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Abstract

The empirical identity process (Enrico Bibbona, Giovanni Pistone, and Mauro
Gasparini. The Empirical Identity Process: asymptotics and applications.
The Canadian Journal of Statistics, 2017) gives rise to a test statistic dn
which can be used for statistical inference. In this thesis, a new statistic
on based on the process is devised, and two inference settings are studied:
goodness-of-fit and parameter estimation. For the latter, minimum-distance
estimators are constructed. In the goodness-of-fit setting, we show that the
new statistics are powerful in uniform settings with alternatives containing
clusters. However, they are outperformed in other cases if the parameters
of the null distribution are estimated from the data. In the parameter es-
timation setting, the minimum-distance estimator based on dn is shown to
have excellent performance, having similar performance as the maximum-
likelihood estimator with the expectation-maximization algorithm in normal
mixtures with high component overlap. Moreover, our minimum-distance es-
timators have excellent robustness properties in the normal mixture setting,
especially compared with the maximum-likelihood estimator which is shown
not to be robust. However, the minimum-distance estimator based on dn is
more sensitive to initialization.

Keywords: empirical identity process; goodness-of-fit; minimum-distance es-
timation; normal mixture distribution; robustness
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Chapter 1

Introduction

The empirical cumulative distribution function is a well-known non-parametric
tool to estimate the distribution function of some sample data. The empir-
ical quantile function is defined as its left-continuous generalized inverse. A
recent paper [4] studies the process resulting from the composition of these
two empirical functions.

By definition, the composition of the cumulative distribution function with
the quantile function results in the identity. However, for the empirical ver-
sions, this is only asymptotically true, and the resulting function is named
the empirical identity function. The second-order characteristics can then be
studied by subtracting the identity function. This results in the empirical
identity process.

The empirical identity process gives rise to a statistic, introduced in [4].
We also introduce our own statistic based on the empirical identity process.
We examine their use for statistical inference in two cases: goodness-of-fit
testing and parameter estimation.

In the goodness-of-fit setting, we study the statistics in two settings. In
the first setting we specify the null distribution completely, including its pa-
rameter values. We then move to the more practical setting where we specify
the null distribution without parameters. These parameters are subsequently
estimated from the data. This results in a test where only the model, and
not the parameters, need to be specified.

In the parameter estimation setting, we propose minimum-distance estima-
tors. Since the statistics are heavily dependent on the spacings, they can be
sensitive to clusters present in the data. Therefore, special attention is given

1



Chapter 1. Introduction

to the setting of normal mixtures, where clusters are expected. Furthermore,
maximum-likelihood estimation is not directly applicable and powerful es-
timation techniques would be welcome in this setting. Additionally, since
minimum-distance estimators are known to be robust, we study the robust-
ness of our minimum-distance estimators.

The thesis is structured as follows. In Chapter 2, we survey relevant litera-
ture, starting with the paper on the empirical identity process. In Chapter
3, we devise our own statistic based on the empirical identity process. In
Chapter 4, the statistics are used in a goodness-of-fit setting. In Chapter 5,
we apply the statistics in a minimum-distance parameter estimation method.
We conclude in Chapter 6. Some mathematical derivations, extra simulation
results and code are deferred to the Appendix.

All computations and simulations are implemented using the statistical soft-
ware R [29].

2



Chapter 2

Literature Study

In this chapter, we survey relevant literature. First off, we study the empirical
identity process, which is the foundation for our statistical inference methods
introduced later. Next, we study existing goodness-of-fit procedures, which
can pose good alternatives for our own goodness-of-fit tests. We then review
parameter estimator properties. In particular, we review some multidimen-
sional parameter estimator performance measures - which prove useful when
comparing estimators under models with many parameters, such as the nor-
mal mixture model. Then, we study existing parameter estimation methods,
which might be used for comparison for our own methods. Special atten-
tion is given to the estimation methods in the setting of normal mixtures,
as we apply our own methods on these distributions. Finally, we study the
Expectation-Maximization algorithm, which can be used to apply maximum
likelihood estimation effectively in the setting of normal mixtures.

2.1 The Empirical Identity Process

The empirical identity process is defined in [4] resulting from the composition
of the empirical quantile function and the empirical distribution function.

It is constructed as follows. Let U1, . . . , Un be ordered uniform random vari-
ables, and define U0 = 0 and Un+1 = 1. Denote Fn(t) = 1

n

∑n
i=1 1(Ui ≤ t), the

empirical cumulative distribution function (ECDF). Denote Qn(u) = inf{t ∈
[0, 1] : Fn(t) ≥ u} the empirical quantile function. Note that Qn is the left-
continuous generalized inverse of Fn.

The empirical identity function Rn is then defined as the mean of the lower

3



Chapter 2. Literature Study

and upper empirical identity functions, given by:

RL
n(t) :=

{
0 if 0 ≤ t < U1

Qn(Fn(t)) if U1 ≤ t ≤ 1
,

RU
n (t) :=

{
Qn(Fn(t) + 1

n
) if 0 ≤ t < Un

1 if Un ≤ t ≤ 1
,

Rn(t) :=
RL
n(t) +RU

n (t)

2
.

The lower and upper empirical identity process are then obtained by sub-
tracting the identity from the empirical identity functions. The empirical
identity process Yn(t) for t ∈ [0, 1] is then defined as the mean of the lower
and upper identity process, given by:

Y L
n (t) := (n+ 1)(RL

n(t)− t),
Y U
n (t) := (n+ 1)(RU

n (t)− t),
Yn(t) := (n+ 1)(Rn(t)− t) = 1

2
(Y L

n (t) + Y U
n (t)).

As proven in [4], this empirical identity process converges to a highly irreg-
ular process, referred to as a white noise.

To find a more regular process, the integral of the process is studied. Not-
ing that the lower and upper empirical identity functions are asymptotically
equivalent, the integrated empirical identity process is only studied using the
lower empirical identity process. We show in Appendix A.1 that for certain
applications, the choice of lower or upper identity process is irrelevant. The
Integrated Empirical Identity Process (IEIP) is now defined by:

In(t) := −
∫ t

0

Y L
n (u)du = (n+ 1)

∫ t

0

(
u−RL

n(u)
)
du, t ∈ [0, 1].

Note that between consecutive datapoints (Ui−1, Ui), the function RL
n(u) is

constant and equal to Ui−1. Therefore, In can be expressed as:

In(t) = (n+ 1)

∫ t

0

(
u−RL

n(u)
)
du

= (n+ 1)

nFn(t)∑
i=1

∫ Ui

Ui−1

(u− Ui−1)du+ (n+ 1)

∫ t

nFn(t)

(u− UnFn(t))du

=
n+ 1

2

nFn(t)∑
i=1

(ui − ui−1)2 +
n+ 1

2
(t−RL

n(t))2.

4



Chapter 2. Literature Study

In Appendix A.1 we also derive simple expressions for the upper and central
IEIP.

The following weak convergence is then proven:

2
√
n+ 1(In(t)− Fn(t)) =⇒ V (t), (2.1)

where V (t) is a process given by:

V (t) = 2
√

5Wt − 2(
√

5− 1)tW1, 0 ≤ t ≤ 1.

Here, Wt denotes standard Brownian motion. Note that we can interpret
V (t) as a scaled Brownian bridge, pinned at 0 at t = 0 and pinned at a
random endpoint W1√

5
at t = 1. Now, using the continuous mapping theorem

for the weak convergence (2.1) yields the dn statistic:

dn := 2 sup
t∈[0,1]

√
n+ 1|In(t)− Fn(t)| =⇒ sup

t∈[0,1]

|V (t)|.

The authors demonstrate the use of this statistic in a goodness-of-fit proce-
dure.

2.2 Goodness-of-fit Procedures

Goodness-of-fit testing is a useful tool in statistical modeling to check the
compatibility of a statistical model with the data observed. Given data
X1, . . . , Xn, the goodness-of-fit test decides between the following two com-
peting hypotheses concerning the model F for our data:

H0 : F ∈ F vs. H1 : F /∈ F ,

where F is some class of models. In the case of F = F0, the goodness-of-
fit test becomes simple, otherwise it is known as composite. The latter can
be more useful, but tests for composite nulls are generally harder to calibrate.

If we have a simple null hypothesis, then under the null, the probability
integral transform F0(X) is uniformly distributed. If we know the distri-
bution of a test statistic T (U) when U is uniform, we can reject the null
hypothesis if the value of T (F0(X)) is significant. This approach has the
attractive property of being distribution-free under the null hypothesis; the
distribution of the test statistic T (F0(X)) is independent of F0 if the null
hypothesis is true. For the goodness-of-fit statistics, we are therefore mainly
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interested in their distribution when the data is uniform.

In Chapter 4, we study new goodness-of-fit procedures. We therefore now
examine existing procedures which can be used for comparison. We focus
on goodness-of-fit testing in case of a simple null hypothesis and continuous
data.

2.2.1 ECDF Statistics

Goodness-of-fit tests based on the ECDF are some of the most well-known
tests. We first discuss related convergence theorems, and then study the
statistics that follow from them.

Convergence Results of the ECDF.

Let X1, . . . , Xn be iid data from distribution F and let Fn be their ECDF.
From the law of large numbers, we obtain the almost sure convergence:

Fn(t)
a.s.−−→ F (t)”, ∀t. (2.2)

Furthermore, using the central limit theorem, we obtain the weak conver-
gence: √

n(Fn(t)− F (t)) =⇒ N (0, F (t)(1− F (t))), ∀t. (2.3)

Both of these results can be extended to more powerful and useful results.
The pointwise convergence (2.2) can be extended to uniform convergence.
This result is known as the Glivenko-Cantelli theorem:

sup
t
|Fn(t)− F (t)| a.s.−−→ 0.

The weak convergence (2.3) can be extended to a functional version. This
was done by Donsker [12][13], who obtained:

√
n(Fn − F ) =⇒ Gn, (2.4)

with Gn having zero mean and covariance function:

Cov(Gn(ti), Gn(tj)) = F (min(ti, tj))− F (ti)F (tj).

Note that Gn is a time-changed Brownian bridge†.

†The standard Brownian bridge on [0, 1] is given by Bt = Wt − tWt, where Wt is
standard Brownian motion, with mean 0 and variance 1. The time-changed Brownian
bridge is obtained by substituting t with F (t).
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Statistics

The weak convergence (2.4) can be used with the continuous mapping theo-
rem to obtain a variety of test statistics. The first statistic is known as the
Kolmogorov-Smirnov (KS) statistic [21][40]†, and is given by:

Dn := sup
t
|Fn(t)− F (t)|.

Originally, the distribution of Dn was not found using the weak convergence
(2.4), but derived directly by Kolmogorov, before the result by Donsker.

The second statistic was developed around the same time by Cramer [9]
and Von Mises [41]. Referred to as the Cramèr-Von Mises (CvM) statistic,
it is given by:

ω2 :=

∫ ∞
−∞

(Fn(x)− F (x))2dF (x).

This statistic was improved by Anderson and Darling [1] by adding a weight
function φ:

ω2
φ :=

∫ ∞
−∞

φ(x)(Fn(x)− F (x))2dF (x).

In particular, the weight function φ(x) = (F (x)(1 − F (x))−1 was studied,
resulting in the Anderson-Darling (AD) statistic:

An :=

∫ ∞
−∞

(Fn(x)− F (x))2

F (x)(1− F (x)
dF (x).

Compared to the Cramèr-Von Mises statistic, the Anderson-Darling statistic
places more weight on discrepancies at the tails of the distribution.

The performance of these three statistics when data is normal has been
studied in [34]. The study claims that, out of these three statistics, the
Kolmogorov-Smirnov statistic performs the poorest, while the Anderson-
Darling statistic performs the best.

2.2.2 Spacing Statistics

There also exist goodness-of-fit tests based on spacings of uniform variables.
Let U1, . . . , Un be ordered uniform random variables, and define U0 = 0 and
Un+1 = 1. The uniform spacings are defined as:

Di := Ui − Ui−1, i = 1, . . . , n+ 1. (2.5)

†The original paper is in Italian. The second citation discusses the original article in
English.
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Statistics based on these spacings measure how “uniform” the spacings are.
Note that the sum of spacings is, by definition, equal to 1, and the expected
value is 1

n+1
for each spacing. A statistic on the spacings can therefore mea-

sure the dispersion of the spacings from their expected value. This interpre-
tation leads to many different statistics, as described in [18].

An early statistic based on the spacings is known as the Greenwood [17]
statistic:

Gn :=
n+1∑
i=1

D2
i , (2.6)

for which Moran [23]† developed a convergence law:

√
n+ 1

(
n+ 1

2

n+1∑
i=1

D2
i − 1

)
=⇒ N (0, 1).

Naturally, direct applications of the central limit theorem are not applicable,
as the variables Di are not independent.

The statistic (2.6) was extended to higher powers of spacings and studied
by Kimball [20]. In [18], the dispersion of the spacings is measured using the
Gini-index.

