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Abstract

Moist atmospheric convection couples turbulent transport, phase change, and
buoyancy in ways that remain a leading source of uncertainty in weather and climate
prediction. This thesis develops a consistent framework for shallow moist convection
that bridges classical Rayleigh–Bénard convection and atmospheric motion with
phase change. The model is built on a simplified Baer–Nunziato four-equation
diffuse-interface formulation, implemented in the parallel solver FluTAS. Rather than
resolving a sharp liquid–gas interface, a mixture description is adopted, in which the
two phases share a single velocity, pressure, and temperature field and the condensate
is represented through a transported volume fraction, while chemical non-equilibrium
is retained to capture condensation and evaporation. Phase change is modelled as a
relaxation of the vapour mass fraction towards its saturation value, closed through the
Antoine equation, and buoyancy is formulated within the Boussinesq approximation to
include thermal, water-vapour, and condensate-loading contributions. The principal
novelty of this work is that cloud liquid water is retained as a prognostic field rather
than removed instantaneously upon condensation, so that the feedback of suspended
condensate on buoyancy is captured directly.

Two simulations are performed under identical numerical and dynamical con-
ditions: a dry reference case, in which no phase change occurs, and a moist case
in which condensation, latent heating, and condensate loading are active, so that
differences can be attributed unambiguously to phase-change processes. Decomposing
the total heat flux into sensible and latent contributions, the analysis characterises
the variations in heat flux, Nusselt number, and both vertical and horizontal ve-
locity variance between the two regimes, showing how phase change modifies not
only convective heat transport but also the distribution of turbulent kinetic energy
between plume motions and near-wall horizontal flow. The results demonstrate that
resolving phase change and its buoyancy feedbacks materially alters convective heat
transport and flow organisation, while the present framework offers a transparent
and reproducible basis for linking laboratory-scale convection theory with moist
atmospheric dynamics.
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Chapter 1

Introduction and Background

1.1 Atmospheric Convection

Atmospheric convection consists of buoyancy-driven vertical motions, in which warm,
less dense air parcels rise and cooler, denser air parcels sink [1]. Unlike diffusive
processes, which transfer properties slowly and primarily over local scales, convective
motions provide a rapid and strongly non-local mechanism for transporting heat,
moisture, momentum, and mass from the surface to the free troposphere on timescales
of minutes [2]. Through its coupling with phase changes of water and the associated
latent heat release, moist convection plays a central role in shaping weather systems
and coupling processes across a wide range of spatial and temporal scales [3].

In the atmosphere, this coupling between vertical motion and phase change mani-
fests as shallow cumulus and deep cumulonimbus clouds (fig. 1.1), which contribute to
tropical and subtropical storms as well as mid-latitude weather systems [4]. Individual
convective clouds are relatively small, typically spanning a few kilometers to several
tens of kilometers. Nevertheless, convection rarely occurs in isolation. Groups of
convective cells can interact through their associated circulations, moisture trans-
port, and precipitation processes, leading to the formation of organized mesoscale
convective systems (MCSs) that may cover hundreds of kilometers [2]. An important
mechanism in this organization process is the formation of cold pools, which are
regions of relatively cool and dense air generated by evaporative cooling beneath
precipitating clouds. As cold pools spread along the surface, they can lift warm and
moist environmental air at their leading edges, triggering new convective cells and
promoting the growth and maintenance of larger convective systems. These systems
contain multiple clouds embedded within a common circulation and are responsible
for a large fraction of tropical rainfall. Through their collective organization and
interaction, MCSs influence atmospheric dynamics on progressively larger scales
and are regarded as the building blocks of planetary-scale phenomena such as the
Madden–Julian Oscillation (MJO), which extends over thousands of kilometers [5].

The latent heat released during condensation and other phase transitions within
clouds is, in aggregate, a major heating term for the atmosphere, and convective
heating directly drives large-scale atmospheric circulations such as the Hadley circu-
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Introduction and Background

Figure 1.1: Cumulonimbus and Cumulus Cloud Structure.

lation [6, 7], the Walker circulation [8], the El Niño–Southern Oscillation (ENSO)
[9], and the MJO [10], as well as extreme weather systems such as tropical cyclones
[11]. Beyond this direct heating effect, atmospheric convection is closely connected
to cloud–radiation feedback [12, 13], surface flux feedback [14, 15], and chemical
transport [16, 17], and it plays a crucial role in global climate change [18]. Both
the present climate and its response to anthropogenic forcing depend sensitively
on moist convection and its interaction with radiation, large-scale circulation, and
surface processes, including surface heat, moisture, and momentum fluxes across the
land–atmosphere and ocean–atmosphere interfaces [19]. Consequently, atmospheric
convection is one of the leading sources of uncertainty in climate sensitivity estimates
and can explain a significant fraction of the spread among more than 40 IPCC-class
climate models [20, 21, 22, 23].

Despite decades of research, a comprehensive theoretical framework that consis-
tently links small-scale convective dynamics to large-scale atmospheric variability
remains incomplete. The fundamental difficulty arises because moist convection cou-
ples turbulent motions, phase transitions, and large-scale dynamics across interacting
scales, for which no exact closure exists. Convection is inherently nonlinear and
operates on scales much smaller than those resolved by large-scale models; because of
this, errors in its representation can rapidly degrade forecast skill. This challenge is
particularly acute in the tropics, where convection dominates weather variability and
must be properly represented both in mesoscale models for severe storms and tropical
cyclones and in climate models that simulate large-scale modes such as the MJO
and ENSO [24]. Consequently, despite the importance of tropical convection, its
numerical simulation remains a major challenge [25, 26], and improving the modeling
of moist convection is essential to advance the prediction of weather and climate.

This thesis focuses on the physical mechanisms governing moist atmospheric
convection, with particular emphasis on phase-change processes. These processes
belong to the class of so-called fast physics, which includes turbulence, cloud formation,
and cloud microphysics. Because their characteristic scales are much smaller than
the grid spacing of weather prediction models and General Circulation Models
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Introduction and Background

(GCMs), they cannot be resolved explicitly and must instead be represented through
parameterization schemes. Understanding the underlying dynamics of these processes
is therefore essential for improving their representation in atmospheric models.

1.2 Dry convection

Dry convection refers to buoyancy-driven motion that occurs in the absence of water-
phase changes. In atmospheric applications, dry air is commonly approximated as
an ideal mixture composed primarily of nitrogen (N2), oxygen (O2), and argon (Ar),
with number fractions of approximately 0.7809, 0.2095, and 0.0093, respectively [19].
In this simplified framework the composition is fixed and temperature differences
alone generate the density variations that drive the flow: warm, less dense air rises
and cooler, denser air sinks. Because it excludes condensation, evaporation, and
latent heat release, dry convection provides the reference case in which buoyancy is
controlled only by temperature, and it serves as the baseline against which the moist
processes discussed in Section 1.4 are understood.

When an air parcel rises in the atmosphere, it moves into regions of lower pressure
and expands. This expansion requires energy, and if no heat is exchanged with the sur-
roundings (an adiabatic process) that energy is drawn from the parcel’s own internal
energy, so its temperature falls. Starting from the first law of thermodynamics,

dQ = cp dT − α dp, (1.1)

where dQ is the heat added to the parcel (zero for an adiabatic process), cp =
1005 J kg−1 K−1 is the specific heat at constant pressure, α = 1/ρ is the specific
volume, and combining it with hydrostatic balance, dp/dz = −ρg, gives the rate at
which a dry parcel cools with height, the dry adiabatic lapse rate,

Γd ≡ −∂T

∂z
= g

cp
≈ 9.8 K km−1. (1.2)

This means a dry parcel cools by roughly 1 ◦C for every 100 m of ascent. Physically,
this lapse rate corresponds to the conversion of internal energy into gravitational
potential energy during adiabatic ascent: the decrease in specific enthalpy cpT with
height is exactly balanced by the increase in gravitational potential energy gz. It is
the temperature gradient a dry parcel follows during adiabatic vertical motion.

To compare a parcel with its environment independently of these adiabatic
pressure effects, it is convenient to use the potential temperature θ, defined as the
temperature a parcel would have if brought adiabatically to a reference pressure p0,

θ = T

3
p0
p

4R/cp

, (1.3)

where R = 287 J kg−1 K−1 is the specific gas constant for dry air. Its key property is
that it is conserved during adiabatic parcel motion, so that surfaces of constant θ
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Introduction and Background

coincide with isentropes. This makes θ the natural variable for describing atmospheric
stability, since a displaced parcel carries its potential temperature unchanged while
the environmental profile θ0(z) varies with height.

Vertical motion arises when a parcel’s density differs from that of its environment.
For the small density perturbations typical of the troposphere, and choosing a
reference state in which pressure perturbations contribute negligibly to density, the
buoyancy reduces to

b ≈ − g
ρ′

ρ0
≈ g

T ′

T0
≈ g

θ′

θ0
, (1.4)

where the sign change follows from the ideal gas law at constant pressure, ρ′/ρ0 =
−T ′/T0. Buoyancy is therefore proportional to the potential-temperature perturba-
tion: a parcel warmer than its surroundings is less dense and accelerates upward [19,
27]. Potential temperature is preferred over temperature here because it removes the
adiabatic pressure effect and is conserved during vertical motion, giving a cleaner
measure of the parcel’s thermodynamic state. This is the same buoyancy–temperature
coupling that, in the Boussinesq form b = gβ T ′ used for the dry reference case in
this work, drives the flow between the heated and cooled plates.

The sign of the environmental gradient ∂zθ0 determines whether such displace-
ments grow or decay, giving three cases:

• Stable (∂zθ0 > 0): a displaced parcel becomes denser than its new surroundings
and returns toward its original level; perturbations are suppressed.

• Neutral (∂zθ0 = 0): the parcel matches its environment and feels no net
buoyancy. The environmental temperature then decreases with height at
exactly the dry adiabatic lapse rate Γd.

• Unstable (∂zθ0 < 0): a displaced parcel remains warmer and lighter than
its surroundings and accelerates away from its original position, so convective
motions develop and grow.

When the stratification is unstable, the resulting convection transports warm
parcels upward and cold parcels downward, mixing potential temperature across
the layer. The flow acts to remove the instability, driving the profile toward a
non-decreasing θ0(z). In many dry convective regimes, this process produces an
approximately well-mixed layer with ∂zθ0 ≈ 0, corresponding to neutral stratification
and the establishment of the dry adiabatic lapse rate.

In the present work, the dry reference case lies within this unstable regime and
serves as the baseline against which the effects of moisture and phase changes are
assessed. To study the fundamental mechanisms of buoyancy-driven convection in
a controlled setting, an idealized Rayleigh–Bénard framework is adopted, in which
the lower boundary is maintained at a higher temperature than the upper boundary.
The resulting thermal instability generates convective motions driven solely by
temperature-induced density differences. The Rayleigh–Bénard configuration and its
governing dimensionless parameters, including the Rayleigh number, are introduced
in Section 1.4.
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Introduction and Background

Finally, it is worth noting that “dry” convection does not imply the absence of
water vapour. The air may still contain water vapour, but it remains unsaturated
and therefore does not undergo condensation. As a result, the vapour mixing ratio is
approximately conserved during adiabatic parcel displacements. It is this absence of
phase change, rather than the absence of water itself, that distinguishes dry convection
from moist convection. In the atmosphere, however, rising air parcels frequently reach
saturation, allowing condensation and evaporation to occur. These phase changes
release or absorb latent heat, modify the buoyancy budget, and introduce additional
thermodynamic feedbacks, leading to the moist convective processes discussed in the
next section.

1.3 Moist convection

Whereas dry convection is governed solely by temperature-induced density differences,
moist convection introduces additional thermodynamic feedbacks through phase
changes of water. It plays a central role in shaping planetary atmospheres, driving
cloud formation, precipitation, and large-scale circulation patterns [28]. As moist air
rises and cools, water vapour may condense into cloud droplets, releasing latent heat
that enhances buoyancy and strengthens vertical motions. Clouds therefore represent
one of the most visible manifestations of moist convection in the atmosphere. Even
basic features, such as the vertical distributions of temperature and water vapour
in a moist convecting atmosphere, continue to pose major scientific challenges, and
despite decades of research clouds remain among the dominant sources of uncertainty
in the accurate projection of future climate states.

To a good approximation, both dry air and water vapour may be treated as ideal
gases under atmospheric conditions. Water vapour plays a crucial role because it can
condense into cloud droplets, which then enlarge and eventually fall as precipitation.
It is often inconvenient to describe atmospheric moisture using water-vapour density
ρv or vapour pressure e, because these quantities are not conserved and change when
air is compressed or expanded. A more useful measure is the mixing ratio w, which
remains constant as long as no condensation or evaporation occurs. It is defined as

w = Mv

Md
= ρv

ρd
, (1.5)

where Mv is the mass of water vapour and Md the mass of dry air. Because dry air
usually dominates, w is often expressed in grams of vapour per kilogram of dry air
(for example, w ≈ 20 g kg−1 in warm tropical air). The term humidity refers to the
concentration of water vapour present in the atmosphere [29]. A related quantity is
the specific humidity q, defined by

q = Mv

Md + Mv
= ρv

ρd + ρv
, (1.6)

which represents the mass of water vapour per total mass of moist air. In most
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atmospheric conditions, the mass of water vapour constitutes only a very small
fraction of the total air mass, generally not exceeding one to two percent [30].

A wet lower surface provides a continuous moisture source. When water vapour
condenses, latent heat is released, which enhances convection. Condensation begins
when the specific humidity of an air parcel reaches the saturation specific humidity
corresponding to its temperature. A convenient measure of how close a parcel is to
saturation is the relative humidity, defined as

r = q

qs(T ) , (1.7)

where q is the specific humidity and qs(T ) is the saturation value at temperature T .
Condensation occurs when an air parcel reaches saturation (r = 1) during ascent
and cooling. Conversely, when moist air descends into a warmer and unsaturated
environment (r < 1), liquid water evaporates due to the increase in saturation specific
humidity. This continuous cycle of condensation and evaporation plays a key role in
moist convection dynamics.

As a moist air parcel rises, it expands and cools approximately at the dry
adiabatic lapse rate. Because the saturation specific humidity decreases rapidly with
temperature, the relative humidity of the parcel increases during ascent. When the
parcel reaches saturation (r = 1), further cooling causes part of the water vapour
to condense into liquid droplets, leading to cloud formation. The level at which
saturation is first achieved is commonly referred to as the lifting condensation level
(LCL).

The condensation process releases latent heat into the surrounding air parcel.
This release of energy partially offsets the cooling associated with adiabatic expan-
sion, allowing the parcel to remain warmer and less dense than it would in dry
convection. As a result, condensation enhances the parcel buoyancy and can substan-
tially strengthen vertical motions. Latent heating increases the parcel temperature
and therefore reduces its density relative to the environment, producing additional
positive buoyancy beyond that associated with dry convection through the same
temperature–buoyancy relation, b ≈ g θ′/θ0, established in Section 1.2.

