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Chapter 1

Introduction

Solar sailing has for many years been an intriguing concept for spacecraft propulsion.
A solar sail is a huge, ultra-thin reflective membrane unfurling in space. It is a unique
form of propulsion which transcends reliance on reaction mass. In fact, solar sail
gains momentum from an ambient source, the photon radiation pressure. Using a
quantum description of radiation as packets of energy, photons can be visualized as
travelling radially outwards from the body and scattering off the sail thus imparting
momentum. Since solar sails are not limited by a finite reaction mass, they can
provide continuous, albeit small, acceleration. The only limitation is the lifetime of
the sail film due to the space environment.
The momentum carried by individual photons is extremely small, at best a solar sail
will experience 9 · 10−6 N of force per square metre of sail located in Earth orbit [1].
In order to intercept large number of photons, the sail should have a large surface.
However, it should also maintain the lowest possible mass to generate the highest
acceleration from the momentum transported by photons. Adding the impulse due
to incident and reflected photons, the ideal thrust vector is found to be directed
approximately normal to the surface of the sail. Hence, it is possible to gain or
reduce the orbital angular momentum controlling the orientation of the sail relative
to the Sun. Thanks to this, solar sails can be used in a wide range of missions such
as lunar fly-by’s [5], [6], inner [7] and outer [8] solar system rendezvous missions and
could offer potential low-cost operations [9] and flexible manoeuvres for exploring
the solar system [10].
The orbital dynamics of solar sail uses a small continuous thrust to modify the
orbit over an extended period of time, this concept is similar to the electric low
thrust propulsion system dynamics, and it can be used, for example, in deep space
interplanetary or Lagrange point missions or celestial body-bounded orbit. Some
possible applications for the latter are heliocentric and planetary orbits.
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1 – Introduction

1.1 History of solar sailing

Solar sailing has caught the interest of many since its introduction during the begin-
ning of the 1900s. The concept of solar sailing dates back to the 1920s in the work
of Konstantin Tsiolkovsky, Soviet father of astronautics, and Fridrick Tsander, his
co-worker. After their idea of ”using tremendous mirrors of very thin sheets” and
”using the pressure of sunlight to attain cosmic velocities” [1], a dormant period of
over thirty years followed. During the late 1950s and early 1960s the concept of solar
sailing received renewed interest, with studies aiming to explore the problem and
benefits of this novel concept. However, it was just in the 1970s that the first major
mission design study of the concept was developed for a proposed Halley’s comet
rendezvous mission. In the end this mission was dropped, but the interest in solar
sailing was still high. Word Space Foundation (WSF) tried to continue to develop
solar sail and to achieve a small-scale demonstration flight. Moreover to promote
solar sail technology, the idea of an ambitious race to the Moon was proposed by
the Union pour la Promotion de la Propulsion Photonique (U3P) in 1982. However
it is just in the last three decades that, thanks to the advances in microelectronics,
carbon fibre booms and thin film manufacturing, solar sail has become a technology
applicable in real missions [2], as can be seen from NASA’s Nanosails-D2 [3]. It
is a large, low-mass high-surface-area sail, deorbiting from the upper layers of the
atmosphere. This device proved the deorbiting capabilities of a sail and the possi-
bility of deploying a sail in atmosphere. Another demonstrator is CubeSail [4], it
is a nano-solar sail, inserted in a Sun-synchronous orbit, designed by Surrey Space
Centre, University of Surrey. The primary aim of the mission is to demonstrate the
concept of solar sailing and the use of the sail membrane as a drag-sail to perform an
end-of-life de-orbiting. The actual demonstration of the feasibility of solar sailing,
came in 2010, when the Japan Aerospace Exploration Agency’s spacecraft IKAROS
successfully deployed the first solar sail in space.

1.2 Planetary solar sailing

In the work of Macdonald and McInnes [11], some potential solar sails applica-
tions are presented. Two highly significant planet-centred solar sail concepts are
the GeoSail [12] and the Mercury Sun-Synchronous Orbiter [13]. These two solar
sail mission concepts are very similar, since both use a solar sail to independently
vary a single orbit parameter. The GeoSail mission concept aims in achieving long
stay times in Earth’s magnetotail, enabling a nominal duration of two years. The
study was conducted for three kind of propulsion system: solar sailing, electric and
chemical propulsion. In the end the reduction in launch mass and cost decreed
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1 – Introduction

solar sail as the optimal propulsion system and it was found that the mission con-
cept provided an excellent solar sail technology demonstration option. The mission
MESSAGE (MErcury Solar Sail Advanced Geoscience Exploration)[13] proposed a
solar sail spacecraft delivering a limited but highly valuable science payload to a
Sun-synchronous Mercury orbit for three and a half years. The sail is used as a
transportation means for the interplanetary transfer, for orbit capture upon Mer-
cury arrival, and subsequent adjustment of a Sun-synchronous orbit about the planet
near the terminator. In this case the vicinity of the Sun makes solar sailing very
effective and the reduction of the launch mass enable the use of relative low-cost
launch vehicles.
Another important application of solar sailing in planet-centred trajectory is the use
of the sail to perform an escape manoeuvre. Coverstone and Prussing [14] developed
a technique for escaping the Earth using a solar sail with a spacecraft initially in a
geosynchronous transfer orbit (GTO) . The approach maximizes the instantaneous
rate of increase of the total orbital energy, continuously orienting the sail in three
dimensions to maximize the component of the sail force along the velocity vector.
This strategy does not lead to a minimum-time solution, but if the characteristic
acceleration of the sail has a magnitude of 1 mm/s2 then this method leads to a
near-minimum-time solution [15]. A more accurate study on Earth escape strate-
gies has been conducted by Macdonald and McInnes [16], using blending locally
optimal control law. These blended-sail control algorithms, explicitly independent
of time, provides a near-optimal escape trajectories and maintains a safe minimum
altitude. A range of initial conditions is analysed, maintaining the optimality by
using a single-energy gain control law but without the risk of planetary collision.
When the sail is in atmosphere, aerodynamic forces are exerted on the sail too. Stol-
bunov et al. [17] developed a dynamic model of the sail in three-dimension (3-D)
and the expressions for the acceleration due to both solar radiation pressure and
aerodynamic forces. Moreover they express the variation of the inclination and of
the semimajor axis as a function of the attitude of the sail, showing the change of
inclination that a spacecraft can potentially achieve in a year long mission, starting
from a circular orbit with different altitude and characteristic accelerations. Mengali
and Quarta [18] also analysed the effect of aerodynamic drag on solar sail trajecto-
ries. In this work the sail is treated as a flat plate and a hyperthermal flow model is
assumed. Results show that near-minimum time trajectories for low characteristic
acceleration are obtained. The steering law is shown to depend on the ratio between
the local dynamic pressure and the solar radiation pressure on the sail.
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1.3 Planetary radiation pressure
Different studies for a sail orbiting around a planet have been showed, all the cases
however were not considering that a planet is a body that emits radiations and re-
flects part of the radiations coming from the Sun.
The planet, being a body in thermodynamic equilibrium with its environment, emits
the so called Black-Body Radiation. This radiation is emitted uniformly in all direc-
tion, with most of the energy emitted in the infrared range. The specific spectrum
and intensity of this radiation depends only on the body temperature. Moreover the
radiation coming from the Sun will hit the planet and it will be reflected diffusely
from the planet surface into the outer space as a function of the position of the Sun.
This radiation is known as Albedo and it varies with geological and environmental
features. The sum of the Black-Body Radiation Pressure and the albedo will be
called Planetary Radiation Pressure. These photons will also hit the sail film, ef-
fecting the sail acceleration and thus changing its dynamics.
The contribution of the Albedo Radiation Pressure has been studied in the literature
in the work of Grøtte and Holzinger [19]. The authors have studied the combined
effects of SRP and Albedo Radiation Pressure in the circular restricted three body
problem, for a system consists of Sun, a reflective minor body and the solar sail. The
results show the presence of additional artificial equilibrium points in the volume
between L1 and L2 points. In the work the reflective minor body considered could
be any body with discernible albedo such as Earth, Mars or an asteroid.

1.4 Aims of the work
The contribution of the PRP has never been fully considered, hence in this work the
combined effect of both solar and planetary pressures on a sail orbiting around a
planet is studied. The first part of the work focused on finding the optimal attitude
that maximises the acceleration along a given direction considering SRP and PRP .
At first orbits around Mercury, Venus, Earth and Mars have been considered. This
showed that the most promising results have been obtained around Earth and Venus.
We studied these combined effects around a planet for two type of sail: single- and
double-side reflective coating. Results show potential increase in the net acceleration
and a change in optimal attitude to maximise the acceleration in a given direction.
To conclude the study an optimal semi-major axis increase trajectory is shown with
and without the PRP, to quantify the difference on a real-case scenario.
In the next chapter the mathematical model is presented, together with SRP and
PRP force models and their resulting accelerations.The study proceeds with the
explanation of the used methodology in chapter three.
Results for different planets considering different contributions (solar, black-body
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and albedo) are shown in chapter four. In chapter five trajectories for increasing the
orbital energy of a sail around a planet are shown. Finally conclusions are presented
in chapter six.
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Chapter 2

Models

This work aims to study the behaviour of a solar sail orbiting around a planet,
subject to SRP and PRP. A two dimensional two-body problem is used to simplify
the analysed situation, considering the sail in the ecliptic plane. The reference frame
is centred in the planet, as can be seen in Fig. 2.1. Along the x-axis at a distance
of RS−P from the origin, lies the Sun, considered fixed. The y-axis is normal to x
in the ecliptic plane. The distance between the sail and the origin is r =

√
x2 + y2

and the angle between r and x-axis is called θ.
The configuration used for the study is a flat solar sail. It is possible to define the
vector n̂

n̂ = [cos σ, sinσ] (2.1)
as the unit vector normal to the sail surface and t̂ as the transverse unit vector
normal to n̂ with components

t̂ = [− sinσ, cosσ] (2.2)

Where σ is the angle that expresses the attitude of the sail. It is defined as the angle
between n̂ and the positive x-axis and it is measured counter-clockwise between 0
and 2π. The second angle used for the attitude is λ, measured from n̂ to the y-axis.
The latter is used in the case of a double-reflective coated sail and due to the sym-
metry of the problem, it lies between 0 and π.
In order to assess solar sail performance, a standard performance metric is intro-
duced. The solar sail characteristic acceleration is the most common metric. It is
defined as the solar radiation pressure acceleration experienced by a solar sail facing
the Sun at a distance of one astronomical unit.

a0 = (2r̃ + ã)
PSRP

σ∗ (2.3)

where PSRP = 4.56 · 10−6 Nm-2 [1] is the SRP, A is the sail surface, m is the sail
mass and σ∗ is the sail loading, where the dash is used to avoid confusion with the

6



2 – Models

attitude angle σ and it is expressed as the sail mass per unit area σ∗ = m
A

.
The factor 2 added in Eq. 2.3 considers that the photons that hit the sail film are
reflected, doubling the pressure exerted on the sail. Finally, a reflection (r̃) and
absorption (ã)coefficient are introduced to considered the optical characteristics of
the sail. Since the sail is facing the Sun with the front side r̃ = 0.9 and ã = 0.1, as
is explained in detailed in Section 2.1.3.
Since the study is conducted for different planets, we defined a specific characteris-
tic acceleration, which is the acceleration experienced by a sail facing the Sun at a
distance equal to the mean distance between the planet and the Sun, with the value
of the pressure at that distance for that planet.
This study considers the combined effect of both SRP and PRP. With reference to
Fig. 2.1, the photons emitted by the Sun generate a force exerted along the vector
ûi, instead the r̂ shows the direction of the planetary radiation, radial from the
planet. The angle between n̂ and ûi is the pitch angle (α) and the angle between
n̂ and r̂ is δ. These two angles can have values between [0,π] to consider if the
radiation is exerted on the front or on the back of the sail.

