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Abstract

The Totally Asymmetric Simple Exclusion Process (TASEP) has become a
paradigmatic model for studying and understanding nonequilibrium systems
such as traffic or transport phenomena.

The TASEP with open boundaries can be defined on a one-dimensional
lattice of L sites. Once a direction is fixed, particles enter with rate α from
the first site, hop throughout the lattice subject to hard-core exclusion and
then exit with rate β from the last site.

In this work, through the use of mean-field theory, we investigate the
behavior of the TASEP in the presence of local inhomogeneities, or in more
detail, in which all hopping rates are uniform (and unitary) apart from a
(local) region far from the boundaries in which the hopping rate is smaller,
modeling a bottleneck.

Its stationary states and the corresponding phase diagram are presented,
the relaxation to stationarity and in particular the dynamical transitions,
i.e. transitions in the value of the largest relaxation time, or equivalently the
lowest relaxation rate, are discussed as a function of the parameters of the
model. All results are obtained through numerical solutions; when possible,
analytical results are presented and discussed.

The (mean-field) phase diagram is found to be similar to known results,
whereas the relaxation behaviour (which has not previously been investi-
gated) is richer than the picture found in the literature for ordinary TASEP,
in particular since it shows dynamical transitions even in the phase separa-
tion regime.
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Chapter 1

Introduction

In the field of Statistical Physics, Non-equilibrium Statistical Physics is still
an open and active area of research, whereas Equilibrium Statistical Physics
has been greatly developed starting from the works of Gibbs, Maxwell, and
Boltzmann.

First proposed in the late 1960s and since then largely studied, asymmet-
ric simple exclusion models have become paradigmatic models to investigate
nonequilibrium stochastic systems, such as biological transport [5], vehicular
traffic, growth models and driven diffusive systems (see e.g. [3]).

In particular, the Totally Asymmetric Simple Exclusion Process (TASEP)
has been largely studied.

It consists of a one-dimensional lattice of L sites in which particles uni-
directionally and stochastically hop from one site to another, where each
site can be occupied by at most one particle, subject to hard-core or simple
exclusion (meaning two particles cannot occupy the same site)1.

Different boundary conditions may be chosen, usually periodic boundary
conditions or open boundary conditions: in the former case particles live on
a ring (a closed one-dimensional lattice) while in the latter case particles live
on a segment, they enter at one end of the lattice and exit at the other end.

Seminal works include those of Derrida et al. [4], Schütz and Domany
[10] in which analytical and exact results are given for the ordinary case, in
which particles jump at unit rates throughout the lattice, with open boundary
conditions.

Then many generalizations and variants have been defined and studied
taking inspiration from specific real-world vehicular and biological traffic

1In chapter 2 a rigorous definition will be given
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Chapter 1 – Introduction

problems, such as: TASEP with extended particles, TASEP-LK2, multilane
TASEP, multi-species TASEP, TASEP with heterogeneous hopping rates,. . . .

Among the numerous variants, which can easily be found in the literature,
a particular case of interest, discussed, for example, by Kolomeisky in [1] or
by Greulich and Schadschneider in [8], is TASEP with local inhomogeneities
(in the literature also called defects, impurities, slow bonds, . . . ), which can
be treated as a paradigmatic model for investigating transport phenomena
in the presence of a bottleneck.

The above mentioned works, and others that can be found in the litera-
ture, limit the investigation to the non-equilibrium steady states (NESS)3.

Following what Botto et al. (see [6], [7]) have done in the case of TASEP-
LK, the present Master’s Thesis aims at extending the investigation of the
relaxation dynamics also to the case of TASEP with local inhomogeneities.

In particular, after discussing the stationary states and the corresponding
phase diagram, obtained through the use of the mean-field theory, the long-
time relaxation behavior close to stationarity will be discussed and the so-
called dynamical transitions, i.e. changes in the relaxation dynamics, will be
highlighted.

From a mathematical point of view, the mean-field theory allows us to
treat the TASEP as a deterministic dynamical system, neglecting the stochas-
tic nature of the system, to investigate its fixed point solutions and corre-
sponding relaxation behaviour.