The saturation specific humidity, qs, can be approximated from the Clausius–
Clapeyron relation for an ideal gas, assuming that the latent heat of condensation L

is constant. The saturation vapour pressure, es, is given by [31]

es = e0 exp
5

L

Rv

3 1
T0

− 1
T

46
, (1.8)

where e0 is a reference saturation vapour pressure at temperature T0, Rv is the
specific gas constant for water vapour, and T is the absolute temperature. The latent
heat can be considered a function of temperature and may be approximated as

L(T ) = L0 − (c − cpv)(T − T0), (1.9)
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where L0 = L(T0) is the latent heat at a reference temperature T0, and c and cpv

denote the specific heat capacities of liquid water and water vapour, respectively.
The exponential dependence of saturation vapour pressure on temperature implies

that warm air can contain substantially more water vapour than cold air. Conse-
quently, a rising warm and humid parcel can release large amounts of latent heat once
condensation begins. This strong temperature dependence is one of the fundamental
reasons why moist convection differs so markedly from dry convection, and why it is
capable of producing intense clouds, thunderstorms, and deep convective systems.

Substituting the temperature-dependent latent heat into the Clausius–Clapeyron
relation allows for a more accurate representation of the saturation vapour pressure
es(T ) compared to the assumption of constant latent heat. The specific heat capacities
exhibit a weak dependence on temperature and pressure. In particular, the specific
heat of water vapour at constant pressure, cpv, increases slightly with temperature
(approximately 2% between −30 ◦C and +30 ◦C) and can be reasonably approximated
as cpv ≈ 1870 J kg−1 K−1. Similarly, the specific heat of liquid water can be taken
as c ≈ 4187 J kg−1 K−1 for temperatures above 0 ◦C, with a modest increase (up to
about 8%) at lower temperatures [32].

Table 1.1 presents standard reference values of the saturation vapour pressures
over water (ew) and ice (ei) over the temperature range −40 ◦C to +40 ◦C. Also
included are the corresponding latent heats of vaporization (L) and sublimation (Ls).

Table 1.1: Saturation vapour pressures over water (ew) and ice (ei), and latent
heats.

T (◦C) ew (Pa) ei (Pa) Llatent (J g−1) Ls,latent (J g−1)

-40 19.05 12.85 2603 2839
-35 31.54 22.36 2589 2839
-30 51.06 38.02 2575 2839
-25 80.90 63.30 2562 2839
-20 125.63 103.28 2549 2838
-15 191.44 165.32 2537 2838
-10 286.57 259.92 2525 2837
-5 421.84 401.78 2513 2837
0 611.21 611.15 2501 2834
5 872.47 – 2489 –
10 1227.94 – 2477 –
15 1705.32 – 2466 –
20 2338.54 – 2453 –
25 3168.74 – 2442 –
30 4245.20 – 2430 –
35 5626.45 – 2418 –
40 7381.27 – 2406 –
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The vapour pressure values in this table are obtained by integrating the Clausius–
Clapeyron equation, accounting for the temperature dependence of both latent heat
and specific heat capacities. The values reported in Table 1.1 illustrate two important
features. First, the saturation vapour pressure increases rapidly with temperature,
indicating that warmer air masses can store significantly larger amounts of water
vapour. Second, although the latent heat varies with temperature, it remains of the
order of 2.5 × 106 J kg−1, demonstrating that condensation represents a substantial
energy source capable of strongly modifying atmospheric buoyancy. This reference
value is also the latent heat adopted in the simulations of this thesis.

Although the Clausius–Clapeyron relation provides the thermodynamic founda-
tion for the temperature dependence of saturation vapour pressure, several empirical
approximations are commonly used in atmospheric applications. One of the most
widely used is the formulation proposed by Bolton (1980). Bolton (1980) [33] showed
that the saturation vapour pressure over liquid water can be accurately approximated
(within 0.1%) over the temperature range −30 ◦C ≤ T ≤ 35 ◦C by the empirical
relation

es(T ) = 6.112 exp
3 17.67 T

T + 243.5

4
, (1.10)

where es is in millibars (mb) and T is the temperature in degrees Celsius. This
empirical formulation is widely used in atmospheric modelling due to its simplicity
and high accuracy.

The specific humidity can also be expressed as a function of the water vapour
pressure [34]. It is defined as

qv = mv

m
= ρv

ρd + ρv
= e/(RvT )

(p − e)/(RdT ) + e/(RvT ) = ϵe

p − e + ϵe
≈ ϵe

p
, (1.11)

where e is the water vapour pressure, p is the total pressure, Rv and Rd are the
specific gas constants for water vapour and dry air, respectively, and ϵ = Rd/Rv.
Similarly, the saturation specific humidity can be expressed in terms of the saturation
vapour pressure as

qs ≈ ϵes

p
. (1.12)

Because condensation releases latent heat, saturated air parcels cool more slowly
during ascent than dry parcels. Above the LCL, the resulting temperature decrease
with height is known as the moist adiabatic lapse rate, which typically ranges between
approximately 4 and 7 K km−1 depending on temperature and moisture content. This
reduced cooling rate, compared with the dry adiabatic lapse rate Γd ≈ 9.8 K km−1

introduced in Section 1.2, allows saturated parcels to maintain positive buoyancy over
greater depths of the atmosphere and is one of the principal mechanisms responsible
for deep convective cloud development.

In this work, however, the saturation vapour pressure is evaluated using the
Antoine equation, which will be introduced and discussed in Chapter 2.
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1.4 Rayleigh–Bénard convection

Many turbulent flows are driven and sustained by temperature differences, such as
convection within stars and planets [35, 36], atmospheric motion [19, 37], and oceanic
circulation [38]. The study of convection in the history of science can be traced back
to the study of buoyancy by Archimedes. This principle states that a fluid parcel
experiences an upward force equal to the weight of the fluid it displaces. At the end
of the nineteenth century, the study of convection advanced through the laboratory
experiments of Henri Bénard and the theoretical analysis of Lord Rayleigh. Rayleigh
demonstrated that a fluid layer heated from below becomes convectively unstable
once a critical Rayleigh number is exceeded, leading to the formation of regular
convection cells instead of pure thermal conduction [39].

A canonical model for studying buoyancy-driven convection is Rayleigh–Bénard
convection (RBC) [40]. In this setup, a fluid layer of height H is heated from
below and cooled from above. The top and bottom boundaries are kept at constant
temperatures, Ttop at z = H and Tbottom at z = 0, such that ∆T = Tbottom −Ttop > 0
(see fig. 1.2). Alternatively, a constant heat flux can be imposed at the boundaries
by fixing the temperature gradient dT/dz. When a fluid parcel becomes warmer, it
expands and its density decreases. In the presence of gravity, this leads to motion: the
lighter, warm fluid rises, while the heavier, cold fluid sinks. As a result, convection
develops when warm fluid is below cold fluid. In most cases the turbulent convective
motion is coupled to other physical processes such as radiative transfer, phase changes,
and chemical reactions.

Figure 1.2: Direct numerical simulation (DNS) of dry RB convection at Ra = 107.

A fluid parcel will rise when the buoyancy force is strong enough to overcome
viscous drag and thermal diffusion. This behaviour can be described using two
dimensionless parameters: the Rayleigh number Ra and the Prandtl number Pr,
defined as

Ra = gβ∆TH3

νκ
, Pr = ν

κ
, Γ = L

H
. (1.13)

Here, Γ is the aspect ratio, where L is a characteristic horizontal length scale (for

9



Introduction and Background

example, the diameter of a convection cell) and H is the domain height. The parameter
g denotes gravitational acceleration and β is the thermal expansion coefficient.

The Rayleigh number Ra measures the balance between buoyancy forces that
drive the flow and the effects of viscosity and thermal diffusion that resist motion. The
Prandtl number Pr compares the relative importance of momentum diffusion (through
the kinematic viscosity ν) to thermal diffusion (through the thermal diffusivity κ).
Table 1.2 shows typical examples of turbulent convection and provides estimates of
the corresponding Rayleigh and Prandtl numbers, together with the characteristic
vertical scale H and the aspect ratio Γ = L/H.

Table 1.2: Examples of convection Rayleigh and Prandtl numbers,

Flow type Ra Pr H Γ
Deep oceanic convection [41] 1024–1027 7 1–4 km 102–103

Shallow moist convection [42] 1018 0.7 2 km 102

Deep moist convection [31] 1022 0.7 10 km 10

In Rayleigh–Bénard convection, turbulent transport of heat and momentum is
mainly governed by near-wall dynamics. The presence of two rigid, impermeable
boundaries leads to the formation of thermal and velocity boundary layers, within
which coherent turbulent structures, such as plumes and streaks, play a dominant
role in transferring heat and momentum across the domain [43, 44].

As the Rayleigh number increases, buoyancy-driven motions become stronger,
leading to increasingly turbulent flow. In this regime, transport processes are
dominated by turbulent mixing rather than molecular diffusion and viscous dissipation
[31]. In particular, large-scale turbulent structures, such as rising and falling plumes,
play a central role in transporting heat across the domain. These energetic motions
enhance mixing efficiency and effectively redistribute temperature over large distances.
While viscosity and thermal diffusivity continue to act at small scales, their relative
importance diminishes compared to the large-scale turbulent eddies responsible for
heat transport. Consequently, in the ultimate regime at very high Rayleigh numbers,
the Nusselt number becomes largely independent of these molecular properties,
reflecting a transition from diffusion-controlled to turbulence-controlled transport.

The Rayleigh–Bénard setup can be considered a simplified representation of
atmospheric convection and can be used to study moisture effects and cloud-formation
feedback mechanisms [45]. The key distinction between atmospheric convection
and RB convection lies in the presence of phase transitions in the atmosphere. In
atmospheric systems, water evaporates from the Earth’s surface, rises with buoyant air
parcels, and condenses at higher altitudes. This phase-change process releases latent
heat, which reduces the effective adiabatic lapse rate compared to dry convection.
Furthermore, clouds formed from suspended condensed water droplets significantly
influence the radiative properties of the atmosphere by modifying the albedo and,
consequently, the overall energy budget [46, 47]. A deeper physical understanding of
cloud feedbacks can be achieved by reducing system complexity and isolating the

10



Introduction and Background

relevant processes in order to quantify their individual contributions and impacts. In
this context, extensions of the classical (dry) Rayleigh–Bénard convection to moist
convection are considered within the Oberbeck–Boussinesq (OB) framework.

In steady-state Rayleigh–Bénard convection, heat is transported by turbulent
thermal convection from the bottom, hot surface to the top, cold surface, leading to
a height-independent sensible heat flux. When water vapour is present and cloud
formation occurs, there is also an additional latent heat flux. Heat transport in cloudy
Rayleigh–Bénard convection depends on the turbulent flow as well as the microphysical
state of the clouds: specifically, whether substantial supersaturations exist and
whether cloud liquid water is removed through sedimentation and precipitation.

In contrast to dry convection, moist convection requires tracking additional
thermodynamic variables, including water vapour and liquid water (and potentially
ice). Consequently, the governing equations become more complex than the standard
OB formulation. For warm-cloud conditions, the ice phase can be neglected, reducing
the system to two components: water vapour and liquid water.

The buoyancy force in atmospheric convection can be expressed in its general
form as

B(T, wv, wl, p) = −g
ρ(T, wv, wl, p) − ρref

ρref
, (1.14)

where T denotes the (potential) temperature, and wv, wl are the mixing ratios of
water vapour and liquid water, respectively. This formulation extends the buoyancy
term in the momentum equation to account for multiphase effects. In the limit of
single-phase (dry) convection, this expression reduces to the classical form

B = βg(T − Tref). (1.15)

In the absence of precipitation, water vapour and liquid water only interconvert
through phase change, so their sum, the total water mixing ratio

wt = wv + wl, (1.16)

is conserved locally and can be used to simplify the governing equations. When
sedimentation of liquid water is included, as in the present work, this local conservation
is relaxed: settling transports liquid downward and removes it through the lower
boundary as precipitation. Total water is nonetheless conserved in an integral sense,
provided the liquid flux leaving the domain is accounted for in the water budget.

1.5 Literature Review of moist convection study

Although more than 180 years have passed since James Pollard Espy first recognized
that cumulus clouds are powered by the release of latent heat during condensation
[29], many fundamental properties of moist convection are still not fully understood.
Convection occurs in the atmosphere in many different contexts, from the planetary
boundary layer to storms with high kinematic fluxes that drive convection through
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the depth of the troposphere; deep precipitating clouds can be organized in different
patterns and can propagate over long distances in the atmosphere [4]. The study
of moist convection also depends on the environmental conditions, and convective
systems can be organized over multiple length scales and with different aspect ratios.
For example, in the tropical atmosphere, deep moist convection creates a variety of
clouds at different scales; groups of interacting convective cells organize into systems
with horizontal extents of order 100 km and lifetimes of 1 h to 1 day, commonly
called mesoscale convective systems (MCSs) [48, 4].

To study these processes, a hierarchy of numerical models has been developed,
ranging from comprehensive cloud-resolving models to highly idealized Rayleigh–
Bénard configurations. Among the idealized moist-convection studies most relevant
to the present work are those of Hernandez-Duenas et al. [48], Vallis et al. [31], Zhang
et al. [49], and Thomas et al. [50]. A recurring simplification across this hierarchy
is the treatment of condensed water: some models remove condensate from the
system the moment it forms, while others convert it instantaneously into rain. How
condensed water is represented, and which physics is lost under each simplification,
is a guiding question of this review and the central motivation for the present work.
The review proceeds from comprehensive atmospheric models through simplified
moist-convection models to moist Rayleigh–Bénard studies , before identifying the
remaining gap and introducing the present study.

Moist atmospheric convection and cloud-resolving models

One class of numerical models used to study convection is cloud-resolving models
(CRMs), which attempt to include all relevant physical processes. These comprehen-
sive numerical models employ grid spacings of about 1 km, as opposed to general
circulation models (GCMs), which use grid spacings of order 100 km and must
therefore parameterize clouds as a subgrid-scale process [48]. In smaller domains
with horizontal scales of 100–1000 km, CRMs are able to reproduce both scattered
convection and squall-line regimes in response to different background wind shears
[51], and they can provide further details that are often unavailable from observational
data. Moreover, several studies have shown that the main regimes of convective
organization can be reproduced using a 2D configuration (x, z), in which the flow is
assumed to be uniform in one horizontal direction (y) [52, 53, 54, 55, 56].

Comprehensive simulations of moist convection, such as atmospheric CRMs,
typically use a non-Boussinesq dynamical core, such as the anelastic equations, and
include the water phases explicitly: liquid water, water vapour qv, and ice. In these
formulations, liquid water itself is further separated into cloud water qc, consisting of
small droplets suspended in the air, and rain water qr, consisting of larger droplets
that fall relative to the flow.

Many cloud-resolving and convection models employ the anelastic approximation
[57, 58, 59, 60]. The motivation for this choice is twofold. First, the anelastic
framework accounts for vertical density stratification by assuming a background

12



Introduction and Background

density that varies with height, ρ̃(z). A key quantity in these studies is the density
scale height, defined as

Hρ = −ρ̃

3
dρ̃

dz

4−1
, (1.17)

which represents the characteristic vertical distance over which density changes
significantly. In the Earth’s atmosphere, this scale is typically of the order of
Hρ ≈ 8 km. Therefore, when the vertical extent of fluid motion is comparable to
several kilometres, density variations become important and must be retained, as in
the anelastic framework; in contrast, for shallow flows (e.g., laboratory convection
or domains of a few hundred metres), density variations are negligible and the
Boussinesq approximation is often sufficient. Second, the characteristic time scales of
atmospheric motion are governed by buoyancy-driven processes and are much longer
than those associated with acoustic waves. For typical atmospheric flows, convective
velocities are of order U ∼ 1–10 m s−1, whereas the speed of sound is c ∼ 340 m s−1,
leading to a low Mach number Ma = U/c ∼ 10−3–10−2. This clear separation of
time scales implies that compressibility effects associated with acoustic waves are
negligible, so that fast acoustic modes can be filtered out and the description focuses
on the slower, dynamically relevant processes of convection and stratification. In
this sense, the anelastic approximation used in these models may be interpreted as
describing a compressible fluid in which sound waves are neglected [57, 58, 59, 60].

