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Le vent se lève!

Il faut tenter de vivre!
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1. Introduction

Abstract. Despite the key importance of the process of association

between two proteins for biology and drug-design, predicting the kinetic

rates from theory and simulation remains still an open problem for which

no reliable and affordable methods have been developed. In this thesis

we study all-atom Molecular Dynamics simulations of the spontaneous

association of Barnase and Barstar solvated in water, and by looking

at the relaxation toward the bound state we infer the dissociation ki-

netic rate of the complex using neural network-based collective variables

whose behavior is studied using a combination of stochastic processes

and statistical inference.

Protein-protein interactions (PPI) are fundamental to the regulation of cellular

life, governing essential pathways in signal transduction and immune responses,

and control most biological functions, including pathological processes like cancer,

Alzheimer or COVID [1]. Despite their paramount biomedical importance, system-

atically predicting whether two proteins will associate, calculating their binding free

energy (∆Gbind), and accurately estimating their association (kon) and dissociation

(koff) rates remains an outstanding challenge in computational biophysics. All-atom

Molecular Dynamics (MD) simulations play an important role to address this gap

[2]. Unlike static structural biological techniques such as X-ray crystallography or

cryo-electron microscopy (cryo-EM) [3, 4] which capture frozen ground states, MD

simulations capture the full time-dependent, multi-dimensional interaction pathways

at the atomic resolution, modelling the native environment (e.g. a water solution)

and allowing for the visualization of metastable states. The application of MD

to physical-chemical transformations, such as phase transitions, chemical reactions,

and biomolecular conformational changes, faces two prominent challenges. The first

one is the timescale gap between the simulation timestep, on the order of femtosec-

onds, and the timescale of the previously mentioned transformations, which would

1



Chapter 1. Introduction 2

require simulations on the order of seconds to days. The association or dissociation

of a stable protein complex, which are typical examples of rare events, occur on

timescales ranging from milliseconds to hours. Bridging this gap via brute-force,

conventional MD requires an unfeasible amount of computational resources. The

second problem is that the configuration space of a typical solvated biomolecular

system consists of thousands to millions of degrees of freedom (3N , where N is the

number of atoms), and extracting information about the mechanism or calculating

macroscopic observables from these high-dimensional trajectories represents a pro-

found challenge [5].

While simulation datasets are massive both in the number of particles simulated

and the number of configurations saved along a trajectory, both empirical obser-

vations and fundamental physics show that the relevant information about long-

lived metastable states do not populate the entire high-dimensional space uniformly

[6]. Instead, the essential physics governing the transitions between metastable

states typically lives on a much lower-dimensional intrinsic manifold. To exploit this

property we introduce the Collective Variables (CVs), a set of low dimensional

variables obtained by projecting the trajectories living in the full 3N -dimensional

configuration space onto a lower-dimensional space. An ideal CV, also known as

the Reaction Coordinate (RC), acts as a mapping that compresses the geometric

complexity while preserving the core thermodynamic and kinetic properties of the

system. If the dynamics along the CV are Markovian (depending on the nature of

the physical system and on the time resolution of the simulation [7]) then the act

of projecting the high-dimensional dynamics into a lower dimension space provides

a rigorous theoretical framework to model the kinetics and the out-of-equilibrium

relaxations via the overdamped Langevin equation.

Historically, selecting these CVs was a kind of art form, relying solely on previous

knowledge of the complex, on intuition or on heuristic trial-and-error. When dealing

with complex processes like PPI, this trial-and-error approach is cumbersome and

frequently fails to capture the true, multi-faceted transition state ensemble. In recent

years, Machine Learning (ML) has emerged as a conceptually powerful alternative

to heuristic CV design, and since the goal is to uncover a compact representation

from unlabeled coordinates, the focus is on unsupervised learning. In particular, the

interest is in unsupervised algorithms that operate solely on the input coordinates to

extract low-dimensional embeddings, which range from linear methods like Princi-

pal Component Analysis (PCA) to non-linear neural networks such as autoencoders

(AEs) or methods rooted in the Variational Approach to Conformational Dynam-

ics (VAC) and transfer matrix [8]. Despite their successes, standard dimensionality
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reduction techniques suffer from a fundamental limitation: their performance is

strictly bounded by the quality of the training dataset. As an example, a CV gen-

erated by an autoencoder is optimized purely to reconstruct the dataset; datasets,

more generally, can be constructed from radically different types of simulations like

locally-equilibrated trajectories, transition path sampling, or trajectories under the

effect of an artificial biasing force. Therefore, the resulting CV has a strong de-

pendence on the MD protocol details, without rigorous foundations. Because these

CVs are not built with physics in mind, there is no guarantee that they represent an

optimal or even physically meaningful projection of the actual dynamical process.

This project aims at transcending standard dimensionality reduction by shifting the

optimization paradigm from spatial compression to dynamical minimization. Build-

ing upon the theoretical foundations established by Zhang et al. [9] and developed

into a viable algorithm for complex systems by Mouaffac et al. [2], this work rec-

ognizes that a mathematically rigorous reaction coordinate for a rare event must

be optimized based on its ability to capture the slow, rate-minimizing modes of

the system: the exact reaction coordinate describes the slowest relaxation mode

toward equilibrium and is uniquely characterized by its minimization of the kinetic

transition rates. Therefore, rather than attempting to accurately reconstruct the

high-dimensional atomic coordinates, the goal of this work is to determine the low-

dimensional CV (in our case a one-dimensional variable) that directly minimizes

the kinetic rate of the process as predicted by a Langevin model. To achieve this,

we introduce a novel deep learning framework. Our approach differs fundamentally

from previous methodologies in two distinct ways:

1. Elimination of pre-selected features: traditional methods often restrict the net-

work’s input to a hand-picked, heavily curated subset of features. In contrast,

we feed our neural network a huge amount of raw structural information, leav-

ing it entirely unconstrained to explore the full high-dimensional configuration

space.

2. Physically constrained optimization: the unsupervised machine is mathemat-

ically penalized unless it identifies the exact coordinate that minimizes the

kinetic rate, forcing it to discover the true physical reaction coordinate di-

rectly from the sampling dynamics.

We test these methodologies on a prototypical highly challenging example of PPI: the

binding between the bacterial ribonuclease Barnase and its intracellular inhibitor

Barstar. The Barnase-Barstar (BB) complex serves as an ideal benchmark due

to its extremely rapid and diffusion-limited association, and for the rigidity of each
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monomer during association, allowing us to ignore any potential conformational

change.

1.1 State of the art

All-atom MD simulations on the BB complex have been an object of interest for

the scientific community for well more than a decade now. Considering the ex-

tremely slow process of dissociation of the BB complex (approximately 105 seconds,

roughly one day), observing the spontaneous dissociation in a simulation remains

impossible. For this reason, in order to compute the dissociation rate, the main

method used by the scientific community was enhanced sampling : instead of letting

the system spontaneously dissociate, biases in the simulations are introduced to

speed up the process. Examples of enhanced sampling for the BB complex are the

“tempered binding” method [10], which scales interfacial interactions to accelerate

kinetics, and the stratified Potential of Mean Force (PMF) framework developed

by [11], the latter relying on a sequence of geometrical and conformational biasing

potentials to computationally force dissociation and map the equilibrium standard

binding free energy. The work we present in this thesis differs from these established

methodologies in that we avoid enhanced sampling in our MD simulations. Instead

of accelerating the unbinding process along a predefined reaction coordinate, we

initiate the system out of equilibrium with the two proteins in the dissociated state

and monitor its spontaneous relaxation towards equilibrium. By analyzing these

unconstrained relaxation trajectories, we are able to extract the true dissociation

rate (koff) without introducing artifacts or terms inherent to enhanced sampling

strategies.

1.2 Barnase and Barstar

Barnase is a small protein (110 amino acids) synthesized by the bacterium Bacillus

amyloliquefaciens whose purpose is to cut the cell’s RNA, thus being lethal for the

host cell. Its inhibitor Barstar is another small protein (89 amino acids) and it

tightly binds to Barnase and blocks it from cutting the RNA [12, 13]. The two

main reasons for why a cell would produce Barnase are to attack nearby cells by

releasing Barnase and to regulate the population: when a cell is damaged it stops

producing Barstar so that it dies. The tight binding of the BB complex makes it a

good school-case example of a complex that shows fast spontaneous association and

rare dissociation. It also has the added benefit that the two proteins do not undergo

any conformational changes during association, making the study of the process
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Figure 1.1: First frame of the simulation showing that the two proteins are solvated

in a box of 34 795 water molecules (104 385 atoms between hydrogen and oxygen).

The box has all sides of equal length 93.339 Å.

less cumbersome. Thermodynamic and kinetic parameters are experimentally well-

characterized, with a binding free energy of ∆Gb = −19.0 ± 0.2 kcal · mol−1 (−32
kT at 300 K), and rate constants kon = 6.0 · 108 s−1·M−1 (diffusion limited) and

koff = 8.0 · 10−6 s−1 [14, 15].

