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1 - Summary

Aeroelastic analyses of bladed disks are routinely performed using Finite Element
Methods (FEM) to evaluate the dynamic behavior of aircraft engine components. These
analyses produce complex-valued eigenvectors, which can be transformed into real-domain
mode shapes for engineering interpretation. A major post-processing challenge is the
classification of the large number of modes represented in Frequency vs Nodal Diame-
ter (FreND) diagrams, a task that is currently performed manually by domain experts
and is therefore time-consuming and difficult to scale. This thesis investigates the use
of Deep Learning for automated modal classification. In particular, a Convo-
lutional Neural Network (CNN) is designed to identify modal shape labels from
processed aeroelastic data and to emulate the expert labeling procedure. The objective
is not merely to reduce analysis time, but also to assess whether data-driven classifica-
tion can achieve sufficient accuracy, robustness, and consistency to support engineering
decision-making. The proposed approach is evaluated on a real dataset of turbine blade
modes provided within an industrial collaboration with GE Avio Aero and discussed in
terms of predictive performance, generalization capability, and applicability to industrial
workflows.
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2 - Introduction

2.1 Problem Outline
This thesis investigates an artificial-intelligence-based framework developed to elim-
inate human involvement in the labeling of blade modal shapes. This process is cur-
rently time-consuming and highly error-prone; therefore, the development of an AI-based
tool capable of performing this task has become necessary for aeroelastic analyses aimed
at investigating blade vibrational characteristics and interactions with the fluid.
The first step of the project was to identify the nature of the problem itself, namely
the classification of blade modal shapes. The blade modal shapes derived from Finite
Element Analyses (FEA) are represented in the form of complex-valued matrices, which
contain the complex displacement of each node of the FEM model representing a shape.
One of the challenges encountered in this work stems from the fact that this mathematical
representation is not unique. Indeed, the same label can correspond to different matrices.
This property is inherent to the time-varying nature of the eigenmode, whose evolution
is periodic in time.
At the beginning, the idea was to adopt a conventional Machine Learning (ML) ap-
proach, in which the AI model maps a set of physically meaningful input features to a
unique output label. However, it soon became evident that, because of the very large
number of parameters characterizing blade modal shapes, as well as the intrinsic com-
plexity of the problem, a Deep Learning (DL) approach would be more suitable. Unlike
traditional machine learning methods, Deep Learning enables the model to automatically
extract and construct the relevant features during the training phase, thus making it
particularly effective for high-dimensional and highly nonlinear classification tasks.
Another key insight that significantly simplified the problem was the introduction of a pre-
processing transformation aimed at converting the extremely intricate blade geometries
and their corresponding modal shape patterns into colored simplified maps. As a result,
the original task was reformulated as an image recognition problem.
The overall objective is not fundamentally different from that of many AI-based systems
currently employed in a wide range of fields, including medicine, security, and everyday
consumer applications. In all these domains, artificial intelligence has achieved remarkably
high levels of accuracy, enabling results that remain impressive even today. Nevertheless,
the framework developed in this work is distinguished by its physics-based nature. This
feature ensures that the recognition of blade modal shapes is not only accurate, but also
fully consistent with the governing physical equations underlying the phenomenon.

9



2 - Introduction

2.2 Predictive Models
To improve the results, it is necessary to clearly define the task we expect the code to
perform. For this reason, it is worth taking some time to discuss the different categories
of models.
Predictive modeling comprises a range of techniques aimed at estimating dependent
variables based on sets of inputs, commonly referred to as predictors. In this context,
artificial intelligence can be understood as a collection of techniques capable of predicting
outcomes and generating responses to previously unseen problems by learning underlying
patterns from data. These techniques can generally be divided into two main categories:

• Classification problems involve processing input data such as patterns in the form
of matrices or images and assigning one or more labels;

• Regression problems focus on reconstructing an underlying functional relationship
in order to generate quantitative predictions of an output, thereby avoiding onerous
analyses.

The objectives of this thesis fall squarely within the scope of a classification problem.

2.2.1 Classification Scope
Classification can be approached through different types of algorithms, depending on the
objective of the task. First, it is useful to distinguish between the concepts of class and
label. A class refers to the mutually exclusive category, typically used in problems where
only one object, or one dominant object, is expected in the image. A label, instead, is
defined as an output that can coexist with other labels.
With this distinction in mind, the main types of classification can be summarized as
follows:

• Binary classification is the simplest form of classification. Its purpose is to de-
termine whether a specific item, condition, or feature is present or absent. This
approach is widely used, for example, in medical diagnosis and security applica-
tions.

• Multi-class classification refers to tasks in which the model must assign an input
to exactly one class among several possible classes. This approach is commonly used
in applications such as image recognition.

• Multi-label classification is used when multiple objects, attributes, or categories
can coexist in the same input. In this case, the model assigns one or more labels
simultaneously. This approach is often adopted in image tagging and topic assign-
ment tasks.

• Multi-task classification extends these ideas by solving multiple related tasks at
the same time. For example, a model may first identify an object and then provide
additional information about it, such as its properties or condition.

For the purposes of this thesis, a multi-label classification approach is the most appropri-
ate.

10



2.3. Machine Learning vs Deep Learning

2.3 Machine Learning vs Deep Learning
Both Machine Learning (ML) and Deep Learning (DL) belong to the broader field of
Artificial Intelligence (AI), as shown in Fig.2.1; however, they differ significantly in terms
of methodology and level of abstraction.

AI

Machine Learning

Deep Learning

Figure 2.1: AI Venn diagram

In traditional Machine Learning, the model requires an input vector composed of se-
lected variables, usually referred to as features, in order to perform a prediction or classifi-
cation task. This approach demands a strong physical understanding of the phenomenon
under investigation, since the relevant features must be identified, extracted, and cor-
related with the desired output. In this context, a preliminary classification task was
explored for the modal shape labeling of a simple beam-like structure. By using quanti-
ties such as the number of modal nodes and energy-related parameters, it was possible to
classify the modal shapes of a blade modeled as a beam.
Deep Learning, on the other hand, provides a higher degree of autonomy to the model.
Instead of relying on manually engineered features, the network automatically extracts
the most relevant representations directly from the input data, which are often provided
in the form of vectors, matrices, or higher-dimensional tensors. Therefore, while Ma-
chine Learning depends on features explicitly selected by the researcher, Deep Learning
is capable of learning such features automatically from the available data.
In summary, Machine Learning learns from manually defined input features, whereas Deep
Learning learns both the features and the mapping to the output directly from the data.

Figure 2.2: ML vs DL[5].

Learning can be divided into three categories:
• supervised, if training is performed on labeled datasets, similarly to this thesis;

• unsupervised, in which the model learns patterns and structure from the data and
is not strictly a classification approach;

• reinforcement, if the model learns through trial-and-error loops, particularly in
robotics applications.
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2 - Introduction

2.4 AI Overview
Neural networks usually take as input a dataset X composed of N samples. Each sample
may consist of a vector, a matrix, an image (colors are represented by scalars) or, more
generally, a tensor. To clarify the notation, the following symbols are adopted:

Symbol Meaning
Y (n)

c ∈ B1×C True numerical value associated with label represented by channel c for
sample n, treated as correct based on the user’s judgment.

y(n) True alphanumeric label string for sample n.
Ŷ (n)

c ∈ R1×C Predicted numerical value associated with channel c for sample n, such
as a score or probability produced by the model.

ŷ(n) Predicted label for sample n, obtained after post-processing the model
outputs.

Table 2.1: Notation used.

2.4.1 Confusion Matrix
Performance refers to the ability of a model to correctly predict outcomes by generalizing
the knowledge learned during the training phase. Several mathematical indicators can
be used to evaluate model performance by comparing the true labels with the predicted
class.
A first useful tool for performance evaluation is the Confusion Matrix, which is a table
reporting the true classes on the ordinate axis and the predicted classes on the abscissa
axis. For a highly accurate algorithm, most predicted classes coincide with the true
classes; therefore, the majority of the values are concentrated along the main diagonal, as
shown in Fig.2.3a.
Conversely, when the error rate is high, the values are more widely distributed outside
the diagonal, and the diagonal cells tend to contain fewer elements, as shown in Fig.2.3b.

Confusion Matrix

8 0 0 0 0 1 0 0 0 0

0 12 0 0 0 0 0 0 0 0

1 1 13 0 0 1 0 0 0 0

0 0 0 6 0 0 0 0 0 0

0 0 0 0 8 0 0 0 0 0

0 0 0 0 0 6 0 0 0 1

0 0 0 0 0 0 6 0 1 0

1 0 0 1 0 0 1 12 0 0

0 0 0 0 0 0 0 1 8 0

1 0 0 0 1 0 0 0 0 9
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(a)

Confusion Matrix

2 1 2 0 0 1 1 3 0 1

0 0 1 0 0 2 1 2 1 0

2 0 1 0 3 0 1 2 0 1

1 0 3 4 2 2 0 1 2 2

1 0 0 0 3 0 0 0 1 0

1 1 1 0 1 3 1 0 1 2

2 2 0 1 0 0 2 1 1 1

0 0 0 0 1 1 2 4 0 1

1 2 2 1 3 2 0 0 0 2

0 0 1 4 0 0 0 0 1 1

A B C D E F G H I J
Predicted Label
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I

J
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ru

e 
L
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el

(b)

Figure 2.3: Confusion matrices for (a) high and (b) low classification accuracy.
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2.4. AI Overview

Now, let us define some quantities referring to a binary classification problem:

TP = True Positive, correct positive result;

FP = False Positive, wrong positive result;

FN = False Negative, wrong missing result;

TN = True Negative, correct missing result.
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Figure 2.4: Binary Confusion Matrix.

2.4.2 Multi-label Classification Metrics
Metrics are parameters to compute the performance of a model, based on predictions and
corresponding true results[8].
Accuracy is defined as the proportion of correct predictions over all samples. It can be
expressed in two different forms. Subset accuracy is more restrictive, since it measures
the proportion of samples for which the predicted label set exactly matches the true label
set. By contrast, in the multilabel setting, accuracy is based on the intersection between
predicted and true label sets, averaged over all samples:

Subset Accuracy .= 1
N

NØ
n=1

I
è
y(n) = ŷ(n)

é
(2.1)

Accuracy .= 1
N

NØ
n=1

---ŷ(n) ∩ y(n)
---

|ŷ(n) ∪ y(n)|
(2.2)

where I[·] denotes the Iverson bracket operator:

I[E] ∈ B =

1 if E is true
0 if E is false

Hamming Score (HS) is related to the Hamming Loss (HL) and measures how well
the model predicts each channel independently, averaging the result over all samples and
channels:

HL .= 1
NL

NØ
n=1

CØ
c=1

I
è
Y (n)

c ̸= Ŷ (n)
c

é
⇒ HS .= 1 − HL (2.3)

where L is the total number of labels.
Precision and Recall measure the proportion of correctly predicted labels with respect
to the predicted and true label sets, respectively. In the example-based multilabel setting,
they are defined as:

Precision
.= 1

N

NØ
n=1

---y(n) ∩ ŷ(n)
---

|ŷ(n)|
Recall

.= 1
N

NØ
n=1

---y(n) ∩ ŷ(n)
---

|y(n)|
(2.4)
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Thus, maximizing Precision reduces false positives, while maximizing Recall reduces false
negatives. In practice, there is often a trade-off between the two metrics.
Fβ-score is the weighted harmonic mean of Precision and Recall:

Fβ
.= (1 + β2)(Precision · Recall)

β2 · Precision + Recall
(2.5)

The most commonly used case is the F1-score, which assigns equal importance to Preci-
sion and Recall. In the example-based multilabel setting, it is defined as:

F1
.= 1

N

NØ
n=1

2 ·
---ŷ(n) ∩ y(n)

---
|ŷ(n)| + |y(n)|

(2.6)

Micro − and Macro − F1 Scores are commonly used in multi-label classification to
aggregate performance across labels. Since the F1 score has already been introduced, it is
defined here in the same way as the harmonic mean of precision and recall; what changes
is how these quantities are aggregated across classes.
In the Micro formulation, true positives, false positives, and false negatives are summed
over all labels before computing precision and recall:

Micro − Precision
.=

qC
c=1 TPcqC

c=1(TPc + FPc)
Micro − Recall

.=
qC

c=1 TPcqC
c=1(TPc + FNc)

(2.7)

The resulting Micro − F1 is then computed from Micro − Precision and Micro − Recall
using the standard definition.
In the Macro formulation, precision, recall, and F1 are first computed separately for each
label c, and then averaged:

Macro − Precision
.= TPc

TPc + FPc

Macro − Recall
.= TPc

TPc + FNc

(2.8)

Macro − F1
.= 1

C

CØ
c=1

F1,c (2.9)

Micro−F1 gives more weight to frequent labels because all decisions are pooled together,
whereas Macro − F1 assigns equal importance to each label. Therefore, Macro − F1 is
often more informative in imbalanced multi-label settings, as it better reflects performance
on minority labels.

2.4.3 ROC
The Receiver Operating Characteristic (ROC) curve provides a general visualization of the
classifier’s ability to discriminate between positive and negative classes. In the multilabel
setting, ROC analysis is performed by considering the equivalent binary formulation of
the problem shown in Fig.2.4, where each sample-label pair is treated as an independent
binary decision. The curve reports the true positive rate (TPR) on the ordinate axis and
the false positive rate (FPR) on the abscissa axis, where:

TPR .= TP

TP + FN
FPR .= FP

FP + TN
(2.10)
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2.4. AI Overview

Fig.2.5 shows different model behaviors. An ideal classifier correctly predicts all positive
label assignments and rejects all negative ones, hence TPR = 1 and FPR = 0. On
the contrary, a random classifier cannot distinguish between positive and negative label
assignments, so its response is determined by chance.

Figure 2.5: ROC curves[11].

2.4.4 Underfitting and Overfitting
Underfitting and overfitting are opposite phenomena that characterize the behavior of
an algorithm when learning from a training dataset. In particular, overfitting occurs
when the model adapts too closely to the training data, capturing also noise or specific
fluctuations, and therefore fails to generalize well to unseen test data as shown in Fig.2.6.
In contrast, underfitting occurs when the model is unable to capture sufficient information
from the training data, resulting in poor performance even on the training set.

Figure 2.6: Illustration of Underfitting, Good Fit, and Overfitting[7].

2.4.5 Imbalanced Dataset Problem
A challenge frequently encountered in machine learning is the class imbalance problem,
that occurs when the number of samples belonging to one class is significantly higher
than the number of samples belonging to another. In such cases, a model may achieve
apparently high overall accuracy while still performing poorly on the minority class, which
is often the most relevant one in practical applications.
Several approaches have been proposed in the literature to address this problem[9]. These
can be broadly divided into two categories: algorithm-level techniques and data-level
techniques.
Algorithm-level approaches aim to improve the learning process without modifying the
original dataset.
These methods include:

• The use of evaluation metrics that better capture classifier performance on imbal-
anced datasets, such as Matthews Correlation Coefficient (MCC) and AUC-ROC
(Area Under the Receiver Operating Characteristic Curve);
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• The adoption of classifiers that are generally more robust in the presence of class
imbalance, such as Random Forest or AdaBoost;

• Anomaly detection methods, in which the minority class is treated as an anomaly;

• Cost-sensitive learning, where higher penalties are assigned to misclassifications in-
volving the minority class.

