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Abstract

This thesis investigates the use of Graph Neural Networks (GNNs) as sur-
rogate models for computational fluid dynamics problems characterized by
fundamentally different physical and mathematical properties. The objec-
tive is to evaluate whether the same message-passing architecture, trained
separately on different datasets, can effectively model fluid flows governed by
distinct physical assumptions and mathematical properties.

In the first case a convergent—divergent nozzle governed by the 2D compress-
ible Euler equations is considered. A parametric dataset is generated by
varying the chamber-to-exit pressure ratio, leading to different flow regimes
ranging from fully subsonic to mixed elliptic-hyperbolic behavior with shock
formation. The GNN is trained to perform node-wise regression of Mach
number and static pressure fields. While the model is trained to approxi-
mate the steady-state solution, its intended role is to provide physically con-
sistent initial conditions that can accelerate the convergence of conventional
time-marching solvers.

In the second case a viscous incompressible flow over a backward-facing step
is simulated in ANSYS by varying the Reynolds number. Here, the same
architecture is employed to predict the streamwise velocity component and
pressure distribution, with the aim of accurately reproducing separation phe-
nomena, wall shear stress and viscous boundary-layer effects.

Both models are trained using a mean squared error loss and evaluated
through qualitative field comparisons and normalized relative error metrics.
The results demonstrate that the same Graph Neural Network architecture,
although trained independently for each case, can effectively capture distinct
fluid dynamic behaviors arising from different governing equations, high-
lighting the flexibility of GNNs for surrogate modeling in fluid dynamics
applications.

111



v



Contents

Introduction 1
1.1 Motivation and Context . . . . ... ... ... ... ..... 1
1.2 Machine Learning for CED . . . . . . .. ... ... ... ... 2
1.3 Research Objective . . . . . . . . .. ... ... ... ... .. 4
1.4 Thesis Structure .. . . . . . . . . ... 5
Graph Neural Network 9
2.1 Neural Network . . . . . ... ... ... ... .. ....... 9
2.2 Graphs . . . . . .. 23
2.3 Graph Neural Network . . . . ... .. .. ... ... ..... 30
2.4 Neural Operator. . . . . . . . ... .. .. ... ... ..... 36
The Governing Equations of Fluid Dynamics 43
3.1 Conservation of Mass . . . . . ... ... ... ... ...... 45
3.2 Conservation of Momentum . . . . .. .. ... .. ...... 46
3.3 Conservation of Energy . . . . . . ... ... 48
3.4 Closure of the governing equation . . . . . . .. .. ... ... 49
3.5 From Navier—Stokes to Euler equations . . . . . . . . ... .. 51
Parametric Prediction of Nozzle Flow 55
4.1 Dataset Generation . . . . . . ... ... ... ... ... .. 57

4.1.1 Geometry and Mesh Generation . . . . . .. ... ... 57

4.1.2 Numerical Discretisation . . . . . ... ... ... ... 60

4.1.3 Parametric CFD Simulations and Data Pre — Procssing 62
4.2 Graph-based representation and Message — Passing architecture 63

4.2.1 Graph construction . . . . . ... ..., 63
4.2.2  Design of the Message Passing Architecture . . . . . . 64
4.3 Training and Validation Procedure . . . . ... .. ... ... 67
44 Results. . . . . . . 68
4.5 Discussion of Results . . . . .. ... ... 86



5 Parametric Prediction of Backward-Facing Step Flow 89

5.1

Dataset Generation . . . . . . . . . ..o 91
5.1.1 Geometry and Mesh Generation . . . . . .. ... ... 91
5.1.2 Numerical Discretisation . . . . . . . . . . . . . . ... 94

5.1.3 Parametric CFD Simulations and Data Pre — Procssing 95

5.2 Graph-based representation and Message — Passing architecture 97
5.2.1 Graph construction . . . . . .. ... ... 97

5.2.2  Design of the Message Passing Architecture . . . . . . 98

5.3 Training Procedure . . . . . . .. . ... 100
54 Results. . . . . . . .. 101
5.5 Discussion of Results . . . . . . ... ... ... ... 114

6 Conclusions 119
A Pressure-field comparisons for the MSE-only model 123
B Pressure-field comparisons for the blended loss model 127

vi



Chapter 1

Introduction

1.1 Motivation and Context

Computational Fluid Dynamics (CFD) has become one of the most impor-
tant tools for the analysis, prediction, and design of engineering systems
involving fluid flows [4]. Over the past decades, the rapid growth in com-
putational power and numerical methods has enabled the simulation of in-
creasingly complex physical phenomena, ranging from aerospace propulsion
systems to turbomachinery, environmental flows, and industrial fluid trans-
port processes. By solving the governing conservation equations of mass,
momentum, and energy, CFD allows engineers and researchers to investigate
flow structures, pressure distributions, shock waves, separation phenomena,
and boundary-layer development with a level of detail that would be difficult,
expensive, or even impossible to obtain experimentally. Despite its versatil-
ity and predictive capability, high-fidelity CFD simulations remain computa-
tionally demanding. The numerical solution of nonlinear partial differential
equations, such as the Euler or Navier—Stokes equations, requires spatial dis-
cretization over fine computational meshes and iterative solution procedures
that may involve thousands of time steps or nonlinear iterations. The compu-
tational burden increases significantly when dealing with parametric studies,
design optimization or real-time control applications, where the governing
equations must be solved repeatedly for different boundary conditions or ge-
ometric configurations. In such scenarios, the repeated evaluation of complex
numerical solvers often represents the primary bottleneck in the engineering
workflow. Moreover, as mesh resolution increases to capture localized phe-
nomena such as shock waves or near-wall viscous effects, the computational
complexity increases significantly, resulting in higher memory requirements
and longer convergence times. Even with modern high-performance com-



puting infrastructures, large-scale simulations may remain computationally
demanding, particularly when fine spatial and temporal resolutions are re-
quired. This limitation becomes particularly critical in industrial environ-
ments, where rapid design iterations and decision-making processes are es-
sential. For these reasons, the development of reduced-order models and sur-
rogate approaches has become an active area of research within the CFD com-
munity. Instead of solving the governing equations from scratch for every new
configuration, surrogate models aim to approximate the mapping between
input parameters (e.g., boundary conditions, Reynolds number, pressure ra-
tios) and the resulting flow fields. If sufficiently accurate, such models can
provide substantial speed-ups while preserving the essential physical charac-
teristics of the solution. The challenge, however, lies in designing surrogate
models that are both computationally efficient and physically consistent, es-
pecially when the underlying governing equations exhibit complex nonlinear
behavior.

1.2 Machine Learning for CFD

In recent years, machine learning techniques have increasingly been explored
as complementary tools to traditional numerical solvers. Rather than ex-
plicitly discretizing and solving the governing partial differential equations
at each iteration, data-driven models aim to learn the functional relation-
ship between input parameters and solution fields directly from data. In the
context of fluid dynamics, this typically involves approximating a nonlinear
mapping of the form:

F : (geometry, boundary conditions, physical parameters) — flow field

If successfully learned, such a mapping can be evaluated at a fraction of the
computational cost required by classical CFD solvers. This potential compu-
tational acceleration makes machine learning particularly attractive for ap-
plications involving parametric studies, optimization procedures or real-time
control, where repeated high-fidelity simulations would otherwise be required.
Early applications of deep learning in fluid mechanics largely relied on con-
volutional neural networks (CNNs), which are particularly effective when the
computational domain is discretized on structured Cartesian grids [2]. CNNs
exploit translational invariance and local receptive fields, making them well
suited for image-like representations of flow variables. However, most in-
dustrial CFD simulations employ unstructured meshes to accurately capture
complex geometries and localized physical phenomena. In such cases, the



regular grid assumption underlying convolutional architectures is no longer
valid, and projecting solution fields onto structured tensors may introduce
interpolation errors or geometric distortions. To overcome these limitations,
Graph Neural Networks (GNNs) have emerged as a natural framework for
learning on mesh-based data. In a graph representation, mesh vertices are
treated as nodes, while edges encode the topological connectivity between
neighboring elements. This formulation allows neural networks to operate
directly on unstructured discretizations without imposing artificial regular-
ity. The core mechanism underlying most GNN architectures is the message-
passing paradigm, introduced in a general form by Gilmer et al. [1]. In this
framework, node features are iteratively updated by aggregating informa-
tion from neighboring nodes through learnable transformations. Through
successive layers, information propagates across the computational domain,
enabling the network to capture both local interactions and larger-scale flow
structures. From a physical standpoint, this iterative exchange of information
can be interpreted as a learned representation of the local coupling mecha-
nisms that arise from the discretization of conservation laws. In compress-
ible flows, such couplings are associated with nonlinear flux interactions and
wave propagation, whereas in incompressible viscous flows they are strongly
influenced by pressure coupling and diffusive effects. By stacking multiple
message-passing layers, the network progressively enlarges its effective re-
ceptive field, allowing non-local dependencies to emerge without explicitly
solving the governing equations. Another important advantage of GNNs lies
in their permutation invariance and their ability to naturally handle irreg-
ular connectivity patterns. This makes them particularly suitable for CFD
applications, where mesh topology and node distribution may vary between
simulations. Recent work by Pfaff et al. [3] demonstrated that graph-based
architectures can successfully learn mesh-based physical simulations, high-
lighting their potential for modeling complex dynamical systems governed
by partial differential equations. Despite these promising developments, to
the best of our knowledge, most existing studies focus on a single physical
regime or a specific class of governing equations. The question of whether
a single message-passing architecture can effectively approximate solutions
arising from fundamentally different mathematical structures such as hyper-
bolic compressible flows and elliptic dominated incompressible flows remains
largely unexplored. Investigating this structural flexibility constitutes one of
the central motivations of the present thesis.



1.3 Research Objective

The primary goal of this thesis is to investigate the structural flexibility
of Graph Neural Networks when applied to fluid dynamic problems char-
acterized by fundamentally different physical and mathematical properties.
Rather than designing case-specific neural architectures, the same message-
passing framework is adopted in two distinct CFD scenarios and trained
independently on their respective datasets. The first configuration involves
a compressible flow in a convergent—divergent nozzle governed by the two-
dimensional FEuler equations. This problem is characterized by nonlinear
wave propagation, mixed elliptic-hyperbolic behavior, and the possible for-
mation of shock waves. The second configuration concerns a viscous incom-
pressible flow over a backward-facing step, governed by the Navier—Stokes
equations and dominated by diffusive effects, pressure coupling, boundary-
layer development, and flow separation. From a mathematical viewpoint,
these two systems exhibit markedly different properties. Compressible invis-
cid flows are primarily hyperbolic in nature and may develop discontinuities,
whereas incompressible viscous flows involve elliptic constraints and diffu-
sive mechanisms that introduce fundamentally different coupling structures.
Consequently, the corresponding numerical solutions present distinct spatial
behaviors and interaction patterns. The central research question addressed
in this work is therefore the following: can a single message-passing Graph
Neural Network architecture, without structural modifications, effectively ap-
proximate solution fields arising from governing equations with such different
mathematical characteristics?

In both case studies, the network is trained to perform node-wise regression
of physically relevant quantities. However, the intended purpose of the model
differs between the two case studies. In the compressible nozzle configura-
tion, the objective is not to replace conventional CFD solvers, but rather
to evaluate whether the learned surrogate can generate physically consistent
flow fields that may serve as high-quality initial conditions, potentially ac-
celerating the convergence of traditional time-marching numerical schemes.
In contrast, for the backward-facing step case, the goal is more ambitious:
the model is trained to directly approximate the steady-state solution fields,
thereby assessing its capability to act as a direct surrogate for the CFD
solution within the considered parametric range. By systematically evalu-
ating the performance of the same architecture across these heterogeneous
regimes, this thesis aims to provide insight into the generalization capabilities
and limitations of Graph Neural Networks in computational fluid dynamics
applications.



1.4 Thesis Structure

The remainder of this thesis is organized as follows:

1. Chapter 2: Graph Neural Network. This chapter introduces the
theoretical foundations of Graph Neural Networks. After a general
overview of neural network models, the graph representation of data is
discussed, followed by a detailed description of graph-based architec-
tures and message-passing mechanisms. The chapter concludes with a
brief discussion on neural operators.

2. Chapter 3: The Governing Equations of Fluid Dynamics. This
chapter presents the conservation equations of mass, momentum, and
energy. Particular emphasis is placed on the compressible Euler equa-
tions and their relation to the Navier—Stokes system.

3. Chapter 4: Parametric Prediction of Nozzle Flow. This chap-
ter describes the first case study, focusing on compressible flow in a
convergent—divergent nozzle. The dataset generation, graph construc-
tion, network architecture, training procedure, and results are pre-
sented.

4. Chapter 5: Parametric Prediction of Backward-Facing Step
Flow. This chapter addresses the second case study, involving viscous
incompressible flow over a backward-facing step at varying Reynolds
numbers. The dataset construction, graph modeling strategy, training
procedure, and results are discussed.
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Chapter 2

Graph Neural Network

The aim of this chapter is, in the first part, to introduce the concept of
a neural network (Neural Network), illustrating its operating principles
and the reasons behind its widespread success. A comparison between the
main differences in the use of a Shallow Neural Network and a Deep
Neural Network will also be provided. Subsequently, some mathemati-
cal structures known as graphs will be introduced, followed by an analysis
of how neural networks can be integrated with graph structures, leading to
the models known as Graph Neural Networks (GNNs). The main ad-
vantages of GNNs over conventional architectures such as Convolutional
Neural Networks (CNNs) will also be highlighted. The chapter concludes
with a brief introduction to Neural Operators, a class of deep learning
models designed to learn operators between functional spaces. Particular
attention will be devoted to the Graph Neural Operator (GNO), which
combines graph-based representations with the operator learning frame-
work. It should be emphasized that the purpose of this chapter is to provide
the reader with an introductory overview of the topics discussed, aimed at
supporting the understanding of the applications presented in the subse-
quent chapters. Therefore, it does not represent an exhaustive treatment of
the subjects addressed.

2.1 Neural Network

A neural network can be interpreted as a function
y = f[x;w,b],

which, given an input x € R™, returns an output y € R". To understand how
a neural network represents a function and the role played by the parameters



w and b, it is useful to first describe its architecture. As shown in Figure
2.1, every neural network is composed of three main components:

e Input layer: the initial layer, where the input values of the model are
provided.

e Hidden layer(s): the central part of the network, consisting of one
or more intermediate layers made up of computational units called
neurons or hidden units. These layers are referred to as “hidden”
because they are not directly visible to the user and do not produce
the final output of the model.

e Output layer: the final layer of the network, responsible for producing
the output values.

Inpu‘t Lal/er Ou‘t(aut LO\L/G,Y‘

Figure 2.1: Structure of a neural network. Image created by the author.

Once the overall structure of a neural network has been introduced, we
can proceed by analyzing the simplest architecture that can be constructed,
known as a Shallow Neural Network.

Shallow Neural Network

A shallow neural network takes this name because it is a neural network
composed of a single hidden layer, as illustrated in Figure 2.2. The funda-
mental idea underlying neural networks is that the value of each neuron in
a given layer depends, in the case of a fully connected network, on all the
values of the neurons in the previous layer. In the case of the network under
consideration:
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Figure 2.2: Structure of a shallow network. Image created by the author.

