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Abstract

Nuclear fusion power represents a possible secure and carbon-free energy source,
offering a sustainable solution to future global energy demands. As of today, mag-
netic confinement fusion (MCF) is the most promising and investigated approach
to employ thermonuclear fusion for large-scale energy production. In this context,
three-dimensional, non-axisymmetric magnetic devices, called stellarators, represent
a promising pathway for steady-state reactor operation. In these devices, managing
the high particle and energy fluxes that exit the confined plasma and enter the
boundary region, the so-called Scrape-Off Layer (SOL), remains a critical challenge
to ensure the integrity of plasma-facing components and the performance of the con-
fined plasma. The island divertor is a leading power exhaust concept for stellarators,
utilizing intrinsic magnetic islands to safely channel power and particles in the SOL

to a localized surface, the divertor target plates.

Operating the divertor in a regime called detachment is highly desired, as it leads
to power starvation at the targets, which mitigates the risk of thermal overload and
reduced erosion on/off plasma-facing components. While complete detachment has
been successfully achieved in the Wendelstein 7-X (W7-X) island divertor, current
experiments are underpowered and significant challenges remain for viable extrap-
olation to a reactor. Divertor capabilities, such as particle exhaust and radiative
power dissipation, scale strongly with divertor density. However, significantly lower
divertor density has been obtained in W7-X in comparison to tokamaks. It has been
shown that the geometry of the magnetic islands affects the performance of the island
divertor. Specifically, island radius r;, field line pitch ©, and target placement have

been identified as divertor-relevant geometric parameters.

In the present thesis, the extent to which these island geometry parameters affect
divertor performance is analyzed through a systematic parametric study. Using a
simplified island model based on the Hamiltonian Grids (HaGrids) code, specific
points in the r; — © design space are selected for comparison and various target
placements are evaluated. Fully 3D, self-consistent edge plasma and neutral trans-
port simulations are then performed across the selected parameter space using the
EMC3-EIRENE code package.

Simulations show that target density build-up generally improves with an increase



in island radius, but an optimal trade-off with the field line pitch is required. Notably,
configurations with larger r; and © values with respect to the basic W7-X-like case
exhibit a novel "neutral-transparent O-point" regime. This state is characterized by
a low-temperature, neutral-dense volume surrounding the O-point that, if physically
realizable, could potentially be exploited in future closed divertor designs to shield
target plates from direct plasma interaction. Three target configurations are simu-
lated. When targets are placed on the outboard side of the torus, target concavity,
which increases neutral retention in the island, and to a lesser extent total flux

expansion, improve density build-up in the divertor.

Finally, density build-up on the field lines within the Power Carrying Layer (PCL)
is discussed for the different configurations. Differences in field line behavior are
tackled utilizing the Stellarator Two-Point Model (STPM) framework. Quantities
such as parallel heat flux ¢, ©, and connection length L. are used to elucidate the
underlying differences in density build-up across configurations. A STPM onion-skin
method is applied to evaluate the extent to which the analytical model can be
used to predict target conditions in the different configurations. While the method
qualitatively reproduces the peaks and general trends along the target, it overesti-
mates temperatures and underestimates density within a factor of 2. Furthermore, a
better agreement is achieved when g is evaluated downstream rather than upstream.
Discrepancies can likely be attributed to the fact that flux surface L transport toward
the island O-point is not accounted for in the STPM.

Keywords: Nuclear fusion, Stellarator, Island divertor, EMC3-EIRENE, Plasma
physics, SOL transport, modelling
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Chapter 1

Introduction

1.1 Nuclear Fusion

Energy is a fundamental quantity in physics. However, as a broader concept, it
has expanded to various other disciplines. It pervades human evolution since the

discovery of fire [1] and it is one of the key aspects dictating political behavior today.

Despite its importance, the concept of energy as we use it today is fairly young.
Born in the 1840s and 1850s in thermodynamics and denoted as the "capacity of
doing work", it started to expand outside of the physical and technical domains
only during the twentieth century, as energy consumption rose and energy sources
started to be critical. While the management of energy resources has been a strategic
concern since the Industrial Revolution, the energy crises of the 1970s catalyzed the
development of formalized, comprehensive energy policies [2].

Nowadays, energy plays an essential role in economical and political decision-
making, shaping our individual and collective life. Despite this, the related challenges
risk to outnumber the solutions: the modern age of fossil fuels can last just so long
as the resources last [3] and supply of critical minerals for renewable energy sources
remains problematic. In addition to this, climate change poses limits to net zero
CO2 emissions, while escalating conflict in the Middle East and Ukraine, along with
energy market crises, are exposing the underlying fragility of the global energy system
[4], showing more and more the need for secure energy, not bound to importing and
exporting nations.

This already critical situation is not expected to heal on its own, as energy
demand, in particular electrical, is pictured to grow tirelessly in the coming years
[5]. While many of the experts and policy makers assess clean electricity to be the
future, infrastructure and clean supply cannot keep up with the increasing demand

and, therefore, new choices of energy production need to be implemented.

In this context, nuclear fusion power emerges as a secure and carbon-free energy
source, capable of very high energy densities, widespread fuel availability and minimal

COz equivalent emissions [6].
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However, while the prospect of nuclear fusion power holds great promise for the
world, its realization is by no means guaranteed. Today scientists are still working
in the unprecedented effort of building a nuclear fusion reactor; and while a lot of
research is still needed, incredible milestones have been achieved so far (including a
net production of energy in 2022 [7]) and much more are expected in the years to
come [8]. In fact, the current decade has seen a worldwide renewed interest in fusion
[9], with increased state-funded pursuit and global private investments surpassing
US $10 billion [10].

Hes

Average binding energy per nucleon (MeV)
N

Hl
0 30 60 90 120 150 180 210 240 270
Number of nucleons in nucleus

Figure 1.1: Nuclei binding energy per nucleon

The physical basis of nuclear fusion power involves a reaction in which two
atomic nuclei combine to form a larger one, plus other products. Fusion is an
exothermic reaction for elements with atomic mass less than the one of Fesg, while it
is endothermic for elements with a higher mass. This is due to the interplay of short
range nuclear force and electrostatic Coulomb force in defining the binding energy for
different atomic species. As atomic mass increases, the binding energy is determined
by the strong attractive nuclear force, that eventually saturates for heavier nuclei.
After the saturation, a low electrostatic repulsive force dominates the binding energy,
slowly reducing it and creating a profile peaked at medium size elements, Fig. 1.1.

Consequently, fusing light elements pushes one up the curve to more strongly
bound heavier elements implying that energy will be released by such reactions; while
at the same time creating a mass defect in the products of the fusion reaction with

respect to the reactants.

Reaction rates for fusion reactions are obtained as the convolution of the energy-
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dependent fusion cross section with the thermal velocity distribution of the reacting
ions, which is usually well defined by a Maxwellian distribution.

In order for two nuclei to undergo a o
T !

fusion reaction, they need a high momen-

tum to overcome the very high repellent 10-15
Coulomb force of the positively charged
nuclei at distances short enough to al- 10°te

low the strong interaction to dominate. -
10~

{(ov) (cm3/s)

This is why fusion reaction rates Fig.
1.2 have very high temperature/energy 10-18
thresholds. At this state, the only vi-

. . . . —19
able medium in which fusion can occur 10

is that of a hot, thermalized and confined

L1 I

1020
plasma. 1 10 100 1000

Out of the considered light-weight T
atoms fusion reactions, the one with the Figure 1.2: Reaction rates for various
highest reaction rate and lower tempera- fusion reactions.
ture threshold is Deuterium—Tritium fusion (D-T fusion). This makes it the most

promising candidate for present and future fusion reactor experiments.

H+3H — jHe + jn + 17.6 MeV (1.1)

In order for a nuclear fusion reactor to be feasible, it has to satisfy a power balance
requirement Py, > P;, [11]. After providing an initial heating power, the reactor
has to reach a stationary state in which the fusion heating power has to be sufficiently

large to match the radiative (Bremsstrahlung) and thermal conduction losses:

Pr>P.+ Py (1.2)

When this happens, the plasma has reached ignition. If we consider an ideal
plasma, having electrons and ions at the same temperature T, expressed in eV, and
Deuterium and Tritium ions being each a half of the electron density n, we can
rewrite Eq. 1.2 as:

3nT
kplov)n® > k2T + (1.3)

Te

Where k¢ and k, are constants, and 7. is the energy confinement time, which is
a measure of how long the plasma’s thermal energy is confined within the plasma
before escaping.

Rearranging, we obtain the expression:

372 372

nT't, > ~
kilov) — kT2 kylov)

(1.4)

Which is known as the fusion triple product, an extension of the Lawson Criterion
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[12] that is a well known figure of merit for thermonuclear fusion reactions.
Knowing that the minimum value of the triple product with respect to temperature
is in the range of 10-20 keV [13], we can use the representation of the average (ov)

in that range:

3
(0v) ~ 1.1+ 1072472 m? (1.5)

Then, knowing that ky = % and FE,, which is the energy carried by the fusion
alpha particles, is &~ 3500keV, Eq. 1.4 becomes:
4.3.-T? keV's
T ~3-10%" —-
MTe 35 11108102 72 m3

Which means that, in order for the D-T fusion plasma to sustain itself, the triple

(1.6)

product has to satisfy this condition. This is a very useful form, since it underlines
that, in order to reach ignition, requirements are needed on density, temperature and

confinement time.

Inner Poloidal field coils
(Primary transformer circuit)

Outer Poloidal field coils

Poloidal magnetic field
(for plasma positioning and shaping)

Resulting Helical Magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)

Figure 1.3: Left: scheme of a tokamak [14]. Right: scheme of a Stellarator [15].

1.2 Magnetic Confinement Fusion

To satisfy the Lawson criterion for D-T fusion reactor, the operational temperature is
theoretically optimized within a window of T =~ 10-15 keV, where the required Law-
son triple product reaches its theoretical minimum. While current-day experiments
rarely achieve this ion temperature simultaneously with reactor-relevant densities,
this theoretical temperature optimization means that the path to ignition relies on
increasing either the plasma density n or the energy confinement time 7.
Choosing which parameter to focus on increasing is what differentiates the two
most common branches of thermonuclear fusion research: inertial and magnetic

confinement fusion.

In inertial confinement fusion (ICF), cryogenic capsules containing a layer of solid
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D-T fuel are isotropically heated by intense laser or ion beams. The surface of the
pellet ablates, compressing the inner part of the pellet to conditions of n ~ 1031
1032 m=3 and T ~ 10 keV [16]. This method aims to satisfy Lawson criterion by
reaching these high densities for a brief inertial confinement time, 7 ~ 10-100 ps [17].
ICF schemes were developed in direct drive and later expanded to indirect drive.
In direct drive, the laser (or ion) beams are directed directly onto the surface of
the target capsule. In indirect drive, the driver energy is first absorbed in a high-Z
enclosure (a hohlraum), which surrounds the fuel capsule [18]. The material heated
by the driver emits X-rays, which drive the capsule implosion.

Due to relaxed requirements on laser beam uniformity, and reduced sensitivity
to hydrodynamic instabilities, several efforts were made on indirect drive ICF [19].

This approach has been the first fusion technology to reach Q > 1 at present [7].

In magnetic confinement fusion (MCF), charged particles are confined via magnetic
fields, producing much bigger and less dense (n ~ 10%° m~3) plasmas confined for a

much longer time (7, ~ 1 s).

(3

e £

"\ After first After half
toroidal a tor(_:ldal
circuit circuit

Figure 1.4: Schematic of a toroidal flux surface on which a particle is confined.
Arrows identify the torus coordinates (7,9, ) [20].

Magnetic confinement exploits the Lorentz force that a charged particle experi-
ences when subject to a magnetic field. The particles spiral around the magnetic
field lines along helical trajectories, so called gyro-motion. The particles are hence
confined perpendicular to the field. Parallel to the field they are free to move and
would be lost very quickly. This is why fusion configurations are bent to form a torus
and a so called toroidal magnetic field constraints the particles into an equilibrium
at a first approximation.

To describe these confinement geometries, we utilize standard torus coordinates

(r,9, ), as illustrated in Fig. 1.4. The macroscopic shape of the torus is defined by
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its major radius R and minor radius a. Any local point within the plasma is identified
by its radial distance r from the center of the minor cross-section (0 < r < a), the
poloidal angle ¥ wrapping the short way around the torus, and the toroidal angle
@ traveling the long way around the major axis. The magnetic field components
along these angular directions are the poloidal field By and the toroidal field B,

respectively.

In MCF designs, generating a confining magnetic field structure requires closing
the magnetic field onto itself to prevent end losses caused by plasma flowing out
along unconfined field lines [13]. Consequently, a toroidal geometry is selected, where
magnetic field lines wrap around a torus. This topology forms continuously nested
flux surfaces. A flux surface is a 2D surface spanned entirely by a single, ergodically
traversing magnetic field line, such that the magnetic field vector is everywhere
tangential to the surface. Charged particles, before considering cross-field drifts and
collective plasma effects, are therefore confined as they stream rapidly along these
closed, nested surfaces within the toroidal volume. Along the magnetic field particles
thus stay confined on the same torus, without escaping radially.

However, in a purely toroidal magnetic field, the curvature and gradient of the
magnetic field, VB, causes ions and electrons to drift vertically in opposite directions.
This charge separation generates a strong vertical electric field, E. This induced
electric field, interacting with the background magnetic field ,B, drives a severe
outward radial E x B drift, effectively pushing the plasma toward the vessel walls
and destroying confinement. Macroscopic diamagnetic drifts similarly contribute to
this destabilizing potential build-up in a simple toroidal geometry.

A helical magnetic field structure is therefore required to counteract this radial
particle motion. By adding a poloidal magnetic field component, By, the field lines
are forced to twist helically around the torus. A finite field-line twist allows electrons
to flow continuously along the field lines, effectively shorting out the potential build-

up caused by these diamagnetic drifts.

This required helical twist is quantified by the rotational transform, ¢, which
measures the average poloidal rotation of a magnetic field line per single toroidal
transit. Assuming the existence of toroidally nested magnetic flux surfaces, the

rotational transform on such a surface can be defined as:

_ v _dx
T T A

Where ¢ is the reduced rotational transform, x is the poloidal magnetic flux, and 1

(1.7)

the toroidal magnetic flux. The latter two are expressed in Weber, Wb. Depending on
the value of ¢, a flux surface exhibits fundamentally different topological properties.
If + is an irrational number, a single field line will never close on itself, instead
ergodically covering the entire two-dimensional surface over infinitely many transits.

Conversely, if ¢ is a rational fraction such that + = > € Q, the surface is termed a
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rational flux surface. Here, m and n represent the integer poloidal and toroidal mode
numbers, respectively. On a rational surface, a magnetic field line closes perfectly
upon itself after exactly m toroidal and n poloidal transits.

Rational surfaces hold special physical significance for plasma stability. Because
the field lines are periodic and closed, rational surfaces are highly susceptible to
resonant magnetic perturbations. If a localized plasma perturbation shares the
same m and n mode numbers, it resonates perfectly with the rational surface. This
resonance breaks the ideal magnetic topology, causing the nested flux surfaces to
tear and reconnect. This magnetic reconnection forms localized, tube-like helical

structures called magnetic islands, Fig. 1.6.

The way in which the poloidal magnetic field is obtained is what differentiates the
two main approaches to MCF: the tokamak and the stellarator Fig. 1.3. In a tokamak,
the poloidal component of the magnetic field is generated by a large toroidal current
flowing directly through the plasma. The plasma acts as the secondary winding of
a transformer; this current is driven by an induced toroidal electric field, which is
created by continuously ramping the magnetic flux within a central solenoid.

Once the maximum solenoid current is reached, the induced voltage vanishes
and the plasma current resistively decays. This inductive current drive makes
traditional tokamak operation inherently pulsed. For example, ITER is expected to
mantain a fusion pulse for a duration of 300 to 500 seconds [21]. However, relying
on the internal plasma current to generate the poloidal field provides a significant
engineering advantage: the external magnetic coil system can be fully axisymmetric.
Consequently, the toroidal field coils can be designed as simple, identical planar loops
evenly distributed around the torus.

In a stellarator only external field coils are used to produce the poloidal field,
either with optimized modular field coils [22, 23, 24] or by helical coils [25]. This
generates a three-dimensional (3D) non-axisymmetric configuration, without an
externally driven plasma current. The plasma current in a tokamak provides a source
of ’free’ energy and can lead to current-driven instabilities including violent plasma

termination in so-call disruptions. [26].

1.3 Power exhaust in magnetized plasmas

As introduced with the energy confinement time and Eq. 1.2, particles and energy
stored inside the core plasma continuously diffuse outwards with a characteristic time
scale 7. In MCF, the core plasma is confined within a region of closed magnetic field
lines. The particle and energy fluxes eventually exit the closed magnetic confinement
and meet a solid wall at the plasma boundary. In this region, called the Scrape-Off
Layer (SOL), magnetic field lines become open by intersecting the solid surface. The
confined region is separated from the SOL by the Last Closed Flux Surface (LCFS)
[27]. These open field lines guide particle and energy fluxes toward the plasma-facing

components (PFM) of the solid wall. In contact with the plasma, the solid wall
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becomes a sink for the charged particles. Eventually, electrons and ions recombine

on the surface and re-enter the plasma as neutral particles. Neutrals in the plasma

are subsequently ionized, reaching back the solid wall in a recycling fashion [28].

Main

plasma

SOL

(us]]

| Solid surface
| introduced to form a
Separatrix plasma sink

Figure 1.5: Left: Poloidal cross section of a limiter configuration. The toroidal
limiter (shaded area) creates a LCFS [28]. Right: Poloidal cross section of a divertor
configuration. An external current creates an X-point and the relative separatrix

and SOL (in grey) [28].

Two different configurations have been conceptualized to manage the particle and

power fluxes exiting the LCFS and entering the SOL during plasma operation: the

limiter and the divertor [20].

In the limiter configuration, Fig. 1.5,
the plasma’s LCFS is determined by the
intersection of field lines by a material
object, usually a solid material either
toroidally or poloidally symmetric. A
limiter is, by definition, in direct contact
with the plasma. Because of this, neu-
trals recycled from the material surface
and impurities released via sputtering
and outgassing [30] tend to pollute the
main plasma, causing radiation losses
that lead to performance and energy con-
finement degradation, while also poten-
tially triggering a plasma collapse [13,
31]. Furthermore, limiters tend to pro-
duce a very thin SOL, resulting in highly
concentrated power loads. These heat

flux densities can exceed the technologi-

\

~
Te,
2
<]
=

al

18fe| opofie '

low-shear stellarator Heliotron/Torsatron
island divertor helical divertor

Figure 1.6: Schematics for the island di-
vertor (left) and the Helical Divertor. The
Island divertor has a single island chain,
while the stochastic layer of the Helical Di-
vertor consists of multiple low-order island
chains [29].

cal threshold of 10 — 15 MW/m? [32], thus severely damaging the PFM.

