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1 Abstract

Consumer-resource models provide a tractable framework for linking microscopic ecological interactions to
macroscopic community-level behavior. In the standard MacArthur Consumer Resource Model, the species-
resource couplings are quenched random variables. In real ecosystems however, interactions between species
and resources can change over ecological timescales.

This thesis studies an adaptive extension of the MacArthur model in which couplings evolve dynamically
as a function of species and resource abundances. Integrating out these adaptive variables generates non-
Markovian memory terms in the effective ecological dynamics. In the large-system limit (large number
of species and resources), we derive a Dynamical Mean-Field Theory (DMFT) description based on the
dynamical cavity method. The resulting effective process is closed by self-consistency equations for means,
correlations, and response functions.

Assuming convergence to a stationary state, we derive fixed-point equations for species and resource
abundances, compute abundance statistics, and determine stability criteria for the fixed-point phase. We
then compare analytical predictions with numerical simulations of the full adaptive system, focusing on
abundance distributions, phase diagrams, and the fixed-point instability boundary. In addition, we identify
parameter regimes with oscillatory dynamics in simulations, which complements the fixed-point DMFT
stability analysis.

Overall, the results provide a controlled analytical and numerical characterization of how adaptive inter-
actions reshape collective dynamics in large ecological communities.

2 Introduction

Understanding how ecological complexity emerges from microscopic interactions is a central problem in
theoretical ecology and statistical physics. In recent years, a research area has developed at the intersec-
tion of statistical physics, mathematical biology, and ecology, with the goal of identifying robust statistical
regularities in many-species communities across very different systems, from forests to microbial ecosystems.

The goal is to then answer questions such as: how can many biologically similar species coexist locally;
why does a relatively small subset of coexisting species often account for most of the biomass; and what
mechanisms drive shifts in dominant species across space and time? Addressing these questions in a model-
specific way is possible, but it is often more informative to ask which conclusions are stable under broad
changes of microscopic assumptions.

Consumer-resource models offer a natural route toward this objective. The MacArthur Consumer Re-
source Model (MCRM) captures competition mediated by shared resources and has been studied extensively.
In large random systems, methods from disordered statistical mechanics, such as Dynamical Mean-Field
Theory (DMFT), map the many-body dynamics onto an effective single-species stochastic process with self-
consistency conditions [II 2]. This framework has enabled analytical predictions for both fixed-point and
non-equilibrium phases [11 2] [3].

An important strength of DMFT is that it operates at a more “meta” level than direct simulation of
one specific microscopic model. It makes it possible to expose universal behavior shared by broad classes of
models. When a prediction is insensitive, or only weakly sensitive, to microscopic details, it is more likely
to reflect real structural properties of ecological dynamics rather than artifacts of a particular model choice.
Indeed, Barbier et al. [4] demonstrated that many equilibrium properties of large generalized Lotka—Volterra
communities depend primarily on a small set of statistical descriptors of the interaction matrix — such as
its mean, variance and reciprocity — rather than on the detailed distribution of interaction strengths. This
robustness is precisely what makes the approach promising for connecting toy models to real biological sys-
tems. In that spirit, we deliberately adopt a Gaussian, effectively all-to-all coupling ensemble as the simplest
coarse-grained description of collective interactions. Empirical work on multispecies microbial communities
motivates this type of community-level modelling [5], but the Gaussian choice itself is a theoretical simplifi-
cation. However, this simplification is justified by the central limit theorem, which implies that the effective
dynamics in the thermodynamic limit depend only on the first two moments of the underlying distributions
of quenched disorder.

A central limitation of most existing analyses is the assumption of quenched interactions. In real ecosys-
tems, interaction strengths are not static: they adapt through behavioral, ecological, and evolutionary feed-



back. Introducing adaptive couplings therefore captures an important biological ingredient but also raises
new theoretical challenges.

In this sense, the present work also moves toward incorporating evolutionary structure into disordered-
systems ecology: although the adaptation rules are minimal, they represent a first step toward understanding
how adaptive dynamics can shape the statistical organization of ecological communities.

In this thesis, we study an adaptive extension of the MCRM where species-resource couplings are re-
inforced by simultaneously abundant species and resources and relax on finite adaptation timescales. The
main goals are:

derive the DMFT equations for the adaptive model via the dynamical cavity method,

obtain closed fixed-point self-consistency equations,

characterize the stability boundary of the fixed-point regime,

validate analytical predictions against numerical simulations of the full dynamics.

3 Adaptive MacArthur Consumer Resource Model

We consider S species with abundances n;(t), ¢ = 1,...,S, competing for @ resources with abundances
R,(t), p=1,...,Q. The ecological dynamics is
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Here m > 0 is the mortality rate and I' controls the mean coupling between species and resources.
Heterogeneity is encoded by random matrices £ and . Species grow by consuming resources modulated by
the couplings I'/Q+¢!', while resources are depleted by consumption from species modulated by the couplings
['/Q+¢&". The factor 1/Q ensures that the mean-field contribution remains finite in the thermodynamic limit
S,Q — oo with fixed ratio o = S/Q. The model is a generalization of the MacArthur Consumer Resource
Model (MCRM) [6], which is recovered for £ = € = 0. It can be mapped into the generalized Lotka-Volterra
model, by assuming resources to evolve on a faster timescale than species. Then species interactions are
mediated by resources and can be described by a Lotka-Volterra model with effective interactions A;; =

S (5+e) (5+é) m

3.1 Adaptive interactions

In the standard disordered MCRM, ¢ and £~ are quenched random matrices, typically characterized by
their first two moments (zero mean, variance 2/Q, and cross-correlation v), and extensively studied with
cavity/DMFT methods [I], 2]. We extend this work by allowing interactions to adapt to the ecological state.
This complements adaptive extensions of MacArthur-type models in which adaptation acts on metabolic
strategies or trade-offs to promote coexistence [7, [§]; here adaptation acts directly on interaction couplings,
which leads to a different dynamical feedback structure. The initial conditions are Gaussian with
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where o sets disorder strength and « € [—1, 1] controls cross-correlation between the two matrices.
We decompose interactions into a quenched part and an adaptive contribution,

&) = &0)+z), 3)

and analogously £"(t) = £*(0) + 2/(t). The adaptive variables obey

T =2+ 5niRw (4a)
o éniR“. (4b)