1 1 1
h[l} = a(b[n} + wgl]:c) (2.1)
1 1 1
hy) = a(by] + wilz) (2.2)
1 1 1
) = a(by + wilz) (2.3)
where !l = [wﬂ w[;ﬂ wéﬂ and bl = [b[lll} b[zll] bgll]] represent respec-

tively the weights and the biases associated with the first layer. Regarding
the adopted notation, the superscript, whether referring to the neuron val-
ues (h) or to the parameters (w, b), always indicates the layer of the network
being considered. The subscript, on the other hand, assumes a different
meaning depending on the context: in the case of neurons, it identifies a
specific neuron belonging to the layer, whereas in the case of the parameters,
the first index indicates the receiving neuron and the second the originating
neuron, thus specifying the connection to which the parameter is associated.
The function af.] represents a nonlinear function known as the activation
function. There exist several types of activation functions, and among the
most commonly used in the literature we find:

e Logistic Sigmoid Function. (Figure 2.3):

e Rectified Linear Unit. (Figure 2.4):
ReLU(z) = max(0, x) (2.5)
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Funzione Sigmoide

Figure 2.3: Logistic sigmoid function. Image created by the author.

Deep Neural Network

A Deep Neural Network, unlike a Shallow Neural Network, takes this name
because it is a neural network composed of more than one hidden layer, as
illustrated in Figure 2.1. The general operating principle remains analogous
to that of a shallow neural network; what primarily changes is the notation,
which becomes more articulated as the depth of the network increases. In
compact form, the values of the neurons belonging to a given layer [L] can
be expressed as:

Pl _ g (W[L] 2SI gm) (2.6)

where W is a matrix in which each row contains the weights connecting
all the neurons of the previous layer [L — 1] to the neuron in layer [L] cor-
responding to that same row. In order to understand why neural networks
are today among the most widely used architectures compared to other ma-
chine learning models, it is necessary to introduce one of their most relevant
properties, namely their ability to work as universal function approxi-
mators. This property is formally established in the so-called Universal
Approximation Theorem, whose statement is the following:

12



Funzione ReLU

ReLU(x}
w

Figure 2.4: Rectified Linear Unit. Image created by the author.

Universal Approximation Theorem

Let C(K) be the space of continuous functions defined on a compact
set K C R™. Then, for every continuous function f € C'(K) and for
every € > 0, there exists a feedforward neural network f with a single
hidden layer and a finite number of neurons such that:

|f(x) —f(x)| < e forevery r € K.

Although this theorem is stated for a Shallow Neural Network, its validity
can also be extended to a Deep Neural Network. The meaning of the theo-
rem defined above implies that a neural network f is able to approximate a
function f(x) with an arbitrarily small accuracy level €, provided that a suf-
ficient number of neurons is used in the hidden layer. This theorem therefore
provides a mathematical interpretation of why neural networks are capable
of solving complex problems in various fields such as image recognition and
natural language processing. A fundamental assumption of this theorem
is that the activation function employed must be a continuous, bounded,
non-constant and, most importantly, nonlinear function on the compact
set K C R™ under consideration. It is precisely the nonlinearity of the ac-
tivation function that plays a crucial role in enabling the Neural Network
to model complex problems. It should also be emphasized that, although
this theorem guarantees the existence of a neural network capable of ap-
proximating functions, it does not provide any practical guidance on how to
construct such a network or how to train it efficiently. In this paragraph, a

13



mathematical proof of the theorem will not be provided; however, Figure 2.5
allows its meaning to be understood qualitatively. It can be observed that,
as the number of neurons in a shallow neural network with ReLLU activation
increases, the approximating function f (x) exhibits a growing number of lin-
ear regions. Consequently, the function f (x), represented by the solid line,
approximates the target function f(z), indicated by the dashed line, with
increasing accuracy.

a) b) c)

1.0 . — , .
5_|lnear regions Pt v P ZQImear regions an
s \“ ,,l e s "l e “ /
\‘ i \‘ 'l \\ J'
= v 2\ r Y r
3 Il ‘\ l' ‘\ I’
45 ‘\\ fl 1 4 / \ !
oo O. 0 \\‘ ! ‘\\ 1’ ‘\\ 1'
e by d A Y d "\ e
3 \ 7/ A\ I/ 7
o 5 ! \ / \ !
\ ! \ { !
\ / \ J \ /
L N d N
-1.0 - . -
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Input, © Input, x Input, «

Figure 2.5: Qualitative illustration of the Universal Approximation Theorem.
Image taken from Prince [5].

Shallow vs. Deep Neural Network

In the previous paragraph, it was shown that both Shallow Neural Networks
and Deep Neural Networks possess the ability to approximate arbitrary func-
tions, thus belonging to the class of universal approximators. At this point,
it is natural to ask under which circumstances it is preferable to use a shallow
network rather than a deep one. The aim of this subsection is to illustrate
the reasons why, in recent literature, Deep Neural Networks are generally
preferred over Shallow Neural Networks. The main reason can be visualized
in Figure 2.6.

In this figure, several neural network architectures are considered, all employ-
ing the ReLU function as the activation function. Depending on how we move
along the graph, it is possible to vary either the number of neurons in each
layer or the number of layers itself, indicated by the letter K. From the fig-
ure, it can be observed that, for the same number of linear regions generated
by the output function, a deep neural network with five layers requires a sig-
nificantly smaller number of parameters compared to a shallow network with
a single layer. This implies that, for the same expressive capacity (in terms
of linear regions), a deep network is computationally less expensive than a
shallow one. The figure can also be interpreted in the opposite way: for the
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Figure 2.6: Number of linear regions as a function of the number of parame-
ters used and the number of layers in the network. Image taken from Prince

[5].

same number of parameters, a deep neural network is capable of modeling
more complex functions than a shallow neural network. Although this repre-
sents an important theoretical advantage, it should be emphasized that the
linear regions produced by a deep network are not completely independent of
one another: their structure is constrained by dependencies and symmetries
induced by the architecture. Consequently, simply increasing the number of
linear regions does not necessarily guarantee improved performance, unless:

e The true function to be approximated exhibits symmetries compatible
with those learned by the network.

e The function to be modeled consists of multiple simple functional sub-
components, that is, it can be expressed as a composition of more
elementary functions.

An additional advantage of deep neural networks, directly related to what
has just been discussed, is their greater generalization capability compared
to shallow architectures, particularly when making predictions on unseen
data during the training phase. However, a potential drawback should also
be noted: deep networks tend to have a higher propensity for owerfitting,
especially in scenarios where the amount of available data is limited (Figure
2.7).
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Figure 2.7: Overfitting. Image created by the author.

Loss Function

In the previous subsections, we observed that both shallow and deep neural
networks are described by a set of parameters, denoted by w and b. As these
parameters vary, the function represented by the model changes accordingly,
and can therefore be viewed as belonging to a family of functions. During
the training phase, the objective is to find the parameters that yield the
best possible correspondence between input and output with respect to the
specific task under consideration. In this paragraph, we clarify what is meant
by “best possible mapping.” The fundamental idea is that, given a training
dataset {z;,y;}, a loss function L(, Z;) is defined, which returns a single
numerical value measuring the discrepancy between the model predictions
f (0, l;) and the corresponding true values y;. The model that minimizes
this loss function is considered to be the one that best approximates the
relationship between input and output. Among the various loss functions

available in the literature, the most relevant are:

e Mean Squared Error (MSE): used for regression tasks. It computes
the average of the squared differences between predicted and true val-
ues, as follows:

n

MSE = 25" (F(we, ) — y1)? (2.7)

n <
=1

e Cross-Entropy Loss: used for classification tasks. It compares the

—

predicted probability distribution f(x;,@,b) with the true distribution

16



yi, encouraging the model to assign higher probabilities to the correct
classes:

-

Cross — Entropy = — Z y; - log(f (x4, W, b)) (2.8)

i=1

In the present work, we will focus on regression problems rather than clas-
sification tasks, and therefore we will adopt the MSE as the Loss Function.

X\i'
X

(a) High MSE value (b) Low MSE value

Figure 2.8: Comparison of the MSE for two linear neural network models.
Image created by the author.

Fitting Models

In the previous subsection, we observed how a given neural network model
can approximate the input-output pairs of a training dataset {z;, y; } more or
less effectively, depending on the values assumed by its parameters. In this
subsection, we focus on the algorithms most commonly used to train a neural
network, with the objective of identifying the parameters that minimize the
loss function. The first algorithm we examine is Gradient Descent, which
consists of two main steps:

1) The first step consists in computing the gradient of the loss function

17



with respect to the parameters

VL=| : (2.9)

oL
abl]

2) The second step consists in updating the parameters as follows

u_}, t+1 U_f t

where @ and b are the parameters represented as column vectors and
a denotes a value fixed a priori, known as the Learning Rate.

The idea underlying this algorithm can be easily visualized in a one-dimensional
case, where we consider a neural network composed of a single input, a sin-
gle output, and one hidden layer consisting of a single neuron. The adopted
activation function a(-) is the identity function. We further assume that the
only parameter to be optimized is the weight w, while the bias b is consid-
ered fixed a priori and not subject to learning. In this context, the function
implemented by the network reduces to:

flw)y=b+w-x (2.11)

Consequently, the Mean Squared Error (MSE) takes the form of a parabola
with respect to the independent variable w:

1 n
MSE(w) = ~ Z (w?a? + 2wbz; + b* + yi — 2by; — 2way;) = a-w’+c-wtd
=1

)

(2.12)

where the coefficients a, ¢, and d become known once the dataset {z;,y;} and
the value of b are fixed, and are defined as follows:

18
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1 n

d== b2 2 _ 2by; 2.15
n;:l( +; Yi) (2.15)

Figure 2.9 visually illustrates the functioning of the Gradient Descent algo-
rithm applied to the case just described.

Loss ﬁ\

Intial Weight w,

New Weight w,

N
- =
w

Cost Function Minimum

Figure 2.9: Gradient Descent. Image created by the author.

The process begins by randomly assigning an initial value to the weight
w and proceeds iteratively, updating the parameter at each step, until the
variation of the MSE function between two consecutive iterations (from ¢
to t + 1) becomes smaller than a predefined threshold. From the figure, it
is also possible to observe the crucial role of the parameter «, referred to
as the learning rate, which, together with the value of the local derivative,
determines the magnitude of the step taken to update the parameter, that
is, to move from w! to w'*'. As shown in Figure 2.10, the value of o affects
both the convergence speed of the algorithm and its stability: a value that is
too small leads to very slow convergence, whereas an excessively large value
may prevent the algorithm from converging. In practice, the values of « are
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often chosen empirically, based on preliminary experiments. The algorithm
described above proves particularly effective when the loss function is convex,
since, once a reasonable learning rate is selected, it guarantees convergence
to the global minimum of the function. However, in real neural networks,
loss functions are typically non-convex due to the use of nonlinear activation
functions.

A

Loss Loss

(a) Small Learning Rate (b) Large Learning Rate

Figure 2.10: Comparison of two Learning Rate values. Image created by the
author.

Non-convexity introduces the risk that the algorithm, depending on the pa-
rameter initialization, converges to a local minimum rather than to the global
minimum. This behavior is illustrated in Figure 2.11: if the parameters are
initialized at point A, the algorithm converges to the global minimum; if
instead the initialization occurs at point B, convergence takes place toward
a local minimum. To address this issue, a common alternative is represented
by the Stochastic Gradient Descent (SGD) algorithm. The idea behind
this method is simple: at each iteration, instead of computing the gradient
over the entire dataset, a random subset of examples (called a minibatch or
batch) is selected, and the gradient of the loss function is computed only on
this subset.

From a certain perspective, this is equivalent to performing gradient descent
on a different loss function at each iteration, since the loss depends both
on the model and on the selected data. Consequently, the function continu-
ously changes, making the algorithm more “noisy,” but potentially capable
of escaping local minima. Despite this variability, the expected value of the
loss and of the gradient at each point remains the same as in the determin-
istic classical gradient descent approach. The last algorithm we consider is
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Figure 2.11: Non-convex function. Image created by the author.

Adaptive Moment Estimation (ADAM). This is a more advanced method
that introduces a learning rate adaptation mechanism: instead of keeping it
constant, ADAM dynamically adjusts the update step for each parameter,
taking into account both the mean of the gradients and their variance.

Difference Between Hyperparameters and Parameters

We conclude this section by briefly clarifying the difference between pa-
rameters and hyperparameters within a machine learning model, with
particular reference to neural networks. Parameters are the variables auto-
matically learned by the model during the training phase and depend directly
on the training data. In the case of the neural networks discussed previously,
these parameters are represented by the weight vectors w and bias vectors
b. Hyperparameters, on the other hand, are variables that are not learned
during training, but are chosen before the learning process begins. Their
selection can be performed manually or through automatic hyperparameter
optimization techniques. These values influence the behavior and perfor-
mance of the learning algorithm. We can distinguish two main categories of
hyperparameters:

e Architectural hyperparameters: they control the structure of the
neural network. Typical examples include the number of neurons in
the hidden layers (hidden layers), the total number of layers, and the
activation function employed.
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e Optimization hyperparameters: they regulate the functioning of
the learning algorithm. Examples include the value of the learning rate,
the batch size, and the total number of epochs (epochs) or iterations.
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2.2 Graphs

Graphs are mathematical structures that are extremely useful for represent-
ing and analyzing complex systems. In their most general definition, they
consist of a set of objects called nodes (or vertices) connected to one an-
other through elements known as edges. The expressive power of graph-
based representations lies in the fact that they are not limited to describing
the individual properties of nodes, but are also capable of highlighting the
relationships between them. A mathematical analysis conducted on such
structures can therefore provide a deep understanding of complex real-world
systems, which would be difficult (or even impossible) to achieve using more
traditional models. Some concrete examples of real systems that can be
effectively modeled using graphs include:

e Social Networks: nodes represent individuals, while edges represent
social relationships (such as friendship) between two people.

e Molecules: nodes correspond to atoms, and edges represent the chem-
ical bonds between them.

e Computational Meshes: nodes represent the points of the mesh,
while edges may indicate geometric distances or, in the context of phys-
ical simulations such as computational aerodynamics, physical quanti-
ties exchanged between two nodes (for example, momentum).

Figure 2.12: Computational Mesh. Image created by the author.
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Figure 2.13: Molecule. Image created by the author.

Figure 2.14: Social Network. Image created by the author.

Introduction to Graph Theory

Formally, a graph is defined as a set of nodes or vertices connected to each
other by edges
G =(V,E) (2.16)

An edge connecting a node u € V to a node v € V is defined as (u,v) € E.
A graph can be categorized according to its structural properties and the
nature of the connections between vertices. Among the different types of
graphs, we find:

e Directed and undirected graphs: a graph is said to be undirected
when (u,v) = (v,u), that is, when an edge connecting a node u to a
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node v is identical to an edge connecting node v to node u. Conversely,
it is defined as directed when (u,v) # (v, u).

(a) Directed graph. (b) Undirected graph

Weighted and unweighted graphs: a graph is defined as weighted
when edges have an associated weight that may vary from one edge to
another, representing for example a distance, the strength of a given
connection, and so on. It is defined as unweighted when edges do not
carry a weight, meaning that they simply represent the presence or
absence of a connection.

};\:\I\Z\O

Figure 2.16: Weighted graph. Image created by the author.

