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Abstract

The development of computationally efficient aerodynamic tools is essential for
the preliminary analysis of lifting surfaces, propellers, and complex configurations.
While high-fidelity computational fluid dynamics (CFD) methods provide detailed
flow predictions, their computational cost often limits their use in parametric
studies and early-stage design. This motivates the development of lower-fidelity
solvers able to retain relevant physical modelling while remaining computationally
affordable. This thesis presents the development and assessment of two such solvers,
implemented from scratch within an in-house numerical library at the von Karman
Institute for Fluid Dynamics (VKI).

The first solver, VKI-BELL, is intended for steady propeller and rotor appli-
cations. It combines a blade-element treatment of sectional aerodynamic loads
with a lifting-line formulation and a semi-prescribed wake model, resulting in a
low-fidelity representation.

The second solver is VKI-SDPM, which represents the main methodological
advancement of this work. It is a source–doublet singularity panel code that
provides a more general framework applicable to wings, propellers, and rotors,
while also supporting unsteady simulations. The solver also includes several viscous-
core models, as well as vectorization and parallel-computing strategies aimed at
keeping the computational cost low.

Both solvers were assessed through dedicated test cases and validated against
experimental benchmark data from the literature. While VKI-BELL was evaluated
on rotor configurations, VKI-SDPM was validated on both wing and rotor cases.
The results show that both solvers can capture the main physical phenomena with
acceptable levels of accuracy when applied within their proper domains of validity.

Both solvers remain computationally affordable. In VKI-BELL, this is mainly
a consequence of its relatively simple formulation. In VKI-SDPM, instead, the
affordability is enabled by the efficiency of its implementation and numerical
architecture, with measured runtimes that fall within the range typically expected
for unsteady aerodynamic solvers of similar complexity.

Overall, the developed solvers provide a flexible and expandable basis for pre-
liminary aerodynamic investigations, with VKI-SDPM offering a framework for
future extensions toward multibody aerodynamic interactions.
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Chapter 1

Introduction

1.1 Motivation and Methodological Positioning

Aerodynamic analysis during preliminary design often requires repeated evaluations
over many geometries, operating conditions, and modelling choices. High-fidelity
computational fluid dynamics (CFD) can provide detailed flow predictions, including
viscous, turbulent, separated, and compressible-flow effects, but its computational
cost and meshing requirements may become prohibitive in iterative studies. Low-
and mid-fidelity aerodynamic methods therefore remain important engineering
tools: their purpose is not to reproduce the complete flow physics, but to retain
the dominant aerodynamic mechanisms at a cost compatible with rapid analysis,
verification, and design exploration [1], [2].

The present thesis is positioned within the low- and mid-fidelity modelling
range. The development of in-house solvers was motivated not only by the need for
aerodynamic predictions, but also by the need for direct access to the numerical
formulation. For the purposes of this work, it was important to control the geometry
generation, wake representation, boundary-condition treatment, load evaluation,
and validation procedure within a unified framework. This level of control is difficult
to obtain when using closed or highly specialised tools, and it is essential when the
objective is not only to compute aerodynamic loads, but also to understand, verify,
modify, and progressively extend the modelling approach.

Classical blade-element momentum theory (BEMT) represents one of the most
efficient approaches for rotor analysis. By combining sectional aerodynamic data
with momentum-theory induction estimates, it provides rapid predictions of quan-
tities such as thrust, torque, and efficiency. Its computational efficiency, however,
follows directly from simplifying assumptions concerning the induced flow and
wake representation. These assumptions make BEMT particularly suitable for
early-stage design applications, but they restrict the level of aerodynamic detail
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available from the model and may reduce its accuracy outside the range for which
the underlying assumptions remain valid [1], [2], [3].

Lifting-line and vortex-based methods provide a first step beyond this level of
modelling. They retain a compact geometrical representation of the lifting surfaces,
but describe lift and induced velocities through bound and trailing vorticity. This
makes it possible to represent wake effects more explicitly while preserving a
relatively low computational cost. The von Karman Institute Blade-Element
Lifting-Line solver (VKI-BELL) was developed within this modelling class. It is
a rotor-oriented solver for steady operating conditions, combining blade-element
sectional loads with a lifting-line representation of induced velocity and a semi-
prescribed wake model. In this sense, VKI-BELL is not a BEMT code, although it
retains the use of sectional aerodynamic closure based on airfoil data [4]. Within
the thesis, VKI-BELL provides an intermediate reference level between VKI-BEMT
and the more general formulation implemented in VKI-SDPM.

VKI-SDPM was developed as a surface-based potential-flow solver intended
for wings and rotors. Source-and-doublet panel methods discretise the body
surface with flow singularities such as source and doublet distributions, and they
can account for thickness, provide pressure distributions, and treat lifting and
non-lifting bodies within a unified framework. Unlike VKI-BELL, VKI-SDPM
directly computes pressure-induced aerodynamic loads without relying on sectional
aerodynamic data. Compared with volumetric CFD, source-and-doublet panel
methods require only the discretization of the body surface and the wake, reducing
both meshing complexity and computational cost. Their limitations are physical
rather than geometrical: in their basic form they are inviscid and incompressible
methods, and therefore cannot directly predict viscous drag, transition, separation,
or compressibility effects [5].

The central motivation for VKI-SDPM is the development of a mid-fidelity
solver capable of predicting the aerodynamic behaviour of both wings and rotors
while remaining independent of external aerodynamic databases and any empirical
model [5]. In addition, the level of detail provided by the solution is substantially
higher than that obtainable with VKI-BEMT and VKI-BELL. Access to surface
pressure distributions, rather than only sectional or integral performance quantities,
provides a more detailed description of the aerodynamic loading and allows more
direct comparisons with experimental or CFD data. VKI-SDPM supports both
prescribed- and free-wake formulations and can be used for unsteady analyses
within an inviscid, incompressible potential-flow framework.

The two solvers developed in this work are not competing alternatives, but
tools placed at different levels of the aerodynamic-modelling hierarchy. VKI-
BELL favours efficiency and rotor-oriented analysis. VKI-SDPM favours generality,
surface-based load prediction, and future extensibility. Together, they define the
two modelling levels investigated in this thesis.
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1.2 Scope and Originality of the Work
The thesis does not introduce a new aerodynamic theory. Its theoretical basis is
built on established concepts in the literature such as blade-element theory, lifting-
line theory, incompressible potential flows, and source-and-doublet panel methods
[4], [5], [6]. The originality of the work lies in the construction of two complete
in-house solvers in which these concepts are implemented, coupled, verified, and
validated within controllable numerical frameworks.

For VKI-BELL, the existing VKI-BEMT code provided a practical reference
for the sectional aerodynamic treatment [2], [7], [8]. The new contribution is the
development of a rotor solver architecture by integrating blade-element sectional
loads, lifting-line-induced velocities, semi-prescribed wake geometry, and a vortex-
core regularisation model. The architecture is designed to retain the efficiency of
sectional modelling while introducing a more explicit description of wake-induced
effects.

VKI-SDPM represents the main methodological development of the thesis. It
was developed as a source-and-doublet panel solver for incompressible potential
flow. Its contribution lies in the integration of the numerical elements required for
a complete surface-based solver: influence-coefficient evaluation, pressure computa-
tion, load integration, prescribed- and free-wake evolution, vortex-core modelling,
and unsteady time integration.

The current implementations are limited to aerodynamic modelling within the
assumptions stated above. Multibody aerodynamic interactions, compressibility
effects, prescribed relative body motions, and viscous–inviscid coupling are not
included in the present solvers. They are discussed only as possible future extensions,
especially for VKI-SDPM. Aeroelastic and aeroacoustic coupling are also outside
the scope of the thesis.

The validation strategy is consistent with the fidelity level of the solvers. The
objective is not to achieve CFD-level accuracy, but to assess whether the im-
plemented formulations capture the dominant aerodynamic trends within their
expected ranges of validity. For VKI-BELL, the validation concerns steady rotor-
performance quantities. For VKI-SDPM, the assessment also includes sectional and
integral aerodynamic loads, pressure distributions, and analyses of wake geometry
for rotor configurations. For both solvers, the reference data are obtained from
experimental studies reported in the literature [9], [10], [11], [12].
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1.3 Objectives and Contributions
The general objective of this thesis is to develop, verify, and validate two original
aerodynamic solvers for the low-speed aerodynamic analysis of wings and rotors
[5]. The main objectives are:

• to formulate and implement VKI-BELL as a steady rotor-oriented blade-
element lifting-line solver;

• to formulate and implement VKI-SDPM as a source-and-doublet panel solver
for unsteady applications;

• to assess the sensitivity, convergence behaviour, robustness, and computational
cost of the two solvers;

• to validate the numerical results against experimental reference data from the
literature;

• to identify the main limitations of the current implementations and the most
relevant directions for future development.

The main VKI-BELL contributions are:

• a rotor geometry-generation procedure based on radial distributions of chord,
pitch, and radius;

• a semi-prescribed wake model representative of the rotor operating condition;

• a coupling strategy between blade-element sectional aerodynamics and lifting-
line-induced velocities;

• an assessment of numerical sensitivity, computational performance, and pre-
dictive capability of the solver for steady rotor performance.

The main VKI-SDPM contributions are:

• a surface-discretisation framework for wings and rotors;

• a source-and-doublet formulation for incompressible potential-flow analysis of
lifting components;

• prescribed- and free-wake capabilities;

• vortex-core models and core-growth evolution strategies for wake regularisation;

• an assessment of numerical sensitivity, computational performance, and predic-
tive capability against wing and rotor reference data under different operating
conditions.
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1.4 Thesis Outline
The work is organised as follows.

Chapter 2 introduces the theoretical background required for the development
of the two solvers. It presents the potential-flow framework and the boundary
integral solution, blade-element concepts, lifting-line theory, and fundamentals of
vortex theory.

Chapter 3 presents VKI-BELL by integrating the relevant theoretical background
with the corresponding numerical implementation. The chapter discusses the
rotor geometry, sectional aerodynamic closure, wake representation, vortex-core
regularization, and numerical solution strategy as they are implemented in the
solver.

Chapter 4 assesses the numerical behaviour and computational performance
of VKI-BELL. A sensitivity analysis is conducted before the validation against
the Caradonna–Tung test case [12]. VKI-BEMT results are also presented for a
code-to-code comparison.

Chapter 5 presents the numerical implementation of the source-and-doublet
formulation in VKI-SDPM, including surface discretisation, boundary-condition
enforcement, wake modelling, pressure and load evaluation, and the time-marching
procedure.

Chapter 6 assesses the numerical behaviour and computational performance of
VKI-SDPM. The influence of discretization parameters, wake modelling choices,
and regularisation parameters is investigated. Finally, an analysis on the parallel-
computing performance is reported.

Chapter 7 validates VKI-SDPM on wing and rotor configurations. The selected
test cases from the literature are the Yip–Shubert straight wing test case [9], the
Kolbe–Boltz tapered and swept wing test case [10], the NREL Phase VI wind-
turbine rotor test case [11], and the Caradonna–Tung rotor test case [12]. Each of
these experimental benchmarks assesses a different characteristic of VKI-SDPM to
provide a comprehensive view of the capabilities and limitations of the solver.

Chapter 8 provides an overview of the two solvers developed in this work and
quantitatively compares them. The final conclusions are then drawn, and the
possible future developments for both VKI-BELL and VKI-SDPM are discussed.

At the end of this manuscript, the appendices provide supplementary theoretical
derivations, the classical BEMT formulation, implementation references for the
solvers, and additional validation results for VKI-SDPM.
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Chapter 2

Theoretical Background

2.1 Potential-Flow Formulation
The aerodynamic formulations developed in this thesis are based on a set of
simplifying assumptions that are commonly adopted in aerodynamic modelling.
These assumptions allow the governing fluid-dynamic problem to be reduced from
the full Navier–Stokes equations to simpler formulations. The purpose of this
section is to introduce the physical hypotheses underlying the solvers developed in
this work. The focus is on the potential-flow problem, on the theoretical basis for
the source-and-doublet panel formulation, and on the vortex methods.

2.1.1 Inviscid, Incompressible, and Irrotational Assump-
tions

A key nondimensional parameter in fluid-dynamic theory is the Reynolds number,
which compares inertial and viscous effects in the flow. For a characteristic velocity
Vref , characteristic length lref , and kinematic viscosity ν, it is defined as

Re = Vref lref

ν
. (2.1)

For many aerodynamic applications involving wings and rotors, the Reynolds
number is sufficiently high for inertial effects to dominate most of the flow domain,
while viscous effects are mainly confined to thin boundary-layer regions close to
solid boundaries and to wakes. Outside these viscous regions, the flow may be
approximated as inviscid, and the outer solution can be used to determine the
pressure distribution and the pressure-induced aerodynamic loads. In the present
formulation, the outer aerodynamic field is assumed to be inviscid, while viscous
effects are either introduced indirectly through modelling inputs or left outside the
resolved flow problem.
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This separation between inviscid and viscous regions represents one of the
classical foundations of fluid-dynamic modelling. In the inviscid outer region, the
governing equations reduce from the full Navier–Stokes equations to the Euler
equations. The thin viscous region close to the wall is governed by the boundary-
layer equations. These equations retain the dominant viscous effects in the wall-
normal direction and are driven by the pressure distribution imposed by the external
inviscid flow [5].

The relevance of compressibility effects is estimated through the Mach number,
defined as the ratio between a characteristic flow velocity Vref and the speed of
sound a,

M = Vref

a
, (2.2)

When the characteristic Mach number is sufficiently low, pressure-induced
density variations are negligible and the density of each fluid element can be treated
as constant. Under this assumption, the continuity equation can be written in its
incompressible formulation as

∇ · V = 0, (2.3)

where V is the velocity vector field [5].
In addition to being treated as incompressible and inviscid in the outer region,

the flow is assumed to be irrotational outside boundary layers and wakes. This
assumption can be expressed by the curl of the velocity,

∇ × V = 0. (2.4)

Irrotational fields can be written as the gradient of a scalar potential function,
in this case indicated by Φ,

V = ∇Φ. (2.5)

Substituting Eq. (2.5) into Eq. (2.3) allows the aerodynamic problem to be
formulated through Laplace’s equation,

∇2Φ = 0. (2.6)

The total potential Φ can be decomposed into an undisturbed component Φ∞,
which is related to the undisturbed potential flow, and a perturbation component ϕ
related to the velocity field induced by the presence of a body within the domain,

Φ = Φ∞ + ϕ, (2.7)

For the undisturbed freestream, the velocity field is
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∇Φ∞ = V∞. (2.8)

Since V∞ is uniform, its divergence is zero. Therefore, using Eq. (2.7) in
Eq. (2.6), the governing equation for the perturbation potential becomes

∇2Φ = ∇2Φ∞ + ∇2ϕ = 0 → ∇2ϕ = 0. (2.9)

The Laplace equation for the aerodynamic problem can therefore be formulated
in terms of the perturbation potential.

2.1.2 Boundary and Far-Field Conditions
Once the potential problem has been formulated, a set of boundary conditions is
required to determine the solution. These conditions connect the mathematical
formulation of the perturbation field to the physical constraints.

Let V denote the fluid domain. For a lifting configuration, the boundary of this
domain includes the body surface SB, the wake surface Sw, and a far-field boundary
S∞ placed formally at infinity. The body surface is a solid boundary, while the
wake surface is not.

The perturbation potential is required to vanish sufficiently far from the body,
so that

∇ϕ → 0 as |x| → ∞. (2.10)

This condition expresses the fact that the disturbance induced by the body and
the wake must decay at large distances, leaving only the undisturbed flow.

The second condition is imposed on the body surface and is known as the
impermeability condition. On a solid boundary, this condition requires that the
normal component of the relative velocity between the fluid and the body vanishes
as the surface is approached. For a body moving with local velocity VB, this
condition can be written in terms of the total potential as

n · (∇Φ − VB) = 0 on SB, (2.11)

where n is the outward unit normal to the body surface. Using the decomposition
introduced in Eq. (2.7), the same condition can be written explicitly for the
perturbation potential as

n · ∇ϕ = n · (VB − ∇Φ∞) on SB. (2.12)

For a fixed body in the chosen frame of reference VB = 0 and Eq. (2.12) reduces
to
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n · ∇ϕ = −n · ∇Φ∞ on SB. (2.13)
This condition does not impose zero tangential velocity at the wall. It only

prevents the fluid from crossing the solid boundary, while allowing tangential
slip, consistently with the inviscid-flow assumption. In unsteady formulations or
moving-body problems, the body velocity VB must be retained in the boundary
condition.

2.1.3 Superposition Principle and Singularities
The central mathematical property of Eq. (2.6) is its linearity. In the same fluid
domain V, let ϕ1, ϕ2, . . . , ϕN be solutions of Laplace’s equation written for the
perturbation potential, so that

∇2ϕk = 0, k = 1, . . . , N. (2.14)
Then any linear combination of these solutions can be written as

ϕ =
NØ

k=1
ckϕk, (2.15)

where ck are arbitrary constants. Equation (2.15) is also a solution of Laplace’s
equation. Indeed,

∇2ϕ = ∇2
A

NØ
k=1

ckϕk

B
=

NØ
k=1

ck∇2ϕk = 0. (2.16)

This result is known as the superposition principle and it allows complex fields to
be constructed as linear combinations of elementary solutions of Laplace’s equation.
In potential-flow theory, these elementary solutions are commonly introduced as
singularity solutions. They satisfy Laplace’s equation everywhere except at their
singular location and are used as mathematical building blocks to satisfy prescribed
boundary conditions [4], [5].

Although the final aerodynamic problem is generally three-dimensional, the
physical meaning of the basic singularities is often most clearly understood in two
dimensions. The basic singularities considered here are the source, doublet, and
potential vortex.

Two-Dimensional Point Source

The source singularity is associated with a pure radial flux of fluid. Therefore, in a
polar coordinate system (r, θ) centred at the source location, the velocity field of a
two-dimensional source has components

9
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Vrad(r, θ) = σ

2πr , Vtan(r, θ) = 0, (2.17)

where σ is the source strength. The corresponding velocity potential is obtained
by integrating Vrad = ∂ϕ/∂r, giving

ϕ = σ

2π ln r. (2.18)

The strength σ represents the flux induced by the source. Indeed, the flux across
a circle of radius R centred at the singularity isÚ 2π

0
Vrad(R, θ)Rdθ =

Ú 2π

0

σ

2πRRdθ = σ. (2.19)

Thus, a positive source produces a radial velocity directed away from the
singularity, while a negative source represents a sink. The velocity magnitude
decays as 1/r, and the singular point r = 0, where the velocity becomes infinite,
must be excluded from the regular flow domain.

For a source located at (x0, z0), the potential and velocity components in
Cartesian coordinates can be written as

ϕ(x, z) = σ

2π ln
3ñ

(x− x0)2 + (z − z0)2
4
, (2.20)

u = ∂ϕ

∂x
= σ

2π
x− x0

(x− x0)2 + (z − z0)2 , w = ∂ϕ

∂z
= σ

2π
z − z0

(x− x0)2 + (z − z0)2 . (2.21)

(a) Streamlines and equipotential lines. (b) Source-induced velocity field.

Figure 2.1: Two-dimensional source singularity [5].
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Two-Dimensional Point Doublet

A doublet can be obtained as the limiting combination of a source and a sink of
equal strength brought infinitesimally close to each other, such that their strength
multiplied by their separation distance becomes the constant µ [5]. Unlike the
source, its effect is directional,

ϕ(r, θ) = −µ · r
2π r2 (2.22)

For example, if the doublet is aligned with the x-axis, such that µ = (µ,0), the
velocity potential for a two-dimensional doublet located at the origin becomes

ϕ(r, θ) = − µ

2π
cos θ
r

. (2.23)

The corresponding polar velocity components are

Vrad(r, θ) = ∂ϕ

∂r
= µ cos θ

2πr2 , Vtan(r, θ) = 1
r

∂ϕ

∂θ
= µ sin θ

2πr2 . (2.24)

In Cartesian coordinates, for a doublet located at (x0, z0) and oriented in the
x-direction, the potential and the corresponding velocity components become

ϕ(x, z) = −µ
2π

x− x0

(x− x0)2 + (z − z0)2 , (2.25)

u(x, z) = ∂ϕ

∂x
= µ

2π
(x− x0)2 − (z − z0)2

[(x− x0)2 + (z − z0)2]2
, (2.26)

w(x, z) = ∂ϕ

∂z
= µ

2π
2(x− x0)(z − z0)

[(x− x0)2 + (z − z0)2]2
. (2.27)

(a) Equipotential lines. (b) Streamlines.

Figure 2.2: Two-dimensional doublet singularity aligned with the x-axis [5].
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Two-Dimensional Potential Vortex

The concept of circulation is central to the definition of a potential vortex. The
circulation around a closed contour C, with dl denoting the tangential differential
element, is defined as

Γ =
j

C
V · dl, (2.28)

Circulation is the net tangential velocity integrated along a closed path. In an
irrotational flow, it vanishes unless the contour encloses a singularity. A potential
vortex is irrotational everywhere except at its centre, yet produces finite circulation
around any enclosing contour and induces only a tangential velocity component.
In polar coordinates centred at the vortex location, the velocity field and the
corresponding velocity potential are

Vrad(r, θ) = 0, Vtan(r, θ) = − Γ
2πr , ϕ(r, θ) = − Γ

2πθ. (2.29)

where Γ is the circulation strength, with the sign depending on the adopted
orientation convention. The corresponding form in Cartesian coordinates for a
vortex at (x0, z0) may be written as

ϕ(x, z) = − Γ
2π tan−1

3
z − z0

x− x0

4
, (2.30)

u(x, z) = ∂ϕ

∂x
= Γ

2π
z − z0

(x− x0)2 + (z − z0)2 , (2.31)

w(x, z) = ∂ϕ

∂z
= − Γ

2π
x− x0

(x− x0)2 + (z − z0)2 . (2.32)

(a) Streamlines and equipotential lines. (b) Induced velocity.

Figure 2.3: Two-dimensional potential vortex [5].
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2.1.4 Circulation, Wake, and Kutta Condition
Combining the definition of circulation in Eq. (2.28) with the velocity-potential
relation in Eq. (2.5) gives

Γ =
j

C
∇Φ · dl. (2.33)

If the potential Φ is single-valued and regular inside the contour, the line integral
of its gradient over a closed curve is zero. A non-zero circulation can therefore
arise only if the contour encloses a singularity or crosses a discontinuity of the
potential. This is illustrated in Fig. 2.4 where the integration lines do not intersect
the discontinuity and the net circulation is zero.

A doubly connected region is obtained when a cut is introduced in the domain,
allowing the potential to take different values on the two sides of the cut. In lifting
potential-flow formulations, this role is played by the wake surface Sw, which acts
as a force-free surface across which the pressure is continuous but the potential is
not. Therefore, when the contour C crosses the wake, a discontinuity in the velocity
potential is present and Γ can then be related directly to this jump up to the sign
convention for the normals,

Γ = [Φ]Sw
= Φ+ − Φ−, (2.34)

Figure 2.4: Simply connected domain around an airfoil profile [5].

Since the undisturbed potential Φ∞ is single-valued, the same jump can be
expressed in terms of the perturbation potential,

Γ = [ϕ]Sw
. (2.35)

The wake surface therefore provides the potential-flow formulation with the
mathematical mechanism required to represent a lifting solution with non-zero
circulation while retaining an irrotational outer flow.
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The introduction of a potential jump raises the question of how its value should
be determined. At this stage, the potential-flow problem still admits an infinite
family of solutions satisfying both the impermeability and far-field conditions. Each
solution is associated with a different circulation and, therefore, with a different
velocity and pressure distribution around the body. Examples of solutions for
different values of Γ are illustrated in Fig. 2.5; among these, only one is physically
admissible.

To resolve this issue, an additional condition must be imposed. This condition is
known as the Kutta condition and it was formulated based on physical observations
of flows around aerodynamic bodies [13]. For a body with a sharp trailing edge at
sufficiently high Reynolds number, the flow leaves the body at the trailing edge
smoothly. This mechanism is viscous in nature. Since viscosity is not resolved by
the inviscid potential-flow formulation, the Kutta condition must be imposed as
an additional constraint. From a mathematical point of view, the Kutta condition
defines the jump across the wake surface so that it selects the only physically
admissible solution.

Figure 2.5: Different solutions to the potential-flow problem. The physical
solution is case (b), for which the Kutta condition is imposed [5].

An important result connecting circulation and wake formation is Kelvin’s
theorem. For an inviscid and incompressible flow subject only to conservative body
forces, the circulation around a closed material curve is conserved in time,

DΓ
Dt

= 0. (2.36)
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The term material is essential: the contour considered in Kelvin’s theorem is
made of the same fluid particles as it moves with the flow. Consequently, circulation
cannot be arbitrarily created or destroyed within such a contour. In lifting flows,
the development or variation of bound circulation must therefore be balanced by
circulation shed into the surrounding flow.

When an initially stationary wing starts moving, this balance appears through
the shedding of a starting vortex of opposite sign. More generally, the wake carries
downstream the circulation history of the lifting body. It is therefore not only a
numerical device used to close the potential-flow formulation, but also the physical
mechanism through which the circulation balance required by Kelvin’s theorem
is maintained in steady and unsteady formulations [5], [14]. The derivation of
Kelvin’s theorem is reported in App. A.1.1.

2.1.5 Limitations of the Potential-Flow Formulation

The limitations of the potential-flow formulation follow directly from the assump-
tions on which it is based. Since viscosity is not explicitly resolved, physical
effects that depend on it cannot be directly predicted. These include viscous
drag, boundary-layer growth, flow separation, turbulence, and several unsteady
phenomena associated with separated flows, such as dynamic stall and vortex
shedding. This limitation becomes relevant when more realistic flow descriptions
are required, particularly around bluff bodies or configurations where separation
plays a dominant role.

Compressibility effects are also outside the present formulation. Phenomena
such as finite propagation speed of pressure disturbances, density variations due
to local acceleration, shock waves, and drag divergence cannot be captured by an
incompressible potential-flow model. In low-speed aerodynamics, incompressible
formulations are generally considered appropriate when the Mach number is suffi-
ciently small, commonly for M ≤ 0.3. To extend the range of validity at moderately
higher subsonic Mach numbers without introducing more complex formulations,
the Prandtl–Glauert transformation may be used

Cp,comp = Cp,M=0√
1 −M2

(2.37)

However, this correction loses accuracy towards the high-subsonic regime as
the Mach number approaches the transonic range and the linearity assumption on
which it is based becomes increasingly invalid.[4], [5], [15].
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2.2 Vortex Theory and Modelling
The present section introduces the main vortex-based concepts required in the
implementation of the solvers. The vorticity field ζ is defined as the curl of the
velocity field,

ζ = ∇ × V, (2.38)
Recalling the definition of circulation in Eq. (2.28), by applying Stokes’ theorem

this can be related to the vorticity flux through any open surface S bounded by
the contour C,

Γ =
Ú

S
ζ · n dS, (2.39)

where n is the outward unit normal to the surface. This relation shows that
circulation is a measure of the vorticity content crossing the surface enclosed by the
contour. It also provides the connection between a global quantity, the circulation
around a curve, and a local quantity, the vorticity field.

2.2.1 Helmholtz Vortex Theorems
The behaviour of vortical structures in an inviscid, incompressible flow is described
by the Helmholtz vortex theorems [5], [16]. These theorems establish the main
kinematic properties of vortex tubes and provide the physical basis for treating
wake vortices as connected and coherent structures.

Using the definitions introduced above, a vortex tube is formed by a bundle of
vortex lines, and its strength is given by the circulation around a contour enclosing
the tube, or equivalently by the flux of vorticity through any cross-section, as
expressed in Eqs. (2.28) and (2.39). Representations of a vortex line and a vortex
tube are reported in Fig. 2.6. In the limiting case in which the cross-sectional area
tends to zero while the circulation remains finite, the vortex tube is idealised as a
vortex filament.

For an inviscid incompressible flow, the Helmholtz vortex theorems can be stated
as follows:

1. the strength of a vortex tube is constant along its length;

2. a vortex tube cannot start or end arbitrarily inside the fluid domain;

3. vortex lines move with the fluid.

The first result follows from the solenoidal character of the vorticity field. If two
cross-sections of the same vortex tube are considered, the vorticity flux through
them must be the same. Therefore,
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Γ1 = Γ2, (2.40)

where Γ1 and Γ2 are the vortex-tube strengths measured at the two sections.
For a thin vortex tube with approximately uniform vorticity over each cross-section,
this result can be written as

ζ1A1 = ζ2A2, (2.41)

where A is the cross-sectional area. This relation shows that stretching a vortex
tube reduces its cross-section and increases the vorticity magnitude, while expansion
produces the opposite effect.

The second theorem implies that a vortex filament cannot be represented as
an isolated segment ending inside the fluid. It must form a closed loop, intersect
a boundary, connect with other vortex structures, or extend outside the domain
considered. This has a direct consequence for aerodynamic wake modelling: trailing
vortices and wake elements must be arranged as part of a connected vortical system.

Finally, since vortex lines move with the fluid, the position of a wake vortex
evolves with the local flow motion. This result provides the theoretical basis for
free-wake methods, in which wake nodes or vortex elements are convected according
to the local velocity field.

A mathematical derivation of the Helmholtz vortex theorems is reported in
Appendix A.1.

(a) Vortex line. (b) Vortex tube.

Figure 2.6: Vortex line and vortex tube [5].

2.2.2 Biot–Savart Law
The Biot–Savart law provides the relation between a vorticity distribution and
the velocity field induced by it. For a vorticity field ζ(x0) distributed over a fluid
volume V , the induced velocity at a field point x is
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Vind(x) = 1
4π

Ú
V

ζ(x0) × (x − x0)
|x − x0|3

dV0. (2.42)

Here, x0 is the source point where vorticity is located, while x − x0 is the
vector from the source point to the field point. The cross product determines the
direction of the induced velocity, and the denominator shows the decay of the
induced contribution with distance.

In vortex-filament models, the vorticity is idealised as being concentrated along
a curve C. If the filament has circulation Γ, the volume distribution in Eq. (2.42)
reduces to a line distribution, and the induced velocity becomes

Vind(x) = Γ
4π

Ú
C

dl × (x − x0)
|x − x0|3

. (2.43)

In numerical vortex methods, continuous filaments are usually discretised into
straight vortex segments. The total induced velocity is then obtained by super-
position of the contributions of all the segments. Consider a straight segment
of circulation Γ, oriented from endpoint x1 to endpoint x2, and a field point x.
Defining

r1 = x − x1, r2 = x − x2, r0 = x2 − x1, (2.44)

the induced velocity of the finite straight segment can be written as

Vind = Γ
4π

r1 × r2

|r1 × r2|2

C
r0 ·

A
r1

|r1|
− r2

|r2|

BD
. (2.45)

This expression is particularly useful in numerical models because it depends
only on the segment endpoints, the field point, and the circulation strength [5].

The same result can also be expressed in scalar form. Using the perpendicular
distance d from the field point to the vortex line and the endpoint angles β1 and
β2 defined in Fig. 2.7, the tangential velocity induced around the vortex line is

Vtan = Γ
4πd (cos β1 − cos β2) . (2.46)

This form makes the geometrical dependence of the finite-segment contribution
explicit. In the limiting case of an infinitely long straight vortex filament, β1 → 0◦

and β2 → 180◦, and Eq. (2.46) reduces to

Vtan = Γ
2πd. (2.47)

The Biot–Savart law is therefore the basic tool used to compute the induced
velocity of vortex filaments, vortex rings, and wake elements in vortex-based
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Figure 2.7: Velocity induced by a straight vortex filament [5].

aerodynamic methods. It also appears in source-and-doublet panel methods when
constant-strength doublet panels are replaced, for induced-velocity evaluation, by
their equivalent vortex-ring representation.

2.2.3 Vortex-Core Regularisation and Core Growth
The ideal Biot–Savart formulation reported in Eq. (2.43) becomes singular when the
field point approaches the vortex filament. This singular behaviour is a consequence
of representing the vorticity as concentrated along a line of zero thickness. Real
vortices, however, possess a finite core in which vorticity is distributed over a non-
zero area. As a result, the tangential velocity does not follow the potential-vortex
law down to the vortex centre, but remains finite and usually reaches a maximum
at a finite radial distance [5], [17].

For this reason, a core regularisation is introduced in which the Biot–Savart
kernel is smoothed within a finite length scale. This length scale is commonly
denoted by rc and is referred to as the vortex-core radius. In numerical wake
simulations, rc plays a dual role: it represents, in a simplified way, the finite size of
real vortex cores, and it prevents excessively large induced velocities when vortex
elements pass close to one another or close to the lifting body [18], [19].

For an infinite rectilinear vortex, a generic regularised tangential velocity can
be written as

Vtan = Γ
2πdF

A
d

rc

B
, (2.48)
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where d is the distance from the vortex centreline and F (d/rc) is a damping
function. The function must recover the potential-vortex behaviour far from the
core,

F

A
d

rc

B
→ 1 for d ≫ rc. (2.49)

Several damping functions have been proposed in the literature. The Rankine
model assumes solid-body rotation inside the core and potential-vortex behaviour
outside it,

F (d̄) =
d̄2, d̄ ≤ 1,

1, d̄ > 1,
d̄ = d

rc

. (2.50)

Although simple, this model introduces a discontinuity in the derivative of
the tangential velocity at the core radius. Smoother models are therefore often
preferred in wake calculations.

The Lamb–Oseen model is associated with the viscous diffusion of an initially
concentrated vortex. If rc is defined as the radial position of maximum tangential
velocity, the tangential velocity can be written as

Vtan = Γ
2πd

C
1 − exp

A
−αOseen

d2

r2
c

BD
, αOseen = 1.25643. (2.51)

The constant αOseen, often referred to as the Oseen constant, depends on the
convention used to define the core radius. If rc is instead interpreted as a diffusion
length scale, the same model may appear with a different normalisation. This
distinction is important because the expression “Lamb–Oseen core” is not always
used with the same definition of rc in the rotor-wake literature [18], [19], [20], [21].

A commonly used algebraic regularisation is the Scully-type core model,

F (d̄) = d̄2

1 + d̄2
, (2.52)

which gives

Vtan = Γ
2π

d

d2 + r2
c

. (2.53)

This form is convenient because it can be introduced directly into the Biot–
Savart expression by replacing the singular distance dependence with a regularised
one [22], [23], [24].

A more general algebraic family is provided by the Vatistas model,

20



Theoretical Background

F (d̄) = d̄21
1 + d̄2n

21/n
, (2.54)

The parameter n controls the sharpness of the transition between the inner-core
region and the external potential-vortex behaviour. For n = 1, the Vatistas model
reduces to the Scully-type formulation, while larger values of n produce a sharper
transition [19], [25].

In addition to the choice of the damping function, the core radius may be allowed
to evolve with wake age. This process is usually referred to as vortex-core growth.
A common diffusion-based model assumes that the square of the core radius grows
linearly in time,

r2
c (t) = r2

c,0 + 4αOseenδνt, (2.55)

where rc,0 is the initial core radius, ν is the molecular kinematic viscosity, and δ
is the turbulent diffusion parameter. If the wake age is expressed as an azimuthal
age ζ = Ωt, Eq. (2.55) becomes

r2
c (ζ) = r2

c,0 + 4αOseenδν

Ω ζ. (2.56)

The initial core radius rc,0 defines the core size when a vortex element is generated
and is often prescribed as a fraction of a blade chord, a local panel dimension, or
another reference length. Rotor near-wake studies, such as those by Young, provide
useful guidance for estimating the initial or reference core size, but they do not
remove the dependence on the specific rotor geometry, loading condition, wake age,
and measurement or discretisation scale [26].