The parameters (7, 7) set adaptation timescales and (e, €) set feedback strengths. These equations implement
Hebbian-like reinforcement: interactions coupled to simultaneously large n; and R, are increased, while
couplings relax to baseline in the absence of activity. This choice can be motivated as follows: species
tend to adapt so as to increase their growth rate, which in the present model favors a stronger coupling
to resources with large abundance R, while species with large abundance n; are more likely to undergo
behavioral or evolutionary changes simply because more individuals are experiencing the environment and
generating variation. The product n; R, is therefore the simplest ansatz that couples adaptation to both
selective pressure and opportunity for change. The baseline corresponds to the initial quenched values £/'(0)
and £*(0), which are the conditions studied in [2]. The Hebbian term can also be viewed as a gradient-like
contribution, since z!' oc d(n;)/9¢&. With 2£(0) = 0 and 2(0) = 0, one may think of the dynamics as
progressively learning the interactions. The integrated form is
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Substituting these expressions into Eq. yields effective non-Markovian ecological dynamics with mem-
ory kernels weighted by correlations. This is the starting point for the DMFT derivation developed in the
following sections.

If we take a system that is in a fixed-point phase without adaptive dynamics, we find that turning adaptive
dynamics on shifts the fixed point. When adaptation is turned off again, the dynamics do not relax to the old
fixed point because the resulting structure in the interaction matrices & and 5 is permanent. This behavior
is shown in Figure [Il Another phenomenological effect of the adaptive dynamics is that for large enough €
the system can be moved from a previously chaotic regime to a fixed point regime. For visualizations of this
effect see section [6] For large € instead the system can acquire oscillatory dynamics as we discuss in section

@

4 Dynamical Mean-Field Theory

In this section we take the thermodynamic limit of the adaptive MCRM model, where the number of species
S and resources @ go to infinity, while keeping the ratio o = S/Q fixed. We perform a dynamical mean field
theory (DMFT) analysis using the dynamical cavity method. The derivation is analogous to the derivation of
the DMFT equations for the genralized Lotka-Volterra model in [I]. The full derivation is given in Appendix
[A] Due to the central limit theorem, in the thermodynamic limit the effective dynamics do not depend on the
detailed realization of the quenched disorder £/(0) and £*(0), but only on their first two moments. This is
consistent with the Gaussian assumption in . In other words, we use a minimal mean-field, effectively all-
to-all random interaction ensemble whose role is to capture collective effects rather than a specific microscopic
network. Empirical work on multispecies microbial communities motivates this ecological setting [5], but it
does not justify the Gaussian approximation itself. At the same time, adaptive MacArthur models in which
species update metabolic strategies or satisfy metabolic trade-offs have shown that adaptation can strongly
affect coexistence [7, [§]; the present DMFT treatment addresses a complementary setting where adaptation
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Figure 1: The graph shows the time evolution of the species abundances n;(t) and resource abundances R, (t)
for a system that is in a fixed point phase without adaptive dynamics. Only a fraction of the trajectories
are shown for clarity. The adaptive dynamics are turned on at time ¢t = 1000 and turned off again at time
t = 1500. The parameters used are S = 256, Q) = 256, ¢ = 10, € = 1000, m = 1.0, ' = 200, 0 = 1.0, v = 1.0.



modifies interaction couplings in a disordered many-species regime. DMFT then allows one to replace the
full interacting many-species dynamics by an effective stochastic process for a randomly chosen species or
resource, in which the couplings to all other degrees of freedom are integrated out and represented by a
self-consistent Gaussian noise together with retarded response terms. The resulting DMFT equations are

d’;it) = n(t) (—m +TR(t) + ongr(t) + /0 dsn(s)Mg(t,s) + h(t)> (6a)
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where 7, (t) and ngr(t) are Gaussian processes with zero mean and correlations given by Cy, (¢, s) and Cg(t, s),
respectively. The fields h(t) and h(t) are external perturbations needed to compute the response functions
(susceptibilities) v(t,s) and x(t, s) and that we set to zero after computing the response functions. With

the assumption of self-averaging dynamics we get the following self-consistent equations that give the closed
solution for the above DMFT equations:

A(t) = Eln(t)]

R(t) = E[R(1)]

Cu(t,s) = Eln(t)n(s)]

Crlt,s) = E[R()R(s)] (™)
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The DMFT equations are a set of coupled stochastic integro-differential equations that can be solved nu-
merically using an iterative scheme, as described in [I]. However this analysis is computationally expensive
and does not provide much insight into the underlying dynamics. In the next section we will analyze the
fixed-point regime of the DMFT equations, which allows us to derive closed self-consistency equations for
the order parameters n, R, C,, CR, Vin; and Yin;. We can then also analyze the stability of the fixed-point
solution and derive the phase boundary between the fixed-point and chaotic or at least non fixed point
regimes.

5 Fixed-Point Regime

At steady state, meaning the space of parameters for which the system reaches a fixed point where the species
abundances n(t) and resource abundances R(t) converge to constant values no, and Ro.. In this regime,
the self-consistency equations can be derived explicitly, allowing for analytical predictions of the species and
resource abundance distributions.

_m—|—FR+O'\/CRZ}’ R — max{(), 1-— aI‘FL—i—\/Em/CnZ}

Y02 Xint — €CR 1+ aéC,, + ayo2viy
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where Z is a zero-mean unit variance Gaussian random variable, and 71, R, C,,, CRg, Vint, and Yint are the order
parameters that can be computed self consistently. The derivation of the fixed point abundance distributions
is detailed in Appendix [B] The corresponding self-consistency equations are derived in Appendix [C}

Figure [2] shows a comparison of the species abundance distribution obtained from numerical simulations
(see Appendix of the full system dynamics and the analytical prediction from the DMFT fixed point
solution in the absence of adaptation (e = ¢ = 0). We see that there is a good agreement between the
two, confirming the validity of the DMFT analysis in the fixed-point regime. We find similarly good results
when we turn on adaptive dynamics f by setting € > 0, as shown in Figure |3| and we see that the match is



equally good confirming the validity of the DMFT results also for the case of adaptation. In Figure [ we
show the analytical prediction of the species and resource abundance distributions for different values of the
adaptation parameter €, showing how the adaptation dynamics affects the abundance distributions. We see
that as € increases, the species abundance becomes flatter and the resource abundance distribution becomes
more peaked, indicating that the adaptation dynamics leads to a broader distribution of species abundances
and a more concentrated distribution of resource abundances. We also observe that for significant changes
in the abundance distribution to be visible we need to set € to be quite large. This is in fact due to equally
large value of I', which is the mean of the species-resource interaction matrix {. Only when én; R, is of the
same order of magnitude as I" we see significant changes in the abundance distribution. Analogously for e,
we need en; i, to be of the same order of magnitude as I' to see significant changes. This is consistent with
the fact that the adaptation dynamics is a perturbation to the species-resource interactions, and only when
this perturbation is strong enough compared to the mean interaction strength do we see significant changes
in the abundance distributions. We can see this directly in Eq. and Eq. , where the adaptation
parameters € and € appear in the denominators of the fixed point solutions for n., and R,,. When € and €
are small compared to I', their effect on the fixed point solutions is negligible, leading to similar abundance
distributions as in the case without adaptation. However, as € and € increase, their effect becomes more
pronounced, leading to changes in the abundance distributions.