In particular, in chapter 2 we will provide definitions and notation that
will be used throughout the thesis, in chapter 3 the pure (or ordinary) TASEP
will be reviewed, while in chapter 4 the TASEP with local inhomogeneities
will be discussed, finally in chapter 5 we will summarize the main results and
provide some suggestions for future works.

2Langmuir Kinetics, in which particles can attach and detach to and from any site of
the lattice.

3In this work conveniently called stationary states, steady-states or phases.
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Chapter 2

Definitions

2.1 TASEP with Open Boundary Conditions

α β

q0 qi
qL

i = 1 2
. . .

i
. . .

L

Figure 2.1: Ilustration of TASEP with OBC.

The TASEP is defined on a one-dimensional lattice of L sites, to each
site i ∈ {1, 2 . . . , L} and ∀t ≥ 0 a binary random variable ni(t), called the
occupation number, is assigned:

ni(t) =

{
1, if site i is occupied at time t

0, if site i is empty at time t
(2.1)

Particles stochastically hop from one site to the next with, possibly, posi-
tion dependent hopping rates qi ∈ [0, 1], i ∈ {1, 2, . . . , L−1}, i.e. if ni(t) = 1
and ni+1(t) = 0 1 , then with rate qi the particle in the lattice site i can hop
to the lattice site i + 1, whereas the opposite hopping never occurs due to
total asymmetry.

Moreover, considering open boundary conditions (OBC), in the first lat-
tice site i = 1, particles are injected with an entry/injection rate α, provided

1due to the hard-core exclusion.
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Chapter 2 – Definitions

that n1(t) = 0, while in the last lattice site i = L, particles are extracted
with an exit/extraction rate β , provided that nL(t) = 1.

Equivalently, mainly for mathematical convenience, one can consider two
reservoirs of particles with density α, (1−β) ∈ [0, 1] at the boundaries of the
system, which are injected and extracted with additional hopping rates q0
and qL, as sometimes will be done in this work.

2.1.1 The Master Equation and Mean-Field theory

Master equation

The system dynamics is governed by a Master Equation (ME) due to the
stochastic mechanisms defined above and here summarized:

• injection of particles in the system with rate α,

• hopping of particles inside the system with rates qi, i ∈ {1, 2, . . . , L−1},

• extraction of particles from the system with rate β,

all subject to hard-core exclusion.

The states of the system can be denoted by n = (n1, . . . , nL) with n ∈
{0, 1}L, while P (n, t) denotes the probability that the system is in the state
n at time t.

Then the ME can be written as:

∂tP (n, t) =
∑
m

[W (m → n)P (m, t)−W (n → m)P (n, t)] (2.2)

where W (m → n) is the transition rate of the system moving from state
m to state n, in which all the above mechanisms are encoded.

Continuity Equations and Mean-Field approximation

After marginalizing the Master Equation, one obtains in terms of single-node
marginals

ρi(t) := ⟨ni(t)⟩ = P{ni(t) = 1} (2.3)

also called densities, and two-node marginals

Ji(t) := qi⟨ni(t)(1− ni+1(t))⟩ = qiP{ni(t) = 1, ni+1(t) = 0)} (2.4)

also called currents , where ⟨ ⟩ denotes the out-of-equilibrium average, con-
tinuity equations of the form:

ρ̇i(t) = Ji−1(t)− Ji(t) (2.5)
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Chapter 2 – Definitions

where J0(t) = α(1 − ρ1(t)) and JL(t) = βρL(t) can be defined to take into
account boundary conditions.