In these anelastic formulations, the thermodynamic variables are decomposed into
a background state, denoted by ρ̃(z), p̃(z), T̃ (z), and θ̃(z), and small perturbations
associated with fluid motion. The background state is assumed to be in hydrostatic
balance, providing a vertically stratified but motionless reference profile. Density
variations are treated as small and are retained only in the buoyancy term of the
momentum equation, ensuring that their dynamical effect is limited to gravity-driven
motions. The resulting governing equations describe the evolution of velocity, mass,
temperature, and water phases, while employing simplified representations of cloud
microphysics, and retain the essential physical processes of moist convection, such as
buoyancy, stratification, and phase change, while significantly reducing the complexity
of the full compressible system. As a representative example, the moist anelastic
system discussed by Hernandez-Duenas et al. [48] can be written as:

Du
Dt

= −∇
3

p′

ρ̃(z)

4
+ kg

A
θ − θ̃(z)

θ̃(z)
+ ϵ0(qv − q̃v(z)) − qc − qr

B
, (1.18)

∇ · (ρ̃(z)u) = 0, (1.19)

Dθ

Dt
= Lθ̃(z)

cpT̃ (z)
(Cd − Er), (1.20)

Dqv

Dt
= −Cd + Er, (1.21)
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Dqc

Dt
= Cd − Ar − Cr, (1.22)

Dqr

Dt
− 1

ρ̃(z)
∂

∂z
(ρ̃(z)VT qr) = Ar + Cr − Er. (1.23)

In this formulation, u(x, t) is the velocity vector with components (u, v, w), k
is the unit vector in the direction of gravity, and the material derivative is defined
as D

Dt = ∂
∂t + u · ∇. The total thermodynamic variables ρ(x, t), p(x, t), θ(x, t)

and T (x, t) are decomposed into a background (anelastic) state and a perturbation.
For example, ρ(x, t) = ρ̃(z) + ρ′(x, t) with |ρ′| ≪ |ρ̃|, and similarly for the other
variables; for instance, the water vapour is written as qv(x, t) = q̃v(z) + q′

v(x, t).
The governing equations of these models are formulated in terms of full prognostic
variables such as velocity, potential temperature, and water mixing ratios. However,
these variables evolve relative to a prescribed background state, and their deviations
from this state effectively represent the perturbations. The background profiles are
not solved dynamically but are fixed and enter the equations through buoyancy and
thermodynamic terms. Therefore, such models implicitly capture the evolution of
perturbations while solving for the full fields.

In these formulations, the source terms represent phase-change and microphysical
processes (Figure 1.3), including condensation Cd, evaporation Er, auto-conversion
Ar, and collection Cr; each source requires modelling, typically involving bulk cloud
physics [45, 61, 62]. The terms Cd and Er depend on the saturation specific humidity
qvs(p, T ) (via the Clausius–Clapeyron relation), which is a function of temperature
and pressure [32], and the rain terminal velocity VT is specified as a function of
droplet size.

Figure 1.3: Schematic diagrams of cloud physics in numerical models.

The cloud-physics source terms in these models thus depend fundamentally on the
saturation water vapour qvs(p, T ), which is a function of temperature and pressure
only [32]. In CRMs, the saturation water vapour pressure is defined by the Clausius–
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Clapeyron relation [31, 48, 32]. However, in some simplified models, the saturation
water vapour is approximated as qvs(z), a function of height only.

Simplified moist-convection models

While the level of detail in CRMs is appropriate for weather prediction and for
comparison with observations, it may obscure some fundamental aspects of convective
dynamics. In particular, certain key features of convection can be reproduced
using simplified models with reduced physical complexity. For example, a key
distinction between shallow and deep convection is the presence of precipitation-cooled
downdrafts in the latter. Deep convection extends over vertical scales comparable
to the depth of the troposphere (approximately 10 km), whereas shallow convection
is confined to much smaller vertical scales (of order 1 km) and generally does not
involve precipitation. Consequently, shallow convection and cloud formation can
be described using simplified moist models that focus primarily on water vapour
and cloud water [63, 64, 65, 66]. For such simplified models, a reduced form of
fast-autoconversion cloud physics is often adopted, in which the autoconversion (Ar)
of cloud water qc to rain water qr is assumed to occur rapidly.

Several studies have employed simplified frameworks based on the Boussinesq
approximation combined with bulk representations of cloud physics [48, 31, 49, 50].
As noted in Section 1.5, the Boussinesq approximation is appropriate when the vertical
extent of the flow is small compared with the density scale height Hρ [60]. Under
this assumption, background thermodynamic variables such as density, pressure, and
temperature can be treated as constant, while stratification is represented through
a linear variation of potential temperature, typically written as θ(z) = θ0 + Bz.
In this framework, temperature variations are small and influence the dynamics
only through the buoyancy term, whereas density is assumed constant elsewhere.
This approximation is widely used in studies of shallow convection and laboratory-
scale flows, but becomes less accurate for deep atmospheric motions where density
variations are significant.

Furthermore, in such simplified models, the cloud microphysics is highly reduced:
not only are ice-phase processes neglected, but cloud droplets, once formed, are
assumed to grow rapidly and convert into rain droplets. Previous studies have
explored simplified models of moist convection with fast autoconversion to better
understand the fundamental dynamics of precipitation processes. Early work by
Seitter and Kuo [67] investigated two-dimensional simulations of such models, while
Emanuel [68] examined the instabilities arising in linear systems incorporating fast
autoconversion. Later, Majda [69] applied this approach within a weak-temperature-
gradient framework to study the early development of hurricanes. Subsequent studies
relaxed this approximation to allow for more realistic dynamics: Sukhatme [70]
investigated two-dimensional precipitating stratified turbulence with inertia–gravity
waves included, and Deng [71] extended the framework to a three-dimensional
Boussinesq model. Their work focused on the interaction between moisture and
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low-level vertical wind shear, highlighting their combined role in processes such as
cyclogenesis. Together, these studies demonstrate that simplified models with fast
autoconversion can successfully capture key aspects of moist convective dynamics
while remaining computationally tractable.

In particular, Hernandez-Duenas et al. [48] proposed a minimal model that
captures the essential features of turbulent moist convection while explicitly including
precipitation through a simplified representation in which rainwater falls with a
prescribed terminal velocity. Their work introduced simplified Boussinesq systems
that include water vapour and rainwater, while neglecting detailed microphysical
processes such as droplet size distributions and complex phase-change kinetics. A
key simplification in their approach is the assumption of fast autoconversion (FA),
whereby cloud water is instantaneously converted into rainwater, eliminating the
need to explicitly model cloud liquid water. This reduces their governing equations to
a system involving only water vapour and rainwater, while still retaining the essential
coupling between thermodynamics and fluid motion.

To further simplify the system and improve robustness, the authors proposed an
extended model, referred to as FARE (Fast Autoconversion with Rain Evaporation),
in which not only autoconversion but also condensation and evaporation processes
are assumed to occur on very fast time scales. In this limit, their microphysical
source terms become effectively instantaneous, removing the need for parameterized
closures and reducing numerical stiffness. The FARE model is formulated in terms
of conserved thermodynamic variables, such as the total water mixing ratio and
the rainwater potential temperature, allowing the system to retain key conservation
properties while remaining mathematically tractable. An important feature of their
formulation is the inclusion of an energy-consistent framework, in which precipitation
not only transports energy but also acts as a sink due to the gravitational settling
of rain droplets. This effect represents an additional mechanism through which
moist processes influence the dynamics of convection. At the same time, their
fast-autoconversion assumption means that suspended cloud liquid water is never
explicitly represented in their model: condensate is transferred immediately to the
rain category, so the residence of liquid water in the flow, and its direct feedback
on buoyancy through condensate loading, are not captured. This simplification is
shared, in different forms, by several of the idealized models discussed below, and it
is precisely the aspect that the present work seeks to relax.

Moist Rayleigh–Bénard convection

In addition to atmospheric models, convection has been extensively studied in
the framework of Rayleigh–Bénard (RB) convection, which represents a canonical
configuration for buoyancy-driven flows [45, 31, 49, 72, 50]. In this setup, as
explained in Section 1.4, a Boussinesq fluid is confined between two horizontal
plates maintained at different temperatures, leading to convective motion when
the temperature difference exceeds a critical threshold. Despite its simplicity, RB
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convection captures many fundamental features of convective dynamics, including
instability, pattern formation, and the transition to turbulence. As such, it provides
a useful idealized framework for understanding key aspects of convective processes
and has been widely used as a reference system for both dry and moist convection
studies.

A very large body of literature exists on these problems; comprehensive reviews
are given by Ahlers, Grossmann and Lohse [73] and Chillà and Schumacher [74]. How-
ever, atmospheric convection is much more complex than classical Rayleigh–Bénard
convection, and previous studies of moist Rayleigh–Bénard convection have therefore
been conducted to better understand atmospheric convection processes. Although
condensation is a primary difference between Rayleigh–Bénard and atmospheric
convection, other important distinctions exist. Rayleigh–Bénard convection typically
considers a dry Boussinesq fluid confined between two plates, where buoyancy is
driven solely by diffusive heat fluxes at the boundaries. In contrast, atmospheric
convection often involves moisture, occurs in an ideal gas without a rigid upper
boundary, and is influenced by radiation, which both heats the fluid near the surface
and cools it internally. Radiative cooling introduces an up–down asymmetry in the
flow, which can be as important as moisture effects. By cooling the fluid internally,
it enhances turbulent mixing and may help reduce the limiting role of molecular
diffusion in the boundary layers [75, 76].

In addition to these effects, an important distinction between Rayleigh–Bénard
convection and atmospheric convection lies in the role of shear and surface-layer
processes. In classical Rayleigh–Bénard convection, turbulence is primarily driven by
buoyancy, while shear arises only locally within boundary layers as a consequence of
no-slip boundary conditions and convective motions. In this case, the influence of the
boundaries is governed by molecular diffusion and viscous effects within thin thermal
and velocity boundary layers [31]. In contrast, the atmospheric boundary layer is
strongly influenced by imposed shear induced by large-scale winds with specific mean
wind profiles and surface roughness, which act as additional sources of turbulence and
significantly modify boundary-layer dynamics. As a result, turbulent transport near
the surface is more accurately described by similarity theories, such as the Monin–
Obukhov framework [77], which relates fluxes of momentum and heat to macroscopic
parameters like the friction velocity, the surface roughness length, and the Monin–
Obukhov length. Unlike RB convection, this approach does not rely on molecular
viscosity or diffusivity, but instead captures the dominant role of turbulent mixing.
Therefore, while RB convection provides a fundamental framework for studying
buoyancy-driven flows, atmospheric convection requires additional considerations of
shear, surface effects, and empirical scaling laws to describe near-surface turbulence.

It should also be mentioned that surface roughness enhances turbulence and heat
transfer in both Rayleigh–Bénard convection and the atmospheric boundary layer
by modifying near-wall flow structures [72, 74]. In the atmospheric boundary layer
in particular, surface roughness plays a crucial role by enhancing velocity gradients
near the surface and generating shear-driven turbulence. This increased turbulence
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promotes mixing of momentum, heat, and moisture, leading to stronger vertical
transport and larger surface fluxes [31]. As a result, rougher surfaces are associated
with more efficient heat transfer and a more active and deeper boundary layer.

Beyond these physical distinctions, the theoretical and numerical frameworks
adopted in each field have also diverged considerably. Theories of atmospheric con-
vection have historically been grounded in plume-based models and quasi-equilibrium
frameworks, originating from foundational works such as Scorer & Ludlam [78],
Morton, Taylor & Turner [79], and Ludlam [80], and later refined by Emanuel,
Neelin & Bretherton [45]. In contrast, Rayleigh–Bénard convection has been ap-
proached through statistical turbulence theory and scaling relations [73, 74], with
flow behaviour governed by two well-defined dimensionless parameters: the Rayleigh
number, which quantifies the ratio of buoyancy-driven to diffusive transport, and
the Prandtl number, which characterizes the fluid’s thermophysical properties. A
fundamental challenge in atmospheric modelling lies in the inability to resolve all
relevant scales of motion, since computational resources remain far from sufficient
to capture molecular-level viscosity and diffusion, or even individual cloud plumes
[81]. To account for unresolved sub-grid turbulence, atmospheric models employ
turbulence closure schemes, most notably eddy-viscosity approaches such as the
Smagorinsky model [82] and the Mellor & Yamada scheme [83], as well as two-
equation k–ε models, which approximate turbulent transport through a modelled
turbulent viscosity linked to the turbulent kinetic energy k and its dissipation rate ε.
More computationally demanding approaches, such as Large Eddy Simulation (LES),
partially resolve the larger energy-carrying eddies while modelling only the smaller
sub-grid scales, offering improved accuracy at the cost of greater computational ex-
pense [82, 81]. Despite these advances, the Rayleigh and Prandtl numbers — central
to laboratory-scale Rayleigh–Bénard theory — play virtually no direct role in most
atmospheric convection models, reflecting a fundamental disconnect between the
two frameworks. This divergence means that phenomena observed in one modelling
context, such as convective aggregation, may not be reproducible in another, raising
important questions about whether such behaviours reflect true physical dynamics or
are artefacts of specific model configurations [45, 84]. Model intercomparison projects
have been developed as a practical response to this reproducibility challenge, allowing
results from multiple models to be evaluated side by side [81]. In stark contrast,
dry Rayleigh–Bénard convection is governed by its two dimensionless parameters,
giving it a clean and controlled mathematical structure in which both the transition
to turbulence and key turbulent flow properties are now reliably and reproducibly
modelled across independent research groups [73, 74].

Although dry Rayleigh–Bénard convection provides a well-controlled theoretical
framework, it is in itself a poor direct model of atmospheric convection, since its sim-
plifications become oversimplifications in an atmospheric context [73]. Nevertheless,
a number of studies have sought to bridge this gap. Emanuel [45] opens his treatise
on atmospheric convection with a discussion of plumes and the Rayleigh–Bénard
problem, explicitly acknowledging the conceptual link between the two systems.
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Bretherton [64, 85] examined non-precipitating convection by including liquid water
in a fluid confined between two plates, while Spyksma, Bartello & Yau [86] extended
this approach using bubble simulations in a triply periodic domain. Pauluis &
Schumacher [87] and Schumacher & Pauluis [88] retained liquid water and employed
a piecewise-linear equation of state in which buoyancy derivatives depend on whether
a parcel is saturated or not. Related problems of two-phase Rayleigh–Bénard convec-
tion have also been studied, including boiling flows [89, 90] and mantle convection
[91]. Taken together, these studies reflect a growing recognition that moist Rayleigh–
Bénard convection occupies a critical intermediate position between idealized dry
convection and the full complexity of atmospheric systems.