The parameter δ is particularly important in rotor-wake simulations. For a
purely laminar Lamb–Oseen diffusion model, δ = 1. However, rotor tip vortices
often exhibit a faster apparent core growth than that predicted by molecular
viscosity alone. This additional spreading may be associated with unresolved
turbulent mixing, vortex instabilities, interaction with neighbouring wake elements,
and numerical diffusion introduced by the discretisation. Therefore, δ should not
be interpreted as a universal physical constant, but as an effective parameter
representing unresolved diffusion mechanisms within the adopted vortex model [19],
[27], [28].

A frequently used empirical approach is based on Squire’s hypothesis, in which
the effective diffusion depends on the vortex Reynolds number,

Rev = Γ
ν
, (2.57)

through a relation of the form
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δ = 1 + a1Rev, (2.58)

where a1 is an empirical coefficient. Gupta reports different values of this
coefficient for different applications,

a1 =
2 · 10−4, for rotors,

5 · 10−5, for wings.
(2.59)

These values illustrate the empirical nature of the model: the effective diffusion
depends on the flow configuration, Reynolds number, vortex type, and calibration
database [19]. This is especially relevant for hover simulations, where the wake
remains close to the rotor for several revolutions and the induced-velocity field
can be highly sensitive to the assumed core growth. In this context, δ becomes
an actual modelling variable: increasing it tends to spread the core faster and
can improve numerical robustness, but excessive diffusion may also smooth out
physically relevant induced-velocity gradients.

Core growth can also be affected by wake deformation. As vortex filaments are
convected, they may stretch or contract under the induced velocity field. If a vortex
segment changes from an initial length l0 to a length l, a simple incompressible
vortex-tube argument gives

r2
c l = r2

c,0l0, → rc = rc,0

ó
l0
l
. (2.60)

This relation shows that stretching tends to reduce the core radius, while
contraction tends to increase it. Therefore, viscous diffusion and filament stretching
may act as competing mechanisms: diffusion spreads the core, whereas stretching
can locally contract it [28], [29].

A simple combined model can be written as

rc(ζ) =
A
r2

c,0 + 4αOseenδν

Ω ζ

B1/2 A
l0
l(ζ)

B1/2

. (2.61)

This expression should be interpreted as a modelling closure rather than as an
exact solution of the vorticity transport equation. More detailed approaches may
apply the strain correction incrementally or introduce a dependence on the full
wake-age history of the vortex element [18], [28], [29].

The choice of vortex-core model and core-growth parameters affects both the
physical behaviour and the numerical stability of wake simulations. A small core
radius approaches the ideal singular vortex solution, but may generate very large
induced velocities and numerical instabilities. A large core radius gives a smoother
and more robust computation, but may excessively damp the induced-velocity
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field and alter the predicted wake roll-up. Similarly, increasing δ may stabilise
hover simulations by accelerating core spreading, but it can also reduce physically
meaningful velocity gradients if not properly calibrated.

At present, no universal analytical formula exists for selecting rc,0, δ, the damping
function, or the stretching correction for all rotor geometries, operating conditions,
discretisations, and wake ages. Existing models are empirical or semi-empirical
and must be selected consistently with the physical problem and the numerical
method. In practice, the vortex-core parameters are therefore chosen through
modelling assumptions and sensitivity analyses, seeking a compromise between
physical fidelity and numerical stability [18], [19], [26].

2.3 Lifting-Line Modelling and Blade-Element
Closure

The vortex-based concepts introduced in the previous sections provide the physical
basis for representing lifting flows through bound circulation and trailing vorticity.
For rotor and propeller applications, this idea is particularly useful because the
blade can be replaced by a radial distribution of bound circulation, while the wake
is represented through the vortex system shed from the blade. However, a vortex
model alone does not determine the circulation distribution. A closure relation is
required to connect the local circulation to the aerodynamic forces generated by
the blade sections.

The present section introduces the lifting-line representation adopted as the
basis of the VKI-BELL solver and then describes its sectional closure through
the Kutta–Joukowski theorem and blade-element aerodynamics. In this way, the
induced velocity is provided by the lifting-line wake model, whereas the sectional
loads are obtained from airfoil polar data.

2.3.1 Lifting-Line Representation
Prandtl’s lifting-line theory was originally developed to describe finite wings of
sufficiently large aspect ratio [5], [30], [31]. Its main idea is to replace the lifting
surface by a line carrying a bound circulation distribution. For a finite wing, this
circulation is usually written as a function of the spanwise coordinate,

Γb = Γb(y), (2.62)

and the lifting line is commonly placed along the quarter-chord line, consistently
with the classical aerodynamic-centre location of thin airfoil theory.

The vortex representation must be consistent with Kelvin’s theorem and the
Helmholtz vortex theorems introduced in Sec. 2.2. In particular, a bound vortex
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cannot be treated as an isolated filament ending inside the fluid. It must be
connected to trailing vortices and to the wake system. In the classical steady inter-
pretation, the starting vortex is assumed to have been convected far downstream,
so that the remaining near-field structure is represented by a horseshoe vortex
composed of a bound vortex segment and two trailing legs, as illustrated in Fig. 2.8.

Figure 2.8: Prandtl lifting-line representation of a finite lifting surface [5].

The trailing vorticity is determined by the spatial variation of the bound
circulation. If adjacent portions of the lifting line carry different circulation values,
the wake must contain the circulation difference required to connect them. In
continuous form, this relation can be written as

γt(y) = −dΓb

dy
, (2.63)

where the sign depends on the adopted orientation convention. This equation
expresses the central idea that the wake vorticity is not prescribed independently,
but is linked to the circulation distribution along the lifting line.

For propellers and rotors, the spanwise coordinate is replaced by the radial
coordinate of the blade. Each blade is then represented by a radial distribution of
bound circulation,

Γb = Γb(r). (2.64)
The classical lifting-line formulation for wings assumes trailing vorticity con-

vected downstream along the freestream direction, but rotor applications require
the wake to follow the combined effect of axial convection and blade rotation.
The resulting helical vortex system can be discretised into straight vortex fila-
ments, allowing the induced velocity to be evaluated through the Biot–Savart law
and the lifting-line concept to be extended to rotating blades [32]. A schematic
representation is shown in Fig. 2.9.
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Figure 2.9: Views of the lifting-line representation of a rotating blade [32].

In numerical lifting-line methods, the continuous circulation distribution is
discretised into a finite number of bound vortex segments. Each segment is
associated with a circulation value Γb,i, and the local aerodynamic state is evaluated
at a corresponding control point xcp,i, usually located along the bound segment.
The discrete counterpart of Eq. (2.63) is obtained from the difference between
neighbouring bound-circulation values,

Γtrail,i = Γb,i+1 − Γb,i, (2.65)

up to the adopted sign convention for the trailing vortex orientation.
The induced velocity at a control point is obtained by superposing the contribu-

tion of all vortex segments,

Vind(xcp,i) =
NsegØ
j=1

Vind,j(xcp,i), (2.66)

where the individual segment contribution is evaluated through the finite-segment
Biot–Savart expression introduced in Eq. (2.45). The ideal vortex representation
remains singular, and practical implementations must therefore define a consistent
treatment of self-induced contributions and vortex-core regularisation.
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2.3.2 Sectional Aerodynamic State
The lifting-line model provides the induced velocity generated by the vortex system,
but the circulation distribution still requires a sectional aerodynamic closure. This
closure is obtained by treating each blade element as a locally two-dimensional
airfoil section subject to an effective relative velocity [2], [6], [7], [33], [34].

Consider a blade section located at radius r, with local chord c(r) and pitch angle
θ(r). The local relative velocity is decomposed into an effective axial component Vax
and an effective tangential component Vtan. These components include the imposed
operating condition and the induced velocity evaluated at the blade section, as
illustrated in Fig. 2.10. The relative velocity magnitude is

Vrel =
ñ
V 2

ax + V 2
tan. (2.67)

The local inflow angle is defined as

φ = atan2 (Vax, Vtan) , (2.68)

and the local angle of attack is

α = θ − φ. (2.69)

The sectional lift and drag coefficients generally depend on angle of attack,
Reynolds number, and Mach number. In the low-fidelity framework considered
here, compressibility effects are neglected and the Reynolds-number dependence is
not explicitly updated at each section. The airfoil polar data are therefore treated
primarily as functions of the local angle of attack,

Cl = Cl(α), Cd = Cd(α). (2.70)

These data may be obtained from experiments, airfoil databases, or two-
dimensional viscous-inviscid solvers such as XFOIL [35], [36]. This allows sectional
viscous effects to be included at negligible computational cost, although the result
depends on the quality and range of validity of the available polar data.

2.3.3 Kutta–Joukowski and Blade-Element Closure
The link between the force-based blade-element description and the vortex-based
lifting-line description is provided by the Kutta–Joukowski theorem. For an
incompressible inviscid flow around a lifting section, the lift per unit span is
proportional to the bound circulation associated with that section [5], [37], [38],

L′ = ρVrelΓb. (2.71)
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Figure 2.10: Local kinematics and force decomposition of a blade section.

The same sectional lift is provided by the blade-element relation,

L′ = 1
2ρV

2
relcCl(α). (2.72)

Combining Eqs. (2.71) and (2.72) gives the local bound circulation,

Γb = 1
2VrelcCl(α). (2.73)

This equation is the sectional closure of the lifting-line problem. The circulation
determines the wake and the induced velocity; the induced velocity modifies Vrel and
α; the airfoil polar then determines Cl(α), and therefore updates the circulation.
The problem is consequently coupled and generally nonlinear.

The sectional drag is obtained from the same polar data as

D′ = 1
2ρV

2
relcCd(α). (2.74)

For a blade element of radial length dr,
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dL = L′ dr, dD = D′ dr. (2.75)

The lift force is perpendicular to the local relative velocity, while the drag force
is aligned with it, as shown in Fig. 2.10. By projecting these forces onto the axial
and tangential directions, the differential thrust and tangential force are

dT = dL cosφ− dD sinφ, (2.76)

dFtan = dL sinφ+ dD cosφ. (2.77)

The corresponding torque contribution is

dQ = r dFtan. (2.78)

Finally, for a propeller with Nb blades, the total thrust and torque are obtained
by integrating the elemental contributions along the blade span,

T = Nb

Ú rtip

rroot
dT, (2.79)

Q = Nb

Ú rtip

rroot
dQ. (2.80)

The shaft power associated with the aerodynamic torque is

P = ΩQ, (2.81)

where Ω is the angular velocity magnitude of the propeller. The propulsive
efficiency is

η = TV∞

P
, (2.82)

where V∞ is the axial freestream velocity. These quantities provide the link
between the sectional lifting-line solution and the global propeller performance.

2.4 Boundary-Integral Formulation for the Po-
tential Problem

The objective of this section is to express the solution of the potential-flow problem
introduced in Sec. 2.1 through an equivalent integral representation over the
boundary of the fluid domain. Under the assumptions of incompressible, inviscid,
and irrotational outer flow, the perturbation potential satisfies Laplace’s equation,
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∇2ϕ = 0 in V . (2.83)

A direct solution of Eq. (2.83) would require the potential field to be determined
throughout the fluid domain. The boundary-integral approach avoids this volume
formulation by representing the perturbation potential in terms of quantities
defined only on the boundary surfaces. This transformation is obtained through
Green’s identities and provides the theoretical basis for source-and-doublet panel
methods [4], [5]. The mathematical derivation of Green’s identities is reported in
Appendix A.2; only the resulting representation is used here.

2.4.1 Green Representation of the Perturbation Potential
Let x be the field point where the perturbation potential is evaluated, and let
x0 denote a source point on the boundary of the fluid domain. The fundamental
solution of the three-dimensional Laplace equation is

G(x,x0) = 1
4πr , r = |x − x0| . (2.84)

This function satisfies

∇2
0G(x,x0) = −δ(x − x0), (2.85)

where the differential operator is applied with respect to the source coordinates
x0. Applying Green’s third identity to the harmonic perturbation potential ϕ, the
potential at an interior point of the fluid domain can be written as

ϕ(x) =
Ú

∂V

C
G(x,x0)

∂ϕ

∂nV
(x0) − ϕ(x0)

∂G

∂nV
(x,x0)

D
dS0, (2.86)

where nV denotes the outward normal to the fluid domain. Equation (2.86)
states that the perturbation potential inside the domain is completely determined
by the potential and its normal derivative on the boundary.

When the field point approaches the boundary, the singularity of the fundamen-
tal solution must be treated through a limiting process. The boundary-integral
representation is then written in the more general form

E(x)ϕ(x) =
Ú

∂V

C
G(x,x0)

∂ϕ

∂nV
(x0) − ϕ(x0)

∂G

∂nV
(x,x0)

D
dS0. (2.87)

The coefficient E(x) depends on the position of the field point with respect to
the fluid domain. For a smooth boundary, it is commonly written as
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E(x) =


1, x ∈ V ,
1
2 , x ∈ ∂V ,

0, x /∈ V .

(2.88)

For use in a source-and-doublet panel formulation, Eq. (2.87) is rewritten using
the surface normals and sign convention adopted for the panel influence coefficients.
With this convention, the potential induced by a constant-strength source panel
is written with a negative source contribution, while the potential induced by a
constant-strength doublet panel is written as the negative normal derivative, with
respect to the source coordinates, of the elementary source potential. Therefore,
the elementary source and doublet contributions are expressed as

ϕσ(x) = − 1
4π

Ú
S
σ(x0)

1
r
dS0, (2.89)

and

ϕµ(x) = − 1
4π

Ú
S
µ(x0)

∂

∂n0

31
r

4
dS0, (2.90)

where n0 is the panel normal used in the definition of the source and doublet
influence coefficients, and the normal derivative is evaluated with respect to the
source coordinates x0. Since

∇xG = −∇x0G, (2.91)

the doublet contribution may equivalently be expressed using the gradient
with respect to the field coordinates. This convention is the one adopted for the
analytical quadrilateral-panel expressions.

For a lifting configuration, the boundary of the fluid domain is decomposed as

∂V = SB ∪ Sw ∪ S∞, (2.92)

where SB is the body surface, Sw is the wake surface, and S∞ is the far-field
boundary. Since the perturbation potential and its gradient decay at infinity, the
contribution of S∞ vanishes.

On the body surface, the source strength is the quantity determined by the im-
permeability condition, whereas the body doublet strength represents the unknown
perturbation-potential distribution of the source-and-doublet formulation. On the
wake surface, no source distribution is assigned in the zero-thickness approximation.
The wake contribution is instead represented by a doublet sheet whose strength is
the potential jump across the wake,
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µw = ∆ϕw = [ϕ]Sw
= ϕ+ − ϕ−. (2.93)

Using the panel convention of Eqs. (2.89) and (2.90), the source-and-doublet
boundary representation can then be written as

E(x)ϕ(x) = − 1
4π

Ú
SB
σ

1
r
dS0 − 1

4π

Ú
SB
µ
∂

∂n0

31
r

4
dS0 − 1

4π

Ú
Sw
µw

∂

∂n0

31
r

4
dS0.

(2.94)
A numerical panel method is obtained by replacing the continuous source and

doublet distributions in Eq. (2.94) with distributions over a finite number of surface
elements, resulting in an algebraic linear system. The following subsection intro-
duces the corresponding surface singularity elements and the influence coefficients
used to construct this system.

2.4.2 Surface Singularity Distributions and Influence Coef-
ficients

This subsection introduces the surface singularity elements used to discretise the
boundary-integral formulation and to define the corresponding influence coefficients.
These coefficients measure the potential induced at a field point by a unit-strength
source or doublet distribution over a panel. The formulation follows the classi-
cal constant-strength quadrilateral panel expressions reported in [5], originally
developed in the context of three-dimensional panel methods by Hess and Smith
[39].

Let S be a surface element on which singularities are distributed, and let x be a
field point. A generic source point on the surface is denoted by x0, and

r = |x − x0| (2.95)

is the distance between the field and source points. A continuous source distri-
bution of strength σ(x0) generates the potential

ϕσ(x) = −
Ú

S
σ(x0)G(x,x0) dS0, (2.96)

while a continuous doublet distribution of strength µ(x0) generates

ϕµ(x) = −
Ú

S
µ(x0)

∂G

∂n0
(x,x0) dS0. (2.97)

The sign in Eq. (2.97) depends on the adopted convention for the doublet
strength and surface normal. Here, the derivative is taken with respect to the
source coordinates, consistently with Eq. (2.90).
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The simplest three-dimensional panel element is obtained by assuming a flat
quadrilateral panel with constant singularity strength, as shown in Fig. 2.11. The
analytical formulas are written in a local panel coordinate system, where the panel
lies in the plane z = 0. Its vertices are

x1 = (x1, y1,0), x2 = (x2, y2,0), x3 = (x3, y3,0), x4 = (x4, y4,0), (2.98)

and the field point is x(x, y, z). For a panel embedded in a global coordinate
system, the field point and the panel vertices are first transformed into this local
frame.

Figure 2.11: Constant quadrilateral doublet panel aligned with the local z-axis
[5].

For a constant-strength source panel, the potential at x is

ϕσ(x, y, z) = − σ

4π

Ú
S

dSñ
(x− x0)2 + (y − y0)2 + z2

. (2.99)

For a constant-strength doublet panel oriented along the local z-direction, the
potential is

ϕµ(x, y, z) = − µ

4π

Ú
S

z dS

[(x− x0)2 + (y − y0)2 + z2]3/2 . (2.100)
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The sign convention in Eqs. (2.99) and (2.100) follows the panel formulation
adopted in [5]. To write the analytical result compactly, define for each edge k of
the quadrilateral

∆xk = xk+1 − xk, ∆yk = yk+1 − yk, dk =
ñ

∆x2
k + ∆y2

k, x5 ≡ x1.
(2.101)

The edge slope is

mk = ∆yk

∆xk

, (2.102)

and, for each vertex k,

rk =
ñ

(x− xk)2 + (y − yk)2 + z2, (2.103)

ek = (x− xk)2 + z2, hk = (x− xk)(y − yk). (2.104)

The logarithmic contribution can be written as

L =
4Ø

k=1

(x− xk)∆yk − (y − yk)∆xk

dk

ln
A
rk + rk+1 + dk

rk + rk+1 − dk

B
, (2.105)

while the angular contribution is

Θ =
4Ø

k=1

C
tan−1

A
mkek − hk

zrk

B
− tan−1

A
mkek+1 − hk+1

zrk+1

BD
. (2.106)

Using these definitions, the analytical potential of the constant-strength source
panel becomes

ϕσ(x, y, z) = − σ

4π (L − |z|Θ) . (2.107)

The analytical potential of the constant-strength doublet panel is

ϕµ(x, y, z) = µ

4πΘ. (2.108)

As the field point approaches the panel surface from the two sides, the doublet
potential has the limiting behaviour

ϕµ(x, y,0±) = ∓µ

2 , (2.109)

where 0+ denotes the side toward which the local panel normal is directed and
0− denotes the opposite side. In numerical implementations, equivalent limiting
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forms or robust arctangent evaluations are required when an edge is nearly parallel
to the local y-axis and the slope mk becomes ill-conditioned [40].

The analytical expressions of the constant-strength source and doublet panels
provide the elementary contributions required to discretise the boundary-integral
formulation. Once the body and wake surfaces are divided into panels, the potential
induced at each field point by a unit-strength singularity distribution defines an
influence coefficient.

Let xi be the i-th field point and let Sj be the j-th panel. The source potential
influence coefficient is defined as the potential induced at xi by a unit-strength
source distribution over panel j,

Aij
ϕ = ϕσ,j(xi)

-----
σj=1

. (2.110)

Using the analytical expression of the quadrilateral source panel, Eq. (2.107),
this coefficient becomes

Aij
ϕ = − 1

4π (Lij − |zi|Θij) , (2.111)

where Lij and Θij are evaluated after expressing the field point xi in the local
coordinate system of panel j.

Similarly, the doublet potential influence coefficient is defined as the potential
induced at xi by a unit-strength doublet distribution over panel j,

Bij
ϕ = ϕµ,j(xi)

-----
µj=1

. (2.112)

Using Eq. (2.108), this gives

Bij
ϕ = 1

4πΘij. (2.113)

When the field point lies on the surface, the limiting behaviour of the doublet
influence must be treated consistently with Eq. (2.109).

2.4.3 Discrete Boundary-Integral Formulation
The influence coefficients introduced above allow the continuous source-and-doublet
boundary representation to be written as a finite-dimensional algebraic relation.
At a given time level, the body and wake surfaces are approximated by a finite
number of panels,

SB ≃
NBÛ
j=1

SB,j, Sw ≃
NwÛ
k=1

Sw,k, (2.114)
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where NB is the number of body panels and Nw is the number of wake panels.
A control point xi is associated with each body panel, and the boundary-integral
equation is enforced at these control points.

In a source-and-doublet formulation, the source strength on the j-th body panel
is denoted by σj, while the corresponding body doublet strength is denoted by
µj. Wake panels contribute through their doublet strengths, denoted by µw,k. The
wake doublet influence coefficient at the i-th body control point is denoted by Cik

ϕ .
With the adopted convention, the body doublet strength represents the value

of the perturbation potential on the corresponding body panel. For a smooth
body surface, the limiting coefficient of the boundary-integral equation is Ei = 1/2.
Therefore,

NBØ
j=1

Bij
ϕ µj = −

NBØ
j=1

Aij
ϕ σj −

NwØ
k=1

Cik
ϕ µw,k. (2.115)

where

Bij
ϕ =


−1

2 , i = j,

1
4πΘij, i /= j.

(2.116)

Here, Aij
ϕ is the source potential influence coefficient of body panel j on control

point i, Bij
ϕ is the body-doublet coefficient including the limiting self-influence

contribution, and Cik
ϕ is the wake doublet influence coefficient. Equation (2.115)

is the algebraic counterpart of the continuous boundary-integral formulation. At
this stage, it is still a representation formula: the source strengths and the wake
doublet strengths must be specified through the boundary conditions and the wake
closure.

In matrix form, Eq. (2.115) becomes

Bϕµ = RHS, (2.117)

where the entries of the right-hand side are

RHSi = −
NBØ
j=1

Aij
ϕ σj −

NwØ
k=1

Cik
ϕ µw,k. (2.118)

The algebraic system in Eq. (2.117) becomes closed once the source strengths
σj and the wake doublet strengths µw,k have been specified.

The source strengths are obtained from the impermeability condition imposed on
the body surface, while the wake doublet strengths are assigned through the Kutta
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condition and the wake history. Once these contributions have been evaluated, the
only remaining unknowns are the body doublet strengths collected in µ.

For a moving body, the normal component of the relative velocity between the
fluid and the body must vanish on the body surface,

ni · (∇Φi − VB,i) = 0, (2.119)

where ni is the outward normal at the i-th control point and VB,i is the local
velocity of the body surface. Using the decomposition Φ = Φ∞ + ϕ, this condition
becomes

ni · ∇ϕi = ni · (VB,i − V∞,i) , (2.120)

where V∞,i = ∇Φ∞,i. With the convention in which the body source strength
represents the normal derivative of the perturbation potential, the source strength
at the i-th body panel is

σi = ni · (VB,i − V∞,i) = ni · (V0 + Ω × ri − V∞,i) . (2.121)

The sign of Eq. (2.121) depends on the adopted convention for the source
strength and for the surface normal. Once this convention is fixed, the source
strengths are known quantities and form the body-source contribution to the
right-hand side of Eq. (2.117).

The remaining closure required for lifting flows is provided by the Kutta condition.
In a doublet formulation, the circulation shed from the trailing edge is represented
by the doublet strength assigned to the wake panels. In its usual discrete form, the
strength of a newly generated wake panel is related to the jump of body doublet
strength at the trailing edge (TE),

µw = µupper,TE − µlower,TE, (2.122)

up to the sign convention adopted for the wake orientation and for the definition
of the doublet strength.

In an explicit unsteady formulation, the wake doublets appearing in the current
linear system are known from the previous wake history. For example, the first
wake panel used at time level n may be assigned as

µn
w,1 = µn−1

2Nc
− µn−1

1 . (2.123)

Here, 2Nc and 1 are the chordwise indeces of the upper and lower trailing-edge
panels, respectively. The wake-panel orientation and the corresponding coefficient
Cik

ϕ must be defined consistently with this potential-jump convention.
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After solving the body problem at time level n, the strength of the newly shed
wake panel to be used at the next time level is updated and the previously shed
wake panels retain the doublet strengths assigned when they were released,

µn+1
w,k+1 = µn

w,k. (2.124)

Thus, the wake doublet strengths are known contributions determined by the
previous lifting history and by the Kutta condition.

Once the linear system in Eq. (2.117) has been solved, the body doublet strengths
µ are known. Together with the prescribed source strengths and the wake doublet
strengths, they determine the perturbation potential associated with the source-
and-doublet representation. The velocity field can then be recovered from the
spatial derivatives of the potential, and the pressure field follows from Bernoulli’s
equation.

The evaluation of surface velocities, pressure coefficients, aerodynamic loads,
and wake convection belongs to the post-processing and time-marching stages of
the numerical method. These aspects depend on the specific discretisation and
implementation choices adopted in VKI-SDPM and are therefore discussed in
Chapter 5. Consequently, the theoretical formulation presented here is considered
complete once the linear system for the unknown body doublet strengths has been
obtained and solved.
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Chapter 3

VKI-BELL: Formulation and
Implementation

3.1 Introduction to VKI-BELL
VKI-BELL is a MATLAB-based code inspired by the work of van Garrel [41]. It is
intended to capture the dominant induced-velocity effects of a rotating lifting system
while preserving a relatively compact and computationally efficient formulation.

The solver is based on a lifting-line representation of the blades coupled with
a sectional aerodynamic closure. This class of methods is well established in the
literature and has been shown to be suitable for fast steady analyses, while retaining
the flexibility required for future extensions [18], [42], [43].

With respect to BEMT-based approaches, it provides a more explicit represen-
tation of the three-dimensional vortex-induced velocity field and of the mutual
interaction among blade sections, blades, and wake elements [42]. Compared with
a surface panel method, it is less geometrically general because the blade is repre-
sented by a lifting line rather than by a finite-thickness surface, and the present
implementation does not include unsteady time marching.

The following sections describe the solver workflow, the rotor-geometry con-
struction, the wake model, the vortex-segment assembly, the sectional aerodynamic
closure, the fixed-point solution strategy, and the post-processing of rotor loads.

3.2 Solver Workflow and Setup
The purpose of this section is to provide a high-level map of the VKI-BELL
execution logic; the individual modelling and numerical blocks are then discussed
in detail in the following sections.

38



VKI-BELL: Formulation and Implementation

The VKI-BELL implementation is organised around a configuration-driven
workflow. The user defines the case to be analysed and the execution mode in
run_BELL.m, which acts as the entry point of the code. The actual simulation
sequence is then managed by main_BELL.m, where the main blocks of the solver
are executed in a fixed order.

The simulation setup is collected in a configuration structure, denoted here as
cfg, whose components are listed in Eq. (3.1).

cfg =



rotor and blade geometry
operating conditions
polar-data settings
wake settings
solver parameters
post-processing options


. (3.1)

The general workflow of VKI-BELL is schematically illustrated in Fig. 3.1.
The rotor geometry is first generated from the configuration file, including the

lifting-line discretisation of each blade.
The core aerodynamic solution is computed in run_solver.m. For a given pre-

scribed wake, the solver iteratively updates the bound-circulation distribution until
the sectional aerodynamic closure and the vortex-induced velocity field are mutually
consistent [18], [41].

An additional outer loop may be activated to rebuild the wake using an updated
estimate of the mean induced velocity and the empirical wake-shape laws. This
strategy leads to a so-called semi-prescribed wake treatment [42].

After convergence, the sectional quantities are post-processed to obtain radial
load distributions and integral rotor performance quantities. The main output of
the code is the results structure, which stores the initial configuration together
with the circulation distribution, the sectional data, the convergence history, and
the integrated loads.
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Figure 3.1: Block diagram of the VKI-BELL workflow.

3.3 Rotor Geometry and Lifting-Line Discretisa-
tion

The rotor-geometry block converts the configuration inputs into the discrete
blade geometry used by the aerodynamic solver. This operation is performed
in build_rotor_geometry.m, which constructs the reference blade, generates the com-
plete multi-blade rotor, defines the local panel quantities, and stores the resulting
data in the bladeGeom structure.

The blade is discretised along the radial direction into Nr panels. The radial
panel edges are generated between the hub and tip radii, which are specified in the
configuration file. Two radial distributions are currently available: uniform spacing
and cosine spacing. The chord and twist distributions provided in the configuration
are interpolated at the radial edge stations.

The pitch-axis line is first defined from the hub position, xhub, and the user-
defined spanwise direction m̂, while the leading-edge and trailing-edge points are
obtained by placing the chord around this axis. For a generic radial station, this
operation can be written as

xr = xhub + r m̂
xLE = xr + x̄P A c(r) l̂c

xT E = xr + (1 − x̄P A) c(r) l̂c,

(3.2)
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where x̄P A is the pitch-axis location along the chord, expressed as a chord fraction,
c(r) is the local chord, and l̂c is the chordwise unit vector related to the radial
station. This is obtained by representing the local chord as a straight segment once
it has been rotated around m̂ by the sum of the local twist angle θtw and collective
pitch θc.

The panel geometry nomenclature and construction follow the convention
adopted by Van Garrel in [41], as reported in Fig. 3.2. Each blade panel is
described by four geometric corner points,

x1 = LEinner, x2 = TEinner, x3 = TEouter, x4 = LEouter (3.3)

Figure 3.2: Geometric nomenclature for blade panels [41].

Additional midpoint and quarter-chord points are then computed and stored. In
particular, the lifting-line segment of the panel is defined by the two quarter-chord
points

x9 = 0.75 x1 + 0.25 x2, x10 = 0.75 x4 + 0.25 x3, (3.4)

and the corresponding bound segment unit vector is

dlj = x10,j − x9,j

|x10,j − x9,j|
. (3.5)

This segment represents the discrete lifting line associated with the blade panel.
The control point at which the aerodynamic quantities are evaluated is placed
halfway along the quarter-chord segment.

For each panel, a local frame is defined and used later for velocity projection and
sectional aerodynamic evaluation. With reference to Fig. 3.2, the panel chordwise
unit vector, l̂, is obtained from the midpoint of the leading-edge side to the midpoint
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of the trailing-edge side. The local normal unit vector, n̂, is then computed from
the chordwise direction and the bound-segment unit vector. In compact form,

l̂j = x6,j − x8,j

|x6,j − x8,j|
, n̂j = l̂j × dlj---̂lj × dlj

--- , for j = 1, ..., Nr (3.6)

The panel area is also evaluated from the cross product between the diagonal
midpoint vectors.

The complete rotor is obtained by first defining a reference blade and then
replicating it through azimuthal rotations for the remaining blades.

The airfoil profile associated with each panel is assigned during the geometry-
building stage. The present implementation supports either a constant airfoil along
the blade or a spanwise assignment over selected radial intervals. The actual polar
data are loaded separately, but the airfoil identifier allows each control point to be
connected with the correct sectional aerodynamic data during the solver iterations.

3.4 Wake Modelling
The discrete vortex geometry that forms the wake is used by VKI-BELL to compute
the induced velocity at the blade control points.

This geometry is constructed before the fixed-point iterations and is kept
fixed throughout each inner loop. Therefore, the vortex-system geometry is pre-
scribed, while the vortex strengths are updated consistently with the current
bound-circulation distribution.

The wake is represented by a structured lattice of nodes attached to the blade
trailing edge. The wake-node positions are stored as

xw = xw(b, k, w), (3.7)

where b is the blade index, k is the radial-edge index, and w is the wake-age index.
Once the wake-node lattice has been generated, adjacent radial edges and

wake-age rows are connected to form quadrilateral wake panels. For a generic
panel associated with blade b, radial-edge station k, and wake-age interval w, the
geometric vertex ordering convention is

P1,w = xw(b, k, w),
P2,w = xw(b, k, w + 1),
P3,w = xw(b, k + 1, w + 1),
P4,w = xw(b, k + 1, w).

(3.8)

This convention is consistent with the one used for the blade panels in Eq. (3.3).
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With this convention and a consistent circulation assignment, the blade trailing-
edge contribution and the first wake-panel edge, at w = 1, can cancel algebraically,
enforcing the Kutta-consistent connection between blade and wake. The following
rows, w > 1, are generated downstream by combining the rotor azimuthal motion
with axial convection.

The wake azimuthal spacing is defined by the number of wake segments per
revolution, Nseg, as

∆ψ = 2π
Nseg

. (3.9)

Starting from the trailing-edge location, each wake node is rotated by one
azimuthal increment and convected with a velocity composed of a free-stream
contribution and an induced-velocity contribution,

Vconv = V∞ + Vind. (3.10)

The use of the induced contribution depends on the operating condition. In
axial flight, the free-stream velocity already provides a finite axial convection of the
wake. In that case, the induced-velocity estimate may be set to zero or used only
to obtain a more representative initial wake pitch. In hover, V∞ = 0; therefore, the
induced contribution is necessary to prevent the wake geometry from collapsing
onto the rotor plane.

When an induced contribution is prescribed, its initial value is computed from
an actuator-disc-type guess based either on an initial thrust estimate T0 or on an
initial thrust coefficient C0

T [3], [43]. The magnitude is then computed as

V0
ind =



ó
T0

2ρπR2 , if T0 is prescribed,

ΩR
ó
C0

T

2 , if C0
T is prescribed.

(3.11)

3.4.1 Wake Update Strategy
Although VKI-BELL does not implement a time-marching loop, the prescribed
wake geometry can still be progressively adjusted through an outer relaxation
procedure, as illustrated in Fig. 3.1.

In the outer loop, the induced-velocity estimate is updated after convergence
of the inner fixed-point solution. For hover calculations, the outer loop is always
enabled, whereas in axial flight its activation is left to the user. At the n-th outer
loop step, the target scalar estimate is obtained as the mean magnitude of the axial
component of the induced velocity over all blades and blade panels,

Ṽn
ind = 1

NbNr

NbØ
b=1

NrØ
j=1

|Vn
ind(b, j) · êrot| , (3.12)
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where êrot is the user-defined rotor axis.
The current induced-velocity estimate is then relaxed towards this target before

rebuilding the wake,
Vn+1

ind = Vn
ind + ωw

1
Ṽn

ind − Vn
ind

2
, (3.13)

where ωw is the wake relaxation factor. The relaxed value can then be used in
Eq. (3.10) to reconstruct the wake geometry before the next inner fixed-point
solution. Thus, in the semi-prescribed treatment the wake remains frozen during
each inner circulation iteration but is progressively updated between outer iterations
[5], [42].

Two additional wake-shape corrections can be selected in the current implemen-
tation, both acting on the convected wake nodes after Eq. (3.10) and before the
wake panels are assembled. The first is a McCormick-type radial contraction [6],
[44], in which the radial position of each wake point is multiplied by a contraction
factor depending on the axial distance,

kc(dax) = kc,∞ + (1 − kc,∞) exp
A

−dax

R

B
, (3.14)

where dax is the orthogonal axial distance from the rotor plane and

kc,∞ =
ó

1
2

3
1 +

ñ
max(1 − CT ,0)

4
, (3.15)

The corrected radial distance is then obtained by applying the contraction factor
kc(dax) to the original radial position.