We find that that when we turn on adaptive dynamics for £ by setting € > 0, the fixed point seems to be
still stable for ~ large, but the solution for the self-consitancy equations becomes unstable and we are able
to find a solution that fits the numerical simulations only for € small. This could have several causes, but
might be due to oscillatory behavior induced by adaptation in £ that we discuss in section

More generally and independently of adaptive dynamics, we find that the fixed point solution is stable
for «y large and e small, but becomes unstable for v small and e large. This is presented in the next section

6l

6 Stability Analysis

By analyzing fluctuations around the DMFT fixed point, we determine where the system leaves the stable
fixed-point regime and enters a dynamical unstable phase. The derivation of the instability boundary is
given in Appendix

Without adaptive dynamics, the fixed point is stable for large v and small ¢, and becomes unstable as
these parameters are varied. Figure [5| shows the corresponding phase diagram, where the heatmap reports
the fraction of full-system simulations that converge to a fixed point. The black line is the DMFT prediction
for the transition between fixed-point and unstable phases.

Our non-adaptive phase diagram is qualitatively consistent with [2]. The main model difference is that
we use constant capacities (m; = m, K,, = 1), whereas [2] considers heterogeneous capacities with quenched
disorder. Heterogeneous capacities tend to reduce the effective dimension of the dynamics as more species
and resources are driven to extinction, which can stabilize the fixed point but also increase finite size effects.
This is consistent with the fact that our phase diagram shows a larger unstable region than [2], where we
observe a sharper transition as it is less smoothed by finite-size effects. In the thermodynamic limit, the
non-adaptive unstable phase is expected to be chaotic [2].

When adaptive dynamics is turned on for £ (e > 0), the stability boundary shifts upwards, as shown in
Figure[6] We do not plot an analytical boundary in that graph because the self-consistency equations for the
instability condition were numerically unstable in this regime. The loss (see Appendix was significantly
higher and the solutions jumped from one minimization run to another and did not follow a smooth trend
along e. With adaptive dynamics the instability condition becomes more complex, and this makes the
minimization problem more difficult to solve and might have introduced instabilities. Another cause could
be that the derivation of the instability condition is done in the zero-frequency sector (Appendix @, which
might miss finite-frequency instabilities under conditions where Hopf bifurcations occur as found in the zero
disorder case (Section @ More work is needed to understand the origin of this numerical instability and to
find a more robust way, potentially allowing for finite frequencies, to solve the self-consistency equations for
the instability condition in the adaptive case. Nevertheless, the transition remains sharp in simulations, as
seen from the convergence measure in Figure[7] which suggests that a well-defined instability boundary exists.
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Figure 2: Comparison of the species abundance distribution obtained from numerical simulations of the full
system dynamics (blue histogram) and the analytical prediction from the DMFT fixed point solution (orange
line). The parameters used are S = 256, @ = 256, ¢ =0, ¢ = 0, m = 1.0, I’ = 200, ¢ = 1.0, v = 1.0. The
numerical simulations were run for 10* time steps, and the abundance distribution represents the abundances
of the species at the final time step. The analytical prediction is obtained by solving the self-consistency
equations in the fixed-point regime, as described in Section E}

In addition, the analysis in Section [7] indicates that part of the unstable adaptive regime can be oscillatory
rather than chaotic. How this might affect the instability boundary is an interesting open question for future
work.

For the case of adaptive dynamics turned on for £ (€ > 0), the phase diagram is shown in Figure Unlike
the case of adaptive dynamics for £, the instability boundary is shifted downwards/disappears for large €.
The data in this figure is limited to just two values of €. Data for more values of € would allow for a better
understanding of how the instability boundary is shifted as a function of €.

7 Oscillations in the Adaptive Model

When numerically integrating the full system dynamics, we see that for large enough € the dynamics can
become oscillatory, as shown in Figure[9] A plausible mechanism is that adaptive dynamics induces effective
time delays in the feedback between species and resources, which can produce oscillatory behavior analogously
to second-order differential equations (pendulum). In Appendix @I, the fixed-point analysis is formulated
in terms of fluctuation spectra. In principle, this framework could be extended to characterize oscillatory
phases through the power spectrum and the adaptive memory kernels; we leave that full analysis for future
work.

To support this numerical observation, we also analyze the deterministic limit ¢ = 0 (no quenched
disorder). This shows explicitly that adaptive dynamics alone can generate oscillations through a Hopf
mechanism, even in the absence of disorder. In this case, one can reduce the dynamics to an effective
single-species/single-resource system on the permutation-symmetric manifold, compute the positive fixed
point, and study the Jacobian spectrum at that fixed point. How this oscillatory mechanism interacts with
quenched disorder in the full model remains an open question and requires finite-frequency DMFT analysis;
see also related disorder-driven stabilization effects in many-species ecosystems [9].

The fixed point is stable when the largest real part is negative, max; ® A;(J) < 0. Oscillatory instability
is identified by a complex-conjugate pair crossing the imaginary axis (Hopf condition) [I0]. We observe this
in Figure [I0] where we plot the largest real part of the Jacobian eigenvalues as a function of € for o = 0
and the corresponding imaginary part. We see that as e increases, the largest real part of the eigenvalues
crosses the imaginary axis and the Hopf condition is satisfied. This indicates that the system undergoes a
Hopf bifurcation and enters an oscillatory phase.