Simple graphs and multigraphs: a graph is defined as simple when
there are no edges connecting a vertex to itself and when there is at
most one edge connecting the same pair of vertices. A multigraph, on
the other hand, allows multiple edges between the same pair of vertices,
enabling the representation of different types of interactions between
two vertices.
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Figure 2.17: Multigraph. Image created by the author.

e Complete graph: a graph is defined as complete when every pair of
distinct vertices is connected by exactly one edge.

Figure 2.18: Complete graph. Image created by the author.

e Bipartite graph: a graph is defined as bipartite when the set of
vertices V can be divided into two subsets V; and V,, such that every
edge connects a vertex from one subset to a vertex belonging to the
other subset.

Mathematical Representation of Graphs

A graph can be represented mathematically in multiple ways, depending on
the type of analysis or application. In this subsection, we analyze some of
the most common ways of representing both the structure of a graph and its
properties, which can provide deeper insight into its organization. Among
the most common mathematical objects used to describe the structure of a
graph, we find:
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Figure 2.19: Bipartite graph. Image created by the author.

e Adjacency Matrices: this represents one of the most common ways
to describe a graph. Given a graph G composed of a total number of
n nodes, the adjacency matrix [A] is an n X n matrix representing the
presence or absence of an edge between a pair of vertices. The matrix
element [A] ;j» in the case of unweighted graphs, is defined as:

(2.17)

1 if there is an edge between vertices v; and vj,
[ ]ij - .
0 otherwise

In the case of weighted graphs, the matrix element [A], ; 18 defined as:

;; if there is an edge between vertices v; and v;,
[A]ij:{w] i re is an edg ween vertices v; and v; (2.18)

0 otherwise

where w;; represents the weight value of the edge connecting vertices v;
and v;. From the given definition of the adjacency matrix, it is straight-
forward to observe that in the case of an undirected graph, the matrix
[A] is symmetric. Conversely, if the graph is directed, the matrix [A]
is not necessarily symmetric. Finally, in the case of a multigraph, the
mathematical object [A] is no longer a matrix but a tensor, known as
the adjacency tensor [A], of dimension n X n x m, where n represents
the number of nodes and m represents the total number of properties
associated with each edge.

e Incidence Matrices: these are used to capture the relationship be-
tween vertices and edges. The incidence matrix [B] is an n x m matrix,
where n represents the number of vertices and m represents the number
of edges, such that each row corresponds to a vertex and each column
corresponds to an edge. The matrix element [B],; is defined as:

(2.19)

1 if vertex v; is incident to edge e;,
[B]ij - .
0 otherwise
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Among the most important graph properties, we find:

e Degree of a vertex: this represents the number of edges connected
to a given vertex. In an undirected graph, the degree of a vertex v;,
denoted as d(v;), is simply the number of edges incident to v;. Mathe-
matically, this can be expressed as:

() = (Al (220)

J=1

In the case of a directed graph, one can define an in-degree d;,(v;)
and an out-degree d,,;(v;), representing respectively the incoming and
outgoing edges of node v;. Mathematically, this can be expressed as:

din(v;) =Y _[Al; (2.21)

dout(V;) = Z[A]ij (2.22)

j=1

It is also worth noting that there exists a matrix whose diagonal ele-
ments correspond to the degrees of the respective vertices, known as
the degree matrix.

e Diameter and radius of a graph: to explain the diameter of a
graph, it is first necessary to introduce the concept of a path. A path
in a graph is a sequence of edges connecting a sequence of distinct
vertices. If the first and last vertices of the path coincide, the path is
called a cycle. The diameter of a graph G can be defined as:

diam(G) = max d(u,v) (2.23)

u,veV

where d(u, v) represents the shortest path connecting two vertices u, v €
V. The radius can be defined as:

rad(G) = mine(u) (2.24)

ueVvV

where e(u) represents the eccentricity of a vertex u, defined as the
greatest distance from v to any other vertex.

e Vertex centrality: centrality is an important property of a vertex
because it allows us to measure how important a vertex is within the

28



graph. Naturally, the importance of a node depends on what is meant
by “important.” For this reason, there are different ways to define cen-
trality. A simple way to measure centrality is through degree central-
ity, which increases proportionally to the number of edges connected
to a vertex. Other centrality measures, which will not be analyzed in
detail in this work but are worth mentioning, include Closeness Cen-
trality, Betweenness Centrality, and Eigenvector Centrality.
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2.3 Graph Neural Network

In this paragraph, we explain how neural networks can be integrated with
structures such as graphs in order to obtain three main types of predictions:

e Graph-level predictions: the objective of this type of prediction is to
infer one or more properties of an entire graph. A representative exam-
ple is the following: given the structure of a molecule, transformed into
a graph, we aim to determine the smell associated with that molecule.

e Edge-level predictions: the objective of this type of prediction is
either to determine whether a specific edge exists between two nodes
or to predict the properties associated with a given edge.

e Node-level predictions: the objective of this type of prediction is to
infer the properties of a specific node.

In the present work, the GNN model employed focuses on node-level pre-
dictions. The key mechanism used by these networks to perform such pre-
dictions is known as message passing or neighborhood aggregation.
This mechanism allows nodes to iteratively exchange information with their
neighboring nodes, updating their properties at each iteration.

Message Passing

The general formula describing the message passing process can be summa-
rized in a single expression as follows:

) ) [ ) @ o®) (ng)a ng)7eij> (2.25)
JEN(3)

We now examine each individual component appearing in the equation that
describes the message passing mechanism:

. xgk) . represents the feature vector of node (i) evaluated at iteration
(k) of the GNN. Before the iterative process begins, these features may
represent intrinsic properties of the node; for example, in a computa-
tional fluid dynamics application, they may include velocity, pressure,
density, and temperature. As the iterations proceed, the feature vector
incorporates information from neighboring nodes and from the graph
structure itself.
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e N(i): represents the set of neighboring nodes of node (7). During
the first iterations, the node interacts only with its immediate neigh-
bors; however, as the number of iterations increases, the node becomes
indirectly influenced by more distant nodes in the graph, eventually
capturing global structural information.

e ¢*): represents the message function. This function outputs the
message that each neighboring node j sends to node 7. Its inputs are
the feature vector of the source node j, the feature vector of the target
node ¢, and the edge feature vector e;; connecting nodes 7 and j. In
our case, this function is implemented as a neural network of the MLP

type.

e (P: represents the aggregation operation used to combine all messages
m;; received from neighboring nodes j € N (7). Common choices for
this operation include:

1. Summation:

Z m; (2.26)

JEN (i)

2. Mean:

1
o > myy (2.27)

3. Max pooling:

max m;_; 2.28
jeN( (2.28)
e ~¥): represents the update function. This function takes as input

both the aggregated messages from neighboring nodes and the current

node feature vector xik , and outputs the updated node feature vector

ngﬂ) for the next layer.

This procedure is performed for several iterations. In particular, at each
iteration, every node aggregates information from its adjacent nodes and, as
the iterations progress, its feature vector incorporates information from nodes
that are increasingly distant in the graph. In general, after K iterations, the
feature vector of each node contains information from nodes located up to K
hops away. At this point, one may ask what type of information each node
is actually able to acquire. In general, this information can be divided into
two main categories:
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Figure 2.20: Message passing. Adapted from [7].

e Structural information: for example, after K iterations, the feature
vector of a node v may encode information related to the degree of
nodes within K hops in the graph.

e Node feature information: for example, after K iterations, the fea-
ture vector of a node u may include information about the features of
nodes in its K-hop neighborhood. This type of local aggregation can
be seen as analogous to what occurs in Convolutional Neural Networks
(CNNs), where convolutional filters aggregate information from small
spatial regions of an image.

Although this structure is highly effective in capturing complex dependen-
cies between graph nodes, an excessive number of iterations K may lead
to the problem of over-smoothing, in which node feature vectors become
indistinguishable from one another, thereby reducing the model’s ability to
discriminate between different nodes.

Advantages of Using Graph Neural Networks

We conclude this paragraph by analyzing some of the main advantages offered
by architectures based on Graph Neural Networks (GNNs), compared to
other well-established architectures in the field of machine learning, such as
Convolutional Neural Networks (CNNs). Among the main advantages,
we can identify:
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e Processing of unstructured data: Although Convolutional Neu-
ral Networks (CNNs) are particularly effective in analyzing structured
data, such as images, where each pixel has a fixed and regular num-
ber of neighbors, Graph Neural Networks (GNNs) offer the advantage
of operating on unstructured data. In particular, they are capable of
handling input structures in which relationships between nodes do not
follow a fixed pattern, successfully aggregating information from nodes
connected in an irregular and heterogeneous manner.

¢ Permutation invariance and equivariance: before explaining why
this is a fundamental property of Graph Neural Networks (GNNs), it is
useful to clarify what is meant by permutation invariance and per-
mutation equivariance in the context of graphs. In mathematical
terms, a function f that takes an adjacency matrix A as input is said
to be permutation invariant if it satisfies the following relation:

J(PAPT) = f(A) (2.20)

It is said to be permutation equivariant if:

f(PAPT) =Pf(A) (2.30)

where P is a permutation matrix. In the context of GNNs, permutation
invariance is fundamental when dealing with graph-level tasks, where
the objective is to assign a label or a property to the entire graph (as in
the case of molecular classification). Equivariance, on the other hand,
is crucial in node-level tasks, where the model produces an output
for each node. In this latter case, if the input nodes are permuted,
the outputs must be permuted accordingly. To better understand the
meaning of permutation invariance, consider Figures 2.21.a and 2.21.b.
They represent two graphs describing physically the same molecule,
but differing in the ordering of the nodes.
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(b) Graph B

(a) Graph A

Figure 2.21: Comparison between two graphs representing the same molecule.

Image created by the author.

The adjacency matrix of Graph A is:

(2.31)
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Although A, and Ay, are different, they represent the same graph up to
a permutation of the nodes. In a graph classification task, for example
predicting the smell of a molecule, it is necessary that the network out-
put be invariant with respect to node permutations. Unlike GNNs, a
structure such as a Convolutional Neural Network (CNN) would not be
suitable in this context, since it is designed to be invariant to spatial
translations, a property effective for structured data such as images,
where each pixel has well-defined neighbors. However, CNNs are not
capable of handling arbitrary permutations of input elements, as
occurs in graphs, where node ordering has no absolute meaning. For
this reason, GNNs provide a more general and effective solution for
problems involving irregular data structures.

Graphs of variable size: A significant limitation of architectures
such as Convolutional Neural Networks (CNNs) is their inability to
process inputs of variable size. Due to their structure, these networks
require fixed-size input data: for example, a CNN designed for 128 x
128 pixel images cannot be directly applied to 256 x 256 pixel images
without modifying the network architecture. Graph Neural Networks
(GNNSs), on the other hand, are capable of handling graphs of varying
sizes, from a few nodes to thousands, since they operate in a local
manner, aggregating information in the neighborhood of each node
rather than processing the entire graph globally. However, although
this characteristic provides significant flexibility, an important open
question remains: it is not yet fully understood how a GNN trained
on small graphs (for example, with 10 nodes) behaves when applied to
much larger graphs containing hundreds or thousands of nodes. In such
cases, performance degradation phenomena may emerge, depending on
the network architecture.
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2.4 Neural Operator

In the previous section, we described how neural networks can classically
be used to learn mappings between finite-dimensional Euclidean spaces. In
this section, we introduce a generalization of neural networks, namely Neu-
ral Operators, which are capable of learning operators that map between
infinite-dimensional functional spaces. These recently introduced models ex-
hibit two fundamental properties, analyzed in the reference works [2] and [3].
The first is discretization invariance, meaning that neural operators are
able to:

e Act on any discretization of the input function, that is, they accept any
set of points in the input domain

e Be evaluated at any point in the output domain

e Converge to a continuous operator as the discretization is progressively
refined.

These conditions clarify why GININs, although satisfying the first two, cannot
be considered discretization invariant because, as discussed in the previous
paragraph, progressively refining the grid typically does not lead to test error
convergence to zero, thus violating the third condition. The second property
is that of being universal approximators: under suitable architectural
and regularity assumptions, neural operators are capable of approximating
continuous operators acting between Banach spaces with arbitrary precision.
Neural operators present significant application potential for two main rea-
sons:

e In the context of physical modeling, many phenomena are described by
partial differential equations (PDEs). The purpose of neural operators
in this setting is to learn a surrogate of the inverse operator, thereby
reducing computational costs compared to traditional numerical meth-
ods. To better clarify this concept, consider for example a family of
PDEs of the form

(Lou)(z) = f(z), =€ D,
{u(:v) =0, x € 0D. (2.33)

where L, represents an operator depending on the function a. A natural
operator derived from this PDE is

Gl:=L'f: A=, a > u. (2.34)
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G therefore represents an operator that associates to a function a the
corresponding solution function u. The objective of a Neural Opera-
tor in this case is to approximate the operator G by constructing a
parametric map

Go: A= U,  6OeR, (2.35)

whose parameters belong to the finite-dimensional space RP, and se-
lecting 67 € RP such that Gyt ~ G1.

e In data-driven scenarios where an accurate physical model is incomplete
or unavailable, Neural Operators allow the direct learning of operator-
to-operator mappings between functional spaces from data.

Architecture of a Neural Operator

The complete structure of a neural operator can be divided into three main
blocks:

e Lifting: using a pointwise function R% — R%o, the input {a : D —
R} s {vg : D — R%o} is mapped to its first hidden representation.
This operation is referred to as lifting because one typically chooses
dy, > d,. This step is implemented through a fully local operator.

e Iterative kernel integration: for t = 0,...,7 — 1, each hidden rep-
resentation is mapped to the next one {v; : D; — R%} — {v; :
Dyyy — R%+1} through the action of the sum of a local linear op-
erator, a nonlocal integral operator with kernel, and a bias function,
followed by a pointwise nonlinearity that is identical across layers.

e Projection: using a pointwise function R%r — R% the final hidden
representation {vy : D' — R%r} s {u : D' — R%*} is mapped to
the output function. Similarly to the first block, one typically chooses
d,, > d,; therefore, this is a projection phase also implemented through
a fully local operator.

The general structure can be represented in compact form as follows:

Gog:=QoLro---0oLioP (2.36)

where () and P represent the lifting and projection blocks, respectively, while
L, denotes the kernel integration block indexed by the corresponding layer.
The internal structure of the kernel integration block £; is defined as follows:
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vpr(z) =0 | Wul(z) + / k(x,y)v(y)dy + b(x) (2.37)
——— D ) ~—~

Local operator N ~~ Bias

Nonlocal operator

We conclude this subsection by emphasizing that it is precisely the combina-
tion of a nonlocal operator with a nonlinearity that enables neural operators
to form architectures capable of learning a broad class of continuous opera-
tors [3].

Graph Neural Operator

We conclude this paragraph by introducing a particular class of neural oper-
ators, known as the graph neural operator. Starting from equation (2.37),
which for simplicity does not include the bias term, we observe that, since
a computer necessarily operates in finite-dimensional spaces, the first step
toward implementing such a formulation consists in approximating the inte-
gral through a numerical technique and discretizing the domain with a finite
set of points {z1,...,2,;} C D.