We can also consider spacings of higher order. In [18], the overlapping spac-
ings of order m are defined as:

D
(m)
i =

{
Ui+m − Ui, i = 0, . . . , n+ 1−m,
1 + Ui+m−n−1 − Ui, i = n+ 2−m, . . . , n,

and the non-overlapping spacings of order m are defined as:

D
(m′)
i = U(i+1)m − U(i)m, i = 0, . . . ,

⌊ n
m

⌋
,

These higher-order spacings can be used to generalize the Greenwood statis-
tic (2.6), as has been done in [33]. Results suggest that the higher-order
spacings improve upon the one-step spacings, having higher efficiency.

†In the cited paper, the uniform data has length n − 1, so the resulting number of
spacings is equal to n. To keep notation consistent with the rest of our text, we use data
of length n, resulting in n+ 1 spacings. The convergence result is given on page 97 in the
cited paper.
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Instead of the square as in (2.6), sums of other functions of the spacings
have been studied as well, such as the logarithm or the reciprocal. Addition-
ally, statistics based on the rank of the spacings have been proposed, such
as the minimum or maximum spacing. A comprehensive overview of these is
given in [28].

A general challenge in goodness-of-fit testing is the specification of the pa-
rameters of the null distribution. These must be specified a priori for the
goodness-of-fit test statistic distributions to hold. Estimating the parameters
for the null distribution from the data generally changes the distribution of
the test statistic. However, [8] shows that the asymptotic distribution of the
Greenwood statistic (2.6) does not change when parameters are estimated,
provided that the estimation is done efficiently.

A notable disadvantage of the spacings statistics is the sensitivity to ties
in the data. Many procedures based on spacings fail when ties are present.
Theoretically, there is no problem, as the statistics are developed for contin-
uous data. In practice however, rounded data can cause problems.

2.2.3 Shapiro-Wilk Statistic

The Shapiro-Wilk statistic [39] can be used to test data for the composite
hypothesis of normality. Let X = X1, . . . , Xn denote the ordered data. Then,
the Shapiro-Wilk (SW) statistic is given by:

Wn :=
(
∑n

i=1 aiXi)
2∑n

i=1(Xi − X̄)2
.

Here, X̄ denotes the sample mean, and ai are constants given by:

(a1, . . . , an) =
mTV −1

(mTV −1V −1m)
1
2

,

where m is a vector of length n containing the expected values of the stan-
dard normal order statistics, and V the sample covariance matrix of X.

Clearly, the computation of Wn for large samples can be demanding for large
samples, as the computation for the coefficients ai involves large matrix op-
erations and inversions. However, research has been done to approximate the
coefficients ai for large sample sizes. The approximation given in [37] is valid
for samples up to n = 2000, and the author notes that extrapolation apprears
justified. Moreover, [30] gives an approximation which can be extended to
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all sample sizes, and provides critical values for sizes up to n = 5000.

A power study [34] claims that the Shapiro-Wilk statistic is the most powerful
test for normality.

2.3 Estimator Properties

In this section, we discuss several estimator properties.

2.3.1 Behavioral Properties

Consistency

An estimator θ̂n for parameter θ and sample size n is (weakly) consistent if:

θ̂n
P−−→ θ,

as n→∞. The estimator is strongly consistent if it converges almost surely.

Asymptotic Normality

An estimator θ̂n for parameter θ and sample size n is asymptotically normal
if: √

n(θ̂n − θ) =⇒ N (0,Σ),

as n→∞, with Σ some covariance matrix.

Efficiency

An unbiased estimator θ̂n for parameter θ and sample size n is efficient if:

Var(θ̂n) =
1

I(θ)
,

where I(θ) is the Fisher information. Thus, the estimator θ̂n is efficient if it
achieves the Cramér-Rao lower bound. The estimator θ̂n is asymptotically
efficient if it achieves this bound asymptotically, i.e. for n→∞.

2.3.2 Performance Measures

Bias

The bias of an estimator θ̂ for parameter θ is given by:

Bias(θ̂) = E[θ̂]− θ.

10
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Note that if θ̂ is a multivariate estimator, the bias is a vector.

Covariance

The covariance matrix of an estimator θ̂ for parameter θ is given by:

Cov(θ̂) = E[(θ̂ − E[θ̂])(θ̂ − E[θ̂])T ].

Note that, if θ̂ is univariate estimator, this is simply the variance.

For comparison among estimators the idea of concentration ellipsoids can
be useful. The volume of the ellipsoids is a univariate measure of the dis-
persion of the estimator which can easily be compared among different esti-
mators. The idea was first proposed by Cramér in [10], Chapter 21.10. The
concentration ellipsoid is given by:

Ec = {t ∈ Rn : (t− E[θ̂])TΣ−1(t− E[θ̂]) ≤ c}, (2.7)

where Σ is the covariance matrix of θ̂ and c is a constant. This constant
can be chosen such that we obtain a confidence ellipse, which generalizes
confidence intervals for higher dimensions. Other definitions are discussed in
[24], for instance in cases where Σ is singular. For our purposes, we assume
Σ to be non-singular.

When the estimator is two-dimensional, it can be instructive to plot this
ellipse. Naturally, this is not possible for higher dimensions. However, the
volume of the ellipsoid is a measure of its dispersion across each parameter
dimension.

The axis lengths of the ellipsoid along its major axes are proportional to
the eigenvalues λi of the matrix Σ. Therefore, the volume of the ellipsoid
(2.7) with c = 1 is given by:

Vol(E1) =
π
n
2

Γ(n
2

+ 1)

n∏
i=1

√
λi.

A careful justification is given in Appendix A.2. This volume can be used to
compare the variance of multidimensional estimators across all parameters
simultaneously. For simulation results, the empirical covariance matrix may
be used.
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Mean-Squared Error

The mean-square-error (MSE) of a univariate estimator θ̂ for parameter θ is
given by:

MSE(θ̂) = E[(θ̂ − θ)2].

The MSE is commonly generalized for multivariate estimators in two ways;
using the inner- or outer product of the vector (θ̂ − θ). The generalization
using the inner product is described in [15], Chapter 4.1. It is given by:

MSEinner(θ̂) = E[(θ̂ − θ)T (θ̂ − θ)] =
n∑
i=i

E[(θ̂j − θj)2] =
n∑
i=i

MSE(θ̂j).

As can be seen, this is simply the sum of the MSE of each individual param-
eter. The author notes this definition can be questionable when used on a
mixture of location and scale parameters.

The generalization using the outer product is described in [19], Section 3.1.3b,
is given by:

MSEouter(θ̂) = E[(θ̂ − θ)(θ̂ − θ)T ] = Cov(θ̂) + Bias(θ̂)Bias(θ̂)T .

Similarly as with the covariance matrix, we can define concentration ellip-
soids using the MSE matrix. The volumes can be compared among different
estimators, which takes both dispersion and bias into account. We use this
second generalization in combination with the concentration ellipsoids when
comparing estimators. The MSE concentration ellipsoid is given by:

EMSE
c = {t ∈ Rn : (t− θ)T

[
MSEouter(θ̂)

]−1
(t− θ) ≤ c}.

The volume of this ellipsoid can be computed analogously to the volume of
the regular concentration ellipsoid.

2.4 Parameter Estimation

In this section, we cover existing parameter point estimation procedures.
Since we propose a parameter estimation procedure later ourselves, we aim
to identify the estimators which might pose as good alternatives to our own
to assess performance.

As we use our estimators in normal mixture models, we pay special attention
to the estimators in this context.
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2.4.1 Moment-based Estimation

We first examine the method of moments. The method relies on comput-
ing functions ga corresponding to the true population moments E[Xa] as a
function of the parameters θ = (θ1, . . . , θk). Using the empirical moments
µa =

∑n
i=1 X

a
i , the moment estimator θ̂MOM is then given as the solution to

the system of equations: 
µ1 = g1(θ),

µ2 = g2(θ),

. . .

µk = gk(θ).

These estimators are consistent under weak conditions. However, the esti-
mator is not necessarily the most efficient. Other estimators, such as the
maximum-likelihood estimator, can have lower variance.

Computationally, the method of moments can yield both very simple and
very complex calculations, depending on the model assumed. When the
assumed model is a normal mixture, the latter is definitely the case. For
instance, in [26], after many algebraic manipulations, the result must be ob-
tained from the root of a ninth-degree polynomial. While this paper was
published as early as 1894, therefore done without the use of computers,
models with more components result in even more complex computations.

2.4.2 Likelihood-based Estimation

Perhaps the most well-known estimation procedure is the maximum-likelihood
estimator (MLE). The method has attractive theoretical properties. Under
suitable regularity conditions, the MLE is consistent, asymptotically efficient
and asymptotically normal. The MLE is given by:

θ̂MLE = arg max
θ∈Θ

L(θ, x),

L(θ, x) = f(θ, x),

where L is known as the likelihood function, and f is the joint probability
density of the data X = (X1, . . . , Xn). For computational reasons, usually
the logarithm of the likelihood function is used. In the case of iid data, the
likelihood function becomes much simpler, as the joint density can then be
factored as the product of the marginal densities. Finding the parameter
estimates is usually done by solving the likelihood equations, which are ob-
tained by setting the derivative of the (log) likelihood to 0. For many models,
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these equations can be solved analytically and parameter estimates can then
be obtained easily.

This is not the case for mixture models, where the likelihood equations are
usually nonlinear and no analytic solution exists. This causes likelihood op-
timization to be computationally expensive, which is problematic when also
considering the high dimensionality of the parameter space. Furthermore,
the likelihood estimation cannot be applied naively. If the variances of each
component are unconstrained, then the likelihood can increase to infinity by
setting the mean of one component equal to a datapoint and letting its cor-
responding variance go to zero.

However, under regularity conditions, there still exists a local maximum of
the likelihood that has the MLE properties of consistency, asymptotic effi-
ciency and asymptotic normality [27][35].

This maximum is not necessarily unique; by the so called label-switching,
the likelihood of a set of parameters does not change when we permute the
labels on the component means, variances and weights. Finally, other lower
local maxima might exist, which could make optimization harder.

Because of these problems, direct application of maximum likelihood is inef-
fective. However, a solution to these problems has been found in the form of
the Expectation-Maximization algorithm, which we discuss in Section 2.5.

2.4.3 Spacings-based Estimation

The Maximum Spacings (MSP) estimator was proposed by [31] and [7] in-
dependently, as an alternative to the popular MLE. Mainly, the method was
proposed as an alternative in cases where MLE performs poorly, with mix-
ture models being one of these cases.

The estimator relies on the probability integral transform. Consider iid data
X = (X1, . . . , Xn) and assume the parametric model Fθ, with θ ∈ Θ. Then,
Fθ(X) is uniform. Therefore, we can estimate θ by finding the value that
results in Fθ(X) being the most “uniform”. This is done by maximizing the
geometric means of the spacings of U . The MSP is therefore given by:

θ̂MSP = arg max
θ∈Θ

( n+1∏
i=1

Di

) 1
n+1

,
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where Di are the spacings, as defined before in (2.5). To avoid numerical
problems, the logarithm of the geometric mean may be maximized instead.
Note that the maximum of the geometric mean always exists, since the sum
of the spacings is always equal to 1.

In cases where the MLE exists, and is therefore consistent and asymptot-
ically efficient, the MSP has the same attractive properties, as demonstrated
in the original papers. Strong consistency properties were later devised in
[38]. Additionally, the MSP can have these properties in cases where the
MLE does not exist.

Moreover, the MSP can have better finite-sample performance. According
to [14], when densities are skewed or heavy-tailed, the MSP can be expected
to perform better in finite samples.

Another setting where the MSP performs better than the MSP is in the
uniform case with unknown endpoints [a, b]. Let the sample X be ordered.
Then, the MLE estimates are given by âMLE = X1 and b̂MLE = Xn. The
MSP estimates are then given by:

âMSP =
nX1 −Xn

n− 1
, b̂MSP =

nXn −X1

n− 1
. (2.8)

The MSP estimates are the minimum-variance-unbiased estimators for these
parameters.

One notable disadvantage of the MSP is that the method is not naturally
generalized to multivariate observations. However, research has been done in
that area; for instance, in [32], where the distances are generalized to either
a geometric or a probabilistic view.

Another disadvantage of the MSP is the sensitivity to ties. Just like in the
goodness-of-fit setting, the spacings statistics may break down in the case of
ties in the data.

The MSP uses the geometric mean as a measure to of uniformity. However,
other functions could be used as well, leading to the generalized spacings
estimator, introduced in [16].
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2.4.4 Minimum-distance-based Estimation

The minimum-distance estimator (MDE) was proposed by Wolfowitz in [42]†.
This MDE is based on the distance between the ECDF Fn and the true
cumulative distribution function (CDF) Fθ, and is given by:

θ̂MDE-Dist = arg inf
θ∈Θ

Dist(Fn, Fθ),

where Dist is some appropriate distance measure between the ECDF and
the CDF, such as the Kolmogorov-Smirnov, Cramèr-Von Mises or Anderson-
Darling statistics introduced in Section 2.2.1.

The MDE based on the ECDF and CDF has been studied especially in
the case of robust estimation. In [25], it is shown that this MDE leads to
excellent robustness properties.

