0560 0.4307
k=2.2 01295 0.1257 0.0937 0.2853 0.0586 0.4039

Table 5.2: Simulations on Complete Graph where 0% = 0.2 and o% = 4.

Compared to the classic DeGroot model we get improvements at the asymptotic
level. In the best three cases of n; = 40, n; = 120 and n; = 250, we improve the
consensus respectively of 18.46%, 43.42% and 63.67%. Here, the original DeGroot
model works better than in Simulation 1 because the regulars’ variance decreased

considerably. For this reasons, the improvements are lower than in the previous

case.
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Figure 5.4: Simulations on Complete Graph with n = 400. Comparison between
the values that M assumes in the three different situations (n, = 40, ny = 120,

ny = 250), when the coefficient k varies. (0% = 0.2 and 0% = 4).

Simulation 3. Now let us try to increase the variance used to determine
the initial random conditions of expert agents compared to the previous case, by
setting 0% = 1.5, while for regular ones it remains the same, 0% = 4.

This worsening of experts variance, 0% = 1.5 compared to 0% = 0.2, has two main
consequences. First, as we can observe from Table 5.3, the consensus obtained by
the original DeGroot model, i.e., X, is slightly worse than the one obtained in
Simulation 2. Second, the improvements are less significant. This last aspect is
probably due to the fact that the difference between the two variabilities (experts

and regulars) is reduced.
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ny = 40 ny; = 120 ny = 250
Xoo 0.1545 0.1371 0.1093
Xe M Xe M Xe M

k=0.002 0.1522 0.0152 0.1290 0.0589 0.0993 0.0915
k=0.01 0.1510 0.0226 0.1249 0.0893 0.0946 0.1346
k=0.015 0.1510 0.1245  0.0917  0.0944
k=0.02 0.1510 0.0226 0.1245 0.0945 0.1351
k=0.03 0.1512 0.0212 0.1248 0.0899 0.0951 0.1298
k=0.05 0.1517 0.0180 0.1256 0.0841 0.0963 0.1190
k=0.07 0.1521 0.0154 0.1263 0.0787 0.0973 0.1100
k=0.1  0.1526 0.0124 0.1272 0.0719 0.0985 0.0992
k=0.2  0.1534 0.0073 0.1291 0.0581 0.1008 0.0775
k=0.4  0.1539 0.0042 0.1311 0.0439 0.1030 0.0577

Table 5.3: Simulations on Complete Graph where 0% = 1.5 and o3 = 4.

The best improvement is obtain by using k of the order of magnitude of 1072 in all
three cases. Compared to the classic DeGGroot model we get slight improvements

at the asymptotic level. In the best three cases of ny = 40, ny = 120 and ny; = 250,

we improve the consensus respectively of 2.3%, 9.19% and 13.64%.

Simulation 4. Here, the variances used to determine the initial random
conditions are similar to Simulation 1, but the experts one has got worse. Thus
we have 0% = 1.5, while for regular agents there are no changes, 0% = 11. The
fact that this is the worst situation that we have studied so far can be seen from
the values of X, worse than all the other cases, and from the value X¢ that is

much higher than the previous cases.
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ny = 40 ny; = 120 ny = 250
Xoo 0.4156 0.3672 0.2819
Xe M Xe M Xe M

k=0.002 0.3829 0.0785 0.2834 0.2284 0.1630 0.4220
k=0.005 0.3734 0.1016 0.2677 0.2711 0.1524
k=0.01 0.3698 0.1103 0.2649 0.1552  0.4493
k=0.015 0.3697 0.2677 0.2711 0.1610  0.4288
k=0.02 0.3706 0.1082 02713 0.2611 0.1667 0.4086
k=0.03 0.3732 0.1021 0.2785 0.2415 0.1765 0.3740
k=0.05 0.3780 0.0905 0.2901 0.2101 0.1906 0.3237
k=0.07 0.3818 0.0814 0.2985 0.1873 0.2005 0.2889
k=0.1  0.3860 0.0712 0.3074 0.1628 0.2108 0.2523

Table 5.4: Simulations on Complete Graph where 0% = 1.5 and 0% = 11.