The full derivation, including reduced equations, fixed-point conditions, and the explicit Jacobian matrix,
is provided in Appendix [E]
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Figure 3: Comparison of the species abundance distribution obtained from numerical simulations of the
full system dynamics (blue histogram) and the analytical prediction from the DMFT fixed point solution
(orange line). The parameters used are S = 256, @ = 256, ¢ = 0, € = 5000, m = 1.0, I' = 200, ¢ = 1.0,
~ = 1.0. The numerical simulations were run for 10* time steps, and the abundance distribution represents
the abundances of the species at the final time step. The analytical prediction is obtained by solving the
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Figure 5: Phase diagram of the MCRM model with adaptive dynamics turned off. The graph shows the
heatmap of the fraction of simulations (of the full system dynamics) that reach a fixed point, for different
values of the parameters o (the magnitude of fluctuations in the species-resource interactions) and v (the
reciprocity of species-resource interactions). The black line shows the theoretical DMFT prediction for the
transition between the fixed point and chaotic phases, obtained from the stability analysis of the fixed point
solution. The parameters used are S = 256, @ = 256, ¢ =0, ¢ =0, m = 1.0, I' = 200.
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Figure 6: Phase diagram of the MCRM model with adaptive dynamics turned on for £. The graph shows the
heatmap of the fraction of simulations (of the full system dynamics) that reach a fixed point, for different
values of the parameters € (the adaptation rate of the resource dynamics) and « (the reciprocity of species-
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The black line shows the theoretical DMFT prediction for the transition between the fixed point and chaotic
phases, obtained from the stability analysis of the fixed point solution.
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8 Discussion

This work analyzed an adaptive extension of the MacArthur Consumer Resource Model using Dynamical
Mean-Field Theory (DMFT) and direct numerical simulations. The main result is that adaptation can
substantially reshape the collective dynamics while preserving much of the analytical structure that makes
large random consumer-resource models tractable.

In the fixed-point regime, the DMFT predictions agree well with simulations, both without adaptation
and for moderate adaptation strengths. This agreement supports the validity of the cavity-DMFT closure for
the adaptive model and indicates that the stationary abundance statistics remain well captured by a small
set of self-consistent order parameters. At the same time, increasing the adaptation strength modifies the
abundance distributions, so adaptation is not only a dynamical correction but also a driver of macroscopic
change, however, this is only visible with very large feedback strengths.

The stability analysis reveals two complementary effects. First, in the non-adaptive case we recover the
expected transition from fixed-point behavior to a dynamically unstable phase as reciprocity and interaction
strength are varied. Second, when adaptation is switched on, the instability boundary is shifted, demon-
strating that adaptive feedback changes where the system leaves the fixed-point regime. Numerically, this
transition remains sharp in the explored parameter ranges.

Beyond the fixed-point/chaotic transition, the spectrum analysis suggests that part of the adaptive unsta-
ble phase can be oscillatory. Time-domain traces, autocorrelation structure, and the deterministic Jacobian
calculation at ¢ = 0 are consistent with a Hopf-type mechanism. This could indicate that adaptation can
induce structured temporal organization rather than only amplifying irregular fluctuations.

Several limitations should be emphasized. First, the analytical instability boundary in the adaptive case
was numerically difficult to solve from the full self-consistency system, so the adaptive phase boundary could
only be computed numerically. Second, most numerical tests were performed at finite S = @ = 256 and for
specific parameter slices, so a full finite-size scaling analysis remains to be done although it is expected to
behave similarly as in the already studied non adaptive case (with quenched disorder capacities) [2]. Third,
the adaptation rule is intentionally minimal; more realistic ecological or evolutionary mechanisms may alter
quantitative phase boundaries and potentially introduce additional dynamical regimes.

It is useful to place this in the context of previous adaptive MacArthur literature. Adaptive consumer-
resource formulations where species update metabolic strategies or evolve under metabolic trade-offs have
shown strong effects on coexistence and resource-use organization [7, [§]. Our results agree with the studies
that adaptation can qualitatively reshape community-level outcomes, while using a different adaptation
channel: here the couplings themselves adapt in a disordered high-dimensional setting, making memory
effects, instability boundaries, and oscillatory regimes central observables.

These limitations point to clear next steps. A first direction is to improve the numerical solution strategy
for adaptive self-consistency equations near instability. A second is to characterize the non-fixed-point phase
more systematically (Lyapunov spectra, frequency content, and scaling with system size) to distinguish
chaotic and oscillatory subregions. A third is to study different and more complex adaptive dynamics
models.

Overall, this thesis provides a consistent analytical-numerical framework for studying adaptive interac-
tions in large ecological communities. The results support the more general idea that disordered-systems
methods can identify robust macroscopic phenomena that persist under microscopic model variation, making
them promising tools for connecting high-dimensional ecological theory to real biological complexity.
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Appendix

A Cavity calculation

Inserting Eq. into Eq. , we get:

dn;t(t) =ni(t) <_m + % %:Ra(t) + zazgg(o) / ds e <rfs>n1 (s) ZRa(t)R“(S)> (9a)

[e3%

dRCZt(t) = R,(t) (1 — R, (t) — g;ng(t) = & 0)ne(t) - ;Q /0 dse"F R, (s) ;n@(t)ng(s)> (9Db)

L

We can now separate self-averaging terms from quenched disorder terms. We also add the field terms h
and h, which are test functions that are useful for the cavity method derivation we perform below and that
we later set to zero:

dnz(t) «
=il ( +Z§ ) (10a)

dR;t(t) =R, (1) <Hu(t) —R,(t) — XZ: S (0)ne(t) + Bu) (10b)
with:
gi(t) ;= —m +TR(t) + 6/0 dsn;(s)Kg(t,s) (11a)
R(t) := é;Ra(t) (11b)
1 -9 |1 1 _¢-o =\

Kg(t;s) = —e™ = 9 > Ra(t)Ra(s)| = —e Cr(t, s) (11c)
ku(t) :=1—al'n(t) — a€/0 ds R, (s)Ky(t,s) (12a)

1 S
== mt), a=—= (12b)

SXE: ¢ Q
K,(t,s) = 7_6 e 3 an ne(s ] = %e*@Cn(t, s) (12¢)

We now add a new species ng and resource Ry to equation 1:

Z:Z<m—|—2( _A'_fa)Ra—f—(g-f—f?)Ro—f—hZ) (13&)

. ST, r - ~

R,=R, 1—RH—Z<Q+§§)W+(Q+§g>no+hu (13b)
=1

The perturbative terms can be split into O(é) contributions to the fields h and h and a quenched disorder
contribution (’)(%)