The MD simulations are performed using, as initial conditions, the information

readily available in the Protein Data Bank (PDB: 1BRS). The PDB provides a file

containing the x, y, z coordinates of each atom of the complex in the dissociated

state (fig. 1.2a). The file is structured in the following way. The first line is:

CRYST1 93.339 93.339 93.339 90.00 90.00 90.00 P 1 1

CRYST1 defines the cell parameters, which are lengths of 93.339 Å and angles of 90circ

(cubic cell). P1 says “no symmetries added”. The second line is:

ATOM 1 N VAL A 3 51.540 78.260 54.720 1.00 0.00 N
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ATOM means we’re looking at an atom, 1 is the number with which we identify the

atom, N indicates the atom, in this case nitrogen, and the number of such atom in

case of a functional group (for example H3, meaning it’s the third hydrogen of the

functional group). The name of the atom is also repeated in the last column but

without the information about of the functional group. VAL is the amino acid (or

residue) the atom belongs to, in this case it’s Valine1. A means the atom belongs

to protein A, which is Barnase, and 3 is the number of the residue. Then there are

the x, y, x coordinates in Å. In conclusion the numbers 1.00 and 0.00 respectively

represent the occupancy factor (how much of the atom is present in this position in

this frame, 1 represents 100%) and the B-factor (how certain we are that the atom

is in this position, the higher its value the most uncertain we are). The PDB files

can be used also to visualize the proteins via VMD (Visual Molecular Dynamics,

see [16]), using which figs. 1.1 and 1.2 have been obtained.

1The “free” structure of an amino acid differs from that of an amino acid inside a protein. In

the case of Valine, when free it has a NH2 group, but when in the protein it forms a NH3 group. For

this reason when analyzing the PDB information one may find oddities in the residues compared

to the descriptions found in the literature.
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(a) (b)

Figure 1.2: First (a) and last (b) frames of the simulation of BB spontaneous

association. Barnase is shown in blue and Barstar in orange. The image is seen as

in front of the (x, y) plane. Water molecules have been removed for simplicity. As

it is possible to observe, no conformational changes occur during the association.



2. Methods

2.1 Modeling collective variables

In this section we will present the theoretical groundings on the dynamical descrip-

tion of a system using only a subset of all the dynamical variables; such a subset

was already called in the introduction the set of collective variables (CV). Then,

without entering into full details but providing them when necessary, I will present

the theory of kinetic rates, which provides an equation for the dissociation rate.

This discussion derives from the reading of the works [17–24].

2.1.1 The overdamped Langevin equation

During the all-atom MD simulations, we collect the data of the position and velocity

in three-dimensional space of each atom, and we save just the positions after every

interval of time ∆t. Then, our goal is to infer a CV knowing the evolution of the

system in the position space. In the original fully dimensional phase space, each

atom evolves accordingly to Hamilton’s equations of motion, but what can we say

about the evolution of the CV found by reducing the dimensionality? To understand

the dynamics of a reduced-dimensionality CV, we must track both a chosen slow

“relevant” coordinate x(X) (which is the CV) and its conjugate momentum p(X),

where X = (q,p) represents the fully dimensional phase space. The microscopic

system evolves according to the classical Liouville equation

∂

∂t
A(t) = LA(t) (2.1)

where A(t) is a generic dynamical variable and L is the Liouville operator. Consider-

ing that the microscopic system is maintained at thermal equilibrium by a heat bath

(as is standard in MD simulations), the full phase space distribution is governed by

the canonical ensemble ρeq(X) ∝ e−βH(X) where β = (kT )−1. We can define the

joint equilibrium probability density of finding the system at a specific value of our

8
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slow variables (x, p) as

p0(x, p) =

∫
dXρeq(X)δ(x(X)− x)δ(p(X)− p) (2.2)

Since the Hamiltonian is separable into a quadratic kinetic term and a configuration-

dependent potential, momenta and positions are statistically independent and mo-

menta are exactly Gaussian in the full phase space; assuming the CV’s effective mass

is approximately constant, its conjugate momentum inherits a position-independent

Gaussian distribution, giving the factorization p0(x, p) = p0(x)ψ(p), where p0(x)

∝ exp(−βF (x)) defines the free energy landscape F (x) (or potential of mean force),

and ψ(p) represents the Maxwell-Boltzmann momentum distribution. To isolate

the “relevant” dynamics, we introduce Zwanzig’s nonlinear projection operator P .

Instead of projecting onto a linear subspace, P projects an arbitrary phase space

function G(X) onto the space of all functions of our chosen slow variables by utilizing

conditional equilibrium averages:

(PG)(X) = {p0(x, p)}−1

∫
dX′ ρeq(X

′)δ(x(X′)− x)δ(p(X′)− p)G(X′)

= ⟨G|x, p⟩ ≡ ⟨G⟩x,p
(2.3)

where x ≡ x(X) and p ≡ p(X) denote the instantaneous values of the CV. We also

define the complementary orthogonal projection operator Q = (1 − P ). Using the

standard Dyson operational identity, the time evolution operator etL can be exactly

decomposed as

etL = etLP +

∫ t

0

ds e(t−s)LPLesQLQ+ etQLQ (2.4)

We now apply this identity to evaluate the equations of motion for our vector of

slow variables a = (x, p)T , noting that d
dt
a(t) = etLLa:

d

dt
a(t) = etLPLa(t) +

∫ t

0

ds e(t−s)LPLesQLQLa(t) + etQLQLa(t) (2.5)

Let’s analyze the three resulting terms on the right-hand side of eq. (2.5) piece by

piece:

- The Deterministic Drift Term (etLPLa). For the coordinate x, the action of

the operator yields PLx = ⟨ẋ⟩x,p = p
m
, where m is the effective mass of the

CV. For the momentum, PLp = ⟨ṗ⟩x,p = ⟨−∂H
∂x
⟩x,p. Taking this conditional

average over the canonical ensemble explicitly reveals the free-energy gradient:

PLp =
1

β

1

p0(x)

∂p0(x)

∂x
= −∂F (x)

∂x
(2.6)
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Thus, the systematic drift provides the exact non-linear thermodynamic force

landscape:

etLPL

(
x

p

)T

=

(
p(t)
m

−∂F (x(t))
∂x

)T

(2.7)

- The Noise Term (etQLQLa). For the coordinate, since Lx = p
m
, then QLx =

(1− P )Lx = p
m
− p

m
= 0, meaning no direct random force enters the position

evolution. For the momentum equation, we define the orthogonal, rapidly

fluctuating random force as

ξ(t) = etQLQLp (2.8)

By construction, because Pξ(t) = 0, this noise remains completely uncorre-

lated with our slow variables at t = 0.

- The Memory Kernel Term. Since QLx = 0, the memory term only impacts

the momentum equation. The integrand involves evaluating PLξ(s); Zwanzig

showed this term simplifies to a linear function of velocity

PLξ(s) = − p

m
(β⟨ξ(0)ξ(s)⟩x) = −

p

m
γ(s) (2.9)

where γ(s) is the memory kernel, directly tied to the noise autocorrelation via

the Fluctuation-Dissipation Theorem (FDT)

⟨ξ(t)ξ(t′)⟩ = kTγ(t− t′) (2.10)

Propagating this term forward via e(t−s)L yields −p(t−s)
m

γ(s). The reduction of

the memory term to a kernel depending only on the time lag and linear in the

past momentum is a simplifying assumption rather than an exact consequence

of the Zwanzig conditional projector, which in general yields a friction term

that is nonlinear in the past coordinate and momentum; see [21, 22].

Combining these components back into eq. (2.5) and substituting p(t) = mẋ(t),

we arrive at the generalized Langevin equation (GLE) for a nonlinear collective

coordinate moving across an arbitrary free energy landscape

m
d2

dt2
x(t) = −∂F (x)

∂x
−
∫ t

0

γ(t− t′)dx(t
′)

dt′
dt′ + ξ(t) (2.11)

The GLE is non-Markovian due to the memory effects carried by the kernel. How-

ever, it’s easy to see that these memory effects disappear if we consider the “relevant”

variables to evolve with a timescale that is much greater than that of the “irrelevant”
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variables. In many applications in physics, chemistry and biology it’s typical to have

a time resolution ∆t that is greater than the memory time scale [7], and so we can

accurately describe the projected dynamics with a Markovian Langevin equation.

Under the assumption that the process evolves with a characteristic time that is

much longer than that of the memory, the memory function γ(t− t′) can be approx-

imated by a delta function having the same area

γ(t− t′) ∼= 2γ0δ(t− t′) (2.12)

where γ0 is the friction opposing to the process. By plugging this into the integral

we obtain

m
d2

dt2
x(t) ∼= −

∂F (x)

∂x
− γ0

dx(t)

dt
+ ξ(t) (2.13)

As a last step, let’s assume that the dynamics can be treated as overdamped. Phys-

ically, this implies a separation of timescales where the characteristic relaxation

time τ = m/γ0 is much smaller than the time resolution ∆t at which the sys-

tem is analyzed (∆t ≫ m/γ0). On this coarse-grained timescale, the velocity of

the CV decorrelates from itself almost instantly between successive observations.