In the divertor configuration, direct contact between the confined plasma and the
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material surface is avoided by creating or using the magnetic topology to introduce a

separatrix. [33]. The requirements for a divertor are [34]:
¢ Guarantee of plasma confinement.
e Acceptable heat flux on the PFC.
o Sufficient neutral pressure for pumping out helium ash.
e Impurity control for core integrity.

In tokamaks, poloidal divertors have been the main design choice for present
and future reactors [35], to their ability to significantly increase both plasma and
divertor performance. In this type of divertor, shown in Fig. 1.5, the LCFS is
created by adding external current-carrying coils that alter the poloidal magnetic
field. This creates a poloidal field null, known as an X-point, and establishes a
magnetic separatrix. As a result, the SOL field lines are diverted towards a localized
material surface (the divertor targets), creating an isolated region where neutrals can
recycle far away from the core plasma. This spatial separation enhances impurity
screening and pumping efficiency [34], while simultaneously enabling an easier access
to the High-Confinement Mode (H-mode) [36]. Ultimately, divertor geometry and
magnetic topology play a fundamental role in determining the exhaust performance
of the divertor [37]. Correctly assessing these parameters is therefore an essential

step in any divertor design.

In stellarators, the 3D non-axisymmetric magnetic field and first wall structure
generate an inherently three-dimensional SOL. Optimizing the divertor geometry
is uniquely challenging, as the targets must accommodate the complex magnetic
topology of the plasma boundary. Stellarator edge configurations feature helical
magnetic structures that interact locally with 3D-shaped divertor plates. Helical
SOLs in stellarators are therefore fully three-dimensional.

In stellarators, different MCF devices and thus different divertor configurations

are being currently investigated.

 the island divertor of the low-shear stellarators of the Wendelstein family, Fig.
1.6, utilize intrinsic magnetic islands to manage power and particle exhaust.[38,
39, 40]. The targets are created by cutting the edge magnetic islands with

divertor plates.

e the helical divertor, Fig. 1.6, developed for high shear machines with overlapping
multiple island chains is implemented in the Large Helical Device (LHD) [41].

This design utilizes large helical coils to create a diverting field [42].

o the non-resonant divertor [43] is produced by using magnetic chaos features
in the region of sharp edges on the flux surface [44]. This approach leverages
sharp "ridges" on the plasma boundary [45] to channel the heat and particle
flux. Full experimental and modeling evaluations of the exhaust performance

of this divertor are still pending [46].
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1.4 Detachment

As outlined in the preceding section, successfully managing the intense heat and
particle fluxes exhausted from MCF plasmas remains an essential challenge for future
reactor operation. To ensure the longevity and integrity of PFCs, several stringent
target requirements must be met. Specifically, the heat loads must be maintained
below the material limits of 10 —15 MW/m? to avoid melting, and the target electron
temperature must be limited (T¢; < 5 V') to suppress physical sputtering by keeping
incident ion energies below the material’s work function. Furthermore, an effective
exhaust solution requires strong radiative capabilities to dissipate the thermal energy
reaching the target plates volumetrically, alongside high downstream neutral densities
for efficient particle pumping. The so-called divertor ’detachment’ plasma regime is

highly desirable precisely because it fulfills these demanding criteria [28].
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Figure 1.7: Figure demonstrating the density “roll-over” associated with the SOL
transition into detachment in ASDEX [47].

Divertor detachment signifies a state in the edge plasma where a large fraction of
the thermal power is dissipated via volume radiation, typically from low-Z impurities,
concurrent with a significant reduction in both heat (power detachment) and particle
(particle detachment) fluxes to the divertor targets.

Fig. 1.7 is used to describe how a plasma achieves detachment. The figure shows
Langmuir probe measurements in ASDEX. On the y-axis, electron density n.q at the
downstream region of the divertor and target electron and ion temperatures T{c ;) q
are showed as functions of the line averaged core density 7, (x-axis), which is a
main parameter of the fusion triple product, Section 1.1. Following the curves, the
divertor is at first in a low-recycling (sheath-limited) regime, where target density ng
increases linearly with upstream density n,. As 7, increases, the divertor transitions

to a high-recycling (conduction-limited) regime, where n.4 increases rapidly, at least

10
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quadratically, with m; and T,d drops. Up to the detached phase, the pressure is
still conserved on a flux tube, and increasing density (A) implies a drop in the
temperature. Finally, local pressure losses decrease the pressure close to the target
and the plasma detaches from the material surfaces. As the divertor enters this
detached regime, further increases in 7¢ lead to a saturation and subsequent decrease

in negq, called density rollover.

While the description above of detachment applies for tokamaks, for stellarators,
the 3D magnetic topology of the stellarator SOL fundamentally alters the access to,
and characteristics of, the detached regime. Historically, reaching the high-recycling
regime in stellarators has been impeded by the complex 3D SOL structure. Achieving
detachment in stellarator configurations critically depends on driving the plasma
to sufficiently high densities. In typical W7-X island divertor experiments, the
detachment sequence is initiated by continuously raising the plasma density via gas
puffing. This density ramp drives a necessary increase in the radiated power fraction,
which effectively mitigates the thermal heat loads on the divertor targets. Notably,
full particle detachment, which is characterized by a rapid and substantial drop in
the target particle flux, is only triggered later in the discharge, once the density and
corresponding radiation reach a critical threshold [48].

Although full detachment has been successfully demonstrated in the W7-X
island divertor [49], current experiments remain underpowered, presenting significant
challenges for a viable extrapolation to reactor-relevant conditions. Essential divertor
functions, specifically efficient particle exhaust and robust radiative power dissipation,
scale strongly with the local divertor density. Because the inherent 3D SOL structure
hinders the high-recycling regime, the downstream divertor densities obtained thus
far in W7-X are significantly lower than those typically observed in comparable
tokamak discharges. Consequently, facilitating a strong, localized density build-up in
the divertor region is of paramount importance for accessing, sustaining, and scaling

the highly desirable detached regime within the island divertor concept.

1.5 Stellarator present and future perspectives

Tokamaks initially led and still are the main focus of magnetic confinement fusion
(MCF) research [10]. However, because stellarators break the continuous 2D toroidal
symmetry of tokamaks, their fully 3D magnetic geometry provides a vastly larger
number of free parameters for designing the plasma boundary and the shapes of the
external magnetic coils. This immense design flexibility could theoretically lead to
an optimized configuration with distinct operational advantages—specifically, the
ability to operate in a steady state without requiring an inductively driven plasma
current, thereby eliminating the risk of major current-driven disruptions.

Despite this theoretical promise, early, unoptimized classical stellarator designs
suffered from severe confinement degradation [50]. The fundamental issue was ex-

cessive neoclassical transport driven by particles becoming trapped in the localized
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ripples of the 3D magnetic field. This lack of optimization led to unacceptable
thermal energy losses [51], the rapid radial drift and loss of energetic fast ions before
they could transfer their heat to the bulk plasma, and an inward radial electric field
that caused highly charged impurities to dangerously accumulate in the plasma core
[52]. Furthermore, during the early decades of fusion research, there was insufficient
computational power to adequately explore the massive 3D configuration space to
find the exact magnetic geometries required to overcome these inherent transport

issues [53].

In the last three decades, devices like Wendelstein 7-X (W7X) were successfully
designed and built. W7-X proved that it was possible to minimize neoclassical trans-
port losses in a stellarator device [54], and demonstrated high-performance plasma
operation in stellarators [55]. Despite this, stellarators are roughly a generations
behind its tokamak counterpart and still face some challenges that will need to be
resolved [56]:

o Confinement of fusion-born helium particles [57]; even in highly optimized
configurations such as Wendelstein 7-X, approximately 5% of alpha particles
are lost, leading to localized overloading of the plasma-facing components
(PFCs).

o Particle and Energy exhaust: At the plasma boundary, the hot plasma unavoid-
ably interacts with the Plasma Facing Components (PFCs). If left unmitigated,
this interaction is mutually detrimental to both the confinement and the ma-
chine’s structural integrity. High unmitigated particle and heat fluxes can easily
exceed the thermal and material limits of the PFCs, causing severe localized
melting, sputtering, and macroscopic erosion. Conversely, this wall erosion
releases high-Z (high atomic number) solid impurities into the plasma. If these
heavy ions penetrate the hot plasma core, they cause massive energy dissipation
through radiative cooling (such as bremsstrahlung and line radiation), which

drastically reduces fusion performance.

o Particle transport: At the high densities required for optimal fusion performance,
stellarators frequently exhibit a strong inward accumulation of impurities, which
can ultimately lead to radiative collapse. As predicted by neoclassical theory,
this behavior arises because, in the absence of continuous magnetic symmetry
and at low collisionalities, a strong inward-pointing radial electric field must
develop to maintain ambipolar particle fluxes. This negative electric field drives
highly charged impurity ions directly into the plasma core, causing them to

accumulate [52].

e Divertor feasibility; it is still not understood whether all the requirements of
a divertor (guarantee of plasma confinement, acceptable heat flux, sufficient
neutral pressure for pumping out helium ash, impurity control for core integrity)

can simultaneously be met in a reactor-relevant stellarator. Several divertor
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concepts are being considered, including the helical divertor in LHD [42], the
island divertor in W7-X [40], and a general ‘non-resonant’ (non-island) divertor
[58].

Ongoing experimental and theoretical efforts are now focused on improving stel-
larator performance and resolving remaining limitations, with the aim of establishing
their competitiveness for reactor applications [59]. Progress in these areas will be
decisive in determining the role of stellarators in future fusion power plants and in

guiding the design of next-generation devices.

1.6 Thesis Outline

This thesis focuses on the challenge of power and particle exhaust in stellarators,
specifically on the island divertor concept. Because a comprehensive understanding
of the complex 3D magnetic topology and the associated SOL physics is required
first, the formal motivation and objectives of this work will be detailed at the end of
Chapter 2.

The outline of this work is as follows: in Chapter 2 an introduction to the concepts
of Scrape-off Layer (SOL) physics, 3D magnetic topologies, and the principles of the
island divertor is given. This chapter also details the computational tools used for
the simulations. Chapter 3 shows the results of the simulations performed in this
thesis and discusses them. Chapter 4 introduces a deeper analysis of some of the
relevant physics identified in the data. Finally, Chapter 5 summarizes and concludes

the work, suggesting possible directions for future research.
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Chapter 2

Scrape Off Layer Physics (SOL)
and Modelling Tools

As this thesis is focused on analyzing the performance of the island divertor, the next
sections will focus on the formation of magnetic islands in stellarators on resonant
surfaces, island divertor physics and the underlying design concepts as well as the

computational tools used to explore the 3D geometry and physics.

2.1 Magnetic Field Line Hamiltonian

2.1.1 The Hamiltonian formulation

The field lines of a magnetic field, B, given its divergence free property, V- B = 0,
are trajectories of a Hamiltonian system [60]. The Hamiltonian H(q,p,t) for a given
magnetic field B is the poloidal magnetic flux x(6,, ¢); where the poloidal angle 6
is the canonical position, the toroidal magnetic flux ¢ is the canonical momentum
and the toroidal angle ¢ is time.

The vector potential, A, can be expressed in the (r, 0, ¢), where r labels toroidal

nested surfaces, as

A(T,@,gb) :1/)(7’,9:@ VG_X(T’95¢) Vo (21)

The magnetic field, defined by the curl of the vector potential, V x A, can thus

be described as

27B = Vi) x VO + Ve x Vy (2.2)

Hamilton’s equations for the field line trajectory can thus be expressed as

40 _ ox(0:9,0) dy _ Ix(0,¢,9)
dp o dp 06

In the case of axisymmetry, xy does not depend explicitly on ¢. Then, from

(2.3)

Eq. 2.3 and Hamiltonian dynamics, it means that the Hamiltonian is autonomous

and the canonical energy, x, is a conserved quantity. These are defined as 1D
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integrable Hamiltonians. This means that the solutions of the system can be found
by evaluating integrals of known functions from a given set of initial conditions and
only one constant of motion is required to guarantee integrability [61].

Thus, in this type of systems, field lines are confined to surfaces of constant y and
magnetic surfaces exist. In particular, being y the Hamiltonian of the system, field
line trajectories will lie on concentric tori, yielding nested flux surfaces. Axisymmetric
devices like tokamaks do guarantee, from a field line flow point of view, confinement

of charged particles.

2.1.2 KAM theory

In 3D devices, like stellarators, the Hamiltonian system becomes non-autonomous,
since % # 0. This is commonly referred as a 1.5D Hamiltonian [62]. This means that
integrability is no longer guaranteed in these systems and thus also confinement on
flux surfaces. If a system is not integrable, some trajectories of the Hamiltonian are
ergodic, meaning they may eventually fill out a finite volume of phase space rather
than being confined to surfaces.

However, the results of Kolmogorov [63], Arnold [64] and Moser [65], also known
as KAM theorem, proved that a 1.5D Hamiltonian can be described as nearly
integrable if it is obtained by applying a non-axisymmetric perturbation series about
an autonomous integrable Hamiltonian Hy [66], given that the perturbation parameter
ekx1.

H(qp.t) = Hop) + " éH, (0.p,) (2.4)
=1

The KAM theorem implies that for a non-autonomous Hamiltonian sufficiently
close to integrability, the resulting non-axisymmetric magnetic field has flux surfaces
that occupy a non-zero volume in phase space. As the perturbation from integrability,
€ increases, these invariant surfaces may break up and form magnetic islands where
+ = - € Q, remembering that n is the toroidal mode number and m the poloidal
mode number. This important fact shows that also non-axisymmetric 3D magnetic
geometries, such as stellarators, can confine charged particles; at least from the

magnetic field line flow point of view.

2.2 The Island Divertor

2.2.1 Magnetic islands in stellarators

In Section 2.1, it has been shown how 3D magnetic geometries provide the possibility
for magnetic island formation in the neighborhood of rational surfaces, « = -, as
the non-axisymmetric magnetic perturbation increases. These islands usually form
chains that wind helically around the main plasma core region of stellarator devices
like W7-X, Fig. 2.1.
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An island is defined by its radial
width, r;, and its poloidal width, the
ratio of which establishes the island’s
aspect ratio. The island O-point is the
local magnetic axis, while the two X-
points divides the island from the oth-
ers. An individual island in a chain is
bounded by a separatrix, the flux sur-
face contour that connects one X-point
to the other. The fieldlines inside the
island rotate around the O-point due to
a internal field-line pitch ©, which is the
the internal rotational transform of the
island. The formation, size, and topology
of these islands are primarily governed
by two factors: the local magnetic shear,

. g—fr’ , which describes the radial

gradient of the rotational transform at

the location of the resonant surface, s, Figure 2.1: Magnetic bean-shaped cross-
and the amplitude of the resonant mag- section of W7-X, adapted from [67]. The
five-island chain surrounding the core is
clearly visible, showcasing the typical is-
land geometry.

netic perturbation field, by..,, applied at
that specific rational surface. These two
parameters determine the island radial
width, r;, and the field line pitch ©. r;
can be described as [68]:

Rbym,
i =2 2.5
" dm (2.5)
Where R is the torus major radius. © can be described as [68]:
/
O — 2qy/ 20rm (2.6)
m

Where a is the torus minor radius. As it will be seen in Section 2.2.2, r; and ©
significantly affect transport in the island. Usually, b, is used to increase island
size, r; X by, and field line pitch, © o by, [69]. However, the perturbation field
consists of a broad spectrum of different b,.,,,. This broadband magnetic spectrum
simultaneously excites multiple discrete resonances at various rational surfaces across
the plasma edge. When different neighboring resonances are excited, the resulting
islands overlap and formation of chaos in the magnetic field occurs [70]. Extensive
stochasticity degrades the well-defined, structured exhaust channels of the island
divertor. It generates complex magnetic lobe structures [71] that allow escaping
plasma to strike the PFC at unpredicted locations, creating unwanted and potentially

damaging hot spots [72].

16



Scrape Off Layer Physics (SOL) and Modelling Tools

The Chirikov criterion [73] is used to assess the level of resonance-overlap for the
loss of the last KAM surface and the subsequent stochastization of the magnetic field.
In reality, the last KAM surface vanishes before this overlap, due to the nonlinearly
produced secondary islands. However, the criterion still provides a good estimate of

for stochastization.

OCHIR = (”’ml’”l  Tima g )2 >1 (2.7)
2 |’I“1 — ?”2‘

Where 7; m, n, is the width of the island generated at the a — th resonance and
rq the location of its center. Given Eq. 2.5, we note that r; , 5, ﬁ In addition to

that, by expanding the rotational transform at the center of the island, one gets [68]:

e (r) = % + ], (r =) (2.8)

Which leads to r, %, thus making the Chirikov parameter dependant on

magnetic shear [74]:

/

OCHIR X (&)2 =4 (2.9)

This means that for low shear devices, different resonant islands are further apart.
Additionally, the onset of stochasticity occurs at a higher perturbation amplitude
for low shear devices, which allows larger islands, i.e. larger internal field line pitch,
before the field becomes chaotic.

In fact, in low shear stellarator devices, such as the Wendelstein-7AS (W7-AS)
and Wendelstein-7X (W7-X), it is possible to have a large intrinsic single magnetic
island chain. Typically, the lowest-order resonance islands are the largest and appear
at the edge of the plasma volume. These islands are bounded by a separatrix that
divides them from the core region, Fig. 2.1.

From Eq. 2.5, The Chirikov parameter poses a limit also on the radial amplitude
of each perturbation, ccrrr X bypm, + brm,. For a given magnetic spectrum, this
imposes a upper limit on the b,,, of the resonant surface utilized for the divertor.
Furthermore, by substituting Eq. 2.6 in Eq. 2.5, the Chirikov parameter returns
ocrIr < ©2. For a given spectral cleanliness and local magnetic shear, achieving
a sufficiently high internal pitch for efficient power exhaust, without violating the

stochastic limit, requires a delicate optimization of these parameters.

Magnetic islands are ideal for the exhaust concept of the island divertor. To
form the divertor, they are intersected with toroidally segmented targets, Fig. 2.6,
that cut open their field lines, creating a SOL and setting up a divertor volume in
a stellarator. The divertor plate is discontinuous for technical reasons explained in
Section 2.2.5 and follows the magnetic island toroidally. The concept of the island
divertor has also been applied to high shear stellarators, such as LHD [75], even
though edge islands are generated by field perturbation coils.
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2.2.2 SOL plasma physics

The physics of the island divertor SOL in-

. . Tupstream
volves a complex interplay of competing =

Tdowgstream

transport mechanisms. Functionally, it zos

shares the primary objective of the toka-

mak pOlOidal divertor: utthlng a mag- 5.0 51 5.2 5.3 5.4 5.5 5.6 57
R[m]

netic separatrix to decouple the confined

plasma core from the vessel wall and 20 40 60 80 100

Electron temperature [eV]

channel exhaust fluxes to localized tar-

get plates. The magnetic islands forming Figure 2.2: 2D electron temperature dis-
the boundary of a stellarator are topo- tribution in the island divertor of W7-X
and binormal direction. Figure taken from

logically closed, nested flux tubes. these 76]

islands must be intersected by solid tar-
get plates; this geometric intersection generates the open field lines that define the
SOL. The open field-lines inside the islands guide the power and particles entering the
islands across the island inner separatrix (last closed flux surface) towards the targets
positioned at the island outer separatrix [29]. The islands form an intermediate
SOL between the confined core and the plasma—-surface interaction region, spatially
separating the core plasma from a direct exposure to the recycling neutrals and
the sputtered impurities. Large differences in the respective magnetic and divertor
geometries exist between tokamaks and stellarators, including three-dimensional (3D)

effects [77], which influence the plasma, neutral and impurity transport in the SOL.

