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Chapter 1

Introduction

The study of out-of-equilibrium systems represents one of the most fascinating
challenges of modern statistical physics. Unlike equilibrium systems, for which
a well-established formalism based on the Gibbs ensemble exists, systems in a
non-equilibrium steady state lack a universal theory, which makes the analysis of
paradigmatic models necessary in order to understand their macroscopic properties.
In this context, the Totally Asymmetric Simple Exclusion Process (TASEP) has
taken on a central role, becoming for non-equilibrium statistical mechanics what the
Ising model represents for equilibrium critical phenomena. Originally introduced
in 1968 by MacDonald, Gibbs, and Pipkin [1] to model the ribosomal synthesis
of proteins along the mRNA strand, the TASEP is a very simple one-dimensional
model, characterized by a stochastic dynamics and a hard-core exclusion rule: each
site can host at most one particle at a time. Despite its simplicity, the TASEP
exhibits complex and non-trivial collective phenomena, such as the formation of
shocks and boundary-induced phase transitions, in which the bulk behaviour is
largely determined by the injection (α) and extraction (β) rates at the ends of the
chain.

While the homogeneous TASEP has been solved exactly through advanced tech-
niques such as the Matrix Product Ansatz [2], physical and biological phenomena
almost always present inhomogeneities. In vehicular traffic, these may correspond
to road narrowings or traffic lights; in molecular biology, to the varying translation
speed of codons along the mRNA. The study of such inhomogeneous systems,
in particular in the presence of a bottleneck (a sequence of sites with a reduced
hopping rate q < 1), is essential to understand how the transport capacity of the
system becomes limited. The seminal work in this area is due to Kolomeisky [3],
who studied the TASEP with open boundary conditions in the presence of a local
inhomogeneity. Subsequently, Greulich and Schadschneider [4] introduced the In-
teracting Subsystem Approximation (ISA), an analytical method that decomposes
the system into homogeneous subsystems interacting through virtual boundary
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Introduction

rates. This approach allows the stationary current and the critical rates to be
computed, capturing the correlations internal to each subsystem that standard
mean-field methods tend to neglect. The aim of this thesis is to systematically
investigate the steady state of a TASEP in the presence of a bottleneck, comparing
the effectiveness of different approximation schemes. Alongside the analysis of
the ISA, we explore the k-cluster approximations: from the classical Mean-Field
(MF), which neglects all correlations, to the more refined Pair Approximation (PA)
and Triplet Approximation (TA), which include short-range correlations between
adjacent sites. To validate these analytical methods, the results are compared
against numerical simulations based on the Gillespie algorithm (Kinetic Monte
Carlo) [5], which provides a faithful reproduction of the stochastic dynamics of the
system.

Through this study we aim to characterize the transport properties of the system
in the presence of defects, and to assess how the accuracy of the approximations
scales with increasing cluster order and with the bottleneck length, clarifying the
relationship between the ISA method and the cluster approximations. Furthermore,
these result are consistent with the findings of Schmidt, Popkov and Schadschnei-
der [6], who provided strong numerical evidence that the critical defect hopping
rate is qc = 1: an arbitrarily weak defect is sufficient to qualitatively change the
phase diagram of the system.
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Chapter 2

Models and theoretical
background

2.1 TASEP with Open Boundary Conditions
Let us consider a one-dimensional lattice with L sites, indexed by i = 1, . . . , L.
Each site i is characterised by its occupancy state variable ni ∈ {0, 1}:

ni =
1, if site i is occupied,

0, if site i is empty,
(2.1)

where the constraint ni ∈ {0,1} known as exclusion rule prevents two particles
from occupying the same site at the same time. Particles are injected at the left
boundary with rate α ∈ [0,1] and move exclusively to the right (totally asymmetric
dynamics): a particle at site i jumps to site i + 1 with a rate qi, provided that the
destination site is empty. Upon reaching the right end, the particle is expelled from
the system with an exit rate β ∈ [0,1].
The case in which all the hopping rates are equal is known as homogeneous TASEP,
while in the inhomogeneous case one or more bonds have a rate qi smaller or even
greater than 1, introducing localised defects that slow down the flow of particles.
Fig. 2.1 illustrates the case of a TASEP with open boundary conditions, where
particles enter at the left boundary at a rate α, move to the right whilst obeying
the exclusion rule, and exit at the right boundary at a rate β.

2.2 Master equation
To study the dynamics of the TASEP, we use the master equation. Since each
site can be occupied (ni = 1) or empty (ni = 0), the system admits 2L possible

3
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α

1 2 3 · · · i i + 1 · · · L

q1 q2 · · · qi · · · qL−1
β

Figure 2.1: A schematic representation of a TASEP with open boundary condi-
tions. Particles enter from the left boundary at a rate α, jump to the right at local
rates qi, and exit from the right boundary at a rate β.

configurations; the corresponding transition matrix therefore has dimensions 2L×2L.
Let n = (n1, n2, . . . , nL) ∈ {0,1}L denote a general configuration of the system,
and let P t(n) denote the probability that the system is in state n at time t. The
master equation governs the time evolution of this probability:

dP t(n)
dt

=
Ø
m

W(m → n) P t(m) −
Ø
m

W(n → m) P t(n). (2.2)

In the right-hand side, the first term represents the gain: the probability of flowing
towards n from all other configurations m, with rate W(m → n).
The second term represents the loss: the probability flowing out from n towards
the other configurations. The contributions with m = n cancel out identically, so
W(n → n) need not be specified.
By introducing the transition matrix W , Eq. (2.2) takes the compact form

dP t(n)
dt

=
Ø
m

Wn,m P t(m), (2.3)

whose elements are:

Wn,m =


W(m → n), m /= n,

−
Ø
l /=n

W(n → l), m = n,
(2.4)

The diagonal elements correspond to the negative of the total output rate from
configuration n . It follows that the sum of each column of W is zero,Ø

l
Wl,n = 0 ∀ n, (2.5)

a property that ensures the conservation of total probability. In fact, by differenti-
ating the sum over all configurations with respect to time:

d

dt

Ø
n

P t(n) =
Ø

n

Ø
m

Wn,m P t(m) =
Ø
m

AØ
n

Wn,m

B
P t(m) = 0 (2.6)
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2.3 Marginalization of the Master equation
Solving the full master equation requires accounting for a prohibitively large
number of configurations (2L). We can address this problem by considering the
time evolution of marginalized probabilities on sequences of lengths 1,2,3.

2.3.1 Time evolution of the density
We can obtain a single-site marginal by summing the master equation over all
configurations of the remaining L − 1 sites:

dP t
i (ni)
dt

=
Ø
n\ni

dP t(n)
dt

=
Ø
n\ni

Ø
m

Wn,mP t(m) (2.7)

where qn\ni
denotes the sum over all configurations n with the i-th site fixed, and

acts on Wn,m by tracing out every degree of freedom except ni. If we set ni = 1,
P t

i (ni) takes the meaning of a density, which we denote as ρt
i. This allows us to

study the density profile of the entire system site by site throughout the time
evolution.

dρt
i

dt
= dP t

i (ni = 1)
dt

(2.8)

We now define more precisely the elements of the transition matrix Wn,m by
modeling the processes allowed by the dynamics of the inhomogeneous TASEP.
Three types of events can occur: particles entering the system at site 1, hopping
between adjacent sites (up to L − 1 bonds), or exiting from site L. These processes,
referred to as jumps, can be formalized by decomposing the transition rates as

Wn,m =
LØ

k=0
W k

n,m (2.9)

We now define each jump process on the inhomogeneous lattice:

W 0
n,m = α δm1,0

Ù
j /=1

δnj ,mj

 (2n1 − 1), k = 0 (2.10a)

W k
n,m = qk δmk,1δmk+1,0

 Ù
j /=k,k+1

δnj ,mj

 (nk+1 − nk), k = 1, . . . , L − 1 (2.10b)

W L
n,m = β δmL,1

Ù
j /=L

δnj ,mj

 (1 − 2nL), k = L (2.10c)

where each equation always contains:
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• the jump rate, namely α, qi, or β;

• a constraint identifying the values of the sites on which the process operates:
a particle enters only if there is space at the first site, or hops only if the next
site is available;

• the requirement that the incoming configuration n equals the outgoing config-
uration m at all sites except those where the jump occurs;

• the sign-term, which determines whether the selected process contributes to
the marginalized master equation as a gain or loss term.

