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Summary

This thesis investigates techniques for improving the efficiency of neural network
inference under Fully Homomorphic Encryption (FHE), with a particular focus
on quantization, pruning, and accumulator bit-width optimization. While FHE
enables privacy-preserving inference by operating directly on encrypted data, its
computational overhead remains a major obstacle to practical deployment, especially
for deep convolutional neural networks.

The work first reviews the foundations of homomorphic encryption, neural
network inference under FHE, and model compression techniques including quanti-
zation and pruning. Special attention is given to the role of accumulator bit width
in integer arithmetic, as it significantly impacts both performance and hardware
efficiency in encrypted and low-precision inference.

The core contribution of the thesis is an experimental study of the interaction
between pruning strategies and quantization in the context of FHE-oriented neural
networks. A layer-wise analysis is conducted on selected convolutional layers of
ResNet architectures to evaluate how sparsity and quantization affect accumulator
requirements and inference cost. This analysis is then extended to an end-to-end
exploration on a compact ResNet model, using systematic experiments to identify
configurations that balance accuracy, sparsity, and accumulator bit width.

Results show that carefully designed pruning and quantization pipelines can
substantially reduce accumulator requirements while preserving acceptable model
accuracy. The study highlights the existence of bottleneck layers that dominate
accumulator constraints and demonstrates how targeted optimization can improve
the overall efficiency of encrypted inference.

The findings contribute to a deeper understanding of joint optimization strategies
for privacy-preserving neural network inference and provide practical guidelines for
designing efficient FHE-compatible models.
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Chapter 1
Introduction

In many modern applications of machine learning, the data used for inference
is highly sensitive, raising serious privacy and security concerns. For example,
healthcare and finance domains involve personal data that must remain confidential
even while being processed by machine learning models. Conventional inference
approaches require sending raw data to a server or cloud, creating potential
vulnerabilities for data leaks or unauthorized access. This motivates the need
for privacy-preserving inference techniques that can protect sensitive data during
neural network processing.

Fully Homomorphic Encryption (FHE) has emerged as a promising solution to
this challenge, as it allows computations to be performed directly on encrypted
data without ever decrypting it. The results of the computation remain encrypted
and only the data owner can decrypt the final output, ensuring end-to-end data
confidentiality. This strong security guarantee, however, comes at the cost of
significant computational overhead. FHE operations are several orders of magnitude
slower than standard arithmetic, making naive encrypted inference extremely slow.
The latency challenge is especially severe for deep convolutional neural networks
(CNNs), which consist of many layers and arithmetic operations. Complex CNN
models on large data can be prohibitively slow under FHE processing. Overcoming
the latency and efficiency bottleneck of FHE-based CNN inference is therefore a
critical problem.

Recent advances in cryptography have started to make FHE more practical for
machine learning. In particular, the TFHE scheme (Torus Fully Homomorphic
Encryption) introduced a fast bootstrapping technique that refreshes ciphertexts
efficiently, allowing arbitrary-depth circuits to be evaluated homomorphically.
TFHE supports programmable bootstrapping (PBS), a method that applies an
arbitrary look-up table to a ciphertext during bootstrapping. This capability
enables the evaluation of non-linear functions (such as neural network activation
functions like ReLLU or Sigmoid) on encrypted data, which was a major hurdle for
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Introduction

earlier FHE schemes. In essence, PBS allows each encrypted neuron output to
pass through an activation function by homomorphically evaluating a pre-defined
LUT, thereby making fully encrypted deep learning inference feasible. Thanks to
these developments, several frameworks (e.g., Concrete-ML by Zama) can compile
quantized neural networks into TFHE circuits that support basic operations and
activations on ciphertexts. Nonetheless, even with modern schemes like TFHE,
the computational cost of each operation remains high. It is therefore crucial to
optimize neural network implementations for FHE, so as to reduce the number and
complexity of homomorphic operations required.

A key observation is that the precision and size of the numbers being processed
homomorphically have a direct impact on FHE computation cost. In particular,
the accumulator bit-width—the number of bits needed to represent the intermediate
sums in neural network layers—strongly influences the runtime and parameter
settings for TFHE inference. For example, current TFHE-based compilers impose
a limit on accumulator values to ensure they fit within a single programmable
bootstrapping operation. In Concrete-ML, the sum computed by each neuron
(the accumulator v = -, w;x; for weights w; and inputs z;) is constrained to at
most 16 bits, i.e., 0 < v < 2. This constraint comes from the fact that the
PBS look-up table can only handle inputs up to a certain bit-width (around 16
bits with standard parameters). If the accumulator grows larger, it would either
overflow the encrypted domain or require more expensive multi-step processing.
Thus, controlling the accumulator bit-width is essential for FHE compatibility and
efficiency. Smaller accumulators not only avoid overflow but also lead to faster
homomorphic operations. In practice, quantization is applied to reduce the numeric
precision of network parameters and activations, ensuring that all values (weights,
activations, and sums) lie within a low-bit-width range (e.g. 8-bit or 4-bit integers).
Indeed, in the context of TFHE (with a ~16-bit ciphertext limit), quantizing neural
networks to use small integers dramatically improves performance by keeping
computations within the supported precision. Quantization alone, however, may
not be sufficient for deeper layers that accumulate many terms; even low-bit inputs
can sum to a large value if a neuron has a high fan-in (many inputs).

This thesis addresses the research problem of how to further reduce the required
accumulator bit-width in quantized neural networks through pruning, without
significantly compromising model accuracy. Pruning is a model compression
technique that removes (sets to zero) a subset of the network’s weights, effectively
sparsifying the neural network. By eliminating certain weights, especially those
that contribute little to the model’s predictions, we can potentially control the
growth of the sum in each neuron. Intuitively, if fewer weights are active (non-
zero), then for a given set of inputs the maximum possible accumulated sum
will be lower. Pruning has been proposed as a way to ensure FHE compatibility
by avoiding accumulator overflow. By reducing the number of non-zero terms
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Introduction

in the summation, pruning limits the range of the accumulator and helps keep
it within the bit-width budget. In other words, an accumulator-aware pruning
strategy can bridge the gap between the complexity of modern neural networks
and the strict precision constraints of FHE inference. The challenge, however, is
that pruning (and aggressive quantization) can degrade the accuracy of the neural
network. Removing too many weights or using too low precision might undermine
the model’s predictive performance. Therefore, a careful balance must be struck:
we seek to prune and quantize the network just enough to minimize accumulator
size, but not so much that accuracy falls below acceptable levels.

