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Abstract

Physics-Informed Neural Networks (PINNs) have emerged as a promising mesh-
less framework for solving partial differential equations, embedding physical laws
directly into the training process of neural networks. Their potential applicability to
mathematical biology is particularly appealing, as many biological phenomena are
governed by complex, nonlinear PDEs defined on irregular domains where classical
discretisation methods can be costly or cumbersome. This thesis investigates the ca-
pabilities and limitations of PINNs when applied to biological equations, with a focus
on systems that exhibit spatial pattern formation. Following a thorough theoretical
treatment of the PINN framework, including loss formulation, network architecture,
training dynamics, and known failure modes, two case studies of increasing complexity
are examined. First, the one-dimensional Burgers equation is solved using a standard
PINN, yielding accurate results that validate the methodology as a reliable solver
for well-posed, low-dimensional nonlinear problems. Second, the two-dimensional
Gray-Scott reaction-diffusion system is tackled using both a vanilla PINN and a
hard-constraint PINN formulation. Reference solutions are produced via the Finite
Element Method and the Finite Volume Method to serve as ground truth. The vanilla
PINN fails to satisfy initial conditions and produces qualitatively incorrect solutions.
The hard-constraint manages to enforce exactly the initial conditions, but proves
unable to capture the emergence and evolution of spatial patterns in subsequent time
steps. These results expose fundamental limitations of current PINN methodologies
when confronted with stiff, multi-scale reaction-diffusion dynamics, including spectral
bias, loss imbalance, and sensitivity to the unstable equilibria that drive pattern
formation. At the same time, they delineate a clear and applicable research plan for
hard-constraint PINNs: advances in adaptive loss weighting, time-domain decompo-
sition, and frequency-aware architectures hold genuine promise for overcoming these
barriers. As these methods advance, PINNs could become a powerful complement to

classical solvers in the study of biological processes.
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Chapter 1

Introduction

Solving Partial Differential Equations (PDEs) is a fundamental task in computational
sciences. PDEs arise in numerous scientific areas, for example in the modelling
of biological processes, such as population dynamics, tumour growth and pattern
formation. Analytical solutions are not available for most such equations, and com-
putational methods are therefore employed to find an approximate solution. The
main traditional numerical methods rely on the discretization of the domain in a
mesh, to be able to approximate derivatives. The final solution is usually calculated
on a grid, that can be coarser or finer depending on the requirements of the problem.
The advent of Machine Learning has sparked interest in a novel methodology to
solve PDEs, using data-driven neural networks. In particular, the most successful
method to date is the Physics-Informed Neural Network (PINN). PINNs encode
information about physical processes into the learning algorithm, in order to steer
the neural network towards the solution. With the use of automatic differentiation,
it is possible to encode any physical law expressed as a PDE into the loss function of
a neural network. The main innovation of PINNs, compared to traditional numerical
solvers, is that they are mesh-free, and therefore easier to implement for more complex
domain shapes. Despite this great advantage, PINNSs still face challenges such as sensi-

tivity to parameters’ choice, and convergence to local minima of the objective function.

This work provides an overview of traditional methods and of PINNs state of
the art, and two case studies that exhibit the performance of PINNs in biologically
relevant problems. The thesis is structured as follows: the first chapter provides a
background introduction to Partial Differential Equations and classical methods to
solve them. The second chapter presents the state of the art of Physics-Informed
Neural network, explaining the mechanism of this methodology. This chapter also
lays out an overview of the main challenges that the use of PINNs as solvers for PDEs
currently faces, providing references to relevant works. The last section of the chapter
focuses on the difference between vanilla PINNs and hard-constrained PINNs. The
former incorporate initial and boundary conditions as soft penalty terms in the loss
function, seeking to minimize the discrepancy between the prescribed and predicted

values at a set of collocation points, while the latter satisfy the conditions exactly by
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embedding them directly into the network architecture. Focus on this distinction is
relevant as the enforcement of exact initial conditions is essential for the simulation
of time-evolving patterns. The third chapter exhibits the results of two case studies
of increasing difficulty: the solution of the one-dimensional Burgers’ equation and the
solution of the two-dimensional Gray-Scott system of equations. Results highlight
both the successful performance in the first case study, and the challenges that
PINNSs face when solving stiff problems with bigger spatio-temporal domains. The
use of both Vanilla and Hard PINNs underlines the importance of initial conditions
enforcement. Finally, the last chapter summarizes the results acquired and considers

possible future areas of research for the advancement of PINNs as PDE solvers.



Chapter 2

Background

2.1 PDEs

Partial Differential Equations (PDEs) describe the time and space evolution of
a certain quantity, for example concentration of a chemical species, density of a
population or pressure of a fluid. PDEs arise from the modelling of a great variety of
processes in different areas of study, such as physics, mathematics, economics, and
biology.

The first studies on PDEs began in the 18th century, when this type of equation
emerged in the modelling of continuous media in classical problems, such as the
vibrating string model or the heat conduction model. Between the end of the 18th
century and the beginning of the 19th century, three important PDEs were already
defined: the heat equation, the Laplace equation and the wave equation, which later
became the main examples of second-order PDEs, defining also the classification in
elliptic, hyperbolic and parabolic equations.

The first models that used PDEs in biology appeared in the 1900s, and in the
1930s they were applied to describe the spreading of diseases and genes. In the 1950s
there were further important developments; among these, Turing’s work on pattern

formation [1].

A partial differential equation of order k is an expression of the form:
F(D*u(z), D*tu(z), ..., Du(z), u(x),z) =0, zelU

where the operator F' is a given function and uw : U — R is unknown. Finding a
solution to a partial differential equation means finding u such that it verifies the
equation and satisfies certain initial and boundary conditions.

PDEs can be classified in different ways. An important distinction has to be
made considering linear or non-linear PDEs, since non linearity adds complexity to
the problem. Non-linear equations are common in most real-life applications. One
possible way to classify different PDEs is that of dividing them in elliptic, parabolic

and hyperbolic equations.
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Considering a generic second-order partial differential equation, it can be written

as:
0%u 0%u 0%u

a2 gt %Y

Ox2 * Oxdy + C@y2

Then, the distinction in the three classes is based on the sign of the determinant

+ lower order terms = 0 (2.1)

B? — 4AC, that is determined by the sign of the coefficient matrix’s eigenvalues.
When the determinant is negative the equation is said to be an elliptic partial
differential equation. The eigenvalues all take the same sign. These equations are
time-independent and they represent steady state systems. Information propagates
instantly in the whole domain, so they are charcterized by an infinite propagation
speed. The main example of this class is the Laplace equation:
0? 0?

+ (2.2)

Au=0 where A = 922 oy

When the determinant is equal to zero (or there is at least one zero eigenvalue) the

equation is a parabolic equation, the main example of which is the heat equation :

% = Au (2.3)
The problems described by this class of equations are diffusion-driven problems. A
notable example of parabolic systems is that of reaction-diffusion equations, which
couple the diffusion operator with nonlinear reaction terms and are capable of
producing complex spatial patterns, as in the case of the Gray-Scott model discussed
later in this work.

The last case is that of hyperbolic equations. Equations pertaining to this class
have a positive determinant, which implies that there are both positive and negative

eigenvalues. The main example is the wave equation:

9%u

The phenomena that are described by this class of equations are characterized by a
wave-like behaviour, where energy is conserved and discontinuities are propagated at
a finite-speed along characteristic curves.

A partial differential equation, or a system of them, has to be coupled to initial

and boundary conditions in order to be a well-posed problem, with a unique solution.

2.2 Classical methods

Most partial differential equations can not be solved analytically. For this reason,
many numerical methods were developed to try and find appropriate approximated
solutions to PDEs. The first method, based on the separation of variables on
superposition of solutions of linear equations, was already studied in the 1740s by
d’Alambert and Euler to solve the wave equation.

Many numerical methods are based on approximation of derivatives over a stancil
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on a meshgrid. For time-dependent problems there can be two approaches: the
method of lines and the method of lines transpose. The method of lines works by
applying a spatial discretization to the domain of the problem while keeping time
continuous. The result is a system of ordinary differential equations that can then
be solved numerically with standard time integration schemes. The method of lines
transpose, on the other hand, proceeds in the opposite order: a time discretization
is performed first, using time-advancing schemes such as implicit or explicit Euler,
yielding a sequence of time-independent spatial problems. In the case of parabolic
equations, these problems are elliptic in nature and can be solved at each time
step using standard spatial discretization techniques, such as finite element or finite

difference methods.