Gathering everything, the r.h.s. becomes:

Ø
n\ni

Ø
m

Wn,mP t(m) =
Ø
n\ni

Ø
m

LØ
k=0

W k
n,mP t(m)

=
Ø
m

LØ
k=0

Ø
n\ni

W k
n,mP t(m)

(2.11)

where the marginalizing sum acts only on W k
n,m, allowing us to switch the order

of summation. This last operation yields a non-zero contribution only when ni

appears in the sign-term, with the following results:Ø
n\ni

W 0
n,m = α δm1,0 i = k + 1 = 1 (2.12a)

Ø
n\ni

W k
n,m =


+qkδmk,1δmk+1,0 if i = k + 1

−qkδmk,1δmk+1,0 if i = k
k = 1, . . . , L − 1 (2.12b)

Ø
n\ni

W L
n,m = −βδmL,1 i = k = L (2.12c)

Combining everything Eq. (2.8) becomes:

dρt
1

dt
=
Ø
m

(αδm1,0 − q1δm1,1δm2,0)P t(m) (2.13a)

dρt
i

dt
=
Ø
m

(qi−1δmi−1,1δmi,0 − qiδmi,1δmi+1,0)P t(m) (2.13b)

dρt
L

dt
=
Ø
m

(qL−1δmL−1,1δmL,0 − βδmL,1)P t(m) (2.13c)
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Now we can identify the probabilities of the local pair configurations P t
i (1,0) =q

m δmi,1δmi+1,0P
t(m) in the above equations, which represent the probability of

finding a particle at site i and a hole at site i + 1 at time t. Since these terms
govern the gain and loss channels of the site occupations, the quantities qiP

t
i (1,0)

can be naturally interpreted as local particle currents. This framework allows us to
define the bond currents for inhomogeneous TASEP as J t

i = qiP
t
i (1,0); we obtain

the continuity equations:

dρt
1

dt
= α(1 − ρt

1) − q1P
t
1(1,0) = J t

0 − J t
1 (2.14a)

dρt
i

dt
= qi−1P

t
i−1(1,0) − qiP

t
i (1,0) = J t

i−1 − J t
i (2.14b)

dρt
L

dt
= qL−1P

t
L−1(1,0) − βρt

L = J t
L−1 − J t

L (2.14c)

We have thus found the temporal evolution of the density profiles as a function
of the unknown currents, where the terms J t

0 = α(1 − ρt
1), J t

L = βρt
L in Eq. (2.14)

are the boundary conditions, representing the current entering and leaving the
system. In the next section we will obtain the equations that describe the P t

i (1,0)
temporal evolution, following the same idea adopted for Pi(ni = 1), but with a
graphical procedure.

2.3.2 Time evolution of the current

To solve Eq. (2.14), one must calculate the time derivative of Pi(1,0), i = 1, . . . , L−1
to determine the evolution of the current in time

dP t
i (ni = 1, ni+1 = 0)

dt
=

Ø
n\ni,ni+1

Ø
m

Wn,mP t(m) (2.15)

Rather than deriving the master equation analytically, one can describe graphically
the process involved in the evolution of P t

i (1,0) by identifying two categories of
processes: those that create (gain terms), and those that destroy (loss terms) the
desired pair configuration (1,0).
This graphical analysis can be systematized for all sites. Fig. (2.2) represents each
process schematically: on the left, the configuration (1,0) of interest; on the right,
the three possible processes contributing to its dynamics.
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1
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0
2

= 1
0

α

0
1

0
2

+ 1
1

1
2

q2

0
3

− 1
1

q1

0
2

1
i

0
i + 1

= 1
i − 1

qi−1

0
i

0 + 1
i

1
qi+1

0
i + 2

− 1
i

qi

0

1
L − 1

0
L

= 1
L − 1

1
β

0
L + 1

+ 1
L − 2

qL−2

0 0
L

− 1
L − 1

qL−1

0
L

Figure 2.2: Graphical representation of the gain and loss terms for the local pair
probability P t

i (1,0). Each diagram shows a pair configuration (1,0), whose position
is specified by the indices below the squares, together with the three processes
affecting its probability, denoted by the rate above each arrow. Virtual sites 0 and
L + 1 represent the left (always full) and right (always empty) reservoirs.

Translating these graphical rules into mathematical form yields:

dP t
1(1,0)
dt

= αP t
1(0,0) + q2P

t
1(1,1,0) − q1P

t
1(1,0) (2.16a)

dP t
i (1,0)
dt

= qi−1P
t
i−1(1,0,0) + qi+1P

t
i (1,1,0) − qiP

t
i (1,0) (2.16b)

dP t
L−1(1,0)

dt
= qL−2P

t
L−2(1,0,0) + βP t

L−1(1,1) − qL−1P
t
L−1(1,0) (2.16c)

However, we now encounter a fundamental problem: the equations contain probabili-
ties of subsequences of length 3 (e.g., P t

i (1,1,0)) which are themselves unknown. This
generates an infinite hierarchy of coupled equations (in the thermodynamic limit),
which motivates the need for approximation schemes discussed in Section (3.3.2).

2.3.3 Time evolution of the triplet probabilities
A further step, in the hierarchy mentioned above, requires the time evolution of
the triplet probabilities Pi(1,1,0) and Pi(1,0,0) appearing on the right-hand side of
the pair Eq.(2.16). These probabilities, together with the pair probabilities, are

8
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sufficient to determine the Pi(1,0). The same graphical procedure used for the
pair probabilities can be applied here, finding the expressions for the gain and
loss processes for a three-site configuration of the lattice. Following the previous
approach leads to the equations for each of the two triplet configurations (1,1,0)

dP t
1(1,1,0)

dt
= αP t

1(0,1,0) + q3P
t
1(1,1,1,0) − q2P

t
1(1,1,0) (2.17a)

dP t
i (1,1,0)

dt
= qi−1P

t
i−1(1,0,1,0) + qi+2P

t
i (1,1,1,0) − qi+1P

t
i (1,1,0) (2.17b)

dP t
L−2(1,1,0)

dt
= qL−3P

t
L−3(1,0,1,0) + βP t

L−2(1,1,1) − qL−1P
t
L−2(1,1,0) (2.17c)

and for the configuration(1,0,0):

dP t
1(1,0,0)

dt
= αP t

1(0,0,0) + q3P
t
1(1,0,1,0) − q1P

t
1(1,0,0) (2.18a)

dP t
i (1,0,0)

dt
= qi−1P

t
i−1(1,0,0,0) + qi+2P

t
i (1,0,1,0) − qiP

t
i (1,0,0) (2.18b)

dP t
L−2(1,0,0)

dt
= qL−3P

t
L−3(1,0,0,0) + βP t

L−2(1,0,1) − qL−2P
t
L−2(1,0,0) (2.18c)

As before, this system is not closed, since the r.h.s. involves unknown quadruplet
probabilities such as P t

i (1,1,1,0) and P t
i (1,0,1,0), iterating the same hierarchy

encountered for the pair probabilities. Closing the system therefore requires an
approximation scheme expressing the quadruplet probabilities in terms of triplet and
pair probabilities. The different closure schemes will be discussed in Section (3.3).
Before describing in more detail the methods investigated in this thesis, in the
next two sections we shall describe some general properties of the TASEP (both
in the homogeneous case and in one with a local inhomogeneity) and a related
phenomenological theory (Domain Wall Theory).