The goal of this thesis is to systematically explore the relationship between
weight sparsity and accumulator bit-width in the context of FHE-compiled CNNs
under the TFHE scheme. We focus on convolutional neural networks that have been
quantized to low bit-width, and we investigate how different degrees of pruning affect
the accumulator requirements at both the layer level and the network level. The
overarching question is: Can we significantly reduce the homomorphic computation
cost by pruning weights (thereby reducing accumulator bit-width), while maintaining
high model accuracy? By answering this question, we aim to develop guidelines for
designing FHE-friendly neural networks that meet both security and performance
demands.

To this end, we present an in-depth study comprising both analytical and
experimental components. First, we perform a fine-grained, layer-wise analysis on
a standard deep network to isolate how pruning impacts the accumulator in each
individual layer. Second, we extend our investigation to the entire network level,
using a smaller CNN, to evaluate the combined effects of quantization and pruning
under realistic accuracy constraints. Through these studies, we derive insights into
when and where pruning is most beneficial for reducing FHE computation costs.

The main contributions of this thesis are as follows:

1. Layer-wise sparsity analysis on ResNet-18: We conduct a detailed
analysis of the ResNet-18 convolutional neural network, pruning different
layers in isolation to quantify the effect of sparsity on the accumulator bit-
width. This layer-by-layer approach allows us to pinpoint which layers are
most sensitive to accumulator growth and how much each layer’s precision
requirements can be relaxed through pruning, independent of other layers’
effects.

2. Full-network pruning exploration on ResNet-8 under accuracy con-
straints: We implement and evaluate a smaller CNN (ResNet-8) with various
combinations of quantization and pruning applied across the entire network.
By imposing a target accuracy constraint, we explore the trade-offs between
model sparsity and predictive performance. This experiment reveals how far
one can prune and down-quantize a network as a whole while still meeting
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acceptable accuracy, and how those compression techniques translate into
reduced accumulator bit-width requirements for FHE inference.

3. Practical insights for FHE-friendly model design: From our results, we
distill key insights about when pruning is most effective in reducing accumu-
lator requirements in quantized CNNs. We identify patterns such as which
network layers or structures benefit most from pruning, the interplay between
quantization level and pruning percentage, and the diminishing returns of
pruning in certain scenarios. These findings provide guidance on designing
and optimizing neural networks for efficient homomorphic encryption deploy-
ment, indicating under what conditions sparsity can meaningfully ease FHE
computational costs without sacrificing accuracy.

In summary, this work advances the understanding of how model compression
techniques—specifically weight pruning in conjunction with quantization—can
facilitate efficient CNN inference on encrypted data. By elucidating the balance
between sparsity, precision, and accuracy, we contribute practical strategies for mit-
igating the latency of FHE-based deep learning while preserving the confidentiality
of sensitive data.



Chapter 2

Background

2.1 Cryptography

Cryptography is the discipline that embodies the principles, means, and methods
for the transformation of data in order to hide their semantic content, prevent their
unauthorized use, or prevent their undetected modification [1]. Over the centuries,
cryptography has evolved from simple classical ciphers, such as the Caesar cipher,
to complex modern algorithms that underpin digital security today (post-quantum
cryptography).

A cryptographic scheme can be described by the following fundamental elements:

Plaintext: the original readable data that needs to be protected.

o Ciphertext: the transformed version of the plaintext after encryption.

o Encryption: the process of converting plaintext into ciphertext using a
specific algorithm and key.

e Decryption: the reverse process of converting ciphertext back into plaintext
using the appropriate key.

« Key: a piece of information (a string of bits) that determines the output of
the encryption and decryption algorithms. Only authorized parties possessing
the correct key should be able to perform decryption.

Cryptography can be divided into symmetric and asymmetric schemes.

o Symmetric cryptography uses the same key for both encryption and decryption.
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Secret key
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Figure 2.1: Simple diagram of a symmetric encryption scheme [2].

o Asymmetric cryptography employs a pair of public and private keys, without
the need for a shared secret.

Public key Private key

C, C,

|_|I_:b. Encryption RN Decr:ption I_r N
B o '

Plaintext Encrypted Plaintext
document document document

Figure 2.2: Simple diagram of an asymmetric encryption scheme [3].

Despite their strengths, traditional cryptographic schemes require data to be
decrypted before it can be processed or analyzed. This limitation poses significant
privacy risks, especially in scenarios where sensitive data is outsourced to third-party
providers.

2.2 Homomorphic Encryption

Homomorphic encryption addresses the fundamental challenge of enabling
computations on encrypted data without ever exposing the plaintext. This property
is particularly valuable in scenarios where privacy is paramount, such as cloud
computing, secure data outsourcing, encrypted search, and privacy-preserving
machine learning.

For example, if two values are encrypted separately, it is possible to compute the
encryption of their sum or product without ever decrypting them. Formally, given
two elements e; and ey, and an encryption function Enc, a scheme is homomorphic if
operations like Enc(e;)+Enc(ey) = Enc(e;+es) or Enc(er)xEnc(ey) = Enc(egxes)
hold.

Homomorphic encryption schemes are classified as:
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Partially Homomorphic Encryption (PHE): supports only one operation
(either addition or multiplication) an unlimited number of times.

Somewhat Homomorphic Encryption (SHE): supports both addition
and multiplication, but only a limited number of operations.

Fully Homomorphic Encryption (FHE): supports an unlimited number
of both additions and multiplications on ciphertexts. The concept of FHE was
first realized by Craig Gentry in 2009, marking a breakthrough in cryptographic
research [4].

2.2.1 Main Families of FHE Schemes

Over the years, several families of fully homomorphic encryption schemes have
been developed, each with distinct characteristics and application domains:

BGYV [5]: The Brakerski-Gentry-Vaikuntanathan scheme is well-suited for
integer arithmetic and supports batching, making it efficient for operations on
vectors of data.

BFV [6]: The Brakerski-Fan-Vaikuntanathan scheme is also designed for exact
integer arithmetic and is widely used in privacy-preserving computations on
encrypted databases.

CKKS [7]: The Cheon-Kim-Kim-Song scheme enables approximate arithmetic
over real or complex numbers, making it particularly suitable for privacy-
preserving machine learning and signal processing applications where some
loss of precision is acceptable.