The McCormick correction is smooth and monotonic in axial distance, and,
being derived under moderate disc loading, it produces only a weak contraction for
the thrust coefficients typical of edgewise rotors and propellers.

For hover, where the wake remains close to the rotor plane over many revolutions,
a more pronounced radial contraction is required. The second option is an empirical
Landgrebe-type model [6], [45], [46], in which every wake filament, including the
tip filament, contracts gradually with wake age according to the same exponential
law,

kc(ψw) = kLan + (1 − kLan) exp [−(0.145 + 27CT )ψw] , (3.16)
where ψw is the wake azimuthal age and kLan = 0.78 is the asymptotic tip-vortex
contraction ratio. The tip filament contracts directly toward kLan ·R, whereas an
inner filament contracts proportionally to kc(ψw), so that the whole trailing sheet
contracts consistently rather than only the outermost filament.

The Landgrebe model can be complemented by an empirical axial settling law
for the tip filament, again expressed as a function of wake age and of the thrust
coefficient,

dtip(ψw) = dtip(0) +R [k1 min(ψw,2π/Nb) + k2 max(ψw − 2π/Nb,0)] , (3.17)
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where the value 2π/Nb represents the wake age at the first blade passage and

k1 = −0.25
3
CT 2π R
Nb c

+ 0.001 θtw

4
, k2 = − (1.41 + 0.0141 θtw)

ó
CT

2 , (3.18)

where θtw is the average blade twist between root and tip [46]. This law reproduces
the axial descent of the tip vortex observed experimentally in hover, with a slower
settling rate before the first blade passage and a faster rate afterwards. The inner
filaments are not subject to this axial law and continue to be convected according
to Eq. (3.10).

3.4.2 Induced Velocity Computation and Regularisation
During the vortex-segment assembly stage, each panel is decomposed into its four
oriented edges. Shared edges are identified through a unique topological repre-
sentation and their circulation contributions are summed algebraically following
Eqs. (3.3) and (3.8). The output of this operation is the finite set of vortex segments
used for the induced-velocity calculation,

vort_struct = {x1,s,x2,s,Γs, rc,s}Ns

s=1 , (3.19)

where x1,s and x2,s are the segment endpoints, Γs is the net segment circulation,
and rc,s is the vortex-core radius assigned to the segment. This assembly procedure
also stores the topological origin of each active segment, which is used to define
the induction mask needed to remove the self-induced contribution of each bound
segment at its corresponding control point.

The induced velocity is obtained by applying the finite-segment Biot–Savart
kernel to the active segment list. The implementation is vectorised over both
control points and vortex segments. A finite-core regularisation based on the
Lamb–Oseen model is applied through the segment core radius rc,s. The core radius
of a wake segment grows with wake age through a core-spreading law introduced
in Subsec. 2.2.3,

rc(ζ) =
ó
r2

c0 + 4αOseen ν δ
ζ

Ω , (3.20)

where rc0 is the initial core radius, ζ is the wake age of the segment, Ω is the
angular velocity, ν is the kinematic viscosity, αOseen = 1.25643 is the Oseen constant,
and δ is the diffusion parameter. The core-spreading law is primarily responsible
for regularising the induced velocity close to the root and tip vortex filaments,
where the wake would otherwise remain at an almost constant, small core radius
throughout its length; it is also a prerequisite for the tip axial settling law of
Eq. (3.17), for which an artificially thin and non-growing core would otherwise
produce an unrealistically large induced velocity as the tip vortex passes close to
the following blade.

45



VKI-BELL: Formulation and Implementation

3.5 Sectional Aerodynamic Closure
The sectional aerodynamic closure provides the relation between the local flow
conditions at the blade control points and the bound-circulation distribution. In
VKI-BELL, this operation is performed at each fixed-point iteration after the
induced velocity has been evaluated from the current vortex system. The output
of the aerodynamic closure is a target circulation distribution, denoted here as Γ̃,
which is then used by the iterative solver to update the bound circulation.

The aerodynamic data are prescribed through two-dimensional airfoil polars,
either computed with software such as XFOIL [36] or taken from literature sources
such as Abbott [35]. For each airfoil used along the blade, the corresponding polar
file contains the angle of attack, the lift coefficient, and the drag coefficient, the
latter including viscous contributions,

polar_file.dat = [α, Cl, Cd] . (3.21)

The polar data are loaded before the solver iterations and are associated with
each blade panel through the airfoil identifier stored in bladeGeom.airfoilName.
During the sectional aerodynamic evaluation, the local angle of attack is used to
interpolate the corresponding values of Cl(α) and Cd(α).

For each blade b and panel j, the relative velocity at the control point is computed
as

Vrel(b, j) = V∞ − Ω × xCP(b, j) + Vind,CP(b, j), (3.22)
where xCP is the position vector of the control point with respect to the hub, Ω is
the rotor angular-velocity vector, and Vind,CP is the induced velocity evaluated at
the same control point.

The relative velocity is then projected onto the local sectional frame. The
tangential and normal components are

Vtan = Vrel · l̂, Vnorm = Vrel · n̂, (3.23)

where l̂ and n̂ are the local chordwise and normal directions defined in Eq. (3.6).
The local angle of attack is then evaluated as

α = atan2 (Vnorm, Vtan) , (3.24)

implemented through the two-argument arctangent function in order to preserve
the correct quadrant. The resulting angle is then used to interpolate the airfoil
polar assigned to the corresponding panel. If the angle of attack falls outside the
tabulated range, as may occur during the first inner iterations, different options are
available for evaluating the aerodynamic coefficients, including linear extrapolation,
clamping, and a flat-plate approximation [2], [47]. When the flat-plate option is
selected, the aerodynamic coefficients are computed as
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Cl = 2 sin(α) cos(α), Cd = 2 sin2(α). (3.25)
For compactness, the pair of indices (b, j), identifying blade b and panel j, is

hereafter replaced by a single panel index p. Equivalently, for a rotor with Nr

panels per blade, one may write p = (b − 1)Nr + j. All quantities carrying the
subscript p are therefore evaluated at the control point of the corresponding blade
panel.

The interpolated lift coefficient is used to compute the target bound circulation
through the Kutta–Joukowski theorem, following the formulation adopted in [18],
[41]. For each blade panel, the circulation in the aerodynamic convention is written
as

Γ̃p = 1
2Cl(αp)

è
V 2

tan,p + V 2
norm,p

é
dSpò

[(Vrel,p × dlp) · n̂p]2 +
è
(Vrel,p × dlp) · l̂p

é2 , (3.26)

where dSp is the blade-panel area and dlp is the bound lifting-line segment from
Eq. (3.5). The quantity Γ̃p represents the circulation value returned by the sectional
aerodynamic closure for panel p and used within the iterative circulation update.

The drag coefficient does not enter the circulation update. It is nevertheless
stored together with the local flow quantities and is used later during the load
evaluation and post-processing stage. The aerodynamic closure therefore returns
both the target circulation and a set of sectional quantities, including relative-
velocity components, angle of attack, lift and drag coefficients, and circulation
values.

3.6 Solution Strategy and Post-Processing
Once the blade geometry, the wake model, and the sectional aerodynamic closure
have been defined, the remaining problem consists of finding a bound-circulation
distribution that is consistent with the velocity field induced by the same vortex
system. VKI-BELL solves this coupled non-linear problem through a fixed-point
iterative procedure implemented in run_solver.m. The same non-linear problem
could also be solved with more advanced iterative methods, such as the Newton–
Raphson method, but these are not included in the current implementation.

Because the wake geometry is prescribed and frozen for the whole inner loop,
the mapping from the bound-circulation vector to the induced velocity at the
control points is linear. The vortex-segment assembly already expresses the net
segment circulation as a linear combination of the panel circulations; combining
this coefficient matrix with the Biot–Savart kernel evaluated once for the current
wake geometry yields an influence matrix IBS such that

Vm
ind,CP = IBS Γm

ar, (3.27)
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where m denotes the inner-loop iteration index and Γm
ar is the bound-circulation

array obtained from Γm
p through the same panel-index mapping p = (b− 1)Nr + j

introduced in Sec. 3.5. The matrix IBS depends only on the current wake and blade
geometry and is therefore assembled once per outer iteration. With IBS available,
every inner iteration reduces to a matrix–vector product, which is considerably
cheaper than repeating the full vortex-segment assembly and Biot–Savart evaluation
at each step.

For a prescribed wake geometry, the inner solution loop starts from an initial
circulation distribution Γ0

ar. The current implementation supports either a zero
initial circulation or an aerodynamic initialisation from Eq. (3.26) using the relative
velocity without the induced contribution. At a generic inner iteration m, the
solution sequence can be summarised as

1. the bound-circulation distribution Γm
p is assigned to the blade panels;

2. the induced velocity Vm
ind,CP is evaluated at the blade panel control points

through the influence matrix of Eq. (3.27);

3. the local relative velocity, angle of attack, and aerodynamic coefficients are
computed;

4. the target circulation distribution Γ̃m
p is obtained from the sectional aerody-

namic closure;

5. the residual is evaluated;

6. if the convergence criterion is not met, the current circulation is relaxed
towards the target distribution Γ̃m

p , and the updated value Γm+1
p is assigned

before restarting the cycle from step 1.

The convergence of the inner loop is monitored through a residual computed on
the circulation distribution,

Rm(Γ) =
maxp

---Γ̃m
p − Γm

p

------meanp(Γ̃m
p )
--- , (3.28)

where the numerator measures the maximum discrepancy between the target and
current circulation distributions, and the denominator provides a characteristic
circulation scale based on the absolute mean value of the target circulation. The
inner fixed-point solution is considered converged when

Rm(Γ) < εΓ, (3.29)

where εΓ is the tolerance specified in the configuration file.
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Before the next inner iteration, the circulation is updated by

Γm+1
p = Γm

p + ωΓ
1
Γ̃m

p − Γm
p

2
, (3.30)

where ωΓ is the circulation relaxation factor. This relaxation is especially needed
during the first iterations, when the wake geometry, induced velocity field, and
sectional aerodynamic state may still be poorly matched.

The circulation obtained in Eq. (3.30) is assigned to the bound-vortex system
following the sign convention adopted in the vortex-segment assembly

Γm+1
p = Γm+1

p dlp. (3.31)

If the outer loop is activated, the converged induced-velocity field is used to
compute the new wake geometry. The influence matrix IBS is then reassembled for
the updated wake geometry, and steps 1–6 are repeated.

The outer loop is stopped when the updated mean induced velocity differs from
the previous outer-loop estimate by less than a prescribed relative tolerance,---Vn+1

ind − Vn
ind

---
|Vn

ind|
< εouter. (3.32)

If this condition is not satisfied, the induced-velocity estimate is relaxed and the
wake geometry is rebuilt before starting a new inner fixed-point solution.

After convergence, the aerodynamic loads are computed in compute_loads.m.
The force acting on each blade panel is evaluated as the sum of a Kutta–Joukowski
lift contribution and a drag contribution,

Lp = ρ [Vrel,p × Γp] , Dp = 1
2ρ |Vrel,p|2 SpCd(αp) Vrel,p

|Vrel,p|
(3.33)

Fp = Lp + Dp. (3.34)
Here, ρ is the air density, Sp is the panel area, and Cd(αp) is the drag coefficient
obtained from the sectional polar lookup using the converged sectional value of αp.

The sectional thrust and aerodynamic torque contributions are then obtained
by projecting the panel force onto the rotor axis and by taking the moment about
the same axis,

∆Tp = Fp · êrot, ∆Qp = [(xCP,p − xhub) × Fp] · êrot. (3.35)

The global rotor loads are obtained by summing all of the NbNr panel contribu-
tions

T =
NbNrØ
p=1

∆Tp, Q =
NbNrØ
p=1

∆Qp. (3.36)
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The non-dimensional performance coefficients are evaluated by default using the
rotor-disc area and the tip speed Vtip = ΩR,

CT = T

ρπR2V 2
tip
, CQ = Q

ρπR3V 2
tip
, (3.37)

The complete output is collected in the results structure, which contains the
configuration setup, blade geometry, wake geometry, circulation distribution, and
sectional data.
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Chapter 4

VKI-BELL: Sensitivity
Analysis and Validation

This chapter validates VKI-BELL implementation described in Ch. 3. The test
case selected for validation is the Caradonna–Tung test case [12]. This represents a
classical benchmark for numerical solvers within rotorcraft applications [48], [49],
[50].

Firstly the chapter defines the experimental setup of the original test case and
reports the sensitivity studies used to select the numerical framework for this test
case. Then it moves to the comparison of VKI-BELL against the experimental
measurements and the in-house BEMT solver from VKI (VKI-BEMT) for a code-
to-code comparison. Finally the results obtained are discussed and the conclusions
regarding the validity of VKI-BELL are drawn.

4.1 Caradonna–Tung Test Case (NASA-TM-81232)
The experimental configuration considered in the Caradonna–Tung study is a two-
bladed model helicopter rotor tested in hover flight. The experiment was carried
out in the Army Aeromechanics Laboratory hover test facility, which consisted of a
large chamber equipped with special ducting designed to reduce room recirculation
effects. The rotor was located near the centre of the chamber and was mounted on
a column containing the drive shaft. A hot-wire sensor was placed below the rotor
plane in order to measure the tip-vortex trajectories.

The rotor consisted of two cantilever-mounted, rectangular, untwisted, and
untapered blades. The blade sections were based on the symmetric NACA 0012
airfoil, and each blade had an aspect ratio of AR = 6. A schematic of the model
and the experimental setup is shown in Fig. 4.1.

The original report presents data for several collective pitch settings, over a range
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of rotor speeds, including low-subsonic and transonic tip-speed regimes. For the
present validation, the configuration with collective pitch of 8◦ and rotational speed
of 1250 rpm is chosen for availability and comparability of the experimental results.
The main geometrical and operating information of the test case is summarised in
Tab. 4.1.

Figure 4.1: Schematic of the experimental setup for the Caradonna-Tung test
case [12].

Table 4.1: Parameters used to configure VKI-BELL and VKI-BEMT for the
Caradonna–Tung test case.

Parameter Symbol Value
Rotor radius R 1.143 m
Number of blades Nb 2
Blade chord (constant) c 0.1905 m
Aspect ratio AR 6
Blade twist θtw 0◦

Airfoil section — NACA 0012
Collective pitch θc 8◦

Rotor speed Ω 1250 rpm
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4.2 Sensitivity Analysis and Numerical Setup
The discretisation independence study is carried out on the spanwise panel count
Nr, the azimuthal wake discretisation Nseg, and the prescribed-wake length Nw.
Following the aforementioned order, first the radial mesh is varied while the
other two parameters are kept fixed and set to conservative values. Once the
parameter is selected from the sensitivity results, the next one is varied, and so
on until the analysis is complete. Once the discretisation parameters are chosen,
the analysis of the vortex regularisation is carried out. For the whole study, the
sensitivity is measured in terms of relative differences of thrust coefficient between
two consecutive refinements, evaluated as follows

∆% =

---Ck
T − Ck−1

T

------Ck−1
T

--- · 100 (4.1)

Generally, only refinements yielding relative differences below 0.5% are consid-
ered, and the final value is selected among them.

The first sensitivity analysis is about the spanwise discretisation, which is the
only discretisation parameter directly associated with the blade geometry. In
fact, in the current implementation, VKI-BELL does not allow any chordwise
discretisation. The selected spanwise spacing law is the cosine-type. The initial
wake parameters are set to Nseg = 36, placing nodes every 10◦, and a total number
of revolutions of Nw = 10.

In Fig. 4.2 the mesh sensitivity is reported. The 0.5% threshold is reached
around 20 panels; nevertheless a monotonic behaviour is preserved for the rest
of the sweep, therefore a more conservative value of Nr = 30 is chosen and kept
constant.

Following this, Figure 4.3 shows the sensitivity to the azimuthal discretisation.
Here, the threshold is reached around Nseg = 36; however, a plateau is reached
beyond 60 segments per turn, and Nseg = 72 is chosen as a conservative value.

Finally, the remaining free parameter is the wake length expressed as the number
of revolutions. As reported in Fig. 4.4, Nw = 9 is enough to stay under 0.5% but a
clearer plateau develops for higher values. Therefore the selected value is Nw = 15.

Having defined the full discretisation, the sensitivity to regularisation parameters
is analysed. VKI-BELL uses a prescribed-wake geometry; therefore, the viscous
parameters are needed for the stability of the fixed-point convergence rather than
for wake convection. For this purpose, both the initial core size rc,0 and the
diffusion parameter δ are varied within reference values reported in the literature.
For helicopter rotors in hover, the vortex-core size is typically set at 10% of the
reference chord, while δ is in the range between 100 and 1000 [6], [19]. Variations
within these ranges are therefore explored in the analysis.
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Figure 4.2: VKI-BELL spanwise mesh
sensitivity.
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Figure 4.3: VKI-BELL wake discreti-
sation sensitivity.

From Figure 4.5, it can be seen that while the δ parameter has no effective
influence on the thrust coefficient, the dependence on rc,0 tends to be quite relevant.
The declared threshold is closely reached by rc,0 = 0.01 m but a more suitable
value is found to be rc,0 = 0.005 m and therefore selected. The value for δ is set to
100 to avoid introducing unnecessary numerical viscosity.
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Figure 4.4: VKI-BELL wake length
sensitivity.
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Figure 4.5: VKI-BELL sensitivity to
vortex core regularisation.

In conclusion, the results of the sensitivity studies together with additional
numerical settings are summarised in Table 4.2. The Landgrebe models are chosen
for both the wake contraction and tip axial trajectory with the experimental value
of CT used as input; however, the validity and effects of these wake-model choices
are discussed in greater detail in the following section.
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Table 4.2: Numerical setup for VKI-BELL validation runs.

Parameter Selected
Spanwise panels 30
Wake segments per turn 72
Wake revolutions 15
Wake regularisation rc,0 = 5 · 10−3[m], δ = 100
Wake-contraction model Landgrebe
Tip-vortex axial-settling model Landgrebe
Outer loop iterations Enabled

To conclude the numerical setup, choices regarding VKI-BEMT and the polar
data are briefly reported below.

Uniform radial discretisation is the only option available in VKI-BEMT and the
value of Nr = 30 is set for a more consistent comparison between the two solvers.
The BEMT theoretical background can be found in App. A.4.

Both solvers use the same NACA0012 airfoil data tables. These are obtained
via XFOIL including viscous contributions at a constant value of Re = 106, while
at the tip the estimated value reaches Retip ≈ 2.3 · 106. No compressibility effects
are considered. For a more accurate simulation, each section should use airfoil
data evaluated at the local Re(r) and M(r). However, this implementation would
introduce only second-order effects, which are not of primary interest in the present
validation [2]. The airfoil data are reported in Fig. 4.6 in terms of Cl(α) and Cl(Cd).
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(a) Lift curve Cl(α) for NACA0012 airfoil
profile.

0 0.05 0.1 0.15 0.2 0.25
Cd

-2

-1

0

1

2

C
l

NACA0012 - Cl(Cd)

(b) Polar curve Cl(Cd) for NACA0012 air-
foil profile.

Figure 4.6: NACA0012 aerodynamic curves used by VKI-BELL and VKI-BEMT
for the code-to-code comparison.
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4.3 Results and Discussion
The results used for the comparison in the validation below concern global thrust
prediction, tip-vortex trajectory, and spanwise load distribution. Some numerical
and physical considerations about the models involved are reported when deemed
necessary for the interpretation of the results.

Before comparing the obtained results, the numerical convergence of VKI-BELL
is discussed. As reported in Tab. 4.2, the outer loop is activated to reconcile the
wake geometry with the predicted mean induced-velocity field. For this reason, the
solver computes both inner and outer iterations. For both, a residual threshold
is set to ε = 10−4, and relaxation parameters are set to ωΓ = 0.1 and ωw = 0.9.
This leads to an average of 40 iterations per inner loop and 6 outer iterations.
Figure 4.7 reports the residual evolution in the last outer iteration and a quasi-linear
convergence behaviour can be observed. As already stated in Ch. 3, alternative
iterative strategies may be implemented to solve the non-linear problem. However,
the solution time does not currently justify implementing a more complex non-linear
solver.
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Figure 4.7: Fixed-point convergence for VKI-BELL hover simulation at last
outer-loop iteration.

4.3.1 Thrust Coefficient Prediction and Simulation Analy-
sis

Table 4.3 reports a comparison between the thrust coefficients predicted by the two
solvers and the experimental measurement. It can be seen that VKI-BELL provides
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a closer estimate than VKI-BEMT, but with both solvers still overpredicting it.
The other comparison available is done by looking at the simulation times; VKI-
BEMT is approximately 25 times faster than VKI-BELL. This is mainly because of
the differences in structures of the two solvers: VKI-BELL computes the induced
velocity matrix IBS at the beginning of each outer iteration and then iterates with
it, and the stiffness of the problem influences the convergence rate through the
relaxation factors. In contrast, VKI-BEMT requires only one iterative loop without
computing any mutual influence between sections and the wake contribution enters
only through the momentum-derived induction factors [2]. However, excluding the
matrix computation, the average inner-loop time for VKI-BELL is about 0.10 s,
comparable with VKI-BEMT whole execution time.

Table 4.3: Results for the hover configuration.

Source CT ∆CT [%] Wall-clock time [s]
Experiment 0.00459 — —
VKI-BELL 0.00519 +13.07 10.71
VKI-BEMT 0.00574 +25.05 0.42

4.3.2 Tip-Vortex Trajectory
The wake representation for VKI-BELL relies on the Landgrebe models combined
with a wake relaxation update. Test runs have proven that a pure relaxation strategy
prevents the solver from reaching a physical solution in hover configuration. This
may be caused by the lack of a local convection strategy that convects each filament
of the wake with the local induced velocity. However, even such a solution would
still be an approximation since it is known from theory that the flow accelerates
downstream of the rotor disc in propulsive applications. If the wake is not placed
in a physically correct way the induced-velocity field negatively affects the blade
loading. To address this issue, the Landgrebe empirical model is adopted for the
axial trajectory of the tip vortex, which represents the most influential structure of
the wake system [45], [46].

The results of such implementation are reported in Fig. 4.8a and 4.8b, where the
wake trajectory is decomposed into its axial and radial components, respectively,
and compared against the measured results.

For the axial descent the main difference is noticeable around ψw = 180◦, where
the computed position is almost half of the measured one. This location corresponds
to the passage of the tip-vortex right under the opposite blade, as shown in Fig. 4.9.
This anticipates a higher local induction near the tip region than in the physical
case. In this situation stabilisation with a bigger core radius would excessively
damp the induced field in the remaining part of the domain as well.
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The reason behind such a discrepancy between the experiment and the numerical
results lies in the empirical coefficients k1 and k2 used in the Landgrebe relation
in Eq. (3.17), and the experimental value of CT used in the computation of the
wake trajectories. The empirical model was originally formulated for medium- to
highly loaded rotors whereas the Caradonna–Tung rotor generates relatively low
thrust compared with the reference rotors used in [45]. This therefore results in an
underestimated axial displacement of the tip vortex.

A similar issue with prescribed-wake representation is reported in the original test
case [12]. On that occasion, the prescribed model used was the one formulated by
Kocurek [51] and implemented in the numerical solver reported in [52]. The resulting
global thrust was overestimated by about 20% with respect to the measured one.
The solution then adopted was to prescribe the tip trajectory by interpolating the
experimental measurements, therefore obtaining a better estimate of the sectional
and integral loads.
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Figure 4.8: Comparison of the tip-vortex axial trajectory and radial contraction
between VKI-BELL predictions and experimental measurements.
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Figure 4.9: Snapshot of the tip vortex location in the near wake region following
the Landgrebe tip-vortex trajectory.

4.3.3 Comparison of Spanwise Distributions
In the previous section the issue related to the positioning of the tip vortex has been
introduced. In this section the effects are quantified in terms of load distributions.
Even though a solution was proposed by Caradonna in [12], reproducing it is
beyond the scope of the present work; however, a simpler diagnostic approach is
later proposed to isolate the source of the discrepancy.

The validation proceeds with the analysis of the spanwise loading distributions.
Experimental data are available for the lift coefficient spanwise distribution ob-
tained by integration of pressure measurements at the experimental radial stations.
Figure 4.10a reports the results for VKI-BELL and VKI-BEMT, compared against
the experimental data. VKI-BEMT overpredicts the general trend, which is then
reflected in the thrust coefficient overestimate. VKI-BELL captures most of the
spanwise trend but in proximity of the tip a peak is detected. This peak results
from the excessive proximity of the tip vortex, which modifies the blade loading
near the tip.

To verify the source of the discrepancy, a diagnostic test is performed using
the same numerical setup but disabling the Landgrebe tip-vortex trajectory. At
this point as said in the previous section, VKI-BELL cannot reach a physically
consistent solution without such a model, therefore an additional axial inflow equal
to 2% of the tip speed (≈ 3 m/s) is imposed. This numerical artifact helps the
development of the wake relaxation and was inspired by the work of Verstraete
in [48] where a similar solution is applied to solvers with free-wake capabilities to
more easily convect the starting vortices downstream in hover configuration.

The results from this study are reported in Fig. 4.10b. The same inflow was
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applied to VKI-BEMT for consistency even though, because of its formulation, it
does not present any such problems. It can be seen that an improved coherence in
the distribution is obtained by simply moving the tip vortex downstream, away
from the rotor disc. This is also reflected in a better estimate for the global
thrust coefficient that gets closer to the experimental value reported in Tab. 4.4.
VKI-BEMT results are getting closer not because of the removal of an anomaly
but because of the shift in the rotor operating point.

In any case, an additional comment on the inherently different nature of the two
solvers can be made by looking at the tip of the blade. In VKI-BEMT a tip-loss
correction is implemented to model the finite blade effect. VKI-BELL does not
require such correction because of its three-dimensional formulation; therefore the
drop at the tip is more physical and not imposed.
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Figure 4.10: Spanwise lift-coefficient distribution Cl(r/R) for hover and small
inflow conditions.

Table 4.4: Results for the small inflow diagnostic test.

Source CT ∆CT [%] Wall-clock time [s]
Experiment 0.00459 — —
VKI-BELL 0.00489 +6.54 7.12
VKI-BEMT 0.00468 +1.96 0.38

To complete the comparison between the two solvers the radial distribution of
thrust and torque are reported in Fig. 4.11 in the original hover condition. For
VKI-BELL it can be seen that the thrust distribution is affected by the presence of
the tip vortex in a similar manner to the Cl(r/R) distribution. This is reasonable
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since lift is the main contribution to the thrust in this hover condition at low
collective pitch θc = 8◦. Instead, the torque is less affected by it since the tangential
component of the lift is relatively small at this angle, and the contribution is mainly
drag-related.
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Figure 4.11: Thrust and torque radial distributions comparison between VKI-
BELL and VKI-BEMT in hover condition.

4.4 Conclusions and Remarks
Overall, VKI-BELL reproduces the qualitative and, to a reasonable extent, the
quantitative behaviour of the Caradonna–Tung rotor in hover, for both the inte-
grated thrust and the spanwise loading. The overall accuracy is increased with
respect to VKI-BEMT, even though local inconsistencies are still present and
are related to the wake geometry. The computational cost is higher but remains
reasonably low and within the range of solvers of the same class reported in [1].

The present validation does not include a proper axial-flight condition, but the
diagnostic results with a small imposed inflow look promising if compared with
those obtained with VKI-BEMT.

At the same time the validation also exposes the main limitations of the method
in this operating condition. In hover configuration, the wake-relaxation strategy
does not yield a physically consistent wake geometry. Therefore, VKI-BELL has to
rely on empirical or semi-analytical models to overcome such limitation, leading to
the results of the previous section.

A natural extension of the code would be to adopt a free-wake formulation which
would increase the computational cost and would move VKI-BELL beyond the
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low-fidelity range of methods [1]. An alternative would be to extend the library
of empirical wake models and data-fitted relations available in the solver, further
extending its range of validity while retaining low computational cost.

Nevertheless, this solution highlights both the advantages and the limitations of
these simplified solvers such as VKI-BELL and VKI-BEMT. Their main strength is
their low computational cost, which is achieved by relying on external models and
data sources for computationally expensive aspects of the solution, such as wake
modelling. Improving their accuracy therefore requires broader and more accurate
external models and databases. The desire for a more independent and versatile
solver motivated the development of the higher-fidelity VKI-SDPM, presented and
validated in the following chapters.
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Chapter 5

VKI-SDPM: Formulation
and Implementation

5.1 Introduction to VKI-SDPM

The VKI-SDPM solver is a MATLAB-based code for the source–doublet representa-
tion of the perturbation potential over a closed body surface. Within this approach,
the source distribution directly accounts for the thickness contribution, whereas
doublet singularities represent the lifting part of the solution. The theoretical
background is reported in Chapter 2.

The computational framework is capable of treating both rotating and fixed
aerodynamic configurations, such as propellers, rotors, and wings. In this context,
the body motion is prescribed and the wake may be treated either as a prescribed
wake determined by the freestream velocity or as a fully convected free wake.

The chapter focuses on the numerical formulation and implementation choices
that define VKI-SDPM as a working solver. The solver architecture and simulation
setup are first introduced, followed by the geometry and surface discretisation.
The discrete potential problem is then described through the influence matrices,
boundary conditions, and linear-system solution. The wake representation and
evolution are subsequently presented, and the complete time-marching sequence is
summarised before discussing the evaluation of surface velocities, pressures, and
aerodynamic loads.

A practical code reference is provided in Appendix C, where the expected
configuration-file format, saved .mat outputs, and a table with the main routines
are reported.
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5.2 Solver Architecture and Simulation Setup
The VKI-SDPM execution is organised around the driver Main_SDPM.m, which
coordinates the complete simulation sequence from case selection to post-processing.
The present section introduces the simulation configuration, the temporal discretisa-
tion, and the high-level workflow. The individual numerical modules are discussed
in the following sections.

5.2.1 Simulation Configuration and Temporal Discretisa-
tion

The simulation setup creates a MATLAB structure containing the test-case in-
puts and the settings used by the subsequent solver stages. The main groups of
configuration parameters are summarised in Table 5.1.

Table 5.1: Main groups of parameters stored in the VKI-SDPM configuration
structure.

Configuration group Main contents
Case identification Test case, simulation class, and geometry
Mesh definition Panel numbers and mesh-spacing laws
Flow and kinematics V∞(t), Ω(t), and reference physical values
Wake definition Wake length, wake mode, and time-integration

method
Regularisation model Vortex-core model and core evolution
Output and storage Save path and simulation-animation settings
Post-processing Reference quantities and interpolation settings
Validation and plots Data paths, quantity maps, and plot options

The time step and the total number of time steps are computed from the
configuration data, depending on the simulation class:

∆t =


∆ψ π/180

|Ω̄|
, rotor simulation,

cref/Nc

Vref
, wing simulation,

Nt =

Kw
360◦

∆ψ , rotor simulation,

Kw Nc, wing simulation.

(5.1)

Here, ∆ψ is the azimuthal increment in degrees, Ω̄ is the mean rotational speed,
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Nc is the number of chordwise panels per half-surface, cref and Vref are the reference
chord and velocity, and Kw is the prescribed wake length, expressed as a number
of rotor revolutions in rotor cases or as a multiple of Nc in wing cases.

5.2.2 Overall Computational Workflow

The global execution sequence is schematically represented in Fig. 5.1.

Figure 5.1: Block diagram of the VKI-SDPM workflow.

The workflow starts with the simulation setup and geometry generation. The
body influence matrices Aϕ and Bϕ are then assembled. Since these matrices
depend only on the body geometry for the rigid configurations considered here,
they are computed before the time-marching loop, and Bϕ is factorised once. The
body source distribution and wake state are subsequently initialised.

During the time-marching loop, the body kinematics, source vector, wake
strengths, wake influence matrix, and right-hand side are updated. The body dou-
blet distribution is obtained from the stored factorisation. The wake representation
is then updated, the velocity at the wake nodes is computed according to the
selected wake model, and the wake is convected. The surface velocity, pressure field,
aerodynamic loads, and solution histories are evaluated or stored before advancing
to the next time step. The complete sequence is collected in Section 5.6.
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5.3 Geometry and Surface Discretisation
The VKI-SDPM code does not include a general-purpose CAD-like geometry
generator. Instead, each validation case is associated with a dedicated geometry-
generation function, which provides the upper and lower surface vertex grids and
the geometric metadata required by the common assembly routines.

Consequently, adding a new test case requires writing a dedicated geometry
function that follows the same output interface, while the subsequent assembly,
indexing, panel construction, and diagnostic routines remain unchanged.

5.3.1 Geometry Assembly and Mesh Spacing
For rotor and propeller simulations, the reference blade geometry is generated by
the selected test-case function and then replicated azimuthally around the declared
rotor axis by assemble_propeller.m. For wing simulations, the semi-span geometry
is converted into a complete wing by assemble_wing.m. In both cases, the final
panel structure is generated by build_panel_geometry.m. The wing is therefore
treated as a single component, whereas a rotor is treated as a set of components,
one per blade.

The resulting panel geometry can be schematically represented as

GB =
î
xCP,k,P1,k,P2,k,P3,k,P4,k, n̂k, l̂k, m̂k, Sk, Ik

ïNB

k=1
, (5.2)

where xCP,k is the panel collocation point, P1,k–P4,k are the panel vertices, n̂k is
the outward normal, l̂k and m̂k are the local tangential directions, Sk is the panel
area, Ik contains the topological indices of the panel, and NB is the total number
of body panels.

The case-specific geometry function defines the physical shape of the lifting
surface, whereas the spacing laws determine how this shape is sampled in the
chordwise and spanwise directions. The same spacing options are then propagated
to the common panel-construction routine.

The chordwise mesh is generated from the non-dimensional coordinate ξi = xi/c,
with i = 0, . . . , Nc. Three chordwise spacing laws are available:

ξi =



i

Nc

, uniform spacing,
1
2

5
1 − cos

3
πi

Nc

46
, cosine spacing,

1 − cos
3
πi

2Nc

4
, sine spacing.

(5.3)

The cosine law clusters nodes near both the leading edge and the trailing edge,
whereas the sine law clusters nodes mainly near the leading edge and produces a
coarser distribution toward the trailing edge.
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For the spanwise spacing a distinction between wings and rotors is necessary.
In rotor and propeller cases, the spanwise stations are defined along the radial
coordinate from the inner station rin to the blade tip R

rj =


rin + j

Nr

(R − rin) , uniform spacing,

rin + 1
2

5
1 − cos

3
πj

Nr

46
(R − rin) , cosine spacing,

j = 0, . . . , Nr.

(5.4)
In wing cases, the test-case generator first defines the semi-span b/2, whereas the
assembly routine reconstructs the complete span. After this assembly, Nr denotes
the total number of spanwise panels of the complete wing and the spanwise stations
are defined from the left tip to the right tip

ηj =


b
3
j

Nr

− 1
2

4
, uniform spacing,

− b

2 cos
3
πj

Nr

4
, cosine spacing,

j = 0, . . . , Nr. (5.5)

The full-span cosine law clusters panels near the two wing tips.