2.2.1 Finite differences

Finite difference method is used to approximate derivatives using a discrete stencil

on a meshgrid. Considering the mathematical definition of a derivative:

o)t L)~ I@)

h——0 h

and using Taylor expansion

flx+h) - f(x)
h

h
= f'@) + (@) + .. = fi(2) + O(h)
it is seen that an approximation for the first derivative

Py = LI 2 SE)

is accurate to first order.

Considering a grid with points at a distance Ax, and considering the values of
a function on the grid points such that f(i,7) = f(zo + iAx,yo + iAy), the first
derivative of a function at a sampled point x; = x¢ + iAxz can be approximated by

finite difference in different ways: using forward difference

8 i C— fis
(55, = o ot

backward difference

P e
(aj:)i,j =R o)

or central difference

o 1 — il

to obtain a more accurate approximation. The same thing can be done for second
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derivative, where the resulting finite difference approximation will be:

82 5 7._21.’,_’_ i
(G22),, =t gap e o)

2.2.2 Finite element methods

The finite element method is one of the most widely used methods in a multitude of
applications. This method is more flexible than finite difference, since it does not
rely on a grid but on a set of finite elements that can be built with different shapes
and dimensions, and can thus be adapted to the characteristics of the domain and of
the problem.

Considering the example of an elliptic PDE with an integrable source term and

homogeneous Dirichlet boundary conditions:

(2.5)

— Au(z) = f(z), €, feL*Q)
u(z) =0 on 09

we derive the weak formulation by integrating over the domain and multiplying both

sides by a test function v € V' |, where V is an appropriate function space:

—/QAuv:/va

and integrating by parts we obtain:

/Vquf/ auvz/fv
Q a0 On Q

By choosing an appropriate set of trial functions such that they also respect boundary

conditions, we obtain the weak formulation of the equation:
/Vqu:/fv Yo=0 on 0, veV
Q Q

Identifying the left-hand side as a bilinear form a(u,v) and the right-hand side as a
linear form F'(v), solving the elliptic equation means solving the variational problem
of finding u € V such that a(u,v) = F(v). The Lax-Milgram theorem guarantees
the well-posedness of the problem under certain hypothesis on the continuity and
coercivity of the forms.

Given a variational problem as above, the Galerkin method discretizes it by
introducing a family of subspaces Vs with a positive d that tends to zero, of finite

dimension Ngs, V5 C V The discretized variational problem becomes

{ find us € V; 26

a(us,vs) = F(vs) Yus € Vs

where Vj is a Hilbert space, and F' and a satisfy the same Lax-Milgram hypotesis.
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Now, choosing a set of basis functions in Vj
¢j, 1<j7<Nj

we can write the vectors as a linear combination of these
Ns
vs =) vjd;
j=1

and the variational problem can be expressed as a set of N5 equations by choosing

each basis function as a test function:
a(us, ¢j) = F(¢;)  1<j<Ns

and representing us with respect to the chosen basis functions
Ny
us =Y upoy
k=1

we obtain

Ns

> uga(er, ¢5) = F(¢;) 1<j<Ns

j=1
which is a linear algebraic system that can be written in matrix form as Au = f.
The matrix of this algebraic system is symmetric and positive definite as a result of
the Lax-Milgram hypothesis, and the system can hence be solved. This procedure
can be easily extended to other partial differential equations with other boundary
conditions.

The finite element method is typically formulated as a Galerkin method, in which
the solution is approximated using basis functions with local support defined over
a partition of the spatial domain. The domain is subdivided into simple geometric
elements, that are most commonly triangles, in two dimensions, or tetrahedra, in
three dimensions, though other shapes are also possible. These elements are required
to satisfy certain regularity conditions to ensure stability, convergence, and good
approximation properties of the method. In the Galerkin formulation, the solution
is sought in a trial function space and the residual is tested against a test function
space; in the standard formulation, these two spaces coincide. There exist many
variants of the finite element method, which may differ in both the choice of elements
and the definition of the trial and test function spaces. A relevant example is the
Petrov-Galerkin method, in which the trial and test function spaces are chosen to be
different. Another relevant class of methods is the discontinuous Galerkin methods,
where the trial functions are allowed to be discontinuous across element interfaces
and continuity is enforced through numerical fluxes.

The Finite element method is among the most widely used approaches for
numerical solution of systems of partial differential equations, due to its flexibility

and applicability across a broad range of problems. A key reason for its success lies
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in its well-developed theoretical foundation: a comprehensive convergence theory,
supported by rigorous a priori and a posteriori error estimates, provides strong

guarantees on the stability, accuracy, and reliability of the method.

2.2.3 Finite volume method

The finite volume method is another method used to derive approximate solutions
to PDEs. The main difference with the finite element methods is that FVM uses
equations in their integral formulations, and is thus mostly used to solve PDEs that
arise from physical conservation laws, since the integral form is the form in which
equations are usually derived from physics. One of the fields in which it is most
applied is fluid dynamics, as FVM naturally conserves the total flow of quantities in
the cells.

If we consider an elliptic equation:
-V - (KVu) = f in Q
we can see that this standard form can be derived from the balance equation:

—/ (KVu)~nd3:/fdx, Wb C 0
ob b

where n is the outward normal vector of 0b. The standard form is derived from this

using the balance equation for the conservation law:

/ q-ndS:/fdx
ob b

where q is the flux density, and the constitutive equation:
q=-KVu

applying the Gauss theorem to the balance equation for the conservation law and
substituting the constitutive equation we obtain the first formulation.

Once shown how the integral formulation is equivalent to the general form of
the elliptic equation, it is possible to show how finite volume methods consider this
integral formulation. Since FVM discretize the balance equation, the conservation
holds throughout the discretization. The discretization approximates the function u
by up in a space of dimension Nj, the domain by a finite subset B =b;,¢1 =1: M
and the boundary flux on 9b; by (KVup) - n.

With these discretisations the finite volume method is to find u, € V such that:

—/ (thuh)-ndS:/fdx, Vb, CQ, i=1:M
8[)1' bi

The boundary flux of each element has to be assigned, and this can be done for

example using finite difference. For an interior side shared by two elements it can be



Background

defined by:

_ Up|r — Unln
Cry — Cry
where 7 andm are the two elements sharing a side and n. is the normal outward
vector of the side in the element 7. The flux can also be discretized using finite
element methods. In both these cases error bounds can be found using theory.
As in finite elements, there are many options of finite volumes that can be chosen
and many variants, for example the Petrov-Galerkin formulation also exists for finite

volume methods, where different trial space and test space are chosen.

2.2.4 VisualPDE

VisualPDE is an interactive solver for PDEs that is available online and runs on the
device’s browser [2]. It can be used to solve one dimensional and two dimensional
systems of PDEs. It has been created with the objective to have a user friendly tool
that allows to visualize the solution of PDEs making use of graphic processing units
(GPUs).

The general set of equations that visualPDE is able to solve, with system of

equation of maximum four unknowns u, v, w and ¢, is the following:

94 = V- (Dyu Vo + Dyy VU + Dy Vo + Diyg V) + fo

9 = V- (DyuVu+ Dy Vv + Dy Vw + DygVa) + fo or

v =V "+ (Dy,Vu+ DyyVw + DyyVq) + fo

9 =V - (Dyu Vo + DoV + Dy Vw + DyygVq) + foo or - (2.7)
w =V (Dyu VU + Dy Vw + Dy V@) + fu

% = V- (DguVtu+ Dy Vv + DgyyVw + DggVq) + fy  or

q=V - (DgVu—+ Dg,Vw + DyyVq) + f

where each variable v, w and ¢ can satisfy either a time-dependent PDE or can be
expressed in terms of other variables and their derivatives. Diffusion coefficients are
collected in a diffusivity matrix D and they can be functions of the unknowns, domain
coordinates or any other parameter. f; are given functions that can also depend on
first and second spatial derivatives of u. With this set of equations visualPDE is
able to solve a very wide range of problems, including advection, cross diffusivity
and highly nonlinear PDEs.