Vp1(x) =0 (W v(z) + %Z/ﬁ(x,xl) vt(a:l)) : j=1,...,J (2.38)

This expression highlights the analogy with equation (1.26), which describes
the message passing mechanism typical of graph neural networks, thereby
justifying the name graph neural operator. In order to reduce the com-
putational cost associated with this model, two fundamental approximations
are introduced:

e Nystrom approximation: this approximation consists in evaluating
the summation appearing in equation (2.38) over a reduced number of
points J', uniformly distributed and randomly sampled, with J < J.

e Domain truncation: this approximation consists in restricting the
integral to a subdomain of D that depends on the evaluation point
x € D. For simplicity and ease of implementation, we consider the
subdomain:

s(z) = B(z,7)N D, B(z,r)={y eR%: ||y — x||ga <7} (2.39)

for a fixed radius r > 0.
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This second approximation has the advantage of preserving invariance with
respect to the chosen discretization. Indeed, since the radius r is defined
in the physical space, progressively refining the discretization increases the
number of nodes included in the subdomain, thereby maintaining the consis-
tency of the model.
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Chapter 3

The Governing Equations of
Fluid Dynamics

This chapter presents the governing equations of fluid dynamics that consti-
tute the theoretical foundation of all the numerical simulations performed in
this work. A rigorous understanding of these equations is essential to ensure
that the numerical results remain consistent with the underlying physical
principles. The inclusion of this chapter is motivated by two main reasons:

1. All the CFD simulations developed in this thesis are based on these
governing equations. Therefore, evaluating the physical consistency
and reliability of the numerical results requires a clear understanding
of their mathematical and physical structure.

2. The governing equations can be expressed in different mathematical
forms (integral or differential, conservative or non-conservative). While
these formulations are theoretically equivalent under appropriate as-
sumptions, the choice of a specific form plays a crucial role in numer-
ical implementations. In CFD algorithms, different formulations may
lead to variations in conservation properties, numerical stability, and
accuracy.

The governing equations represent the mathematical formulation of three
fundamental physical principles upon which fluid dynamics is based:

e Conservation of Mass
e Conservation of Momentum

e Conservation of Energy
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To derive these equations, it is necessary to introduce a model for describing
the flow field. In this work, the finite control volume approach is adopted. A
control volume is a finite region of space through which fluid flows, bounded
by a closed control surface. The control volume may be either fixed or mov-
ing; however, in the present derivation, we consider a control volume fixed in
space, with fluid flowing across its boundaries. The finite control volume for-
mulation is particularly suited for numerical discretization, as it enforces the
conservation laws in integral form over discrete subdomains of the computa-
tional domain. By analyzing the balance of mass, momentum, and energy
within this finite region, it becomes possible to describe the evolution of the
flow in terms of fluxes crossing the control surface and sources acting within
the volume. Let us therefore consider a finite control volume drawn within
the flow field, fixed in space, with fluid entering and leaving through its
boundary, as illustrated in Figure 3.1.

Figure 3.1: Fixed finite control volume. Image taken from Anderson [2]
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3.1 Conservation of Mass

The conservation of mass principle, in the absence of sources or sinks, states
that the rate of variation of the mass inside a control volume must
be equal to the negative of the net mass flux through its boundary.
The total mass contained within the control volume V' is defined as:

/VpdV (3.1)

and the total mass flux across the control surface S as:

/ pV  -ndS, (3.2)
s
the integral form of the conservation of mass can be written as:

d

— pdV:—/pV-ndS. (3.3)

if the control volume is fixed in space and time, the volume V does not
depend on time, and the time derivative can be moved inside the integral:

/@dvz—/pv-nds. (3.4)
v Ot s

applying the divergence theorem to the flux term, we obtain:

/SpV~ndS:/VV~(,0V)dV. (3.5)

substituting into the previous equation yields:

/V (% LV (pV)> v — 0. (3.6)

since the control volume is arbitrary, the integrand must be zero at every
point in the domain. Therefore, the differential form of the conservation
of mass is obtained as:

% +V-(pV)=0. (3.7)
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3.2 Conservation of Momentum

The conservation of momentum principle states that the rate of varia-
tion of the momentum inside a control volume must be equal to
the negative of the net momentum flux through its boundary plus
the total external forces acting on the control volume. The total
momentum contained within the control volume V' is defined as:

/ pV dVv (3.8)
1%
and the total momentum flux across the control surface S as:
/ pV(V -n)dS, (3.9)
s
we can write:
d
— [ pVdV = — / pV(V -n)dS + Foy. (3.10)
dat Jy s

The external forces acting on the control volume can be classified into two
types:

e Body forces: forces acting throughout the volume of the fluid, such
as gravity.

e Surface forces: forces acting on the boundary of the control volume,
such as pressure and viscous stresses.

The body force contribution can be written as:

Fb:/pde, (3.11)
\4

where f represents the force per unit mass. The surface force can be written
as:

FS:/S—p[I]~ndS+/S[T]-ndS. (3.12)

where p represents the pressure and [7] represents the viscous stress tensor.
The integral form of the conservation of momentum can therefore be written
as:

d
- VdeV+LpV(V-n)dS:/fodeL/S(—p[I]%—[T])~ndS (3.13)
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if the control volume is fixed in space and time, the volume V' does not
depend on time, and the time derivative can be moved inside the integral:

0
/V({%(pV)dV—i—/SpV(V~n)dS:/fodV—i—/S(—p[I]+[7‘])-ndS (3.14)

applying the divergence theorem to the surface integrals, we obtain:

0
/ [a(pV) +V - (pVV) = pf =V - (—p[I] + [‘r])} dV = 0. (3.15)
v
since the control volume is arbitrary, the integrand must vanish at every

point in the domain. Therefore, the differential form of the conservation
of momentum is obtained as:

% (pV)+ V- (pVV)=-=Vp+ V- [r]+ pf. (3.16)
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3.3 Conservation of Energy

The conservation of energy principle states that the rate of variation of
the total energy inside a control volume is equal to the negative
of the net energy flux through its boundary plus the rate of work
done by external forces and the net heat flux through the control
surface. In the present formulation, no volumetric heat sources or internal
mechanical work inputs are considered. The total energy per unit mass can
be written as:

2

1%
E=et (3.17)

where:
e ¢ is the internal energy per unit mass, accounting for the microscopic
random motion of atoms and molecules within the fluid;

° VTQ is the kinetic energy per unit mass associated with the macro-

scopic motion of the fluid.

The total energy contained within the control volume V' is defined as:

/VpEdV=/Vp(e+V72) av (3.18)

and the total energy flux across the control surface S as:

/ pE(V -n)dS. (3.19)
s
the rate of work done by external forces can be written as:
W, = / pf - VdV (3.20)
1%
WS:—/p(V-n)dS—l-/([T]-n)-VdS (3.21)
s S
the net heat flux through the control surface is denoted by:
Q:/q~ndS (3.22)
S
the integral form of the conservation of energy can therefore be written as:
d . .
pr pEdV—l—/pE(V-n) dS =Wy, + W, +Q. (3.23)
v s
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3.4 Closure of the governing equation

The system of conservation equations derived in the previous sections consists
of five independent equations: one scalar equation from the conservation of
mass, three scalar equations obtained from the vectorial conservation of mo-
mentum, and one scalar equation from the conservation of energy. However,
these equations involve a larger number of unknown variables. In particular,
the set of unknowns includes:

e the density p,

e the three velocity components v, vy, v,

the internal energy e,

the pressure p,

the six independent components of the viscous stress tensor [7],

e the three components of the heat flux vector q.

In total, this leads to fifteen unknown variables. Since the number of un-
knowns exceeds the number of governing equations, the system is not closed.
In order to obtain a mathematically well-posed and solvable system, addi-
tional relations must be introduced to link these variables. These additional
relations are known as constitutive equations. They describe the physical be-
havior of the fluid and provide the necessary closure to the governing equa-
tions. In particular:

e Newtonian fluid hypothesis (viscous stresses): For a Newtonian
fluid, and under the Stokes hypothesis, the viscous stress tensor is
assumed to be linearly proportional to the rate of deformation tensor.

Introducing the velocity gradient V'V, the constitutive relation can be
written as:

7] = 1 (VV + (VV)T) — gﬂ (V- V) [I, (3.24)

where p is the dynamic viscosity. For incompressible flows, V-V = 0,
and the relation simplifies to:

(7] =pn(VV+(VV)T). (3.25)
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e Fourier’s law (heat flux): The heat flux vector is related to the
temperature gradient through Fourier’s law of heat conduction:

q=—kVT, (3.26)
where k is the thermal conductivity and 7" is the temperature field.

e Equation of state (thermodynamic closure): A further relation
is required to link thermodynamic variables such as pressure, density,
and internal energy. In general, this can be expressed as an equation
of state:

p :p<p> 6)7 (327)
together with a caloric relation, for example:
T ="T(p,e). (3.28)

For a calorically perfect ideal gas, these relations take the common
form:

p = pRT, (3.29)

e =c,T, (3.30)

where R is the specific gas constant and ¢, is the specific heat at con-
stant volume.

Once these constitutive relations are specified, the system becomes mathe-
matically closed and can be solved for the primitive flow variables.
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3.5 From Navier—Stokes to Euler equations

Once the governing equations have been closed through the introduction
of appropriate constitutive relations, the conservation of momentum equa-
tion can be specialized to the case of a Newtonian fluid. Strictly speaking,
the term Nawvier—Stokes equation refers to the balance of linear momentum
in which the Newtonian constitutive relation for the viscous stress tensor
has been substituted. By introducing the Newtonian stress tensor into the
momentum equation, one obtains the Navier—Stokes equation in differential
form:

%(pV) +V-(pVV) = -Vp+V- <u [VV + (VV)T] + %u(v : V)I> +pf (3.31)
In modern literature, however, the expression Navier—Stokes equations is
commonly used in a broader sense to denote the entire closed system govern-
ing a Newtonian, heat-conducting fluid, obtained after introducing both the
Newtonian constitutive relation for the viscous stresses and Fourier’s law for
the heat flux, together with the continuity and energy equations.

In differential form, the full Navier—-Stokes system reads:

dp
E—FV'(pV)—O

0
5PV + V- (pVV) = =Vp+ V-7 + pf (3.32)

\ %(pE)+V-(pEV):V-(T~V)—V-q—V-(pV)—|—pf-V

If viscous effects are neglected, as may occur at sufficiently high Reynolds
numbers, and heat conduction effects are neglected, the system simplifies to:

.

dp B
ot +V-(pV)=0
0
5,(PV) + V- (0VV) = =Vp + pf (3.33)
0
| 5 PE) + V- (pEV) = =V - (pV) +pf - V

This reduced set of equations is known as the Euler equations and describes
the motion of an inviscid and non-heat-conducting fluid. It is important to
remark that the system of partial differential equations introduced above
does not admit closed-form analytical solutions except for a limited number
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of highly simplified configurations. For realistic engineering flows, character-
ized by complex geometries and nonlinear interactions, analytical treatment
becomes intractable.

For this reason, the solution of the governing equations is most often obtained
through numerical approaches, commonly referred to as Computational Fluid
Dynamics (CFD). The discretization of the equations inevitably introduces
numerical errors, including truncation, discretization, and round-off errors,
which may affect the accuracy of the computed solution. Consequently, a
solid physical understanding of the flow behavior is essential in order to crit-
ically assess the reliability and realism of numerical simulations. Finally, it
should be emphasized that the governing equations have been presented in
two mathematically equivalent forms: the integral (control-volume) form and
the differential (local) form. The passage from the integral to the differen-
tial formulation relies on the application of the divergence theorem, which
requires sufficient regularity of the fields involved, typically continuity and
differentiability within the control volume. In the presence of discontinuities,
such as shock waves, the differential form may no longer be strictly valid
in the classical sense, and the integral formulation must be retained as the
fundamental representation of the conservation laws.
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Chapter 4

Parametric Prediction of
Nozzle Flow

The steady formulation of compressible flow problems may exhibit a mixed
elliptic-hyperbolic character depending on the local Mach number. In sub-
sonic regions, the equations behave elliptically and the solution is globally
coupled, whereas in supersonic regions the system is hyperbolic and infor-
mation propagates along characteristic directions. To avoid the numerical
difficulties associated with this mixed-type behavior, modern CFD solvers
typically consider the full time-dependent conservation laws and compute
the steady solution as the asymptotic limit of a time-marching procedure.
In this formulation, the Euler governing equations form a hyperbolic system,
and the steady state is reached when temporal variations vanish. However,
this approach introduces additional computational challenges. For explicit
schemes, the allowable time step is restricted by the CFL condition and
scales with the local mesh size. Consequently, the fine spatial resolution
required to capture shock waves imposes very small time steps. Moreover,
if the initial condition is far from the steady solution, a large number of
iterations is required before convergence is achieved. Even when implicit
schemes are employed to relax stability constraints, the cost per iteration
increases significantly due to the need to solve large linear systems. As a
result, the computation of steady compressible flows may become compu-
tationally demanding, particularly for high-resolution meshes and strongly
nonlinear regimes. These considerations motivate the exploration of data-
driven approaches not as full replacements of high-fidelity CFD solvers, but
as predictive tools capable of providing an informed initial condition for the
time-marching procedure. The objective of the present chapter is not to ob-
tain a perfectly converged steady solution through the neural model alone.
Instead, the proposed Graph Neural Network aims at predicting a flow field
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that is sufficiently close to the final steady-state solution. Such an approxi-
mation can be used as an initial condition for the numerical solver, thereby
significantly reducing the number of temporal iterations required to reach
convergence and, consequently, the overall computational cost. In order to
train and assess the proposed model, a database of CFD simulations was
generated. The case study considered in this work consists of a converg-
ing—diverging nozzle, in which the outlet pressure was systematically varied.
This configuration allows the flow to exhibit three distinct operating regimes:
a fully subsonic regime, a transonic—supersonic regime with an internal nor-
mal shock in the divergent section, and a fully supersonic regime without
internal shock formation. By exploring these different regimes, the dataset
captures the rich nonlinear behavior characteristic of compressible flows, in-
cluding shock formation and regime transitions.
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4.1 Dataset Generation

4.1.1 Geometry and Mesh Generation

Geometry

Figure 4.1: Nozzle geometry

The computational domain consists of a two-dimensional converging — di-
verging nozzle defined through a fully parametric geometry implemented in
G'msh. Due to the geometric symmetry of the configuration and the symmet-
ric flow conditions considered in this study, only half of the nozzle is modeled.
The centerline is treated as a symmetry boundary condition enforcing zero
normal velocity at the boundary. This choice reduces the computational cost
while preserving the physical consistency of the solution. The geometry is
defined in terms of the following parameters:

R, =0.5m (throat radius) (4.1)
R, =15R, =0.75m (chamber radius) (4.2)
A : :
e=1 = 8.0 (expansion ratio) (4.3)
t

The exit radius is obtained as:

R,=+zR,=1414m (4.4)

The converging and diverging sections are defined using prescribed wall an-
gles:

0; = 30° (slope at throat) (4.5)

57



0. = 0° (exit slope) (4.6)
The chamber length is chosen :

Ley, = Rep, (4.7)

The converging and diverging lengths are derived from conical reference ge-
ometries and subsequently rescaled to obtain a “bell-like” profile. The con-
verging wall is constructed using a cubic Hermite spline connecting the cham-
ber wall to the throat region. A cubic Hermite spline allows control over both
the position and the slope at the endpoints. Given two points (zg, o) and
(x1,y1) with prescribed slopes mg and my, the spline is defined as:

y(s) = hoo(s) yo + hao(s) (x1 — x0) mo + ho1(s) y1 + har(s) (1 — z0) My (4.8)

where s € [0, 1] and the Hermite basis functions are:

hoo(S) = 283 — 352 +1
hio(s) = s® —2s* + s
10(s) L (4.9)
h(n(S) = —25°+ 3s
hii(s) = s° — s

To ensure a smooth transition between the converging and diverging sections,
a circular fillet is introduced at the throat. The fillet guarantees curvature
regularity and avoids geometric discontinuities that could negatively affect
the numerical solution. The fillet radius is prescribed as

Rp = Ry. (4.10)

For the convergin section the geometric constraints for the spline are defined
as follows:

e The starting point coincides with the end of the straight chamber wall.
At this location the wall slope is zero (my = 0).

e The endpoint corresponds to the tangency point with the throat fillet.
The slope at this point is prescribed as m; = — tan(f;), ensuring slope
continuity with the circular arc.