Consequently, the inertial term becomes negligible, and the GLE simplifies to the

overdamped Langevin equation (OLE)

d

dt
x(t) = − 1

γ0

∂F (x)

∂x
+

√
2kT

γ0
η(t) (2.14)

where η(t) is normalized Gaussian white noise, i.e. with ⟨η(t)⟩ = 0 and ⟨η(t)η(t′)⟩ =
δ(t− t′). This result can be extended to a variable-dependent friction, whose inverse

D = kT
γ0

(Einstein relation) gives the diffusion, and the OLE finally reads

d

dt
x(t) = −D(x)

kBT

∂F (x)

∂x
+
∂D(x)

∂x
+
√

2D(x)η(t) (2.15)

Although this equation is mainly used for its simplicity, it can be shown that both

the Markovian and overdamped approximations are reasonable simplifications for

the simulated system. These approximations will be tested on our dataset and the

results will be presented in section 3.2.

As a last step we introduce the Smoluchowski equation, which is the Fokker-Plank

equation that arises from an overdamped process

∂

∂t
P (x, t) =

∂

∂x

[
D(x)e−βF (x) ∂

∂x

(
eβF (x)P (x, t)

)]
(2.16)

where P (x, t) is the distribution of the variable x that evolves by eq. (2.15).
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2.1.2 How to compute the free energy and diffusion profiles

In a typical situation one would posses the knowledge about the diffusion properties

and the free energy of the system that is being analyzed, and from there they would

be able to study the dynamics of said system. In this case we find ourself in the

opposite situation, since we know the evolution of the system and want to infer

the free energy and diffusion. In this section we will present the two methods that

have been used in this work, which are the Kramers-Moyal (KM) expansion and the

optimized Langevin equation (optLE).

The KM expansion gives a series representation of the time evolution of the dis-

tribution P (x, t) in terms of the conditional momenta of the small increments

∆x = ∆x(t+∆t)−∆x(t) [25]. Upon defining:

M (n)(x) ≡ 1

n!

⟨(∆x)n|x(t) = x⟩
∆t

, n = 1, . . . (2.17)

then the KM expansion reads

∂

∂t
P (x, t) =

∞∑
n=1

(−∂x)n(M (n)(x)P (x, t)) (2.18)

For all Markovian processes, like the OLE, all terms for n ≥ 3 vanish [18], so that

onlyM (1)(x) (drift) andM (2)(x) (diffusion) are left. By simply evaluating the mean

and variance of ∆x we can fully characterize the free energy F (x) and diffusion D(x)

of the process:

D(x) ≈ ⟨∆x
2⟩ − ⟨∆x⟩2

2∆t
≡ σ2

x

2∆t

f(x) =


⟨∆x⟩

βD(x)∆t
− D′(x)

βD(x)

− dF (x)

dx

(2.19)

where f(x) is the force acting on the system.

The optLE is an iterative method that computes the free energy and diffusion by

maximizing the model likelihood based on an explicit expression of the short-time

propagator [7]. Given a trajectory x sampled at a time resolution ∆t, the log-

likelihood of observing the data under a model specified by the free-energy F (x)

and the variable-dependent diffusion D(x) is

lnL(θ) =
N−1∑
i=1

ln p(xi+1,∆t|xi; θ) (2.20)
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where the the free energy and diffusion are treated as the parameters θ to be opti-

mized and p is the short-time transition probability density, defined as

p(x′, t+∆t|x, t) ≈ 1√
2πµ

exp

(
− (x′ − x− ϕ)2

2µ

)
(2.21)

with:

ϕ = a∆t+
1

2
(aa′ +Da′′)∆t2, µ = 2D∆t+ (aD′ + 2a′D +DD′′)∆t2 (2.22)

where a is the drift term in eq. (2.15) and D ≡ D(x). The optLE method differs

from KM in that it uses a propagator of order ∆t2, whereas the expansion of KM

stops at order ∆t.

2.1.3 How to compute the rate

Once F (x) and D(x) have been reconstructed from the trajectory, via KM expansion

or optLE, the physically relevant observable is the rate at which the system escapes

from one metastable region to another. In our case this is the rate of going from the

associated state to the dissociated one (koff) or viceversa (kon). The general theory

of kinetic rates for a stochastic process, and in particular for an overdamped (Smolu-

chowski) particle, can be found in [17]. I reproduce here the derivation, adapted to

the notation introduced above.

Consider the CV x evolving on the free energy landscape F (x) according to the

OLE eq. (2.15), and suppose we want the typical time needed to go from a point q0,

sitting in a metastable (reactant) region, to a point b that marks the product state.

It is convenient to bound the reactant region by a reflecting boundary at x = a < q0
(physically, this represents the fact that the system cannot escape backward past

the bottom of the reactant well) and to place an absorbing boundary at x = b (once

the system reaches b the “reaction” is considered complete and we stop measuring

the time). The quantity we look for is the mean first passage time (MFPT) τ(q0)

for a particle that starts at x = q0 and reaches b for the first time. The MFPT

is most naturally obtained from the backward (adjoint) form of the Smoluchowski

equation, rather than from the forward equation used earlier (eq. (2.16)). Starting

from the forward operator

LFPP (x, t) =
∂

∂x

[
D(x)e−βF (x) ∂

∂x

(
eβF (x)P (x, t)

)]
(2.23)

one can construct its formal adjoint L† defined by
∫
dx f(x)LFPP =

∫
dx (L†f(x))P

for arbitrary test functions f(x). Two integrations by parts (boundary terms van-
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ishing at a and b) give

L†f(x) = eβF (x) d

dx

[
D(x) e−βF (x) df

dx

]
(2.24)

which is the operator generating the time evolution of any observable when it’s the

initial condition that is varied rather than the final one. The MFPT τ(x), viewed

as a function of the starting point x, satisfies the inhomogeneous equation

L†τ(x) = −1 (2.25)

together with the boundary conditions appropriate to our setup:

τ(b) = 0 (absorbing)

τ ′(a) = 0 (reflecting)

Using the explicit form of L† from eq. (2.24), eq. (2.25) becomes

d

dx

[
D(x) e−βF (x) dτ

dx

]
= −e−βF (x) (2.26)

This is now a linear, first-order ODE for the auxiliary function D(x)e−βF (x)τ ′(x),

and can be integrated twice in closed form, yielding the result

τ(q0) =

∫ b

q0

dx
eβF (x)

D(x)

∫ x

a

dy e−βF (y) (2.27)

The corresponding rate constant for the transition is simply its inverse

k = τ−1(q0) (2.28)

evaluated with q0 taken near the bottom of the reactant well. The result depends

only weakly on the precise choice of q0 (given it’s deep inside the well), since the

outer integral is dominated by the barrier region where F (x) is largest.

2.1.4 Which projection is the best one?

The last important point to analyze is the following: how good is the projected vari-

able at capturing the behavior of the fully dimensional system? In fact, depending

on how the variable is constructed, we see different aspects of the original system,

while ignoring others. As an example, let us consider a simple two-dimensional dou-

ble well alongside the x-direction. If we choose the reduction (x, y) 7→ x, then we

are able to still perfectly see the shape of the double well; contrarily, if we chose
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the reduction (x, y) 7→ y, we will see a single well, loosing all the information on

the double well shape. We then need a criterion to evaluate how good is a variable

at describing the original system. In particular, we’re interested in a projection

that preserves the kinetic properties of the system. Zhang et al. [9] provides the

following crucial result: the transition rate of the full dynamics is always smaller

than or equal to the one computed using the effective dynamics, with the optimal

reaction coordinate yielding a minimal rate [2]. Among all the possible projections,

the optimal one is the one that minimizes the kinetic rate; the best projection, the

one achieving the true kinetic rate, is called the committor. Then, when evaluating

a CV, we will look at the kinetic rate it produces, and we will deem optimal the CV

that, among the others, will produce the minimal rate.

2.2 The datasets

Given a trajectory dataset, before any machine learning algorithm can be deployed

to obtain significant results, one must first choose a specific numerical representation

X for our trajectories. This amounts to choosing a set of “features” that adequately

describes the system of interest. Let Xr ∈ RN×Dr be the matrix that represents the

“raw” trajectory dataset where N is the number of simulation time-points collected

times the number of trajectories and Dr is the number of degrees of freedom of the

dataset, and X ∈ RN×D the matrix representing the “featurized” dataset; featuriza-

tion is performed by the function χ : RDr 7→ RD that transforms a “raw” datapoint

into a featurized one:

xi = χ(xi,r) (2.29)

When sufficient prior knowledge of the system is available, it’s convenient to choose

a feature space such that D ≪ Dr that can appropriately characterize the molec-

ular motion of interest without significant loss of information. Often, the number

of degrees of freedom required to encode many physical properties or observables of

a molecular system is relatively low [26, 27]. In this work we will present results

obtained with two different featurized datasets, each with the same amount of dat-

apoints but different features. Each datapoint represents a “snapshot” of the atoms

coordinates in three-dimensional space taken during the MD simulation with a time

resolution of ∆t = 200 ps. 250 independent MD trajectories are generated and 175

trajectories result in successful associations (the MD simulations were performed by

Mouaffac et al., see [1] for greater details). These trajectories all last a different

amount of time in the range [101, 102] ns, and they are concatenated to create a

single dataset with N = 143 050 datapoints. With all these information, we have

created and used two datasets.
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Figure 2.1: Association trajectories projected on the pair 1 CV (atoms 391-2380).