Note however, that a minimum-distance estimator is not necessarily based
on the ECDF and the CDF. We propose a MDE based on the discrepancy
between the IEIP (introduced in Section 2.1) and the ECDF of the proba-
bility integral transform of the sample in Chapter 5. In this setting, both
functions depend on the parameters θ; in the ECDF based MDE, only Fθ
depends on the parameters.

2.5 EM Algorithm

As discussed in Section 2.4.2, maximum likelihood is problematic in the set-
ting of normal mixtures. However, research has been done to use maximum
likelihood effectively despite the problems. A very common solution is given
by the Expectation-Maximization (EM) algorithm, proposed in [11]‡. A sur-
vey of the early work on maximum likelihood and mixture densities, with
emphasis on the EM algorithm and its properties, is given in [35]. The book
[22] on finite mixture models also reviews more contemporary literature.

2.5.1 Description of the Algorithm

The idea behind the EM algorithm is to regard the given data as incomplete,
where the missing information is the label of the component that “generated”

†Work towards the MDE was done before this paper. The cited source gives an updated
version of the MDE which is superior to the methods proposed before by the same author.
‡The EM algorithm is actually useful in a much more general incomplete data setting.

The (normal) mixture setting is just one of the cases where the algorithm can be used. In
the cited paper, the authors give many examples of its use.
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the datapoint. Now, observe the following:

� If we would have the parameters of the normal mixture, we can eas-
ily compute the probability of a datapoint originating from a given
component;

� Conversely, if we would have the component probabilities of each data-
point, estimating the mixture density parameters is straightforward.
One can simply estimate the parameters of each component separately
by weighing the data with the respective probability of the component.

These two steps, the former being referred to as the “Expectation” step and
the latter as the “Maximization” step, can be done iteratively given an initial
guess of either the component probabilities or the parameters of the mixture.

2.5.2 Initialization Methods

The EM algorithm needs to be started with initial parameters. Many dif-
ferent initialization procedures have been devised. A discussion on several
methods is given in [5]. We discuss procedures that generate the initial values
randomly. In practice, it is often best to use multiple random initializations,
and then select the estimate with the highest likelihood. A common idea,
known as emEM, is to improve the initial random points by running the EM
algorithm with a lax convergence criterion first before running the algorithm
fully. We now discuss three random initializations. The final initialization,
K-means++ initialization, was found in [5] to be the best in noise-free data.

Simple random starting values. Many initialization methods generate
random initial values from various distributions. In [22], a simple random
method is given to initialize the parameters of the mixture. The initial means
of the mixture density are randomly generated from a normal distribution,
with mean and variance equal to the sample mean and sample variance. The
initial variances of the mixture density are set to the sample variance, and
the initial weights of the mixture are set to 1

k
, where k is the number of

components of the mixture. Thus, only the means are randomly generated.

Random starting values with data binning. The R package mixtools
[3] implements a so-called binning method†. When we assume k mixture

†The package documentation does not elaborate on the method and gives only a brief
description. However, we can inspect the code and reverse-engineer the method regardless.
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components, the sorted data of size n is first binned in k bins of equal size.
Define Bj to be index set of the jth bin, with indices:

B1 = (1, . . . ,
⌈n
k

⌉
),

. . .

Bj = ((j − 1)
⌊n
k

⌋
, . . . , j

⌈n
k

⌉
),

. . .

Bk = ((k − 1)
⌊n
k

⌋
, . . . , k

⌈n
k

⌉
).

Now, let X̄j and sj be the sample mean and standard deviation of the jth
bin, respectively. Then, the initial mixture parameters are generated from
the following distributions:

σ−1
j ∼ Exp(sj)

µj ∼ N (X̄j, σj)

The weights are generated from a uniform distribution between 0 and 1, and
then normalized by their sum†. Note that the variance is generated as the
reciprocal of the exponential distribution.

K-means++ initialization. The final method we discuss here is known
as K-means++ initialization. This method was originally proposed in [2] as
an initialization method for the well-known K-means algorithm. In [5], this
method is adapted to be used for the EM-algorithm. First, initial “centers”
are generated using the K-means++ algorithm. These centers are then used
to compute initial parameters for the normal mixture.

Given data X = (X1, . . . , Xn) and a model with k components, the method
first chooses centers sequentially as follows. The first center is chosen uni-
formly at random from X. Denote D(Xi) the distance from data point Xi

to the closest center already defined. Then, the other centers c2, . . . , ck are
chosen at random from X, with probabilities equal to D(Xi)∑n

i=1D(Xi)
for each Xi.

†The package documentation claims this is the uniform Dirichlet distribution, but this
is not true. For k = 2, for example, we can show that the weight parameter ρ is generated
from the density:

fρ(x) =

{
1

2(1−x)2 0 ≤ x ≤ 1
2 ,

1
2x2

1
2 < x ≤ 1.
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These centers are then transformed to initial parameters for the normal mix-
ture as follows. The data X is divided into k partitions by assigning each
Xi to the closest center cj. The initial means and variances of the mixture
are then set to the sample means and variance of each partition. The initial
weights are set to the fraction of datapoints assigned to each cluster.

2.5.3 Properties of the Algorithm

The EM-algorithm has the a very desirable property that the likelihood can-
not decrease in successive iterations, as shown in [11]. Furthermore, the
attractive properties of the MLE hold under suitable regularity conditions,
as mentioned before in Section 2.4.2. Finally, the computational cost of each
iteration is relatively low [35].

However, the EM-algorithm has some disadvantages as well. The conver-
gence is comparably slow [35]. The convergence of the EM algorithm can be
expected to be linear in mixtures of exponential families. In contrast, New-
tons methods converges quadratically and quasi-Newton methods converge
superlinearly, for example. The convergence is slower when the components
are not well-separated.

Additionally, the algorithm is sensitive to the starting parameters [22]. When
the initial parameters are chosen poorly, the algorithm converges to a sub-
optimal maximum.
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The on Statistic

We now define an alternative statistic based on the integrated empirical iden-
tity process, which was introduced in Section 2.1.

As described in [4], we have the following weak convergence:

2
√
n+ 1(In(t)− Fn(t)) =⇒ V (t). (3.1)

The continuous mapping theorem tells us that the weak convergence still
holds if a continuous mapping is applied to both sides. We might be able to
improve on the dn statistic, which uses the supremum of the absolute value
as a mapping, by using another continuous mapping. While the resulting
test statistic might have a distribution which is hard to describe analytically,
numerical results could still be obtained and used to assess performance.

The Cramèr-Von Mises statistic improved upon the Kolmogorov-Smirnov
statistic by using a squared-integral mapping on the weak convergence result
(2.4). In a similar fashion, consider the following mapping:

m
(
x(t)

)
=

∫ 1

0

x(t)2dt.

We then use this mapping m on both sides of the weak convergence result
(3.1) to define the on statistic:

on := 4(n+ 1)

∫ 1

0

(In(t)− Fn(t))2dt =⇒
∫ 1

0

V (t)2dt.
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One might improve on the on statistic by adding a weight function in the
same spirit as the Anderson-Darling statistic. It might be tempting to add
weight functions such as:

w1(x) =
1

In(t)(1− In(t))
, w2(x) =

1

Fn(t)(1− Fn(t))
, w3(x) =

1

t(1− t)
,

but care must be taken that the resulting integral is still well-defined.

3.1 Dependency on Spacings

The on statistic consists of an integral of a function containing discontinu-
ities. However, the statistic can be simplified and expressed using only the
spacings, without the need for integration. This formulation also avoids prac-
tical problems when evaluating the integral numerically.

Note that both In and Fn have simple expressions between two consecu-
tive datapoints. Let u1, . . . , un be the uniform order statistics. Define u0 = 0
and un+1 = 1. We now have for t ∈ [ui−1, ui):

In(t) =
n+ 1

2

i−1∑
j=1

(uj − uj−1)2 +
n+ 1

2
(t− ui−1)2,

Fn(t) =
i− 1

n
.

Note that, in the definition of In(t), for i = 1, we define the sum j = 1 to 0
to be the empty sum, equal to 0. For notational purposes, we introduce:

ti = ui − ui−1,

Si =
n+ 1

2

i∑
j=1

t2j ,

Pi = Si −
i

n
.

So ti is a spacing, Si is the sum of squared spacings up to and including ui,
multiplied with a constant n+1

2
. Then Pi is Si minus the value of Fn between

the next spacing not included in Si.
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We can now simplify on in the following manner:

4(n+ 1)

∫ 1

0

(In(t)− Fn(t))2dt = 4(n+ 1)
n+1∑
i=1

∫ ui

ui−1

(In(t)− Fn(t))2dt

= 4(n+ 1)
n+1∑
i=1

∫ ui

ui−1

(n+ 1

2

i−1∑
j=1

(uj − uj−1)2 +
n+ 1

2
(t− ui−1)2 − i− 1

n

)2
dt

= 4(n+ 1)
n+1∑
i=1

∫ ui

ui−1

(
Pi−1 +

n+ 1

2
(t− ui−1)2

)2
dt

= 4(n+ 1)
n+1∑
i=1

∫ ui

ui−1

(P 2
i−1 + (n+ 1)Pi−1(t− ui−1)2 +

(n+ 1)2

4
(t− ui−1)4)dt

= 4(n+ 1)
n+1∑
i=1

P 2
i−1ti +

n+ 1

3
t3iPi−1 +

(n+ 1)2

20
t5i

= 4(n+ 1)
n+1∑
i=1

(Si−1 −
i− 1

n
)2ti +

n+ 1

3
t3i (Si−1 −

i− 1

n
) +

(n+ 1)2

20
t5i

= 4(n+ 1)
n+1∑
i=1

(
S2
i−1ti −

2(i− 1)

n
Si−1ti +

(i− 1)2

n2
ti +

n+ 1

3
Si−1t

3
i

− n+ 1

n

i− 1

3
t3i +

(n+ 1)2

20
t5i

)
.

Therefore, on can be expressed based solely on the spacings; it is therefore
another spacing statistic, which were discussed in Section 2.2.2.

In the last line, the terms are given in decreasing order:

n+1∑
i=1

S2
i−1ti −

2(i− 1)

n
Si−1ti +

(i− 1)2

n2
ti ∼ O(1),

n+1∑
i=1

n+ 1

3
Si−1t

3
i −

n+ 1

n

i− 1

3
t3i ∼ O(

1

n
),

n+1∑
i=1

(n+ 1)2

20
t5i ∼ O(

1

n2
).

A detailed derivation of these orders can be found in Appendix A.3.
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3.2 Asymptotic Distribution

It is desirable to have (asymptotic) analytical distribution results for the on
statistic. We can obtain results in two ways:

1. We have the weak convergence result (3.1). We can analyze the distri-
bution of the mapped version of V (t) to obtain the asymptotic distri-
bution of on.

2. We can express on with only spacings. The distribution of a spacing ti
is known, and given by:

ti ∼
Ei∑n+1
j Ej

,

where Ei are iid exponential random variables with rate parameter
equal to 1. We can use this to analyze the distribution of on exactly.

We study the distribution using the first method.

Asymptotic Results using Weak Convergence

We must analyze the distribution of:

m
(
V (t)

)
=

∫ 1

0

V (t)2dt.

Note that V (t) is given by:

V (t) = 2
√

5Wt − s(
√

5− 1)tW1, 0 ≤ t ≤ 1,

where Wt is a standard one-dimensional Brownian motion. We define:

Bt = Wt − tW1, 0 ≤ t ≤ 1,

a Brownian bridge on [0, 1], pinned at both ends to 0. Now, note that we
can write B′t = Bt + tz, which is a Brownian bridge pinned to z at t = 1.

Note that V (t) can be interpreted as a scaled Brownian bridge with a random
endpoint W1√

5
, and we can therefore also write:

V (t) = 2
√

5

(
Bt + t

Wt√
5

)
, 0 ≤ t ≤ 1.
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To compute the distribution of m
(
V (t)

)
, we can use a formula for the joint

density of the square integral of a Brownian motion and its endpoint, given
in [6], Equation 1.9.8, page 169:

Px
(∫ t

0

W 2
s ds ∈ dy,Wt ∈ dz

)
=

1√
2π

eey(
1

2
, t,

x2 + z2

2
,−xz)dydz,

where Ws is standard Brownian motion, Px is the probability measure when
the process Ws started at x, and eey is a special inverse Laplace transform.

We can use this to compute the probability measure of the integrated squared
Brownian bridge Bs + sz. Note that:

Px
(∫ t

0

W 2
s ds ∈ dy

∣∣∣∣ Wt ∈ dz
)

=

Px
(∫ t

0

W 2
s ds ∈ dy,Wt ∈ dz

)
Px
(
Wt ∈ dz

)−1

.

So, for the Brownian bridge Bs + sz, it holds:

Px
(∫ t

0

(Bs + sz)2ds ∈ dy
)

= Px
(∫ t

0

W 2
s ds ∈ dy

∣∣∣∣ Wt = z

)
.