Vallis et al. [31] introduced the Rainy–Bénard model as an idealized extension of
classical Rayleigh–Bénard convection incorporating moist processes in a simplified
and transparent manner. In their framework, the standard Boussinesq system is
augmented by a prognostic moisture variable, with phase change represented through
a simplified Clausius–Clapeyron relation. In their model, condensation acts as a
source of buoyancy via latent heat release, while condensate is assumed to precipitate
instantaneously and is therefore removed from the system, providing a minimal yet
physically meaningful model of moist convection. Their lower boundary is maintained
at saturation, fixing the water vapour mixing ratio at its local saturation value and
establishing a vertical moisture gradient, since the fluid above is generally unsaturated.
Water vapour is transported upward by diffusion and continuously replenished by
evaporation at the lower boundary, while rising air that cools to supersaturation
undergoes condensation, releasing latent heat and coupling the temperature and
moisture fields throughout the domain. An important feature of their model is the
existence of a no-motion, or “drizzle”, solution in which the velocity field vanishes
identically and transport is governed solely by diffusion and phase change. In this
steady state, the upward diffusive moisture flux is exactly balanced by condensation
in the bulk, and the momentum equation is satisfied through a pressure balance, so
that this stationary solution exists independently of the Rayleigh number. However,
for sufficiently large Rayleigh numbers, the drizzle solution becomes unstable, giving
rise to buoyancy-driven convection. The existence and subsequent instability of
this solution highlight a fundamental distinction between dry and moist convection:
phase-change processes introduce thermodynamic mechanisms that can both stabilize
and destabilize the flow in ways that have no counterpart in classical dry Rayleigh–
Bénard convection. At the same time, the instantaneous removal of condensate
means that their Rainy–Bénard model cannot represent the dynamics of suspended
cloud water: their formulation contains no condensate loading in the buoyancy, no
re-evaporation of falling liquid in subsaturated regions, and no finite-time coupling
between the condensate field and the flow.

Additionally, Zhang et al. [49] investigated the mass-transfer properties of water
vapour in a moist turbulent natural convection system, motivated by evaporation
processes above a heated fluid layer. In their formulation, the system was assumed
to be free of condensation nuclei and sufficiently far from the critical point, such
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that no condensation occurred inside the bulk region of the convection cell. Instead,
in their setup, evaporation takes place at the lower boundary and condensation
at the upper boundary. Their flow was modelled using the Oberbeck–Boussinesq
approximation together with separate advection–diffusion equations for temperature
and water vapour concentration. Their governing system introduces buoyancy
contributions from both temperature and vapour variations, such that the buoyancy
force is proportional to (α∆T + β∆e)g, where, in their notation, α is the thermal
expansion coefficient, β is the vapour expansion coefficient, ∆T is the imposed
temperature difference, and ∆e is the vapour-pressure difference across the domain.
Based on this formulation, Zhang et al. defined a generalized Grashof number as
Gr = (α∆T +β∆e)gH3

ν2 , which characterizes the combined buoyancy effects generated
by thermal and moisture gradients.

The authors further proposed the parameter set {Gr, Λ, P r, Sc} as the complete
set of control parameters for their two-component convection system. Here, Λ = α∆T

β∆e

is the buoyancy ratio, representing the relative contribution of thermal buoyancy to
vapour-induced buoyancy. They showed that both the sensible heat transfer rate
and the moisture transfer rate are primarily controlled by the generalized Grashof
number and depend only weakly on the buoyancy ratio.

A limitation of the formulation of Zhang et al. [49] is that latent heating and
cooling are not directly coupled to their temperature equation. In their model, the
temperature field evolves only through advection and diffusion, while moisture affects
the dynamics indirectly through buoyancy. Consequently, important thermodynamic
effects associated with phase change, such as evaporative cooling near the lower
boundary and condensational heating near the upper region, are not explicitly
represented in their temperature evolution.

Thomas et al. [50] extended the Rayleigh–Bénard framework to cloudy convection
with explicit phase-change effects and cloud microphysics. Their main objective was
to connect the classical fluid-dynamics description of Rayleigh–Bénard convection
with atmospheric cloud-physics concepts. In contrast to dry convection, where heat
transport is described mainly by the Rayleigh, Prandtl, and Nusselt numbers, cloudy
convection involves additional processes such as water-vapour transport, condensation
and evaporation, supersaturation, and droplet sedimentation. Therefore, Thomas et
al. introduced a non-dimensional formulation of the governing equations and identified
the relevant control parameters for cloudy convection, including the Schmidt number,
Lewis number, Damköhler number, Stefan number, supersaturation, and Rouse
number.

In their formulation, the temperature equation contains an explicit latent-heating
term due to condensation and evaporation, while separate equations are solved for
water vapour and liquid water. This makes their model more thermodynamically
complete than simplified moist convection models in which moisture only affects
buoyancy. They showed that the sensible heat flux and latent heat flux can vary
with height because phase change locally converts energy between sensible and latent
forms. However, by combining the temperature and water-vapour equations, they
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derived an equivalent heat flux, which remains approximately constant with height
at statistical steady state. This flux leads to an equivalent Nusselt number for
cloudy convection and is closely related to the atmospheric concepts of equivalent
temperature and moist static energy.

Thomas et al. also performed large-eddy simulations of an idealized cloudy
Rayleigh–Bénard system, motivated by the Pi Chamber configuration, with different
aerosol injection rates. By changing the aerosol concentration, they varied the cloud
microphysical state, including the droplet number concentration, liquid water content,
supersaturation, sedimentation effects, and the Damköhler number. Their results
showed that the individual sensible and latent heat flux profiles depend strongly
on the liquid water content and cloud microphysics, whereas the equivalent heat
flux is only weakly sensitive to these details and remains nearly conserved across
the chamber. A limitation of their work is that their simulations are based on an
idealized laboratory-scale cloud-chamber configuration with fixed boundary conditions.
Therefore, although their study provides an important bridge between Rayleigh–
Bénard convection and atmospheric cloud physics, it does not directly address
large-scale atmospheric convection, where additional processes such as large-scale
circulation, entrainment, precipitation, radiation, and environmental stratification
may become important.

Research gap

Taken together, the studies reviewed above span a hierarchy of idealized moist-
convection models, but each simplifies the treatment of condensed water in a different
way. In the fast-autoconversion models of Hernandez-Duenas et al. [48], cloud liquid
water is eliminated by construction, being converted instantaneously into rain. In
the Rainy–Bénard model of Vallis et al. [31], condensate is removed from the system
the moment it forms, so that no liquid-water field exists at all. In the formulation of
Zhang et al. [49], phase change is confined to the boundaries and latent heating does
not enter the temperature equation. The cloud-chamber simulations of Thomas et
al. [50] do retain a liquid-water field with detailed microphysics, but in a laboratory-
scale configuration tied to aerosol injection and chamber boundary conditions. A gap
therefore remains for a moist Rayleigh–Bénard framework in which cloud liquid water
is retained as a prognostic field within a controlled, parameter-governed convection
setup: one in which condensate persists in the flow for a finite time, is transported
and sediments with a prescribed settling velocity, can re-evaporate in subsaturated
regions, and feeds back on the buoyancy through both latent heating and condensate
loading.

Present study

The present study aims to fill this gap, bridging the classical Rayleigh–Bénard
convection literature and the atmospheric convection literature through a simplified
numerical framework that captures the essential mechanisms of moist convection
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while retaining a transparent connection to well-established laboratory-scale theory.
The model, described in Chapter 2, is built on a Boussinesq one-fluid formulation
derived from a two-phase flow solver, in which the liquid phase is retained as a
prognostic volume-fraction field. Phase change is represented by a bulk relaxation
of the vapour mass fraction toward its local saturation value, with the saturation
state evaluated from the Antoine equation, so that condensation and evaporation
occur over a finite relaxation time rather than instantaneously. The condensate is
transported by the flow, settles with a prescribed terminal velocity following the
treatment of Hernandez-Duenas et al. [48], and can re-evaporate where the gas is
subsaturated. The buoyancy force includes the three moist contributions — thermal
expansion, water-vapour content, and condensate loading — in a linearized form
consistent with the formulation of Thomas et al. [50].

The total heat flux in the system is decomposed into two contributions: the
sensible heat flux, which is what is typically measured in classical Rayleigh–Bénard
experiments, and the latent heat flux, which reflects the thermodynamic contribution
of phase-change processes [92]. Both contributions are studied simultaneously in the
present work, allowing a more complete characterization of heat transport in moist
convective systems than dry Rayleigh–Bénard studies alone can provide. For the cloud
microphysics, a deliberately simplified representation is adopted: ice formation is
neglected, droplet-scale processes such as size distributions and collision–coalescence
are not resolved, and the liquid phase is described by a single bulk field. The fluid is
assumed to have uniform effective diffusivities and viscosity throughout the domain.
Dry convection is retained as a reference case throughout, allowing the isolated effect
of moisture and phase change to be systematically assessed against a controlled
baseline.

The novelty of this work therefore lies in retaining cloud liquid water as a prog-
nostic field within a controlled Rayleigh–Bénard configuration: rather than removing
condensate instantaneously, as in the Rainy–Bénard model of Vallis et al. [31], or
transferring it immediately to rain, as in the fast-autoconversion models of Hernandez-
Duenas et al. [48], the present framework resolves the finite lifetime of condensate
in the flow. This allows the coupling between phase change, condensate loading,
settling, re-evaporation, and buoyancy to be examined directly, while the underlying
Rayleigh–Bénard configuration preserves the reproducibility and parameter-governed
structure that make laboratory-scale convection theory tractable. In this way, the
model offers a physically transparent yet complete bridge between idealized dry
convection and the moist processes at the heart of atmospheric convective systems.
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Chapter 2

Mathematical Formulation

2.1 Multiphase Flow Formulation

Multiphase flows involving heat and mass transfer arise in a wide range of natural and
industrial processes, including atmospheric cloud formation, ocean evaporation, and
turbulent precipitation [93, 94, 95, 96]. The accurate numerical representation of such
flows requires a thermodynamically consistent framework capable of coupling fluid
dynamics with phase-change processes. A well-established approach for achieving this
is the use of conserved variables — quantities such as total mass, momentum, and
energy — whose conservation properties are preserved exactly at the discrete level
regardless of the phase state of the fluid. The general advantage of such conservative
frameworks lies in their ability to ensure physically consistent coupling between
compressible dynamics and phase-change processes, avoiding spurious sources or
sinks of energy that can arise in non-conservative formulations. This philosophy is
central to multiphase modelling strategies such as the Baer–Nunziato model [97],
which employs separate conservation equations for the mass, momentum, and energy
of each phase, and has been widely adopted in the modelling of compressible two-phase
flows.

Multiphase flow methods can first be divided into resolved-interface approaches
and unresolved-interface (mixture) approaches. In mixture models, the phases are
represented by a volume fraction defined in each cell, whereas in resolved-interface
methods the boundary between two fluids is explicitly represented and sharply
identified. Resolved-interface methods are commonly categorized into interface
tracking methods, such as Front Tracking, which follow the interface explicitly using
Lagrangian markers, and interface capturing methods, such as the Volume-of-Fluid
(VOF), Level-Set (LS), and Phase-Field (PF) approaches, in which the interface is
represented implicitly through a transported scalar field. The VOF and LS approaches
are generally regarded as sharp-interface methods, whereas Phase-Field methods
belong to the diffuse-interface family. The present work instead uses a mixture
(volume-fraction) formulation: within each computational cell the gas and liquid
phases coexist, their relative amounts given by the volume fraction α1, and no phase
interface—sharp or diffuse—is resolved. This is the natural description for a cloudy
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flow, in which liquid water is present as a dilute condensate dispersed throughout
the gas rather than as a separate region bounded by an interface. The formulation is
detailed in Section 2.2.

The model considered in this project belongs to the class of Baer–Nunziato-type
multiphase compressible flow models [97]. The fully compressible seven-equation
two-phase flow model originally proposed by Baer and Nunziato, together with the
formulation later developed by Saurel and Abgrall [98], represents one of the most
general Eulerian frameworks for compressible multiphase flows. In this approach, the
phases are treated as interpenetrating continua and are described through separate
conservation equations for mass, momentum, and energy, resulting in a system of
seven equations [99]. Unlike sharp-interface approaches, the BN formulation belongs
to the diffuse-interface family, where the interface is represented as a finite-thickness
transition region with smoothly varying thermodynamic properties. Furthermore, the
model allows for thermodynamic and mechanical non-equilibrium between phases,
accounting for differences in velocity, pressure, temperature, and chemical potential.
Owing to these characteristics, BN-type models are particularly suitable for com-
pressible and low-Mach multiphase flows involving evaporation, boiling, cavitation,
and large density ratios.

Table 2.1: Comparison of 4-, 5-, 6-, and 7-equation multiphase flow models.

Model No. Mass Eq. No. Momentum Eq. No. Energy Eq. No. Volume Frac. Eq.
4-equation 2 1 1 0
5-equation 2 1 1 1
6-equation 2 1 2 1
7-equation 2 2 2 1

Diffuse-interface models for compressible two-phase flows exist at different levels
of complexity depending on the equilibrium assumptions imposed between the phases.
The most general formulation is the seven-equation Baer–Nunziato (BN) model [97],
which allows full thermodynamic and mechanical non-equilibrium between phases.
In this framework, each phase possesses its own conservation equations for mass,
momentum, and energy, together with a volume-fraction transport equation. Interfa-
cial exchange processes, such as momentum, pressure, heat, and mass transfer, are
represented through relaxation source terms driving the system toward equilibrium.

By assuming instantaneous equilibrium for selected variables, simplified models
can be derived from the BN system. The six-equation model assumes kinematic
equilibrium between phases, while the five-equation model further assumes mechanical
equilibrium. A further simplification leads to the four-equation model, which assumes
kinematic , mechanical, and thermal equilibrium while still retaining chemical non-
equilibrium, allowing the description of phase change and mass transfer processes.
These reduced models provide lower computational cost while preserving the essential
physics required for many compressible multiphase flow applications.
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2.2 Parent Four-Equation Multiphase Model

The atmospheric model developed in this work is not constructed from first principles
in isolation, but is obtained as a reduction of a more general multiphase framework.
This section introduces that parent model and the equilibrium assumptions that
connect it to the atmospheric formulation of Section 2.3. Establishing this lineage
clarifies where the governing equations originate, why the flow is described in terms
of phase volume fractions, and which physical effects are retained or discarded in the
present study.

The parent model is the four-equation diffuse-interface model for compressible
two-phase flows introduced in Section 2.1. In compressible flows, the fluid density
varies in space and time due to changes in pressure, temperature, or composition, so
that pressure, temperature, and density are coupled and the velocity field is not, in
general, divergence-free, ∇·u ̸= 0. The importance of compressibility is characterized
by the Mach number, Ma = U/c, where U is a characteristic flow velocity and c is
the speed of sound. As noted above, the four-equation model is obtained from the
seven-equation Baer–Nunziato model by assuming instantaneous velocity, pressure,
and temperature relaxation between the phases. As a result, the two phases are in
kinematic , mechanical, and thermal equilibrium, while chemical non-equilibrium is
retained so that mass transfer between phases, and hence phase change, can still be
described.

Let αk, ρk, and Ek denote the volume fraction, density, and internal energy per
unit volume of phase k, with k = 1, 2. The common pressure, temperature, and
velocity fields are denoted by p, T , and u, respectively. The mixture density, internal
energy, and total energy are

ρ =
2Ø

k=1
αkρk, E =

2Ø
k=1

αkEk, E =
2Ø

k=1
αkEk, Ek = Ek + 1

2ρk|u|2.