2.2.1 Protein pair contacts dataset

Since we are tracking the process of association of the two proteins, we have deemed

useful to consider in the first dataset the distance between key interface atoms during

association. The function χ maps the coordinates of atom i ∈ A (set of interface

atoms of barnase) and atom j ∈ B (set of interface atoms of barstar) into a scalar

quantity called coordination number :

cij = χ(rij) =

1−
(

rij−d0
r0

)n

1−
(

rij−d0
r0

)m

rij = |xi,r − xj,r|=
√
(xi,r − xj,r)2 + (yi,r − yj,r)2 + (zi,r − zj,r)2

(2.30)

with d0 = 0, r0 = 0.6 nm, n = 6 and m = 8 (see [1]). The coordination number has

the advantage of easily explaining the association process: when cij ∼ 1 then the

two atoms are very close, hence association for that pair has happened, and when

cij ∼ 0 the two atoms are still distant from each other. Although indifferent for the

final results, the pair coordination numbers are shifted (x′ = 1−x) in order to have

trajectories that decrease in time (fig. 2.1). The coordination number is computed

for D = 487 pairs using the open-source, community-developed PLUMED library

[28, 29]. A PLUMED input file is defined in the following way. The file starts with:
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Figure 2.2: Radial distribution function g(r) of the water molecules around BB

(green curve). Superimposed it’s the coordination function eq. (2.30) of parameters

r0 = 0.4, n = 8, m = 16, showing that with this choice of parameters we fully

capture the nearest neighboring water molecules (first spike) and starts to decrease

for the second set of neighbors.

WHOLEMOLECULES ENTITY0=1-1700 ENTITY1=1701-3134

ox: GROUP ATOMS=3135-107511:4

The first line tells PLUMED which atoms belong to barnase (ENTITY0) and which

to barstar (ENTITY1), where the numbers of the atoms are the same of the PDB

file, and second line tells PLUMED about the waters. Then you need to provide the

instruction on how to compute the coordination number:

pair1: COORDINATION GROUPA=391 GROUPB=2380 R_0=0.6 NN=6 MM=8 PAIR

PLUMED here considers atom 391 of barnase and atom 2380 of barstar and com-

putes their coordination using the specified parameters.

2.2.2 Protein and water pair contacts dataset

In the second dataset there has been included also the information about the amount

of water molecules surrounding each interface atom of both barnase (100 interface

atoms) and barstar (99 interface atoms), amounting the number of features to D =

686. To count the number of waters, we have used eq. (2.30) where i ∈ A are now
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the interface atoms of barnase or barstar and j ∈ B are all the oxygens in the water

molecules, and then sums all the contributions:

ci =
∑
j∈B

cij (2.31)

The values of ci can go beyond 1, and this would create unbalance in the dataset.

In order to normalize these values in the interval [0, 1] while still retaining useful

information, each datapoint within the same feature is transformed as:

x′i =
xi − xall trajmin

xall trajmax − xall trajmin

(2.32)

By doing so, not only these features also live in the [0, 1] range as the pair features,

but they also decrease along the trajectories, meaning that they retain the same

information: values close to 1 mean that the proteins have not associated, values

close to 0 indicate association. The parameters of eq. (2.30) are heuristically chosen

to be r0 = 0.4 nm, n = 8 and m = 16 by looking at the radial distribution function

g(r). The radial distribution function (RDF) describes how density varies as a

function of the distance from a reference atom. It’s constructed by computing

all pairwise interatomic distances and organizing them into a discrete histogram,

which is then normalized against the baseline of an uncorrelated ideal gas. In three

dimensions, this normalization is the density of the system ρ = N/V multiplied by

the volume of the spherical shell 4πr2dr. Then:

g(r) =
ρ(r)

ρ0(r)
= ρ(r) · V

N4πr2
(2.33)

where ρ(r)dr is the probability of finding one atom in a shell between r and r+ dr.

The RDF of the water molecules around BB, shown in fig. 2.2, was computed in the

following way. First of all, every atom of the two proteins (except the hydrogens)

was used as a center for the measurements. Then, the distance is computed looking

at the oxygens of the water molecules. Periodic boundary conditions were enforced

and to compute the histogram a resolution of δr = 0.1 Å was used. From fig. 2.2

we see that the first shell of water molecules sit around 2.5 ÷ 3 Å, and the second

at 4 Å. Then, if we want to capture just the water molecules that are closer to the

proteins, the parameters above indicated have to be chosen.

Dataset split

For the training of the autoencoder the dataset is split into 80% training set and

20% validation set. There is no test set since, at least for the autoencoder, we’re
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(a) (b)

Figure 2.3: (a) Evolution of the total number of water molecules around barnase.

(b) Evolution of water CV 84, representing the amount of water molecules around

atom 1553 of barnase.

interested in the task of dimensionality reduction, and not in making predictions

or generalizing to new datasets (meaning, new complexes). In a sense, the test

will be performed when evaluating if the CV found by dimensionality reduction is

able to capture the kinetics of the system. The training set is used to train the

model. Since we will use stochastic gradient descend to update the weights of the

network, the training loss is updated after each batch is passed. The validation set

is the portion of the dataset used to compute the validation loss which informs us

wether the model needs tuning or adjustments: if the training and validation losses

are similar, then the model is good, whereas a difference in their evolution during

training is a symptom of overfitting or underfitting. The validation loss is computed

at the end of each epoch once the weights are already updated.

2.3 Autoencoder

As a first task, we want to find a one-dimensional CV by performing pure dimen-

sionality reduction on the dataset using a kind of neural network called autoencoder

(AE). AEs are a class of neural networks trained on the task of attempting to copy

the input into the output: given a dataset X ∈ RN×D, the AE output is X̂ ∈ RN×D

which should be as identical as possible to X. The AE consists of two main compo-

nents, the encoder and the decoder. The encoder maps the input into latent-space

variables q = fθ(X) and the decoder tries to reconstruct the input starting with

these latent space variables X̂ = gθ(q). If the AE learns to perfectly copy the input

set g(f(X)) = X̂ = X, then it’s not of particular use. Instead, AEs are designed
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in such a way that they’re unable to achieve perfect copying, getting restricted to

copying just approximately. This approximate learning is fundamental for the AE

to learn just the important features of the dataset. For this reason, traditionally

AEs have been used as dimensionality reduction tools: since the model needs to

prioritize copying only important aspects, in the process of learning it will produce

a lower-dimensional version of the input X which retains all the important informa-

tion. An AE which produces q ∈ Rd through f : RD 7→ Rd, with d≪ D, is called an

undercomplete AE [30]. The learning process is achieved using a loss function which

minimizes the difference between input and output. The most common choice of

such a loss function is the Mean Square Error (MSE)

L =
1

M

M∑
i=1

|xi − x̂i|2 (2.34)

where |·| indicates the norm-2 of a vector1 and M is the number of datapoints in

the training set. It’s easy to show (see [31]) that L is minimized when xi = x̂i

∀i = 1, . . . ,M . When the decoder function g is linear and the loss is MSE, then the

AE learns to span the same subspace of PCA. Much more useful however is when

both f and g are nonlinear functions, and thus the AE is capable of learning a more

powerful nonlinear generalization of PCA.

Without entering into great details (for which I recommend the reading of [32]),

neural networks (NNs) are machine learning models consisting of connected units

called neurons that are stacked into layers. Each neuron i takes as input a vector of

features x = (x1, . . . , xd) and outputs a scalar quantity ai(x). The functional form

of ai depends on the nonlinearity one wants to encode in their NN, however almost

always it takes the form of a weighted linear combination of the input features and

a nonlinear transformation σi(z) called the activation function. The linear transfor-

mation almost always has the form of a dot product between the input vector x and

a vector of weights w(i) followed by a bias b(i):

z(i) = w(i) · x+ b(i) (2.35)

Then, z(i) serves as the input of the nonlinear function σi(z). This operation is

repeated for each neuron in a layer, and the output of a layer serves as the input

of the following one. When the information travels only in one direction, meaning

there are no connections within a layer nor loops inside the network, the NN is called

feedforward. The first layer is called the input layer and the last layer is the output

1|x|=
√∑d

i=1 x
2
i for x ∈ Rd
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layer, whereas all the layers in the middle are called hidden layers. The architecture

of the NN, meaning the number of neurons in each layer and the number of layers,

and the choice of the activation function are dependent on the problem that one

needs to tackle. The last ingredient in the construction of a NN is the definition of

a loss function which, upon minimization, serves to update the weights and biases.