Therefore, the probability density function of m(Bs + sz) is now given by:

fm(Bs+sz)(y) = fm(Ws),W1(y, z)f
−1
W1

(z),

where fm(Ws),W1(y, z) is the joint probability density of m(Ws) and W1, and
fWt(z) is the marginal probability density of Wt. We can now compute the
lower quantile of the distribution of m(Bs + sz) as:

P
(∫ 1

0

(Bs + sz)2 < α

)
=

∫ α

−∞
fm(Bs+sz)(y)dy

=

∫ α

−∞
fm(Ws),W1(y, z)f

−1
W1

(z)dy. (3.2)

To analyze (3.2), we must first consider the function eey, which is given by:

eey(ν, t, z, x) = L−1
γ

(( √
2γ

sh(t
√

2γ)

)ν
exp

(
− z
√

2γch(t
√

2γ)

sh(t
√

2γ)
− x

√
2γ

sh(t
√

2γ

))
=
∞∑
k=0

(−z)k

k!

∞∑
l=0

(−x)l

l!
sy(ν + k + l, ν + k + l, t, z + kt),
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where sy is another special inverse Laplace transform. In our case, ν = 1
2
,

x = 0, t = 1, and then this expression simplifies to:

eey(
1

2
, 1, z, 0) =

∞∑
k=0

(−z)k

k!
sy(

1

2
+ k,

1

2
+ k, 1, z + k).

Now, sy is given by:

sy(µ, ν, t, z) = L−1
γ

(
(2γ)

µ
2

shν(t
√

2γ)
e−z
√

2γ

)
= 2ν

∞∑
l=0

Γ(ν + l)exp(− (νt+z+2lt)2

4y
)

√
2πy1+µ

2 Γ(ν)l!
Dµ+1

(
νt+ z + 2lt
√
y

)
,

where Dρ is the parabolic cylinder function. For the parameters considered,
we obtain:

sy(
1

2
+ k,

1

2
+ k, 1, z + k) =

2
1
2

+k

∞∑
l=0

Γ(1
2

+ k + l)exp(− ( 1
2

+k+z+2l)2

4y
)

√
2πy

5
4

+ k
2 Γ(1

2
+ k)l!

D 3
2

+k

( 1
2

+ k + z + 2l
√
y

)
.

To compute the quantiles of the distribution of V (t), we can use the law of
total probability. Define w1 = W1√

5
. We then have:

P
(∫ 1

0

V (t)2 < α

)
= E

[
P
(∫ 1

0

(Bt + tw1)2 <
α

20

) ∣∣∣∣W (1)

]
.

We can now use this to obtain the quantiles of m
(
V (t)

)
, as:

P
(∫ 1

0

V (t)2 < α

)
= E

[ ∫ α
20

−∞
fm(Ws),Wt(y, w1)f−1

Wt
(w1)dy

]
= E

[
exp(

w2
1

2
)

∫ α
20

−∞
eey(

1

2
, 1,

w2
1

2
, 0)dy

]
= E

[
exp(

w2
1

2
)

∫ α
20

−∞

∞∑
k=0

(−w2
1

2
)k

k!
sy(

1

2
+ k,

1

2
+ k, 1,

w2
1

2
+ k)dy

]
.

We can substitute the expression for sy and subsequently Dρ. However, this
leads to a complex expression without hope for simplification. It seems that
the analytic computation of the expectation becomes intractable, and with
it, the quantile computation.
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Goodness-of-fit Testing

The statistics dn and on can be used in a goodness-of-fit hypothesis testing
procedure. Goodness-of-fit testing was introduced in Section 2.2. We study
goodness-of-fit testing using the dn and on statistic in the case of simple null
hypotheses. We consider the regular case where the parameters of the null
distribution are specified a priori, and the more practical case where these
are estimated from the data.

As illustrated in Section 2.2, if our simple null hypothesis is that the data
came from Fθ, we can compute the statistics for the transformed data Fθ(X).
Then, we can reject the null if the value of the statistic is significant, pro-
vided we know the distribution of the dn and on statistic for uniform data.
In this setting, attractively, the statistics are distribution-free under the null
hypothesis.

Specifying the null distribution F0 is not always straightforward, however.
The parameters θ of the distribution must be known in order to find the
probability integral transform Fθ(X). Estimating these parameters from the
data itself then seems attractive. However, the distribution of the test statis-
tics can change when computed on data transformed with a distribution with
estimated parameters. Moreover, the statistic can then also depend on the
distribution F , resulting in the statistic no longer being distribution-free un-
der the null. Therefore, to use the statistics in this setting, we need to find
the distribution of the statistic conditional on the model F .
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In the case where parameters are specified a priori, the goodness-of-fit hy-
pothesis test can be formulated as follows. Given data X and hypothesized
distribution Fθ, with θ specified a priori, the resulting competing hypotheses
are:

H0 : X ∼ Fθ vs. H1 : X 6∼ Fθ.

If the parameters are estimated from the data, our hypotheses change. Given
data X and hypothesized family of distributions Fθ, with θ ∈ Θ, and θ̂
an estimate of the parameters of the distribution, the resulting competing
hypotheses are:

H0 : X ∼ Fθ̂ vs. H1 : X 6∼ Fθ̂.

We study the statistics dn and on in both settings. First, we compute quan-
tiles of the statistics, both with fully specified null distributions and esti-
mated parameters; the latter depends on the model F . Then, we compare
their power with two other goodness-of-fit statistics; the Anderson-Darling
and the Shapiro-Wilk statistic.

4.1 Quantiles

The quantiles of the statistics are approximated using a Monte Carlo ap-
proach. We compute quantiles for the statistics dn and on. We also compute
quantiles for the Anderson-Darling statistic.

The statistics are computed for N samples of size n and empirical quantiles
are obtained. The distribution of the statistics might depend on the sam-
ple size n, so the quantiles are computed separately for different sample sizes.

For the fully-specified null distribution, we compute the values of the statis-
tics on uniform samples. The distribution of the statistics might change and
be dependent on the distribution when parameters are estimated. For the
case of estimated parameters, samples from the relevant null distribution are
drawn and the probability integral transform is computed using estimated
parameters. For the normal and exponential distribution, the parameters
are estimated using maximum likelihood. For the uniform distribution, the
minimum-variance-unbiased estimator (2.8) is used.

The results are computed using N = 106 samples. The results for the statis-
tics dn, on and An are given in Table 4.1, Table 4.2 and Table 4.3.

27



Chapter 4. Goodness-of-fit Testing

20 30 50 100 200 1000 10000

A priori 5.585 5.858 6.101 6.341 6.498 6.658 6.730
Uniform 5.130 5.529 5.897 6.234 6.438 6.652 6.741
Normal 4.126 4.459 4.795 5.116 5.345 5.588 5.691

Exponential 4.781 5.070 5.340 5.564 5.712 5.874 5.964

Table 4.1: Approximate 95% quantiles of the dn statistic distribution for
different sample sizes and null distributions, either specified a priori or with
estimated plugged-in parameters, computed using simulation of N = 106

samples

20 30 50 100 200 1000 10000

A priori 9.477 10.460 11.440 12.397 12.954 13.358 13.397
Uniform 7.960 9.275 10.667 11.958 12.704 13.328 13.440
Normal 4.260 4.926 5.705 6.589 7.203 7.755 7.928

Exponential 5.622 6.430 7.271 8.128 8.614 9.042 9.116

Table 4.2: Approximate 95% quantiles of the on statistic distribution for
different sample sizes and null distributions, either specified a priori or with
estimated plugged-in parameters, computed using simulation of N = 106

samples

20 30 50 100 200 1000 10000

A priori 2.498 2.504 2.495 2.492 2.494 2.494 2.499
Uniform 1.867 2.033 2.180 2.314 2.399 2.470 2.484
Normal 0.722 0.731 0.740 0.746 0.750 0.750 0.750

Exponential 1.295 1.306 1.312 1.319 1.318 1.319 1.321

Table 4.3: Approximate 95% quantiles of the Anderson-Darling statistic dis-
tribution for different sample sizes and null distributions, either specified a
priori or with estimated plugged-in parameters, computed using simulation
of N = 106 samples

4.2 Power

The power of the statistics is approximated using a Monte Carlo approach.
Each alternative distribution is sampled N = 105 times for samples of sizes
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Distribution name Distribution parameters

Symmetric Normal 1/2N (−0.88, 0.452) + 1/2N (0.88, 0.452)
Asymmetric Normal 1/5N (−1.68, 0.22) + 4/5N (0.42, 0.62)
Symmetric Beta 1/2Beta(2, 8) + 1/2Beta(8, 2)
Asymmetric Beta 1/2Beta(2, 6) + 1/2Beta(12, 2)
Gamma Gamma(0.3, 0.9)
Gamma Mixture 3/10Gamma(1.1, 2) + 7/10Gamma(5, 1.2)

Table 4.4: Specifications of the alternative distributions. Here, N(µ, σ2)
denotes the normal distribution.

n ∈ {20, 30, 50, 100}. The alternative distributions are described in Table
4.4 and plotted in Figure 4.1. The estimators for the relevant parameters
are (naturally) the same as those used for the computation of the quan-
tiles and are reported in Section 4.1. The SW statistic is computed using
shapiro.test included in the stats package in R [29]. The resulting power
of the statistics is plotted in Figure 4.2.

A priori parameters The statistics dn and on perform quite similarly. In
most cases, dn performs slightly better, except for the gamma case. In most
cases, the statistics dn and on considerably outperform the Anderson-Darling
statistic, except for the gamma case, where the Anderson-Darling performs
extremely well.

Estimated parameters We conclude the following:

� Across the board, the tests gain more power by using estimated pa-
rameters. However, the dn and on gain less power compared to the
Anderson-Darling statistic, especially in the normal setting.

� The Anderson-Darling statistic performs best in the gamma cases and
in the normal-mixture cases; in the latter case, Shapiro-Wilk performs
slightly worse.

� The dn and on statistic perform best in the beta-mixture cases. The dn
statistic performs slightly better than the on statistic.
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Figure 4.1: The alternative distributions considered for the power compari-
son, along with the assumed null distribution in each case.
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Figure 4.2: The power of the different statistics under different alternative
distributions. Dashed lines specifiy the power when parameters are speci-
fied a priori, solid lines when parameters are estimated from the data. The
Shapiro-Wilk test is only applied in the case of normal null distributions.
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Minimum-distance Parameter
Estimation

The statistics based on the empirical identity process can also be used in
the context of parameter estimation. Since the statistics serve as distance
metrics between In and Fn, we can use them to construct minimum-distance
estimators (MDE’s).

Consider the following context. Given data X = (X1, . . . , Xn), we assume
a parametric model X ∼ Fθ with unknown θ ∈ Θ. We can compute the
probability integral transform Fθ(X) conditionally on the parameters θ. We
can then compute the IEIP and ECDF of the transformed sample Fθ(X). As

Fθ(X) depends on θ, so do the IEIP and ECDF. We denote these by I
(θ)
n and

F
(θ)
n respectively.

The minimum-distance estimator is then given by:

θ̂ = arginfθ∈ΘDist(I(θ)
n , F (θ)

n ),

where Dist can be any statistic that measures the distance between In and Fn.

We consider this estimator in two parametric models; the exponential distri-
bution and the dual normal mixture distribution. The exponential distribu-
tion is considered mainly for its simplicity, having only a single parameter.
It is therefore only studied briefly. Our main focus is on the dual normal
mixture model, which we study extensively.

For both models, the estimator performance is studied. Additionally, we
study the sensitivity to initial parameters for the optimization; note that
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the minimum distance estimator is the solution to an optimization problem.
Finding the minima requires specification of initial parameters, and the final
estimate may be dependent on this initialization. For the normal mixture
model, we also study the robustness of the estimator. Finally, we also apply
the estimators on a real dataset: Fisher’s Iris data, included in R [29].

5.1 Exponential Distribution

In this section, we study the MDE’s in the exponential parametric model.

5.1.1 Initialization Sensitivity

First, we examine the initial parameter sensitivity of the MDE in the one-
dimensional exponential case. For initialization in the exponential case, we
supply an optimization interval.

Consider optimization surface, given by the following function:

gDist(θ) = Dist(I(θ)
n , F (θ)

n ), (5.1)

which is the function minimized for the MDE. Plotting g gives some insight
in the behavior of the MDE. The resulting plots for several datasets are given
in Figure 5.1. As can be seen in the plots, the functions gdn and gon have
minimums at generally the same location and seem to agree. Note that gdn
has kinks where the location of the supremum in the statistic changes.

It is interesting to see if an optimization interval that is too broad could
influence the result. If we choose an interval of the form (0, λmax), picking
λmax too large results in estimates at local minima instead of global minima.
An example of this is given in Figure 5.2.
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Figure 5.1: Plots of gdn(θ) and gon(θ) for four different exponential data
sets with true rate parameter θtrue equal to 1, of sample size n = 100, for
θ ∈ [0.6, 1.4]. Note the within one plot, the y-axis is different for the two
functions.
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Figure 5.2: A specific case in the exponential setting with true rate parameter
θtrue equal to 1. In this case, the MDE selects an estimate that is too large,
when the optimization interval is too broad. The data set is of size n = 20.
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5.1.2 Performance Study

The performance of the MDE’s is studied by simulation. We simulate samples
from the exponential distribution with rate parameter θTrue = 1 of different
sizes and compare the estimator performance in each case. For the MDE and
MSP estimators, we need to supply an optimization interval. This is set to
(0, 2.5). The results are given in Figure 5.3.