VisualPDE relies on traditional methods to numerically solve the systems. In
particular, spatial derivatives are approximated with a finite difference scheme, and
then the system is solved using a time-stepping scheme. The spatial domain considered
is the width and height of the screen of the user’s device, so it is mainly rectangular.
Then we consider the coordinates (x,y) in Q = [0, L] x [0, L,| for positive L, L.
The user can define the spatial step size Az and a (L,/Ax, L,/Ax) grid is created
on which spatial derivatives are computed using a finite difference scheme. First and

second derivatives are approximated using a central difference scheme. VisualPDE
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supports Dirichlet, Neumann, Robin, periodic or also mixed boundary conditions.
Dirichlet BC are implemented by fixing the value of the unknown at the boundary,
while other types of BC are enforced by adding ghost nodes to the grid and modifying
the finite difference scheme. The ODE system resulting from the spatial discretization
is solved by using an explicit, fixed-timestep finite difference scheme. The most used
is the forward Euler scheme and the four step Runge-Kutta. RK4 is the most accurate
one but also has the highest computational cost, while forward Euler is the simplest,
but does not scale favourably with timestep.

VisualPDE exploits GPU capabilities to solve the large system of ODEs that
arises from spatial discretization, and the key idea to do this is by casting the problem
as an image manipulation, where the computational domain is represented by single
floating point image textures and each pixel corresponds to a point in the spatial
discretization. Points are updated in parallel every time step. The result is that

visualPDE can update the solution many times each second.

10



Chapter 3

PINNSs’ State of the art

3.1 Neural networks

Artificial Neural Networks are computational models that replicate the structure of
the neural system in biology. The first paper addressing Neural Networks is The
logical calculus of the ideas immanent in nervous activity by Walter Pitts and Warren
McCulloch, published in 1943 [3]. With their network they tried to replicate what
happens in the brain, where neurons receive signals from other neurons through
dendrites, process them and then produce an output that they fire to the next neuron
through the axon and its ramifications. Further research regarding Artificial Neural
Networks was brought forward in the 50s and 60s, but stagnated in the following
years. New interest in this subject sparked in the 1980s after the backpropagation
algorithm was popularized. Backpropagation uses the chain rule to compute gradients
of the outputs with respect to the network’s parameters, starting from the last layer
and going backward to the input layer. The update of parameters is then computed
according to the calculated gradients using a gradient-descent method.

A neural network is made up of several nodes (neurons) and edges (synapses).
The nodes are organized in layers and are connected to each other through edges,
each of which has a weight that multiplies the data transported to the next neuron.
How these neurons and connections are organized can vary in each type of neural
network. Different types of network arise from different connections. A layer is called
fully-connected if each node receives input from every node of the previous layer. A
further distinction concerns the directionality of connections. A network is called
feed-forward when signal propagates strictly from one layer to the next, with no
backward or lateral connections. A network is called recurrent when neurons can

also receive inputs from neurons in the same or previous layers.

The structure of any neural network is made up of at least two layers: the input
layer and the output layer. The input layer is not an active layer, since it does
not perform any operation; it has as many neurons as the number of inputs of the
problem considered, and its role is that of distributing inputs to the first active layer.

The output layer is the last active layer and has as many neurons as the outputs of

11
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the problem: the returned values are the values of the outputs.

The layers in between are called hidden layers and are made up of a variable
number of neurons. Each neuron receives a weighted input from each neuron of the
previous layer and computes the output by applying an activation function to the
total input. The total input is the weighted sum of all the input plus a bias term. In

a node ¢ the output y; is computed as:

N
yi = o(Y_ wjwij + bi)
=1

where b; is the bias pertaining to the i-th node, w; ; are the weights of the edges that
connect node j to node i, z; is the output of the node j and o(-) is the activation
function that acts on the summation and returns the output y;.

Each output y; will then be passed on to the next neurons through the edges and

SO Omn.

There are different functions that can be chosen as activation functions, and they
should be chosen considering which one is more suitable for the problem based on
their characteristics. Some of them are introduced in 3.1.2.

This type of feed-forward neural network computes an output given a set of inputs
and a prescribed architecture. In order to produce the desired output, the network
must be trained, meaning that an appropriate combination of weights and biases ,
that are called the learnable parameters of the network, must be found. Training
is formulated as a minimization problem, where the objective is to find the set of
parameters that minimizes a loss function measuring the discrepancy between the
network’s output and the target solution. The network is initialized with a set of
parameters, which are iteratively updated throughout the training process. Each
iteration consists of a forward pass, in which the input values are propagated through
the layers of the network to produce an output. The loss is then computed, and the
backpropagation algorithm determines the gradients of the loss with respect to all
learnable parameters. These gradients are subsequently used by an optimization
algorithm to update the weights and biases in the direction that reduces the loss.
The choice of optimization algorithm depends on the problem at hand; different
possible algorithms will be presented in Section 3.1.3.

The neural network operates in cycles, called epochs, each consisting of a forward
pass, a loss evaluation, a backpropagation step, and a parameter update. Training
continues until a stopping condition is met, which may be either that the loss falls
below a prescribed threshold or that a fixed number of epochs, defined a priori, has
been reached. The trained network is then able to return a sufficiently accurate

approximation of the target output for any given input.

12
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Input Layer € R® Hidden Layer e R™? Hidden Layer & R™ Hidden Layer & R"? Qutput Layer e R’

Figure 3.1: Scheme of a NN with three inputs, one output, three hidden layers of
12 neurons each

3.1.1 Depth and width

The terms depth and width refer, respectively, to the number of layers in the network
and the number of neurons in each layer. Both have to be chosen carefully according
to the specific problem. While increasing depth and width will result in increased
expressivity, having too many learnable parameters in the network could lead to
issues of overfitting. Furthermore, an excessive depth could lead to problems of
vanishing gradients: since gradients are propagated backward through the chain rule,
repeated multiplication by small values causes them to shrink exponentially in earlier
layers. Also, computational cost scales with both depth and width. Figure 3.1 shows

an example of a neural network made up of three hidden layers.

3.1.2 Activation functions

Activation functions are linear or non linear functions applied to the input sum:
I; = wiiz1 + wiex2 + .. + Winxy + b

where w;; is the weight of the edge that connects node j to node 4, and x; is the
output of the neuron j; b is the bias.

The application of the activation function y; = o(I;) results in the output of the
neuron.

Neural networks employ non-linear activation functions to introduce nonlinearity
into the model, enabling the approximation of complex, non-linear mappings. The
choice of the activation function is crucial, as different functions exhibit distinct

mathematical properties that significantly influence training dynamics, convergence

13
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behaviour, and overall model performance.

The sigmoid function is defined as

1
f(z) = Fp—

The sigmoid is a smooth and continuously differentiable function that maps
real-valued inputs to the interval (0,1), and is commonly used especially in binary
classification problems.

Another widely used activation function is the hyperbolic tangent function, of

equation:

et —e

0 =are=
The hyperbolic tangent maps real valued inputs to the interval (—1, 1) and is centred
around zero, which often results in more balanced gradient updates compared to the
sigmoid function. It is smooth and differentiable, with steeper gradients near the
origin.

The Rectified Linear Unit (ReLU) is defined as

f(x) = max(0, )

This activation function introduces sparsity in the network by setting all negative
inputs to zero, while leaving positive inputs unchanged. The advantage of ReLU is
that it avoids the vanishing gradient issue and it has a low computational cost.

Each activation function has certain characteristics that are suitable for certain
kinds of problem. The choice of the function can impact the efficacy of the network
and the goodness of the results. For this reason, it has to be chosen according to the

nature of the problem, together with empirical evaluation.

Sigmoid Activation Function Hyperbolic Tangent Activation Function Rectified Linear Unit Activation Function
s s

f(x)
f(x)
f(x)

El

5 5

%

Figure 3.2: Activation functions

3.1.3 Optimization algorithms

Optimization algorithms update the network’s learnable parameters in order to
minimize the loss function. The choice of the optimizer can affect convergence
properties and quality of the solution.

An extensively used algorithm is the Adam Update method, introduced in 2015 in [4],
which is based on adaptive moment estimation. This algorithm adjusts the learning

rate of the parameters 6 and updates them using the first and second moment of the
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gradients with the equation:

oy
Vi + €

where «; is the adaptive learning rate computed at each ¢ as

ai—1y/1— B

O = 01 —

ap =

1 -5
and the first and second moments, m and ¥ are updated with the following equations:
N my o . Ut
my = VU =
1=p1"" 1-5

where

me = fime—1 + (1 — 51)g:
v = Bovi—1 + (1 — B2)(gt)?

Here 1, B2 and € are initialized hyperparameters. Adam method is often preferred
to other methods because it has low memory requirements and it is suitable for noisy
gradients. Furthermore, it is relatively insensible to the choice of the hyperparameters,
making it a robust method in this sense.