The algorithm used to compute the gradients of the loss function using the layered

structure of the NN is called Backpropagation [33].

Architecture of the AE

The AE is coded using the mlcolvar library [34], with information and code publicly

available at https://mlcolvar.readthedocs.io/. The design of the AE was cho-

sen based on the work proposed in [35]. The AE is chosen symmetrical, meaning that

encoder and decoder are identical and mirrored, with 1 hidden layer composed of

100 neurons: Input (D) → Hidden 1 (100) → Bottleneck (1) → Hidden 2 (100) →
Output (D). Since the output of the bottleneck will be used as the CV, the dimen-

sion of the bottleneck will vary with the dimension of the desired CV. A graphical

representation of the architecture of the AE is shown in fig. 2.4. To compare dif-

ferent architectures and choose the best, we plot the training and validation loss

functions throughout the training procedure and judge basing on criteria such as

the stability during training, meaning how smooth the two curves decrease over the

epochs, how many epochs does the model take to learn, or if the model overfits.

Overfitting is handled by the early stopping procedure, with min delta= 10−5

and patience= 40. The weights are initialized using He uniform initialization:

both weights and biases are sampled from the uniform distribution U [−
√
k,
√
k]

with k = (nl/6)
−1, with nl the number of neurons in the input layer. Before pass-

ing the input data to the network, mlcolvar automatically performs a mean_std

normalization, meaning that for each feature it performs the normalization

x′ =
x− µi

σi
(2.36)

Training protocol

The dataset is first split into training and validation sets in the ratio 80/20. The

network is then trained by minimizing the MSE and to which we also added L2

regularization, also known as ridge regression. Ridge regression is a technique used

to encourage smaller, more evenly distributed weights by adding a penalty on the

https://mlcolvar.readthedocs.io/
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...

Input # 1 →

Input # D →

Input Layer

∈ RD

...

Hidden Layer

∈ R100

Bottleneck

∈ R1

...

Hidden Layer

∈ R100

...

→ output # 1

→ output # D

Output

Layer ∈ RD

Figure 2.4: Graphical representation of the architecture of the AE.

amplitude of the coefficients. The loss of the AE then reads

L =
1

M

M∑
i=1

|xi − x̂i|2+γ|θ|2 (2.37)

where θ represents the parameters of the encoder and decoder functions, respectively

fθ and gθ. The reasons for which we decided to include ridge regression in this

problem are:

- suppose the AE learns to produce a spike in response to small variations.

Then, by adding L2 regularization the weights stay small, ensuring that the

mapping from input to output is more continuous and stable.

- handling correlated values. Without L2, the optimizer might assign an arbi-

trarily large positive weight to one feature and a large negative weight to a

correlated one. L2 penalizes large weights, forcing the model to distribute the

“importance” more evenly and logically across the features.

- numerical stability. L2 adds curvature in the optimization space, ensuring that

the optimizer finds a minimum rather than oscillating.

The minimization of the loss function and update of the weights is performed using

Adam [36], a moment-based gradient-based stochastic optimization algorithm. Once

the AE is trained, the weights of the model are normalized using min_max normaliza-

tion which works in the following way: you evaluate the average, standard deviation
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activation function tanh

Test set 80%

Validation set 20%

Learning rate 10−4

L2 strength (γ) 10−5

β1 0.9

β2 0.99

ϵ 10−8

batch size 1024

∆t [ps] 400

Table 2.1: Hyperparameters of the AE.

and minimum and maximum values of the bottleneck variable s=model(X), and

then the weights are normalized in such a way that s has zero mean and values

inside the range [−1, 1]. Finally, since in the literature the CV is often scaled to

have values in [0, 1], we perform the map q ← (s + 1)/2. In conclusion, q along-

side the respective time is saved concatenated in a file ready to be used as input

for the optLE, publicly available at https://github.com/physix-repo/optLE, in

order to compute the free energy landscape, the diffusion and finally the kinetic rate.

All the hyperparameters of the AE are listed in table 2.1; the choices of these

hyperparameters are discussed in section 3.1. While working with the AE, these

two problems were encountered:

1. Phase independence of the one-dimensional CV. An annoyance encountered

during training is the following: reducing to a single variable is equivalent to

projecting the datapoints into a line whose direction is not specified, meaning

that learning z = f(x) or z′ = −f(x) gives the same result x̂. This is however

not a real problem, since we can simply check for the sign of the learned

variable after the training is complete and eventually flip its sign.

2. Finite precision of floating-point arithmetic. Due to the finite precision of

floating-point arithmetic, the CV occasionally exhibits minor numerical drift

beyond the physical boundaries (x < 0 or x > 1). The solution is simply to

implement an if condition before saving the variable and restore these values

into the boundary.

https://github.com/physix-repo/optLE
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2.4 Driving the network toward a minimal rate

Once we have validated that by pure dimensionality reduction we are able to get a

good CV to describe the mechanism of the process (sections 3.3 and 3.4), we want to

proceed with replacing the pure dimensionality reduction with a learning procedure

constrained on minimizing the kinetic rate. There is no metric or physics inside

an autoencoder that pushes the learning process toward finding an “objectively”

good variable, independently good from the quality of the dataset. For this reason,

we deemed important to build a network that is able to stir the learning of the

variable towards a physically-informed one. This thought process is based on the

kinetic variational principle, introduced in [2]: the best CV is the one that minimizes

the rate of the process as predicted by a Langevin model of the same variable. In

the paper, the authors perform a weighted linear combination of proposed collective

variables, and the weights are updated by random variations accepted using a Monte

Carlo procedure. Our core idea is then not only to replace the linear combination

of CVs with a nonlinear one, but also to substitute the Monte Carlo updates with

a gradient-based learning process which is done by a neural network trained on

minimizing the kinetic rate introduced in eqs. (2.27) and (2.28). The free energy

and diffusion are computed using the first two moments of the variable according to

the Kramers-Moyal expansion eq. (2.19). In the particular case of the BB complex,

the diffusion is found to be almost constant across the CV. For this reason the

diffusion is averaged and thus considered a constant quantity

D = ⟨D(q)⟩q (2.38)

where the average is performed on the distribution of the latent space variable q.

To compute the first two moments of the variable q and the average of D(q), one

should compute the probability distribution p(q) which is done by hard binning the

trajectories to create a histogram. However, since learning is based on backpropa-

gation, we need every single step of the computations to be differentiable, and hard

binning doesn’t satisfy this requisite. For this reason we soft-bin using Gaussian

kernel-density estimation. In the following we will present the choices made for the

construction of the network, discussing which problems were encountered and how

they were solved.

Trajectory-level training and validation split

Exactly as done for the AE, the dataset is split into 80% training set and 20%

validation. However, the split can no longer be performed frame-by-frame: both

F (q) and D are conditional averages over consecutive frames, and the rate is only
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meaningful if evaluated on trajectories that retain their original chronological order.

If we were to shuffle the individual frames across the two sets we wouldn’t be able to

compute the increments ∆q. We therefore split at the level of whole trajectories: out

of the 175 available association events, 35 are randomly drawn without replacement

with a fixed seed and set aside entirely for validation, while the remaining 140 are

used for training. The roles of training/validation sets remain the same as for the

AE.

Differentiable estimation of F (q) and D: soft Kramers-Moyal moments

Before computing the free energy and diffusion, we need to create a grid on which

to build the histograms. At every forward pass, before any free energy or diffusion

is estimated, we rebuild the histogram grid on the fly from the instantaneous output

of the network. Let qmin and qmax be the minimum and maximum of the current

batch of latent values q = fθ(X). We define a relative kernel bandwidth

σeff = σrel (qmax − qmin) (2.39)

where σrel is a fixed hyperparameter, so that the effective smoothing width always

occupies the same fraction of the current range of q, irrespective of how that range

shrinks or grows during training. A buffer of three bandwidths is added on each

side to prevent the kernel density estimate from being truncated at the edges,

qmin
grid = qmin − 3 σeff , qmax

grid = qmax + 3 σeff , (2.40)

and a uniform grid of N BINS points is drawn between these two extrema. Crucially,

qmin and qmax are detached from the computational graph before being used to

build the grid. If we let gradients flow through the definition of the grid itself, the

optimizer would be handed a second, competing way of minimizing the loss: instead

of reshaping the free energy landscape, it could simply shrink or stretch the range

of q to make the histogram boundaries and bin width favorable to a small rate, an

artifact with no physical meaning. Treating the grid as a re-computed but non-

differentiable structure at every epoch removes this degeneracy while still letting

the histogram track the network’s evolving output range.