We conclude that in this setting, the MSP performs the best overall, out-
performing the MLE. As we discussed in Section 2.4.3, we should expect the
MSP to outperform the MLE as the density is skewed. The MDE-dn and
MDE-on perform worse compared to the other estimators.
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Figure 5.3: Performance measures of estimators in the exponential case with
true rate parameter θtrue equal to 1. The true parameter has been subtracted
from the estimates in the boxplots. Estimators have been initialized with the
true parameters. Results are based on N = 105 samples of various sizes.
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5.2 Dual Normal Mixture Distribution

In this Section, we study the behavior and performance of the MDE estima-
tors in the dual normal mixture setting. The dual normal mixture density is
given by:

f(x;µ1, µ2, σ1, σ2, ρ) = ρ
1

σ1

φ(
x− µ1

σ1

) + (1− ρ)
1

σ2

φ(
x− µ2

σ2

), (5.2)

where φ is the standard normal density. Four different sets of parameters
are considered, which are given and named in Table 5.1. The mixtures are
plotted in Figure 5.4, along with a normal density having the same mean
and variance as the mixture for reference.

We assess the performance of our MDE in these distributions. For each
model, we consider the MDE using both the dn and the on statistic.

For the performance analysis, we compare the performance of the MDE-dn
and MDE-on against MDE’s based on the Cramèr-Von Mises and Anderson-
Darling statistic, as introduced in Section 2.4.4. We compare them with the
MSP, as introduced in Section 2.4.3. Finally, we also compare the results
with the well-known MLE, introduced in Section 2.4.2. We use the MLE in
combination with the EM algorithm, introduced in Section 2.5. All estima-
tors are implemented ourselves, except for the MLE-EM estimator. The EM
algorithm from package mixtools [3] is used.

µ1 µ2 σ1 σ2 ρ

Symmetric bimodal -0.88 0.88 0.45 0.45 0.50
Asymmetric bimodal -1.68 0.42 0.20 0.60 0.20
Symmetric unimodal -0.40 0.40 0.45 0.45 0.50

Asymmetric unimodal -0.10 0.40 0.60 0.20 0.80

Table 5.1: Parameter values of the different normal mixtures considered.
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Figure 5.4: Density plots of the different normal mixtures considered, along
with its normal approximation, i.e. a normal density having the same mean
and variance as the mixture, for reference.
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5.2.1 Interpretation of Performance Measures

Evaluating estimates for a dual normal mixture is non-trivial. While at first
it may seem like we can simply compute marginal or joint performance mea-
sures of the parameters, further inspection shows these can be misleading.

Consider the case where the weight parameter is measured at one of the
extremes, e.g. ρ = 1. In this case, f(x; θ̂) does not change for any value of
µ2, and interpretation of the MSE of µ1 becomes difficult. Furthermore, the
volume of the MSE concentration ellipsoid is dependent on this MSE, and
its interpretation becomes more difficult too.

Hellinger distance. Because of the problem, one could argue that it
might be better to consider distance measures between the estimated density
f(x; θ̂), which is the density (5.2) with plugged-in estimates, and the true
density f(x; θ). One could consider for instance the Hellinger distance† as
a measure of the distance. However, considering such distances can lead to
preference of parameters sets where the weight parameter is measured at the
extremes. This is best highlighted by an example.
Consider the symmetric unimodal mixture, defined in Table 5.1, and take
the Hellinger distance as a distance measure. Then, the distance for the
parameter set θA = (µ1, 0, σ1, 0.6, 0) is approximately 0.00136, for any value
of µ1 and σ1. The distance for θB = (−0.4, 0.4, 0.4, 0.4, 0.5), which are al-
most equal the true parameters, except slightly underestimating the standard
deviations, has distance 0.00169. Therefore, θA would be preferred accord-
ing to this measure. However, this parameter set corresponds to a single-
component normal distribution, while we might prefer to find the optimal
dual-component parameter estimates.

Modality. Another disadvantage of considering the distance measures is
that it does not take other qualities of the estimated density f(x; θ̂) into
account, such as the modality‡. For instance, suppose we have to estimates

†The (squared) Hellinger distance between functions f and g is given by:

H2(f, g) = 1−
∫ √

f(x)g(x)dx. (5.3)

‡Finding the number of modes of the dual normal mixture is not trivial. Sufficient
conditions for unimodality are relatively easy, but necessary and sufficient conditions are
somewhat harder. However, conditions are given in [36], which we use. The conditions
involve checking if the weight parameter lies within an interval, for which the boundaries
are found by finding roots of a polynomial.
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θuni and θbi, and suppose the Hellinger distance of θbi is lower than θuni. If
the true densitiy is unimodal, we might judge θuni to be a better estimate, if
the modality of the final distribution is of importance. Whether or not this
modality is of importance is dependent on the application.

Finally, in many applications the parameters have clear interpretation and
are interesting in their own right. They must therefore be estimated care-
fully. It is therefore not wise to judge an estimator merely by its performance
regarding the distance between f(x; θ̂) and f(x; θ)

Conclusion. In conclusion, we can therefore not limit ourselves to merely
(marginal) performance measures of either parameter values or estimated
densities, and we must consider both to give a reasonable interpretation of
estimator quality. However, this makes it particularly difficult to compare
estimators in this setting. In particular, we must pay attention to the weight
parameters estimated. When these are estimated at the extremes, the MSE
of the other parameters must be interpreted with care.

5.2.2 Initialization Sensitivity

We now study the initialization sensitivity of the MDE’s in the normal mix-
ture model with density (5.2). We consider the density with parameters of
the symmetric bimodal normal mixture, defined in Table 5.1. For the MDE’s,
must now solve a 5-dimensional optimization problem and we must start the
optimization routine with an initial guess. We study the sensitivity of the
estimators to this initial guess, and study different methods for finding rea-
sonable initial values.

Since the optimization surface g, defined in (5.1), is now 5-dimensional, we
cannot plot the entire surface. Instead, we plot the surface of g when param-
eters µ2, σ2 and ρ are set to their true values. The resulting level plots are
given in Figure 5.5.

Note that the functions gdn and gon generally agree on the area of the min-
imum. However, we note that the value of gon increases much faster when
moving away from the minimum, while gdn has areas further from its mini-
mum with relatively low values as well. This could indicate that optimization
procedures over gdn might be more sensitive to the initial parameters than
over gon .

Therefore, we also study the case where we first find a minimum using the

41



Chapter 5. Minimum-distance Parameter Estimation

MDE-on estimator, and then find the final set of parameters using the MDE-
dn estimator, with initial values equal to the old MDE-on estimates. This
“composition” of estimators is denoted by MDE-dn(on).

We now study the sensitivity of the MDE’s to the initial parameters us-
ing simulation. We also use the MLE-EM algorithm for reference. We again
consider the symmetric bimodal normal mixture with density (5.2), with pa-
rameters defined in Table 5.2. We use a fixed sample size of n = 100. For all
simulation results, we order the estimates as µ1 < µ2.

Deterministic Pertubations

We first compare the initialization sensitivity to deterministic perturbations
of the initial parameters. We compare the performance when the estimators
are initialized with the true parameters, except for a fixed perturbation in
µ1, σ1 or ρ. We perturb µ1 by adding 0.18, σ1 by adding 0.2 and ρ by adding
0.2. This allows us to see if the methods are sensitive to a single parameter
in particular.

The simulation results show that the estimators are not sensitive to an initial
parameter in particular. However, we do see that MDE-dn is more sensitive
to the perturbation than the other estimators. Results are deferred to Ap-
pendix B.1.1. Boxplots of the attained likelihood are given in Figure B.1.
The volumes of the MSE concentration ellipsoids, as defined in Section 2.3.2,
are given in Figure B.2. The MSE of each parameter is given in Figure B.3
and the bias of each parameter in Figure B.4.

Random Initializations

Next, we compare the initialization sensitivity when using random initializa-
tion methods. We use the three methods discussed in Section 2.5.2.

The simulation results show that the K-means++ initialization is superior to
the other methods. The other two random methods perform worse. Plots of
the attained likelihood are given in Figure 5.6. Other results are deferred to
Appendix B.1.1. Volumes of the MSE concentration ellipsoids, as defined in
Section 2.3.2, are given in Figure B.5. The MSE of each parameter is given
in Figure B.6 and bias of each parameter in Figure B.7.
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Conclusions. With respect to initialization sensitivity, we conclude for
this particular model:

� The MDE’s seem equally sensitive to deterministic perturbations in
any parameter.

� Out of the three random initializations considered, K-means++ per-
forms the best for all estimators.

� The MDE-dn method is most sensitive to the initialization. The MDE-
on and MDE-dn(on) are much more stable. The MLE-EM is even more
stable.

� The composed estimator MDE-dn(on) does not improve the initializa-
tion sensitivity, nor the performance when compared to MDE-on.
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Figure 5.6: Boxplots of the attained likelihoods of the estimators using differ-
ent random initialization schemes, for the symmetric bimodal normal mixture
distribution. Results are based on N = 5 · 103 samples of size n = 100.
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5.2.3 Performance Study

Initialization with True Parameters

We now study the performance of the estimators in the normal mixture model
with density (5.2), when all methods are initialized with the true parameters.
We study all four different dual normal mixtures models given in Table 5.1.
For all simulation results, we order the estimates as µ1 < µ2.

The performance is assessed by simulation. The histograms of the weight
parameters is given in Figure B.8. The volumes of the MSE concentration
ellipsoids, as defined in Section 2.3.2, are given in Figure 5.7. The MSE for
each parameter is given in Figure 5.8. The mean Hellinger distances, as de-
fined in (5.3), are given in Figure 5.9. For the bimodal models, the densities
with plugged-in estimates are nearly always bimodal for all estimators con-
sidered. For the unimodal models, the fractions of densities with plugged-in
estimates that result in the correct number of modes are given in Figure 5.10.

Boxplots of the estimates of each parameter for each of the four distribu-
tions are deferred to Appendix B.1.2 and given in Figure B.9, Figure B.10,
Figure B.11 and Figure B.12, for sample size n = 50.

There is a clear difference in the performance of the estimators between
the bimodal and the unimodal mixture densities. We observe:

� The weight parameters are always distributed fairly clustered around
the true values, except for the MLE-EM and MSP in the symmetric
unimodal distribution, which is distributed somewhat uniformly, but
not excessively at the extremes. Furthermore, there are no extreme
estimates of means or variances of a single component with very small
weight. Therefore, the MSE performance measures can be interpreted
quite clearly in all cases.
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� For the symmetric mixtures, the MDE perform noticeably worse in the
second component compared to the first, both in terms of the means
and the variances. They also overestimate the weight of the first com-
ponent. Since the components in these symmetric distributions only
differ in their mean location, having equal variance and weight in the
mixture, this is not expected†.

� For the unimodal mixtures, the MDE-dn is considerably better at pro-
ducing estimates for which the density has only a single mode. Espe-
cially in small samples, the MLE-EM erroneously results in a bimodal
mixture often.

Conclusions. We conclude the following in this setting, when initializing
with the true parameters:

� The MDE-on is inferior to the MDE-dn.

� The MDE-dn could be preferred for unimodal mixtures. The MSE is of
an order of magnitude lower than the other estimators. It also results
in densities with a single mode the most.

� The MLE-EM could be preferred for bimodal mixtures. For low sample
sizes and symmetric mixtures, the MDE-dn may give comparable or
better results. For low sample sizes and asymmetric mixtures, the
MSP may give comparable better results.

†When we relabel the two components, the MDE perform worse in the first component,
and now underestimates its weight. It is therefore not caused by labels; the MDE perform
worse and underestimate the weight of the component with the rightmost mean. At first
sight, the fact that we use the lower empirical identity process for our inference seems like
a possible cause for this behavior. However, this is not the case, as illustrated in Appendix
A.1.
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Figure 5.7: Volumes of the MSE concentration ellipsoids for the four normal
mixture distributions, for different values of n. Note that the y-axis is in
logarithmic scale. Estimators are intialized with the true parameters. Results
are based on N = 104 samples.
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Figure 5.8: Barplot of the MSE of each parameter for the four normal mixture
distributions, with sample size n = 50. Estimators are intialized with the
true parameters. Results are based on N = 104 samples.
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Figure 5.9: Means of the Hellinger distances between the true CDF and the
estimated CDF, for the four normal mixture distributions, for different values
of n. Estimators are intialized with the true parameters. Results are based
on N = 104 samples.
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Figure 5.10: Fraction of the estimates that result in the density with plugged-
in estimates to have the correct number of modes, for the two unimodal nor-
mal mixture distributions, for different values of n. Estimators are intialized
with the true parameters. Results are based on N = 104 samples.