TFHE [8]: The Torus Fully Homomorphic Encryption scheme leverages the
mathematical structure of the torus to enable fast gate-by-gate (bitwise)
operations and highly efficient programmable bootstrapping, making it
ideal for logic circuits and neural networks with binary or quantized activations.

The security of these (asymmetric) schemes relies on the hardness of lattice-
based problems, such as the Learning With Errors (LWE) and Generalized
Learning With Errors (GLWE) problems, which are considered computationally
infeasible for both quantum and classical adversaries [9].

2.2.2 Bootstrapping, Programmable Bootstrapping, and

Computational Overhead

A key challenge in FHE is the growth of noise in ciphertexts after each operation.
If the noise exceeds a certain threshold, decryption fails. To overcome this, Gentry

7



Background

introduced the concept of bootstrapping, a technique that refreshes ciphertexts
by homomorphically evaluating the decryption circuit, thus reducing noise and
enabling unlimited computations.

Programmable Bootstrapping (PBS) is used in TFHE, allowing the evaluation
of arbitrary functions during the bootstrapping process, further enhancing the
flexibility of FHE [10]. These functions are typically represented as Look-Up Tables
(LUTS), which map input values to output values, enabling complex operations on
encrypted data.

However, bootstrapping and PBS are computationally expensive and repre-
sent the main source of overhead in FHE schemes. Despite significant improvements,
FHE remains much slower than traditional encryption, and reducing this overhead
is a major focus of current research.

2.3 Neural Networks

Artificial Neural Networks (INNs) are computational models inspired by the
structure and functioning of the human brain. They consist of interconnected
processing units, known as neurons, which transform input signals through a
combination of linear operations and non-linear activation functions. When multiple
layers are stacked together, these networks acquire the ability to approximate highly
complex functions, making them a fundamental component of modern machine
learning [11].

A neural network is typically organized into three main parts: an input layer,
one or more hidden layers, and an output layer. Each layer applies a learned
transformation to its inputs, allowing the extraction of progressively more abstract
features from raw data. In fully connected (dense) layers, each neuron is
connected to all neurons in the previous layer, whereas in convolutional layers
the network applies learnable filters using sliding-windows. Convolutional Neural
Networks (CNNs) have become the dominant architecture for computer vision
tasks due to their ability to exploit spatial locality and parameter sharing [12].

The backpropagation algorithm[rumelhart1986learning] computes the
gradients of the loss with respect to the network parameters, and it is updated
iteratively over multiple epochs. The learning rate controls the magnitude of
each update and its value affects the convergence. Training often requires large
datasets and hardware accelerators such as GPUs, which are suited for parallel
tensor operations [13].

The power of neural networks comes from their ability to learn hierarchical
representations. Early layers detect low-level patterns (e.g., edges, textures),
while deeper layers capture high-level semantic features. Now, tasks such as
classification, segmentation, and generation are easily implemented through NNs[11].
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Increasing network depth, however, introduces challenges such as wvanishing or
exploding gradients, overfitting, and higher computational cost. Techniques such as
batch normalization, skip connections, dropout, and weight initialization
have been developed to mitigate these issues.

One of the most famous families of CNNs is the ResNet family, and it was taken
into account during this work to bring some concrete applications.

2.3.1 Residual Networks (ResNet)

In classical CNNs, adding layers to create deeper (and potentially more powerful)
networks often led to a frustrating technical problem: the vanishing gradient.
During training, the gradients would become so weak as they traveled back through
the layers that the early layers could barely learn: in this way, deep networks
perform worse than shallower ones.

The solution, proposed by He et al. in 2016 [14], was to introduce a network
skip. Instead of making each block of layers learn to map the input directly to the
desired output, we let them learn the difference (the residual) between the input
and the output. This architectural change allows gradients to "skip" one or more
layers, flowing better through the network. As shown in Figure 2.3, the residual
block introduces a skip connection that facilitates gradient flow during training.

ResNets thus became the state-of-the-art for computer vision. The notation
ResNet-N (for example, ResNet-18, ResNet-50) conventionally indicates the total
number N of parameterized layers. In our study, we chose two variants:

o ResNet-18: A deep but still manageable network, perfect for layer-wise
analysis of the effect of quantization and pruning on very different types of
layers (for example, an early layer and a deep one).

o ResNet-8: A much more compact and faster-to-train version, ideal for full-
network experiments where we need to iterate quickly on different aggressive
compression strategies. It is used for embedded-oriented tasks.
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Figure 2.3: Typical ResNet block architecture. The 1 x 1 Convolution block helps
the gradient to flow through the network without vanishing. Source: Zhang et al.,
ResNet block, Wikimedia Commons, licensed under CC BY-SA 4.0.

Despite their strengths, inference requires plaintext access to input data, which
raises concerns regarding privacy and confidentiality in sensitive deployments. FHE
enables neural network inference directly on encrypted data [15], removing the
need for clients to reveal their raw inputs.

Convolutions

Convolutional layers are the fundamental building blocks of CNNs. Unlike fully
connected layers, which connect every input neuron to every output neuron, con-
volutions exploit the spatial structure of the data by applying a small learnable
kernel (filter) that slides across the input feature map.

Formally, given an input tensor X € R *H*W and a convolutional kernel
W € RCoutxCinxExK " the output feature map Y € RCutxH>*W" js ohtained by

computing, for each output channel ¢ and spatial position (4, j):

Cin K K
qui,j = Z Z Z Wc,k,u,v : Xk,i+u7j+v'
k=1u=1v=1

Each output value is therefore the result of a multiply-accumulate (MAC)
operation between a local receptive field of the input and the convolutional kernel.
The kernel is shared across all spatial locations, enabling parameter reuse and
translation invariance. Hyperparameters such as stride and padding control how
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Figure 2.4: A filter (=kernel, neuron) in a convolutional artificial neural network.
The filter takes a 9 pixel input for each color.[16].

the kernel is positioned over the input and determine the spatial resolution of the
output.

Figure 2.4 illustrates the basic convolution process, where a small kernel scans the
input image and produces a new feature map by computing local dot products. By
stacking multiple convolutional layers, CNNs can progressively extract higher-level
features, from simple edges and textures to complex semantic patterns.

From a computational perspective, convolutions are dominated by repeated
MAC operations. For each output activation, a potentially large number of products
must be accumulated, and the resulting partial sums determine the dynamic range
required by the underlying arithmetic. This aspect becomes particularly critical in
the context of FHE, where the size of these intermediate accumulations directly
impacts ciphertext parameters, noise growth, and execution latency. Consequently,
understanding the numerical behavior of convolutional accumulators is essential
for designing FHE-efficient neural networks.