With a grid in hand, we can evaluate the local KM moments of the latent variable

q. For every grid point qj we compute a soft weight for every trajectory frame qi

wij = exp

[
−(qi − qj)2

2σ2
eff

]
, Nj =

∑
i

wij + ε, (2.41)

with ε = 10−12 protecting empty bins from a division by zero. The first two con-

ditional moments of the frame-to-frame displacement ∆qi = qi+1 − qi are then the
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weighted averages

M (1)(qj) =

∑
iwij ∆qi
Nj

, M (2)(qj) =

∑
iwij ∆q

2
i

Nj

(2.42)

Since the full dataset is the concatenation of many independent association trajecto-

ries, a naive ∆q computed across a trajectory boundary would splice the end of one

relaxation event onto the beginning of an unrelated one, contaminating the local

moments with a spurious, arbitrarily large jump. Then, a mask is introduced to

flag the beginning of a new trajectory, avoiding this issue. From the variance of the

displacement we obtain the local diffusion

Dlocal(qj) =
M (2)(qj)− [M (1)(qj)]

2

2∆t
(2.43)

which is then averaged using a population-weighted (confidence) average

D =

∑
j Nj Dlocal(qj)∑

j Nj

(2.44)

The value of D is clamped from below at 10−10 to avoid the numerical divergence of

1/D whenever a noisy or empty bin momentarily produces a vanishing or negative

estimation. Considering a constant diffusion, it follows that the mean force, and

from it the free energy, are

f(qj) =
M (1)(qj)

βD∆t
, F (qj) = −

∑
j′≤j

f(qj′) δq (2.45)

where δq is the dynamic grid spacing and the cumulative sum is the discrete analogue

of the integral relating force and free energy. The energy profile is shifted so that

Fmin = 0.

The kinetic loss: a differentiable mean first passage time

Given F (q) and D on the current grid, the loss function is a direct discretization

of the MFPT. First off, we need to evaluate the values of a, q0 and b, where q0 is

the bottom of the reactant well, a is the reflecting boundary and b is the absorbing

boundary. We take q0 to be the grid point at which the estimated free energy is

minimal, q0 = argminj F (qj), consistently with the theoretical requirement that the

reactant reference point sit deep inside the metastable well (section 2.1.3). For a and

b, instead of simply taking the global extremal values of q (single outlier frames could

otherwise displace the integration boundary and destabilize the loss from epoch to
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epoch), we average the ten most extreme values on each side and map a, b onto

their nearest grid indices, paying attention that a < q0. With these in hand, the

inner integral of eq. (2.27) is computed using a cumulative sum, and then the outer

integral with trapezoid integration. The extrema of integration of the outer integral,

instead of fixed q0 and b, are chosen as start= min(q0, b) and end= max(q0, b): these

are adaptive extrema which make the integral well-defined regardless of whether

the learned latent variable q happens to increase or decrease along the association

pathway during a given epoch. The scalar k = 1/τ , the reconstructed kinetic rate

itself, is the loss function that is minimized: unlike the AE, whose loss (eq. (2.37))

had no direct physical interpretation beyond a reconstruction error, here every value

that is backpropagated through the network is, at every epoch, a legitimate estimate

of the escape rate implied by the current CV.

CVNet: architecture and weight transfer from the autoencoder

Rather than designing a new network from scratch, the new network (which for

simplicity will be referred to as CVNet) is built by stripping the decoder off the

already-trained AE and keeping only encoder. The parameters are not re-initialized

with the He-uniform scheme, but they are copied directly from the converged AE,

so that training starts from a CV already known to produce a reasonable free energy

barrier and rate. This warm start is motivated by the much harsher optimization

landscape of the kinetic loss compared to a plain MSE: computing the rate is a series

of nested compositions of soft-histogram weights, exponentials and cumulative sums,

all several differentiation steps removed from the network weights, and a random

initialization offers no guarantee that the very first forward pass would even produce

a sensible free energy profile (e.g. a monotonic one, with a clearly identifiable q0) to

compute a gradient from. Starting from the parameters of the AE, which are already-

known to produce good results, instead guarantees the loss landscape is explored

from a physically reasonable CV, and lets us interpret whatever displacement the

kinetic loss subsequently induces in the weights as the effect of injecting the kinetic

constraint on top of an already legitimate reduction.

Optimization protocol

Training uses full-batch gradient descent: unlike the AE, which benefited from mini-

batching precisely because MSE reconstruction error decomposes into an unbiased

sum over independent samples, here every single gradient step needs the entire

training ensemble to populate the local bins with enough statistics; a mini-batch

would starve of frames the tails of the q distribution (in particular the region near
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grid size (N BINS) 40

σrel 0.01

β = (kT )−1 1

epochs 15 000

validation trajectories 35 / 175

train trajectories 140 / 175

Table 2.2: Hyperparameters of the CVNet.

the transition barrier, which is by construction the least visited one), injecting large

amounts of noise into F (q) and D exactly where the integrals of the rate are most

sensitive. One epoch therefore corresponds to a single Adam step computed on the

full 140-trajectory training set.

Extracting and saving the final collective variable

Once training is complete, the CV q is obtained by evaluating the model on the full

dataset. As with the AE, the raw output of the bottleneck is affected by the same

sign ambiguity discussed in section 2.3 (q and −q describe the same physics), so we

again fix the convention that q should decrease from the dissociated to the associated

state by comparing the average of the first ten and last ten frames of the full dataset

and flipping the sign of q if the CV does not already decrease. The same min-max

normalization procedure of the AE is also applied here, rescaling q into [−1, 1] using
the range actually spanned by the kinetically-trained network, and by applying the

map q ← (q + 1)/2 we get the CV in the desired range [0, 1]. The resulting time

series is saved alongside the simulation time to a two-column file, in the same format

used for the AE-based CV. Table 2.2 summarizes the hyperparameters used in the

CVNet (alongside those already used for the AE, table 2.1).



3. Results

3.1 Design of the AE

In this section we will discuss the results that led to the choices in the design of

the AE. Most of the times, when dealing with the construction of a neural network,

there are no rules that dictate the choice of things like the hyperparameters or the

activation function, and optimization typically relies on systematic hyperparameter

exploration to isolate the ideal configuration. We will thus present here the choices

we made for the design of the AE.

3.1.1 Activation function

Three different activation functions were tested, ReLU= max{0, x}, softplus=

ln(1+ex) and tanh, and their performances were compared by looking at the evolu-

tion of their training and validation losses and by looking at the performance of the

produced CV: the CVs are compared by looking at their free energy, computed using

the optLE method, and rates. By looking at fig. 3.1a, we can see that with ReLU

activation we achieve the lowest train loss, but tanh has the most stable learning

evolution with training and validation losses being nearly identical. Then, if we look

at the free energy associated to the evolution of their respective CVs fig. 3.1a and

their kinetic rates, we can see that tanh achieves the highest free energy barrier ∼ 27

kT with a rate k = 3.24 · 10−4 s−1, whereas both softplus and ReLU achieve a lower

barrier and higher rate, respectively ∼ 17 kT with a rate k = 1.32 · 101 s−1 and

∼ 15 kT with a rate k = 8.67 · 101 s−1. Then, tanh is deemed the best activation

function and it’s used for each neuron of the hidden layers. No activation is set on

the bottleneck to avoid constraining the CV: forcing a single neuron through a tanh

limits its range and risks saturation, whereas by unconstraining the bottleneck we

allow the single latent variable to take any value necessary to represent the input,

leading to a much better reconstruction.

29
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(a) (b)

Figure 3.1: (a) Detail of the evolution of the training and validation losses of the

AE trained with tanh, ReLU and softplus activation functions. (b) Free energy

profiles (computed with optLE) and kinetic rates of the CVs produced with the

three different activation functions.

3.1.2 Batch size

To choose the batch size, the AE was trained with 4 different values {1, 256, 512, 1024}
with tanh as the activation function and the loss curves were compared (fig. 3.2a).

From the comparison, it’s immediately noticeable that a batch size of 1, also known

as pure stochastic gradient descend, traps the learning in a local minimum from

which the model is unable to escape. Let’s then look at the three remaining choices

(fig. 3.2b). All three models reach approximately the same value of the loss. The

model with batch size of 256 yields the fastest learning with few more than 300

epochs but its validation loss is noisy towards the end, a symptom that the batch

size is too small. The model with batch size of 512 shows a very different evolution

of training and validation losses, meaning that the model needs to be refined. The

model with batch size 1024 takes the most amount of epochs, but it’s the most

stable (i.e. the evolution of training/validation loss is approximately the same) and

shows much less noise than the other two models. For these reasons, the selected

batch size is 1024.

3.2 Is the dynamic really overdamped?

As already discussed in section 2.1, the whole theoretical setup and in particular

the kinetic variational principle are based on the assumption of an overdamped dy-

namic. This assumption, although reasonable, must be verified. We present here the
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(a) (b)

Figure 3.2: (a) Comparison of the training and validation losses for different values

of the batch size, indicated in the legend as #n. (b) Detailed look at the loss curves

for batch sizes 256, 512 and 1024.

two tests that have been performed to verify the overdamped (and thus, Markovian)

nature of the system. The first test is a macroscopic one (see [1]) and it consists

in verifying that the rate becomes independent of the time resolution ∆t, i.e. the

time interval between two datapoints, for a certain value of ∆t greater than the

autocorrelation time of the CV velocity, meaning that the system has no memory

(non-Markovian) effects. The second test is a microscopic one (see [7]) and it con-

sists in studying the properties of the noise of the Langevin dynamics: since we

assume overdamped dynamics, characterized by delta-correlated Gaussian noise, we

compute the autocorrelation function (to check delta-correlation) of the noise and

the distribution of the noise (to check if the noise is Gaussian distributed with zero

mean and unitary variance) for different time resolutions, to see which one best

captures the Markovian behavior.