A general overview of SOL physics is given, before diving into the specific models
developed to study specifically the island divertor. In the SOL, the transport of
energy and particles along the magnetic field lines is governed by the Braginskii [78]
fluid equations. The parallel heat flux is described as a combination of conductive
and convective channels for both electrons and ions. The electron parallel heat flux,
q||,e, is often dominated by thermal conduction due to the high thermal conductivity
of electrons, kg . Conversely, the ion heat flux, g ;, is primarily convective, as the
ion thermal conductivity is significantly lower (kg > ko) and the flow velocities
satisfy u, = u; due to the ambipolarity of the flux. The heat fluxes are expressed as
[28]:

5 5 dT
Gl = 5Teneue — ko T¢ d; (2.10)
1 5 5 dT;
q||; = (zmlulz + 2Ti> n;u; — /ﬁo,in dsl (2.11)

where s is the coordinate along the field line, and kinetic energy is included for

ions but neglected for the electron mean flow due to the mass ratio m;/me > 1.

The SOL is characterized by two types of transport: rapid parallel transport along
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field lines and slower perpendicular cross-field transport. Cross-field perpendicular
transport becomes a leading-order physics effect within the SOL when the ||-transport
time to travel along the field lines becomes comparable to the |-transport time
required to bridge the poloidal displacement of this fieldline after one toroidal
revolution [77]. Locally the ratio of perpendicular to parallel transport is set by the
field line pitch ©, which measures the poloidal displacement for displacement along
the fieldline.

Power enters the SOL at last closed < g T /
flux surface (upstream region). From 100 | W >l or ator E
there, it travels along the field line to- el S ‘Stc‘c‘:;im e
ward the material targets (downstream 5 A il
region). The distance a particle travels ;“’ 10| . u :
along a magnetic field line from the up- [
stream to downstream point is defined P\ ?l BB =]
as connection length L., Fig. 2.9. The . . To\l““m,ak. “;j____._
connection length is related to the pitch 10 n,/ m?3 10

as L. x %. At equal device geometry,

the lower the pitch, the higher the con-

nection length and hence the more per-

Figure 2.3: Ratio of || to L conductive
heat fluxes of ions and electrons in typical
SOL parameter ranges for stellarators and
pendicular transport will become compa- tokamaks. The dashed arrow indicates a
rable to parallel transport. In low shear typical path of SOL plasma with increasing
stellarators magnetic islands, the field " Figure taken from [29].

line pitch is approximately © ~ 0.001 [79]. This creates very long connection lengths

in the island divertor SOL, thus making | transport comparable to || transport.

The competition between these transport channels can be formally quantified
by evaluating the ratio of the effective parallel heat conduction (projected onto the
transverse plane) to the perpendicular heat diffusion. Following the basic idea behind
the Two-Point Model (TPM) for tokamaks [80, 34], a 1D energy transport model is
made [29], taking into account || and L transport. The structure of the magnetic
island, characterized by an O-point and two X-points, is simplified and the equations
are projected on the bi-normal direction x, Fig. 2.2, which is defined as the direction
perpendicular to the toroidal direction and the perpendicular to flux surface direction.
This implicitly assumes toroidal symmetry at the target and a correspondence of
bi-normal and parallel transport across different field lines. A spatially constant

field-line pitch in the island SOL is also assumed.
d 5/2 dTei d dTei
—— | el O—— )| + - | —Xe, =) = 2.12
de(,i’”@dx>+dx<x’nda:) 0 ( )

The ratio of the parallel to the perpendicular conductive heat flux is then given
by:

5/2 2
Qei  Feil,; ©

2.13
qlei Xe,ill ( )
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The ratio of parallel to perpendicular transport in the island SOL scales as ~ ©2.
In tokamaks, © ~ 0.1 and in most of the SOL parameter domain, || / L> 1 holds in
tokamaks, especially for electrons, Fig. 2.3. On the other hand, in stellarators SOL
© = 0.001 and perpendicular and parallel transport are much more comparable. By
setting the transport ratio in Equation 2.13 to unity, we can define a critical threshold
temperature, Ty, r ¢, at which the perpendicular cross-field diffusion overtakes parallel
conduction (¢, > qH). When the plasma temperature drops below this Tg; ¢ threshold,
the SOL transitions into a fundamentally diffusion-dominated regime, which will be
detailed in Section 2.2.3.
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Figure 2.4: Sketch of the conceptually simplest SOL situation, where the neutrals
recycling from each element of target surface are entirely ionized within the flux tube
terminated by that element. Consequently, particle balance occurs for each flux tube
individually. The ionization region is assumed to exist very near the target, resulting
in a stagnant plasma over most of the length of the SOL. Figure taken from [28].

While the energy equations describe the temperature profile, the local plasma
density is fundamentally governed by particle transport and parallel momentum
conservation. In the basic TPM, particle balance assumes that recycling neutrals are
ionized in a highly localized, thin layer immediately in front of the target. Conse-
quently, parallel plasma flow is negligible throughout the bulk of the SOL, accelerating

from zero to the sound speed only within this narrow ionization zone.

In the absence of volumetric momentum sinks such as friction or viscosity, parallel
momentum conservation dictates that the total pressure along a flux tube remains

constant: p+ nm;v?

= constant. Assuming equilibrated temperatures (T, = T; = T)),
the static plasma pressure is p = 2nkT. Upstream of the ionization zone, the flow
velocity is effectively zero, making the total pressure purely static (2n,k7;,). At the
target, the flow reaches the sound speed (v; = ¢g), and the dynamic pressure equals
the static pressure, resulting in a total pressure of 4n.kT;. Equating these upstream

and target states yields the strict pressure balance relation:
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This momentum conservation fundamentally couples energy and particle transport
along the field line. A parallel temperature gradient, established by finite heat
conductivity and energy losses, necessitates a corresponding inverse density gradient.
As the temperature decreases along the flux tube toward the target, the plasma
density must increase proportionately to conserve momentum. Therefore, within
this pressure-conserved framework, describing the heat transport across the SOL
inherently defines the characteristic density gradient in the region.

While standard 1D SOL models assume strict parallel momentum conservation,
the complex magnetic topology of stellarator islands introduces significant momen-
tum sinks. The substantial L transport inherent to stellarator islands leads to
modifications in the pressure equation, Eq. 2.14, as it will be explain in Section
2.2.3. Furthermore, for a vector quantity, such as momentum transport, the direction
of the flow and the field line connection to the divertor plates is also important.
When flow fields within adjacent flux tubes possess toroidally opposite streaming
directions, they strongly interact due to the proximity of these counter-connecting
field lines. Consequently, the plasma loses ||-momentum via dissipation driven by the
| -viscosity operating across the tubes [81, 82]. In extended models, this dissipation
is typically parameterized by a momentum loss factor (fyem < 1), which reduces the

total pressure achievable at the target.

At the plasma-wall interface, the quasi-neutrality of the bulk plasma breaks down.
Because electrons have a much higher mobility than ions (oc \/m;/me), they initially
flow to the target surface at a much higher rate. To preserve the ambipolarity of the
particle flux (where I'. = T';), a potential drop in front of the target is formed. This
results in the formation of a thin boundary layer known as the sheath, which has a
characteristic width on the order of the Debye length, Ap = \/2¢T¢/e2n.. Within
this layer, the potential drop accelerates the ions towards the target.

For a stable sheath to form, the ions must enter the sheath region with a sufficiently
high velocity. This requirement is known as the Bohm criterion [83], which states
that the ion flow velocity at the sheath entrance, u;, must exceed the local ion sound

speed, cg:

U; > ¢ (2.15)

To achieve this velocity, ions are pre-accelerated in a quasi-neutral region known
as the magnetic presheath, that is of dimension of the ion gyro radius, 7.

The total power deposited onto the target is determined by the particle flux
transmitted through the sheath and the power per particle. This is characterized by
the sheath heat transmission factor, vs,. The heat flux density at the target, g, is
given by:

qt = ’Yshne,tcsTe,t (216)

The coefficient typically takes a value of 74, ~ 8 [84] for hydrogenic plasmas.
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This factor accounts for the thermal energy of electrons and ions, the acceleration
of ions through the sheath potential, and the surface recombination energy released

when ions neutralize at the wall.

2.2.3 Stellarator Two Point Model

The Stellarator Two Point Model (STPM) has been developed to study most of
the island divertor physics [85, 86]. The STPM, while giving a useful model to
understand part of the stellarator SOL physics, still has many limitations. Heat
convection (parallel and binormal) is not included in the model. Momentum losses,
while included, lack a proper scaling that aligns with experiment and/or modeling. A
relation of the model quantities with the (radial) island size, r;, is lacking. While the
model includes an energy and momentum conservation equations, it lacks a particle
conservation one. In its equations it does not include transport L to the flux surface.
This transport, which is observed to push power and particles from the power-carrying
layer (PCL) (see Sec. 3.2.2 and Fig. 3.5) radially to the island O-point, must be
artificially parameterized into the model’s loss functions. Despite this, the STPM
captures the role of cross-field transport compared to parallel transport and the loss
of pressure conservation along the field line due to viscous dissipation in counter

streaming flows.

In the tokamak TPM [80, 34|, proposed mainly for tokamak SOLs, only parallel
transport is considered and total pressure is conserved along the fieldline. However,
due to the reasons mentioned above, the TPM needs to be expanded to correctly
consider the island divertor physics. Under this constraints, the radial one-dimensional

(1D) transport equations from energy and momentum read as:

d 5/2 AT ; d dTe;
@% (_He,iTeé ®Clx> + % <—X€7in du ) =0 (217)
d
o (nvfn + £> = Spom (2.18)
q| = Ynacsaly (2.19)

In Eq. 2.17, the first term is the Spitzer-Harm [87] conduction projected on the
bi-normal direction. The second term is the heat diffusion in the bi-normal direction.
In Eq. 2.18 the first term is the projected total parallel pressure gradient, while S, is
a momentum loss parameter. Eq. 2.19 is the Bohm boundary condition. Integrating

this system at the downstream and upstream location gives:

TqiLe  Tx(n +na)
2Ke 4K, O2

T2 =T1? (T, — Ty) (2.20)
Pu = 2pd : (1 + fm) (221)
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q| = Yndcsdla (2.22)

Perpendicular transport within the flux surface is taken into account in the STPM
by the last term of Eq. 2.20. f0m is @ momentum loss factor, that takes into account

the loss of pressure conservation along the fieldline.

2.2.3.1 Sheath limited regime

The sheath-limited regime occurs at low upstream densities and collisionalities,
resulting in minimal neutral ionization (low recycling) within the divertor. In this
state, particles and power primarily enter the SOL upstream via cross-field transport
from the confined core. From this upstream stagnation point, the plasma flows
downstream and accelerates to the local sound speed to satisfy the Bohm criterion
at the target plate. Recycled neutrals are assumed to ionize mainly in the core.

Throughout this process, the SOL plasma remains essentially isothermal (T, ~ T}).
Because the parallel temperature gradient is negligible, heat conduction becomes
physically negligible to the overall power balance, leaving energy exhaust dominated
by parallel convection. Consequently, the heat flux through the SOL to the target is
limited solely by the ability of the sheath to transmit power, Eq. 2.16.

2.2.3.2 Conduction limited regime

As the upstream density increases, col-

lisionality increases and the neutrals are

retained inside the divertor. Ionization Elon B ai s
of the recycling neutrals in the divertor " 10 L e AL
becomes the dominant particle source. 10 10 102 102
Because recycling neutrals are ionized N e mezzzzo-

locally downstream, the parallel particle ilol- e BN i::j;:

flux and convective heat transport are o et = el ]
concentrated near the target plates.The 101 10% 10 1om

ny [m=3]

heat transport in the rest of the SOL

changes from convective to conductive Figure 2.5: Comparison between the
tokamak TPM, the STPM and the STPM
with from. The different regimes are high-
lighted. Figure taken from [76].

dominated. A significant temperature
gradient develops along the field line to
drive the necessary heat flux and target
temperatures of =~ 10eV can be reached. The dominant term in the right hand

Tq L . .
TZ/ 2 ngeC' The upstream temperature is relatively

side of the energy equation is
insensitive to external change and remains more or less constant.

The ionization of the recycling neutrals in the divertor is the dominant particle
source in the SOL and would yield very high densities at the target, n; oc n3. At even
higher densities cross-field diffusive transport and additional volumetric effects due
to plasma-neutral and plasma-impurity interactions become significant. However, the

presence of convection, feony, momentum losses, fiom, and the bi-normal transport
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hinders density buildup in the conduction limited regime of the island divertor, with

Ny < Ny <7”L;:)’L.

2.2.3.3 Diffusion limited regime

As the divertor density increases to a threshold, cross-field transport starts to dominate

particle and power transport across the SOL. The dominant term in the right hand

~ Tx(nutng)
~ 4ke©2

dominant and the drop in target temperature T,; becomes less steep and T, starts

side of the energy equation is TZ/ 2 (T, — T;). Bi-normal transport is
to decrease. This drop in upstream temperature directly implies a saturation of the
upstream plasma pressure, which fundamentally degrades confinement performance
inside the separatrix.

Because the target pressure (p; o« nT3) is fixed by the sheath heat flux, the
reduced temperature drop of T; limits the increase of density at the target, n;. Cross-
field transport hinders density build-up, described as the n; obtainable for a given
ny. This is denominated diffusion limited regime [76].

In a tokamak poloidal divertor, since Ospramar ~ 1000 giiarator and counter-
streaming flows are negligible, the SOL plasma usually shows a strong conduction
limited regime, denoted "high recycling", with n; o< n3 and Ty o n 2. It also shows

no diffusion limited regime at relevant plasma parameters.

2.2.4 Consequences on divertor performance and Role of geometric

parameters

Due to the observed transition to diffusion limited regime at relevant plasma pa-
rameters, Fig. 2.5, divertor density build-up is hindered in stellarators. The direct
transition, observed in tokamaks [88], from the high recycling regime to detachment is
not attainable in stellarator divertors. Achieving a steep increase in target density, ng,
alongside a substantial drop in target temperature, Ty, is a fundamental requirement
for optimal divertor performance and the transition to the detached regime. In
particular, radiative power dissipation is strongly driven by density build-up, as
volumetric radiation scales with the square of the density P.qq o< n2 [89]. A high-
density environment is essential to retain recycled and sputtered neutral particles
near the plasma-facing components, allowing low-7Z impurities to effectively radiate
away heating power and screen the core plasma [68]. Impurity retention depends on

build-up via the drag force, Fp x ng.

Additionally, high neutral compression in the divertor is essential for a fusion
reactor to efficiently pump out helium ash and prevent core dilution [90]. Neutral

compression is defined as the ratio of divertor and main chamber neutral pressures,
Pn,div

Pn,chamber

c = The island divertor of W7-X currently yields compression ratios
approximately two orders of magnitude lower, p;, 4i, = 0.18 Pa [91], than the ones
required for ITER, p;, 4iy = 10 Pa [35]. Neutral pressure at the divertor also depends

on density build-up via the recycling flux, I'yec & ng.
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Finely tuning the magnetic island geometric parameters has turned out to have a
strong impact on island divertor transport. Increasing the internal island field line
pitch, ©, has been observed to significantly improve both the radiation pattern and
detachment performance [92]. Similarly, expanding the island width (r;) enhances
the divertor’s ability to screen neutrals and maintain stable detachment [68]. In
Wendelstein 7-X, control coils [69] are utilized to tune © primarily by modifying
the resonant radial magnetic perturbation, b,,,, a process that inherently alters the
island size simultaneously: © o v/bymt’, i & /brm/¢'. Understanding the specific

role of each of these geometric parameters is a central point of this thesis.

upstream

......
.....

...................................................

poloidal with

target shadow

0 toroidal

Figure 2.6: Sketch of a portion of an island surface in a island divertor. Figure
taken from [68].

2.2.5 Target Shadow Region

Compared to tokamaks an additional phenomenon intrinsic to the island divertor is
the appearance of an additional topological region in the SOL, the target shadow
region (TSR). To meet the engineering requirement for target alignment the magnetic
field incidence angle to the target surface is limited to about 1-3 degrees [93]. As a
consequence of the low field line pitch in the island divertor, the continuous target
plate must be toroidally inclined . This leads to segmented targets with fieldlines
that are ’trapped’ between them, that is, shadowed from the main SOL by the
target, see Fig. 2.6. Because of the field line pitch of the island, ©, the plasma is
able to reach via || transport only the top part of the inclined target, with width
27 Rsin © [68]. The rest of the target will be inaccessible for the plasma travelling
parallel along field lines. This region, called the Target Shadow Region (TSR), is
only accessible via cross-field transport, see Fig. 2.9. It is important to note that,
for a given configuration, the size of the shadowed portion of the island, Fig. 3.6
and, consequently, the surface of the target plate that is not wetted by the plasma
because of the TSR, Fig. 3.20, increase with decreasing ©.

Within the TSR, the magnetic field lines are typically characterized by two distinct
length scales. The first is the total toroidal circumference of the machine, scaling as
27 R (approximately 35 m in W7-X) [68]. The second is the effective target-to-target

connection length, which is determined by the discrete toroidal placement of the
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divertor modules. In W7-X, this physical strike-to-strike distance is typically around
%QWR, though the exact value varies depending on the chosen magnetic configuration
and the resulting strike line locations, Section ?7?7. Because of these extended parallel
connection lengths, the TSR acts as a significant additional momentum sink for the
boundary plasma. The shape and placement of the target plates can affect the TSR,
the area of the target wetted by the plasma and the resulting heat flux on the plates.

2.3 Edge Plasma Modelling: EMC3-EIRENE

Computational edge plasma models have been developed in order to understand the
underlying processes in the plasma edge, in order to understand and design power
exhaust machines.

The magnetic structure and the discontinuous target plates in stellarators intro-
duce a three-dimensional plasma boundary. This implies that 3D effects of plasma,
neutral and impurity transport have to be taken into account by fully 3D, self-
consistent transport codes. In the present thesis, for the modeling of 3D Scrape-Off
Layers (SOL) and complex magnetic topologies, the EMC3-EIRENE code will be
used. The code package is a coupled system comprising two Monte Carlo modules:
EMC3 (Edge Monte Carlo 3D) for the plasma, and EIRENE, for neutral particles.

2.3.1 EMC3

EMC3 [94, 95] is a fully 3D self-consistent Monte Carlo code that applies a fluid
model for the edge plasma based on Braginskii’s equations [78] with free model
parameters for anomalous cross-field tranport.