Another algorithm is the Limited-memory Broyden-Fletcher-Goldfarb-Shanno,
L-BFGS. It is a quasi-Newton optimization algorithm that uses information from
previous gradients and parameter updates. This method has fast convergence for
smooth optimization problems and performs well in problems that require high
optimization precision.

Often, a combination of the two optimizers is used, finding a good approximation
of the solution with Adam algorithm at first, and using L-BFGS to fine-tune the

solution.

3.2 Physics-Informed Neural Networks

Neural Networks can be used in many fields of science as completely data-driven
tools, but in the last decades the possibility of including underlying physics into the
learning algorithm has been explored.

In 2017, Raissi et al. introduced Physics-Informed Neural Networks (PINNs)
in their article Physics Informed Deep Learning (Part I): Data-driven Solutions
of Nonlinear Partial Differential Equations [5]. PINNs are neural networks that
integrate physical laws in the Deep Learning algorithm by including them in the loss
function. The physical laws act as a constraint on the space of possible solutions,
guiding the neural network to learn physically feasible solutions. Many physical
constraints, such as conservation laws or symmetry, can be included by means of a

PDE. This is a crucial advantage compared to purely data-driven machine learning,
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Figure 3.3: Scheme of a PINN - Scientific Figure on ResearchGate. Available from
reference paper

especially in biological applications, since the collection of experimental data can in
some instances be cumbersome.

PINNs can be used to infer equation parameters from a set of known data, or
also as solver for PDEs, once initial and boundary conditions are known. This work
focuses on the latter application.

To illustrate how PINNs work we take a generic Partial differential equation:
w(x,t) + Mu(x,t)] =0, x€Q, t €[0,T]
where A is a differential operator, with some initial conditions
u(x,0) =g(x), x € Q
and boundary conditions
Blu(x,t)] =0, x € 9Q, t € [0,T]

where B is an operator that can correspond to Dirichlet, Neumann, periodic or Robin
boundary conditions.

A PINN is a neural network that takes as input the independent variables x
and t and returns as output the value of the unknown function u(x,t). The key
idea is to use automatic differentiation, which computes exact derivatives of the
network output with respect to its inputs by traversing the computational graph,
without requiring domain discretization. This allows the residual of the governing
equation to be evaluated directly from the network output at any point in the spatio-
temporal domain. The loss function consists of three contributions: the PDE residual,
evaluated on a set of interior collocation points sampled from the spatio-temporal
domain; the initial condition loss, computed on points drawn from the domain at
t=0; and the boundary condition loss, evaluated on points sampled from the spatial
boundary at random times. A scheme of PINN’s architecture is illustrated in Fig.
3.3. The network is trained by minimizing this total loss, so that the physical law,

the initial state, and the boundary conditions are simultaneously satisfied. Once
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training is complete, the network returns an approximate solution at any point in
the domain, without being restricted to the training points. This mesh-free nature is
a key advantage over classical numerical methods such as finite elements or finite
differences, which require a discretized domain and can become computationally

expensive on complex or irregular geometries.

3.2.1 Loss function

The neural network returns an approximated solution u,,(x,t;60), obtained by
minimizing a loss term £(€) on a set of collocation points, € being the neural network
trainable parameters. The total loss function is given by the sum of two terms: a
data loss Lgqiq and a physics loss Lpnysics-

Data loss is only present when information on the value of the exact solution u
on a certain set of spatio-temporal points (x4, tq) is available. Data is not necessary
for the PINN to function, but, when available, it guides the network towards the
correct solution. Data loss is defined as the squared error between the dataset of

solutions and the current approximated solution evaluated on the same set:

Ng

1 o o

Liata = N Z (W (x5, 5, 0) — u(xy, t9)]? (3.1)
d =1

The physics loss term is where the physical constraints are enforced, and is given by

the weighted sum of three different terms:
Ephysics = (.Ufﬁf + wicﬁic + wbcﬁbc

where w¢, w;. and wy. are weights that have to be adjusted to balance the different
terms.
The first term L is the square of the PDE residual

_ aunn(Xf,tf, 0)

R(xgt7,0) = L0 L Ny (g, 1, 0)

evaluated on the Ny collocation points (x¢,%)

Ny
Ly = S IRG15.0) (3.2
Nyi3

The other two terms are given by the squared difference between the approximated
solution evaluated at initial and boundary points and the exact initial and boundary

conditions respectively:

N.
AL o o
Lic = . > nn (X, the, 0) — u(x,, )| (3.3)
=1
Nbc
oo = S [ (Kl thyn 8) — (3 £3,) 2 (3.4)
be N, nn\%pcr lber ber Ybe
be =1
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where N, is a set of points in the spatial domain at time t = 0 and N is a set of
points chosen at different times on the boundary 0f2. The total loss, that is the cost
function for the minimization problem that the network has to solve, is the sum of

all these terms:
L= ['physics + Liata (35)

3.2.2 Automatic differentiation

One of the main advantages of PINNs compared to traditional methods, as indicated
before, is that they are mesh-free, and they are thus suitable to solve problems
with complex geometries. This property stems directly from the use of automatic
differentiation, which allows spatial and temporal derivatives to be computed exactly
from the network output, without any domain discretization.

Automatic differentiation is a backpropagation method that exploits the chain
rule to calculate derivatives of the output with respect to the parameters or the inputs
of the network. In particular, in PINNs automatic differentiation is employed to
evaluate the derivative of the output that are necessary to calculate the loss function.
During the forward pass, a graph is created and values are stored in it at each step.
Once the forward pass is over derivatives are obtained by consulting the traced graph

and applying the chain rule at each node.

3.2.3 Collocation points

Collocation points are the points on which the residual is computed. They are usually
randomly sampled from the spatio-temporal domain the PDE is defined on, but also
other types of sampling can be chosen. For example, they can be uniformly sampled
on an equispaced uniform grid, or using a Sobol sequence. Usually random sampling
is preferred because it reduces computational cost and memory requirements, com-
pared to full-batch sampling. In some cases the set of collocation points can also be
chosen so that it improves the distribution of points during training: this practice
is called adaptive re-sampling. Adaptive re-sampling aims at increasing the density
of collocation points in areas where the loss, or the residual, has higher values in
order to speed up convergence. Some examples are importance sampling [6] and

residual-based adaptive refinement [7]

3.2.4 Notions on convergence theory

One important aspect about PINNs is the absence of a rigorous theory supporting
their functioning, error estimates and convergence. In particular, there does not exist
a unifying convergence theory that can be applied to general cases, but some results

regarding convergence and error estimates have been derived for specific cases, under
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specific hypothesis. In particular, many works focus on establishing negative results,
highlighting the fundamental limitations of the method.

In Doumeéche, Biau and Boyer [8] authors prove that unregularised PINNs can
overfit, and provide a practical example for the heat equation, that can be generalized
to other settings. They consider the limit of the empirical risk function, which is
defined as:

Ry n, (ug) Z |ug(X§) — h(X5)|* + *Z}' up, X7)?
M

where X€ are the n. points for initial and boundary conditions, which are expressed
by the condition u(X€¢) = h(X¢), and X" are the collocation points in the domain

where the residual is minimized; and the theoretical risk is expressed as:
R(1) = ABju(X) ~ h(X) + g / F(u, x)

They show that, for any pair of points and for any set of collocation and boundary
points, there exists a minimizing sequence of approximate solutions ug such that the
limit for the empirical risk function converges to zero but that of the theoretical risk
function does not. This is an important result as it shows that a small loss value
does not necessarily guarantee that the optimization error is low, and thus the loss is
not a reliable parameter to determine whether the solution predicted by the network
is accurate.

In Shin, Darbon and Karniadakis [9] authors focus on linear second-order parabolic
and elliptic equations and show that for these equations a sequence of minimizers
that satisfies initial and boundary conditions strongly converges to the solution in
H'" with respect to the number of training points.

For example, in [10] a priori and a posteriori estimates are provided for PINNs
applied to linear PDEs, using coercivity and continuity. Furthermore, in the same
work, results show that the norm of error decay is weakened by the vanilla approach,
where initial and boundary conditions are softly enforced by minimization of the
norm L?. These two results suggest that, in general, the ability to strictly enforce

initial conditions greatly enhances convergence of the method.