The dataset used throughout this work starts with a time resolution ∆t = 200

ps, and thus we have performed the analyses with values 200 ps, 400 ps and 600 ps,

done by removing respectively none, one and two datapoints after each other, being

careful to not remove the initial and final ones of each trajectory. A problem of

removing datapoints to test higher values of the time resolution is that we also lose

important information, especially at the beginning of each trajectory where we have

few datapoints representing the unbounded state: higher values of ∆t would proba-

bly result in a better overdamped approximation, but we would lose on the physical

side. The AE was trained with the three dataset featuring the different time reso-

lutions, using the optLE method we computed the free energy and diffusion profiles
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Figure 3.3: Values of the kinetic dissociation rate and error bars for time resolutions

∆t = 200, 400 and 600 ps.

and finally the rates (fig. 3.3): as we can see, the rate becomes independent of the

∆t starting from 400 ps, whereas at 200 ps there seem to be some memory effects.

This result is in according to the one in [1]. To characterize the noise we use the

Euler-Maruyama integrator

G =
∆q + (βDF ′ −D′)∆t√

2D∆t
(3.1)

which gives the value of the effective noise G(t) for each displacement of the CV

∆q = q(t + ∆t) − q(t). If the dynamics are faithfully captured by an overdamped

Markovian model at resolution ∆t then G(t) must behave as a memory-less, zero-

mean, unit-variance Gaussian white noise, meaning its normalized autocorrelation

function

C(t) =
⟨G(0)G(t)⟩
⟨G2⟩

(3.2)

is expected to go to zero for any non-zero lag time t ≥ ∆t. When subjected to this

frame-by-frame test, the reconstructed noise exhibits distinct deviations from ideal

Gaussian white noise behavior. As shown in the autocorrelation profiles (fig. 3.4a),

C(t) drops abruptly after the first step but fails to decay fully to zero. Instead, it

enters a persistent, non-vanishing plateau of C(t) ∼ 0.05 for 200 ps and ∼ 0.15 for

400 and 600 ps that extends across long correlation times. The flat nature of this

plateau, without any exponential or power-law decay, strongly indicates that this
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(a) (b)

Figure 3.4: (a) Autocorrelation function for each time resolution ∆t, all plateauing

at values different from zero. (b) Distribution (with mean and variance) of the noise

of the three processes compared the (theoretical) Gaussian distribution.

artifact doesn’t arise from a physical memory effect. Rather, this seems more like

a systematic error. One possible reason for this error is the lack of samples in the

dissociated region, and an overwhelming abundance in the associated one, skewing

the averages. Another possible reason for this offset is that is that ⟨G⟩ ̸= 0 for

∆t = 400, 600 ps, as we can see from fig. 3.4b. Despite this non ideal microscopic

behavior, macroscopically the kinetic rate exhibits robust stability and independence

from the choice of time resolution.

3.3 Dataset of only protein atom pairs

Once we have fully characterized the AE (the full set of hyperparameters shown

in table 2.1), we can train it using the two datasets discussed in section 2.2. Let’s

start by presenting the results using the dataset containing only information about

atom pair interactions. Figure 3.5 represents the free energy and diffusion, com-

puted using the optLE method, associated to the CV found by training the AE.

The solid line represents the profile obtained by training the model on the whole

dataset. The dotted lines represent the best and worst performances obtained by

training the model on sub-samples of the dataset; in particular, the model was

trained on multiple datasets (10) obtained by removing a random number (20÷ 40)

of randomly chosen trajectories. In conclusion, the AE produces a CV whose kinetic

dissociation rate is koff = 3.24 · 10−4 s−1 with a block-average error bar in the range

4.35 · 10−3 − 5.60 · 10−5 s−1. The estimated dissociation rate is not compatible with
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Figure 3.5: Free energy and diffusion, computed using optLE, of the CV obtained

with the AE trained with the pairs-only dataset for a time resolution ∆t = 400

ps. The solid line corresponds to the training performed with the entire dataset,

while dashed lines represent a training in which a random number of trajectories

was removed.

the experimental one as one can see from fig. 3.3. One problem to be underlined

here is the approximate nature of what we are considering; the all-atom MD sim-

ulation, although performed as accurately as possible, uses empirical force-fields,

unavoidably making the interatomic forces approximate.

Another important result to be presented here is the failure of the KM expansion

to capture the free energy and diffusion of the system. In fact, using the same vari-

able produced by the AE, the KM expansion gives a free energy barrier of ∼ 10 kT

(almost 17 kT lower than that obtained with optLE) and a diffusion of 5 · 10−6 ps−1

(same order of magnitude of optLE); the rate is koff = 8.52 · 103 s−1. We attribute

two reasons to the failure of the KM expansion in this system:

1. scarcity of points in the “dissociated” region and abundance in the “associated”

one. The MD simulations we performed are unbiased, meaning that the two

proteins are left to spontaneously associate. As already explained, this is a

very fast process for the BB complex, meaning we are left with a spare number

of datapoints in the initial “dissociated” state. This is also reflected by the

free energy: a high value of the free energy reflects a region that is, from a



Chapter 3. Results 35

Figure 3.6: Heatmap representation of the feature-feature covariance matrix of the

water-only dataset.

probabilistic viewpoint, rarely visited. When we then compute the averages

for the KM expansion, we are left with a region that hardly if not at all con-

tributes, skewing the results toward the vastly more populated “associated”

region.

2. the time resolution problem. The KM expansion (eq. (2.19)) is the discretiza-

tion of the Taylor expansion of the Smoluchowski equation, and thus requires

small time increments to be well-defined. However, as discussed thoroughly,

to get a good overdamped regime and loose memory effects, we need a time

resolution ∆t ≥ 400 ps.

Both of these problems, especially the second one, are maybe mitigated in the optLE

method, which first of all is second order in ∆t, and instead of computing localized

moments it maximizes a global log-likelihood function over entire trajectories.

3.4 Including the water information

In this section we present the results obtained using the dataset made of D1 = 487

features of pair interactions (atom-atom distance) and Dw = 199 features about the

amount of water around each interface atom of Barnase and Barstar. With this

dataset we train the AE, obtain the CV and get (fig. 3.8) a free energy barrier of
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(a) (b)

Figure 3.7: (a) (non normalized) distribution of the eigenvalues of the covariance

matrix, showing a bulk towering at 0 and a single eigenvalue λ ≈ 54.5 which cor-

respond to the dominant mode. (b) (normalized) eigenvalue distribution compared

to the distribution obtained when the dataset is shuffled, meaning that correlations

are broken; superimposed it’s the (theoretical) Marchenko-Pastur distribution.

∼ 24kT, a diffusion of 1.8 · 10−6 ps−1 and a kinetic rate koff = 6.72 · 10−3 s−1 with a

block-average error bar in the range 3.04 · 10−2 − 4.46 · 10−3 s−1. It’s immediately

observed that the results obtained with this dataset are worse than those of the

atom pairs-only dataset, with a barrier lower of ∼ 3 kT and the rate being one order

of magnitude greater. The addition of the information about water then doesn’t

contribute to finding the CV, and in fact hampers the results. It’s then interesting

to ask ourself if the water dataset brings any real information. To this end, we will

make use of the theory of random matrices [37, 38].

Let us just consider the water dataset Xw ∈ RN×Dw and let’s compute the feature-

feature covariance matrix

Cij =
1

N

N∑
n=1

xni x
n
j (3.3)

where xni is the value of feature i at time n, Cij > 0 if features i, j tend to follow

the same trend, Cij < 0 if one follows a trend and the other follows it in the

opposite direction, and Cij = 0 when the two features are uncorrelated. The full

covariance matrix is shown through a heatmap in fig. 3.6, and from it we can see

that the features are mostly positively correlated: this isn’t surprising considering

the features we are looking at; it’s expected that if the amount of water molecules

around a certain interface atom decreases, this will be true also for its neighboring

interface atoms, hence the positive correlations. Since the features are truly strongly

correlated, we can immediately disregard the idea that our dataset is pure noise (null

model). To confirm it, let’ compute the eigenvalues of C and plot the histogram of
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Figure 3.8: Free energy and diffusion, computed using optLE, of the CV obtained

with the AE trained with the pairs and water dataset for a time resolution ∆t = 400

ps. The solid line corresponds to the training performed with the entire dataset,

while dashed lines represent a training in which a random number of trajectories

was removed.

their distribution (fig. 3.7a): in the case of pure noise we would obtain a Marchenko-

Pastur (MP) distribution (plotted next to the distribution of the eigenvalues of

C, obtained by shuffling the values along the columns and in fact breaking the

correlations), whereas we see a clear bulk of eigenvalues near zero and a clear highest

eigenvalue at around 54.5. The bulk near zero represents a huge set of redundant

features, whereas the few large eigenvalues represent directions of strong shared

variance, with the highest eigenvalue having a 27.4% explained variance. To better

quantify the redundancy suggested by the bulk near zero, we computed the effective

rank of C

Reff =
(
∑D

i=1 λi)
2∑D

i=1 λ
2
i

= 10.9 (3.4)

This confirms quantitatively that, despite the nominal dimensionality of d = 199,

the system’s variance is effectively captured by only about eleven independent di-

rections, the remaining features being approximately linear combinations of these.

