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Abstract

Networks of coupled oscillators arise in a wide range of physical and biological
systems, from power grids to neural populations. The Kuramoto model provides
a paradigmatic framework for studying their collective dynamics, and has been
extensively used to characterize synchronization phenomena and the associated
phase transition. In recent years, however, the asynchronous regime has begun
to attract growing interest as a physical object worthy of study in its own right.
Focusing on the fully disordered Kuramoto model we analyzed through numerical
simulations the spectral properties of the multiplicative “network noise” of the
system and found an unexpected non monotonic behaviour of its correlation time.
To analytically describe this finding we employed Prüser and Engel’s approach to
reduce the dynamics to a self-consistent stochastic single-oscillator problem and
studied perturbatively the behaviour of the system in the small-disorder regime.
We then exploited a scaling argument to obtain a power law for the large-disorder
regime.
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1 Introduction

The first known scientific observation and description of a synchronization phenomenon
was by the Dutch researcher Christiaan Huygens. In a 1665 letter to his father [9] he
mentioned his discovery about “sympathy of two clocks”, referring to how a pair of
pendulum clocks hanging from a common support, after a certain period of time and
independently of the initial conditions, always ended up oscillating in unison. In his
work, he also provided a qualitative explanation of this effect, that in his case was
caused by an imperceptible motion of the support, acting as a coupling between the
two pendulums.

Regarding synchronization in a large population of oscillating systems, the first
known written observation is due to another Dutchman, the physician Engelbert Kaempfer,
who in 1727 described [10] a swarm of fireflies blinking in unison [20]. Nevertheless,
the first extensive mathematical treatment of collective synchrony arrived only in the
mid-twentieth century, with the work of Norbert Wiener and, most importantly, Arthur
Winfree.

In his 1967 paper [29], Winfree formulated the problem of a huge population of
interacting oscillators and supposed that each oscillator was coupled to the collective
rhythm generated by the whole population. Using numerical simulations and analytical
approximations, Winfree discovered that such oscillator populations could exhibit the
temporal analog of a phase transition: spontaneous synchronization [25].

The Japanese physicist Yoshiki Kuramoto learned of Winfree’s work and focused on
a simpler and more abstract version [15] of his model. In 1984 he showed [14] how to
solve it exactly[26]. This model is at the center of this work and will be explained in
more detail in the next chapter.

As seen, the mathematical models describing systems of many coupled oscillators
historically focused on the synchronized states and the corresponding phase transition.
The asynchronous states (or, as they are called in the mathematical literature, incoher-
ent states) on the other hand, remain a less explored area of study. The first works that
addressed the incoherent state as a physical object in itself appeared in the nineties,
dealing with the problem of its stability with a formal approach. Among these, the
work of Strogatz and Mirollo in 1991 [27] represents a fundamental contribution to the
theoretical characterization of the asynchronous state.

However, these states are far from being a mere theoretical curiosity. In many real-
world systems of coupled oscillators, the latter exhibit incoherent dynamics without
ever achieving full synchronization. A prominent example is the cerebral cortex, where
neurons are known to fire asynchronously and irregularly during spontaneous activity,
i.e. in the absence of explicit sensory stimulation or task engagement, or during states
of resting wakefulness [22], [19]. In these systems the statistical properties of neuronal
spiking activity, such as firing rates, correlations and power spectra, provide insight
into the underlying network connectivity and dynamics. More generally, understanding
the rich statistical properties of the asynchronous states in networks with disordered
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connectivity is a key step towards a quantitative description of the spontaneous activity
in biological and physical systems far from synchronization.

This motivated the study of disordered versions of the Kuramoto model: in 1987
Hiroaki Daido introduced and analysed [4] for the first time a disordered (or inhomoge-
neous) version of the model in which the coupling strengths between the oscillators are
drawn from a Gaussian distribution rather than being uniform. In a subsequent work
[5] he exploited this framework to study a spin-glass-like phase transition known as the
volcano transition.

In 1998, J.C. Stiller and G. Radons revisited Daido’s model and were the first to de-
rive an exact one-dimensional mean field dynamics for the disordered Kuramoto model
in the thermodynamic limit [24]. This framework was later adopted and extended by
Kati, Ranft and Lindner [11], who developed an iterative stochastic mean field approx-
imation to systematically characterize the statistical properties of the asynchronous
state, including power spectra and correlation times of the network noise. The latter is
defined as the effective multiplicative noise each oscillator is subject to as an effect of
the network drive.

This thesis directly continues this research line, investigating a non-trivial behaviour
of the disordered Kuramoto model in the asynchronous state. By numerically simu-
lating the system to probe the statistical properties of the network noise, we observe
a non-monotonic trend in its correlation times as a function of the magnitude of the
connectivity disorder. We proceed to provide an approximate analytical description
following Prüser and Engel’s framework [21] to reduce the N -oscillator system to a
single-oscillator problem and to obtain an approximate expression for the autocorrela-
tion function through a perturbative approach.

The contents are organized as follows. Chapter 2 contains a brief overview of the
statistical tools and measures used throughout the thesis. We also review two classi-
cal models of stochastic processes, relevant to the analysis presented in the following
chapters. In Chapter 3 the Kuramoto model is introduced and described. The classi-
cal version and its order parameter are the focus of the first section. The rest of the
chapter is dedicated to the disordered Kuramoto model; the statistical properties of
the single-oscillator spectra and of the network noise are investigated through numer-
ical simulations, with particular attention to the role of the connectivity disorder. In
Chapter 4 we implement two different approaches to obtain an approximate analytical
description of the non-monotonic behavior of the network-noise correlation time. We
first construct an interpolation for the low-disorder regime based on the approach devel-
oped by Prüser and Engel [21]. We then use a scaling argument to describe the system
in the large-disorder regime. Lastly, in Chapter 5 we summarize the main results of the
thesis, provide a physical interpretation of the non-monotonicity, and briefly discuss
potential directions for further investigation.
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2 Introduction to stochastic processes.

Before starting to work on the main model of this thesis, we will take some time to
introduce and explain the basic characterization tools for stochastic processes. We
will then introduce and compute the statistics of two paradigmatic toy models: the
Ornstein-Uhlenbeck process and the Kubo oscillator. For an extensive introduction
to probability theory and the theory of stochastic processes some reference texts are
Risken [23] and Gardiner [8].

2.1 Statistics of stochastic processes

In this subsection we will introduce definitions of fundamental statistical measures
employed in the analysis of stochastic and disordered processes.

An important remark: The model that will be at the center of this exposition,
the fully disordered Kuramoto model, will not contain explicit noise terms. However,
the presence of disorder in its parameters leads to an ensemble of states that is not
deterministic. Specifically, the focus of this work is on the statistics of the network
noise, which is the effective noise that each oscillator is subjected to as a result of the
coupling with all other oscillators; this quantity will be formally defined and analyzed
in the next chapter.

Average and variance

Consider an ensemble of N independent samples {xi} of a stochastic variable x. We
can define the sample mean of x as

⟨x⟩ := 1

N

N∑
i=1

xi. (2.1)

More generally the sample average of any function f(x) is

⟨f(x)⟩ := 1

N

N∑
i=1

f(xi). (2.2)

By the law of large numbers, these become exact for N → ∞ and coincide with the
ensemble average.

In the case of a probability distribution P (x) of x known, we can compute the
ensemble average of f(x) as:

⟨f(x)⟩ens :=
∫
f(x)P (x)dx.

The variance of x is a measure of its dispersion and it is defined as

V ar(x) = σ2
x := ⟨∆x2⟩ = ⟨(x− ⟨x⟩)2⟩ = ⟨x2⟩ − ⟨x⟩2. (2.3)
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Autocorrelation function

The autocorrelation function measures the similarity between a signal and a delayed
version of itself. For a random variable x(t) between t and t′ it is

Cx(t, t
′) := ⟨x(t) x(t′)⟩ − ⟨x(t)⟩⟨x(t′)⟩. (2.4)

Since we aim to characterize the stationary time-dependent features of the dynamics,
to achieve independence on the initial value x(0), the limit t→ ∞ is taken. In this way,
the autocorrelation is a function of the time difference τ = t′ − t only. For real-valued
observables x ∈ R, it is defined as follows

Cx(τ) := lim
t→∞

[⟨x(t)x(t+ τ)⟩ − ⟨x(t)⟩2]. (2.5)

It satisfies even symmetry:
Cx(−τ) = Cx(τ). (2.6)

For τ = 0 we obtain the variance:

Cx(0) = ⟨x2(t)⟩ − ⟨x(t)⟩2 = ⟨∆x2⟩. (2.7)

For complex-valued variables z ∈ C, the generalized definition is

Cz(τ) := lim
t→∞

[⟨z(t)z∗(t+ τ)⟩ − |⟨z(t)⟩|2], (2.8)

which satisfies the Hermitian symmetry

Cz(−τ) = C∗
z (τ), (2.9)

which generalizes the even symmetry of autocorrelation functions for real-valued pro-
cesses (2.6). For τ = 0 it becomes

Cz(0) = ⟨|z(t)|2⟩ − |⟨z(t)⟩|2 = ⟨|∆z|2⟩. (2.10)

Power spectrum

Another relevant way to quantify the fluctuations and the dynamics of a random vari-
able is to ask how the variance is distributed with respect to frequency. For a stochastic
process involving random variable z(t) (complex or real-valued, the subscript on S and
C is omitted since the relations hold in either case) the power spectrum is defined as

S(f) = lim
T→∞

⟨z̃(f)z̃∗(f)⟩ens
T

, (2.11)

where z̃(f) is the Fourier transform of z(t) on the time window of size T defined with
the following convention:

z̃(f) =

∫ T

0

dt z(t)e−2πift. (2.12)

9



By virtue of the Wiener-Khinchin theorem (see Appendix C) the power spectrum of an
observable is the Fourier transform of its autocorrelation:

S(f) =

∫ +∞

−∞
dτe2πifτC(τ). (2.13)

The inverse is also true:

C(τ) =

∫ +∞

−∞
df e−2πifτS(f), (2.14)

and in particular, for τ = 0,

C(0) = σ2
z =

∫ +∞

−∞
df S(f). (2.15)

This relation shows us that the power spectrum can be interpreted as the distribution of
the variance of the process in the frequency domain. For a physical process, it quantifies
the distribution of power in the frequency domain. Characterizing the frequency content
of a stochastic process by directly inspecting its Fourier transform z̃(f) would not
be possible since, for a stationary process, z̃(f) does not converge as T → ∞. Its
magnitude keeps fluctuating and ⟨|z̃(f)|2⟩ grows linearly with T , reflecting the fact
that a stationary process never “settles” in time. The power spectrum resolves this
by normalizing by T , extracting the finite, ensemble-averaged spectral content per unit
time.

Correlation time

For a non-deterministic signal or observable the autocorrelation decays to zero as τ →
∞. The characteristic time scale for this relaxation is the correlation time τcorr which
is defined as the integral in time of the autocorrelation normalized with respect to the
system fluctuations, i.e. the variance; for real valued autocorrelation Cx(τ):

τcorr :=

∫ ∞

0

dτ
Cx(τ)

Cx(0)
=

S(0)

2Cx(0)
=

S(0)

2⟨|∆x|2⟩
. (2.16)

The appearance of S(0) follows again directly from the Wiener-Khinchin theorem, since
the power spectrum is, by definition, the Fourier transform of Cx(τ), evaluated here at
f = 0.