3.2.4.1 Errors

There are three types of errors that together make up the total error of PINNs:
approximation error, optimization error and estimation error. The first one refers
to the error that will occur between the real theoretical solution and the estimated
solution due to the fact that the computed solution will be the output of an approxi-
mation model and not a true model. This error depends only on the architecture
of the neural network. It has been showed that a wide-enough neural network can
correctly approximate a wide category of functions and their derivatives, in particular

neural network possess the so-called universal approrimation property that means
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that neural networks with at least one hidden layer are able to approximate any
continuous function. The second type of error refers to the error between the obtained
accuracy and the theoretical accuracy of the network. It is more difficult to estimate,
since there are next to no guarantees that gradient-based optimization methods will
be able to find the global minimum of the problem, in particular because the objective
function of a neural network is highly non-convex, that means that it presents an
important number of local minima and saddle points. The estimation error is the
error in evaluating the model at unknown points. This, together with approximation
error, make up what is called generalization error, that means the distance between
the global minimizer of the loss and the real solution to the PDE that we want to
approximate. In general, many studies on PINNs error focus on obtaining bounds
for the generalization error, neglecting the contribution of optimization error, even
though the term can be quite relevant since often PINNs are not able to reach the

global minimum of the loss function.

3.2.4.2 Neural Tangent Kernel framework

An interesting and important part of convergence theory for PINNs relies on what is
called the Neural Tangent Kernel theory. This framework explores the connection
between deep neural networks and kernel regression methods, providing insight into
the dynamics of gradient-based training.

The neural tangent kernel is a kernel that captures the dynamics of a fully-
connected network trained by gradient-descent algorithm in its infinite width limit.
Considering a fully connected neural network of function f(x,6), where 6 are the
net learnables and x are the input data, that minimizes the mean square loss

L) = % SN £ (xi,0) — yi]?, its neural tangent kernel operator K is defined as

Of (xi,0) 8f(xg»9)>
o0 90

In the infinite-width limit, it can be shown that the network output at initialization

follows:

Ki; = K(xi,x;) = <

converges to a Gaussian distribution. Moreover, if the network uses an infinitesimally
small learning rate and a gradient descent algorithm, the kernel K converges to a
fixed kernel K* that is constant throughout training, since it depends only on the
depth of the network, the variance of the initialisation distribution and the choice
of nonlinearity. This kernel matrix is important because its positive-definiteness
is strictly related to the convergence properties of the network, it is shown that
convergence is faster along the directions corresponding to the largest eigenvalues,
which in practice correspond to lower-frequency components of the solution. This
gives rise to the phenomenon known as spectral bias, meaning that the network
preferentially learns low-frequency features before high-frequency ones. The spectrum
of the NTK at initialization therefore determines the convergence rate of the total
error during training, and provides a theoretical justification for the difficulties PINNs
encounter when approximating multi-scale solutions. Furthermore, in Wang, Yu
and Perdikaris [11] authors use the NTK framework to show that there exists a
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discrepancy in the order of magnitude of the different types of losses. In fact, while
building a PINN it is important to select appropriate weights for each term in the
loss function. PINNs are very sensitive to the balance between the different losses

and a wrong choice could result in convergence to a local minimum.

3.2.5 Challenges

PINNs have proved to be very effective in data-driven discovery of parameters and
in data-driven discovery of solutions, while they encounter more struggles when they
are employed as PDE solvers without using any data to drive them to the right
solutions. This section will focus on this last application, analysing the challenges

PINNSs face when being employed as PDE solvers.

Spatial domain

PINNs have been seen to be struggling in particular with big spatio-temporal domains
and with stiff problems that present discontinuities. In order for PINNs to be able to
capture the dynamics of a PDE in a big domain it is necessary to select a great number
of collocation points. The increase in collocation points impacts computational cost,
causing the convergence to be very slow and thus preventing a correct approximation
of the solution.

A possible solution to this problem is that of performing a domain decomposition.
In [12] XPINNs (Extended Physics-informed Neural Network) is proposed. The
framework is based on decomposing the space-time domain into subdomains, in each
of which a neural network is trained separately, with the possibility to choose selected
parameters and architectures. On each interface a continuity condition is imposed
on the residual, along with the average solution on the two subdomains sharing an
interface. XPINNs enable parallelization, since in each subdivision a different neural
network is trained, and an efficient adaptation of parameters that suit each zone of
the domain.

Another proposed framework is the Adversarial and Self-Adaptive Domain De-
composition PINNs (AS-PINNs). In [13] a method is introduced, that automatically
adjusts the positions of interfaces between subdomains in order to capture discon-
tinuities without the need of manual handling of boundary location, and without
needing any prior information on the location of the discontinuities. AS-PINNs
employ adversarial method to minimize the loss function by automatically adjusting

the boundaries to locate discontinuities.

Time domain

Long-time simulations cause PINNs to struggle. Since the collocation points are in a
spatio-temporal domain, longer simulations require a greater number of collocation
points. Furthermore, since the residual is minimized simultaneously at all points, the

presence of very long times can violate causality. To overcome this problem, it is
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possible to train PINNs in time slabs, where each slab takes as initial condition the
values obtained by the previous network. This practice helps accuracy but greatly
increases the computational cost, since many networks need to be trained, and they

cannot be parallelized.

Mini batching

Mini-batching is a technique that consists in sampling random points from the set
of all collocation points at each iteration and calculating loss only on the selected
subset. Implementing mini-batching results in decreased memory requirements and
faster optimization since the number of collocation points on which the algorithm

works in each epoch is reduced.

Loss balancing

PINNs have to deal with different scales of losses, since the different terms can have
different order of magnitude. Each loss is thus multiplied by a weight that aims at
balancing the different terms. The easiest way to define the weights is to choose
them manually prior to the training, but optimal weights are very problem specific
and it can be difficult to determine which is the best combination of weights for
each case. It is possible to use a self-adaptive algorithm that updates the weights
during training, ensuring that the norms of the gradients of the weighted losses are
of the same order. This algorithm tackles the problem of balancing initial, boundary,
and residual loss. However, residuals and IBC losses can still differ severely from
one collocation point to another, resulting in an unbalanced convergence of losses.
One technique that can be employed to tackle the problem is self adaptive PINNs
(SA-PINNS), as introduced in [14]. In SA-PINNSs every collocation point is assigned
a weight that can be updated during training. Weights are increased where the
loss on the corresponding training point is increasing, this is done by including the
weights as a trainable parameter. In this variation of PINNs the network is solving
a min max problem, minimizing the losses and maximizing the weights, and this
corresponds to finding a saddle point in the cost surface. Including self-adaptive
weights has been experimentally proven to be effective in bettering the accuracy in
solving stiff problems, with which classic PINNs struggle. Furthermore, in [14] the
Neural Tangent Kernel matrix of SA-PINNs has been derived and it has been shown

that the distribution of the eigenvalues is evened out compared to classic PINNs.

Stiff problems and spectral bias

It has been proved that PINNs suffer from spectral bias, meaning that they struggle
to capture high frequency behaviours of the solution. This phenomenon has been
observed in several practical applications and also been explained using the Neural
Tangent Kernel theory.

To enhance the ability of PINNs to learn higher-frequency solutions, it is possible

to express the input via a Fourier feature mapping. A Fourier feature mapping
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~ performs a transformation on each input coordinate using a series of sinusoidal

functions of different frequencies and it is written as:

V) — cos(Bv)
1) L’in(Bv)]

with o a positive hyper-parameter, B a m x d matrix with real-valued entries sampled
from a Gaussian distribution A/(0,02).

The mapping is used as a coordinate embedding of the network’s input and it can
be viewed as a layer with no trainable parameters. The value of o determines which is
the preferred frequency solution for the network to learn. It is also possible to create
two separate embeddings, one for space coordinates and one for time coordinates,
since there could exist multi-scale behaviours also in time. The employment of Fourier
Feature embedding into the PINN algorithm is proved to lead to more accurate result,
and to enhance the capability of the network to learn higher-frequency solutions in
cases where normal PINNs struggle to. It is significant to note that the embedding
does not add many more floating-point operations, so it does not impact the overall
computational cost. In order to have an effective embedding, the frequency of the
leading eigenvector of the neural tangent kernel has to agree with the frequency of
the target function. This is possible only if there exists a priori knowledge on the
eigenvectors, which is usually not available. In this case, a suitable value of ¢ has to
be chosen with a trial and error approach, keeping in mind that values too large may
lead to overfitting, while choosing too small values could fail to solve the spectral bias
problem. Overall, Fourier Feature embeddings are a promising approach to tackle
the problem of PINNSs’ spectral bias, but the practicality of their enforcing might

not always be easy.