2.4 Phase diagram
The phase diagram of the stationary homogeneous TASEP (Fig. (2.3)), in the
thermodynamic limit, consists of three regions in the (α, β) plane:

• In the Low Density (LD) phase (α < β, α < 1/2), the system is input-limited:
the bulk density equals ρ = α and the current is J = α(1 − α).

• In the High Density (HD) phase (β < α, β < 1/2), the system is output-limited:
the bulk density equals ρ = 1 − β and the current is J = β(1 − β).

9
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• In the Maximal Current (MC) phase (α, β > 1/2), neither boundary is limiting:
the bulk density is ρ = 1/2 and the current reaches its maximum value J = 1/4.

The introduction of a slow bond with rate q < 1 modifies this picture in a
qualitatively significant way (see Fig. (2.4)). The topology of the diagram is
preserved. LD, HD, and MC phases are still present, but the phase boundaries
are shifted. In particular, the critical values separating LD and HD from the MC
phase are lowered from 1/2 to a value which is well-known numerically but not
analytically. Kolomeisky showed, within a mean-field approximation, that the

α

β

0.5 1.0

0.5

1.0

0

J = α(1 − α)

J = β(1 − β)

J = 1/4

Figure 2.3: Phase diagram of the homogeneous TASEP

triple point is located at α = β = q/(q + 1) < 1/2, whereas the threshold obtained
from the simulations is α = β ≃ 0.38 < 1/2 for the case where the system has a
central defect with q = 0.5. As a consequence, the MC phase occupies a larger
region of the parameter space. Furthermore, as we will show in Section (4.1.2),
the density profile is completely different from a MC one; it is the union of a
high-density profile and a low-density profile, joined by a discontinuity located
at the defect. For this reason it is no longer called the maximal current phase
but the Phase Separated regime (PS). The maximum current is reduced from
1/4 to J = q/(1 + q)2, reflecting the bottleneck imposed by the slow bond. This
value of J is again a mean-field estimate; a more accurate result of the maximum
current can be seen in Fig. (4.3). By contrast, the expressions for the current in
the LD and HD phases, J = α(1 − α) and J = β(1 − β), remain unchanged: the
defect does not affect the boundary-controlled phases at sufficiently low or high
injection/extraction rates. A further qualitative difference concerns the nature
of the phase transitions [4]: while in the homogeneous TASEP the LD–MC and
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α

β

1.0

1.0

0 q
1+q

q
1+q

J = q

(1 + q)2

Figure 2.4: Phase diagram of the TASEP with a central defect q = 0.5

HD–MC transitions are continuous (second order), in the presence of the defect
all transitions into the phase-separated regime become discontinuous (first order),
signalled by a jump in the mean density at the critical boundary rates.

2.5 Domain wall theory
The Domain Wall Theory (DWT) is a coarse-grained description of driven diffusive
systems [7]. Rather than tracking the full microscopic configuration, the DWT
describes the long-time behaviour of the system in terms of two characteristic
velocities, the shock (or domain wall) velocity vs and the group velocity vg, capturing
the dynamics of the system through the motion of the shock.

A shock is a sharp interface separating two stationary bulk densities. It connects
a region of density ρL on the left to a region of density ρR on the right. The shock
moves along the lattice with velocity

vs = J(ρR) − J(ρL)
ρR − ρL

. (2.19)

vs represents the macroscopic velocity of the interface, arising from the interplay
between the two currents J(ρL) and J(ρR). This becomes clearer (see Fig. (2.5))
by comparing the shock profiles at two close times t and t + dt : assume ρR > ρL

and vs > 0, the area swept by the interface, (ρR − ρL)vsdt, must equal the net
particle flux into that region, J(ρR)dt − J(ρL)dt, which yields Eq. (2.19).

11
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i

ρ

ρL

ρR

vs

Figure 2.5: Area swept by the shock, (ρR − ρL)vs dt as the interface moves from
its position at time t to its position at time t + dt, with vs > 0

The group velocity vg instead describes how a small and localized density
perturbation moves in the lattice. Taking a continuum limit, from the continuity
equation we have:

∂ρ

∂t
+ vg

∂ρ

∂x
= 0, vg = dJ

dρ
, (2.20)

whose solutions are density profiles that move at speed vg.
For a qualitative use of DWT, we consider the homogeneous TASEP. In the

thermodynamic limit, we can use J(ρ) = ρ(1 − ρ) (see Section (3.3.1)) to obtain
explicit expressions for the two velocities. In particular, by substituting J(ρ) into
Eq. (2.19) and identifying the boundary densities with the injection/extraction
rates, ρL = α and ρR = 1 − β, Eq. (2.19) simplifies to

vs = β − α (2.21)

while the group velocity becomes:

vg(ρ) = 1 − 2ρ (2.22)

changing sign at ρ = 1/2.
These two velocities are enough to reconstruct the whole stationary phase

diagram:

• α, β < 1/2: the group velocities vg(α) > 0 and vg(1 − β) < 0, so the regions
of density ρL and ρR propagate into the bulk from opposite sides and meet at
a shock, which then drifts with velocity vs = β − α.

– If α < β, the shock propagates to the right boundary: the system settles
into the LD phase (ρ = α), with the boundary layer on the right.

12
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– If α > β, the shock propagates to the left boundary: the system settles
into the HD phase (ρ = 1 − β), with the boundary layer on the left.

– If α = β, the shock is unbiased (vs = 0) and the system shows LD-HD
coexistence.

• α < 1/2 < β: both boundary densities have group velocity pointing rightward
(vg(α) > 0, vg(1 − β) > 0), so only the α-region can invade the system, which
settles into the LD phase, with the shock localized at the right boundary.

• β < 1/2 < α: the mirror situation (vg(α) < 0, vg(1 − β) < 0) leaves the
system in the HD phase, with the shock localized at the left boundary.

• α, β > 1/2: neither boundary density can propagate into the bulk, since
both have group velocity pointing back towards their respective boundary
(vg(α) < 0, vg(1 − β) > 0); the bulk is then governed by the density ρ = 1/2
at which vg changes sign, giving the MC phase, with boundary layers on both
sides.

13



Chapter 3

Methods

3.1 Interacting Subsystem Approximation
The Interacting subsystem approximation (ISA) is an analytical method introduced
by Greulich and Schadschneider [4] to compute the stationary current and critical
boundary rates in an open TASEP with a bottleneck of arbitrary length, where the
bottleneck is defined as a set of consecutive sites whose hopping rate q is different
from 1. Unlike Mean Field approaches, ISA retains exact correlations within
each subsystem, approximating only the coupling between subsystems through a
mean-field factorization. We consider a TASEP on a one-dimensional lattice of L
sites, in which a hopping rate qi is assigned to each bond between sites i and i + 1,
with i ∈ 1, ..., L − 1. At the boundaries, particles are injected at site 1 with rate α
(if empty) and extracted from site L with rate β (if occupied). The inhomogeneity
consists of a single bottleneck composed of l (slow) bonds.

The central idea of the ISA is to partition the system into three pure subsystems
(Fig. (3.1)):

1. a left homogeneous region of L1 sites with all hopping rate q = 1;

2. the bottleneck, centrally located, consisting of L2 = l + 1 sites, starting and
ending with a fast bond;

3. a right homogeneous region of L3 sites with all hopping rate q = 1.