This definition can be generalized to the case of complex-valued autocorrelation
Cz(τ):

τcorr :=
1

Cz(0)

∫ ∞

0

dτ Re[Cz(τ)] =
S(0)

2⟨|∆z|2⟩
, (2.17)

again consistent with the Wiener-Khinchin theorem:

S(0) = 2

∫ ∞

0

dτ Re[Cz(τ)]. (2.18)

This last expression has been derived exploiting the Hermitian symmetry property (2.9).
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2.2 Complex-valued Ornstein-Uhlenbeck process

A classical model commonly used when considering stochastic processes is the Ornstein-
Uhlenbeck (OU) process (Uhlenbeck and Ornstein [28]; Risken [23]). It describes an
observable undergoing a random walk (Brownian motion) subject to a restoring force
that drives it back toward a mean value. For this reason in the literature it’s also known
as mean-reverting process.

Considering complex observable z(t), the process obeys the following Langevin equa-
tion :

ż = (−γ + iω)z +
√
2Dξ(t), z(t), ξ(t) ∈ C. (2.19)

γ and ω are respectively the real and complex component of the driving force,
√
2Dξ(t)

is the Gaussian noise source of intensity D. These two components of the driving force
have very different roles. The solution of the noisless, deterministic version of this
model would be

z(t) = z0e
−γte+iωt, (2.20)

which is a spiral sink : the system oscillates in the complex plane around the origin with
frequency ω while the amplitude undergoes dumping controlled by parameter γ. Once
the noise term

√
2Dξ(t) is switched on however, it continuously re-injects energy that

competes with the damping, preventing the amplitude from collapsing to zero. Fig. 1
illustrates the spiral sink dynamics and the effect of noise.

Figure 1: Trajectories in the complex plane of the Ornstein-Uhlenbeck process following
Eq. (2.19) for ω = 5 and two different dumping coefficients γ.

Remark: The noise term can be written either as ξ(t) or as
√
2D ξ(t); these two

conventions are equivalent, but have different statistics for ξ(t).
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In both cases ⟨ξ(t)⟩ = 0. The difference lies in the autocorrelation:

• If the noise is written as ξ(t): ⟨ξ(t)ξ(t′)⟩ = 2D δ(t− t′).

• If the factor
√
2D is explicitly factored out: ⟨ξ(t)ξ(t′)⟩ = δ(t− t′).

In both cases, ξ(t) is white Gaussian noise.

Power spectrum

One can easily compute the power spectrum of z(t) exploiting Rice method, which
consists in computing the Fourier transform of both sides of Eq. (2.19):

iΩz̃(Ω) = (−γ + iω)z̃ +
√
2Dξ̃(Ω), (2.21)

z̃(Ω) =

√
2Dξ̃(Ω)

γ − i(ω − Ω),
(2.22)

where Ω = 2πf . The spectrum thus is:

S(Ω) = lim
T→∞

⟨|z̃(Ω)|2⟩
T

=
2D⟨|ξ̃(Ω)|2⟩

T (γ − i(ω − Ω))(γ + i(ω − Ω))
=

2D

γ2 + (ω − Ω)2
. (2.23)

The result is a Lorentz spectrum, also called Cauchy distribution, which is characteristic
of a great variety of stochastic processes, when an exponential decay in the autocorre-
lation is present. In this case it is characterized by a peak of height 2D/γ2 centered at
Ω = ω, and width γ. To normalize it, we compute∫ +∞

−∞
S(Ω)dΩ =

2πD

γ
, (2.24)

so that the normalized distribution is

Snorm(Ω) =
1

π

γ

γ2 + (ω − Ω)2
. (2.25)

The corresponding function is shown in Fig. 2.
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Figure 2: Normalized Lorentzian distribution described by Eq. (2.25), shown for two
different values of γ and ω = 0

2.3 Kubo oscillator and the widening of the spectrum

The class of stochastic variables that will be investigated in this work is that of complex
oscillators. Before delving into the details of the specific models, it is useful to briefly
review the general notion of an oscillator.

With the term oscillator we refer to any system exhibiting the repetitive or periodic
temporal variation of one or more of its variables between different states. This very
simple framework has been used extensively to describe many different systems: elec-
trical circuits, mechanical waves, electromagnetic radiation, to name a few. The first
oscillator a physics student usually meet is the pendulum, approximatively describable
as a simple harmonic oscillator, obeying Hooke’s law. The latter can be solved to obtain
the following expression:

x(t) = A cos(θ(t)) = A cos(ωt+ ϕ),

where x(t) is the position (not necessarily in space; as said there are plenty of phenom-
ena that can be modeled through oscillations) of the observable at time t. θ(t) is called
the phase of x at time t. In the case of the simple harmonic oscillator, we can deter-
ministically know the position at all times just considering the oscillation frequency ω
and the initial phase (or phase shift) ϕ.

The most general way to represent oscillators however is through complex exponen-
tials. This representation is usually more convenient mainly because it is simpler to
work with the algebra of exponentials than with trigonometric functions.

Exploiting Euler’s formula and focusing on models with constant unit amplitude A =
1, we obtain the following representation for the complex-valued position of oscillator
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z at time t:
z(t) = cos(θ(t)) + i sin(θ(t)) = eiθ(t).

The complex variable z is also referred to in the literature as a phasor. We observe
that the state of the oscillator is completely determined by the evolution of the phase
θ(t). However, it is important to consider the complex-valued oscillatory problem not
just for its mathematical tractability, but because it will allow us to manipulate the
equations more freely.

A useful and insightful model to better understand the effect of noise on the oscilla-
tors statistics is the so called Kubo oscillator, from the japanese physicist Ryogo Kubo,
who first presented it in 1957 [13].

The model consists in a complex oscillator z(t) of amplitude z0 and phase θ:

z(t) = z0 e
iθ(t), (2.26)

whose dynamics is governed by

ż = i(ω0 +
√

2γξ(t))z. (2.27)

Here ω0 is the natural frequency of the oscillator,
√
2γξ(t) is a Gaussian white noise

source of intensity γ. Deriving with respect to time the right hand side of (2.26):

iθ̇z = i(ω0 +
√

2γξ(t))z, (2.28)

from which we obtain the equation for the dynamics of θ(t)

θ̇ = ω0 +
√

2γξ(t) =⇒ θ(t) = θ(0) + ω0t+
√

2γ

∫ t

0

ξ(t′)dt′. (2.29)

Examples of trajectories of Kubo oscillators are illustrated in Figure 3.
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Figure 3: Complex-plane trajectories of a Kubo oscillator described by Eq. (2.29),
comparing the cases of vanishing and non-zero natural frequency, specifically ω0 = 0
and ω0 = 1; γ = 1

Correlation function

We compute the autocorrelation of the Kubo oscillator directly from the definition (2.8):

C(τ) = ⟨z(t)z∗(t+ τ)⟩ (2.30)

= ⟨|z0|2⟩⟨ei(θ(t)−θ(t+τ)⟩ = ⟨|z0|2⟩⟨e−iω0τe−i
√
2γ

∫ t+τ
t ξ(t′)dt′⟩. (2.31)

To solve this, we exploit Wick’s identity for random Gaussian variables ⟨eix(t)⟩ =

e−
1
2
⟨x2(t)⟩:

⟨ei
√
2γ

∫ t+τ
t ξ(t′)dt′⟩ = e−γ⟨(

∫ t+τ
t ξ(t′)dt′)

2
⟩. (2.32)

To solve the integral we use the fact that ξ(t) is a white noise source, ensuring that the
time difference |τ | is a positive quantity.

⟨(
∫ t+τ

t

ξ(t′)dt′)2⟩ =
∫ t+τ

t

dt′
∫ t+τ

t

dt′′⟨ξ(t′)ξ(t′′)⟩ =
∫ t+τ

t

dt′
∫ t+τ

t

dt′′δ(t′ − t′′)

(2.33)

(τ>0)
=

∫ t+τ

t

dt′ = |τ |.

We finally obtain the following for the autocorrelation:

C(τ) = ⟨|z0|2⟩e−iω0τe−γ|τ |. (2.34)
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We obtained an expression that is composed by an oscillatory contribution e−iω0τ , which
comes from the deterministic oscillation of frequency ω0 and an exponential damping
e−γ|τ | which is the effect of the phase diffusion induced by the noise (dephasing).

Power spectrum

The power spectrum of the Kubo oscillator can be directly obtained computing the
Fourier transform of its autocorrelation function:

S(f) =

∫ +∞

−∞
dτe2πifτC(τ)

=

∫ +∞

−∞
dτe2πifτ ⟨|z0|2⟩e−iω0τe−γ|τ |

= ⟨|z0|2⟩
(∫ 0

−∞
dτeτ(2πif−iω0+γ) +

∫ +∞

0

dτeτ(2πif−iω0−γ)
)

= ⟨|z0|2⟩

([
eτ(2πif−iω0+γ)

2πif − iω0 + γ

]0
−∞

+

[
− e−τ(−2πif+iω0+γ)

−2πif + iω0 + γ

]+∞

0

)

= ⟨|z0|2⟩
(

1

2πif − iω0 + γ
+

1

−2πif + iω0 + γ

)
= ⟨|z0|2⟩

(
2γ

γ2 + (2πf − ω0)2

)
. (2.35)

Again, this is a Lorentzian distribution, not surprising since the autocorrelation is
exponentially decaying. Dividing the (2.35) by ⟨|z0|2⟩ the distribution normalizes to 1.
Switching to the Ω = 2πf domain the normalized distribution is again

Snorm(Ω) =
1

π

γ

γ2 + (Ω− ω0)2
, (2.36)

which exactly coincides with the Ornstein-Uhlenbeck result of Eq. (2.25) and Fig. 2.
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3 The Kuramoto model

As stated in the introduction, the Kuramoto model is a paradigmatic mathematical
model that fits into the line of research concerning synchronization phenomena of sys-
tems of coupled oscillators. It was proposed for the first time by Yoshiki Kuramoto at
the International Symposium on Mathematical Problems in Theoretical Physics, held
in Tokyo in 1975. The model describes the behaviour of a large set of coupled oscilla-
tors, each obeying a differential equation of the same functional form, differing only in
parameter values and initial conditions.

Figure 4: The first appearance of the Kuramoto model in its original 1975 publication.

3.1 The classic Kuramoto model and synchronization

The classic Kuramoto model consists of a population of N phase oscillators zl(t) = eiθl(t),
whose evolution is dictated by the following set of equations:

θ̇l(t) = ωl +
K

N

N∑
m=1

sin(θm(t)− θl(t)), l = 1, 2, . . . , N. (3.1)
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The evolution in time of the phase θl of the l-th oscillator is governed by its natu-
ral frequency ωl plus an interaction term between oscillators proportional to coupling
strength K; natural frequencies are distributed according to some probability distribu-
tion P (ω).

The system can be regarded as a fully connected network, as each oscillator l =
1, 2, . . . , N is coupled to all other m = 1, 2, . . . , N . We can also observe that the
coupling of each oscillator with itself is zero by definition of the interaction term.