The conservative form of the model consists of two mass equations, a mixture
momentum equation, and a mixture energy equation:

∂t(α1ρ1) + ∇ · (α1ρ1u) = M, (2.1a)

∂t(α2ρ2) + ∇ · (α2ρ2u) = −M, (2.1b)

∂t(ρu) + ∇ · (ρu ⊗ u + pI) = ∇ · τ + Σ + ρg, (2.1c)

∂tE + ∇ · [(E + p)u] = ∇ · (τ · u) − ∇ · q + Σ · u + ρg · u. (2.1d)

Here M is the interfacial mass-transfer term, with a positive value corresponding
to mass transfer from phase 2 to phase 1. The mixture viscous stress tensor is
τ = α1τ1 + α2τ2 and, assuming a Newtonian constitutive law,

τ = µ
è
∇u + (∇u)T

é
− 2

3µ(∇ · u)I, µ = α1µ1 + α2µ2.
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The surface-tension force is modelled as Σ = σκ∇α1, where σ is the surface-tension
coefficient and κ = −∇·(∇α1/|∇α1|) is the local interface curvature. Heat conduction
follows Fourier’s law, q = −λc∇T , with the mixture thermal conductivity λc =
α1λc1 + α2λc2.

The model is closed by assigning an equation of state to each phase, pk = pk(Ek, ρk)
and Tk = Tk(Ek, ρk). Because the phases are assumed to be in mechanical and thermal
equilibrium, the phase pressures and temperatures satisfy

p1 = p2 = p, T1 = T2 = T.

Closing the fully compressible system additionally requires a mixture speed of
sound and an equivalent pressure- (or enthalpy-) evolution equation, together with the
associated thermodynamic coefficients; these are not required for the incompressible
reduction used here, and the reader is referred to Salimi et al. [100] for the complete
compressible closure.

This parent formulation belongs to the class of interface-unresolved, or mixture,
models: the sharp boundary between phases is not explicitly tracked, but is instead
represented by the volume fraction of each phase, which varies smoothly over several
computational cells. Rather than following a sharp interface, the method tracks
the transition from one fluid to another and describes the averaged behaviour of
the phases, with each phase carrying its own contribution to mass, momentum, and
energy.

From this parent model, the atmospheric formulation of Section 2.3 is obtained
through a sequence of simplifications appropriate to shallow, low-speed moist con-
vection. The equilibrium assumptions have already been imposed in deriving the
four-equation system (2.1), so that a single velocity, pressure, and temperature
describe the flow. The remaining simplifications are as follows: the low-Mach-number
limit is taken, filtering acoustic modes; surface tension and gas-phase compressibility
are neglected, the latter leading to a divergence-free velocity field while retaining
density variations in the buoyancy term through the Boussinesq approximation; and
the regularization terms of the diffuse-interface treatment are dropped. Chemical
non-equilibrium is retained throughout, so that condensation and evaporation are still
represented through the mass-transfer term M. The resulting one-fluid Boussinesq
equations, together with the buoyancy and phase-change closures specific to moist
convection, are presented in the following section. These simplifications remove
acoustic dynamics and interface-scale effects while retaining the essential coupling
between buoyancy, moisture transport, latent heating, and phase change that governs
moist atmospheric convection.
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2.3 Two-phase Atmospheric Flows

In this work, we employ the model developed by Salimi et al. [100], who formulated
a low-Mach-number, four-equation solver to simulate multiphase, multicomponent
flows with phase change. The interface is captured using an implicit diffuse-interface
approach based on the volume-fraction formulation, supplemented by regularization
terms. This framework allows for the simulation of two-phase flows involving a
liquid–gas interface undergoing phase change. In particular, it accounts for gas-phase
compressibility effects within the low-Mach-number approximation, while the liquid
phase is treated as incompressible.

In the present study, the gas-phase compressibility effects and regularization
terms of the previous model are neglected. The system is described within a one-fluid
formulation, whereby a single velocity field u, temperature T , and pressure p represent
the entire flow. This implies local mechanical and thermal equilibrium between the
phases, and kinematic equilibrium apart from a prescribed droplet settling velocity,
while chemical non-equilibrium is retained to account for phase change. Under these
assumptions, the governing equations can be written in conservative form as follows:

∂α1
∂t

+ ∇ · [α1 (u − wT ẑ)] = M
ρ1

, (2.2)

∂(α2ρ2ξ)
∂t

+ ∇ · (α2ρ2ξ u) = −M + ∇ · (α2ρ2Dva∇ξ) , (2.3)

∂(ρ2u)
∂t

+ ∇ · (ρ2 u ⊗ u) = −∇p + ∇ · τ + ρb g, (2.4)

∇ · u = 0, (2.5)

∂(ρcpT )
∂t

+ ∇ · (ρcp uT ) = ∇ · (λc∇T ) + ML. (2.6)

Here, subscripts 1 and 2 denote the liquid and gaseous phases, respectively. The
corresponding volume fractions satisfy

α1 + α2 = 1. (2.7)

The liquid density ρ1 and gas density ρ2 are both assumed constant. The gas phase is
treated as a mixture of water vapour and a non-condensable gas (dry air). Consistent
with the Boussinesq approximation, a single constant reference gas density ρ2 is
used both in the inertial terms of the momentum equation (2.4) and in the vapour-
transport equation (2.3). This reference density is evaluated as the pure dry-air
density at the reference temperature T0, and because the reference vapour content
is small it is well approximated by this value, ρ2 ≈ ρair(T0), so that the gas-density
variations associated with vapour content are retained only in the buoyancy term
through the coefficient ϵξ introduced in Section 2.3.1. The effective density ρb is the
variable density retained in the gravitational body force, and is likewise discussed
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further in Section 2.3.1.
The first equation includes the sedimentation of liquid water through the terminal

velocity wT , following the form used in cloudy Rayleigh–Bénard and precipitating-
convection models by Thomas et al. [50] and Hernandez-Duenas et al. [48]. Here,
wT > 0 denotes the magnitude of the downward terminal speed of liquid droplets.
Since ẑ is defined to point upward, the settling velocity of the liquid phase is −wT ẑ.
When the liquid-water volume fraction exceeds a prescribed critical value, the liquid
phase is transported with the velocity

uℓ = u − wT ẑ. (2.8)

In principle, the terminal velocity can be related to the droplet radius using the
Stokes settling velocity,

wT = 2(ρ1 − ρ2)gR2

9µ2
, (2.9)

where R is the droplet radius and µ2 is the dynamic viscosity of the gas phase. If
the droplet number concentration N is assumed constant, the liquid volume fraction
satisfies

α1 = N
4
3πR3, (2.10)

and therefore
wT = 2(ρ1 − ρ2)g

9µ2

3 3α1
4πN

42/3
. (2.11)

Thus, under the assumption of constant N , the terminal velocity scales as
wT ∝ α

2/3
1 .

However, in the present work, for simplicity and following the approach of
Hernandez-Duenas et al. [48], the terminal velocity is prescribed as a constant
parameter rather than being computed from the local liquid volume fraction or
droplet-size distribution. A comparable treatment is adopted by Thomas et al. [50],
who prescribe the terminal velocity as a constant non-dimensional settling number
(a dimensionless Rouse-type parameter), varied over the range 0.01 to 0.9 to span
conditions from slowly settling, cloud-like droplets to rapidly falling, rain-like drops.

The vapour mass fraction ξ is treated as a transported scalar defined over the
entire domain as

ξ = mv

m2
, (2.12)

where mv is the mass of water vapour and m2 is the mass of the gas phase. The
parameter Dva denotes the mass diffusion coefficient of water vapour in air. The tensor
τ denotes the viscous stress tensor, and g represents the gravitational acceleration.

The mass transfer is represented by the source term M, which accounts for phase
change (further details are provided in Section 2.3.2). The latent heat of vaporization
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is denoted by L. The mixture properties in the energy equation are defined as

λc = α1λ1 + α2λ2, (2.13)
ρcp = α1ρ1cp,1 + α2ρ2cp,2, (2.14)

where λc is the effective thermal conductivity and cp is the specific heat capacity of
the mixture.

2.3.1 Boussinesq approximation

In the present model, the two-phase system is described by a single temperature
field, consistent with the assumption of local thermal equilibrium between phases.
Density variations are assumed to be small compared with the reference density and
are therefore neglected in the inertial and continuity equations, consistent with the
Boussinesq approximation. In atmospheric cloud-resolving models, especially when
the vertical extent is large enough for the background density to vary appreciably
with height, the anelastic approximation is often adopted instead; in that case, a
height-dependent reference density is retained, as in the model used by Thomas et al.
[50]. In the present configuration, however, the domain height is small compared
with the density scale height and the imposed temperature difference is moderate,
such that βth∆T ≪ 1. The background density can therefore be treated as essentially
uniform, and the Boussinesq approximation is adequate, as also adopted in related
idealized moist-convection studies by Vallis et al. [31] and Hernandez-Duenas et al.
[48].

Within the Boussinesq approximation, the density is treated as constant in the
inertial and advective terms, while its variations are retained only in the gravitational
body force. In moist convection, the density variation is associated with three
contributions: thermal expansion, water-vapour content, and condensate loading.
This decomposition is consistent with the buoyancy formulation used in the idealized
cloudy Rayleigh–Bénard model of Thomas et al. [50], in which temperature, vapour,
and liquid-water terms contribute separately to the buoyancy force [31, 48].

Considering the momentum equation (2.4), the buoyancy density can be written
in linearized form about the reference state (T0, ξ0) as

ρb = α1ρ1 + (1 − α1)ρ2 [1 − βth(T − T0) − ϵξ(ξ − ξ0)] . (2.15)

Here, ρ2 denotes the reference gas density, which is constant and evaluated at the
reference vapour mass fraction ξ0,

ρ2 ≡ ρg(ξ0), (2.16)

where

ρg(ξ) =
C

ξ

ρvap
+ 1 − ξ

ρair

D−1

. (2.17)
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Here, ρvap and ρair denote the reference densities of pure water vapour and dry air,
respectively, and are treated as constants.

The term α1ρ1 represents the condensate-loading contribution. Since the liquid
phase is incompressible, it contributes through its weight per unit volume. The
coefficient ϵξ measures the sensitivity of the gas density to changes in vapour mass
fraction. For an ideal-gas mixture close to dry air, this coefficient is approximately

ϵξ ≃ Rv

Rd
− 1 = Md

Mv
− 1 ≃ 0.61, (2.18)

where Rv and Rd are the specific gas constants of water vapour and dry air, and
Mv and Md are their molar masses. The isobaric thermal expansion coefficient of
the gas phase is taken as constant, βth = 1/T0, consistent with the ideal-gas value
at the reference temperature and with the small density variations assumed in the
Boussinesq limit. The term proportional to βth(T − T0) represents the thermal
contribution, which reduces the gas density when the temperature is higher than the
reference value T0. The term proportional to ϵξ(ξ − ξ0) represents the water-vapour
contribution, which reduces the gas density when the vapour content is higher than
the reference value ξ0.

Alternatively, the water-vapour contribution can be retained without linearizing
the gas density with respect to ξ. In this case, the dependence of the gas-phase
density on vapour content is evaluated using Amagat’s law of additive volumes. The
buoyancy density is then written as

ρb = α1ρ1 + (1 − α1)ρg(ξ) [1 − βth(T − T0)] . (2.19)

Since ξ is the vapour mass fraction, Eq. (2.17) represents a mass-fraction-weighted
specific-volume relation. Because water vapour is lighter than dry air, ρvap < ρair,
an increase in ξ decreases ρg(ξ) and therefore reduces the effective gas density,
corresponding to the usual virtual-temperature effect. In this exact-composition form,
the vapour effect is included directly through ρg(ξ) rather than through the linearized
coefficient ϵξ. To connect this expression to the implemented linearized form, ρg(ξ)
is expanded about the reference vapour mass fraction ξ0 using a first-order Taylor
approximation:

dρg

dξ

----
ξ0

= −ρ2
g(ξ0)

A
1

ρvap
− 1

ρair

B
. (2.20)

Substituting this result into the expansion, and using ρ2 ≡ ρg(ξ0), gives

ρg(ξ) ≈ ρ2 [1 − ϵξ(ξ − ξ0)] , (2.21)

where
ϵξ = ρ2

A
1

ρvap
− 1

ρair

B
. (2.22)

Because water vapour is lighter than dry air, ρvap < ρair, the coefficient ϵξ is
positive; thus, an increase in ξ reduces the gas density. Including the linearized
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thermal dependence gives

ρg(T, ξ) ≈ ρ2 [1 − ϵξ(ξ − ξ0)] [1 − βth(T − T0)] . (2.23)

Expanding this product gives

ρg(T, ξ) ≈ ρ2 [1 − βth(T − T0) − ϵξ(ξ − ξ0) + βthϵξ(T − T0)(ξ − ξ0)] . (2.24)

The last term is a product of two small perturbations and is therefore a second-order
contribution. Neglecting this term gives the first-order linearized gas-density relation

ρg(T, ξ) ≈ ρ2 [1 − βth(T − T0) − ϵξ(ξ − ξ0)] . (2.25)

Substituting Eq. (2.25) into the phase-volume-weighted density gives the buoyancy
density used in the present implementation:

ρb = α1ρ1 + (1 − α1)ρ2 [1 − βth(T − T0) − ϵξ(ξ − ξ0)] . (2.26)

Therefore, with ρ2 ≡ ρg(ξ0), and neglecting second-order products such as
(T − T0)(ξ − ξ0), the linearized expression in Eq. (2.15) is recovered as the first-order
Taylor approximation of Eq. (2.19) about ξ0.

In the present implementation, the linearized form in Eq. (2.15) is adopted. The
exact Amagat form in Eq. (2.19) is introduced only to motivate the definition of the
vapour-sensitivity coefficient ϵξ and to show its connection with the underlying gas-
mixture density. Thus, the vapour effect is not counted twice: either it is represented
directly through ρg(ξ) in the exact-composition form, or through the linearized term
ϵξ(ξ − ξ0) in the implemented form.

2.3.2 Phase change relations

The mass transfer term M can be modelled in different ways. Following Salimi et al.
[100], it can be expressed based on the relaxation of the chemical potentials between
the liquid (denoted by l) and vapour (denoted by v) phases:

M = 1
Ωµτµ

!
µp

v − µp
l

"
, (2.27)

where µp
v and µp

l are the chemical potentials of the vapour and liquid phases, respec-
tively, and τµ and Ωµ are relaxation parameters.

The chemical potential difference can be related to thermodynamic variables as

∆µp = R

Mv
T log

3
pXv

psat(T )

4
, (2.28)

where R is the universal gas constant, Mv is the molar mass of vapour, and Xv is
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the vapour molar fraction. Imposing thermodynamic equilibrium, ∆µp = 0, yields

Xv,sat = psat(T )
p

. (2.29)

Assuming that the liquid specific volume is negligible compared to that of the vapour,
the above relation remains valid and allows the equilibrium vapour molar fraction to
be expressed solely as a function of pressure and temperature.

Based on this, an alternative formulation of the mass transfer term can be written
in terms of the vapour mass fraction ξ [31]:

M = 1
τξ

(ξ − ξsat) , (2.30)

where the relaxation rate 1/τξ drives the system toward thermodynamic equilibrium
defined by the saturation mass fraction ξsat. The sign of M determines the direction of
phase change. When the gas phase is supersaturated, ξ > ξsat, the mass-transfer term
is positive, M > 0, and water vapour is converted into liquid water, corresponding
to condensation. Conversely, when the gas phase is subsaturated, ξ < ξsat, the
mass-transfer term is negative, M < 0, and liquid water evaporates into the gas
phase. At saturation, ξ = ξsat, the system is in local thermodynamic equilibrium and
M = 0.