Figure 2.1: Reference frame for a sail orbiting around a planet.

It has been decided to considered also the presence of an umbra region in which
the sail is in eclipse. In this zone the only contribution exerted on the sail is the
PRP force. The eclipse has been modelled using a cylindrical eclipse model. In this
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case the Sun is assumed to be infinitely far away from the planet, the divergence of
the rays is small so the light rays can be considered as parallel, without making a
consistent difference. This produces a cylindrical planet shadow with a radius equal
to the planet radius (Fig. 2.2).

Figure 2.2: Cylindrical eclipse model.

2.1 Solar radiation pressure
Solar sailing is based on the force generated by the momentum transported to the
sail by radiative energy from the Sun. The experimental verification of the exis-
tence of radiation pressure was performed in 1900 at the University of Moscow by
Peter Lebedew. He finally succeeded in isolating radiation pressure using a series
of elegant torsion balance experiments [1]. The physics of radiation pressure can
be explained through two descriptions: quantum description and electromagnetic
description. Since both of them lead to the some results, in the following section
the quantum description is presented. The electromagnetic description is inserted
in appendix A.

2.1.1 Quantum description
Using quantum mechanics, photons are the quantum packets of energy which make
radiation. These photons transport a certain amount of momentum that is exerted
on the sail and generates the radiation pressure.
It is possible to derive the value of the pressure using the derivation by McInnes [1].

8
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Using Planck’s law, it is possible to express the energy E transported by a photon
of frequency ν as

E = νh̄ (2.4)

where h̄ is Plank’s constant. In addition to this quantum view, using the mass-
energy equivalence of special relativity, the total energy of a moving body can be
written as

E2 = m2
0c

4 + p2c2 (2.5)

where m0 is the rest mass of the body, p is its momentum and c is the speed of light.
The equation shows the rest energy of the body in the first term and the energy due
to its motion in the second term. Since a photon has zero mass at rest, its energy
can be written as

E = pc (2.6)

Equating Eqs. 2.4 and 2.6 it is possible to find the momentum transported by a
single photon

p =
h̄ν

c
(2.7)

In order to calculate the pressure exerted on a body, a flux of photons and their
momentum must be considered. If you imagine surrounding the Sun with a series
of imaginary spheres, the energy crossing the surface of each sphere is the same,
irrespective of the radius of the sphere. For this reason the energy crossing unit
area in unit time W at a distance r from the Sun may be written in terms of
solar luminosity LS and scaled by the Sun-Earth distance RS−E, since W4πr2 =
WE4πR

2
S−E.

W = WE

(
RS−E

r

)2

(2.8)

where WE is the energy flux measured at the Earth’s distance from the Sun and it
can be calculated as

WE =
LS

4πR2
E

(2.9)

Where LS is the solar luminosity, equal to 3.85 · 1026 W [20].
Using Eq. 2.8 it is possible to calculate the energy ∆E transported across a surface
of area A normal to the incident radiation in time ∆t

∆E = WA∆t (2.10)

The corresponding momentum transported by this energy, using Eq 2.6, is given by

∆p =
∆E

c
(2.11)

9
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It is now possible to define the pressure P exerted on the surface as the momentum
transported per unit time and per unit area

P =
1

A

(
∆p

∆t

)
(2.12)

Therefore using Eq. 2.10 the pressure exerted on the surface due to momentum
transported by photons is given by

P =
W

c
(2.13)

If the sail has a perfectly reflecting surface the pressure is twice the value provided
by Eq. 2.13. This is because of the momentum transferred by the incident photons
and the reaction provided by reflected photons.

2.1.2 Solar sail as a perfect reflector
In this section the force on a perfectly reflecting sail is calculated. A simple case was
considered to start evaluating the force, later a more realistic solar sail force model
will be provided. Solar sail is considered as an oriented surface whose acceleration
is a function of the sail attitude.
In Fig. 2.3 the direction of the reflected photons ûr is shown. For a sail with a
surface A and an unit normal vector n̂, the force due to photons incident along the
ûi direction is give by

fi,SRP = PA(ûi · n̂)ûi (2.14)

Where the subscript i stands for incident, A (ûi · n̂) is the projected area in the ûi

direction. The reflected photons will exert a force in the specular direction −ûr but
with the same magnitude

fr,SRP = −PA(ûi · n̂)ûr (2.15)

Using the vector identity ûi − ûr = 2(ûi · n̂)n̂, the total force fSRP exerted on the
solar sail is given by

fSRP = 2PA(ûi · n̂)2n̂ (2.16)
This equation can be written in a different way, remembering that P = W

c
, where c

is the light velocity and W is the energy flux at a distant rS from the Sun:

W = WP

(
RS−P

r

)2

(2.17)

10
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Figure 2.3: Incident photons direction and reflected photons direction.

WP is the energy flux measured at the planet’s distance from the Sun and it can be
written in terms of the solar luminosity (LS):

WP =
LS

4πR2
P

(2.18)

It is now possible to express the total force as

fSRP = 2
AWE

c

(
RS−E

r

)2

(ûi · n̂)2n̂ (2.19)

The solar sail acceleration due to the solar radiation pressure may now be written
as

aSRP = 2
AWE

cm

(
cos2 α

)2
n̂ (2.20)

2.1.3 Optical force model
So far the sail has been considered as a perfect reflector, this means that all the
photons striking the sail were reflected along ûr. However if a more accurate model
of the acceleration due to the solar radiation pressure is required, the assumption
of perfect reflectivity must be relaxed. Considering the reflectance, absorption and
emissivity of the sail film, the total force exerted on the sail may be written as the
sum of these three contributions

fSRP = fa + fr + fe (2.21)

where fr is the force due to reflection, fa is the force due to absorption and fe is
the force due to emission by re-radiation. The main optical properties of the sail
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can be defined using the reflection coefficient r̃, absorption coefficient ã and the
transmission coefficient τ and they are related through

ã+ r̃ + τ = 1 (2.22)

In this work emission by re-radiation is not consider since it is assumed that incident
photons are re-emitted by reflection only [1]. This leads to τ = 0 and the constrain
may be written as

ã = 1− r̃ (2.23)
Considering the definition of n̂ and t̂ given in Eqs. 2.1 and 2.2, it is possible to
express ûi as

ûi = cosα n̂+ sinα t̂ (2.24)
The absorption coefficient ã takes into account the fact that a portion of the photons
impacting the sail film is absorbed and the remaining part is reflected. The force
exerted on the sail due to absorption can be found taking into account Eq. 2.14,
considering that α is the angle between the incoming radiation and the normal vector

fa,SRP = ãPA cosα ûi (2.25)

where A cosα is the projected sail area in direction ûi. Resolving this force in normal
and transverse components, using Eq. 2.24

fa,SRP = ãPA
(
cos2 α n̂+ cosα sinαt̂

)
(2.26)

As regards the reflected photons, they generate a force equal to

fr,SRP = 2r̃PA cos2 αn̂ (2.27)

Hence the acceleration due to the solar radiation pressure, on a sail with optical
characteristics can be written as the sum of the acceleration along n̂ due to the ab-
sorbed and reflected photons and the acceleration along t̂ generated by the absorbed
photons.

aSRP = (aa,SRP + ar,SRP ) n̂+ aa,SRP t̂ (2.28)

12
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2.2 Planetary radiation pressure
When a sail orbiting around a planet is considered, radiations coming from the
planet itself, that are exerted on the sail, should be considered. For this reason in
section 2.2, the model used to described the PRP force is shown and the description
of the two different radiations will follow.
In the case of SRP, the source was considered as a point far away from the sail,
emitting radiation. However, the sail is now close to the planet, hence the celestial
body is modelled as a disc with uniform brightness. This means that it will appear
equally bright when viewed from any aspect angle. Hence the variation of the di-
rection of incidence radiation from different part of the planet will be included.
To better explain the effect of radiation pressure on a solar sail, the use of radiative
transfer methods is required. The derivation by McInnes [1] will be adopted to find
the expression for a PRP force with the planet modelled as a disc.
Considering an arbitrary radiation field, the properties of this field can be described
as a function of both position and time. Moreover the properties can have a dif-
ferent distribution in direction and frequency, depending on the position within the
radiation field. To describe these properties it is possible to use the specific intensity
of the field. The specific intensity Iν (r,u; t) of radiation at position r and time t
propagating in direction u with frequency ν is defined to be the energy dE trans-
ported across a directed surface element dA in time dt into a solid angle dΩ about
direction u in the frequency range (ν + dν)

dE = Iν (r,u; t) (u · dA) dΩdtdν (2.29)

As can be seen in Fig. 2.4, u · dA is the projected area normal to the direction of
propagation u. The radiation field is composed of individual photons. The number
of photons per unit volume at position r at time t and in a frequency range (ν + dν)
propagating with speed c in a solid angle dΩ about direction u can be expressed
defining the photon number density function ψν (r,u; t). Therefore

dN = ψν (r,u; t) (u · dA) (c · dt) dΩdν (2.30)

Each photon has an energy equal to h̄ν, hence the energy transported is also given
by

dE = ch̄νψν (r,u; t) (u · dA) dΩdtdν (2.31)

When comparing Eqs. 2.29 and 2.31, the relation between specific intensity and
photon number density function is evident

Iν (r,u; t) = ch̄νψν (r,u; t) (2.32)
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Figure 2.4: Radiation specific intensity.

Once the expression for the specific intensity is known, the SRP exerted on a radially
oriented, perfectly reflecting sail at a distance r from the planet may be written as

P (r) =
2

c

∫ ∞

0

∫ 2π

0

∫ θ0

0

Iν cos
2 θdΩdν, dΩ = sinθdθdϕ (2.33)

Where the angular radius of the disc θ0 is given by sin−1(RP/r), as can be seen in
Fig. 2.5.
Since the geometry has an azimuthal symmetry and the specific intensity is inde-
pendent of r, the Eq. 2.33 then reduces to the integral

P (r) =
4π

c
I0

∫ 1

ξ0

ξ2dξ, ξ = cos θ, ξ0 = cos θ0 (2.34)

where I0 is the frequency integrated specific intensity. Performing the integration
and substituting for ξ0 it is found that

P (r) =
4π

3c
I0

1−

[
1−

(
RP

r

)2
]3/2 (2.35)
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Figure 2.5: Planetary radiation pressure with a finite angular sized disc.

Now to simplify this equation, (RP/r)
2 is expanded in power series and the assump-

tion that r ≫ RP is made. This is not always completely true throughout the work
because the sail could be also placed at 2RP of distance from the planet, but it is
still useful for the simplification of the equation.

