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Abstract

In recent years, non-local operators have attracted considerable attention in the calcu-
lus of variations, motivated by some works by Braides and Dal Maso. In this thesis,
after illustrating the necessary preliminary tools, we review the main results concerning
I'-convergence and integral representability of such functionals. Within this setting, we
then focus our study on the homogenization of a class of non-local functionals featuring
a rapidly oscillating periodic weight. By means of two-scale convergence, we explicitly
evaluate the I'-limit for constant target functions and show how the interaction between
periodicity and non-locality induces the formation of highly oscillatory minimizing se-
quences. Finally, drawing on a recent counterexample by Braides, we prove that the
resulting effective functional cannot be represented through a standard double-integral
formulation, highlighting the failure of integral representability in this homogenization
regime.
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Chapter 1

Introduction

The macroscopic behavior of materials and physical systems is often linked to energy
minimization. This happens because Nature is intrinsically “lazy” and always seeks the
path that requires the lowest energy cost.

For instance, imagine immersing a closed wire loop into soapy water and then pulling
it out: the liquid film will not assume a random shape. Indeed, the soap molecules attract
each other, and organize themselves trying to expose the smallest possible number of
molecules. In doing so, the macroscopic behavior of the film naturally solves a complex
and non-trivial problem: finding the surface of minimum area whose border coincides
exactly with the loop, thus minimizing the surface tension energy. This phenomenon is
the direct physical manifestation of the Plateau problem—a cornerstone of the Calculus
of Variations—which is precisely about finding the surface with the smallest possible
area bounded by a specific closed contour.

Another interesting—and more complex—phenomenon is the so-called energetic frus-
tration, which frequently occurs in the study of complex materials. A typical example is
given by block copolymers, which consist of polymer chains formed by a monomer block
A covalently bonded to a monomer block B. When dealing with billions of these chains,
the system faces a conflict between two competing energies:

e Local chemical energy. Similarly to water and oil, the incompatible materials A
and B tend to segregate in order to reduce unfavorable interactions between unlike
Monomers.

e Non-local elastic energy. Since A and B are linked to each other, they cannot
physically separate by a distance greater than the length of the chain itself without
requiring a huge elastic energy.

Since both requirements cannot be satisfied simultaneously, the optimal energetic solu-
tion is a compromise, a recurring feature in variational problems. Microscopically, the
system avoids macroscopic phase separation by self-assembling into optimal periodic mi-
crostructures, such as thin stripes, cylinders, or spheres. However, at the macroscopic
level, the system appears perfectly homogeneous. This fascinating passage from disorder
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Introduction

to apparent macroscopic homogeneity through the formation of patterns and microstruc-
tures is a widely studied topic in the Calculus of Variations (see, for example, [7,21,28]),
where the use of sophisticated mathematical techniques such as homogenization and
I-convergence is essential to treat the problem in a mathematically rigorous way.

This complex phenomenology naturally leads to the study of long-range interactions.
Indeed, as pointed out in the previous example, while the local chemical energy refers to
the interaction between nearby points, computing the non-local elastic energy requires
taking into account distant points along the chain. These long-range features are ef-
fectively captured by the mathematical framework of non-local functionals, which have
recently attracted significant attention within the Calculus of Variations. Indeed, beyond
long-range interactions, non-local energies—typically formulated as double integrals—
naturally arise in a wide variety of models, including;:

e Peridynamics, which is a continuum mechanics formulation specifically developed
to model damage and fracture propagation in solids. In this framework, a material
point interacts not only with its nearest neighbors, but with all the points within
a certain distance, known as the horizon. Interesting works on this topic include
[24,36].

¢ Image processing, where advanced algorithms for denoising and image transforma-
tion evaluate similarities across the entire image rather than just adjacent pixels.
We refer to [16,27] for some variational studies of non-local functionals related to
image processing.

Non-local functionals

In this context, recent works by Braides and Dal Maso have investigated some fun-
damental properties of (sequences of) non-local functionals taking the general integral
form

Fiw) = [ fulu@) = uly) dnle,y) + [ (e, Vuta) do,
QxQ Q

defined on the Sobolev space Wol P(Q) with p > 1, where Q is a bounded open set in R?

for d > 1. Here, the non-local character of the energy is captured by the double integral,

where the integrand fj, depends on the difference between the values of u at two distinct

points in the domain. Conversely, the single integral is a purely local term, where the

energy density gx depends pointwise on the position x and the gradient Vu(x).

Some interesting results regarding this class of functionals have been obtained. In [9],
the authors provide suitable conditions on the measures u; guaranteeing the stability of
the I'-limit, meaning that the functional Fj I'-converges to a limit functional preserving
the same additive structure, namely:

|t = u@) dute.) + [ g, Vu(e) da.
QxQ Q

As pointed out in Remark 2.4.7 below, this is a highly non-trivial property, since the
[-limit of a sum is generally not the sum of the I'-limits.
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Similar decoupling properties of the I'-limit are also analyzed in [8], where Braides
and Dal Maso highlight how the effective local part arises from the interplay between
local and non-local terms. More precisely, the function g appearing in the local term
of the limit functional is shown to be determined by the sequence {gi} and the part of
the sequence {fx} that is concentrating on the diagonal of the domain £ x Q, namely
the set A = {(z,x): x € Q}. The key idea here is to examine the part of the I'-limit
of the double integral term concentrated on a d-neighborhood of the diagonal, that is
As ={(z,y): z,y € Q, |xr—y| < }. It is shown that this portion admits a local integral
representation, up to an error that vanishes as § — 0.

Another particularly delicate issue, which is a central theme of this thesis, is the inte-
gral representability of the limit. As extensively reported in Chapter 3, when considering
non-local potentials of the form

fr(u(@) —uy)) ~ |u(z) — uly)]”,

positive representability results can be achieved for p = 2, while non-representability
counterexamples arise for p # 2 [10]. In particular, in [10] it emerges that a powerful
tool to study the limits of such sequences is given by the theory of Dirichlet forms, which
we introduce in Section 2.5.

Finally, another counterexample for the representability is provided by [6]. There,
Braides considers purely non-local functionals of the form

Flu)= | f(u(e) = u(y)) dady.

Since no sequence of functionals is involved in this specific setting, the counterexample
is constructed for the relaxed functional.

The choice of the potential

It is worth providing some context on the choice of the energy density f, which in [6] is
the non-convex triple-well potential defined by

0 ifze{-1,1},
flz)=4%1 ifz=0, (1.1)

+o00 otherwise.

From a physical perspective, non-convex potentials play a fundamental role, as they
provide realistic models for atomic and molecular interactions. A classical example is
the Lennard—Jones potential . .

Viy(r) = 127 6
where r is the distance between the two particles. The Lennard—Jones potential captures
the essential features of atomic interactions: particles strongly repel each other at very
short distances (V77(r) — +00 as r — 0, preventing overlap), weakly attract each other
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at larger distances (Vzj(r) — 0 as r — +00), and tend to arrange themselves at a
preferred distance corresponding to the minimum of the potential.
For a system of N particles located at z1,...,zx € R%, the total interaction energy
is given by
E][\}J(.’L'l, ey xN) = ZVLJ(’xi — 1']‘)
i#j

The analysis of minimizers of E]{J,J is notoriously difficult, since every particle interacts
with all the others through long-range forces. To overcome these difficulties, Heitmann
and Radin [31] proposed a simplified potential, given by

400 fo<r<l,
Var =1 —1 if r =1,
0 ifr>1,

which may be viewed as a limiting case of Vi ; with a very steep well around the equi-
librium distance. In this model, particles cannot overlap, and the minimum energy is
reached when two particles are at a distance 1. The corresponding interaction energy
becomes
EﬁR(:Cl, ey xN) = ZVHR(’xz - .%‘j‘),
i)

which is considerably easier to analyze. We refer to [11,14,22,23] for some significant
studies in this direction.

Although much simpler than realistic interaction potentials, the triple-well poten-
tial (1.1) shares the key feature of non-convexity and the presence of favored states, and
it is analogous to Heitmann—Radin for three wells. Specifically, this triple-well potential
is designed to model systems with preferred interacting states (at z = 1 and z = —1)
and an unstable equilibrium state (at z = 0, where a finite energy penalty is paid).

Homogenization

A natural further step in this investigation is to incorporate the effects of spatial het-
erogeneities. Indeed, the simplified models discussed so far always assume a perfectly
homogeneous medium, where interactions between particles only depend on their relative
distance. However, the majority of materials—such as composites, alloys, or crystalline
structures with periodic impurities—features a non-constant interaction strength that
oscillates across the material at a microscopic scale € > (0. When dealing with materials
exhibiting a heterogeneous yet periodic microstructure, homogenization provides a pow-
erful tool to derive the effective macroscopic behavior. In [2], homogenization techniques
are applied to non-local energies using Young measures, a useful yet complex tool in the
Calculus of Variations. Furthermore, in [12,13], some results on the homogenization of
convolution-type energies are presented, involving the same oscillating kernels we will
use below.
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Motivated by these results, in Chapter 4 of this thesis, which contains our original
contribution, we study the asymptotic behavior of the sequence of non-local functionals
F.: LY(Q) — R U {+oc} defined by

3

) = [ a("Y) ful@) - u) dedy, (1.2)

where f is the potential introduced in (1.1), and the periodic weight a € L*°(R) is
assumed to be strictly positive. Notice how, in our setting, the heterogeneity acts on
the interaction itself; therefore, the coefficient a depends on the relative position = — y
of the interacting points.

To tackle the homogenization problem for the energy (1.2), we apply the theory of
two-scale convergence introduced by Nguetseng and Allaire [1,34]—and outlined in Sec-
tion 2.6— which allows us to effectively capture the microscopic oscillations during the
limit process. Moreover, we explicitly compute the I'-limit of the sequence of functionals
in (1.2) on constant functions, which is proved to correspond to the macroscopic ground
state of the system. Interestingly, the effective value of the minimized energy is lower
than the value one would obtain by simply plugging a constant function into the ex-
pression (1.2). Indeed, our analysis reveals the emergence of highly oscillating step-like
microstructures, which lie at the core of our treatment and drastically lower the over-
all energy. More precisely, as stated in Remark 4.2.4, these optimal profiles synchronize
their microscopic oscillations with the periodic weight a, strategically concentrating their
mass in the regions where the interaction kernel assumes its lowest values. This crucial
and complex energy-saving mechanism is entirely precluded for a simple flat function,
resulting in an unexpected effective response. Once again, the apparent macroscopic
homogeneity hides a non-trivial microscopic law governing the entire system, and our
investigation reveals the profound and fascinating complexity of these phenomena.






Chapter 2

Preliminaries

In this chapter, we introduce the mathematical framework and the main theoretical tools
required to analyze non-local operators and their asymptotic behavior in the context of
the Calculus of Variations. Rather than providing exhaustive proofs, which can be found
in classical literature, we focus on stating the results and highlighting their role while
treating variational problems.

In the sequel, Q C R? will always be a general open, bounded, connected set.

2.1 Basic results in measure theory and integration

When dealing with integral functionals, bounding the energy and passing limits inside the
integrals are common operations. To this end, the following inequalities and convergence
theorems are fundamental.

Theorem 2.1.1 (Holder’s inequality). Let f € LP(Q2) and g € LI(R2), where 1 < p,q <
oo are such that ]% + % =1. Then fg € L*(Q) and

£l < [1fler@)llgllLa)-

Remark 2.1.2. In the special case where p = ¢ = 2, this inequality reduces to the well-
known Cauchy-Schwarz inequality.

Theorem 2.1.3 (Jensen’s inequality). Let Q C R? be a measurable set with finite positive
measure, and let p: R — R be a convex function. If u € L*(Q), then

@(,;”/Qu(x) dx) < |g12|/9<,0(u(x))dx

Jensen’s inequality is widely used when dealing with convexity and is essential to
establish lower bounds for the limit of sequences of functionals (for example for the
liminf inequality in I'-convergence, see Definition 2.4.1). The following theorems provide
two different conditions under which the limit of a sequence of functions commutes with
the integral operator.
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Theorem 2.1.4 (Lebesgue, dominated convergence). Let {f,} be a sequence of inte-
grable functions f,: RY — RU {#o00} such that the sequence converges pointwise almost
everywhere to a function f defined almost everywhere in R, Suppose there exists an
integrable function g: R* — R such that:

|fu(z)| < g(z) for alln € N and for a.e. x € RY.