The Braginskii’s equations are a system of two-fluid transport equations derived
from the first three moments of the kinetic Boltzmann equation, that respectively
give the conservation equations for particles, momentum and energy. The system is
closed using the Chapman-Enskog expansion method [96], which assumes the plasma
is in a regime of high collisionality % < 1 and strong magnetization £ < 1, where
A is the mean-free path, p is the Larmor radius and L is the characteristic length
of the system. The model assumes quasi-neutrality for a simple plasma consisting
of electrons and one single ion species, ne = n;. The impact of impurities is not
included in this work.

In the code, the plasma transport is described by a simplifed time-independent

version of the Braginskii’s fluid equations [97]:

V” . (nVH) +V,-(=DViyn)=S5, (2.23)

V- (maViVy — oV vj)

(2.24)
+V, - (—miV“DVJ_n - ULVJ-VH) = VP + 5m
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5
Vi (—mvn + 2”3’1“/)

. (2.25)
+V - (-XWVLTi - 2T¢DVNL> = k(Te — T;) + Sei

51
VH . (—HGVTe + 2nTeV||)
- (2.26)
4V, (—xenvLTe _ 2T6Dw) — K(T) = T}) + See

where p = n (T; + T,) and n; = m;nD. The signs || and L denote the components
parallel and perpendicular to the magnetic field. The parallel transport ny|, i, e
are considered to be classical, while the cross-B transports are usually assumed to
be anomalous with D, x; and x. being determined from experiments. S, and S,
are the ionization source and momentum loss via charge exchange with neutrals. Se.
and Sg; represent the energy loss or gain of electrons and ions due to the neutrals.

All the volume sources due to neutrals are provided by the EIRENE code.

2.3.2 EIRENE

In the SOL and divertor regions, the mean free path of neutral particles (atoms &
molecules) is often comparable to the system size, rendering the fluid approximation
invalid.

Therefore, the EIRENE code [98] is employed to solve the stationary linear kinetic
transport equation within a given host medium. EIRENE solves the integral form of
this equation using Monte Carlo methods, simulating the trajectories of test particles
in the 3D geometry and interpreting the transport as a Markovian jump process
defined by a transition kernel decomposed into collision and transport parts. The
code includes a comprehensive set of atomic and molecular processes, including
electron-impact ionization and charge exchange. EIRENE calculates the source terms
Sps Smy See, Sei on the RHS of the EMC3 fluid equations by integrating over the

collision events.

v -Vf(r,v)=—f(r,v)Z|v|+ Q(r,v) +/f(r, VH)C(r; v = v)dv'  (2.27)

Loss Primary Source

Scattering

Atomic and molecular data are taken from the AMJUEL [99], HYDEL [100] and
ADAS [101] libraries.
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2.3.3 EMC3-Eirene

To achieve a self-consistent steady-state | magnetic field model | Divertor geometry | [ Model
Equilibrium field: L
solution, the code package employs geqdsk, sonnet, . LA bt
. . . . Vacuum RMP field: Field line tracing & analysis UL‘ XeLs XiL
an iterative coupling scheme. In this Call geometry VoD s nieiibsgsd ¥
loop, EMC3 supplies the 3D plasma Plasma response: I o=
M3D-C1, MARS-F, ... I ‘m‘
background profiles necessary for the _ _
rate coefficients (ov), (AE ov) o data EIRENE Neutral gas
. . = lasma
EIRENE neutral transport simulation; e e [ a—

conversely, EIRENE calculates and feeds
back the resulting volumetric source Figure 2.7: Workflow of the EMC3-
EIRENE plasma edge model. Figure taken

terms for particle, momentum, and en-
from [102].

ergy balances [102]. Computationally,

this interaction relies on a computational mesh of 3D finite flux tubes, which must
be generated in a pre-processing step (FLARE [103]), given the magnetic field model
as input. This grid structure utilizes a generalized reversible field line mapping
algorithm, enabling the rapid and accurate reconstruction of complex 3D magnetic
field lines. Free parameters for cross-field transport D, x.1 and x;1 have to be

provided.

2.4 HaGrids

Stellarator design deals with complex 2D base mesh; multi-zone
magnetic geometries, that show separa- 061

trix deformation, island rotation and de- 04

formation, ellipticity, magnetic flux com- 0.2

pression/expansion and toroidally dis- E 4ol

continuous targets. This makes studying ™ o)

the island divertor performance in gen-

eral hard and computationally expensive. h

Understanding stellarator geometry like e

the one of W7-AS or W7-X requires the 475 500 525 550 575 600 625

R, m
dissection of the convoluted effects.

In order to Study the jmpact of Single Figure 2.8: Multi-zone 2D base mesh.
The inner, outer, O-point, and inter zone

island geometry parameters on the per-
boundaries are highlighted in red [104].

formance of the island divertor, a novel
code package, Hamiltonian Grids (HaGrids) has been developed [104]. It is able to
construct a simplified geometry for the island divertor, which does not correspond to
a real MHD equilibrium but respects the divergence-freeness of the physical magnetic
field, is axisymmetric, satisfies Ampere’s law and conserves the fundamental island
geometry.

HaGrids is based on the Hamiltonian formulation, Eq. 2.2, of the magnetic
field to generate a synthetic model with circular flux surfaces and island structures

generated on arbitrary resonances. The Hamiltonian of Eq. 2.2 and Eq. 2.3 is used
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in the following form:

Npert

X(¥,0,0) = xo(¢)+x1() cos [m1 (6 — e1°°@)|+ ) xa(¥) cos [my (0 — £ P)] (2.28)
=2

Where an unperturbed Hamiltonian (v, 6, ¢) = xo(v) generates nested flux
surfaces characterized by the rotational transform ¢(v) = dxo/di. An arbitrary
number of perturbations can be added to excite specific resonant surfaces and form
different island chains. To form a magnetic island chain, one can introduce a pertur-
bation x1() with poloidal number m;. The rotational transform at the resonance
then satisfies ¢1°° = nj/mj. This allows for selecting the perturbation spectrum
and generate island geometries with dedicate geometric properties without incurring
in magnetic field chaos (MFC) and requiring detailed coil optimization/design. At
present, HaGrids can only generate geometries with a circular cross section, Fig.
2.8. Since stellarator geometries typically exhibit a certain degree of ellipticity, it is
highly desirable to implement elliptic magnetic geometries in the code package. In
Appendix A, the magnetic calculations carried out in [104] for the circular geometry
are extended to elliptical magnetic coordinates. This derivation should help in the
implementation of elliptical grid geometries within the HaGrids code.

A crucial step in running EMC3-

10°

EIRENE simulations is the generation of 20
a magnetic field-aligned computational
grid. HaGrids is used in the first three of
the five grid generation stages [103]: it o

10 4

constructs a 2D base poloidal mesh, Fig. §
N

2.8, it determines the inner and outer

boundaries and traces the field line seg- 20

TARGET

ments from the base mesh across the
PFR
L.~ 10%-102m
by numerically integrating the Hamil- 0 pes 55

toroidal domain. Field lines are traced

560
. R [cm]
tonian system. The results are then

mapped to real space using a coordinate Figure 2.9: Connection length L. distri-
bution at ¢ = 8° in the region near the
target of a simplified geometry configura-
tion, highlighting the different topological
regions and their characteristic L.

transformation. For the remaining steps
respectively, in this work, the construc-
tion of divertor targets is handled by
Python routines, Fig. 2.10, while the
approximation of the divertor target geometry and grid finalization are performed
using the FLARE framework [103].

The 2D mesh is generated with a multi-zone approach [105], considering the core,
private flux region (PFR) and single magnetic islands individually, Fig. 2.8. This
allows better resolution of the island X-points and separatrix, reducing discretization

error and Monte Carlo noise when considering parallel and perpendicular transport.
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res

In Fig. 2.10 the resulting toroidal geometry of a ¢"** = 5/5 configuration obtained
by using HaGrids and subsequently generating a target is shown. The 5/5 island
chain helically rotates around the core torus. It can be observed how the simplified
geometry retains the main topological regions of the island divertor, which are
highlighted in Fig. 2.9. The finite target creates a TSR and the magnitude and
distribution of L. depend on the © ~ 0.001 chosen. More details on the target and

geometry used in these figures is given in Section 3.1.

$h=-36°

Figure 2.10: 3D sketch of the simplified geometry used in this thesis. A single
island chain that helically rotates around the core region (blue) and a segmented
target (red) that intercepts one island are highlighted.

2.5 Scope of the Thesis

The management of the strong particle and energy fluxes at the boundary of a
confined fusion plasma remains a critical challenge towards commercial power plants,
Sec. 1.3. To address this, the island divertor has emerged as a leading power exhaust
solution in stellarators [106]. A divertor should be able to provide power dissipation,
neutral particle exhaust, reduction of impurity production and impurity screening.
While stable detachment has been successfully achieved in present day devices like
Wendelstein 7-X (W7-X) [49], extrapolating these scenarios to a reactor-scale stel-
larator requires substantially higher divertor densities, which remains a primary

operational challenge for current island divertors [86].

Many divertor capabilities such as particle exhaust or radiative power dissipation
scale with downstream density, Sec. 2.2.4. However, the previous sections showed
how diffusion limited regime limits the maximum obtainable downstream densities
ng in the island divertor, Sec. 2.2.3.3. Island geometric parameters, such as island

width r;, field line pitch © and target placement have been found to have a strong
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impact on island divertor transport, although many of their effects have not been
explored yet, Sec. 2.2.4 & 2.2.5. Studying the impact of each parameter in a 3D
stellarator geometry like the one of W7-AS or W7-X requires the dissection of the
many convoluted geometric effects, making it a complex and computationally expen-
sive task. For the island divertor concept to become fully reactor-relevant and for
performance improvement of present and future stellarators, these coupled geometric

effects must be carefully disentangled.

Therefore, the central aim of this thesis is to isolate and investigate how these
geometric parameters: ©, r; and target placement, singularly impact target density
build-up, with the goal of collecting the individual physical effects for present and
future divertor studies.

In this context, firstly, the HaGrids simplified magnetic geometry framework
(Sec. 2.4) is exploited to generate, starting from a reference configuration made with
the same characteristics of W7-X, multiple configurations with selected values of r;
and ©. These configurations are then used to perform an extensive computational
analysis using the fully 3D self-consistent edge plasma and neutral transport code
EMC3-EIRENE (Sec. 2.3).

Secondly, the simplified geometry framework is used to also assess the impact
of target placement on divertor performance. In the current W7-X 5/5 island chain
there are three possible stellarator-symmetric target locations around the symmetry
plane: inboard, top/bottom and outboard. These configurations are constructed and
simulated using EMC3-EIRENE.

The structure of the thesis is a it follows: in Chapter 3, the simulations set-up
criteria is explained step by step and the obtained results discussed both for the r;, ©
scans (Sec. 3.2) and for the target placement scans (Sec. 3.3 & 3.3.1). In Chapter 4,
the impact of r; and © on transport is analyzed with the tools of the Stellarator Two
Point model (STPM) (Sec. 4.1) and, for the first time, the predictive capabilities
of a STPM Onion-Skin model (OSM) are tested on the simulations results of the r;
and O scans (Sec. 4.2). In the end, Chapter 5 summarizes the obtained results and

concludes the work.
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Chapter 3

Simulations and Results

3.1 Configuration Setup

3.1.1 Design Space

Using the code package HaGrids, different simplified magnetic configurations with

different island characteristics are created and used for EMC3-EIRENE simulations.

The starting geometry in this thesis is designed to approximate the W7-X geometry.

The major radius is R = 5.5 m, the minor radius a =~ 0.5 m, the island width
n _5

w ~ 0.1 m and a resonant surface at + = ;> = 2. The geometry possesses thus a five

fold symmetry.

@® Increasing b, L
0.006 B Decreasing shear
¢ Constanto
0.005 Reference Configuration
- e
.. 0.004
©
0.003{ B——————————— @ ——————— e — - ———— L 2
|
0.002
|
0.12 0.14 0.16 0.18 0.20 0.22

island width w [m]

Figure 3.1: Points in the r; — © design space from which the different magnetic
configurations are created.

In HaGrids, the rotational transform is approximated using a quadratic radial

profile:

¢(r) = a,m*By + b, (3.1)
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Where a,, b, and the strength of the magnetic field at the center By are input

parameters in the code. The resulting island magnetic shear, % , can be changed
Ta
by changing the parameter a,. The dependence between the two in the code is

expressed by:

¢ = 2raBya, (3.2)

In order to have a reference configuration that resembles W7-X standard config-
uration ¢ profile [107], Fig. 3.2, the input parameters are set to b, = 0.84557 and
a, = 0.065.

0.95F
‘E‘ — W7-X
9 o.90k—" Reference configuration

plasma radius [m]

Figure 3.2: +(r) radial profile for W7-X standard configuration (adapted from [107])
and the approximation used in HaGrid for the reference configuration.

In HaGrids, a perturbation of ¢"** = n/m = 5/5 is selected, the same of W7-X
standard configuration. This excites the corresponding resonant surface, generating
a five island chain in the neighborhood of ¢(¢)) = 1. In the case of this single

perturbation, the Hamiltionian of Eq. 2.28 becomes:

X(¥,0,9) = xo(¥) + x1(¢) cos [m (0 — ¢)] (3.3)

A linear profile is used for the perturbation x1(¢). Details can be found in [104].
In the code, x1(%)) is proportional to the perturbation amplitude (1)) o< Ay, with
Aj being an input parameter, expressed in [Wb]. In HaGrids, b, can be varied by

changing the perturbation amplitude A;. The relationship can be derived to be:

b . A1m1
"™ 21 RaBy

A value of A; = —0.0036 Wb is chosen, so that an island width of r; =~ 10.9 e¢m
is obtained, see Fig. 3.5. The nominal island width in W7-X standard configuration,

(3.4)

using a controlled control coil current I.. = 2.5 kA is wyy7—x =~ 10 cm [92].
Starting from this reference geometry, other configurations are explored. This
study focuses on a parametric scan on the island geometric parameters: magnetic

island radius, r;, and field line pitch, ©. Given their relationship with ¢ and b,

T X b: moand © o bypé'; it is possible to create different geometries in the design

space, starting from the reference one, by only varying A1, a, and b, in the code.
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We aim to simulate configurations
with three different island widths: r; =
10.9¢cm, r; = 15.2cm, r; = 22.8cm.
Starting from the reference case, with
r; = 10.9 cm, it is possible to obtain the
latter two island sizes in three different
ways. Each way returns a different island
configuration, while also always remain-
ing below the low-shear limit. In the con-
text of this thesis, this limit is defined as
the interval where the entire rotational
transform profile, ¢(r) in Eq. 3.1, re-
mains strictly bounded between the ad-
jacent primary resonances, ¢+ = 5/6
and ¢ = 5/5, Fig. 3.2 & 3.3. By
achieving the same island size with the
three different approaches, it is possible
to also compare same-size island configu-
rations that are otherwise very different
in ¢, by, and O.

To do so, starting from the reference
case, one can either: a) only increase
brm, thus increasing both © and r;; b)

only decrease ¢/, thus decreasing © while

Table 3.1: Summary of the magnetic
configurations generated for the paramet-
ric scan. The Case ID indicates the per-
turbation flux amplitude A; (e.g., A36 =
3.6 x 1073 Wb) and the shear parameter
a, (e.g., ab5 = 6.5 x 1072).

Case ID brm ¢ w O
[x1074]  [L]  [em] [x1073

Reference Configuration

A36a65 3.79 0.562 10.9 3.06

Decreasing ¢'

A36a34 3.79 0.289 15.2 2.20

A36al5 3.79 0.129 22.8 1.46

Constant ©

A50a47 5.29 0.403 15.2 3.06

AT75a31 7.92 0.269 22.8 3.06

Increasing by,

AT70a65 7.36 0.562 15.2 4.26

A157a65 16.54 0.562 22.8 6.40

increasing r;; ¢) increase b, and decrease ¢ accordingly to keep © constant with

varying r;.

Once the desired r; is set for each case, the choice of the parameters value is
based on Eq. 3.2 and Eq. 3.4, paired with Eq. 2.6 and Eq. 2.5. In case a), we

obtain b, value from Eq. 2.5 and the corresponding A; from Eq. 3.4. In case b), we

obtain ¢ from Eq. 2.5 and the corresponding a, from Eq. 3.2. In case ¢) a system of

equations based on Eq. 2.5 and Eq. 2.6 is created, to obtain the respective b,.,, and

¢ values. Since O is the same of the reference configuration, it is possible to obtain

the new by, from:

mOr;

brm = 14

And the corresponding ¢+’ from:

, <2>2Rbrm
t = —
T m

(3.5)

(3.6)

Then the corresponding A; and a, are obtained still from Eq. 3.2 and Eq.

3.4. In the end, we obtain points in the design space like Fig. 3.1. The method

above, based mainly on the analytical relations obtained in [68], is a efficient method

to obtain comparable magnetic configurations with different characteristics. The
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values expected from analytical relations are successfully obtained in the resulting
magnetic geometries, where island widths and field line pitch are found to be as
expected, see Figs. 3.5 & 3.6. In Fig. 3.5 the three island sizes obtained for this
work are shown. Three different kinds each of the r; = 15.2 em and r; =~ 22.8 cm
geometries are obtained, each with a different value of ©. Because of this, even

between configurations with the same island size, there are differences in terms of

divertor transport due to geometric effects, Fig. 3.6.

100 =
5/5
_ 0.95 — A50a47
i — A36a34
g 0.90 m—— A75a31
A36al5
0.85F 5/6
------ i R S S S—
0.0 0.1 0.2 0.3 0.4 0.5

plasma radius [m]

Figure 3.3: +(r) radial profile for the other four configurations created in this
work. The remaining A70a65 and A157a65 have the same «(r) profile of the reference

configuration.

3.1.2 Grid and Target generation

The grids are generated exploiting the
five-fold symmetry of the magnetic ge-
ometry. The computational domain used
is one fifth of the full torus, ¢ € [0°,72°].
The total toroidal resolution is of 101
cells. Grid refinement is performed for
both the radial and poloidal direction,
while the toroidal grid is uniform. Radi-
ally, the core, islands and PFR grids
are finer towards the separatrix 3.5.
Poloidally, the grid is finer towards the X-
points. The five magnetic islands are the
regions with higher radial and poloidal
refinement out of the seven zones, with
105 cells per island per toroidal slice.
One discontinuous target per island
is created. The target plates are placed
at the inboard location of the island in
the symmetry plane. The target, Fig.
2.10, reaches the point of radial deepest
penetration into the island at ¢ = 0°.