This construction guarantees C! continuity between the chamber wall, the

converging spline, and the throat region. The geometric construction of the
converging section is illustrated in Figure 4.2.
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Figure 4.2: Geometric construction of the converging section

The diverging section is also constructed using a cubic Hermite spline but in
this case the gemotric costrain are apllied as follows:

e The starting point coincides with the tangency point between the cir-
cular throat fillet and the divergent profile. At this location the wall
slope is mg = tan(6;).

e The endpoint corresponds to the nozzle exit, where the radius equals
R, and the wall inclination is prescribed as m; = tan(f,).

This construction guarantees C'* continuity between the throat region and the
divergent section, producing a smooth bell-shaped contour with controlled
curvature and gradual area expansion.

Mesh

The computational domain is discretized using an unstructured mesh com-
posed of triangular elements generated through the Delaunay algorithm. No
a priori local refinement was applied to specifically capture potential shock
waves, as their location depends on the outlet pressure and varies across
the parametric study. Consequently, the mesh resolution was selected as
a trade-off between adequately resolving shock structures and limiting the
overall computational cost. This choice ensures sufficient accuracy in repre-
senting the main flow features while maintaining reasonable simulation times
throughout the entire range of operating conditions.
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Figure 4.3: Nozzle mesh

4.1.2 Numerical Discretisation

The flow is modeled by the two-dimensional compressible Euler equations in
conservative form, neglecting body-force terms:

oU OF 0G
OF  0G _ 111
ot " or oy (4.11)

where the vector of conservative variables is defined as:

p
U= Z:}‘ (4.12)
pE

and the flux vectors in the x and y directions are respectively:

pU pU
2
| P tp _ puv
F(U) = o | GU=| e, (4.13)
(PE + p)u (pE +p)v

A density-based finite volume formulation is adopted. For each control vol-
ume V;, the semi-discrete form of the governing equations can be written
as

dU; 1 .
- E F:|S 4.14
dt “/l| f‘ f’ ( )
feav;

where F 7 represents the numerical flux across face f and |S¢| denotes the
face area. The numerical flux at each interface is computed using the local
Lax—Friedrichs scheme:
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A

1 1
F(UL, UR; Il) = 5 [Fn(UL) + Fn(UR)] - 50& (UR - UL) (415)
where the normal physical flux is defined as:

F,(U) = F(U)n, + G(U)n, (4.16)

with n = (n,,n,) denoting the outward unit normal vector to the face. The
dissipation coefficient « is defined as the maximum local characteristic speed:

a =max (|u, 1| + cr, |unr|+ cr) (4.17)

U, =u-n, c= 1/7]2 (4.18)
P

This formulation introduces a local, solution-dependent dissipation propor-
tional to the maximum characteristic speed at the interface, providing ro-
bustness in the presence of strong gradients and shock waves preventing
non-physical oscillations near shock waves. Eventually the semi-discrete sys-
tem is advanced in time using a first-order explicit Euler scheme. Denoting
by R;(U) the spatial residual associated with control volume V;, the time
integration reads

where:

Ut = U7 + AtR} (4.19)

The global time step At is determined from the CFL stability constraint.
Defining a local Courant number as
(Ju;| + a;) At

Coj = ————, 4.20
° NE (4.20)

the time step is chosen such that Co; < CFL in every cell. This yields

At = CFL min <ﬂ> : (4.21)

7 \ul\ + a;

where CFL = 0.3 in the present simulations. In the above expression, A;
represents the area of the i-th cell, |u;| the velocity magnitude, and a; the
local speed of sound. The use of a global time step determined by the most
restrictive local condition ensures numerical stability of the explicit scheme.
However, this choice may significantly limit the allowable time step in the
presence of small cells or regions characterized by high local wave speeds.
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In compressible flows, the characteristic velocity |u| + a can become large,
particularly in regions of strong acceleration or near shock waves. As a
consequence, the CFL constraint may impose very small time steps. Since
the steady solution is obtained as the asymptotic limit of the time-marching
procedure, a large number of iterations may be required when the initial
condition is far from the steady state. This computational cost motivates
the exploration of data-driven approaches capable of providing an informed
initial condition closer to the final steady solution, thereby reducing the
number of temporal iterations required for convergence.

4.1.3 Parametric CFD Simulations and Data Pre —
Procssing

A total of 28 simulations were performed. In each simulation, the total
pressure inside the chamber was kept constant, while the ratio between the
chamber total pressure and the external static pressure was progressively
varied. More precisely, the parameter:

=Pt (4.22)
Po,chamber

was varied from 0.1 to 0.98, thus generating a parametric dataset in which the
only varying quantity is the pressure ratio. This procedure allows isolating
the influence of the external pressure conditions on the resulting flow field.
The numerical solver developed for this study adopts a cell-centered finite
volume formulation; therefore, the primary physical quantities are defined at
the center of each control volume. In order to construct a graph represen-
tation suitable for vertex-based message passing, the cell-centered quantities
were interpolated onto the mesh vertices. The interpolation was performed
using a Least Mean Squared Error (LMSE) reconstruction procedure. For
each vertex, the vertex value was locally reconstructed from the surround-
ing cell-centered values by minimizing a quadratic error functional, ensuring
a smooth and physically consistent projection of the solution from control
volume centers to vertices. This step preserves the spatial coherence of the
numerical solution while transforming the dataset into a nodal representation
compatible with Graph Neural Networks.

62



4.2 Graph-based representation and Message
— Passing architecture

4.2.1 Graph construction

For each simulation, a graph G = (V, E') was constructed, where:

e V represents the set of mesh vertices

e F represents the set of edges defined according to mesh connectivity

Each simulation corresponds to one graph sample within the dataset. Each
node v; € V is associated with the following feature vector:

x; = [z, y, sect_h, inlet, outlet, wall, fluid] (4.23)

where:

e 1,y are the spatial coordinates
e sect_h represents the local cross-sectional size at the point location

e inlet, outlet, wall, fluid are binary indicators encoding the boundary con-
dition type

This representation embeds both geometric information and boundary condi-
tion encoding directly into the nodal feature space. In addition to the nodal
attributes, geometric relationships between neighboring nodes were explic-
itly encoded at the edge level. Given an edge connecting node i (source) and
node j (destination), the corresponding edge features were constructed using
relative geometric quantities derived from the nodal features. The relative
displacement vector was defined as

Ax;;i = |77 ! 4.24
s [yj _yi:| ( )

with associated Euclidean distance:

iy =y (2 — 202 + (5 — 93)? (4:25)

In addition to the relative spatial displacement, a geometric variation term
was included to provide the model with information about local changes in
the cross-sectional size. In particular, the variation of the sectional parameter
between two connected nodes was defined as
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Asect_h;; = sect_h; — sect_h; (4.26)

This quantity was introduced to explicitly inform the model about how
rapidly the cross-sectional dimension changes between neighboring nodes.
By encoding this local geometric variation, the network can better capture
expansion or contraction effects along the flow direction, which are directly
related to the governing fluid-dynamic behavior. The complete edge feature
vector was therefore defined as:

e;; = [Aw;j, Ayi;, dij, Asect_hj] (4.27)

IRl
This formulation allows the Graph Neural Network to incorporate relative

spatial and geometric information during message passing, consistently with
the local interaction structure of the underlying conservation laws.
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Figure 4.4: Graph representation of the Nozzle computational domain

4.2.2 Design of the Message Passing Architecture

The proposed architecture follows an Encoder—Message Passing—Decoder
structure, specifically designed to operate on geometry-augmented graph rep-
resentations with global conditioning.

Encoding stage

The initial node features x; € R” and edge features e;; € R* are first pro-
jected into a latent space of dimension 128 through independent multi-layer
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perceptrons (MLPs). Denoting the encoded node and edge representations
as h§°) and e;;, the encoding step can be written as:

h§0) = ¢enc(xi)> él] = wenc(ei]‘) (428)

where ¢ene and e, are learnable nonlinear mappings. Before the propa-
gation process, the latent node embeddings are modulated using the global
pressure ratio parameter I, encoding the pressure ratio associated with each
simulation. Two learnable transformations are introduced:

~ = tanh(W, II), B =Wsll (4.29)

and the encoded node features are updated as

h” =yoh!” +3 (4.30)

where ® denotes element-wise multiplication. This mechanism enables the
model to adapt its internal representation to different pressure ratios while
preserving a shared geometric structure.

Message passing stage

Let hgk) € R denote the latent representation of node i at layer k. For each
edge (i,7), a message is computed as

k k k ~
m( = ¢y, (" | B || &) (4.31)

where || denotes vector concatenation and ¢,,(-) is a learnable MLP. Incoming
messages are aggregated using a mean operator

W _ _1 (k) 4.32
m = R 2 ™ (432
JEN(4)

and subsequently refined through another MLP ¢, (-). A residual update rule
is applied as follows:

b = b 4o, (ml¥) (4.33)

(3

which improves optimization stability, facilitates deeper architectures, and
mitigates oversmoothing effects.
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Decoding stage

After 12 message passing layers, the final latent representation h§12) is mapped
to the target physical quantities through a decoding MLP:

¥i = daee (B") (4.34)

producing the predicted flow variables at each node. Overall, the resulting
model can be interpreted as a globally conditioned residual MPNN operating
on geometry-enriched graph features, consistent with the local interaction
structure of the governing conservation laws.
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4.3 Training and Validation Procedure

The training process was performed using a supervised learning strategy
based node-level targets. The available graph dataset was randomly divided
into a training and a validation subset, using 80% of the graphs for training
and the remaining 20% for validation. This split ensured that model perfor-
mance was evaluated on unseen flow configurations corresponding to differ-
ent pressure ratios. The model parameters were optimized with the Adam
optimizer using a learning rate of 1073. A learning-rate scheduler based on
ReduceLROnPlateau was employed, monitoring the validation loss and reduc-
ing the learning rate by a factor 0.8 after 30 epochs without improvement.
Training was carried out for up to 2500 epochs, while model weights selec-
tion was performed by retaining the network weights that achieved the lowest
validation error. During optimization, the loss function was computed in a
normalized space to improve numerical conditioning. Let y; and y; denote
the predicted and reference targets at node ¢, expressed in normalized form.
The training loss was defined as a node-wise mean-squared error (MSE), av-
eraged over the output channels and subsequently averaged over all nodes in
the batch:

1L [1E
— - A, _ . 2
Loorm = I ;_1 ( o C; (Uie — Yirc) ) , (4.35)

where N denotes the total number of nodes in the batch and C represents
the number of predicted physical quantities. In order to prevent unstable up-
dates, gradient clipping was applied at each iteration, enforcing a maximum
gradient norm equal to 1.0.

For monitoring and reporting purposes, the loss was additionally evalu-
ated in physical units by denormalizing predictions and targets through the
stored mean and standard deviation vectors, i.e. y*W* =y ® o, + p, and
yP¥* = y © o, + p,. The validation physical loss was used as the refer-
ence metric for learning-rate scheduling and for selecting the best-performing
model checkpoint.

67



4.4 Results

This section presents the evaluation of the proposed graph-based model
across different flow regimes. The analysis aims to assess both the qual-
itative and quantitative agreement between the GNN predictions and the
reference CFD solutions. To provide a physically meaningful interpretation
of the model performance, the results are organized according to three rep-
resentative distinct nozzle operating regime: a fully subsonic regime, a tran-
sonic—supersonic regime with an internal normal shock in the divergent sec-
tion, and a fully supersonic regime without internal shock formation. These
regimes correspond to different values of the pressure ratio parameter IT and
are characterized by distinct physical behaviors, ranging from smooth Mach
distributions to the presence of internal shock waves. All the graph samples
presented in this section belong to the validation subset and were not used
during training. Therefore, the comparisons shown below evaluate the gener-
alization capability of the network on previously unseen flow configurations.
For each regime, a comparison between the target CFD field and the pre-
dicted field is presented, together with the corresponding error distribution.
Additional quantitative metrics are used to evaluate the global predictive
performance of the model across the entire parametric range.

Subsonic Regime

In the fully subsonic regime, the imposed back pressure is sufficiently high to
prevent choking at the throat, and the flow remains subsonic throughout the
entire nozzle. As a consequence, the Mach number field exhibits a smooth
acceleration in the converging section up to a subsonic peak in the vicinity of
the throat, followed by a gradual deceleration along the diverging part, with
no discontinuities or shock-related features. Figures 4.5.(a) and 4.5.(b) show
the comparison between the CFD reference Mach field and the correspond-
ing GNN prediction for a representative subsonic configuration. The global
structure is accurately reproduced: the location of the peak near the throat
and the progressive reduction of Mach number downstream are well captured,
and the overall spatial distribution remains consistent with the reference so-
lution. A more quantitative assessment is provided by the centerline profile
reported in Figure 4.6. The predicted curve closely follows the CFD solution,
correctly reproducing the maximum Mach level near the throat and the sub-
sequent monotonic decay in the diverging region. Minor discrepancies appear
downstream of the throat, where the GNN shows a slightly smoother recov-
ery toward lower Mach values, but the overall trend and curvature remain
in good agreement. The spatial error distribution (Figure 4.5.(c)) confirms
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that, in the absence of discontinuities, the deviations remain limited and
mainly concentrated in regions of stronger gradients, particularly around the
throat, while the remainder of the domain exhibits uniformly low relative
error. The relative Mach error is defined as:

_ |Mcrp — Mann|
max (Mcpp)

(4.36)

where the normalization is performed with respect to the maximum Mach
number of the CFD solution. From a quantitative perspective, the domain-
averaged relative error is 0.96 %, while the maximum relative error over the
full field reaches about 11.22%. For completeness, the predictive capabil-
ity of the proposed architecture is further assessed by analyzing the non-
dimensional static pressure distribution in the subsonic regime. Consistently
with the smooth behavior observed for the Mach field, the pressure solution
exhibits a continuous evolution along the nozzle, characterized by a pres-
sure drop in the vicinity of the throat followed by a gradual recovery in the
diverging section. Figures 4.7.(a) and 4.7.(b) compare the CFD reference
solution and the corresponding GNN prediction over the entire computa-
tional domain. The GNN accurately reproduces the global structure of the
pressure field and preserves the correct coupling between velocity and ther-
modynamic variables in this smooth-flow configuration. A more quantitative
comparison is provided by the centerline profile reported in Figure 4.8. Sim-
ilarly to the Mach distribution, the predicted pressure curve closely follows
the CFD reference along the nozzle. However, unlike the Mach case, the
agreement in the downstream recovery region is slightly improved, while a
somewhat larger discrepancy is observed around the peak (in the vicinity of
the throat), where the pressure gradients are strongest. The spatial error
distribution (Figure 4.7.(c)) reflects the same qualitative pattern observed
for Mach, with localized peaks mainly confined to the throat neighborhood
and low error elsewhere. The relative pressure error is evaluated over the
entire computational domain according to:

= lpcrD — pGNN|. (4.37)
max (pcrp)

Overall, the global agreement remains satisfactory. From a quantitative per-

spective, the domain-averaged relative error is 0.35 %, while the maximum

relative error over the full field reaches about 7.00 %.
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Figure 4.5: Comparison of Mach number distribution for I = 0.93
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Figure 4.6: Centerline Mach profile
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Figure 4.7: Comparison of non-dimensional pressure distribution for Il =
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Subsonic—Supersonic Regime

In the subsonic—supersonic regime, the flow reaches supersonic conditions
downstream of the throat but undergoes an internal normal shock within the
diverging section of the nozzle. This configuration corresponds to pressure
ratios IT sufficiently low to induce choking at the throat, while the imposed
back pressure is still high enough to force a shock adjustment inside the noz-
zle. As a consequence, the Mach number distribution is characterized by a
rapid acceleration to supersonic values followed by an abrupt discontinuity
associated with the shock, and a subsequent subsonic recovery toward the
exit. Figures 4.9.(a) and 4.9.(b) compare the reference CFD Mach field with
the corresponding GNN prediction for a representative overexpanded config-
uration. The two-dimensional distributions clearly highlight the presence of
a strong normal shock in the diverging section. The GNN successfully re-
produces the global acceleration pattern and the overall shock-induced tran-
sition, yielding a flow topology consistent with the reference solution: an
upstream supersonic core followed by a downstream subsonic region. Minor
transverse (radial) oscillations are visible in the predicted field, but their am-
plitude remains limited and does not alter the macroscopic structure. The
centerline profile reported in Figure 4.10.(a) enables a pointwise comparison
along the nozzle axis. At the scale of the full-domain plot, the predicted
curve closely follows the CFD profile and reproduces the main jump across
the shock. However, a magnified view of the shock region (Figure 4.10.(b))
reveals two typical local effects: the discontinuity is predicted with a small
streamwise shift and a slightly more gradual transition, i.e. a smeared shock
thickness compared to the CFD reference. This indicates that, while the
shock is captured in a qualitatively correct manner, its exact position and
sharpness are the primary sources of discrepancy at high magnification. This
behavior is also reflected by the spatial error distribution (Figure 4.9.(c)),
where the largest deviations are confined to a narrow band around the dis-
continuity, i.e. the region characterized by the steepest gradients. Such
localized errors are consistent with the intrinsic difficulty of representing dis-
continuous solutions using continuous function approximators, which tend to
distribute the jump over a finite spatial extent. The relative error is defined
as:

. |Mcrp — Mann|
max (MCFD) .

(4.38)

The domain-averaged relative error is 0.48 %, while the maximum relative
error reaches about 26.00%. Despite the presence of a strong shock, the
global agreement remains satisfactory, and the errors remain strongly lo-
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calized around the discontinuity, confirming that the proposed GNN archi-
tecture can capture complex nonlinear phenomena such as shock-induced
flow transitions, with the main residual limitations concentrated on the pre-
cise shock alignment and sharpness. For completeness, the predictive ca-
pability of the proposed architecture is further assessed by analyzing the
non-dimensional static pressure distribution. Figures 4.11.(a) and 4.11.(b)
compare the CFD reference solution with the corresponding GNN predic-
tion for the non-dimensional static pressure over the entire computational
domain. The global structure of the pressure field is accurately reproduced,
including the pronounced pressure drop through the accelerating section, the
low-pressure supersonic core, and the pressure rise associated with the inter-
nal normal shock in the diverging region. To provide a more quantitative
comparison, the pressure evolution along the symmetry axis is reported in
Figure 4.12.(a). The centerline profile enables a direct pointwise compari-
son, particularly in the vicinity of the shock, where the pressure gradient is
extremely steep. As shown in Figure 4.12.(a), the predicted curve closely fol-
lows the reference CFD profile throughout the nozzle, reproducing the mono-
tonic pressure decrease in the supersonic region and the overall pressure jump
across the shock. Nevertheless, consistently with the behavior previously ob-
served for the Mach number (Figure 4.10.(b)), a magnified view of the shock
region (Figure 4.12.(b)) reveals a small streamwise mismatch in the discon-
tinuity position, together with a slightly more gradual transition compared
with the CFD solution. This confirms that the main residual limitations of
the surrogate are concentrated on the sharpest gradients: the discontinuity is
captured in a qualitatively correct manner and with an accurate jump magni-
tude, while the precise shock alignment and sharpness are slightly degraded
when examined at high magnification. Consistently with this observation
and in agreement with the Mach-error patterns, the spatial error distribu-
tion (Figure 4.11.(c)) highlights localized discrepancies confined to a narrow
band around the discontinuity, where the pressure gradient is largest. As in
the Mach case, such localized errors are expected when approximating sharp
transitions with continuous neural network models and do not compromise
the overall predictive accuracy. The relative pressure error is evaluated over
the entire computational domain according to

o |pcFD — PanN|
p=
max (pcrp)
Despite the presence of a strong compressive discontinuity, the global agree-
ment remains satisfactory. From a quantitative perspective, the domain-

averaged relative error is 0.45 %, while the maximum relative error over the
full field reaches about 11.00 %.

(4.39)

75



2.25
2.04
1.83
1.62
1.41
1.20
0.99
0.78
0.57
0.36

(a) CFD Mach target

(b) GNN Mach prediction

2.244
2.034
1.824
1.614
1.404
1.194
0.984
0.774
0.564
0.354

Mean: 0.48% | Max: 26.00%

23.76
21.12
18.48
15.84
13.20
10.56
7.92
5.28
2.64
0.00

(c) Relative error map

Figure 4.9: Comparison of Mach number distribution for IT = 0.42
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Figure 4.11: Comparison of non-dimensional pressure distribution for II =
0.42
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Supersonic Regime

In the fully supersonic regime, the flow becomes choked at the throat and
continues to accelerate smoothly throughout the diverging section, without
the formation of an internal shock. This configuration corresponds to suffi-
ciently low pressure ratios II, such that the imposed back pressure allows a
fully expanded supersonic flow at the nozzle exit. As a consequence, the Mach
number distribution is characterized by a monotonic and continuous acceler-
ation from subsonic conditions upstream of the throat to increasingly higher
supersonic values downstream, without any discontinuity. Figures 4.13.(a)
and 4.13.(b) show the comparison between the reference CFD Mach number
distribution and the corresponding GNN prediction for a representative fully
supersonic configuration. The two-dimensional fields exhibit a smooth and
continuous acceleration pattern along the nozzle, with no abrupt transitions.
The GNN prediction accurately reproduces the global acceleration trend,
the spatial distribution of the supersonic core, and the progressive increase
of Mach number toward the exit. The centerline profile, reported in Figure
4.14, provides a direct pointwise comparison between the CFD solution and
the GNN prediction. As shown in Figure 4.14, the predicted curve closely
overlaps the reference solution along the entire nozzle length. The mono-
tonic acceleration and the curvature of the profile are accurately captured,
confirming the capability of the model to approximate smooth compressible
flow fields with high fidelity. The spatial error distribution (Figure 4.13.(c))
further confirms this behavior. The relative error remains uniformly low
throughout the domain, with a mean value of 0.34 % and a maximum value
of 3.40%. Unlike the subsonic-supersonic regime, no localized peaks asso-
ciated with discontinuities are observed. The remaining discrepancies are
mainly concentrated in regions of higher gradient near the throat, where the
acceleration is most pronounced. The relative error is defined as:

_ |Mcrp — Mann|
max (MCFD)

(4.40)

where the normalization is performed with respect to the maximum Mach
number of the CFD solution. From a quantitative perspective, the signif-
icantly lower maximum error compared to the shock-containing configura-
tion highlights the robustness of the proposed GNN architecture in modeling
smooth nonlinear compressible flow regimes. For completeness, the predictive
capability of the proposed architecture is further assessed by analyzing the
non-dimensional static pressure distribution in the fully supersonic regime.
As already observed for the Mach number field, the pressure solution exhibits
a smooth and monotonic behavior throughout the diverging section, with no

30



internal shock or discontinuity. Figures 4.15.(a) and 4.15.(b) compare the
CFD reference solution and the corresponding GNN prediction over the en-
tire computational domain. Consistently with the Mach results, the GNN ac-
curately reproduces the global structure of the pressure field, capturing both
the strong pressure drop downstream of the throat and the gradual asymp-
totic trend toward the exit. The agreement between the two-dimensional
fields confirms that the network preserves the correct coupling between ve-
locity and thermodynamic variables in the fully supersonic regime. A more
quantitative comparison is provided by the centerline profile reported in Fig-
ure 4.16. Similarly to the Mach distribution, the predicted pressure curve
closely overlaps the CFD reference along the entire nozzle length, accurately
reproducing the monotonic decrease and the curvature of the solution. The
spatial error distribution (Figure 4.15.(c)) further reflects the same behavior
observed for the Mach field. The relative pressure error remains uniformly
low across the domain, with a mean value of 0.40 % and a maximum value
of 5.13%. In the absence of discontinuities, no localized error amplification
is detected, and the remaining discrepancies are mainly concentrated near
the throat, where the gradients are strongest. The relative pressure error is
evaluated over the entire computational domain according to:

- |pcrD — Pann|
p=
max (Pcrp)
Overall, the consistency between the Mach and pressure results confirms the

robustness of the proposed GNN architecture in modeling smooth nonlinear
compressible flow configurations.

(4.41)
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Figure 4.13: Comparison of Mach number distribution for II = 0.20
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Figure 4.15: Comparison of non-dimensional pressure distribution for II =
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4.5 Discussion of Results

The analysis presented in this chapter shows that the proposed GNN-based
surrogate model provides physically consistent and overall accurate predic-
tions across all investigated flow regimes, including purely subsonic, subsonic—
supersonic configurations with an internal normal shock, and fully supersonic
cases. It is important to emphasize that the objective of the model is not to
replace the CFD solver, but to generate an initial condition sufficiently close
to the converged steady-state solution to accelerate and support the sub-
sequent numerical simulation process. From this perspective, the obtained
results can be considered satisfactory. In the purely subsonic regime, char-
acterized by smooth solutions without discontinuities, the predicted Mach
number and pressure fields reproduce the global structure of the reference
CFD solution with good agreement. Nevertheless, the subsonic cases may
exhibit non-negligible peak errors compared to fully supersonic configura-
tions. This behavior, also reflected by the maximum-error trend reported
as a function of the pressure ratio (Figure 4.17), can be attributed to the
fact that subsonic solutions are more strongly influenced by the global pres-
sure adjustment imposed by the boundary conditions and do not follow a
monotonic spatial trend. As a result, the flow may display localized regions
with relatively sharper gradients and a more heterogeneous spatial structure,
which makes the regression task more demanding even in the absence of
shocks. In the fully supersonic regime, the agreement between GNN predic-
tions and CFD solutions is particularly strong. The flow becomes choked at
the throat and accelerates monotonically downstream, leading to a smoother
and more regular solution pattern. Moreover, once the flow is entirely su-
personic inside the nozzle, the internal solution becomes insensitive to the
imposed exit pressure: variations of the back pressure affect the downstream
adjustment outside the nozzle, while the flow within the diverging section
remains unchanged. Consistently, the maximum error remains limited in the
fully supersonic configurations, confirming the robustness of the surrogate
model when approximating smooth compressible flow fields. Greater chal-
lenges arise in the subsonic—supersonic regime with an internal normal shock.
In this case, the presence of extremely steep gradients and near-discontinuous
behavior leads to localized error amplification within the thin shock layer.
The error maps and the maximum-error trend (Figure 4.17) confirm that
the highest peaks are associated with shock-containing configurations, which
is physically expected since continuous neural network approximators inher-
ently struggle to represent sharp discontinuities. Importantly, however, the
model preserves the global topology and physical coherence of the solution:
it reproduces the upstream supersonic core, the downstream subsonic region,
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and the overall jump across the shock. A remark is required regarding the
interpretation of the maximum relative error in shock-containing cases, as it
can vary significantly even within the same regime. In particular, the disper-
sion of peak errors can be attributed to the concurrent contribution of the
following effects:

e Mesh-induced shock thickness. Depending on the local discretiza-
tion, shocks forming closer to the throat appear more numerically
smeared in the CFD reference, while shocks closer to the exit are
sharper and confined to fewer cells. Since the GNN yields a contin-
uous approximation, learning a distributed transition is intrinsically
easier than reproducing a near-step discontinuity; therefore, sharper
exit shocks tend to amplify localized mismatches and increase peak
errors.

e Increased downstream sensitivity. As the shock approaches the
nozzle exit, its position becomes more sensitive to the downstream
pressure adjustment. Small variations in the predicted downstream
state (or small discrepancies in the pressure field) can translate into
a larger streamwise displacement of the shock location, increasing the
likelihood of misalignment across a very thin shock layer.

e Shock strength variation. Shocks occurring closer to the throat de-
velop from a lower upstream Mach level, producing a smaller jump in
Mach number and pressure. Conversely, shocks located further down-
stream follow a longer supersonic acceleration and therefore exhibit
a stronger discontinuity; for comparable positional errors, this yields
larger pointwise mismatches and higher maximum relative errors.

For these reasons, peak errors should be interpreted together with domain-
averaged metrics and spatial error maps, which consistently indicate that dis-
crepancies remain strongly localized within steep-gradient regions. Overall,
the results confirm that the proposed GNN architecture fulfills its intended
purpose: generating flow fields that capture the essential physical structure
of the solution and lie sufficiently close to the converged CFD state to serve as
reliable initial conditions. Although localized discrepancies may arise in re-
gions characterized by strong gradients or near-discontinuous behavior, these
deviations remain limited in spatial extent and do not compromise the global
fidelity of the predicted fields. The consistent behavior observed across fun-
damentally different flow regimes, together with the physically interpretable
trends in the error distribution (Figure 4.17), supports the robustness and
practical relevance of the proposed modeling approach within the range of
operating conditions considered in this study.
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Chapter 5

Parametric Prediction of
Backward-Facing Step Flow

In the previous chapter, the proposed Graph Neural Network was employed
as a predictive tool to accelerate the computation of steady compressible flows
in a converging—diverging nozzle. The governing equations were the inviscid
Euler equations, and the primary objective was not to fully replace the CFD
solver, but rather to provide an informed initial condition capable of signif-
icantly reducing the number of iterations required for convergence. In the
present chapter, we consider a fundamentally different physical configuration,
namely the incompressible viscous flow over a backward-facing step. Unlike
the previous case, viscous effects are explicitly taken into account through
the Navier—Stokes equations, while compressibility effects are neglected. As
a consequence, the flow remains continuous and no shock waves or discon-
tinuities arise. The complexity of the problem is therefore not associated
with mixed elliptic-hyperbolic behavior or shock formation, but rather with
the nonlinear interaction between convection and diffusion, which leads to
flow separation and recirculation phenomena downstream of the step. The
parametric variability is introduced through the Reynolds number, which
governs the relative importance of inertial and viscous forces. By varying
the Reynolds number over a prescribed range, different flow regimes are ob-
tained, characterized by changes in the size and structure of the recirculation
zone and in the overall velocity field. This setup provides a suitable bench-
mark for assessing the ability of the Graph Neural Network to generalize
across viscous flow regimes. A crucial difference with respect to the previous
chapter concerns the role assigned to the neural model. Here, the objective
is not merely to predict a flow field close to the steady-state solution in order
to accelerate a subsequent CFD computation. Instead, the Graph Neural
Network is evaluated in the perspective of acting as a surrogate solver. Con-
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sequently, the emphasis is placed on minimizing the prediction error over
the entire flow field, ensuring that the reconstructed velocity field accurately
reproduce the numerical solution. To this end, a database of steady incom-
pressible Navier—Stokes simulations for the backward-facing step configura-
tion was generated over a range of Reynolds numbers. The trained model is
then assessed in terms of accuracy, robustness, and generalization capability,
with particular attention to its performance in predicting separation patterns
and recirculation lengths as the Reynolds number varies.
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5.1 Dataset Generation

5.1.1 Geometry and Mesh Generation
Geometry

The computational domain consists of a two-dimensional backward-facing
step geometry adopted from the reference configuration presented in [1]. A
schematic representation of the geometry is shown in Figure 5.1. The choice
of this configuration is motivated by its widespread use as a benchmark test
case for the validation of numerical methods in incompressible viscous flows.