P (r) =
2π

c
I0

(
RP

r

)2

+O
(
RP

r

)4

(2.36)

However, at large values of r this expansion must match asymptotically with the
expression for the radiation pressure from a distant point source

P (r)∗ =
2

c

(
LP

4πR2
P

)(
RP

r

)2

(2.37)

Hence, it is possible to define the frequency integrated specific intensity by equating
Eqs. 2.36 and 2.37

I0 =
LP

4π2R2
P

(2.38)

When the expression for I0 is substituted in Eq. 2.35, the planetary radiation
pressure on a radially oriented solar sail from a uniformly bright, finite angular size
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disc can be written as

P (r) =
LP

3πcR2
P

1−

[
1−

(
RP

r

)2
]3/2 (2.39)

Relaxing the assumption of a perfect reflector sail, the force can be modelled as a
optical force, with an absorption coefficient ã and a reflection coefficient r̃. Hence
it can be resolved in normal and transverse component

fa,PRP = ã
LPA

3πcR2
P

1−

[
1−

(
RP

r

)2
]3/2(cos2 δ n+ cos δ sin δ t

)
(2.40)

fr,PRP = r̃
LPA

3πcR2
P

1−

[
1−

(
RP

r

)2
]3/2(cos2 δ n

)
(2.41)

Where the angle δ is defined as the angle between the direction of the planetary
radiation pressure (r̂) and the solar sail normal unit vector (n̂). Knowing these
forces is possible to find the correspondent accelerations.
As mentioned, the radiation from the planet that we consider are of two types:
the first one is the black-body radiation and the second one is the albedo. In the
following sections the origin and the model used to describe these phenomena will
be discussed.

2.2.1 Black body radiation pressure
In this study, the planet is considered as a black body in equilibrium with its envi-
ronment, emitting the so called black body radiation. This means that the planet is
an ideal and diffuse emitter. The energy is radiated isotropically and most of it will
be in the infra red range [21]. Moreover the specific spectrum and intensity depend
only on the body’s temperature. Therefore the planet will emit according to the
Stefan-Boltzmann Law [22]

LP = 4πR2
PσT

4
P (2.42)

where RP is the radius of the planet, TP is its mean temperature and σ = 5.670370 ·
10−8 W/(m2 K4) is the Stefan-Boltzmann constant. Substituting this luminosity in
Eqs. 2.40 and 2.41 we have the expression for the force due to the BBRP (fBBRP ).
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2.2.2 Albedo
The Sun emits its radiation equally in all directions and a part of it strikes the planet.
Of all this amount, the planet reflects a fraction of this energy and this reflected
radiation is know as Albedo. It varies with both geological and environmental
features.
The calculation of the power generated due to albedo is based on the use of some
factors [23]. First of all the fraction of the total radiant energy leaving the planet
that arrives at the surface of the solar sail is considered by the view factor F . The
sail can be oriented such that either one side is heated or both sides are heated. In
the case of one side heated: Λ+ ϕm ≤ π/2 and the view factor is expressed as

F =
cosΛ

H2
(2.43)

Where H = r/R and the angle ϕm = sin−1 R
r

as can be seen in the Fig. 2.6. When
both sides are heated: π

2
− ϕm < Λ < π

2
+ ϕm, and a view factor must be calculated

for each side. The total view factor for the surface is then the sum of the two. The
view factors for each side are given by

F =
2

π

[
π

4
− sin−1

2

[
(H2 − 1)

1/2

H sinΛ

]
+

1

2H2

{
cosΛ cos−1

[
−
(
H2 − 1

)1/2
cotΛ

]
−
(
H2 − 1

)1/2 [
1−H2 cos2 Λ

]1/2}]
(2.44)

Moreover ζ is defined as the fraction of solar radiation striking the Earth that is
reflected into space. It varies both geographically ans seasonally, however using
ζ = 0.36 gives good approximation. Moreover albedo occurs over only the daylight
side of the planet, and it varies as the cosine of the reflection angle ϑ shown in the
Fig. 2.7. It is now possible to calculate the albedo heating as

qa = WP ζF cosϑ (2.45)

Where WP is the solar flux at planet orbit. This heat is in [W/m2], but in the
equation of the force (Eqs. 2.40 and 2.41 ) a power is considered, hence this flux
should be multiply by the disc surface, that is the area struck by the solar radiation
and that reflects the radiation back into space.
It is now possible to express the luminosity due to the albedo as

LP = qa πR
2
P (2.46)
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Figure 2.6: Planet heating geometry for a view factor calculation: on the left one
side is heated, on the right both sides are heated.

Figure 2.7: Reflection angle.

This two contributions expressed in Eqs. 2.42 and 2.46 can then be used in the
equation of the forces Eqs. 2.40 and 2.41 and they will express the force due to
BBRP and ARP respectively and the sum of them is the contribution due to the
PRP.
The total acceleration experienced by the sail, when it is out of the eclipse region,
for negative x and y ⊂ [−RP ,RP ], can be written as

a = (aa,SRP + ar,SRP + aa,PRP + ar,PRP ) n̂+ (aa,SRP + aa,PRP ) t̂ (2.47)

18



2 – Models

When the sail is in eclipse, the elements due to the SRP are equal to zero and the
sail is subject to the PRP only.
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Chapter 3

Methodology

In this chapter the methodology used in this work is explained. Knowing the ex-
pressions for the forces, hence the accelerations, exerted on the sail, the behaviour
of a planetary sail subject to SRP and PRP can be studied. The work focuses on
finding the attitude angle σ that enables the sail to have a desired acceleration along
a given direction. Once this angle is known, it could be used in the dynamics of the
sail to perform different trajectories. In this work it has been decided to maximise
the magnitude, radial and transversal components of the acceleration, since they
could be used in the dynamics of the sail.
In Section 3.1, the investigation of an analytical law which describes the attitude
angle that leads to a maximum transversal acceleration is performed. Since the
complexity of this law, it has been decided to proceed using a numerical approach.
This numerical approach is described in Section 3.2. In this case the sail is placed in
a point in the vicinity of the planet. Its attitude angle changes from 0 to 2π and for
each angle the corresponding acceleration along a given direction is found. Among
these values, the requested one is picked and the corresponding angle is chosen as
the optimal attitude in that point.

3.1 Analytical law
The first step for this study is to find an analytical law that shows the attitude of
the sail for maximising the acceleration along a given direction.
For simplicity it has been decided to use an explanatory case study in which the
angle σ that maximises the transversal acceleration has to be found.
The angle σ ranges between 0 and 2π so that all the possible attitude of the sail
are considered. To find the relation expressing the value of σ that maximises the
transversal acceleration, all the accelerations due to SRP and PRP should be ex-
pressed as function of this angle, the derivation of the transversal acceleration will
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be performed and it will be equated to zero to find the attitude corresponding to the
maximum transversal acceleration. For this reason the other angles α and δ should
also be expressed as functions of σ.
To simplify this problem three assumptions are used:

• Since the sail is in a planet-centred orbit, the distance from the Sun is large
and the solar rays can be considered parallel to the x-axis (Fig. 3.1). Hence
the pitch angle α can be written as α = π − σ.

• In the rest of this work, the acceleration due to reflection and absorption of
the photons is considered (Eq. 2.47). The latter leads to an acceleration with
a component along t̂. Since this acceleration is 1 ÷ 2 orders of magnitude
smaller that the acceleration along n̂, it is possible to neglect it.

• The contribution due to albedo is neglected too, since its luminosity is 2 orders
of magnitude smaller that the BBR one.

Therefore the pitch angle α and the angle δ can be expressed as

α = π − σ (3.1)

δ = σ − θ (3.2)

Figure 3.1: Reference frame with angles.
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where θ is the angle between the radial direction and the x-axis.
First the expression for the transversal acceleration is found

aθ = −axsinθ + aycosθ = −(anx + atx)sinθ + (any + aty)cosθ (3.3)

Where the subscript θ expresses the transversal direction, anx is the acceleration
along the normal to the sail surface, projected along the x-axis, atx is the accelera-
tion along the transversal to the sail surface, projected along the x-axis and so on.
Remembering that the acceleration along t̂ is neglected, the transversal acceleration
can be written as

aθ = −ancosσsinθ + ansinσcosθ (3.4)

The components of the acceleration along the direction n̂ can be written as the sum
of different contributions due to the SRP and the BBRP.

an = ana,SRP + anr,SRP + ana,BBRP + anr,BBRP (3.5)

where subscript a and r refers to the contribution due to absorption and reflection,
respectively. These accelerations can be expressed as

ana,SRP = ãWE
A

cm

(
RS−P

r

)2

cos2 α (3.6)

anr,SRP = 2r̃WE
A

cm

(
RS−P

r

)2

cos2 α (3.7)

ana,BBRP = ã
LEA

3πcmR2
P

1−

[
1−

(
RT

r

)2
]3/2 cos2 δ (3.8)

anr,BBRP = 2r̃
LEA

3πcmR2
P

1−

[
1−

(
RT

r

)2
]3/2 cos2 δ (3.9)

Introducing these accelerations in Eq. 3.3 and expressing all the angles as function
of σ (Eqs. 3.1 and 3.2), the transversal acceleration may be written as

aθ = (2r̃ + ã)

 LEA

3πcmR2
P

1−

[
1−

(
RT

r

)2
]3/2 cos2 (σ − θ)+

WE
A

cm

(
RS−P

r

)2

cos2 σ

]
(sinσ cos θ − cosσ sin θ)

(3.10)
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To find the expression of the attitude angle that maximises the acceleration along
the transversal acceleration, this equation will be derived with respect to σ.

daθ
dσ

=
1

3cmπr2R2
P

(
A (2r̃ + ã) cos (σ − θ)

(
3πR2

S−PR
2
TWE cos2 σ + LEr

2(
1−

(
1− R2

P

r2

)3/2
)
cos2 (σ − θ)

)
− 2A (2r̃ + ã) sin (σ − θ)(

3πR2
S−PR

2
TWE cosσ sinσ +

1

2
LEr

2

(
1−

(
1− R2

P

r2

)3/2
)
sin 2 (σ − θ)

))
(3.11)

Clearly, even with the assumptions that were made, it is not easy to solve daθ
dσ

= 0
since it is a transcendental equation. For this reason it has been decided to plot the
function Eq. 3.10 for different points around the planet to analyse the behaviour
of the transversal acceleration for different values of σ = [0,2π]. The chosen points
are A = [−2RP ,2RP ], B = [2RP ,2RP ], C = [2RP ,− 2RP ] and D = [−2RP ,− 2RP ].
As can be seen in Fig. 3.2, the function has six equilibrium points with a global
maximum point that changes in every point. This means that the use of a gradient-
based method would not be able to reliably locate the positions of the zeros for
this function. Since it is not easy to find analytically the value of σ that maximises
the transversal acceleration, a numerical approached has been used throughout the
study.
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3.2 Numerical approach
Once all the forces have been modelled and it has been decided to proceed using a
numerical approach.
The analysis started with a sail in a point with an attitude angle σ equal to zero.
Subsequently 1000 values of σ from 0 to 2π are scanned and the corresponding
acceleration along a given direction is calculated for each angle. Among these ac-
celerations, the one that satisfies the requirements is picked and the corresponding
angle is chosen as the optimal attitude for the sail in that point. Requirements varies
according to the different study-cases, where a maximisation or minimisation of the
acceleration along a given direction would be required. They will be presented in
details in Chapter 4 and 5.
The approach used in a point is then applied for a grid of points (500× 500) around
a planet. Since the atmospheric presence is not considered, points that are at least
400 km above the planet surface are taken into account. During this work a sail with
a sail loading σ∗ = 0.1 kg/m2 is considered. The ratio of the resulting acceleration
to the specific characteristic acceleration (a0,s) of the planet is considered as the
main parameter. Hence, results do not depend on the sail geometry and they are
valid for every flat sail regardless of its mass or surface.
The analysis has been conducted around four planets:

• Mercury

• Venus

• Earth

• Mars

For each planet the specific characteristic acceleration is calculated using Eq. 2.3,
where PSRP is the solar radiation pressure at the mean distance between the Sun
and the planet. Results are presented in Table 3.1.
To add the contribution of the BBRP, the luminosity should be calculated according
to the Stefan-Boltzmann law (Eq. 2.42). Values of planetary radius (RP ), mean
temperature of the planet (Tm,P ) and the corresponding luminosity (LBBRP ) are
shown in Table 3.1.
As for the pressure due to albedo, it is not possible to calculate a general value
since it changes both with the point and the attitude angle of the sail (Eq. 2.45).
However the value of the solar flux in planet orbit is reported in Table 3.1 and it is
used in the calculation of the luminosity.
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Planet Mercury Venus Earth Mars
PSRP [N/m2] 3.04·10-5 8.72·10-6 4.56·10-6 1.96·10-6
a0,s [m/s2] 5.78·10-4 1,65·10-4 8,66·10-5 3,73·10-5
RP [m] 2430·103 6070·103 6378·103 3390·103
Tm,P [K] 440.15 735.15 279.00 210.37
LBBRP [W] 1.5791·1017 1.6679·1018 1.7562·1017 1.6038·1016

Table 3.1: Solar radiation pressure at the mean distance between the Sun and the
planet, specific characteristic acceleration, planet radius, planet mean temperature,
luminosity due to the BBRP and solar flux in orbit for different planets.