Then using mean-field theory, which in this context neglects correlations
by approximating joint probabilities with product of single-node marginals:

P (n) =
∏
i

P (ni) (2.6)

one obtains the mean-field form of the currents:

Ji(t) = qiP (ni(t) = 1, ni+1(t) = 0)

= qiP (ni(t) = 1)P (ni+1(t) = 0)

= qiρi(t)(1− ρi+1(t)), i = 1, . . . , L− 1

(2.7)

Finally, inserting the above into (2.5), a full solution could be in principle
obtained by solving the system of equations:

ρ̇1(t) = α(1− ρ1(t))− q1ρ1(t)(1− ρ2(t))

ρ̇i(t) = qi−1ρi−1(t)(1− ρi(t))− qiρi(t)(1− ρi+1(t)), i = 2, . . . , L− 1

ρ̇L(t) = qL−1ρL−1(t)(1− ρL(t))− βρL(t)

(2.8)
or by taking into account the boundary conditions through α =: q0ρ0 and
β =: qL(1− ρL+1) (arbitrarily choosing q0 = qL = 1 in most cases), in a more
compact form:

ρ̇i(t) = qi−1ρi−1(t)(1− ρi(t))− qiρi(t)(1− ρi+1(t)), i = 1, . . . , L (2.9)

where together with the boundary currents J0(t) and JL(t) (2.7) can also be
written compactly as:

Ji(t) = qiρi(t)(1− ρi+1(t)), i = 0, . . . , L (2.10)

In most cases, the above system is analytically intractable and can only
be solved numerically.

2.1.2 Stationary states and Relaxation to stationarity

Sometimes one is not interested in the full dynamics but only what happens
at stationarity, i.e. when the system state does not change anymore, and in
the relaxation behaviour, which does not necessarily need the full solution.

6



Chapter 2 – Definitions

Stationary states

To obtain stationary states, one has to impose the condition that the observ-
ables do not change in time: ρi(t) → ρi, Ji(t) → Ji. In particular, this implies
that the currents Ji(t) are both time-invariant and position-independent:

Ji−1(t) = Ji(t) = J, ∀i ∈ {1, 2, . . . , L} (2.11)

which implies that the densities must satisfy:

qi−1ρi−1(1− ρi) = qiρi(1− ρi+1) ∀i ∈ {1, 2, . . . , L} (2.12)

which can be written as:

ρi =

(
1 +

qi(1− ρi+1)

qi−1ρi−1

)−1

∀i = 1, . . . , L (2.13)

with boundary conditions {
ρ0 = α

ρL+1 = 1− β
(2.14)

using q0 = qL = 1.
The above form is readily suitable for a fixed point procedure that gen-

erates a sequence of density profiles that converges 2 to the solution (a proof
for a particular case can be found in [6]).

Relaxation matrix

Following the same procedure as in [2, 6, 7], we can linearize the continuity
equations (2.9) around the steady-state fixed point densities ρi:

ρ̇i(t) = −
L∑

j=1

Mi,j

(
ρj(t)− ρj

)
, i = 1, . . . , L (2.15)

where M ∈ RL×L, defined as

Mi,j := −∂ρ̇i(t)

∂ρj

∣∣∣∣
t→+∞

, i, j ∈ {1, . . . , L} (2.16)

is the so-called relaxation matrix associated to the TASEP.

2In practice, one chooses a tolerance condition such as max{|ρn+1
i −ρni |, i = 1, . . . , L} <

ϵ to be satisfied and stops the process obtaining a reasonable approximate solution (n
represents the iteration step)
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Chapter 2 – Definitions

It takes non-vanishing values:
Mi,i = qi−1ρi−1 + qi(1− ρi+1), i = 1, . . . , L,

Mi,i−1 = −qi−1(1− ρi), i = 2, . . . , L,

Mi,i+1 = −qiρi, i = 1, . . . , L− 1

(2.17)

resulting in a tridiagonal matrix.
The spectrum of this matrix characterizes relaxation to stationarity and

in particular its lowest eigenvalue corresponds to the slowest relaxation rate,
i.e. the inverse of the longest relaxation time.

Then, one can write the associated eigenvalue problem:

Mi,ivi +Mi,i−1vi−1 +Mi,i+1vi+1 = λvi i = 1, . . . , L (2.18)

where λ is the eigenvalue and the vi are the eigenvector components with
v0 = vL+1 = 0.

Following [6], a similarity transformation of M can be performed, using:

un ≡ vn

n−1∏
j=0

√
ρj

1− ρj+1

n = 0, . . . , L+ 1 (2.19)

with u0 = uL+1 = 0, to obtain a symmetrized eigenvalue problem:

Mi,iui −
√

qi−1Jui−1 −
√

qiJui+1 = λui i = 1, . . . , L (2.20)

where the explicit expression of M and the fact that in stationary conditions
J = qiρi(1− ρi+1), ∀i = 0, . . . , L were used.