The three subsystems interact through virtual boundary rates αi, βi, defined in
terms of the mean local densities:

α2 = ρs−1, α3 = ρf , β1 = 1 − ρs, β2 = 1 − ρf+1, (3.1)

where s and f denote the first and last sites of the central subsystem, respectively.
Their meaning is quite intuitive: e.g. β1 is the exit rate of region L1 if subsystems
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α β

L1 L2 = l + 1 L3

β1, α2 β2, α3

s f

Figure 3.1: The inhomogeneous TASEP is split into three interacting homogeneous
subsystems: two fast regions with hopping rate 1 and a central bottleneck region
with hopping rate q /= 1. The dashed lines indicate the virtual boundaries between
subsystems.

2 and 3 together were treated as a reservoir. Similarly, α2 is the entry rate seen by
region L2 if L1 were treated as a reservoir; analogously, β2 is the exit rate seen by
region L2, and α3 is the entry rate of region L3.

Each homogeneous subsystem, treated alone, admits an exact stationary solution
[8] based on the partition function :

Z(α, β, L) =
LØ

j=1

j (2L − 1 − j)!
L! (L − j)! · (1/β)j+1 − (1/α)j+1

(1/β) − (1/α) , (3.2)

where the singular case α = β is resolved by taking the limit β → α analytically:

Z(α, L) = lim
β→α

Z(α, β, L) =
LØ

j=1

j (2L − 1 − j)!
L! (L − j)! (j + 1)(1/α)j, (3.3)

while for a subsystem with uniform hopping rate q /= 1, the partition function is
obtained by the simple rescaling

Zq(α, β, L) = q−LZ

A
α

q
,

β

q
, L

B
, (3.4)

and the stationary current of a pure TASEP of length L is

J0(α, β, L) = Z(α, β, L − 1)
Z(α, β, L) . (3.5)

The reasoning made by Greulich and Schadschneider is that in the stationary
state, the current must be uniform across the entire system. Applying this constraint
to the three subsystems, and using Eqs. (3.4)–(3.5) to express the current of an
inhomogeneous TASEP, yields the so–called central equation of the ISA:

J0(α1, β1, L1) = qJ0

A
α2

q
,

β2

q
, L2

B
= J0(α3, β3, L3), (3.6)
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where the virtual rates α1 = α and β3 = β are the physical boundary rates of the
system. Together with the definitions of the virtual rates Eqs. (3.1), this constitutes
a closed system of equations that can be solved numerically, or analytically for
small values of l, to determine the stationary current and the critical boundary
rates as functions of q and l.

3.2 Kinetic Monte Carlo
Stochastic dynamics, such as that of the TASEP, can be simulated through a Monte
Carlo method. In particular, in this Thesis we implemented the Gillespie algorithm
[5], which simulates the stochastic time evolution of the system, as described by
the Master Equation. This property, the ability to capture the correct temporal
evolution, is why the method is called Kinetic Monte Carlo. Unlike conventional
approaches that propose moves at each step and evaluate their acceptance, this
algorithm’s core idea is the direct sampling of both the time elapsed between two
events and the resulting state. Each pair of generated random numbers is used to
generate a new state and inter–event time, making this a rejectionless generation
method [7].

3.2.1 General derivation
We consider the dynamics of a system which can take discrete states labeled by
configurations n. The system can go from state n to a different state m with
transition rate W(n → m), so that the total probability that the system leaves the
current state n in the next ∆t is

∆tWn→• = ∆t
Ø

m /=n
Wn→m. (3.7)

We divide the interval [0, t] into n sub-intervals ∆t = t/n. The probability P s
n(t)

that the system remains in the same state after t units of time is equal to

P s
n(t) =

3
1 − t

n
Wn→•

4n
∆t→0−−−→ exp (−tWn→•) . (3.8)

Therefore, the probability that the system leaves the current state before time t,
that is the cumulative distribution of the time until the next transition, is given by

Fn(t) = 1 − exp (−tWn→•) . (3.9)

The probability density function of leaving times is therefore exponential with
parameter Wn→•:

Pn(t) = Wn→• exp (−tWn→•) . (3.10)
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3.2.2 Application to TASEP with a defect
In the TASEP model, the system can transition from configuration n to a different
configuration m. At each event extraction, there are L + 1 possible transition
processes available but only one process actually occurs, depending on the current
configuration n. The possible processes are:

• particle entering the lattice at site 1 with rate W 0
m,n = α(1 − n1);

• L − 1 hopping processes, where a particle at site i hops to site i + 1 with rates
W i

m,n = qini(1 − ni+1), for 1 ≤ i ≤ L − 1;

• particle leaving the lattice at site L with rate W L
m,n = βnL.

As previously mentioned, there are L + 1 processes, labeled by i.

3.2.3 Algorithm structure
The Gillespie algorithm for the TASEP system proceeds as follows:

1. Initialization (t = 0): set the initial configuration n (e.g., empty lattice or
random configuration);

2. Draw random numbers: generate two independent random numbers ξ1 and
ξ2 from a uniform distribution in the interval (0,1];

3. Time of next transition: compute the inter-event time using equation (3.10):

τ = − 1
Wn→•

ln ξ1; (3.11)

Where the total exit rate from configuration n corresponds to:

Wn→• =
LØ

i=0
W i

m,n = α(1 − n1) +
L−1Ø
i=1

qini(1 − ni+1) + βnL; (3.12)

4. Choice of next state: select the new configuration m with probability W i
m,n

Wn→•
by finding the index of the event for which

l−1Ø
i=0

W i
m,n < ξ2 Wn→• ≤

lØ
i=0

W i
m,n, (3.13)

where the index l ∈ {0,1, ..., L} and so i enumerates the L + 1 available
transitions in order of their position on the lattice: entry, successive hoppings,
and exit.
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5. Update: advance time by t := t + τ , update the configuration n := m, and
recompute all transition rates;

6. Repeat: return to step 2 until the simulation reaches the desired final time
tfinal.

This procedure guarantees that the system evolves according to the correct
transition probabilities dictated by the master equation, with exact sampling of
both waiting times and destination states.

3.2.4 Relaxation time
The relaxation time, called tre, is the characteristic time scale required for a system
to evolve from an arbitrary initial condition toward its steady-state regime. In other
words, tre quantifies the time needed for the system to “forget” its initial state and
reach the statistical properties characteristic of its own dynamics. Operationally we
identify it by simple visual inspection of the time evolution of observables as they
converge to steady-state values. Two complementary strategies were employed:

Single-trajectory approach. One observes a single trajectory O(t) (density,
current, correlations, etc.) and identifies tre as the earliest time beyond which the
observables fluctuate around their steady-state values.

Ensemble-averaging approach. We perform multiple independent simulations
and average the observable across the ensemble. More precisely, we divide the
trajectories into blocks of increasing length, the length doubles with each block.
Then we compute the average of the observable within each block, and then average
these block averages across all independent trajectories. The relaxation time is then
identified as the point at which the average observable approaches a stable value,
around which it fluctuates. Moreover, this method reduces noise from individual
stochastic trajectories and provides a cleaner estimate of tre, as we shall see.

3.2.5 Relaxation time results
To determine the relaxation time, we choose the total number of particles in the
system as observable Or(t).