Lack of causality, propagation of information from initial condition to

later times

Due to their structure, that is based on evaluating the solution simultaneously in a
certain number of spatio-temporal points randomly allocated in the domain, PINNs
are not compelled to respect causality. Furthermore, using the NTK framework it
can be seen that PINNs are biased towards first minimizing the loss at later times.
This suggests that causality can and will most probably be violated while learning
the solution. In time-evolving problems this could strongly impact the physical
accuracy of the solution. In Wang, Sankaran and Perdikaris [15] the authors propose
a way to tackle this problem by creating a loss function that does not evaluate the
loss at higher time points unless the loss of points at lower times is low enough.
This ensures that when the approximate solution is computed at a certain time the
solution corresponding to previous times is accurate at least up to a certain point.

This causal training does not add a significant computational cost.
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Overfitting

As stated before, PINNs are subject to overfitting, since there could exist solutions
that minimize the residual on the collocation points, and can thus produce a very
small value of the loss, but still do not provide a good approximation of the real
function in other points of the domain. When this happens, it is usually related to a
large value of the parameters 6 of the network. A proposed regularization strategy is
thus that of adding a term to the total loss that prevents the parameters values from
becoming too large
Liot = Lic+ Lpo+ Ly +110)13

3.2.6 Vanilla PINNs and Hard PINNs

The vanilla PINN formulation enforces initial and boundary conditions by including
in the loss function a penalty term that measures the L? norm of the discrepancy
between the network output and the prescribed conditions at a set of boundary
and initial points. Ideally, the network will be guided towards minimizing the loss
on the boundaries, thus respecting the imposed conditions, but in many cases the
balancing of different loss terms is difficult, and initial and boundary conditions are
not respected. In particular,in multi-scale problems the presence of a wide range of
scales in the dynamics might cause certain loss terms to dominate others,leading to
incorrect approximations. In some classes of problems, such as stiff reaction-diffusion
equations, the temporal evolution of the solution is highly sensitive to the initial
condition. The lack of a strict enforcement of initial and boundary conditions in
vanilla PINNs hinders the capability of the network to capture physically correct
behaviours in time, as any error in the initial state propagates and corrupts the

solution throughout the entire spatio-temporal domain.

Theoretical results

The theoretical consequences of soft constraint enforcement have been studied in
several works. In [10] a priori and a posteriori error estimates are derived and it
is shown that the L? penalty approach for initial and boundary conditions reduces
the rate of error decay compared to an exact enforcement. In particular in [16] the
authors show that H? approximation and a successful training result in convergence
in H'/? for vanilla PINNs. In contrast, in [17] it is shown that for ansatz classes
that satisfy boundary conditions it is possible to exactly yield error estimates in
H?. These results have been provided for linear elliptic and parabolic equations.
While they cannot be extended to arbitrary PDEs, they provide strong theoretical
motivation for the development of hard-constrained PINN formulations, in which
conditions are embedded directly into the architecture rather than penalized in the

loss.
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Hard PINNs implementation

Several methods have been proposed in the literature to strictly enforce initial and
boundary conditions in PINNs . The simplest approach consists in increasing the
weights assigned to the initial and boundary loss in the total loss function. While this
can improve the solution in some cases, it does not ultimately resolve the problem,
since the conditions are still not satisfied exactly. In stiff problems in particular,
certain loss components tend to dominate others due to the wide range of scales
present in the solution, making it necessary to perform a careful, problem-specific
tuning of the loss weights [18].

Since neural networks are not designed for constrained optimization, it is necessary
to encode constraints directly into the architecture. To do this, the unconstrained
neural network has to be transformed into an ansatz space that respects the desired
boundary conditions.

Before describing the available methods, it is useful to recall the main types of
boundary conditions for PDEs.

Dirichlet boundary conditions, also called essential boundary conditions, give the

solution’s value on the boundary:
B(u)(t,x =)u(t,x)

Neumann boundary conditions give the value of the solution’s normal derivative on

the boundary, and are thus more tricky to impose as hard constraints:

Blu)(t,x) = 5% (1,%)

where n is the outward normal vector to 9. Combining these two, Robin boundary

conditions are obtained:

u

B(u)(t;a,) = au(t, x) + bo o (t,%)
Periodic boundary conditions are made of d equations:

B(u)(t,x) = u(t,x) —u(t,x + Pe;) =0,i =1.....d
where P is the period and e; is the base vector in RY.

One of the earliest approaches to hard constraint enforcement was proposed by
Lagaris et al. (1998), where the trial function is decomposed into an analytic term
that satisfies the boundary conditions exactly and a second term given by the product
of the neural network output and a function that vanishes on the boundary.

For Dirichlet boundary conditions, Nitsche’s method [19] offers a variational
approach to their enforcement.

Another method is the hPINNs, introduced in [20] .hPINN uses two different
methods: the penalty method and the augmented Lagrangian method. The first
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one works by replacing the constrained optimization problem with a sequence of
unconstrained problems. Each problem has a coefficient that is increased by a
constant factor at each iteration. After the first iteration, where the networks are
trained from a random initialization, the subsequent ones are trained starting from
the solution of the previous one. In this way, the solution of the unconstrained
sequence converges to the solution of the original constrained problem. The second
method is also a method that uses penalty terms but additionally incorporates terms
that imitate the Lagrange multipliers. This latter method has a better convergence
rate compared to the penalty method.

For Neumann boundary conditions a method that has been proposed in [21]is
that of using carefully chosen Fourier feature embeddings. The idea is to restrict the
network to use only cosine features with integer frequencies, which are flat at the
spatial boundary, and to augment the output with a correction term to account for
non-vanishing Neumann data. This approach is reported to be more computationally
efficient and easier to implement than existing alternatives.

The most widely used approach for enforcing initial and boundary conditions
exactly is based on the use of distance functions [22]. The idea is to apply the

following transformation to the approximate solution w,, of the neural network:
u(t,x) = Y(t,x) + d(t, ) unn(t, )
where ¥ and phi are smooth functions and have the following properties:
#(0,x) = ug(x), ¥(0,x) =0, forz €Q

for periodic boundary conditions it is required for both the functions to be periodic,

while for other boundary conditions they will have to satisfy the conditions:
6(t,%) = g(t,x), b(t,%) = 0 for (t,x) € [0,T] x 90

so that the new u is equal to the initial condition at time zero and is always equal to
the boundary conditions on the boundary.

The transformed w is the one that has to be considered in the computation of
the physics loss, and the initial and boundary losses are comprised in this term.

The loss term becomes:

Ner
1 . - -
[’(unn) = NCL E :’(uip(u)(ticl’xz‘CL)Fa fOT’ U:¢+¢unn
=1

With this method the difficulty of the computation of the loss has slightly increased
but the initial and boundary conditions are enforced exactly, so the corresponding
loss terms do not need to be considered. This approach has been shown to improve

accuracy and training efficiency of PINNs.
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Chapter 4

Application and results

In this chapter we present two case studies to analyse the performance of PINNs.
The first application is the solution of the one-dimensional Burgers’ equation. The
solution to the equation will be approximated using a PINN built in MATLAB, and
the result will be compared to the analytical solution.

The second application will be to the Gray-Scott system in a two dimensional
space domain. An approximation of the solution will be computed using both classical
numerical methods and a PINN. The goal of this application is to compare the efficacy
of PINNSs to that of traditional numerical methods. Four different solvers will be used
to approximate the solution: firstly, we will propose a visualization of the solution
using the website VisualPDE, that allows us to see the patterns that arise from
the time evolving system; secondly, we will solve the equation using the two most
widely used classical solvers: a finite element method, and a finite volume method.
Lastly, both a Vanilla PINN and a hard-constrained PINN will be used, to verify the

capability and efficacy of this method and compare the two different formulations.

4.1 Background

4.1.1 Burgers’ equation

Burgers’ equation is a non-linear parabolic equation that was first studied by Bateman
and later by Burgers, to whom it owes the name. It often occurs in different areas of
science, such as fluid mechanics and mathematical physics, as well as in biology to

model shock waves and transport of a species. The equation is:

g—? + (u-V)u=rvVu

where u is the velocity field and v is the diffusion coefficient, that must be a positive
value.

The equation is an advection-diffusion equation; the advection term is the non
linear term on the left-hand side, and the right-hand side contains a linear diffusion
term.