Random Initialization

We now study the performance of the estimators in the normal mixture model
with density (5.2), under random initialization. In Section 5.2.3, we observed
good performance of the MDE-dn estimator in the case of unimodal mixtures.
However, this performance was obtained when initializing with the true pa-
rameters. In practice, we must use an initialization method, and we observed
in Section 5.2.2 that the initialization sensitivity of the MDE-dn method is
relatively high. We therefore now assess the performance when initializing
with a random initialization. We consider the MDE methods based on dn
and on, as well as their composition, defined in Section 5.2.2. We compare
the performance with the MLE-EM estimator. The MSP and other MDE
estimators are not considered.

We concluded in Section 5.2.2 that the K-means++ method performs the
best, so we use it for this performance analysis. In Section 5.2.3, we concluded
the MDE-dn to have good performance for unimodal mixtures. Therefore,
we study the performance of the MDE-dn in the unimodal mixtures, defined
in Table 5.1, under K-means++ initialization.
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We study the performance by simulation. The histograms of the weight
estimates are given in Figure B.13. The volumes of the MSE concentration
ellipsoids are given in Figure 5.11. The MSE of each parameter is given in
Figure 5.12. The fractions of correctly estimated modes are given in Figure
5.14. The mean Hellinger distances, as defined in (5.3), are given in Figure
5.13.

The weight estimates do not tend towards the extremes excessively, although
the MLE-EM estimates are distributed more uniformly on the interval than
the other estimators. Like in Section 5.2.3, the MSE performance measures
are still interpretable. Note that the estimated weights of the asymmetric
mixture are usually quite far from the truth for all estimators.

We observe that in terms of MSE, the MLE-EM and MDE-dn are now sim-
ilar. The marginal MSE’s are slightly lower for MDE-dn, but when we also
consider the dependence between parameter estimates through the MSE ma-
trix and the corresponding concentration volume, the MLE-EM and MDE-dn
are similar. The mean Hellinger distances of the densities with plugged-in
parameters are lower for the MLE-EM. The fraction of estimates that result
in unimodal densities are similar for the MLE-EM and MDE-dn.

Conclusions. We conclude that, in the random initialization setting, under
unimodal mixtures, the MLE-EM and MDE-dn method perform similarly.

Multiple initializations. We see that the excellent performance of the
MDE-dn estimator when initializing with the true parameters is reduced
when initializing with the K-means++ initializaton. One could wonder if this
lost performance can be recovered by initializing multiple times, and selecting
the estimate with the lowest distance. In Appendix B.1.2, we include a
discussion regarding this idea.
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Figure 5.11: Volumes of the MSE concentration ellipsoids, using true and K-
means++ initialization, for the two unimodal normal mixture distributions.
Note that the y-axis is in logarithmic scale. Results are based on N = 5 · 103

samples of size n = 100.
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Figure 5.12: Barplots of the MSE of the estimators, using true and K-
means++ initialization, for the two unimodal normal mixture distributions.
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barplots. Results are based on N = 5 · 103 samples of size n = 100.
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unimodal normal mixture distributions. Results are based on N = 5 · 103

samples of size n = 100.
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Figure 5.14: Fraction of the estimates that result in the density with plugged-
in parameters having the correct number of modes, using true and K-
means++ initialization, for the two unimodal normal mixture distributions.
Results are based on N = 5 · 103 samples of size n = 100.
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5.2.4 Robustness Study

Initialization with True Parameters

Minimum distance estimators have been studied in the setting of robust es-
timation, as discussed in Section 2.4.4. We now study the robustness of the
minimum distance estimators based on the dn and on statistic in the normal
mixture model, when methods are initialized with the true parameters.

We consider the dual normal mixture densities as in Table 5.1, but instead
of normal components as in (5.2), we use components of t-distributions:

f (ν)(x;µ1, µ2, σ1, σ2, ρ) = ρ
1

σ1

ft(
x− µ1

σ1

; ν) + (1− ρ)
1

σ2

ft(
x− µ2

σ2

; ν), (5.4)

where ft(x, ν) is the density of the t-distribution with ν degrees of freedom.
Thus, f (ν) is a mixture of two t-distributions, where each component has
ν degrees of freedom. The parameters µ1, µ2, σ1, σ2 and ρ are estimated
with the assumption that f (ν) is a normal mixture. Naturally, this model
assumption is violated; the smaller the value of ν, the more this assumption
is violated. Smaller values of ν increase the probability of outliers. The value
of ν is not estimated; the estimators assume ν =∞.

As shown in Section 5.2.3, the MDE-dn performs very well compared to
the MLE-EM estimator in the setting of unimodal normal mixtures, when
methods are initialized with the true parameters. We therefore check for
robustness in the same setting. We use the t-distribution components as in
(5.4) as a contamination, and use the same parameterizations as the uni-
modal densities as given in Table 5.1. The mixture densities are plotted in
Figure 5.15 for various values of ν.

We compute results for sample size n = 100 for various values of ν to see
the influence of the outliers on the estimates. The volumes of the MSE con-
centration ellipsoids, as defined in Section 2.3.2, are given in Figure 5.16.
The MSE for each parameter is given in Figure 5.17. The mean Hellinger
distances, as defined in (5.3) are given in Figure 5.18. Histograms of the
weight parameter ρ are given in Figure 5.19 and Figure 5.20.
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We note the following:

� The estimates of the weight parameter from the MLE-EM algorithm
tend to be close to either 0 or 1 in the contaminated case. This means
the distribution with plugged-in parameters is essentially a single com-
ponent normal distribution. The MDE-dn has no such behavior.

� The MSP performs dramatically worse compared to the other estima-
tors, having extremely high MSE especially for the first scale parameter.

� The MDE-AD is notably sensitive to the outliers in the symmetric
unimodal case. Overall, it is not as robust as the MDE-CvM.

Conclusions. We conclude the following for this robustness setting:

� The MDE-dn performs very well even under the alternative model. It is
very robust to outliers in this setting. The MDE-on is likewise robust,
but has lower performance.

� The MLE-EM has considerably larger MSE and tends to return param-
eterizations that consist of one dominant component. The estimator is
not robust.
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Figure 5.15: Plots of the two distributions considered for the robustness
study for different values of ν. The distributions consist of two components
of t-distributions with equal degrees of freedom ν. The location and scale
parameters are equal to those of the normal mixture distributions with the
same names.
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Figure 5.20: Histograms of the weight parameter ρ for the MLE-EM and
MDE-dn estimator in the asymmetric unimodal mixture distribution, with
either normal components or t-distribution components with ν = 3. The
true value of ρ is indicated with a line. Estimators are intialized with the
true parameters. Results are based on N = 104 samples of size n = 100.
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Random Initialization

In Section 5.2.4, we observed that the MDE-dn is quite robust in a normal
mixture setting, when the actual components are t-distributed, when the
method was initialized with the true parameters. However, in practice, we
naturally must use an initialization method. We now study the robustness
when the MDE-dn is initialized with the K-means++ initialization. We com-
pare against the MLE-EM estimator, initialized with the same method. We
consider the symmetric unimodal distribution, as defined in Table 5.1.

To study the robustness, we study the distribution of the weight estimates.
We compare the distribution when the components are either normally dis-
tributed or t-distributed, when the methods are initialized with K-means++
initialization. The histogram of the weights is given in Figure 5.21.

For the MDE-dn, the weight parameter estimates are more spread out when
using K-means++ initialization as opposed to initializing with true parame-
ters. This can be seen when comparing Figure 5.19 to Figure 5.21. However,
the distribution is again similar for either normal or t-distributed compo-
nents.

For the MLE-EM, if components are normal, the distribution of the weight
parameter estimates when methods are initialized with K-means++ initial-
ization is very similar to the distribution when initialized with true parame-
ters. This can be seen when comparing Figure 5.19 to Figure 5.21. However,
for t-distribution components, the weights are estimated even more often
near their extremes when K-means++ initialization is used as opposed to
initialization with true parameters.

Conclusions. In conclusion, in this symmetric unimodal setting under K-
means++ initialization, the MDE-dn seems to retain its robustness proper-
ties. Conversely, the sensitivity of the MLE-EM estimator to the outliers is
exacerbated when random initialization is used, and the weight parameter
tends to be estimated at the extremes even more often.
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Figure 5.21: Histograms of the weight parameter ρ for the MLE-EM and
MDE-dn estimator in the symmetric unimodal distribution, with either nor-
mal components or t-distribution components with ν = 3, when the methods
are initialized with K-means++ initialization. The true value of ρ is indicated
with a line. Results are based on N = 104 samples of size n = 100.
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5.2.5 Application to Fisher’s Iris Data

We now apply the MDE-dn estimator in a practical application. Consider
Fisher’s Iris data, distributed with R [29]. The data contains measurements
of sepal length, sepal width, petal length and petal width for 50 flowers from
three different species. We restrict ourselves to the data of the two most
similar species; Versicolor and Virginica. We consider the petal length of
the two species.

We model this data as a dual normal mixture without using knowledge of
the labels. We cannot apply the MDE-dn estimator directly, as the data is
rounded and contains ties. Therefore, we first add some noise to each data-
point, normally distributed with mean 0 and standard deviation 0.02. This
ensures the data contains no more ties. The low standard deviation ensures
that the probability of changing the order of two datapoints is small.

We compute the normal mixture parameters using the MDE-dn and MLE-EM
estimator, initializing 20 times with K-means++ initialization and choosing
the parameter values with the lowest distance and highest likelihood respec-
tively.

To compare the results, we will compute the normal mixture parameters
using the data labels. Then, we can then simply estimate the component pa-
rameters by using the familiar MLE of a normal distribution on the separate
groups.

The mixture densities with plugged-in estimates are plotted in Figure 5.22.
The components of each of these estimated densities, along with the labeled
data, is plotted in Figure 5.23. As we can see, the MDE-dn and MLE-EM
perform similarly, as expected in this setting based on our simulation results
in Section 5.2.3. The MLE-EM places a higher weight on the first compo-
nent. Both are reasonably close to the normal mixture distribution which
was estimated using the labels.

Data labeling. Now, we can use these mixture densities to compute the
expected labels of each datapoint. We can compare the probabilities of a
datapoint belonging to each component, and select the label correspond-
ing to the highest probability. Using this labeling method, the mixture
from the MDE-dn mislabels 13 datapoints, while the MLE-EM mislabels
18 datapoints. Using the same procedure for our benchmark distribution,
the mixture which was computed with label knowledge, results in 7 misla-
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Figure 5.22: Dual normal mixture distributions estimated using the MDE-
dn, MLE-EM and MLE using the labels of the data, for the petal length of
Fisher’s Iris data, along with the histogram of the data. Only the the species
Versicolor and Virginica are included.

beled datapoints. Therefore, the MDE-dn performs quite well in this setting,
outperforming the MLE-EM by a small margin.
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Figure 5.23: Dual normal mixture distribution components estimated using
the MDE-dn, MLE-EM and MLE using the labels of the data, for the petal
length of Fisher’s Iris data, along with the histogram of the data. Only the
species Versicolor and Virginica are included.
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Conclusion

We have used the dn and on statistics in two statistical inference settings;
goodness-of-fit hypothesis testing and parameter estimation.

Goodness of fit. For goodness of fit, the dn and on statistic perform sim-
ilarly. Compared to the Anderson-Darling statistic, they are more powerful
statistics for rejecting beta mixtures when the null hypothesis is uniform,
both when parameters are specified a priori and when they are estimated.
They also perform well in other settings where parameters are specified a
priori, but are outperformed when the parameters are estimated from the
data.

Therefore, the dn and on statistic are powerful statistics and preferred over
the Anderson-Darling statistic in the goodness-of-fit setting with a uniform
null, where the alternative is suspected to have clustering.

Parameter estimation. For the parameter estimation, the MDE-dn and
MDE-on statistic have different performance. The MDE-on estimator is less
sensitive to initial parameter specification. However, it is generally out-
performed by the MDE-dn estimator. When all are initialized with true
parameters, the MDE-dn estimator performs considerably better than the
MLE-EM estimator on 2-component normal mixtures when the components
have significant overlap. If initialized once with the K-means++ method,
the MDE-dn method performs similarly to the MLE-EM. Additionally, the
MDE-dn estimator has excellent robustness properties in case the compo-
nents have heavier tails. The MLE-EM algorithm is considerably less robust
in this setting.

Therefore, the MDE-dn statistic is a powerful estimator for dual normal
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mixtures where the components have large overlap. It could be a viable al-
ternative to MLE-EM estimation in this setting. Furthermore, the MDE-dn
could be preferred especially in case of data with suspected outliers, consid-
ering it is significantly more robust than the MLE-EM.
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Appendix A

Mathematical Appendix

A.1 Derivations of Expressions for Integrated

Empirical Identity Process

In this appendix, we derive simple expressions for the integrated empirical
identity process, for the upper, lower and central version. We show that, for
the dn statistic, the choice of IEIP is not relevant, as all three produce the
same statistic.