2.3.2 FHE for Neural Network Inference

Performing neural network inference under FHE introduces significant computa-
tional challenges. Non-linear activation functions—such as ReLU, sigmoid, and
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softmax are not natively supported by encrypted arithmetic and must be approxi-
mated via polynomials or Look-Up Tables (LUTs). Furthermore, encrypted
operations are more expensive than plaintext ones, and network depth affects
latency due to noise accumulation and bootstrapping requirements. Moreover,
when neural networks are executed under FHE, the use of GPU acceleration does
not guarantee faster execution. In fact, according to the official documentation of
Concrete-ML, GPU-based FHE may even be slower than CPU execution depending
on the hardware and the cryptographic parameters available, and in some cases
the model cannot be compiled for GPU at all due to strict parameter constraints
[17]. Consequently, FHE-aware neural network designs often employ quantization
and pruning to remain computationally feasible [18].

2.3.3 Accumulator

In convolutional layers, each output feature is obtained by summing multiple
products between input activations and kernel weights. These partial results are
stored in an accumulator, a component that is always present in neural network
implementations. In plaintext computation, the accumulator width is typically
fixed to 32 bits.

Under FHE, however, the situation is different. The accumulator bit-width
determines the maximum dynamic range of the intermediate sums and therefore is
the main character of the required ciphertext modulus, the rate of noise growth,
and the cost of PBS. A larger accumulator demands larger ciphertexts, higher
polynomial degrees, and more expensive bootstrapping operations, ultimately
increasing the latency of encrypted convolution.

For this reason, the accumulator is a primary computational bottleneck in
FHE-based convolutional neural networks. Reducing its bit-width means smaller
ciphertexts, lower noise amplification, and faster bootstrapping. As result, we
obtain the searched speed-ups in encrypted inference.

Techniques such as quantization and pruning are often employed to decrease
the dynamic range of activations and weights, indirectly reducing the required
accumulator width. However, their effectiveness varies across layers, and some
layers remain bottlenecks even after aggressive quantization or sparsification.

2.4 Quantization

Quantization is the process of mapping floating-point values to a discrete set
of integer levels, leading to a more efficient memory usage and less complex
operations. quantization operates by approximating floating-point tensors using
integer representations together with an appropriate scaling factor.

12



Background

Most practical approaches rely on uniform linear quantization:
Ty = round(qxxf — zpz>,
where the scale factor ¢, and the zero-point zp, are defined as:

= e
> = , , 2Pz = ¢ min(xy).
e max(zs) — min(xy) Pz =4 !

The scale factor determines the resolution of the quantized values, while the
zero-point shifts the integer domain to correctly represent distributions that are
not centered around zero [19].

Uniform quantization can be implemented in two main variants: Asymmetric
and Symmetric.

In asymmetric quantization, the minimum and maximum of the tensor are
mapped exactly to the limits of the quantized range, allowing full utilization of the
available integer levels but requiring zero-point corrections in convolutional and
matrix-multiplication operations.

In symmetric quantization, the maximum absolute value is used to determine
the representable range, eliminating the need for a zero-point and simplifying
arithmetic, but potentially wasting precision when the distribution is heavily
skewed (e.g., after ReLU activation).

The approximation introduced by quantization can be modeled as additive noise:

gy = Tt e
4z
where € represents the quantization error. Minimizing this error is essential
for preserving model accuracy and it can be reached through appropriate scaling
strategies, clipping mechanisms or training.

In the context of Fully Homomorphic Encryption (FHE), quantization
becomes even more critical. Reducing the dynamic range of weights and activations
directly affects ciphertext modulus, noise growth and the computational depth
of encrypted operations. As a result, the choice of quantization strategy plays a
central role in the practical feasibility of encrypted neural network inference.

2.4.1 Post-Training Quantization (PTQ)

Post-Training Quantization (PTQ) is a method applied after a neural network has
been fully trained, where model weights and activations are converted from floating-
point to integer representations without retraining the model. This approach is
computationally efficient and requires no additional training data beyond a small
calibration set used to determine the quantization parameters (scale and zero-
point). PTQ typically involves analyzing the statistical distribution of activations
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across a representative dataset to set appropriate dynamic ranges for each layer
[20]. Common techniques include per-channel and per-tensor quantization,
with symmetric or asymmetric scaling schemes. While PT(Q is straightforward
to implement and fast to apply, it often results in higher accuracy degradation
compared to training-aware methods, especially for low-bit quantization (e.g., below
8 bits). In general model deployment, PTQ serves as a baseline method for reducing
memory footprint and accelerating inference, but its limitations become evident
when aggressive quantization is required without significant accuracy loss.

2.4.2 Quantization-Aware Training (QAT)

Quantization-Aware Training (QAT) integrates the quantization process directly
into the training loop, allowing the model to adapt to the quantization error
during backpropagation. During QAT, forward passes simulate quantization using
fake quantization operations that emulate integer arithmetic while preserving
gradient flow through Straight-Through Estimators (STE) [21]. This enables
the network to learn weights that are more robust to quantization, often achieving
better accuracy than PTQ at the same bit-width. QAT typically involves three
phases:

1. training a full-precision model
2. fine-tuning with quantization simulation
3. deploying the quantized integer model.

In applications targeting resource-constrained hardware and edge devices, QAT is
particularly valuable because it allows for more aggressive bit-width reduction while
maintaining model performance. However, QAT requires additional computational
resources and training time, and the quantization simulation must accurately reflect
the constraints of the target hardware to ensure efficient inference.

2.5 Pruning

Pruning is a model compression technique that reduces the computational and
memory footprint of neural networks by removing parameters that contribute less
to the final output. Setting a subset of weights to zero (sparsity) decreases the
number of non-zero multiplications during inference, which in turn can reduce the
bit-width required in the accumulator of convolutional and fully connected layers.

The pruning process typically follows an iterative procedure: training a dense
model, removing weights below a certain threshold, fine-tuning the remaining
weights, and repeating until a target sparsity is met. More advanced approaches
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incorporate pruning-aware training, where sparsity is gradually introduced
during training to allow the network to adapt and recover accuracy [22]. Neverthe-
less, aggressive pruning, especially beyond 90% sparsity, often leads to irreversible
accuracy loss, even when combined with QAT.

Pruning methods can be broadly classified into two categories: unstructured
and structured pruning.