In general, one has to resort to numerical algorithms.
For example, the results that will be presented in this work are obtained

through the use of functions (such as eigvals) of the LinearAlgebra package of
Julia programming language, which are based on LAPACK (Linear Algebra
Package), a standard software library for numerical linear algebra employed
by scientific computing software such as MATLAB or R.
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Chapter 2 – Definitions

2.2 Cases of interest

We will now define two particular classes of TASEP with OBC that will be
used or analyzed in this work: uniform or homogeneous TASEP and TASEP
with local inhomogeneities.

2.2.1 Homogeneous TASEP

α β

1 q 1

i = 1 2
. . .

i
. . .

L

Figure 2.2: Illustration of Homogeneous TASEP of parameter q with OBC

The homogeneous or uniform TASEP is characterized by hopping rates
qi of the form:

qi =

{
1, i = 0, L

q, i = 1, . . . , L− 1
(2.21)

where q > 0 is the same for all sites (apart from q0 and qL).

Continuity equations (2.8) take the simple form:
ρ̇1(t) = α(1− ρ1(t))− qρ1(t)(1− ρ2(t))

ρ̇i(t) = qρi−1(t)(1− ρi(t))− qρi(t)(1− ρi+1(t)), i = 2, . . . , L− 1

ρ̇L(t) = qρL−1(t)(1− ρL(t))− βρL(t)

(2.22)
with currents being:

J0(t) = α(1− ρ1(t))

Ji(t) = qρi(t)(1− ρi+1(t)),

i = 1, . . . , L− 1

JL(t) = βρL(t)

(2.23)

In the literature, homogeneous TASEP is rarely defined as above but
directly as the special case q = 1 (maintaining q0 = qL = 1 ).

This is due to the fact that a TASEP of injection rate α, extraction rate
β and hopping rates q with current J is equivalent to a TASEP of injection
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Chapter 2 – Definitions

rate α
q
, extraction rate β

q
and unitary hopping rates with current J/q, i.e.

the TASEP is invariant under the transformation3:

(α, β, q, J) → (
α

q
,
β

q
, 1,

J

q
) (2.24)

Additionally, under the hypothesis q0 = qL, the (pure) TASEP is symmetric
under the transformation α ↔ β, 1 − ni ↔ nL+1−i (called particle–hole
symmetry), sometimes this property will be invoked.

2.2.2 TASEP with local inhomogeneities

α β

1 1 1 1q q q 1 1

i = 1 2
. . .

k k + h
. . .

L

Figure 2.3: TASEP scheme with OBC and local inhomogeneities

Let us proceed to define the main model that will be analyzed in the
present work.

It is a TASEP with OBC with a particular choice of hopping rates:

qi =

{
q, if i ∈ {k, . . . , k + h− 1}
1, otherwise

(2.25)

as seen in Figure 2.3.
Continuity equations (2.9) take the particular form:

ρ̇i(t) = ρi−1(t)(1− ρi(t))− ρi(t)(1− ρi+1(t)), 1 ≤ i < k

ρ̇k(t) = ρk−1(t)(1− ρk(t))− qρk(t)(1− ρk+1(t)),

ρ̇i(t) = qρi−1(t)(1− ρi(t))− qρi(t)(1− ρi+1(t)), k < i < k + h

ρ̇k+h(t) = qρk+h−1(t)(1− ρk+h(t))− ρk+h(t)(1− ρk+h+1(t)),

ρ̇i(t) = ρi−1(t)(1− ρi(t))− ρi(t)(1− ρi+1(t)), k + h < i ≤ L

(2.26)

3One should also consider the transformation dt → qdt, however since we are not
interested in the full dynamics we will treat it as a negligible detail.