Then, the limit function f is integrable and the following formulas are valid

lim fndx:/ fdz and  lim |frn— fldz =0.
R R

n—o0 n—o0 Rd

Theorem 2.1.5 (Beppo Levi, monotone convergence). Let {f,} be a sequence of inte-
grable functions f,: R — [0, +00] such that the sequence is monotonically non-decreasing
almost everywhere; that is:

0< fi(z) < folw) <--- < fulz) < ... forae zeRY

If f(x) = limy 00 fn(x) almost everywhere, then f is integrable and:

nlgngo/Rdfndx:/Rdfdm.

The following two theorems, usually known together as the Fubini-Tonelli Theo-
rem, are a powerful tool to compute multiple integrals as iterations of simple integrals,
establishing when it is possible to reverse the order of integration.

Theorem 2.1.6 (Fubini). Let f: R x R® — R, (z,y) — f(z,y), be an integrable
function in RM x R%. Then

1. the function x — f(x,y) is integrable in R, for almost every y € R%;
2. the function y — [pa, f(z,y)dz is integrable in R% ;

3. the following formula holds

/Rdlde2 f(z,y)dedy = /Rdz (/Rdl f(z,y) dac) dy.

Theorem 2.1.7 (Tonelli). Let f: R x R® — R, (z,y) — f(z,y), be a (real) non-
negative and measurable function in R% x R%. If the properties 1. and 2. of Theo-
rem 2.1.6 hold, then f is integrable in R4 x R4,

Finally, a corollary of the Stone—Weierstrass Theorem will be useful while dealing
with test functions depending simultaneously on multiple variables. It guarantees that
any sufficiently regular test function i (z,y) can be approximated by finite linear com-
binations of factorized functions ¢(x)y(y).
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Theorem 2.1.8. Let K1 C RN and Ky C R% be compact sets. Any continuous func-
tion f: K1 x Ko — R can be uniformly approximated by finite sums of factorized func-
tions. That is, for every € > 0, there exist an integer N > 0 and continuous functions
b1,...,0N € CO(Kl) and Y1,..., YN € CO(KQ) such that

N

max flz,y) — Zcb,(x)wz(y) <e.

(Z‘,y)EleKg

2.2 Sobolev spaces

In the Calculus of Variations, one often seeks minimizers of energy functionals among
continuously differentiable functions. However, classical spaces such as C'!(f) are not
complete under the natural integral norms associated with these energies (see Eq. (2.1)).
This lack of completeness means that minimizing sequences might not converge to a
well-behaved function within the space. Sobolev spaces resolve this fundamental issue.
By replacing classical derivatives with weak derivatives and completing the spaces with
respect to LP norms, Sobolev spaces provide the proper framework where the existence
of minimizers can be established via the Direct Method (see Section 2.3). For a complete
reference on this topic, see [18,25].

Definition 2.2.1 (Weak derivative). Given u,v € LL () and a multi-index o € NV,

we say that v is the ot weak derivative of u, and we write D% = v, if

/ uD%pdx = (—1)‘“'/ vpdz,
Q Q
for every ¢ € C°(92).

Definition 2.2.2 (Sobolev space). Let p € [1,+0o0] and k be a positive integer. The
Sobolev space WkP(Q) is the set of functions u: @ — R such that v € LP(Q2) and
D% € LP(Q)), where D%u are the weak partial derivatives of u, for every multi-index «
with |a] < k.

This space is endowed with the norm

1
(Z / ]Do‘u|pdac)p if 1 <p < +o0,
Q
ullyr, = lol<k (2.1)
Z ess-supgq | D%ul if p=+4o0.
loo| <k

Definition 2.2.3. The set Wé’p(Q) is the closure of the space C°(Q) in W*P(Q). If Q
has Lipschitz boundary, then WO1 P(2) coincides with the set of Sobolev functions having
zero trace on Of).

Theorem 2.2.4 (Poincaré inequality). Let 1 < p < oo. There exists a constant C' > 0,
depending only on d, p, and 2, such that for every function u € Wol’p(Q), the following
inequality holds:

[ulle) < ClIVull Lro;ray-
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Remark 2.2.5. Tt is worth noting that the constant C' in the Poincaré inequality depends
heavily on the geometry of the domain €2, specifically scaling with its width. If we
consider a thin domain, such as a strip of height ¢, the constant C becomes proportional
to e (or €2 for the squared norms). This property is useful while dealing with problems
where energy concentrates on shrinking domains (see Example 3.1.4).

Definition 2.2.6 (Holder continuous functions). Let 0 < v < 1. A function v : @ — R
is said to be Holder continuous with exponent + if there exists a constant C' > 0 such
that

lu(z) —u(y)| < Clz—y|” forall z,y € Q.

Definition 2.2.7 (Holder spaces). Let 0 < v < 1. For a continuous function u: Q — R,
we define the Holder norm with exponent v as

|u(z) — u(y)|
U ~o) = |lu 5y T sup
Il o = Ielcom + sup =2—
a7y

The Holder space C%7(Q) is defined as the set of all continuous functions u: 2 — R for
which this norm is finite.

Remark 2.2.8. Equipped with the norm || - \|CM(§), the space C%7(Q) is a Banach space.

Theorem 2.2.9 (Morrey’s inequality). Let Q C R? be an open bounded set with 02 €
Cl. Let uw € WYP(Q) with p > d. Then u has a continuous representative u* € C%7(Q)
with v =1 — %. Moreover, there exists a constant C > 0, depending only on €, p, and

d, such that
||“*H00w(§) < CHUHWLP(Q)*

Definition 2.2.10 (Weak and weak-* convergence in LP and WP spaces). A sequence
{ur} C LP(2), with 1 < p < oo, is said to converge weakly to an element u € LP(Q),
denoted by up — u, if

lim [ wg(x)v(x)dz = / u(z)v(z)dr for every v € LY(Q),
k—o0 JQ (9]
where ¢ is the Holder conjugate exponent of p.
If p = oo, the space L*°(Q2) is not reflexive, and we rely on weak-* convergence. A
sequence {ug} C L®(9) is said to converge weakly-* to u € L>®(£2), denoted by u — w,
if

lim [ wg(x)v(x)de = / u(z)v(z)dz for every v € L'(Q).
k—o0 JQ Q

Similarly, a sequence {u;} converges weakly to u in the Sobolev space W1P() for
1 <p<ooifu, —uin LP(Q) and Vug — Vu in LP(Q;RY).

Finally, a sequence {u;} converges weakly-* to u in the Sobolev space W1>(€Q) if
up = u in L%°(Q) and Vi, = Vu in L®(Q;RY).

12
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2.2.1 Radon measures and weak-* convergence

The concept of weak- convergence, introduced for L°(2), naturally extends to the
mathematical framework of measures. When dealing with sequences of functionals,
energy concentrations or highly oscillating coefficients might not converge to a standard
function, but rather to a measure.

Definition 2.2.11 (Radon measures and weak-* convergence). Let K C R? be a com-
pact set (such as  or Q x Q). We denote by M(K) the space of finite Radon measures
on K, that is, the dual of CY(K).

A sequence of measures {u;} C M(K) is said to weakly-* converge to a limit measure
p € M(K), denoted by py — p, if

lim [ o(z)dug(z) = / @(z)du(z) for all ¢ € CO(K).
k—oo JK K
Theorem 2.2.12 (Banach-Alaoglu for measures). Let K C R? be a compact set. If {u}
is a sequence of positive Radon measures with uniformly bounded total mass, meaning
there exists a constant C > 0 such that pp(K) < C for all k € N, then the sequence is
weakly-x relatively compact.
Consequently, there exists a subsequence {jig;} and a positive measure y € M(K)

such that py; 2 as j — 0.

Example 2.2.13. Let Q@ = (—1,1) and consider the sequence of absolutely continuous
measures dug(x) = gl(_l/m/k)(a:)da:. Each py has total mass equal to 1. For any
continuous test function ¢ € C°([—1,1]), the mean value theorem for integrals implies

that
1 Lk rl/k
lim o(r) dpk(x) = lim — o(x) dz = ¢(0).
k—oo J_1 k—oo 2 J_1/k

By definition, this means that j, — 8y, where &y is the Dirac measure centered at the
origin.
2.2.2 Embedding theorems

A crucial feature of Sobolev spaces is how they relate to classical LP spaces and con-
tinuous functions. The following definition and theorem provide the essential tools to
extract strongly convergent subsequences from weakly convergent ones.

Definition 2.2.14 (Compact embedding). Let (X, ||| x) and (Y, |- ||y) be two normed
spaces such that X C Y. We say that X is compactly embedded in Y, denoted by
X < Y if the following two conditions hold:

1. Continuous embedding: There exists a constant C' > 0 such that

lz|ly < C|lz||x for all x € X.

13
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2. Compactness: Every bounded sequence in X admits a subsequence that is strongly
convergent in Y.

Theorem 2.2.15 (Rellich-Kondrachov). Let Q C R? be an open, bounded domain with
a Lipschitz continuous boundary 0Q. Let 1 < p < co. Then the Sobolev space WP (£2)
is compactly embedded in the following spaces:

1. If 1 < p<d, then WiP(Q) < L4(Q) for every 1 < q < p*, where p* = ddfpp is the
Sobolev conjugate exponent.

2. If p=d, then WHP(Q) < L4(Q) for every 1 < q < oc.
3. If p>d, then WHP(Q) — CY(Q).

Remark 2.2.16. The Rellich—Kondrachov Theorem is a cornerstone in the study of I'-
convergence. Often, the equicoercivity of a sequence of functionals (see Definition 2.3.1)
guarantees that any sequence of bounded energy converges weakly in W1P(Q). The
compact embedding allows us to upgrade this weak convergence into strong convergence
in LI(Q) (for example, in L?(2) when p = 2). This strong convergence is essential to
pass to the limit in non-linear or non-local terms of the energy, as we will see when
proving the truncation property (Proposition 3.1.2).

2.2.3 Capacity

While the Lebesgue measure is suitable for integrating LP functions, evaluating the
pointwise behavior of Sobolev functions requires a finer tool to measure the size of
exceptional sets, where functions exhibit singular behavior. To this end, we introduce
the following notion of capacity, for which we refer in particular to [30,32].

Definition 2.2.17 (Capacity). For any subset A C ) the capacity of A in Q is defined
as

C1p(A) = inf {/ |[VulPda : u € Wol’p(Q), u > 1 a.e. in a neighborhood of A} .
Q

Definition 2.2.18 (p-capacitary potential). Let K C Q be a compact set. The p-
capacitary potential of K with respect to €2 is the unique minimizer v € VVO1 P(Q) of the
variational problem defining the capacity; that is, the function achieving

/Q |VolPdz = C p(K).

Definition 2.2.19 (C)-quasicontinuous function). A function f: Q@ — R is said to be
Cp-quasicontinuous if for every € > 0 there exists A = A. C  such that C;,(A4) < e
and f|Q\ 4 Is continuous on O\ A.

Theorem 2.2.20. For every u € Wol’p(Q), there exists a Cp-quasicontinuous represen-
tative, which we denote by u, such that u: Q — R is a C,-quasicontinuous function and
u = u holds almost everywhere in Q.

14
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Remark 2.2.21. Functions in LP(Q) or W1P(Q) are equivalence classes defined up to sets
of Lebesgue measure zero. However, when dealing with non-local functionals—which
evaluate differences like |u(x) — u(y)| across the domain (see Chapter 3)—the pointwise
behavior of u becomes highly relevant. Capacity provides a finer tool than the Lebesgue
measure to evaluate the size of exceptional sets. The C)-quasicontinuous representative
u ensures that we can pointwise evaluate our functions outside of sets of arbitrarily small
capacity, making the integral representation of non-local limits well-defined (as seen in
Theorem 3.1.6).

Example 2.2.22. To illustrate why capacity provides a finer tool than the Lebesgue
measure, let us analyze the capacity of a single point A = {z¢} in the domain Q C R,
Without loss of generality, we can assume xp = 0 and that Q contains the ball Br(0),
for a fixed R > 0. While the Lebesgue measure of a point is trivially [{0}| = 0 in any
dimension, its p-capacity exhibits a very different behavior.

Recall that C ,({0}) is defined as an infimum. Thus, to prove that C,({0}) = 0,
it is sufficient to construct a sequence of admissible functions wuy € Wol P(Q) (meaning
uy, > 1 in a neighborhood of the origin) and show that their energy [, |[Vug|P dz vanishes
as k — o0o. Let us consider three different cases:

e Case 1 < p < d: we define a sequence of functions w; with a shrinking support of
radius r, — 0 (and r, < R):

1 if || < rg,
up(x) =42 — % if r, < |z| < 2y,
0 if |z| > 2ry.