The best improvement is obtained by using & of the order of magnitude of 1072 in
all three cases. Compared to the classic DeGroot model we get improvements at

the asymptotic level. In the best three cases of ny = 40, n; = 120 and n; = 250,

we improve the consensus respectively of 11.04%, 27.88% and 45.94%.

Comment.

The highest improvement rates, compared to the classical DeGroot, are when the

variability of the experts is very small.

Furthermore, in each simulation the order of magnitude of the best k is the same:
it does not depend on the number of experts, but on the their variance. When

0% = 0.2, k is of the order of 107!, while, when ¢% = 1.5, it is of the order of

1072
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5.1.2 Erdés-Rényi Graph

In this section, we perform our simulations on Erd&s-Rényi graphs, which have
been presented in Section 1.1.1.

In contrast to the complete graph, in Erd&s-Rényi graph, individuals are not in
communication with all the others. Furthermore, not all agents have the same
number of neighbors. For this reason, we estimate the variance as the squared dif-
ference of the individual opinion with respect to the average response of neighbors

as

; Al Z%(O))Q

il JEN;
J#i

The idea of establishing each individual’s self-confidence based on the opinions of

7 = (@(0) !

its neighbors has proved to be a success, in spite of reducing the comparison to
just a little part of the group. In order to assign the values of the parameter o we
use the decreasing function (5.1). The experiment has been carried out similarly
to the one that we have analyzed for the complete case. In the implementation,

the differences are mainly two:
e the network structure,
e the centrality vector .

Regarding the structure of the network, we consider an Erdés-Rényi graph, so
the structure is not defined. The centrality vector is not known a priori as in the
case of the complete graph, since degrees are random variables. In this case it is
possible to determine it once the network is fixed:

d;

:2|g|’ Viey,

Uy

where d; is the degree of the individual ¢ and || is the number of connections
in the network. Once determined 7, we can calculate the consensus in the case

without self-weights as seen above To, = > ., mx;(0).
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Firstly, we apply the standard DeGroot Model to observe that consensus is
reached when agents are connected through an Erdds-Rényi graph. Secondly,
we note that the ErdGs-Rényi graph is wise because the limiting beliefs converge
jointly to the true state 4 = 0. In Figure 5.5 we examine the learning model in
a group of 400 individuals, with 40 experts. The variances used to obtain the
random initial condition are 0% = 0.2 for expert individuals and o% = 11 for

regular ones.

Original DeGroot Model
T T T

4
2r il
~ 0r — — — —
53
2r A
4+ B
'6 Il Il Il Il Il
0 15 20 25 30 35 40
t
5 Modified DeGroot Model
T T T
>t<L | w * MM M WW b4 bt et
E= 1 1 1 1 1 1
0 15 20 25 30 35 40

Figure 5.5: DeGroot Model on Erdés-Rényi Graph, n = 400, n1 = 40, 0% = 0.2,
o% =11.

The consensus reached by the original DeGroot Model is X, = —0.2367, while the
one reached with the self-weight adjustment is X2 = —0.1469. The self-weight
adjustment loses in convergence time, but gains on the quality of the consensus
point as estimation of the truth.

In the next simulations, we see in detail the effects of the self-confidence intro-

duction on networks with n = 400 agents.
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Simulation 1. In this scenario, the variances used to determine the random
initial conditions differ greatly from experts (0% = 0.2) to regular agents (0% =
11), and the probability for each link to be present is equal to p = 0.1. Here,
we generate a random network and on it we apply the different initial conditions.
In Table 5.5, it is possible to observe the trend of the improvements when k

varies. The improvement grows until it reaches a maximum and then it begins to

decrease.
n, = 40 n, = 120 n, = 250
X 0.4161 0.3697 0.2806
Xoo 0.4186 0.3736 0.2823
Xe M Xe M Xe M