10



Chapter 2 – Definitions

while currents (2.10), using q0 = qL = 1,take the form:{
Ji(t) = ρi(t)(1− ρi+1(t)), 0 ≤ i < k, k + h ≤ i ≤ L

Ji(t) = qρi(t)(1− ρi+1(t)), k ≤ i ≤ k + h− 1
(2.27)

The hopping rate q 4, the length h (in units of lattice steps) and the
position of the site k are the main parameters of the model, in addition to
the usual boundary rates α, β and the length of the lattice L.

In the following chapters we will discuss in more detail the above defined
particular models: starting from a review of the homogeneous TASEP, we
will move onto the special cases of local inhomogeneities with h = 1 and
h = 2 (sometimes called one-step and two step inhomogeneity).

4In this work, we consider only q < 1 to model bottleneck effects, since q = 1 would
result in the homogeneous case.
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Chapter 3

Homogeneous TASEP: main
results

In this chapter, we will present the main (mean-field) results for the uniform
TASEP and, in particular, due to the invariance of TASEP with respect to
(2.24), the case q = 1, from now on also called the ordinary or pure case.

The results presented here can easily be found in the literature, see e.g.
[10] or [3] for the phase diagram and [2, 6, 7], for the relaxation to stationarity.

When possible, results of the general case q > 0 will be made explicit,
mainly exploiting the above recalled invariance.

α β

1 1 1

i = 1 2
. . .

i
. . .

L

Figure 3.1: Illustration of ordinary TASEP.

In ordinary TASEP, the only parameters to be considered are the injection
and extraction rates α, β and the number of lattice sites L, assumed to be in
the thermodynamic limit (L → ∞).

The mean-field continuity equations (2.9) reduce to:

ρ̇i(t) = ρi−1(t)(1− ρi(t))− ρi(t)(1− ρi+1(t)), i = 1, . . . , L (3.1)

with boundary conditions ρ0 = α and ρL+1 = 1− β.

12



Chapter 3 – Homogeneous TASEP: main results

3.1 Stationary states and phase diagram

Imposing stationarity, the above equations then reduce to equations (2.13)
that allow one to obtain fixed-point solutions, in the following summarized:

• for α < 1
2
and α < β there exists a low-density (LD) phase character-

ized by bulk density ρbulk = α and a right (dependent on β) boundary
layer, the stationary current is J = α(1− α);

Figure 3.2: Example of mean-field density profile in the LD phase (L = 200,
α = 0.2, β = 0.3).

• for β < 1
2
and β < α there exists a high-density (HD) phase char-

acterized by bulk density ρbulk = 1 − β and a left (dependent on α)
boundary layer, the stationary current is J = β(1− β);

Figure 3.3: Example of mean-field density profile in the HD phase (L = 200,
α = 0.3, β = 0.2).
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Chapter 3 – Homogeneous TASEP: main results

• for α > 1
2
and β > 1

2
there exists a maximal current (MC) phase

characterized by the maximal stationary current J = 1/4 and a profile
density approaching the “bulk”1 density ρbulk =

1
2
.

Figure 3.4: Example of mean-field density profile in the MC phase (L = 200,
α = 1, β = 1).

The above can also be schematized in a phase diagram (α-β plane):

0 1
2

1
0

1
2

1

α

β
LD

HD

MC

Figure 3.5: Mean-field phase diagram. Solid lines denote continuous phase
transitions, dashed line denotes discontinuous phase transition.

The lines depicted in the figure above represent the phase transition lines:
the LD-HD transition (α = β < 1/2) is discontinuous while the LD-MC (β >
α = 1/2) and HD-MC (α > β = 1/2) transition lines are continuous. Despite

1In the MC phase the approach to the bulk density is a power law decay, whereas in
the other two phases is an exponential decay.
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Chapter 3 – Homogeneous TASEP: main results

the mean-field approximation, the above diagram is exact with respect to the
position of the transition lines and values of the bulk densities and currents.

Generalizing to the case q > 0, we have that the transition point α = β =
1/2 is shifted to α = β = q/2 and the maximal current is J = q/4 instead of
J = 1/4.