Data-level techniques are more intuitive since they directly modify the training dataset
in order to reduce class imbalance.
The main strategies are the following:

• Oversampling increases the number of minority-class samples until a more bal-
anced distribution is achieved. A simple method is random oversampling, which
replicates existing minority samples. However, this may lead to overfitting, as also
observed during this thesis work. A more effective solution is the use of synthetic
sample generation techniques, such as SMOTE (Synthetic Minority Over-sampling
TEchnique) in Fig.2.7, which creates new artificial samples that remain faithful
to the original data distribution. Other algorithms, such as ADASYN, are also
available. The main drawback of oversampling is the increased computational cost
during training.

Figure 2.7: SMOTE interpolation technique[10].

• Undersampling reduces the number of majority-class samples until it matches, or
more closely matches, the minority class as descibed in Fig.2.5. While this method
decreases training time, it may discard useful information contained in the removed
samples.

• Combined resampling combines oversampling and undersampling techniques in
order to benefit from both approaches, balancing the dataset while trying to limit
overfitting and information loss.

Figure 2.8: (Random) Oversampling and Undersampling[12].
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cial Intelligence

3.1 Empirical Risk Minimization
With reference to Sec. 2.4, the training of a neural network is fundamentally based on re-
ducing the loss, i.e., the discrepancy between the predicted outputs and the corresponding
ground-truth labels, through iterative updates of the model parameters. More precisely,
the learning process aims to approximate the unknown target function f by means of an
approximated model f̂ , which maps an input X(n) to a score or probability distribution:

f̂(X(n); W ) = Ŷ (n) ≈ Y (n) (3.1)

where W denotes the trainable weights of the network. The final predicted label ŷ(n) is
then obtained from Ŷ (n) through a thresholding.
More formally, let D [13] denote the data distribution over the true space Z = X × Y ,
where X ∈ X is the input and Y ∈ Y is the ground-truth score; therefore, each sample is
defined as Z(n) = (X(n), Y (n)) ∈ Z.
The population risk associated with the model parameters W is defined as the expected
value of a loss function ℓ(Z; W ) with respect to the random variable Z ∼ D, namely:

R(W ) .= EZ∼D [ℓ(Z; W )] (3.2)

where ℓ can be written explicitly as ℓ(Y, Ŷ ), but given that Ŷ = f(X; W ), it can be more
compactly expressed as ℓ(Z; W ).
Since the distribution D is limitless, the population risk cannot be evaluated exactly over
the whole space Z. In other terms, to train a neural network it is necessary to consider
a finite subset training set T :

T =
î
Z(1), Z(2), . . . , Z(N)

ï
⊂ Z (3.3)

It is then necessary to generalize the knowledge gained from T by averaging over the
samples, thereby defining the empirical risk:

RT (W ) .= 1
N

NØ
n=1

ℓ
1
Z(n); W

2
(3.4)

Accordingly, the Empirical Risk Minimization (ERM) problem can be formulated as:

min
W ∈W

RT (W ) = min
W ∈W

1
N

NØ
n=1

ℓ
1
Z(n); W

2
(3.5)

where W denotes the space of admissible model parameters.
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3.2 Loss Functions for Classification Problems
To define an appropriate numerical optimization procedure, it is essential to select a loss
function that is consistent with the structure of the classification task. In supervised
learning, a loss function quantifies the discrepancy between the target distribution Y (n)

and the predicted distribution Ŷ (n) = f̂(X(n); W ) for a single sample n. By contrast,
the cost function is the average of the loss values over the entire training dataset [18].
Accordingly, the optimization process seeks to minimize the empirical risk by reducing
the loss on individual samples.
A suitable loss function could satisfy some analytical properties [19], such as:

• Continuity, a function g is continuous at a point a if:

lim
x→a

g(x) = g(a) (3.6)

• Differentiability, a function g is differentiable at a if:

g′(a) = lim
h→0

g(a + h) − g(a)
h

(3.7)

• Lipschitz continuity, a function g is Lipschitz continuous if there exists a constant
K ≥ 0 such that:

|g(x1) − g(x2)| ≤ K∥x1 − x2∥ ∀x1, x2 ∈ dom g (3.8)

where K is called the Lipschitz constant.

• Convexity, a function g : Rn → R is convex if dom g is a convex set and:

g(θx1 + (1 − θ)x2) ≤ θg(x1) + (1 − θ)g(x2) ∀x1, x2 ∈ dom g, 0 ≤ θ ≤ 1 (3.9)

Geometrically, this means that every chord joining two points of the graph lies above
the graph itself. Moreover, g is strictly convex if the inequality is strict for x1 ̸= x2
and 0 < θ < 1. A sufficient condition for strict convexity is that the Hessian exists
and is positive definite. However, in deep learning applications the empirical risk is
generally a non-convex function.

Classification loss functions can be broadly divided into two categories, as shown in
Fig. 3.1.

Figure 3.1: Groups of classification loss functions [19].
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3.2. Loss Functions for Classification Problems

Probabilistic loss functions are designed to compare probability distributions over the
labels; this type of loss quantifies how accurately Ŷ ∈ [0, 1]1×C reproduces the target
Y ∈ B1×C . By contrast, margin-based loss functions operate on scores Ŷ ∈ R1×C and
seek to enlarge the separation margins by emphasizing one or more labels. Also, while
in probabilistic loss Y is boolean (multi-hot encoding), in margin-based formulations the
target is typically encoded as Y ∈ {−1, +1}. In other words, the choice of loss function
depends on the meaning assigned to the neural network outputs, whether they represent
probabilities or simply numerical values with no direct physical interpretation.

3.2.1 Hinge Loss family
Among margin-based functions, the Hinge (H) loss is widely employed[22]:

ℓ(H)(Z; W ) = 1
C

CØ
c=1

max
1
0, 1 − Ŷ (n)

c Y (n)
c

2
(3.10)

By averaging over the channels, the corresponding empirical risk is:

R
(H)
T (W ) = 1

N

NØ
n=1

ℓ(H)(Z; W ) = 1
NC

NØ
n=1

CØ
c=1

max
1
0, 1 − Ŷ (n)

c Y (n)
c

2
(3.11)

Note that the hinge loss is convex but not strictly convex, and it is not differentiable
at the margin boundary. These properties may complicate the optimization process and
typically require the use of sub-gradient methods. The hinge loss can be interpreted as a
convex surrogate, and an upper bound, of the Zero-One (ZO) loss:

ℓ(ZO)(Z; W ) = 1
C

CØ
c=1

I
è
Ŷ (n)

c Y (n)
c < 0

é
(3.12)

However, several variants have been proposed to address this characteristic, either by
using sub-gradients or by smoothing the function. Finally, a more robust variant is the
Ramp (R) loss, which consists of a truncated Hinge loss [19]:

ℓ(R)(Z; W ) = 1
C

CØ
c=1

min
1
1, max

1
0, 1 − Ŷ (n)

c Y (n)
c

22
(3.13)

It is non-convex; therefore, optimization is generally more challenging.

3.2.2 Cross-Entropy Loss family
Cross-entropy (CE) is one of the most widely used probabilistic loss functions in classifi-
cation problems, especially in deep learning models for pattern recognition.
As a consequence, in the present work the cross-entropy is used because the modal shape
recognition problem is formulated as a classification task in which the CNN assigns each
input sample to one or more label.
In classification, the sample-wise cross-entropy measures the discrepancy between the
target distribution Y (n) and the predicted one Ŷ (n) for the n-th sample and c-th channel:

ℓ(CE)(Z; W ) = −
CØ

c=1
Y (n)

c ln
1
Ŷ (n)

c

2
(3.14)
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Its expression is closely related to Shannon entropy, which measures the uncertainty as-
sociated with a probability distribution P over C channels[21]:

H(P ) .= −K
CØ

c=1
Pc ln(Pc) [nats] (3.15)

where K is a positive constant (in this context K ≡ 1).
The entropy quantifies the uncertainty of the distribution and reaches its maximum when
the distribution is uniform, i.e. when all channels are equally probable; conversely, it
reaches its minimum when the distribution is concentrated on a single class, corresponding
to a more confident prediction.
As anticipated in Sec. 2.4.5, in order to deal with imbalanced datasets, it is possible to
adopt a more suitable loss function, such as the Focal Loss (F ) [19], which reduces the
relative weight of the most common labels:

ℓ(F )(Z; W ) = −
CØ

c=1
Y (n)

c

1
1 − Ŷ (n)

c

2γ
log

1
Ŷ (n)

c

2
(3.16)

where γ ≥ 0 is the focusing parameter that controls the strength of the modulation. When
γ = 0, the focal loss reduces to the cross-entropy loss. This loss function is particularly
used in object detection and anomaly detection tasks.
Accordingly, the empirical risk associated with cross-entropy over the dataset T is:

RCE
T (W ) = 1

N

NØ
n=1

ℓ(CE)(Z; W ) = − 1
N

NØ
n=1

CØ
c=1

Y (n)
c ln

1
Ŷ (n)

c

2
(3.17)

This loss penalizes predictions that assign low probability to the correct label. In partic-
ular, if the predicted probability associated with the true positive label is close to 1, the
loss approaches 0, conversely it becomes large. Therefore, cross-entropy encourages the
network to produce predictions that are both accurate and confident.
By minimizing empirical risk evaluated with cross-entropy RCE

T (W ) during training, the
network learns discriminative features that improve class separation and overall recogni-
tion performance.

3.2.3 Kullback-Leibler Divergence
The Kullback-Leibler (KL) divergence is conceptually related to to cross-entropy but is
defined differently:

ℓ(KL)(Z; W ) =
CØ

c=1
Y (n)

c ln
A

Y (n)
c

Ŷ
(n)

c

B
(3.18)

Then, the corresponding empirical risk is:

R
(KL)
T (W ) = 1

N

NØ
n=1

ℓ(KL)(Z; W ) = 1
N

NØ
n=1

CØ
c=1

Y (n)
c ln

A
Y (n)

c

Ŷ
(n)

c

B
(3.19)

This quantity is always non-negative and is equal to zero if and only if the predicted
distribution exactly matches the target distribution.
KL divergence is closely related to cross-entropy through the following identity:

ℓ(CE)(Z; W ) = H
1
Y (n)

2
+ ℓ(KL)(Z; W ) (3.20)
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where H
1
Y (n)

2
is the Shannon entropy of the target distribution:

H
1
Y (n)

2
= −

CØ
c=1

Y (n)
c ln

1
Y (n)

c

2
(3.21)

Since H(Y (n)) depends only on the target distribution and not on the trainable parameters
W , minimizing cross-entropy is equivalent to minimizing KL divergence up to an additive
constant. In this sense, the optimization process drives the CNN to produce probability
distributions that are increasingly consistent with the true modal class labels.

3.3 Activation Functions
Activation functions represent the final transformation applied by individual neurons in
a neural network. They provide a mathematical mechanism that enhances relevant fea-
tures while attenuating less informative ones, thereby improving the expressive power and
reliability of the network output.
In fact, neuron computations are essentially linear operations of the form:

Y = W · X + b (3.22)
Without nonlinear activation functions, the model would be unable to model complex non-
linear relationships between inputs and outputs. Hence, activation functions are essential
to increase the representational capacity of the network. Moreover, different activation
functions exhibit different behaviors: some saturate for large positive or negative inputs,
while others preserve stronger gradients over wider input ranges. These properties directly
affect training and, consequently, the overall learning capability of the model [23].
Among the activation functions commonly adopted in neural networks, the hyperbolic
tangent and the softplus are widely used as internal nonlinear transformations. The
hyperbolic tangent maps the input into the interval (−1, 1) and is zero-centered, which can
be advantageous during optimization, since its derivative assumes relatively large values
in the neighborhood of x = 0 [26]. However, for very large positive or negative inputs,
the derivative becomes small, possibly leading to saturation effects. Softplus, instead,
provides a smooth and differentiable alternative, with a less abrupt transition around
zero. It can be interpreted as a smooth version of ReLU and is useful when continuity
and differentiability are desirable over the entire input domain.

(a) Hyperbolic tangent activation function. (b) Softplus activation function.
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Another fundamental family is represented by the Rectified Linear Unit or ReLU function
and its variants. ReLU is one of the most widely used activation functions in hidden
layers because of its simplicity, computational efficiency, and favorable gradient behavior
for positive inputs. It has been particularly successful in deep learning applications,
especially in image recognition problems. However, several variants have been introduced
to mitigate some of its limitations, especially for negative input values, where the standard
ReLU output is exactly zero and the corresponding gradient vanishes. All the functions
are designed to preserve a small nonzero response in the negative region. Softplus can be
interpreted as a smooth approximation of the ReLU.

(a) ReLU activation function. (b) ReLU family of functions.

Conversely, sigmoid can be used either as an internal activation function or as an output
activation function. In binary and multi-label classification problems, it is particularly
suitable at the output layer, since each output channel can be interpreted independently
as the estimated probability that a specific label is present. This is especially important in
multi-label settings, where multiple labels may coexist for the same input sample. Com-
pared with tanh, sigmoid maps the input into the interval (0, 1), which makes it naturally
compatible with probabilistic interpretations. However, it is not zero-centered and may
also suffer from saturation for large input magnitudes, resulting in small gradients. Nev-
ertheless, its bounded output makes it a standard choice whenever the model is required
to produce confidence values associated with the presence or absence of labels.

(a) Sigmoid activation function. (b) Activation functions comparison.
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Finally, Softmax is an output activation function that transforms the raw numerical
scores produced by the network into a vector representing the probability associated with
each class. In other words, softmax converts logits into a normalized probability distribu-
tion, making the output easier to interpret from both a physical and a decision-making
perspective. This function is particularly suitable for multi-class classification problems,
where the classes are mutually exclusive and exactly one class must be selected. Unlike
sigmoid, which treats each output independently, softmax introduces a competition mech-
anism among the output channels, since increasing the probability of one class necessarily
decreases the probability assigned to the others.
To mitigate the problem of excessive confidence or margin amplification, it is possible to
introduce temperature scaling. This operation consists of normalizing the input logits by
a positive scalar quantity before applying the softmax function. A higher temperature
produces a softer probability distribution, reducing the dominance of the largest logit and
assigning relatively more weight to lower-score classes.

(a) Physical meaning of the softmax function. (b) Temperature (T = 5) effects on outputs.

3.3.1 Threshold
Once model outputs have been obtained, a threshold can be introduced to make the final
decision: if the value associated with a given label exceeds the selected threshold, that
label is assigned to the input; otherwise, it is rejected. Therefore, the threshold plays a
crucial role in controlling the trade-off between false positives and false negatives, and its
value can be selected empirically according to the requirements of the specific application.
Different strategies can be adopted to determine the threshold, such as maximizing one
of the evaluation metrics introduced in Sec.2.4.2.
In this thesis, the threshold has been computed by maximizing the Micro − F1 metric,
which is a common choice in multi-label classification when a single global threshold is
adopted for all output channels. In fact, Micro − F1 [24]:

• gives greater importance to the most frequent classes, since it aggregates the con-
tributions of all labels before computing the final score;

• provides a measure of the overall performance of the system, rather than treat-
ing each class independently, that is particularly suitable when the objective is to
determine a single operational threshold for the whole model;

• is generally more stable in the presence of class imbalance.