Here it is positioned slightly above the

Figure 3.4: Separatrices poloidal length
displayed for the three island sizes used in
this work.
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island O-point to prevent a confined region inside the island. From there the target
plate moves radially away from the magnetic axis, while helically following the
main island chain. With the current magnetic field incidence angle of ~ 3°, the
target extends toroidally to ¢ < 36° to cover the full island domain and end in
the PFR. This ensures that the target intercepts the majority of the power leaving
the confined region, with power deposition beyond the target remaining negligible.
The target is designed such that it casts a shadow onto itself after one full toroidal
turn. The second target plate retraces this path symmetrically in the second half
of the computational domain, on a different magnetic island with respect to the
first, starting outside the island somewhere in the second half of the computational
domain ¢ > 36° and reaching its point of deepest penetration at ¢ = 72°. Because of
the domain symmetry, each island will have a single resulting target entering and

exiting the island, Fig. 2.10.

R [cm]

Figure 3.5: Slices on the R-Z plane at ¢ = 0° of the generated grids for the different
island sizes with the open target plate (black). The core (red), PFR (green) and
island (blue) inner and outer boundaries are highlighted.

For the base configuration, the domain of the divertor is ¢ € [0°,18°], [54°, 72°].
For the configurations with a bigger island size, the target length is increased up to
¢ € [0°,26.64°] , [45.36°,72°], in order to maintain the same magnetic field incidence
angle across the different configurations while ensuring the target plates cover the
full island.

In the different configurations, connection length, L. o %, is modified via the
field line pitch and to a lesser extent the island width: In the base configuration
we have L. ~ 200 — 1000m. In the configuration with the lowest field line pitch
L. ~ 500 — 3000m; while in the highest field line pitch configuration L. ~ 100 —600m
3.6. For configurations with the same ©, the L. profile, both quantitatively and
qualitatively, is the same. Although the island radial width differs, the poloidal
length of each flux surface is the same, because smaller islands are more curved and
stretched, see Fig. 3.4.

From Fig. 2.6, for © < 1, the toroidally wetted fraction of the target plate that

is in direct contact with the plasma is o ©. This means that changes in field line
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pitch also affect the toroidal extend of the target as well as the extent of the TSR.
In the highest © case, the target is in contact with the plasma until the plate exits
the magnetic island, ¢ € [0°,24°], [48°,72°]. In contrast, in the lowest © case, the
target plates are in contact with the plasma only in ¢ € [0°,7°],[65°, 72°], while the
rest is completely shadowed from the plasma. This effect can be also seen in Fig. 3.6
by the different poloidal extend of the TSR region. Because of this, a difference of
the same order of magnitude in strikeline length is expected in the EMC3-EIRENE

simulations.

Decreased shear Increased brm

103

Le [m]

102

430 495 500 505 510 515 490 4395 500 505 510 515
R [cm] R [cm]

Figure 3.6: Slices of the R-Z plane at ¢ = 18° of two distinct configurations with
r; = 22.8 cm. The decreased +' one (left) has a lower ©, while the increased b;.,,, one
has a higher ©. The target shadow region (TSR) is significantly different between
the two.

3.2 EMC3-EIRENE simulations

3.2.1 Simulation setup

Using the generated geometries, EMC3-EIRENE simulations are performed. Pure
hydrogen plasmas without impurities are simulated. Anomalous transport coefficients
D =02m?s7 ! and ye = x; = x1. = 1.5m?s~! are used. For all simulations, the
power entering the SOL is set to P;, = 5 MW. For each configuration, a density scan
is implemented with several simulations at different values of inner core boundary
density ngq. Simulations for each configuration are started at a low upstream density
niva = 10 m™3. Each simulation is iterated until convergence and the resulting
steady-state solution is obtained. The solution is then used as a starting point for
another simulation at higher n;,q. This ordered progression is required as solutions
for configurations that show a certain mode, discussed in Sec. 3.2.2.1, are hysteretic,
in the sense that a different steady-state solution is obtained depending on the initial

conditions used.

This process is continued until the pressure-averaged downstream temperature

~

reaches Ty 4, S 5eV in the highest n;;,q simulation. Below this temperature threshold,
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parts of the divertor region reach Ty oca1 = 1 €V. The equations used miss part of
the relevant physics coming into play (e.g. volumetric recombination) and solutions
may diverge if n;pq is increased further.

For T 4y S 10eV the iteration scheme of EMC3-EIRENE may start to oscillate
and not converge. In these cases the electron energy sink from the neutral gas term,
See, 1s linearized for all terms (interaction with atoms + molecules + test ions). A
density scan set is simulated for seven configurations, see Tab. 3.1, each with its
own values of b, and ¢, until convergence and the results are compared below.
In this work, as the EMC3-EIRENE system is solved by iterating alternatingly its
plasma (EMC3) and neutral (EIRENE) modules, the system iteration is stopped
and considered converged when the relative change in the solution is typically < 1%.
Here, the solution parameters chosen to check convergence are a pressure-weighted

averaged of the plasma density and of the electron temperature at the target (ng qo,
Td,av)-

3.2.2 Results Discussion

In this section, the results of the simulations performed in EMC3-EIRENE on the
set of seven configurations are shown and the main observations discussed. The
2D distributions of plasma density and temperature at ¢ = 0° are shown. At this
toroidal position, the target penetrates deepest into the magnetic island and the
steepest gradients with respect to the LCFS conditions are expected.

In this work, the power-carrying layer (PCL) is defined as the radial extent of the
SOL located immediately around the inner island separatrix, Fig. 3.5. The flux tubes
comprised in this channel act ideally as the primary transport channel. Populated
with heat flux coming from the core via cross-field transport, they simultaneously
drain the heat flux to the divertor targets along the magnetic field. They are expected
to concentrate the majority of the plasma’s particle and heat fluxes as they are carried
from the core to the divertor targets. However, the containment within this layer
and its radial extent is sensitive to the magnetic field line pitch (©); as © and the
ratio of parallel to perpendicular transport (qH/ q1 ) decrease, power and particles are
pushed radially outward from the PCL, radially towards the island O-point, which
can degrade overall transport performance. A quantitative view of this power channel

can be found in [108].

Firstly, 2D distributions of the reference configuration case are shown, Fig. 3.7,
at a low density (n;q = 0.6e19 m~3) and high density (njpq = 2.5e19 m™3) cases.
The results show a qualitative correspondence with simulations for the standard
configuration in W7-X. At low densities, the divertor shows qualitative agreement
<ng <

~ ~

with the sheath-limited regime, as target density is %nu %nu, temperatures
are T, > 100 eV throughout the island and ionization mostly happens in the core.
Plasma is attached. At higher densities, the divertor shows qualitative agreement with

the stellarator conduction-limited regime. The island is no more neutral-transparent,
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ionization starts to occur near the target, where plasma starts to cool and density
starts to build-up, as density and temperature are associated because of conservation
being approximately valid. In the target region, the maximum target density achieved
is of the order of ng ~ 1€20 m ™3, while downstream temperature drops to Ty < 10 eV,

Despite the main strike point being towards the separatrix (in the PCL), the
density peaks at the target extend from the strike point (separatrix) towards the
O-point of the island, Fig. 3.7. This feature is qualitatively the same in W7-X
standard configuration EMC3-EIRENE simulations without impurities.
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Figure 3.7: 2D distributions of plasma density n and electron temperature T, at
¢ = 0° for the reference configuration.

Secondly, the reference case 2D distributions are compared respectively with:
the constant ©, decreased shear (¢') and increased b, cases. The differences in
density and temperature distribution by increasing r; and increasing/decreasing ©
are observed and compared. For each comparison, the maximum target density

Nd,maz 15 taken from each 2D distribution.

Here, the high densities simulations are compared between the reference case and
the constant © cases with increasing r;, Fig. 3.8 & 3.9. The cases are compared
at simulations with the same upstream density of n, ~ 2¢19m~3. Throughout this
chapter, this is basically the separatrix density, nsep, evaluated as the average core
density at the LCFS. As the objective is to maximize build-up, this comparison
should show the effects on build-up of only increasing r;.

In the constant © cases, the density peaks tend to shift towards the O-point
and density increases with increasing r;: ng azeass ~ 1.75€20 m ™3 for the reference
case, ng A50a47 ~ 5€20 m~3 for the r; ~ 15.2¢m and ng,A75a31 ~ le2l m™3 for the
r; = 22.8 cm. The latter is the case with the maximum downstream densities of this

set of simulations. Increasing r; is observed to significantly increase ng mqz-
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Figure 3.8: 2D distributions of plasma density n at ¢ = 0° for the r; ~ 15.2 cm
cases.
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Figure 3.9: 2D distributions of plasma density n at ¢ = 0° for the r; ~ 22.8 cm
cases.

Next, the high densities simulations (still n,, ~ 2e19m~3) are compared between

the reference case and the decreased ¢’ cases with increasing r;. In general, as the

objective is to maximize the downstream density ng, as seen in Chap. 2, decreasing
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© is expected to hinder density build-up.

In the decreased ¢ cases, it is observed how the qualitative W7-X profile is kept
while increasing the island size. The density peaks at the target tend to shift from the
O-point towards the island separatrix/strikepoint. For the simulations with upstream
density n, ~ 2e19m ™3, the maximum density at the target increases with increasing
island size: ng 436465 ~ 1.75¢20 m ™3 for the reference case, Nd, A36a34 ~ 2€20 m~3 for
the r; ~ 15.2 cm and ng 36415 ~ 5€20 m 3 for the r; ~ 22.8 cm, Fig. 3.8 & 3.9. This
implies that for decreasing magnetic shear, the advantage in increased island size
outperforms the expected disadvantages from a decrease in field line pitch. However,
decreased © is observed to hinder density build-up, as the cases with a lower © have
a lower ng mqq at the same r;. Electron temperature near the LCFS is observed to

increase as ¢’ is decreased, Fig. 3.10 & 3.11.

Finally, the high densities simulations (still n,, ~ 2e19m~3) are compared between
the reference case and the increased b,., cases with increasing r;. In general, increasing
O is expected to benefit density build-up.

In the increased b,,, cases, the density peaks tend to shift towards the O-point.
On the density build-up perspective, in the increased b, cases the maximum
density at n, ~ 2el9m™3 is: Nd,A36a65 ~ 1.75€20 m~3 for the reference case,
Ng, A70a65 ~ 7-3€20 m~3 for the r; ~ 15.2¢m and Ng A157a65 ~ 6.7€20 m~3 for the
r; &~ 22.8 cm. Maximum downstream density does not increase anymore monotoni-
cally with island size and tends to saturate. Electron temperature near the LCFS is
observed to decrease as b, is increased, Fig. 3.10 & 3.11. The expected benefit of
increased © on build-up is only partially observed in the intermediate r; =~ 15.2 cm
island configuration. However, a novel state of the plasma in the island divertor is

noticed here and discussed in the next section.

In simple SOL physics a small region of high particle flow, with M = 1, is assumed
only close to the target plate, while the rest of the plasma is stagnating. This is
a good approximation for the tokamak poloidal divertor, where the || flows away
from the target are usually low [28]. On the other hand, the island divertor || flow
stagnation region is usually located near the island symmetry midplane, from the
LCFS to the O-point. This creates strong || counter streaming flows within the island
also far from the target, Fig. 3.13. The counter streaming flow regions can generate
strong momentum lossed in the island divertor via viscous transport [29].

To see the qualitative macroscopic effects of geometric parameters on the island
particle flow, the 2D distributions of Mach number are shown and compared for
varying O, Fig. 3.12 and varying r;, Fig. 3.13. The region of high Mach number is
observed to extend from the target, where M = 1, further upstream with increasing
field line pitch, Fig. 3.12, and to be more contained with increasing island size,
Fig. 3.13. Because of this, parallel heat convection and momentum losses should be
observed to decrease the most in large islands and low ¢’ configurations, while expected

to increase the most in large islands with increased b,,,. Increasing © appears not to
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be beneficial for momentum losses and to also affect the flow stagnation region.
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Figure 3.13:
configurations.

2D distributions of Mach number M at ¢ = 0° for the constant ©

3.2.2.1 Neutral-transparent O-point regime

In this section, attention is focused on three specific configurations out of this set,

where a novel island divertor regime is observed.
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In the r; = 22.8 ¢m, constant © case and in the two increased b, cases, Fig. 3.8
& 3.9 the two density peaks at the target are observed to gradually shift towards
the O-point and expand radially, eventually becoming a single high density region
surrounding the O-point. In this region, electron temperature is T, < 2eV, Fig. 3.10
& 3.11. The plasma particle source term S, Fig. 3.14 shows where the ionization
reactions happen in the geometry. For the other configurations the ionization region
is close to the target, while in these cases it gradually shifts away from the O-point,

remaining close to the target at the separatrix in a arch shape.

This mode, which in this thesis will be called neutral-transparent O-point regime,
seems to be different from what has been already explored in W7-X standard
configuration.

What is hypothesized in this thesis is that, by either increasing r; or O, there is
a portion of the island, towards the center of the target, that experiences very little
plasma density n, < lel8m™3 and temperature T, 4 < 10eV. At low separatrix
densities, what drives most of the plasma inside the island is L transport from
the LCFS. Increased island size, r;, or || / L transport ratio ,©, both lead to less
power /particles reaching the O-point, starving it of power for sustaining a plasma.
The low temperatures and absence of plasma make for a very high neutral mean
free path in the region with respect to other configurations. Consequently, once the
recycled neutrals/impurities can freely travel the region, additional power losses due
to radiation and ionization at the interface to the PCL across the full island will
exacerbate and stabilize this regime. Hence the name neutral-transparent O-point

regime.

It is also observed how as the neutral-transparent O-point volume increases,
increased plasma-neutral interaction causes more losses. It is showed here the impact
on neutral momentum losses, Fig. 3.15, which could explain why once conduction
limited regime is achieved in the increased © and r; cases, density tends to saturate.
In general, as the neutral-transparent O-point regime grows in intensity, increase in
density build-up reaches a plateau and upstream 7T, decreases with respect to the
reference case, possibly leading to core confinement degradation. These phenomena,
linear density build-up at high upstream densities and decrease in upstream 7, in
the STPM are associated with the diffusion limited regime (decreasing ©). However,
here they strengthen also when increasing ©, probably due to this regime.

In this W7-X like open divertor configuration, this means that when conduction-
limited regime is achieved, recycled neutrals ejected from the plate travel further
into the island, in this neutral-transparent volume, and, instead of ionizing near the
target plate, they ionize at the border of this volume with the plasma, Fig. 3.14.
Finally, in an open configuration, this creates a low temperature, plasma and neutral
dense volume surrounding the island O-point.

The influence of both these island parameters in achieving the neutral transparent
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O-point can be distinguished also by the qualitative similarity between the r; ~
22.8 em configuration obtained by only increasing island size and the r; =~ 15.2cm

configuration obtained by increasing island size and O, Fig. 3.8 & 3.9.
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We give a comparison between W7-X island geometric parameters ranges and
the geometric parameters of the configuration with a neutral-transparent O-point
closest to WT7-X.

In W7-X, using control coils, island size varies in the range of r; ~ 5 — 10 cm.
[92]. The reference configuration of this work has a similar ¢ value with respect
to W7-X, Fig. 3.2, and a r; = 10.9 cm a little above W7-X upper limit listed
above. This island size is obtained with b,,,, ~ 3.8¢ — 4. The configuration with
the closest geometric parameters that showed this novel regime has the same ¢
and a r; = 15.2 em ~ 1.57; w7—, obtained with a b, ~ 7.3e — 4. In real case
scenarios, where coils excite a spectrum of resonant perturbations, magnetic island
configurations with these magnitudes of r; and/or © may incur in MFC.

However, if this regime is physically achievable in terms of © and r;, the low
temperature O-point could be beneficial for the design of a closed island divertor
[86]. The low temperature volume could be used to place the divertor. Most of the
plasma would be directed to the strikeline, while at the top the divertor would be

protected from sputtering and plasma interaction from the T' < 5 eV region.

On the other hand, in the current open island divertor, this regime could present
some issues, as there would be a very large volume where elastic collisions with
neutrals/molecules, charge exchange and molecular dynamics are dominant. The
ionization zone would be pushed to the boundary of this volume and the effects on
stellarator detachment and impurity retention are yet to be analyzed. This regime has
proven to be also cumbersome on the computational level, as convergence was hard
to achieve and solutions tend to oscillate, mainly due to the increased plasma-neutral
interaction. This could be an indication for the occurrence of instabilities in the
plasma.

It must be stressed that this regime has been observed in a simplified geometry,
where resonant surfaces are artificially selected and can thus be increased in size
arbitrarily. However, future improvements in magnetic optimization and chaos
suppression could help achieve these parameters in real geometries, without the
onset of MFC changing the leading order physics. This regime will then have to be

confirmed in the future by studies on more realistic geometries and with experiments.

3.2.2.2 Global build-up

In this section, density build-up in the different simulations is specifically compared.
In order to condense the multitude of simulations into a tractable display we show
TPM-like density-build up plots (see Fig. 2.5). The downstream parameters in
simulations can be evaluated in two different ways. The global approach, showed
in this section, uses a pressure-weighted average of the target quantities (ng =
Nd,avs Td = T4 qv) for the downstream parameters, while it uses the average LCFS
quantities for the upstream parameters (n, = nrcrs,aw, Tu = TLcFs,a). The local

approach, used in Chapter 4, uses the local quantities of a selected fieldline in the
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power carrying layer as upstream and downstream parameters (1, = Ny, ficldline

Ty = Ty fieldlinesnd = Nd, fieldlines Td = T4, fieldline)-
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Figure 3.16: Comparison of global density and temperature scalings in the different
r; and © cases studied in this section.

First, looking at the density build-up plot of Fig. 3.16,! the build-up improves
with increasing island radius, r;, independent of the field line pitch, ©. However,
build-up is improved with increasing field line pitch up to a threshold. The best
build-up, both in terms of maximum achievable downstream density (n4mqz) and
maximum downstream density for a given upstream density (nqq,(ny)), is given by
the r; = 22.8 em configuration with constant ©, Fig. 3.16. Between the r; =~ 15.2¢cm
island size cases, the higher O (increased b,,,) configuration has the better build-up.
Increasing © further tends to cause a saturation in the density build-up, probably
because of the neutral-transparent O-point regime, as it has already been observed

with the maximum downstream density from the 2D distributions above.

It is hypothesized that in the open divertor configuration, as the one used in this
work, the increased || particle flow throughout the island, Fig. 3.12, in addition to
the intense plasma momentum and power losses happening due to plasma-neutral
interaction in the neutral-transparent O-point region, Fig. 3.15 hinder further plasma
build-up once conduction limited regime is achieved. These intense losses could also
disrupt the pressure conservation assumption between the upstream and downstream
locations. The conservation is approximately valid for the other cases, where a drop
in Ty is associated with a proportional increase in ng, and differences in T,; drops
between configurations are associated with qualitatively similar differences in ny
increases, Fig. 3.16.

However, in the increased b, configurations with r; ~ 15.2 ¢m and r; = 22.8 c¢m,
while the difference in T,; drop between the two persists with increasing n,, the
density build-up eventually reaches the same plateau, indicating more intense pressure

losses in the increased by, 7; &= 22.8 ¢cm case. In general, previous to this results, it

The r; ~ 22.8 cm configuration with constant © could not be simulated further than n, ~
2.2e19m ™3, because of numerical stability reasons, as Ty < 1 eV.
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was foreseen that increasing © and r; would monotonically improve transport and
build-up in the open island divertor. However, looking at these results, in order to
obtain the best possible density build-up, one has to find a trade-off between island
size and field line pitch.