3.2 Relaxation matrix and dynamical transi-

tions

The relaxation matrix (2.17) takes non-vanishing values:
Mi,i = ρi−1 + (1− ρi+1), i = 1, . . . , L,

Mi,i−1 = −(1− ρi), i = 2, . . . , L,

Mi,i+1 = −ρi, i = 1, . . . , L− 1

(3.2)

which reduce the symmetrized eigenvalue problem (2.20) into:

Mi,iui −
√
Jui−1 −

√
Jui+1 = λui i = 1, . . . , L (3.3)

In general, as already said in chapter 2, one has to resort to a numerical
algorithm to compute eigenvalues and eigenvectors. However, if we consider
for a moment the particular case of a flat density profile, which is actually
obtained for α+ β = 1, the above problem reduces to:

ui −
√
Jui−1 −

√
Jui+1 = λui i = 1, . . . , L (3.4)

(with u0 = uL+1 = 0), which is analytically solvable because M takes the
form of a Toeplitz (or diagonal-constant) matrix.

In fact, calling x±(λ) the (complex) solutions of the characteristic equa-
tion

x2 −
(
1− λ√

J

)
x+ 1 = 0 (3.5)

one can prove (see Appendix) that the eigenvalue problem above is solved by

un = u1

xn
+ − xn

−

x+ − x−
, n = 1, 2, . . . , L (3.6)

with eigenvalues

λj = 1− 2
√
Jcos

πj

L+ 1
, j = 1, . . . , L (3.7)

15



Chapter 3 – Homogeneous TASEP: main results

Figure 3.6: Spectrum in the case of a flat density profile (α + β = 1) for
L = 200 and J = 0.16 (e.g. α = 0.8, β = 0.2), the largest (absolute)
difference is slightly less than 6 · 10−9.

Figure 3.7: Numerical and analytical results of the lowest relaxation rate as
a function of β (for α+ β = 1) for L = 200, the largest (absolute) difference
is less than 5 · 10−6. Values for β ≥ 1/2 are not shown, since in this range
we have J = 1/4 and λ1 → 0 as O(L−2) for L → ∞
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Chapter 3 – Homogeneous TASEP: main results

In the L → ∞ limit, the smallest eigenvalue (i.e. the slowest relaxation rate)
tends to λ1 = 1− 2

√
J .

As a check, let us compare the above analytical results with the numer-
ical eigenvalues. For the example shown in Figure 3.6 there is very good
agreement between the numerically evaluated spectrum and the analytical
one (3.7). In particular, if we consider only the lowest relaxation rate (as a
function of β 2, with α + β = 1), there is still good agreement as shown in
Figure 3.7.

Let us move on from the special case of a flat profile and to fix ideas
consider lines of constant β in the HD phase.

One finds that the above picture remains qualitatively3 correct for values
of α larger than a threshold value αc(β) (in which λ1 is independent of α4),
while for values of α in the interval (β, αc(β)) the picture drastically changes
with the lowest relaxation rate (now dependent on both α and β) being
smaller than the limit value 1− 2

√
J .

For example, in Figure 3.8 the value of the lowest relaxation rate is plotted
as a function of α for β = 0.2 where, as said above, a threshold can be seen.
Moreover, one can notice that λ1 goes to 0 for α = β where the discontinuous
(static) transition is located.

The critical values αc(β) in the HD phase and βc(α) in the LD phase (can
be found by invoking the symmetry property stated at the end of subsection
2.2.1) become critical lines in the phase diagram, which denote the presence of
dynamical transitions that do not correspond to any (static) phase transition,
in contrast to the LD/HD and the LD/HD-MC transition lines, in which the
lowest relaxation rate vanishes, which we should also consider as dynamical
transition lines (see Figure 3.9 for the complete phase diagram).

For completeness (even though they will not be used in this work) we
report the exact [9] critical values:

αc(β) =

[
1 +

(
β

1− β
)

)]−1

, β ∈ [0, 1/2] (3.8)

βc(α) =

[
1 +

(
α

1− α
)

)]−1

, α ∈ [0, 1/2] (3.9)

2Only values of β ∈ [0, 1
2 ] are shown since J = β(1− β) = α(1− α) if α+ β = 1.