k=0.002 0.3850 0.0804 0.2727 0.2700 0.1441 0.4893
k=0.01 0.3567 0.148  0.2255 0.3963 0.0997 0.6467
k=0.02 0.3482 0.1684 0.2136 0.4283 0.0899 0.6814
k=0.03 0.3452 0.1754 0.2096 0.4390 0.0868 0.6925
k=0.04 0.3442 0.1779 0.2082 0.4428 0.0857 0.6964
k=0.05 0.3439 0.2078 0.0854
k=0.07 0.3442 0.1777 0.2086 0.4415 0.0860 0.6954
k=0.09 0.3452 0.1755 0.2102 0.4373 0.0870 0.6916
k=0.1  0.3457 0.1742 0.2111 0.4349 0.0877 0.6894
k=0.2  0.3512 0.1611 0.2203 0.4103 0.0941 0.6665
k=0.4  0.3589 0.1427 0.2343 0.3729 0.1044 0.6301

Table 5.5: Simulations on Erdés-Rényi Graph where 0% = 0.2 and 0% = 11.

Of course, we could generate a new random network for each initial condition.
The trend would remain largely the same, but the X, value for each k& would be

affected by noise.
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From Table 5.5, we see that the social influence in the classical DeGroot model
leads to a slight worsening compared to the average of the initial opinions, see X
and X. In all cases, the best improvement is obtained by using & = 0.05, i.e., k of
the order of magnitude of 1071, Compared to the classic DeGroot model we get
good improvements at the asymptotic level. In the best three cases of n; = 40,
ny = 120 and n; = 250, we improve the consensus by 17.86%, 44.37% and 69.73%,
respectively. It is interesting to note that the improvement rates are lower than
the ones in the Simulation 1 of the complete graph. This is due to the fact that,
here, we have just local information, therefore we have a limited knowledge.

If we had a comparison with the average opinions of all the agents (we denote
this Method as Method 2), the improvements would be more significant. In Figure
5.6, we considered a network with n; = 40 experts, on the left we estimated &2
based on the average response of the neighbors, while on the right based on the
average response of all individuals in the network. Between the first maximum

and the second one there is an increment of 16.66%.

Figure 5.6: Simulations on Erdgs-Rényi Graph. Two different ways of evaluating

o2, fixed n; =40 and p = 0.1.

As the density of the graph decreases, the difference between the two methods
increases.

Of course, Method 2 requires more information than Method 1. In a network

99



where agents are not connected with everyone, the global mean of the initial con-

ditions must be given by an external system and/or individual.

Simulation 2. Now let us compare the two methods for calculating empirical
variance from another point of view. Given the parameters, we wonder how many
experts are needed to obtain the same consensus point. Assume that the variances
used to get the initial conditions of the experts and the regulars are respectively
0% = 0.2 and 0% = 4. The number of individuals is n = 400, and the probability
for each link to be present is equal to p = 0.1.

ng = 40 n, = 34
X 0.1528 0.1531
Xoo 0.1560 0.1542

Xe M Xe M

k=0.05 0.1343 0.1387 0.1360 0.1181
k=0.07 0.1325 0.1508 0.1338 0.1321
k=0.1  0.1308 0.1612 0.1317 0.1454
k=0.2  0.1289 0.1739 0.1290 0.1634
k=0.5 0.1743 0.1642
k=0.7  0.1294 0.1703 0.1299 0.1576
k=1.1  0.1307 0.1621 0.1320 0.1440
k=1.8  0.1326 0.1502 0.1349 0.1247
k=2.1  0.1332 0.1460 0.1359 0.1182
k=2.5  0.1340 0.1412 0.1371 0.1107

Table 5.6: Simulations on Erdgs-Rényi Graph by using two different ways of

evaluating 6%, where 0% = 0.2 and 0% = 4.
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When k£ varies, the two methods respond similarly. We dwell on the situation
where they achieve the same consensus result, that is shown in the box. These
two values are really close, but the number of experts differs. By using Method
1 (comparison with neighbors) we have 40 experts, but the number of experts
needed to attain that result using Method 2 is lower: n; = 34 experts are suffi-

cient. There was a significant decrease, approximately 15% less.