After thresholding, the dominant channels of the vector Ŷ (n) can be identified. These
channels are then post-processed by a dedicated function to obtain the corresponding
alphabetical string representation ŷ(n).
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3.4 Gradient-Based Optimization Methods
The Empirical Risk Minimization (ERM) problem is generally not solvable analytically
and can be formulated as an unconstrained optimization problem. Therefore, iterative
optimization methods such as Gradient Descent (GD) and Stochastic Gradient Descent
(SGD) are adopted in order to minimize RT (W ) with a computational cost compatible
with practical applications. However, applications of Newton-based algorithms are not
uncommon.
These methods are commonly introduced in the context of convex optimization. Despite
the lack of global optimality guarantees in the non-convex case, gradient-based methods
are still widely adopted, since they have proven effective in finding satisfactory solutions
in high-dimensional optimization problems, as illustrated in Fig. 3.6.

Figure 3.6: GD paths on convex (a) and non-convex (b) objective functions, obtained
from different initial conditions [14].

Before introducing the different variants, it is useful to clarify the terminology commonly
used in machine learning optimization:

• an iteration is a single weight update;

• the batch size is the number of training samples used to estimate the gradient in
one iteration;

• an epoch is one complete pass over the entire training set.

Therefore, in Batch GD the batch size coincides with the number of samples in the entire
training set, and one iteration corresponds to one epoch. In SGD, the batch size is equal
to one, and many iterations are required to complete one epoch. In Mini-batch SGD, the
batch size is intermediate between these two cases, and each epoch consists of multiple
iterations.

3.4.1 Batch Gradient Descent
Batch Gradient Descent (Batch GD) is one of the simplest and most intuitive first-order
methods for solving minimization problems. Once the ERM problem and the loss model
have been defined, the solution W ⋆ ∈ W can be identified as the minimizer of RT (W ),
which is denoted by g in the following discussion.
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Based on the descent direction defined by the negative gradient, the sequence [14] is:

W (k) = W (k−1) − lr(k)∇g
1
W (k−1)

2
(3.23)

where k ∈ N denotes the iteration index, while lr(k) is the step size at iteration k, called
the learning rate in the deep learning literature. The initial guess W (0) is typically
chosen according to initialization criteria that may influence the convergence behavior.
Consider the first-order approximation:

g
1
W (k)

2
= g

1
W (k−1) − lr(k)∇g

1
W (k−1)

22
≈ g

1
W (k−1)

2
− lr(k)

...∇g
1
W (k−1)

2...2

2
(3.24)

Let us define the squared L2-norm as:

L2
2

.=
...∇g

1
W (k−1)

2...2

2
= ∇g

1
W (k−1)

2⊤
∇g

1
W (k−1)

2
≥ 0 (3.25)

Therefore, for a sufficiently small learning rate, the sequence is monotonically decreasing:

g
1
W (k)

2
< g

1
W (k−1)

2
(3.26)

Hence, the learning rate is one of the most important hyperparameters, i.e. parameters
that govern the training phase: its choice influences, in particular, the speed at which the
solver approaches a solution and also the presence of oscillations in the loss path, which
should be avoided. This latter phenomenon is related to the stability of the method and
may occur when the step size is too large, thus preventing convergence. In general, the
choice of hyperparameters is often performed through trial and error, as shown in Fig. 3.7.

Figure 3.7: Illustration of learning-rate empirical loop[14].

In iterative algorithms, the solution is reached only when a prescribed stopping criterion
is satisfied; this may consist of limiting the maximum number of iterations or requiring
the relative error to stay below a given tolerance:

ε
.= ∥W (k) − W ∗∥2

∥W (0) − W ∗∥2
(3.27)

In general, Batch GD is easy to implement and performs well for strictly convex problems,
although its convergence speed is typically rather slow. In fact, for convex differentiable
functions with Lipschitz-continuous gradient, the number of iterations required to reach
an accuracy ε is O(1/ε) [14].
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Nevertheless, the empirical risk encountered in practical applications is usually non-
convex. Moreover, when the objective function is characterized by a large condition
number, the corresponding optimization problem is said to be ill-conditioned. The condi-
tion number quantifies the sensitivity of the output to perturbations in the input. In such
cases, the level sets of the objective function are highly elongated, and the convergence of
Batch GD may become slow and oscillatory.
A further disadvantage is that in Batch GD the gradient of the empirical risk is computed
using all the N training samples at each iteration [17]. This computation can become very
expensive in deep learning applications, where N is typically very large. As a consequence,
although Batch GD provides the basic conceptual framework for gradient-based learning,
its direct application to large-scale problems is often impractical.

3.4.2 Stochastic Gradient Descent

Stochastic Gradient Descent (SGD) is one of the state-of-the-art optimization methods
in machine learning and deep learning. The iterative sequence is formally analogous to
Eq. 3.23; however, its main advantage lies in replacing the exact gradient of the functional
g with a stochastic estimator [17], whose expectation coincides with the exact gradient:

E
è
∇̃g

1
W (k−1)

2é
= ∇g

1
W (k−1)

2
(3.28)

Therefore:

W (k) = W (k−1) − lr(k)∇̃g
1
W (k−1)

2
(3.29)

In its pure form, SGD uses a batch size equal to one, i.e. each update is computed using
only one randomly selected training sample, resulting in a very low computational cost
per iteration. This makes SGD particularly attractive in large-scale learning problems.
However, the resulting gradient estimate is noisy, and the optimization trajectory is typi-
cally more irregular. As a consequence, SGD often reaches a neighborhood of a minimum
quickly, but may have difficulty converging to it. Overall, GD exhibits a slow convergence
rate, whereas SGD is computationally efficient and accurate but lacks of precision.

Figure 3.8: Comparison between Batch GD and SGD[27].
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3.4.3 Mini-batch Stochastic Gradient Descent
Mini-batch Stochastic Gradient Descent represents an intermediate approach between
Batch GD and pure SGD, and it is the method most commonly adopted in practical deep
learning applications.
Instead of using either the full training set or a single sample, Mini-batch SGD considers
a stochastic subset B ⊂ T , characterized by batch size 1 < B < N . The optimization is
then performed using the empirical risk restricted to the mini-batch, namely:

gB(W ) .= RB(W ) (3.30)
The corresponding sequence can be written as:

W (k) = W (k−1) − lr(k)∇̃gB
1
W (k−1)

2
(3.31)

To summarize, Mini-batch SGD offers a compromise between Batch GD and pure SGD,
because reduces the computational cost of each update and provides a less noisy gradient
estimate.
However, there are many preferable variants. The most well-known is Adam, a com-
putationally efficient optimization algorithm that is implemented in many commercial
optimization software packages and deep learning libraries. Qualitatively, Adam can be
interpreted as an adaptive variant of stochastic gradient-based methods. In fact, the
updates are smoothed by adding an artificial momentum to the gradient [28]:

W (k) = W (k−1) − lr(k)γ(k+1)

γ(k+1) = µγ(k) + (1 − µ)∇̃g
1
W (k−1)

2 (3.32)

where γ is the modified gradient and µ ∈ R(0, 1) is the momentum factor.

3.5 Newton-Based Optimization Methods
In general, Newton-based algorithms are characterized by a high convergence rate [25].
Unlike first-order gradient-based methods, they exploit second-order information. In fact,
by considering the second-order Taylor expansion of the ER with increment ∆W :

g(W + ∆W ) ≈ g(W ) + ∆W T ∇g(W ) + 1
2∆W T H(W )∆W (3.33)

where H(·) denotes the Hessian matrix:

H(W ) = ∇2g(W ) = ∂2g(W )
∂W∂W T

(3.34)

Minimizing the quadratic approximation in Eq. 3.33 with respect to ∆W leads to:

∆W (k) = −H−1
1
W (k−1)

2
∇g

1
W (k−1)

2
(3.35)

and therefore to the Newton update:

W (k) = W (k−1) − H−1
1
W (k−1)

2
∇g

1
W (k−1)

2
(3.36)

From a geometric point of view, Eq. 3.36 can be interpreted as the minimization of a local
second-order approximation of the objective function around the current iterate. In other
words, at each iteration, the function is locally approximated by a quadratic model, and
the variables are updated by moving toward the minimum of this approximation.
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3.6 Weight Initialization Algorithms
Weight initialization is a crucial step in training deep neural networks, since it affects the
stability and convergence of the optimization process. A poor initialization may lead to
oscillations, slow convergence, or unstable training.
In general, initialization methods can be divided into a few main classes:

• Zero initialization, where weights are set to zero;

• Random initialization, which consists in assigning values drawn from a probability
distribution;

• Variance-preserving initialization, where the variance of the initialized weights is
chosen so as to remain approximately constant across layers.

In general, zero initialization is mainly used for bias terms, since their optimized values
are typically small. For weights, however, zero initialization is avoided because it does
not break symmetry among neurons. Among variance-preserving methods, Xavier-Glorot
initialization is commonly used with saturating activation functions such as tanh, while
He initialization is better suited for ReLU-based activations.
The Xavier-Glorot initialization [30] is designed to keep the variance of activations ap-
proximately constant across layers. Neural network are composed by layers, each layer l
receives a set of nin input units and produces a set of nout output units. Hence, corre-
sponding weight W (l) can be initialized according to the Xavier normal scheme as:

W [l] ∼ N
3

0,
2

nin + nout

4
(3.37)

where ∼ N (0, σ2) means that values are randomly taken (∼) from a Gaussian normal
(N ) distribution with mean 0 and variance σ2.
This initialization is typically recommended for activation functions such as tanh or other
sigmoid-like nonlinearities.
There is a corresponding uniform (U) [32] variant, where each weight is initialized with
values from uniform distribution rather than according to a Gaussian distribution:

W [l] ∼ U
A

−
ó

6
nin + nout

, +
ó

6
nin + nout

B
(3.38)

Instead, the He [29] initialization is specifically designed for ReLU activations and their
variants, since these functions tends to azzerate negative inputs that can lead to some
optimisation problems. To compensate for this effect, a larger variance is used:

W [l] ∼ N
3

0,
2

nin

4
(3.39)

While, in the uniform version:

W [l] ∼ U
A

−
ó

6
nin

, +
ó

6
nin

B
(3.40)

This initialization is commonly used with ReLU, Leaky ReLU, and related activation
functions.
Integer values can be adjusted depending on the activation function by scaling with
gains[31].
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4.1 Pipeline Overview
The development of an AI model can be divided into four main phases:

Dataset
Generation

Training Validation Testing

Hyperparameters tuning

Figure 4.1: Block diagram of the AI model development pipeline.

Dataset processing is one of the most critical stages of the pipeline, since both the input
data and the corresponding labels must be handled carefully. In the present project,
particular attention must also be devoted to the oversampling procedure, which must
be performed cautiously in order to avoid introducing physically unrealistic alterations.
Moreover, the labelling process is more challenging than in many similar classification
tasks.
Another source of complexity arises from the nature of the input X. In the blade modal
shape classification problem, the input is a complex-valued three-dimensional tensor rep-
resenting modal displacement, defined as:

X ∈ Cn×n×3 (4.1)
Once the input matrix X and the target matrix Y have been constructed, the next phase
is training, during which the model learns to associate each input with its corresponding
output, producing a prediction vector Ŷ . In this context, hyperparameters are the con-
figuration variables that define both the model architecture and the training procedure.
Before the final evaluation, a validation phase is introduced in order to tune the hyper-
parameters and improve the model performance through an iterative training–validation
loop.
Finally, the testing phase is carried out to assess the performance of the trained model
and compute the relevant metrics on different case studies.

4.1.1 Training and Inference Time
Time is one of the main parameters governing optimization analyses in AI, and in this
context two distinct definitions must be considered.
Training time is the computational time required by the AI framework to learn from the
available data and optimize its internal parameters. Inference time, by contrast, is the
time required by the trained model to produce an output for a new input sample.
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Algorithm Training Classification
Naïve Bayes O(nF ) O(F )
Decision Tree O(n2F ) O(F )
SVM (kernel based) O(n2F + n3) O(nSV F )
k-NN – O(nF )
Linear Regression O(F 2n + F 3) O(F )
Random Forest O(n2F ntrees) O(F ntrees)

Symbol Meaning
n data points
F features
ntrees trees
nSV support vectors

Figure 4.2: Computational complexity of the principal ML algorithms [6].

4.2 ML models
The definition of Machine Learning also includes Deep Learning, since both ultimately
aim to identify patterns within sets of features. More generally, Machine Learning includes
predictive models that can be implemented on a computer in order to infer outputs from
input feature data.
Therefore, in this section, the inputs are intended as feature spaces that have already been
extracted manually or through dedicated preprocessing code. As consequence, assuming
that each label is associated with sufficiently distinctive features, the samples can be
represented in the feature space as groups occupying different regions, separated according
to their feature values.
The simplest example of a machine learning model is linear regression [1], which also
represents the basic computation performed by an artificial neuron:

Ŷ = f̂(X; W ) = W T X + b (4.2)

Machine learning algorithms are highly diverse in terms of assumptions, structure, and
optimization strategy. A fundamental result in learning theory is the No Free Lunch
(NFL) theorem [33], according to which no learning algorithm is universally superior when
performance is averaged over all possible problems. This implies that the effectiveness of
a model depends on the characteristics of the input data and on the nature of the output
to be predicted.
However, ML models can generally be divided into two broad groups:

• Parametric models, in which the number of parameters is finite and fixed once
the training process has been completed;

• Non-parametric models, which are mainly based on the relative position of data
points, often relying on neighborhood relationships, and classify new samples by
evaluating distances in the feature space.

In general, identifying the most representative features among the potentially many pa-
rameters describing a problem is one of the most challenging tasks in machine learning.
Nevertheless, suitable transformations of the input space may map samples into represen-
tations in which the classes become more easily separable. Rather than relying exclusively
on manually designed transformations, representation learning aims to automatically dis-
cover such informative representations directly from data [1].
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4.2.1 Decision Trees
In the features space, a decision tree partitions the feature space by means of a sequence
of simple decision rules. Each partition corresponds to a branch of the tree [33], while
each internal node is associated with a condition, typically expressed as an inequality on
one of the input features. At each node, the algorithm selects a feature and a threshold
in order to split the dataset into two subsets. By recursively repeating this procedure,
the feature space is divided into increasingly homogeneous regions. The terminal nodes,
or leaves, contain the output label assignment.
One of the main advantages of decision trees is their interpretability, since the classification
process can be described through a set of explicit logical rules that are easy for humans
to read and understand.

Figure 4.3: Decision three[33].

4.2.2 Support Vector Machines
Support Vector Machines (SVMs) are a family of classification methods based on decision
boundaries called hyperplanes [35]. In a high-dimensional input space, these hyperplanes
are constructed in order to separate samples belonging to different classes.
The key concept underlying SVMs is the margin, i.e., the maximum distance between
two hyperplanes parallel to the separating hyperplane that do not intersect any training
sample. The optimal hyperplane is therefore placed midway between the closest groups
of samples, so as to maximize the separation margin. The samples lying closest to the
margin boundaries are called support vectors, since they determine the position of the
separating hyperplane.

Figure 4.4: Hyperplane and margin representation [35].
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SVMs are characterised by:

• the ability to operate effectively in high-dimensional feature spaces;

• good robustness, especially when the number of features is large;

• widespread application in many fields, particularly in natural language processing
and image classification;

• the possibility of being implemented in either linear or nonlinear form, although the
computational cost increases with the degree of nonlinearity and with the number
of features;

• performance that may deteriorate in the presence of noisy data.

One of the main advantages of SVMs is the possibility of using the kernel trick, namely a
mathematical transformation that maps the input data into a higher-dimensional feature
space in which class separation becomes easier.

Figure 4.5: Kernel trick[36].