N(t) =
LØ

i=1
ni(t) (3.14)

The analysis of a single trajectory reveals unclear results (Fig. (3.2)): the sta-
bilization point of the fluctuations is ambiguous and difficult to identify with
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(a) (b)

(c) (d)

Figure 3.2: A single trajectory of N(t) as a function of time for the four phases of
TASEP with L = 200 sites and one central defect of strength q = 0.5. The vertical
dashed line marks the relaxation time tre estimated visually. Parameters: (a) LD
phase (α = 1/3, β = 0.8); (b) HD phase (α = 0.8, β = 1/3); (c) PS phase (α = 0.8,
β = 0.8); (d) Coexistence (α = 0.3, β = 0.3).

precision. However, noteworthy aspects are present examining the amplitude of
fluctuations across different phases. At coexistence, the fluctuation amplitude of
N(t) is approximately twice that of other phases: about 100 particles versus 50.
This increase originates from the domain wall’s dynamics, the mobile interface
between high and low density regions. Domain wall theory (see Section (2.5)) ex-
plains how this interface evolves as system parameters change, directly controlling
the amplitude of the fluctuations observed. In Fig. (3.2d), where α = β is below
the threshold for transition to the PS regime the high and low-density regions
move simultaneously toward the center of the system, and upon meeting form
an interface. Since α = β the vs is zero, and the domain wall does not localize
at a precise position, but instead moves randomly along the entire lattice, thus
producing the large fluctuations in N(t) observed.
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While the single-trajectory picture offers quite uncertain information, a quan-
titatively more accurate determination of the relaxation time requires ensemble
averaging.
The method consists of three steps:

• Temporal block division: each trajectory is subdivided into time intervals.

• Intra-trajectory averaging: within each block, the average of the observable
is computed.

• Inter-trajectory averaging: the obtained values are averaged over all
independent trajectories.

The system is considered to have reached a stationary state when the change in
the ensemble average between two consecutive blocks falls below one particle, this
situation is called stationarity–criteria here. According to this criterion, the PS
regime (Fig. (3.3c)) is the fastest to reach stationarity, and the LD and HD phases
(Figs. (3.3a)–(3.3b)) follow with tre < 105, while the coexistence phase (Fig. (3.3d))
requires significantly longer times, exceeding 106. Since the simulations presented
in the Chapter (4) involve systems of size L = 200 and will explore conditions
across all phases, including near the coexistence boundary, we set a conservative
upper bound of tre = 5 × 106 for all subsequent analyses. We conclude the analysis
of the relaxation time by examining how it varies with system size, considering
L = 50 and L = 500 in the LD phase, at coexistence, and along the coexistence
line approaching the transition to the PS regime (Fig. (3.4)). The dependence of
the relaxation time on system size is evident when comparing L = 50 and L = 500.
In the LD phase, tre grows from approximately 1.8 × 103 to 1.5 × 104, a factor
of roughly 8. At coexistence, the growth is more pronounced: from ≈ 6 × 104 to
≈ 106, a factor of roughly 17. Near the coexistence boundary (approaching the PS
regime), tre increases from ≈ 3.6 × 103 to ≈ 4 × 106, a factor of roughly 103. The
trend is consistent with the expected scaling: larger systems require longer times
to reach stationarity, with the effect being most pronounced at coexistence, where
the domain wall must diffuse across a longer lattice. However, the chosen criterion
for the relaxation time is not precise enough to extract a reliable scaling law, and
a more rigorous analysis is needed to determine more accurate relaxation times.

3.3 Cluster approximations
As mentioned in Section (2.3.2), it is possible to use approximations to close the
hierarchy of equations generated by the master equation and solve it at different
levels of accuracy. The family of approximations employed here is called cluster
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(a) (b)

(c) (d)

Figure 3.3: The ensemble average ⟨N(t)⟩ as a function of time for the four phases
of TASEP with L = 200 sites and one central defect of strength q = 0.5. The
vertical dashed line marks the relaxation time tre estimated. Parameters: (a) LD
phase (α = 1/3, β = 0.8); (b) HD phase (α = 0.8, β = 1/3); (c) PS phase (α = 0.8,
β = 0.8); (d) Coexistence (α = 0.3, β = 0.3). Each curve is averaged over 30
independent trajectories.

approximations, and is based on the idea of factorizing the joint probability distri-
bution into a product of marginals over smaller clusters of sites. This allows us
to express each r.h.s. of each marginalized master equations in terms of known
probabilities, thereby closing the hierarchy.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: Ensemble average ⟨N(t)⟩ as a function of time for systems with one
central defect of strength q = 0.5, comparing L = 50 (left column) and L = 500
(right column). The vertical dashed line marks tre. Parameters: LD phase (α = 1/3,
β = 0.8); Coexistence (α = 0.3, β = 0.3); approaching the PS threshold from below
(α = 1/3, β = 1/3).
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3.3.1 Mean field approximation
The first of these is the mean-field approximation (MF), which factorizes any joint
probability distribution into a product of single marginals:

P t(n) =
LÙ
i

P t
i (ni). (3.15)

This approximation provides the following expression for the current:

J t
i = qiP

t
i (1,0) = qiρ

t
i(1 − ρt

i+1). (3.16)

In this way, it is possible to close the system of equation (2.14) but losing the
correlations between sites completely, obtaining the following system of equations:

dρt
1

dt
= α(1 − ρt

1) − q1ρ
t
1(1 − ρt

2) = J t
0 − J t

1, (3.17a)

dρt
i

dt
= qi−1ρ

t
i−1(1 − ρt

i) − qiρ
t
i(1 − ρt

i+1) = J t
i−1 − J t

i , (3.17b)

dρt
L

dt
= qL−1ρ

t
L−1(1 − ρt

L) − βρt
L = J t

L−1 − J t
L. (3.17c)

In the thermodynamic limit L → ∞, imposing the stationarity condition
dρt

i/dt = 0 enforces current conservation,

Ji−1 = Ji ∀ i = 1, . . . , L (3.18)

and the current loses its spatial dependence, reducing to

J(ρ) = ρ(1 − ρ). (3.19)

This parabolic relation reproduces the so-called fundamental diagram, an important
characteristic of the TASEP model (see Section (4.2)). The fact that we recover
this exact result a posteriori justifies the use of the mean-field approximation in the
homogeneous case: although mean field neglects correlations between neighbouring
sites, the homogeneous TASEP reproduces the exact stationary current [9], even
though the steady-state measure is not factorized in general.

3.3.2 Pair approximation
A further degree of accuracy can be achieved by considering the pair approximation
(PA), which takes into account nearest-neighbour correlations, e.g. by assuming:

P t(n) =
rL−1

i=1 P t
i (ni, ni+1)rL−1

i=2 P t
i (ni)

. (3.20)
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This approximation allows to write any triplet marginal into:

P t
i (ni, ni+1, ni+2) = P t

i (ni, ni+1)P t
i+1(ni+1, ni+2)

P t
i+1(ni+1)

. (3.21)

This simplification permits the closure of the equations for the dynamics of the
P t

i (1,0) as given in Eq. (2.16)

dP t
1(1,0)
dt

= αP t
1(0,0) + q2

P t
1(1,1)P t

2(1,0)
P t

2(1) − q1P
t
1(1,0), (3.22a)

dP t
i (1,0)
dt

= qi−1
P t

i−1(1,0)P t
i (0,0)

P t
i (0) + qi+1

P t
i (1,1)P t

i+1(1,0)
P t

i+1(1) − qiP
t
i (1,0), (3.22b)

dP t
L−1(1,0)

dt
= qL−2

P t
L−2(1,0)P t

L−1(0,0)
P t

L−1(0) + βP t
L−1(1,1) − qL−1P

t
L−1(1,0). (3.22c)

where P t
i (1,1), P t

i (0,0) can be rewritten with the properties of marginals as:

P t
i (1,1) = ρt

i − P t
i (1,0), (3.23a)

P t
i (0,0) = 1 − ρt

i+1 − P t
i (1,0) (3.23b)