Simulation 3. We report the case where there is a margin of error for expert
agents. Therefore, we consider their variability equal to 0% = 2.5. In a society of
n = 400 individuals, we focus on three particular cases: the first, where the 10%
of the society is expert, the second, the 25%, and the last, the 40%. On average,
each agent has 40 neighbors, this means that p = 0.1.

ny = 40 ny = 100 ny = 160
X 0.4350 0.3873 0.3540
X 0.4415 0.3935 0.3570

xXe M Xe M XxXe M

k=0.002 0.4180 0.0531 0.3300 0.1614 0.2774 0.2230
k=0.005 0.4122 0.0663 0.3242 0.2708
k=0.01 04101 0.0710 0.3255 0.1728 0.2734 0.2341
k=0.015 0.4099 0.3284 0.1654 0.2774 0.2231
k=0.02 0.4103 0.0707 0.3312 0.1583 0.2809 0.2131
k=0.04 0.4126 0.0654 0.3394 0.1375 0.2910 0.1847
k=0.07 0.4154 0.0590 0.3467 0.1191 0.2998 0.1603
k=0.1  0.4175 0.0542 0.3513 0.1072 0.3052 0.1450

Table 5.7: Simulations on Erdés-Rényi Graph where 0% = 2.5 and 0% = 11.
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In the case of a limited group of experts, the asymptotic consensus decreases, but
not in a significant way. Nevertheless, it is possible to obtain an improvement not
only with respect to the original DeGroot, but also with respect to the average of

the initial beliefs.

Simulation 4. In this section, we focus on the analysis of society with very

limited number of experts. We work on a group of n = 400 individuals.

02 =02 0% =11p=0.1
k X X. X M
ny = 0.1 04377 04452  0.4407  0.0102
ni=1 102 04491 04572 04562  0.0022

0% =0.2,0% =11, p = 0.2
k X Xoo Xe M
ny = 2 0.2 0.4419 0.4450 0.4417 0.0074
ng =1 0.7 0.4475 0.4496 0.4491 0.0012

Normally, we keep getting slight improvements even when experts represent a
very small part of the group. Of course, a coefficient £ = 102 does not make
much sense. This is because it assigns significant self-weights only if the empirical

variance is extremely small.
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Simulation 5. The self-weight adjustment does not always lead to an im-
provement. There could be cases in which particular values of k worsen the
consensus point with respect to the standard DeGroot model. In Table 5.8 it is
possible to observe an example in which this phenomenon occurs. In this simula-
tion there are 400 agents: 40 of them are experts and the probability for each link
to be present is equal to p = 0.1. The variances used to determine the random
initial conditions are the following: 0% = 1.5 and ¢% = 4. The mean of the initial

opinion averages in absolute value is X = 0.1592 and the mean of the consensus

points in absolute value is X, = 0.1622.

ny; = 40
Xe M
k=0.02 0.1613 0.0059
k=0.03 0.1609 0.0080
k=0.04 0.1607 0.0094
k=0.05 0.1605 0.0104
k=0.07 0.1604 0.0112
k=0.1 0.1604 0.0111
k=0.2 0.1607 0.0095
k=0.5 0.1613 0.0057
k=0.7 0.1616 0.0040
k=1.1 0.1619 0.0017
k=1.8 0.1622 -0.0001
k=2.1 0.1623 -0.0005
k=2.5 0.1624 -0.0008

Table 5.8: Simulation on Erdds-Rényi Graph where we observe some deteriora-

tions compared to the original DeGroot model. (¢ = 1.5 and 0% = 4).
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Simulation 6. In this simulation we test a learning model in which the up-
date takes place at each step. The idea is to update the empirical variance and,
consequently, the self-weight at every turn. Of course, this requires that also the
transition matrix is updated every time step by using the new a weight.

Now we go into details. We generate an Erdgs-Rényi graph and one thousand
initial conditions each one independent of the others, whose behaviors are then
mediated. In this way, we might get a general idea of the trend. We set, at the
beginning, the maximum number of revisions, in this case 12. For the group of
initial conditions, we analyze the behavior when the number of revisions varies.
In particular, on these values we test, first, just one revision, then two and so on,
up to testing twelve revisions.