2.5.1 Unstructured Pruning

Unstructured pruning removes individual weights irrespective of their position
in the network, resulting in a sparse, irregular connectivity pattern. This approach
is flexible and can achieve high sparsity ratios without significant accuracy loss
when combined with proper fine-tuning.

2.5.2 Structured Pruning

Structured pruning removes entire groups of weights, such as channels, filters,
or blocks. The main drawback of structured pruning is its higher impact on model
accuracy for a given sparsity level, since removing entire structural units may
discard important features. Techniques like channel pruning and filter pruning
require careful selection criteria (e.g., based on Ll-norm, activation importance or
gradient signals) to minimize accuracy degradation.

O
N
d

Original Network Unstructured Pruning Structured Pruning

Figure 2.5: Comparison between an original neural network and the effects of
unstructured and structured pruning. Unstructured pruning removes individual
connections while preserving all neurons, whereas structured pruning removes
entire neurons and their associated connections, resulting in a smaller but regular
architecture[23].
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Chapter 3

Related Works

This work is positioned at the intersection of three main research directions:
programmable bootstrapping for homomorphic neural network inference, compiler-
based toolchains for TFHE deployment, and integer-only inference as a plaintext
baseline motivating quantization.

3.1 Programmable Bootstrapping in TFHE for
Deep Neural Network Inference

The TFHE (Fast Fully Homomorphic Encryption over the Torus) cryptosystem
introduces a key technique known as Programmable Bootstrapping (PBS) [24].
PBS allows a ciphertext to be refreshed while simultaneously evaluating an arbitrary
function on the encrypted plaintext, typically represented as a programmable lookup
table (LUT). This capability enables the homomorphic evaluation of non-linear
functions, such as neural network activation functions, while keeping noise growth
under control [25].

This approach represents a major breakthrough for privacy-preserving inference.
Recent works have demonstrated, for the first time, that pre-trained deep
neural networks can be executed end-to-end under fully homomorphic
encryption without modifying or retraining the original model [25]. This stands
in contrast with earlier approaches, which relied on polynomial approximations
of activation functions. For example, CryptoNets replaced the ReLLU activation
with a quadratic polynomial and required training a model specifically tailored to
encrypted execution [26].

By leveraging PBS, TFHE preserves the original network structure and supports
efficient evaluation of operations such as ReL U, sigmoid, and maz-pooling directly
in the encrypted domain.
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3.2 Concrete-ML Toolchain for Quantized Mod-
els under TFHE

Alongside theoretical advances in FHE schemes, software frameworks have emerged
to make encrypted neural network inference practical and automated. In particular,
the Concrete library [27] provides a compiler toolchain that translates integer
arithmetic programs into homomorphic circuits executable with TFHE. Concrete
automatically manages cryptographic aspects such as key generation, noise tracking,
and bootstrapping, offering an end-to-end compilation flow from a quantized model
to an executable FHE circuit.

Built on top of this infrastructure, Concrete-ML extends the toolchain with
machine-learning-oriented abstractions, integrating model quantization and
FHE compilation into a unified workflow. A key feature of Concrete-ML is its
compiler-driven numerical analysis: during compilation, the tool inspects the integer
arithmetic of each layer to determine the required accumulator bit-width. This
quantity represents the number of bits needed to store the maximum intermediate
sum produced by operations such as multiply-accumulate (MAC) in convolutional
and fully connected layers.

The accumulator bit-width is a critical parameter in TFHE, as each additional bit
leads to a substantial increase in ciphertext size, noise growth, and programmable
bootstrapping cost. Concrete-ML mitigates this overhead by automatically inserting
homomorphic rounding operations—implemented via PBS—when necessary, reduc-
ing the required precision while preserving correctness. Thanks to this compilation
framework, a practitioner can start from a floating-point trained model, quantize it
(typically to 8 or 16 bits), and obtain a functionally equivalent TFHE-compatible
circuit with optimized cryptographic parameters [28]. This toolchain represents
a fundamental step toward the practical deployment of deep neural networks in
privacy-preserving settings.

3.3 Integer-Only Inference as a Plaintext Base-
line

The execution of neural network inference using exclusively integer-only arith-
metic was originally introduced in the plaintext domain to improve efficiency
on resource-constrained hardware. A substantial body of work has shown that
deep neural networks can operate with low-precision quantized weights and ac-
tivationswithout significant loss in accuracy [19] (typically 8 bits or fewer). In
particular, Jacob et al. propose quantization-aware training techniques that
enable fully integer inference on CPUs and mobile accelerators, achieving substan-
tial improvements in latency, energy efficiency, and memory footprint compared to
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floating-point execution [19].

Similarly, Wu et al. demonstrate that both training and inference can be
performed using integer arithmetic while maintaining competitive performance,
confirming the robustness of low-precision representations even for complex archi-
tectures [29]. The underlying motivation is hardware efficiency: integer operations
require less memory bandwidth, better exploit SIMD units, and significantly reduce
computational cost.

In the context of fully homomorphic encryption, integer-only inference
assumes an additional and fundamental role. Since TFHE natively operates over
discrete integer domains, quantized integer models constitute a natural plaintext
baseline for encrypted inference. By aligning neural network computations with
modular integer arithmetic, quantization becomes a prerequisite for TFHE deploy-
ment rather than a mere optimization. Consequently, prior work on integer-only
inference provides both a performance reference and a conceptual foundation for
encrypted neural network execution, bridging the gap between efficient plaintext
inference and practical FHE-based deployment [29].

3.4 Accumulator-Aware Quantization and Bit-
Width Optimization

Recent work has investigated the problem of reducing accumulator bit width
in quantized neural networks while preserving model accuracy. This problem is
particularly relevant for hardware-efficient inference and for settings that require
strict numerical correctness, such as encrypted computation.

Zhang et al. proposed Intermediate- Value Slip Quantization (ISQ), a quantizationt
aware training method that explicitly constrains intermediate weight values to
suppress accumulator overflow. ISQ introduces accumulator-aware regularization
and integrates bias and batch normalization quantization into a unified fixed-point
training framework, enabling accurate inference with low-bit accumulators [30].

Colbert et al. introduced Accumulator-Aware Quantization (A2Q), a principled
approach that derives theoretical bounds on accumulator bit width and enforces
(1-norm constraints on weights during training to guarantee overflow avoidance [31].
A2Q) inherently promotes sparsity and enables low-precision accumulation without
arithmetic errors. Building on this idea, A2Q+ refines the original formulation
by relaxing overly conservative constraints and improving weight initialization,
resulting in a better trade-off between accumulator bit width and accuracy [32].