The saturation vapour mass fraction is related to the molar fraction as

ξsat = Xv,sat

Xv,sat + (1 − Xv,sat)Ma
Mv

= psat(T )
psat(T ) + (p0(z) − psat(T )) Ma

Mv

, (2.31)

where Ma is the molar mass of the non-condensable gas (air), and the total pressure has
been approximated by the background hydrostatic pressure p0(z). The background
pressure p0(z) is assumed to satisfy hydrostatic balance [27],

dp0(z)
dz

= −ρ0(z) g, (2.32)

where ρ0(z) is the reference density. The saturation pressure psat(T ) is evaluated
using the Antoine equation:

log10 psat = AA − BA

CA + T
, (2.33)

where AA, BA, and CA are empirical coefficients and T is the local temperature. In
the present study, this formulation is adopted to close the governing equations.
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Results

3.1 Simulation parameters

The objective of this study is to contrast two convective regimes: a dry case, in
which no phase change takes place and the flow is driven by thermal buoyancy alone,
and a moist case, in which condensation and evaporation are active together with
the associated latent heating and condensate loading. The distinction between the
two regimes lies in the presence of phase change rather than in the presence of
water vapour itself: water vapour is carried in both cases, but in the dry case it is
not permitted to condense, so that no latent heat is released and no liquid water
forms. The configuration is intended as an idealised model of shallow atmospheric
convection—the regime of fair-weather cumulus and the cloud-topped boundary layer,
in which moist overturning is confined to a layer of the order of a few hundred metres
to a kilometre deep, well below the scale of deep convective towers. This regime
is particularly suited to a controlled study because the relevant dynamics can be
captured in a compact domain while still retaining the essential moist physics: the
lifting of near-surface air to saturation, condensation and the associated latent heating,
and the buoyancy modification produced by both water vapour and suspended cloud
water. Restricting attention to shallow convection also keeps the vertical extent small
enough that the Boussinesq approximation remains an appropriate framework, since
density variations across the layer stay modest.

Both simulations are performed in the same quasi-two-dimensional vertical con-
vection domain, with height H = 500 m and horizontal extent 500 m. The lower and
upper walls are maintained at 295 K and 285 K, respectively, corresponding to an
imposed temperature difference of ∆T = 10 K. The two cases differ only in their
moisture treatment. The dry run is a non-condensing thermal reference, whereas the
moist run includes saturated vapour boundary conditions and active phase change.
This setup makes it possible to isolate the additional effects of moist physics—latent-
heat release during condensation and condensate loading in the buoyancy force—from
the purely thermal Rayleigh–Bénard dynamics.

The simulations are performed in two dimensions, in the vertical (x, z) plane
aligned with gravity. The square domain gives an aspect ratio of unity, Γ = Lx/Lz =
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1, which admits a small number of large-scale convective cells while keeping the
computation tractable and the comparison between the two cases clean. Although a
genuinely three-dimensional calculation would be required to capture the full turbulent
cascade, the two-dimensional setting retains the essential large-scale buoyancy-driven
overturning and the moist thermodynamic feedbacks that are the focus of this work,
and it is a standard idealisation for Rayleigh–Bénard and moist-convection studies.
The lateral boundaries are periodic, so that the flow is statistically homogeneous in
the horizontal and free of artificial sidewall effects. At the top and bottom walls a
no-slip, impermeable condition is imposed on the velocity field, and the temperature
is held fixed at the prescribed wall values, providing the Dirichlet thermal forcing
that drives the convection.

The two cases differ in the boundary condition imposed on the vapour field. In
the dry reference case, phase change is disabled and a zero-flux (Neumann) condition,
∂zξ = 0, is applied to the vapour at both walls, so that no net moisture is exchanged
with the boundaries and the total vapour content is conserved. In the moist case, a
Dirichlet condition is imposed on the vapour at both walls, with the vapour mass
fraction held at its local saturation value, ξ = ξsat(Twall), corresponding to a relative
humidity of 100% at both the lower and upper plates. Because the two walls are
held at different temperatures, and hence at different saturation values, this fully
saturated condition still establishes a vertical vapour gradient between the plates
that drives moisture transport through the interior.

Rather than resolving the full molecular dissipation range, the present calculations
are carried out as a coarse-grained, pseudo-DNS model in which the small-scale
turbulent transport is represented through effective eddy coefficients. This choice is
physically motivated. In the atmosphere the Reynolds number is extremely large, and
the molecular values of viscosity and of the thermal and vapour diffusivities are many
orders of magnitude smaller than their turbulent counterparts. Outside the thin near-
surface layers where molecular processes act, the transport of momentum, heat, and
moisture across the bulk of the convective layer is overwhelmingly accomplished by
turbulent eddies, and the molecular diffusivities play essentially no role in setting the
large-scale structure of the flow. It is therefore both consistent and computationally
advantageous to replace them with effective eddy coefficients that represent the
aggregate action of the unresolved subgrid motions. Only the large-scale convective
overturning is resolved explicitly, while the smaller scales are parameterised through
an eddy viscosity νt, an eddy thermal diffusivity κt, and an eddy mass (vapour)
diffusivity Dt. A direct consequence is that the Rayleigh number reported here
is an effective turbulent Rayleigh number, built on the eddy diffusivities rather
than the molecular ones; the molecular Rayleigh number for a layer of this depth
and temperature contrast would be prohibitively large and is not the quantity that
governs the resolved dynamics. The physical realism of the model thus resides in
the thermodynamic closure—a realistic temperature contrast, domain scale, and
saturation relation—rather than in the resolution of the molecular dissipation range.

The three eddy coefficients are not specified independently. Once the eddy

34



Results

viscosity is chosen, the thermal and mass diffusivities follow from the turbulent
Prandtl and Schmidt numbers,

κt = νt

Prt
, Dt = νt

Sct
, (3.1)

so that prescribing Prt and Sct fixes the relative efficiency of momentum, heat, and
vapour transport. We adopt Prt ≈ 0.7 and Sct ≈ 0.6, values that lie within the
ranges reported for the atmospheric boundary layer [50, 101, 102, 103]. Because the
same Prt and Sct, and hence the same eddy coefficients, are imposed in both runs,
the turbulent mixing is identical across the two cases.

The two cases are characterised by a set of dimensionless control parameters,
summarised together with the physical inputs in Table 3.1 and listed for each run in
Table 3.2. The effective Rayleigh number,

Ra = g βt ∆T H3

νt κt
, (3.2)

measures the strength of buoyant forcing relative to diffusive damping; with the
eddy coefficients adopted here it takes the value Ra ≈ 3 × 107, placing the flow well
into the turbulent regime. The turbulent Prandtl and Schmidt numbers, Prt = νt/κt

and Sct = νt/Dt, set the relative efficiency of heat and vapour mixing.
The adequacy of the spatial resolution is assessed against the Kolmogorov length

scale, estimated from the global dissipation balance for Rayleigh–Bénard convection.
In a statistically steady state the mean kinetic-energy dissipation rate is fixed by the
heat transport, ε = (ν3

t /H4)(Nu − 1) Ra Pr−2
t , so that the Kolmogorov scale can be

written as [73, 104]

η =
A

ν3
t

ε

B1/4

= H Pr1/2
t (Nu − 1)−1/4 Ra−1/4. (3.3)

With Ra ≈ 3 × 107, Prt = 0.7, and the measured Nu ≈ 13, this yields η ≈ 3 m.
The grid spacing adopted here, ∆ = H/Nz ≈ 2 m (isotropic in all three directions),
therefore satisfies ∆ ≲ η, so that the effective dissipation scale is resolved on the
computational grid [104]. Since the unresolved small-scale transport is in any case
represented through the eddy coefficients rather than resolved down to the molecular
dissipation range, this resolution is more than adequate to capture the energy-
containing convective motions that govern the resolved dynamics, consistent with
the coarse-grained, pseudo-DNS character of the model.

For the moist case, two further parameters describe the phase-change physics.
The Damköhler number, Da = t0/τ , compares the convective time scale t0 = H/U0 to
the phase-change relaxation time τ ; a value Da = 1 would indicate that condensation
and evaporation relax towards equilibrium on the convective turnover time. The
Stefan number St measures the latent heat released by condensation relative to the
sensible-heat scale cp∆T [50]. In the dry case no phase change occurs, so Da and St

are inactive.
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Table 3.1: Physical parameters for the H = 500 m setup at ∆T = 10 K.

Parameter Value Units

Flow and scaling parameters

Reference length H 500 m

Temperature scale ∆T 10 K

Reference velocity U0 = (gβt∆TH)1/2 13 m s−1

Time scale t0 = H/U0 38 s

Eddy viscosity νt 1 m2 s−1

Eddy thermal diffusivity κt = νt/Prt 1.43 m2 s−1

Eddy mass diffusivity Dt = νt/Sct 1.67 m2 s−1

Thermodynamic constants

Latent heat Lv 2.5 × 106 J kg−1

Thermal expansion (gas) βt ≈ 1/T0 3.45 × 10−3 K−1

Reference temperature T0 290 K

Reference pressure p0 105 Pa

Gravity g 9.8 m s−2

Sat. mass fraction ξsat(295 K) (bottom) 1.65 × 10−2 –

Sat. mass fraction ξsat(285 K) (top) 8.7 × 10−3 –

Gas phase properties

Density ρg 1.18 kg m−3

Specific heat cp,g 1004 J kg−1 K−1

Specific heat cv,g 718 J kg−1 K−1

Thermal conductivity λg 0.026 W m−1 K−1

Kinematic viscosity νg 1.5 × 10−5 m2 s−1

Thermal diffusivity κg 2.1 × 10−5 m2 s−1

Liquid phase properties

Density ρl 1000 kg m−3

Specific heat cp,l 4180 J kg−1 K−1

Thermal conductivity λl 0.6 W m−1 K−1

Kinematic viscosity νl 1.0 × 10−6 m2 s−1

Thermal diffusivity κl 1.4 × 10−7 m2 s−1

Thermal expansion βl 2.76 × 10−4 K−1

Mass transfer

Molecular vapour diffusivity D 2.8 × 10−5 m2 s−1
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The saturation vapour content at the two walls follows directly from the phase-
change closure of Section 2.3.2. Each wall temperature is fixed—Tbot = 295 K at the
lower plate and Ttop = 285 K at the upper plate—and the saturation vapour pressure
psat(T ) is evaluated from the Antoine equation, Eq. (2.33); the saturation vapour
mass fraction ξsat then follows from Eq. (2.31) with the background pressure fixed at
p0 = 105 Pa. This yields psat ≈ 2.6 × 103 Pa and ξsat ≈ 1.65 × 10−2 at the lower wall,
and psat ≈ 1.4 × 103 Pa and ξsat ≈ 8.7 × 10−3 at the upper wall, so that the imposed
temperature contrast also establishes a saturation gradient between the plates. The
two runs are distinguished by their vapour boundary condition and initial humidity:
the dry reference case is initialised at RH = 80% with phase change disabled and
a zero-flux vapour condition at the walls, while the moist case holds both walls at
saturation (RH = 100%) with condensation active, the initial vapour mass fraction
being ξ0 = RH ξsat(T ) evaluated at the local temperature.

Both simulations are carried out on the same computational grid of Nx×Ny×Nz =
4 × 256 × 256 cells over the 500 × 500 m domain, giving an isotropic mesh spacing of
∆ = H/Nz ≈ 2 m in all three directions. As established in the discussion of Eq. (3.3),
this spacing satisfies the Kolmogorov resolution criterion, ∆ ≲ η, with the effective
Kolmogorov scale η ≈ 3 m at Ra ≈ 3 × 107; the effective dissipation scale is therefore
resolved on the grid in both cases. The two cases are summarised in Table 3.2.

Table 3.2: The two two-dimensional cases: a dry reference and a moist run.

Case Type RH Vapour BC Ra Pr Sc Da St

D1 dry 80% Neumann 3.0 × 107 0.7 0.6 – –

M1 moist 100% Dirichlet (sat.) 3.0 × 107 0.7 0.6 0.1 10−3

The primary diagnostic used to quantify vertical transport is the Nusselt number,
the standard dimensionless measure of convective efficiency. It expresses the total
vertical energy flux carried across the layer as a multiple of the flux that pure
conduction alone would carry under the same temperature contrast, so that Nu = 1
corresponds to a motionless, purely conductive state and Nu > 1 measures the
enhancement of transport by convective motion [49]. In classical dry Rayleigh–Bénard
convection it is defined as the ratio of the total sensible heat flux to the conductive
reference flux across the same layer, and it therefore provides a compact, geometry-
independent measure of how strongly buoyancy-driven overturning augments heat
transport.

The Nusselt number is particularly well suited to comparing the dry and moist
runs, because it reduces both to a single transport efficiency measured against a
common baseline. The dry case transports energy by sensible heat alone, whereas
the moist case transports both sensible heat and the latent energy carried by water
vapour. To ensure that any difference between the two reflects the physics of phase
change rather than a different choice of normalisation, all fluxes in both runs are
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referred to the same dry conductive reference flux,

qref = λref
∆T

H
, (3.4)

where λref = ρgcp,gκt is the effective (eddy) thermal conductivity of the gas, ∆T =
10 K is the imposed temperature difference, and H = 500 m is the domain height.
With the gas-phase properties of Table 3.1, the corresponding reference conductive
heat flux is qref ≈ 34.4 W m−2. Because qref is identical for the two simulations, the
dry and moist Nusselt numbers are evaluated on exactly the same basis, so that any
difference between them reflects the influence of moisture, latent heat release, and
condensate transport on the vertical energy flux.

The flux decomposition used here follows the equivalent, or moist-static-energy,
approach of Thomas et al. [50], who combine the temperature and water-vapour
conservation equations into a single equivalent flux for cloudy Rayleigh–Bénard
convection. The present formulation adopts the same idea but normalises every flux
by the common dry conductive reference qref defined above, so that the resulting
diagnostic is a dry-reference equivalent Nusselt number.

For the dry simulation, the relevant flux is the sensible heat flux,

Φs(z) = ρgcp,g w′T ′ − λt
∂T

∂z
, (3.5)

where the first term is the turbulent convective heat flux and the second the diffusive
(conductive) heat flux. Here w′ and T ′ are fluctuations with respect to the horizontal
mean, the overbar denotes horizontal averaging, ρg and cp,g are the gas density and
specific heat, and λt = ρgcp,gκt is the effective thermal conductivity carried by the
eddy diffusivity κt. The sensible Nusselt number is then

Nus = Φs
qref

. (3.6)

In a purely conductive state the convective term vanishes and Φs → λt ∆T/H = qref ,
so that Nus → 1, recovering the classical normalisation.

In the moist case, water vapour transport introduces an additional latent-energy
flux. The latent contribution is computed from the vapour mass-fraction field ξ as

Φl(z) = ρgLv w′ξ′ − ρgLvDt
∂ξ

∂z
, (3.7)

where the first term is the turbulent vertical transport of vapour and the second the
diffusive vapour flux, both expressed in energy units through the latent heat Lv. The
corresponding latent Nusselt number is

Nul = Φl
qref

. (3.8)

The total moist energy transport is then measured using an equivalent, or moist-
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enthalpy, flux,
Φeq(z) = Φs(z) + Φl(z), (3.9)

and the equivalent Nusselt number reported in the post-processing is

Nueq = Φeq
qref

= ρgcp,g w′T ′ − λt∂zT + ρgLv w′ξ′ − ρgLvDt∂zξ

λref∆T/H
. (3.10)

This definition retains the sensible and latent components separately while providing
a single total energy-transport measure for the moist run.