5.3.2 Panel Topology, Vertex Ordering, and Local Frames
The topology of each panel is identified by one component label and three local
indices:

Ik = {body_idxk, surfk, ci, sj} , (5.6)

where body_idxk is the body/component index, surfk is the surface label, ci is the
contour index, and sj is the spanwise strip index. The surface label divides the
closed lifting body into three portions:

surfk =


1, left cap or root cap,
2, main lifting surface,
3, right cap or tip cap.

(5.7)

For rotor blades, the left cap corresponds to the inner or root station and the right
cap corresponds to the tip station. For assembled wings, the left cap corresponds
to the negative-span tip and the right cap to the positive one. Thus, the main
surface and the cap surfaces are three portions of the same closed panel topology
ordered according to the following convention for each body_idxk

left/root cap → main lifting surface → right/tip cap. (5.8)
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At each spanwise station, the lower and upper surface nodes are merged into
one contour array ordered from the ventral TE to the dorsal TE

TEventr → LE → TEdors,

Therefore, the chordwise index ci = 1, . . . ,2Nc + 1 and the spanwise index sj =
1, . . . , Nr. Consequently, the chordwise distinction between ventral and dorsal side
can be written as 1 ≤ ci ≤ Nc, ventral side,

Nc + 1 ≤ ci ≤ 2Nc + 1, dorsal side.
(5.9)

Cap stations have sj = 0. The cap panels are generated using the same chordwise
contour structure, with a midline contour introduced as the average of corresponding
vertices.

For each panel the vertex ordering isP1,k = x(ci, sj), P2,k = x(ci, sj + 1),
P3,k = x(ci + 1, sj + 1), P4,k = x(ci + 1, sj).

(5.10)

The two caps use the midline to identify the two parallel rows of panels and
their orientation. However, all of the ordering rules preserve the same clockwise
convention when the panel is viewed from outside the body facing the outward
normal vector.

The outward normal is obtained from the diagonal cross product:

n̂k = (P4,k − P2,k) × (P3,k − P1,k)
|(P4,k − P2,k) × (P3,k − P1,k)| , Sk = 1

2 |(P4,k − P2,k) × (P3,k − P1,k)| .

(5.11)
The panel local frame is completed by the two tangent unit vectors

l̂k = [(P4,k − P1,k) + (P3,k − P2,k)]
|(P4,k − P1,k) + (P3,k − P2,k)| , m̂k = n̂k × l̂k. (5.12)

For main-surface panels, l̂k follows the direction of increasing contour index. It
therefore points from trailing edge to leading edge on the ventral side and from
leading edge to trailing edge on the dorsal side.

At the leading edge and trailing edge of the cap surfaces, the outer and midline
nodes may coincide. In this case, the quadrilateral panel collapses into a triangular
panel. The code detects this condition through vertex-distance checks and changes
the centroid formula accordingly:

xCP,k =


(P1,k + P2,k + P3,k + P4,k)/4, regular quadrilateral,

(P1,k + P3,k + P4,k)/3, P1,k ≡ P2,k,

(P1,k + P2,k + P3,k)/3, P3,k ≡ P4,k.

(5.13)
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The collapsed panels are therefore retained in the surface topology, but their
collocation point is evaluated as the centroid of the corresponding triangular panel.

Several consistency checks are executed to prevent inconsistent panel orientations
and other geometric errors that would compromise the simulation. The most
relevant diagnostic is the mesh non-planarity measurement. This diagnostic does
not define a hard error by itself, but it quantifies the mesh quality and supports
the assessment of the subsequent computations. It is evaluated as

εplan,k = maxa=1,...,4 |n̂k · (Pa,k − xCP,k)|√
Sk

· 100. (5.14)

A panel is marked as planar if this value remains below the prescribed percentage
tolerance. This diagnostic is especially useful for twisted blades, swept wings, and
tapered geometries, where quadrilateral panels may become slightly warped.

5.4 Discrete Potential Problem
The potential problem is reduced to the algebraic system introduced in Chapter 2.
The present section describes the evaluation of the influence coefficients, the
assembly of the known contributions, and the solution strategy adopted in VKI-
SDPM.

5.4.1 Influence Matrices and Kernel Evaluation
The aerodynamic influence-coefficient matrices are built from the same panel-
influence logic: the target points are the body collocation points, whereas the
singularity panels may belong either to the body surface or to the wake surface.
Consequently, the body source matrix Aϕ, the body doublet matrix Bϕ, and the
wake doublet matrix Cn

ϕ are obtained as

Aϕ : body source panels −→ body collocation points,

Bϕ : body doublet panels −→ body collocation points,

Cn
ϕ : wake doublet panels at time step n −→ body collocation points.

(5.15)

Aϕ and Bϕ are body–body influence matrices, and they can be computed once
before the time-marching loop. Cn

ϕ is the wake–body influence matrix, therefore it
must be computed at every step of the time loop since the wake evolves relative to
the body.

The body source and doublet influence entries are defined as

Aji
ϕ = ϕσ,i (xCP,j, σi = 1) , i, j = 1, . . . , NB. (5.16)
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Bji
ϕ = ϕµ,i (xCP,j, µi = 1) , i, j = 1, . . . , NB. (5.17)

Here NB is the number of body panels, the row index j identifies the target body
collocation point, while the column index i identifies the body singularity panel.
Thus, one matrix column corresponds to the influence of one unit-strength panel
on all body collocation points.

The same convention is used for the wake doublet influence matrix. If q denotes
a wake panel and Nn

w is the number of wake panels active at time step n, the wake
influence entries are written as

Cjq,n
ϕ = ϕµw,q (xCP,j;µw,q = 1) , j = 1, . . . , NB, q = 1, . . . , Nn

w. (5.18)

In the code implementation, the body matrices are assembled by the vectorised
routines compute_A_phi_LS_vectorial.m and compute_B_phi_LS_vectorial.m, whereas
the wake influence matrix is assembled by compute_C_phi_vectorial.m. The analyt-
ical source-potential kernel is evaluated following Eq. (2.107) by
influence_potential_source_vectorial.m, while influence_potential_doublet_vectorial.m
is used for both body and wake doublet panels following Eq. (2.108).

The assembly is organised column-wise. For a generic singularity panel i, the
code first extracts the panel centroid, vertices, unit normal, and local tangential
directions. All body collocation points are then expressed in the local reference
frame of panel i via the local transformation matrix

T̃i =


l̂T
i

m̂T
i

n̂T
i

 . (5.19)

The local target coordinates are therefore obtained as

x(loc)
CP,j = T̃i (xCP,j − xCP,i) , j = 1, . . . , NB. (5.20)

The vertices of the singularity panel are also expressed in the same local frame.
The analytical source or doublet kernel is then evaluated on the whole vector of
target points.

For non-planar quadrilateral panels, the influence coefficients are evaluated on a
local mean panel plane, as schematically shown in Fig. 5.2. This approximation
makes the analytical panel formulas compatible with the slightly non-planar quadri-
lateral elements that may arise from twisted, tapered, or swept surfaces. For wake
panels, the effect of this approximation is expected to be less critical as the panels
are convected downstream, although close and strongly rolled-up wake regions may
require attention.
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Figure 5.2: Example of mean-panel-plane approximation for warped panels [5].

5.4.2 RHS Assembly and Linear-System Solution
The known terms of the algebraic system form the RHS. The first contribution is
the source term, which is evaluated by compute_sources.m. For each body panel k,
the source strength is obtained from the local non-penetration condition, which
can be written, according to the adopted normal convention, as

σn
k = −n̂n

k · Vn
kin,k. (5.21)

The kinematic velocity Vn
kin,k is evaluated at the panel collocation point as

Vn
kin,k = Vn

∞ − Ωn × xn
CP,k. (5.22)

The second known contribution is the wake-induced potential term. At time
step n, the current wake state provides both Cn

ϕ and µn
w. The wake strengths are

assigned from the trailing-edge doublet difference and retained through the wake
history, as described in Section 5.5.

The right-hand side is therefore

RHSn = −Aϕσn − Cn
ϕµn

w. (5.23)
At the initial step, the wake structure does not yet contain any wake panels.

Therefore, the right-hand side reduces to the source term only

RHS0 = −Aϕσ0. (5.24)
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Once the components of the algebraic system are assembled, the solution is
reduced to the computation of the body doublet vector at the n-th time step

Bϕµn = RHSn (5.25)

The current implementation takes advantage of the fact that for rigid-body
configurations, the body doublet matrix Bϕ is not rebuilt during the time-marching
loop. Therefore, after the body doublet matrix has been assembled, the Lower-
Upper (LU) factorisation has to be done only once

P⋆Bϕ = L⋆U⋆. (5.26)

The matrices L⋆, U⋆, and P⋆ are stored and reused for all subsequent body solves.
Therefore, for a generic right-hand side RHSn, the solution is obtained in two

steps:
L⋆yn = P⋆RHSn → U⋆µn = yn. (5.27)

This architecture reduces the computations repeated at each time step and allows
affordable time marching for the rigid-body configurations considered in this work.

5.5 Wake Representation and Evolution
The wake model implemented in VKI-SDPM is based on an explicit shedding
procedure from the trailing edge of the lifting surfaces. The theoretical role of the
wake doublet sheet and its connection with the Kutta condition have already been
introduced in Chapter 2. The present section focuses on the wake attachment,
data structure, equivalent vortex-segment representation, convection models, and
regularisation used for induced-velocity evaluation.

5.5.1 Wake Structure
The routine initialize_wake.m searches for the dorsal trailing-edge nodes in order to
build the first row of wake nodes. These are identified as

PTE = {surfk = 2, ci = 2Nc + 1, sj = 1, . . . , Nr} . (5.28)

With the mask in Eq. (5.28), cap panels are excluded from wake shedding even
though they belong to a lifting body.

In the wing case the shedding body is the wing itself, while for the rotor case
there are as many shedding bodies as the number of blades. Therefore, a separate
wake state is created for each component.

For each wake component, the wake grid has a row index i and a spanwise index
j. The newest wake-node row is always stored at i = 1, close to the trailing edge,
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whereas the oldest row has the largest active value of i. The wake panels retain the
same vertex-ordering convention as the body panels and therefore use the same
local-frame construction and surface-related quantities.

The main quantities stored in the wake structure are represented similarly to
those of the body-panel structure

Wb =
î
Pw,b,µw,b, n̂w,b, l̂w,b, m̂w,b,Vprev

w,b

ï
, (5.29)

where the subscript b is the shedding component index. Here, Pw,b contains the
wake-panel coordinates, µw,b contains the wake-panel doublet strengths, n̂w,b, l̂w,b,
and m̂w,b are the local wake-panel-frame unit vectors, and Vprev

w,b stores the previous
induced velocity field.

New wake panels are generated by create_wake_panels_exp.m. The indices of
the previously existing wake panels are shifted from i to i+ 1, leaving the row i = 1
available for the newly shed trailing-edge nodes. The new row is obtained from the
nodes selected by Eq. (5.28) and connected to the previous wake row.

The doublet strength assigned to the new wake row is obtained from the dorsal
and ventral trailing-edge panels at the previous time step [5]:

µn
w,1j = µn−1

2Nc+1,j − µn−1
1,j , j = 1, . . . , Nr. (5.30)

5.5.2 Prescribed- and Free-Wake Convection
The wake-convection model is selected in the simulation configuration through the
field cfg.solver.wake_mode. Two options are implemented:

wake_mode ∈ {prescribed, free} . (5.31)

In the prescribed-wake mode, the wake nodes are convected only by the
freestream velocity. The wake-node update is therefore

xn+1
w,i,j = xn

w,i,j + Vn
∞∆t. (5.32)

In the free-wake mode, the wake-node velocity contains both the freestream con-
tribution and the induced velocity generated by the current body and wake singulari-
ties. The induced component is computed by compute_on_wake_velocities_vectorial.m.

The induced velocity used by the free-wake model includes three contributions:

Vn
ind,w = Vn

σ + Vn
µ + Vn

µw (5.33)

The body-source contribution is evaluated by velocity_from_source_vectorial.m
using the analytical expression for the source velocity that coincides with the
potential doublet kernel of Eq. (2.108).
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The body- and wake-doublet contributions to the induced velocity are evaluated
through the constant doublet-panel vortex-ring analogy [5], for which a derivation
is reported in App. A.3. According to this equivalence, a constant-strength doublet
panel induces the same velocity field as a vortex ring distributed along its boundary,
with

µ = Γ. (5.34)

This representation allows the induced velocity to be evaluated through the
Biot–Savart law without requiring the analytical velocity formulation of a planar
doublet panel. For this purpose, an additional data structure based on vortex
filaments is implemented alongside the doublet-panel representation. This structure
facilitates the evaluation of local wake properties and avoids repeated calculations
on edges shared by adjacent panels. In particular, coincident segments are identified
and their circulation strengths are summed algebraically, so that only the resulting
net circulation is retained.

The resulting segment data are stored using a structure-of-arrays layout and
include the segment endpoints, circulation strengths, and the variables required by
the adopted Biot–Savart kernel regularisation. The induced velocity is evaluated
by the routine velocity_vortex_segment_vectorial.m.

Once the induced velocity field has been evaluated, two time-integration options
are available for the free-wake convection. The first option is the forward-Euler
scheme

xn+1
w,i,j = xn

w,i,j +
1
Vn

∞ + Vn
ind,w,i,j

2
∆t. (5.35)

The second one is the Euler–trapezoidal-type option

xn+1
w,i,j = xn

w,i,j + ∆t
2
1
2Vn

∞ + Vn
ind,w,i,j + Vn−1

ind,w,i,j

2
. (5.36)

At the first time step, the trapezoidal option falls back to Euler forward because
no previous induced-velocity field is available [43]. After each convection step,
convect_wake.m updates the wake-node coordinates and recomputes the wake-panel
local frames.

5.5.3 Vortex-Core Regularisation and Core Growth

The vortex-segment velocity kernel requires the application of a regularisation
factor, as introduced in Subsec. 2.2.3. The implemented options are
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F =



1, none,

1 − exp
−

A
d

rc

B2
 , lamb_oseen,

d2ñ
d4 + r4

c

, vatistas.

(5.37)

The option none leaves the Biot–Savart expression unregularised, except for the
machine-precision numerical cutoff inside the kernel. The options lamb_oseen and
vatistas damp the induced velocity near the segment core. In free-wake simulations,
this regularisation is important to avoid unrealistically large velocities when wake
nodes approach vortex segments during wake roll-up.

Different core-growth models have been implemented following [18] and are
applied by the routine compute_vortex_segment_core_radius.m.

The available options are

rc =



rc,0, constant,
rc,0√
1 + ε

, stretching,ñ
r2

c,0 + 4αOseenδνζ, wake_age,ñ
r2

c,0 + 4αOseenδνζ√
1 + ε

, stretching_age.

(5.38)

Here, rc,0 is the initial core radius, ε is the non-dimensional vortex strain computed
from the change in segment length between two consecutive time steps, ζ is the
segment age in physical time, ν is the kinematic viscosity, and δ is the diffusion
parameter.

The model for the diffusion parameter can be chosen from the following options

turbulent_viscosity_model ∈ {constant, squire, stepped} . (5.39)

The constant option keeps δ fixed; the squire option updates it based on the
segment vortex Reynolds number, following [27] as in Eq. 2.58; stepped implements
implements a step-law variation of δ that can be controlled by the number of steps
and the variation between consecutive steps.

5.6 Time-Marching Procedure
The preceding sections describe the individual modules of VKI-SDPM. Their
interaction within a complete simulation is summarised here. Before entering the
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time loop, the code generates the body geometry, assembles Aϕ and Bϕ, factorises
Bϕ, and initialises the wake and the required history arrays.

At a generic time step n, the sequence can be summarised as follows:

Algorithm 1 VKI-SDPM time-marching procedure
1: Update the prescribed body kinematics and compute σn

2: Update the active wake topology and assign µn
w from the previous trailing-edge

solution
3: Assemble Cn

ϕ and RHSn

4: Solve Bϕµn = RHSn using the stored LU factors
5: Update the equivalent wake vortex segments and their regularisation variables
6: Evaluate the wake-node velocity according to the prescribed- or free-wake

model
7: Convect the wake
8: Reconstruct the surface perturbation velocity, evaluate pressure and aerody-

namic loads, and update the stored solution histories

At the initial step, no wake panels are active and the right-hand side is given by
Eq. (5.24). From the subsequent steps onward, the wake contribution is included
through Eq. (5.23). The body matrices and their LU factorisation remain unchanged
throughout the simulation, whereas σn, µn

w, Cn
ϕ, and the wake geometry are updated

at every time step.

5.7 Surface Velocity, Pressure, and Load Evalua-
tion

After the body doublet system has been solved, VKI-SDPM reconstructs the surface
perturbation velocity, evaluates the pressure field, and integrates the aerodynamic
loads. These operations are performed inside the time loop after the current body
doublet vector µn and source vector σn are available. The corresponding quantities
are then stored in the results structure and used by the post-processing routines.

5.7.1 Surface Perturbation Velocity Reconstruction
The surface perturbation velocity is reconstructed by compute_surface_velocity.m.
The routine receives the panel structure, the current body doublet vector µn, and
the current source vector σn.

The reconstruction is performed from the surface gradients of the doublet
strength and from the source strength [5]. For a generic panel k, the local velocity
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components are written as

un
k = ∂µn

∂l

-----
k

, vn
k = ∂µn

∂m

-----
k

, wn
k = σn

k . (5.40)

Here, l and m denote the two local tangential directions. The normal component is
given directly by the source strength, consistently with the imposed non-penetration
condition.

The derivatives of µ are evaluated using finite differences. Since the panel spacing
may be non-uniform in both chordwise and spanwise directions, the distance between
collocation points is used explicitly in the finite-difference formulas. For an interior
point, the centred non-uniform approximation used is

∂µ

∂s

-----
0

≃
h2

−µ+ − h2
+µ− +

1
h2

+ − h2
−

2
µ0

h+h− (h+ + h−) , (5.41)

where s represents either the chordwise or spanwise surface direction. The quantities
h+ and h− are the distances from the current collocation point to the forward and
backward neighbouring collocation points, respectively.

At boundaries, one-sided formulas are used. The second-order forward approxi-
mation implemented is

∂µ

∂s

-----
0

≃ −µ0 (h2
2 − h2

1) + h2
2µ1 − h2

1µ2

h1h2 (h2 − h1)
, (5.42)

whereas the corresponding backward approximation is

∂µ

∂s

-----
0

≃ µ0 (h2
2 − h2

1) − h2
2µ1 + h2

1µ2

h1h2 (h2 − h1)
. (5.43)

Once the local components have been computed, they are transformed into
the global frame. For cap panels, the current implementation keeps the original
reconstruction based on the local panel frame stored in the geometry structure.
The perturbation velocity is therefore obtained as

vn
surf,k = un

k l̂k + vn
k m̂k + wn

k n̂k. (5.44)

For the main lifting surface, the code uses a metric-aware transformation [40],
[53]. The reason is that the chordwise and spanwise directions reconstructed from
neighbouring collocation points are not necessarily orthogonal, as in the case of
twisted, tapered, or swept geometries. Let t̂l,k and t̂m,k be the chordwise and
spanwise unit tangents reconstructed from the neighbouring collocation points of
panel k. In compact form,

t̂l,k = ∆xl,k

|∆xl,k|
, t̂m,k = ∆xm,k

|∆xm,k|
. (5.45)
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The increments ∆xl,k and ∆xm,k are obtained consistently with the finite-difference
stencil used for the doublet gradients.

The global perturbation velocity is then reconstructed by imposing the three
local projection conditions

vn
surf,k · t̂l,k = un

k , vn
surf,k · t̂m,k = vn

k , vn
surf,k · n̂k = wn

k . (5.46)

These conditions lead to the local linear system

G̃kvn
surf,k = vn

k , (5.47)

where

G̃k =


t̂T

l,k

t̂T
m,k

n̂T
k

 , vn
k =


un

k

vn
k

wn
k

 . (5.48)

The global surface perturbation velocity is therefore obtained as

vn
surf,k = G̃−1

k vn
k . (5.49)

In the implementation, the determinant of the local metric matrix is checked
before applying the transformation.

5.7.2 Pressure Evaluation and Aerodynamic Loads
The dimensional pressure is evaluated by \textsf {compute_pressure.m} using
the unsteady Bernoulli equation. At each body panel k, the reference kinematic
velocity is computed as

Vn
ref,k = Vn

∞ − Ωn × xn
CP,k. (5.50)

The total velocity used in the pressure equation is then

Vn
k = Vn

ref,k + vn
surf,k. (5.51)

The unsteady contribution is obtained from the time derivative of the body
doublet strength. In the code, the history arrays µn, µn−1, and µn−2 are passed to
compute_pressure.m. A second-order scheme is implemented to compute the time
derivative at time step n

∂ϕ

∂t

-----
n

k

= ∂µ

∂t

-----
n

k

=



0, if n = 1,
µn

k − µn−1
k

∆t , if n = 2,
3µn

k − 4µn−1
k + µn−2

k

2∆t , if n ≥ 3.

(5.52)
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The pressure is then computed from the unsteady Bernoulli equation in the
form

pn
k = pref + 1

2ρ
3---Vn

ref,k

---2 − |Vn
k |2
4

− ρ
∂ϕ

∂t

-----
n

k

. (5.53)

The output is the dimensional pressure vector pn
surf . During the simulation, the

pressure at each time step is stored in order to reconstruct its complete time history.
The pressure coefficient is evaluated by compute_Cp.m. The routine reads the

dimensional pressure history stored in results.p_surf and converts it into

Cn
p,k = pn

k − pref

qref
. (5.54)

The value of qref depends on the simulation class. For rotor cases, the default
reference dynamic pressure is based on the local rotational speed:

qref = 1
2ρ (Ωr)2 . (5.55)

For wing cases, the reference dynamic pressure is computed from the freestream
velocity by default.

5.7.3 Force and Moment Integration
The aerodynamic loads are evaluated by compute_forces_moments.m. This routine
is called after Cp has been computed.

For a body panel k, the elementary pressure force is computed as

Fn
k = −Cn

p,kqrefSkn̂k, (5.56)

where Sk is the panel area and n̂k is the outward panel normal in the global frame.
The moment contribution is evaluated with respect to the user-specified reference
point as

Mn
k = (xCP,k − xref) × Fn

k . (5.57)

If no reference point is provided, the routine uses the origin as a fallback.
The total force and moment are obtained by summing the panel contributions

over each body and then over all bodies at each time step

Fn
B =

NBØ
k=1

Fn
k , Mn

B =
NBØ
k=1

Mn
k , (5.58)

and

Fn
tot =

NbodyØ
B=1

Fn
B, Mn

tot =
NbodyØ
B=1

Mn
B. (5.59)
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The corresponding dimensional and non-dimensional quantities are stored in the
loads structure, both as body-wise contributions and as total loads.

The force and moment coefficients are computed by default as

Cn
F = Fn

tot
Fscale

, Cn
M = Mn

tot
Mscale

. (5.60)

where Fscale and Mscale are user-defined normalising quantities. By default, they
are set to

Fscale =
πρV 2

tipR
2, rotor case,

qrefSref , wing case,

Mscale =
πρV 2

tipR
3, rotor case,

qrefSrefLref , wing case.

(5.61)

Wing and rotor reference quantities can be defined by the user according to the
needs of the simulation.

Rotor quantities. Rotor thrust and torque components are obtained by projec-
tion onto the declared rotor axis êrot:

T n = Fn
tot · êrot, Qn = Mn

tot · êrot, (5.62)

Wing quantities. For wing simulations, lift and drag are obtained by projecting
the total force onto the wind-frame directions

êD = V∞

|V∞|
, êL = êD × êy

|êD × êy|
. (5.63)

The stored wing aliases are

Ln = Fn
tot · êL, Dn = Fn

tot · êD, (5.64)

and
Cn

L = Ln

Fscale
, Cn

D = Dn

Fscale
. (5.65)

80



Chapter 6

VKI-SDPM: Sensitivity
Analysis

6.1 Purpose of the Sensitivity Analysis
The formulation and implementation of VKI-SDPM have been presented in the
previous chapter. Before using the solver for the validation against the experimental
data, it is necessary to assess whether the numerical solution is sufficiently insensitive
to the main discretisation and modelling parameters adopted in the computations.

The objective of the present chapter is therefore to define a consistent set of
parameters for the validation campaign of VKI-SDPM. The sensitivity analysis
is carried out for both wing and rotor configurations, so that the main numerical
parameters are assessed in the two classes of applications considered in this work.

For the wing simulations, the reference configuration is the rectangular straight
wing from the Yip–Shubert test case [9]. For the rotor simulations, the reference
configuration is taken from the NREL UAE Phase VI wind-turbine rotor test case
[11]. These two cases are used here only as numerical benchmarks for the sensitivity
campaign, while the detailed description of their geometry, operating conditions,
and experimental data is provided in the corresponding validation sections of Ch. 7.

For both cases, the sensitivity analysis is organised around the main numerical
parameters that can affect the computed loads and pressure distributions. First, the
influence of the body-surface discretisation is examined by varying the chordwise
resolution and the spanwise resolution of the mesh. In this way, the dependence of
the solution on the number and distribution of panels can be quantified separately
for wing and rotor simulations.

A separate part of the analysis treats the wake representation. Once a suitable
body-surface discretisation has been selected, the sensitivity to wake-related param-
eters is investigated by considering the wake length, the prescribed- and free-wake
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formulations, and the vortex-core regularisation.
A final discussion of CPU time and parallel speed-up is included to quantify the

computational performance of the solver and to estimate the parallel efficiency of
the implementation.

The final outcome of the chapter is a set of numerical parameters retained for the
validation cases. These parameters are not intended to be universally optimal for
every possible configuration, but rather to provide a compromise between accuracy,
numerical robustness, and computational cost for the test cases considered in this
work.

6.1.1 Internal Numerical Verification Checks
Before performing the sensitivity analysis, a set of internal numerical checks is
introduced to assess the consistency of the VKI-SDPM implementation. These
checks are intended to verify that the discretised problem is assembled and solved
in a numerically consistent way.

The first verification concerns the solution of the algebraic system. At each
time step, once the source contribution and wake influence have been assembled,
the unknown doublet-strength vector are obtained by solving the linear system
associated with the discrete formulation. The residual of this system is monitored
as

εn
LS = |Bϕµn − RHSn|∞

|RHSn|∞
, (6.1)

where Bϕ is the body doublet influence matrix, while µn and RHSn are the
unknown doublet strengths vector and the right-hand side vector at the n-th time
step, respectively.

A further verification is based on the impermeability condition on the body
surface. At each time step, after the solution has been obtained, the total velocity
at each control point is reconstructed and projected onto the corresponding outward
normal vector. The maximum residual of the non-penetration condition is evaluated
as

εn
BC = maxi |Vn

i · ni|
|Vref |

, (6.2)

where Vn
i is the total velocity at the i-th control point at time level n, ni is the

local unit normal, and Vref is the reference kinematic velocity.
Table 6.1 reports the values of the verification indicators for four representative

cases considered in the sensitivity campaign. The reported values correspond to the
maximum value of each indicator over the whole simulation. All residuals remain
of the order of 10−14, indicating that the algebraic system is correctly solved and
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that the impermeability condition is satisfied up to numerical precision. Therefore,
these residuals are sufficiently small not to affect the sensitivity analysis.

Table 6.1: Representative internal verification indicators for VKI-SDPM.

Case Wake mode maxn [εn
LS] maxn [εn

BC]
Wing prescribed 1.58481 · 10−14 1.1546 · 10−14

Wing free 1.4239 · 10−14 1.4211 · 10−14

Rotor prescribed 2.8422 · 10−14 2.4860 · 10−14

Rotor free 3.1974 · 10−14 2.5315 · 10−14

6.2 Surface Discretisation Sensitivity

The first sensitivity analysis concerns the discretisation of the body surface. The
numerical solution depends on the resolution of the surface mesh used to describe
the geometry, impose the boundary condition, and reconstruct the pressure field
and aerodynamic loads.

The objective of this section is to quantify the influence of the body-surface
discretisation on the main aerodynamic quantities used in the validation campaign.
The chordwise and spanwise resolutions are varied separately in order to isolate their
individual effects. A final combined refinement is then chosen for the subsequent
validation campaign.

In order to isolate the effect of the body-surface discretisation, the wake param-
eters are kept fixed throughout this part of the analysis. The wake length is set
to ten reference chords for the wing case and seven revolutions for the rotor case.
For the rotor case with an azimuthal step of ∆ψ = 15◦. Moreover, all cases are
run using the prescribed-wake formulation to exclude any regularisation effect on
the results. All results reported in this section are evaluated after the loads have
reached a steady value.

For each discretisation level, the solution is compared in terms of aerodynamic
integral coefficients. For wing cases, the monitored quantity is the lift coefficient
CL, while for rotor cases it is the thrust coefficient CT . The percentage variation is
computed between two consecutive refinement levels. For a generic coefficient C⋆,
it is defined as

∆C⋆ =

---Ck
⋆ − Ck−1

⋆

---
|Ck−1

⋆ |
· 100, (6.3)

where the index k denotes the current refinement level.
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6.2.1 Chordwise discretisation
The chordwise discretisation controls the resolution of the airfoil section and directly
affects the reconstruction of the surface velocity and pressure coefficient.

In this analysis, the number of chordwise panels is varied while keeping the
spanwise resolution fixed at Nr = 20 panels, for both wing and rotor configurations.

Figure 6.1 shows the percentage variation of the aerodynamic coefficients with
chordwise mesh refinement, where Nc denotes the number of panels on each half of
the airfoil section.

Based on these results, the chordwise resolution retained for both the wing and
rotor cases is set to Nc = 40 panels for both cases. For the wing case, at this
resolution the consecutive variation remains below the selected threshold of 0.5%,
with a stable trend. For the rotor case, the selected resolution satisfies the threshold
with sufficient margin, making the choice reliable for the following simulations.
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Figure 6.1: VKI-SDPM chordwise sensitivity

6.2.2 Spanwise discretisation
The second refinement study concerns the discretisation along the lifting direction.
For wing simulations, this corresponds to the spanwise discretisation, while for
rotor simulations it corresponds to the radial discretisation of each blade.

In this study, the spanwise resolution is varied while keeping the chordwise
discretisation fixed at Nc = 40, the value chosen from the previous analysis.

Figure 6.2 illustrates the percentage variation of the aerodynamic coefficients as
the spanwise discretisation is varied.

The selected spanwise resolution is Nr = 10 for the wing case and Nr = 20
for the rotor case. For the wing case, the selected value remains sufficiently
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below the prescribed threshold, providing a margin for the subsequent simulations.
For the rotor case, the selected value provides a conservative compromise, since
the coefficient variation remains below the threshold while avoiding numerical
oscillations.
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Figure 6.2: VKI-SDPM spanwise sensitivity

6.2.3 Final Mesh Selection
After the separate chordwise and spanwise studies, a combined grid refinement is
performed to verify that the selected mesh remains adequate when both discretisa-
tion directions are considered together. This step is necessary because the effects of
chordwise and spanwise refinement are not completely independent: the pressure
reconstruction, load integration, and wake release depend on the complete surface
mesh.

The combined refinement levels are summarised in Tables 6.2 and 6.3. For each
grid, the number of surface panels, the monitored aerodynamic coefficients, and
the CPU time are reported. Their relative differences are computed as follows

∆C⋆ = Cfiner
⋆ − Cbaseline

⋆

Cbaseline
⋆

· 100, ∆t⋆ = tfiner
⋆ − tbaseline

⋆

tbaseline
⋆

· 100. (6.4)

From Tables 6.2 and 6.3, the baseline meshes selected from the separate chordwise
and spanwise analyses provide a reasonable compromise between accuracy and
computational cost. Further mesh refinement produces limited variations in the
monitored coefficients, while the CPU time increases substantially. Therefore, the
baseline meshes are retained for the validation campaign, with the understanding
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that the remaining mesh-related uncertainty is small compared with the modelling
and experimental differences expected from the validation.

Table 6.2: Combined surface-grid refinement for the wing case in VKI-SDPM.

Grid Nc Nr Surface panels CL ∆CL [%] CPU time [s] ∆t [%]
Baseline 40 10 1600 0.4641 / 98.1 /
Refined 60 15 3600 0.4626 −0.32 490.9 +400.4

Fine 80 20 6400 0.4623 −0.39 1729.9 +1663.4

Table 6.3: Combined surface-grid refinement for the rotor case in VKI-SDPM.

Grid Nc Nr Surface panels CT × 10−2 ∆CT [%] CPU time [s] ∆t [%]
Baseline 40 20 3200 0.4969 / 68.0 /
Refined 60 30 7200 0.5018 +0.99 207.35 +204.9

Fine 80 40 12800 0.5039 +1.41 602.025 +785.3

6.3 Sensitivity to Wake Parameters

The sensitivity analysis is now extended to the wake representation. In VKI-
SDPM, the wake affects the solution through its contribution to the potential
field and to the induced velocity field. Therefore, even for a fixed body mesh, the
computed aerodynamic loads depend on how the wake is discretised, convected,
and regularised.

The present section focuses on three aspects of the wake model. First, the influ-
ence of wake length is considered. Second, prescribed- and free-wake formulations
are compared, in order to assess the sensitivity of the solution to the adopted
wake-evolution model. Finally, the vortex-core regularisation is analysed.

For all wake configurations, the selected meshes are the baselines from Tabs. 6.2
and 6.3. In this way, the variations observed in the aerodynamic quantities can
be attributed to the wake treatment. The monitored quantities are again the lift
coefficient for the wing case and the thrust coefficient for the rotor case when the
analysis is focused on wake length and convection model. For the analysis of the
regularisation parameters specific indicators are selected, such as the sectional
normal-force coefficient at the blade tip, the tip-vortex axial trajectory, and the
radial contraction.
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6.3.1 Wake Length

In a potential-flow formulation, the wake represents the vorticity released from the
trailing edge and contributes to the induced velocity field acting on the body. If
the wake is too short, its contribution to the solution may be underestimated since
it is not fully developed. On the other hand, an excessively long wake increases the
computational cost and may provide only marginal changes in the aerodynamic
loads once the far-wake contribution becomes sufficiently weak.

The definition of wake length depends on the type of configuration. For wing
simulations, the wake length is expressed as a multiple of the reference chord,

lw = Kw cref , (6.5)

where Kw is the nondimensional wake-length parameter. For rotor simulations, the
wake length is more naturally expressed in terms of the number of revolutions Nrev
retained in the computation.

The sensitivity to wake length is evaluated by progressively increasing Kw, or
Nrev, while keeping the body mesh and the remaining wake parameters fixed. The
relative variation of a monitored aerodynamic quantity is computed as in Eq. (6.3)
with respect to consecutive wake lengths in the sequence.

Based on these results, the wake length retained for the validation campaign is
Kw = 10 for the wing cases and Nrev = 8 for the rotor cases. These values provide
a sufficient convergence of the monitored aerodynamic coefficients while avoiding
the additional computational cost associated with a longer wake.
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Figure 6.3: VKI-SDPM wake length sensitivity
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6.3.2 Comparison between Prescribed- and Free-Wake Sim-
ulations

The second part of the wake sensitivity analysis concerns the comparison between
prescribed- and free-wake formulations. This is used to determine how strongly
the aerodynamic quantities depend on the selected wake-evolution model.