Next, looking at the temperature plots of Fig. 3.16, we notice that, in accordance
with the STPM, configurations with the same connection length, L. o< 1/0,(the
constant © cases) have the same upstream temperature T;,. Higher L. cases (the
decreased ¢’ cases) have a higher upstream temperature, while the opposite happens
with low L. cases (the increased b, cases). The expected increase of connection
length with island size for the constant field line pitch cases is absent as changes in the
island shape compensate the radial size increase and virtually leave the circumference,

and hence connection length, unaltered, Fig. 3.4.

Finally, when simulating the same configuration at different n;4, to build the
nq(ny) curve, it was observed that for a small increase in n;4, a jump in value is
observed, both in separatrix (n,) and pressure-averaged downstream densities (ng).
The magnitude of the jump increases with r; and ©, while the increase needed of n;pq
decreases accordingly. For example, in the r; &~ 22.8 and high © case, a jump from
ng ~ 8e¢18m™3 to ng ~ 2e20m 3 and from n, ~ 1.1e19m=3 to n, ~ 1.6el9m=3
is caused by a n;q change from ~ 1.55e19m ™3 to ~ 1.65e19m 3. These drops
are visible in Fig. 3.16. An associated drop in T, for every jump of this kind is
observed, which makes the pressure conservation assumption still approximately
valid. Whether this is due to physics or numerics remains to be investigated. If this
phenomenon is found to be physical, it could be beneficial for build-up, given that
it is a positive steep increase in downstream density in the ng(n,) curve. However,
configurations with a steeper jump, such as the increased b,.,, ones with r; ~ 15.2 cm
and r; = 22.8 c¢m, are found to have strongly hysteretic n4(n,) curves, where the
shape of the curve fundamentally changes if new simulation points are obtained from
lower or higher density simulations.

In this section, the influence of island geometric parameters (b, ¢, r;, ©)
on build-up have been studied and observed. In the next section, the reference

configuration is used to study the influence of target placement on density build-up.

3.3 The Influence of Target Placement

In this section, to assess the impact of target placement in the island divertor, another
set of simulations is performed in this simplified circular geometry. In the current 5/5
island chain there are three possible stellarator-symmetric target locations around
the symmetry plane. The reference configuration of Section 3.1 is used to assess
the impact of target placement on divertor performance. The reference case island
geometry is used and three different targets are simulated.

The three implemented target positions are shown in Fig. 3.17. The first is
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a configuration where both target plates are at the inboard side of the toroidal
geometry. The second is a configuration where one target plate is put at the top of
the toroidal geometry and the other plate at the bottom. The last is a configuration
where both target plates are at the outboard side of the toroidal geometry.

In the case of the top/bottom island Target plates Placement and Shape

configuration (green in Fig. 3.17), the o nboard

target plates in the simulations are not [ Top/bottom
I Outboard

on the same/continuous islands (as in

W7-X). The strike lines hitting one tar- 40
get plate cannot fully be captured by 200§.
the other one if the same target shape -20
of the previous section is used, 3.1.2. To :gg
make sure that all of the power leaving c00
the plasma domain is deposited onto the T 4?)%0
target in the simulations, the shape of 300 é&“

targets used for this section is changed 200 500
400

and mantained the same, for the sake of X [cm)

comparison, in the inboard, top/bottom
and outboard cases. Figure 3.17: 3D visualization of the three

Here, the first target plate is between target configurations used in this section.

¢ € [3°,33°]. The target starts at 3°, reaches its maximum depth in the island at 18°
and symmetrically retracts back until 33°. The same is done for the second target at
¢ € [39°,71°].

The connection length L. 2D distribution of these three configurations is shown
in Fig. 3.18. L. is the same magnitude, but target shadowing is different for the
different targets. The TSR is identical for the Inboard & Outboard targets, where
one half of the target is shadowed for 16° out of the total 18° of toroidal target extent,
while the other is shadowed only for the final 2° of the target. In this case we expect
one single strikeline per target on the side, Fig. 3.20, with a TSR extending only
in the last 2°. In the top/bottom case, instead, the target is partially shadowed on
both sides of the targets for the same toroidal extent. We expect two symmetrical
strikelines in this case.

In Fig. 3.18 it is possible to see how the island in the outboard case is completely
shadowed at ¢ = 23°. The top/bottom island is partially shadowed, while the Inboard
island is the least shadowed out of the three. Knowing that at ¢ = 18° the target
reaches one half of its toroidal extent and its deepest radial penetration into the
island, the shadowing at ¢ = 13° is specular to the one at ¢ = 23°. The Inboard
island is completely shadowed, the top/bottom has the same degree of shadowing of
before, while the Outboard island is the least shadowed out of the three.
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Figure 3.18: 2D distribution of the connection length L. for the three different
target configurations.
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Figure 3.19: 2D distribution of the connection length L. highlighting the different
L. steps in the top/bottom configuration.

The heat fluxes onto the plates are obtained via post-processing of the plasma
simulations for the cases of ng., ~ 3el9 m™3. Fig. 3.20 shows the results for the
Inboard and top/bottom case. As expected from the target shadowing, the strike line
in the Inboard case is mainly on one side of the two targets and extends for ~ 11°
toroidally. On the other hand, the top/bottom case strike line is equally distributed
on both sides of the targets, expanding for = 8° toroidally on each side. The inboard
case has the highest heat flux peak at 4.3 MW/m?2. The Outboard case, not shown
here, has a identical qualitative behaviour compared to the Inboard case and a peak
heat flux 3.8 MW/m?. The top/bottom has the lowest peak heat flux of the three
at 3.5 MW/m?2.
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Figure 3.20: Visualization of the target heat flux ¢; distribution.

Additionally, Fig. 3.19, the split tar-
gets in the top/bottom configuration
lead to shorter connection length steps
between the two targets compared to the
other two configurations, where the tar-
gets are a full toroidal turn apart. This
is reminiscent of the difference of connec-
tion length is Sec. 3.1.2.

EMC3-EIRENE simulations for these
different target geometries show more
or less a similar behavior, as shown in
Fig. 3.21. Inboard and top/bottom tar-
get simulations have virtually the same
build-up, while the Outboard target

simulations shows an improved density
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Figure 3.21: Density and temperature
scalings in the different target configura-

tions.

build-up and stronger downstream temperature drop for 1e19 m =3 < Nup S 3el9 m~3.

For even higher n,, > 3¢19 m~3 the different cases ng and T} profiles converge again.

The reason for this differences will be analyzed in Sec. 3.3.1.

3.3.1 The Influence of Target Concavity

In this section four other configurations are made and simulated in EMC3-EIRENE to

better understand what drives the differences in density build-up in the configurations

with different target placement.

We have two hypotheses for the difference in performance of the outboard

target configuration: First,the difference could arise from the toroidal magnetic field
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dependence on major radius By ~ %.
In the base geometry case magnetic
field strength varies between 2.25 T' <
By < 2.75 T, from outboard to inboard,
because of varying R at the target lo-
cation. The change in total magnetic
field strength is connected to different
total flux expansion at the outboard and
inboard islands, causing differences in
the local heat flux density [109]. In
addition to that, outboard islands in
toroidal geometries tend to maintain the
same island radius (radial width), but
are stretched poloidally along the LCFS,
resulting in a increased poloidal width
and a bigger volume occupied. This hy-
pothesis however is not thoroughly con-
sidered since, if this would be the main

cause of the difference, a difference in
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Figure 3.22: 3D visualization of the out-
board and inboard target and their concav-
ity /convexity.

build-up between the inboard and top/bottom configuration would also be observed.

The second hypothesis is that target concavity improves neutral accumulation at

the toroidal center of the target. Since the target plate helically follows the island

while slowly radially entering and exiting the island, the shape of the target is affected

from toroidal curvature, Fig. 3.22.
When the target is positioned on the
inboard island, it ends up assuming a
toroidally convex shape, while the same
target becomes toroidally concave if posi-
tioned on the outboard island. Neutrals
are generally released perpendicular to
the target plate [110]. CX-reactions with
the plasma additionally provide them
with toroidal momentum. Hence, the
neutrals are effectively pushed in towards
the target for a concave target and di-
verted away from it for a convex one.
In order to explore if the increased
density build-up in the outboard target
case could be due to these hypotheses,

simulations of three different geometries
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Figure 3.23: Density and temperature
scalings for the reference and cylindrical
configurations.

are designed for the reference geometry parameters and compared. The standard

target plate generation of Sec. 3.1.2 is used in all cases. Simulations on the in-
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board and outboard target are performed for the reference case and a geometry that

approximates a cylinder, where targets should remain flat both outboard and inboard.

In order to achieve a cylinder-like configuration with the toroidally flat targets, a
new magnetic geometry is created with HaGrids. Starting from the reference case
parameters, the major radius R is increased hundred-fold to R = 550 m. To compen-
sate the impact on L. a corresponding increase in the toroidal mode number is used

n

to preserve the physical helical pitch of the field lines, + = 2 = %. Consequently,

m

the toroidal symmetry period of the device shrinks from 72° to 0.72°. By simulating
ﬁ of the toroidal domain, the domain volume is perfectly preserved. Minor radius

a ~ 0.55 m and magnetic field strength By = 2.5 T" remain the same.

Remembering from Eq. 3.2 that ¢’ oc a, and Eq. 3.4 that b, % and inserting
these respectively into Eq. 2.5 and Eq. 2.6:

Rby Ay
Ti O 4 o oc“a (3.7)

/ A
0 x \/6 lzm x \/“;%21 (3.8)

In a simulation that has a hundred times the major radius R, a, and A; have to

increase by factor ten to keep the same island conditions. Thus, a, = 6.5, b, = 84.565
and A1 = —0.36 Wb are used. The resulting geometry has the same island radius
and connection length L. of the reference configuration. The approximate cylindrical
magnetic geometry without significant curvature then yields toroidally flat targets.

Concomitant with the curvature, also differences that can be attributed to the
By ~ % dependence disappear, since the magnetic field strength is observed to be
By ~ 2.5 T throughout the geometry.

As shown in Fig. 3.23, the cylinder-

like configuration indeed shows the same 100 e mgwamfk’b.a' puld-up

density build-up on both the inboard — _ 1‘gggbgggzigﬁji{;zgﬁ;‘zzn

and outboard target. The build-up is &l *® . |
in between the inboard and outboard ’hl\\

configurations of the reference case. As nul[‘fow -

observed in Section 3.3, the difference be-
tween configurations appears at nge, 2 Figure 3.24: Scaling of the global fp.u

1e19 m 2 and tends to vanish at nge, > for the reference and cylindrical configura-

~

e . . . tions.
3¢19 m~3. The maximum increase in

build-up in the reference case from inboard to outboard island target is % ~ 3.5
at n, ~ 1.75 m™3. This strongly support the leading role of the target concavity
and/or total flux expansion on the differences in density build-up of the different

target geometries.

93



Stmulations and Results

In order to quickly assess the impact of neutrals on power exhaust in the different
configurations, the fraction of total power that is dissipated by neutrals is evaluated as
fpow = %, where P,  is the total power dissipated by the neutral gas in the full
simulation domain (radiation, CX & ionization) and P; is the total power absorbed
by the target. Looking at global f,..,, Fig. 3.24, it is observed how the change into
a regime where neutrals start to absorb more than 10% of the power coming from
the SOL is delayed in the more convex target geometries. The power absorbed by
neutrals saturates at higher densities, probably due to target temperatures reaching
Ty < 10 eV and reaction rate for ionization (ov);e, starting to decrease exponentially
at these temperatures. The maximum increase in fp,, in the reference case from
inboard to outboard island target is M ~ 3.5 at n, ~ 1.75 m™3. The same

pow,In

value as for the density above.

To elucidate the impact of total flux expansion, we look at the heat flux densities
for a field line in the PCL. The fieldline is selected such that it is in the PCL (very
close to the separatrix), Fig. 4.1, and it hits the target in its region of deepest
penetration (for details, see Sec. 4.1). As L transport coefficients are taken to
be the same, the observed exponential decrease of g, with increasing nsp is
likely driven by the density dependence of the flux surface perpendicular transport

(nx). However, the ratio between the inboard and outboard cases for the reference
< q||,up,In
~ q),up,Out
q| is significantly reduced in the outboard cases and the ratio of downstream heat
flux is 1.1 < downn < 9 45 The expected 1/R reduction is in the order of

~ 4|,down,Out

9. down, In Bouw ~ 1.22, which is close to the actual values. While q)up is MOt
4q||,down,Out Rin ,up

dominated by flux expansion effects, g| jown is impacted in non negligible part by

configurations stays similar with 0.85 < 1.05. In contrast, downstream

flux expansion. It is not possible to exclude one of the two hypothesis at the moment

and further investigation is required for the future.

Mean gy, upstream approaching X-Point Q). qomnstream apProaching the Target

nboard Configuration
Inboard Confi
108 Outboard Configuration

~afe= Inboard Configuration
Outboard Configuration

ny [10%° m=3]

Figure 3.25: Mean upstream heat Figure 3.26: Downstream heat flux
flux g 4 scaling for the outboard and q||,down Scaling for the outboard and
inboard configurations. inboard configurations.

To observe the relative impact of charge exchange and ionization, the mean
volumetric reaction rates in the island as Ry, = nng(0v)ion and Rex = nng(0v) e
are obtained.The ionization reaction rate remains of the same order of magnitude
for the whole density build-up considered and shows a similar qualitative trend of
fpow- The difference is that once it reaches the nge, > 1.75¢19 m™3 threshold it has

a plateau for the Outboard case. The Inboard case has a higher reaction rate, even
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Rion,]n ~ 1 5

though their values remain pretty close, with a maximum increase of Roon ot

At low densities, charge exchange reaction rate is lower than the ionization one and
very similar between the two cases until nge, 2 1.75e19 m™3. After this value of
Nsep, charge exchange is up to 3.5 higher in the Outboard case, suggesting to be
the leading order change in the two configurations. The precise interplay between
charge exchange (CX) and ionization remains to be fully elucidated. However, it is
hypothesized that a concave target geometry enhances neutral trapping, which drives
a pronounced increase in the ionization rate (R;oy,) as the divertor plasma transitions
to a regime opaque to neutrals (nse, 2 1.75€19 m_?’). Furthermore, CX interactions
may exacerbate this trapping via toroidal momentum transfer, thereby triggering a
positive feedback loop characterized by a coupled increase in local density, ionization,

and CX events.
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Figure 3.27: Mean island ionization Figure 3.28: Mean island CX reac-
reaction rate R;,, scaling for the out- tion rate R, scaling for the outboard
board and inboard configurations. and inboard configurations.

To check if charge exchange and target concavity is what influences the difference
in build-up, the outboard and inboard reference cases are simulated again without
charge-exchange reactions between neutrals and plasma.

Differences in the build-up still ap-

Global build-up w/o CX
102! Y3 Inboara Configuration E
~ge- Outboard Configuration ng=n?

1020 |

pear without charge exchange but is re-
duced, with a maximum of % ~1.5

at Ngep ~ 2.3 m 3. However, since they

ng [m=3]

are not the same, charge-exchange is not 1009 F

the only player in this difference, with

the remainder being possibly attributed
to 1/R effects. In line with the state-

ment that CX is important to retain the %
=

neutrals for density build-up, we clearly -
—— Upstream (T,) R, ~<
can see that build-up is severely hindered *Zx

10t
. 10°
by the absence of charge-exchange, with o 1109 m-=3]

Nd,reference > 5 and Td,refe'rence < 0 5 at
= Ty >~ U.

Nd,no—cx ,no—cx
Ngep A 5E19 m=3. Figure 3.29: Density and temperature
scalings for the outboard and inboard con-

figurations without charge-exchange.
charge-exchange, the downstream den-

Also, in the configuration without

sity and temperature curves do not reconverge at 1., 2 3e19 m ™3 like in the previous

cases. This is probably because, despite the high separatrix densities, T is still
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above 10 eV, making the reaction rate for ionization (ov);s, still dominant, making
the threshold for reconvergence between the outboard and inboard cases based on
downstream temperature rather than upstream density. Without charge-exchange,
fpow does not reach more than 10% through the whole set of simulations, showing

the importance of it in neutral power exhaust and neutral-plasma interaction.

Considering the above results we can reformulate our hypothesis: in sheath-
limited regime, neutrals have a mean free path that is greater than the characteristic
length of the island and neutrals mainly ionize in the core. Target shape does not
affect this regime and values are similar between configurations. As density increases,
mean free path of neutrals decreases. lonization starts to happen near the target.
At the same time, charge exchange reaction rate inside the island starts to become
greater than the ionization reaction rate.

In a concave geometry, neutrals start to get the tangential speed and direction
of the plasma ions, moving parallel towards the target, accumulating. This could
lead to a chain reaction, where increasing neutral retention increases power loss and
as a consequence plasma density increases, plasma temperature drops at the target,
further increasing neutral retention. In a convex target neutral retention would
be worse, while no effect on neutral retention would be made by a flat target case.
Indeed, some remaining impact from total flux expansion is possible on the different
configurations. During conduction-limited regime and diffusion limited regime this
causes the difference in build-up between the cases. As downstream temperature
starts to approach T; < 10 eV, ionization starts to saturate due to low temperatures

decreasing the reaction rate. Difference between the cases becomes again negligible.
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Chapter 4

Analysis

In this chapter, local density build-up is evaluated on a fieldline for each configuration
simulated in Section 3.2.2. The rationale of the STPM is used to analyze the

differences in each configuration and provide a possible explanation. Finally, an

onion-skin STPM is used to compare the analytical model with the simulation results

and assess the validity of the STPM.

4.1 Local density build-up

In order to perform a local analysis, fieldlines are
selected. The fieldlines passing through the target
points, Fig. 4.1, at ¢ = 70.9° are chosen for every
configuration. The selected fieldlines hit the target
plate at either ¢ = 71.3° or ¢ = 72°. Target down-
stream conditions are taken in this range, where
the the target is at the maximum penetration
depth in the island. Here, the peaks in maximum
and average plasma density are present and most
of the plasma-wall interaction is observed in the
simulations.

In this section, density build-up is shown simi-
lar to Chapter 3, but here the build-up is obtained
considering the local upstream and downstream
quantities on a single fieldline, similarly to what
is done in the STPM, Section 2.2.3. The local
build-up is evaluated on a field-line in the Power-
Carrying Layer (PCL) (see Sec. 3.2.2). In every
configuration this is the fieldline passing through
the target point that is closest to the separatrix,
Fig. 4.1. n, and T, are taken at the fieldline stag-
nation point, around the island midplane. The

toroidal position of the stagnation point depends

o7
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Figure 4.1: Representative
cross-section with the points from
which the field lines are selected
(red dots), with their relative X-
points (green dots) and the high-
lighted PCL (yellow).