4.2.3 k-Nearest Neighbor Classifier
k-Nearest Neighbor (k-NN) classifiers are distance-based methods that assign a class label
to a new sample according to the labels of its k closest training samples in the feature space
[37]. More precisely, once a distance metric has been selected, the algorithm identifies the
neighborhood of the query point and performs the classification on the basis of similarity.

(a) Query points. (b) Neighbor construction.

Figure 4.6: k-NN [38].
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If k = 1, the predicted label coincides or not with that of the single nearest training
sample. For k > 1, instead, the prediction is typically obtained by majority voting among
the k nearest neighbors. Among the possible definitions, the Minkowski distance provides
a general formulation that includes several well-known metrics as special cases. Given two
samples XA, XB ∈ RF , where F is the number of features, the Minkowski[39] distance is:

dAB =
 FØ

f=1

---X(f)
A − X

(f)
B

---p
1/p

(4.3)

where p ≥ 1 is a real parameter controlling the type of distance. Different choices of p
lead to different definitions, as summarized in Table4.1. Some k-NN variants consider
also a weight associated with each neighbor[40].

Distance metric Value of p Formula

City block p = 1 dAB =
FØ

f=1

---X(f)
A − X

(f)
B

---
Euclidean p = 2 dAB =

 FØ
f=1

---X(f)
A − X

(f)
B

---2
1/2

Chebyshev p → ∞ dAB = max
f

---X(f)
A − X

(f)
B

---
Table 4.1: Special cases of the Minkowski distance [39].

Another widely used similarity-based measure is the cosine distance, which is particularly
useful when the orientation of the feature vectors is more relevant than their magnitude:

dAB = 1 − XA · XT
Bñ

(XA · XT
A) (XB · XT

B)
(4.4)

4.2.4 Ensemble Classifiers
Ensemble classifiers are hybrid methods that combine multiple weak learners [41], ap-
propriately weighted or aggregated, in order to obtain a more accurate and robust final
prediction. The underlying idea is that, although each individual classifier may be only
moderately effective, their combined decision can significantly improve the overall classi-
fication performance.

Figure 4.7: Random forest is an ensemble of decision trees1.

1Random forest structure figure by K. Grolinger, available at: https://www.researchgate.net/
profile/Katarina-Grolinger/publication/314651819/figure/fig2/AS:669026955042818@
1536519864287/Random-forest-structure-16.ppm.
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4.3 DL models
Deep Learning models are essentially on artificial neural networks, i.e., computational
architectures inspired by biological neural systems. A neural network is composed of
interconnected computational units, called neurons, which receive input signals, process
them, and transmit the resulting outputs to subsequent units. The term deep itself refers
to the presence of multiple layers, which enable the network to learn hierarchical feature
representations, from simple low-level patterns to increasingly abstract and task-relevant
features. By arranging neurons in sequence, a basic model is structured into input layer,
one or more hidden layers, and an output layer.

Input layer Hidden layers Output layer

Figure 4.8: Scheme of a fully connected neural network with multiple hidden layers.

Hence, as anticipated in Eq. 3.22, the output of the i-th layer can be described according
to the classical McCulloch-Pitts (MCP) neuron model [44] as:

H(i) = α(i)
1
W (i)T H(i−1) + b(i)

2
(4.5)

where W (i) and b(i) are the weights and biases of the i-th layer, respectively, and α(i)

denotes the selected activation function. For i = 1, H(0) ≡ X. This expression shows that
each layer performs a linear transformation followed by a nonlinear operation, allowing
the network to learn increasingly complex input-output relationships.
To illustrate how a neural network processes inputs such as vectors, matrices, or images,
the example in Fig. 4.9 can be considered [1]:

Figure 4.9: Illustration of how a neural network processes information.
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Starting from the values provided at the input layer, the hidden layers progressively ex-
tract increasingly informative features by applying successive transformations. In image-
based problems, for instance, early layers may detect simple patterns such as edges or
local contrasts, whereas deeper layers can combine these elementary features into more
abstract and task-relevant representations.
This architecture is based on forward propagation, namely the sequential transfer of
information from the input layer to the output layer during training. Conversely, the
parameters of the network are updated through the backpropagation algorithm, which
computes the gradient of the loss function with respect to the weights, thereby allowing
the error information to propagate backward through the network. The number of hidden
layers determines the depth of the model: increasing the depth generally enhances the
representational power of the network, although it also increases the computational cost
and the complexity of the training process.
Depending on the structure of the input data and on the target task, different neural
network architectures can be adopted. In the present work, the investigated models
include some of the most widely adopted architectures in pattern and image recognition,
namely Multi-Layer Perceptrons (MLPs), Convolutional Neural Networks (CNNs), and
Graph Neural Networks (GNNs).

4.3.1 GNN
Graph neural networks (GNNs) are algorithms designed to operate on graph-structured
data [42]. In general, a graph is a structure that describes relationships between entities,
called nodes, through connections called edges. Both nodes and edges can store informa-
tion. This concept can be intuitively understood from the following example, in which an
image is decomposed into interacting nodes associated with different local features:

Figure 4.10: Example of graph construction based on image decomposition [43].
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GNNs are widely adopted in geometric deep learning for pattern recognition and in chem-
istry for molecular classification, where atoms can be interpreted as nodes and chemical
bonds as edges. Graphs can be represented through an adjacency matrix, whose entries
are equal to 1 or 0 depending on whether two nodes are connected. For the purposes of
this thesis, the graph is constructed directly from the FEM nodal position, providing a
representation of the displacement distribution and its local spatial relationships, which
are essential for the correct classification of modal shapes. This means that, indepen-
dently of the specific CAD geometry of the blade, the modal displacement field can be
mapped into a graph-based representation and then associated with a label, as shown
below through a simple distance-thresholding algorithm:

Aij =

1, if dij ≤ r

0, if dij > r
r ∈ R+

Figure 4.11: Construction of the adjacency graph according distance-threshold criterion.

Graph Convolutional Network (GCN) belongs to GNNs and consists of three main steps.
First, the node features are linearly transformed through a trainable weight matrix:

H̃(i) = H(i−1)W (i) + b(i) (4.6)

Then, the features are propagated across the graph through the adjacency matrix:

H(i) = AH̃(i) (4.7)

Finally, a nonlinear activation function is applied.
Therefore, each node updates its representation by combining its own features with those
of its neighboring nodes, according to the graph connectivity encoded in the adjacency
matrix.
The main advantage of GNNs lies in their ability to process data defined on a non-
Euclidean domain, where informations are not organised in Cartesian grid which cannot
be directly handled by standard neural architectures, such as blades geometry. For that
reason, they are implemented in different physics-based fields. Nevertheless, graph-based
operations may become computationally expensive, since the adjacency matrix must be
combined with node features and trainable weights in order to propagate information
across the graph.
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4.3.2 MLP
The McCulloch–Pitts (MCP) neuron, introduced in 1943, represents one of the earliest
mathematical models of an artificial neuron. A subsequent development of this idea led
to the perceptron, which can be interpreted as a single-layer architecture composed of
multiple neurons and followed by an activation step.

1
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Figure 4.12: Single MCP neuron.
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Figure 4.13: Single-layer perceptron classifier (SPC).

By stacking multiple perceptron layers, it is possible to obtain the family of Multi-
Layer Perceptrons (MLPs). These architectures are fully connected feed-forward
neural networks in which each neuron of one layer is connected to all neurons of the
subsequent layer. Owing to the presence of nonlinear activation functions, MLPs are able
to approximate complex input-output relationships and therefore represent the standard
extension of the single-layer perceptron to more challenging classification and regression
tasks.
Compared with CNNs and GNNs, MLPs are generally simpler and computationally less
expensive. However, they do not explicitly exploit the spatial structure of grid-based data
or the relational structure of graph-based data, since they operate directly on individual
inputs, and for this reason they are often less effective when such information plays a
central role.
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4.3.3 CNN
Convolutional Neural Networks (CNNs) represent the state of the art in image classifica-
tion algorithms. Their structure is conceptually similar to that of MLPs, but enriched by
the introduction of the convolution operation [1], usually denoted by ∗. This operation
allows the network to extract local patterns from an input matrix or vector by means
of a sliding-window mechanism. To achieve this, CNNs employ small trainable matrices,
called kernels or filters, K ∈ RN×M , which are applied to the generic layer input H(i) in
order to produce a transformed output matrix H̃(i), as shown in Fig. 4.14.

H̃(i) = H(i) ∗ K =
MØ

m=1

NØ
n=1

H(i)(j − m, k − n) K(m, n) (4.8)

Figure 4.14: Qualitative convolution operation on a 2D input matrix [1].

There are some variants of this operation, depending, for instance, on whether the kernel
is flipped or whether a cross-correlation is used instead of a strict convolution. In practi-
cal deep learning implementations, cross-correlation is often adopted, although the term
convolution is conventionally retained.
By stacking multiple convolutional layers, CNNs are able to learn hierarchical represen-
tations, in which shallow layers extract simple local features, such as edges or intensity
transitions, whereas deeper layers progressively combine them into more abstract and
task-oriented patterns. Moreover, each convolution kernel generates a different feature
map, so that multiple filters can capture complementary aspects of the same input.
These feature maps are often referred to as channels, since each of them stores a different
learned representation of the input. In deeper layers, such channels can be interpreted
as latent channels, because they no longer correspond to directly observable quantities,
but rather to internal features automatically extracted by the network. Their role is to
encode increasingly abstract and task-relevant information that can be exploited by the
subsequent layers for classification.
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At the end, a pooling operation is typically introduced in order to summarize the convo-
lution results and reduce their dimensionality. In this phase, maximum or average values
are extracted over local regions, producing more compact feature maps and improving
robustness to small spatial variations before the final prediction stage.

Figure 4.15: Anatomy of a convolutional neural network layer [1].

The behavior of a convolutional layer is also strongly influenced by two important design
parameters, namely stride and padding. The stride defines the step with which the
kernel slides across the input domain. A unit stride means that the filter is shifted by one
element at a time, thus producing a dense output feature map and preserving as much
spatial information as possible. By contrast, a larger stride reduces the spatial resolution
of the output, since some values are considered less than others. Therefore, increasing
the stride decreases the computational cost and the output size, but it may also lead to
a partial loss of local detail.
Padding, on the other hand, consists in extending the input matrix by adding extra values,
usually zeros, around its boundary before the convolution is performed. This operation
is particularly important because, without (zero) padding, the spatial dimensions of the
feature maps tend to decrease after each convolutional layer. As a consequence, repeated
convolutions may quickly shrink the representation and discard useful information near
the borders of the input.
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(a) Convolution with padding. (b) Convolution without padding.

Figure 4.16: Comparison of the effect of padding on the spatial dimensions of the output
feature map[1].

More precisely, if the input has spatial size L, the kernel has size F , the stride is S, and
the padding size is P , the output size can be expressed as:

Lout =
7

L − F + 2P

S

8
+ 1 (4.9)

This relation shows that stride and padding directly determine the dimensions of the
output feature map. In particular, using larger padding values helps preserve the original
spatial extent, whereas increasing the stride produces a more aggressive downsampling
effect. For this reason, the choice of stride and padding is not merely technical, but has a
direct impact on the trade-off between computational efficiency and retention of spatial
information.
In practical CNN design, these parameters are selected according to the nature of the
task. When fine local detail is important, small strides and suitable padding are generally
preferred, whereas larger strides may be useful when dimensionality reduction is required
already in the early layers.
Convolution leverages several important principles that improve the effectiveness of ma-
chine learning systems:

• Sparse interactions, since each output value depends only on a local portion of the
input. As a consequence, the network can assign different importance to specific
local patterns, such as edges, gradients, or texture variations, rather than treating
all input values independently;

• Parameter sharing, since the same kernel, typically small in size, is applied across
the entire input domain;

• Equivariant representations, since a spatial shift in the input produces a correspond-
ing shift in the output feature map;

• Robustness, since convolution and pooling combined provide a natural way to pro-
cess inputs with structured spatial organization and can be adapted to different
input sizes.

Those properties make CNNs particularly effective in image analysis, where local spatial
structures carry most of the relevant information.
Finally, the computational cost of the convolutional operation is proportional to the kernel
size and to the size of the processed inputs.
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5.1 Aeroelasticity
Aeroelasticity [45] studies the interaction between the fluid and the blade, in the context
of this thesis. This interaction consists of a feedback loop in which the pressure field
exerted by the fluid on the blade excites a specific modal response, which in turn alters
the pressure field, possibly resulting in flutter phenomena that may lead to catastrophic
events.
To simplify the complicated three-dimensional flow through the blades in a turbo-engine, it
is possible to resort to a two-dimensional strip model, thus neglecting the blade thickness.
This model is also commonly used in wing aeroelasticity.
To derive the governing equation, Lagrange’s equations [45] are written for a generic
variable θ and i-th degree-of-freedom (dof):

d

dt

A
∂T

∂θ̇i

B
+ ∂V

∂θi

− ∂T

∂θi

+ ∂F

∂θ̇i

= Qi , 1 ≤ i ≤ d (5.1)

where T and V represent the kinetic and potential energy, respectively, F is the dissipation
function, and Qi is the generalized force term, i.e. the derivative of the virtual work of
the external forces with respect to the virtual displacement. Applying this equation for
displacement field, the following expression [45] is obtained, representing the dynamic
equation of motion of a d-dof system:

[m]{ẍ} + [c]{ẋ} + [k]{x} = {FA(t)} + {FM(t)} (5.2)
where {x} is the vector of the global degrees of freedom of the system. In particular, it
collects the structural displacements, generally along the three spatial directions, and pos-
sibly also rotational degrees of freedom depending on the adopted model. The structural
mass, damping, and stiffness are represented by the matrices [m], [c], and [k], respectively.
The forcing terms on the right-hand side represent the external forces due to aerodynamic
{FA(t)} and mechanical {FM(t)} sources.
Neglecting forces and damping, the homogeneous form is obtained:

[m]{ẍ} + [k]{x} = {0} (5.3)
By inserting a trial solution in the form:

{x} = {x̄}eiωt (5.4)
where ω is the angular frequency, while {x̄} is a complex amplitude vector, we obtain:1

[k] − ω2[m]
2

{x̄} = {0} (5.5)
This equation is restricted to a single blade and must be solved as an eigenvalue problem.
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5.2 Bladed Disk Dynamics
Nevertheless, bladed disks consist of a cylindrical body rotating about a central axis and
are composed of N identical sectors that repeat periodically around the circumference.
This periodicity allows the dynamic behaviour of the entire assembly to be investigated
by analysing a single fundamental sector.
At the disk interfaces, each sector interacts with the two adjacent sectors; these connec-
tions are modelled through a coupling matrix [Kc]. By considering the adjacent sectors,
a full 360◦ model can be constructed by replicating the single-sector model N times and
enforcing the coupling conditions between neighbouring sectors. Therefore, if d denotes
the number of dof of one sector, the total number of degrees of freedom of the bladed disk
is N · d. This yields a system of N · d equations; in implicit form:

[M ]{Ẍ} + [K]{X} = {0} (5.6)

Here, [M ] is a diagonal matrix whose (n, n)-th block contains the mass matrix of the n-th
fundamental sector; conversely, [K] is a block-circulant matrix whose n-th row contains
the stiffness matrix of the n-th fundamental sector together with the coupling matrices
to the adjacent sectors. Using a solver, the eigenvalue problem can be solved, yielding
N · d eigenvalues, representing the natural frequencies, and same number of eigenvectors,
which are the mode shapes of the bladed disk.