In the prescribed-wake approach, the wake is convected by the freestream only,
avoiding the computation of the local induced velocity on the wake nodes. This
reduces the computational cost but it neglects the deformation of the wake induced
by body–wake and wake–wake interactions. Table 6.4 reports the values of the
aerodynamic coefficients, the CPU time of the simulation and the relative differences
between the prescribed- and free-wake simulations, defined as

∆Crel = Cpresc − Cfree

Cfree
· 100, ∆trel = tpresc − tfree

tfree
· 100. (6.6)

For the wing case, the prescribed-wake formulation is advantageous in terms
of CPU time, reducing the CPU time by approximately 75% compared with the
free-wake formulation. This reduction in computational cost is accompanied by a
relative difference in the predicted lift coefficient of less than 0.2%. This can be
explained by considering the wake representations in Fig. 6.4. The free-wake model
allows wake roll-up, but its effects are less relevant since the freestream rapidly
convects the wake downstream from the wing.

For the rotor simulations, the comparison shows a different trend. In Tab. 6.4
the relative difference between the prescribed- and free-wake simulations is larger
but still around 5%. This can be explained by the more evident differences in the
wake geometries reported in Fig. 6.5. In this case, the wake roll-up is concentrated
closer to the rotor disk. For this reason, it has a greater influence on the computed
results. In this case as well, the reduction in CPU time is considerable, amounting
to approximately 73% compared with the free-wake simulation. However, unlike
the wing case, the rotor case may require a trade-off between computational cost
and wake-model fidelity. Based on the results of this comparison, the prescribed-
wake formulation is retained for the wing validation cases, whereas the free-wake
formulation is adopted for the rotor validation cases.

Table 6.4: Comparison between prescribed- and free-wake simulations.

Wing case
Wake CL CPU [s]
Free 0.4633 408.3
Prescribed 0.4641 98.1
∆ (%) +0.17 −76

Rotor case
Wake CT × 10−2 CPU [s]
Free 0.4733 257.3
Prescribed 0.4969 68.0
∆ (%) +5 −73.6
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(a) Free wake evolution for the wing case

(b) Prescribed wake evolution for the wing case

Figure 6.4: Wake evolution model comparison for the wing case.
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(a) Free wake evolution for the rotor test case.

(b) Prescribed wake evolution for the rotor test case

Figure 6.5: Wake evolution model comparison for the rotor case
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6.3.3 Sensitivity to Regularisation Parameters
The final wake-related study concerns the regularisation parameters used in the
Biot–Savart law. This includes the regularisation functions, such as the Lamb–
Oseen and Vatistas models, the stretching and wake-age-based core-growth models,
and the initial core size. Since preliminary tests did not show appreciable sensitivity
to the regularisation parameters for the wing case, the analysis is restricted to the
rotor case.

Different combinations of vortex-core models and core-growth laws are compared,
including the Lamb–Oseen and Vatistas regularisations together with stretching-
based and wake-age-based core-growth models. The comparison is performed by
analysing the difference in values for the sectional normal force coefficient at the
blade tip for different values of the initial core size for all regularisation models
considered.

Figure 6.6 illustrates the results of this comparison for different values of rc,0. It
can be seen that the Lamb–Oseen model generally predicts lower loads, with the
minimum value obtained when it is combined with the stretching-based core-growth
model. However, the spread among the different model combinations remains
within approximately 1%.
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Figure 6.6: Comparison between different viscous models and core growth models
at the blade tip.

To better assess the influence of the initial vortex-core size, its effects on the
radial contraction and the axial trajectory of the tip vortices are analysed. The
Lamb–Oseen model is combined with the wake age core-growth model to provide
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the most dissipative model combination considered in the comparison, as shown in
Fig. 6.6. The upper limit of the initial core size is set by following Gupta [19], who
indicates that a first estimate may be taken as 10% of the reference chord.

The tip-vortex axial trajectory is reported in Fig. 6.7a. No evident differences are
observed for the different values of rc,0. On the other hand, the radial contraction is
more sensitive to the selected value of rc,0, as reported in Fig. 6.7b. Higher values
of rc,0 tend to further smooth the wake-induced velocities and reduce the radial
contraction or expansion of the wake.

For the validation campaign, the Lamb–Oseen regularisation with wake-age-based
core growth and rc,0 = 10% cref is retained. This choice follows the literature-based
estimate for the initial core size and provides a stable regularisation of the near-wake
induced velocities [18][19].

However, wake-dominated operating configurations, such as hover flight, may
require different choices of the regularisation parameters, as will be discussed in
Sec. 7.5.
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Figure 6.7: Tip vortex trajectories for the combined Lamb–Oseen wake-age
regularisation model for different values of initial core size.

6.4 Parallel Computing Performance
The computational cost of VKI-SDPM is mainly associated with the repeated
evaluation of influence coefficients and induced velocities. Several of these operations
can be evaluated independently and are therefore suitable for parallel execution.
For this reason, VKI-SDPM was implemented with a parallel-computing strategy.
The effect of the number of MATLAB workers on the overall wall-clock time is
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therefore analysed in this section.
The parallel performance analysis is carried out for the free-wake rotor case,

which represents the most computationally demanding configuration among those
considered in the validation campaign. The analysis is carried out on a mesh with
Nc = 40 chordwise panels and Nr = 20 radial panels and an azimuthal step of
∆φ = 15◦. The total number of time steps executed per run is 72, corresponding
to three complete rotor revolutions. For each number of workers, the simulation
is repeated three times and the median wall-clock time is reported; the minimum
and maximum observed times are also included to characterise the run-to-run
variability.

The simulations were executed on a single workstation, whose main hardware and
software specifications are reported in Table 6.5. Parallel execution was performed
using the MATLAB Parallel Computing Toolbox with local workers. No GPU
acceleration was used.

Table 6.5: Computational environment used for the VKI-SDPM performance
analysis.

Processor 13th Gen Intel(R) Core(TM) i9-13980HX
Physical cores / logical threads 24 / 32
RAM 16 GB
Operating system Microsoft Windows 11 Home 10.0.26200 64-bit
MATLAB version 2024a
Parallelisation MATLAB Parallel Computing Toolbox, local workers
GPU acceleration Not used

Parallel speed-up and parallel efficiency are standard metrics used to quantify
the benefit of executing a fixed computational workload on multiple processing
units [54]. The speed-up measures the reduction of wall-clock time with respect to a
reference execution, while the efficiency measures how close the obtained speed-up
is to the ideal linear scaling. For a fixed problem size, the maximum achievable
speed-up is limited by the fraction of the algorithm that cannot be parallelised, as
expressed by Amdahl’s law [55].

The parallel speed-up is defined as

Spw = t1
tpw

, (6.7)

where t1 is the representative wall-clock time obtained with one worker and tpw is
the corresponding time obtained with pwork workers [54]. The parallel efficiency is
defined as

Epw = Spw

pwork
· 100. (6.8)
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In the present analysis, the case pwork = 1 corresponds to the execution with
one MATLAB local worker and is used as the reference time for the speed-up
calculation. It should not be interpreted as a strictly serial implementation of the
solver, since the parallel execution framework and MATLAB internal operations
may still introduce overheads. The measured speed-up therefore quantifies the
benefit of increasing the number of local workers with respect to the one-worker
execution of the same workflow.

For comparison with the measured speed-up, Amdahl’s law is also considered.
If fpw denotes the parallelisable fraction of the measured workload, the theoretical
speed-up for a fixed problem size can be written as

Spwork,Amdahl = 1

(1 − fpw) + fpw

pwork

, (6.9)

This relation shows that the speed-up does not increase indefinitely with pwork,
since the serial fraction of the workflow and the parallel overhead progressively
limit the benefit of adding more workers.

In the present analysis, fpw is estimated from the measured data by inverting
Eq. (6.9) at the maximum number of workers Nmax = 24, yielding

fpw = 1 − 1/SNmax

1 − 1/Nmax
, (6.10)

where SNmax is the measured speed-up at pwork = Nmax. This estimate assumes that
the Amdahl model holds throughout the measured range and provides an effective
value of fpw for the timed workflow.

The reported wall-clock times are measured over a timed window of 48 time
steps, obtained after excluding the first 24 steps from the measurement. This
warm-up window corresponds to the first rotor revolution, during which the wake is
still developing and the number of active vortex segments is not yet representative
of a regime computation. The results should be interpreted as the effective parallel
performance of this timed workflow, rather than as the isolated performance of a
single parallel kernel. The median time is indicated as tmed, while tmin and tmax
provide an estimate of the variability among repeated runs.

The measured speed-up and efficiency are reported in Table 6.6. Each entry
corresponds to the median of three independent runs performed with the same
configuration; the minimum and maximum values are also reported to characterise
the run-to-run variability.
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Table 6.6: Parallel performance versus number of workers.

Nwork tmed [s] tmin [s] tmax [s] Speed-up Spw Efficiency Epw [%]
1 1092.43 1079.49 1104.03 1.000 100.0
2 588.10 583.89 603.33 1.858 92.9
4 335.98 335.54 340.77 3.252 81.3
6 276.30 276.14 281.45 3.954 65.9
8 249.10 248.42 252.46 4.386 54.8
12 227.00 224.67 228.96 4.813 40.1
16 219.59 215.42 220.27 4.975 31.1
24 218.57 213.84 219.66 4.998 20.8

The results show a clear reduction of the computational time when the number
of workers is increased from one to four, with an efficiency that remains above
80%. The wall-clock time continues to decrease for larger numbers of workers,
but the marginal gain progressively reduces. The minimum representative time is
obtained with pwork = 24 workers, for which the measured speed-up is approximately
Spw = 5.0. It is noted that the difference in median wall-clock time between sixteen
and twenty-four workers is less than 0.5%, which falls within the variability range
observed across repeated runs, as indicated by the overlap between the respective
tmin and tmax values. The saturation observed at twenty-four workers should
therefore be interpreted as a plateau rather than as a definitive minimum.

The Amdahl-law fit provides an additional interpretation of the observed satu-
ration. The estimated effective parallel fraction, fpw = 0.8346, corresponds to an
ideal asymptotic speed-up of

Smax = 1
1 − fpw

≃ 6.0. (6.11)

The maximum measured speed-up, approximately equal to Spw ≃ 5, is therefore
consistent with the theoretical limit predicted by the fitted Amdahl model. The
difference between the measured value and the asymptotic limit can be attributed
to parallel overhead, memory-access limitations, and residual serial operations
in the implementation. Since the timing was performed on the timed workflow
described above, the fitted value of fpw should be interpreted as an effective value
for this workflow, not as the intrinsic parallel fraction of the individual solver
kernels.

The measured speed-up is compared in Fig. 6.8 with the ideal linear behaviour
Spw = Nwork and with the Amdahl-law estimate. The ideal trend is not reached
because only part of the measured workflow can be effectively parallelised, while
the remaining operations are serial or affected by memory access, scheduling, and
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parallelisation overhead. For this reason, the measured curve progressively departs
from the ideal scaling as the number of workers increases.

The same behaviour is observed in terms of parallel efficiency, reported in
Fig. 6.9. The efficiency remains above 80% up to four workers, but decreases as
the number of workers is further increased, with progressively diminishing benefits
in terms of wall-clock-time reduction.

Different worker configurations can therefore be identified depending on the
selected criterion. Up to four workers, the efficiency remains high and the scaling
is close to the ideal behaviour. Between eight and twelve workers, the wall-clock
time is further reduced, although at the cost of a lower parallel efficiency. The
minimum measured time is obtained with twenty-four workers. For this reason, the
validation campaign presented in this work is conducted using pwork = 24 workers.

These results also provide useful indications for future developments of VKI-
SDPM. The parallel performance could be further improved by reducing the
overhead associated with worker scheduling, memory access, and data transfer.
This would likely require a more detailed optimisation of the data structures and of
the operations performed inside the most expensive interaction loops. Nevertheless,
at the present stage of development, physical validation of the solver takes priority
over the full optimisation of its computational performance. The measured speed-up
is therefore considered satisfactory for the analyses carried out in this work.
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Chapter 7

VKI-SDPM: Validation

7.1 Validation Strategy

The purpose of this chapter is to assess the predictive capability of VKI-SDPM
through comparison with experimental benchmark cases. The validation is not
intended as a single global test of the solver, but rather as a sequence of targeted
comparisons designed to examine different aspects of the numerical formulation
such as the prediction of pressure distributions and aerodynamic coefficients, the
modelling of fixed and rotating lifting surfaces, and the representation of both
prescribed and free wakes.

A central aspect of the validation strategy is the consistency between the
selected experimental conditions and the inviscid, potential-flow representation of
the numerical method. Consequently, the comparisons are focused primarily on
conditions in which the flow remains attached or only mildly affected by viscous
phenomena. Cases dominated by separation, stall, or strong compressibility effects
are not used as primary validation points. When such effects are present in the
experimental datasets they are discussed in relation to VKI-SDPM. Therefore,
the chapter provides both a quantitative assessment of the solver and a critical
discussion of its present range of applicability.

The order of the validation cases follows a progression from simpler to more
demanding configurations. The Yip–Shubert case is used first because it provides
a benchmark for the straight wing configuration in the low-subsonic regime [9].
The Kolbe–Boltz case then extends the assessment to a swept and tapered wing
[10]. This makes the case useful for assessing the capability of the solver to
handle more demanding geometries. The NREL Phase VI experiment introduces a
rotating, twisted, and tapered blade configuration representative of wind-turbine
aerodynamics [11]. In addition, the availability of both axial and yawed operating
conditions makes this case relevant for assessing the ability of the method to capture
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non-axisymmetric inflow conditions. Finally, the Caradonna–Tung hover-rotor case
is used to assess the ability of the method to reproduce the aerodynamic behaviour
under the challenging hover condition [12]. In this flight configuration, the wake
evolution plays a central role in determining the induced velocity field and the
resulting steady solution. The test case is therefore used as a benchmark to assess
the effective free-wake capabilities of VKI-SDPM.

Each benchmark is treated independently in the following sections, which
describe the experimental configuration, numerical setup, comparison quantities,
and observed agreement and discrepancies.

7.2 Yip–Shubert Test Case (NASA TN D-8307)
The first validation case is based on the experimental measurements of Yip and
Shubert on a finite semispan wing in subsonic flow. The experiment was originally
designed to provide detailed pressure data on finite three-dimensional wings for
the validation of computational aerodynamic methods [9].

The objective of this benchmark is to verify whether the solver can reproduce
the main aerodynamic quantities associated with a finite straight wing under
attached-flow conditions. In particular, the comparison focuses on surface pressure
distributions, integral force and moment coefficients, and spanwise sectional loading.

7.2.1 Experimental Configuration
The experimental model consisted of a semispan wing tested in the Langley V/STOL
tunnel. The wing was mounted on an adjustable turntable and connected to a
support system that allowed the model to be rotated rearward, thereby imposing
different effective sweep angles. A reflection plate was installed at the root to
approximate the symmetry of a full-span wing, while appropriate wing-tip fairings
were used to keep the tip aligned with the freestream as the wing was swept. The
experimental setup is schematically illustrated in Fig. 7.1.

The wing had a constant NACA 0012 airfoil section, a nominal chord of c = 1 m,
and a nominal semispan of b/2 = 3 m. The planform was rectangular, corresponding
to a taper ratio λ = 1.0. The tested sweep angles ranged from 0◦ to 40◦.

The experimental pressure distributions were obtained from 600 pressure orifices,
with 60 taps installed at each of 10 spanwise pressure stations. The spanwise
stations were non-uniformly distributed, with a higher concentration toward the
outboard region. For the unswept configuration, their locations are defined by
Eq. (7.1), where η is the non-dimensional semispan coordinate, η = y/(b/2).

η = 0.05 + 0.95 cos
C
π(10 − k)

20

D
, 0 ≤ k ≤ 9 (7.1)
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Figure 7.1: Schematic of the experimental setup used by Yip and Shubert [9].

Because the swept configurations were obtained by rotating the straight model,
the pressure-tap rows were also rotated, as shown in Fig. 7.2. This makes the
reconstruction of purely chordwise pressure distributions less direct than in the
unswept case. For this reason, the swept configurations are not used in the present
benchmark, while the swept-wing validation is addressed in Sec. 7.3, where the
pressure-tap layout is more suitable for a direct comparison [10].

A transition strip was installed on both upper and lower surfaces at x/c =
0.05. Therefore, the experimental data should be interpreted as fixed-transition
measurements, whereas the present numerical model remains based on an inviscid
potential-flow formulation.

Two corrections were applied to the angle of attack: the first accounts for jet-
boundary effects following [56], while the second accounts for the wind-tunnel flow
angularity and model misalignment, as reported in [9]. Accordingly, the simulations
are run with the corrected values of incidence, and the selected experimental
conditions are limited to the range

−5.91◦ ≤ α ≤ 19.35◦.

The freestream conditions were corrected for blockage effects due to the model
and support system following [57], and these corrected values are also adopted in
the simulations. For the unswept case, the resulting freestream dynamic pressure
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(a) Straight wing configuration. (b) Swept wing configuration.

Figure 7.2: Pressure tap locations for the Yip–Shubert test case in straight and
swept configurations [9].

is in the range
1460 Pa ≤ q∞ ≤ 1480 Pa.

Under standard conditions, this corresponds to M ≈ 0.14, which is sufficiently
below the compressibility threshold.

7.2.2 Numerical Configuration
The VKI-SDPM numerical model reproduces the unswept Yip–Shubert wing as
a full-span configuration and is discretised with Nc = 80 chordwise panels and
Nr = 20 spanwise panels, as determined from the sensitivity analysis of Sec. 6.2.
The chordwise and spanwise panel distributions follow sine and cosine spacing laws,
respectively. The same discretisation is used for all angles of attack.

The NACA 0012 airfoil geometry is generated from the analytical formula
reported in [35], with a modified last coefficient, resulting in the normalised
thickness coordinate ỹ expressed as

ỹ = 0.6
C
0.2969

ò
x

c
− 0.1260 x

c
− 0.3516

3
x

c

42
+ 0.2843

3
x

c

43
− 0.1036

3
x

c

44
D

(7.2)
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This modification ensures analytical closure at the TE and avoids manual
clamping. The chordwise discretisation and the full mesh are reported in Figs. 7.3
and 7.4, respectively.

Figure 7.3: Numerical mesh for the airfoil profile NACA 0012. Here the blue
markers represent the centroids of the surface panels. Their chordwise location is
determined by a sine spacing law.

As a result of the analysis in Sec. 6.3, the wake is modelled as prescribed and
no regularisation parameters need to be assigned. The wake length is set to

lw = Kw cref = 13 cref ,

where cref is the nominal chord. This value of the wake length was sufficient for the
residual R(µ), defined in Eq. (7.3), to reach the numerical threshold of εµ = 10−4

for every simulated condition.

R(µ) = max (|µn − µn−1|)
max (|µn−1|) (7.3)

7.2.3 Comparison Quantities and Coefficient Conventions
The validation is based on the comparison between experimental and numerical
values for different aerodynamic coefficients.
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Figure 7.4: Surface mesh for the Yip–Shubert test case validation campaign.

The experimental values of Cp are compared with numerical ones by linearly
interpolating the results at the two closest spanwise stations. The convention
adopted in the report is to plot the pressure-coefficient distributions against

ñ
x/c,

rather than x/c, in order to expand the leading-edge region. Since the experimental
pressure data were extracted by digitising the published plots, the numerical
pressure distributions are also presented using the same chordwise convention.

The authors also state that some pressure data points affected by instrumenta-
tion malfunction or tube blockage were corrected by linear interpolation between
adjacent values [9]. Since the present comparison relies on digitised pressure distri-
butions from the published plots, this represents an additional source of uncertainty
that should be considered when interpreting local discrepancies.

For this validation, the total normal-force coefficient CN is obtained, as in the
experimental case, by integrating the sectional normal-force coefficient Cn along
the semispan,

CN =
Ú 1

0
Cn dη, (7.4)
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where Cn is obtained from the chordwise pressure integration,

Cn =
Ú 1

0
(Cp,low − Cp,up) d

3
x

c

4
. (7.5)

The pitching-moment coefficients are also compared using the same experimental
convention. The total pitching-moment coefficient CM and the sectional pitching-
moment coefficient Cm are defined about the leading edge, and Cm is evaluated
using the following expression:

Cm =
n−1Ø
i=1

C
(x2

i+1 − x2
i ) + (z2

i+1 − z2
i )

c2

D 3
Cp,i+1 + Cp,i

4

4
. (7.6)

Here, n is the number of pressure taps per station, i denotes the i-th pressure tap,
and c is the chord. Eq. (7.6) accounts for both the moment contribution along the
z-axis and the one along the x-axis [9].

The simulations were performed for almost all the available angles of attack
for the unswept test case, but only the Cp distributions indicated in Tab. 7.1 are
reported in the thesis.

Table 7.1: List of simulated and reported test cases for selected angles of attack.

Experimental condition Simulated Cp distribution reported
q∞ = 1.48 kPa, α = −5.91◦ ✓ ✗

q∞ = 1.48 kPa, α = −3.78◦ ✗ ✗

q∞ = 1.47 kPa, α = −1.69◦ ✓ App. D.1.1
q∞ = 1.47 kPa, α = −0.62◦ ✗ ✗

q∞ = 1.47 kPa, α = 0.42◦ ✓ ✗

q∞ = 1.47 kPa, α = 2.53◦ ✓ Sec. 7.2.4
q∞ = 1.48 kPa, α = 4.64◦ ✓ App. D.1.2
q∞ = 1.47 kPa, α = 6.75◦ ✓ Sec. 7.2.4
q∞ = 1.48 kPa, α = 8.85◦ ✓ ✗

q∞ = 1.47 kPa, α = 10.97◦ ✓ App. D.1.3
q∞ = 1.48 kPa, α = 13.06◦ ✓ ✗

q∞ = 1.46 kPa, α = 15.16◦ ✓ ✗

q∞ = 1.48 kPa, α = 17.26◦ ✓ ✗

q∞ = 1.48 kPa, α = 19.35◦ ✓ ✗

7.2.4 Results and Discussion
The solver is first assessed in terms of integral quantities and is then progressively
refined by considering sectional loading and local pressure distributions.
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All the reported results were obtained after convergence of the steady solution.
As anticipated above, the solution was considered converged when the value of R(µ)
reached the prescribed threshold of εµ = 10−4. An example of the corresponding
convergence of the global aerodynamic coefficients can be observed in Fig. 7.5, where
the histories of CL and CD are reported for the case α = 6.75◦ and q∞ = 1.47 kPa.
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Figure 7.5: CL and CD histories for the Yip–Shubert test case at α = 6.75◦ and
q∞ = 1.47 kPa.

Global Aerodynamic Coefficients

The first comparison concerns the total normal-force coefficient as a function of the
angle of attack, providing a compact measure of the global lifting behaviour of the
wing. As illustrated in Fig. 7.6a, the numerical prediction follows the experimental
trend over the considered range of α. The first noticeable but limited deviations
appear between α ≈ 12◦ and 15◦.

The pitching-moment coefficient CM(α) provides a complementary assessment
because it is more sensitive to the chordwise pressure distribution. As shown in
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Fig. 7.6b, the general trend is maintained and, although discrepancies emerge at
lower incidences than in the CN(α) comparison, they remain limited over a wide
range of α. This may suggest that differences in the pressure distributions start to
emerge at moderate incidences but remain localised and limited in magnitude.
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Figure 7.6: Normal-force coefficient and pitching moment coefficient versus angle
of attack. Comparison for the Yip–Shubert test case.
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Spanwise Loading

A more detailed interpretation of the aerodynamic loading can be obtained by
analysing the spanwise behaviour of the sectional pitching-moment coefficient and
the normal force coefficient.

Figure 7.7 reports the curves Cm(α) at the spanwise stations η = 0.05, 0.48,
0.82, 0.99. At a given value of α, the agreement generally improves from the root
towards the midspan region. However, as the tip is approached, discrepancies
emerge at lower incidences and become more pronounced. This behaviour is
consistent with the observations reported by Yip [9], where the onset of a significant
tip-flow influence is indicated around α = 4◦. Therefore, larger discrepancies
are expected near the tip. The remaining Cm(α) distributions are reported in
App. D.1.4.
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Figure 7.7: Cm(α) at different spanwise stations for the Yip–Shubert test case.
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Figure 7.8 compares the normalised sectional loading, Cn/CN , obtained from
VKI-SDPM with the experimental data at α = 6.75◦. The considered operating
condition already lies in a range where the tip-flow influence is relevant; therefore,
the reduction in agreement at the tip is expected. The other relevant discrepancy
is located near the root and is most likely associated with the partial effectiveness
of the reflection plate, as discussed in [9].

From these results and observations, it can be said that both Cm(α) and Cn(η)
indicate that the midspan region is well reproduced. the largest discrepancies are
concentrated near the root and tip where experimental uncertainties and modelling
limitations are expected to be more relevant.
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Figure 7.8: Normalised spanwise loading Cn/CN for α = 6.75◦.

Pressure Coefficient Distribution

A closer assessment is obtained by examining the pressure distributions along the
span. The results are reported for a low- and moderate-incidence case, which are
considered meaningful for the discussion.

Fig. 7.9 reports the Cp distribution for α = 2.53◦ and q∞ = 1.47 kPa. VKI-
SDPM correctly reproduces the overall chordwise evolution of the suction and
pressure sides of the wing. As expected, limited discrepancies can be detected
near the root and tip regions, especially on the leading-edge region of the suction
side. At this low incidence, the flow remains attached and is therefore closer to the
conditions under which the assumptions underlying VKI-SDPM are valid.
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Figure 7.9: Experimental and numerical comparison of Cp distributions for the
Yip–Shubert test case at α = 2.53◦.
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Figure 7.9 (continued)

For the test case at α = 6.75◦ and q∞ = 1.47 kPa, additional numerical
results from the original report are available. These were obtained by an inviscid
finite-strength surface-singularity method, based on [58], which is conceptually
close to VKI-SDPM. Therefore, the two numerical solutions and the experimental
measurements are compared in Fig. 7.10.

The agreement among the three datasets is maintained over most of the spanwise
stations, although some discrepancies are detectable. These are mainly located
on the suction side near the leading edge; however, the two numerical solutions
remain relatively consistent with each other. The most noticeable difference is in
Fig. 7.10f for η = 0.99. Here, the tip-flow influence is much more evident than in
the low-incidence case and it results in an increased suction peak and a secondary
peak towards the trailing edge. The test case at α = 10.97◦, reported in App. D.1.3,
shows a similar pressure distribution at η = 0.99, but with a greater intensity,
consistently with the experimental observations.
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Figure 7.10: Experimental and numerical comparison of Cp distributions for the
Yip–Shubert test case at α = 6.75◦. Numerical results from [9] are indicated by
green markers.
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Figure 7.10 (continued)

Yip–Shubert Test Case Conclusions

After analysing the results, conclusions about the current test case can be drawn.
The validation has progressed from global aerodynamic coefficients to sectional
loading and local pressure distributions.

The first quantities considered, CN(α) and CM(α), are correctly predicted over
most of the investigated range of α. Discrepancies at higher incidences are expected
and may be related to the increasing relevance of separation and tip-flow.

The spanwise distributions of Cm(α) and Cn(η) provide further insight into
where and when these discrepancies become more evident. The load distributions
across the span are correctly predicted, especially for the test case at α = 6.75◦

and q∞ = 1.47 kPa. The spanwise results also show discrepancies near the root
and tip regions. The former are associated with the presence of the reflection plate,
whereas the latter are related to tip-flow effects. The improved agreement in the
midspan region supports the capability of the solver to reproduce the loading where
root and tip effects are less influential.

The pressure coefficient distributions provide a final and more detailed assessment
of the solver accuracy. At low incidences, the flow conditions more closely satisfy the
assumptions underlying VKI-SDPM and therefore the solver can accurately predict
the Cp distributions along the span. At higher incidences, the accuracy decreases
but remains consistent with most of the measured data. Localised discrepancies
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can be detected near the leading edge on the suction side. The consistency
with the additional numerical results reported in [9] suggests that the observed
discrepancies are not specific to the present VKI-SDPM implementation. These
may be attributed to the absence of viscous modelling, to experimental uncertainty,
or to a combination of both. Finally, the Cp distribution near the tip, which is
strongly influenced by the tip flow, highlights the magnitude of the discrepancies
between the experimental measurements and the numerical predictions.

In conclusion, the overall comparison indicates that VKI-SDPM is able to
reproduce the main aerodynamic behaviour of a finite unswept wing in the low-
subsonic regime. The solver correctly predicts the aerodynamic loads from global
to local scales, with higher accuracy when the assumptions of its formulation are
more closely satisfied.
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7.3 Kolbe–Boltz Test Case (NACA RM A51G31)

The second wing validation case is based on the experimental measurements of
Kolbe and Boltz on a swept and tapered wing [10]. This benchmark extends the
assessment performed with the Yip–Shubert case to a more demanding geometry.
The case is therefore useful for verifying whether VKI-SDPM can reproduce the
pressure distribution and aerodynamic loading trends associated with swept and
tapered planforms. Sweep modifies the effective chordwise velocity component and
redistributes the aerodynamic loading along the span, while taper changes the local
chord and therefore the local sectional contribution to the global loads.

Part of the experimental dataset includes operating conditions for which com-
pressibility and viscous effects may become non-negligible. For this reason, the
comparison is focused primarily on the conditions that remain compatible with the
incompressible-flow assumptions of VKI-SDPM.

7.3.1 Experimental Setup

The experimental model considered in this validation is the swept and tapered
semispan wing tested in the Ames 12-foot pressure wind tunnel. The original
investigation was aimed at assessing the effects of scale and compressibility on
the forces, moments, and pressure distributions of a low-aspect-ratio swept wing.
In the present work, only a restricted subset of the dataset is used as a primary
validation target, namely the cases for which the flow conditions remain closest to
the assumptions of incompressible potential flow.

The model was mounted vertically on a turntable, while the wind-tunnel test-
section floor acted as a reflection plane. The forces and moments were transmitted
directly to the balance system through the turntable. Additional tests were
performed to evaluate the influence of several model–turntable juncture seals, but
the results show no significant changes in the aerodynamic characteristics of the
wing.

The wing had a leading-edge sweep angle of ΛLE = 48.5◦, while the locus of
the quarter-chord points was swept back by Λ = 45◦. The model had no twist, an
aspect ratio of AR = 3, and a taper ratio of λ = 0.5. The airfoil sections normal
to the quarter-chord line were NACA 64A010 profiles. The tip was rounded by a
half-body with a radius equal to the corresponding half-thickness of the tip section.
The experimental setup and planform are schematically illustrated in Fig. 7.11.

Pressure orifices were installed in seven rows located in planes parallel to the plane
of symmetry. The orifices were distributed along both the upper and lower surfaces
from the leading-edge to approximately 91% of the local chord and were staggered
on either side of each station plane. The seven spanwise stations considered in the
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report are
η = [0.086, 0.195, 0.382, 0.555, 0.707, 0.831, 0.924] , (7.7)

where η = y/(b/2) is the non-dimensional semispan coordinate, as shown in Fig. 7.12.
Because of the staggered arrangement of the pressure orifices, the report notes
that a slight saw-tooth variation may appear in the plotted chordwise pressure
distributions, especially in regions with large spanwise pressure gradients. For this
reason, the pressure distributions reported by Kolbe and Boltz were represented by
smooth mean curves faired through the measured pressure-coefficient values.

Figure 7.11: Schematic of the experimental setup used by Kolbe and Boltz [10].

The experimental campaign covered several combinations of Mach and Reynolds
numbers. Chordwise pressure distributions at the seven spanwise stations were
measured simultaneously with the total lift, drag, and pitching moment.

In the present validation, the low-Mach cases are used as the primary comparison.
Higher-Mach cases above the compressibility threshold are retained as diagnostic
comparisons to illustrate the possible loss of agreement when compressibility effects
become increasingly relevant.

The adopted experimental conditions for the numerical simulations are sum-
marised in Tab. 7.2.

7.3.2 Numerical Setup
The VKI-SDPM numerical model reproduces the full-span configuration with the
geometry generated from the reported aspect ratio, taper ratio, and sweep. The
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Figure 7.12: Planform schematic of the Kolbe–Boltz wing [10]. Dimensions are
given in imperial units.

Table 7.2: Kolbe–Boltz experimental conditions and role in the VKI-SDPM
validation.

Re · 10−6 M Simulated Cp(x/c) Reported in
4 0.08 ✓ /
4 0.25 ✓ Sec. 7.3.4, App. D.2.2
4 0.40 ✓ App. D.2.3
4 0.60 ✓ /
4 ≥ 0.80 ✗ /
6 0.25 ✗ /
8 0.08 ✓ App. D.2.1
8 ≥ 0.25 ✗ /
12 0.25 ✗ /
18 0.25 ✗ /
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mean aerodynamic chord is computed analytically from the taper ratio and the
root chord as in [59],

c̄ = 2
3cr

1 + λ+ λ2

1 + λ
. (7.8)

This value is used as the reference chord for the wake length and for the moment
coefficient normalisation.

The surface mesh is generated using Nc = 80 chordwise panels and Nr = 20
spanwise panels, as shown in Fig. 7.13. The chordwise discretisation uses sine
spacing, while the spanwise discretisation uses cosine spacing. The same mesh is
used for all selected operating conditions. This panel density is selected consistently
with the baseline mesh identified for the straight wing case in Sec. 6.2; although,
because the present geometry is swept and tapered, a dedicated sensitivity analysis
would be required to fully exclude discretisation effects.

Figure 7.13: Surface mesh for the Kolbe–Boltz validation campaign.

The original report provides both the NACA 64A010 section normal to the
quarter-chord line and the corresponding profile defined in planes parallel to the
plane of symmetry. These two descriptions lead to different chordwise profiles,
as shown in Fig. 7.14a. However, the tabulated geometry for the parallel version
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contains a limited number of points in the leading-edge region. For this reason,
a local leading-edge blending procedure was applied to obtain a smoother profile
while preserving the original thickness distribution as closely as possible. The
resulting profile and the corresponding thickness comparison are shown in Fig. 7.14.
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Figure 7.14: NACA 64A010 airfoil blending and thickness comparison.

The wake is modelled as a prescribed wake, with a downstream extension set to

lw = Kw cref = 13 c̄, (7.9)
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where cref = c̄ is the mean aerodynamic chord. This value was sufficient to reduce
the residual R(µ), defined in Eq. (7.3), below the numerical threshold of εµ = 10−4.

The prescribed-wake assumption is considered appropriate for the present bench-
mark based on the results obtained in Sec. 6.3. Because the wake geometry is
prescribed, neither a vortex-core model nor a viscous core-growth model is required
for the present prescribed-wake calculation. An illustration of the prescribed wake
geometry is reported in Fig. 7.15.

Figure 7.15: Prescribed wake geometry for the Kolbe–Boltz test case at M = 0.25
and αu = 6◦.

7.3.3 Comparison Quantities and Corrections
The validation is based on the comparison of pressure coefficient distributions,
global aerodynamic coefficients, and, where available, sectional or spanwise loading
distributions. The main global trends are examined in terms of CL(α), CL(CD),
and CL(CM ). Here, CL and CD are the total lift and drag coefficients, respectively,
while CM is the total pitching moment coefficient evaluated about the quarter-
chord point of the wing mean aerodynamic chord, consistently with the convention
adopted in [10].