15



@ n s?@)) Ro(t) =T <é230(t)> ve | s Lo (QZRO(t)Ro(s)) FEOOR(  (14)

— C
A B

A and B have vanishing (’)(é) contributions to the self-averaging quantities R and Cg, respectively. C
can be seen as a perturbation Ah;(t) ~ (9(%) to the field h;(t). Applying the same reasoning to the
dynamics of R, we get:

Q
dnz(t) - o . .
= na(t) [gi(t) + ; X (0)Ra(t) + hi + Ahi(1) (15a)
Ah;(t) := &) (0) Ro (1) (15b)
dR, () > .
2 = Ru(0) [ u(t) = Ru(t) = Y0 € (O)melt) + hu(t) + Al () (162)
=1
Ahy(t) = =& (0)no(t) (16b)
Now we compute the linear response of the system to the perturbations Ah; and A;LMZ
ni(t) = nao(t +Z/ dsvie(t, )€ (0)Ro(s Z/ ds Dia (t,8)ES (0)no(s) (17a)

Ryu(t) = Rynolt +Z/ ds Tyt $)E0(0) Ro (s Z/dsx,mtsgo()no() (17b)

with vi(t,s) = g;;:g?), Uia(t,s) = ;;LZ((?), Xpa(t,s) == g;’:g;, and X,(t,s) :== f;};;‘((st)). Now we insert this
into the dynamics of ng and Ry:
Q
dno t @
00 (1) | a0(t) + D €8 (0) Rut) + E2(0) Ro(r) + o
a=1
o)

t Q
o) [ ds Ro(s) 3 Torlt )65 0000)

mixed term, N(’)(Qfl/?)

t Q ~ 1
“no(0) [ dsnas) 3 xaslt NGOG ©) + ma(0a +0 (5 )

0 a,8=1
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S
o = Ro(t) [ ko(t) = Ro(t) = > &)t
=1
S ~,
= Ro(t) <no (t) = Ro(t) = Y 5?(0)n4\0(t)>
(=

fRo(t)/ ds Ro(s)

0
+ RO dS no

¢,8=1

mixed term, ~O(Q_1/2)

) ST Tus(t, $)EX0)ES (0) +Ro(t )ho+0( 1

7)

We now look at the quenched disorder statistics over é;*, gfori=0,1,..., Sand p=0,1,...,Q:

<Z§O Ronolt

Var

Z 60 a\O

<ZXO¢B t S §0

a,B

>:

)| = S Rao) Bavo(s) (6 06 0))

& (0 Ra\() t)) =0
> (&6 (0)) (Rano (1)

«

2(5"[3

<Q Z Rono(t) Rono(s )> = 0?Chg(t, s)

> ZXaﬁtS
o,f

(0)€(0))
%,_/

,fy 5046

—90%(t:5), x = { gtrx) ~ O

<(Zm<t,s>§3<0>£€m>) >= > (asxon) (€506 0 (0)1(0))
a,p

a,B,p,A

2_4
Vo
:ng E {(XaaXpp) +
ap

=~254 ltr 2 o!
Y 0 X Q2

,.)/20_4

XapXaf) + (XaBXBa)
QQZ o ;

(trOex ™)) +2(tr(x?)))

= Var

S Yas (b $)E5 ()5 (0)

a,B

~(x%) -

o(1)

(X)?~ >

1
Q7

a,p

~0(1/Q)

X =3 xap(t, )6 (006 (0).

The two mixed-response contributions can be shown to be subleading separately. Define

ZXoeitsfo

a,l=1

)€(0),
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Y, (t,s) =

14

AR

1

75 (t, 5) €0(0) &5 (0).

(20)

(21)



Since the couplings have zero mean, both means vanish:
(Yy(t,s)) =0, (Y, (t,s)) = 0. (25)

For the variances, Wick contractions give

Q
Var[Y, (t,s)] ~ g Z <)~(o¢€(t73)2>
al=1 (26)

= (tr(xx")) ~ O(Q> :

and similarly

VarlY, (¢, s)] ~ g Z <Dlﬁ(t7 3)2>
£,8=1 (27)

- 1
Q2 <tr vt > O(Q) ,
where we used self-averaging extensivity of the response norms, tr(xx”) = O(Q) and tr(’) = O(S) =
O(Q). Hence V,,Y, = O(Q~'/?), so both mixed-response terms are subleading and do not contribute at

leading order in the DMFT equations.
We can perform the same analysis for Ry:

<Z§z Jnevo(t > 0 (28a)

Var

Z f? nZ\O ] = aazcn (ta S) (28b)

v 50(0)50(0)> = ayo’y, v:= ltlrl/ (28¢)
<€zk: tkSe k 2 <S >

Var | Y v 00| ~ 5 (28d)

We can now rewrite the dynamics of ng and Ry. Since only the cavity degree of freedom remains we drop
the subscript 0. The kernels obtained above are unchanged when the cavity degree of freedom is included.
By statistical equivalence of all degrees of freedom, these kernels coincide with the disorder averages in the
full system (including species 0), and therefore with the averages computed from the effective process for
species 0.

dzgt) =n(t) (Q(t) + ong(t) —yo / dsn(s)x(t,s) + h) (29a)
%Et) — R(1) (n(t) — R(t) + Vaon,(t) — ayo® /0 ds R(s)v(t,s) + B) (29b)

Here, ng(t) is a Gaussian noise with zero mean and covariance (nz(t)nr(s)) = Cr(t,s). The same holds for
M (t), with (n, (£)nn(s)) = Cn(t, s). After the DMFT reduction, the effective fields h and h inherit the same
quenched statistics as the microscopic fields h; and }NL“ (including index 0 by exchangeability). Expanding g;
and x, and setting h = h = 0 then gives:

dr;it) = n(t) <m +TR(t) + ong(t) + /0 dsn(s)Mg(t, 5))
MR(t,S) = E a

T

(30a)

(t,s) —yo°x(t, )
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RO _ mey (1 ~ () + Vaon, (o)~ [ ds R, s>) -
M, (t,s) = a?ge*@C’n(t, s) + ayo?u(t, s)

With the assumption of a self-averaging system we get the following self-consistent equations that give the
closed solution for the above DMFT equations:

n(t) = E[n(t)]

R(t) = E[R(t)]