5.2.1 Cyclic Symmetry
Because computing the eigenvalues of these large matrices is computationally expensive,
the cyclic symmetry assumption is employed. This reduces the problem to the analysis of
a single sector with d degrees of freedom, from which the eigenvectors of the entire bladed
disk, i.e. of all N sectors, can be reconstructed.
At the basis of this approach, certain theorems confirm the existence of two complex mode
shapes, Θ̄+ and Θ̄−, associated with a natural angular frequency ωn. These eigenvectors
are mutually orthogonal and complex conjugate, and a linear combination of Φ and Φ̂
generates the mode shapes of each sector of the disk. In other words, Θ̄+ and Θ̄− form
a basis for the modal shape subspace. It can be shown that the mode shapes of the
n-th sector are related to those of the neighbouring sectors through the definition of the
Inter-Blade Phase Angle φ:Θ̄(n−1)

+ = Θ̄(n)
+ e−iφ

Θ̄(n+1)
+ = Θ̄(n)

+ e+iφ

Θ̄(n−1)
− = Θ̄(n)

− e+iφ

Θ̄(n+1)
− = Θ̄(n)

− e−iφ
(5.7)

This means that it is possible to reconstruct the modal shape of the entire disk by solving
only a sector with d degrees of freedom.
In other words, φ represents the phase shift of the modal shape between neighbouring
blades. After a rotation through N sectors, the eigenvector of sector 1 must be recovered.
Therefore, rotating through all N sectors, the angle φ must correspond to an integer
number of full revolutions. It follows that:

φ = ND · 2π

N
(5.8)

where ND is the nodal diameter. From a physical point of view, it represents the number
of nodal diameters, i.e. the loci of nodes of the disk where the modal displacement is zero.
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ND = 0 ND = 1 ND = 20

Figure 5.1: Mode shapes corresponding to different nodal diameters1.

Finally, it is possible to compute the physical displacement field of a given sector. In fact,
assuming a solution in the form introduced in Eq.5.4, one has:

{X} = Re
1
{X̄}eiωt

2
= Re

1
{Θ̄}eiωt

2
(5.9)

Moreover, by substituting Eq.5.7 into the previous expression, it follows that Θ̄+ and Θ̄−
are counter-rotating waves.

5.2.2 FreND
Frequency and nodal diameter values can be plotted on the vertical and horizontal axes,
respectively, in a diagram known as the FreND diagram. It is possible to visualize modal
families, which highlight the evolution of the mode shapes as the nodal diameter varies.

Figure 5.2: FreND.

1Source of the model: material provided in the Rotordynamics course by Prof. Stefano Zucca, Politecnico
di Torino
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5.2.3 Modal Shape Classification
{X} can assume different forms because the corresponding eigenvector varies with fre-
quency and, in general, with low nodal diameter values. This means that different modal
patterns can be identified and classified, which is the main objective of this project.
Today, mode shapes are still classified manually according to the qualitative effect of the
displacement field on the blade. Since the threshold values adopted for classification may
vary from one expert to another, the process is inherently affected by a certain degree of
subjectivity. The classification is generally based on the most common, recurrent, and
morphologically pure modal families, as illustrated in Table 5.1. In practice, however,
mode identification is often complicated by the presence of mixed modes, which may
exhibit combined features of different modal families.

Mode Shape Description

Edgewise
(EW)

Predominantly tangential displacement with re-
spect to the disk. The blade mainly bends in the
circumferential direction, with motion develop-
ing edgewise rather than along the disk axis.

Twist (TW)

Mode characterized by torsional deformation
concentrated near the blade tip, which rotates
about an axis approximately parallel to the
blade span. This mode is typically found in the
same family as the edgewise mode at high nodal
diameters.

Flapwise
(FL)

Bending mode mainly directed along the disk
axis. The blade motion develops in the flapwise
direction, i.e. normal to the plane of rotation.

Flexural (F)

Flexural deformation localized around the mid-
span region of the blade. The displacement re-
sembles a local bulging or bowing of the blade
surface, without a clearly defined global bending
direction.

44



5.2. Bladed Disk Dynamics

Mode Shape Description

Torsional
(T)

Torsional deformation involving the leading edge
(LE) and trailing edge (TE), mainly localized
near the blade mid-span. The LE and TE move
out of phase, indicating a rotation of the mid-
span section about the blade axis rather than a
purely translational motion. Unlike the flexural
mode, the section undergoes a local twist.

Second
Flexural

(2F)

Higher-order flexural mode, typically appearing
as a localized planar sinusoidal deformation, of-
ten more evident near the trailing edge.

Second
Torsional

(2T)

Higher-order torsional mode, often recognizable
by an “X-shaped” displacement pattern on the
wetted blade surface. Each branch of the pattern
corresponds to regions of maximum and mini-
mum displacement.

DISK

Modes dominated by disk motion, possibly in-
volving additional components such as the angel
wing and seal. These modes typically arise at
low nodal diameters and are not treated in the
same way as the main blade modal families listed
above, since they exhibit less regular and less re-
current characteristics.

Table 5.1: Most recurrent and morphologically pure modal families.

Moreover, for low nodal diameters, the Rigid mode may appear. This mode corresponds
to a displacement field with no spatial gradients along a given direction, typically the
radial direction in the disk reference frame.
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6.1 Process Overview
BeaML is a preliminary project devoted to the classification of beam modal shapes (Bea-
m) through a Machine Learning (ML) code. Its purpose is mainly exploratory, namely
to understand whether standard ML techniques could be effectively implemented before
addressing the more complex blade case.
From a physical point of view, the beam represents a simplified structural model of the
blade. For this reason, it was reasonable to start from such a simplified model.
This experience was developed through a code for database generation, based on the
following steps:

• solving the governing beam equations by modeling the structure as a continuous
system;

• perturbing the exact solution by altering the final position of the nodes;

• computing the required physical features;

• creating a structured table for ML training.

6.1.1 Euler-Bernoulli Model
The Euler-Bernoulli equation for the continuous modeling of beams is written as follows:

V (z) = A cos(αz) + B sin(αz) + C cosh(αz) + D sinh(αz) ∈ Rn×1 , α4 = µω2

EIθ

(6.1)

where z is the beam axis, A, B, C, and D are coefficients, µ is the mass per unit length, ω
is the angular frequency, E is Young’s modulus, and Iθ is the area moment of inertia, with
θ = x if the mode lies in the yz plane and θ = y if the mode lies in the xz plane. Finally,
n denotes the number of nodes long the beam length. The parameter α is the non-
dimensionalized frequency parameter, obtained by solving the corresponding nonlinear
characteristic equation:

cos(αL) = − 1
cosh(αL) (6.2)

Similar process are valid for both torsional and axial modal shapes.
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6.1.2 Data Generation Approach
At this stage, it is necessary to create a cosistent dataset for training and validation. Since
no similar dataset are available, it is possible to define a perturbed nodal position vector
P using as reference the exact modal shape {V } and defining a displacement perturbation
vector δ such that:

[P ] = {δ} · {V }T ∈ R3×n (6.3)

Here, {δ} is a three-component perturbation vector with one dominant component. From
a physical point of view, the perturbation is dominant in the plane in which the original
mode lies, whereas smaller perturbations are introduced along the other directions. By
varying the intensity of the components of δ, different configurations can be generated,
as shown in Fig. 6.1.

Figure 6.1: Comparison between the exact modal shape and different levels of perturba-
tion.

Since machine learning operates on features, it is necessary to extract meaningful physical
parameters. A dedicated code therefore fits each modal shape by least squares using the
Levenberg–Marquardt algorithm in robust form, taking Eq. (6.1) as the reference model,
and extracting the coefficients A, B, C, and D, together with the perturbed frequency
parameter α(p). In addition, the modal energy kθ = u2

θ is computed, where u is the
displacement with respect to the unperturbed condition, together with the number of
modal nodes, i.e., the nodes where the displacement is approximately zero.
The labeling procedure, namely the output vector, is represented by a single string of the
form ABCC, where A identifies the modal type (1 = flexural, 2 = torsional, 3 = axial),
B identifies the direction (0 for torsional and axial modes, 1 if the mode lies in the xz
plane, 2 if it lies in the yz plane), and CC identifies the modal index, which is physically
related to the number of modal nodes.

6.1.3 Training
Training is performed through a specific app, which allows the structured table of physical
features to be imported and all candidate models to be trained in parallel. At the end,
the best model can be selected either according to the training time or according to
the achieved accuracy. Since the training times were generally low, an accuracy-based
selection criterion was adopted. In this case, the most accurate model was an Ensemble
Bagged Trees classifier.
The strongly diagonal structure of the training confusion matrix could suggest overfitting.
However, the accuracy obtained during validation suggests the opposite, indicating instead
a very good generalization capability for the considered problem.
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Figure 6.2: Training confusion matrix.
6.1.4 Testing
The most interesting phase is the testing one. A macro in a commercial software was
written to generate beam models whose elements are characterized by different geometrical
and material properties from one element to another. Although this does not have a direct
physical counterpart, it is useful for assessing the potential of ML methods. The variation
is essentially governed by a parameter called randomness, expressed as a percentage,
which measures the degree of variation in geometric dimensions and Young’s modulus
between adjacent elements. As this parameter increases, spikes may appear in the results
and alter the model prediction.

Figure 6.3: randomness = 1.5% Figure 6.4: randomness = 50%

Figure 6.5: Comparison between different levels of randomness.

The displacement values are then imported and the physical parameters required by
the code are extracted. Finally, a weighted criterion is defined in order to evaluate the
predicted classes. In particular, a weighted mark is introduced to distinguish it from
the scores directly produced by the classifier. This mark mainly rewards the correct
identification of the modal type, assigns a smaller weight to the direction, and only weakly
penalizes small differences in the modal index with respect to the true class. In this way,
true labels, marks, and scores can be compared graphically.
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Figure 6.6: Marks vs classes. Figure 6.7: Scores vs classes.

From this representation of the testing CM, some considerations can be drawn:

• the change in the nature of the inputs, from mathematical (since the perturbation is
random and artificially generated) to physical (since it derives from FEM analyses),
introduces a certain degree of uncertainty;

• this uncertainty is mainly concentrated in the modal index, as confirmed by the
presence of multiple points above the 100% mark. This may be related to the fitting
procedure, which can obscure or duplicate some modal nodes, since the perturbation
is no longer purely mathematical but physically induced.

Finally, as expected, increasing the level of randomness leads to a reduction in perfor-
mance, with a corresponding decrease in marks and scores.

6.1.5 Conclusions
In conclusion, this experience is very useful for testing some of the methodologies that
are later implemented in the main algorithm, from perturbation and testing to training
strategies. Moreover, it can also be used for educational purposes as an interface for the
automatic classification of beam modes. Finally, some examples of the outputs produced
by the final tool based on Ensemble Bagged Trees are reported below.

Figure 6.8: BeaML possible outputs.
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7.1 Problem Description
As anticipated in Sec. 2.1, the true objective of this thesis is to develop an AI frame-
work capable of literally “seeing” U , where U denotes the modal displacement field, and
predicting the correct labels directly from actual blade FEM input data.
The input matrices are contained in the so-called RPT files and exhibit the following
characteristics:

• complicated three-dimensional displacement fields, since blades may exhibit in-
trinsically three-dimensional geometries and stagger angles that generate more com-
plex vibration modes;

• complex-valued matrices;

• non-unique mathematical representations, in the sense that the eigenvectors may
vary in their numerical entries while preserving the same overall modal shape; as a
consequence, different numerical values may still correspond to the same label;

• limited amount of data available;

• physical and geometrical features that are too difficult to compute or select by
means of simple handcrafted criteria;

• frequency and ND do not provide sufficiently informative features to be included
directly in the dataset, since different engines, or even different stages of the same en-
gine, may lead to significantly different FreND representations for analogous modal
behaviors.

7.1.1 FreND Analysis
An important preliminary step before starting the training process is to assess whether
useful information can be extracted from the available data. In the present case, an
attempt was made to identify recurring patterns in the mode positions within the FreND
diagram, with the aim of improving mode prediction. However, the outcome was negative.
Despite applying several normalization strategies with respect to different reference enti-
ties, and with the objective of making the FreND representation as comparable as possible
across the available cases, no clear evidence of exploitable information was found for train-
ing purposes. The normalization approaches adopted are summarized in Table 7.1.
Here, F = {1, 2, 3, 4, 5} denotes the modal family index, whereas S = {1, 2, 3} denotes
the stage index.
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Formula Meaning

(ω⋆, ND⋆)|S = (ω, ND)|S
max [(ω, ND)|S]

Used to evaluate the entire FreND diagram
of a single stage, including all modal fam-
ilies, normalized with respect to the maxi-
mum frequency and ND values of that same
stage.

(ω⋆, ND⋆)local
---
F,S

=
(ω, ND)|F,S

max
è
(ω, ND)|F,S

é Used to evaluate the trend of a single modal
family, normalized with respect to the max-
imum values of that same modal family
within the analyzed stage.

(ω⋆, ND⋆)global
---
F,S

=
(ω, ND)|F,S

max [(ω, ND)|∀S]F

Used to evaluate the trend of a single modal
family, normalized with respect to the global
maximum of that modal family across all
analyzed stages.

Table 7.1: Normalization strategies adopted for FreND analysis.

7.1.2 Data Inspection
A further inspection step was introduced in order to verify the consistency of the processed
modal data and assess whether the extracted representations were sufficiently informative
for the subsequent learning phase.

Figure 7.1: Datasets inspection.
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7.2 Process Description
To address the issues illustrated in Sec. 7.1, two dedicated functions were developed to
solve most of the difficulties related to geometry, meshing, and complex-valued inputs. In
addition to the standard phases of training, validation, and testing, the limited amount
of data available required the application of an oversampling strategy in order to enlarge
the input dataset and improve the robustness of the model.
During training, the weights of all convolutional layers were computed and stored in a
dedicated structure, together with the other relevant model parameters and the CNN
architecture, so that the trained model could be reused for subsequent computations.
Furthermore, during the validation phase, the decision threshold maximizing the F1-score
was determined.
To provide a meaningful contribution to the aerospace field, data from in-service engines
are selected for the training and validation phases, whereas testing and the first practical
application of the model are carried out on an engine concept for which no FreND diagram
is available. In particular, the datasets corresponding to the most representative nodal
diameter values are used to construct the training set, denoted as X_train. By contrast,
the validation phase is performed using fitted-ND data, collected in X_validation, in
order to assess the behavior of the model in transition regions between different modal
families, even though such transitions are not explicitly included in the training set.
This entire procedure was repeated for different combinations of learning rate, number
of convolutional layers, latent channels, activation function, and convergence boosters, in
order to identify the configuration yielding the best overall performance.
The difficulties motivating the adoption of these specific processing and modeling solutions
are summarized in Table 7.2.

Problem Adopted solution

Complicated three-
dimensional displacement
fields.

Implementation of a dedicated pre-processing routine,
namely mode_reader.m, to map the blade onto a sim-
plified geometry and obtain a standard representation of
the modal shape displacement.

Non-unique mathematical
representations of the
same modal shape and
complex-valued inputs.

Creation of a processing function, namely
freeze_mode.m, to extract most representative fea-
tures map and make modal shapes more comparable.

Limited amount of data
available.

Use of an oversampling strategy together with the con-
struction of specific training and validation datasets in
order to improve robustness and generalization capabil-
ity.

Physical and geometrical
features too difficult to ex-
tract manually.