Once all these parameters have been evaluated, the study is conducted for two
kinds of sail with different optical properties for the front and back side of the sail
film. The first is a single-side reflective coating sail in which the front side has a
reflection coefficient r̃f = 0.9 and the back side has r̃b = 0. This means that all the
photons are absorbed by the back side of the sail. The second sail instead has a
double-side reflective coating, with a reflection coefficient equal to r̃ = 0.9 for both
sides. In Table 3.2 the values of the optical coefficient used throughout the work are
summarised.

Kind of sail r̃f ãf r̃b ãb
Single-side coated 0.9 0.1 0 0.9

Double-side coated 0.9 0.1 0.9 0.1

Table 3.2: Value of the reflection and absorption coefficients for the back- and front-
side of a single- and double-side reflective coating sail.

Results obtained following this methodology are presented in Chapter 4. The accel-
eration is maximised in magnitude, along the radial direction and along the transver-
sal direction.
For each case-study different contributions are considered:

• SRP only;

• SRP+BBRP;

• SRP+ARP;

• SRP+PRP.

Results are shown for four planets and considering the two kinds of sail previously
described.
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Chapter 4

Results

In this chapter results are shown considering the maximisation of the magnitude
of the acceleration in Section 4.1 and the radial and transversal acceleration in
Sections 4.2 and 4.3, respectively. For each case the contribution of the SRP only,
SRP+BBRP, SRP+ARP and SRP+PRP is analysed.
Results are presented using two kinds of plots: one shows the direction of the sail
unit normal vector n̂ as an oriented arrow and the other shows the contour of the
sail acceleration over the characteristic acceleration.

4.1 Maximum magnitude of the acceleration
Results for a maximum acceleration magnitude are presented in this section. As
already mentioned the acceleration due to absorption and reflection is considered
in this study. For this reason the direction of the sail acceleration is not all along
the n̂ direction, since the absorbed photons generate an acceleration along t̂, too.
Hence the final acceleration can be written as: a =

√
an2 + at2 and it should be

maximised.

4.1.1 SRP
In this section the results obtained for a sail subject to SRP only are shown. These
results are used as terms of reference throughout the work. Results obtained with
the addition of a new contribution are always compared with the ones presented
in this section. This helps to understand if any consistent difference arises and to
evaluate any possible improvement in terms of sail performance.
Results are shown for a sail placed in a grid of points around four planet: Earth,
Mercury, Mars and Venus.

27



4 – Results

Earth

Fig. 4.1 shows the results for a single-side coating planetary sail in the vicinity of the
Earth. In particular Fig. 4.1a presents the direction of the sail normal when the sail
is placed in a grid of 30 points included in x ⊂ [−2RP ,2RP ] and y ⊂ [−2RP ,2RP ].
In this case the sail is oriented with an attitude angle σ = 180 deg in every point
of the grid. As regards the acceleration, Fig. 4.1b shows the contour of the ratio
aSRP/a0. Since the range of the grid is in a much smaller scale with respect to the
distance from the Sun, the variation of this parameter is limited. In the eclipse
region instead the sail is subject to no force and it is meaningless to find an attitude
to maximise the absolute acceleration.
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Figure 4.1: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around the Earth subject to SRP.

Mercury

In the case of a sail in the vicinity of Mercury, results are shown in Figs. 4.2a
and 4.2b. The behaviour of the sail is similar to one around the Earth (Fig. 4.5),
with an attitude angle σ always equal to 180 deg and with no large variation of the
parameter aSRP/a0.
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Figure 4.2: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Mercury subject to SRP.

Mars

When the sail is around Mars, it experiences a lower SRP due to the greater distance
from the Sun. Nevertheless, results are similar to the two previous cases. Fig. 4.3a
shows a sail facing the Sun in every point of the grid and Fig. 4.3b presents a very
little variation of the ratio aSRP/a0, due to the greater distance from the Sun.

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

x [R
P
]

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y
 [
R

P
] 
 

Mars
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Figure 4.3: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Mars subject to SRP.

Venus

The results for a sail in the vicinity of Venus considering the presence of SRP only,
are shown in this section. The comparison between these results and the ones
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considering the contribution of the planet are used to quantify the effect of the
PRP. The case of a maximum magnitude acceleration is presented in Fig. 4.4. In
this case the sail is always oriented with an angle σ = 180 deg, facing the Sun. As
in the case around the Earth, the ratio aSRP/a0 has an almost constant trend.

-6 -4 -2 0 2 4 6

x [R
P
]

-5

-4

-3

-2

-1

0

1

2

3

4

5

y
 [
R

P
] 
 

Venus

(a) Direction of the sail normal.

-5 0 5

x [R
P

]

-5

-4

-3

-2

-1

0

1

2

3

4

5

y
 [
R

P
] 
 

Venus

0.9995

0.9996

0.9997

0.9998

0.9999

1

1.0001

1.0002

1.0003

1.0004

1.0005

a
S

R
P

/a
0

(b) Contour of aSRP /a0.

Figure 4.4: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Venus subject to SRP.

4.1.2 SRP+BBRP
In this section the contribution due to the BBRP is added, using the parameters
shown in Table 3.1. It has been decided that in the case of a maximum magnitude
of the acceleration this is the only additional contribution considered, since it has
the greatest luminosity.

Earth

In Fig. 4.5a the direction of the unit normal vector n̂ is presented. The sail is facing
the Sun with an attitude angle of ∼ 180 deg, similarly to the case SRP only showed in
Fig. 4.1a. However, when the sail is in the eclipse region, it is oriented radially, where
the acceleration is provided just by the PRP. Fig. 4.5b shows the contour of the
ratio aSRP+BBRP/a0, here the increment respect to the characteristic acceleration
is experienced everywhere. When the sail is in eclipse even if the acceleration is
decreased, there is still the contribution given by the planet that is not considered
in the case SRP only. Comparing Figs. 4.5b and 4.1b, the maximum contribution
of the BBRP can be calculated, knowing that the highest value of the ratio is 1.1185
in case SRP+BBRP and 1.0002 for the case SRP only. This leads to a percentage
increment of 11.82%.
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Figure 4.5: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around the Earth subject to SRP and BBRP.

The case of a double-side reflective coating sail is briefly presented in Fig. 4.6. In
this case the unit normal vector (Fig. 4.6a) is specular with respect to the single-side
reflective coating case, with no consistent differences. In Fig. 4.6b there is a slightly
difference when compared to Fig. 4.5b just in the region out of the umbra, near the
planet, where the BBRP causes a decrease of the acceleration experienced by the
sail.
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Figure 4.6: Maximisation of the magnitude of the acceleration, for a double-side
coating sail around the Earth subject to SRP and BBRP.

31



4 – Results

Mercury

In the case of a sail in the vicinity of Mercury, it is possible to calculate the contri-
bution of the BBRP. The luminosity of this planet is smaller than the Earth’s one,
as can be seen in Table 3.1, so the results are just shown in the case of a maximum
absolute acceleration with a single-side reflective coating sail. Figs. 4.7 shows the
results in the case SRP+BBRP. The behaviour of the sail around Mercury is really
similar to one around the Earth (Fig. 4.5). What changes is that in this case the
increase considering the BBRP is decreased at 10.89%. Since the planet is closer to
the Sun, the contribution given by the SRP is greater and the sail experienced the
effect of the BBRP less than in a Earth-centred orbit.
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Figure 4.7: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Mercury subject to SRP and BBRP.

Mars

Since the contribution of the SRP is smaller with respect to the previous cases, one
could expect that the relative effect of BBRP would be greater. However it has been
found that this does not occurs, since the planet presents the lowest BBRP lumi-
nosity (Table 3.1). The comparison between the cases SRP only and SRP+BBRP
shows that the acceleration increases of 8.67% in the latter case. Further studies of
this case are not relevant since the similarity with the results obtained for the Earth
and the smaller effects of the planetary pressure .
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Figure 4.8: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Mars subject to SRP and BBRP.

Venus

Venus has a great luminosity due to its high mean temperature (Table 3.1). As a
consequence the BBRP, and the PRP in general, can give an important contribution
to the acceleration of the sail. In this case, as already done for the Earth, the results
will be shown for a wider grid of points with x ⊂ [−5RP ,5RP ] and y ⊂ [−5RP ,5RP ]
and the accelerations will be shown in ratio with the specific characteristic acceler-
ation a0, shown in Table 3.1.
Figs 4.9 and 4.10 show the results for a sail in the vicinity of Venus in the case
considering SRP+BBRP with a maximum magnitude of the acceleration. Results
are showing that BBRP is the dominating contribution to the thrust of the sail up
to four times the radius of the planet (Fig. 4.9a). If the SRP is considered as the
only contribution (Fig. 4.4a) the sail has a completely different orientation, always
facing the Sun with an attitude angle equal to 180 deg. The addition of the BBRP
leads to a radial orientation of the sail and to an increase of the acceleration around
of 700% for the points closer to the planet. Moreover Fig. 4.9b shows that there is
almost no variation from the light to the umbra region, with a gap that gets smaller
when the sail is close to the planet. This means that the sail does not experience a
sudden change when placed in the eclipse region.
When a double-side reflective coating sail is considered, the results are similar to
the previous case, with the orientation of the sail rotates of 180 deg (Fig. 4.10a).
As regards the absolute acceleration, the sail experiences greater acceleration when
placed in the points at about 5 planet radii along the x-axis, since in this case the
negative contribution given by the Sun is contrasted by the PRP (Fig. 4.10b).
Table 4.1 presents the percentage increment obtained adding the contribution of the
BBRP to the maximisation of the acceleration magnitude.
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Figure 4.9: Maximisation of the magnitude of the acceleration, for a single-side
coating sail around Venus subject to SRP and BBRP.

-6 -4 -2 0 2 4 6

x [R
P
]

-5

-4

-3

-2

-1

0

1

2

3

4

5

y
 [
R

P
] 
 

Venus

(a) Direction of the sail normal. (b) Contour of aSRP+BBRP /a0.

Figure 4.10: Maximisation of the magnitude of the acceleration, for a double-side
coating sail around Venus subject to SRP and BBRP.

Planet aSRP /a0,s aSRP+BBRP /a0,s Percentage increase
Earth 1.0002 1.1185 11.8%

Mercury 1.0002 1.1091 10.89%
Mars 1.00004 1.0868 8.67%

Venus 1.0001 8.1704 712%

Table 4.1: Value of the ratio aSRP/a0,s, aSRP+BBRP/a0,s and corresponding percent-
age increase.