39



Results

3.2 Dry Convection

The dry case (D1) provides the reference configuration against which the moist
simulation is later compared. The flow is driven solely by the imposed wall tempera-
ture contrast—Tbot = 295 K at the lower wall and Ttop = 285 K at the upper wall,
giving ∆T = 10 K about a mean temperature of T0 ≈ 290 K—with phase change
disabled, so that no latent heat is released and no condensate forms. The governing
equations were integrated using a fixed time step of ∆t = 0.05 s, which satisfies the
Courant–Friedrichs–Lewy (CFL) stability constraints associated with advection and
diffusive transport. The analysis proceeds from the approach to a statistically steady
state, through the large-scale organisation of the flow and its mean thermal structure,
to the turbulent velocity statistics.

The organisation of the flow is illustrated in Figure 3.1, which shows the tempera-
ture field overlaid with instantaneous streamlines at successive times. At early times
the flow is dominated by numerous small thermal plumes detaching from both walls.
As the flow develops, these plumes merge and self-organise into a single domain-filling
convection roll, consistent with the unit aspect ratio, in which warm fluid ascends on
one side of the cell and cool fluid descends on the other. The roll persists over long
times while slowly meandering, which is the characteristic large-scale circulation of
confined Rayleigh–Bénard convection.

Figure 3.1: Temperature field with streamlines at successive times. Dry case

In transient numerical simulations of turbulent convection, the fluid is initially at
rest and undergoes a chaotic “spin-up” phase as thermal instabilities develop and
buoyancy forces begin to drive motion. During this initial period, the macroscopic
properties of the flow are highly unbalanced and change rapidly.

To ensure that the data used for the thermodynamic and transport analysis is
robust, it is first necessary to verify that the simulation has reached a statistically
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steady state—the regime in which the initial transient behaviour has decayed and
global flow metrics oscillate around a stable, constant mean. To quantify the turbulent
intensity and track this equilibrium, two fundamental global metrics are evaluated
across the domain: the root-mean-square (RMS) velocity and the specific turbulent
kinetic energy. The temporal evolution of these metrics for the dry reference case
(D1) is presented in Figures 3.2 and 3.3.

Figure 3.2: Time evolution of the averaged specific kinetic energy.Dry case

Figure 3.3: Time series of the RMS velocities. Dry case

Both figures demonstrate a consistent and stable turbulent regime. As shown in
Figure 3.2, from t = 0 to roughly t = 5000 s the kinetic energy rises sharply as the
imposed boundary temperatures break the fluid’s initial resting state into convective
plumes. After this transient the system reaches a statistically steady state: the
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specific kinetic energy levels off and maintains a tight oscillation around 13 m2/s2 for
the remaining ∼65,000 s of the simulation, indicating that kinetic-energy production
by buoyancy is statistically balanced by viscous dissipation within the domain. All
subsequent time-averaged diagnostics (such as the Nusselt number calculations) are
therefore evaluated over this t > 5000 s window.

The RMS velocity series (Figure 3.3) reveals the anisotropy of the established
convection. In this 2D square domain (Γ = 1), the horizontal velocity (vrms ≈ 4.6 m/s)
is distinctly stronger than the vertical velocity (wrms ≈ 2.2 m/s). This kinematic
separation is characteristic of a domain-filling large-scale circulation cell: broad,
coherent horizontal winds sweep along the top and bottom plates over a large fraction
of the domain, while vertical transport is confined to comparatively narrow upwelling
and downwelling thermal plumes. The two metrics are mutually consistent: using
the fully developed total RMS velocity (Vrms ≈ 5.1 m/s), the specific kinetic energy
follows as 1

2V 2
rms ≈ 1

2(5.1)2 ≈ 13.0 m2/s2, in agreement with the explicit kinetic-energy
diagnostic.

To quantify the total vertical energy transport in the dry reference simulation, the
sensible Nusselt number was evaluated at the upper and lower boundaries. Because
the velocity vanishes at the solid walls, the turbulent convective flux is zero there, and
the total heat transport entering and exiting the domain can be extracted directly
from the conductive wall gradients.

Figure 3.4: Time series of the wall Nusselt number plates. Dry case

As shown in Figure 3.4, following the initial transient spin-up the heat-transfer
efficiency reaches a statistically steady state, with the mean Nusselt number stabilising
at Nus = 12.61, indicating that the buoyancy-driven overturning transports roughly
twelve times more heat than a purely conductive, stagnant fluid. The agreement
between the top and bottom wall Nusselt numbers, within statistical fluctuations,
confirms that the heat entering through the lower wall is balanced by the heat leaving
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through the upper wall, so that the net vertical heat flux is conserved across the
domain.

While the wall Nusselt number confirms the global energy balance at the bound-
aries, the vertical profile of the flux provides insight into the internal transport
mechanics. As defined in Eq. (3.5), the total sensible heat flux, Φs(z), is the sum
of the turbulent convective and the diffusive (conductive) heat fluxes, whose time-
averaged vertical profiles for the dry reference case are presented in Figure 3.5.

Figure 3.5: Time-averaged vertical profiles of the heat fluxes. Dry case.

The vertical partitioning clearly demonstrates the boundary-layer dynamics of
the system. In the bulk interior, heat transport is overwhelmingly dominated by
the turbulent convective flux. As the flow approaches the impermeable top and
bottom walls, however, the vertical velocity vanishes due to the kinematic boundary
conditions, so the convective flux decays to zero and the diffusive flux increases
sharply to maintain the transport of energy through the thin near-wall layers.

The sum of these two components—the total sensible heat flux—remains nearly
constant across the entire height of the domain at approximately 434 W/m2 (consis-
tent with Nus × qref). This uniform vertical profile is a direct consequence of energy
conservation in a statistically steady state: with no internal heat sources, the flux
entering the lower wall must equal that leaving the upper wall at every height. Its
flatness therefore confirms both the convergence of the averaging window and the
internal consistency of the convective–diffusive decomposition.

The vertical structure of the convective layer could be characterized by the time-
averaged profiles of temperature, water-vapor mass fraction, and relative humidity
(RH), as shown in Figures 3.6 and 3.7.

43



Results

Figure 3.6: Time-averaged vertical temperature profile. Dry case

As seen in Figure 3.6, the initial linear temperature gradient is rapidly flattened
by turbulent overturning, resulting in a nearly isothermal bulk region between
0.2 < z/H < 0.8 pinned at the mean wall temperature T0 ≈ 290 K, with steep
gradients confined to thin thermal boundary layers at each wall. Because almost
the entire temperature contrast is sustained across these thin layers rather than the
interior, the convective heat transport is strongly enhanced relative to conduction
(Nus > 1).

Figure 3.7: Time-averaged vertical profiles of the water-vapour mass fraction (left)
and relative humidity (right). Dry Case
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Because phase change is disabled in D1, the water vapour behaves as a passive
scalar, providing a further check on the flow. As shown in Figure 3.7 (left), turbulent
mixing erases the initial linear mass-fraction gradient and drives the vapour towards
a vertically uniform value, ξ ≈ 9.6 × 10−3, equal to the vertical average of the
initial distribution—direct evidence of complete turbulent mixing. With the mean
profile uniform and the walls impermeable to moisture, the net vertical vapour flux
vanishes, so the dry-case energy transport is carried entirely by sensible heat and is
characterised completely by Nus.

A notable feature of the relative-humidity profile (Figure 3.7, right) is that,
although the vapour mass fraction is uniform, the relative humidity increases mono-
tonically with height, approaching saturation (RH ≈ 100%) near the cold upper
plate. This follows directly from RH = ξ/ξsat(T ): as ξsat falls with the temperature,
a uniform vapour field yields a humidity that rises towards the top, and since con-
densation is disabled the flow can locally reach or slightly exceed saturation without
forming liquid water. This identifies the upper region as where phase change would
first be triggered once the moist coupling is activated, directly motivating the moist
case (M1) examined next.

Figure 3.8 presents the vertical profiles of the horizontal and vertical velocity
variances in the statistically stationary dry regime. Beyond the velocity RMS,
the variances reveal how the turbulent kinetic energy is distributed among the
components and varies with height, offering insight into its production, redistribution,
and transport within the convective layer.

Figure 3.8: Vertical profiles of the velocity variances. Dry Case.

The vertical velocity variance, ⟨w′2⟩, exhibits two pronounced maxima away
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from the boundaries, at approximately z/H ≈ 0.25 and 0.75. These correspond
to the locations where buoyancy-driven thermal plumes detach from the thermal
boundary layers and accelerate into the interior. As expected from the no-slip and
impermeability boundary conditions, the vertical variance decreases towards zero at
both plates, where vertical motion is prohibited.

In contrast, the horizontal velocity variance, reaches its largest values near the
upper and lower boundaries, a consequence of plume impingement at the walls. When
rising hot plumes reach the cold upper plate, or descending cold plumes reach the
warm lower plate, their vertical motion is arrested and redirected into horizontal flow
along the boundary. The resulting lateral spreading enhances the horizontal velocity
fluctuations close to the walls and produces the observed variance maxima.

The staggered locations of the horizontal and vertical variance peaks highlight
the strongly anisotropic nature of the flow. Buoyancy primarily generates vertical
motions in the plume-acceleration regions, and part of this kinetic energy is subse-
quently transferred into horizontal motions through plume–wall interactions and the
large-scale circulation. The variance profiles therefore illustrate the continuous redis-
tribution of turbulent kinetic energy between the vertical and horizontal components
that characterises two-dimensional Rayleigh–Bénard convection.

Taken together, these diagnostics confirm that the dry case reproduces the ex-
pected phenomenology of turbulent Rayleigh–Bénard convection—a well-mixed core
bounded by thin thermal and viscous boundary layers, a nearly height-independent
heat flux, plume-dominated velocity statistics, and an organised large-scale circulation—
and therefore provides a reliable, well-converged baseline for the moist comparison
presented in the following section.

46



Results

3.3 Moist Convection

We now turn to the central configuration of this work: moist convection with phase
change, commonly referred to as cloudy Rayleigh–Bénard convection, in which both
the lower and upper plates are maintained at saturation (RH = 100%). The warm
lower plate (295 K) and the cold upper plate (285 K) impose saturated water-vapour
boundary conditions, so that the air adjacent to each wall carries the saturation
vapour content corresponding to the local wall temperature. The saturation vapour
concentration is evaluated from the Antoine equation, whose strong temperature
dependence reflects the Clausius–Clapeyron relation; as a result, the warmer lower
plate supports roughly twice the water-vapour content of the colder upper plate,
establishing a vertical moisture gradient across the layer.

To isolate the effects of moisture and phase change, the moist case (M1) em-
ploys exactly the same geometry, numerical resolution, and governing dimensionless
parameters as the dry reference case (D1). In particular, the domain dimensions,
temperature difference, and resulting Rayleigh number (Ra ≈ 3.0 × 107), together
with the turbulent Prandtl and Schmidt numbers (Prt = 0.7 and Sct = 0.6), are
identical in both simulations. The moist case therefore differs from the dry reference
only through the introduction of water vapour, condensation, latent heat release, and
precipitation. Any differences in the resulting flow behaviour can thus be attributed
directly to the moist physics rather than to changes in the flow configuration.

The moist model introduces several additional parameters that govern the phase-
change and precipitation processes:

• a condensation relaxation time, τc ≈ 388 s (τ−1
c = 2.58 × 10−3 s−1), which

controls the rate at which supersaturated vapour is converted into liquid water
and sets the Damköhler number, Da ≈ 0.10;

• a constant terminal settling velocity for cloud liquid water, wset = 8 m s−1,
corresponding to a Rouse number Ro = wset/U0 ≈ 0.62;

• a rain-activation threshold, α1,c = 5 × 10−7, above which liquid water is
permitted to settle and precipitate toward the lower boundary. This plays the
role of the cloud-water threshold in Kessler-type autoconversion [61]: below it
the condensate remains suspended and moves with the flow, while above it it
is large enough to fall under gravity. The threshold is set roughly an order of
magnitude below the peak liquid fraction reached in the simulation, so that
dense condensate cores precipitate while thin, dilute regions remain suspended.

Together, these parameters determine how water vapour condenses into cloud liquid
water, how the resulting condensate settles under gravity, and how it is ultimately
removed from the system as precipitation.

The governing equations were integrated using a fixed time step of ∆t = 0.01 s, an
order of magnitude smaller than in the dry case. This value resolves the phase-change
relaxation timescale while satisfying the Courant–Friedrichs–Lewy (CFL) stability
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constraints associated with advection, momentum transport, and the diffusion of heat
and moisture, ensuring a stable and accurate coupling between turbulent transport,
latent heating, and condensation.

An important aspect of reaching a stationary moist state is the treatment of
condensed liquid water at the lower boundary. Once settling liquid water reaches the
bottom of the domain it is removed from the system and interpreted as rain. This
prevents the indefinite accumulation of water and allows the system to equilibrate:
the vapour supplied through the saturated boundaries is balanced by the liquid water
removed through precipitation, so that the total water content fluctuates around a
nearly constant mean.

The saturated-plate configuration is the moist counterpart of the classical dry
Rayleigh–Bénard problem and is closely related to the canonical cloudy-convection
setup studied by Thomas et al. [50]. It provides a simple yet physically meaningful
framework for investigating the interaction between buoyancy-driven turbulence,
phase change, latent heat release, and precipitation. The choice of saturated bound-
aries is also motivated by its relevance to atmospheric cloud layers, which often
develop between humid lower regions that continuously supply moisture and upper
regions that remain close to saturation. Imposing saturation at both plates idealises
this situation and provides a persistent source of water vapour capable of sustaining
cloud formation throughout the domain. As air parcels rise they cool, frequently
reaching supersaturation and condensing; the associated latent heat release locally
warms the air, enhances buoyancy, and modifies the convective motion. Through
this mechanism moisture participates actively in the dynamics rather than behaving
as a passive scalar, in contrast to the dry case.

This configuration therefore provides a controlled environment in which the effects
of condensation, latent heating, cloud formation, and precipitation can be investigated
systematically. The remainder of this section examines the evolution toward statistical
steady state, the closure of the water budget, the vertical structure of temperature
and moisture, the distribution of cloud liquid water, and the partitioning of the
vertical energy transport between sensible and latent contributions.

Because moisture is continuously supplied at the saturated plates and removed
only through precipitation at the lower boundary, the closure of the water budget
provides the primary indicator of statistical stationarity for the moist case. Unlike
the velocity field, whose equilibration is examined separately below, the domain-wide
moisture content equilibrates slowly, since it is governed by the condensation and
precipitation cycle—the balance between vapour supplied at the walls and liquid
removed as rain—rather than by the convective spin-up. Figure 3.9 shows the time
evolution of the total water, water-vapour, and liquid-water inventories in the domain.
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Figure 3.9: Time evolution of the total water. Moist case

Following the initial transient, the liquid-water inventory rises steeply as conden-
sation switches on and then saturates at a nearly constant value once precipitation
begins to remove liquid at the lower boundary, at approximately t ≈ 5500 s. There-
after the total water and vapour inventories fluctuate around stable mean values
without systematic drift, indicating that the moisture supplied through the saturated
plates is balanced, on average, by the liquid water removed as rain. The closure of
this budget confirms that the simulation has reached a fully developed statistically
stationary regime, and all subsequent time-averaged diagnostics are evaluated over
this window.