It is easy to check that uy € Wol P(€1), and obviously satisfies uy = 1 in a neigh-
borhood of the origin. Computing the energy in polar coordinates yields:

1
/ |Vuk|pd$:/ — dx
Q BQrk (0)\Brk (0) rk

1 e wq d—
= ﬁwd/ pitdp = F(Qd — Dy "

k Tk

where wy is the surface area of the unit sphere in R%. Since p < d, the exponent
d — p is strictly positive. As ry — 0, the energy vanishes, thus C; ,({0}) = 0.

« Case p = d: the previous sequence yields a constant energy “#. To show that the

capacity is still zero, we use a different uy: for ry — 0, we define

1 if |x| < g,
In(R/lx])
= ——= if
ug () (R rr) if rp <|z| <R,
0 if |z| > R.
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These functions belong to WO1 ’d(Q) and are admissible. Computing the energy we
obtain

1 d
/Q’ g Br(0)\By,, (0) \In(R/ry)|z|

N A S
(In(R/ry))? /r‘k 1’ dp = (In(R/rp))d1"

As rp, — 0, we have that In(R/ry) — oo, thus C; 4({0}) = 0 for any d > 1.

e Case p > d: by Morrey’s inequality every u € VVO1 P(02) admits a continuous repre-
sentative and

[u™ ]l oo () < Cllullyirg):

for a certain C' > (0. For any admissible function u, the condition u > 1 a.e.
in a neighborhood of 0 implies, by continuity, that its continuous representative
satisfies u*(0) > 1. Hence, using Poincaré inequality 2.2.4,

1< [u[lzee(e) < Cllullyirg) < ClVullLrg),

which yields [, |Vu|P dz > C~". Taking the infimum over all the admissible func-
tions, we conclude that C,({0}) > 0.

This behavior perfectly exemplifies why two functions that coincide almost everywhere
in the Lebesgue sense might still differ on a set of zero measure but strictly positive
capacity.

2.2.4 The Riesz—Sobolev inequality

This powerful property allows us to explicitly find the optimal profiles for non-local
functionals by restricting the search to the class of symmetrically decreasing functions,
see [15,35]. When dealing with periodic homogenization on a reference cell (as we will do
in Proposition 4.2.1), it is useful to define this operation on the flat torus T¢ := R?/Z?
(i.e., functions defined modulo 1).

Definition 2.2.23 (Symmetric decreasing rearrangement on T¢). Let f: T? — RT be
a measurable function. The symmetric decreasing rearrangement of f, denoted by f*, is
the unique non-negative function on T¢ that is radially symmetric, non-increasing with
respect to the distance from the origin, and equimeasurable with f; that is, for every
T >0,

{zeT¢: f*(z) > 1} =|{x e T¢: f(z) > 1}

Example 2.2.24. If d = 1 and f is an indicator function of a set E C [0,1) with
Lebesgue measure |E| = t, its symmetric decreasing rearrangement is the centered indi-
cator function f*(z) = X(—¢/2,¢/2)(¥), understood modulo 1.
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Theorem 2.2.25 (Riesz-Sobolev rearrangement inequality). Let f,g,h: T¢ — R be
non-negative measurable functions defined on the flat torus. Let f*,g*, h* be their re-
spective symmetric decreasing rearrangements. Then, the following inequality holds:

L, L 1@ -phyazdy < [ [ @@ - ph(y) dody.
Td JTd Td JTd

2.3 The Direct Method of the Calculus of Variations

The classical approach to finding the minimum of a functional F' is the so-called Direct
Method of the Calculus of Variations, for which we refer to [17,29]. Generalizing the
Weierstrass Theorem to infinite-dimensional spaces, the Direct Method guarantees the
existence of a minimizer for a functional F': X — R U {400} provided two conditions
are satisfied:

o Compactness (usually derived from coercivity): ensuring that minimizing sequences
have a convergent subsequence.

o Lower-semicontinuity: ensuring that the limit of this subsequence does not have a
jump in energy.

Definition 2.3.1 (Coercivity and Equicoercivity). Let X be a normed space and F': X —
R U {+00}. F is called coercive if for any ¢ € R, there exists a constant Cy € R such
that for every u € X,

Flu) <t = |ullx <C,.

A family of functionals {F}} on a normed space X is said to be equi-coercive if for any

{ € R, there exists a constant Cy € R not depending on k such that for every u € X,
Fp(u) <t = |lu[lx < Cp, forevery k.

Remark 2.3.2. This condition means that if the energy F'(u) is controlled from above,

then the norm |lu||x is also bounded.

This property is crucial for the compactness step of the Direct Method, thanks to
the following proposition and the properties of reflexive spaces. Recall that a sequence
{ur} C X is called a minimizing sequence for F' if limy_, oo F'(ux) = infyex F(u).

Proposition 2.3.3. If F' is coercive on a normed space X (and not identically +o0),
then every minimizing sequence is bounded in norm. Furthermore, if X is a reflexive
Banach space (such as WP for 1 < p < o0), this boundedness guarantees the existence
of a weakly convergent subsequence.

Definition 2.3.4 (Lower-semicontinuity). Let X be a metric space and F': X — R U
{+0o0}. F is said to be lower-semicontinuous at u € X if and only if

F(u) < lim inf F'(ug),

for every sequence {uy} such that up — w in X.
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Remark 2.3.5. If H is a reflexive Banach space, then the norm is weakly-lower semicon-
tinuous; i.e., for every sequence {uy} such that uy — u in H,

llullg < liminf ||ug||z.
k—o0
For instance, if H = H}(Q2), we have

/ Vu(z)|? da gnmmf/ Vg ()2 dz.
Q k—oo JO

This will be useful in Example 3.1.4.

Remark 2.3.6. The definitions of coercivity and lower-semicontinuity can be formulated
in a more general framework, for functionals defined on a topological space, as in [20].
In this broader setting:

o a functional F': X — R U {+oc0} is said to be coercive if, for every ¢t € R, there
exists a compact and closed set K which contains the set {r € X | F(x) < t}.
This is equivalent to requiring that the set {F <t} is compact.

o a functional F': X — R U {+o0} is said to be lower-semicontinuous at oy € X if
for every t < F(xg) there exists a neighborhood U of xy such that ¢ < F(y) for all
yelU.

When a functional is not lower-semicontinuous, it might not admit a minimum. In
such cases, one replaces the original problem with a relaxed one.

Definition 2.3.7 (Lower-semicontinuous envelope or relaxed functional). Let X be a
metric space and F: X — RU {4o00}. The lower-semicontinuous envelope of F', or the
relaxed functional of F', is defined as

F(u) :=sup{G(u) : G is lower-semicontinuous and G < F'}.

2.4 I'-convergence

While the Direct Method deals with the minimization of a single functional, in many
physical and mathematical models (such as homogenization and phase transitions) we
encounter a sequence of approximate functionals Fj. Introduced by Ennio De Giorgi,
I'-convergence is the natural notion of variational convergence in this case. Unlike point-
wise convergence, ['-convergence guarantees that the minimizers of Fj converge to the
minimizer of a limit functional F under equicoercivity conditions, as stated in the The-
orem 2.4.3 below. We refer to [5,19] for this part.

Definition 2.4.1 (I-convergence). Let X be a metric space, and Fi: X — R U {+o0}
a sequence of functionals on X. We say that {F}} I'-converges to F': X — RU {+o0}
if, for every u € X, the following two conditions hold:

1. (liminf inequality) for every u; — u,
F(u) <liminf Fj(ug);
k—o0
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2.4 — I'-convergence

2. (limsup inequality) there exists @y — u such that

F(u) > limsup Fy(uy).

k—o0

Remark 2.4.2. Notice that if F = F, it may not be true that I' — limy_,,, F = F.
Indeed, if this holds, the liminf inequality condition would imply that for every u € X
and for every uy, — u, F(u) < liminfy_, o Fj(ug) = liminfg_,o F'(ug), which is true only
if F'is lower-semicontinuous.

As said before, the core motivation for introducing I'-convergence lies in the following
result.

Theorem 2.4.3 (Fundamental Theorem of I'-convergence). Let X be a metric space and
{Fx}, F: X - RU{+o0} such that {Fy} T'-converges to F. If {Fy} is an equi-coercive
sequence (i.e., there exists a non-empty compact subset K C X such that infx Fj, =
inf i Fy, for every k). Then,

e dminx F;
. Hllmkﬁoo (ian Fk) = minX F.

Corollary 2.4.4. If a sequence {uy} is relatively compact (i.e., it admits a convergent
subsequence) and is such that limyg_, o F(ur) = limg_oo (infx Fy), then every limiting
point of {uy} is a minimizing point for F'.

Example 2.4.5. To illustrate the power of this result, and consequently of the notion
of I'-convergence, let us consider the sequence of functions Fy: R — R defined by

Fi(x) = 2* + sin(kz).

Here, X = R, endowed with the standard Euclidean topology. Notice that the pointwise
limit of Fi(z) as k — oo does not even exist for almost every x € R. However, the
I-limit exists and can be easily computed. Since sin(kx) > —1 everywhere, we clearly
have the lower bound Fj(z) > x? — 1 for every k, which obviously implies

liminf F(z) > 22 — 1.
k—o0

Moreover, for any given = € R, we construct the recovery sequence T = 2% L%J — 2%
and evaluate its limit as K — co. We have that

7_1< _ Si
2T 2 2T
g C A L
kE \ 27 2k k |27 2k — k \27 2k
L
koo S TRETT o
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. . 2 .
and since limp_soo (:z — - %) = z and limy_, (z — 5;) = =z, the Squeeze Theorem

ensures that limyg_,, T = . Moreover,

kax ™
li Fp(Z) = lim (7} +sin(27 [-=| - =) | =2 - L.
122801? k(Tk) Jim <m,€+sm( T {274 2)) x

Therefore, the I'-limit is exactly the functional
F(z) =2% - 1.

To apply Theorem 2.4.3, we first note that the sequence { F}, } is equi-coercive. Indeed,
the minima of Fj are achieved within a compact subset of R (e.g., a closed interval
around the origin). Therefore, the Fundamental Theorem of I'-convergence 2.4.3 applies,
guaranteeing that

i (2 R6) ~ mg Fo) =L,
which was not obvious at all at the beginning. Although the oscillatory term prevents any
pointwise convergence of the sequence { F} }, the I'-limit is able to capture the asymptotic
behavior of the minimal energy values.

Now, let x; be a minimizer of Fj, so that Fj(zy) = infgr Fy. Thanks to the equi-
coercivity, the sequence of minimizers {zj} is bounded, hence relatively compact in R.
We can therefore apply Corollary 2.4.4 to deduce that any limiting point of {xx} must
be a minimizer of the I'-limit F. Since z = 0 is the unique minimizer of F(r) = 2?2 — 1,
we can immediately conclude that the entire sequence of minimizers must converge to
the origin, i.e., xx — 0. From a geometric perspective, this is intuitively clear, since the
minimizers zj are forced to concentrate in the lowest valleys of the oscillating function.

We conclude with some elementary properties of I'-limits.
Proposition 2.4.6. Let X be a metric space.

o Given a functional F: X — R U {+oo}, if we consider the constant sequence of
functionals Fy, = F for all k € N, then the T-limit of {F}} exists and coincides
with the lower-semicontinuous envelope F of F.

o The I'-convergence is stable under continuous perturbations. Precisely, given {F}
which T'-converges to F and a continuous functional G: X — R U {400}, then
{Fk + G} I'-converges to F + G.

o TheT-limit of a sequence of quadratic forms is a quadratic form (see [19, Theorem
11.10)).

Remark 2.4.7. Notice that in general, if I' — limg_,oo Fr = F and I' — limg_, oo Gx = G,
it is not true that I' — limy_, o0 (Fx + Gx) = F + G (i.e., I'-convergence is not additive in
general).
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A simple counterexample is given by choosing X = R (endowed with the Euclidean
topology), Fj(z) = sin?(kx) and Gy(x) = cos?(kx). In order to prove that the two
functions both I'-converge to 0, we first observe that for every sequence z; — x

lim inf Fy(21,) = lim inf sin® (k) > 0,
k—o0 k—o0

which immediately proves the liminf inequality. Notice that the same reasoning can
also be applied to the functions Gj. To prove the limsup inequality, let us construct
the recovery sequence Ty = %L’%J and evaluate its limit as k — oo. Similarly to
Example 2.4.5, we have that

™ _
x—E<xk§x;

and again the Squeeze Theorem ensures that limy_,., Ty = . Evaluating Fj along this

recovery sequence, we obtain
kx
F.(T},) = sin® <7T LJ) =0.
™

Therefore, limsupy,_, ., Fx(ZTx) = 0 and T' — limy_, Fr, = 0. An analogous argument
holds for Gi. For every y € R, we consider the recovery sequence 7;, = %L%J + 5 which
is such that y,, — vy and

Gy () = cos? (k: <Z VZyJ + ;{)) = cos? <7T Vi}_/J + g) =0,

thus proving that I' — limy_,,, G = 0. However, the sequence of sums is exactly
Fi(2) + Gi(z) = sin?(kz) 4 cos?(kz) = 1,

and this constant sequence obviously does not I'-converge to 0.