The experimental pressure coefficient distributions are compared at the spanwise
stations reported in Eq. (7.7) by linearly interpolating the numerical solution
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between neighbouring spanwise stations.
The original report distinguishes between corrected and uncorrected angles of

attack, denoted by α and αu, respectively. Corrections for tunnel-wall interference
due to lift are applied to the angle of attack and drag coefficient following [60],
with the theoretical span-loading charts from [61]. The following corrections are
then applied:

∆α = 0.769 CL, (7.10)

α = 0.99 αu + ∆α, (7.11)

∆CD = 0.0109 C2
L, (7.12)

Additional tabulated tare corrections were subtracted from the drag coefficient
to compensate for the forces acting on the exposed surface of the turntable. No
correction is applied to the pitching moment data [10].

Constriction corrections were also applied in [10] to the freestream Mach number
and dynamic pressure following [57]. For the low-subsonic cases considered in the
present validation, these corrections remain small and are not explicitly considered.

The pressure data and the coefficients derived from pressure integration are
reported in the original tables as functions of the uncorrected angle of attack αu.
Therefore, in the present work, the same angle-of-attack convention is adopted.
However, the VKI-SDPM simulations are performed by imposing the corresponding
corrected angle of attack α, computed from Eq. (7.11) using the experimental value
of CL associated with each condition.

In [10], aeroelastic effects were assumed to be negligible on the basis of the
structural rigidity of the model and previous static-loading tests.

For the selected cases in Tab. 7.2, the simulated angles of attack are those listed
in Eq. (7.13). In the main text, pressure distributions are reported only for a subset
of these angles, while additional pressure-distribution comparisons are provided in
App. D.2.

αu = [1◦, 2◦, 3◦, 4◦, 6◦, 8◦, 10◦, 12◦, 14◦, 16◦, 18◦, 20◦, 22◦, 24◦]. (7.13)

7.3.4 Results and Discussion
The Kolbe–Boltz validation results are discussed from global quantities to local
distributions. Since VKI-SDPM is based on an inviscid formulation, Reynolds-
number effects cannot be captured. The comparison is therefore mainly performed
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at the fixed Reynolds number of 4 · 106, while the Mach sweep is used to assess the
range over which the incompressible assumption remains valid.

All the reported results were obtained after convergence of the steady solution.
Convergence was considered achieved when the residual R(µ), defined in Eq. (7.3),
dropped below the numerical threshold of εµ = 10−4. This is reflected in the time
histories of CL and CD, as illustrated for the case of M = 0.25 and αu = 6◦ in
Figs. 7.16 and 7.17.
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Figure 7.16: CL history for M = 0.25, αu = 6◦.

50 100 150 200 250

Time step

-5

0

5

10

15

C
D

#10!3 CD(t) - M = 0.25, , = 6°

CD

Figure 7.17: CD history for M = 0.25, αu = 6◦.

Global Aerodynamic Coefficients

Figure 7.18 shows CL(α) for four Mach numbers. The low-Mach cases, M =
0.08 and M = 0.25, represent the most relevant validation range for the present
incompressible formulation.

At low incidence, the numerical and experimental lift curves show the same
general linear trend. This result indicates that VKI-SDPM captures the dominant
inviscid loading mechanism associated with the swept and tapered planform. As the
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angle of attack increases, viscous and separated-flow effects become progressively
more relevant, eventually leading to stall. In [10], Kolbe and Boltz report that
no apparent leading-edge separation was observed for CL < 0.3 at any tested M
and Re, while at higher lift coefficients the onset of leading-edge separation and
reattachment over the outer wing sections became relevant. The increase in Mach
number has a relatively small effect, which may partly be attributed to the wing
sweep and the resulting reduction in the effective flow component normal to the
leading-edge.
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Figure 7.18: CL(α) for M = 0.08, 0.25, 0.40, 0.60 at Re = 4 · 106.

The pitching moment behaviour is reported in Fig. 7.19. Improvements in
the comparison for low values of CL can be observed at higher Mach numbers.
This should not be interpreted as a direct prediction of compressibility effects by
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VKI-SDPM. Rather, it is likely the result of a partial compensation between the
incompressible inviscid prediction and the compressible effects that redistribute
pressure and move the aerodynamic centre. However, as CL and Mach number
increase, the experimental trend increasingly departs from the numerical prediction.
This behaviour may be related to the increase in relevance of separation effects.
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Figure 7.19: CL(CM) for M = 0.08, 0.25, 0.40, 0.60 at Re = 4 · 106.

Finally, Fig. 7.20 reports the aerodynamic polar of the wing for different Mach
numbers. The experimental drag includes viscous, separation, and possible com-
pressibility contributions, whereas VKI-SDPM does not include these contributions.
As shown in Fig. 7.20, the inviscid curve follows the viscous one for low values of
CL before separation effects become significant. The ever-present offset between
the two curves is associated with the viscous and profile-drag contributions that
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are absent from the inviscid formulation. However, the CL(CD) comparisons show
similar trends in the low Mach and low CL cases. Therefore, when compressibility
and viscous effects remain limited, VKI-SDPM captures the main aerodynamic
trends.
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Figure 7.20: CL(CD) for M = 0.08, 0.25, 0.40, 0.60 at Re = 4 · 106.

Spanwise Loading

The spanwise loading distribution is then examined. This comparison is particu-
larly relevant for the Kolbe–Boltz case because sweep and taper both affect the
redistribution of aerodynamic loading along the span.

Figure 7.21 reports the spanwise distribution of the sectional normal force
coefficient Cn at the fixed Mach number M = 0.25 and for αu = 2◦, 4◦, 6◦. The
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comparison is performed at the same spanwise locations used in the experimental
pressure measurements.

The numerical results reproduce the main spanwise trend of the experimental
loading distribution for all three incidences. The best agreement is obtained around
η ≈ 0.7 for all incidences, while the agreement tends to deteriorate towards the tip.
Better overall agreement is obtained at lower incidences. The overprediction by
VKI-SDPM is expected, since viscous effects are not modelled and the flow over
the experimental wing sections may be affected by separation. In addition, the
modifications introduced in the numerical representation of the leading-edge region
may also play a role in local discrepancies. Nevertheless, the discrepancies observed
in Fig. 7.21 are consistent with the expected limitations of the present formulation.
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Figure 7.21: Cn spanwise distribution comparisons at M = 0.25 for αu = 2◦

(blue), αu = 4◦ (orange), and αu = 6◦ (green).
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Pressure Coefficient Distributions

For the pressure-coefficient distributions, two incidences are selected at a fixed
Mach number. The first corresponds to a moderate-incidence case with αu = 6◦,
representative of the end of the nearly linear aerodynamic regime. The second
corresponds to a higher-incidence case with αu = 10◦, where the pressure field is
increasingly affected by leading-edge separation. Additional Cp distributions are
reported in App. D.2.

Figure 7.22 reports the pressure coefficient distributions for the case at M = 0.25
and αu = 6◦. The comparison shows that VKI-SDPM captures the dominant
chordwise pressure behaviour over most of the span, although the suction peak is
generally overpredicted, with the discrepancy becoming more pronounced towards
the tip.

Figure 7.18b shows that for αu = 6◦ the corresponding CL is above 0.3. Therefore,
the experimental condition is already within the range where leading-edge separation
and reattachment may influence the pressure distribution [10]. The resulting viscous
effects tend to reduce the suction peak relative to the inviscid prediction [5]. Lower
incidences reduce the discrepancy in this region, as reported in App. D.2.2 for
M = 0.25 and αu = 4◦.
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Figure 7.22: Experimental and numerical comparison of Cp distributions for the
Kolbe–Boltz test case at M = 0.25, αu = 6◦.
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Figure 7.22 (continued)

The higher-incidence case is reported in Fig. 7.23. Here, the overprediction at
the LE becomes more evident. In addition, Fig. 7.23f shows a slightly delayed
pressure recovery near the trailing edge, while VKI-SDPM predicts a more regular
recovery. These discrepancies are expected, since separation effects increase with α.
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Figure 7.23: Cp distributions for the Kolbe–Boltz test case at M = 0.25, αu = 10◦.
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Figure 7.23 (continued)
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Kolbe–Boltz Test Case Conclusions

The Kolbe–Boltz validation extends the assessment of VKI-SDPM to swept and
tapered wings. This benchmark is more demanding than the unswept-wing case
because the aerodynamic loading is influenced not only by finite-wing effects but
also by the three-dimensional loading redistribution associated with sweep and
taper

In this context, the lift coefficient and the sectional loading distribution in the
low-Mach-number range represent meaningful validation quantities. The agreement
obtained for these quantities indicates that the solver is able to capture both the
integral loads and the main distributed-loading trends associated with the wing
geometry.

The discrepancies increase as the angle of attack and Mach number increase,
consistently with the growing influence of compressibility and leading-edge separa-
tion. In particular, the overprediction observed in the spanwise loading may be
related to the excessive suction predicted near the leading-edge, as seen in the Cp

distributions.
Viscous effects are particularly evident in the drag-polar comparison, where CD

is affected by the absence of friction and profile-drag modelling. Nevertheless, the
low-lift trends remain qualitatively consistent with the experimental behaviour.

The pressure-coefficient distributions confirm that the solver captures the main
chordwise pressure behaviour. However, as anticipated above, visible discrepancies
appear in the suction-peak region. These differences are associated with the
limitations of the inviscid, incompressible formulation adopted in VKI-SDPM. A
possible improvement would be the coupling of the panel solver with a viscous
model capable of resolving, or at least accounting for, boundary-layer development.
Such an extension would allow the external inviscid solution to be corrected in
regions where viscous effects modify the leading-edge suction level.

In conclusion, the Kolbe–Boltz test case confirms that VKI-SDPM can reproduce
the dominant inviscid features of a swept and tapered wing, while also highlighting
the physical limits of the present formulation when the experimental flow departs
from the assumptions of incompressible, inviscid potential flow.
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7.4 NREL UAE Phase VI Test Case
The third validation case is based on the NREL Unsteady Aerodynamics Experiment
(UAE) Phase VI [11]. This benchmark involves a wind-turbine rotor and is therefore
used to assess the capability of VKI-SDPM to handle rotating lifting surfaces,
spanwise-varying blade geometry, and wake-induced three-dimensional effects.

The original purpose of the NREL UAE campaign was to provide accurate
quantitative aerodynamic and structural measurements for a full-scale horizontal-
axis wind turbine in a controlled wind-tunnel environment [11]. The wind-tunnel
test was designed to separate rotor aerodynamic effects from the inflow anomalies
typically encountered during field operation. For this reason, the dataset provides
a valuable reference for numerical validation.

7.4.1 Experimental Setup
The tests were conducted in the NASA Ames 24.4 m by 36.6 m open-loop test
section where the wind turbine model was mounted with the hub located at the
tunnel centreline, as illustrated in Fig. 7.24.

The Phase VI rotor is a two-bladed, stall-regulated wind turbine with a nominal
diameter of 10.058 m when equipped with the standard tip. The blades were
tapered and twisted, with the aerodynamic portion of the span based on the NREL
S809 airfoil from [62], illustrated in Fig. 7.25.

Figure 7.24: View of the full-scale wind-turbine model tested in the NASA Ames
wind tunnel [11].
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Figure 7.25: S809 airfoil section and aerodynamic-coefficient convention adopted
in the NREL report [11].

Blade surface pressures were measured at five primary radial stations, located
at 30%, 46.6%, 63.3%, 80%, and 95% of the span of the instrumented blade. At
each of these stations, full-chord pressure-tap distributions were available. The
taps were concentrated near the leading edge in order to better resolve the suction
peak and the most active region of the pressure distribution.

The experimental database also includes measurements obtained with probe
extensions, providing local flow angle, spanwise flow angle, and dynamic pressure at
several radial stations. However, these data may be affected by probe interference,
range limitations, and boom-wake effects, especially in yawed operation. Therefore,
the present validation is based on the dataset named Sequence S, where the turbine
was tested in the upwind, rigid, zero-cone configuration with the probes removed.

7.4.2 Numerical Setup
The numerical model reproduces only the aerodynamic portion of the rotor. In
this region, the blade is modelled by interpolating the airfoil profile coordinates
and the tabulated radial distributions of chord and twist from [11]. The cylindrical
and transition regions are not modelled. Moreover, the tower and nacelle are not
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included in the numerical model. This modelling choice isolates the rotor-blade
aerodynamic response but also implies that any effects associated with the excluded
experimental components cannot be reproduced. In this context, results obtained
under yawed inflow are the most affected, since yaw introduces azimuthally varying
local flow conditions and may amplify instrumentation-related uncertainties.

The computational mesh is generated by discretising each blade in the chordwise
and spanwise directions. Spanwise clustering is applied near the blade root and
tip by a cosine spacing law, while chordwise clustering is applied near the leading
and trailing edges by a sine spacing law. The discretisation selected after the mesh
sensitivity analysis in Sec. 6.2 is Nc = 80 and Nr = 20, where Nc is the number of
chordwise panels and Nr is the number of spanwise panels per blade. The blade
mesh is reported in Fig. 7.26.

Figure 7.26: Computational mesh for the NREL UAE Phase VI blade.

For the validation cases, quantities such as rotational speed, blade pitch angle,
air density, airspeed and reference sectional dynamic pressure are set to the mean
measured values reported in each results dataset file. The blade pitch angle is
imposed following the convention adopted in the report, where pitch is defined at
the blade tip and is positive toward feather. The pitch and twist axes coincide and
are located at 30% of the chord, as reported in [11].

The rotor simulation is performed using a free-wake time-marching solution.
Based on the sensitivity analysis in Sec. 6.3, Nw = 8 revolutions are used, which are
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sufficient to reach a periodic or statistically steady behaviour. The azimuthal step
is set to ∆ψ = 15◦. A representation of the rotor wake in the yawed configuration
after seven revolutions is reported in Fig. 7.27.

The induced velocity is regularised using a Lamb–Oseen core model, combined
with a Squire core-growth law. An initial core radius is set to rc,0 = 0.01 c80%,
where c80% is the chord at 80% of the blade span. The value of the constant a1 for
the Squire law is set to 2 · 10−4, consistent with the formulation reported in [19]
and [27].

Figure 7.27: Front view of the NREL UAE Phase VI rotor free wake structure
after seven revolutions with a yaw angle of 30◦ and V∞ = 8 m/s.

7.4.3 Comparison Quantities and Corrections
The validation is based primarily on pressure coefficient distributions and pressure-
derived sectional aerodynamic coefficients. In this validation campaign, the fol-
lowing notation is adopted for the sectional aerodynamic coefficients: CN denotes
the normal-force coefficient, CT the tangential-force coefficient, CM the pitching-
moment coefficient, CT H the thrust coefficient, and CT Q the torque coefficient. This
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coefficient nomenclature is kept in the current section unless otherwise stated.
The experimental pressure coefficient is defined as follows:

Cp = Pmeas

Qnorm
. (7.14)

Here, Pmeas is the measured pressure difference after corrections for hydrostatic
and centrifugal effects. Qnorm is the local dynamic pressure obtained from the
stagnation-point pressure at the corresponding radial station [11].

The experimental CN and CT coefficients are obtained by integrating the chord-
wise pressure distributions around each instrumented section. CN acts perpendicular
to the local chord line, and is computed using the convention in [11] as

CN =
NpØ
i=1

Cp,i + Cp,i+1

2 (xi − xi+1) , (7.15)

CT acts parallel to the chord line and is computed in a similar way. According
to [11],

CT =
NpØ
i=1

Cp,i + Cp,i+1

2 (yi − yi+1) , (7.16)

In both Eqs. (7.15) and (7.16), Np is the number of pressure-tap intervals, Cp,i is
the pressure coefficient at the i-th tap, and xi and yi are the normalised chordwise
and normal coordinates of the tap location.

The pitching-moment coefficient about the quarter-chord point is computed as

CM = −
NpØ
i=1

Cp,i + Cp,i+1

2

5
(xi − xi+1)

3
xi + xi+1

2 − 0.25
4

+ (yi − yi+1)
3
yi + yi+1

2

46
.

(7.17)
The report further defines sectional thrust and torque coefficients by projecting

CN and CT using the blade pitch angle θc and twist angle θtw, and setting the cone
angle to zero:

CT H = [CN cos(θtw + θc) − CT sin(θtw + θc)] . (7.18)

CT Q = [CN sin(θtw + θc) + CT cos(θtw + θc)] , (7.19)

The global experimental thrust and torque estimates are obtained by integrating
the sectional thrust and torque coefficients along the span and multiplying by the
number of blades. The NREL report explicitly notes that they are rough estimates
based on a limited number of full-chord pressure stations, do not include a tip-loss
model, and are not intended to be valid under strongly yawed conditions, since the
blades are not symmetrically loaded [11]. For this reason, the present validation
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emphasises sectional coefficients and pressure distributions rather than integrated
rotor loads.

The tunnel blockage was estimated in the original report using a method adapted
from Glauert for propeller wind-tunnel testing [63]. The reported blockage was
below 2% for all tested conditions and below 1% for most conditions.

In the present validation, only a subset of the experimental database is used.
The selected test cases, reported in Tab. 7.3, belong to the dataset named Sequence
S, which also includes yawed conditions. The selected configuration is the upwind,
rigid, zero-cone configuration with standard blade tips, a nominal rotational speed
of 72 rpm, and a pitch angle of 3◦. In the comparison plots, the experimental data
are reported as time-averaged values with error bars equal to ±3σstd, where σstd is
the standard deviation. Under a Gaussian assumption, this interval would contain
approximately 99.7% of the samples; here it is used as an indicator of the temporal
variability within each acquisition window.

The selected wind-speed range is chosen so as to include attached or mildly
separated operating conditions as well as higher-loading cases where stall and
rotational three-dimensional effects become more relevant. The latter are not
interpreted as strict validation points for the present inviscid formulation, but as
diagnostic cases used to identify the physical limits of the model.

Table 7.3: NREL UAE Phase VI operating conditions selected for the VKI-SDPM
validation.

Sequence V∞ Pitch angle Yaw angle Results reported in
S0500000 5 m/s 3◦ 0◦ Sec. 7.4.4
S0500300 5 m/s 3◦ 30◦ App. D.3.1
S0800000 8 m/s 3◦ 0◦ App. D.3.2
S0800300 8 m/s 3◦ 30◦ Sec. 7.4.4
S1000000 10 m/s 3◦ 0◦ Sec. 7.4.4
S1000300 10 m/s 3◦ 30◦ App. D.3.3

7.4.4 Results and Discussion
The analysis of the results proceeds from the convergence of the time-marching
solution to the global numerical consistency of the spanwise loading, and then to
the local pressure coefficient distributions at the instrumented radial stations.

Before analysing the aerodynamic comparison, the convergence behaviour of
the time-marching solution is examined. Unlike the fixed-wing test cases, the
rotor problem is intrinsically unsteady because the blades rotate while the wake is
continuously shed and convected downstream. As a result, the relative position
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between the blades and the previously shed wake changes periodically during
the simulation. Therefore, convergence is not interpreted with a strict residual
threshold for R(µ), as in Eq. (7.3), but rather as the achievement of a periodic or
statistically steady behaviour.

Figures 7.28 and 7.29 report the thrust and torque coefficient histories for
S0500000 and S0800300, respectively. In the yawed configuration, a stronger
periodic oscillation is expected since the blades experience azimuthally varying
local inflow conditions during each revolution. However, both cases present a
transient response that tends to disappear when the wake has reached a sufficiently
developed state.
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(a) S0500000 thrust coefficient history.
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(b) S0500000 torque coefficient history.

Figure 7.28: Thrust and torque histories for the S0500000 test case.
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(a) S0800300 thrust coefficient history.
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Figure 7.29: Thrust and torque histories for the S0800300 test case.

Spanwise Loading

The comparison in terms of spanwise loading between the numerical and experimen-
tal coefficients at the instrumented radial stations provides a meaningful validation
check on the physical behaviour of the rotor aerodynamics.

Fig. 7.30 reports the radial distribution for the normal-force coefficient CN . It
can be seen that at low and moderate wind speeds, generally good agreement
between the experimental and numerical data is maintained. An apparent im-
provement at the root station is noticeable in the yawed cases compared with the
corresponding axial cases. However, the numerical model does not include the
hub, the cylindrical root region, or the root transition geometry; consequently, the
numerical model cannot fully match the effects at the innermost station, and the
near-root improvement cannot be confidently related to a yaw-stabilising effect. The
quantitative agreement deteriorates at higher inflow velocities, as in Figure 7.30d.
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As the inflow velocity increases, the local incidence tends to increase and therefore
separation effects may be present.
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Figure 7.30: Radial distribution of the normal-force coefficient CN for the selected
NREL UAE Phase VI operating conditions.

Figure 7.31 reports the spanwise distribution for the tangential coefficient CT .
The agreement for CT is generally poorer than that obtained for CN , even at
the lower inflow velocities, but it still tends to improve in the presence of yaw.
Figure 7.31d shows a more pronounced discrepancy at high inflow speeds than in
the previous case. This may be explained by the higher sensitivity of the tangential
force to viscous effects associated with flow separation.
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Figure 7.31: Radial distribution of the tangential-force coefficient CT for the
selected NREL UAE Phase VI operating conditions.

The radial distribution of CM shows general agreement for both axial and yawed
inflow, although with lower accuracy. This may be related to the greater sensitivity
of the pitching moment to local pressure distribution errors compared with the
force coefficients. In this case, the accuracy deteriorates with increasing wind speed.
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Figure 7.32: Radial distribution of the pitching moment coefficient CM for the
selected NREL UAE Phase VI operating conditions.

In conclusion, Figures 7.33 and 7.34 report the radial distributions for CT H and
CT Q. A generally satisfactory agreement with the experimental data is observed,
especially at low wind speed. This is expected since these two coefficients are
obtained by projecting CN and CT according to the local pitch and twist, as
indicated in Eqs. (7.18) and (7.19). Therefore, their behaviour combines the trends
observed for the normal- and tangential-force coefficients.

Overall, the numerical spanwise distributions reproduce the main radial trends in
both axial and yawed conditions, although the quantitative agreement is not uniform
across all coefficients and operating points. These discrepancies may be related
both to experimental measurement uncertainties and to modelling simplifications
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Figure 7.33: Radial distribution of the sectional thrust coefficient CT H for the
selected NREL UAE Phase VI operating conditions.

and limitations of the numerical representation. However, the spanwise comparisons
support the capability of the solver to reproduce the main radial trends in the rotor
loading.
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Figure 7.34: Radial distribution of the sectional torque coefficient CT Q for the
selected NREL UAE Phase VI operating conditions.

Pressure Coefficient Distributions

The pressure coefficient distributions provide a local assessment of the numerical
solution. The comparison is performed at the instrumented radial stations and
follows the pressure normalisation convention adopted in the NREL post-processing
[11], [64].

Three representative operating conditions are reported. The first corresponds to
axial flow at V∞ = 5 m/s (S0500000), the second to yawed inflow at V∞ = 8 m/s
(S0800300), and the third to axial flow at V∞ = 10 m/s (S1000000).

The Cp distributions for S0500000 are reported in Fig. 7.35. In this operating
condition, the inflow is aligned with the rotor axis and the blade is moderately
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loaded. Under these conditions, the assumptions underlying an inviscid lifting-
surface formulation are more applicable. Local discrepancies are mainly located on
the pressure side of the profile at about x/c ≈ 0.5 and tend to decrease towards
the tip.
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Figure 7.35: Experimental and numerical comparison of pressure coefficient
distributions for the NREL UAE Phase VI axial-flow case at V∞ = 5 m/s.

The Cp distributions for the S0800300 case are reported in Fig. 7.36. The
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Figure 7.35 (continued)

apparent improvement observed in the radial loads is also reflected in the pressure
distributions. However, it should also be noted that the experimental measurements
under yawed operation are more affected by unsteady effects and interferences,
resulting in larger error bars, thereby making it difficult to link the yawed inflow
to a stabilising effect.

The pressure coefficient distributions for V∞ = 10 m/s are reported in Fig. 7.37.
At fixed collective pitch and rotational speed, as the freestream velocity increases,
the local inflow angle increases as well. As a result, the blade operates closer to
stall over portions of the span [6]. In this condition, the pressure distributions are
more sensitive to viscous separation.

This effect is particularly evident in Fig. 7.37b, where the section is operating
closer to stall. The same behaviour is reflected in the spanwise distributions in the
spanwise distributions where the station at r/R = 0.47 is the most critical for the
S1000000 case. VKI-SDPM cannot reproduce the associated viscous separation
effects; therefore, a pronounced discrepancy is observed.

For the remaining stations, the discrepancies are mainly located on the suction
side where the solver overpredicts the suction magnitude Cp. However, the overall
trends over the remaining portions of the distributions are still captured, with
residual discrepancies located near the trailing edge. The presumed stabilising
effect of the yawed condition is also observed at this inflow level for the test case
S1000300, reported in App. D.3.3.
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Figure 7.36: Experimental and numerical comparison of pressure coefficient
distributions for the NREL UAE Phase VI yawed-flow case at V∞ = 8 m/s and
yaw = 30◦.
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Figure 7.36 (continued)
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Figure 7.37: Experimental and numerical comparison of pressure coefficient
distributions for the NREL UAE Phase VI in axial flow at V∞ = 10 m/s.
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Figure 7.37 (continued)
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NREL UAE Phase VI Test Case Conclusions

The NREL UAE Phase VI validation extends the assessment of VKI-SDPM to rotor
configurations. This represents a significant increase in complexity because the
aerodynamic response depends on radial variations of chord and twist, rotational
kinematics, and the induced velocity field from the free wake structure.

The convergence analysis confirms that the time-marching solution reaches the
expected asymptotic behaviour. In axial flow, the solution tends toward a nearly
steady response in the rotating frame. In yawed flow, the solution reaches a periodic
oscillatory state, which is consistent with the azimuthal variation of the local inflow
conditions.

The quantitative results obtained from the spanwise loading and chordwise
pressure distributions support the reliability of the solver within the range of
validity of its underlying assumptions. Both sets of results show physically coherent
trends and satisfactory agreement with the experimental data.

Focusing on the pressure coefficient distributions, VKI-SDPM can reproduce
the dominant chordwise pressure behaviour in low-loading axial and yawed inflow
conditions. The agreement deteriorates at higher wind speeds, where the increased
local angle of attack and separation effects become more relevant.

Overall, the NREL UAE Phase VI test case confirms the applicability of VKI-
SDPM to rotors in axial and yawed inflow configurations, within the range of
operating conditions for which the inviscid and incompressible assumptions remain
adequate.
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7.5 Caradonna–Tung Test Case (NASA-TM-81232)
The last validation case considered for VKI-SDPM is based on the Caradonna–Tung
two-bladed rotor in hover [12]. Unlike the validation presented in Ch. 4, this case is
used to assess the capability of the solver to simulate a hovering rotor with a freely
evolving wake. This makes the test case particularly relevant since the absence of a
freestream makes the aerodynamic loading strongly coupled with the wake-induced
velocity field.

The experimental setup has already been introduced in Ch. 4; however, the
most relevant information for the current validation is briefly recalled below and
summarised in Tab. 7.4.

The test case consists of a two-bladed model helicopter rotor operating in hover.
The blades are rectangular, untwisted, and untapered, with NACA 0012 airfoil
sections. The original experiment included chordwise pressure measurements at
several radial stations and hot-wire measurements of the tip-vortex trajectory below
the rotor disc.

The selected subset of simulated cases is dictated by the assumptions of VKI-
SDPM. Higher rotor speeds would cause larger portions of the blade to experience
compressibility effects, while higher collective pitch angles would increase the
likelihood of leading-edge separation. Therefore, the cases at rotor speeds of
650 rpm and 1250 rpm were selected, both for collective pitch angles of 5◦ and 8◦.

Table 7.4: Parameters used to configure VKI-SDPM for the Caradonna–Tung
test case.

Parameter Symbol Value
Rotor radius R 1.143 m
Number of blades Nb 2
Blade chord (constant) c 0.1905 m
Aspect ratio AR 6
Blade twist θtw 0◦

Airfoil section — NACA 0012
Collective pitch θc 5◦, 8◦

Rotor speed Ω 650, 1250 rpm

7.5.1 Numerical Setup
The numerical model reproduces the aerodynamic rotor geometry of the Caradonna–
Tung experiment. The blade airfoil is modelled as a NACA 0012 section with the
same analytical closure used in Sec. 7.2. The support column and the hub geometry

149



VKI-SDPM: Validation

are not included in the numerical model.
The rotor is simulated in hover by imposing the angular velocity Ω and setting

the freestream velocity to zero. The shed wake is freely convected using the local
induced-velocity.

The time-marching simulation is advanced for Nw = 20 full revolutions with
an azimuthal step of ∆ψ = 15◦. This number of revolutions is sufficient for the
starting-vortex structure to convect sufficiently far downstream and for the solution
to reach a stable periodic behaviour.

For the hover simulations, the initial interaction between the body and the
starting vortex may produce numerical instabilities when wake panels pass very
close to body panels. In the literature, this sensitivity is a well-known difficulty of
panel and vortex methods, as reported in [48]. An example of such initial instability
is illustrated in Fig. 7.38 where, right below the rotor disc, wake panels develop
spiky geometries due to the high induced velocities.

Figure 7.38: Snapshot of the initial instability in the VKI-SDPM free-wake
simulation for the Caradonna–Tung rotor.

Therefore, the goal is to keep the initial unstable structures confined, prevent
them from spreading to the rest of the wake, and convect them sufficiently far
downstream not to influence the steady solution. Examples of the fully developed
wake geometries are reported in Fig. 7.39 for the test case at 650 rpm and θc = 5◦.
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Figure 7.39: Free-wake structure obtained from VKI-SDPM for the Caradonna–
Tung rotor at 650 rpm and θc = 5◦.

To reach a stable steady state, the strategy adopted in this validation campaign
consists of using a stepped variation of the diffusion parameter δ within the selected
core-growth model. The nature and the dependencies of this parameter were
discussed in Subsec. 2.2.3. Here, the choice made for the regularisation is not
intended to represent any physical effect, but is rather used as a numerical strategy
to mitigate the above-mentioned instabilities. Therefore, for the first four rotor
revolutions the value of δ is kept sufficiently high to smooth most of the starting
vortex and then is reduced for the newly shed wake panels.

The regularisation model selected for this simulation combines the Lamb–Oseen
vortex-core model with the wake-age core-growth law. For all simulations, the
initial value of δ is set to 8 · 103 which is above the literature reference values
reported in [18] and [19]. However, the target final value was set to δ = 102, which
is within the indicated range for helicopter rotors in hover.

The initial core radius is set to 1% of cref , which in this case corresponds to
the blade chord. This choice is made to avoid excessively increasing the viscous
damping in the initial iterations, already introduced with δ.
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The numerical mesh was modified with respect to the baseline from Sec. 6.2.
Nc = 80 chordwise panels and Nr = 10 radial panels per blade are used, with cosine
and sine spacing laws, respectively. Using the results of the sensitivity study as a
guideline, this choice should not introduce a significant discretisation error.

7.5.2 Comparison Quantities
The thrust coefficient used in the validation comparison is defined as

CT = T

ρV 2
tipSref

, (7.20)

where T is the rotor thrust, Vtip = ΩR is the blade-tip speed, and Sref = πR2 is
the rotor swept area.

The pressure coefficient distributions are compared at the experimental radial
stations for r/R = 0.50, 0.68, 0.80, 0.96. The experimental pressure data are
obtained from measurements on the blade surface and are corrected for the effects
associated with the rotating pressure-measurement system [12]. The pressure
coefficient is computed using the local tangential speed in the definition of the
dynamic pressure

q(r) = 1
2ρ(Ωr)

2, (7.21)

where r is the radial position of the considered blade section.
The numerical results for both thrust and pressure coefficients are averaged over

the last two revolutions.
The sectional lift coefficient is obtained by integrating the chordwise pressure

distribution as
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The wake trajectory is compared using the radial and axial positions of the
tip vortex as functions of the vortex age. The vortex age is expressed in terms of
azimuthal angle, so that the wake position can be represented as

rw

R
= fr(ψw), zw

R
= fz(ψw), (7.23)

where rw and zw are the radial and axial coordinates of the tip vortex, and ψw is
the vortex age.

In the experiment, the tip-vortex position is inferred from hot-wire measurements
obtained from below the rotor. It is reported that the vortex trajectory is not
steady and that the probe location was selected by identifying the positions where
vortex-core hits are most frequently observed [12]. Therefore, the wake-trajectory
comparison should be interpreted as a comparison of the mean vortex path.
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7.5.3 Results and Discussion
The convergence of the solution is first assessed through the time history of the
thrust and torque coefficients. Figure 7.40 reports representative thrust- and
torque-coefficient histories for the validation case at Ω = 650 rpm, θc = 5◦. As
mentioned before, the initial transient, associated with the wake start-up, produces
numerical oscillations that tend to decrease with time as the starting vortices
are successfully convected downstream. After the transient, the values of CT and
CQ increase and finally approach a small-amplitude periodic behaviour [48]. The
reported behaviour therefore indicates that a stable periodic solution is reached
and supports the numerical strategy implemented for the initial wake stabilisation.
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(a) Thrust coefficient history.
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(b) Torque coefficient history.

Figure 7.40: Thrust and torque coefficient histories for the VKI-SDPM simulation
of the Caradonna-Tung rotor at 650 rpm and θc = 5◦.

A more quantitative comparison can be performed by comparing the mean value
of CT . Following [50], besides the incompressible mean value, the compressible
value obtained by the Prandtl–Glauert transformation is reported in Tab. 7.5. This
is obtained by applying the correction based on the local Mach number before
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integrating the Cp distribution. This correction can be considered reliable since the
operating Mach-number range remains within the linear range of the correction
[15].

The available numerical results are close to the experimental values, indicating
that VKI-SDPM correctly captures the global loading level of the rotor. However,
this level of agreement should not be assumed to hold universally, since the tuning
of the wake-regularisation parameters remains sensitive for this type of simulation.

Table 7.5 also reports the wall-clock time required for each simulation. The
results indicate that for Nw = 20 with an azimuthal step of ∆ψ = 15◦ the average
wall-clock time is 1105.3 s ≈ 18.4 min, which is still within the estimated range for
this class of solvers reported in [1].

Table 7.5: Thrust coefficients and simulation times for the Caradonna–Tung hover
cases.

650 rpm 1250 rpm
θc 5◦ 8◦ 5◦ 8◦

Mtip 0.23 0.23 0.44 0.44
CT,exp — — 0.00213 0.00459
CT,M=0 0.00191 0.00404 0.00222 0.00459

σstd (last 2 revs) 3.26 · 10−5 2.94 · 10−5 8.42 · 10−6 1.16 · 10−5

∆M=0 [%] — — +4.23 0.0
CT,PG 0.00194 0.00411 0.00238 0.00490

∆PG [%] — — +11.74 +6.75
Wall-clock time [s] 1142.5 1155.7 1070.0 1053.1

Sectional Loading Distribution

Figure 7.41 reports the comparison between experimental and numerical sectional
lift distributions for Ω = 1250 rpm at θc = 8◦. In order to better understand
the effects of compressibility on the results, the distribution obtained with the
Prandtl–Glauert correction is also reported. The numerical trend is physically
reasonable and the quantitative agreement is satisfactory for most of the radial
stations. The effect of the compressibility correction on the sectional loads becomes
more evident towards the tip as the radial Mach number increases.