In Section 2.1, several definitions were already presented. To avoid confusion
with the main text, where In is used for the lower IEIP, we use ILn (t) for the
lower IEIP and ICn for the central IEIP and other corresponding functions.
This notation is only used in this appendix.

Let u1, . . . , un be ordered uniform random variables, and define u0 = 0
and un+1 = 1. Denote Fn(t) = 1

n

∑n
i=1 1(ui ≤ t), the ECDF. Denote

Qn(u) = inf{t ∈ [0, 1] : Fn(t) ≥ u} the empirical quantile function. The
empirical identity processes are given by:

RL
n(t) :=

{
0 if 0 ≤ t < u1

Qn(Fn(t)) if u1 ≤ t ≤ 1
,

RU
n (t) :=

{
Qn(Fn(t) + 1

n
) if 0 ≤ t < un

1 if un ≤ t ≤ 1
,

RC
n (t) :=

RL
n(t) +RU

n (t)

2
.
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We can simplify these expressions by noting that the values of these functions
is constant between consecutive datapoints. Note that, for t ∈ [ui−1, ui):

Qn(Fn(t)) = Qn(
i− 1

n
) = ui−1,

Qn(Fn(t) +
1

n
) = Qn(

i

n
) = ui,

leading to simple expressions for RL
n and RU

n which we use later. The empir-
ical identity processes for t ∈ [0, 1] are given by:

Y L
n (t) := (n+ 1)(RL

n(t)− t),
Y U
n (t) := (n+ 1)(RU

n (t)− t),
Y C
n (t) := (n+ 1)(RC

n (t)− t) = 1
2
(Y L

n (t) + Y U
n (t)).

The IEIP’s for t ∈ [0, 1] are then defined as:

ILn (t) := −
∫ t

0

Y L
n (u)du = (n+ 1)

∫ t

0

(
u−RL

n(u)
)
du,

IUn (t) :=

∫ t

0

Y U
n (u)du = (n+ 1)

∫ t

0

(
RU
n (u)− u

)
du,

ICn (t) :=

∫ t

0

1

2
(Y L

n (u) + Y U
n (u))du =

1

2
(ILn (t) + IUn (t)).

We can now simplify these expressions. Let t ∈ [ui−1, ui]. Define the sum
from 1 to 0 as the empty sum, equal to 0. Then, for ILn , we have:

ILn (t) = (n+ 1)

∫ t

0

(
u−RL

n(u)
)
du

= (n+ 1)
i−1∑
j=1

∫ uj

uj−1

(u− uj−1)du+ (n+ 1)

∫ t

ui−1

(u− ui−1)du

=
n+ 1

2

i−1∑
j=1

(uj − uj−1)2 +
n+ 1

2
(t− ui−1)2.

For IUn , we have:

IUn (t) = (n+ 1)

∫ t

0

(
RU
n (u)− u

)
du

= (n+ 1)
i−1∑
j=1

∫ uj

uj−1

(uj − u)du+ (n+ 1)

∫ t

ui−1

(ui − u)du

=
n+ 1

2

i−1∑
j=1

(uj − uj−1)2 − n+ 1

2
(ui − t)2 +

n+ 1

2
(ui − ui−1)2.
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For ICn (t), we have:

ICn (t) =
1

2
(ILn (t) + IUn (t))

=
n+ 1

4

(
2
i−1∑
j=1

(uj − uj−1)2 + (t− ui−1)2 − (ui − t)2 + (ui − ui−1)2

)

=
n+ 1

4

(
2
i−1∑
j=1

(uj − uj−1)2 + t2 − 2ui−1t+ u2
i−1 − u2

i + 2uit− t2

+ u2
i − 2uiui−1 + u2

i−1

)
=
n+ 1

4

(
2
i−1∑
j=1

(uj − uj−1)2 + 2(ui − ui−1)t+ 2u2
i−1 − 2uiui−1

)

=
n+ 1

2

( i−1∑
j=1

(uj − uj−1)2 + (ui − ui−1)t− ui−1(ui − ui−1)

)
.

A plot of the three IEIP’s, together with the ECDF is given in Figure A.1.

Note that all three IEIP’s are increasing between datapoints (ui−1, ui), while
the ECDF is constant. Therefore, to compute the supremum:

sup
t∈[0,1]

|In(t)− Fn(t)|,

it is sufficient to consider the maximum difference at- and just before each
discontinuity. Since the values of the IEIP’s around the discontinuities are
the same, this supremum is also the same, irrespective of the choice of lower,
upper or central IEIP. Therefore, the dn statistic, which uses this supremum,
is equal for any of the three IEIP’s.
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Figure A.1: Plots of the three versions of the IEIP, along with the ECDF,
for data u = (1
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A.2 Volume of the Concentration Ellipsoid

In this appendix, we show that the volume of the ellipsoid given by:

E1 = {t ∈ Rn : (t− E[θ̂])TΣ−1(t− E[θ̂]) ≤ 1},

is equal to:

Vol(E1) =
π
n
2

Γ(n
2

+ 1)

n∏
i=1

√
λi, (A.1)

where λi are the eigenvalues of Σ. We assume Σ−1 to be non-singular and
symmetric†. Since Σ is symmetric, so is its inverse, and both are therefore
diagonalizable. Let Σ−1 = STDS be its diagonalization. A well known linear
algebra result gives λ−1

i are the eigenvalues of Σ−1. Now, we have:

(t− E[θ̂])TΣ−1(t− E[θ̂]) ≤ 1,

⇒(S(t− E[θ̂]))TD(S(t− E[θ̂])) ≤ 1,

⇒uTDu ≤ 1,

⇒
n∑
i=1

u2
i√
λi

2 ≤ 1.

Therefore, this ellipse has axis lengths equal to
√
λi along its principal axis

- which are given by the eigenvectors. Since the volume of an ellipsoid is

given by π
n
2

Γ(n
2

+1)

∏n
i=1 ai, with ai the lengths of its principal axis, we obtain

the result (A.1).

A.3 Order Analysis on

In Section 3.1, we demonstrate that on can be expressed based solely on
spacings, given by:

on = 4(n+ 1)
n+1∑
i=1

S2
i−1ti −

2(i− 1)

n
Si−1ti +

(i− 1)2

n2
ti

+
n+ 1

3
Si−1t

3
i −

n+ 1

n

i− 1

3
t3i +

(n+ 1)2

20
t5i .

†In the context of concentration elipsoids, Σ is the sample covariance matrix or the
MSE matrix, both of which are symmetric.
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We note that these terms are of the following order:

n+1∑
i=1

S2
i−1ti −

2(i− 1)

n
Si−1ti +

(i− 1)2

n2
ti ∼ O(1),

n+1∑
i=1

n+ 1

3
Si−1t

3
i −

n+ 1

n

i− 1

3
t3i ∼ O(

1

n
),

n+1∑
i=1

(n+ 1)2

20
t5i ∼ O(

1

n2
).

These were obtained in the following manner. First off, we observe that
ti ∼ O( 1

n
). Next, note that:

Si =
n+ 1

2

i∑
j=1

t2j ∼ O(n
i

n2
) = O(

i

n
)

We can then analyze each of the terms, obtaining the orders:

n+1∑
i=1

S2
i−1ti ∼ O(

n+1∑
i=1

(i− 1)2

n2

1

n
) = O(

1

n3

n∑
i=0

i2) = O(
1

n3

1

6
n(n+ 1)(2n+ 1))

= O(1),

n+1∑
i=1

2(i− 1)

n
Si−1ti ∼ O(

n+1∑
i=1

2(i− 1)

n

i− 1

n

1

n
) = O(

2

n3
(
n∑
i=0

i2)

= O(
2

n3
(
1

6
n(n+ 1)(2n+ 1)) = O(1),

n+1∑
i=1

(i− 1)2

n2
ti ∼ O(

n+1∑
i=1

(i− 1)2

n2

1

n
) = O(

1

n3
(
n∑
i=0

i2)

= O(
1

n3
(
1

6
n(n+ 1)(2n+ 1)) = O(1),

n+1∑
i=1

n+ 1

3
Si−1t

3
i ∼ O(

n+1∑
i=1

n+ 1

3

i− 1

n

1

n3
) = O(

n+ 1

3n4

n∑
i=0

i)

= O(
n+ 1

3n4

1

2
n(n+ 1)) = O(

1

n
),
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n+1∑
i=1

n+ 1

n

i− 1

3
t3i ∼ O(

n+1∑
i=1

n+ 1

n

i− 1

3

1

n3
) = O(

n+ 1

3n4

n∑
i=0

i)

= O(
n+ 1

3n4

1

2
n(n+ 1)) = O(

1

n
),

n+1∑
i=1

(n+ 1)2

20
t5i ∼ O(

n+1∑
i=1

(n+ 1)2

20

1

n5
) = O(

(n+ 1)2

20n5

n∑
i=0

1)

= O(
n(n+ 1)2

20n5
) = O(

1

n2
).
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Appendix B

Simulation Results

In this appendix, we give simulation results that were not given in the main
text.
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B.1 Dual Normal Mixture Distribution

B.1.1 Initialization Sensitivity
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Figure B.1: Boxplots of the attained likelihoods of the estimators using differ-
ent deterministic intialization pertubations, in the symmetric bimodal normal
mixture model. Results are based on N = 5 · 103 samples of size n = 100.
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Figure B.2: Volumes of the MSE concentration elipsoids of the estimators
using different deterministic intialization pertubations, in the symmetric bi-
modal normal mixture model. Note that the y-axis is in logarithmic scale.
Results are based on N = 5 · 103 samples of size n = 100.
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Figure B.3: Barplots of the MSE of the estimators using different determin-
istic intialization pertubations, in the symmetric bimodal normal mixture
model. Results are based on N = 5 · 103 samples of size n = 100.
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Figure B.4: Barplots of the bias of the estimators using different deterministic
intialization pertubations, in the symmetric bimodal normal mixture model.
Results are based on N = 5 · 103 samples of size n = 100.
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Random Initializations
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Figure B.5: Volumes of the MSE concentration elipsoids of the estimators
using different random initialization schemes, for the symmetric bimodal nor-
mal mixture model. Note that the y-axis is in logarithmic scale. Results are
based on N = 5 · 103 samples of size n = 100.
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Figure B.6: Barplots of the MSE of the estimators using different random
initialization schemes, for the symmetric bimodal normal mixture distribu-
tion. Note that the y-axis is of different scale for the first two and the second
two barplots. Results are based on N = 5 · 103 samples of size n = 100.
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Figure B.7: Barplots of the bias of the estimators using different random ini-
tialization schemes, for the symmetric bimodal normal mixture distribution.
Note that the y-axis is of different scale for the first two and the second two
barplots. Results are based on N = 5 · 103 samples of size n = 100.
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B.1.2 Performance Study

Initialization with True Parameters

MDE − dn

0.2 0.5 0.8

0
10

00
25

00

MDE − dn

0.2 0.5 0.8

0
10

00
20

00

MLE −EM

0.2 0.5 0.8

0
10

00
25

00

MSP

0.2 0.5 0.8

0
10

00
25

00

MDE −CvM

0.3 0.5 0.7

0
10

00
20

00
30

00 MDE −AD

0.3 0.5 0.7

0
10

00
20

00
30

00

MDE − dn

0.0 0.2 0.4

0
50

0
15

00

MDE − dn

0.0 0.2 0.4

0
10

00
25

00

MLE −EM

0.05 0.25

0
50

0
15

00

MSP

0.05 0.25

0
50

0
15

00

MDE −CvM

0.0 0.3 0.6
0

10
00

25
00

MDE −AD

0.0 0.2 0.4

0
10

00
30

00

MDE − dn

0.0 0.4 0.8

0
10

00
20

00

MDE − dn

0.0 0.4 0.8

0
40

0
80

0

MLE −EM

0.0 0.4 0.8

0
20

0
40

0
60

0 MSP

0.0 0.4 0.8

0
20

0
40

0
60

0

MDE −CvM

0.0 0.4 0.8

0
20

0
60

0

MDE −AD

0.0 0.4 0.8

0
20

0
60

0

MDE − dn

0.2 0.6 1.0

0
10

00
20

00

MDE − dn

0.0 0.4 0.8

0
40

0
80

0
12

00 MLE −EM

0.0 0.4 0.8

0
50

0
10

00

MSP

0.0 0.4 0.8

0
50

0
10

00

MDE −CvM

0.2 0.6 1.0

0
50

0
10

00
15

00 MDE −AD

0.2 0.6 1.0

0
50

0
10

00

Figure B.8: Histograms of the weight parameter estimates for the four normal
mixture distributions, when estimators are initialized with true parameters.
Each row corresponds to a distribution. From top to bottom: symmetric
bimodal, asymmetric bimodal, symmetric unimodal, asymmetric unimodal.
The results are based on N = 104 samples of size n = 100.
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Symmetric Bimodal
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Figure B.9: Boxplots of parameter estimates of the symmetric bimodal nor-
mal mixture distribution, when estimators are initialized with true parame-
ters. True parameter values are subtracted and outliers are not shown. The
results are based on N = 104 samples of size n = 100.
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Asymmetric Bimodal
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Figure B.10: Boxplots of parameter estimates of the asymmetric bimodal
normal mixture distribution, when estimators are initialized with true pa-
rameters. True parameter values are subtracted and outliers are not shown.
The results are based on N = 104 samples of size n = 100.