Adoption of a 2D CNN, stored in cnn.m architecture, al-
lowing the model to learn relevant patterns automatically
from the processed modal representation.

Frequency and ND not suf-
ficiently informative as di-
rect features.

Removal of FreND quantities from the training and vali-
dation datasets, restricting their role to visualization and
label-assignment support.

Table 7.2: Main problems addressed in this work and corresponding adopted solutions.
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7.2.1 Tool Overview
The tool takes the RPT files as input and produces a labeled FreND diagram as output.
To address the geometrical and representational difficulties of the raw FEM input, the
functions mode_reader.m and freeze_mode.m are applied upstream of the 2D CNN eval-
uation.
The following quantities are defined and used consistently throughout the training, vali-
dation, and testing phases:

• Xraw ≡ Θ̄: the complex eigenvector matrix extracted from the RPT files;

• Xin ∈ C: the dataset preprocessed by mode_reader.m;

• X ∈ R: the dataset further processed by freeze_mode.m, corresponding to the
inputs used in X_train and X_validation variabiles.

To address the difficulty of manually defining robust physical features, a 2D CNN was
developed so that the model could automatically identify the relevant patterns from the
processed inputs.
In addition, the function frend.m was implemented to generate the FreND diagram and
assign the corresponding labels correctly. The overall structure of the tool is therefore
outlined as follows.

mode_reader.m

freeze_modes.m

cnn.m

frend.m

Xin

X

ŷ

RPT

FreND

Xraw

Figure 7.2: Tool structure

The main functions composing the tool are described in the following sections.
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7.3 Data Generation
Data generation is a necessary step to build a consistent dataset containing only mean-
ingful information, thereby reducing the risk of overfitting.
First, the functions mode_reader.m and freeze_mode.m are applied to construct the maps
associated with the original modal shapes. Subsequently, a detailed labeling procedure is
carried out to generate the target sets Y_train and Y_validation.
Then, in order to preserve the characteristics of the original modal displacements, syn-
thetic inputs are generated by means of a custom SMOTE-based interpolation approach
within a hybrid oversampling and undersampling strategy. This method also includes
physically consistent perturbations of the synthetic mode shapes.

7.3.1 mode_reader.m

The mode_reader function performs several tasks at different stages of the pre-processing
pipeline:

• reading the RPT files and extracting the complex displacement fields Xraw;

• reading and post-processing the t_mesh file, which contains the connectivity matrix
and the spatial coordinates of the blade nodes;

• removing the shroud and the blade root (as in Fig.7.3) by applying a thresh-
old based on the derivative of the cross-sectional area along the blade axis, thus
generating the matrices Xin;

• plotting the real mode shape on the actual blade geometry over the domain [0, 2π];

• performing the plate mapping procedure, which consists in transforming the real
displacement field into 1 × 1 plates with a regular, homogeneous, and structured
square grid, thus mapping the data from the physical domain to a mathematical
one;

• plotting the real mode shape on the plate over the domain [0, 2π].

It should be noted that mode_reader does not modify the eigenvectors themselves, but
only preprocesses the data in order to retain the wetted part of the blade.
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Figure 7.3: Wetted blade isolation1.

The mapping procedure is carried out by replacing the original three-dimensional geome-
try with two normalized surface coordinates, and by repeating the same construction
for the pressure and suction sides.
The first coordinate, denoted by ξ, represents the chordwise position and is directly
obtained from the local chord fraction. The second coordinate, denoted by η, represents
the spanwise position and is computed by normalizing the span coordinate with respect
to the minimum and maximum accepted span values. Both coordinate variables are
discretized using n = 100 nodes.
As a consequence, each valid node of the blade is projected from its original curved three-
dimensional position onto a regular domain of size 1 × 1, where ξ = 0 and ξ = 1 identify
the chordwise boundaries associated with the leading- and trailing-edge envelope, while
η = 0 and η = 1 correspond to the root and tip, respectively.
The tensor extracted from the RPT files is denoted by Xraw. Then, mode_reader performs
a cyclic transformation, obtaining a variation over a non-temporal phase domain, as shown
below:

Xθ = Xin · eiθ, θ ∈ [0, 2π] (7.1)

1Source of the model: material provided in the Rotordynamics course by Prof. Stefano Zucca, Politecnico
di Torino.
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7.3.2 freeze_mode.m

The function freeze_mode.m is introduced to address two main issues: the lack of a unique
numerical representation for a given modal shape, and the need to handle complex-valued
displacement fields in a form suitable for training.
With regard to the first aspect, the same modal shape may correspond to different math-
ematical representations, since the complex eigenvector can be observed at different phase
positions over the cycle domain. For this reason, freeze_mode.m analyzes the interval
[0, 2π] in a discretized manner and extracts the frame corresponding to the maximum
real displacement, thus enforcing a more consistent and representative description of
the considered mode shape. In formulae, the following quantity is considered:

X = Re(Xθmax) = Re(Xin · eiθmax) = Re(Xin) · cos θmax − Im(Xin) · sin θmax (7.2)

where θmax = θ
---
max(Xθ)

. With respect to this value, a sample-wise normalization is then
applied. This operation generally improves the convergence of neural networks, since
it prevents excessively large value excursions that could make the training process less
stable.
A second relevant issue concerns the treatment of the complex-valued nature of the modal
displacement field. The obtained results show that the imaginary part of the complex
displacement, Im(Xθmax), does not provide additional information with respect to the
real part for the purpose of modal shape classification, as shown in Fi.7.5. In other words,
the imaginary contribution appears to preserve essentially the same spatial pattern as
the real one, so that including it explicitly in the training process does not improve the
classification results. This is also supported mathematically, since the real and imaginary
parts are simply shifted by π/2:

Im(Xineiθ) = Re(Xinei(θ+ π
2 )) (7.3)

This may be justified by the fact that mode recognition is effectively performed on the
real modal shape rather than on its imaginary part.
A further attempt was made by considering amplitude and phase maps, which remain
constant over the cycle domain. However, after several tests based on different functions,
that return phase angle and the arctan, used either with or without the common jump in
phase value, it emerged that the phase does not have a clear physical meaning and that its
patterns are not repetitive. This suggests that it cannot be reliably used for recognition
purposes. Therefore, in the present work, the imaginary part is not included in the final
training representation.
Ultimately, the map characterized by the maximum real displacement proved to be the
most effective representation for training the model, since the imaginary part does not
contribute to pattern recognition, the phase is not unique across samples sharing the same
label, and the amplitude does not provide information about the sign of the displacement
map, resulting in an interpretation issue for opposite displacement peaks, as in T modal
shapes.
It should nevertheless be emphasized that this is an empirical result obtained within the
present framework. In principle, there may exist a more suitable transformation or a
different physical interpretation capable of exploiting the imaginary component in the
training process, although such a formulation was not identified in this work.
The second aspect concerns the fact that the pressure side and suction side do not exhibit
major differences, which suggests the absence of significant deformation in the direction
normal to the blade surface.
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Figure 7.4: Representation of EW modal shape evolution.

Figure 7.5: EW complex displacement parts maps varying θ starting from θmax, normal-
ized with maximum of each part.
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7.3.3 Mode-shape Perturbation Strategy
To enrich the training dataset, each complex modal shape is copied and transformed
into a perturbed sample through a multi-stage augmentation procedure. Accordingly,
oversampling is applied to rare modes, whereas undersampling is applied to common
modes.
Starting from an original sample, the method combines SMOTE-based interpolation
among samples belonging to the same class, contamination from different classes oppor-
tunely scaled so as not to mislead the training process, a pixelation effect, and a smooth
spatial Gaussian field.
Let the original input dataset be denoted as:

X(0) ∈ Rn×n×3×ns (7.4)

where n denotes the number of plate nodes, and ns is the total number of samples. Let
yi denote the class label associated with the i-th reference sample, as usual.

Same-label Interpolation The first augmentation step generates an initial synthetic
sample by combining mode shapes belonging to the same class as the reference sample.
Consider the generic i-th mode to be replicated, and let S denote the subset of the training
set T containing only modal shapes with the same label. Among these, at most Ks mode
shapes with the same label are included in the interpolation process:

S(yi) = {k ∈ T | yk = yi} , |S(yi)| ≤ Ks (7.5)

Then, one sample is randomly selected as the dominant contribution and assigned a weight
αd ∈ [0.6, 0.8]. The remaining samples receive random normalized weights such that the
total sum remains equal to one. The resulting mixture is written as

X(1) =
Ø

k∈S(yi)
σk wk X

(0)
k (7.6)

where wk are the normalized weights and σk is a sign function:

σk =

1, for the dominant sample
±1, for the remaining samples

(7.7)

In this way, the generated sample remains predominantly representative of the original
class while still introducing controlled variability.
If only one sample is available in the class, the processed sample is simply taken equal to
the reference one:

X(1) ≡ X(0) (7.8)

Cross-label Mixing To further enrich the perturbation process with a physically based
pattern, an additional contribution from samples with different labels can also be included.
Let O denote the subset of the training set T containing only modal shapes with labels
different from that of the i-th mode. Among these, at most Ko samples are considered
for cross-label mixing:

O(yi) = {k ∈ T | yk ̸= yi} , |O(yi)| ≤ Ko (7.9)
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Analogously, a subset of these samples is randomly selected and combined into an auxiliary
perturbation term:

X(o) =
Ø

k∈O(yi)
σk wk X

(0)
k (7.10)

where, again, wk are normalized weights and σk is the sign function.
This term is then scaled through a positive parameter Ao > 0 and modulated by the
mean value of X(1) along each dimension, so that the perturbation remains consistent
with the amplitude distribution of the processed sample. Therefore, the updated variable
is written as:

X(2) = X(1) + 1
Ao

X(o) · µ
1
X(1)

2
(7.11)

where µ
1
X(1)

2
denotes the mean value of X(1) computed along each dimension. In other

words, information from other labels is added to the amplitude maps in a controlled
manner.
The parameter Ao > 0 introduces additional variability while keeping its effect under
control through a scaling factor, thus avoiding excessive confusion for the model. The
additional modulation by µ(X(1)) makes the perturbation amplitude depend on the char-
acteristic scale of the processed sample itself, thereby preserving physical consistency in
the generated mode shape. Its optimal value was determined through several iterative
tuning loops. From a physical point of view, this phase is consistent because it implicitly
imposes a threshold on the extent to which different modal patterns may be mixed before
the resulting shape is no longer recognized as belonging to the original class.

Truncated Random Perturbation A stochastic multiplicative perturbation is then
applied channel-wise in order to globally perturb the modal map and, at the same time,
introduce localized spikes in the values. Let T ∈ Z denote the truncation factor. For each
iteration t = 1, . . . , T , a scale parameter is defined as

γ(t) = 10t (7.12)

Two random perturbation terms are introduced. The first one is global and is denoted by
R1, whereas the second introduces localized spikes and is denoted by R2:

R
(t)
1 = 1

γ(t)

1
s

(t)
1 X(2) µ

1
X(0)

22
(7.13)

R
(t)
2 = 1

γ(t)

1
s

(t)
2 X(2) µ

1
X(0)

22
(7.14)

Here, s
(t)
1 ∈ [−1, +1] is a random scalar, representing a global superposition of the

processed variable with a scaled modification of the same map; by contrast, s
(t)
2 ∈

[−1, +1]n×n×3 is a random sign matrix, representing the insertion of localized spikes.
In both cases, the perturbation terms are further scaled by the mean value of X(0) along
each dimension, so that the resulting fluctuations remain consistent with the characteristic
amplitude distribution of the original sample. This step therefore introduces both global
amplitude fluctuations and local pixel-like perturbations, while progressively reducing
their magnitude as t increases.
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The final perturbation terms are obtained by summing the truncated contributions over
all T iterations:

Rj =
TØ

t=1
R

(t)
j , j ∈ {1, 2} (7.15)

Finally, the perturbed sample is written as

X(3) = X(2) + R1 + R2 (7.16)

Gaussian Spatial Field Lastly, a Gaussian perturbation is applied. This choice is
consistent with the need to introduce a probability-based spatial variability that is not
explicitly considered during training. In other words, the CNN may tend to become
excessively sensitive to the exact location at which patterns appear. The introduction of
Gaussian fields is therefore intended to reduce this sensitivity and improve generalization.
For each channel d, the Gaussian perturbation field is expressed as the sum of Tg Gaussian
functions foe each direction:

Gd(ξ, η) =
TgØ

q=1
sq,d Aq,d exp

A
−(ξ − ξ0q,d)2

2σξ2
q,d

− (η − η0q,d)2

2ση2
q,d

B
(7.17)

Here, sq,d ∈ {−1, +1} is a random sign, Aq,d is the amplitude, (ξ0q,d, η0q,d) is the Gaussian
center, and σξq,d and σηq,d are the standard deviations and measure the spatial spread of
the Gaussian field along the two directions ξ and η.

Figure 7.6: Examples of Gaussians applied.
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The number of Gaussian terms is chosen so as to generate either a few concentrated
perturbations or several lower-amplitude distributed perturbations. In fact, once Tg is
fixed, all Gaussian parameters are scaled consistently with this value.

Tg =

1 if T < 1
random integer in [1, T ] if T ≥ 1

(7.18)

More precisely, for a fixed value of Tg, which represents the number of Gaussian functions
being summed, the parameters of each Gaussian term are scaled with respect to it. As a
result, when several Gaussian functions are superimposed, each contribution is adjusted
so that the overall perturbation remains physically meaningful and does not become
excessively strong.
The Gaussian field is then added to the processed sample through:

X
(4)
d = X

(3)
d + µd

Gf

Gd (7.19)

where Gf > 0 controls the intensity of the spatial perturbation, while the mean magnitude
of each direction is µ(X(0)).

Final Output Overall, this augmentation strategy preserves the global structure of the
original mode shape while increasing intra-class variability through stochastic interpola-
tion and spatial perturbations, as presented in Tab.7.3 with extreme visual exaggeration of
the amplitude values. The perturbation chain is applied only to underrepresented labels,
whereas the most populated ones are reduced through undersampling. Class balancing is
governed by a scaling factor which, multiplied by the maximum class cardinality, defines
the target number of samples for each label and thus produces an approximately flat label
distribution, as shown in Fig.7.7.
All the parameters introduced in this section were iteratively tuned in order to avoid
both overfitting and underfitting. In particular, the best performance was obtained by
setting the replication factor with respect to the maximum number of modes equal to 0.8.
Overall, the generated samples improve the robustness and generalization capability of
the learning model.

Figure 7.7: Training dataset inspection.
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Mode Original Perturbed

EW

FL

2FL

3F

RIGID

Table 7.3: Comparison between original and perturbed modal-shape representations with
exaggerated amplitude values.