4.2 Maximum radial acceleration
In this section the maximisation of the acceleration along the radial direction is
performed. As already done before, results are shown considering different contri-
butions and different planets. However, since the similar results obtained for Earth,
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Mercury and Mars, it has been decided to proceed the study considering just a sail
in the vicinity of the Earth and Venus.

4.2.1 SRP
The contribution given by the SRP is presented in the following sections.

Earth

The results in the case of a maximum radial acceleration is presented in Fig. 4.11.
Fig. 4.11a shows the direction of the sail normal. It presents a region of null ac-
celeration for the points in the range x ⊂ [1RP ,2RP ] and y ⊂ [−1RP ,1RP ] where
the attitude angle σ is equal to 90 or 270 deg. In this area the Sun gives a negative
contribution along the radial direction, for this reason it is preferred to have a null
acceleration than a negative one. Moreover Fig. 4.11b shows that the greatest radial
acceleration can be found for points with x ⊂ [−2RP ,− 1RP ], where the Sun gives
a positive contribution along the radial direction.
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Figure 4.11: Maximisation of radial acceleration, for a single-side coating sail around
Earth subject to SRP.
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Venus

Fig. 4.12 shows the results for the maximum radial acceleration. As already stated
for the Earth, maximum radial acceleration can be found in the left part of the grid
(Fig. 4.12b) while a null acceleration is experienced, to avoid a negative one, when
the sail is placed in points with x ⊂ [1RP ,5RP ] and y ⊂ [−2RP ,2RP ].
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Figure 4.12: Maximisation of radial acceleration, for a single-side coating sail around
Venus subject to SRP.
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4.2.2 SRP+BBRP
Adding the contribution of the BBRP, it is possible to obtain the results presented
later. Moreover for this case two kinds of sail are considered: single-side reflective
coating sail and double-side reflective coating sail.

Earth

Results presented in this section consider a sail orbiting around the Earth subjected
to SRP and BBRP. The value of the Earth luminosity can be found in Table 3.1.
Fig. 4.13 shows the results for a maximum radial acceleration. When comparing
them with Fig. 4.11, some differences can be found:

• the sail is oriented radially in the umbra region due to the contribution of the
BBRP

• the sail has an attitude angle that is no more precisely 90 or 270 deg in the
points with positive x and y ⊂ [−1RP ,1RP ]. This leads to an acceleration
greater than zero when the BBRP is added.

• the sail, placed at 400 km from the planet surface, is oriented with a different
attitude and with a greater acceleration up to one order of magnitude in the
case of SRP+BBRP.

From the comparison between the two cases, an increase of 9% occurs in the region
with negative x and out of the shadow.
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Figure 4.13: Maximisation of radial acceleration, for a single-side coating sail around
Earth subject to SRP and BBRP.
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When a double-side reflective coating sail is considered, the obtained results are
shown in Fig. 4.14. In this case, as regards the maximisation of the radial accel-
eration, it is possible to notice a different behaviour with a sail with a single-side
reflective coating (Fig. 4.13):

• the sail orientation is specular in the shadow region, since there is no difference
between the front and back side of the sail.

• the sail has an attitude angle equal to 90 or 270 deg, with a null acceleration
in the point with a positive x and y in the range [−1RP ,1RP ], in this case the
acceleration is null to avoid a negative one.

Also in this case the increment of the acceleration due to the BBRP is equal to 9%,
this means that the consideration of a double-side reflective coating does not change
significantly the results.
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Figure 4.14: Maximisation of radial acceleration, for a double-side coating sail
around Earth subject to SRP and BBRP.
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Venus

Considering a singe-side reflective coating sail, results for a maximum radial accel-
eration can be found in Fig. 4.15. The dominating contribution is the BBRP, in
fact comparing the Figs. 4.15 and 4.12 many differences can be found:

• For most of the grid the sail is oriented radially. This means that the BBRP
is by far the main contribution, not only in the eclipse region.

• The greatest acceleration is experienced when the sail is placed close to the
planet and not in the right part of the grid as in the case with SRP only.

• The ratio aSRP+BBRP/a0 is eight times greater that the one obtained when
the only SRP is considered.

• There is no clear difference when the sail is placed in the eclipse region since
the contribution given by the Sun is minor than the BBRP one.
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Figure 4.15: Maximisation of radial acceleration, for a single-side coating sail around
Venus subject to SRP and BBRP.

When a double-side reflective coating is considered, results can be found in Fig.
4.16. For a maximum radial acceleration, when the sail is placed in points with
x ⊂ [4RP ,5RP ] and y ⊂ [−1RP ,1RP ], it has a null acceleration to contrast the
negative contribution given by the Sun. As regards the direction of the sail normal,
Fig. 4.16a shows arrows rotate of 180 deg, specular to the case of SRP only.
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Figure 4.16: Maximisation of radial acceleration, for a double-side coating sail
around Venus subject to SRP and BBRP.

4.2.3 SRP+ARP
Albedo occurs only in the daylight part of the planet. For this reason results are
found just for half of the grid where the contribution of the ARP can be added.
Using the Eq. 2.46 and the parameters show in Table 3.1, it is possible to calculate
the ARP and sum it up with the SRP. Results for a planetary sail in the vicinity of
Earth and Venus are presented in the next sections.

Earth

For a single-side reflective coating sail (Fig. 4.17) placed close to the Earth, results
show that the ARP does not give a great contribution, in fact the graph is not
much different from the one in the case with SRP only (Fig. 4.11). A difference
occurs just in the region close to the planet, for points with positive x and y in the
range [−0.5RP ,0.5RP ]. Adding the ARP the acceleration in this regions turns to a
non-zero value and the sail is subjected to the ARP only.
Same results can be obtained with a double-side reflective coating sail as can be
seen in Fig. 4.18. There is only one difference in the case of the maximisation of the
radial acceleration, in which the region with a null acceleration turns greater than
the case of a single-side reflective coating.
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Figure 4.17: Maximisation of radial acceleration, for a single-side coating sail around
Earth subject to SRP and ARP.
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Figure 4.18: Maximisation of radial acceleration, for a double-side coating sail
around Earth subject to SRP and ARP.

Venus

In this section the contribution of the albedo on a single- and double-side reflec-
tive coating sail in the vicinity of Venus is investigated. As already mentioned, the
luminosity due to the albedo is much smaller (two order of magnitude) than the
BBRP luminosity. For this reason it has been decided to scale down the grid to
[−2RP ,2RP ]. As can bee seen from Figs. 4.19 and 4.20, results are similar to the
Earth case.
Finally it is possible to state that the albedo does not give a consistent contri-
bution to the behaviour of the sail neither around the Earth, nor around Venus.
Nevertheless it has been decided to consider it during the study.
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Figure 4.19: Maximisation of radial acceleration, for a single-side coating sail around
Venus subject to SRP and ARP.
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Figure 4.20: Maximisation of radial acceleration, for a double-side coating sail
around Venus subject to SRP and ARP.

4.2.4 SRP+PRP
In this section results for the maximization of the radial acceleration are shown for
a sail subject to SRP and PRP.

Earth

Fig. 4.21 presents the results for the maximum radial acceleration around the Earth.
This can be compared with Fig. 4.11, where the contribution of the SRP is consid-
ered. In the eclipse region a great difference can be found. If only SRP is considered,
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the radial acceleration cannot be maximised, since no force is exerted on the sail.
However, if the contribution of the PRP is taken into account, the sail optimal at-
titude angle can be found, with the unit normal vector n̂ laying along the radial
direction (Fig. 4.21a). As regards the rest of the grid, where the sail is in daylight,
the same behaviour is found both considering or not the PRP. However difference
occurs when the sail is close to the planet and for positive values of the x. In this
region the sail tends to have n̂ along the radial (Fig. 4.21a), and this is due to the
effect of the BBRP as can be seen on Fig.4.13a. The contours shown in Figs. 4.21b
and 4.11b presents the value of the ratio aSRP+PRP/a0 and aSRP/a0, respectively.
Out of the eclipse region the trend is similar, with the highest ratio in the left part
of the grid, where both SRP and PRP gives a positive contribution to the acceler-
ation. In this region is possible to calculate an increase in the radial acceleration
equal to the 9%. Moreover in Fig. 4.21b the gap between the sunlight and eclipse
area is underlined by the instantaneous change in the magnitude of the acceleration,
switching from maximum to minimum results.
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Figure 4.21: Maximisation of radial acceleration, for a single-side coating sail around
Earth subject to SRP and PRP.

So far the sail considered has a single-side reflective coating, if this is replaced with
a double-side reflective coating the results will change as in Fig. 4.22. Since the
symmetry of the problem, the sail will be oriented specular to the single-side case, as
can be stated comparing Figs. 4.21a and 4.22a. As regards the radial acceleration,
the trend is similar to the single-side case, a change is present for positive x, where
the sail, to avoid negative accelerations, is oriented with an attitude angle σ = 90
or 270 deg, hence with a null acceleration.
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Figure 4.22: Maximisation of radial acceleration, for a double-side coating sail
around Earth subject to SRP and PRP.

To summarize the obtained results, four points around the Earth are taken into
account:

• Point A=(-1.9684 km, 6.5697 km);

• Point B=(1.9684 km, 6.5697 km);

• Point C=(-1.9684 km, -6.5697km);

• Point D=(1.9684 km, -6.5697km);

For these points the ratio of the maximum radial acceleration to the characteristic
acceleration and the attitude angle σ that maximises the acceleration in the cases
SRP and SRP+PRP are presented in Table 4.2.

Point σmax,SRP σmax,SRP+PRP aSRP /a0 aSRP+PRP /a0 aSRP+PRP /aSRP

rad rad
A 2.3648 1.4277 0.2143 0.3136 1.4635
B 2.6667 2.5095 0.5331 0.67063 1.2579
C 2.6667 2.5095 0.5331 0.67063 1.2579
D 2.3648 1.4277 0.2143 0.3136 1.4635

Table 4.2: Value of the ratio of the maximum radial acceleration to the characteristic
acceleration and the attitude angle σ that maximises the acceleration in the cases
SRP and SRP+PRP for a sail in the vicinity of the Earth.

It is possible to state that in every point the insertion of the PRP generates and
additional contribution, enabling the sail to experience greater acceleration. More-
over in Table 4.2 the values of the optimal σ are present. In the case SRP+PRP
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the sail changes its orientation, generating the maximum radial acceleration with
lower attitude angle. Points A-D and B-C present the same results thanks to the
symmetry of the problem.

Venus

Fig. 4.23 presents the attitude and the ratio aSRP+PRP/a0 in a grid of points around
Venus for a single-side reflective coating sail. Since the great contribution given by
the PRP, when the sail is close to the planet, it is just oriented along the radial
direction (Fig. 4.23a ). In this case the consideration of an eclipse region does not
causes a difference in the behaviour of the sail since the PRP is the main contribution
everywhere. However, when the sail is placed in region with x > 4RP the behaviour
of the sail returns to be similar to the case of SRP only, as can be seen in Fig. 4.12a.
The maximum radial acceleration over the specific characteristic acceleration has
the trend shown in Fig. 4.23b. The difference with the case SRP only (Fig. 4.12b)
is huge, here the highest value of the ratio can be found when the sail is in the region
of negative x, while in Fig. 4.23b the closer the sail is to the planet the highest is
the ratio, moving from a maximum value of ∼ 0.5 (SRP) to ∼ 8 when the PRP is
taken into account. Moreover the blank region in which the sail was subject to a
null radial acceleration is replaced with a higher value of the acceleration.
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Figure 4.23: Maximisation of radial acceleration, for a single-side coating sail around
Venus subject to SRP and PRP.