3and quantitatively up to finite-size corrections.
4This also means that lines of constant α (above the critical values αc(β)) show the

same behavior as the line α+ β = 1.
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Chapter 3 – Homogeneous TASEP: main results

Figure 3.8: Lowest relaxation rate as a function of α for fixed β = 0.2 in the
HD phase (L = 200).

Figure 3.9: Pure TASEP (complete) phase diagram. Static transitions are
depicted by solid lines, dynamical transitions are depicted by thin dash-
dotted lines.
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Chapter 4

TASEP with local
inhomogeneities

Let us proceed to present and discuss the case of TASEP with local inhomo-
geneities.

As said in chapter 2, the parameters to consider are not only the rates
α, β and the length of the lattice L (still assumed to be in the thermodynamic
limit) but also the length of the inhomogeneities h, with corresponding initial
site k, and the hopping rate q.

In particular, in this discussion, h will be treated as a defining parameter
of the model, which means that two TASEP with different h will be treated
as different models, while k is only subject to the constraint that it must be
far from boundaries, i.e. k ≈ L/2.

As we shall see, the overall picture of stationary states and relaxation
behaviour is richer (and different) than the ordinary TASEP one.

It is important to remind the reader that we employ the mean-field theory
to investigate in the simplest way the relaxation behaviour of the TASEP.

However, by applying more sophisticated methods and techniques, such
as those used by Kolomeisky in [1] or by Greulich and Schadschneider in
[8], more accurate results regarding stationary states have been obtained,
compared to Monte Carlo methods which simulate the exact dynamics of the
system.
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4.1 One-step inhomogeneity (h = 1)

Let us start with the case where the region of inhomogeneities is of length 1
(in units of lattice steps).

α β

1 1 1 1q 1 1

i = 1 2
. . .

k k + 1
. . .

L

Figure 4.1: Illustration of TASEP with local inhomogeneities of length h = 1
with hopping rate q, placed between sites k and k + 1.

In the case of h = 1 the continuity equations (2.26) reduce to:
ρ̇i(t) = ρi−1(t)(1− ρi(t))− ρi(t)(1− ρi+1(t)), i ̸= k, k + 1

ρ̇k(t) = ρk−1(t)(1− ρk(t))− qρk(t)(1− ρk+1(t)),

ρ̇k+1(t) = qρk(t)(1− ρk+1(t))− ρk+1(t)(1− ρk+2(t)),

(4.1)
with currents (2.27) being{

Ji(t) = ρi(t)(1− ρi+1(t)), i ̸= k

Jk(t) = qρk(t)(1− ρk+1(t)).
(4.2)

4.1.1 Stationary states and Phase diagram

Once stationarity is imposed, one can solve the resulting sytem of equations
ρi−1(1− ρi) = ρi(1− ρi+1), i ̸= k, k + 1

ρk−1(1− ρk) = qρk(1− ρk+1), (i = k)

qρk(1− ρk+1) = ρk+1(1− ρk+2), (i = k + 1)

ρ0 = α, ρL+1 = 1− β,

(4.3)

and obtain the following:

• for α < q/(q + 1) and α < β there exists a low-density (LD) phase
(an example can be seen in Figure 4.2) characterized by a bulk density
ρbulk = α and stationary current J = α(1−α) (as in the ordinary case)
with two boundary layers, a right boundary layer (dependent on β) as
in pure TASEP and an additional layer on the left side of k, dependent
on α and q, with ρk = α/q and ρk+1 = α;
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Figure 4.2: Example of mean-field density profile in the LD phase for h = 1
(L = 500, α = 0.2, β = 0.3, q = 0.6).

• for β < q/(q + 1) and β < α there exists a high-density (HD) phase
(an example can be seen in Figure 4.3) characterized by a bulk density
ρbulk = 1− β and stationary current J = β(1− β) (as in the ordinary
case) with two boundary layers, a left boundary layer (dependent on
α) as in pure TASEP and an additional layer on the right side of k,
dependent on β and q, with ρk = 1− β and ρk+1 = 1− β/q;

Figure 4.3: Example of mean-field density profile in the HD phase for h = 1
(L = 500, α = 0.3, β = 0.2, q = 0.6).