7.3.4 Labelling
Labelling is undoubtedly the most delicate part of this thesis. To date, this procedure
is typically carried out directly on blade displacement plots by highly experienced users,
who are able to identify even very subtle features. For this reason, the assignment of a
modal label is inherently subjective.
The first step of this work was therefore to understand, together with domain experts,
how this assignment is performed in practice. Once this expert-driven procedure had been
clarified, the next objective was to identify geometrical features in the real displacement
field capable of justifying and supporting such a choice.
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In this respect, this thesis introduces an important novelty: the analyses were not per-
formed directly on the blade geometry, but on the corresponding mapped representations.
In a sense, the most effective way to predict possible issues from the model is to analyze
the same type of input that the model itself receives.
Finally, the conversion from string labels to numerical form was performed using a true
multi-hot encoding approach, in which each label is represented as a vector composed
of 1s and 0s. In this framework, labels behave as boolean indicators that can be either
activated or deactivated. Consequently, after the CNN computations, the network outputs
must be converted into logits and then interpreted through a thresholding operation.
However, the use of true multi-hot labelling also presents a limitation, namely the lack
of physical consistency. In fact, the modes are treated as independent classes that may
appear in mixed combinations. As a result, modes with index greater than one are in-
terpreted as entirely distinct from the fundamental ones, e.g. F and 2F, rather than as
manifestations of the same spatial pattern repeated over the domain. Therefore, the in-
trinsic physical relationship among harmonically related modes is not explicitly exploited.
A particularly challenging choice concerned the inclusion in the training database of the
so-called transition modes, namely cases in which one mode evolves into a different one
at low nodal diameters. In the presence of a training dataset that is not sufficiently dense
in terms of nodal diameter, it is not possible to clearly distinguish whether both modes
are simultaneously active or whether one of them is dominant. In such cases, only the
recurrent mixed configurations showing sufficiently distinctive features in the analyzed
data were explicitly introduced as mixed labels, namely: EW+TW, T+F, and T+2F,
reported in Tab.7.4.
Finally, DISK modes or in general system modes and unclear cases are classified as NC
(Not Classified).

Label Maps

EW+TW

T+F

T+2F

Table 7.4: Examples of transition-modes.
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7.3.5 GNN vs Plates: Computational Cost
Before developing the final CNN-based framework, a preliminary sequence of alternative
architectures was explored. The first attempt consisted in implementing a Graph Con-
volutional Network (GCN), so as to process the blade directly on its original discretized
domain. Subsequently, the adjacency information was removed, leading to a simplified
MLP-like formulation, and finally a convolution-based approach on plate representations
was introduced. This last step significantly improved the prediction accuracy, since the
convolution operation captures local displacement gradients and spatially correlated pat-
terns rather than relying on isolated nodal values only.
The choice of using maps as input is also well supported in the literature, including ap-
plications related to pattern regression and structured-field learning[47]. For this reason,
within the present project, it is important to assess whether the construction of the plates
is actually advantageous, or whether a GCN applied directly to the blade geometry would
have been sufficient.
GCNs are characterized by the following layer-wise propagation rule:

H(i) = α(i)
1
D̃− 1

2 ÃD̃− 1
2 H(i−1)W (i−1)

2
(7.20)

where, according to the adopted notation, Ã = A + IN denotes the adjacency matrix
including self-connections, W (i−1) is the trainable weight matrix of the (i − 1)-th layer,
and α(i) is the activation function.
According to the formulation proposed in [48], the graph convolution operation can be
implemented with a computational cost of order O(|E|) when sparse matrix operations
are adopted, where E denotes the set of graph edges and |E| is the corresponding number
of connections between neighboring nodes.
As a consequence, the computational convenience of a GCN with respect to a CNN
strongly depends on the sparsity of the adjacency matrix. From a purely theoretical point
of view, it is therefore not possible to claim a priori that a CNN operating on plate rep-
resentations is always faster or more effective than a GCN applied directly to the blade.
However, in the present case, the adjacency matrix is far from being highly sparse (as de-
scribed qualitatively in Fig.4.11) because of the large number of nodal connections. Under
these conditions, the plate-based approach becomes qualitatively more advantageous.
Moreover, what cannot be established purely on theoretical grounds can be assessed em-
pirically. In the present framework, the construction of the plates has a very limited com-
putational cost, since it only requires geometric normalization and domain subdivision,
and it is performed once during pre-processing. By contrast, the GCN must repeatedly
process the graph structure during training and becomes significantly more demanding
when multiple combinations of training parameters have to be tested.
Overall, the plate-based strategy represents an effective compromise to overcome the
geometrical complexity of the original blade domain. A GNN-based approach would allow
the direct use of blade data without any geometric preprocessing, but at the expense of
a more demanding training and inference process. Conversely, the plate representation
introduces an additional preprocessing step, yet substantially reduces the computational
burden of model training and deployment.
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7.4 Training
Once the dataset generation process is completed, the physics-based part of the thesis can
be considered concluded, leading to the construction of X_train, X_validation, Y_train
and Y_validation. At this stage, the computational part begins, and it becomes neces-
sary to formally define the learning problem, the adopted model, and the corresponding
training settings. With regard to the problem formulation, the adopted framework is nat-
urally that of multi-label classification, implemented through a 2D Convolutional Neural
Network. To define this framework, the following aspects must be introduced:

• model architecture definition, including the number of convolutional layers,
pooling operations, activation functions, and the overall network structure;

• parameter setting, including the number of latent channels, learning rate, and
the other hyperparameters governing the training process.

In order to define these aspects, an extensive experimental campaign was carried out, mo-
tivated by the need to explore the proposed models and the available training strategies as
thoroughly as possible. As expected, shallower solutions were found to be less expressive,
whereas deeper ones led to a significant increase in training time without a proportional
improvement in performance. The selected investigation criterion was therefore the model
performance under a fixed training-time budget. To organize this activity, the available
time budget of 24 hours was divided into 8 × 3 intervals, each used to assess a limited set
of parameter changes.
It should also be emphasized that the performance of a given implementation cannot be
reliably assessed through a single scalar indicator. In fact, strong nonlinear dependencies
exist among the different quantities involved in both training and validation. A simple
example is provided by the classification accuracy, which is itself dependent on the decision
threshold selected during the validation phase. For this reason, the assessment of each
model was necessarily based on a joint interpretation of several indicators rather than on
a single metric alone.
The criteria adopted to approve a model can be summarized as follows and are defined
as validation consistency:

• a predominantly diagonal confusion matrix, corresponding to a satisfactory classifi-
cation accuracy;

• the absence of physically inconsistent labels, such as combinations of modal classes
that cannot occur in reality, corresponding to the actual learning capability of the
model;

• sufficiently flat metric trends during the threshold evaluation phase, corresponding
to a more reliable and confident prediction behavior, typically associated with rela-
tively high threshold values (approximately greater than 0.4, consistently with the
training setting).

At the end of this investigation, four different CNN implementations were developed and
tested, denoted as A, A+, B, and C. These versions represent a progressive evolution of
the same fully convolutional 2D framework and can be ordered according to an increasing
speed-robustness trade-off: version A is the simplest baseline, whereas version C is the
most robust and configurable solution.
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For all of them, a common baseline setup can be identified. This baseline is the result
of several stability analyses, which made it possible to distinguish between parameters
that can be varied and parameters that must remain fixed, together with the specific
design choices introduced in each code version.
During training, model performance is monitored not only in terms of loss, but also
through F1-score, precision, and recall. For metric evaluation, the predicted probabilities
are binarized using a fixed threshold. Depending on the considered implementation, this
threshold is set to either 0.3 or 0.4, with 0.3 being used in the most stability-oriented
configurations. In addition, the gradient norm is tracked in order to identify possible
correlations between gradient spikes and abrupt variations in the metric trends.
Finally, all trained parameters, architectural settings, optimization states, and monitoring
curves are saved in dedicated structures called cnn_parameters, so that the trained model
can be reused during the subsequent validation and testing phases.

7.4.1 Basic Training Experiment Setup
In order to perform a meaningful comparison between the models, it is necessary to keep
as many parameters as possible fixed.

Convolutional Settings The kernel sizes are set to 5×5 for the first layer, 3×3 for the
intermediate layers, and 1 × 1 for the output layer. Variations of the kernel dimensions
did not produce appreciable improvements for this application; therefore, a standard and
recurrent convolutional structure was retained.
The network is composed of four hidden convolutional layers, characterized by 32, 64, 64,
and 32 filters, respectively, whereas the last layer produces one output channel for each
class. ReLU activation is applied after each hidden convolution. The baseline configura-
tion also includes 8 latent channels.
All convolutional operations are performed with same padding, so that the spatial dimen-
sions remain consistent throughout the network, except for the first layer, where a stride
equal to [2, 2] is introduced in order to perform an initial downsampling. This choice
reduces the spatial resolution at an early stage and helps limit an excessively specific
adaptation to the training patterns. The following layers use unit stride, unless otherwise
specified in the considered implementation.
At the end of the convolutional stack, Global Average Pooling (GAP) is applied over
the two spatial dimensions. In this way, the spatially distributed latent representation is
condensed into a class-wise output vector for each sample. Depending on the considered
implementation, the network may return either logits or sigmoid-activated probabilities,
consistently with the adopted multi-label classification setting. In this context, logits
are the raw output values produced by the network before the application of the sigmoid
activation function and are therefore not bounded between 0 and 1. Their definition is
close to that of a score, but the term logit specifically refers to the input of the final
activation function.

Optimisation Settings The optimization process is performed through the Adam algo-
rithm with a fixed learning rate equal to 2·10−4. This value is commonly adopted together
with Adam and was selected after preliminary tests. In particular, learning rates in the
range [5 · 10−3, 2 · 10−4] produced oscillatory behavior, whereas values lower than 2 · 10−4

did not guarantee convergence and remained strongly dependent on the characteristics of
the training dataset.
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Weight initialization is performed according to a He-uniform strategy, which is consistent
with the use of ReLU activations and is particularly suitable for image-classification-
oriented convolutional architectures.
The training objective is defined through a multilabel cross-entropy loss. Since the prob-
lem is formulated as a true multi-label classification task, the network output is interpreted
independently for each class.
All the tested models process an input tensor of size [n × n × 3 × N ], where n = 100.

7.4.2 Training Stabilization Strategies
The main differences among versions A, A+, B, and C concern the output formulation,
the downsampling strategy, and the adopted training procedure.
Among the main issues arising during the training phase, it is worth mentioning loss
instability, lack of convergence, and poor generalization capability on the provided inputs.
Several strategies can be adopted to mitigate these problems, although they generally
increase the computational cost of each training iteration.

Weight Decay - L2 Regularization Weight decay is widely used in deep learning
for image classification tasks[48]. Its main purpose is to limit excessively large weight
values, which may lead to overfitting and unstable training dynamics. In the considered
implementations, weight decay was introduced as an L2 regularization term applied to
the convolutional weights, as defined in Eq.3.25.
More precisely, the standard loss function is augmented by a penalty proportional to the
squared L2 norm of the weights. This encourages smaller parameter values and improves
the robustness of the optimization process.

Gradient Clipping Gradient clipping is a stabilization strategy in which the opti-
mization step is limited whenever the gradient norm becomes excessively large[50]. In
this thesis, a basic value-based gradient clipping formulation is adopted:

∇g̃ = min{max(∇g, −γ), γ} (7.21)

where γ is a fixed clipping threshold. Although more advanced adaptive clipping strategies
exist, this simpler formulation was considered sufficient to limit excessively large updates
and improve training stability.
For a fixed maximum number of iterations, gradient clipping, as well as its normalized-
gradient variant, generally leads to faster and more stable convergence than standard
gradient descent. In particular, it helps reduce oscillations in both the loss evolution and
the training metrics.

Batch Normalization Batch normalization is a technique in which the activations of
hidden layers are normalized during training. The underlying idea is that, as the pa-
rameters are updated, the distribution of intermediate activations may vary significantly,
making the optimization process more difficult[51]. By keeping these activations more sta-
ble, batch normalization facilitates training, accelerates convergence, and may improve
robustness. In the tested CNN implementations, Batch Normalization was included in the
intermediate convolutional blocks as an additional mechanism to regularize and stabilize
the learning process.
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7.4.3 Comparison of the Tested CNN Architectures
Version A. Version A is the simplest and fastest baseline, although with limited con-
trol over numerical stability. In this implementation, no explicit stabilization strategies
are introduced. The final output is passed through a sigmoid function to obtain multi-
label probabilities directly. Downsampling is relatively aggressive, since the first three
convolutional layers use stride 2 by default. This reduces the computational cost of each
iteration, but also causes an early loss of spatial information. The loss function is the
multilabel cross-entropy computed on probabilities. As observed during the experiments,
this version is more prone to spikes in the training curves and therefore exhibits limited
loss stability.

Version A+. Version A+ preserves the same overall architecture as version A, but
introduces several modifications aimed at improving robustness while keeping the com-
putational cost moderate. In particular gradient clipping is applied with threshold equal
to 1.0 is introduced in order to reduce unstable parameter updates. Batch normalization
becomes optional rather than mandatory, allowing the model to adapt more flexibly to
the training setting. Therefore, version A+ can be regarded as a more stable refinement of
the baseline model, with improved training control and reduced sensitivity to oscillatory
behavior.

Version B. Version B introduces a more advanced and numerically stable training for-
mulation. From the architectural point of view, it still follows the same fully convolutional
design, but the network output is now expressed in terms of logits rather than probabil-
ities. The sigmoid activation is applied only when computing evaluation metrics. This
enables the adoption of a numerically stable binary cross-entropy with logits, implemented
through a softplus-based formulation. In addition, version B supports optional mini-batch
training, gradient clipping based on the global gradient norm, optional L2 weight decay,
and an alternating stride pattern of the form 1-2-1-2-1 across the five convolutional lay-
ers. Monitoring frequencies for metrics and visualization are also configurable, which
improves computational efficiency during long runs. As a result, version B represents a
clear improvement in robustness and flexibility with respect to versions A and A+.

Version C. Version C is the most complete and robust implementation among the
tested variants. It inherits the logits-based formulation of version B, together with stable
binary cross-entropy, gradient clipping by global norm, optional weight decay, and support
for both full-batch and mini-batch training. In addition, Batch Normalization is fully
integrated into the initialization and forward-propagation logic, thus making the model
more extensible while preserving a stable default behavior. For these reasons, version C
can be regarded as the most advanced solution from the implementation point of view.

7.4.4 Final Assessment
The four implementations correspond to successive improvements of the same core CNN
model. Version A emphasizes simplicity and execution speed, but offers limited protection
against unstable optimization. Version A+ improves training stability through milder
downsampling and gradient clipping. Version B introduces a more rigorous logits-based
loss formulation and a significantly more flexible training pipeline. Finally, version C
combines these improvements into the most robust and reusable implementation.
In summary, the progression from A to C reflects the transition from a compact baseline
toward a more stable, configurable, and reproducible CNN solution.
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Speed

Robustness

Numerical stability

Validation consistency

A
A+
B
C

Figure 7.8: Qualitative radar-chart comparison of the four CNN implementations

Within the adopted comparison framework, the best overall performance was achieved by
version A+. The main reason is that it provides a more favorable balance than version
A between robustness and computational efficiency, allowing the loss to decrease rapidly
while maintaining sufficiently stable training dynamics. In the considered time window,
this behavior made version A+ more competitive than versions B and C, whose opti-
mization process remained more conservative and whose loss values stayed significantly
higher.
This result does not imply that versions B and C are intrinsically worse. On the contrary,
they are more robust and methodologically more advanced. However, under the selected
experimental constraints, their higher level of numerical protection and configurability did
not translate into a sufficiently large practical advantage. In other words, for the present
dataset and for the imposed training-time budget, the additional robustness of the most
advanced implementations turned out to be partially unnecessary.
This observation further supports the choice of explicitly including training time among
the evaluation criteria. In the presence of datasets characterized by highly variable and
imbalanced features, adopting a heavier and more sophisticated code may increase the
potential ceiling in terms of accuracy, but such an improvement is not always justified
in practice. Moreover, because the modal patterns may exhibit substantial variability, a
model that preserves fewer fine-scale details is not necessarily less effective in generaliza-
tion. Conversely, highly detailed models may become more sensitive to features that are
only weakly repeated in the testing set.
Starting from version A+, an additional refined configuration was therefore developed.
This final variant preserves the overall philosophy of version A+, while further restricting
the use of stride 2 to the first two layers only, in order to achieve a more balanced
compromise between early information reduction and the ability to retain useful spatial
details.
In conclusion, the final CNN configuration adopted in this thesis is the one summarized
in Tab.7.5.
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Parameter Value Description

learning_rate 2 · 10−4 Learning rate used by the
ADAM optimizer.

num_max_iter 5000 Maximum number of training
iterations.

gradient_clip_value 1.0 Threshold used for gradient
clipping.

conv_kernel_sizes {5×5, 3×3, 3×3, 3×3, 1×1} Kernel sizes.
conv_num_filters [32, 64, 64, 32] Number of filters in the hidden

convolutional layers.
num_latent_channels 8 Number of latent channels con-

sidered in the model definition.
num_conv_layers 5 Total number of convolutional

layers, including the output
layer.

conv_strides first three layers: [2, 2]; oth-
ers: [1, 1]

Stride adopted in the convolu-
tional layers through the de-
fault forward configuration.

padding same Padding strategy adopted in all
convolutional layers.

activation
function

ReLU Non-linearity applied after each
hidden convolutional layer.

output activation Sigmoid Final activation used for multi-
label probability estimation.

threshold_train 0.3 Threshold used to compute
metrics during training.

weight
initialization

He uniform Initialization rule adopted for
convolutional weights.

pooling Global average pooling Spatial pooling applied at the
end of the convolutional stack.