While these approaches focus on quantization-aware training, Colbert et al. later
extended accumulator-aware techniques to the post-training quantization setting
through the AXE framework. AXE augments layer-wise PTQ algorithms with
theoretical overflow guarantees and supports multi-stage accumulation, enabling
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accumulator-aware optimization for large-scale models without full retraining [33].

Together, these works establish accumulator-aware quantization as a key design
dimension for efficient neural network inference, motivating the exploration of joint
optimization strategies involving quantization, pruning, and accumulator bit-width
control.
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Chapter 4

Method

This chapter presents a general methodology to study the interaction between
quantization, pruning, and accumulator bit-width requirements in neural
networks. The framework is designed to be architecture-agnostic and applicable to
different convolutional networks and deployment scenarios, including FHE-oriented
inference pipelines.

4.1 Layer-wise Analysis Framework

Objective. The layer-wise framework is designed to isolate how sparsity and
quantization affect accumulator growth in individual convolutional layers. The goal
is to determine whether sparsity alone can reduce accumulator requirements and
how accumulator bit-width relates to execution cost in integer convolution circuits.

Layer selection principle. The methodology requires selecting representative
convolutional layers that operate in distinct regimes, for example shallow layers
processing high-resolution feature maps and deeper layers with higher channel
counts. This allows evaluating whether accumulator behavior is layer-dependent or
governed by universal structural properties.

Experimental variables. FEach configuration is defined by a tuple

(layer, n_ bit, pruning scheme, sparsity)

where ny; controls integer precision and sparsity determines the fraction of
weights set to zero. Multiple pruning schemes may be considered to decouple
sparsity effects from magnitude scaling.
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Controlled inputs and weights. Synthetic inputs and weights are generated to
ensure reproducibility and to remove dataset-dependent effects. Since quantization
maps values to bounded integer ranges, accumulator growth is primarily driven by
precision and sparsity rather than initialization variance.

Measured outputs. For each configuration, the framework extracts:
o accumulator bit-width from compiled integer circuits

e execution-cost estimates from the compilation toolchain

Repeated measurements are used to reduce runtime noise.

4.2 End-to-End Exploration Framework

Objective. The end-to-end framework evaluates whether layer-wise sparsity
effects translate into network-level improvements and whether they yield global
reductions in accumulator requirements.

Design space exploration. The framework explores configurations defined by

(n_ bit, sparsity, pruning method)

applied to full neural networks. Both global and per-layer pruning strategies
can be considered.

Compression pipeline. The methodology follows a staged pipeline:
1. train a full-precision baseline model
2. apply quantization-aware training to target precisions
3. perform iterative pruning with post-pruning fine-tuning
Acceptance criterion. Only configurations satisfying a predefined accuracy

threshold are retained for accumulator analysis. This ensures that the study focuses
on practically usable models.

Accumulator profiling. For valid configurations, the framework extracts per-
layer accumulator bit-width profiles

By« l € L *conv

to identify bottleneck layers and characterize global trade-offs between sparsity,
precision, and accumulator growth.
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Chapter 5
Experimental Setup

This chapter instantiates the proposed methodology using concrete models, datasets,
and implementation choices.

5.1 Preliminary Layer-wise Study

Layer selection. We select two convolutional layers from ResNet-18 representing
distinct operating regimes: a shallow high-resolution layer (convl) and a deeper
high-channel layer (layer3.1.conv1). Table 5.1 reports their parameters.

Table 5.1: Parameters of the two convolutional layers used in the preliminary
study.

Layer K S P Cyn Cou
convl 7T 2 3 3 64
layer3.1.convl 3 1 1 256 256

Inputs and weights generation. Synthetic CIFAR-like inputs (3,32,32) are
sampled from N(0,1) and convolution kernels from N(0,10) with fixed seeds.

Measurement protocol. FEach configuration is compiled with Concrete-ML.
Accumulator bit-width and execution time are measured over 100 repeated runs.
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Synthetic Weights Quantization Pruning

Convolutional

Block
Synthetic Inputs > Quantization > Concrete
Compiler
y .

Accumulator

Execution Time bit-width

Figure 5.1: Preliminary study workflow.

5.2 Systematic Exploration on ResNet-8

Model and dataset. Experiments use ResNet-8 on CIFAR-10 with standard
normalization.

Training configuration. The training and pruning hyperparameters used in
the experiments are summarized in Table 5.2.
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Table 5.2: Training and pruning hyperparameters used in the ResNet-8 experi-
ments.

Parameter Value
Dataset CIFAR-10
Batch size 128

Total epochs 60
Optimizer Adam
Initial learning rate 1x1073
Scheduler StepLR (step=25, v = 0.5)
Loss CrossEntropyLoss
Target bit-widths 46,8
Pruning start/end epoch 0/40
Post-pruning fine-tuning 20 epochs

Acceptance threshold. Only models achieving >85% test accuracy are consid-
ered valid, following MLPerf Tiny criteria [34, 35].

Accumulator extraction. Valid models are compiled with Concrete-ML and
per-layer accumulator bit-widths are extracted.

Dataset
Quantization Iterative pruning
Pre-trained Model
Concrete
Accumulator Compiler

bit-width

Accumulator
bit-width

Figure 5.2: Overview of the ResNet-8 experimental workflow.
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Chapter 6

Results

This chapter reports the experimental results obtained in this thesis. Following the
methodology introduced in Chapter 4, we present:

» a controlled layer-wise study on selected ResNet-18 convolutions, aimed at
understanding the relationship between sparsity, accumulator bit-width, and
execution cost under FHE constraints;

o an end-to-end exploration on ResNet-8, where quantization and pruning are
applied under an explicit accuracy constraint, and the resulting accumulator
requirements are analyzed to identify network-level bottlenecks.

6.1 Layer-wise Results on ResNet-18

6.1.1 Evaluation metrics

The preliminary study isolates individual convolutional layers and evaluates two
FHE-oriented quantities:

e Accumulator bit-width, extracted from the Concrete-ML compilation of
the integer convolution circuit;

o Inference time, estimated by executing the compiled circuit.
Each experiment is defined by
(layer, npi, pruning scheme, sparsity),
with ny, € {4,6,8}. Two sparsity injection schemes are compared:

e random pruning;
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« magnitude-based retention, where only the largest-magnitude weights are
retained.