2.5 Dirichlet forms

The theory of Dirichlet forms, initiated by Beurling and Deny [3,4], is a powerful tool
for studying composite media and their macroscopic behavior. The only result we will
see here is the well-known Beurling-Deny formula (Theorem 2.5.3), which provides a
decomposition of a regular Dirichlet form into two local and one non-local terms. For
this part, we mainly refer to [26,33].

Definition 2.5.1 (Dirichlet form). Let a: D(a) x D(a) — R, where D(a) C L?(f).
Then a is called a Dirichlet form if the following conditions hold.

1. a is bilinear, symmetric, and non-negative.
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2. D(a) is a dense linear subspace in L%(Q).

3. a is closed, i.e., D(a) is complete under the inner product defined by (u,v), =
(U, U)LQ(Q) + CL(U, /U)'

4. a is Markovian, i.e., for every £ > 0 there exists a function n.: R — [—¢,1 + €]
such that n.(t) = t for every ¢t € [0,1], 0 < n(t') — n(t) < t' — ¢ for every t < ¢/
and a(ne o u,ne o u) < a(u,u) for every u € D(a).

Alternatively, if a is closed, then a is Markovian if and only if a(Tu, Tu) < a(u,u)
for every u € D(a), with Tu = (u V 0) A 1.

Definition 2.5.2 (Regular Dirichlet form). A Dirichlet form a is regular if it possesses
a core O, i.e., there exists a subset C C C%(Q) N D(a) such that C is dense in C9(Q)
with the uniform norm and in D(a) with the intrinsic norm || - ||4.

Theorem 2.5.3 (Beurling-Deny formula). Let a be a regular Dirichlet form on L%(Q).

Then there exist and are uniquely determined by a the form a. and the measures j(dz, dy),
k(dx) such that

a(u,0) = aclu,0) + [ la)o()k(da) + [ e ) = ) (B) = 0, ).

(2.2)
for every u,v € D(a), where i and v are the quasicontinuous representatives of u and v,
respectively; and A = {(x,y) € Q x Q: z =y} is the diagonal.
In particular:

o j(dz,dy), called the jumping measure, is the unique positive Radon measure on
Qx Q\ A such that

[ atape)itde dy) = ~Za(u,v),
QxOQ\A

for every u,v € C2() N D(a) with disjoint supports.

o k(dz), called the killing measure, is the unique positive Radon measure on Q such
that

[ uk) = o) = [ (@) ~ul) o) — o), ).

for every u,v € C%(Q) N D(a), with v constant on a neighborhood of supp u.

o The diffusion part a. is the form, with domain D(a.) = D(a), uniquely defined by
the formula (2.2). Moreover, a. is bilinear, non-negative, Markovian, and strongly
local, i.e., a.(u,v) = 0 for every u,v € D(ac), with v constant on a neighborhood
of supp u.
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2.6 — Two-scale convergence

2.6 Two-scale convergence

In the study of homogenization problems, such as composite materials or processes
with highly oscillatory periodic behaviors, classical weak limits often fail to capture
the microscopic effects of the rapid oscillations. To understand this limitation, we first
recall a fundamental result concerning the macroscopic behavior of highly oscillating
sequences.

In the sequel, we will denote Y := [0,1]¢ as the unit reference cell in R?. We denote
by C% (Y) the space of continuous functions on R that are Y-periodic, and by L’;éE (Y)

the space of Y-periodic functions that are locally in LP(R?).

Lemma 2.6.1 (Riemann—Lebesgue). Let 1 < p < oo and let f € Lg& (Y). Foranye >0,
define the scaled sequence f-(x) = f (%£). Then, ase — 0, f. converges weakly in LP()

£

(or weakly-+ in L>°(Q) if p = 00) to the average of f over the periodicity cell Y. That
is, for every open bounded set Q C RY,

1

o= 1 /Y f)dy in L(Q).

Example 2.6.2. Let Y = (0,1), t € Y, and

f(a:):{zl 0<zx<Ht,

z9 t<x<l1.

If we consider the scaled sequence

f-() =f<x> - {Zl Vwste

z9 tle<xz<eg,

extended periodically to the interval (0,1), we have that

1
Je = / f(m)d$ =tz + (1 - t)ZQ.
0

This lemma highlights a significant limitation: while the weak limit correctly cap-
tures the macroscopic average of the sequence f., it completely loses the microscopic
information regarding the oscillation profile f(y). To overcome this, Nguetseng and Al-
laire [1,34] introduced the concept of two-scale convergence, which allows us to retain
both macroscopic variations and microscopic periodic profiles.

Definition 2.6.3 (Two-scale convergence). A sequence of functions {u.} C L*(Q) is

said to two-scale converge to a limit function ug € L?(Q x Y, denoted by wu. 2 ug, if
for every test function ¢ € D(€; CF(Y)) we have

lim Que(az)q/) <a:, i) dz = /Q/Yu[)(az,y)d)(x,y) dydzx. (2.3)

e—0
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Example 2.6.4. Let Q = (0,1) and consider the sequence u.(z) = zsin(27z/c). By the
Riemann-Lebesgue Lemma 2.6.1, u. — x -0 = 0 in L?(12), losing all information about
the wave. However, let us compute its two-scale limit; i.e.,

1 2
lim I, —/ x sin (m) P (ac, m) dz,
e—0 0 € &

where ¢ € D(Q2;C(Y)). To simplify the notation, we define the auxiliary function
O(x,y) = xsin(2my)y(z,y). Since 1 is smooth, compactly supported in z, and 1-
periodic in y, ® shares the exact same properties. Our integral becomes:

1
I€:/ <I><x,x> da.
0 €

We partition the domain (0,1) into N, = |1/¢] subintervals of length ¢, plus a small
remainder. Let If = [ke,(k + 1)¢] for k = 0,..., N, — 1, and let R, = [N, 1] be the
remainder interval. We can split the integral as:

Ne—1

(k+1)e
I. = Z / @(@x) dx + @(m,m> dr.
ke € R. €

k=0

First, notice that the remainder integral vanishes as ¢ — 0. Indeed, ® is bounded
(say, |®| < M) and the length of R. is strictly less than ¢, so the remainder is bounded
by Me — 0.

For the main sum, we perform the change of variables = e(k+y) in each interval I.
As z ranges from ke to (k + 1)e, the new microscopic variable y ranges exactly in the
reference cell (0,1). Furthermore, dz = edy and x/¢ = k + y. By the 1-periodicity of ®
in its second argument, we have ®(z,k +y) = ®(z,y). The sum becomes:

Ne—1

Z / e(k+y),y) dy.

Since ®(x, y) is smooth and compactly supported, it is uniformly Lipschitz continuous
with respect to its first variable. Thus, there exists a constant L > 0 such that

@ (e(k+y),y) — ®(ek,y)| < Lley| < Le.

We can therefore approximate ®((k + y),y) with ®(¢k,y),introducing an error which

is bounded by:
Na

1
1
/Lsdy—NLs <<)L52:L5,
k=0 €

which again vanishes as € — 0.
We are left with the main term:

1 /Ne—1
lim I, = lim (Z 6<I>(€k,y)> dy.
0

—0 —0
15 € kZO
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For any fixed y € (0,1), the sum inside the parenthesis is exactly the Riemann sum for
the function x — ®(z,y) over the interval (0,1) with step size . Since ® is uniformly
continuous, this Riemann sum converges (uniformly in y) to the integral fol O(x,y)de.

Swapping the limit with the integral over y (thanks to Dominated Convergence 2.1.4),

we finally obtain:
1,1
lim I, :/ / O(x,y) dedy,
e—0 o Jo

which corresponds to

1 T 1 1
li — ) dz= sin (2 dxdy.
ti [ acla)p (2.2) do = [ [ (wsin(zmy)) oo, ) dudy
By the definition of two-scale convergence, this proves that u.(z) two-scale converges
to the profile up(x,y) = xsin(2ry). This explicitly shows how two-scale convergence
preserves both the macroscopic amplitude x and the microscopic oscillation sin(27y),
successfully decoupling the two scales.

One of the main properties of this definition is the following compactness theorem [1,
Theorem 1.2].

Theorem 2.6.5. Let {u.} be a uniformly bounded sequence in L*(Q). Then, there
exists a subsequence (still denoted by {u.}) and a function ug € L?>( x Y') such that u.
two-scale converges to ug.

Remark 2.6.6. The proof of the theorem in [1] involves test functions ¢ € L?(€; C% (Y)).
However, other choices of the space of test functions are possible. For example, if  is
bounded, we could have chosen C°(€; C’%(Y)) or Li(Y; CY(€2)), which would have led
to the same two-scale limit ug(x,y) without affecting any part of the proof.

This result is particularly useful because it allows us to extract a profile ug(z,y) that
simultaneously describes the macroscopic behavior (dependence on x) and the micro-
scopic periodic oscillations (dependence on y). Finally, we point out the link between
two-scale convergence and weak convergence with the following proposition [1, Proposi-
tion 1.6].

Proposition 2.6.7. If {u.} is a bounded sequence in L*() that two-scale converges
to ug € L2(Q2 x Y), then {u.} converges weakly in L?(Q) to the average of ug over the
periodic cell Y. That is,
ue 2 g € L*QOxY) = u.—uz):= / ug(z,y)dy in L*(Q).
Y

Proof. Tt is sufficient to take test functions ¢ (x), which depend only on z, in (2.3). O
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Chapter 3

Recent results on non-local
functionals

In this chapter, we review the recent developments on non-local functionals, for which we
refer to [6,10]. The general problem concerns the asymptotic behavior and the structural
properties of the I'-limits for sequences of functionals Fj : T/VO1 P(Q) — R, featuring both
a local and a non-local term:

Fiw) = [ @) = o) duele. ) + [ oo, Tu(@) da.

In this framework, non-locality is captured by the double integral, which allows us to
model long-range interactions between distant points within the domain. Specifically,
the analysis [10] focuses on a particular class of such functionals, defined as:

Fy(u) = /QXQ ag(z,y)|u(z) — u(y)|P dedy + /Q |Vu(x)|P de, (3.1)

where u € Wol’p(Q) and a; € L'(Q x Q) are non-negative functions such that
lak|l L1 @xq) < M for all k, (3.2)

for some M > 0. It is also assumed that Fj I'-converges, with respect to the weak
convergence in VVO1 P(Q), to a certain functional F.

3.1 The case p=2

When p = 2, the sequence of functionals in (3.1) reduces to the quadratic case, defined
for u € H}(Q) as:

Fi(u) = /Q (@ ylu(a) — u(y) Pdady + [ [Vu(a)do. (3.3)
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Remark 3.1.1. We can immediately notice the following properties.

1. From (3.2) we obtain the upper bound
Fy(u) < M(osco(u))? + / Vu()|? de, (3.4)
Q

where oscq(u) = esssupg u — essinfq u is the oscillation of u in €.

2. The domain of the limit functional F, defined as D(F) = {u € H}(Q) : F(u) <
+00}, is a linear space containing HE(Q) N L>°(Q). This inclusion follows from
(3.4), since if u € HE(Q) N L%°(9), then

F(u) < liminf Fy(u) < (2]Ju]l poo(0))*M + [|Vul[ 720 pa)-
k—00 ;
3. Finally, a basic property of I'-convergence ensures that F is a quadratic form; that

is, there exists a bilinear form B: D(F') x D(F') — R such that F(u) = B(u,u) for
every u € D(F).

Proposition 3.1.2 (Truncation property). Each Fy, satisfies

Fr((w) < Fy(u), (3.5)

for every 1-Lipschitz function ¢: R — R such that (0) = 0 and for every u € HE(Q).
Moreover, if {F}} weakly T'-converges to a functional F', then we also have F(i(u)) <
F(u) for every u € H} ().

Proof. Since 1 is a 1-Lipschitz function, it satisfies
|1h(s) — ()] < [s — 1,
for every s,t € R. This means that |¢'(u(z))| < 1 for every = € Q, and we obtain
IV (u)| = [ (u) Vu| < [Vul.