Cn(t,s) = E[n(t)n(s)]

Cr(t,s) = E[R(t)R(s)] (31)
v(t,s) =E [EZ((S h:O}

x(ts) =E [gﬁt; ;;:o}

B Fixed-Point Solution

Assume that as t — 0o, the system reaches a fixed point:

t—o0 t—o0

n(t) — ne, R({t) —— R, n1(t) = Mo (32)

For the memory kernel in the species equation:

/Ot dsn(s)Mg(t,s) = /075 dsn(s) {;e* S Cr(t,s) —yo2x(t, s)} (33)

Using Cg(t, s) o, C% = E[R2%] and time translational invariance at steady state x(t,s) = x(t — s)
with u ;=1 — s we get

t oo
/ dsn(s)Mg(t,s) 1o, dune, {ge*%C? - 'yagx(u)} = (eCF — 0% Xint) Moo (34)
0 0

with Xint 1= fooo du x(u). Thus, the species dynamic equation at the fixed point becomes:

dn(t)
dt

=0=ny (—m + TR+ 0/CrRZ — oo (Y0 Xint — eC’R)) (35)

where Z is a zero-mean unit variance Gaussian random variable. We don’t write the oo sup/subscripts for
the order parameters R and Cg for readability. For the uninvadable fixed point solution: By uninvadable
we mean a fixed point that cannot be invaded by an arbitrarily rare species or resource. Equivalently, any
component with vanishing abundance must have non-positive growth rate at the fixed point, so only the
positive part of the formal solution survives.

_m+FR+U\/CRZ
Neo = max 4 0, (36)
Y0 Xint — €Cr
Similarly, for the memory kernel of the R dynamics:
t oo -
/ ds R(s)My,(t,s) — / du R {afe;Cn(u) + a702u(u)}
0 0 T - (37)
= aR (€Cn + "}/UQI/int) . Ving = / duv(u)
0
We deduce the fixed point equation for R:
dR(t
% = 0= Roe (1 - a7+ Va0 y/Cr Z — Rec(0y0*viae + 0Cy + 1)) (38)
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Looking again at the uninvadable fixed point:

(39)

R — max {O, 1—al'n+ \/am/CnZ}

1+ aeCp, + ayo?vint
C Self-Consistency Equations in the Fixed-Point Regime

In the fixed-point regime the self-consistency equations can be computed explicitly. The average DMFT
expectation E[-] over the initial conditions n(0), R(0) and the Gaussian noise 7(t) becomes the average over
the stationary variables 1., Roo and the Gaussian random variable Z, which we denote by (-).

We introduce the standard normal cumulative distribution function

O(z) = # / dze /2, (40)

and the Heaviside function

O(z) = max{0,x}. (41)

The fixed-point solutions can then be written as

g+o4Z g+ogZ
oo — 5 42
n D @( D (42)
K+ 0.2 K+ 0.2
Ry = — 0O 43
o= T (P, (43)
where
g=-m+TR, 04 =0/ CRr, (44)
k=1-—aln, 0. = oo/ Cy, (45)
D, =1+ aeC, + owazuim Dgr = 702Xint — eCR. (46)
Furthermore, we define
g K
A, == A, =—. 47
= - (47)

The distribution of the species abundance can be written as

Py(2) = 8(2)@(=4y)

1
+ exp | —
V2moyg P { 20 3
where
2= DRNeo. (49)
We denote the moments of this distribution by

We(g,04) = <z£>Pg(2), (50)

and analogously for the resource distribution.
The self-consistency equations then become
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To compute the response functions we introduce an external field,

_gth+o,Z (g+h+o,Z
Noo = D © Dr ,
such that
L ONnoo
S\ oh /|-
1 Noo
= ppotn=) + (eotoeo)
1
~ D (O(ne))
_ P
R?
where
Pn = (O(no)) = (A)
Analogously,
_or
X D,
with
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We collect the set of self consistency equations in the fixed point regime below.

¢Tl = ¢)(A9)7
(bR = q)(Ali)a
n=pWiAy),
R= g—jlwlm,f),
2
2
Cp = (Z‘)n) Wa(Ay),
L On
Dg’
_ R
X = Dn'

D Linear Stability of the Fixed Point

To study the stability of the stationary solution, we introduce weak external perturbations into the micro-
scopic dynamics before performing the cavity construction. More precisely, we perturb the fields appearing
in the species and resource equations according to

hi(t) = hi(t) + re4(t), (61)

u(t) = hyu(t) + £ (1), (62)

>

where & is a small parameter controlling the strength of the perturbation and ¢;(t) and ¢,(t) are inde-
pendent Gaussian white noises satisfying

(pi(t)p;(s)) = 6i;0(t — s), (63)
(Bu)pu(s)) = 6,u6(t = ), (64)
{pi(t)u(s)) = 0. (65)

Since the perturbation is introduced already at the microscopic level, the corresponding DMFT equations
are obtained through exactly the same cavity construction as in the unperturbed model. Consequently, the
DMFT self-consistency relations remain valid, but all order parameters now have a dependence on the
perturbation. We now expand the perturbed DMFT solution around the unperturbed one and track the
corrections induced by the small parameter «.

n"(t) = n°(t) + on(t), (66)
R*(t) = R(t) + 6R(1), (67)
Cr=CY+4C,, (68)
Cf = C% + 6Ch, (69)
v =10 + v, (70)
X" =x"+6x, (1)

where the superscript 0 denotes the unperturbed DMFT solution. Substituting these expansions into the
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DMFT equations gives:

%’Z = (n°(£) + on(t)) [ —m4T (Eo(t) + 6§(t)) +0 (n%(t) + ona(t))
+ ; ds (n°(s) 4+ on(s)) (Mp(t,s) + SMg(t, s)) + ngp(t)] , (72)
and
% — (R(t) + 5R(1) [1— (RO(t) + 6R(t)) + Vao (n)(¢) + oma (1))

- /Ot ds (R°(s) + 6R(s)) (M (t,s) + 6 M, (t,s)) + m,b(t)] . (73)

In the derivation of the DMFT equations, (-) denotes the average over the quenched disorder. From this
point onward, however, it will denote the average over the perturbed DMFT process, including the auxiliary
fields ¢ and ¢.