Same considerations can be done for a double-side reflective coating sail. In this
case results for a maximum radial acceleration are shown in Figs. 4.24a and 4.24b.
As can be seen, results do not differ from the single-side coating case, what can be
underlined is the acceleration of the sail for x ∼ 5 and y ∼ 0. The acceleration
experienced in that region for a double-side reflective coating sail is smaller than
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the one for a single-side case. This is due to the optical characteristics of the back
side of the sail where the SRP is exerted and gives a negative contribution.
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Figure 4.24: Maximisation of radial acceleration, for a double-side coating sail
around Venus subject to SRP and PRP.

Considering four points around Venus, it is possible to monitor the behaviour of a
single-side reflective coating sail placed in points:

• Point A=(-1.1556 km, 6.7512 km);

• Point B=(1.1556 km, 6.7512 km);

• Point C=(-1.1556 km, -6.7512 km);

• Point D=(1.1556 km, -6.7512 km);

Table 4.3 shows the value of the attitude angle σ that maximises the radial acceler-
ation and the ratio of the acceleration over the characteristic one for the two cases
SRP and SRP+PRP.

Point σmax,SRP σmax,SRP+PRP aSRP /a0 aSRP+PRP /a0 aSRP+PRP /aSRP

rad rad
A 2.6101 1.7548 0.2414 7.6299 31.6067
B 2.434 1.4026 0.1434 7.5913 53.049
C 3.8492 4.8806 0.1434 7.5913 53.049
D 3.673 4.5284 0.2414 7.6299 31.6067

Table 4.3: Value of the ratio of the maximum radial acceleration to the characteristic
acceleration and the attitude angle σ that maximises the acceleration in the cases
SRP and SRP+PRP for a sail in the vicinity of Venus.
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The contribution of the PRP enables the sail to experience acceleration up to 50
times greater, obtained with the sail normal laying along the radial direction. More-
over also in this case, as it happened around the Earth, the symmetry of the problem
leads to the same results for the points A-C and B-C.

4.3 Maximum transversal acceleration
In this section the transversal acceleration is maximised considering the different
contribution due to SRP, BBRP, ARP and the sum of all of them (PRP+SRP).
As already done for the radial acceleration, the same study is conducted for the
transversal acceleration of a planetary sail in the vicinity of the Earth and Venus.

4.3.1 SRP
The first studied contribution is the one due to the solar pressure. Results are
presented for the two planets and for a sail with a single- and double-side reflective
coating.

Earth

In the case of a maximum transverse acceleration for a sail around the Earth, re-
sults are shown in Fig. 4.25. Fig. 4.25a presents the direction of the sail normal
to maximise the transversal acceleration. In the eclipse region it is impossible to
maximise this parameter since no forces is exerted on the sail. As can be seen in
Fig. 4.25b, the sail experiences an acceleration equal to zero in the bottom part of
the grid for x ⊂ [−1RP ,1RP ] to contrast the negative contribution of the SRP. In
the upper part of the grid the effect of the Sun is positive and the acceleration has
a greater magnitude.

Venus

Results for a maximum transverse acceleration around Venus can be found in Fig.
4.26. Results are similar to the case of a sail around the Earth, with greatest
acceleration due to the positive contribution of the Sun for positive y while lower
value and a region of null acceleration is present for negative y.
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Figure 4.25: Maximisation of transversal acceleration, for a single-side coating sail
around Earth subject to SRP.
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Figure 4.26: Maximisation of transversal acceleration, for a single-side coating sail
around Venus subject to SRP.

4.3.2 SRP+BBRP
In this section the contribution of the BBRP is added and the results for different
planets will follow.

Earth

For a sail around the Earth, results for the maximum transverse acceleration are
presented in Fig. 4.27. Some differences with respect to the case with SRP only
(Fig. 4.25) arise:

• the sail is oriented with an angle of ∼ 35 deg between the unit normal vector
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and the radial direction, as has been analytically found by McInnes [1].

• the sail switches from an attitude angle of 90 to a 270 deg for the points in the
bottom part of the grid and with x ⊂ [−2RP ,− 1RP ]. With this attitude the
sail is subject to the force due to the BBRP and the acceleration in this part
of the grid presents a non-zero value.
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Figure 4.27: Maximisation of transversal acceleration, for a single-side coating sail
around Earth subject to SRP and BBRP.

When a double-side reflective coating sail is considered, the obtained results are
shown in Fig. 4.28. Comparing them with the case with SRP only, some differences
occur especially in the bottom part of the grid for points with negative y and x ⊂
[0RP ,0.5RP ]. In this region in the case SRP only the acceleration is null, it turns into
a non-zero when a double-side reflective coating is added, thanks to the contribution
of the BBRP.
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Figure 4.28: Maximisation of transversal acceleration, for a double-side coating sail
around Earth subject to SRP and BBRP.

Venus

In this section are presented the results for a sail in the vicinity of Venus with a
maximum transversal acceleration.
Fig. 4.29 shows how the insertion of the BBRP leads to results that are different
from the case with SRP only:

• For positive x close to the planet, the BBRP is seen as the dominating con-
tribution up to 4 times the radius of Venus.

• For negative x and y ⊂ [1RP ,3RP ], the sail is oriented differently than in Fig.
4.26 due to the contribution of the BBRP.

• The ratio aSRP+BBRP/a0 is 3.5 times greater than the one obtained for the
case SRP only.

As regards the maximum transverse acceleration for a double-side reflective coating
sail, the trend in Fig. 4.30a shows a smaller contribution of the BBRP when com-
pared to the case of a single-side reflective coating sail. This can be seen in Fig.
4.30b for negative x and y ⊂ [3RP ,4RP ] and for positive x and y ⊂ [0RP ,− 5RP ].
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Figure 4.29: Maximisation of transversal acceleration, for a single-side coating sail
around Venus subject to SRP and BBRP.
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Figure 4.30: Maximisation of transversal acceleration, for a double-side coating sail
around Venus subject to SRP and BBRP.

4.3.3 SRP+ARP
As already mention in the case maximum radial acceleration, albedo has a small
luminosity and it occurs just in the daylight part of the planet.

Earth

For a single-side reflective coating sail around the Earth (Fig. 4.31), results show
that the ARP does not give a great contribution, in fact the graphs are not much
different from the one in the case with SRP only (Fig. 4.25). Same results can be
obtained with a double-side reflective coating sail as can be seen in Fig. 4.32.
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Figure 4.31: Maximisation of transversal acceleration, for a single-side coating sail
around Earth subject to SRP and ARP.
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Figure 4.32: Maximisation of transversal acceleration, for a double-side coating sail
around Venus subject to SRP and ARP.

The analysis of these results shows that the contribution of the albedo around the
Earth is not great. However, for completeness, it is taken into account during the
entire work.

Venus

Considering a sail in the vicinity of Venus, subject to SRP and ARP leads to results
shown in Fig. 4.33. Also in this case it has been decided to use a smaller grid since
the contribution due to the albedo is small. Results are similar to the case of a sail
around the Earth both for a single- and a double-side reflective coating. For this
they are not deeply investigated.
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Figure 4.33: Maximisation of transversal acceleration, for a single-side coating sail
around Venus subject to SRP and ARP.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

x [R
P
]

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y
 [
R

P
] 
 

Angle of the sail to maximise the transverse acceleration

V

(a) Direction of the sail normal.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

x [R
P

]

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y
 [
R

P
] 
 

maximum  transverse acceleration

V

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

a
S

R
P

+
A

R
P

/a
0

(b) Contour of aSRP+ARP /a0.

Figure 4.34: Maximisation of transversal acceleration, for a double-side coating sail
around Venus subject to SRP and ARP.

4.3.4 SRP+PRP
In this last section the contributions of the BBRP and ARP are summed up together
with the SRP.

Earth

The maximization of the acceleration along the transverse direction for a sail around
the Earth, leads to the results in Figs. 4.35 and 4.25 considering SRP+PRP and
SRP only, respectively. In this case the PRP causes a configuration of the sail
that creates an angle δ ∼ 35 deg in the eclipse region. As already mentioned, this
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results can be confirmed by the analytical study conducted by McInnes [1], where
the author shows that a sail subject to a radial radiation will be oriented at an angle
equal to 35.26 deg if the transverse acceleration has to be maximised. Out of the
umbra region, the cases of SRP only and SRP+PRP present different orientation
of the sail. When it is placed in the points with negative y and x near 0 the SRP
gives a negative contribution to the transverse acceleration, for this reason the sail
is oriented with a pitch angle equal to 90 deg that leads to a null acceleration (Fig.
4.25b). Adding the PRP, the sail experiences a sudden change of attitude in the
point around x = 0. This is due to the fact that for negative x, PRP gives a positive
contribution to the acceleration while for positive x the contribution is negative.
This can also be visualized in the Figs. 4.35b and 4.25b, where in the case SRP only
the sail has a null acceleration and it becomes positive when the PRP is added.
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Figure 4.35: Maximisation of transversal acceleration, for a single-side coating sail
around Earth subject to SRP and PRP.

When a double-side reflective coating sail is considered, results can be found in Fig.
4.36. In this case there is not a great difference with a single-side reflective coating
sail. What changes is the acceleration experienced by the sail in the in the lower part
of the grid, as can be seen in Fig. 4.36b, where the use of a double-side reflective
coating sail enables to reduce the region of null acceleration.
As already done fo the maximum radial direction, also in this case the same four
points around the Earth are taken into account and their results are presented in
Table 4.4.
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Figure 4.36: Maximisation of transversal acceleration, for a double-side coating sail
around Earth subject to SRP and PRP.

Point σmax,SRP σmax,SRP+PRP aSRP /a0 aSRP+PRP /a0 aSRP+PRP /aSRP

rad rad
A 3.2391 3.1888 0.9715 0.9851 1.0141
B 3.0441 3.0441 0.9715 0.9715 1
C 1.5724 4.7108 0 0.079 ∞
D 1.5724 1.5724 0 0

Table 4.4: Value of the ratio of the maximum transversal acceleration to the char-
acteristic acceleration and the attitude angle σ that maximises the acceleration in
the cases SRP and SRP+PRP for a sail in the vicinity of the Earth.

From these results is possible to state that the addition of the PRP for the max-
imisation of the transversal does not give a much great contribution especially for
positive x. This is not true if point C is considered. In fact, in this case the gain
is infinite since the sail pass from a null acceleration to a positive one. Since the
contribution is not great, there is also no difference in the orientation of the sail
for points B and D, while in A and C the sail changes the attitude angle when the
radiation coming from the planet is considered.
These results show that PRP could give a contribution to the dynamics of the sail,
however it is better to implement a real-case scenario, such as a manoeuvre around
the planet, to quantify the actual contribution of the PRP coming from the Earth.
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Venus

The case of a maximum transverse acceleration for a sail around Venus leads to
the results shown in Figs. 4.37 and 4.26 for the case SRP+PRP and PRP only,
respectively. The optimal attitude of the sail, considering the radiation emitted by
Venus, is presented in Fig. 4.37a. Comparing these results with the ones in Fig.
4.26a, it is possible to identify a great difference in the attitude of the sail. In fact,
for positive y in the range [0RP ,2RP ] the sail is no more oriented with an attitude
angle σ = 180 deg. The contribution is even bigger in the case of positive x, where
the sail switches from facing the Sun in the case fo SRP only, to facing the planet,
when the PRP is added. In this case the highest value of the ratio is decreased to
3.5, but it is still possible to state that adding the PRP the sail experienced a much
greater acceleration than in the case of SRP only. What stays the same between
the two case, even if for different magnitude, is that for positive large value of y,
the sail experienced the highest acceleration thanks to the contribution given by
the Sun. Another results that can be underlined, in the case of SRP+PRP, is that
when the sail is close to the planet, in the region with positive y and negative x,
the acceleration is greater than in the case of negative y and positive x. This is
caused by the PRP, in fact it gives an additional contribution in the first region and
a negative contribution for the latter one.
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Figure 4.37: Maximisation of transversal acceleration, for a single-side coating sail
around Venus subject to SRP and PRP.