We can now conclude that

F@(w) = [ a@pli(u() = (@) dedy + [ [Tou@)f da

QxQ

< /Q @ y)u@) — uy)? dedy + /Q V()2 dz = Fi(u).

Notice that the condition ¥(0) = 0 is necessary since the functionals Fj are defined
on Hi(Q). By the definition of T-convergence, we know that there exists a recovery
sequence up — u such that

lim sup Fy(ug) < F(u).

k—o00

Moreover, we claim that
up —win HY(Q) = (ugp) — ¥(u) in HH(Q). (3.6)
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3.1 — The case p = 2

By the Rellich-Kondrachov Theorem 2.2.15, we know that uj, — u in L?(2). We have
/ b () — ()2 de < / lu — uf? dz — 0,
Q Q
so that ¥ (uy) — ¥(u) in L*(Q).
Also,
() lay = | V()P dz < | [Vugl® de = [|ugl| gy 0) < C
0 Q 0 0

since {uy} weakly converges in H}(Q) so its norm is bounded.

Since 1 (uy,) is bounded in H}(f2), we can extract a subsequence weakly converging to
a certain limit v. Applying the Rellich-Kondrakov Theorem 2.2.15 again, we deduce
that the convergence is strong; concluding that v = ¢(u) and that the whole sequence
{1h(uy)} weakly converges to 1 (u) in HZ(£2). Finally, using (3.5) and (4.3.1) we get

F(¢(u)) <liminf Fj(1(ug)) < liminf Fi(ug) < limsup Fi(ug) < F(u),
k—ro0 k—ro0 k—00

which is (3.5) and concludes the proof. O

This property will be useful for extending the integral representation to the entire
space Hi(9).

Theorem 3.1.3. Assume that {F},} weakly T-converges in H} () to a functional F.
Then there exist two positive Radon measures i on 2 x Q0 and v on ), such that, for

ue CR(@),
F) = [ Jule) - u@)Pdute.y) + [ u@Pave@) + [ V@l @)

Equation (3.7) is a consequence of the Beurling—Deny formula (2.2). In particular,
[26, Example 1.2.1] shows that, for every u € C2°(Q2), F(u) can be uniquely decomposed
into a non-local term, a local term, and a strongly local term depending only on the
derivatives:

F(u) = F™(u) + F'(u) + F(u),

where
Fr) = [ ju@) = u(w) P dute, ),

Fi(u) = [ Ju@) dvia),

ou(zx) du(x) iy ().

d
Fe(u) = /

Here, p and v are positive Radon measures, and j;; is a symmetric matrix of Radon
measures. It is possible to prove that in our case p;; = 5Z~j[,d, where £ denotes the d-
dimensional Lebesgue measure (see [10] for the detailed proof). This reduces the strongly
local term F°(u) exactly to [, |Vu(z)*dx.
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Example 3.1.4. We will see hereby that an unexpected value for the measure v appears
in the limit if we consider d = 2, = (0,1) x (0,1) and ag(z,y) = ag(zr) + ai(y), where

n(z) = {k if € I, = (0,1) x (0, 1),

0 otherwise.
We have o
lakllL1@xa) = 2/0 /0 ag(z)dz =2,

so that inequality (3.2) is valid for M = 2. We now claim that the relevant sequence of
functionals {F} I'-converges to

F(u):2/9]u(9:)]2dx+/QWu(x)\2dx,

which corresponds to g = 0 and v = 2£% in (3.7).

In order to prove the liminf inequality we choose a sequence ux — wu in Hg (),
yielding

[ lun(a) = uny) Pax(e.y) dady
QxQ

= jur(z)*ag (2, y) dedy — 2 ug(z)u(y)ak(z, y) dedy + / |ur(y) P ax(z, y) dady
OQxQ QXN QxQ

22(/Q]ulg(a:)|2ak(a:) dx—Q/S)uk(x)ak(x)dx/ﬂuk(y)dy—k/ﬂ|uk(x)\2d;c/gak(y) dy)

—Qk/lk ]uk(az)\de—élk/Ik ug(z) dx/Quk(y) dy+2/Q|uk(x)\2da:.
(3.8)

The Poincaré inequality 2.2.4 ensures that

k/ ()| dar < C/ Vg (z)? de,
I, k Jr,

since the Poincaré constant scales with the square of the thickness of the domain. This
leads to

lim k [ |up(z)|?dz =0,

k—o0 I

due to {u;,} being a weakly-converging sequence in Hg (), so its norm is bounded by a
constant. Moreover, by Cauchy-Schwarz inequality, we also have

/[k lug(z)| dz < \/W\/Z — k/[k lug(2)] d < \/k‘/fk g () |2 daz;

so that

lim & [ |ug(x)|dz =0.

k—o0 I,
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Therefore, passing to the limit in formula (3.8) yields

tim [ Juee) - wnly) Par(e,y) dady = 2 [ fu(o) do.
k—oo Jaxa Q

Taking into account the lower semicontinuity of the gradient we obtain that
liminf Fy(ug) > F(u).
k—o0

For the limsup inequality it is sufficient to choose up = u as the recovery sequence, which
gives limy 00 F(u) = F(u).

The next proposition states that v is the null measure if a; do not concentrate on
the boundary.

Proposition 3.1.5. Suppose that the hypotheses of Theorem 3.1.8 hold. Moreover,
suppose that for every e > 0 there exists a compact set K. C Q such that

/ ag(z,y)dedy < e for every k € N. (3.9)
(X (Kex Ke)

Then the measure v s the null measure.

In the following Theorem, u denotes the quasicontinuous representative of u € H& (Q),
which is unique up to sets of zero capacity. We refer to Remark 2.2.21 to clarify its role.

Theorem 3.1.6. Let u and v be two bounded positive Radon measures on 2 x Q and €,
respectively, that satisfy 1., 2. and 3. of Theorem 5.1.3 and let F: H}(Q) — [0, +00).
Suppose also that F is weakly lower semicontinuous in H}(Q) and that there exists M > 0
such that

F(u) < M(oscqu)® + /Q |Vu(z)|*da
holds for all u € C2(QY). Then
(a) u(B x Q) = v(B) =0 for every B C Q Borel set with zero capacity.
(b)
P = [ fi@) = i) dule,) + [ i) av@) + | [Vu()dr, (310
for every u € HY(Q) N L®(Q).

(c) if, in addition, F(m(u)) < F(u) for all u € HE(Q) and m € N, where 1, (t) =
(m At)V (=m), then (3.10) holds for every u € HE(Q).
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Remark 3.1.7. Notice how the assumption that F' satisfies the truncation property is
crucial to extend equality (3.10) to the whole HE (). Indeed, if we define G': H}(2) —
[0, +00] by the right-hand side in (3.10), we take u € H{(Q) and set um, = ¥m(u);
we can note that limy, oo G(un,) = G(u) by the Monotone Convergence 2.1.5. Since
F(upm) = G(un), to conclude the proof it is enough to prove that lim,, oo F'(up,) = F(u).
This follows in a direct way from the hypothesis on truncations (which guarantees that
limy, 00 F'(um) < F(u)) and the lower semicontinuity of F' (which guarantees that
limy, 00 F(tp) > F(u)).

Conversely, if the additional assumption in (c) is dropped, the latter might not hold.
For instance, defining again G by the right-hand side in (3.10), and if F' is defined as
equal to G except on a single ug € HJ(2)\L*>®(2), where F(ug) = 0, then F is lower
semicontinuous, F and G are equal on H}(2) N L>(€2), but not on the whole HE(Q).

Corollary 3.1.8. Let Fy, be given by (3.3), with ay, satisfying (3.2). Suppose that {Fy}
weakly T-converges to F in H}(Q). Then there exist two uniquely determined positive
finite Radon measures p on 2 x Q and v on 2, such that

1. for every u € H} ()
F) = [ fie) = i) dule,) + [ i) dv(@) + [ V() de. (310

Moreover, if ay satisfies property (3.9), then v = 0.

This concludes the part about quadratic forms. We have shown that, for function-
als Fj, of the type (3.3), the I'-limit is given by

F) = [ Jule) - u@)Pdute.y) + [ ule) Pdva +Z/ e ax] % g @),

t,j=1

for every u € C2°(Q2). Moreover, the last term equals [q |Vu(z)|? dz, while if the aj, do
not concentrate on the boundary, v is the null measure. The extension of this integral
representation to the whole H{ () is provided by the truncation property, leading to
the integral expression (3.11).

3.2 The counterexample for the case p # 2

We can now focus on the case p # 2, showing by means of a counterexample that an
integral representation does not hold when p € (1,d]. For this part we will provide the
proofs, since they are instructive and relatively short, and because some of the novel
results presented in Chapter 4 rely on a counterexample too.

We set

1
= 71
ak(x7 y) |Bak («TO)’ ng (Io)(y)7
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3.2 — The counterexample for the case p #+ 2

where xo € Q and {e;} is a sequence of positive numbers converging to 0. For simplicity
of notation, and without loss of generality, we can assume that xg =0 € and denote the
ball centered at the origin simply as B.,. We obtain the functionals Fj: W P(Q) - R
defined by

ku

// ) — )|pdydx+/|Vu )P da, (3.12)
|B€k‘ Be,,

for a generic p € (1, +00).

Definition 3.2.1. We define m,(u) as the unique minimum point of
{ s / lu(z) — tP d,
Q

for every u € LP(Q2).
Lemma 3.2.2. The map my: LP(2) — R is continuous.

Proof. Let {ux} be a sequence such that up — u strongly in LP(£2). We want to prove
that my(ug) — mp(u).

As a first step, we show that the numerical sequence {my(us)} is bounded in R.
Using the triangle inequality, we have:

mp(ure)| < flur — mp(u)l o) + llukll e @)
Since my(ux) minimizes the function t — [, |ug(z) — t|P da by definition, we know that
lwr — mp(up)llLe@) < llukllze@)
Substituting this information into the previous inequality, it follows that:
Imp(ur)| < 2|lugll e q)-

Since {uy} is convergent in LP(€2), the sequence of its norms is bounded. This guarantees
that the sequence {mp(ux)} is also bounded, so we can assume (up to passing to a
subsequence) that my(u;) — to for some ¢ty € R. Now, let us fix an arbitrary real
number ¢ € R. It holds that

/ g () — mp ()P der < / fug () — tP da,
Q Q
which passing to the limit gives us

/Q|U($) —to[P dz < /Q |u(z) — t|P dx.

Since this minimizer is unique, it must necessarily be ty = my(u). O
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Theorem 3.2.3. If p € (1,d], then the T'-limit of the sequence {Fy} defined in (3.12),
with respect to the weak W&’p—convergence, is the functional F defined by

/]u — my(u |pda:+/ |Vu(z)[Pdz, (3.13)

for every u € Wol’p(Q).

Proof. Liminf inequality: Let up — u weakly in WO1 (), which implies ug — u strongly
in LP(Q). Using Jensen’s inequality 2.1.3, the minimality of m(ux), and the continuity
of m;, (Lemma 3.2.2), we obtain

hmlnf / / lug () — ug(y)|P dyde
!Bek|
1 P
> liminf [ |ug(x) — ug(y) dy| dx
k—oo JQ |ng‘ Bey,
> liminf/ lug(x) — mp(ug)|? de
k—ro0

> [ Ju(z) = my ()P da.

The weakly lower semicontinuous gradient term [, |Vu|P dz yields the desired liminf
bound.

Limsup inequality: Assume first that « = 0 in a neighborhood of 0. Let v be the
p-capacitary potential of B, with respect to €2, which is

argmin {/ |Vo(x)|Pdx : v € Wol’p,v =1on ng}.
Q

Because p < d, it is known that vy — 0 strongly in WO1 P(Q)). We define the recovery
sequence as uy = u + mp(u)vy. Evaluating the functional gives

lim Fy(ug) = / lu(z) — mp(u)|P dz +/ Vu(z)P dz = F(u).
k—o0 QO Q
Since F' is contmuous in W P(Q) and the set of smooth functions vanishing around 0 is

dense in W, ?(), the result extends to all u € Wy (). O

Now that we know the explicit expression of the I'-limit F', we want to investigate
whether F' can be expressed in the form

F)= [ @), uy)du(z,y) +/ ))dv(z +/ Vu(z)Pdz,

QxQ

for u € C2°(Q), where f: R? — R and g: R — R are continuous functions, while y and v
are two positive bounded Radon measures on 2 x  and €2, respectively.
Let us focus on the integrals of f and g first.
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3.2 — The counterexample for the case p #+ 2

Proposition 3.2.4. Let p and v be two positive bounded Radon measures on €2 x €
and Q, respectively, and let f: R2 - R and g: R — R be continuous functions. Suppose
that

[ ut@) = myprde= [ ) u) dutey) + [ gu(@) du()

QxN

holds for w € C°(§2); then it is also true that

[ 1ta@) = mparde = [ fa@). 1a@) dute.y) + [ o(1a(@) dvia), (3.14)

for all A open subsets of €.