The turbulent intensity reaches equilibrium on a shorter timescale, as shown
by the RMS velocity series in Figure 3.10. After the spin-up the horizontal (vrms),
vertical (wrms), and total (Vrms) RMS velocities settle to statistically steady values.
The total RMS velocity, Vrms ≈ 5.7 m s−1, exceeds the dry-case value (≈ 5.1 m s−1), a
first indication that the release of latent heat energises the convective motion relative
to the dry reference.
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Figure 3.10: Time series of the RMS velocities. Moist case

The time-averaged vertical temperature profile is shown in Figure 3.11. Its overall
shape follows the structure seen in the dry case—steep thermal gradients confined to
thin boundary layers at each plate, enclosing a well-mixed core. The key difference
lies in the bulk: whereas the dry interior is nearly isothermal and pinned at the
mean wall temperature T0 ≈ 290 K, the moist core is slightly warmer. This warming
and stabilisation are the signature of latent heating: as saturated air rises and cools,
condensation releases latent heat into the interior, warming it relative to the lower
layers and partially offsetting the imposed unstable gradient.

Figure 3.11: Time-averaged vertical temperature profile. Moist case

The moisture fields are shown in Figure 3.12. The water-vapour mass fraction
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(left) decreases monotonically with height, from ≈ 1.5 × 10−2 near the warm lower
plate to ≈ 9 × 10−3 near the cold upper plate, following the saturation gradient
imposed by the Clausius–Clapeyron dependence of the wall boundary conditions.
Unlike the dry case, in which the vapour was homogenised into a uniform profile,
here the active condensation and the saturated boundaries maintain a persistent
vertical vapour gradient. The liquid-water mixing ratio (right) is nearly uniform with
height at ≈ 0.41 g kg−1, indicating that cloud water is present throughout the entire
depth of the domain rather than confined to a discrete cloud layer, consistent with
the fully saturated configuration.

Figure 3.12: vertical profiles of the water-vapour mass fraction (left) and liquid-
water mixing ratio (right). Moist case

Both moisture profiles and the temperature profile display a common inflection
near mid-height (z/H ≈ 0.5), where the temporal fluctuation envelope is also
broadest. This coincides with the core of the large-scale circulation, where the rising
and descending branches meet and the strongest condensation and evaporation occur.

The central diagnostic of the moist case is the partitioning of the vertical energy
transport between its sensible and latent components. The time-averaged decompo-
sition of the convective fluxes is shown in Figure 3.13, and the full equivalent-flux
budget, including the diffusive contributions, in Figure 3.14.

As shown in Figure 3.13, the convective latent flux—the turbulent vapour-
transport term ρgLv w′ξ′ of Eq. (3.7), ≈ 870 W m−2 in the bulk—is nearly twice
the convective sensible flux ρgcp,g w′T ′ of Eq. (3.5), ≈ 460 W m−2. The transport of
energy in the moist case is therefore dominated by the latent contribution.
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Figure 3.13: Vertical profiles of the convective sensible and latent heat fluxes.

Physically, the latent flux measures energy carried not as a temperature excess
but as water vapour: buoyant parcels rising from the warm lower plate carry a high
vapour content upward, giving a positive correlation w′ξ′ > 0, and release this energy
as latent heat when they cool and condense aloft, while descending subsaturated
parcels re-evaporate liquid and carry the deficit downward. Vapour thus acts as an
energy carrier that is loaded at the base of an updraught and released higher up, so
that even a modest turbulent mass flux of water conveys a large energy flux through
the latent heat Lv. Both convective fluxes vanish at the walls, where the vertical
velocity is zero, and their sum is nearly height-independent through the interior.

This latent pathway is precisely the mechanism by which the real atmosphere
accomplishes much of its vertical energy transport. In moist atmospheric convection,
energy is carried from the surface to the upper troposphere predominantly as the
latent heat of water vapour, which is released upon condensation to drive clouds and
storms and to couple the hydrological cycle to the atmospheric energy budget. The
dominance of the latent over the sensible flux found here is therefore the idealised
counterpart of this atmospheric behaviour, and it is the direct consequence of allowing
phase change that the dry reference case, by construction, cannot reproduce.

The complete equivalent-flux budget is shown in Figure 3.14, which separates
each of the sensible and latent contributions into convective and diffusive parts.
Each flux is the sum of a turbulent convective term and a diffusive term: for the
sensible flux these are ρgcp,g w′T ′ and −λt ∂zT (Eq. (3.5)), and for the latent flux
the corresponding vapour terms ρgLv w′ξ′ and −ρgLvDt ∂zξ (Eq. (3.7)). As in the
dry case, the diffusive contributions—negligible in the well-mixed interior—dominate
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within the thin boundary layers, where the vanishing vertical velocity suppresses the
convective terms and transport is sustained by the mean gradients of temperature
and vapour; the convective terms dominate the bulk, and the two hand over smoothly
across the near-wall region. Crucially, the equivalent (moist-static-energy) flux—the
sum of all four contributions, Eq. (3.9)—is constant with height across the entire
domain at ≈ 1368 W m−2, confirming energy conservation in the moist statistically
stationary state.

Figure 3.14: Vertical profiles of the heat fluxes. Moist case

Normalising the bulk equivalent flux by the same dry reference flux qref ≈
34.4 W m−2 used throughout, Eq. (3.10), gives an equivalent Nusselt number of
Nueq ≈ 40, compared with Nus ≈ 12.6 for the dry case. Decomposing the moist
value into its two channels, the sensible Nusselt number, Eq. (3.6), is Nus ≈ 13.7,
only marginally above the dry value, whereas the latent Nusselt number, Eq. (3.8),
is Nul ≈ 26, roughly twice as large. The sensible transport is therefore only slightly
enhanced by the presence of moisture, while essentially all of the additional energy
transport is supplied through the latent pathway that is absent in the dry reference.
On a common basis, the moist configuration transports roughly three times more
energy than the dry case. This quantifies a central result of this work: phase change
fundamentally alters the efficiency of the convective heat engine.

Finally, the vertical profiles of the horizontal and vertical velocity variances
are shown in Figure 3.15. The structure mirrors the dry case—a double-lobed
vertical variance with maxima near z/H ≈ 0.25 and 0.75, marking plume detachment,
and horizontal variance peaking near the walls where plumes impinge—but the
magnitudes are larger, the vertical variance reaching ≈ 11 m2 s−2 against ≈ 8.5 m2 s−2

53



Results

in the dry case. This enhancement is the kinematic counterpart of the latent-heat
energisation already seen in the RMS velocities: condensation within ascending
plumes adds buoyancy and accelerates the vertical motion, strengthening the plume-
driven fluctuations relative to the dry reference.

Figure 3.15: Vertical profiles of velocity variances. Moist case

Taken together, these diagnostics show that the introduction of phase change,
while preserving the overall large-scale organisation of the flow, substantially intensifies
the convection and shifts the dominant mode of vertical energy transport from sensible
to latent heat, establishing the moist case as a qualitatively distinct convective regime
from the dry reference.
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Chapter 4

Conclusions and Future Work

4.1 Conclusions

This thesis investigated moist atmospheric convection with phase change through
numerical simulation of an idealised cloudy Rayleigh–Bénard configuration. A two-
phase Boussinesq mixture model with a relaxation-based phase-change closure was
employed to simulate a 500 × 500 m vertical layer driven by a 10 K wall temperature
contrast, at an effective turbulent Rayleigh number of Ra ≈ 3 × 107. Two simulations
were carried out on identical grids and with identical dimensionless parameters: a dry
reference case (D1), in which water vapour is carried as a passive scalar with phase
change disabled, and a moist case (M1), in which both plates are held at saturation
and condensation, latent heat release, condensate settling, and precipitation are
active. Because the two cases differ only in the moist physics, their comparison
isolates the effect of phase change on turbulent convective transport.

The dry reference case reproduces the established phenomenology of turbulent
Rayleigh–Bénard convection: a well-mixed, nearly isothermal core bounded by
thin thermal boundary layers, a single domain-filling large-scale circulation, plume-
dominated velocity statistics, and a height-independent total heat flux. The sensible
Nusselt number, evaluated consistently from the wall gradients and from the vertical
flux profile, converges to Nus ≈ 12.6, and the vapour field is homogenised into a
uniform vertical profile, confirming its passive character. These results establish D1
as a reliable, well-converged baseline and validate the numerical framework against
classical expectations.

The central result of this work concerns the moist case. When phase change
is activated, the vertical energy transport increases dramatically: the equivalent
(moist-static-energy) flux reaches ≈ 1368 W m−2, compared with ≈ 434 W m−2 in
the dry case. Referred to the same dry conductive reference flux, this corresponds
to an equivalent Nusselt number of Nueq ≈ 40 against Nus ≈ 12.6—roughly a
threefold enhancement of the total transport on a common basis. The decomposition
of the flux shows that this enhancement is supplied almost entirely by the latent
contribution: in the bulk, the convective latent heat flux (≈ 870 W m−2) is nearly
twice the convective sensible flux (≈ 460 W m−2). Energy in the moist system is
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therefore transported primarily in the form of latent heat carried by water vapour,
which condenses in ascending parcels and evaporates in descending ones, rather than
by the direct transport of sensible heat.

The reason the moist Nusselt number is so much larger is physical rather than
kinematic. The same overturning circulation that carries sensible heat also carries
water vapour, and each unit of vapour transports an energy content Lvξ that greatly
exceeds the sensible-heat content cpT ′ associated with the typical temperature
fluctuations. Phase change effectively opens a second, more efficient channel for
vertical energy transport through the same turbulent motions. In addition, the latent
heat released by condensation within rising plumes locally increases their buoyancy,
intensifying the convection itself: the total RMS velocity increases from ≈ 5.1 to
≈ 5.7 m s−1 relative to the dry case. Latent heating therefore plays a dual role: it
provides an additional pathway for vertical energy transport and, at the same time,
an extra source of buoyancy that drives the flow more strongly. Yet it does not
change the overall structure of the convection—the single large-scale circulation roll
and the thin boundary layers at the walls remain the same as in the dry case; only
their intensity increases.

The influence of phase change is not confined to the vertical motion. In the
moist case, condensation releases latent heat in rising saturated regions, increasing
buoyancy and strengthening the updraughts. The kinetic energy generated in this
way is continuously redistributed between the velocity components: rising plumes
are arrested at the upper plate and deflected into horizontal motion, and descending
motions are similarly redirected near the lower plate. Consistent with this, the latent
energisation of the convection also strengthens the horizontal winds, particularly in
the near-wall regions where the large-scale circulation sweeps along the boundaries.
The velocity-variance profiles support this picture. In the dry reference the two
components are nearly symmetric about mid-height: the vertical variance peaks at
≈ 8.5 m2 s−2 at its two interior lobes (z/H ≈ 0.25 and 0.75), and the horizontal
variance reaches ≈ 9 m2 s−2 near both plates. In the moist case these maxima grow
and become top-heavy: the vertical variance rises to ≈ 9.2 and ≈ 11 m2 s−2 at the
lower and upper lobes, and the horizontal variance to ≈ 9.6 near the lower plate and
≈ 11.8 m2 s−2 near the upper plate. Both components are therefore enhanced by the
latent energisation, and the concentration of that enhancement in the upper part
of the layer is consistent with condensation and latent-heat release being strongest
where the rising air cools to saturation.

The quantitative importance of the latent pathway is the principal reason this
class of model is valuable. In the atmosphere, latent heat release is the dominant
energy source of moist convection, and its representation is among the largest sources
of uncertainty in weather and climate models. The present configuration reduces
the problem to its essential ingredients—buoyancy-driven turbulence, a saturation
constraint, a finite condensation timescale, and a simple precipitation sink—within a
framework in which the energy budget can be closed exactly. The height-independence
of the equivalent flux and the closure of the water budget, with the vapour supplied
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at the saturated plates balanced by the liquid removed as rain, demonstrate that
the model conserves energy and water simultaneously in a statistically stationary
state. This makes it a controlled environment in which the coupling between phase
change and turbulence can be quantified cleanly, in a way that is not possible in
more complex atmospheric models where many processes act at once.

4.2 Future Work

Several extensions of the present model would increase its physical realism and
broaden the range of questions it can address.

The most direct extension follows from the results themselves and concerns the
thermodynamic role of evaporation. In the current saturated configuration, the
dominant moist feedback is condensation and latent-heat release in the updraughts.
In more realistic unsaturated regions, and especially in the presence of falling rain,
evaporation produces the opposite thermodynamic effect: latent heat is absorbed
from the air, cooling it, increasing the negative buoyancy of descending parcels,
and thereby strengthening the downdraughts. On reaching the lower region, this
cold, dense air is deflected into horizontal outflow and modifies the near-surface
wind—the mechanism that, in the atmosphere, underlies cold-pool formation and
the spreading gust fronts that can in turn trigger new convection. The effect should
be most pronounced where the vertical transport of water vapour is largest, since
a greater moisture flux feeds both condensation in the ascending saturated regions
and evaporation in the descending subsaturated ones. In the present idealised setup
this evaporative pathway is only partially represented, because the lower plate is
held at a fixed temperature and liquid is removed as rain at the boundary rather
than allowed to accumulate; isolating this evaporative, cold-pool side of the feedback
would require relaxing these boundary conditions.

A further extension concerns the cloud microphysics, which is treated here in a
deliberately minimal form: all condensate is described by a single liquid field with
one prescribed settling velocity, and precipitation is represented by a threshold-based
removal at the lower boundary. A more precise treatment would distinguish between
the two physically distinct categories of condensed water. Cloud water consists of
small droplets whose settling velocity is negligible on convective timescales and which
are effectively advected with the flow, whereas rain water consists of much larger
drops that fall rapidly relative to the air. A two-category formulation would introduce
a separate transport equation for each species: a cloud-water equation, in which the
condensate moves essentially with the gas velocity, and a rain-water equation, in which
the drops fall with their own, substantially larger terminal velocity. The conversion
between the two categories (autoconversion of cloud water to rain, and accretion of
cloud droplets by falling rain) would then be modelled explicitly, replacing the present
single threshold. Assigning distinct velocities to the two species would also allow
the momentum exchange between the falling rain and the surrounding air—the drag
exerted by precipitation on the flow—to be captured, an effect that is entirely absent
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when a single settling velocity is prescribed. Such a two-moment or two-category
scheme would bring the model considerably closer to the warm-rain microphysics
used in atmospheric cloud models, while retaining the controlled Rayleigh–Bénard
setting.

Beyond the microphysics, several further directions follow naturally. The present
simulations are two-dimensional; extending them to three dimensions would allow the
fully three-dimensional turbulent cascade and plume dynamics to be represented, at
correspondingly higher computational cost. A systematic exploration of the parameter
space—in particular the Damköhler number, which controls the ratio of the convective
to the phase-change timescale, and the Rayleigh number—would establish how the
latent-heat enhancement of the Nusselt number scales across regimes, and whether
the transport follows a modified Nu–Ra scaling law in the presence of phase change.
Including the ice phase and the associated additional latent heat of fusion would
extend the model toward mixed-phase clouds.

Finally, these extensions are motivated not only by physical completeness but
also by practical application. A concrete example is offshore wind energy: above the
ocean, moist convection in the marine boundary layer—including the evaporatively
driven downdraughts and outflows discussed above—modulates the near-surface wind
field that offshore wind farms harvest. Improved understanding of how condensation,
evaporation, and the associated latent heating and cooling shape these winds there-
fore feeds directly into wind-resource assessment and power-production forecasting.
Idealised configurations such as the present one, in which the latent contribution
can be isolated and quantified in a controlled way, provide a rigorous foundation for
building that understanding.
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