Analysis

on the single fieldline. ny and Ty are taken at the target location, in the toroidal
interval (¢ ~ 71.3° — 72°), where the fieldline hits the target.

Fig. 4.2 shows that for this local analysis increasing island size still improves
density build-up. When comparing island configurations with the same size, the
decreased ¢’ case (the one with the lower O) offers the best performance in terms of
density build-up, T drop and T,, — Ty difference. Also when comparing islands of the
same size, differences in build-up are exacerbated with increasing r;. However, whether
this is due to r; or to the increasing difference in © between bigger configurations is yet
to be assessed. Within the investigated parameter range, increasing r; continuously
enhances density build-up without any observed saturation. Future studies should
explore even larger island configurations to determine if and when a saturation effect

in size eventually occurs.

Fieldline build-up
Decreased shear Constant © Increased by
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Figure 4.2: Comparison of field line density and temperature scalings in the different
r; and © cases.

To understand why the effect of © on build-up is different when considering a
local fieldline instead of the global island behaviour, the three configurations with

r; &~ 22.8 cm are compared, while using the STPM framework.

In the STPM, the main input parameters that have an impact on the plasma
behaviour upstream and downstream of the field line, for a given upstream density n,,,
are: the connection length L.; the field line pitch ©; the parallel heat flux along the
fieldline q; the momentum loss factor fy,0m; the convected power fraction feony; the
target-localized power dissipation fraction fp,,. The last two terms are introduced
in the STPM in [76], where an extension of the STPM model is done, including these
parameters already used by [28] for the tokamak TPM.
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In the TPM, fiom is defined using the ratio of total pressures [111]:

tot

1_fmom:]% (4.1)

u

Where plf* and pl®* are to total pressure downstream and upstream of the fieldline
respectively.

Using its definition, fi,0m is obtained in the simulation for each configuration
fieldline, Fig. 4.3. For the sake of comparison, as the magnitude of momentum losses
is dependent mainly on Ty in fi,0m parameterizations made for both tokamaks [111]
(where fom is mainly driven by plasma-neutral friction [112]) and stellarators [113]
(where fp,om is hypothesized to be mainly driven by adjacent counter-streaming flows
and cross-field transport), values of f,,om computed from the simulations are plotted

with respect to Ty instead of the usual n,.

Fieldline build-up
Decreased shear Constant © Increased bm
T T T

finom =1

L L L L L L L L L
10° 10t 102 10° 10t 102 10° 10t 10?
Ty [eV] Tq[eV] Tqlevl

Figure 4.3: momentum loss factor fy,om scalings in the different r; and © cases.

When comparing configurations, fom, does not show significant changes in the
different configurations. Increasing © slightly reduces fpom in larger islands. fiom
is seen to always decrease with increasing island size r;. This is consistent with the
Mach number plots, Fig. 3.13, where the Mach number is seen to diminish with
increasing r;, possibly leading to reduced counter-streaming flows momentum losses.
Mach number is observed to decrease with decreasing ©, Fig. 3.12. However, a more
significant drop of fjom < 0.3 in the constant © configurations with increasing r;

is observed. For varied field line pitch, both cases (increased b,,, & decreased ¢')
behave similarly.

A hypothesis for this is that fiom is 1e? —_— :
mainly driven by two phenomena: ad- 1_0: " resmen /\/\}
jacent counter-streaming flows and L w\/‘“

Total g along the field line, r;=22.8 cm, n, =0.8e18 m=3

St;g_n_aaon point

t

cross-field transport. In this way, while 2 .| !
o ]
- I
fmom increases due to stronger counter- oz . £ i
. . . i 5 S
streaming flows in the increased b,.,, case, oo i & <
. . 0.0 0.‘2 0.‘4 0.‘6 0.‘8 l.‘O

Fig. 3.12, it also decreases because of L Normalized Field Line Length (5151 cegmerc) -]

cross-field transport. On the contrary, Figure 4.4: heat flux ¢ profile along a

. , .
in the decreased ¢ case, fimom is reduced  fe]q line from the stagnation point to the
due to weaker counter-streaming flows X-point for the three r; ~ 22.8 cm cases.

and increases due to higher flux surface
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L transport, resulting in the two configurations having a similar final fy,om. In [29],
counter-streaming flows momentum losses are assumed to have a relationship of
Jmom o< T 9% with the downstream temperature. The f,,0m values computed here
do not follow this fit, meaning that, either in EMC3-EIRENE or in this simplified
geometric configuration, counter-streaming flows may not be the dominant source of
momentum losses for field lines in the PCL. Finally, the computed fy,om does not
seem to be the driver in the differences in build-up between the different r; ~ 22.8 ecm

configurations.

For the other STPM quantities of interest, it is observed that by varying ©
in these configurations, also L. x % and ¢ vary. In every simulation, ¢ is at a
minimum at the stagnation point of the fieldline. As the fieldline travels along the
LCEFS, power is deposited via perpendicular transport from the core to the island
fieldline in the PCL. Upstream g is hence evaluated at the X-point. To minimize
the influence of numerical noise and change in total flux expansion (x B) along the
fieldline, the reported ¢, values are taken as a spatial average over the final 15% of
the field line length approaching the X-point, Fig. 4.4, where the parallel heat flux
profile exhibits a plateau.

Decreased shear Constant © Increased by,

109 L

(qp) [Wm~2]

10 100 100
n, [10%° m=3] ny [10%° m=3] n, [10° m—3]

Figure 4.5: upstream heat flux g ,, scalings in the different r; and © cases.

Total heat flux along the fieldline, evaluated in this way as the sum of conducted
and convected heat flux, ¢ = q||.cond + ¢||,conv, 1S Observed to slightly increase with

island size and significantly change depending on field line pitch, Fig. 4.5.

¢=70.9°r=228cm
1e8 Decreased shear Constant © Increased bm
T T T T T T

T T
o Data ’ o Data [ o Data
—— Fit (Aq=7.01cm) —— Fit (Aq=5.95cm) Fit (Aq =3.78 cm)

“ )

T
ol

L L L L 1 L 1 L L L 1 L _ L _ 4|
0 5 10 15 20 5 10 15 20 0 5 10 15 20
Distance from X-point [cm] Distance from X-point [cm] Distance from X-point [cm]

Figure 4.6: Exponential fit of the upstream heat flux profile across island flux
surfaces.

This result could be explained from basic SOL physics. When considering a
simple 2D SOL, geometrically, the parallel heat flux ¢ along a field line is related to
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the poloidal heat flux, gy, via the field line pitch ©, such that g oc gpe;/©. For a
constant total heating power entering the SOL, the immediate expectation is that a
decrease in © should lead to a higher g, as observed. However, this purely geometric
scaling is hindered by the effect © has on g, itself. The poloidal heat flux and the
power fall-off length A\, are inversely related, meaning g, - Ay ~ constant.

In a 2D SOL approximation, A\, scales with the square root of the parallel
transit time Ay o Nak which depends on the connection length, 7 oc L. oc 1 /O.
A lower © increases the connection length up to the X-point, allowing more time
for | transport to broaden the upstream heat flux profile inside the island, thereby
increasing A\g o< 1/ VO at the X-point. This partially mitigates the expected increase
in g, yielding:

1 1
q|| X onlé X ﬁ

In order to check the dependence of A; and g to field line pitch, a comparison

(4.2)

between the three r; ~ 22.8 cm island configurations is performed. Firstly, To see
if the simple 2D SOL approximation of \; o % is respected in the 3D SOL of
these simulations, A, is extrapolated and compared. A upstream heat flux profile is
obtained by computing g, values radially along the island, from X-point to O-point,
Fig. 4.6, using the field lines passing through the target points, Fig. 4.1. The profiles

are fitted using a standard exponential decay model:

q(x) = qoexp (—;) (4.3)

A¢ is extracted employing a non-linear least squares optimization algorithm
(Levenberg-Marquardt) [114]. The relationship of A\, with © is hypothesized to follow

a power-law scaling and it is linearized by taking the natural logarithm of both sides:

In(Ag) = nln(©) + In(C) (4.4)

Where n is the scaling exponent (or power-law index). It represents the slope of
the fitted line, Fig. 4.8. C is the proportionality constant of the scaling law. In(C)
represents the y-intercept, Fig. 4.8. An ordinary least squares (OLS) linear regression
[114] is then performed on the log-transformed dataset. Indeed, the power fall-off
length shows a dependence on field line pitch of the order A\, oc 004,

To see if also the simple 2D SOL approximation of g o< 1/ V/© is respected in
the 3D SOL of these simulations, also ¢ is compared for the r; ~ 22.8 cm island
configurations, using the same power-law scaling as above. Indeed, the parallel heat
flux shows a dependence on field line pitch of the order g o © 05257 Fig. 4.7,
consistent with Eq. 4.2. The changing © in the different same size configurations is
observed to change g. This could impact the local build-up, effectively explaining

the unexpected performance of the decreased ¢’ cases.
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Now, the impact of the remaining f.ony and fpe, input parameters in the different
configurations is showed. We take into account the convected fraction of the total
parallel heat flux with f.,,,. The conductive heat flux, relevant for the Spitzer-Harm

conduction in the TPM, becomes q| cong = (1 — feonv)q) and Eq. 2.20 becomes:

7(1 - fconv)QHLC _ 7X(7lu + nd)
2Ke 4K,.02

T2 =Ty 4 (T, — Ta) (4.5)

Volumetric energy dissipation via radiation and ionization losses close to the
target is taken in account with fp.,. The heat flux downstream is now reduced to

q,d = (1 = fpow)q)- Eq. 2.22 becomes:

g = Yngcsqly
[ 1= foow

Taking into account these factors, it is possible to evaluate fpo, for each fieldline

(4.6)

as:

[ See + Sei| ds
v 47
o q),d + S |See + Seil ds (4.7)

Where g 4 is the total parallel heat flux at the target plate and [ |See + Sei ds
represent, integrated along the fieldline, the energy loss or gain of electrons and ions
due to the neutrals in, respectively, Eq. 2.26 and Eq. 2.25. In particular, S.. mostly
represents ionization energy losses, while Se; represent losses due to charge-exchange.
It should be noted that this formulation of the power dissipation fraction does not
account for the L transport losses along the flux tube, which may actually play
a relevant role. Since impurities have not been considered in these simulations,
and because most of the plasma-neutral interaction happens at the target location
towards the O-point, the resulting fpo. for the fieldline in the PCL is below 0.1, Fig.
4.9. However, at upstream densities n, > 2e19m=3, fpow > 0.01 for the decreased
¢ cases. This may be due to the observation in Chapter 3 that the density peak
region shifts towards the separatrix as field line pitch decreases, leading to increased

plasma-neutral interaction in the PCL fieldline.
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Local build-up
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Figure 4.9: Target-localized power dissipation factor fp.., scalings in the different
r; and © cases.

d||,conv
q) ,cond+qH ,conv

at every point of the field line from the X-point to the target plate. The fon, shown for

Last but not least, the convected power fraction is computed as feony =

each configuration, Fig. 4.10, is obtained by taking the average ( feonv) X —point to Target
of the convected power fraction computed at those points. No significant differences
in feony is found for the different configurations analyzed. This is an unexpected
result, given the observed impact of r; and © on the Mach number 2D distributions
(Figs. 3.12 & 3.13). With such varying Mach profiles, correspondingly different feone

values were expected, making this a focus for future studies.

Fieldline build-up
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T T T

< | ; ] — /ﬂ_ I _/**_
2050 S 1t ]
W0 M J)r‘: /f% |

.
ol s
0.25 e 1r et 1F el
—— R e % *M
L N L 1
10° 10° 10°

n, [101° m~3] n, [101° m~3] n, [101° m~3]

Figure 4.10: Convected power fraction f..n, scalings in the different r; and © cases.

So far, the only STPM parameter that shows a significant change between same
size configurations is g|. It has been shown [76] how increasing ¢ is beneficial for
ng in the higher n, density range, while a decrease in © and a consequent increase
in L. shifts the transition to the conduction-limited regime to lower n,. From the
STPM point of view, the increase in g could explain the overall best performance of

the low © cases.

To confirm this, the STPM system of equations, Egs. 4.5 & 2.21 & 4.6 is solved
for the n, profile of the local build-up for each of the r; ~ 22.8 ¢m configurations.
We start from a basic STPM configuration, with L. and © correctly defined for each
configuration, with a g = 3e8 W/ m? kept constant between configurations, with a
frmom = /T2 (in these calculations, o = 2 is chosen) parametrization for the mo-

mentum loss factor taken from [85] and without volumetric loss factors fpow and feone.

Afterwards, all of the parameter profiles obtained and discussed above in this
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section (fmom, q|, fpows feonw) are added and removed from the equations, in order to
see which one impacts in creating the performance difference between configurations.

The STPM correctly replicates the results of same size configurations with differ-
ent © when the downstream heat flux profile g o taken from simulations is used
as the g input parameter and the same fyom = 2/ T2 of the basic configuration is
used for the momentum loss factor. On a field line level, the changing heat flux with

changing © explains the differences between the build-up in different configurations.

It is observed that as © decreases, heat flux ¢ and connection length L. increase,
leading to a more favorable conduction limited regime in the n, upstream density
range studied. In addition to that, the STPM correctly predicts the profiles and
difference when the downstream heat flux is used, instead of the upstream one. This
highlights the need of using a model that takes into consideration the flux surface L
losses that happen between the upstream and downstream locations, moving heat
and particles from the PCL field lines into the PFR and far SOL field lines. This

condition will be analyzed further in Sec. 4.2.

Local build-up STPM comparison for r; = 22.8 cm configurations
Decreased shear Constant © Increased byp,

1021 L[y Sirmutation
s STPM g = 3€8 W/m?

1020 Y= STPMq.doun(r)

% 3 3 3 1F ~ ]
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= 10 110 ~ 1L 1
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Figure 4.11: Field line density and temperature scalings for the r; =~ 22.8 cm cases
and their STPM predictions.

In this section, the local density build-up in the PCL field lines has been analysed
using the tools of the STPM. Increased island size r; always leads to improved density
build-up. For the various cases, it is observed how an increased size leads to a
reduction of momentum losses from, likely due to less intense counter-streaming
flows. Increased size also increases target-localized power dissipation f,o, at higher
upstream densities, n, > 1e19 m~3. By expanding the island width, the divertor’s

ability to screen neutrals is enhanced, leading to more charge-exchange and ionization

reactions inside the island.

When comparing islands with the same size, the ones obtained by decreasing
magnetic shear ¢/ perform better than the others in terms of build-up. This is an
unexpected result, in contradiction with the global build-up results of Sec. 3.2 and

with the literature [29]. Despite having a lower © and higher L., which hinder density
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build-up in the STPM, a lower © has been found to yield a higher ¢;. In addition to
that, lower © is observed to have its density peaks closer to the separatrix at high
densities n, > 1.5e19 m™3. This increases fpow for the field lines in the PCL in the

~

decreased ¢’ case.

Importantly, g is found to be the parameter that improves build-up in the de-
creased ¢’ configurations (decreasing ©). A good prediction of the density build-up on
r; & 22.8 c¢m island size configurations is obtained using the STPM. However, because
the results are obtained without a fundamental understanding of the momentum loss
fmom scaling and, in general, a proper, self-consistent, treatment of flux surface L

losses, the model cannot be reliably extrapolated to other configurations.

4.2 STPM Onion skin method

In this section, the capabilities of the Stellarator Two Point Model are tested by
estimating the target profile densities and temperatures. An Onion-Skin [115] STPM

model is applied and results are compared with simulations.
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Figure 4.12: Upstream density n,, profiles, used as input for the STPM-OSM.

The integrated STPM model, Eq. 2.20, 2.21, 2.22, is used for each configura-
tion and compared with the computed values. For each configuration, two differ-
ent values of separatrix density nse, cases are considered. One low density case
(ny = 0.8¢19 m~3) and one high density case (n, = 2e19 m~3) for each configuration.
For each field line in Fig. 4.1, values of L, ©, n,, Fig. 4.12, and ¢, Fig. 4.13 are
taken as input parameters for the STPM model.

At low ngep and in attached conditions, Fig. 4.13, we observe how the downstream
heat flux value at the PCL is lower than the upstream one and increased in the field
lines far from the separatrix. This is probably due to flux surface perpendicular
transport, that directs particles and energy into the PFR and far SOL. As this
perpendicular transport is not accounted for in the STPM, we check the potential
sensitivity that this additional 'power source’ for a far SOL field line could have

conservatively by solving the STPM for two different g profiles. First, the upstream
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q),u evaluated at the X-point is used. Secondly, the downstream g ; evaluated at
the target is used. From the point of view of the upstream temperature 7T, Eq. 4.5,
using the downstream heat flux is justified as steeper gradients are expected near the
target. From the point of view of the downstream parameters ngy and T, the same
downstream heat flux is justified by using the target boundary conditions, Eq. 4.6.
This downstream bias only becomes problematic for evaluating T, if localized power
losses (fpow) at the target are highly significant. Furthermore, fpo, is not expected

to to have an impact in these simulations, Fig. 4.9, as no impurities were included.
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Figure 4.13: Upstream g ,, and downstream g go,n heat flux profiles, used as
input for the STPM-OSM.

The STPM system of equations without volumetric correction factors, feon, and
fpow, is numerically solved. A parametrization fy,om = o/ T; /2 [85] is used for the
momentum loss factor, with o = 2. For each fieldline T ,,, T¢ 4, nq are obtained. In
this way it is possible to obtain an approximation of the conditions along the target
by solving each field line individually in a "onion skin" fashion [116]. No cross-field
transport is taken into account. The resulting target profile quantities are then

compared with the ones from the simulations.

In the ng, = 0.8¢19 m™3 case, Fig. 4.14-4.16, the STPM using both q)|,u and
q),a overpredicts the simulated upstream temperature, T, profile by a factor of
T”’STiipM ~ 2. In both cases, the decrease in T;, with increasing © of the simulations
is reproduced by the STPM. Using g 4, the qualitative profile is well reproduced.

The STPM using g, overpredicts the downstream temperature 7y towards the

separatrix, while underpredicting it towards the O-point, with a maximum difference

T,
g lastem| 505 -2,
d max
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Figure 4.15: T, target profiles and their STPM-OSM predictions (low ngep).
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Figure 4.16: ng target profiles and their STPM-OSM predictions (low ngep).
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Nsep = 2 % 101 m~3
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Figure 4.17: T, profiles and their STPM-OSM predictions (high ngep).
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Figure 4.18: T} target profiles and their STPM-OSM predictions (high ngep).
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Figure 4.19: n, target profiles and their STPM-OSM predictions (high ngep).
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Ta,sTPM <
T ~ 1.5

throughout the profile. Overall, the qualitative temperature profile is well reproduced

The STPM using ¢ 4 overpredicts the temperature profile by

when the downstream heat flux is used.
The target density, ng, profiles shapes are not correctly reproduced in both cases.

The overall decrease in target density with increasing © is reproduced.