Proof. As a first step, we evaluate the assumed identity for the identically zero function
u = 0. This yields
0= f(0,0)u(2 x Q) + g(0)v(€2).

Without loss of generality, we can assume f(0,0) = 0 and g(0) = 0. If this were not
the case, we could simply replace f(s,t) with f(s,t) — f(0,0) and g(s) with g(s) — g(0).
Let A be an open set relatively compact in 2. We now consider a sequence of smooth
test functions uy € C2°(€2) such that they converge pointwise to 14 and satisfy 0 <
up(z) < 1a(z) for all z. Due to this boundedness and the Dominated Convergence
Theorem 2.1.4, the sequence {uy} converges to 14 strongly in LP(2). Thanks to Lemma
3.2.2, we have that

hm / |ug(x) —my, uk)|pd$—/ |14(z) — mp(Lla)lP de.

For the right-hand side we can use the Dominated Convergence Theorem 2.1.4 since f
and g are continuous functions, u is uniformly bounded, and both p and v are bounded
Radon measures. O

Remark 3.2.5. Definition 3.2.1 states that for any measurable set A the constant m,(14)
is obtained by minimizing

/y1A—t|pdx:/ |1—t\de+/ tP dz = [Al|1 — ¢ + (1] — |A]|¢].
Q A o\A

The minimal ¢ € [0,1] is determined by deriving the previous expression with respect
to t and setting it to 0; that is,

Al =)~ = (1] — A

Thus, we obtain

1—t_(|m—\A|)zf1 b ML) = A/ D
t 4] and A= o — A YeD 1| A[e-D
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At this point, we can set
®p(|A]) = /Q [La(z) = mp(La)[Pde = |A[|L — mp(La) [P + (12] — [A])|mp(14)[7; (3.15)

where, substituting the previous expression for m,(14), we define

o s - s)P/P=1) 4 (1Q| — 5)sP/(P—1) _ s(1Q — s)
p(s) = (= 8)1/(1’_1) i 81/(7’_1))77 - (19 - 8)1/(1;—1) 4 81/(17—1))17—1-

Proposition 3.2.6. Let Cy := f(1,0) + f(0,1) — f(1,1). If the assumptions of Proposi-
tion 3.2.4 hold, we have

O, (|A]) + @, (| B]) = ©p(|A] + [B]) = Cp(u(A x B) + (B x A)), (3.16)

for all A, B open sets in Q such that AN B = ().
Moreover, if there exists a bounded Radon measure i on £ x Q0 such that the previous
equality holds, then we must have p = 2.

Proof. From equations (3.14) and (3.15) we have that, for any open set A C €2,

@, (1)) = [ [1a(@) = mp(La)]P da
= FOLDU(A % A) + FLO(A x (2 A)) + FOLu((Q A) x A) + g(1)u(A).

Analogous relations for ®,(|B|) and ®,(|A|) + ®,(|B|) = ®,(]A U BJ) lead to the first
part of the claim.

For the second part, let A1, Az, and B be disjoint open subsets of (2. Let their
respective Lebesgue measures be s; = |A4;], s = |As2|, and ¢ = |B|. Applying equation
(3.16) to B and the union Ay U Ay (whose measure is s1 + s2), we obtain:

O, (514 s2) + Pp(t) — Pp(s1 + 52+ 1)
= Cr(p((A1 U A2) X B) + u(B x (A1 U Ap)))
= Cy(u(A1 x B) + (B x A1) + (A2 x B) + (B x Az))
= Pp(s1) + Dp(t) — Pp(s1 + 1) + Pp(s2) + Pp(t) — Pp(s2 +1).

The latter means that, for a fixed ¢ € (0, |€2|), the function ¥ (s) == ®,(s)+Pp(t) —Pp(s+t)
is additive on (0, |Q2| —t); therefore, there exists a constant ¢; such that 1(s) = ¢;s. Thus,
differentiating 1 (s) twice with respect to s yields:

@(s) — @5+ 1) = ¢"(s) = 0,

for all valid s,t. This implies that ®,(s) must be a second-order polynomial, say P(s).
From its definition, we can rewrite ®,(s) = s(|Q| —s)(hp(s))! 7P, where hy(s) = s'/P~1 4
(19| — )P~ Since hy(s) # 0, the function ®,(s) evaluates to 0 if and only if s = 0
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or s = |Q|. Therefore, the polynomial must also take the form P(s) = ks(|2| — s) for
some constant k € R. Equating the two expressions for ®,(s), we obtain:

s(10] = 8)(hp())' 77 = k(I = 5) = hy(s)' P = k.

This means hy(s) itself must be a constant for all s € (0,[€]), and by continuity, also
at the boundaries. Let us evaluate this constant hy(s) at s = 0 and at the midpoint
s =19Q|/2:

hy(0) = [/~

) M B @ 1/(p—-1) @ 1/(1771)_2 @ 1/(p—1)
P 2/ \2 A 7\ 2 :

Equating these two values yields:

1(p-1)
/D) — <|f22|> T g g e/,

from which 2%/®=1) = 2: so that p = 2. O

We can now conclude that F' does not admit an integral representation when 1 <
p <dandp+2.

Corollary 3.2.7. Let 1 < p <d. Let F be the I'-limit of {F}}, with respect to the weak
convergence in Wol’p. If there exist two real valued functions f: R2 - R and g: R — R
and two positive bounded Radon measures p on 2 x Q and v on 2 such that

= [ ) uw) due) + [ g@@)ave) + [ [Va@pde, 317
QxQ Q Q
for every u € C(Q). Then it must be p = 2.
Moreover, in this case, f(s,t) = |s —t|? for every s,t € R, while p = ﬁﬁw and
v =20.

Proof. According to Theorem 3.2.3, the I'-limit F' of the sequence { F} } is given by (3.13).
Since we are supposing that (3.17) holds, the assumptions of Proposition 3.2.4 are sat-
isfied, and we can apply Proposition 3.2.6 to claim that p = 2.

Finally, in the specific case where p = 2, we can explicitly compute that

1
[ u@) = mo(de = o0 [ Ju(a) - u(y) [ dedy
Q 2|19 Jaxa
which gives the explicit expressions for f, y and v. O

Remark 3.2.8. Notice that, for p > d, the situation is totally different. Indeed, let us
consider the same functionals F},: WO1 P 5 R as

Filw) = [ Ju(e) = u(y)Pan(e,) dedy + /Q Vu()[P dz,
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where ay, satisfies (3.2). We can now define, for each k, the measure p;, = ap£%?, (i.e.,
dpk(z,y) = ap(z,y)dady), with total mass

pe (2 x Q) = / ag(z,y) dedy < C.
QxQ

Thanks to the compactness provided by Banach-Alaoglu Theorem 2.2.12, we can assume,
up to subsequences, that {a,L£??} weakly* converges to a certain measure p in € x
Q. Moreover, from the continuous embedding of WO1 P in C°(2), we obtain that every
sequence {uy} weakly converging to u in I/VO1 P converges uniformly to u, so that the
sequence of functions

(#,y) = |uk(z) = ur(y) |

converges uniformly to the limit function |u(z) — u(y)|P. This means that, when p > d,
the T-limit of {F} is the integral functional

P = [ Jule) = u@)l due.y) + [ [Vu@)P da,

for u e Wy™.
In particular, for the case ag(z,y) = ‘B—HIB% (y), we have that
k

ag(z,y) L2 5 L% % &,

and the I'-limit is the integral functional

Fu) = /Q lu(z) — uw(0)P dz + /Q Vu(z)|? de.

This concludes the study of the functionals defined in (3.1), which combine local and
non-local terms. We have shown that, for p = 2, an integral representation exists and
is given by (3.11). Conversely, for p # 2 (specifically, p < d), this property fails. A
counterexample is provided by the sequence of kernels

1

ax(z,y) = mlBEk (y)-
€k

which yields the explicit I-limit derived in (3.2.3). As proven in Corollary 3.2.7, this I'-
limit admits the desired integral representation if and only if p = 2. Finally, Remark 3.2.8
clarifies that integral representability is naturally recovered when p > d.

3.3 Non-representability result from Braides

As announced in Chapter 1, the starting point of our investigation is the result estab-
lished in [6]. Therein, the author considers purely non-local functionals of the form

F(u) = /Q () — u(y)) dedy.
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A counterexample to the integral representation of the relaxed functional is provided by
choosing f as the same triple-well potential of formula (1.1), namely

0 if z € {—1,1},
flz)=41 if z=0,

+o00 otherwise.

We will not provide the proof since some of its steps are similar to the ones we will
see in Chapter 4. However, it is worth noting that this example can be extended by
approximation to everywhere finite integrands f. Indeed, we can consider a sequence of
finite functions f, increasingly converging to f and define the corresponding functionals

Fy(u) = /QXQ fo(u(x) — u(y)) dady.

By the properties of relaxation, the sequence of lower-semicontinuous envelopes F,, con-
verges to F'. Therefore, if there exist convex functions g, such that every F,, admits
a double-integral representation, then the Monotone Convergence Theorem 2.1.5 would
ensure that the limit functional F' also admits an integral representation.
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Chapter 4

Novel results: homogenization

This chapter contains the main original contribution of the thesis. Here, we extend the
investigation introduced in [6] to the framework of periodic homogenization, studying
the asymptotic behavior of the sequence of non-local functionals F.: L'(£2) — RU{+o0}
defined by

) = [ (") futo) - uly) dody, (4.1)

3

when f is the same triple-well potential (1.1) as in [6]

0 if z € {—1,1},
f(z) =41 if z =0,

400 otherwise,

()0
9

for almost every (z,y) € Q x Q and for a certain C' > 0.

The introduction of the periodic kernel a(x/c) prevents a trivial reduction to the
homogeneous case and requires a careful decoupling of the macroscopic profile from
the microscopic oscillations. To tackle the problem, we apply the theory of two-scale
convergence, while the minimization of the cell problem is achieved by relying on the
Riesz-Sobolev rearrangement inequality 2.2.25. We will then establish that the I'-limit
of the sequence of functionals defined in (4.1) does not admit an integral representation.

Without loss of generality, we can choose again 2 = (0,1) for simplicity.

and a € L*°(R) is such that

4.1 Two-scale limit and homogenization

Following the same ideas of Braides [6], we set some properties of the functions u. and w.

41



Novel results: homogenization

Lemma 4.1.1. Letu € LY(Q) and let {u.} be a sequence weakly converging to u in L*()
such that sup, F:(ue) < +00. Then, there exists a bounded sequence {z:} C R such that,
up to subsequences, z. — z € R and

ue(z) € {2, 2: + 1}  for almost every x € ).
Furthermore, the limit z satisfies
z <ess-infu and ess-supu < z+ 1. (4.2)

Proof. The strict positivity of a implies that the only way to achieve F.(u.) < +o0 is for
f(us(x) —u-(y)) to take values in {0,1} for almost every (z,y) € Q x Q. Therefore, fixing
a suitable y € €, there exists z. such that u.(z) € {z., 2. — 1, 2. + 1} for almost every
x € Q. If both values z. — 1 and 2. + 1 were taken on sets of positive measure, there we
would have F;(u.) = +o0; hence we can restrict the values to us(x) € {zc, ze +1}. Since
the sequence is weakly convergent, {z.} is bounded, and we can assume z. — z up to
subsequences thanks to the Bolzano-Weierstrass Theorem. Given that z. < u. < 2. + 1,
integrating over any measurable subset A C €2 and passing to the limit yields

4]z < /Au(x) dz < [Al(z +1).

Since this holds for every measurable subset A, inequality (4.2) follows almost every-
where, which in turn implies that u € L (). O

Following Lemma 4.1.1, we define the characteristic functions

yel) = {1 if ug(x) =z + 1,

0 if us(x) = z,
so that we can rewrite the potential as

flue(@) = ue(y)) = xe(@)x=(y) + (1 = xe(2)) (1 = xe(¥)),

and the functional becomes

) = [ a2 [l + 1 - @) - e)] dedy. (04)
QxQ 3
We now pass to the limit by using a two-scale convergence approach.