In conclusion, the inclusion of the water dataset leads to a degradation in the AE

performance. This counterintuitive behavior can be attributed to two distinct, yet

complementary, physical and architectural factors:
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1. As shown by the empirical eigenvalue spectrum, the water dataset exhibits

severe information redundancy, with the vast majority of the 199 features

collapsing into a near-zero bulk. By looking at fig. 2.3b we can see that

while the information on the water molecules around a single atom is noisy,

the information on the de-solvation around the whole protein is very clear.

Physically we can say that the highly-informative modes (associated to the

higher valued eigenvalues) capture the global de-solvation process, while the

remaining orthogonal degrees of freedom represent highly stochastic, local-

ized thermal fluctuations of individual water molecules. When this raw high-

dimensional dataset is fed into the AE, the MSE treats all input dimensions

“democratically”. As a consequence, the network’s capacity is heavily penal-

ized by trying to reconstruct ∼ 188 dimensions of uncoordinated microscopic

noise rather than isolating the low-dimensional physical manifold. The true

learning signal is effectively diluted, trapping the network in an unfavorable

optimization landscape.

2. Alternatively, the information provided by this specific dataset may offer no

complementary insights into the actual RC of the binding transition. Because

the physical variance of the water network is almost entirely compressed into a

single eigenvalue (λ ≈ 54.5), the dataset acts almost as a one-dimensional de-

scriptor tracking the global, macroscopic de-solvation of the interface. If this

global de-solvation mode represents a trivial process or lacks the nonlinear

topological resolution necessary to characterize the transition state, its inclu-

sion provides no predictive power. In this scenario, the AE is forced to process

a high-dimensional feature space that yields only a single meaningful collec-

tive mode that may already be implicitly captured by the core conformational

degrees of freedom of the proteins.

3.5 CVNet

In this final section, we will present the results for the CV obtained by training the

CVNet just for the pairs only dataset, using the hyperparameters in table 2.2. As

discussed in section 2.4, the CVNet is trained on minimizing the kinetic rate, treated

as the loss function of the network, computed using the free energy and diffusion

found with the KM expansion method. However, as we’ve seen in section 3.3, the

KM expansion is expected to perform badly for this system. The training process

showed a strong instability towards values of the learning rate greater than 10−4,

diverging after few epochs for 10−3 or higher. For this reason the learning rate was

set to get smaller (10−4 → 10−7) through the epochs. This made training extremely
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slow, and required a huge amount of epochs. The resulting rate after a training of

15 000 epochs is koff = 3.07 s−1. This result improves on the one obtained from the

AE using KM expansion, but it’s 104 times higher than that obtained with optLE.

What is probably happening is that the network is not learning how to reduce the

rate, since it becomes higher with respect to the optLE one, but rather how to

“fix” the problems with the rate computed with free energy and diffusion of the KM

expansion.



4. Conclusions and achievements

In this thesis, we investigated the data-driven characterization of the kinetics of

protein-protein association by applying machine learning to all-atom, unconstrained

molecular dynamics simulations of the Barnase-Barstar complex. By moving away

from traditional enhanced sampling simulations that require artificial biasing forces,

we showed that out-of-equilibrium relaxation trajectories could, in principle, yield

precise kinetic rate constants when paired with robust statistical inference frame-

works. Let’s summarize what we have investigated and the achievements of this

work:

1. Optimization of the autoencoder: we built and tested an autoencoder for non-

linear dimensionality reduction utilizing the mlcolvar library. Through sys-

tematic hyperparameter exploration, a symmetric, undercomplete autoencoder

with tanh activation function and a batch size of 1024 was shown to have the

most stable training process and capable of achieving the best one-dimensional

collective variable, obtained upon projection of the high-dimensional configu-

ration space of the Barnase-Barstar complex.

2. Validation of overdamped Kinetics: we tested the underlying Markovian and

overdamped assumptions essential to modeling kinetics via stochastic differ-

ential equations. A macroscopic time resolution test revealed that memory

effects effectively vanish at a timescale resolution of ∆t ≥ 400 ps. A micro-

scopic analysis of the effective noise highlighted minor systematic deviations

from pure Gaussian white noise possibly due to sampling imbalances in the

unbound state, though macroscopic observables remained robust.

3. Performance of different free energy and diffusion estimators: using the col-

lective variable derived from interfacial pair-contact features, the optimized

Langevin equation (optLE) method gave us a free energy barrier of ∼ 27 kT ,

yielding a dissociation rate of koff = 3.24 · 10−4 s−1. Conversely, the Kramers-

Moyal expansion failed catastrophically, underestimating the free energy bar-

rier by 17 kT . This failure was attributed to data scarcity in the “dissociated”

40
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regions during spontaneous association and the finite-discretization errors in-

herent to large operational values of ∆t.

4. Quantifying solvation redundancy: adding the information of the amount of

water molecules around the proteins during the association process into the

training dataset resulted in a counterintuitive degradation of the collective

variable, lowering the reconstructed free energy barrier and accelerating dis-

sociation rate by an order of magnitude. To understand this phenomenon, we

analyzed the feature-feature covariance matrix of the water-only dataset. The

empirical eigenvalue distribution revealed an effective rank of only Reff = 10.9

out of 199 nominal dimensions. This quantitative evaluation verified that the

water feature space is highly redundant, meaning the autoencoder may have

underperformed because its optimization landscape was dominated by uninfor-

mative collective water fluctuations that obscured important local interactions.

5. Challenges in kinetic backpropagation (CVNet): finally, we introduced CVNet,

an innovative architecture that eliminated the decoder from the autoencoder

to directly optimize the encoder’s weights against a physical, differentiable

Mean First Passage Time loss. While CVNet successfully adjusted the map-

ping to significantly lower the rate relative to the raw structural KM baseline

(koff = 3.07 s−1), the resulting rate remained four orders of magnitude faster

than the global likelihood baseline. This structural divergence indicates that

when constrained by localized stochastic operators (like soft-binned KM mo-

ments) in sparse data regimes, the neural network acts primarily to regularize

the numerical deficiencies of the localized estimator rather than isolating the

underlying global rate-minimizing coordinate.

4.1 Perspectives

As a final effort I present here some promising ideas, for future research, that build

upon the methodology and findings established in this work. These perspectives

aim at addressing current limitations and enhancing the accuracy and resolution of

data-driven kinetic predictions.

Higher-dimensional CVs

Throughout this study, the projection of the dynamics was restricted to a one-

dimensional CV. This low-dimensional framework has its theoretical justification in

the work done by Lu et al. [39] who formally proved that accurate rates can be
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obtained from an overdamped Langevin model when projecting a high-dimensional

system into on a singular optimal CV, namely the committor. However, even with

this theoretical support, projecting the phase space of a system of approximately

one hundred thousand atoms into a single variable may be a too simple and crude of

an approximation in numerical implementations. Furthermore, it is also well known

that complex biomolecular processes rarely progress along a singular, well-defined

transition path, but often follow different pathways: for the BB complex this is

well documented, and in fact BB arrives at the associated state via three distinct

binding pathways (see [1]). A one-dimensional CV isn’t capable of capturing such

multiple pathways, inevitably discarding critical kinetic information. In the context

of protein folding, Belkacemi et al. [35] showed that choosing a CV with dimension

d > 1 is optimal for capturing complex conformational landscapes. Although protein

folding and protein-protein association are sensibly different processes, extending our

neural network framework to multi-dimensional latent spaces represents a natural

and possibly necessary progression to capture the ensemble of binding pathways.

Replace KM with optLE in the CVNet

A major result of this work was to show that the KM expansion fails to accurately

resolve the free energy barriers and kinetic rates of the BB complex possibly due

to data scarcity in the transition region. Conversely, the optLE framework showed

remarkable robustness against these sampling deficiencies. A key objective for fu-

ture work is therefore to substitute the KM estimator with the optLE framework

within the CVNet optimization pipeline. Implementing this transition introduces

a substantial algorithmic challenge. While the KM framework yields explicit, ana-

lytical expressions for drift and diffusion coefficients that are readily differentiable

via standard backpropagation, optLE is inherently rooted in a stochastic, Monte

Carlo-based optimization procedure. Replacing a deterministic, gradient-based loss

function with a non-differentiable, sample-based optimization routine prevents the

direct calculation of analytical gradients with respect to the neural network weights.
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