The noticeable mismatches between numerical and experimental data have also
been reported for other potential solvers in [12]. In the report such differences in
load predictions are linked to differences between the numerical and experimental
wake geometries.

Moreover, the experimental pressure data reported in [12] are not uniformly avail-
able for all the radial sections. Therefore, an additional mismatch may be caused
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by the difference in chordwise resolution between the numerical and experimental
pressure integrations.
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Figure 7.41: Experimental and numerical comparison of sectional lift distributions
for the Caradonna–Tung rotor at Ω = 1250 rpm and θc = 8◦.

Pressure Coefficient Distributions

pressure coefficient distributions are compared for two operating conditions: Ω =
650 rpm, θc = 5◦, and Ω = 1250 rpm, θc = 8◦, reported in Figs. 7.42 and 7.43,
respectively. Additional pressure-distribution comparisons for the cases at Ω =
650 rpm, θc = 8◦, and Ω = 1250 rpm, θc = 5◦ are provided in App. D.4.

For both operating conditions, VKI-SDPM reproduces the chordwise pressure
behaviour at the considered radial stations. However, small discrepancies localised
near the leading edge are still detectable, especially at higher rotational speed.
These discrepancies may be caused by mild compressibility effects, since since
no clear evidence of flow separation is observed in the experimental pressure
distributions.

Overall, chordwise pressure trends are well reproduced for both cases and no
significant quantitative differences between numerical and experimental results are
observed. This supports the consistency between the computed chordwise pressure
distributions and the spanwise lift distribution discussed previously.
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Figure 7.42: Experimental and numerical comparison of pressure coefficient
distributions for the Caradonna–Tung rotor at Ω = 650 rpm and θc = 5◦.
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Figure 7.43: Experimental and numerical comparison of pressure coefficient
distributions for the Caradonna–Tung rotor at Ω = 1250 rpm and θc = 8◦.
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Tip-Vortex Trajectory

The final comparison concerns the tip-vortex trajectory. This quantity directly
assesses the ability of VKI-SDPM to generate and convect a physically consistent
free wake in hover.

Figures 7.44 and 7.45 compare the numerically computed axial trajectories and
radial contraction with the available experimental data.
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Figure 7.44: Experimental and numerical comparison of the tip-vortex trajectory
for the Caradonna–Tung rotor at Ω = 650 rpm and θc = 8◦.
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Figure 7.45: Experimental and numerical comparison of the tip-vortex trajectory
for the Caradonna–Tung rotor at Ω = 1250 rpm and θc = 8◦.

The comparison shows that VKI-SDPM accurately reproduces the mean axial
descent of the tip vortex in the near-wake region. On the other hand, the radial
contraction is captured only qualitatively. The discrepancy increases with down-
stream distance from the rotor disc. In hover, the wake contraction is generally
influenced by the rotor load and therefore by the induced-velocity field and wake
regularisation [45], [46]. In the regularisation analysis for axial flow in Subsec. 6.3.3,
it was observed that the tip-vortex radial contraction is more affected by the
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regularisation parameters than the axial trajectory. This sensitivity may be further
amplified by the absence of a freestream, thereby highlighting the challenging
nature of hover simulations.

A more detailed sensitivity study of δ and rc,0 could help identify parameter
values that improve the prediction of the wake contraction. However, as dis-
cussed in Subsec. 2.2.3, at present no analytical relation exists to determine the
above-mentioned regularisation parameters from the geometrical and operating
conditions. Therefore, a parameter-selection process is therefore required to achieve
a compromise between numerical stability and physical accuracy.

In conclusion, the obtained results can be regarded as satisfactory for the
purposes of this validation.

7.5.4 Caradonna–Tung Test Case Conclusions
The Caradonna–Tung test case extends the validation of VKI-SDPM to hover-rotor
aerodynamics. This is a challenging condition because of the complexity of the
wake convection.

Therefore, the convergence of the numerical solution towards a stable periodic
state was first assessed. The thrust- and torque-coefficient histories support the
attainment of a stable periodic solution. The resulting mean loading is then assessed
through comparison with the available experimental data.

The pressure coefficient comparison shows good agreement with the experimental
data and supports the capability of VKI-SDPM to reproduce the chordwise pressure
distributions and the main radial loading trends.

The mean tip-vortex trajectory is well reproduced with higher accuracy for
the axial path than for the radial contraction. This is likely a consequence of the
greater sensitivity of the radial contraction to the regularisation parameters. These
differences may also partially explain the discrepancies observed in the spanwise
lift-coefficient distribution.

Nevertheless, the overall numerical results are in good agreement with the
experimental data. This provides a particularly important validation since the
wake geometry is obtained from the free-wake calculation in a challenging operating
condition, thereby providing a stronger physical validation of the solver.

Finally, the Caradonna–Tung test case demonstrates the capability of VKI-
SDPM to reproduce the dominant aerodynamic mechanisms of a hover rotor within
the range where the inviscid, incompressible potential-flow assumptions remain
acceptable.
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7.6 Validation Campaign Conclusions and Re-
marks

The validation campaign presented in this chapter has assessed VKI-SDPM over a
sequence of test cases of increasing aerodynamic and geometrical complexity.

The Yip–Shubert test case provided the baseline validation of VKI-SDPM for a
finite unswept wing in low-subsonic conditions. This case was particularly useful
because it involved a simple geometry and detailed pressure measurements, allowing
the surface pressure field, integral coefficients, and spanwise loading to be assessed.
The results showed that VKI-SDPM reproduces the dominant inviscid behaviour
of a finite wing, with good agreement for the global and sectional loads.

The Kolbe–Boltz swept-wing case extended the validation to a more demanding
wing configuration. The presence of sweep and taper introduced a non-uniform
spanwise loading distribution and a stronger coupling between local chordwise
pressure behaviour and global aerodynamic coefficients. The comparison confirmed
that VKI-SDPM is able to reproduce the main loading trends of swept and tapered
planforms at low Mach numbers and moderate angles of attack.

The NREL UAE Phase VI test case extended the assessment from wings to ro-
tors. This represented a significant increase in complexity because the aerodynamic
response depends on spanwise-varying blade geometry, rotational kinematics, and
azimuthal variations in yawed inflow. The results showed that VKI-SDPM repro-
duces the correct behaviour in both axial and yawed operating conditions within
the experimental uncertainty. In particular, the spanwise loading and pressure
coefficient distributions were in satisfactory agreement with the experimental data
in the operating range where the assumptions underlying VKI-SDPM remain valid.

Finally, the Caradonna–Tung hover-rotor case represented the most demanding
validation for the free-wake capability of VKI-SDPM. Unlike the NREL case, no
freestream velocity convects the wake away from the rotor disc. Therefore, the
prediction of the induced velocity field becomes a central part of the validation. The
results showed that VKI-SDPM can reach a steady hover solution and reproduce
the experimental thrust coefficient with good accuracy. The pressure coefficient
distributions confirmed that the solver captures the local loading mechanisms of
the hovering rotor. The comparison of the tip-vortex trajectory further supported
the physical consistency of the free-wake evolution.

The validation campaign confirms that VKI-SDPM works as a robust and
physically consistent aerodynamic solver, for the class of problems targeted in this
thesis. The solver provides reliable pressure distributions, integrated loads, and
induced-velocity-field information when the flow is predominantly attached and
compressibility and viscous effects remain sufficiently limited for the potential-flow
assumptions to provide an adequate representation.
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Chapter 8

Thesis Conclusions and
Future Work

The previous chapters presented the formulation, implementation, and validation
of the two aerodynamic solvers developed in this thesis: VKI-BELL and VKI-
SDPM. The objective of this chapter is to compare the two formulations in terms
of modelling capabilities, common validation results, computational requirements,
and range of applicability.

The comparison is not intended to identify a single best solver in absolute
terms. Rather, it aims to clarify the type of aerodynamic problem for which each
formulation is more appropriate. The Caradonna–Tung hover-rotor test case is
used as the common reference case since it was considered in the validation of both
solvers.

The chapter closes the thesis by first comparing VKI-BELL and VKI-SDPM
in terms of modelling capabilities, accuracy, and computational cost, and then by
drawing the main conclusions of the work. The limitations identified throughout
the validation campaigns are finally used to outline possible future developments
for both solvers.

8.1 Overview of the Developed Solvers
VKI-BELL is based on a lifting-line representation of the rotor blades. The bound
circulation is defined along the blade span and is solved through a fixed-point
iterative procedure. The aerodynamic closure is provided by sectional airfoil data,
so that lift and drag coefficients are obtained from prescribed tables as functions
of the local angle of attack. The induced velocity field is evaluated through a
vortex-segment wake representation, whose geometry can be prescribed or updated
through a semi-prescribed outer-loop strategy.
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The main advantage of VKI-BELL is its compactness. Since the blade is repre-
sented by a lifting line rather than by a surface mesh, the number of aerodynamic
unknowns remains limited and the computational cost is relatively low. This
makes the solver suitable for rapid rotor-load estimations, sensitivity analyses,
and preliminary-design studies. At the same time, the model relies on sectional
aerodynamic data; it does not compute chordwise pressure distributions, represent
the actual surface geometry, or determine the wake trajectory independently of the
selected semi-empirical or iterative wake model

VKI-SDPM is based on a source–doublet panel formulation. The body is
represented by a finite-thickness surface mesh, and the unknown doublet distribution
is solved on the body panels. Its main advantage is the higher geometrical and
aerodynamic fidelity. Since the surface of the blade or wing is explicitly discretised,
the solver can provide detailed chordwise pressure distributions and local pressure-
based loads, for which no external aerodynamic data are required. The free-wake
model also allows the wake geometry to emerge from the computed induced-velocity
field, rather than being imposed a priori. These capabilities come at a higher
computational cost and require a careful treatment of wake regularisation in hover
simulations.

The main modelling differences between the two solvers are summarised in
Table 8.1.

Table 8.1: Summary of the main modelling capabilities of VKI-BELL and VKI-
SDPM.

Capability VKI-BELL VKI-SDPM
Rotor configurations Yes Yes
Wing configurations No Yes
Thickness modelled No Yes
Twist modelled Yes Yes
Cp distributions No Yes
Cl From tables Computed from pressure
Cd From tables, viscous contribution Computed, inviscid only
Wake modelling Fully prescribed / semi-prescribed Free / prescribed
Computational time Tens of seconds Minutes to tens of minutes
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8.2 Solvers Comparison for the Caradonna–Tung
Test Case

The Caradonna–Tung hover-rotor test case provides the common reference for
comparing VKI-BELL and VKI-SDPM. The comparison is performed with the
awareness that the two solvers do not provide the same level of output detail.

For completeness, the results of VKI-BEMT are also reported in order to
include the lower-fidelity rotor tool developed within the VKI numerical library.
The selected operating condition is Ω = 1250 rpm and θc = 8◦. The compared
quantities are the mean thrust coefficient, the wake trajectory, and the sectional
lift distribution.

8.2.1 Thrust Prediction and Computational Costs
The thrust coefficient provides the most compact metric for comparing the two
solvers. In VKI-BELL, the thrust is obtained by integrating the sectional aerody-
namic loads along the blade span. These loads depend on the bound circulation,
the sectional polar closure, and the induced velocity generated by the selected
wake model. In VKI-SDPM, the thrust is obtained by integrating the pressure
distribution over the blade surface.

For the selected Caradonna–Tung hover condition, the comparison is reported
in Tab. 8.2. VKI-SDPM value corresponds to the average over the last two
rotor revolutions, with a standard deviation of σstd = 1.16 · 10−5. The result is
obtained without compressibility corrections and may be affected by the selected
wake-regularisation parameters.

The same table also reports the simulation time required by each solver and
the speed-up with respect to VKI-SDPM. As anticipated, the higher level of detail
provided by VKI-SDPM comes with a larger computational cost; nevertheless, the
execution time remains within the range reported for comparable medium-fidelity
free-wake solvers in [1].

This comparison already shows the different practical roles of the two solvers:
VKI-BELL is more appropriate for rapid rotor studies, whereas VKI-SDPM is more
appropriate when the actual geometry and the time evolution of the wake must be
resolved.

8.2.2 Tip-Vortex Trajectory
The most important distinction between the two solvers is the wake modelling.
In VKI-BELL, the wake geometry is prescribed or semi-prescribed, depending
on the selected wake-update strategy. Therefore, the wake trajectory reflects the
modelling assumptions introduced in the wake construction. For the hover case
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Table 8.2: Mean thrust-coefficient comparison for the Caradonna–Tung hover-
rotor case.

Source CT ∆CT [%] Simulation time [s] Speed-up
Experiment 0.00459 – – –
VKI-SDPM 0.00459 0.00 1053.1 1.0
VKI-BELL 0.00519 +13.07 10.71 98.3
VKI-BEMT 0.00574 +25.05 0.42 2507

used in VKI-BELL validation, the wake contraction and axial descent are defined
through the corresponding Landgrebe empirical relations.

In contrast, VKI-SDPM solves the wake convection through a time-marching
free-wake formulation. The tip-vortex trajectory is therefore an output of the
simulation and provides an independent validation of the wake model.

Figure 8.1 compares the radial contraction and axial descent predicted by the
two solvers. The radial contraction curves are almost superimposed, as shown in
Fig. 8.1a. This result may be interpreted by considering the Landgrebe contraction
law from Eq. (3.16), used in VKI-BELL: since this relation only depends on the
thrust coefficient for a fixed azimuthal wake age ψw, and since VKI-SDPM predicts
a value of CT very close to the experimental one, used as input in VKI-BELL,
the free-wake solution recovers a similar radial-contraction trend of the empirical
relation.

A more significant difference appears in the axial descent. As shown in Fig. 8.1b,
VKI-SDPM predicts a larger downstream displacement of the tip-vortex, especially
around ψw ≈ 180◦, which corresponds to the passage of the tip vortex under
the opposite blade. In the VKI-BELL validation, issues related to the tip-vortex
proximity to the rotor disc were discussed with reference to the original report. The
improved agreement of the VKI-SDPM wake trajectory with the experimental data
is therefore expected to contribute to a more accurate spanwise load prediction
than that obtained with VKI-BELL, particularly in the region directly above the
tip vortex.

165



Thesis Conclusions and Future Work

0 100 200 300 400 500
Vortex age Aw [deg]

0.8

0.85

0.9

0.95

1
r=

R
Tip vortex radial contraction { RPM=1250, 3c = 8

/

VKI-SDPM
Experimental
VKI-BELL

(a) Tip-vortex radial contraction.
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Figure 8.1: Comparison of the tip-vortex radial contraction and axial descent
obtained with VKI-BELL and VKI-SDPM for the Caradonna–Tung test case at
Ω = 1250 rpm and θc = 8◦.
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8.2.3 Sectional Lift Distribution

Figure 8.2 compares the sectional lift distributions obtained with VKI-SDPM, with
and without the Prandtl–Glauert correction, VKI-BELL, VKI-BEMT, and the
experimental data. As expected, VKI-SDPM provides the best agreement with
the experimental results. However, VKI-BELL shows good agreement with both
the experimental data and VKI-SDPM away from the region directly influenced
by the tip vortex. VKI-BEMT provides the least accurate distribution among the
considered solvers.

The hypothesis concerning the effect of tip-vortex positioning on the VKI-BELL
loading prediction was discussed in Ch. 4. Now the comparison with VKI-SDPM
supports that interpretation: a more accurate axial placement of the tip-vortex
obtained by the free-wake solution is consistent with the improved sectional-loading
prediction. This comparison helps define the limits of the VKI-BELL modelling
approach and suggests that the observed local discrepancies are primarily associated
with wake modelling rather than with numerical implementation errors.
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Figure 8.2: Comparison of sectional lift distributions obtained with VKI-BELL
and VKI-SDPM for the Caradonna–Tung hover-rotor case.
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8.3 General Conclusions

The work presented in this thesis has led to the development, implementation, and
validation of two original in-house aerodynamic solvers: VKI-BELL and VKI-SDPM.
The two codes address different levels of aerodynamic modelling and capability, as
shown by their direct comparison.

VKI-BELL has been shown to be an efficient rotor-load prediction tool with a
low computational cost. The Caradonna–Tung validation confirmed that the solver
can reproduce the global thrust and most of the sectional loading distribution,
although its accuracy remains strongly dependent on the selected wake model and
on the quality of the external sectional data.

VKI-SDPM has been validated as a higher-fidelity potential-flow solver. The
validation campaign covered unswept wings, swept and tapered wings, wind-
turbine rotors, and hover rotors. The results showed that the solver can reproduce
global loads, sectional loads, pressure distributions, and free-wake trajectories
with satisfactory accuracy when the flow remains compatible with its assumptions.
Its main limitations are associated with the absence of viscous-separation and
boundary-layer modelling, the lack of profile-drag and compressibility corrections,
and the sensitivity of free-wake simulations to vortex-core regularisation.

The comparison between the two solvers shows that their roles are complementary
rather than interchangeable. VKI-BELL is the more efficient tool for rotor-load
prediction when the geometry can be reduced to a lifting line and reliable sectional
polars are available. VKI-SDPM is the more general and physically detailed tool
when geometrical accuracy, pressure distributions, and free-wake evolutions are
required.

Overall, the thesis demonstrates that VKI-BELL and VKI-SDPM provide
two complementary aerodynamic modelling tools operating at different fidelity
levels. Both offer substantially lower computational requirements than conventional
high-fidelity CFD approaches, while providing different levels of geometrical and
aerodynamic detail. The objectives stated in Chapter 1 have therefore been achieved,
and the results provide a solid basis for future extensions, discussed in the last
section.

8.4 Possible Future Work

The two solvers have reached different levels of maturity and therefore require
different types of extension. VKI-BELL should be further validated and expanded
as a fast rotor-oriented tool, while VKI-SDPM should be developed toward a more
general medium-fidelity aerodynamic solver for complex configurations.
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8.4.1 Future developments for VKI-BELL
A first natural continuation for VKI-BELL is the validation under axial-flow
propeller conditions and for geometries with spanwise-varying chord, twist, and
airfoil sections. In the present thesis, the validation of VKI-BELL has focused
on the Caradonna–Tung hover rotor, which is geometrically simple and uses a
constant-section blade. A more demanding validation can be performed using the
more complex geometry of the VX4 propeller considered in the eVTOL project
[65], [66]. The VX4 propeller has been analysed by van Wijk, whose work provides
a RANS-based dataset for both axial-flow and hover conditions [67]. These results
could provide a higher-fidelity reference for the validation of VKI-BELL beyond
the already available experimental data.

A second development path for VKI-BELL concerns the modelling of the tip-
vortex trajectory. The validation results showed that the prediction of the sectional
loading is sensitive to the position of the tip-vortex. For this reason, future work
should focus on expanding the library of wake models available in the code to
improve the representation of rotor wakes, especially in hover. The possibility of
selecting among different contraction laws, axial-descent laws, and core-growth
models would increase both the flexibility and the accuracy of the solver.

The treatment of sectional aerodynamic data may also be extended. For appli-
cations involving high angles of attack, local stall, or propeller off-design operation,
the polar database should be extended with post-stall models. Classical extrapola-
tion methods such as the Viterna model and the Montgomerie method represent
suitable starting points for extending the aerodynamic coefficients to high angles
of attack [68], [69], [70].

8.4.2 Future developments for VKI-SDPM
For VKI-SDPM, an important development concerns the treatment of the far
wake. In the present implementation, all wake elements generated during the time-
marching solution are explicitly convected. This approach is physically consistent,
but it becomes increasingly expensive as the wake grows in time. A possible
improvement would be to replace the far wake with an equivalent distribution of
point doublets once the wake elements are sufficiently far from the body. The near
wake would continue to be represented by wake panels, while the far wake would
be described by a reduced set of singularities.

This development should be accompanied by a more robust geometrical treatment
of wake–body interactions. Although the impermeability of the body is enforced
through the potential-flow boundary condition, the present implementation does
not prevent wake panels from geometrically intersecting the body during the time-
marching evolution. Future work should therefore include an explicit geometrical
non-penetration algorithm. Such an algorithm should detect intersections between
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wake panels and body surfaces, prevent wake singularities and far-wake point
doublets from entering the solid domain, and enforce a minimum admissible
clearance. The work by Oppizzi [71] represents a suitable starting point for this
development.

A second natural evolution of VKI-SDPM is the development and subsequent
systematic validation of multibody capabilities. The source–doublet formulation is
well suited to configurations involving multiple lifting bodies, such as rotor–rotor
and wing–rotor interactions, as well as lifting/non-lifting body interactions, such
as rotor–fuselage and wing–fuselage configurations [72]. The current code already
contains preliminary data structures that could support a future multiple-body
treatment, particularly at the level of geometry assembly, body indexing, and
wake management. However, these capabilities have not yet been systematically
exploited or validated. The far-wake treatment through point doublets and the
geometrical non-penetration algorithm described above would be particularly useful
in this context, since they would reduce the computational cost of larger multibody
meshes and improve the physical consistency of wake evolution near solid surfaces.

A further extension of VKI-SDPM concerns the treatment of compressibility ef-
fects. A first and relatively straightforward development would be the introduction
of a Prandtl–Glauert correction. This would preserve the present incompressible
potential-flow formulation while providing a first-order correction of the aerody-
namic coefficients and pressure distributions in low-to-moderate subsonic condi-
tions. A more general treatment would instead require reformulating the governing
potential-flow problem to account directly for compressibility. Depending on the
adopted approximation, this could range from a linearised compressible potential
formulation to a non-linear full-potential model in which density becomes coupled
to the local velocity field. Such an extension would substantially increase the
range of operating conditions accessible to VKI-SDPM, particularly for high-speed
propellers and rotors, but would also require significant modifications to the present
influence formulation and solution strategy, since the linear Laplace problem on
which the current implementation is based would no longer be directly applicable.

A final major extension would be the introduction of viscous–inviscid coupling.
A possible implementation could couple the outer potential-flow solution with an
integral boundary-layer solver. The inviscid surface-velocity distribution computed
by VKI-SDPM would provide the external velocity required by the boundary-layer
calculation, while the resulting displacement thickness could be used to modify
the effective body geometry or boundary condition [73]. Such a coupling would
extend the applicability of the solver to cases in which mild viscous effects influence
the pressure field and the aerodynamic loads [5], [74]. A robust viscous treatment
would therefore represent a long-term milestone for the evolution of VKI-SDPM.
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Appendix A

Additional Theoretical
Derivations

A.1 Derivation of Kelvin’s Circulation Theorem
and Helmholtz Vortex Theorems

This appendix reports the mathematical derivation of Kelvin’s circulation theorem
and of the Helmholtz vortex theorems. The discussion is restricted to inviscid,
incompressible flow with conservative body forces, consistently with the assumptions
adopted in the potential-flow formulation [5].

A.1.1 Kelvin’s Circulation Theorem
Let C(t) be a closed material curve moving with the fluid. The circulation around
C(t) is defined as

Γ(t) =
j

C(t)
V · dl. (A.1)

To evaluate its time derivative, the curve is parametrized by a material coordinate
s, so that

dl = ∂x
∂s
ds. (A.2)

Since the curve is material, its points move with the local fluid velocity,

∂x
∂t

= V(x, t). (A.3)

Taking the derivative of Eq. (A.1) gives
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dΓ
dt

= d

dt

j
C(t)

V · dl. (A.4)

Using the material derivative,

dΓ
dt

=
j

C(t)

C
DV
Dt

· dl + V · D(dl)
Dt

D
. (A.5)

The material derivative of the line element is

D(dl)
Dt

= dV, (A.6)

and therefore

V · D(dl)
Dt

= V · dV = d
31

2 |V|2
4
. (A.7)

Since C(t) is closed, the integral of an exact differential around the contour is
zero, j

C(t)
d
31

2 |V|2
4

= 0. (A.8)

Thus,

dΓ
dt

=
j

C(t)

DV
Dt

· dl. (A.9)

For inviscid flow, the Euler equation is

DV
Dt

= −1
ρ

∇p+ f , (A.10)

where ρ is the density, p is the pressure, and f is the body force per unit mass.
For incompressible flow, ρ is constant. If the body force is conservative, it can be
written as

f = −∇Φ, (A.11)
where Φ is a potential. Substitution into Eq. (A.9) gives

dΓ
dt

= −
j

C(t)
∇
A
p

ρ
+ Φ

B
· dl. (A.12)

The integral of a gradient around a closed contour is zero. Therefore,

dΓ
dt

= 0. (A.13)
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Equation (A.13) is Kelvin’s circulation theorem: under the stated assumptions,
the circulation around a closed material curve is conserved.

A.1.2 Vorticity Transport Equation
The vorticity is defined as

ζ = ∇ × V. (A.14)

Taking the curl of the Euler equation gives the vorticity transport equation. For
inviscid incompressible flow with conservative body forces, this equation reduces to

Dζ

Dt
= (ζ · ∇) V. (A.15)

This relation may also be written in Eulerian form as

∂ζ

∂t
+ (V · ∇) ζ = (ζ · ∇) V. (A.16)

The right-hand side is the vortex-stretching term. It represents the change of
vorticity due to velocity gradients along the vorticity direction.

A second identity follows directly from the definition of vorticity. Since the
divergence of a curl is identically zero,

∇ · ζ = ∇ · (∇ × V) = 0. (A.17)

Equations (A.15) and (A.17) provide the mathematical basis for the Helmholtz
vortex theorems.

A.1.3 Conservation of Vortex-Tube Strength
Consider a vortex tube bounded laterally by vortex lines and closed by two cross-
sections S1 and S2. Since vortex lines are tangent to ζ, the vorticity flux through
the lateral surface is zero. Applying the divergence theorem to the closed surface
of the vortex tube gives Ú

V
∇ · ζ dV =

Ú
∂V

ζ · n dS = 0. (A.18)

Using Eq. (A.17), the flux through the complete closed surface is zero. Since
the contribution of the lateral surface vanishes, only the two cross-sections remain,Ú

S1
ζ · n1 dS +

Ú
S2

ζ · n2 dS = 0. (A.19)

With opposite outward orientations on the two cross-sections, this implies
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Γ1 = Γ2, (A.20)

where

Γi =
Ú

Si

ζ · n dS. (A.21)

Thus, the strength of a vortex tube is constant along its length.
The same solenoidal property of vorticity also implies that a vortex tube cannot

terminate inside the fluid. Suppose that a vortex tube of non-zero strength ended
at an interior point of the fluid. Enclosing the endpoint by a small closed surface S,
the vorticity flux through that surface would be non-zero if the tube ended inside
it. However,

Ú
S

ζ · n dS =
Ú

V
∇ · ζ dV = 0. (A.22)

This contradiction shows that a vortex tube of finite strength cannot have an
endpoint inside the fluid domain. It must either close on itself, intersect a boundary,
or extend outside the domain considered.

A.1.4 Material Transport of Vortex Lines

Let dl be an infinitesimal material line element. Its material derivative is

D(dl)
Dt

= (dl · ∇) V. (A.23)

For incompressible inviscid flow, the vorticity satisfies Eq. (A.15),

Dζ

Dt
= (ζ · ∇) V. (A.24)

Equations (A.23) and (A.24) have the same form. Therefore, if a material line
element is initially parallel to the vorticity vector, it remains parallel to the vorticity
vector during the motion. In other words, vortex lines are transported with the
fluid.

The three results derived above correspond to the Helmholtz vortex theorems:
vortex-tube strength is conserved along the tube, vortex tubes cannot terminate
inside the fluid, and vortex lines move with the fluid.
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A.2 Green’s Identities
This appendix reports the derivation of Green’s identities for the Laplace equation.
The derivation follows the standard treatment used in [5].

Let V be a sufficiently smooth domain bounded by the surface ∂V , and let nV
be the outward unit normal to ∂V. For a sufficiently smooth vector field F, the
divergence theorem states thatÚ

V
∇ · F dV =

Ú
∂V

F · nV dS. (A.25)

This result is the starting point for the derivation of Green’s identities.

A.2.1 Green’s First Identity
Let f and g be scalar functions with continuous first and second derivatives in V .
Applying the divergence theorem to the vector field

F = f∇g (A.26)
gives Ú

V
∇ · (f∇g) dV =

Ú
∂V
f∇g · nV dS. (A.27)

Using the product rule,

∇ · (f∇g) = ∇f · ∇g + f∇2g, (A.28)
and introducing the outward normal derivative

∂g

∂nV
= ∇g · nV , (A.29)

one obtains Ú
V

1
∇f · ∇g + f∇2g

2
dV =

Ú
∂V
f
∂g

∂nV
, dS. (A.30)

Equation (A.30) is Green’s first identity.

A.2.2 Green’s Second Identity
Green’s second identity is obtained by writing Eq. (A.30) twice: first for the ordered
pair (f, g), and then for the ordered pair (g, f). Therefore,Ú

V

1
∇f · ∇g + f∇2g

2
dV =

Ú
∂V
f
∂g

∂nV
dS, (A.31)
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and Ú
V

1
∇g · ∇f + g∇2f

2
dV =

Ú
∂V
g
∂f

∂nV
dS. (A.32)

Subtracting Eq. (A.32) from Eq. (A.31), and noting that

∇f · ∇g = ∇g · ∇f, (A.33)

gives
Ú

V

1
f∇2g − g∇2f

2
dV =

Ú
∂V

A
f
∂g

∂nV
− g

∂f

∂nV

B
dS. (A.34)

Equation (A.34) is Green’s second identity.

A.2.3 Green’s Third Identity
To obtain Green’s third identity, one of the scalar functions in Green’s second
identity is chosen as the fundamental solution of the Laplace equation.

Let x be the field point and let x0 denote the source point and integration
variable. Their distance is defined as

r = |x − x0| . (A.35)

The three-dimensional fundamental solution of the Laplace equation is

G(x,x0) = 1
4πr . (A.36)

It satisfies, in the distributional sense,

∇2
0G(x,x0) = −δ(x − x0), (A.37)

where ∇2
0 denotes the Laplacian with respect to the source coordinates x0, and

δ is the Dirac delta distribution.
Since G is singular at x0 = x, Green’s second identity cannot be applied directly

over the entire domain V. For an interior field point x ∈ V, consider instead the
punctured domain

Vε = V \ Bε(x), (A.38)

where Bε(x) is a sphere of radius ε centred at x. The boundary of the punctured
domain is

∂Vε = ∂V ∪ Sε, (A.39)
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where Sε is the spherical surface bounding the removed region.
On ∂V , the outward normal to Vε coincides with nV . On Sε, the outward normal

to the punctured domain, denoted by nε, points toward the centre of the removed
sphere. Therefore,

nε = −er, er = x0 − x
r

. (A.40)

Let

f(x0) = ϕ(x0), g(x0) = G(x,x0). (A.41)
Within Vε, the fundamental solution is regular and satisfies

∇2
0G(x,x0) = 0. (A.42)

Applying Green’s second identity over Vε gives

−
Ú

Vε

G(x,x0)∇2
0ϕ(x0), dV0 =

Ú
∂V

C
ϕ(x0)

∂G

∂nV
−G(x,x0)

∂ϕ

∂nV

D
dS0

+
Ú

Sε

C
ϕ(x0)

∂G

∂nε

−G(x,x0)
∂ϕ

∂nε

D
dS0.

(A.43)

The contribution of the inner spherical boundary is now evaluated in the limit
ε → 0. On Sε,

G = 1
4πε, ∇0G = − er

4πε2 . (A.44)

Since nε = −er, the normal derivative of the fundamental solution is

∂G

∂nε

= ∇0G · nε = 1
4πε2 . (A.45)

Because ϕ is continuous at x, the first contribution over the inner spherical
surface satisfies

lim
ε→0

Ú
Sε

ϕ(x0)
∂G

∂nε

dS0 = ϕ(x) lim
ε→0

1
4πε2

Ú
Sε

dS0

= ϕ(x).
(A.46)

The second contribution vanishes because G is of order 1/ε, the normal derivative
of ϕ remains bounded, and the area of Sε is of order ε2. Therefore,

lim
ε→0

Ú
Sε

G(x,x0)
∂ϕ

∂nε

dS0 = 0. (A.47)
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Consequently,

lim
ε→0

Ú
Sε

C
ϕ(x0)

∂G

∂nε

−G(x,x0)
∂ϕ

∂nε

D
dS0 = ϕ(x). (A.48)

Taking the limit ε → 0 in Eq. (A.43) gives

−
Ú

V
G(x,x0)∇2

0ϕ(x0)dV0 =
Ú

∂V

C
ϕ(x0)

∂G

∂nV
−G(x,x0)

∂ϕ

∂nV

D
dS0 + ϕ(x). (A.49)

Rearranging the terms yields

ϕ(x) +
Ú

V
G(x,x0)∇2

0ϕ(x0)dV0 =
Ú

∂V

C
G(x,x0)

∂ϕ

∂nV
− ϕ(x0)

∂G

∂nV

D
dS0. (A.50)

Equation (A.50) is Green’s third identity for a field point x located inside V .
If ϕ is harmonic in V , namely

∇2
0ϕ(x0) = 0 in V , (A.51)

then Eq. (A.50) reduces to

ϕ(x) =
Ú

∂V

C
G(x,x0)

∂ϕ

∂nV
− ϕ(x0)

∂G

∂nV

D
dS0, x ∈ V . (A.52)

Equation (A.52) is the boundary representation used for potential-flow problems.
When the field point approaches a smooth point of ∂V , the corresponding limiting
process gives E(x) = 1/2, recovering the boundary form introduced in Eqs. (2.87)
and (2.88).

A.3 Doublet-Panel and Vortex-Ring Equivalence
This appendix reports the mathematical derivation of the equivalence between a
constant-strength doublet panel and a vortex ring distributed along its boundary.
The derivation follows the potential-flow treatment of source-and-doublet panel
methods [5].

Let S be an oriented surface with boundary ∂S, unit normal n0, and constant
doublet strength µ. Let x be the field point and x0 a point on the surface. Define

r = x − x0, r = |r|. (A.53)
The potential induced by a constant-strength doublet distribution over S may

be written as
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ϕµ(x) = − µ

4π

Ú
S

∂

∂n0

31
r

4
dS0, (A.54)

where

∂

∂n0

31
r

4
= n0 · ∇0

31
r

4
. (A.55)

Since the derivative is taken with respect to the source coordinates x0,

∇0

31
r

4
= r
r3 , (A.56)

and therefore Eq. (A.54) becomes

ϕµ(x) = − µ

4π

Ú
S

n0 · r
r3 dS0. (A.57)

The integral

I(x) =
Ú

S

n0 · r
r3 dS0 (A.58)

is the solid angle subtended by S at the field point x. Thus,

ϕµ(x) = − µ

4πI(x). (A.59)

The velocity induced by the doublet panel is obtained by differentiating the
potential with respect to the field-point coordinates,

Vµ(x) = ∇ϕµ(x) = − µ

4π∇xI(x). (A.60)

It remains to express the gradient of the solid angle as a line integral along the
boundary ∂S. Differentiating Eq. (A.58) with respect to the field-point coordinates
gives

∇xI(x) =
Ú

S

C
n0

r3 − 3(n0 · r) r
r5

D
dS0. (A.61)

Using Stokes’ theorem, the same surface integral can be written as a boundary
integral,

∇xI(x) = −
j

∂S

dl0 × r
r3 , (A.62)

where dl0 is oriented consistently with the surface normal n0 according to the
right-hand rule.