(e(t)p(s)) = o(t — s), (74)
(B(t)@(s)) = o(t — s), (75)
(pp) = 0. (76)
Since the perturbing fields have zero mean,
((t)) = (2(t)) = 0, (77)

and similarly (dng(t)) = (6n,(t)) = 0 at linear order (since §Cr,6C,, = O(k?)). Taking the average of the
linearized dynamics then gives homogeneous equations for the mean perturbations,

O (on(t)) = La[(0n)] (1), (78)
O (OR(t)) = Lr[(OR)](1), (79)
with no additive source term at O(x). Therefore, for zero-mean initial perturbations (in particular if the

perturbed and unperturbed trajectories start from the same initial condition), the unique solution remains
centered:

(0n(t)) = (OR(t)) = 0 (80)
We now look at the perturbations of the system around the fixed point regime at late times.
nO(t) = N, (81)
i (t) = n°(t), (82)
and .
MP(t,s) — M2(t —s) = aiCﬁoe_t%s —aya? 0 (t — s), (83)
7
where
C* =E[n2)]. (84)
To simplify the notation, we define
C,:=Cr, (85)

and analogously for the resource-related quantities. For the relative amplitudes at large times, we find

Oon = Oyn ~ O(k), (86)
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which implies

n ~ O(k). (87)
Furthermore,
(6n(t)on(s)) = 6Cn(t,s) = (6nn(t)on,(s)) ~ O(K?). (88)
The corresponding response function is
) = (rson®)] )= s Gn(o)| =0 (59)
v(t,s) = ( =———=9dn = n =
6h(s) h=0 Sh(s) h=0
Analogously, for the resource variables we obtain
SR ~ O(k), (90)
(SR(t)0R(s)) = 6CR(t,s) = (6nr(t)ongr(s)) ~ O(k?), (91)
and
5X(ta 5) =0. (92)

Moreover, §R(t) = 0, since the average resource abundance is a self-averaging quantity.
We now rewrite the perturbed equation for the species abundance in the fixed point regime,

%n - %571 = o J2° e 8frn + O0t) £2° + () 6
+ (noo + 0n(t)) ; /Ot ds (neo + 0n(s)) e~ =3/ T6CR(t — s), (93)
where we define
() = —m+TRo + onf + enceCr — 702 ve /Ot dsX°(t — s), (94)
Ofn(t) = odnr + ;C’R /Ot ds on(s)e”t=/m _ yo2 /Ot ds n(s)x"(t — s) + Kep(t). (95)

The different contributions scale as

(1) ~ O(1), (96)

6fn(t) ~ O(k), (97)

on(t)f;°(t) ~ O(r), (98)

Sn(t)S fn(t) ~ O(K?), (99)

(Noo + dn) ; /ds (oo + 01) e~ =)/ 750 ~ O(k?). (100)

Since f°(t) corresponds to the fixed-point solution, for an uninvadable fixed point we have f2°(t) < 0
and f2°(t) t—> 0. For surviving species, keeping only the terms that are linear in , we are left with
—00

d. _ € —t/T 2
ﬁén = Nl fro = Mo [aénR + Kk + ;C’R ((571 xe ) —v0® (0n * X)} , (101)

where the convolution is restricted to R™. Instead, for extinct species (no, = 0) we have %671 =onf. So
the perturbations of extinct species decay exponentially and are not driven by the perturbing field ¢.
Taking the Fourier transform of Eq. (101)), we obtain

Therefore,
n = Dp(w;ne) ! (aanR + mﬁ) . (103)
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where we define )
iw eCr

—_—— % 104
Noo (2mTw)?+1 TyrX (104)

Dp(wine) = —
Analogously, for the resource variable we obtain

%(5]% = Roo | —0R + Vaodn, + k@ — icn <5R * e_t/%) —avyo? (SR v)| . (105)
7

Taking again the Fourier transform gives

SR = Dy (w; Roo) ! (\/am%; + m@) . (106)
with . <
Do(w; Roo) = —% b1+ m;ﬁ +ayo?D (107)
Using
(B(@)p(w)) = (B(@)d(w)) = 2md(w + ), (108)
together with the power spectra
(Bn(@)dn(w) ) = 278w + &) Gn(w), (109)
(SR(@)IR(w') ) = 2md(w + )G R(w), (110)

Egs. ([03) and (T06) give

/K2 +0°GRr(w)
/K2 +ac?Gyh(w)
)= (e ) e

where the average is taken over the stationary DMFT distribution.

Working in Fourier space is in principle the right framework to analyze oscillatory instabilities. In what
follows, however, we restrict ourselves to the zero-frequency sector w = 0, as is commonly done in previous
DMFT fixed-point stability analyses [2, [I]. This restriction yields the correct instability condition when loss
of stability occurs through a real Jacobian eigenvalue crossing zero first. It does not capture, in general, Hopf-
type instabilities that occur at finite frequency w # 0 (as in the deterministic ¢ = 0 scenario discussed in the
main text), where one expects corrections to the criterion below. Extending the analysis to finite frequency
is substantially harder because, in the fixed-point phase, we do not have a closed analytical expression for
the full frequency-dependent response kernels (w) and X(w).

/&2 +0°Gr(0)\ | K +0°GR(0)
2 a02
Gr(0) = g, 07 Tnll) Gn(0) (114)

[Dn(0)[2

where D,, loses its dependence on R, at w = 0 and Dpg loses its dependence on n.,. Since the perturbations
of extinct species vanish, we can directly take the average over surviving species/resources. Substituting the
second equation into the first and dropping the explicit dependence on w = 0 for readability gives

G = (IDalPIDa?) ™ [R20nI Dl + K20%0n6r + 0 6n6RGa) (115)

or equivalently
-1
Gpn = (|Du)*|Dr|? — 0*¢ndr) &°0r (|IDnl® + 0%¢n). (116)
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Similarly,
~1
Gr = (|1Dnl*| D&l — ac*¢ndr)  w°6n (|Dr|* + ac’or) . (117)

The fluctuation spectrum therefore diverges when the common denominator vanishes, signaling the loss of
stability of the stationary fixed point. Using

2(0) = /OOO dt v (t) = Vi, (118)

200) = / Tt (®) = X (119)

the condition for instability becomes

(1+EC, + a70%vin)” (€Cr — 702 Xint)” = a0 duir. (120)

E Deterministic Jacobian Analysis at sigma equals zero

In this appendix we derive the deterministic linear-stability criterion used in Section[7} Setting o = 0 removes
quenched heterogeneity. On the permutation-symmetric manifold,

ni(t) =n(t),  Ru(t)=R(@t),  2z'@t)=20), Z) =2z, (121)