The case of a maximum transverse acceleration for a double-side reflective coating
is presented in Figs. 4.38a and 4.38b. The main contribution is still the PRP, but
the main difference with the case of a single-side sail can be found for y < 0, where
the negative contribution coming from the Sun is more experienced because of the
reflection coefficient of the back side of the sail.
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Figure 4.38: Maximisation of transversal acceleration, for a double-side coating sail
around Venus subject to SRP and PRP.

Table 4.5 presents the results for the same four points used in the case maximum
radial acceleration:

• Point A=(-1.1556 km, 6.7512 km);

• Point B=(1.1556 km, 6.7512 km);

• Point C=(-1.1556 km, -6.7512 km);

• Point D=(1.1556 km, -6.7512 km);

Point σmax,SRP σmax,SRP+PRP aSRP /a0 aSRP+PRP /a0 aSRP+PRP /aSRP

rad rad
A 3.1951 2.4214 0.5176 3.1118 6.012
B 3.0881 2.0567 0.5176 2.9122 5.6264
C 1.5724 5.4718 0 2.4127 ∞
D 1.5724 5.4718 0 2.5537 ∞

Table 4.5: Value of the ratio of the maximum transversal acceleration to the char-
acteristic acceleration and the attitude angle σ that maximises the acceleration in
the cases SRP and SRP+PRP for a sail in the vicinity of Venus.

The contribution of the PRP around Venus leads to an improvement of the sail per-
formances in each of the four points. Moreover for negative y the sail has a no-zero
value when the PRP is added, with an infinite gain of the acceleration. As regards
the attitude angle σ it changes in the two cases, since when the PRP is added it
becomes the dominating contribution.
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After analysing all these results, it is possible to state that the PRP in the case of
a sail around Venus, is the main contribution of the acceleration. In particular the
BBRP is by far the dominating contribution, while the albedo does not give a great
effect on results.
In the next chapter, using the same methodology applied in this section, is to inte-
grate a manoeuvre around the Earth and Venus, trying to quantify the contribution
of the PRP in a real-case scenario.
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Chapter 5

Control law for semi-major axis
increase

Knowing the acceleration of a sail in a grid of points around a celestial body, a real-
case scenario can been considered, placing the sail in orbit around a planet. The
study considers a semi-major axis increasing manoeuvre to evaluate the percentage
increase obtained when the PRP is considered. Results around Earth and Venus are
shown for a sail with a characteristic acceleration equal to 1 mm/s2 and the cases
of SRP only and SRP+PRP are analysed.
To evaluate the variation of the orbital elements, Gauss’ form of the Lagrange vari-
ational equations is used. In this case the acceleration vector a is written in com-
ponents taken in the rotating frame {v,n∗,h}. In this frame the direction vector v
is along the orbit velocity vector, n∗ is the normal direction to the velocity, where
the dash has been added not to create confusion with the normal direction of the
sail n̂, and h is the out of plane component.
Gauss’ variational equation can be written as [24]

da

dt
=

2a2v

µ
av (5.1)

de

dt
=

1

v

[
2 (e+ cos f) av −

r

a
sin fan∗

]
(5.2)

di

dt
=
r cos θ

h
ah (5.3)

dΩ

dt
=
r sin θ

h sin i
ah (5.4)

dω

dt
=

1

ev

[
2 sin fav +

(
2e+

r

a
cos f

)
an∗

]
− r sin θ cos i

h sin i
ah (5.5)

df

dt
=

h

r2
− 1

ev

[
2 sin fav +

(
2e+

r

a
cos f

)
an∗

]
(5.6)
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5 – Control law for semi-major axis increase

Where:

• a is the semi-major axis;

• e is the eccentricity;

• i is the inclination

• Ω is the right ascension of the ascending node (RAAN);

• ω is the argument of periapsis;

• f is the true anomaly;

• θ = ω + f ;

• v =
√
µ
(
2
r
− 1

a

)
.

As this work is two dimensional, so the out of plane acceleration will not be consid-
ered (ah = 0). Hence there is no variation of Ω, i and also the last term in Eq. 5.5
is null.
This study considers a planar initial orbit in the ecliptic plane with an high eccen-
tricity, a low periapsis and various positions of the argument of the periapsis. The
trajectories with ω = 0,90,180,270 deg are denominated T1, T2, T3 and T4, respec-
tively. Table 5.1 presents the values of the orbital elements of the starting orbit.
To change the semi-major axis the most efficient strategy is to use a tangential
control law. The variation of the semi-major axis (a) reaches maximum value at
the periapsis since the velocity magnitude is the largest in that point [25]. For this
reason, it has been decided to use a control law that maximises the acceleration in
the direction of the velocity when the sail is in a periapsis-centred arc of ±30 deg
(Fig. 5.1). This control law does not lead to an optimal solution, but since the aim
of this work is to compare the results in the cases SRP and SRP+PRP, it is not
necessary to use the optimal one, what matters is that the same control law is used
in both cases.
In the next sections the results of the integration of sail control law, for four orbits
are shown (in terms of trajectory, acceleration and semi-major axis) for Earth and
Venus. Different arguments of periapsis with respect to the Sun direction will be
studied, trying to investigate how the inclusion of the PRP changes the results.

Semimajor axis Eccentricity Inclination RAAN Argument of periapsis True anomaly
a [ km] e i [deg] Ω [deg] ω [deg] f [deg]
36840 0.8 0 0 0, 90,180,270 0

Table 5.1: Orbital elements

60



5 – Control law for semi-major axis increase

Figure 5.1: Control law

5.1 Earth
The first case considers the sail orbiting around the Earth with an argument of
periapsis ω = 0deg. Fig. 5.2 shows the trajectory over time and the orientation of
the sail to obtained the desired acceleration. The increment of the semi-major axis
(a) is not substantial, but using Fig. 5.3a it is possible to compare the trend in the
case of SRP only and SRP+PRP. It increases with time: with SRP only one have a
step increase corresponding to the arc. Thanks to the PRP the trend is shifted up
and it is not a precisely step increase. This is due to the fact that adding the PRP
the sail experiences a non-zero acceleration for time equal to 0.7 · 105 s and 1.4 · 105
s , as can be seen in Fig. 5.3b. Fig. 5.3c shows the behaviour of the acceleration
along the velocity when the sail in around the pericentre. It is possible to express
a percentage increase of the semi-major axis considering the variation of a from the
start time to the final time, in the case SRP and SRP+PRP (Fig. 5.3a). In this
case, the increase is of 19.89%.
Analysing the acceleration of the sail along the velocity, Fig. 5.3c presents a trend
quite similar between the two cases. As already mention, a difference can be found
at the beginning and at the end of every orbit. In fact, in this range the PRP leads to
an acceleration that is not null. This happens because in most of the trajectory the
minimum acceleration is required and the sail is oriented with σ = 90 or 270 deg to
ensure a null acceleration. When the sail gets closer to the periapsis the contribution
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of the PRP is greater and the minimum acceleration is not zero any more.
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Figure 5.2: Trajectory around the Earth with orientation of the sail with ω = 0deg
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Figure 5.3: Results for a sail around the Earth with ω = 0deg.
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The second case considers ω = 90 deg. The trajectory with the orientation of the
sail is presented in Fig. 5.4, here it is possible to identify points with a sudden
change of the attitude angle.For example from the 11th to the 24th point the min-
imum acceleration can be found for an angle σ ≃ 1.5 rad. Then if the 25th point
is considered, σ switches to value of 4.72 rad. To explain this behaviour points A
(24th) and B (25th) are taken into account and the value of the acceleration along
the velocity direction is presented in function of the attitude angle σ. Fig. 5.5 shows
how the sail experiences a minimum positive acceleration for different values of σ.
For point A the first minimum value is taken as the optimal attitude, while point
B considers the third minimum as the optimal one. This behaviour is due to the
discretization of the attitude angle: since it is not possible to find the exact zero,
the code select the closest value. This can be found in proximity of the roots of the
function and it is not possible to pick the value with smaller σ.
As can be seen in Fig. 5.6, the presence of the PRP gives a small positive contribu-
tion to the dynamics of the sail. After three orbits the semi-major axis has reached
the 1.84% of increment. Fig. 5.6b shows the trend of the acceleration along the
trajectory, while Fig. 5.6c presents the trend of aV around the pericentre. No con-
sistent difference is present, with the Sun always being the dominating contribution
in both cases.
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Figure 5.4: Trajectory around the Earth with orientation of the sail with ω = 90 deg
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Figure 5.6: Results for a sail around the Earth with ω = 90 deg.
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The study has proceed considering an orbit with the periapsis in the eclipse region,
hence ω = 180 deg. As can be seen from Fig. 5.7, the arc mostly lays in the
shadow region. For this reason when only the SRP is considered the variation of the
semi-major is near zero. Results change adding the PRP, with a step increase of a
(Fig. 5.8a). In this case the calculated percentage increase is almost infinite. As
regards the acceleration, Figs. 5.8b and 5.8c show how the sail has an almost null
acceleration throughout the orbit when the SRP is considered and a non-zero one
thanks to the contribution of the PRP. These results show how considering the PRP
a semi-major axis increase is possible even if the periapsis is in the eclipse region.
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Figure 5.7: Trajectory around the Earth with orientation of the sail with ω = 180 deg
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Figure 5.8: Results for a sail around the Earth with ω = 180 deg.
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In the last case the argument of periapsis is placed at 270 deg and the arc is in a
region where the Sun gives a negative contribution. For this reason, also in this
case the variation of the semi-major axis is small considering the SRP only (Fig.
5.10a). When the PRP is added, the results show a different trend and this lead to
have an increase of the ∼ 7000% of the semi-major axis. However case SRP+PRP
does not have a step trend since throughout the trajectory the sail is oriented with
an angle σ ≃ 90 or 270 deg and only the contribution of the planet is considered.
This leads to the presence of small peaks of acceleration in Fig. 5.10b, with the
sail thrusting slightly also outside of the arc. Fig. 5.10c shows the trend of the
acceleration around the pericentre. When the sail is placed at the pericentre with
f = 0 it experiences a null acceleration since the Sun gives a negative contribution
that cannot be counteracted by the PRP.
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Figure 5.9: Trajectory around the Earth with orientation of the sail with ω = 270 deg
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Figure 5.10: Results for a sail around the Earth with ω = 270 deg.
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Trajectory Increase with SRP+PRP Increase with SRP Absolute percentage increase
T1 0.1547% 0.1855% 19.89%
T2 0.3858% 0.3902% 1.84%
T3 0.0479% 5.71 · 10−4% ∼ ∞
T4 0.0131% 1.18 · 10−4% ∼ ∞

Table 5.2: Value of the percentage increase of the semi-major axis considering SRP
only, SRP+PRP and the corresponding absolute percentage increase for a sail or-
biting around the Earth.