This remarkably simple framework has proven to be a powerful tool for describing
and understanding synchronization phenomena across a wide range of systems. A few
notable examples include the flashing of firefly populations [6], the synchronization of
cardiac pacemaker cells [18], rhythmic applause in a crowd [17], and neuronal synchro-
nization in the brain [3]; in this last work Cabral et al. used the Kuramoto model wired
according to empirical connectivity data to simulate resting-state functional connectiv-
ity in the human brain.

Kuramoto further introduced order parameters R,ψ to quantify the overall syn-
chrony of the population:

Reiψ(t) :=
1

N

N∑
l=1

eiθl(t). (3.2)

Representing the evolution of the population on the unit circle of the complex plane
allows to clearly visualize the dynamics and the eventual transition to synchrony. We
consider an initial condition of uniformly distributed phases:

θl(t = 0) ∼ U(0, 2π), ∀l.

When the system is in the asynchronous regime the phases don’t converge to a coherent
collective motion and stay uniformly spread around the circle. It is straightforward to
show that in this regime R ≈ 0 the whole time (Fig. 6). Increasing the value of
K, clusters of oscillators begin to synchronize and R grows as well. When K > Kc,
the critical coupling threshold, a macroscopical synchronous cluster emerges with phase
≈ ψ(t) and R ≈ 1. The dynamics of this last case is illustrated in Fig. 5, which displays
three snapshots of an ensemble of oscillators in the complex plane during the emergence
of collective phase synchronization and the relative order parameter as defined in (3.2).

Assuming P (ω) unimodal and symmetric around the mean frequency µ , Kuramoto
proved the following expression for the value of critical coupling:

Kc =
2

πP (µ)
.

In the case of a Gaussian distribution centered in 0 with variance σ2
ω, the latter

becomes

Kc =

√
8

π
σω ≃ 1.60σω.
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Figure 5: Snapshots of an ensemble of Kuramoto oscillators at three different time
instants during the synchronization process, showing the evolution towards collective
synchronization and the corresponding order parameter vector

Figure 6: Evolution of magnitude R in case of K < Kc (left) and K > Kc (right)

3.2 The fully disordered Kuramoto model

The subject of this work is a slightly modified version of the Kuramoto model, the
so-called fully disordered Kuramoto model, sometimes also referred to as the inhomo-
geneous Kuramoto model (Daido, 1987 [4]). The system obeys:

θ̇l(t) = ωl +
N∑
m=1

Klm sin(θm(t)− θl(t)). (3.3)

The natural frequencies ωl are distributed according to N (0, σ2
ω). Equivalently, we

can write
ωl = σωGl Gl ∼ N (0, 1).

Focusing on the interaction term, each oscillator l is now coupled with any other oscil-
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lator m according to the connectivity matrix Klm defined as follow:

Klm =
K

N
+
kGlm√
N
, Glm ∼ N (0, 1). (3.4)

In addition to the mean-field coupling component K/N , the interaction matrix contains
a random contribution with Gaussian entries and strength controlled by the parameter
k. As one can readily see, the disorder or inhomogeneity of the model is that of the
interaction strength between the different oscillators.

We can treat the interaction as sum of a mean field term, proportional to coupling
constant K, and a “disordered” term, relative to k:

N∑
m=1

Klm sin(θm − θl) =
K

N

N∑
m=1

sin(θm − θl)︸ ︷︷ ︸
mean-field term

+
k√
N

N∑
m=1

Glm sin(θm − θl)︸ ︷︷ ︸
disordered term

.

In the asynchronous regime, we can exploit the central limit theorem (CLT) to prove
that only the disordered term is non vanishing when N → ∞. Both sums contain terms
that indeed have vanishing mean and variance < 1.

N∑
m=1

sin(θm − θl) ∼
√
NN (0, 1),

N∑
m=1

Glm sin(θm − θl) ∼
√
NN (0, 1).

=⇒ K

N

N∑
m=1

sin(θm − θl) = K ×O(1/
√
N),

k√
N

N∑
m=1

Glm sin(θm − θl) = k ×O(1).

And thus, in the thermodynamic limit:

θ̇l(t) = σωGl + k
N∑
m=1

Glm sin(θm − θl) +O(1/
√
N). (3.5)

From now on, we will thus focus on the model with K = 0, obeying

θ̇l(t) = σωGl +
k√
N

N∑
m=1

Glm sin(θm − θl). (3.6)

It is convinient to rewrite the sine coupling of the interaction term as a product of
complex exponentials, allowing to collect the contributions from all coupled oscillators
into a single complex-valued network noise multiplying the phasor of the driven phase
variable θl:

k√
N

N∑
m=1

Glm sin(θm − θl) =
k√
N

N∑
m=1

GlmIm[ei(θm−θl)] = Im[e−iθl ζl(t)],

20



identifying the network noise ζl(t) as:

ζl(t) := k
∑
m

Glm√
N
eiθm(t). (3.7)

What we obtain is a Langevin equation containing a multiplicative network noise ζl(t)

θ̇l(t) = ωl + Im[e−iθl ζl(t)]. (3.8)

This quantity, for a large network in the asynchronous state, is a Gaussian noise that
contains the effective interaction that the system exerts on each oscillator. It will be
important to characterize the correlation statistics of this quantity, which we expect to
be a colored (i.e. correlated) noise.

3.3 Power spectra of the oscillators and of the network noise

As discussed in the previous chapter the power spectrum is a central tool to quantify
fluctuations, specifically how variance (power) is distributed in the frequency domain.
We focus our attention on the single oscillators first, and observe by numerical simula-
tions how their power spectrum Szl(ω) behaves. We recall definition (2.11):

Szl(ω) = lim
T→∞

⟨z̃l(ω)z̃l∗(ω)⟩ens
T

,

where

z̃l(ω) =

∫
e−iωtzl(t)dt, zl(t) = eiθl(t).

Starting from the uncoupled system case, it is easy to show that in this regime the
oscillators power spectra will consist in delta functions centered around frequencies ωl:

θ̇l = ωl =⇒ zl(t) = ei(ωlt+θ0).

Its Fourier transform is given by

z̃l(ω) =

∫
e−iωtei(ωlt+θ0)dt = eiθ0

∫
e−i(ω−ωl)tdt = 2πeiθ0δ(ω − ωl), (3.9)

and thus the power spectrum, omitting the ensemble average as this process is deter-
ministic, is

Szl(ω) = lim
T→∞

|z̃l(ω)|2

T
= lim

T→∞

1

T
(2π)2(

T

2π
)δ(ω − ωl) = 2πδ(ω − ωl), (3.10)

which is as expected a Dirac delta function peaked around frequency ωl.

Distinctly less trivial is the behaviour of the single-oscillators spectra when the con-
nectivity disorder is switched on. To investigate how the spectra of the single oscillators
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and the network noise are affected by the connectivity disorder, we perform a series of
numerical simulations of the network. The simulation parameters and implementation
details are provided in Appendix B.

Figure 7: Single-oscillator power spectra obtained from numerical simulations with
connectivity disorder switched off (top) and on (bottom) respectively. In the top Figure
some residual background around the peak is present; this is a spectral leakage effect
due to finiteness of the time window of the FFT (Fast Fourier Transform). Simulation’s
fixed parameters: n = 100, T = 200 s, ∆t = 0.01 s
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The general expression for Szl is

Szl(ω) = lim
T→∞

⟨z̃l(ω)z̃l∗(ω)⟩ens
T

= lim
T→∞

1

T

∫ ∫
⟨e−iωte−iωt′eiθl(t)e−iθl(t′)⟩dt dt′. (3.11)

Numerical simulations show that the width of the peaks around the natural frequen-
cies increases together with connectivity disorder parameter k. This effect is illustrated
in Fig. 7 and Fig. 8.

Figure 8: Single-oscillator power spectrum obtained from numerical simulations for
different values of k > 0 of ωl = 0.1(top) and of ωl = −2.0 (bottom). Simulation’s fixed
parameters: n = 100, T = 200 s, ∆t = 0.01 s

This phenomenon can be qualitatively understood through an analogy with the
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phase diffusion exhibited by the Kubo model. Recalling what discussed in the previous
chapter, the Kubo oscillator expression for the phase evolution is Eq. (2.29):

θ̇ = ω +
√
2γξ(t)

. And its power spectrum is a Lorentzian distribution centered in ω with peak width
proportional to γ and peak height given by 1/γ. We now rewrite the Kuramoto equation
(3.6) in a functional form that resembles the Kubo one.

θ̇l(t) = ωl +
N∑
m=1

kGlm√
N

sin(θm(t)− θl(t))

= ωl +

√
k2

N
f(t), f(t) =

N∑
m=1

Glm sin(θm(t)− θl(t)). (3.12)

Exploiting the central limit theorem in a similar fashion to the previous paragraph, the
fluctuations of f(t) can be expected to approach a Gaussian distribution in the large-N
limit. This suggests an analogy with the Kubo oscillator, from which one qualitatively
expects peak width broadening proportionally to k and peak height scaling as 1/k (The
integral of a power spectrum is fixed and equal to the variance, see Eq. (2.15)) in the
single-oscillators spectra Szl(ω). Between the two models there are nevertheless two
very important differences to underline. The first one is that f(t) is a colored noise
source, i.e. the noise contributions at different times are correlated with each other,
while ξ(t) is a white noise source. The second difference is that the Kuramoto equation
is a self consistent one as it is evident that f(t) also depends on θl(t). Indeed, the
network noise ζ(t) enters the Kuramoto dynamics as a multiplicative, self-consistent
stochastic contribution, much harder to treat analytically. This aspect will be treated
more extensively in the next section. We thus conclude that this analogy is useful to
understand why there is a broadening in the first place but not to accurately quantify
it.

Switching the focus to the power spectrum of the network noise

Sζl(ω) = lim
T→∞

⟨ζ̃l(ω)ζ̃∗l (ω)⟩ens
T

, (3.13)

with

ζ̃l(ω) =
k√
N

∑
m

Glm

∫
e−iωteiθm(t)dt, (3.14)

simulations reveal a different picture. As can be seen in Fig. 9, these spectra are all
centered at zero frequency; this is an intuitive consequence of the network noise being
defined as the sum of all oscillators of the network, which have natural frequencies
normally distributed around zero; as expected, the peak height scales with k2.

Less intuitive is what is observed in Fig. 10, showing the average Sz of all the N
single-oscillator power spectra:

Sz(ω) =
1

N

N∑
l

Szl(ω) = ⟨Szl(ω)⟩osc. (3.15)
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Remarkably, the spectrum does not widen proportionally to coupling disorder magni-
tude k, but it reaches a peak height for some intermediate values.

Figure 9: Power spectrum of the network noise obtained from numerical simulations
for different magnitudes of connectivity disorder k > 0. Simulation’s fixed parameters:
n = 1000, T = 200 s, ∆t = 0.01 s

This behaviour becomes even more evident when we look at Fig. 11, showing the
corresponding autocorrelation functions. (Obtained numerically computing the Fourier
transform of Sz, see Appendices A and B).

In the next section we discuss the relation between the network noise and the average
defined in Eq. (3.15) and their common statistical properties .