3

the full model reduces to

n=n[-m+TR+ QzR], (122)
R=R[l—R—al'n—aQzn], (123)
€
Tz = —2+ =nR, 124
0 (124)
. €
TZ=—Z+ =nR. 125
0 (125)

At a positive fixed point (1., Ry, 2x, Zx),

€ €
Ze = — Ny Ry, Ze = =N Ry, 126
and
0=—m+TR, +en,R2, (127)
0=1-R, —al'n, — aén’R,. (128)

Linearizing around the fixed point gives 9; 6x = J dx with dx = (6n, IR, §z,02)T and

0 n. (T + Qz:) n.QR. 0
—R.(aIl + aQZ,) —R, 0 —a@n. R,
J = i, T = 0 . (129)
TQ TQ T
€R €Ny 0 71
7Q 7Q 7

The fixed point is linearly stable when for all eigenvalues 8 A < 0. A Hopf instability occurs when a
complex-conjugate pair crosses the imaginary axis,

RA: =0,  SAp=+wy #0. (130)

Hence, for each parameter set one can solve the fixed-point equations, evaluate J, and track max; R \;(J)
to locate both the stability boundary and the onset of oscillations.
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F Numerical Implementation

The script written in Julia (programming language) for the numerical implementation of the full system
dynamics and the DMFT equations is available at https://github.com/noeo81nity/aMCRM_w_ad

F.1 Integration of ODEs

We integrate the full system of ODEs using Tsith algorithm with the solver from the Julia (programming
language) package DifferentialEquations.jl [IT]. The Tsitouras algorithm (Tsit5) is a 5/4 Runge-Kutta
integrator, so it implements a 5th order Runge-Kutta method with an embedded 4th order method for error
estimation and step size control [12]. In this study the solver was used with relative tolerance 10~% and
absolute tolerance 1079, This is a considerably higher tolerance than what was used in [2], where the solver
was used with relative tolerance and absolute tolerance of 10714, Using higher tolerance as we did allowed
for less costly simulations and sufficiently good results that agree with results from [2]. The ODE solver
implements a variable step size when integrating. Instead of outputting the trajectories with the variable
step size, we output the trajectories with a fixed step size of 1. This is done by using the saveat (=1) option
in the solver. Just like in [2], we added an immigration rate A = 107!° to the right hand side of both
equations (species and resources) in . The immigration rate prevents ”aging processes” as it prevents
complete extinctions. Instead it regularizes the dynamics, so that at steady state we recover a clear gap
between high abundance ”surviving” species and low abundance ”extinct” species as shown in Figure
Additionally it also stabilizes the numerical integrator [2]. The effects due to immigration and the aging
dynamics are discussed in [I3] for the Lotka-Volterra model and we expect similar effects in the MCRM.
The clear gap between high abundance ”surviving” species and low abundance ”extinct” species allows us

resource abundance distribution species abundance distribution
1.2 | |Ec: - 0. ¢ = 5000 - 0.2 = 5000
[ without adaptive_dynamics [ without adaptive_dynamics

0.6

04

Density
Density

02

0.0

-8 -7 -6 -5 -4 -3 -2
logl0(Abundance) logl0(Abundance)

Figure 11: The graph shows the final abundance distributions (species right, resources left) after integrating
the full system over 50000 time steps, with S = @@ = 256 and parameters m = 1.0, I' = 200, ¢ = 1.0, v = 1.0,
in the fixed point regime. The blue histogram is the abundance distribution for the dynamics without
adaptive dynamics. The red histogram is for the dynamics with adaptive dynamics with ¢ = 0,€é = 5000.
The data is the same as the data in figures [2| and |3 The graph shows a clear gap between high abundance
”surviving” species and low abundance ”extinct” species, which is a result of the immigration rate A = 10710
added to the right hand side of both equations (species and resources) in .

to define a threshold for extinction. We define a species to be extinct if its abundance is below 10~* and a
resource to be extinct if its abundance is below 107°. This allows us to compare abundance distributions
computed from the full system dynamics in the fixed point regime with the analytical predictions from the
DMFT fixed point solution, as shown in figures 2} [B] The implementation for solving the analytical DMFT
equations is discussed in Appendix For the numerical simulations of the full system dynamics, we use
the same parameters as in [2], with S = Q = 256, I' = 200, m = 1.0, 0 = 1.0, v = 1.0 and we run the
simulations for 5-10% time steps and perform 10 repetitions with different disorder realizations. The steady
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state abundance distributions are then taken as the final time step values. This is done for both with and
without adaptive dynamics as in figures

F.2 Self-consistency equations in the fixed-point regime and instability bound-
ary

In order to solve the self-consistency equations in the fixed point regime, we use a numerical root-finding
algorithm. The fixed-point equations are derived in Appendix [C] and use the uninvadable fixed-point forms
in equations and . We define a loss function as the sum over the squared differences between
the left and right hand sides of the self-consistency equations . We minimize the loss function using an
adaptive differential evolution solver with BB0_adaptive_de_rand_1_bin_radiuslimited in the Julia package
BlackBoxOptim.jl [I4]. In order to compute the instability boundary we use the same loss function as before
and add the instability condition as an additional constraint tracking the squared difference of the left and
right hand side of equation . At the same time we have to leave the order parameters of interest free
to vary, so we can find the instability boundary as the optimal order parameter of interest. In figure [5| for
example we track the order parameter v and find the instability boundary as a function of . The instability
condition is derived in Appendix [D] We minimize the loss function with the additional constraint using the
same adaptive differential evolution solver as before.

F.3 Phase diagram and convergence measure

In order to compute the phase diagram as in figure[5 and [f] we compute probability of steady state by running
simulations for a grid of parameters. We define a simulation to have reached a fixed point if the average
absolute change in species and resource abundances is below a threshold of 106 over the last 500 time steps.
We then perform multiple repetitions of the simulations with different disorder realizations and compute the
probability of steady state as the fraction of simulations that reach a fixed point. For the phase diagram
with no adaptive dynamics we performed 32 repetitions for each grid point and for the phase diagram with
adaptive dynamics we performed 8 repetitions for each grid point. In figure [7] we see that the transition
from fixed point to unstable dynamics is quite sharp, which justifies the rigid classifier for the probability of
steady state.
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