These results can all be summarized in Table 5.2. The increases are function of the
number of orbits the sail perform during the trajectory, while the absolute percentage
increase is valid for any number of orbits. From these results it is possible to state
that the consideration of the PRP enables to perform a semi-major axis increase
manoeuvre even in the case with ω = 180 and 270 deg, infeasible considering the
SRP only. Moreover the PRP gives an additional contribution in every study-case
considered in this work.
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5.2 Venus
The same study has been conducted for a sail around Venus. In this case, since the
high BBRP luminosity of the planet, the planetary radiation plays an important
role in the results.
The study stars with an orbit with argument of peripasis ω = 0deg. Fig. 5.11
presents the trajectory and the corresponding orientation of the sail. When it is
compared with the same case around the Earth (Fig. 5.2) a great difference can be
found in the attitude angle of the sail in the arc. In this case, in fact, the sail faces the
planet to gain the maximum acceleration. Considering Fig. 5.12a, in which the trend
of the semi-major axis is plotted, it is easy to state that in this case the increment
is greater than the case of a sail around the Earth. In fact the contribution of the
PRP leads to a percentage increase of 889.9%. Moreover Fig.5.12b shows how the
addition of the PRP enables the sail to experience acceleration seven times greater
during the thrust. Fig. 5.12c shows how, close to the pericentre out of the arc, the
minimum acceleration has a non-zero value due to the dominating contribution of
the planetary radiation, as can be seen in the presence of the small peaks.
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Figure 5.11: Trajectory around Venus with orientation of the sail with ω = 0deg
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Figure 5.12: Results for a sail around Venus with ω = 0deg.
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Figure 5.13: Trajectory around Venus with orientation of the sail with ω = 90 deg

The following case presents a periapsis at ω = 90 deg, for this case the results
are shown in Fig. 5.14. As already explained, the sudden changes of attitude are
caused by the numerical approach. The semi-major axis, for this starting orbit, has
a percentage increase of 192.5%. This case presents the lowest contribution of the
PRP since the position of the arc benefits from the positive contribution of the SRP.
As regards the acceleration along the velocity direction, Figs. 5.14b and 5.14c shows
how in this case the presence of the PRP leads to accelerations that are 4 times the
one obtained in the case SRP only.
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(b) Acceleration along the velocity for a sail
with SRP and SRP+PRP.
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Figure 5.14: Results for a sail around Venus with ω = 90 deg.
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When the argument of periapsis has a value of ω = 180 deg the sail orbits along the
trajectory showed in Fig. 5.15 and it experiences an increase of the semi-major axis
that is infinite. In fact, as can be seen in Fig. 5.16a, a stays almost constant when
only the SRP is considered since the arc is in eclipse and the acceleration is null in
every point of the trajectory (Fig. 5.16b). Adding the PRP enables the increase of
the semi-major axis and leads to a non-zero acceleration in the arc, as can be seen
Fig. 5.16b.
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Figure 5.15: Trajectory around Venus with orientation of the sail with ω = 180 deg
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(b) Acceleration along the velocity for a sail
with SRP and SRP+PRP.
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Figure 5.16: Results for a sail around Venus with ω = 180 deg.
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Figure 5.17: Trajectory around Venus with orientation of the sail with ω = 270 deg

The last case studied is the one in which the periapsis is at ω = 270 deg. In this
case the position of the burn arc is subject to the negative contribution of the Sun.
For this reason the case SRP only leads to a null increment of the semimajor axis,
since the maximum acceleration of the sail is zero (Fig. 5.18a). Different results
can be obtained considering the PRP, the radiation coming from the planet enables
to increase a. This means that the percentage increment of the semi-major axis is
infinite. As regards the acceleration, Fig. 5.18c shows how the PRP changes the
trend, generating great accelerations during the thrusting arc. Also in this case, as
already explained for the Earth, the sail thrusts a little bit also out of the arc. It
can be deducted from the small peaks in Fig. 5.18b, but this phenomenon is smaller
than in the case of a sail around the Earth. From Figs. 5.13, 5.15 and 5.17 it seems
that the sail steers randomly, as already mentioned for the Earth, this behaviour is
only the consequences of a numerical issue, since the minimum acceleration is found
for different value of the attitude angle.
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(b) Acceleration along the velocity for a sail
with SRP and SRP+PRP.
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Figure 5.18: Results for a sail around Venus with ω = 270 deg.
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Table 5.3 summarises the results obtained in this section. Around Venus the bene-
ficial contribution of the PRP is huge, with percentage increase over 100% for every
value of ω. This means that the consideration of the PRP for a sail orbiting around
Venus is fundamental, since it enables the sail to have much better performances.

Trajectory Increase with SRP+PRP Increase with SRP Absolute percentage increase
T1 1.8431% 0.1862% 889.8%
T2 1.3862% 0.4738% 182.5%
T3 1.2296% 6.8 · 10−4% ∼ ∞
T4 1.0772% 2.13 · 10−4% ∼ ∞

Table 5.3: Value of the percentage increase of the semi-major axis considering SRP
only, SRP+PRP and the corresponding absolute percentage increase for a sail or-
biting around Venus.

Finally, in Table 5.4 are presented the values of the semi-major axis, eccentricity and
argument of periapsis at the initial and final time of the trajectory around Earth
and Venus for different starting ω.
Analysing these results helps to realise how the addition of the PRP generates much
greater increments in the case of a sail orbiting around Venus. This is due to the
fact that the luminosity of the planet is of almost two order of magnitude greater
then the one obtained for the Earth. It is important to remember that this results
corresponds to a time of three orbits, better results can be obtained integrating
for a longer period. From these results it is possible to state that the PRP gives

Trajectory Initial orbital elements Earth Venus
ωi [rad] ai [km] ei ωf [rad] af [km] ef ωf [rad] af [km] ef

T1 0 36840 0 0.0023 36908 0.8003 0.0421 37519 0.8029
T2 1.5708 36840 0 1.5712 36984 0.8017 1.5919 37351 0.8121
T3 3.1416 36840 0 3.1409 36858 0.8001 3.0959 37293 0.8026
T4 4.7124 36840 0 4.7129 36845 0.87992 4.7347 37237 0.7929

Table 5.4: Orbital element at the initial and final time for different trajectories
around Earth and Venus.

a beneficial contribution both around Earth and Venus. In particular around the
latter planet the radiation coming from the Venus is the dominating contribution,
generating acceleration much greater than the one obtained in the case SRP only.
Moreover for both the study-cases the addition of PRP enables the increase of the
semi-major axis also in cases infeasible considering solely the SRP.
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Chapter 6

Conclusions

In this work, a solar sail orbiting around a planet was considered, investigating the
contribution of the planetary radiation pressure to the acceleration of the sail. The
effects of the solar and planetary radiation pressure were developed using opportune
models that considered the optical characteristics of the sail, the directions of the
incident radiations and, in the case of the planetary radiation, the presence of black-
body radiation and albedo. This allowed the description of all possible orientations
of the sail in a grid of points around the planet to maximise the acceleration along
a given direction. Results in this case showed that if the sail is orbiting around
the Earth, there is not a substantial difference with the case with solar radiation
only. If the considered planet is Venus, results changed, with the radiation coming
from the planet that becomes the dominating factor in the orientation of the sail.
Moreover it has been found that the greatest contribution is given by the BBRP,
especially around Venus, while the albedo has almost the same magnitude around
both planets.
Using Gauss’ equations, an increasing semi-major axis manoeuvre has been inte-
grated, using a tangential control law around Earth and Venus. Planetary radiation
has a contribution in the acceleration experienced by the sail. However in the case
of a sail orbiting around the Earth this contribution is not much great, but still it
can be considered as an additional factor to the force and it enables to performance
semi-major axis increase also when ω = 180 or 270 deg.
When a sail orbiting around Venus is considered, planetary radiation pressure is by
far the dominating contribution, providing better performances of the sail, not only
in the eclipse region, but everywhere close to the planet. The increase of the semi-
major axis are over 100% for each position of the argument of periapsis, showing
that not considering this contribution leads to worse performances of the planetary
sail.
This was a preliminary study to investigate whether and how the inclusion of the
radiation of the planet changes the behaviour of a sail. More accurate results could
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6 – Conclusions

be obtained improving the models used for the planetary radiation pressure force, for
the albedo and for the eclipse. In this case the planet was considered as a uniformly
bright disc. Since the vicinity of the sail to the planet, the consideration of the ce-
lestial body as a uniformly bright sphere emitting radial radiation could give results
more consistent with reality. Moreover the albedo so far has been modelled using
an engineering approach, this model could be improved considering the portion of
the planetary sphere illuminated by the Sun and the amount of the reflected light
that impact the surface of the planet. As regards the eclipse region, the cylindrical
eclipse model could be replaced with one considering the divergence of the Sun light
rays. Moreover since the energy coming from the planet is in the infra-red range, a
study regards the material of the sail should be conducted, to analyse how the sail
reflects radiation in this energy range.
To simplify the problem, a two dimensional study-case have been considered, how-
ever the application of a three dimensional model could lead to results that consider
also the out of plane variations and the assumption of a fixed Sun could be relaxed,
showing a real scenario.
The results obtained in this study could be used for future works. When a mission
in the vicinity of Venus is considered, the presence of the planetary radiation should
be taken into account, since the performance of the sail improved a lot. Moreover,
both around Venus and Earth, the presence of the planetary radiation is important
in the eclipse region.
Future studies can consider the combined effect of solar and planetary radiation
pressure together with the effect of the aerodynamic forces. If a sail orbiting in the
atmosphere of the planet is taken into account, interesting results can be obtained.
In this scenario the sail is closer to the planet, experiencing also a greater planetary
radiation.
Further analysis could also be conducted on the optimisation of the control law,
studying how it changes whether the PRP is considered or not.
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Appendix A

Eletromagnetic description

Another way to explain this phenomenon is using the electromagnetic description
of light [1]. In this case the momentum is transported to the solar sail by electro-
magnetic waves. E is the electric field component of the wave, it induces a current
j in the sail. The magnetic component of the incident wave B generates a Lorentz
force equal to j×B along the direction of propagation of the wave. Another electro-
magnetic wave, observed as a reflection wave, is generated by the induced current
j. Taking into account a wave propagating along the x-axis, it is possible to express
the force exerted on a current element as

df = jzBydxdydz (A.1)

where jz is the current density induced in the surface of the reflector. The pressure
can be defined as the force per unit area

dP = jzBydx (A.2)

Recalling the Maxwell’s equations of electrodynamics it is possible to express the
term in Eq. A.2 with a field term. The time average pressure is then give by

⟨dP ⟩ = − ∂

∂x

(
1

2
ϵ0E

2
z +

1

2µ0

B2
y

)
dx (A.3)

Where ϵ0 is the permittivity of free space and µ0 is the permeability of free space.
In parentheses is possible to identify the energy density U for the electric component
E and magnetic component B of the incident wave

U =
1

2
ϵ0E

2 +
1

2µ0

B2 (A.4)

Integrating Eq. A.3, it is possible to obtain the pressure exerted on a surface of
thickness ∆l

⟨P ⟩ = −
∫ ∆l

0

∂U

∂x
dx (A.5)
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A – Eletromagnetic description

The pressure exerted on the surface is equal the total energy density if the medium
is a perfect reflector.
Two plane waves, separated by a distance ∆x, are considered. Both of them are
incident on a surface of area A. It is possible to express the distance∆x as∆x = c∆t,
where ∆t is the travel time between the wave fronts. Moreover the volume of spae
between the two waves is A∆x. Hence the energy density can be written as

U =
∆E

A (c∆t)
(A.6)

The energy flux W across the surface is given by

W =
1

A

(
∆E

∆t

)
(A.7)

Recalling the expression in Eq. A.6, it is possible to express the energy density as

U =
W

c
(A.8)

Comparing Eqs. A.8 and 2.13 it is possible to assert that both the descriptions,
quantum and electromagnetic, lead to the same result.
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