The equation describes a quantity that travels through advection and diffuses
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simultaneously, and the solutions that are generated will have sharp gradients, as an
effect of the non linear advection term. Sharpness is smoothed out over time as a
result of diffusivity. Analytical solutions can be calculated for the one-dimensional
equation

Ut + Uy = VUgy (4.1)

using the Cole-Hopf transformation. This transformation linearizes the equation
and the analytical solution that is found is used as a relevant benchmark to validate

numerical schemes.

4.1.2 Gray-Scott equation

The Gray-Scott equation is part of the class of reaction-diffusion equations. A generic

equation in this class is of the form:

811((;;’15) = DV?u(x,t) + f(u(x,t))
where u is a vector of chemical factors that interact, D is the diffusivity matrix, which
will be a diagonal matrix with strictly positive entries, and f defines the chemical
reactions. These kinds of equations, under a set of conditions on the reaction functions
and on the diffusivity coeflicients, give rise to the so called diffusion driven instability.
Diffusion driven instability is the phenomenon by which diffusion destabilises a
system that would otherwise remain stable in the absence of spatial variations, and
the instability produced leads to spatial reorganization; that is what causes pattern
formation.

The Gray-Scott equation describes the chemical interaction between two species
Uand V

U+2V =3V
VP

(4.2)

where V replicates, while consuming U, and V' decays turning into an inert product
P at a steady rate.
The planar Gray-Scott equation is:

%:DUVZU—UU2+F(1—U)

(4.3)
% = D,V +uw? — (F + k)v

where u and v are the chemicals’ concentrations, F' is the feed rate at which the
chemical U is replenished, and k is the kill rate at which V is removed, D,, and D,
are the diffusion coefficients.

The values of the parameters directly influence which kind of pattern will develop
in time. Different combinations can produce stripes, spots, circles and labyrinth-like
shapes.

The system admits three steady states: one is the trivial equilibrium at v = 1,
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v = 0, while the other two are non-trivial and exist only when F' and k satisfy
certain conditions. Of these, one is always a saddle point, while the other can change
stability depending on the values of the parameters. It is this latter equilibrium that
undergoes a Turing instability, breaking spatial homogeneity and giving rise to the

variety of patterns that the Gray-Scott model is known for .

4.2 Case study 1: Burgers’ equation

The first case study is the solution of a one-dimensional Burgers’ equation using a
PINN. The approximation provided by the PINN will be compared to the analytical
solution of the equation, calculating the loss and the error, to provide proof of how

PINNSs are a successful meshless tool in solving this kind of equations.

4.2.1 Experimental setup

The one-dimensional Burgers’ equation (4.1) is solved with a viscosity value of
v = %9 in the domain (z,t) € (—1,1) x (0,1), with the following initial and

boundary conditions:

u(z,0) = —sin(mw)
u(—1,t) =0
u(l,t) =0

The approximated solution to the equation is computed using a Physics-Informed
Neural Network implemented in MATLAB. The implementation relies on the use of
the MATLAB Deep Learning Toolbox, that allows the computation of derivatives
using automatic differentiation. The architecture is made up of 8 layers, each of
which has 20 neurons with hyperbolic tangent activation functions. The solution is
computed on a set of 10000 collocation points randomly sampled from the spatio
temporal domain, and the initial and boundary conditions are enforced on 50 points
each, also randomly sampled from the boundary. The network is trained iteratively
for 1500 epochs with the L-BFGS optimization algorithm.

4.2.2 Results

The simulation was run on a medium-power laptop and it took 695.8 seconds to
complete, of which 694.8 seconds was the time needed to complete the training of the
network and 1 second the time used to evaluate the solution at the requested times
and points. Figure 4.1 shows the results of the simulation at different times: the red
dotted line is the analytical solution of the equation, and the blue continuous line
is the solution predicted by the PINN. It can be seen that the two overlap almost
completely in all of the time steps, showing that the PINN was able to produce a
good approximation of the exact solution of the one-dimensional Burgers’ equation
consistently in the whole domain. Figure 4.2 plots the absolute value of the error

between the analytical solution and the approximation obtained with the PINN. The
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Figure 4.1: Comparison of PINN’s solution to 1D Burgers’ equation with the
analytical solution

plots reveal that the highest values for the error, at each time, are lumped around
the shock area, where the gradient of the function is sharper. This result is coherent
with the expected outcome, since PINNs struggle to approximate sharp gradients
functions

Figure 4.3 represents the loss function. It can be seen that loss decreases rapidly in
the fist epochs and then flattens out, reaching a value of 1.639 after approximately
1000 iterations, stabilizing for the remaining number of epochs.

Overall, the results demonstrate a satisfactory performance of the PINN framework
in this application. The relatively small spatial domain and the moderate smoothness
of the solution, combined with a well-conditioned loss landscape, provide a favourable
setting for the employment of PINNs. Nevertheless, the localised increase in error

near the shock front highlights a known limitation of the method.

4.3 Case study 2: Gray-Scott system

4.3.1 Experimental setup

We consider the two-dimensional Gray-Scott system of equations (4.3), with the

following parameters:
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Figure 4.3: Loss value at each epoch for the solution of the 1D Burgers’ equation
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" F [0.037
k | 0.06
D, | 2
D, | 1

Table 4.1: Parameters for the two-dimensional Gray-Scott system

The equations are set in a two-dimensional domain in the plane (x,y) of dimension
2 = (—200,200) x (—200,200) , and the time domain is ¢ € (0,2000]. The boundary
condition is set to be a zero-flux Neumann boundary condition on all of the domain.

The chosen initial condition is:

u(z,y,0) =1 for xe€) (4.4)
1 if 22+92<16
U('Ta Y, 0) = f vo= (45)
0 otherwise

4.3.2 Results and discussion

We present the solution to the Gray-Scott system (4.3) obtained using three different
classical methods. The first solution is a visualization of the patterns obtained using
VisualPDE. Initial conditions are applied with a "brush"' function, that was set to
impose a value of one in a circle of radius » = 4. In visualPDE the domain is
automatically set as the dimension of the user’s monitor. The time-stepping scheme
was chosen to be the forward Euler, with a time-step of dimension 1.

Figure 4.4 and 4.5 illustrate the results at times 0, to show the initial condition
that is given, at time t=100 and t= 1000, where it is possible to see the initial
propagation and formation of a pattern, and t= 2000 to visualize the actual evolution
of the pattern. The results show that VisualPDE is an effective solver for these kinds
of problems, managing to capture the difficulty of the patterns.

Then the system is solved using a solver in MATLAB, that relies on the use of a
Finite Element scheme. The MATLAB solver uses the Partial Differential Equation
toolbox. The toolbox provides a built-in function that takes as input the model of the
PDE and the solution times requested, and returns the solution evaluated at the given
times. The PDE model defines the parameters as well as the initial and boundary
conditions. The simulation took 71 seconds to complete on a medium-power laptop.
Figures 4.6 and 4.7 show the results obtained with this method for the species v and
v respectively, evaluated at the same times as the ones above. The method correctly
enforces the initial condition of a disk of radius 4 and value one in the centre of the
domain. Furthermore, comparing the figures to Fig. 4.4 and Fig. 4.5 we can see that
both the shapes and the values of the chemicals evolve with the same speed in the
two solvers, and the final pattern is the same.

The third solver is the Finite Volume Method, implemented in Julia. As with the

previous methods, the results demonstrate that this approach successfully captures
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Figure 4.4: Solution of the 2D Gray-Scott system: Values of u at times ¢t = 0,
t =100, ¢ = 1000 and ¢t = 2000 with VisualPDE

Figure 4.5: Solution of the 2D Gray-Scott system: Values of v at times ¢t = 0,
t =100, t = 1000 and ¢t = 2000 with VisualPDE
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Figure 4.6: Solution of the 2D Gray-Scott system: Values of u at times t = 0,
t =100, ¢t = 1000 and ¢t = 2000 with FEM
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the time evolution and pattern formation dynamics of the system. The consistency
across all three classical solvers provides confidence in the correctness of the reference

solution.
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Figure 4.8: Solution of the 2D Gray-Scott system: Values of u at times ¢t = 0,
t =100, t = 1000 and ¢t = 2000 FVM

It is important to remark that the spatial patterns arising from reaction-diffusion
systems of this type are highly sensitive to variations in model parameters, boundary
conditions, and spatial discretisation. In particular, the solution exhibits mesh
sensitivity, which highlights the need for careful selection of numerical parameters in
problems of this kind.