3.3.3 Triplet approximation

The last level of approximation is the triplet approximation (TA), which takes into
account three-site correlations, e.g. by assuming:

P t(n) =
rL−2

i=1 P t
i (ni, ni+1, ni+2)rL−2

i=2 P t
i (ni, ni+1)

. (3.24)

This approximation allows us to write any quadruplet marginal as:

P t
i (ni, ni+1, ni+2, ni+3) = P t

i (ni, ni+1, ni+2)P t
i+1(ni+1, ni+2, ni+3)

P t
i+1(ni+1, ni+2)

. (3.25)

This approximation allows us to close the Eqs. (2.18) and (2.17), expressing the
quadruplet marginals in terms of triplet marginals, and yields the following two
systems of equations:
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dP t
1(1,1,0)

dt
= αP t

1(0,1,0) + q3
P t

1(1,1,1)P t
2(1,1,0)

P t
2(1,1) − q2P

t
1(1,1,0), (3.26)

dP t
i (1,1,0)

dt
= qi−1

P t
i−1(1,0,1)P t

i (0,1,0)
P t

i (0,1) + qi+2
P t

i (1,1,1)P t
i+1(1,1,0)

P t
i+1(1,1) − qi+1P

t
i (1,1,0),

(3.27)

dP t
L−2(1,1,0)

dt
= qL−3

P t
L−3(1,0,1)P t

L−2(0,1,0)
P t

L−2(0,1) + βP t
L−2(1,1,1) − qL−1P

t
L−2(1,1,0),

(3.28)

dP t
1(1,0,0)

dt
= αP t

1(0,0,0) + q3
P t

1(1,0,1)P t
2(0,1,0)

P t
2(0,1) − q1P

t
1(1,0,0), (3.29)

dP t
i (1,0,0)

dt
= qi−1

P t
i−1(1,0,0)P t

i (0,0,0)
P t

i (0,0) + qi+2
P t

i (1,0,1)P t
i+1(0,1,0)

P t
i+1(0,1) − qiP

t
i (1,0,0),

(3.30)

dP t
L−2(1,0,0)

dt
= qL−3

P t
L−3(1,0,0)P t

L−2(0,0,0)
P t

L−2(0,0) + βP t
L−2(1,0,1) − qL−2P

t
L−2(1,0,0),

(3.31)

Finally, the pair and triplet marginals appearing on the right-hand sides of
Eqs. (3.28) and (3.31) need to be expressed in terms of P t

i (1,1,0), P t
i (1,0,0), P t

i (1,0)
and ρt

i:

P t
i (1,1,1) = ρt

i − P t
i (1,0) − P t

i (1,1,0), (3.32a)
P t

i−1(0,0,0) = 1 − P t
i−1(1,0,0) − P t

i (1,0) − ρt
i+1, (3.32b)

P t
i−1(1,0,1) = P t

i−1(1,0) − P t
i−1(1,0,0), (3.32c)

P t
i (0,1,0) = P t

i+1(1,0) − P t
i (1,1,0), (3.32d)

P t
i−1(0,0) = 1 − P t

i−1(1,0) − ρt
i, (3.32e)

P t
i (1,1) = ρt

i − P t
i (1,0), (3.32f)

P t
i (0,1) = ρt

i+1 − ρt
i + P t

i (1,0). (3.32g)
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Results

4.1 Density profile comparison
In this section, we present a brief analysis of the density profile obtained with the
different degrees of approximation, compared with the numerical solution given by
the Gillespie algorithm, in the case of a homogeneous TASEP and a inhomogeneous
TASEP with one central defect with qi = 0.5.

4.1.1 Homogeneous TASEP
In the LD phase (Fig. (4.1a)), all three approximations correctly reproduce the
bulk density, i.e. the flat plateau ρ = αfar from the lattice boundaries. However,
approaching the right boundary, a sharp boundary layer develops: the density rises
steeply as particles accumulate in front of the exit, where the finite exit rate β acts
as a bottleneck. The three approximations reach the peak in slightly different ways,
reflecting their different ability to capture short-range correlations: while mean-field
neglects correlations entirely, pair and triplet approximations progressively improve
the description of the boundary layer, with higher-order approximations converging
toward the numerical solution.
An analogous discussion applies to the HD phase Fig. (4.1b), where by particle-hole
symmetry the boundary layer appears near the left boundary, and the bulk density
is given by ρ = 1 − β. The Coexistence case (Fig. (4.1c)) deserves a separate
comment. Here the approximations and the numerical solution differ significantly:
indeed, the exact stationary profile is the average over many configurations, each
featuring a sharp domain wall between a low-density and a high-density region
at different positions along the lattice. The wall can be located anywhere, and
averaging over all positions yields a linear density profile. The approximations,
which solve directly for the stationary state, instead produce a smoothed profile
that misses this interfacial dynamics entirely. Finally, in the maximal-current phase
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(Fig. (4.1d)), the density profile decays algebraically from the boundary layers
toward the bulk value ρ = 1/2, and this qualitative behaviour is captured by the
approximations at all orders.

(a) α = 0.2, β = 0.3 (b) α = 0.3, β = 0.2

(c) α = 1/3, β = 1/3 (d) α = 0.8, β = 0.8

Figure 4.1: Steady-state density profiles for a pure TASEP (q = 1) on a lattice of
size L = 200, for selected values of the boundary rates (α, β).

4.1.2 Inhomogeneous TASEP
Introducing a central defect, the differences among the three levels of approxi-
mation become more evident, as shown in Fig. (4.2a) and (4.2b). In addition to
the boundary effects discussed above, two further features appear in the vicinity
of the defect site: the density value at the defect itself, and that at the imme-
diately downstream site. It is clear that mean-field fails to reproduce either of
these correctly, overestimating the density at the defect and missing entirely the
discontinuity at the following site. The pair approximation correctly captures the
density at the defect site, but not at the site immediately downstream. The triplet
approximation reproduces both values correctly, although it only qualitatively
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(a) α = 0.2, β = 0.3 (b) α = 0.3, β = 0.2

(c) α = 1/3, β = 1/3 (d) α = 0.8, β = 0.8

Figure 4.2: Steady-state density profiles for a TASEP with a central defect
(qi = 0.5) on a lattice of size L = 200, for selected values of the boundary rates
(α, β).

recovers the relaxation toward the bulk density in the region downstream of the
defect. At the coexistence (Fig. (4.2c)) , the mean-field solution exhibits a peculiar
behaviour: although it again fails to reproduce the correct density at the defect
site, the resulting profile resembles the superposition of two homogeneous TASEP
profiles at the coexistence condition, each featuring a sharp domain wall. It can
be shown that the positions of these walls at sites i ≈ 50 and i ≈ 150 are not a
general feature, but rather a consequence of the specific choice q = 0.5 and of the
boundary conditions adopted here. In the PS regime (Fig. (4.2d)), the defect acts
as an additional bottleneck that pins the current below the homogeneous TASEP
maximum J = 1/4. The bulk density on the left subsystem is pushed above 1/2,
while that on the right falls below 1/2, creating a step in the profile in coincidence
of the defect site. The behaviour of the relaxation toward the bulk density is no
longer algebraic, as it is characteristic of the MC phase, since the PS regime is the
union of an HD and a LD profile, each exhibiting exponential relaxation toward the
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bulk density. The approximations differ in their ability to reproduce the correct
density jump at the defect: mean-field overestimates the discontinuity, while pair
and triplet approximations progressively converge toward the numerical solution.