In the ngep = 2e19 m™3 case, Fig. 4.14-4.16, both q||,u and g 4 cases overpredict
T, by a factor of T“’STi?DM ~ 2. The STPM with g 4 still returns the simulated target
profile qualitatively.

T, is well approximated by the STPM. There is not much difference in this case
between using g ,, or g| 4, but g 4 approximates the simulated results slightly better,
both quantitatively and qualitatively.

ng is mostly underpredicted, by a factor of nd’snisz ~ 0.5. Density peaks on the
target are well predicted by the STPM. g 4 still performs slightly better than g ,,.
Overall, downstream quantities are well approximated by the model.

The next step in future studies would be to asses which single parameter used in
the STPM mainly causes the differences between configurations and the discrepancies

with the simulated results.

In conclusion, the STPM onion-skin model used here is able to correctly predict
qualitative profiles of density and temperature. The STPM OSM returned these
results with a considerable amount of input information: the L., O, g and n,
profiles. The agreement is within a factor of 2 with the simulation, with a tendency
to underpredict the target density and overpredict the upstream temperature with
the STPM. Using g 4 returns better results than using g ,. This is probably due
to the fact that, between the upstream and downstream locations, flux surface L
transport moves heat and particles from the PCL field lines into the PFR and far
SOL field lines.

Since this is not accounted for in the STPM, directly using the upstream g,
yields higher temperatures and lower densities than expected from simulations. This
is more visible at low separatrix densities ng, = 0.8e19 m ™3, where the heat flux
depends more on the power coming from the LCFS upstream than the sources. At
higher densities (e.g. nsep = 219 m™3) the difference is less pronounced. The STPM
is able to correctly predict the changes in temperature and density due to the different
configurations having a different ©.

The STPM yields good results, also considering that it has been applied to cases
with extreme island sizes and two of them being in the neutral-transparent O-point
regime. At low densities, the STPM correctly predicts the trend in simulation of a
decreasing ng with increasing ©. At high densities, the STPM predicts a monotoni-
cally increasing target density with increasing ©. This is not observed in simulations,
where the neutral-transparent O-point regime hinders the open divertor performance,
with the constant © configuration having the best build-up, while the decreased

¢ and the increased b,.,,, cases have a similar density build-up, with respectively a
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higher T, and Ty and a lower T;, and Tj.

Finally, flux surface | transport, and the significant redistribution of sources
and sinks in the neutral-transparent O-Point cases are not taken into account by
the STPM model, other than by using g ., and g gouwn- The agreement with the
STPM is surprisingly good and will have to be understood in the future in more
detail. We refrain from clear conclusions on the STPM capability to reliably ’predict’
field line quantities within factors of 2. Without a fundamental understanding of the
momentum loss fom scaling and, in general, a proper, self-consistent treatment of
volumetric losses ( fmom,feonv:fpow) and flux surface L losses, the model cannot be

reliably extrapolated to other configurations.
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Chapter 5

Conclusion & Outlook

5.1 Conclusion

Stellarator-based fusion reactors offer a compelling pathway to steady-state operation
and commercial energy production. However, power exhaust is a challenge for future
devices. The management of the intense power and particle fluxes that exit the
confined plasma are a prerogative for a fusion reactor, as unmitigated localized heat
loads can easily exceed the engineering limits of 10 — 15 MW/m? of plasma-facing
components [32]. To address this, the island divertor has emerged as a leading power
exhaust solution [106]. While stable detachment has been successfully achieved
in present day devices like Wendelstein 7-X (W7-X), extrapolating these scenarios
to a reactor-scale stellarator requires substantially higher divertor densities, which

remains a primary operational challenge for current island divertors [86].

Island geometric parameters, such as field line pitch © and island radial width
r; have been observed to significantly impact density build-up [29] and detachment
performance [68, 92] in the island divertor. Real stellarator devices, like W7-AS or
W7-X, are characterized by complex 3D magnetic geometries. Optimizing the island
divertor performance in these machines requires the dissection of many convoluted

geometric effects.

This thesis set out to understand how the geometric parameters of magnetic is-
lands dictate divertor performance and density build-up. By utilizing the Hamiltonian
Grids (HaGrids) code package [104], it was possible to generate simplified magnetic
geometries, Fig. 2.8 & 2.10, for the island divertor, where resonant surfaces are artifi-
cially selected and the island field line pitch © and radius r;, can be arbitrarily chosen
via changing the geometry magnetic shear +' and resonant magnetic perturbation
amplitude b,,,. To isolate the impact of these individual variables, we conducted
an extensive computational analysis. Starting from a reference configuration, made
with the same characteristics of W7-X, seven distinct magnetic configurations are
generated, Fig. 3.1, encompassing varying island sizes and field line pitches, Sec. 3.1.

These configurations were subsequently simulated using the fully 3D self-consistent
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edge plasma and neutral transport code, EMC3-EIRENE, Sec. 3.2. The principal

conclusions drawn from this are the following:

o Island size r; can be increased by either increasing b,,,, decreasing magnetic
shear ¢ or a combination of both. Each method yields different © values for
the same increase in r;, Tab. 3.1. The method with which the island size is

increased can vastly change the transport dynamics.

¢ Global density build-up, which is evaluated considering both the maximum
and the pressure weighted average downstream density, increases monotonically
with island size r; independent of the field line pitch ©, Fig. 3.16. The best
results in terms of maximum build-up are obtained when © is maintained
constant, Fig 3.9. As expected [29], decreasing ¢' (lower ©) to increase r; yields

a lower increase in global build-up, because of a decrease in ©.

¢ A novel plasma mode in the island divertor, referred to in this thesis neutral-
transparent O-point regime, is observed. Increased island size, r;, or || / L
transport ratio, i.e. ©, both lead to less power/particles reaching the O-point,
starving it of power for sustaining a plasma. As upstream density increases, the
recycled neutrals ejected from the plate travel further into the island and into
this neutral-transparent volume. Instead of ionizing near the target plate, they
now ionize at the border of this volume with the plasma, Fig. 3.14. In an open
divertor configuration, this creates a low temperature plasma and neutral dense
volume surrounding the island O-point, Fig. 3.11 & 3.9. After the plasma
enters this neutral-transparent O-point regime, increasing © and r; saturates
the density build-up at the target. In order to obtain the best possible density
build-up, one has to find a trade-off between island size and field line pitch,
Fig. 3.16.

Subsequently, the local build-up, obtained considering the local upstream and
downstream quantities on a single fieldline in the power carrying layer (PCL), is
analyzed for the different r; and © configurations discussed above, Sec. 4.1. The

results were the following:

e Increasing island size r; always leads to a monotonic improvement of density
build-up, Fig. 4.2, as in the global one of Sec. 3.2.

e In contradiction with the conclusions of global build-up, decreasing © improves
local build-up between configurations with the same r;. The best configuration
in terms of build-up ng4(n,) is the one with the highest r; and lowest ©. We
find that this is related to higher parallel heatflux density (o< 1/v/©) and more
favorable high recycling scaling due to higher heat flux and longer connection

length.

Thirdly, the simplified geometry is used to observe the impact of target placement
on the density build-up, Sec. 3.3 & 3.3.1. In the current W7-X 5/5 island chain there
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are three possible stellarator-symmetric target locations around the symmetry plane:
inboard, top/bottom and outboard, Fig. 3.17. Configurations with these placements
are simulated using EMC3-EIRENE. The principal conclusions were the following;:

o The target shadow region (T'SR) is qualitatively the same in the inboard and
outboard target configurations, Fig. 3.18, where one half of each target is
shadowed and the other half is only partially shadowed towards the end of
the plate. The top/bottom configuration has a different extent of the TSR,
probably because the two target plates are not on the same/continuous island.

Both target plates are partially shadowed on both halves.

Because of this, the heat flux strike line on the targets, Fig. 3.20, in the
inboard and outboard cases is mainly on one half of each target and extends
for ~ 11° toroidally. On the other hand, the top/bottom case strike line is
equally distributed on both sides of the targets, expanding for ~ 8° toroidally
on each side. The top/bottom case has the lowest maximum heat flux gyq, on

the target, while the inboard case has the highest ¢4, out of the three.

o By being on two distinct and separate islands, the split targets in the top/bottom
configuration lead to shorter connection length L. steps between the two targets
compared to the other two configurations, Fig. 3.19, where the targets are a

full toroidal turn apart.

e Density build-up is improved at intermediate densities in the outboard tar-
get case, Fig. 3.21. A comparison between a reference configuration and a
cylindrical configuration with flat targets, Fig. 3.23, strongly supports the
hypothesis that the improvement is primarily attributed to target concavity,
which increases neutral retention in the island, Fig. 3.22, and a lesser extent to
total flux expansion (By o 1/R), Sec. 3.3.1.

Finally, to explore the capabilities of the Stellarator Two Point Model (STPM),
an Onion-Skin model (OSM) [115] using the STPM is applied to the results of the
three configurations with the larger island (r; &~ 22.8 ¢m), Sec. 4.2. The obtained

results are:

e The STPM Onion-Skin model predicts the temperature (73,7y) and density
(nq) target profiles within a factor of 2, with a tendency to underpredict the
target density ng and overpredict the upstream temperature T, Fig. 4.14 to
4.19. The qualitative profiles of these quantities and the location of the target
density peaks at high densities are well-reproduced, Fig. 4.19.

e The saturation of downstream density observed at high n, densities, as the
plasma enters the neutral-transparent O-point regime, is not accounted for by
the OSM, which instead predicts a monotonically increasing target density nq

with increasing © between configurations, Fig. 4.19.

73



Conclusion €& Outlook

» Using the downstream heat flux g 4 returns better results than using the
upstream heat flux g ,, both qualitatively and quantitatively. This highlights
the importance of considering flux surface | transport between the upstream
and downstream locations, Fig. 4.13. This transport is not automatically
accounted for in the STPM model.

e The reliability of the STPM to predict target profiles within a factor of 2
remains uncertain. Consequently, without a fundamental understanding of
the momentum loss fr,om scaling and, in general, without a self-consistent
treatment of volumetric losses (fmom, feonv, fpow) and flux surface L losses,

extrapolating this model to other configurations is currently unjustified.

5.2 Outlook

Based on the outcomes of this thesis, some key insights can be outlined for future

island divertor studies.

It has been pointed out how changing the island size r; through the resonant
magnetic perturbation b,,, (via control coils) or through magnetic shear ¢ effects
leads to different outcomes in terms of divertor transport and should thus be both

considered and treated separately in future optimization studies.

The neutral-transparent O-point regime observed in this work, along with the
significant positive impact on divertor transport of increased island size r;, should
incentivize coil and magnetic island optimization to access these configurations in a
real device, in order to experimentally confirm and achieve these conditions. This
novel regime could also considerably aid in the design of a closed island divertor in

existing or future machines.

The findings on target concavity highlight the importance of momentum transport
to neutrals and neutral transport from a divertor perspective, and how these phenom-
ena can be exploited to improve performance. The overall findings on target placement
and flux expansion encourage the exploration of alternative target configurations

for future devices, in addition to the consolidated top/bottom one employed in W7-X.

Lastly, if future studies can successfully generalize and validate the results obtained
with the Stellarator Two Point model (STPM) Onion-Skin method (OSM), it could
be utilized as a fast and efficient tool to provide edge plasma temperature and density

distributions to support future divertor design and advanced modelling efforts.
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Appendix A

Elliptic magnetic field

calculations

Building upon the work of [104], we utilize elliptical toroidal coordinates to derive
magnetic field configurations for an elliptical geometry. A primary objective of
this work is to aid in the implementation of these geometries within the HaGrids
framework (Sec. 2.4). First, we define the coordinate system and its fundamental
relations. Next, starting from the general magnetic field formulation in Eq. 2.2,
we derive an axisymmetric toroidal magnetic field configuration by specifying an
appropriate form for 6(u, v, ¢). Finally, to support drift applications, we obtain a
generalized magnetic field expression for this geometry. The derivation procedure is

adapted from [104], which provides further mathematical details on this topic.

A.1 Elliptic Toroidal Coordinates

To properly analyze the magnetic field geometry, we define the elliptic toroidal

coordinates in terms of the standard Cartesian coordinates (X,Y, Z) as:

X = (Rop + asinh pcosv)sin ¢, (A.1)
Y = (Rp + asinh pcosv) cos p, (A.2)
Z = acosh psinv, (A.3)

where a represents the distance between the center of the ellipse and one of its foci.

The major radius R is consequently defined as:
R = Ry + asinh picos v. (A.4)

Additionally, we define the aspect ratio € of the configuration as:

asinh p
Ry

(A.5)

The valid ranges for these coordinates are p € [0,00), v € [0, 27|, and ¢ € [0, 27].
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Elliptic magnetic field calculations

A.2 Area Element and Magnetic Flux

The poloidal magnetic flux v is related to the background magnetic field By and the
cross-sectional area of the ellipse. Denoting the minor and major axes of the ellipse

as A and B, respectively, the flux is expressed as:
) = Area - By = TABBy = ma® sinh j cosh pBy. (A.6)

By applying the double-angle identity for hyperbolic functions, this simplifies to:

ra?By

Y= sinh(2u). (A.7)

A.3 Basis Vectors and Scale Factors

Given the position vector 7= (X, Y, Z), its derivatives with respect to the spatial

coordinates yield the covariant basis vectors:

oF

€y = i = (acosh pcosvsin g, acosh pcosv cos p, asinh psinv), (A.8)
oF

€, = 8—r = (—asinh gsinvsin ¢, —asinh psin v cos ¢, a cosh pcosv), (A.9)
v
oF

€p = é = (Rcosp, —Rsingp, 0). (A.10)

The corresponding scale factors h; = |€;| are found to be:

hy = a\/cosh2 p—sin?v = S(u,v), h,=S8(u,v), h,=R. (A.11)
From these, the normalized basis vectors are obtained:

Z—“p = (cos ¢, —sin ¢, 0). (A.12)

A.4 Gradient Operator and Jacobian

The gradient of a scalar function ¢ in this coordinate system is formulated as:

3
. 1 0g
Vg=> e 9 for q1,q2,q3 = p, v, . (A.13)
=1 Y

The Jacobian determinant of the transformation is given by the scalar triple

product of the covariant basis vectors:

—

J = det |&,| = Ra* (cosh2 pcos? v 4 sinh? u sin? 1/) = RS?(u,v). (A.14)

—
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Elliptic magnetic field calculations

A.5 Transformation to Canonical Coordinates

To interface with the Hamiltonian formulation, we define the relationships between

the canonical variables and the toroidal elliptical coordinates as:

dp=¢, O0=v+0(uve). (A.15)
Evaluating the gradient of the flux ¢ yields:
V1p = ma? By cosh(21) V. (A.16)
Similarly, the gradient of the canonical poloidal angle 8 expands to:
VO = Vv + V0= Vv + Vud,b + Vvd,0 + Vd,0. (A.17)

Using the properties of the basis vectors, the cross product of the gradients of y and
v is:
Vi xV R \Y% (A.18)
UV = . .
8 S(u,v) 7
Substituting these into the general magnetic field representation, the magnetic

field equation becomes:

~ R N

(1+0,0)Vy+ma? By cosh(2u) §VM XV 0,0+VepxVy.
(A.19)

Following the methodology established in [104], we define a function f(u) such that:

21 B = ma’ By cosh(2u)%

f(p) = ma®By cosh(2u)% (1 + ayé) . (A.20)

is chosen to be a function of . Assuming Qoé = 0, we focus on the axisymmetric,
w-independent part of the poloidal angle, with the origins of 6 and v taken to coincide.

Isolating the derivative of the angle perturbation 6, we obtain:

i f(w)S*(pv)
99 = ra2Bycosh(2u)R L (A.21)

which can be integrated to yield 6:

é:/
0

Enforcing periodicity constraints requires:

1 2 S2(p, V') 1
: d = = . A23
ma? By cosh(2p) /0 R v R(p) ( )

F(u)S? (s, V") /
ma?Bycosh(2u)R 1] v (4.22)

We now expand f(u) by considering the large aspect ratio limit, where ¢ =

7



Elliptic magnetic field calculations

— 1 27 cosh? p — sin? v/ !
=2 = v
Ju) = 2mR(p) <27T230R0 cosh(2u) /0 1+ecost)

-1

1 2
~ (27TQBOR0 cosh(211) /0 (cosh? pu — sin? /) (1 — € cos z/)dz/)

B ( mcosh(2p)
— \2m2By Ry cosh(

-1
= 2w By Ry. A.24
2M)> (A.24)
Evaluating the integral for 6 under this approximation gives:
b /” 2(cosh® p —sin® /) Ny
o \ cosh(2u)(1+ecosv)
v 2
~ /0 (m@mcoshQ i —sin? /) (1 — e cosv') - 1) a/

= —%sech(Q,u,) sin(v) [3e cosh(2u) + €(cos(2v) +2) — 3cosv]. (A.25)

Thus, the final expression for the canonical poloidal angle 8 is:

O=v+0=v— %sech(Q,u) sin(v) [3e cosh(2u) 4 e(cos(2v) 4+ 2) — 3cosv|. (A.26)

A.6 Magnetic Field Components

Differentiating 6 with respect to v yields:

9,6 = (1 — ¢ cosv) (5:15(222) + 1) . (A.27)

By applying hyperbolic identities, we find a useful relation for the Jacobian term:

9,0 2 (1—ecosv)
S2(u,v)  a? cosh(2u) (4.28)

This allows us to construct the contravariant components of the relevant cross-

products. For Vi) x V@, the components are:

. 0 0 0
(Vip x VB)! = i 0 = 0 = 0
Out) 0,0 #7[’@230 cosh(2u) 0,0 %(1 —ecosv)
(A.29)
Similarly, the components for Vi x Vy are:
] 1 —OvX
(Vo x Vx)' = 7 oux | - (A.30)
0
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Expanding these explicit terms:

1 2
—j(?,,x = mm(wml sin (m1 (0 — ¢1%¢)) (1 — e cosv), (A.31)
and:
Loux = {2 ? By cosh(2 ] 0 — &1
F0uX = gy {F(w)ma® By cosh(2p0) + X3 (1) cos (ma (6 — 1))

+ x1(¥)mq sin (mq (¢1%¢ — 9))8#9}. (A.32)
Here, the partial derivative of § with respect to p is evaluated as:

sinh v

__sinh(2p) | (4
oub =¢ sin v cosh(271)

2
cosh®(2p1) — + = cos(2v) — 2 cos V) —&' (1)

3 3 (COSh(Qu) + 2 + 1cos(2y)> .

3 3
(A.33)
Finally, reconstructing the vector field yields the physical components of the

magnetic field:

N \/ cosh? p — sin? v

Br = maR cosh(2u) x1(¥)masin (my (6 — ¢1%¢)) (1 — e cosv), (A.34)
Bo = & 2 4 __,res
B® N 27TSR{$(’M>7TQ BO COSh(Z“’) + X1 (1/}) COs (ml(e =) (P))

+xa()mysin (m1 (¢ — 0))9,0}, (A.35)
S R 27TBO _ B
B@—% 7 (1 —ecosv) = By(l —ecosv). (A.36)
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