3.4 Reduction to a self-consistent single-oscillator description

Following the approach of Kati, Ranft and Lindner [11], we show that, in the large-N
limit, the original N-oscillator system described by Eq. (3.6) can be reduced to an effec-
tive single-oscillator equation with self-consistent noise statistics. The autocorrelation
of ζl(t) can be expressed as

⟨ζl(t)ζ∗l (t′)⟩ =
∑
m,n

〈
k2GlmGln

N
ei(θm(t)−θn(t′))

〉
=
k2

N

∑
m,n

δmn⟨ei(θm(t)−θn(t′))⟩

= k2⟨ei(θ(t)−θ(t′))⟩. (3.16)
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Figure 10: Power spectrum of Sz obtained from numerical simulations for different
magnitudes of connectivity disorder k > 0. Simulation’s fixed parameters: n = 1000,
T = 200 s, ∆t = 0.01 s

Considering the Fourier transformed quantities, making use of Eq. (3.14)

⟨ζ̃l(ω)ζ̃∗l (ω)⟩ =
k2

N

∑
m,n

δmn

∫ ∫
⟨e−iωteiθm(t)e−iωt

′
e−iθn(t

′)⟩dtdt′

=
k2

N

∑
m

∫ ∫
⟨e−iωteiθm(t)e−iωt

′
e−iθn(t

′)⟩dtdt′

= k2
∫ ∫

⟨e−iωteiθ(t)e−iωt′e−iθ(t′)⟩dtdt′. (3.17)

In both Eq. (3.16) and Eq. (3.17) we exploited the fact that all oscillators share the
same statistical properties, so that the ensemble averages are independent of indices
m,n. Consequently, also the network noise’s correlation statistics is the same for all
oscillators and the l index can be dropped:

Sζl(ω) = Sζ(ω), ∀l. (3.18)

Thus

Sζ(ω) = lim
T→∞

1

T
k2
∫ ∫

⟨e−iωteiθ(t)e−iωt′e−iθ(t′)⟩dtdt′. (3.19)
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Figure 11: Normalized autocorrelation obtained from the Fourier transform of Sz for
different magnitudes of connectivity disorder k > 0 of Fig. 10

Considering Eq. (3.11), the general expression for the single-oscillator network noise,
and the average power spectrum defined in Eq. (3.15) we obtain:

Sz(ω) = lim
T→∞

1

T

1

N

∑
l

⟨z̃l(ω)z̃l∗(ω)⟩ens = lim
T→∞

1

T

1

N

∑
l

∫ ∫
⟨e−iωte−iωt′eiθl(t)e−iθl(t′)⟩dt dt′

= lim
T→∞

1

T

∫ ∫
⟨e−iωteiθ(t)e−iωt′e−iθ(t′)⟩dtdt′. (3.20)

It immediately follows that
Sζ(ω) = k2Sz(ω), (3.21)

which coincides with what displayed in Fig. an in Fig.; in case of K ̸= 0, it generalizes
to

Sζ(ω) =

(
k2 +

K2

N

)
Sz(ω). (3.22)

This self-consistency relation closes the system.

3.5 Correlation times of the network noise

To quantify the behaviour displayed in Fig. and in Fig., we evaluate the correlation
times of ζ(t) for different values of k. Recalling definition (2.17):

τζ =
Sζ(0)

2⟨|∆ζ|2⟩
.
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To evaluate the variance ⟨|∆ζ|2⟩ = ⟨|ζ(t)|2⟩ − |⟨ζ(t)⟩|2 we first compute

⟨|ζ(t)|2⟩ = k2
∑
m,m′

⟨GmGm′⟩
N

⟨ei(θm−θm′ )⟩. (3.23)

Using the independence of the coupling coefficients, ⟨GmGm′⟩ = δmm′ , the double sum
collapses to a single sum:

⟨|ζ(t)|2⟩ = k2

N

∑
m

⟨ei(θm−θm)⟩ = k2

N

∑
m

1 = k2. (3.24)

Concerning |⟨ζ(t)⟩|2:

|⟨ζ(t)⟩|2 =
∣∣∣∣ limT→∞

1

T

∫ T

0

ζ(t) dt

∣∣∣∣2 =
∣∣∣∣∣ limT→∞

k√
N

∑
m

Glm
1

T

∫ T

0

eiθm(t) dt

∣∣∣∣∣
2

= 0. (3.25)

For θ̇m ̸= 0, the phase θm(t) keeps winding in time, so each phasor eiθm(t) oscillates
and its time average does not grow linearly with T , yielding a vanishing contribution.
Since this holds for every m, the entire sum vanishes. This result is consistent with the
normalization of the power spectrum. We thus find

⟨|∆ζ|2⟩ =
∫ +∞

−∞
Sζ(ω) dω = k2, (3.26)

and finally

τζ =
Sζ(0)

2k2
. (3.27)

Regarding the averaged power spectrum Sz(ω), by linearity of the Fourier transform
it coincides with the power spectrum of

z =
1

N

∑
l

zl(t), (3.28)

whose variance is ⟨|∆z|2⟩ = ⟨|z(t)|2⟩ − |⟨z(t)⟩|2. For ⟨|z(t)|2⟩ holds

⟨|z(t)|2⟩ = ⟨z(t)z∗(t)⟩ = ⟨eiθ(t)e−iθ(t)⟩ = 1, (3.29)

and |⟨z(t)⟩|2 vanishes for the same reasons Eq. (3.25), so that ⟨|∆z|2⟩ = 1 and

τz =
Sz(0)

2
. (3.30)

Applying Eq. (3.21) to Eq. (3.27) we find

τζ =
Sζ(0)

2k2
=
k2Sz(0)

2k2
=
Sz(0)

2
= τz. (3.31)
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The correlation times associated with the two observables thus coincide, and we can infer
the values of the correlation times τζ of the simulated systems directly from the peak
height of Sz divided by 2. From Fig. 12, we observe that the system exhibits a finite,
strictly positive correlation time at k = 0; from there, τζ(k) increases until reaching
a plateau for kmax ∈ [2.3, 2.8]. The correlation time then steadily decreases for larger
values of k. An interval of values for kmax is reported since the variation in τζ across this
range is comparable to the fluctuations observed between independent simulation runs.
The system thus undergoes an increase in correlation time of almost 40% with respect

Figure 12: Values found by numerical simulations for the correlation time of the network
noise τζ for different values of k. Simulation’s fixed parameters: n = 1000, T = 200 s,
∆t = 0.01 s

to the uncoupled regime before starting to decorrelate for larger values of k. This
non-monotonic behaviour is somewhat unexpected: naively, stronger coupling might
be expected to monotonically decrease the memory of the noise, whereas a maximum
for intermediate values of k is observed. This points to a non-trivial interplay between
coupling and noise that we investigate in the remainder of this thesis. In the next two
chapters we implement two different approaches, valid respectively in the small−k and
in the large−k regimes, to fit τζ(k). We defer to the final chapter the discussion of both
the physical interpretation of this effect and of the intermediate regime where the two
descriptions fail.

In Fig. 13 we can see how correlation times are strongly influenced by σω, the
standard deviation of the natural frequency distribution. That is because it sets the
natural timescale over which oscillators with different frequencies dephase, the timescale
over which the phase difference θ(t + τ) − θ(t) ≈ ωτ accumulates variations, causing
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ei(θ(t+τ)−θ(t)) to explore the full unit circle and its average to vanish. This aspect will
be clarified in the next chapter, where the role of σω in the autocorrelations will be
explicitly evaluated.

Figure 13: Values found by numerical simulations for the correlation time of the network
noise τζ for different values of k and σω. Simulation’s fixed parameters: n = 100,
T = 200 s, ∆t = 0.01 s
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4 Analytical approaches to the correlation time

In this chapter, two different approaches are implemented to obtain an approximate
analytical description of the non-monotonic behavior of the network-noise correlation
time, τζ(k). We first construct an interpolation for the low-k regime based on the
self-consistent approach developed by Prüser and Engel [21]. We then use a scaling
argument to describe the system in the large-k regime.

To obtain an analytical description of the system, it is first necessary to evaluate
the correlation statistics of ζ(t).

4.1 Calculation of the autocorrelation

Recalling the dynamics Eqs. (3.8):

θ̇l(t) = ωl + Im[e−iθl(t)k
∑
m

Glm√
N
eiθm(t)], (4.1)

ωl = Glσω, Gl, Glm ∼ N (0, 1).

As we showed in the previous chapter the hypothesis of statistical equality of the
oscillators in the asynchronous regime allows us to drop the l index and consider a
single-oscillator, self-consistent equation:

θ̇ = ω + Im[e−iθ(t)ζ(t)]. (4.2)

Following Prüser and Engel’s formulation, we write the second term on the rhs of
Eq. (4.2) as:

k · Im[(cos θ(t)− i sin θ(t))(ξR(t) + iξI(t))] = k(cos θ(t)ξI(t)− sin θ(t)ξR(t)),

with

ξR(t) := Re[
∑
m

Gm√
N
eiθm(t)] =

∑
m

Gm√
N

cos θm(t), (4.3)

ξI(t) := Im[
∑
m

Gm√
N
eiθm(t)] =

∑
m

Gm√
N

sin θm(t). (4.4)

Therefore the original equation becomes

θ̇ = ω + k(cos θ(t)ξI(t)− sin θ(t)ξR(t)), (4.5)
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with ξR, ξI Gaussian noise sources, characterized by

⟨ξR(t)⟩ = ⟨ξI(t)⟩ = 0, (4.6)

⟨ξR(t+ τ)ξR(t)⟩ =
1

N

∑
m

⟨G2
m⟩⟨cos θm(t+ τ) cos θm(t)⟩ = ⟨cos θ(t+ τ) cos θ(t)⟩,

(4.7)

⟨ξI(t+ τ)ξI(t)⟩ =
1

N

∑
m

⟨G2
m⟩⟨sin θm(t+ τ) sin θm(t)⟩ = ⟨sin θ(t+ τ) sin θ(t)⟩,

(4.8)

⟨ξR(t+ τ)ξI(t)⟩ = ⟨ξI(t+ τ)ξR(t)⟩ = 0. (4.9)

Considering ξ(t) = ξR(t) + iξI(t), we have

⟨ξ(t+ τ)ξ∗(t)⟩ = ⟨(ξR(t+ τ) + iξI(t+ τ))(ξR(t)− iξI(t))⟩ = ⟨ξR(t)ξR(t+ τ)⟩+ ⟨ξI(t)ξI(t+ τ)⟩

=
1

N

∑
m

⟨G2
m⟩⟨cos(θm(t+ τ)− θm(t))⟩ = ⟨cos(θ(t+ τ)− θ(t))⟩.

In the last step we used the trigonometric identity: cos(a− b) = cos a cos b+ sin a sin b.
In general ⟨cos a cos b⟩ = 1

2
[⟨cos(a− b)⟩+ ⟨cos(a+ b)⟩] but ⟨cos(a + b)⟩ = 0 when,

as in this case, a and b are independent; analogous observation can be done regard-
ing ⟨sin a sin b⟩ = 1

2
[⟨cos(a− b)⟩ − ⟨cos(a+ b)⟩]. Each oscillator is the same, so the

correlations of the single oscillators C(τ) are given by

C(τ) = ⟨ξR(t+ τ)ξR(t)⟩ = ⟨ξI(t+ τ)ξI(t)⟩ =
1

2
⟨cos(θ(t+ τ)− θ(t))⟩. (4.10)

Recalling the expression for the network noise (3.7):

ζ(t) = k
∑
m

Gm√
N
eiθm(t),

We see that the following hold:

ζ(t) = kξ(t), Cζ(τ) = 2k2C(τ).