Substitution of Eq. (A.62) into Eq. (A.60) gives

180



Additional Theoretical Derivations

Vµ(x) = µ

4π

j
∂S

dl0 × r
r3 . (A.63)

The velocity induced by a closed vortex filament of circulation Γ coincident with
the same boundary ∂S is given by the Biot–Savart law,

VΓ(x) = Γ
4π

j
∂S

dl0 × r
r3 . (A.64)

Comparison between Eq. (A.63) and Eq. (A.64) shows that the velocity field
induced by a constant-strength doublet panel is identical to the velocity field
induced by a vortex ring placed along the panel boundary, provided that

Γ = µ. (A.65)

A.4 BEMT Formulation
Blade Element Momentum Theory combines the sectional blade-element relations
introduced in Sec. 2.3 with momentum balances applied to the flow through the
rotor disk. Historically, this formulation is associated with the combination of
Rankine–Froude actuator-disk theory and blade-element theory, later formalized in
the classical work of Glauert [75], [76] [33], [77] [34] [78].

The purpose of this appendix is to summarize the mathematical formulation
used to obtain the axial and tangential induction factors. The derivation is written
for a propulsive convention, in which the axial induced velocity increases the axial
velocity through the disk. Other conventions, such as those commonly adopted for
wind turbines, lead to equivalent equations after a consistent change of sign.

A.4.1 Actuator-Disk and Annular Momentum Relations
Momentum theory models the rotor as an actuator disk that introduces a pressure
jump in the flow. In its simplest form, the flow is assumed inviscid, incompressible,
axisymmetric, and steady, and the disk is assumed to act on a streamtube passing
through the rotor plane [3], [79].

Let V∞ be the far-upstream axial velocity and let Vax be the axial velocity at the
rotor plane. The axial induction factor aind is defined, for the propulsive convention
adopted here, as

Vax = V∞ (1 + aind) . (A.66)

The corresponding far-wake axial velocity is
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Vw = V∞ (1 + 2a) , (A.67)

which follows from the standard actuator-disk result stating that the velocity at
the disk is the average between the far-upstream and far-wake velocities.

For an annular streamtube of radius r and thickness dr, the differential area is

dS = 2πr dr. (A.68)

Including the tip factor Ftip, the axial momentum balance gives the elemental
thrust

dTmom = 4πρFtipV
2

∞aind (1 + aind) r dr. (A.69)

To include torque, the annular momentum balance is extended to account for
slipstream rotation [79], [80]. The upstream flow is assumed to have no tangential
velocity, while the rotor induces swirl in the wake. The tangential induction factor
a′

ind is defined through the relative tangential velocity at the rotor plane as

Vtan = Ωr (1 − a′
ind) , (A.70)

where Ω is the angular velocity of the rotor. With the same annular-streamtube
approximation, the angular momentum balance gives

dQmom = 4πρFtipV∞Ωa′
ind (1 + aind) r3 dr. (A.71)

Equations (A.69) and (A.71) provide the momentum-theory relations to be
coupled with the blade-element sectional loads.

A.4.2 Blade-Element Closure
For a blade section at radius r, the relative velocity is decomposed into axial and
tangential components,

Vrel =
ñ
V 2

ax + V 2
tan, (A.72)

and the local inflow angle is

tanφ = Vax

Vtan
= V∞ (1 + aind)

Ωr (1 − a′
ind) . (A.73)

The angle of attack is obtained from the local blade pitch angle θ as

α = θ − φ. (A.74)

The sectional aerodynamic coefficients are obtained from the airfoil polar data,
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Cl = Cl(α), Cd = Cd(α). (A.75)

For the present propulsive convention, the normal and tangential force coefficients
are defined as

CT = Cl cosφ− Cd sinφ, (A.76)

and

Ctan = Cl sinφ+ Cd cosφ. (A.77)

The local blade solidity is defined as

σ′ = Nbc

2πr , (A.78)

where Nb is the number of blades and c = c(r) is the local chord.
The elemental thrust and torque from blade-element theory are

dTBE = 1
2ρV

2
relNbcCT dr, (A.79)

and

dQBE = 1
2ρV

2
relNbcCtanr dr. (A.80)

These two relations provide the blade-element closure required to determine the
induction factors.

A.4.3 Induction Factors and Scalar Residual Formulation
The BEMT equations are obtained by equating the momentum and blade-element
expressions for thrust and torque. Using

Vrel = V∞ (1 + aind)
sinφ , (A.81)

and equating Eq. (A.69) with Eq. (A.79) gives

4Faind = σ′CT
1 + aind

sin2 φ
. (A.82)

Solving for aind yields

aind(φ) =
A

4F sin2 φ

σ′Cn

− 1
B−1

. (A.83)

183



Additional Theoretical Derivations

Similarly, using

V 2
rel = V∞ (1 + aind) Ωr (1 − a′

ind)
sinφ cosφ , (A.84)

and equating Eq. (A.71) with Eq. (A.80) gives

4Fa′
ind = σ′Ctan

1 − a′
ind

sinφ cosφ. (A.85)

Solving for a′
ind gives

a′
ind(φ) =

34F sinφ cosφ
σ′Ctan

+ 1
4−1

. (A.86)

The coupled BEMT problem can therefore be reduced to a scalar nonlinear
problem in the inflow angle φ. Following the formulation of Ning [2], the induction
factors are treated as explicit functions of φ, through Eqs. (A.83) and (A.86).
Substitution into the kinematic relation in Eq. (A.73) gives the residual

R(φ) = sinφ
1 + aind(φ) − V∞

Ωr
cosφ

1 − a′
ind(φ) = 0. (A.87)

Once Eq. (A.87) is solved for φ, the induction factors follow from Eqs. (A.83)
and (A.86). The local aerodynamic coefficients are then evaluated from the corre-
sponding angle of attack, and the elemental loads are obtained from Eqs. (A.79)
and (A.80).
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Appendix B

VKI-BELL Code Reference

This appendix provides a practical reference for the MATLAB implementation of
VKI-BELL used in the present thesis. The theoretical formulation of the code has
been discussed in Chapter 3. The purpose of this appendix is instead to document
how the code is organised, how a simulation is launched, which files are normally
edited by the user, and how the saved results are structured.

The guide refers to the version of VKI-BELL used for the simulations reported
in this work. Most variable names match those used in Chapter 3; where the
two differ, for instance the code refers to the outer-loop thrust coefficient as
cfg.wake.CTcurrent where the chapter uses CT,w, the naming follows the actual
MATLAB implementation and should be used as the practical reference for code
usage.

B.1 Code Structure and Workflow Map
The source files are grouped according to the main solver tasks. The most relevant
folders are:

configuration, core, blade element, lifting line. (B.1)
Each folder corresponds to a block of the implementation described in Chapter 3:
configuration holds the case-specific input files; core contains rotor-geometry gener-
ation, wake construction, the fixed-point solver, and load evaluation; blade element
contains the sectional aerodynamic closure; lifting line contains the vortex-segment
assembly and the Biot–Savart routines. The remaining files, including the main
driver main_BELL.m and the launch script run_BELL.m reside in the project root.

Unlike a time-marching solver, VKI-BELL does not iterate over physical time:
the driver executes an inner fixed-point loop that solves for the circulation at a
frozen wake and an optional outer loop that reconciles the wake shape with the
converged solution. The block sequence executed by main_BELL.m is:
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1 % Block 1: configuration starting
2 cfg = feval( config_name ); % cfg = simulation function

evaluation
3 cfg = validate_config (cfg); % cfg input validation
4 % Block 2: rotor/body geometry
5 build_rotor_geometry .m
6 % Block 3: polar data
7 load_polars .m
8 % Block 4: initial wake geometry
9 build_wake_geometry .m

10 % Block 5: steady solver (inner + outer loop)
11 run_solver .m
12 % Block 6: post - processing + run summary
13 compute_loads .m
14 % Block 7: diagnostic figures (’explain ’ mode only)

Listing B.1: Configuration loading and workflow blocks in main_BELL.m.

The configuration is a MATLAB function whose name coincides with the file name,
so adding a new case only requires writing a new file in configuration folder, without
modifying the driver.

In Lst. B.2, the M matrix assembly and circulation update are reported within
the context of the inner-loop contained in run_solver.m.

1 [Mx , My , Mz] = build_influence_matrix (bladeGeom , wakeGeom ,
cfg);

2 for iter = 1: maxIter
3 g = Gamma (:);
4 Vind_CP = reshape ([Mx*g, My*g, Mz*g], nBlades , nPanels ,

3);
5 [ Gamma_target , sectionData ] =

compute_section_aerodynamics ( ...
6 bladeGeom , Vind_CP , polarData , cfg);
7 delta_Gamma = Gamma_target - Gamma;
8 residual = max(abs( delta_Gamma (:))) / (mean(abs(

Gamma_target (:))) + eps);
9 Gamma = Gamma + relax * delta_Gamma ;

10 end

Listing B.2: Influence-matrix assembly and inner-loop circulation update in
run_solver.m.

If the outer loop is enabled (always in hover, optional in axial flight), the
converged inner solution is used to update the mean induced velocity and, if
cfg.wake.CTadaptive is set, the thrust coefficient feeding the empirical wake-shape
laws; the wake is then rebuilt and the inner loop is solved again:
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1 for outer = 1: maxOuter
2 [Gamma , sectionData , history , wakeGeom ] = ...
3 run_solver (bladeGeom , wakeGeom , polarData , cfg);
4 viComp_outer = sum( sectionData .Vind .* reshape (

eOmega_outer ,1 ,1 ,3) , 3);
5 if cfg.wake. CTadaptive
6 loads_outer = compute_loads (bladeGeom , sectionData ,

Gamma , cfg);
7 cfg.wake. CTcurrent = cfg.wake. CTcurrent + cfg.wake.

CTadaptRelax * ...
8 ( loads_outer .CT - cfg.wake. CTcurrent );
9 end

10 vi_new = max(mean( viComp_outer (:)), 1e -3);
11 vi_outer = vi_outer + relaxVi * ( vi_new - vi_outer );
12 Vind_edges_outer = repmat ( reshape ( vi_outer * eOmega_outer

,1 ,1 ,3) , ...
13 nBlades_outer , nRedges_outer , 1);
14 wakeGeom = build_wake_geometry (bladeGeom ,

Vind_edges_outer , cfg);
15 end

Listing B.3: Outer wake-reconciliation loop in main_BELL.m.

A compact map of the solver routines is reported in Table B.1. The table is
intended as a navigation aid for the code and as a link between the implementation
files and the corresponding parts of the thesis.
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Table B.1: Workflow-to-code mapping of the VKI-BELL solver.

Workflow block Main role Main routines

Simulation setup Case parameters, execution options, and field
validation with defaults

main_BELL.m
run_BELL.m
<case_name>.m
validate_config.m

Rotor geometry Blade panels, control points, local frames,
and radial-edge geometry

build_rotor_geometry.m

Polar data Loading and angle-of-attack interpolation of
the sectional aerodynamic polars

load_polars.m
lookup_polar.m

Initial wake geometry Prescribed helical wake from an initial
induced-velocity guess

build_wake_geometry.m
apply_wake_contraction.m

Inner fixed-point loop (frozen wake)

Influence-matrix as-
sembly

Vortex-segment topology and Biot–Savart
kernel evaluated once per outer iteration

assemble_segments.m
build_influence_matrix.m
compute_biot_savart_kernel.m

Induced velocity Control-point induced velocity from the in-
fluence matrix, Vind,CP = M Γ

run_solver.m (Step 1)

Sectional aerodynam-
ics

Angle of attack, polar lookup, and target cir-
culation from the Kutta–Joukowsky theorem

compute_section_aerodynamics.m

Circulation update Residual evaluation and under-relaxation of
the bound circulation

run_solver.m (Steps 3–4)

Outer wake-reconciliation loop (optional)

Induced-velocity / CT

update
Mean or local induced velocity and, if en-
abled, the adaptive thrust coefficient feeding
the wake-shape laws

main_BELL.m (Block 5)

Wake rebuild Reconstruction of the prescribed wake with
the updated velocity and/or CT

build_wake_geometry.m
apply_wake_contraction.m

Post-processing

Load evaluation Sectional and integrated rotor loads, perfor-
mance coefficients

compute_loads.m

Result storage Packing and saving of the results structure save_BELL_results.m

Diagnostics and plot-
ting

Rotor and wake visualisation, load and
residual-history plots

plot_rotor_3d.m
plot_radii_twist_distribution.m
plot_wake_panels_3d.m
plot_loads.m
plot_solver_history.m

Post-processing Reload a saved run and recompute or re-plot
loads

postprocess_BELL.m
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B.2 Simulation Main Files
The standard execution path assumes that the code is launched from the main
VKI-BELL folder. main_BELL.m itself adds all subfolders to the MATLAB path
at the top of the function, so the geometry, wake, aerodynamic, and diagnostic
routines become available without any manual configuration.

The test case is selected by passing the name of the configuration function, as a
string, to the driver:

1 results = main_BELL (’template_test ’);

Listing B.4: Standard launch call, as used in run_BELL.m.

The driver calls this function directly with feval: there is no internal case list
to extend. Parameters sweep can be performed by passing a pre-built cfg struct
instead of a name.

B.2.1 Input File Template
A VKI-BELL simulation is controlled through a case-specific configuration file.
The file name and the function it defines must coincide,

<case_name>.m =⇒ function cfg = <case_name>(), (B.2)

and the file must be placed in the configuration folder. The configuration fields
are grouped into seven categories: geometry, operatingPoint, wake, vortex, numerics,
aero, and results.

Listing B.5 reports an abbreviated excerpt of template_config.m, the reference
template distributed with the code. The excerpt is not intended to reproduce the
full, extensively commented file, but to show the structure of the input file and the
main groups of parameters expected by the driver.

1 function cfg = template_config ()
2 % ==========================================================
3 % GEOMETRY
4 % ==========================================================
5 cfg. geometry . nBlades = 2; % number of blades
6 cfg. geometry . nPanels = 20; % spanwise panels
7 cfg. geometry . spanDistribution = ’cosine ’; % ’uniform ’ | ’

cosine ’
8 cfg. geometry .radii = []; % [m] array of radial

stations , root to tip
9 cfg. geometry . chords = []; % [m] array of chords at

each station
10 cfg. geometry . twist_deg = []; % [deg] array of pitch angle

at each station
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11 cfg. geometry . collectivePitch_deg = 0.0;
12 cfg. geometry . pitchAxisChordFraction = 0.30;
13 cfg. geometry . airfoilNames = {}; % .dat string array for

airfoil names
14 % ==========================================================
15 % OPERATING POINT
16 % ==========================================================
17 cfg. operatingPoint . OmegaVector_rpm = [0, 0, 0]; % [rpm]
18 cfg. operatingPoint . VinfVector = [0, 0, 0]; % [m/s]
19 cfg. operatingPoint . hubPosition = [0, 0, 0]; % [m]
20 cfg. operatingPoint . blade1RefVector = [0, 0, 0]; % radial

vector for the reference blade
21 % ==========================================================
22 % WAKE
23 % ==========================================================
24 cfg.wake.model = ’helical ’;
25 cfg.wake. nTurns = 12; % wake turns
26 cfg.wake. nSegmentsPerTurn = 36; % azimuthal

discretisation per turn
27 cfg.wake. contractionModel = ’none ’; % ’none ’ | ’landgrebe ’ |

’mccormick ’
28 cfg.wake. tipAxialModel = ’convection ’; % ’convection ’ | ’

landgrebe ’
29 cfg.wake. farWakeFactor = 2.0;
30 cfg.wake. CTadaptive = false; % see wake -shape laws ,

Sec. 4.4 ( chapter )
31 cfg.wake. CTadaptRelax = 0.4;
32 % ==========================================================
33 % VORTEX
34 % ==========================================================
35 cfg. vortex . coreRadiusWake = 0.005; % [m] emission core

radius
36 cfg. vortex . coreSpreadDelta = 100; % 0 = constant core
37 cfg. vortex . regularization = ’lambOseen ’;
38 % ==========================================================
39 % NUMERICS
40 % ==========================================================
41 cfg. numerics . maxIter = 400;
42 cfg. numerics . tolerance = 1e -4;
43 cfg. numerics . relaxation = 0.2;
44 cfg. numerics . OuterLoop = true;
45 cfg. numerics . gammaInit = ’aeroInit ’; % ’zero ’ | ’aeroInit

’, initial guess on Gamma
46 % ==========================================================
47 % AERO
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48 % ==========================================================
49 cfg.aero. polarDir = ’./ airfoil polars ’;
50 cfg.aero. extrapPolicy = ’flatPlate ’; % ’clamp ’|’

extrapolate ’|’ flatPlate ’
51 % ==========================================================
52 % RESULTS SAVING
53 % ==========================================================
54 cfg. results .name = ’template_test_case ’;
55 cfg. results . autoSave = true;
56 cfg. results . overwrite = true; % false = timestamp is

appended

Listing B.5: VKI-BELL input file template.

B.2.2 Output File Template
At the end of the simulation, if cfg.results.autoSave is true, save_BELL_results.m
writes a MATLAB .mat file containing the results structure. The destination folder
and base file name are read from cfg.results.dir and cfg.results.name.

The main fields are summarised in Listing B.6. The field results.cfg stores the
validated configuration file, including the defaults filled in by validate_config.m. The
fields results.bladeGeom and results.wakeGeom store the blade and wake geometry
used for the last inner-loop solution, results.sectionData stores the sectional flow
and aerodynamic quantities, and results.loads stores the integrated and radial
performance quantities.

1 % Main saved variable
2 results .cfg % validated configuration
3 results . bladeGeom % blade -panel geometry , control points ,

local frames
4 results . wakeGeom % final wake node lattice and panels
5 results .Gamma % converged bound - circulation

distribution [ nBlades x nPanels ]
6 results . history % inner -loop convergence : residual ,

nIter , converged
7 results . sectionData % sectional flow and aerodynamic

quantities :
8 results .loads % integrated and radial rotor loads

Listing B.6: Typical structure of the saved VKI-BELL output file.
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Appendix C

VKI-SDPM Code Reference

This appendix provides a practical reference for the MATLAB implementation of
VKI-SDPM used in the present thesis. The theoretical formulation of the source–
doublet panel method, the wake model, and the load-evaluation procedure have
been discussed in the main chapters. The purpose of this appendix is instead to
document how the code is organised, how a simulation is launched, which files
are normally modified by the user, and how the saved results are converted into
post-processing and validation quantities.

The guide refers to the version of VKI-SDPM used for the simulations reported
in this work. Some parameter and variable names may not exactly match those
used in Chapter 5, where a more homogeneous notation was adopted for clarity. In
this appendix, the naming follows the actual MATLAB implementation and should
therefore be used as the practical reference for code usage.

C.1 Code Structure and Workflow Map
The source files are grouped according to the main solver tasks. The most relevant
folders are:

geometry, solver, influence, wake, loads, post process. (C.1)

Each folder corresponds to a block of the implementation described in Chapter 5.
The main driver calls these routines in a fixed order: geometry generation, body
influence assembly, wake initialisation, time marching, pressure evaluation, result
storage, and post-processing.
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The geometry block is selected according to the simulation class:
1 switch lower(cfg. sim_class )
2 case ’wing ’
3 semispan = feval(cfg. geometry_func , cfg.

geometry_params {:});
4 wing = assemble_wing ( semispan );
5 panels_all = build_panel_geometry (wing);
6 case ’rotor ’
7 blade = feval(cfg. geometry_func , cfg.

geometry_params {:});
8 rotor = assemble_propeller (blade , cfg.Nb);
9 panels_all = build_panel_geometry (rotor);

10 end

Listing C.1: Geometry selection in the main driver.

The geometry functions generate the raw rotor or wing geometry, while
build_panel_geometry.m converts it into the panel structure used by the solver.

The body influence matrices are computed immediately after geometry genera-
tion.

The time loop contains the gathers the body motion, source update, wake shed-
ding, wake influence, algebraic solver, wake convection, and surface computations.
A compact map of the main solver routines is reported in Table C.1. The table is
intended as a navigation aid for the code and as a link between the implementation
files and the corresponding parts of the thesis. Here, follows parts of the code that
summarize the time loop:

1 if strcmp ( simulation_class , ’rotor ’)
2 panels_all = update_rotor_position (panels_all , dphi_deg );
3 end
4 Q_now = Q_inf_fun (t_n);
5 Omega_now = Omega_fun (t_n);
6 sigma_now = compute_sources (panels_all , Q_now , Omega_now );
7 wake = create_wake_panels_exp (wake , panels_all , mu_prev );
8 C_phi = compute_C_phi_vectorial (panels_all , wake);
9 RHS = - A_phi * sigma_now - C_phi * mu_wake_vec ;

10 mu_now = U_phi \ (L_phi \ (P_phi * RHS));

Listing C.2: Linear system assemble and solution
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The wake is then convected according to the selected wake mode. In free-wake
mode, the induced velocity is first evaluated on the wake nodes. In prescribed-wake
mode, the same routine is used, but the induced-velocity field is set to zero and
the wake is convected only by the freestream contribution.

1 if strcmp (lower( wake_mode ), ’free ’)
2 V_wake_nodes = compute_on_wake_velocities_vectorial (wake ,

panels_all , mu_now , sigma_now );
3 wake = convect_wake (wake , V_wake_nodes , dt , time_int_method ,

t_step , Q_now);
4 end

Listing C.3: Free-wake induced-velocity evaluation and convection.

After the body solution is obtained, the surface velocity and pressure are
computed and stored:

1 q_surf = compute_surface_velocity (panels_all , mu_now ,
sigma_now , Nc);

2 p_surf = compute_pressure (panels_all , q_surf , ...
3 mu_now , mu_prev , mu_prev2 , ...
4 rho , Q_now , Omega_now , dt , t_step , ...
5 dphi_dt_method , p_ref);

Listing C.4: Surface velocity and pressure evaluation.
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Table C.1: Workflow-to-code mapping of the VKI-SDPM solver.

Workflow block Main role Main routines

Simulation setup Case parameters and execution options Main_SDPM.m
sim_config_*.m

Geometry generation Panel mesh, collocation points, normals, and
areas

assemble_propeller.m
assemble_wing.m
build_panel_geometry.m

Body AIC assembly Body source and doublet influence matrices compute_A_phi_LS_vectorial.m
compute_B_phi_LS_vectorial.m
assemble_matrices.m

Initial body solution Initial source vector and body doublet distri-
bution

compute_sources.m
LU solve

Wake initialisation Initial trailing-edge wake structure initialize_wake.m

Time-marching loop

Body kinematics Current body position and angular velocity update_rotor_position.m

Source update Current source distribution from the non-
penetration condition

compute_sources.m

Wake shedding Newly shed wake panels and wake doublet
strengths

create_wake_panels_exp.m

Wake AIC update Current wake influence matrix on the body
collocation points

compute_C_phi_vectorial.m

Linear solve Current body doublet distribution LU solve

Wake vortex segments Equivalent vortex-segment wake network update_wake_vortex_segments.m

Wake induced velocity Induced velocity on wake nodes compute_wake_velocities_vectorial.m

Wake convection Updated wake-node positions convect_wake.m

Surface velocity Surface perturbation velocity on body panels compute_surface_velocity.m

Pressure evaluation Dimensional pressure field on body panels compute_pressure.m

Data storage Time-step quantities saved in the result struc-
ture

results
save

Post-processing

Pressure coefficient Conversion from dimensional pressure to Cp compute_Cp.m

Load integration Integrated forces, moments, and aerodynamic
coefficients

compute_forces_moments.m

Plotting routines Pressure, loading, convergence, and wake vi-
sualisation

plot_Cp_sections.m
plot_spanwise_loading.m
plot_convergence.m
plot_wake_animation.m
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C.2 Simulation Main Files
The standard execution path assumes that the code is launched from the main
VKI-SDPM folder. At startup, the driver adds all subfolders to the MATLAB path
making the geometry, influence, wake, load, utility, and post-processing routines
available without manually adding each folder.

The test case is selected in the first block of Main_SDPM.m by changing the
string test_case. The corresponding configuration function is then called through a
switch statement based on the selected string. The user can modify the simulation
parameters from the case related sim_config_*.m file.

The code uses MATLAB parfor feature to access to parallel loops for the
computation of AIC matrices and to convect the wake in the free-wake simulations.
Therefore, the MATLAB parallel toolbox is necessary to run the code.

The driver initialises the parallel pool and the user can select whether the pool
is based on MATLAB threads or processes. The processes have to be preferred in
case of large computations.

The main execution options that are independent of the physical test case are
collected in the first block of the driver. In the current version, these include saving
options, parallel-pool type, and the list of bodies allowed to shed wake. The field
use_holder is retained for future interacting-body extensions. In the simulations
reported in this thesis, the active workflow uses lifting surfaces only.

1 mode_save = true;
2 pool_type = ’Processes ’;
3 use_holder = false;
4 shedding_bodies = [1];

Listing C.5: Execution options defined in the driver.

C.2.1 Input File Template
A VKI-SDPM simulation is controlled through a case-specific configuration file

sim_config_*.m. (C.2)

In the standard workflow, the user selects the desired test case in Main_SDPM.m,
the corresponding configuration file is loaded, the simulation is executed, and the
output is saved as a MATLAB .mat file.

Listing C.6 reports a representative template for a rotor simulation of a VKI-
SDPM configuration file. The template is not intended to reproduce every validation
case, but to show the structure of the input file and the main groups of parameters
expected by the driver.
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1 function cfg = sim_config_template ()
2 % ==========================================================
3 % CASE IDENTIFICATION
4 % ==========================================================
5 cfg. test_case = ’template_case ’;
6 cfg. sim_class = ’rotor ’; % ’rotor ’ | ’wing ’
7 cfg. geometry_func = ’template_geometry_function ’;
8 % ==========================================================
9 % GEOMETRY AND MESH

10 % ==========================================================
11 cfg.R = 1.0; % rotor radius [m]
12 cfg. r_R_start = 0.15; % inner cutout for rotor [-]
13 cfg. chord_rotor = 0.10; % rotor reference chord [m]
14 cfg. collective_deg = 5.0; % collective pitch [deg]
15 cfg.Nb = 2; % number of blades
16 cfg.Nc = 40; % chordwise panels per surf side
17 cfg.Nr = 20; % spanwise panels per blade
18 cfg. chord_spacing = ’cosine ’; % ’uniform ’ | ’cosine ’ | ’

sine ’
19 cfg. span_spacing = ’cosine ’; % ’uniform ’ | ’cosine ’
20 cfg. rotor_axis = [0.0 , 0.0, 1.0];
21 cfg. moment_ref_point = [0.0 , 0.0, 0.0];
22 % ==========================================================
23 % OPERATING CONDITIONS
24 % ==========================================================
25 cfg.RPM = 1000.0; % rotor speed [rev/min]
26 cfg. Omega_z = cfg.RPM * 2*pi /60; % angular speed [rad/s]
27 cfg.V_tip = cfg. Omega_z * cfg.R; % tip speed [m/s]
28 cfg.rho = 1.225; % density [kg/m^3]
29 cfg.p_ref = 101325.0; % reference pressure [Pa]
30 cfg.q_ref = 0.5 * cfg.rho * cfg.V_tip ^2;
31 cfg.V_ref = cfg.V_tip;
32 cfg.c_ref = cfg. chord_rotor ;
33 cfg. c_mean = cfg. chord_rotor ;
34 % Freestream and angular - velocity functions .
35 cfg. Q_inf_fun = @(t) [0.0 , 0.0, 0.0];
36 cfg. Omega_fun = @(t) [0.0 , 0.0, cfg. Omega_z ];
37 cfg. Q_inf_vec = cfg. Q_inf_fun (0.0);
38 % ==========================================================
39 % WAKE - LENGTH AND TIME -STEP PARAMETERS
40 % ==========================================================
41 cfg. N_wake_length = 6; % rotor: revolutions ;
42 cfg. solver . dphi_deg = 15.0; % azimuthal step [deg]
43 % ==========================================================
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44 % SOLVER SETTINGS
45 % ==========================================================
46 cfg. solver . wake_mode = ’free ’; % ’free ’ | ’

prescribed ’
47 cfg. solver . time_int_method = ’ET’; % Time

integration scheme
48 cfg. solver . vortex_core_model = ’vatistas ’; % ’none ’ | ’

lamb_oseen ’ | ’vatistas ’
49 cfg. solver . core_evolution = ’wake_age ’; % ’constant ’ | ’

stretching ’ | ’wake_age ’ | ’stretching_age ’
50 cfg. solver . init_core_size_factor = 0.10; % initial core

factor (%c)
51 cfg. solver . nu_eff = 1.46e -5; % kinematic

viscosity [m^2/s]
52 cfg. solver . turbulent_viscosity_model = ’constant ’; % ’

constant ’ | ’squire ’|’ stepped ’
53 % ==========================================================
54 % OUTPUT PATHS
55 % ==========================================================
56 cfg. solver . save_path = fullfile (’data ’, ’

stored_numerical_results ’, ...
57 ’template_case ’, ...
58 ’template_result .mat ’);

Listing C.6: Representative template of a VKI-SDPM simulation configuration
file.
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C.2.2 Output File Template
At the end of the simulation, the main output is a MATLAB .mat file, that contains
the structure results. The main fields stored here are summarised in Listing C.7. The
field results.params stores the input configuration together with derived quantities
such as the number of panels, the time step, and the number of simulated time
steps. The arrays results.mu, results.sigma, results.p_surf, and results.q_surf contain
the main time-dependent solution variables. The optional field results.wake stores
the entirety or just snapshots of the wake.

1 % Main saved variable
2 % Simulation parameters and results
3 results . params % copy of cfg plus derived fields
4 results . panels % body -panel structure
5 results .t % time vector
6 results .mu % body doublet strengths
7 results .sigma % source strengths
8 results . p_surf % surface dimensional pressure
9 results . q_surf % surface perturbation velocity

10 % Wake data
11 results .wake.dt
12 results .wake.Nr
13 results .wake.nodes
14 results .wake. n_rows
15 results .wake. circulation
16 results .wake. core_radii

Listing C.7: Typical structure of the saved VKI-SDPM output file.
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Extra Validation Results for
VKI-SDPM

D.1 Yip-Shubert Test Case

D.1.1 Cp Distributions for α = −1.69◦ and q∞ = 1.47 kPa
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Figure D.1: Experimental and numerical comparison of Cp distributions for the
Yip–Shubert test case at α = −1.69◦ (η = 0.05, 0.20).
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Figure D.1 (continued) (η = 0.34, 0.48, 0.61, 0.72).
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Figure D.1 (continued) (η = 0.82, 0.90, 0.95, 0.99).
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D.1.2 Cp Distributions for α = 4.64◦ and q∞ = 1.48 kPa
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Figure D.2: Experimental and numerical comparison of Cp distributions for the
Yip–Shubert test case at α = 4.64◦ (η = 0.05, 0.20, 0.34, 0.48).
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Figure D.2 (continued) (η = 0.61, 0.72, 0.82, 0.90).
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Figure D.2 (continued) (η = 0.95, 0.99).
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D.1.3 Cp Distributions for α = 10.97◦ and q∞ = 1.48 kPa
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Figure D.3: Cp(x/c) distributions at α = 10.97◦ (η = 0.05, 0.20, 0.34, 0.48).
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Figure D.3 (continued) (η = 0.61, 0.72, 0.82, 0.90).
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Figure D.2 (continued) (η = 0.95, 0.99).
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D.1.4 Cm(α) Spanwise Distribution
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Figure D.3: Cm(α) curves along the spanwise sections for the Yip–Shubert test
cases. (η = 0.20, 0.34, 0.61, 0.72, 0.90, 0.95).
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D.2 Kolbe-Boltz Test Case

D.2.1 Cp Distribution for M = 0.08, Re = 8 · 106 and αu = 4◦
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Figure D.4: Experimental and numerical comparison of Cp distributions for
the Kolbe–Boltz test case at M = 0.08, Re = 8 · 106 and αu = 4◦. (η =
0.09, 0.20, 0.38, 0.56).
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Figure D.4 (continued) (η = 0.71, 0.83, 0.92).
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D.2.2 Cp Distribution for M = 0.25, Re = 4 · 106 and αu = 4◦

0 0.2 0.4 0.6 0.8 1
x=c

-1.5

-1

-0.5

0

0.5

1

C
p

Cp(x=c) at 2 = 0:09 - M = 0:25, , = 4:0/

VKI-SDPM (upper)
VKI-SDPM (lower)
Experimental (upper)
Experimental (lower)

(a) η = 0.09

0 0.2 0.4 0.6 0.8 1
x=c

-1.5

-1

-0.5

0

0.5

C
p

Cp(x=c) at 2 = 0:20 - M = 0:25, , = 4:0/

VKI-SDPM (upper)
VKI-SDPM (lower)
Experimental (upper)
Experimental (lower)

(b) η = 0.20

0 0.2 0.4 0.6 0.8 1
x=c

-1.5

-1

-0.5

0

0.5

1

C
p

Cp(x=c) at 2 = 0:38 - M = 0:25, , = 4:0/

VKI-SDPM (upper)
VKI-SDPM (lower)
Experimental (upper)
Experimental (lower)

(c) η = 0.38

0 0.2 0.4 0.6 0.8 1
x=c

-1.5

-1

-0.5

0

0.5

1

C
p

Cp(x=c) at 2 = 0:56 - M = 0:25, , = 4:0/

VKI-SDPM (upper)
VKI-SDPM (lower)
Experimental (upper)
Experimental (lower)

(d) η = 0.56

Figure D.5: Cp distributions for the Kolbe–Boltz case at M = 0.25, Re = 4 · 106,
αu = 4◦ (η = 0.09, 0.20, 0.38, 0.56).
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Figure D.5 (continued) (η = 0.71, 0.83, 0.92).
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D.2.3 Cp Distribution for M = 0.40, Re = 4 · 106 and αu = 6◦
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Figure D.6: Cp distributions for the Kolbe–Boltz test case at M = 0.40, Re =
4 · 106, αu = 6◦ (η = 0.09, 0.20, 0.38, 0.56).
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Figure D.6 (continued) (η = 0.71, 0.83, 0.92).
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D.3 NREL UAE Phase VI

D.3.1 Cp Distribution for S0500300
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Figure D.7: Cp distributions for the NREL UAE Phase VI case at V∞ = 5 m/s,
βyaw = 30◦ (r/R = 0.30, 0.47, 0.63).
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Figure D.7 (continued) (r/R = 0.80, 0.95).
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D.3.2 Cp Distribution for S0800000
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Figure D.8: Cp distributions for the NREL UAE Phase VI case at V∞ = 8 m/s,
βyaw = 0◦ (r/R = 0.30, 0.47, 0.63).
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Figure D.8 (continued) (r/R = 0.80, 0.95).
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D.3.3 Cp Distribution for S1000300
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Figure D.9: Cp distributions for the NREL UAE Phase VI at V∞ = 10 m/s,
βyaw = 30◦ (r/R = 0.30, 0.47, 0.63).
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Figure D.9 (continued) (r/R = 0.80, 0.95).
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D.4 Caradonna–Tung test case

D.4.1 Cp Distributions for Ω = 650 rpm and θc = 8◦
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Figure D.10: Cp distributions for the Caradonna–Tung test case rotor at Ω =
650 rpm and θc = 8◦.
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D.4.2 Cp Distributions for Ω = 1250 rpm and θc = 5◦
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Figure D.11: Cp distributions for the Caradonna–Tung test case rotor at Ω =
1250 rpm and θc = 5◦.
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