Umax

Figure 5.1: Backward-facing step geometry. Dimensions taken from [1]. II-
lustration by the author.

The geometry is fully defined by the following dimensional parameters:

h=1m (step height) (5.1)
H =1.9423m (downstream channel height) (5.2)
L,=5m (upstream length) (5.3)
L;=10m (downstream length) (5.4)
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The upstream channel has height i, while downstream of the step the channel
height increases to H. The expansion ratio is therefore defined as:

H
- = 1.9423 (5.5)

The upstream length L, ensures the development of a fully established ve-
locity profile before the step, while the downstream length L, is chosen suf-
ficiently large to allow the flow to reattach and the recirculation region to
fully develop. Although the geometry can be represented in three dimensions,
the present study adopts a two-dimensional formulation. This assumption
is consistent with the reference analysis reported in [1], where it is shown
that, within the Reynolds number range considered in this work, no sig-
nificant three-dimensional instabilities arise that would alter the mean flow
solution compared to experimental observations. In particular, for moder-
ate Reynolds numbers, the backward-facing step flow remains predominantly
two-dimensional in its averaged structure, with recirculation length and ve-
locity profiles accurately captured by two-dimensional simulations. There-
fore, under the present operating conditions, the two-dimensional approxima-
tion does not introduce a loss of physical fidelity while significantly reducing
computational cost and simplifying dataset generation.
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Figure 5.2: Two-dimensional computational domain of the backward-facing
step geometry
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Mesh Generation

The computational domain is discretized using a structured quadrilateral
mesh, as illustrated in Figure 5.3. The grid is aligned with the streamwise and
wall-normal directions in order to accurately capture boundary-layer devel-
opment and recirculation phenomena typical of backward-facing step flows.
A locally refined region is introduced in the vicinity of the step and along
the downstream wall, where strong velocity gradients and flow separation
occur. In particular, the mesh is progressively refined near the reattachment
zone to ensure an accurate prediction of the recirculation length and wall
shear stress distribution. Away from the step, a gradually coarsened mesh is
employed in order to reduce computational cost while maintaining sufficient
resolution in regions of lower gradient intensity. Unlike the compressible noz-
zle case presented in the previous chapter, no shock-capturing considerations
are required here, since the incompressible Navier—Stokes formulation leads
to a continuous solution field. The mesh design is therefore driven primarily
by the need to resolve boundary layers and separation regions rather than
discontinuities. The upstream region is discretized with a uniform resolution
to properly resolve the developing velocity profile before the step, while the
downstream length is sufficiently resolved to capture the entire recirculation
bubble and the subsequent flow recovery. This strategy ensures a balanced
compromise between numerical accuracy and computational efficiency across
the range of Reynolds numbers considered in this study.

Ansys

2025R2
STUDENT

0,000 5,000 (m)
——— R =B R

Figure 5.3: Structured computational mesh of the backward-facing step do-
main
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5.1.2 Numerical Discretisation

The flow is modeled by the two-dimensional incompressible Navier—Stokes
equations for a Newtonian viscous fluid, neglecting body-force terms. In
conservative form, the governing equations read:

V-u=0

(?9—1: +(u-V)u= —%Vp + vV?u

where u = (u,v) denotes the velocity field, p the pressure, p the fluid den-
sity, and v the kinematic viscosity. Unlike the compressible formulation
considered in the previous chapter, the present model explicitly accounts for
viscous effects while neglecting compressibility. As a consequence, the flow
field remains continuous and no shock waves or discontinuities arise within
the computational domain. The numerical simulations were performed using
ANSYS Fluent. A pressure-based solver was adopted, consistent with the in-
compressible formulation of the governing equations. The pressure—velocity
coupling was handled within the standard segregated framework of the solver.
The flow was modeled as laminar, without introducing any turbulence model.
This modeling choice is supported by the experimental study taken as ref-
erence [1], which reports that for Reynolds numbers below Re = 300 the
backward-facing step flow remains laminar and does not exhibit three di-
mensional instabilities or transition to turbulence. Therefore, within the
Reynolds number range considered in this work, a laminar formulation is
physically consistent and sufficient to reproduce the relevant flow dynamics.
At the inlet boundary, a fully developed parabolic velocity profile was pre-
scribed, with a mean velocity equal to Upean = 1m/s. The imposed profile

w(Y) = Unax (y _;mm - (y _;mmy) (5.7)

where H = Y,.x — Ymin denotes the channel height. The maximum velocity
is defined as

(5.6)

Umax =6 Umean (58)

ensuring that the spatial average of the inlet profile equals 1 m/s. The profile
was implemented in ANSYS Fluent through a User-Defined Function (UDF),
allowing precise control over the inlet boundary condition. The choice of pre-
scribing an already developed parabolic velocity profile at the inlet was moti-
vated by computational considerations. If a uniform velocity profile had been
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imposed, a significantly longer upstream section would have been required
to allow the flow to naturally develop before reaching the step. By directly
prescribing a fully developed laminar profile, the upstream length can be
reduced while maintaining physical consistency, since the flow approaching
the backward-facing step is representative of a developed channel flow. This
strategy enables a more compact computational domain without affecting
the accuracy of the separation and recirculation phenomena downstream of
the step. Eventually the steady-state solution was obtained through the it-
erative convergence of the pressure-based solver. Since the incompressible
viscous formulation does not involve acoustic wave propagation, the numeri-
cal stability is not restricted by the compressible CFL condition described in
the previous chapter. However, convergence still depends on the nonlinear
coupling between pressure and velocity and on the resolution of the recircu-
lation region downstream of the step, which becomes increasingly sensitive
as the Reynolds number increases.

5.1.3 Parametric CFD Simulations and Data Pre —
Procssing

A total of 31 steady-state simulations were performed. In each simulation, the
inlet mean velocity was kept constant at Upean = 1 m/s, while the Reynolds
number was progressively varied in the range 1 < Re < 300. The Reynolds
number is defined as

(5.9)

where p denotes the fluid density, Upean the mean inlet velocity, A the step
height, and p the dynamic viscosity. In the present study, the Reynolds num-
ber was varied by modifying the fluid density while keeping both the viscosity
and inlet velocity fixed. This approach allows isolating the influence of iner-
tial effects relative to viscous forces without altering the imposed boundary
conditions. The resulting dataset therefore captures the progressive tran-
sition from strongly diffusion-dominated regimes at low Reynolds numbers
to increasingly inertia-dominated laminar regimes as Re approaches 300. In
particular, variations in the size of the recirculation bubble and in the down-
stream reattachment length are observed across the parametric sweep.

The numerical simulations were carried out in ANSYS Fluent, and the solu-
tion fields were exported in a vertex-centered format. The primary physical
quantities at each node include the velocity components and pressure, defined
directly at the mesh vertices. The exported text files were subsequently pro-
cessed using a dedicated preprocessing script, which reconstructed the graph
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structure associated with each simulation. This procedure transforms the
raw CEF'D outputs into structured graph datasets suitable for message-passing
neural network training.
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5.2 Graph-based representation and Message
— Passing architecture

5.2.1 Graph construction
For each simulation, a graph G = (V, E') was constructed, where:
e U represents the set of mesh vertices,

e [ represents the set of edges defined according to mesh connectivity.

Each simulation corresponds to one graph sample within the dataset. Each
node v; € V is associated with the following feature vector:

x; = [z, y, inlet, outlet, wall, fluid] (5.10)

where:
e 1.y are the spatial coordinates,

e inlet, outlet, wall, fluid are binary indicators encoding the boundary con-
dition type

This representation embeds both geometric information and boundary condi-
tion encoding directly into the nodal feature space. In addition to the nodal
attributes, geometric relationships between neighboring nodes were explic-
itly encoded at the edge level. Given an edge connecting node i (source)
and node j (destination), the corresponding edge features were constructed
using relative geometric quantities derived from the nodal descriptors. The
relative displacement vector was defined as

Ax;j = [xj - x] (5.11)

with associated Euclidean distance:

dij =\ (2 = 222 + (y; — 1:)? (5.12)
The complete edge feature vector was therefore defined as:
eij = [AZL’Z']‘, Ayija di]] (513)

This formulation allows the Graph Neural Network to incorporate relative
spatial and geometric information during message passing, consistently with
the local interaction structure of the underlying conservation laws.
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Figure 5.4: Graph representation of a zoomed-in region of the backward-
facing step computational domain

5.2.2 Design of the Message Passing Architecture

The message passing architecture adopted for the backward-facing step con-
figuration closely follows the encoder—message passing—decoder structure in-
troduced in Chapter 4. For this reason, the full formulation is not repeated
here, and only the key differences with respect to the compressible nozzle
case are highlighted. In the present incompressible viscous setting, the di-
mensionality of the initial graph features differs from the previous config-
uration. Node features are defined as x; € R®, while edge features belong
to e;; € R® As in the previous chapter, both node and edge features are
independently projected into a latent space of dimension H = 128 through
learnable multilayer perceptrons:

hz('O) = ¢6HC(Xi)7 éij = dJenc(eij) (514)

The overall latent dimensionality and the depth of the network are kept
unchanged to ensure consistency in model capacity and facilitate comparison
between the two physical configurations. A second fundamental difference
concerns the global conditioning mechanism. In Chapter 4, the latent node
embeddings were modulated using the pressure ratio I1. In the present case,
the conditioning variable is the Reynolds number Re, which parametrizes
the viscous flow regime and directly governs the strength of inertial versus
viscous effects. Two learnable transformations are introduced:

98



~ = tanh(W, Re), B =W;szRe (5.15)

and the encoded node features are updated as

h” =yoh!” +3. (5.16)

This modulation enables the network to adapt its internal representation to
different viscous regimes while preserving a shared geometric structure of
the computational domain. The message computation, mean aggregation
operator, residual update rule and decoding stage remain unchanged with
respect to the previous chapter. Consequently, The resulting model can
be interpreted as a Reynolds-conditioned residual Message Passing Neural
Network operating on graph representations in which the only geometric
information is provided by node coordinates.
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5.3 Training Procedure

The training strategy adopted in Chapter 4 was retained in the present
analysis in terms of dataset splitting, optimization algorithm, learning-rate
scheduling, gradient clipping, and model selection criteria. The graph dataset
was divided into training and validation subsets using the same 80%-20%
split, and optimization was performed using the Adam optimizer with iden-
tical hyperparameters.

In order to assess the impact of the loss definition on model accuracy, two
independent training configurations were considered for the same GNN archi-
tecture. In the first configuration, the network was trained using a standard
node-wise mean-squared error (MSE) computed in normalized space. In the
second configuration, a relative-error contribution was added to the baseline
MSE. The motivation for introducing the relative term and its effect on the
predictions will become clear in the following Results section.

Let N denote the number of nodes and C' the number of predicted channels.
Let y; € R® and y; € R be the reference and predicted output vectors at
node i, respectively. In normalized space, these are defined as

S" yi_p’y7 = Yi_ﬂfy’ (517>
where p, € RC and o, € RY are the dataset mean and standard deviation

(applied channel-wise). The baseline data loss adopted in both configurations
is the normalized node-wise MSE:

1 N C . ) 9
Edata = N_C ; ; (yi,c - yi,c) . (518)

In the second configuration, the MSE term was augmented with a relative-
error loss computed over all channels:

rel NC ZZ (Z‘le:c’ j_/l;) ) (519)

where € is a small positive constant introduced to avoid numerical issues when
;.. approaches zero. The total loss for the second configuration is therefore

Etot = Edata + ‘crela (520>

where Lgata is the baseline node-wise MSE and L, is a weighted relative-
error term. In the present implementation, the relative loss is computed with
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a wall-distance weight w(d) that assigns larger importance to nodes close to
the bottom wall and smoothly reduces the weight toward the bulk region,
thereby prioritizing near-wall accuracy. As in the previous training configura-
tion, optimization was carried out in normalized space, while monitoring and
model selection were performed using denormalized physical-scale metrics.

5.4 Results

This section presents the evaluation of the proposed graph-based model for
the backward-facing step flow across different Reynolds-number conditions.
The analysis aims to assess both the qualitative and quantitative agreement
between the GNN predictions and the reference CFD solutions. To provide
a physically meaningful interpretation of the model performance, the results
are organized according to three representative operating conditions, corre-
sponding to a low, intermediate, and high Reynolds number. These regimes
exhibit distinct flow features, including variations in the size and intensity of
the recirculation bubble and in the downstream reattachment behavior. To
quantify the effect of the training objective, the results are reported for two
independently trained models employing the same architecture and train-
ing settings but different loss functions: a baseline MSE formulation and an
augmented MSE + relative-error formulation. All graph samples presented
in this section belong to the validation subset and were not used during
training; therefore, the comparisons shown below evaluate the generalization
capability of the network on previously unseen flow configurations. For each
Reynolds-number condition and for each loss configuration, a comparison
between the target CFD field and the predicted field is presented, together
with the corresponding error distribution. Additional quantitative metrics
are used to evaluate the global predictive performance across the entire val-
idation set.

Results with MSE loss

This section discusses the predictive performance of the baseline model trained
using the standard normalized MSE loss. The analysis is first conducted on
primary flow quantities through full-field comparisons and global error met-
rics. Subsequently, a more stringent assessment is carried out by inspecting
near-wall-sensitive quantities, highlighting the limitations of the MSE-only
formulation in accurately capturing velocity gradients at the wall. Figures 5.5
— 5.6 — 5.7 compare the predicted (GNN) and reference (CFD) distributions
of the streamwise velocity component u for three representative validation
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cases (Re = 10, Re = 160 and Re = 300). From a qualitative standpoint,
the agreement is excellent across the entire domain: the overall acceleration
in the upper channel, the low-momentum region downstream of the step, and
the progressive downstream recovery are all reproduced with nearly indistin-
guishable contour patterns between prediction and target. For each case, the
prediction error was quantified through a normalized absolute error, com-
puted as the pointwise difference between reference and prediction divided
by the maximum reference velocity in the corresponding CFD sample. De-
noting by ucrp the CFD reference and by ugny the network prediction, the
local normalized error is defined as

. |UCFD - UGNN|

uw = 5.21
max (ucrp) (5:21)
The mean and maximum percentage errors are computed as
S, = 100 ! = 100 ) (5.22)
&% = N €iy €%, max — z:rrll,a),(N &; .

i=1

with N the number of nodes. The resulting values for the three validation
cases are summarized in Table 5.1.