The autocorrelation Cζ(τ) is determined by the statistics of θ(t), which is itself
driven by that same network noise. A complete solution would require finding the fixed
point of this map that, when used as input to the single-oscillator dynamics, reproduces
itself as output. This is the approach followed by Kati, Ranft and Lindner [11] via the
iterative mean-field (IMF) method.

Again following what is done by Prüser, we instead adopt a perturbative approach:
rather than closing the self-consistent loop, we treat the noise as a fixed input, and
evaluate C(τ) at zeroth order in k. This approximation is controlled for small k and
will allow us to obtain an approximate interpolation of τζ(k).
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4.2 The perturbative expansion

To implement a perturbative expansion, we consider the solution θ(t; k) of the equation
of motion as a function of both time t and the connectivity disorder k, which controls
the strength of the perturbation.

We perform Taylor expansion of θ(t; k) in the parameter k that we assume to be
small, around k = 0, when the system admits an exact solution:

f(x) =
∞∑
n=0

f (n)(a)

n!
(x− a)n, (4.11)

with the following parameters

• f = θ(t; k)

• x = k

• a = 0

• f (n)(a) = ∂nθ
∂kn

∣∣
k=0

Obtaining:

θ(t; k) =
∑
n

1

n!

∂nθ(t; k)

∂kn

∣∣∣∣
k=0

kn. (4.12)

The first terms of this series are:

θ(t; k) = θ(t; 0) + k
∂θ

∂k

∣∣∣∣
k=0

+
k2

2

∂2θ

∂k2

∣∣∣∣
k=0

+O(k3). (4.13)

The different terms of the expansion are no longer functions of k, we rename them:

θn(t) :=
1

n!

∂nθ

∂kn

∣∣∣∣
k=0

, (4.14)

and expansion (4.13) thus takes the following compact notation

θ(t; k) = θ0(t) + kθ1(t) + k2θ2(t) +O(k3). (4.15)

To evaluate the different terms we insert them into equation (4.5):

d

dt

(
θ0(t) + kθ1(t) + k2θ2(t)

)
≈ ω + k[cos

(
θ0(t) + kθ1(t) + k2θ2(t)

)
ξI(t)+

− sin
(
θ0(t) + kθ1(t) + k2θ2(t)

)
ξR(t)]

≈ ω + k[cos θ0 − (kθ1 + k2θ2) sin θ0]ξI(t)+

− k[sin θ0 + (kθ1 + k2θ2) cos θ0]ξR(t). (4.16)
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Collecting powers of k we obtain the following expressions for the orders of the expan-
sion:

θ̇0 = ω =⇒ θ0(t) = ωt+ ϕ, (4.17)

θ̇1 = cos θ0(t)ξI(t)− sin θ0(t)ξR(t), (4.18)

θ̇2 = −θ1(t)(sin θ0(t)ξI(t) + cos θ0(t)ξR(t)). (4.19)

We proceed inserting expansion (4.15) into the expression for the autocorrelation C(τ),
obtaining the following function of t and k:

C(τ ; k) =
1

2
⟨cos(∆θ0 + k∆θ1 + k2∆θ2 +O(k3))⟩, (4.20)

where ∆θi = θi(t+ τ)− θi(t), i = 0, 1, 2.
Implementing an expansion of the cosine around ∆θ0 we obtain:

C(τ ; k) ≈ 1

2

(
⟨cos(∆θ0)⟩ − ⟨(k∆θ1 + k2∆θ2) sin∆θ0⟩ −

1

2
⟨(k∆θ1 + k2∆θ2)

2 cos∆θ0⟩
)
.

(4.21)
We again collect powers of k and obtain the following expressions for the different order
of expansion of the autocorrelation C(τ ; k):

C0(τ) :=
1

2
⟨cos(∆θ0)⟩, (4.22)

C1(τ) := −1

2
⟨∆θ1 sin∆θ0⟩, (4.23)

C2(τ) := −1

2

(
⟨∆θ2 sin∆θ0⟩+

1

2
⟨∆θ21 cos∆θ0⟩

)
. (4.24)

To compute C0(τ) is sufficient to average over the distribution of the natural frequencies:

C0(τ) =
1

2
⟨cos(ω(t+ τ) + ϕ− ωt− ϕ)⟩ = 1

2

∫
dωP (ω) cos(ωτ)

=
1

2

∫
dω

e
− ω2

2σ2
ω√

2πσ2
ω

[
eiωτ + e−iωτ

2
] =

1

4
√

2πσ2
ω

[2
√
2πσ2

ωe
− τ2σ2

ω
2 ].

And thus:

C0(τ, σω) =
1

2
e−

τ2σ2
ω

2 . (4.25)

This unperturbed, zero order term allows to analytically derive the exact correlation
time of the network noise when no coupling is present, i.e. k = 0. That is

τζ(k = 0) =

∫ ∞

0

dτ
C0(τ)

C0(0)
=

∫ ∞

0

dτ
1
2
e−

σ2
ωτ2

2

1
2

=

√
π

2σ2
ω

. (4.26)
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This result is non-zero for any finite σω, which may seem surprising for a system of un-
coupled oscillators. However, it must be interpreted keeping in mind that the network
noise ζ(t) isn’t the signal of a single oscillator, but a superposition of N oscillators with
natural frequencies distributed according to P (ω). The correlation of their sum decays
as these phasors go out of phase with one another; this is an example of inhomoge-
neous dephasing : a property of the pool of oscillators, not of their individual dynamics.
τζ(k = 0) is thus entirely determined by the width of the natural frequencies frequency
distribution.

The first order term C1(τ) averages to zero:

C1(τ) = −1

2
⟨∆θ1 sin∆θ0⟩ = −1

2
sin(ωτ)⟨∆θ1⟩ (4.27)

= −1

2
sin(ωτ)

∫ t+τ

t

[cos θ0(t
′)⟨ξI(t′)⟩ − sin θ0(t

′)⟨ξR(t′)⟩] dt′ = 0. (4.28)

To evaluate C2(τ) we need to compute ⟨∆θ2⟩ξ and ⟨∆θ21⟩ξ first.

⟨∆θ21⟩ξ =

∫ t+τ

t

dt′
∫ t+τ

t

dt′′⟨θ̇1(t′)θ̇1(t′′)⟩ξ

=
t→∞

∫ τ

0

dt′
∫ τ

0

dt′′⟨(cos θ0(t′)ξI(t′)− sin θ0(t
′)ξR(t

′))(cos θ0(t
′′)ξI(t

′′)− sin θ0(t
′′)ξR(t

′′))⟩

=

∫ τ

0

dt′
∫ τ

0

dt′′⟨cos θ0(t′) cos θ0(t′′)⟩⟨ξI(t′)ξI(t′′)⟩+ ⟨sin θ0(t′) sin θ0(t′′)⟩⟨ξR(t′)ξR(t′′)⟩

=

∫ τ

0

dt′
∫ τ

0

dt′′C0(t
′ − t′′) cos(ω(t′ − t′′))

=

∫ τ

0

dt′
∫ t′−τ

t′
du f(−u), u = t′′ − t′

=

∫ τ

0

du f(u)

∫ τ

u

dt′ +

∫ 0

−τ
du f(u)

∫ u−τ

0

dt′

=

∫ τ

0

du2C0(u) cos(ωu)(τ − u). (4.29)
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⟨∆θ2⟩ξ =

∫ t+τ

t

dt′⟨θ̇2(t′)⟩ξ =
∫ t+τ

t

dt′⟨−θ1(t′)(sin θ0(t′)ξI(t′) + cos θ0(t
′)ξR(t

′))⟩

=

∫ t+τ

t

dt′
∫ t′

0

dt′′⟨(cos θ0(t′′)ξI(t′′)− sin θ0(t
′′)ξR(t

′′))(sin θ0(t
′)ξI(t

′) + cos θ0(t
′)ξR(t

′))⟩

=

∫ t+τ

t

dt′
∫ t′

0

dt′′⟨cos θ0(t′′) sin θ0(t′)⟩⟨ξI(t′′)ξI(t′)⟩ − ⟨sin θ0(t′′) cos θ0(t′)⟩⟨ξR(t′′)ξR(t′)⟩

=

∫ t+τ

t

dt′
∫ t′

0

dt′′C0(t
′′ − t′) sin(ω(t′′ − t′))

=

∫ τ

0

ds′
∫ s′

−t
ds′′g(s′′ − s′), s′ = t′ − t, s′′ = t′′ − t

=

∫ τ

0

ds′
∫ 0

−t−s′
du g(u), u = s′′ − s′

=
t→∞

∫ 0

−∞
du g(u)

∫ τ

0

ds′

= −τ
∫ ∞

0

duC0(u) sin(ωu). (4.30)

The calculations make use of the fact that f(u) is an even function, whereas g(u) is
odd.
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Inserting Eq. (4.29) and Eq. (4.30) into Eq. (4.24)

C2(τ, σω) = −1

2

(∫ ∞

0

duC0(u)
(
− τ⟨sin(ωu) sin(ωτ)⟩ω

)
+

1

2

∫ τ

0

du 2C0(u)(τ − u)⟨cos(ωu) cos(ωτ)⟩ω
)

= −1

2

(∫ ∞

0

duC0(u)
(
− τe−

1
2
σ2
ω(τ

2+u2) sinh(σ2
ωuτ)

)
+

+

∫ τ

0

duC0(u)(τ − u)e−
1
2
σ2
ω(τ

2+u2) cosh(σ2
ωuτ)

)
= −1

2

(∫ ∞

0

du
(e−σ2

ωu2

2

2

)(
− τe−

1
2
σ2
ω(τ

2+u2) sinh(σ2
ωuτ)

)
+

+

∫ τ

0

du
(e−σ2

ωu2

2

2

)
(τ − u)e−

1
2
σ2
ω(τ

2+u2) cosh(σ2
ωuτ)

)
= −1

2

(
− τe−

1
2
σ2
ωτ

2

∫ ∞

0

du
(e−σ2

ωu2

2

2

)
e−

1
2
σ2
ωu

2(eσ2
ωuτ − e−σ

2
ωuτ

2

)
+

+ e−
1
2
σ2
ωτ

2

∫ τ

0

du
(e−σ2

ωu2

2

2

)
(τ − u)e−

1
2
σ2
ωu

2(eσ2
ωuτ + e−σ

2
ωuτ

2

))
=
e−

1
2
σ2
ωτ

2

8

[
τ

(∫ ∞

0

e−σ
2
ω(u

2−uτ)du−
∫ ∞

0

e−σ
2
ω(u

2+uτ)du

)
+

− τ

(∫ τ

0

e−σ
2
ω(u

2−uτ)du+

∫ τ

0

e−σ
2
ω(u

2+uτ)du

)
+

+

(∫ τ

0

ue−σ
2
ω(u

2−uτ)du+

∫ τ

0

ue−σ
2
ω(u

2+uτ)du

)]
=
e−

1
2
σ2
ωτ

2

8

{
τ
√
π

2σω
e

σ2
ωτ2

4

[
1− erf(−σωτ

2
)− 1 + erf(

σωτ

2
)

]
+

− τ

(
−

√
π

σω
e

σ2
ωτ2

4 erf(−σωτ
2

) +

√
π

2σω
e

σ2
ωτ2

4

[
erf(

3σωτ

2
)− erf(

σωτ

2
)

])
+

+
τ
√
π

2σω
e

σ2
ωτ2

4 erf(
σωτ

2
) +

τ
√
π

4σω
e

σ2
ωτ2

4

[
erf(

σωτ

2
)− erf(

3σωτ

2
)

]
+

1− e−2σ2
ωτ

2

2σ2
ω

}
=

√
πτe−

σ2
ωτ2

4

32σω

[
4 erf(

σωτ

2
)− 4 erf(

σωτ

2
)− 2 erf(

3σωτ

2
) + 2 erf(

σωτ

2
)+

+ 2 erf(
σωτ

2
) + erf(

σωτ

2
)− erf(

3σωτ

2
)

]
+
e−

σ2
ωτ2

2

16σ2
ω

(
1− e−2σ2

ωτ
2
)
.