90



Appendix B. Simulation Results

Symmetric Unimodal
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Figure B.11: Boxplots of parameter estimates of the symmetric unimodal
normal mixture distribution, when estimators are initialized with true pa-
rameters. True parameter values are subtracted and outliers are not shown.
The results are based on N = 104 samples of size n = 100.
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Asymmetric Unimodal
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Figure B.12: Boxplots of parameter estimates of the asymmetric unimodal
normal mixture distribution, when estimators are initialized with true pa-
rameters. True parameter values are subtracted and outliers are not shown.
The results are based on N = 104 samples of size n = 100.

92



Appendix B. Simulation Results

Single Random Initialization
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Figure B.13: Histograms of the weight parameters for the two unimodal nor-
mal mixture distributions, when estimators are initialized with K-means++
initialization. Each row corresponds to a distribution. From top to bot-
tom: symmetric unimodal, asymmetric unimodal. The results are based on
N = 104 samples of size n = 100.

Multiple Random Initializations

We have reviewed the performance of the MDE-dn in the unimodal mixture
models when the method was initialized once with K-means++ initialization
in Section 5.2.3. A common way to improve initialization is by considering
multiple initial parameters. The final estimate is then selected as the esti-
mate with the lowest distance measure.

In Section 5.2.3, we observe that transitioning from true initialization to
random initialization resulted in lost performance for the MDE-dn. It is
therefore interesting to see if we can recover some of this performance by
initializing multiple times. We consider the symmetric unimodal mixture,
with parameters given in Table 5.1.
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First off, we are interested in how many times we should initialize. For
this, we consider the mean distance attained for different number of initial-
izations. The results are given in Figure B.14. As we can see, the first few
extra iterations are the most rewarding, especially for the MDE-dn. After
5 iterations or more, the distance measure of both methods decrease only
slightly for each additional initialization.

Next, we study the performance for different number of initializations. The
Hellinger distances, as defined in (5.3), and the volumes of the MSE concen-
tration ellipsoid are given in Figure B.15.

We observe some striking behavior; more initializations can worsen the re-
sults when considering these performance measures. However, note that we
must be careful when interpreting the results, as discussed in Section 5.2.1.
Consider the histogram of the weight parameter estimates, given in Figure
B.16 and Figure B.17. We see that, for the MDE-dn, for larger number of
iterations, the distribution of the weight parameter becomes slightly more
uniform over the interval [0,1] as opposed to clustered around 1

2
. For the

MLE-EM, the weight parameters are estimated at the extremes even more
often. As a result, the performance measures across the different number of
initializations are hard to compare and interpret. The marginal MSE of some
parameters does decrease when we have more initializations, but as others in-
crease, this is not reflected in the volume of the MSE concentration ellipsoids.

We find that, for both estimators, local minima exist that provide very good
estimates for the symmetric unimodal normal mixture. However, when we
allow multiple initializations, the optimizer finds other minima, which have
even lower distance measures, but do not necessarily correspond to better
estimates when we consider the Hellinger distance or volume of MSE con-
centration ellipsoid. These minima correspond with estimates where the
weight parameter tends more towards the extremes. This is true for both
the MDE-dn and MLE-EM estimator.

Conclusions. In this symmetric unimodal setting, we conclude the follow-
ing. The performance of the MDE-dn lost when initializing with K-means++
as opposed to initializing with true initialization, cannot be recovered by ini-
tializing more often. Instead, multiple initialization leads to estimates of the
weights further from the true values, as these points are associated with lower
distance value dn. This leads to estimates with higher MSE and Hellinger
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Figure B.14: Means of the respective distances obtained for the MDE-dn
(dn distance) and MLE-EM (log-likelihood) estimators, for different numbers
of K-means++ initializations, for the symmetric unimodal normal mixture
distribution. Results are based on N = 104 samples of size n = 100.

distance. This behavior is not exclusive to the MDE-dn estimator. The
MLE-EM estimator exhibits the same behavior, but exhibits it even more
pronounced, with weight parameters clustering at the extremes. Initializ-
ing more often and blindly selecting the estimate with the lowest distance is
therefore not necessarily the best course of action for these estimators in this
setting.
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initializations, for the symmetric unimodal normal mixture distribution. Re-
sults are based on N = 104 samples of size n = 100.
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Figure B.16: Histograms of the MDE-dn estimates of the weight parameter
for different numbers of K-means++ initializations, for the symmetric uni-
modal normal mixture distribution. Results are based on N = 104 samples
of size n = 100.
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Figure B.17: Histograms of the MLE-EM estimates of the weight parameter
for different numbers of K-means++ initializations, for the symmetric uni-
modal normal mixture distribution. Results are based on N = 104 samples
of size n = 100.
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Appendix C

Code

This appendix contains R code used for simulations throughout the main
text.

C.1 Computation dn

#’ Compute the dn statistic for an iid univariate

uniform (0,1) sample

#’

#’ @param x The uniform sample for which the statistic

will be computed , which does not need to be sorted.

#’

#’ @return The value of the statistic dn for the sample

x

dn <- function(x){

#Save the data length in n

n <- length(x)

#Compute the order statistics

u <- sort(x)

#Save places just before and after discontinuities in

Fn, which are the datapoints

#and just before the datapoints

epsilon <- 10^ -16

#The vector which will save the coordinates of

discontinuities

before.and.after.jumps <- numeric (2*n)
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#Fill odd places with coordinates just before

discontinuity

before.and.after.jumps[seq(1,2*n,2)] <- u-epsilon

#Fill even places with coordinates of the datapoint

before.and.after.jumps[seq(2,2*n,2)] <- u

#Note that before.and.after.jumps is already sorted ,

as u was sorted.

#Save the ECDF of the sample

Fn <- ecdf(u)

##Precompute spacings and their squared sum

u0 <- c(0,u)

t <- diff(u0) #t will contain u_1 - 0, u_2 - u_1, u_3

- u_2, ... , u_n - u_{n-1}

#Compute the sum of squared spacings of all spacings

up until and including u_{i-1}, so:

#sum.of.squared.spacings [1] = 0,

#sum.of.squared.spacings [2] = (u1 - u0)^2

#sum.of.squared.spacings [3] = (u1 - u0)^2 + (u2 - u1)

^2

#sum.of.squared.spacings[i] = (u1 - u0)^2 + ... + (u{i

-1} - u{i-2}) ^2.

sum.of.squared.spacings <- c(0,cumsum(t^2))

#Define the function In(s), dependent on sorted sample

u and the sum of squared spacings

In <- function(s){

#Compute the maximum value of i such that u_i < s

max.i <- round(n*Fn(s)) #Must use rounding to

prevent numerical errors

#Compute the area as the sum of squared spacings and

the remainder incomplete squared spacing

#The sum of complete spacings must be until u_i, so

we need to retrieve the value at [max.i + 1],

#as sum.of.squared.spacings[i] includes spacings

until u_{i-1}.

#The incomplete final spacing must be between u_{max

.i} and s, and u0 has a leading 0 in case s < u1,

#so we retrieve u_{max.i} at u0[max.i + 1]
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area <- ((n+1)/2) * ( sum.of.squared.spacings[max.i

+1] + (s - u0[max.i+1])^2 )

return(area)

}

#Returns the absolute difference between In and Fn (

which is the argument for optimization),

#|In - Fn|, at point t

diff.argument <- function(t){

return(abs(In(t) - Fn(t)))

}

#Find sup_{0<=t<=1} of |In - Fn|, which must occur at

or before the points of discontinuity , precomputed

sup.diff <- max(diff.argument(before.and.after.jumps))

#Return the value of the statistic by multiplying the

maximum by 2*sqrt(n)

d.n <- 2*sqrt(n+1)*sup.diff

return(d.n)

}

C.2 Computation on

#’ This function computes the statistic on of a uniform

sample x

#’

#’ @param x The uniform sample for which the statistic

will be computed , which does not need to be sorted.

#’

#’ @return The value of the statistic on for the sample

x

on <- function(x){

#Save the data length in n

n <- length(x)

#Sort the data and prepend/append 0 and 1 at the

endpoints

u <- sort(x)

u <- c(0,u,1)
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#Compute the spacings between each datapoint

t <- diff(u)

#Compute the values of S_i. As the first value of S_i

is 0, prepend a 0

S <- c(0, ((n+1)/2)*cumsum(t^2))

S <- S[1:(n+1)] #The last value of S_i is never used ,

so remove it to prevent errors with different -sized

vectors later

#Compute the values of the sequences (i-1)/n and (i-1)

/3

q <- (1:(n+1) - 1) / n

q3 <- (1:(n+1) - 1) / 3

#Compute the terms for each i inside the sum

#Note that vectors in R start at 1

#For the first term , S should be 0, t should be the

first spacing (u1 -0), q should be 0 and q3 should

be 0.

#For the second term , S should be (n/2)*(u1 -0)^2, t

should be (u2 -u1), q should be 1/n and q3 should be

1/3

#The length of all vectors should be (n+1)

a <- S^2*t - 2*q*S*t + (n+1)/3*S*t^3 + q^2*t - ((n+1)/

n)*q3*t^3 + (((n+1)^2)/20)*t^5

#Compute the sum of all the terms a, and return them

return (4*(n+1)*sum(a))

}

C.3 MDE Exponential Distribution

This is an R implementation of the MDE for the exponential distribution.
For other distributions, the code is similar, except for the null distribution
and, in case of more than one parameter, the initialization.

#’ Minimum -distance estimator for exponential

distribution

#’

#’ @param x The data

#’ @param stat The distance statistic used in the MDE

#’ @param interval The interval for which the MDE should

search for the minimum value of the parameter
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#’

#’ @return A list with components $est with the

estimation and $dist with the minimum distance found

MDE.exp <- function(x,stat ,interval){

#The exponential distribution function as a function

of the data and the parameters

F0 <- function(x,t){

return(pexp(x,t))

}

#Compute the value of the statistic as a function of

the parameters. Make sure that the parameters

#are in the feasable region , otherwise set value to

infinity.

minimization.statistic <- function(t){

if(t <= 0){

return(Inf)

}else{

return(stat(F0(x,t)))

}

}

#Call an appropriate minimization subroutine to

minimize the statistics

optimum <- optimize(f=minimization.statistic ,interval=

interval)

#Return the minimum (the estimate) and the minimum

distance found (in case comparison between

estimates

#need to be made following different initializations).

return(list("est"=optimum$minimum ,"dist"=optimum$

objective))

}

C.4 MSP Exponential Distribution

This is an R implementation of the MSP for the exponential distribution.
For other distributions, the code is similar, except for the null distribution
and, in case of more than one parameter, the initialization.

For large values of the rate parameter, the difference between the transformed
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samples become so small that machine precision is no longer accurate, and
the difference is set to 0. This causes the logarithm to evaluate to negative
infinity. While this is not always a problem, if the optimization region is too
broad, the region where the distance evaluates to infinity become too large as
well, and the optimization does not work properly. Therefore, we implement
a procedure where, if the estimate has associated distance value of infinity,
we shorten the right-hand-side of the interval with a factor.

#’ Maximum -product of spacings estimator for exponential

distribution

#’

#’ @param x The data

#’ @param stat The distance statistic used in the MSP

#’ @param interval The interval for which the MDE should

search for the minimum value of the parameter

#’

#’ @return A list with components $est with the

estimation and $dist with the minimum distance found

MSP.exp <- function(x,interval ,reduceratio = 0.5){

#The exponential distribution function as a function

of the data and the parameters

F0 <- function(x,t){

return(pexp(x,t))

}

#Compute the sum of the logs of the uniform spacings

sum.log.spacings <- function(t){

#Compute the probability integral transform as a

function of theta to obtain ordered uniform

spacings

u <- c(0,sort(F0(x,t)) ,1)

#Compute the sum of the logs of spacings , and return

-1*sum so minimizing this maximizes spacings. If

#spacings are too close , we get NA values , in which

case we return Infinity.

sum.log.spacings <- sum(log(diff(u)))

if(is.infinite(sum.log.spacings)){

return(Inf)

}else{

return(-1*sum.log.spacings)

}

}
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#Compute the value of the statistic as a function of

the parameters. Make sure that the parameters

#are in the feasable region , otherwise set value to

infinity.

minimization.statistic <- function(t){

if(t <= 0){

return(Inf)

}else{

return(sum.log.spacings(t))

}

}

#Call an appropriate minimization subroutine to

minimize the statistics

optimum <- list()

optimum$objective <- Inf

while(is.infinite(optimum$objective)){

interval <- c(interval [1], reduceratio*interval [2])

optimum <- optimize(f=minimization.statistic ,

interval=interval)

}

#Return the minimum (the estimate) and the minimum

distance found (in case comparison between

estimates

#need to be made following different initializations).

return(list("est"=optimum$minimum ,"dist"=optimum$

objective))

}
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