Table 7.5: Main training and architectural parameters of the final AIseeU model.

Input
100 × 100 × 3

Conv1
50 × 50 × 32

s = 2

α

Conv2
25 × 25 × 64

s = 2

α

Conv3
13 × 13 × 64

s = 2

α

Conv4
13 × 13 × 32

s = 1

α

Conv5
13 × 13 × C

s = 1
GAP

1 × 1 × C

Sigmoid
1 × C

AIseeU Architecture

convolution
α ReLU

GAP

s = 2, s = 1: convolution stride

Figure 7.9: Final CNN 2D architecture.
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7.4.5 Training Results
At the end of training, it is possible to inspect the loss, the norm of the gradient, and the
main performance metrics. Two pronounced spikes are observed at approximately itera-
tions 1500 and 4000. These peaks are associated with temporary gradient instabilities,
which produce corresponding spikes in the loss and a sharp deterioration of the moni-
tored metrics. Nevertheless, the overall trends remain convergent for all the considered
quantities, showing that the algorithm successfully recovers after these unstable events
and continues progressing toward convergence.

Figure 7.10: Training loss log.

Figure 7.11: Norm of the gradient.

Figure 7.12: Metrics.
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7.5 Validation
During validation, the confusion matrix can be analysed and the classification threshold
can be selected by maximizing the Micro − F1 score.
Since the obtained values are only slightly lower than those observed during training, it
can be argued that no significant overfitting is present. The percentage variation in the
metrics is more likely due to differences in mode shapes from one engine to another.
Moreover, the metric curves as a function of the threshold exhibit an almost flat trend,
which provides evidence of the stability of the proposed approach. In addition, the fact
that the optimal threshold is relatively high suggests that the network makes its predic-
tions with a high degree of confidence, reflecting the robustness of the learned features.

Figure 7.13: Threshold evaluation.

The confusion matrix shows very good performance for the low-frequency modes (EW,
F, T, and TW), whereas the network appears to be less effective in generalizing the learned
features to the high-frequency modes (2T, 2FL, and 2F). From a physical perspective,
this behavior is reasonable, since high-frequency modes often appear in multiple forms
that can still be recognized by the human eye as belonging to the same family, while the
model seems to struggle in identifying equally robust correlations.
Additional difficulties arise from the presence of transition modes. In the validation set,
all the 2F samples correspond to transition cases; therefore, the boundary between 2FL
and 2F is not sharply defined. This issue was expected, since the training set contains
modes with much clearer and more distinct boundaries. As the nodal diameter (ND)
sampling becomes denser, it becomes increasingly difficult for the model to determine
whether a given sample should be associated with one label or the other. This effect is
clearly reflected in the observed misclassifications. In this respect, it is actually notable
that the network is still able to generalize correctly for some 2FL samples.
The main limitation is represented by the 2T modes, for which the model does not seem
to have identified sufficiently reliable and discriminative features.
Finally, the T+2F case is characterized by a shape that was not present in the training
set, which consequently leads to a misclassification. Nevertheless, the model still appears
to capture the underlying T component of the mode.
Overall, the confusion matrix can be considered physically consistent and, to a large
extent, justified by the strong imbalance between the training and validation datasets.
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Figure 7.14: Validation confusion matrix.

Mode Training Validation

2F

2FL

2T

T+2F

Table 7.6: Comparison between training and validation modes.
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8.1 Testing
The main outcome of the project is the FreND obtained during the testing phase, shown
in Fig.8.1. This testing campaign was carried out on an engine for which FreND was not
previously available, thus providing a meaningful benchmark for evaluating the general-
ization capability of the proposed methodology.

Figure 8.1: FreND obtained during the testing phase.

As highlighted in Fig.8.2, different regions of the FreND can be identified.
First, the green region is mainly populated by low-frequency modes, which are also the
easiest to excite in practice. In particular, three main modal families were expected in this
region: an EW mode gradually evolving into a TW mode; a second family composed of
FL modes transitioning into F modes; and a third family which, in the true classification,
consists of F modes evolving into T modes at high nodal diameters. As can be observed,
in this area the proposed code performs very well. The only noticeable exception is
represented by transition modes; however, even in these cases, the network often returns an
idk response rather than an incorrect classification. This behavior is still desirable, since,
in an engineering context, expressing uncertainty is preferable to providing a misleading
prediction.
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Second, the yellow region contains mostly transition modes. Although these modes are
intrinsically more ambiguous and therefore harder to classify, the network still provides
reasonably acceptable results, showing a fair degree of robustness.
Finally, the red region contains modes that are difficult to excite and, consequently, also
difficult to identify. These correspond, respectively, to the 2F, 2T, and 3F modes. In this
region, the network shows its main weaknesses, and a significant drop in performance can
be observed.
Another relevant aspect is that, for this engine, the system modes - on which the neural
network was not explicitly trained - do not significantly affect the recognition of the blade
mode. In other words, the contributions of the disk and seal do not contaminate the
modal shape strongly enough to prevent the correct identification of the blade-related
mode. This is an encouraging result, as it suggests that the network is able to focus on
the dominant blade features even in the presence of additional structural contributions.

Figure 8.2: Interpretation of the main regions of the testing FreND.

8.2 Problems and Possible Improvements
From a computational point of view, the project presents several critical issues that should
be addressed in future developments.

• Strong imbalance of the training set. The training dataset is highly unbal-
anced, which makes the generation of synthetic modes almost unavoidable. This
is already a delicate step when very detailed geometries are considered. A possible
solution would be the implementation of a macro able to automatically define the
blade CAD geometry through N parameters, depending on the selected model. By
varying these parameters within a properly defined design space and solving the
corresponding FEM models, it would be possible to generate a much broader and
more balanced database. In particular, it would be useful to focus on low nodal
diameters (ND), so as to avoid the generation of too many nearly identical modes
at high ND and reduce the imbalance problem.
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Special attention should also be given to system modes. Such a database could
later be exploited not only for classification tasks, but also for regression problems
aimed at predicting the aeroelastic behavior of the blade directly from the excitation
conditions.

• High intra-class variability of modal shapes. The same modal family may
appear in several different forms, with significant variability in terms of direction,
localization of the displacement maxima, and spatial pattern over the blade surface.
For this reason, a more detailed labeling strategy would be beneficial, where each
label corresponds to a specific sub-type of the mode. In other words, the labeling
should be mathematically grounded on how the mode manifests itself: which family
characterizes the blade, along which direction it develops, in which area the maxi-
mum displacement occurs, and which geometric pattern is observed. An example of
this possible approach is reported in Tab.8.1. This refinement would be especially
useful for the T and F families, which are characterized by high variability. Such an
approach was not implemented in the present work, partly because it does not reflect
the current industrial labeling practice adopted at AvioAero, and partly because
its implementation is not trivial. Nevertheless, this strategy could reduce ambiguity
during training and, at the same time, enable a more flexible post-processing stage
in which sub-classes are eventually merged into broader engineering categories.

• Need for a deeper network. The structural basis of the problem should be
reconsidered in greater detail. Due to time constraints, it was not possible to carry
out a comprehensive theoretical investigation of the structural dynamics underlying
the observed modal patterns. A more advanced theoretical analysis would likely help
in defining better classes, improving the preprocessing pipeline, and understanding
the physical limits of the classification task itself.

• From multi-label to multi-class. Since the current manual approach tends to
assign each sample the smallest possible number of labels, the problem is more
naturally framed as a multi-class classification task. Accordingly, a more appropriate
interpretation would be to adopt a multi-class approach, including transition modes,
rather than a multi-label framework.

• Use of Python libraries. Due to the high computational cost associated with
more advanced neural network architectures, such as models B and C, several strate-
gies were explored to reduce execution time. Among them, the use of GPU acceler-
ation was considered the most natural solution, given the well-known advantages of
GPUs in neural network training and inference. However, this approach led to file
corruption issues during the conversion process, the origin of which has not yet been
fully understood. A more robust and promising alternative would therefore be the
direct implementation of the code in Python, making use of dedicated deep-learning
libraries. This solution would likely provide a more efficient computational frame-
work, improve scalability, and significantly reduce training and inference times.

• Use of the MAC factor. The Modal Assurance Criterion (MAC) is a widely used
indicator for quantifying the similarity between modal shapes. An additional ML-
based module could be implemented downstream of the image-classification stage
in order to assess uncertain predictions and, when necessary, correct potentially
misclassified cases.
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8.3. Conclusions

Label Maps Description

FYTE
F-type mode in the Y direction,
mainly involving the trailing edge
line (TEs).

FYLE
F-type mode in the Y direction,
mainly involving the leading edge
line (LEs).

F1TE F-type mode primarily concen-
trated on the trailing edge line.

F2TE
F-type mode involving the trailing
edge line, with possible transition
toward more complicated modes.

Table 8.1: Example of a possible refined labeling strategy for F-type modes.

8.3 Conclusions
This project led to the development of AIseeU, an artificial-intelligence-based tool de-
signed for the labelling of modal shapes for aeroelastic applications.
A crucial part of the work was the data-processing stage, which represented the main
physical foundation of the project. In this phase, the frames corresponding to the max-
imum real displacement were isolated, as these were found to be sufficient for modal
recognition. Alternative strategies were also considered and preliminarily investigated;
however, this aspect remains an open question and deserves further study.
The computational implementation was carried out in commercial softwares and resulted
in the development of a set of codes capable of performing image-based recognition in-
dependently of the specific input source. This confirms the flexibility of the proposed
workflow and its potential applicability to similar problems.
Despite the limited initial experience in the field, the project achieved a significant result:
the developed tool performs reliably on the most critical modes, namely the low-frequency
modes, which are also the most relevant from an aeroelastic point of view because they
are more easily excitable. This is undoubtedly one of the main strengths of the work.
On the other hand, the tool still shows difficulties when dealing with more complex modes,
such as 2F and 2T. The analysis carried out in this thesis suggests that these limitations
are mainly due to the distribution of the available inputs, which is not well suited to the
training requirements of neural networks. In this sense, the problem is not only algo-
rithmic, but also structural and data-driven. For this reason, several practical directions
for future improvements have been proposed, including a more balanced dataset, a more
detailed labeling strategy, and a deeper physical interpretation of the modal families.
In conclusion, the work can be considered successful in achieving its main objective:
demonstrating the feasibility of using a 2D CNN for the recognition of blade modal shapes
in an aeroelastic framework. At the same time, it has highlighted the main limitations
of the current approach and laid the groundwork for future developments toward a more
robust, physically informed, and industrially applicable tool.
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8 - Results

“Eccetera . . . perché la minestra si fredda”
— Leonardo da Vinci
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9 - Appendix A

9.1 Turbo-engines analysed
This thesis focuses on the main civil products of GE Avio Aero.1

9.1.1 GE9X
The General Electric GE9X is a high-bypass-ratio turbofan developed exclusively for the
Boeing 777X. In 2019, it recorded the highest thrust ever achieved by a commercial aircraft
engine and, upon its entry into service in 2020, it became the largest and most powerful
commercial aircraft engine ever produced. In addition, the GE9X is one of the most fuel-
efficient and quietest engines in its class. This model is also characterized by composite
fan blades and the adoption of ceramic matrix composites (CMCs), which contribute to
improved thermal performance.

Figure 9.1: GE9X.

Parameter Value

Engine type Turbofan
Maximum thrust ∼ 597 kN
Fan diameter ∼ 3.40 m
Overall pressure ratio ∼ 60 : 1
Bypass ratio ∼ 10 : 1
Entry into service 2020

9.1.2 GE90
The General Electric GE90 is a turbofan engine developed and produced by GE Aviation
since the 1990s for the Boeing 777. In its -115B variant, it is one of the most power-
ful aircraft engines ever built and is surpassed in size only by its successor, the GE9X.
Among its most significant technological innovations are the introduction of composite
fan blades, bleed valve doors designed to withstand foreign object debris (FOD), and the
first FAA-approved additive-manufactured compressor sensor. The GE90 also achieved
an exceptionally high reliability rate of 99.98%.
1The values and images reported in this appendix are publicly accessible through the official GE Aerospace
website: https://www.geaerospace.com/commercial and https://www.gevernova.com/gas-power/
products/gas-turbines, except for GE90 https://www.mtu.de/fileadmin/_processed_/6/9/csm_
maintenance_civil_aircraft_engine_portfolio_ge90_b7d5854fba.jpg.
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Figure 9.2: GE90.

Parameter Value1

Engine type Turbofan
Maximum thrust ∼ 511 kN
Fan diameter ∼ 3.43 m
Overall pressure ratio ∼ 42 : 1
Bypass ratio ∼ 9 : 1
Entry into service 1995

1 GE90-115B variant.

9.1.3 LMS100
The LMS100 PA is one of the largest and most efficient aeroderivative gas turbines cur-
rently available, and it is capable of reaching full power in less than 10 minutes. The
LMS100 consists of a low-pressure compressor, an intercooler, a supercore, and a power
turbine. This architecture allows the machine to combine high efficiency with operational
flexibility, making it particularly suitable for power generation applications.

Figure 9.3: LMS100.

Parameter Value2

Engine type Gas turbine
Power output ∼ 110 MW
Thermal efficiency ∼ 52% LHV
Entry into service 2006

2 Simple cycle.

9.1.4 RISE

Figure 9.4: RISE.

The CFM RISE (Revolutionary Innovation for Sustainable
Engines) program is focused on the development of next-
generation propulsion technologies aimed at significantly im-
proving efficiency and sustainability. Its key innovations in-
clude an open-fan architecture, designed to provide a step
change in fuel efficiency with particular attention to durabil-
ity, and the use of supercomputing techniques to optimize
the design and reduce noise levels with respect to current
engines.
In addition, RISE explores integrated hybrid-electric propul-
sion systems, with the objective of demonstrating a
megawatt-class hybrid powertrain. Finally, the technology
is being developed for compatibility with unblended sus-
tainable aviation fuel (SAF), while also supporting future
hydrogen-fuel capability.
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