And we finally obtain

C2(τ, σω) =

√
π τe−

σ2
ωτ2

4

(
5 erf

(
σωτ
2

)
− 3 erf

(
3σωτ
2

))
32σω

+

(
1− e−2σ2

ωτ
2
)
e−

σ2
ωτ2

2

16σ2
ω

. (4.31)
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The solution made use of the Gaussian integrals reported in Appendix C and coin-
cides with what has been found in [21].

Putting together (4.25) and (4.2), and recalling that C1(τ) vanishes, we obtain the
following perturbative estimate for the autocorrelation of network noise components
ξR, ξI :

C(τ, σ2
ω; k) ≈ C0(τ, σ

2
ω) + k2C2(τ, σ

2
ω). (4.32)

Since the autocorrelation of network noise ζ(t) is Cζ = 2k2C, the corresponding corre-
lation time is:

τζ(k) =

∫ ∞

0

dτ
2k2C(τ, σ2

ω; k)

2k2C(0, σ2
ω; k)

= τξR/I
(k). (4.33)

Substituting the perturbative expansion (4.32) we find:

τζ(k) =

∫ ∞

0

dτ
C(τ)

C(0)
≈
∫ ∞

0

dτ
C0(τ) + k2C2(τ)

C0(0) + k2C2(0)

=

∫ ∞

0

dτ
C0(τ) + k2C2(τ)

1
2

= 2

∫ ∞

0

dτ(
1

2
e−

σ2
ωτ2

2 + k2C2(τ)) = 2

(
1

4

√
2π

σ2
ω

+ k2cnum2

)
,

with cnum2 ≡
∫∞
0
dτ C2(τ) computed numerically.

For σω = 1, the expression that interpolates the small-k regime of the correlation
time is

τζ(k) ≈ 1.25 + 0.24k2. (4.34)

In Fig. 14 we observe how the quadratic interpolation obtained from the perturbative
expansion provides a good estimate for the correlation times for k ≲ 1; for larger
values, the further increase of the correlation times is at a rate substantially slower than
parabolic growth, causing the interpolation to diverge from the observed behavior.
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Figure 14: Comparison between the correlation times obtained from numerical simu-
lations and the polynomial interpolation based on the perturbative approach. Simula-
tion’s fixed parameters: n = 1000, T = 200 s, ∆t = 0.01 s

We can further evaluate the accuracy of this approximation computing the power
spectrum of the uncoupled system S0(ω; σω) and the second order correction S2(ω;σω)
by Fourier transforming C0(τ ;σω) and C2(τ ;σω) respectively.

S0(ω; σω) =

∫ +∞

−∞
eiωτC0(τ ;σω) dτ =

∫ +∞

−∞
eiωτ

(
1

2
e−

σ2
ωτ2

2

)
dτ

=
1

2

∫ +∞

−∞
e−

σ2
ωτ2

2
+iωτ dτ =

√
π

2σ2
ω

e
− ω2

2σ2
ω . (4.35)

This is a Gaussian distribution with zero mean and variance σ2
ω. Concerning S2(ω, σω),

we obtain it numerically Fourier transforming C2(τ ;σω). In Fig. 15 we can see how the
simulated spectrum starts deviating from the second-order perturbative approximation
as k increase. In the top-left panel we observe how the unperturbed zero-th order
correction S0(ω) perfectly match the simulated system with k = 0, as expected. In the
bottom-left panel it is possible to observe how for k > 1 the perturbative expansion
fails to describe the power distribution of the network noise, overestimating the peak
narowness and height.
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Figure 15: Spectral profile of the network noise for increasing values of k. Simulation’s
fixed parameters: n = 100, T = 200 s, ∆t = 0.01 s

4.3 Spectral origin of the second-order correction

To estimate the effect of the second-order perturbation we want to compute its con-
tribution to the power spectrum of the network noise in ω = 0 for each oscillator.
Averaging this quantity over the distribution of the natural frequencies we can evaluate
which range of frequencies contributes more to the power increase in ω = 0.

Recalling what has been done in the previous chapter, to obtain the expression (4.2)
for C2(τ, σω) we computed the average over the distribution P (ω) of an expression that
we call here F (ω, τ, σω):

C2(τ, σω) = ⟨F (ω, τ, σω)⟩ω =

∫ +∞

−∞
N (ω, σ2

ω)F (ω, τ, σω) dω,

(Note: C2(τ) is not an autocorrelation by itself, as it is just the second order correction
to C0(τ), corresponding to the uncoupled system.) from which

S2(ω = 0; σω) =

∫ +∞

−∞
eiτ(ω=0)dτ

∫ +∞

−∞
N (ω, σ2

ω)F (ω, τ, σω) dω =

∫ +∞

−∞
C2(τ, σω) dτ.
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To evaluate this quantity we can alternatively exploit the following identity:∫ +∞

−∞
N (x, σ2)f(x)dx =

∫ +∞

−∞
N (x0, σ

2 − σ2
0) dx0

∫ +∞

−∞
N (x− x0, σ

2
0)f(x) dx,

that allows to factorize the Gaussian average into an integral of averages of narrow
Gaussians centered around x0 and with small variance σ2

0. We can use this identity to
consider

C2(τ, ω0, σ0) =

∫ +∞

−∞
N (ω − ω0, σ

2
0)F (ω, τ, σω) dω.

Note that C2(τ, ω0, σ0) no longer depends explicitly on σω: the dependence on the full
frequency distribution has been factored out into the weight N (ω0, σ

2 − σ2
0), which

accounts for how different values of ω0 are distributed across the full Gaussian P (ω).
The parameter σ0 has to be taken small, so that C2(τ, ω0, σ0) probes the contribution
of a narrow band of frequencies centered around ω0; from here we can obtain the
contribution of these frequencies to the power spectrum correction S2(ω, σω) in 0:

S2(ω = 0;ω0, σ0) =

∫ +∞

−∞
C2(τ, ω0, σ0)dτ.

Finally, the expression for S2(0, σω) becomes

S2(0, σω) =

∫ +∞

−∞
N (ω0, σ

2−σ2
0) dω0

∫ +∞

−∞
dτ C2(τ, ω0, σ0) =

∫ +∞

−∞
N (ω0, σ

2−σ2
0) dω0 S2(0;ω0, σ0)

Computing numerically these last identities we obtain the curves shown in Fig. 16.
The latter shows that the contribution to the power spectrum in zero have a strong
dependence on ω0, the frequency range of the single oscillators. Fast oscillators give a
positive but weighted-down contribution, as they are suppressed by the Gaussian weight
N (ω0, σ

2 − σ2
0) which assigns them low probability. The oscillators with frequency

close to zero on the other hand are the most numerous and, rotating slowly, remain
in phase with the rest of the pool for longer times, producing a more persistent and
coherent contribution to the network noise near ω = 0. By construction, the integral of
N (ω0, σ

2−σ2
0) ·S2(0;ω0, σ0) over ω0 is positive and reproduces S2(0, σω), the quadratic

coefficient of the perturbative expansion.
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Figure 16: Contribution of oscillator bands Gaussian distributed with µ = ω0 and
standard deviation σ0 = 0.1 to the power of S2(ω, σω) at ω = 0, obtained numerically.
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4.4 Scaling argument

To study the behaviour of τζ(k) for large values of k we implement a different approach.
Starting from Eq. (3.6)

θ̇l(t) = σωGl + k · Im[e−iθl(t)
∑
m

Glm√
N
eiθm(t)], (4.36)

it is possible to rewrite it rescaling the parameters with respect to σω in the following
way

1

σω
θ̇l(t) = Gl +

k

σω
· Im[e−iθl(t)

∑
m

Glm√
N
eiθm(t)].

We introduce dimensionless variables t̂ = t · σω and k̂ = k
σω

. By the chain rule we have

d

dt
=

d

dt̂

dt̂

dt
= σω

d

dt̂
,

and thus

θ̇l(t̂) = Gl + k̂ · Im[e−iθl(t̂)
∑
m

Glm√
N
eiθm(t̂)]. (4.37)

This system is equivalent to the original one with rescaled time t̂ and σ = 1. Thus, tun-
ing only the value of k̂ is possible to reproduce the original system for any combination
of σω, k, after appropriately rescaling the time.

Figure 17: correlation times obtained by numerical simulations in the rescaled param-
eters domain.
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Fig. 17 shows how the correlation times obtained by numerical simulations shown
in Fig. 13 correctly allign when rescaling time and k according to Eq. (4.37).

Analogously, it is possible to define t̂ = t · k and σ̂ = σω
k

and obtain:

θ̇l(t̂) = σ̂Gl + Im[e−iθl(t̂)
∑
m

Glm√
N
eiθm(t̂)].

In particular, σ̂ and thus the natural frequencies ωl of the oscillators become negli-
gible for k ≫ 1:

θ̇l(t̂) ≈ Im[e−iθl(t̂)
∑
m

Glm√
N
eiθm(t̂)].

This system effectively behaves as the original one for very large values of k. Its
correlation time τ̂ζ allows to infer τζ(k) in the large k limit as:

τζ(k) ∼
k>>1

τ̂ζ
k
.

Simulating this system with N = 1000,∆t = 0.01, T = 2000, n = 100 we find

τ̂ζ = 10.5± 0.3.

Figure 18: Comparison between the correlation times obtained from numerical simula-
tions and the power law obtained with the rescaling argument.

This value was estimated by repeating the simulation for several time intervals,
once the spectral resolution plateau was reached; the reported result corresponds to the
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mean of the estimates, with the uncertainty given by the sample standard deviation
divided by

√
N , reflecting the residual statistical fluctuation between simulations.

In Fig. 18 we can see how for values of k large enough, this argument provides the
correct interpolation for the correlation times.

4.5 Rescaled spectrum and correlation

We now investigate the effect of the scaling on the autocorrelation function and the
power spectrum of the network noise ζ(t).

The autocorrelation C(τ) is dimensionless, while Cζ(τ) contains a multiplicative

factor 2k̂2. So the autocorrelation of the rescaled system with σω = 1 and k̂ is equivalent
to that of all systems with fixed ratio k

σ
= k̂ through:

Ĉζ(τ̂) = Ĉζ(τσω) = Cζ(τ) (4.38)

The Power spectrum on the other hand has dimensions of time, since it is defined
as the Fourier transform of a dimensionless correlation function.