4.2 Fundamental diagram
In the traffic-flow literature [10], the curve J(ρ) is known as the fundamental
diagram. It describes the transport capacity of the system. In the homogeneous
TASEP its shape is parabolic, J(ρ) = ρ(1 − ρ), with a unique maximum at
(ρ∗, J∗) = (1/2, 1/4) (see Fig. (4.3a)), while in the inhomogeneous TASEP the
peak is flattened into a plateau at the maximum current value, which is always
lower than in the homogeneous case (J∗(q) < 1/4) (see Fig. (4.3b)), indicating that
the defect hinders transport by lowering the maximum achievable current. Despite
this difference, both diagrams preserve particle-hole symmetry, meaning that the
rightward motion of particles can equivalently be interpreted as the leftward motion
of holes. To build the graph of J as a function of ρ, we set the entry and exit rates
to be α = 1 − β. With this choice of parameters, the density profile is flat with a
discontinuity localized at the defect site, and the bulk density coincides with α (in
the thermodynamic limit), allowing one to control the value of ρ directly.

(a) (b)

Figure 4.3: Fundamental diagram J(ρ) for the homogeneous (a) and inhomoge-
neous (b) TASEP, where a slow bond is centred in a lattice of size L = 200 with
q = 0.5. Each point is the mean current of a system with α = 1 − β; The inset
in (b) highlights the region in which the parabolic shape is lost and the plateau
appears

As shown in Fig. (4.3a), the cluster approximations are in excellent agreement
with the Gillespie simulations, correctly reproducing the fundamental diagram
J = ρ(1 − ρ) of the homogeneous TASEP, a result that can also be derived
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analytically. In the presence of a defect, however, particles accumulate before
the bottleneck and, as already discussed, this cannot be captured precisely by
the approximations, since the n-site correlations (n = 1,2,3, . . . ) are no longer
negligible. In fact, a higher degree of approximation yields a plateau closer to the
numerical solution.

4.3 One bottleneck far from the boundaries
The first observable we use to benchmark the cluster approximations against the
ISA is the maximum current J∗(q), defined as the stationary current in the PS
phase as a function of the defect hopping rate q. Once the boundary rates satisfy
α, β ≥ α∗(q), where α∗(q) is the critical entry rate for the transition to PS regime,
the current saturates at J∗(q) and becomes independent of α and β. In this regime,
the transport capacity of the system is limited by the defect alone [4]. The curve
J∗(q) thus quantifies the reduction in particle flux induced by the slow bond. In
Ref. [4] this observable was used to assess the accuracy of the ISA against Monte
Carlo simulations and the MF approximation for defect lengths l = 1 and l = 6.
The present section extends that comparison to the PA and TA, in order to quantify
the progressive improvement achieved by higher-order cluster approximations.

4.3.1 The ISA Central Equation for a central bottleneck
We now restrict to the case where the bottleneck is located far from the boundaries
in an infinite system (L1, L3 → ∞). We consider the system at the transition
between the LD and PS phases. Recall that the PS regime can be seen as the union
of two homogeneous TASEPs: the left one in the HD phase and the right one in
the LD phase. We therefore study the two subsystems separately. Subsystem 3 is
in the LD phase. Subsystem 1 drives the transition of the whole system from LD
to PS. This transition occurs when Subsystem 1 undergoes the transitions from LD
to HD phase, so it happens at α1 = β1. Since subsystem 1 drives the transition,
we have α1 = β1 = α∗, and the corresponding current is:

J∗ = α∗(1 − α∗)
where α∗ is the critical entry rate at which the transition LD→PS occurs. It follows
that Subsystem 3 also has α3 = α∗.

Inserting these constraints into Eqs. (3.1) yields:
α2 = β2 = 1 − α∗, (4.1)

and the central equation simplifies to

qJ0

A
1 − α∗

q
,

1 − α∗

q
, l + 1

B
= α∗(1 − α∗). (4.2)
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Eq. (4.2) is a polynomial in α∗ whose unique physical solution satisfies α∗ ∈ [0, 1
2 ].

Once α∗(q, l) is determined, the transport capacity follows immediately as

J∗(q, l) = α∗(q, l)
1
1 − α∗(q, l)

2
. (4.3)

For a single slow bond (l = 1) the defect subsystem has length L2 = 2, and Eq. (4.2)
reduces to a quadratic equation in α∗ [4],

2α∗2 − (2 + 3q) α∗ + 2q = 0, (4.4)

whose physical root is

α∗ =
2 + 3q −

ñ
(2 + 3q)2 − 16q

4 (4.5)

Substituting it into Eq. (4.3) yields the ISA prediction of the transport capacity as
a function of q.

4.3.2 Numerical Results for a bottleneck of length 1
Finally, we compare the ISA results with the predictions of the MF, PA and
TA approximations in Fig. (4.4). The result shows that the MF approximation
systematically underestimates the current over the entire range of q—with the
largest deviation around q ≈ 0.3–0.5—since it neglects all inter-site correlations.
The PA and TA curves lie closer to the numerical solution, demonstrating that
already the pair approximation captures the dominant correlations induced by the
slow bond.

Remarkably, the PA and ISA curves appear to coincide exactly for l = 1. As
shown in Fig. (4.5), the maximum absolute difference between the two varies from
approximately 10−12 at q = 0.1 to 10−4 at q = 0.9. This observation motivates an
analytical study of the PA stationary equations in the vicinity of the defect bond,
which we present in the following.

4.3.3 Analytical results for a bottleneck of length 1
We now show that the PA and ISA yield identical analytical results for the maximum
current in the case l = 1. Consider a TASEP with a single defect bond of hopping
rate q located at site k. In the PS phase, the density profile is flat in the bulk,
with a discontinuity at the defect site (as shown in Fig. (4.6)). We therefore seek a
stationary solution of the density and pair probability Eqs. (2.14–2.16) to which we
apply the pair approximation, assuming that the density and the pair probabilities
are uniform away from the defect. By assumption, the density profile to the left of
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Figure 4.4: Comparison of the ISA, MF, PA and TA predictions for J∗(q) of the
entire system with a bottleneck composed of single slow bond (l = 1), for a TASEP
of length L = 200, α = 0.6, β = 0.7. The ISA result is obtained from Eq. (4.5);
the MF, PA and TA curves are obtained by solving the corresponding stationary
equations (see Section (3.3)).

the defect is flat far from the boundaries, with a density value equal to the bulk
density ρ, while to the right of the defect the density is 1 − ρ. In terms of the local
densities, this condition reads:

ρk−1 = ρk = ρ, ρk+1 = ρk+2 = 1 − ρ. (4.6)

Under stationary conditions, the single-site Eq. (2.14) and the pair marginal
Eq. (2.16) read:

dρi

dt
= 0 =⇒ qi−1Pi−1(1,0) = qiPi(1,0), (4.7a)

dPi(10)
dt

= 0 =⇒ qiPi(1,0) = qi−1Pi−1(1,0,0) + qi+1Pi(1,1,0). (4.7b)
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Figure 4.5: Absolute difference between the mean currents predicted by the PA
and ISA approximations for l = 1 in a TASEP of L = 200 with α = 0.7, β = 0.8,
plotted on a logarithmic scale as a function of the defect hopping rate q. The
difference remains below 10−9 for q ≲ 0.7 and does not exceed 10−4 across the
entire range.