We considered a society of n = 400 individuals of which n; = 40 are experts and
the probability of inclusion of an edge is p = 0.1. We assumed that the variances
used to get the initial condition of experts and regulars are respectively 0% = 0.2

and 0% = 11. For the assignment of self-weights we used the following function:

0.9
0= ——————>=.
1+ 0.0502

Table 5.9 shows the value of the consensus reached by the self-weight adjustment,

Vg
X<,

and the degree of improvement with respect to the consensus without self-
confidence, M, when the number of revisions varies.
The mean of the initial opinion averages in absolute value is X = 0.4096 and the

mean of the consensus points in absolute value is X, = 0.4144.
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Number of

revisions X(‘)"o M
1 0.3406 0.1780
2 0.3187 0.2310
3 0.3155 0.2386
4 0.3179 0.2329
5 0.3221 0.2228
6 0.3268 0.2114
7 0.3315 0.2001
8 0.3360 0.1893
9 0.3401  0.1793
10 0.3439 0.1702
11 0.3473  0.1619
12 0.3474 0.1617

Table 5.9: Continuous update on Erdés-Rényi Graph.

As can be seen from Table 5.9, in all cases we get an improvement on the consensus
point of the classical DeGroot model. Consider that, doing more revisions is
computationally more complex than just one at the beginning. For that reason
it is useful to determine if the improvements are greater than the single initial
revision. Under these conditions, from revision 2 to revision 9, we are able to
obtain better results than with the only one initial revision. Nevertheless, the
greatest approach to the truth is reached with 3 continuous updates. In this case,

we improve the single one revision at the first step of 7.37%.
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Conclusions

In this thesis we have considered the DeGroot learning model in situation where
agents are heterogeneous with different capabilities to estimate the "truth". We
have analyzed how modifications of the self-confidence parameter can improve the
final consensus result.

At the beginning we analyzed an unknown network and our aim was to find
the ideal combination between 7; and ¢? in order to have an asymptotical im-
provement in the learning model. We obtained that the optimum 7; is inversely
proportional to the variance of each individual o?. In addition, given o2, we found
a right combination of 7; that allows to break down the error of the wisdom of the
crowd. The largest part of the work was about the introduction of self-confidence
in a society split in expert agents and regular ones. In particular, we dealt with
introducing a certain self-weight « only to experts. We determined the optimal
form of o with a view to minimize the error with respect to the truth value. We
have seen that the possibility of improving the consensus point of the original De-
Groot model depends on how the centrality is diffused among expert agents and
regular ones. In fact, in order to obtain improvements by self-weight introduction,
the ratio between experts centrality diffusion rate and the one of regulars must
not explode. The idea of self-confidence introduction has been shown even in
simulations that attempt to simulate a realistic scenario, in which nobody knows
its own error with respect the truth, but tries to minimize it through the comuni-

cation with neighbors. Based on self-weights adjustments, we decided to modify
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the DeGroot learning model by attributing weights to each individual. This mod-
ification was made to the first iteration, in which each agent estimates its own
empirical variance based on neighbors’ responses. We found a function able to

assign self-weights in relation to empirical variance of individuals:

0.9

T I ke?

Thanks to the simulations we found the £ that lead to the best consensus point.
The order of magnitude of £ depends on the variances used for the initial condi-
tions, but not on the number of experts. In particular, if the variability of experts
is really small, the order of magnitude of k is 107!, instead, if it grants a range
of errors to expert agents, the order of magnitude of k is 1072. We managed to
reduce the error of the consensus point of the original DeGroot model and we got
also improvements on the wisdom of crowds obtained by the mean of the initial
conditions. Of course, under the same setting conditions, in the Complete graph
we got better improvements rather than the Erd&s-Rényi one. This because, in
Erd&s-Rényi graph, we have local informations.

Clearly the study is not finished, it is possible to deepen the update at each step,
i.e., updating weights at each step. Furthermore, it would be interesting to design
experiments to understand how people really act in a similar dynamic and which
form takes alpha in reality. We worked on DeGroot model, but it is possible to
think about similar applications on other opinion dynamics model, such as the
discrete-time Altafini model. Moreover, it would be interesting compare these

results with statistical methods or analyze time-varying networks.
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