Let Y := (0,1) be the unit cell. Note that since x. € {0,1} almost everywhere
and Q has finite measure, the sequence {x.} is uniformly bounded not only in L*>(2)
but also in L?(2). This allows us to apply classical two-scale convergence theory. By
Theorem 2.6.5, we can extract a subsequence that two-scale converges to a limit in
L?(2 x Y); namely, there exists a function ¢ € L?(Q2 x Y) such that

lim QX5($)1/) (;r, i) dz = /Q/}/qb(x,a)¢(:v,a) dodz,

e—0
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4.1 — Two-scale limit and homogenization

for every test function ¢ € D(Q; CF(Y)).
We can now prove the following lemma, which ensures that, in our case, the two-scale
limit of the product is the product of the two-scale limits.

Lemma 4.1.2. If x. EN ¢, then we(z,y) = x(z)xe(y) 2 (z,0)p(y, 7).

Proof. We test the bounded sequence {w.} C L?(Q x Q) against functions belonging to
D(Q x ;0 (Y x Y)), which is the space of smooth, compactly supported functions on
Q x Q, taking values in the space of smooth, (Y x Y)-periodic functions. By invoking
the Stone—Weierstrass Theorem 2.1.8, we may restrict our analysis to test functions of
the form U (xz,y,0,7) = ¢1(x, 0)¢2(y, 7), with ¢1,¢2 € D(Q; CF(Y)). We obtain

i [ w0 (2,0, 2, ) dady
e—=0JOx0 g €

= lim (/Q Xe(x)1n <£U, Z) dw) (/Q Xe(y)b2 (y, z) dy)

- /QXQ /Y /Y oz, 0)p(y, T)b1(z, 0)2(y, 7) dodrdady,

where we used the Fubini—Tonelli Theorem 2.1.6; the thesis follows by density. 0

We define the functional F': L>°(Y;[0,1]) — R by
)= [ [ alo=n)[e@e(r) + 1 - plo) —e(r)]dodr.  (45)

Proposition 4.1.3. Let u € LY(Q) and let {u:} be a sequence weakly converging to u
in LY(Q) such that sup, F.(u.) < +00. Let xe be the characteristic functions associated
with u. defined by (4.3), and suppose they admit a two-scale limit ¢ € L>(Q xY). Upon

defining o(-) = f &(&,-) dE, we have
lim P (u:) = F(i) (4.6)
Proof. While Theorem 2.6.5 typically requires test functions to be in L?({; C’%(Y)), a

standard density argument of C° in L! allows us to use a € LO#O(Y) as an admissible test
function. Lemma 4.1.2 along with the Fubini—Tonelli Theorem 2.1.6 yields

i [ (") sty = [ [ [ ato = n)otw.0)6(. 1) dodrdady
:/Y/Ya(a—T)go(a)np(T)dadT.

Defining v.(z,y) = (1 — x:(x))(1 — xe(y)), Lemma 4.1.2 similarly ensures v.(z,y) &N
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Novel results: homogenization

(1= o(x,0))(1 = ¢(y, 7)), namely

lim a <H> ve(z,y) dedy
QxQ €

e—0

=5 e
- /m /y /y a(o —7)(1 = ¢(z,0) — ¢y, 7) + ¢(,0)¢(y, 7)) dodrdady
= [ [ [alo =0 - 6(w.0)(1 - oly. ) dodrdudy

= [ [ ato =1~ p(0)) (1 - p(r) doar

The conclusion follows by linearity. O

r—y

> (I = xe(2) = xe(y) + xe(2)xe(y)) dady

Corollary 4.1.4. Let u € LY(Q) and let {u.} be a sequence weakly converging to u
in LY(Q) such that sup, Fe(u:) < +o0o, and let z € R be the limit of the associated
sequence {z:} given by Lemma 4.1.1. By letting t := [, p(0)do, the limit function u
satisfies the relation

/ u(z)der =z +t. (4.7)
Q

Proof. From Proposition 2.6.7, the two-scale convergence x. EN ¢ implies the weak
convergence Xe(-) = [y ¢(-,0)do in L?(2), and thus in L'(Q). By integrating over €,

we get
S AVCTY ) rovers Py e

By Lemma 4.1.1, we can write us(x) = 2. + x-(z). Integrating and passing to the limit
yields exactly the conclusion. O

4.2 Minimization of the cell problem

To explicitly investigate the optimal microstructures governing the homogenized func-
tional, we specialize our analysis to a symmetric, non-trivial piece-wise constant periodic
weight. For fixed parameters 5 > o > 0 and a given A € (0,1), we consider a symmetric
profile for the kernel ay, centered around ¢t = 1/2:

a,\(t)—{a ift€0,5)U[l—3,1),

B ifte[31-3), (48)

extended periodically to R. Without loss of generality, we can restrict ourselves to the
case 0 < A < 1/2. The average of the weight is denoted by @) = Ao+ (1 — \)[.

The sequence of functionals associated with this weight is totally analogous to the
one in (4.1), and reads

P = [ an (T2Y) flale) - u(y)) dody. (4.9)

e
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4.2 — Minimization of the cell problem

As proved in Proposition 4.1.3, we have that

tim P2(us) = [ [ ax(o =) [p(@)elr) + (1= (@) (1 = ()] dodr = F(g), (4.10)

which we aim to minimize over all admissible microscopic profiles ¢ subject to the volume
fraction constraint [y ¢(0)do =t € [0,1]. Thus, we define the cell problem energy:

Ya(t) == min {F)‘(go) s € L>®(Y;[0,1]) with /Y p(o)do = t} . (4.11)

Proposition 4.2.1. The optimal profile minimizing the cell problem (4.11) is given
by the characteristic function pi(z) = Xjo/2)u(1—t/2,1)(T) modulo 1, and the explicit
minimum energy is

2at2 — 2azt + Ty ifte0,3],
M) =428 —t) - 252N 1 ay ifte[d,1-

31, (4.12)
20(1 —t)2 4+ 2at —ay  iftel—3,1].

Proof. Let us expand the integrand defining F*(p):

ax(o = 7)[p(0)p(7) + (1 = ¢(0)) (1 — (7))] = axlo — 7)[20(0)p(7) — p(o) — () +1].

Integrating this over Y x Y and noting that [; ay(c — 7)d7 = @, for any fixed o, the
functional simplifies to
FANp) = 2J%(p) — 2axt + @y,

where

JNp) ::/Y/}/a)\(a—T)go(U)tp(T) dodr. (4.13)

Since ¢t and @, are fixed, minimizing F* is equivalent to minimizing J*». We can
rewrite the weight as ax(x) = a+(8—a)x(n/2,1-1/2)(z). Consequently, the functional JA
reads

@)= [ [ la+(B=axpmioa(e = Dlplo)e(r) dodr
—at+(8=0) [ [ Xa/1a/2(0 = D)plo)e(r) dodr

—at? +(8-a) |2~ [ [ xoaua-y@ - Del@)elr)dodr].

so that minimizing it is, in turn, equivalent to maximizing (recall that 5 — « > 0) the
term

K36) = [ [ X(apasm(o = nel@)plr) dodr,

where the intervals are understood modulo 1. Since the kernel x(_y/2,1/2) is symmetri-
cally decreasing for any A € (0,1/2], the Riesz—Sobolev rearrangement inequality 2.2.25
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implies that K* is maximized when ¢ is also a symmetrically decreasing indicator func-
tion. Hence, the optimal profile is

©t() = X(=t/2,/2)(T) = X[0,t/2)u(1—t/2,1)(x) modulo 1,

which satisfies the constraint [y ¢(o)do = t.

Computing the integral J*(p;) = fz% 132 ax(oc — 7)dodr for the three regimes
t< A2,t€[N2,1—X/2),and t > 1— \/2 yields the polynomial expressions in (4.12),
whose continuity with respect to ¢ is immediate to verify. We refer the reader to Ap-
pendix A for the full calculations. O

Remark 4.2.2. It is worth noting that the assumption a < [ drives the symmetric
rearrangement to concentrate the mass of the optimal profile ¢; around the boundary
of the unit cell (i.e., around ¢ = 0), precisely where the low-cost kernel « is distributed.

If, conversely, one considers a > 3, the energetic penalty is inverted. To minimize
the intersection with the expensive a-phase, the optimal profile concentrates its mass
symmetrically within the central low-cost plateau, yielding

o1(®) = X(1/2-t/2,1/2+1/2)(T)-

However, the minimum energy v, (¢) has exactly the same shape as in (4.12), except
that o and [ are swapped, as well as A and 1 — A. In the sequel, it may be useful to take
this into consideration.

We define the final homogenized functional evaluated on a generic function v € L' (£2)
as:

F(w) = min{ya(t) : t € I = [e(u),s(u)]}, (4.14)
where +(u) = [ u(z)dzr — ess-infu and ¢(u) = [, u(z)dz — ess-supu + 1. Note that
if the essential oscillation of u is strictly greater than 1 (i.e., ess-supu — ess-inf u > 1),
the interval I,, is empty and F)‘(u) = minycp{7(t)} = +00, which is consistent with the
conditions established by Lemma 4.1.1.

The following theorem identifies the minimum of the energy as the I'-limit evaluated
on constant functions, providing its explicit value.

Theorem 4.2.3. Letu = ¢ € R be a constant function. Then, the I'-limit of the sequence
{F} exists and evaluates exactly to the minimum energy of the cell problem:

(1-(1=-M)a+(1-N)?8
5 :

(1 = lim FX) () = F(¢) = (4.15)

e—0

Proof. Liminf inequality. From Proposition 4.1.3 and formulas (4.11) and (4.14), we
deduce that for any u. — ¢ in L'(Q) with bounded energy, it holds

lim inf F2(ue) = FA () 2 (1) 2 o).
e—>
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4.2 — Minimization of the cell problem

Limsup inequality. For the constant function u = ¢, we have that I, = [0,1]. The
optimal parameter ¢ that minimizes v, (t) over I. imposes the optimal shift to be Z =
Jo u(z)dx — %, see (4.7). Minimizing v, (¢) in (4.12) over [0,1] yields that the minimizer
is t = 1/2; consequently the optimal shift is Z =c— 1/2.

Recalling the definition of ¢; as the minimizer of the problem defining v, (¢) (see (4.11)
and Proposition 4.2.1), we construct the recovery sequence as

¥ _ T 1 x
ug (x) 3—Z+<Pt<€> =CT 5 TP (€>7 (4.16)
which weakly converges in L'(Q) to ¢ — 1/2 + fol ¢1/2(0)do = c. Plugging uf into F.

and passing to the limit as ¢ — 0 yields precisely the integral defining F* (¢, /2)- Indeed,
from the definition (4.3) of the characteristic function, we have that in this case

. it ui(x)
Xe(@) = {0 if ul(x)

Il
o
+

’ (4.17)

I
o
|

which means that xi(z) = @12 (%), for almost every x € Q. Therefore, using the
Riemann-Lebesgue Lemma, we obtain

xr —

tim [ oy (T (@) + (0 - @) - x:0)] dedy

:;i_r)% Qan/\ (x ; y) [gpl/g (:) ¥1/2 (z) + (1 —¥1/2 (i) ) (1 — Y12 (’Z) )] dzdy
:/Y /Y a)(o — ) [901/2(0)@1/2(7') + (1 — @1/2(0)) (1 _ 901/2(7-))} dodr
:FA(<P1/2)-

Since 5 is the optimal profile for ¢ =1 /2, this integral evaluates exactly to the cell-
problem minimum 7, (1/2). Furthermore, since ¢t = 1/2 is the global minimizer of ~,(t)

over the interval [0,1], we obtain that F’\(gol/z) = F/\(c). Thus, we have proved that

(1-(1=XN?)a+(1-)2)3

lim FA(uf) = F () = FNp12) = m(1/2) = 2

e—0

O

Remark 4.2.4. Tt is worth noting how the macroscopic energy forces the interactions into
the zero-cost wells of the potential f, rejecting a flat microscopic profile (which would
cost the full average weight @y, strictly greater than the expression in (4.15)) in favor of
a highly oscillating recovery sequence to achieve the constant macroscopic state u = c.
Therefore, taking the limit to the homogeneous cases, if A — 1 (a(t) = «), the high

oscillations of the optimal profile between ¢ — 1 and ¢+ % halve the macroscopic energy:

2
F (c) = §. Similarly, Fo(c) = g for A = 0.
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Novel results: homogenization

4.3 Consequences on integral representation

The explicit evaluation of the I'-limit on optimal microstructures allows us to deduce a
strong property of the homogenized macroscopic energy: the loss of the classical double-
integral form. To prove this, the following lemma regarding the strong convergence of
characteristic functions will be useful.

Lemma 4.3.1. Let {A,} be a sequence of measurable subsets of Q and let A C Q.
If the sequence of characteristic functions {x 4, } weakly converges to the characteristic
function x4 in L'(Q) as n — oo, then the convergence is indeed strong in L'(£2).