Table 5.1: Validation errors for v with mean and maximum normalized ab-
solute error (in %).

Re &y [%]  e%max [X]
10  0.070 0.830
160 0.037 0.261
300 0.068 0.450

Despite the apparently near-perfect match in the full-field contours, a more
stringent assessment reveals that the baseline MSE formulation does not
guarantee an accurate reconstruction of near-wall gradients. This limitation
becomes evident when inspecting the wall-normal derivative du/dy evalu-
ated along the bottom wall, reported in Fig. 5.8 for the same three Reynolds
numbers. In all cases, the GNN estimates exhibit a significantly larger scat-
ter and reduced consistency with respect to the CFD trend, particularly in
the region downstream of the step where separation and reattachment occur
and where the near-wall shear varies sharply. To further highlight this issue,
Figures 5.9 — 5.10 — 5.11 reports a comparison of the velocity profile extracted
at a fixed streamwise location (x = 0.2) for the representative low-Reynolds
case (Re = 10). When displayed over the full cross-section (Figure 5.9), the
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prediction follows the reference profile closely, suggesting an excellent agree-
ment. However, a zoom-in on the near-wall region (Figure 5.11) reveals a
non-negligible discrepancy within the boundary layer, which cannot be con-
sidered acceptable when wall-related quantities are of interest. Since the

ou

wall shear stress scales with the wall velocity gradient, 7, = 0l even

small absolute deviations in w within the first near-wall nodes maywtrans—

late into large errors in du/dy and in derived quantities such as skin friction
and friction-related metrics. These observations motivate the introduction
of a relative-error contribution in the loss function (discussed in the next
section), aimed at improving robustness across different magnitudes of the
solution and, most importantly, enhancing the predictive accuracy in phys-
ically critical near-wall regions. For completeness, additional pressure-field
comparisons are reported in Appendix A, in order to avoid overloading the
present section with redundant contour plots.

|
|

(a) CFD target

|
|

(b) GNN prediction

Figure 5.5: Streamwise velocity field u for the validation case at Re = 10.
CFED reference (top) vs GNN prediction (bottom)
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(a) CFD target

|

(b) GNN prediction

Figure 5.6: Streamwise velocity field u for the validation case at Re = 160.
CFD reference (top) vs GNN prediction (bottom)

|

(a) CFD target

|

(b) GNN prediction

Figure 5.7: Streamwise velocity field u for the validation case at Re = 300.
CFD reference (top) vs GNN prediction (bottom)
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Figure 5.8: Comparison of du/0y evaluated along the bottom wall between
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CFED reference and GNN prediction for three validation cases.
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Figure 5.9: Streamwise velocity profile at x = 0.2 for the Re = 10 validation
case, CFD vs GNN.

—&— CFD (true)
== GNN (pred)

0.8

Coordinate y [m]

0.600 O.OIZS O.OISO 0.0I75 0.1I00 0.125 0.150 0.175 0.200
Velocity u [m/s]

Figure 5.10: Streamwise velocity profile at = 0.2 (Re = 10) shown with an
intermediate zoom, CFD vs GNN.
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Figure 5.11: Near-wall zoom of the streamwise velocity profile at x = 0.2
(Re = 10) highlighting boundary-layer discrepancies affecting (Ou/dy)., .

Augmented training with relative-error loss

The baseline MSE-only training provides an accurate reconstruction of the
bulk flow; however, it does not explicitly distinguish between errors occur-
ring in regions characterized by very different magnitudes. This limitation is
particularly relevant for boundary-layer dynamics. As shown by the velocity
profiles discussed in the previous section, the characteristic order of magni-
tude of u in the core region is O(1), whereas within the boundary layer it can
decrease to O(1073). Consequently, the same absolute deviation (e.g. 1073)
corresponds to a negligible relative error in the bulk (about 0.1%), while it
represents about an 100% relative discrepancy close to the wall. Since a pure
MSE formulation weights both situations equally in terms of absolute error,
the optimizer has no incentive to prioritize accuracy in low-magnitude but
physically critical near-wall regions. For this reason, a relative-error contri-
bution was added to the loss function in order to better balance the training
objective across the domain. Figures 5.12 — 5.13 — 5.14 report the comparison
of the u field for three representative validation cases (Re = 10, Re = 160,
and Re = 300). The global structure of the predicted fields remains essen-
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tially unchanged with respect to the MSE-only model, confirming that the
augmented objective does not deteriorate the bulk-flow reconstruction. The
resulting values of the normalized absolute error for the three validation cases
are summarized in Table 5.2.

Table 5.2: Validation errors for v with mean and maximum normalized ab-
solute error (in %).

Re &y [%] €%, max [%]
10 0.075 0.800
160 0.032 0.327
300 0.061 0.551

The main improvement introduced by the relative-error term becomes evi-
dent when inspecting near-wall-sensitive quantities. Figure 5.15 shows the
wall-normal gradient du, /0y evaluated along the bottom wall. Compared to
the baseline configuration, the agreement with the CFD reference is markedly
improved for all Reynolds numbers, with a substantial reduction of the scat-
ter and a much better reconstruction of both the amplitude and the stream-
wise evolution of the gradient in the separated-flow region. This behavior is
further confirmed by the velocity profile extracted at = 0.2 for the represen-
tative case Re = 10 (Figures 5.16 — 5.17 — 5.18). While the full cross-section
comparison remains excellent, the near-wall zoom reveals that the boundary
layer is now resolved with significantly higher fidelity. This improvement is
crucial because wall-related quantities, such as the wall shear stress, are di-
rectly determined by the near-wall velocity gradient. Overall, the augmented
loss formulation allows the model to retain the high accuracy observed in the
bulk while substantially improving the prediction of boundary-layer dynam-
ics and wall gradients.
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(a) CFD target

vvvvvv

(b) GNN prediction

Figure 5.12: Streamwise velocity field u for the validation case at Re = 10.
CFED reference (top) vs GNN prediction (bottom)

|

(a) CFD target

r’4

(b) GNN prediction

Figure 5.13: Streamwise velocity field u for the validation case at Re = 160.
CFD reference (top) vs GNN prediction (bottom)
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(a) CFD target
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(b) GNN prediction

Figure 5.14: Streamwise velocity field u for the validation case at Re = 300.
CFED reference (top) vs GNN prediction (bottom)
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Figure 5.15: Comparison of du/0dy evaluated along the bottom wall between
CFD reference and GNN prediction for three validation cases.
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Figure 5.16: Streamwise velocity profile at = 0.2 for the Re = 10 validation
case, CFD vs GNN.
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Figure 5.17: Streamwise velocity profile at = 0.2 (Re = 10) shown with an
intermediate zoom, CFD vs GNN.
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Figure 5.18: Near-wall zoom of the streamwise velocity profile at x = 0.2
(Re = 10) highlighting boundary-layer discrepancies affecting (Ou/0y)., .
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5.5 Discussion of Results

This chapter investigated the use of a graph-based surrogate model for the
backward-facing step configuration across different Reynolds numbers. The
results showed that the proposed message-passing architecture can accurately
reproduce the global structure of the flow fields, particularly for the stream-
wise velocity component and the pressure distribution. However, the analysis
also highlighted that a purely MSE-based training objective, while effec-
tive on bulk quantities, may underemphasize low-magnitude yet physically
critical near-wall regions. This limitation becomes evident when inspect-
ing wall-sensitive quantities such as the wall-normal velocity gradient and,
consequently, wall shear stress. Introducing a relative-error contribution in
the loss function preserved the excellent agreement on the global fields while
substantially improving the reconstruction of boundary-layer dynamics and
wall-gradient trends. In addition to the physical assessment, a dataset-size
sensitivity study was performed to evaluate how the amount of available data
affects generalization. In this experiment, the model was trained using pro-
gressively larger datasets, each subsequently split into training and validation
subsets with the same 80%—-20% ratio adopted throughout this work. After
training, a mean MSE was computed by evaluating the prediction error over
the full collection of 31 graphs.

1073
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Mean MSE on u
o
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Figure 5.19: Mean MSE evaluated on the full set of 31 graphs as a function
of the total number of available graphs used to form the dataset
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Figure 5.19 shows that increasing the dataset size leads to a systematic reduc-
tion of the average MSE, while training with a limited number of available
graphs results in significantly larger errors when assessed on the complete
set. This trend confirms that surrogate accuracy strongly depends on dataset
coverage and diversity, and it motivates the use of larger datasets (or data
augmentation strategies) when robust generalization across operating condi-
tions is required.
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Chapter 6

Conclusions

This thesis investigated the use of Graph Neural Networks (GNNs) as surro-
gate models for computational fluid dynamics problems governed by funda-
mentally different physical assumptions and mathematical properties. The
main objective was to assess whether the same message-passing architecture,
trained independently on problem-specific datasets, can successfully approxi-
mate flow solutions arising from distinct governing equations, while retaining
a level of physical fidelity that is meaningful for engineering analysis. Two
canonical configurations were considered. The first case study addressed
a convergent—divergent nozzle governed by the two-dimensional compress-
ible Euler equations. A parametric dataset was generated by varying the
chamber-to-exit pressure ratio, leading to regimes ranging from fully subsonic
solutions to mixed elliptic-hyperbolic behavior with shock formation in the
divergent section. Within this framework, the GNN was trained to perform
node-wise regression of Mach number and static pressure fields. The results
showed that the network is able to reconstruct the global flow patterns across
the investigated parametric range, capturing the transition between regimes
and providing physically plausible solutions. Although the model is not in-
tended to replace conventional solvers, the predicted fields can be exploited
as physically consistent initial conditions for time-marching schemes, with
the potential to reduce the number of iterations required to reach conver-
gence, especially in challenging operating conditions. The second case study
focused on a viscous incompressible flow over a backward-facing step, simu-
lated in ANSYS by varying the Reynolds number. The same message-passing
architecture was employed to predict the streamwise velocity component and
the pressure distribution. The obtained results confirmed that the GNN can
accurately reproduce the main bulk-flow features, including the downstream
recovery and the large-scale effects of separation. However, the analysis also
highlighted that matching primary fields through a standard mean-squared
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error (MSE) loss does not necessarily guarantee an accurate prediction of
near-wall gradients and derived wall quantities. In particular, even small
absolute errors in the boundary-layer region can translate into large relative
discrepancies in the wall-normal velocity gradient and therefore in the wall
shear stress. To address this limitation, the training objective was augmented
with a relative-error contribution. This modification preserved the quality
of the global field reconstruction while significantly improving the agree-
ment of near-wall behavior and wall-gradient trends, which are essential for
viscous flows and friction-related metrics. Beyond the specific outcomes of
each case study, several general observations can be drawn. First, the use
of a single graph-based message-passing architecture proved to be flexible
enough to model flows governed by different equations (Euler vs incompress-
ible viscous flow) and characterized by different dominant physical mecha-
nisms (shock waves vs boundary-layer and separation phenomena). Second,
the work emphasized that loss-function design is a critical component of sur-
rogate modeling. While an MSE formulation may be sufficient to achieve
low global errors on smooth, high-magnitude fields, it can underweight phys-
ically critical regions where the solution magnitude is small but the sensitiv-
ity of derived quantities is high. Introducing relative-error terms represents
an effective strategy to rebalance the training objective and improve phys-
ical consistency without sacrificing global accuracy. The present work also
has limitations that open directions for future research. The datasets con-
sidered were restricted to a fixed geometry for each configuration and to a
finite parametric range, and therefore generalization outside the training do-
main was not systematically addressed. Moreover, the surrogate models were
trained in a purely data-driven manner, without enforcing conservation laws
or boundary conditions as explicit constraints, which may become important
when extending the approach to more complex flows or to broader operating
ranges. Future work could build upon these limitations along several comple-
mentary directions. First, the prediction of integrated engineering quantities
(e.g., reattachment length, skin-friction coefficient, and pressure losses) could
be included as auxiliary targets in the training objective. Coupling node-wise
field regression with such global metrics would directly penalize physically
meaningful errors that may not be fully captured by pointwise losses, es-
pecially in near-wall regions where derived quantities depend on accurate
gradients. A second important step is to quantify the practical computa-
tional benefit of the proposed approach in a solver-accelerated workflow. In
particular for the compressible nozzle case, a dedicated assessment could com-
pare the convergence behavior of conventional time-marching solvers when
initialized with standard fields versus when initialized with GNN-predicted
solutions. Measuring reductions in iteration count, runtime, and robustness
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across operating regimes would provide a direct estimate of the real impact
of the surrogate as a physically consistent initializer. In addition, operator-
learning methods represent a promising alternative to standard surrogate
regression. While graph neural networks can naturally process unstructured
discretizations, it is still not fully understood how their predictions behave
when the same physical configuration is represented by graphs of different
sizes and resolutions. In other words, strong generalization across discretiza-
tion levels and a clear notion of convergence under mesh refinement are not
guaranteed in standard GNN surrogates. Neural operators, and in partic-
ular graph neural operators, aim to address this limitation by learning a
discretization-consistent mapping between function spaces, so that increas-
ing the graph resolution should yield predictions that converge toward the
underlying continuous solution. Finally, the nozzle case motivates exploring
models that not only provide high-quality initial conditions but also directly
approach the converged steady solution with high fidelity. One possible strat-
egy is to train the network as an accelerated time-advancement surrogate that
learns an effective large time step, enabling coarse marching toward steady
state. In practice, the model would approximate a macro-evolution oper-
ator over a much larger At than that typically used in explicit CFD time
stepping, and the steady solution could be reached through a substantially
small number of learned updates rather than the iterations often required by
standard solvers. Such a learned macro-integrator could significantly reduce
computational cost; however, its stability, robustness, and ability to preserve
physically admissible solutions (especially in the presence of shocks) would
need to be carefully assessed.

In conclusion, this thesis demonstrates that Graph Neural Networks consti-
tute a promising and versatile surrogate modeling framework for fluid dy-
namics applications. When combined with an appropriate training objective
and a careful evaluation of physically relevant quantities, the same message-
passing architecture can capture distinct flow behaviors arising from different
governing equations, supporting the broader applicability of GNN-based sur-
rogates for accelerating simulation workflows and enabling rapid parametric
analysis.
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Appendix A

Pressure-field comparisons for
the MSE-only model
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(¢) Normalized absolute error (%)
Figure A.1: Pressure field for the validation case at Re = 10
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Figure A.2: Pressure field for the validation case at Re = 160
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Figure A.3: Pressure field for the validation case at Re = 300
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Appendix B

Pressure-field comparisons for
the blended loss model
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Figure B.1: Pressure field for the validation case at Re = 10
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(b) GNN prediction
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Figure B.2: Pressure field for the validation case at Re = 160
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Figure B.3: Pressure field for the validation case at Re = 300
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