Ŝζ(ω̂) =

∫ +∞

−∞
dτ̂ eiω̂τ̂ Ĉζ(τ̂) =

∫ +∞

−∞
σωdτ e

iωτ Ĉζ(τσω) =

∫ +∞

−∞
σωdτ e

iωτCζ(τ) = σωSζ(ω)

(4.39)
Equivalently, with the rescaling τ̂ = τ · k, σ̂ = σω

k
the relations are:

Ĉζ(τ̂) = Ĉζ(τk) = Cζ(τ), Ŝζ(ω̂) = kSζ(ω)
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5 Results and Discussion

In this work we have observed and described the statistical properties of the disordered
Kuramoto model in the asynchronous regime. In particular, we focused our attention on
how the magnitude of the connectivity disorder, i.e. how much variability is present in
the coupling strength between different oscillators, controlled by parameter k, affected
the power spectra of the different observables. Following the approach of Kati, Ranft
and Lindner [11], the coupling term is rewritten collecting the sine couplings of the
interaction term, obtaining an effective multiplicative network noise ζ(t) acting on each
of the oscillators of the network. Through numerical simulations of the system, we
observed how the network noise correlation times τζ exhibited an unexpected non-
monotonic trend with respect to k. Specifically, τζ reaches a maximum almost 40%
higher than the uncoupled k = 0, case for kmax ∈ [2.2, 2.8].

To obtain an analytical interpolation of the correlation times, two different ap-
proaches have been implemented. We first followed the framework of Prüser and Engel
[21] and computed the perturbative expansion of the correlation function up to second
order in k, valid in the small-k regime. For the large-k regime, we instead exploited a
scaling argument mapping the original system onto an effective one in the limit k ≫ 1,
from which we extracted the power-law behavior describing τζ(k) in this regime.

In these final pages, we discuss the interpretation of the non-monotonic behavior and
present some further possible investigations that would allow for a better description of
the phenomenon, as well as an exploration of how this effect would be affected in the
system with inertia.

5.1 Physical interpretation of the non-monotonic behavior

Looking at the power spectra of the single oscillators (Fig.) it is clear that the spectral
density is asymmetric: there is a “shoulder” of power near ω = 0. This is because, from
the perspective of oscillator l, the driving pool contains more oscillators with frequen-
cies closer to zero than to 2ωl; this is a direct consequence of the natural frequencies
distributed according to P (ω), which is a Gaussian distribution centered in zero. The
resulting effect is that the force exerted on oscillator l by the pool is biased toward lower
frequencies: the slow oscillators, being more numerous in the relevant frequency range,
contribute more coherently to the drive near ω = 0. When the spectra of all oscillators
are superimposed and averaged to obtain the network noise power spectrum Sζ(ω),
these excess spectral contributions accumulate constructively at ω = 0 enhancing Sζ(0)
beyond what a symmetric spectrum would predict.

On the other hand, as discussed in Chapter 3, the interaction term acts on the single
oscillator phase as a noise term, inducing phase diffusion: each oscillator undergoes a
random walk in phase, causing a broadening and a decrease in height of the power
spectra as k increases; This causes in particular a suppression of the spectral density
at ω = 0.

It is the interplay between these two mechanisms that is ultimately responsible for
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the non-monotonic behavior of τζ(k).
As shown in Sec. 4.3, a frequency-band decomposition of the second-order correction
(Fig. 16) shows that the enhancement of Sz(0) is dominated by oscillators with natural
frequency ω0 ≈ 0, the most numerous with distribution P (ω). This offers partial
quantitative support to the accumulation mechanism described above; an analogous
quantitative treatment of the large-k suppression mechanism is still lacking.

As for the physical interpretation of this effect, the maximum in the network noise
correlation time can be interpreted as a maximum in the collective “memory” of the
system. Since the network noise ζ(t) is generated by the superposition of the phases
of all oscillators, its autocorrelation function directly quantifies how long the collective
state of the network remains informative about its own past. This implies that the
regime in which the network noise carries the longest temporal trace of the system’s
past dynamics is that characterized by disorder magnitude kmax we observed. For a
biological system in which such fluctuations act as an effective drive to downstream
units, this could translate into an enhanced capacity to retain a trace of past inputs,
or into a slower, more temporally integrated response to time-varying external stimuli.

5.2 Further investigations

In Fig. 19 we can see how the two analytical fits we obtained fail drastically in the
description of the crossover regime: both indeed diverge in the range of values were
τζ(k) reaches its maximum.

Figure 19: Comparison between the correlation times obtained from numerical sim-
ulations and the polynomial interpolation based on the two approaches for the two
different regimes.
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The most natural direction for refining the description in the intermediate regime
would be to compute the fourth order correction to the autocorrelation function C4(τ),
in the small-k expansion. We expect the corresponding coefficient c4 =

∫ +∞
0

dτ C4(τ)
to be negative, introducing a competition with the second order coefficient in the poly-
nomial interpolation of τζ(k). Such competition could, in principle, reproduce the
observed maximum and provide an analytical estimate of kmax.

A further direction worth exploring concerns the relationship between the non-
monotonic behavior observed here as a function of the coupling disorder k and the
analogous non-monotonic effect reported by Kati, Toenjes and Lindner [12] as a function
of the oscillator mass m, in a closely related version of the disordered Kuramoto model
with inertia:

mθ̈l(t) + θ̇l(t) = ωl + Im
(
e−iθl(t)ζl(t)

)
(5.1)

In this work, the network noise correlation time is minimized at an intermediate mass.
Notably, the authors also derive a scaling relation (their Eq. (20)) showing that, for
σω = 0, the location and magnitude of the minimum depend on m and k only through
the combination mk, i.e. τC(k,m) = k τC(mk, 1). This raises the question of whether
a similar scaling relation holds for the position and magnitude of the maximum of τζ ,
or whether they instead reflect genuinely distinct mechanisms.

The results discussed in this thesis, while technical and of modest scope, show how
the disordered Kuramoto model, despite having been extensively studied for decades,
still harbors a wealth of interesting physics. This is especially true for the asynchronous
regime, which, as discussed in the introduction, finds physical parallels in a variety
of real-world systems. The non-monotonic behavior of the network noise correlation
time, though only partially understood at present, adds a further layer to this picture,
suggesting that the statistical properties of these incoherent states exhibit non-trivial
structures worth exploring further.
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[9] Ch. Huygens. Œvres Complètes, volume 15. Amsterdam: Swets Zeitlinger B. V.,
1967.

[10] E. Kaempfer. The History of Japan (With a Description of the Kingdom of Siam).
London, 1727.

[11] Yagmur Kati, Jonas Ranft, and Benjamin Lindner. “Self-consistent autocorrela-
tion of a disordered Kuramoto model in the Asynchronous State”. In: Physical
Review E 110.5 (Nov. 2024). doi: 10.1103/physreve.110.054301.

[12] Yagmur Kati, Ralf Toenjes, and Benjamin Lindner. “Effects of inertia on the
asynchronous state of a disordered Kuramoto model”. In: Physical Review E 112.4
(Oct. 2025). doi: 10.1103/xt4m-bkp8.

[13] Ryogo Kubo. “Statistical-mechanical theory of irreversible processes. I. General
Theory and simple applications to magnetic and conduction problems”. In: Jour-
nal of the Physical Society of Japan 12.6 (June 1957), pp. 570–586. doi: 10.1143/
jpsj.12.570.

[14] Yoshiki Kuramoto. “Chemical Oscillations, Waves, and Turbulence”. In: Springer
Series in Synergetics (1984), pp. 111–140. doi: 10.1007/978-3-642-69689-3_7.

[15] Yoshiki Kuramoto. “Self-entrainment of a population of coupled non-linear os-
cillators”. In: International Symposium on Mathematical Problems in Theoretical
Physics. Vol. 39. Lecture Notes in Physics. New York: Springer-Verlag, 1975,
p. 420.

49

https://doi.org/10.1143/ptp.77.622
https://doi.org/10.1103/physrevlett.68.1073
https://juliamath.github.io/FFTW.jl/stable/
https://doi.org/10.1103/physreve.110.054301
https://doi.org/10.1103/xt4m-bkp8
https://doi.org/10.1143/jpsj.12.570
https://doi.org/10.1143/jpsj.12.570
https://doi.org/10.1007/978-3-642-69689-3_7


[16] Brian McFee. Digital Signals Theory. 2020. url: https://brianmcfee.net/
dstbook-site/content/intro.html.
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Appendices

A Discrete Fourier Tranform

This section is based on the online book on digital signal theory by Brian McFee [16].
Consider discrete time series (signal) where each measure is taken at ∆t intervals:

x[n] = x(n∆t)

alternatively, we can define the sampling rate fs = 1/∆t, so that we can write x[n] =
x(n/fs).
To sample a sine wave of angular frequency ω0, x(t) = sin(ω0t) = sin(2πf0t):

x[n] = sin(2πf0n∆t) = sin(2πf0
n

fs
)

Remark: If the sampling rate fs is too small (∆t is too big) aliasing may occur, i.e.
the phenomenon when two distinct continuous signals x1(t) and x2(t) produce the same
sequence of sample values x[n] when sampled at a fixed rate fs. Specifically, this hap-
pens if f1 = f2 + kfs, with k integer. To prevent this from happening, we can act
accordingly to the Nyquist-Shannon sampling theorem, which states that to prevent
aliasing is sufficient to take a sampling rate which is bigger than the bandwidth of the
signal: fs ≥ f+ − f−.
The bandwith is such that the signal x(t) can be expressed as a combination of pure
sinusoids whose frequencies lie between some minimum frequency f− and some maxi-
mum frequency f+ ≥ f−. Additionally, since sines and cosines signals with frequencies
f and −f cannot be distingued if the signal is real( as they differ only for a phase
factor) discarding f < f− means also discarding f > −f− . This argument tells us we
must have f− = −f+, so that fs ≥ 2f+.
For fixed sampling rate fs we can thus determine Nyquist frequency fN = fs/2, which
is the highest allowed in the signal to avoid aliasing when sampling.

Consider complex number z = reiθ and its n-th power, zn = rneinθ. If we take just
the real (or imaginary) part of zn for the sequence of values of n, we’ll see a sinusoid
with decaying (r < 1), increasing (r > 1), or stable (r = 1) amplitude. One can
equivalently represent a signal by its sequence of sample values, or as a combination
of sinusoids. This representation will vary the frequency of the different sinusoids. To
make this work, we’ll need to develop a way to convert from the time domain to the
frequency domain. The idea is to compare the input signal x[n] to a collection of fixed
reference signals ym[n]. The result of these comparisons will be a collection of similarity
measurements

S(x, ym)[m] =
N−1∑
n=0

x[n]ym[n]

which will define the transform. How to choose these reference signals?
The idea of the Fourier transform is to represent any signal x[n] as combinations of
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sinusoids as reference signals. We need to ensure that a reference signal fm always
starts at the same position in each repetition of x[n] (which is assumed to be one cycle
of a loop that repeats forever) so that the comparison is not affected by the specific
repetition of the two signals. Given sampling rate fs and a signal of length N we can
thus define analysis frequency fm as follows.

fm =
m

N
fs m = 0, 1, 2, ...