Finally, the approximated solution of the PINN solver is provided. A first so-
lution is computed using Vanilla PINNs, and a second solution is provided using
an implementation of Hard PINNS, to strictly impose initial conditions. Both the

networks are implemented in MATLAB using the Deep Learning Toolbox.

The architecture of the Vanilla PINN consists of 8 fully connected layers of 60
neurons, with hyperbolic tangent activation functions. The net is trained using an
Adam optimizer for the first 100 epochs, with a learning rate of 1e-4 and then L-BFGS
optimizer for 1400 epochs to further reduce the loss. The network computes the
solution on 10000 collocation points, 2000 initial condition points and 2000 boundary

condition points. All the collocation points are sampled randomly.
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Figure 4.9: Solution of the 2D Gray-Scott system: Values of v at times ¢t = 0,
t =100, ¢t = 1000 and ¢t = 2000 with FVM

37



Application and results

The simulation ran for 5 hours and 20 minutes on a medium-power laptop. The
results show a convergence of the loss function, proving that minimization is effective.
Looking at the values of the results, though, it can be seen that no pattern arises. This
outcome suggests that, despite successfully minimising the loss, the network converged
to a local minimum of the highly non-convex loss landscape, rather than the physically
meaningful global minimum that would yield the correct spatiotemporal evolution
of the system. This is a proof of the struggles that PINNs can encounter when
dealing with stiff problems, with big gradients and highly non-convex loss functions.
A further critical issue is observed in the early time steps: the initial condition is not
correctly enforced by the Vanilla PINN. Since systems of this type are highly sensitive
to initial conditions, because small deviations in the prescribed values can lead to
fundamentally different long-term dynamics, the failure to satisfy them accurately
results in a physically inconsistent approximation from the very first instants of the
simulation. This highlights a well-known limitation of the soft-constraint approach
adopted by Vanilla PINNs, in which initial and boundary conditions enter the loss
function as penalisation terms weighted by user-defined coefficients, rather than being
imposed exactly. The inability to rigorously enforce these conditions represents a

fundamental shortcoming when dealing with stiff, pattern-forming systems.

o Training Loss

100 |

Loss (log scale)
3

o
[

| |
0 500 1000 1500
Epoch

Figure 4.10: Training loss for Vanilla PINN

Motivated by the failure of the Vanilla PINN to enforce the initial condition, a
Hard PINN formulation was subsequently employed, in which initial and boundary
conditions are imposed exactly.

Figure 4.13 highlights the initial condition computed by the PINN. Figure 4.14
shows the error between the predicted and exact initial condition.The error displayed

is quite small, meaning that the network effectively enforced the required condition,
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Figure 4.11: Solution of the 2D Gray-Scott system: Values of u at times t = 0,
t = 100, and ¢t = 200 obtained with Vanilla PINNs

Figure 4.12: Solution of the 2D Gray-Scott system: Values of w at times ¢ = 0,
t = 100, and t = 200 obtained with Vanilla PINNs

in contrast to the Vanilla formulation.
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Figure 4.13: Initial conditions for 2D Gray-Scott equation obtained with hard
PINN

However, despite the correct initialisation, the solution fails to evolve as expected
and no pattern formation is observed at later times. Figure 4.15 shows the evolution

of the values of u and v respectively from time 0 to 100.

Regarding the loss function, figure 4.16 shows that the value of the loss is very
low throughout the whole simulation, of the order of 1073, fluctuating in a range of
one order of magnitude.

Results for this second case study show that PINNs are not currently able to
correctly solve the Gray-Scott system, which presents many challenges due to the
sharp gradients, and highly non-convex loss landscape. In particular, it has shown

that Vanilla PINNSs fail to enforce initial conditions accurately, leading to physically
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Figure 4.16: Values of the loss of Hard PINN

incorrect solutions from the first time steps. While Hard PINNs are able to overcome
this problem, they still fail in replicating the long-term dynamics of the system,
suggesting that the difficulty does not only reside in replicating the prescribed
conditions, but is a broader inability to capture the spatio-temporal structure of
the solution. These findings are consistent with the growing body of literature
highlighting the limitations of PINNs when applied to stiff, multi-scale and pattern-
forming systems, and motivate the development of more advanced training strategies

and network architectures.
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Chapter 5

Conclusions

In this work we have introduced PINNs, explaining the mechanism and the main
challenges that their employment presents to this day. We tested its efficiency
and capability by solving two problems of increasing biological and mathematical
complexity. The results show a good performance of PINNs on smaller domains and
smoother solutions, but highlight their struggle in learning solutions to stiff problems,
especially when trained in long time simulations.

At the current state of the art, PINNs prove to be a powerful tool for data-driven
problems; such as the inference of equation parameters from known data. They also
represent a promising approach for producing meshless solvers for PDEs, having
produces positive results in some simpler benchmark problems; however, several
aspects still need to be addressed before they can be considered reliable. This work
aims to investigate the current possibilities and limitations of PINNs when employed

as meshless solvers.

A first aspect to consider is that of the lack of a general convergence theory.
Theoretical results on PINNs error bounds and convergence are available, but only
for specific cases and applications. Therefore, it is not possible to know a priori
whether the network will converge. Furthermore, the network could converge to a
local minimum of the loss, with the result that the loss is minimized but the error
between the approximate solution and the exact solution could remain large. For this
reason, any solution produced by a PINN has to be validated through comparison
with a known reference.

Some simulations are run to show the efficacy of PINNs in standard benchmark
problems, and to provide proofs of the relevance of strict enforcement of initial
condition. A first case study highlighted the potential of this methodology. The
results confirm that PINNs are a viable meshless alternative for well-posed, low-
dimensional problems. A second case study, focusing on a relevant problem in biology,
revealed the current limitations of PINNs. In stiff Partial Differential Equations,
where solutions exhibit sharp gradients, PINNs struggle to balance the three different
loss components, leading to an unbalanced minimization of the total loss function.

Furthermore, this problem involves a wide range of scales in the solution. Theory
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shows that PINNs suffer from spectral bias, meaning that they tend to learn low-
frequency solutions before high-frequency ones. In the Gray-Scott case, the PINN
failed to capture the higher-frequency components that play a relevant role in pattern
formation. A possible remedy to this bias is the implementation of Fourier Feature
Embeddings, a method that has proven to be effective in certain cases, though its
parameters must be chosen carefully through a trial and error procedure, in order to
produce the desired results.

Another important aspect is that of the enforcement of initial conditions. In con-
trast to traditional numerical methods, where initial conditions are always imposed
exactly, Vanilla PINNs only seek an approximation of them. Our simulation using a
Vanilla PINN has showed that this soft minimization approach may not be sufficient
to guarantee that initial and boundary conditions are correctly reproduced. In prob-
lems where the initial state strongly influences the subsequent temporal evolution
of the system, such as in the Gray-Scott equation but also in many other biological
applications, this failure of the PINN hinders the possibility of finding a good approx-
imation for the solution over the rest of the space-time domain. The failure to enforce
initial conditions also reveals another fundamental limitation: the lack of causality.
Since the network is trained simultaneously on collocation points across the entire
spatio-temporal domain, loss minimization occurs across all time frames at once and
does not respect the causal structure of the problem. This could strongly impact
the outcome of the solution for time-dependent systems. Since constraints cannot be
directly embedded into a neural network, the only possible approach to overcome this
problem is to incorporate them into the architecture itself. In the case study, a hard
constrained formulation of PINNs revealed to be able to satisfy the initial condition
with very low error. However, this formulation of the Hard PINN was unable to
capture the subsequent emergence and evolution of patterns, indicating that the
difficulty is not merely one of constraint satisfaction but reflects a deeper limita-

tion in how PINNs handle the multi-scale, stiff dynamics of reaction-diffusion systems.

A further difficulty concerns constraints enforcement. Current hard-constrained
formulations, which incorporate conditions directly into the network structure, remain
highly restrictive and difficult to generalize. Ongoing research focuses on identifying
optimal transformations for the functions that govern the embedding of the conditions
into the network structure to enhance performance and generalisability. Future
research on PINNs should focus on the development of more flexible constrained
architectures. Lastly, it is important to note that the training of the network requires
very long simulation times. The computational cost of each iteration of the PINN
is very high and scales with the network size. It is worth considering, though, that
once the network is trained, the evaluation of the solution at any point in space-time
is extremely fast. The possibility of accessing an already trained network to evaluate
the solution at any point may represent a promising direction for future exploitation

of this methodology.
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