Unless otherwise specified, the tables reported in this section summarize the
best-performing configurations observed in the explored design space.

6.1.2 Results for convi

Table 6.1 summarizes the most relevant configurations obtained for the convil
layer under different quantization precisions. For each value of ny;, we report
the configurations providing the most favorable trade-off between accumulator
bit-width and inference time.

Figure 6.1 illustrates the dependence of the measured inference latency on both
sparsity and accumulator requirements.

The results show that, although reductions in accumulator bit-width can be
achieved, especially under magnitude-based pruning, the corresponding speed-up
remains limited. This suggests that, for shallow layers of this size, execution cost is
largely dominated by structural factors and quantization precision, while sparsity
alone provides only a marginal contribution to latency reduction.

Method npie | Sparsity | Accumulator BW | Avg. time (s) | Std (s) | Speed-up (%)
BASELINE 4 0.23 10 2.36 0.04 /
Random 4 0.95 8 2.32 0.05 +1.69
Magnitude-based | 4 0.90 7 2.06 0.06 +12.79
BASELINE 6 0.05 14 2.96 0.05 /
Random 6 0.95 12 2.93 0.10 +1.01
Magnitude-based | 6 0.95 9 2.44 0.11 +17.73
BASELINE 8 0.01 18 3.61 0.07 /
Random 8 0.95 16 3.60 0.09 +0.28
Magnitude-based | 8 0.90 13 3.05 0.10 +15.53

Table 6.1: ResNet-18 convl: best observed configurations across sparsity and
pruning schemes.
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Figure 6.1: ResNet-18 convi: inference time as a function of sparsity (left) and
accumulator bit-width (right), evaluated at nyi, = 4,6,8.

6.1.3 Results for layer3.1.convil

Table 6.2 summarizes the most relevant configurations obtained for the deeper
convolutional layer layer3.1.convl. For each quantization precision, we report
the configurations providing the most favorable trade-off between accumulator
bit-width and inference time.

Figure 6.2 illustrates the corresponding trends, highlighting how inference latency
varies with sparsity and with the extracted accumulator requirement.

The results indicate that, for deeper convolutions, reductions in accumulator
bit-width correlate more clearly with tangible improvements in inference time. In
particular, reductions of several bits can yield speed-ups on the order of minutes,
confirming the critical role of accumulator sizing in FHE-oriented execution.
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Method npit | Sparsity | Accumulator BW | Avg. time (s) | Std (s) | Speed-up (%)
BASELINE 0.27 11 186.47 18.85
Random 0.85 10 183.41 15.45 +1.64
Magnitude-based 0.95 8 160.85 18.33 +13.74
BASELINE 0.06 15 243.82 19.29 /

Random 0.80 14 213.60 16.28 +12.39
Magnitude-based 0.95 10 180.32 20.58 +26.05
BASELINE 0.02 19 276.74 25.38 /

Random 0.80 18 254.36 14.24 +8.09
Magnitude-based 0.95 13 214.15 23.09 +22.61

W~

0 00 0Oy O O = =

Table 6.2: ResNet-18 layer3.1.convl: best observed configurations across
sparsity and pruning schemes.
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Figure 6.2: ResNet-18 layer3.1.convl: inference time as a function of sparsity
(left) and accumulator bit-width (right), evaluated at nyy = 4,6,8.

6.1.4 Layer-wise conclusion

Across both analyzed layers, the results confirm that sparsity alone is not
sufficient to guarantee performance gains. Meaningful improvements arise when
pruning and quantization jointly reduce the dynamic range of partial sums, thereby
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decreasing the accumulator bit-width required by the Concrete compiler.

6.2 End-to-end Results on ResNet-8

6.2.1 Accuracy-constrained evaluation

In order to restrict the analysis to configurations that remain meaningful in practice,
we enforce an explicit accuracy constraint. Only models achieving a test accuracy
above 85% are considered valid and are carried forward to the accumulator bit-
width investigation.

Figure 6.3 reports the test accuracy as a function of sparsity for different
quantization precisions and pruning strategies, while Table 6.3 summarizes the
subset of configurations that satisfy the imposed accuracy threshold.

Table 6.3: Accuracy of valid ResNet-8 configurations under different quantization
and pruning settings. Only models above the acceptance threshold are reported.

Model # Bits Sparsity Test Accuracy (%)

Dense 4 0.00 85.42
Global 4 0.50 85.22
Dense 6 0.00 86.22
Filter 6 0.50 85.28
Global 6 0.50 85.54
Dense 8 0.00 86.50
Filter 8 0.50 85.72
Global 8 0.50 85.95

The results show that accuracy degrades rapidly beyond moderate sparsity
levels, and that only a limited region of the explored design space remains feasible
under this constraint. This motivates focusing the subsequent accumulator analysis
exclusively on these accuracy-compliant configurations.
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Figure 6.3: Test accuracy as a function of sparsity for global pruning (left
column) and filter pruning (right column), evaluated at np; = 4,6,8. The dashed
horizontal line denotes the 85% accuracy threshold. Only configurations above
this threshold are considered valid for tgﬁ subsequent accumulator analysis.
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6.2.2 Accumulator bit-width profiles

Having identified the configurations that satisfy the 85% accuracy threshold (Ta-
ble 6.3), we now analyze their implications in terms of accumulator bit-width.
For each valid model, the corresponding quantized network is compiled and, for
every convolutional layer ¢, the required accumulator width B, is extracted directly
from the Concrete compiler.

In the following, we focus exclusively on these compiler-derived values, as they
represent the effective numerical requirements for FHE execution and hardware
sizing. Therefore, only one accumulator bit-width value per layer is reported in the
tables below.

Throughout this section, we report only convolutional layers, since they domi-
nate accumulator growth and represent the primary cost driver in FHE-oriented
execution.

6.2.3 Bottleneck layers and lower-bound experiment

To expose a lower bound on accumulator requirements, we apply an aggressive
sparsity setting (95%) and measure the layer-wise accumulator bit-width after
pruning. In this diagnostic regime, accuracy is not considered, since the goal is to
study the numerical effect of extreme sparsification on the accumulator range.