Which are the frequencies which exactly complete a whole (integer) number of cycles
m in N samples at fs.
The next question is what is the minimum number of these frequencies that can accu-
rately represent the signal. If we use cosine waves, the samples of the corresponding
reference signal ym[n] will be determined by

ym[n] = cos(2πfmn∆t) = cos

(
2π
m

N
fs
n

fs

)
= cos

(
2π
m

N
n
)

Looking at fm=N+1 we see that it is equal to fs + fm=1, which means that we occur
in aliasing of the two samples. We deduce that for a signal of N samples, there are
only N such frequencies which produce distinct reference signals. Furthermore the
Nyquist frequency, fs/2, corresponds to the analysis frequency with m = N/2. When
N/2 < m < N , the corresponding frequency will lie outside the band limits of the
signal. However, it will have an alias within the band but with negative frequency.
Indeed:

yN−k[n] = cos

(
2π
N − k

N
fs
n

fs

)
= cos

(
2π(1− k

N
)fs

n

fs

)
= cos

(
2π

−k
N
n

)
= y−k[n]

Where in the last step we recognised the alias frequency −k.
So all the reference signal frequencies will lie in the range [−fs/2, fs/2], which will
eventually be the frequency range of the transform.
Computing the above mentioned similarity measurements with these reference signals
we obtain values that correctly reproduce the frequency spectrum of the input signal
but that are also very susceptible to the phase of the signal. To not lose information
about the phase and be able to correctly reproduce the spectrum of the signal, we
need to compute similarity scores using both cosine and sine waves as reference signals.
In this way we will obtain scores that can be interpreted as horizontal and vertical
coordinates of a rotating point. As we saw, we can express the latter with a single
complex number.
For an arbitrary input signal x[n] of N samples, its discrete Fourier transform is a
sequence of N complex numbers X[m]( m = 0, 1, ..., N − 1) defined as follows:

DFT (x[n]) = X[m] =
N−1∑
n=0

x[n]
(
cos
(
2π
m

N
n
)
− i sin

(
2π
m

N
n
))

=
N−1∑
n=0

x[n] exp
(
−i2πm

N
n
)

(A.1)
Some remarks:
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• From what we saw so far, the transform of the signal will have frequencies that
lie in the range [−fs/2, fs/2], with ∆f = fs/N

• The m = 0 (fm = 0) component is always a real number. It is known as the
direct current (DC) component, and always equals the sum of the sample values.
As the name suggests, quantifies the non-oscillating part of the signal.

• In Julia, the first element of an array is actually indexed as 1, so Eq. (A.1)
becomes

DFT (x[n]) = X[m] =
N∑
n=1

x[n] exp

(
−i2π (m− 1)

N
(n− 1)

)

• To preserve the physical dimensions of the Fourier transform, it is necessary to
multiply the discrete transform by the sampling interval ∆t. This factor arises
from the approximation of the continuous Fourier integral

X(f) =

∫
x(t)e−i2πft dt

through the discrete sum

X[m] ≈
N−1∑
n=0

x[n] exp
(
−i2πm

N
n
)

This last remark is to be taken into account every time we approximate an integral as
a discrete sum. Specifically

• When computing the autocorrelation function through the inverse Fourier trans-
form of the corresponding power spectrum, the returned array will contain the
values between 0 and (N − 1) ·∆t seconds, spaced by intervals of size ∆t.

• When integrating power spectra, defined as a function of frequency f , the con-
tinuous integral ∫

S(f) df

is approximated by the discrete sum∑
k

S(fk)∆f,

where the frequency resolution ∆f = fs/N factor is required to preserve the
physical dimensions of the integrated quantity.
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• When integrating a function defined over angular frequency ω,∫
F (ω) dω,

the discrete approximation requires the factor ∆ω, where

∆ω = 2π∆f = 2π
fs
N
.
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B Algorithms and code

The numerical simulations presented in this thesis have been implemented in Julia
version 1.12.1. The simulated Kuramoto networks consist of N = 1000 oscillators
throughout the work. The standard deviation of the natural frequency distribution is
set to σω = 1, unless stated otherwise. For the reasons discussed in section 3.2, coupling
strength is set at K = 0.

Euler numerical integration

The numerical procedure implemented to solve the differential equations governing the
dynamics is the Euler method [2]. Since the Kuramoto model without inertia is a
system of first-order ordinary differential equations of the form θ̇(t) = f(θ(t), t), the
numerical approximation of the solution at time tn+1 = tn +∆t is given by

θn+1 = θn +∆t · f(θn, tn) (B.1)

The Euler method is a first-order method, meaning that the global error at a given time
is in the order of the time step.

Computing the Fast Fourier Transform (FFT)

PSsimple

function PSsimple(M,deltat)

N, T = size(M)

PS = zeros(Float64, N, T)

expM = exp.(M .* im)

# Preallocation

temp = Vector{ComplexF64}(undef, T)

plan = FFTW.plan_fft(temp; flags=FFTW.MEASURE)

for j in 1:N

@views temp .= expM[j, :]

temp .= plan * temp

@views PS[j, :] .+= abs2.(temp) .* (deltat^2)

end

PS ./= (T * deltat)

PS = circshift(PS, (0, T ÷ 2))

return real.(PS)

end
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The FFTs of the time series considered in this thesis have been computed using the
Julia library FFTW.jl [7]. The code above computes the power spectrum of a matrix
containing the phase trajectories of N oscillators sampled at T time points. The spec-
trum is subsequently shifted using circshift, placing the zero-frequency component
at the center of the array (index (T ÷ 2) + 1) so that negative and positive frequencies
are symmetrically arranged around it.

Simulating the dynamics

In this work, two types of statistical averaging are performed in the numerical simula-
tions. For the single-oscillator spectra, the ensemble average is computed by averaging
over different realizations of the connectivity matrix. Specifically, a new random matrix
of connections is sampled for each of the n simulation runs, while the N -dimensional
array of natural frequencies is kept fixed and given as an input. The following function
computes and returns the averaged spectra:

simulation1

function simulation1(n,N,deltat,T,sigma,K,k)

PSavg = zeros(N,T)

for l =1:n PSavg

+= (1/n)* PSsimple(Kuramoto2(N,deltat,T,sigma,K,k),deltat) end

return PSavg

end

It relies on the following function, which computes a single phase trajectory for each
of the N oscillators according to Eq. (3.3):
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Kuramoto2

function Kuramoto2(N,deltat,T,Sigma,K=1,k=0)

M=zeros(N,T)

M[:,1] = rand(N)*2pi

Kappa=zeros(N,N)

Z = ones(N)+ones(N)im

for l =1:N, m = 1:N Kappa[l,m] = K/N+k/sqrt(N)*randn() end

for i in 1:T-1

Z = exp.(im*M[:,i])

M[:,i+1] = M[:,i] + Sigma*deltat

+ imag(conj(Z).*(Kappa*Z))*deltat

end

return M

end

The second type of averaging performed in this work is the average over both the
connectivity matrix and the natural frequencies array, and it is used to compute the
network noise. In this case, both the connectivity matrix and the natural frequency
arrays are resampled for each independent simulation run. It returns both the average
power spectrum as defined in Eq. (3.15) and the power spectrum of the network noise.
The computation relies on the following functions:

simulation2

function simulation2(n,N,deltat,T,sigma,K,k)

PSavg = zeros(N,T) #time series ps array

PSavgnn = zeros(N,T) #network noise ps array

theta0 = rand(N)*2pi

for l = 1:n

a,b = Kuramoto4(N,deltat,T,sigma,K,k,theta0)

#a is the network noise, b the phase time series

PSavg += (1/n)*PSsimple(b,deltat)

PSavgnn +=(1/n)*PS_networknoise(a,deltat)

theta0 = b[:,T]

end

return PSavgnn, PSavg

end
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Kuramoto4

function Kuramoto4(N,deltat,T,sigma,K,k,theta0)

M=zeros(N,T)

zeta= zeros(N,T)+zeros(N,T)im

M[:,1] = theta0

Kappa=zeros(N,N)

Z = ones(N)+ones(N)im

Sigma = sigma.*randn(N) #array of natural freq

for l =1:N, m = 1:N Kappa[l,m] = K/N+k/sqrt(N)*randn() end

for i in 1:T-1

Z = exp.(im*M[:,i])

x = Kappa*Z

M[:,i+1] = M[:,i]+Sigma.*deltat +imag(conj(Z).*(x))*deltat

zeta[:,i] = x

end

return zeta, M

end
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C Table of integrals

A reference textbook for these results is Abramowitz Stegun, 1972 [1].∫ ∞

−∞
e−at

2+bt+cdt =

√
π

a
e

b2

4a
+c

∫ ∞

0

e−(at2+2bt+c)dt =
1

2

√
π

a
e

b2−ac
a erfc(

b√
a
)∫ ∞

0

e−
a
2
t2+bt+c dt =

1

2

√
2π

a
e

b2

2a
+c erfc(

−b√
2a

)

∫ x

0

e−t
2

dt =

√
π

2
erf(x)∫ x

0

e−
a
2
t2+bt+cdt =

√
π

2a
e

b2

2a
+c[erf(

ax− b√
2a

) + erf(
b√
2a

)]

ue−
a
2
u2+bu+c = −1

a

d

du

(
e−

a
2
u2+bu+c

)
+
b

a
e−

a
2
u2+bu+c∫ τ

0

u e−
a
2
u2+bu+c du = −1

a

[
e−

a
2
u2+bu+c

]τ
0
+
b

a

∫ τ

0

e−
a
2
u2+bu+cdu

∫ +∞

0

tne−at
b

=
Γ(n+1

b
)

ba
n+1
b
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D Mathematical Foundations

Central limit theorem (CLT)

Let X1, X2, ..., XN be a statistical sample of size N of i.i.d variables with

E[Xi] = µ, Var[Xi] = σ2 <∞

Then, as N → ∞, the random variables 1√
N

∑N
i Xi converge to a normal distribution

with mean µ and variance σ2, i.e:

N∑
i

Xi ∼
√
NN (µ, σ2)

Law of large numbers

Let X1, X2, ..., XN be a statistical sample of size N of i.i.d variables with

E[Xi] = µ, Var[Xi] = σ2 <∞

Then, as N → ∞, the sample mean X̄ = 1
N

∑N
i Xi converges in probability to the

expected value µ.

Wiener-Khinchin theorem

Given a stationary random process x and its autocorrelation function C(τ), the power
spectral density of x is the Fourier transform of C(τ). Using the frequency variable f ,
the two quantities are related by

S(f) =

∫ +∞

−∞
dτ e2πifτC(τ) (D.1)

C(τ) =

∫ +∞

−∞
df e−2πifτS(f). (D.2)

When expressing the same relations in terms of the angular frequency ω = 2πf , an
additional factor appears due to the change of integration variable:

S(ω) =

∫ +∞

−∞
dτ eiωτC(τ) (D.3)

C(τ) =
1

2π

∫ +∞

−∞
dω e−iωτS(ω). (D.4)

Since the power contained in a frequency interval must be invariant under a change
of frequency variable,
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S(f)df = S(ω)dω,

and since dω = 2πdf , the two spectral densities are related by

S(f) = 2πS(ω). (D.5)

Therefore, a power spectral density expressed as a function of angular frequency in
rad/s has values smaller by a factor 2π compared to the same spectral density expressed
as a function of frequency in Hz:

S(ω) =
S(f)

2π
. (D.6)

This distinction is important when comparing spectra computed using Fourier trans-
forms expressed in terms of f or ω, since the integrated power must remain invariant:∫ +∞

−∞
S(f) df =

∫ +∞

−∞
S(ω) dω. (D.7)
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