Setting i = k, so that qk = q and qk−1 = qk+1 = 1, yields:

Pk−1(1,0) = q Pk(1,0), (4.8a)

q Pk(1,0) = Pk−1(1,0,0) + Pk(1,1,0). (4.8b)

Since Pk−1(1,0) = J (the current through a fast bond), Eq. (4.8a) gives J =
q Pk(1,0), so that Eq. (4.8) become:

J = q Pk(1,0), (4.9a)

J = Pk−1(1,0,0) + Pk(1,1,0). (4.9b)

Applying the PA closure to the triplet probabilities in Eq. (4.9b):

Pk−1(1,0,0) = Pk−1(1,0) Pk(0,0)
Pk(0) , (4.10)

Pk(1,1,0) = Pk(1,1) Pk+1(1,0)
Pk+1(1) , (4.11)
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Figure 4.6: Schematic representation of the density profile generated by PA in a
TASEP with a single defect bond of hopping rate q located at site k, in the PS
regime. The bulk density is flat on either side of the defect, with a discontinuity at
the defect bond.

where Pk(0) = 1 − ρk, Pk(0,0) = (1 − ρk+1) − Pk(1,0), and Pk(1,1) = ρk −
Pk(1,0) follow from the marginalization property of probabilities. Substituting into
Eq. (4.9b):

J =
Pk−1(1,0)

è
(1 − ρk+1) − Pk(1,0)

é
1 − ρk

+
Pk+1(1,0)

è
ρk − Pk(1,0)

é
ρk+1

. (4.12)

Using (4.6) and Pk−1(1,0) = Pk+1(1,0) = J , Eq. (4.12) simplifies to:

J =
2J
è
ρ − Pk(1,0)

é
1 − ρ

. (4.13)

Dividing by J and solving for Pk(1,0) we have:

Pk(1,0) = 3ρ − 1
2 . (4.14)

Substituting Eq. (4.14) into Eq. (4.9a), and using it together with the relation
J = ρ(1 − ρ), we obtain:

q
3ρ − 1

2 = ρ(1 − ρ), (4.15)

whose physical root is:

ρPA =
(2 − 3q) +

ñ
(2 − 3q)2 + 8q

4 . (4.16)
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The corresponding maximum current is then:

JPA = ρPA
1
1 − ρPA

2
. (4.17)

We now compare this with the ISA result JISA = α∗(1 − α∗), where:

α∗ =
2 + 3q −

ñ
(2 + 3q)2 − 16q

4 . (4.18)

The two expressions are related by:

α∗ = 1 − ρPA, (4.19)

so that ρPA coincides with the LD bulk density 1 − α∗ predicted by the ISA.
Consequently, JPA = J∗: the PA and the ISA yield identical maximum currents for
l = 1, despite being derived from entirely different frameworks.

This equality can be understood as follows. A bottleneck of a single defective
bond involves only two adjacent sites, so the bottleneck lies entirely within the
range of correlations that the PA captures exactly, just as the ISA does. In in
the transiction from LD phase to PS regime, a flat bulk profile develops on either
side of the defect, where the current obeys the relation J = ρ(1 − ρ); the PA (and
the MF as well) reproduces it, since this relation is not affected by correlations.
Furthermore, because the ISA decouples the three subsystems, one might have
expected the PA to provide more information than the ISA on the correlations
straddling the junction between the two subsystems; however, the two currents
coincide a posteriori, as shown in Fig. (4.4).

4.3.4 Numerical results for bottlenecks from length 2 to 7
We now examine how the stationary current J and the relative performance of
the approximations evolve as the bottleneck length increases from l = 2 to l = 7.
For l = 2 (Fig. (4.7a)), the ISA method underperforms the TA, which provides a
closer match to the numerical solution. This is expected: the exact coincidence
between ISA and PA at l = 1 has no analogue here, because the three-site clusters
of the TA straddle the boundary between the two subsystems and capture the cross-
boundary correlations that ISA, by construction, misses. The same consideration
can be made for l = 3 (Fig. (4.7b)), where ISA recovers the numerical solution less
accurately than TA. As the bottleneck length increases further (Figs. (4.7c)–(4.7f)),
ISA progressively approaches TA and overtakes it around l = 5, so that by l = 7
it clearly exceeds TA in accuracy. The PA and MF consistently underestimate
J across all defect lengths, with the discrepancy most visible in the insets at
intermediate values of q. In all cases, every method converges to the numerical
result in the limit q → 1, where the defect disappears and the system reduces to
the homogeneous TASEP.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Stationary current J as a function of the defect strength q for
bottleneck lengths l = {2, 3, 4, 5, 6, 7} correspondent to panels (a) to (f) respectively,
comparing the ISA method, MF, PA, TA approximations and the numerical solution.
The inset in each panel highlights the region where the methods differ most visibly.
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4.4 Effect of bottleneck length on the stationary
current

Fig. (4.8) shows that the stationary current J decreases monotonically as the
bottleneck length l increases, giving a clearer view of when the approximations
recover a better description of the system than ISA. All approximations capture
this qualitative trend but differ in accuracy. The MF approximation shows the
largest deviation from the numerical solution across the entire range, systematically
underestimating J . The PA improves upon MF but remains below the numerical
result for all l; notably, for l = 1 it coincides exactly with ISA, as we have
demonstrated analytically. The TA and ISA are in closer agreement with the
numerical solution, but their relative accuracy depends on l. Unlike the PA
case, no value of l at which TA and ISA coincide is observed, because the TA
captures correlations across three sites, providing more information than ISA, which
decouples the two subsystems; this suggests that no simple analytical relation holds
between the two methods for l > 1. In fact, as shown in Fig. (4.8), TA predicts a
more accurate current than ISA for l = 2, 3, 4, and from l ≥ 5 ISA outperforms TA.

Figure 4.8: Logarithmic stationary current log2(J) as a function of the bottleneck
length l at fixed defect strength q = 0.6, comparing the ISA method, MF, PA,
TA and the numerical solution. All methods predict a monotonically decreasing
current as l increases, with MF showing the largest deviation from the numerical
result across the entire range.
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Chapter 5

Conclusion

In this work, we have studied the Totally Asymmetric Simple Exclusion Process
(TASEP) in the presence of one or more defect bonds (a bottleneck), a minimal
model for transport phenomena in driven systems with a local inhomogeneity.
The central aim was to assess the accuracy of several cluster approximation meth-
ods — Mean Field (MF), Pair Approximation (PA), and Triplet Approximation
(TA) — and of the Interacting Subsystem Approximation (ISA) framework [4],
benchmarking all of them against Kinetic Monte Carlo simulations [5].

After characterizing the stationary state of the system through the fundamental
diagram and identifying the low-density (LD), high-density (HD), and maximal-
current (MC) phases and their dependence on the defect hopping rate q [3], we
analyzed the density profiles in each phase for a bottleneck of length l = 1, showing
that higher-order approximations yield a progressively more accurate description
of the profiles compared to the Mean Field approach. A central result of this work
concerns the maximum current J∗(q) as a function of q: for l = 1, we showed
analytically that the PA and ISA frameworks yield an identical current; we then
studied how J∗ varies with both q and l, and compared the predictions of all
approximation schemes against simulations.

From a methodological standpoint, the Mean Field approximation systematically
underestimates the current and fails to capture correlations near the defect; the
Pair and Triplet Approximations improve upon MF, with higher-order cluster
methods providing an increasingly accurate description of the density profiles
across all phases. We also verified that the Triplet Approximation is the simplest
cluster method that qualitatively reproduces the characteristic shape of the density
profile inhomogeneity observed in the PS regime, a feature that both MF and
PA fail to capture. The comparison between TA and ISA revealed a non-trivial
interplay between cluster size and defect length: for short bottlenecks (l = 2, 3, 4),
the three-site clusters of the TA straddle the subsystems 1 and 2 and capture
correlations across their junction, making TA the more accurate method; for longer
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bottlenecks (l ≥ 5), this advantage is lost and ISA, which treats the defect region
as an interacting subsystem of arbitrary length, provides the best estimate of the
current. Unlike the exact PA–ISA coincidence at l = 1, no value of l at which TA
and ISA coincide was observed, suggesting that no simple analytical relation holds
between the two methods for l > 1.
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