Proof. The weak convergence in L' implies that for any test function v € L%°(),
we have [ x4,v — [oxav. Choosing v = 1, we get [, x4, — [oXa, which means
|A,| = |A|. Choosing v = x4, we get [ x4, XA = Jo XAXx4 = Jq x4, which means that
|A, N A] — |A|. We can now conclude by expanding the L' norm of the difference:

lim [xa, — xalloia) = lim ([Aa] + A~ 2|4, N AJ) = A + 4] - 214 =0. O

Theorem 4.3.2. There exists no function g such that the I'-limit of {FQ} can be rep-
resented as an integral functional of the form

(P—tim 72) () = [ glu(@) = u(y)) dady, (418)

for every u € L(1).

Proof. We argue by contradiction, similarly to [6], and suppose that such a representa-
tion exists. We already explicitly computed the exact I'-limit for constant functions in
Theorem 4.2.3. Now, let s € (0,1) and define the target step function ug as

_ 1 itz e (0,s],
ua(@) = {O if x € (s,1).

We claim that for this specific profile, the I'-limit evaluates to
(0—lim 7)) (u) = @y / [ (s () + (1= a () (1~ s ()| dady = T (). (4.19)
e—0 [93%20)

The value T*(us) can be computed explicitly, noting that the integrand is 1 when z
and y are on the same side of the jump s, and 0 otherwise, yielding

TA(US):aA[/OS/OS dxdy—l—/sl/: dxdy} =ax(s*+ (1 —s)?).

Liminf inequality. Let {u:} be an arbitrary sequence weakly converging to us in L'(2).
As a consequence of Lemma 4.1.1, see (4.3), we can write u. = z. + x. . Since ug € {0,1}
is itself a characteristic function, the weak convergence forces z. — 0 and y. — wus
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4.3 — Consequences on integral representation

in L1(Q). By Lemma 4.3.1, the convergence of {x.} to us is indeed strong in L!(12).
This allows us to pass to the limit in the term Fg‘ (ue), coupling the strong convergence

of xe(2)xe(y) with the weak convergence of ay (%) — a@y. We obtain

xr —

e—0

o A T
hgl_)l(l)lf Fue) = lim QXQCL)\ ( .

2 [re@xe(o) + (1 = xe(@) (1 = xe(o)] dody
— m\/ [us(w)uS(y) + (1 —us(z))(1 — us(y))] dxdy

Limsup inequality. We choose the constant recovery sequence u} = us. Applying the

Riemann—Lebesgue Lemma 2.6.1 to the oscillating weight a) (73,/) we have:

g 20 =ty [ on (2 s [ () s
=a\(s* + (1 - 5)%).

We now match these two exact evaluations with the hypothetical formula (4.18),
yielding a counterexample analogous to [6]. For the constant function u = ¢, since
u(z) —u(y) = 0, formula (4.18) combined with Theorem 4.2.3 implies

_ _ 2 a . 2
9(0) =/ 4(0) dady = F () = L= =N )2 +(1-N8
QxQ

Now, evaluating (4.18) on the step function us and equating it to (4.19), we obtain

T)‘(us) = /QXQg(us(x) —us(y)) dedy = (82 +(1- 5)2)9(0) +2s(1 —s)g(1).

By substituting the known values for 7*(us) and g(0), we obtain

1-(1-N)a+(1-X)?8

ax(s®+ (1—5)?) = (s> +(1—5)?) 5

+2s(1 = s)g(1),
and solving for g(1) gives

(s + (1 —s)%) Na+ (1 - X))
25(1 —s) 2 '

9(1) =

Consequently, the value of g(1) depends explicitly on the arbitrary jump point s € (0,1),
which is a contradiction. O

Remark 4.3.3. Our main results rely on a function f that takes the value +o0o almost
everywhere. However, as pointed out in [6], an extension to finite functions occurs by
considering, for a fixed constant M > 0, the everywhere finite integrand
0 ifze{-1,1},
fu(z) =<1 ifz=0,
M  otherwise,
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Novel results: homogenization

which is such that fi;  f. By choosing a sufficiently large M, one can easily show that
any deviation from increments in {—1,0, 1} becomes strictly sub-optimal. Consequently,
the optimal profiles for fj; rigidly coincide with those of the infinite function, yielding
the same macroscopic energy on our target functions.

4.4 A symmetric reduction

It is worth noting how non-representability occurs for functionals defined by (4.1) for
some pathological cases of the kernel a. Indeed, let us choose

extended periodically to R. Note that @ = (a + ) /2.

Proposition 4.4.1. For the choice of a above, the functionals F; defined in (4.1) are
independent of € for every u € L*(Q)) and reduce to

Fﬂu)::E/gxﬂf@dx)—zﬁy»dxdy (4.20)

Consequently, its lower-semicontinuous envelope does not admit an integral representa-
tion.

Proof. By exchanging the variables of integration (x,y) — (y,z) and using the fact
that f is an even function (f(z) = f(—z)), we can rewrite the functional as

R = [ a0 )~ ua)dyde = [ a0 fuo) - u(y) dedy.

3

By adding half of the original expression and half of the rearranged one, we obtain

(YY) 4 (=2
r = [ ) ) asay,

moreover, due to the specific choice of a, for almost every t € (0,1) we have a(—t) =
a(l — t), meaning that {a(t),a(—t)} = {«, 5}. Thus, their average is equal to O‘—JQF’B =a.
This implies that F.(u) = Fi(u) for every ¢ > 0, and the non-representability of the

relaxed functional follows directly from the counterexample in [6]. O

Remark 4.4.2. Tt is worth noting that this symmetric reduction strongly relies on the
jump point being precisely at t = 1/2. Indeed, one might wonder whether the same
argument can be applied to the generalized weight of the type

%m:{aiﬁemAL

B ifte A1),
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A € (0,1), which is also a similar case to the one we carefully studied in Section 4.2. In
this scenario, however, for any w € (0,1), the symmetrized kernel

Ax(t) = wax(t) + (1 —w)axr(1 —1)

is no longer a constant function when A # 1/2. Instead, A)(¢) becomes a symmetric
step function with a central plateau and two tails. For instance, if A < 1/2, an explicit
computation shows that

wa+ (1 —w)p ifte|0,N),
Ax(t) =1 p ifte[\1-MN),
(1-w)a+wp ifte[l—AlL).

As one can easily verify, the average of Ay(t) over the period is exactly the averaged
weight @y = Aa+ (1 —\)S. However, since A, (t) is not constant, the averaged weight @y
does not trivially factor out, and the homogenized functional does not reduce to the
original one studied in [6]. Instead, we are facing a more complex structural form,
similar to the one we explicitly defined and solved before in Section 4.2.
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Chapter 5

Conclusions and perspectives

In this thesis, we have investigated the asymptotic behavior of a class of non-local func-
tionals. In particular, integral representability results from Braides and Dal Maso have
been summarized in Chapter 3 as a starting point for the original contribution presented
in Chapter 4.

Therein, we studied the sequence (4.1), starting from the structural properties in-
duced by the three-well potential (1.1). By restricting our analysis to the more specific
and concrete setting defined by (4.8), we computed the I'-limit of the relevant sequence
on constant functions. This allowed us to determine the ground state energy and to
highlight the fundamental mechanisms governing the system: the recovery sequence de-
fined in (4.16) synchronizes its spatial oscillations with those of the kernel, naturally
concentrating the mass within the low-energy valleys.

The energetic frustration, in this scenario, arises from a clear competition: on the one
hand, the macroscopic constraint drives the system toward a constant overall profile; on
the other hand, the non-convex potential heavily penalizes the zero state (which incurs
an energy cost of 1) and forces the system into one of the two zero-cost wells. The optimal
energetic compromise, therefore, consists of continuously alternating between these two
wells. By doing so, the system pays a small cost for each transition, but successfully
approximates the desired macroscopic constant profile. This perfectly illustrates the
complex interplay between microscopic pattern formation and macroscopic apparent
homogeneity, which lies at the core of our investigation.

Looking ahead, the analysis introduced in this thesis opens the doors to several
future developments. First, as a consequence of the counterexample provided in Section
4.3, one may seek a “non-integral” representation of the I'-limit (which should obviously
differ from the bare definition itself) for a general function u € L*(Q).

Moreover, a natural extension consists of generalizing the analysis to higher-dimensional
domains. In multiple dimensions, the interfaces separating the distinct phases are no
longer simple zero-dimensional jumps, but rather higher-dimensional surfaces. This geo-
metric complexity could trigger the emergence of more complex macroscopic microstruc-
tures, such as periodic stripes, checkerboards, or droplet-like configurations.

Another interesting direction concerns stochastic homogenization. While the present

53



Conclusions and perspectives

work deals with a deterministic periodic kernel, introducing a random field would provide
a more realistic description of disordered or amorphous media. In such a framework, the
construction of recovery sequences would become more complex, since the periodic and
deterministic pattern would no longer be available, and one may expect the jump set to
adapt to favorable realizations of the random field.

Finally, it would be interesting to investigate whether the techniques developed here
can be extended to more general multi-well potentials, allowing for a larger number of
competing phases and potentially more complex microstructures.
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Appendix A

Computation and continuity of
the function -,

To find the explicit form of the function 7y, we first evaluate the functional J* defined
n (4.13) on the profile ¢(x) == X(¢/2,¢/2)(), which we know to be optimal from
Proposition 4.2.1. Then, recalling that vy (t) = F*(g;), we will get the final expression
(4.12) using the relation

F)\(QOt) = 2J)\(g0t) — 2a)t + ay.

Indeed, we have:

o= !
LI

:/O ax(p)(t—p)dp+/_tax(p)(t+p)dp:2/0 ax(p)(t — p) dp,

where we used the change of variables p = ¢ — 7 in the first equality, the Fubini—Tonelli
Theorem 2.1.6 in the fourth equality and the parity of the function ay in the last.
Since the function a) defined in (4.8) takes different values depending on ¢, we have to
distinguish the following cases:

/

ax(o — 7)pi(o)pi(T) dUdT—/ﬁ/tCLA (o0 —7)dodr
7773

1
2

i,
p)dpdr = / / ’ p)drdp + / / p)drdp
e, e

t
2

w\»—A

G
w\w

o If t € [0,)\/2], we simply have

t
JNpr) = 2/ a(t — p)dp = at?,
0
which gives F*(¢;) = 2at? — 2a\t + Gy.
o Ift €[A/2,1— A\/2], then we obtain

A 9 9
JA(%)=2/02a(t—p)dp+2/56(t—p)dp:a(tA—A4>+ﬁ<t2—u+z>,
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Computation and continuity of the function ~yx

from which F’\(gpt) = 25@2 —t) — #)\2 + @y,
o Finally, t € [1 — A\/2,1] yields
5\ % 1_% t
J(<Pt):2/0 oz(t—p)dp—i—Q/A B(t—p)dp-|—2/1 A04(15_p)dp
2 -3

2 2 4
=a(l —t)2 4+ a2t — 1) +2Bt(1 — \) — B(1 — N).

A2 A1 2
:a(t)\—4>+26<t—t>\+—>+a<t2—2t—|—t}\+1—/\+>\>

Therefore, in this case F (@) = 2a(1 — t)? + 2axt — ay.

Combining these three cases yields the explicit expression for v,(t) as stated in (4.12).
Moreover, the continuity of the piecewise function 7y can be easily checked by verifying
that the corresponding expressions coincide at the transition points ¢ = A/2 and t =

1—A/2.

2
= %—FEA(I—)\)
a)?
= T—i—(/\a—k(l—)\)ﬂ)(l—)\)
Zag\z+)\a—)\2a+ﬁ(l—)\)2
2
=a(r- %) +B(1— N2,

which coincides with the right limit from the second interval:

w((gf) = 2B<(/2\)2 - ;‘) - ; LI

B2 aX2 A
2
:a<)\—%>+ﬁ()\2—2)\+1)
)\2
:a()\—?)—Fﬁ(l—)\)z.
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Computation and continuity of the function ~yx

Similarly, for the second transition point ¢t = 1 — A\/2, evaluating the limit from the
second interval gives:

(L () R

:25((1—A)(—A)>—a/\2+52+/\a+6 A8

2 2 2 2
B BA2 aA? B2
=B+ - - -t dat f- A8
2
:a()\—%)+5()\ —2A+41)
)\2
—a()\—?)—l—ﬂ(l— )

A A 2 A\
w((1-3)) = 2“<1 ~(1-3)) +am(1-3) -m
= — + (A +B(1=N)(1—N)

—a(r- )+ a0 a2
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