Unlike the accuracy-constrained section, here we report both pruning strate-
gies: global and per-filter pruning, each evaluated at 95% sparsity. For each
layer ¢, we report the accumulator bit-width extracted from the Concrete compiler,
and the reduction with respect to the dense model:

_ Dense Pruned(0.95)

Key observation (bottlenecks). The reduction is not uniform across layers:
some layers decrease by multiple bits, while others remain comparatively stable
and therefore determine the network-wide upper bound. This confirms that global
metrics can be misleading, and that a layer-wise analysis is required to identify
persistent bottlenecks.
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Table 6.4: Bottleneck analysis at 95% sparsity: 4-bit Global pruning (Concrete
compiler).

Layer Dense Pruned (Global 0.95) Delta
stem.0 11 10 1
first_stack.block.0 11 10 1
first_stack.block.3 11 10 1
second_stack.block.0 11 10 1
second_stack.block.3 10 10 0
second_stack.residual 10 10 0
third_stack.block.0 11 9 2
third stack.block.3 11 9 2
third_stack.residual 11 9 2
fc 9 9 0

Table 6.5: Bottleneck analysis at 95% sparsity: 4-bit Filter pruning (Concrete
compiler).

Layer Dense Pruned (Filter 0.95) Delta
stem.0 11 10 1
first_stack.block.0O 11 9 2
first_stack.block.3 11 9 2
second_stack.block.0 11 9 2
second_stack.block.3 10 9 1
second_stack.residual 10 9 1
third_stack.block.0 11 10 1
third stack.block.3 11 10 1
third_stack.residual 11 10 1
fc 9 9 0
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Table 6.6: Bottleneck analysis at 95% sparsity: 6-bit Global pruning (Concrete
compiler).

Layer Dense Pruned (Global 0.95) Delta
stem.0 14 13 1
first_stack.block.0 14 14 0
first_stack.block.3 13 13 0
second_stack.block.0 13 13 0
second_stack.block.3 14 13 1
second_stack.residual 14 13 1
third_stack.block.0 14 13 1
third stack.block.3 14 13 1
third_stack.residual 14 12 2
fc 12 12 0

Table 6.7: Bottleneck analysis at 95% sparsity: 6-bit Filter pruning (Concrete
compiler).

Layer Dense Pruned (Filter 0.95) Delta
stem.0O 14 13 1
first_stack.block.0 14 12 2
first_stack.block.3 13 13 0
second_stack.block.0 13 13 0
second_stack.block.3 14 12 2
second_stack.residual 14 12 2
third_stack.block.0 14 13 1
third stack.block.3 14 13 1
third stack.residual 14 12 2
fc 12 14 -2
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Table 6.8: Bottleneck analysis at 95% sparsity: 8-bit Global pruning (Concrete
compiler).

Layer Dense Pruned (Global 0.95) Delta
stem.0 18 17 1
first_stack.block.0O 18 18 0
first_stack.block.3 17 16 1
second_stack.block.0 16 16 0
second_stack.block.3 18 16 2
second_stack.residual 18 16 2
third_stack.block.0 18 16 2
third stack.block.3 18 16 2
third_stack.residual 18 16 2
fc 17 16 1

Table 6.9: Bottleneck analysis at 95% sparsity: 8-bit Filter pruning (Concrete
compiler).

Layer Dense Pruned (Filter 0.95) Delta
stem.0 18 16 2
first_stack.block.0 18 16 2
first_stack.block.3 17 16 1
second_stack.block.0 16 15 1
second stack.block.3 18 17 1
second_stack.residual 18 17 1
third_stack.block.0 18 17 1
third_stack.block.3 18 17 1
third_stack.residual 18 17 1
fc 17 16 1

6.3 Summary of results

The experimental evidence supports three consolidated findings:

1. Sparsity alone is not a reliable driver of FHE gains. Random pruning
does not consistently reduce accumulator requirements nor inference time.

2. Accumulator reduction is layer-dependent. Deeper convolutions exhibit
clearer correlations between accumulator bit-width and execution cost, whereas
shallow layers show limited speed-up.
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3. Accuracy constraints strongly restrict pruning regimes. Under an
85% accuracy threshold, only moderate sparsity levels remain feasible, and
bottleneck layers still dominate the network-wide accumulator upper bound.

These outcomes motivate the final discussion in Chapter 7, where we interpret
the implications for practical FHE deployment and outline accumulator-aware
optimization directions.
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Chapter 7
Conclusions

FHE represents one of the strongest paradigms for privacy-preserving machine
learning, as it enables neural network inference directly on encrypted data without
exposing sensitive inputs. However, despite major cryptographic advances such as
TFHE and programmable bootstrapping, the computational overhead of encrypted
inference remains a fundamental obstacle to practical deployment.

A key limiting factor is the accumulator bit-width required in convolutional
layers: intermediate sums determine the numerical range that must be supported
by the encrypted circuit, strongly impacting ciphertext parameters, bootstrapping
cost, and ultimately latency. This thesis investigated whether two widely adopted
compression techniques, quantization and weight pruning, can effectively reduce
accumulator requirements and enable meaningful speed-ups in FHE-oriented neural
networks.

The experimental study presented in this work combined both controlled layer-
wise analysis and full-network exploration.

Introducing sparsity does not consistently translate into reduced accumulator
bit-width or improved execution cost. While some reductions can be observed
under specific pruning strategies, the relationship between sparsity and latency is
weak when sparsity does not directly reduce the dynamic range of partial sums.

In particular, inference cost is often dominated by architectural factors and
quantization precision rather than by the fraction of weights set to zero. Therefore,
pruning cannot be considered a reliable driver of FHE acceleration when applied
in a sparsity-only fashion.

The full-network ResNet-8 exploration under accuracy constraint highlighted that
accumulator reduction is not uniform across layers. Even when many convolutions
benefit from quantization or pruning, a subset of critical layers remains stable and
continues to impose the maximum accumulator bit-width required by the network.

As a consequence, the overall encrypted inference cost is dictated by these
bottleneck layers, meaning that improvements in non-critical layers may not
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yield proportional end-to-end speed-ups.

Furthermore, under realistic quality constraints, only moderate sparsity levels
remain feasible, and these do not decisively reduce the worst-case accumulator
bound.

In conclusion, this thesis advanced the understanding of the relationship between
quantization, pruning, and accumulator growth in convolutional neural networks
compiled for TFHE-based inference. While quantization provides consistent re-
ductions, pruning alone does not guarantee meaningful accumulator improvements
under accuracy constraints. The persistence of bottleneck layers indicates that
future progress in practical FHE deployment will require accumulator-centric
optimization strategies rather than standard sparsity-based compression.
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