• for α ≥ q/(q + 1) and β ≥ q/(q + 1) there exists a maximal current
(MC)) phase or phase separation (PS) regime (an example can
be seen in Figure 4.4) characterized by two bulk densities ρbulk,left =
1/(q + 1), ρbulk,right = q/(q + 1) (with ρk = ρbulk,left, ρk+1 = ρbulk,right)
and maximal current J = q/(q + 1)2 with two boundary layers, a left
boundary layer dependent on α and a right boundary layer dependent
on β;
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Figure 4.4: Example of mean-field density profile in the PS regime for h = 1
(L = 500, α = 1, β = 1, q = 0.6).

Reporting the above results in an α-β plane, we obtain the (static) phase
diagram sketched in Figure 4.5.

0 q
q+1

1
0

q
q+1

1

α

β
LD

HD

MC/PS

Figure 4.5: Mean-field phase diagram for h = 1. Dashed line denote discon-
tinuous phase transition.

As one can see in the Figure 4.5, the depicted lines represent phase transi-
tions: mean-field theory predicts that all phase transitions are discontinuous
(argued also by [8]). Moreover, in contrast to the pure case, the transition
point α = β = q/(q + 1) now depends on q.

It is worth repeating that, for the case of local inhomogeneities, the max-
imal current state is a phase separation regime: particles have a higher bulk
density on the left of the inhomogeneity site and a lower bulk density on the
right of inhomogeneity lattice site.

At least on a qualitative level, the system state tells us that the local
inhomogeneity is effectively behaving as a bottleneck. Using traffic analogy:
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traffic is slower and denser before the bottleneck, faster and less dense after
it.

Instead, in the other two phases, the system seems to be only locally per-
turbed with respect to the ordinary TASEP case, at least regarding steady-
states. In fact, if one were to superimpose, for example, Figure 3.3 with
Figure 4.3 the only (visual) difference would be the “spike” around the in-
homogeneity.

However, as we shall see, the presence of the inhomogeneity radically
changes, with respect to ordinary TASEP, the relaxation behaviour.

4.1.2 Relaxation matrix and dynamical transitions

The symmetrized eigenvalue problem 2.20 takes the form :


Mi,iui −

√
Jui−1 −

√
Jui+1 = λui, i ̸= k, k + 1

Mk,kuk −
√
Juk−1 −

√
qJuk+1 = λuk, (i = k)

Mk+1,k+1uk+1 −
√
qJuk −

√
Juk+2 = λuk+1, (i = k + 1)

(4.4)

with, as usual, u0 = uL+1 = 0.

To investigate the relaxation behaviour, we first consider q to be fixed
and study λ1 (and sometimes λ2) as a function of α and β.

In the following numerical results will be presented.

HD phase: lines of constant β

Keeping in mind Figure 3.8, we consider λ1 (and λ2 for further discussion)
as function of α, for α > β, with constant β.

As one can see in Figure 4.7, the lowest eigenvalue (depicted in blue)
shows a threshold behaviour for some α = αc(β)

1: for α > αc(β) the lowest
rate remains constant and independent of α while for α < αc(β) the rate
is smaller than the plateau value and, in particular, it vanishes for α = β,
similarly to the ordinary case.

A clearer picture can be obtained by directly comparing or superimpos-
ing the two above mentioned Figures 3.8 and 4.7: the threshold point can
be interpreted as the intersection between the lowest rate of a pure TASEP
(of boundary rates α and β) and a constant line, whose value depends on
β and q due to the presence of the inhomogeneity. However, numerical evi-
dence suggests that for some interval of values of q the above picture can be

1different from the pure TASEP one.
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Figure 4.6: The three lowest eigenvalues as function of α for q = 0.1 (L =
1000, β = 0.03).

seen only if one takes in consideration also λ3, in which two constant values
intersect the pure TASEP rate, as seen in Figure 4.6.

The above mentioned threshold is easily interpreted as a dynamical tran-
sition, similar to the pure TASEP case. In Figure 4.8 the dynamical tran-
sition lines (numerically evaluated) are shown, separating a region in which
the lowest rate is a function of both boundary rates but independent of q,
λ1 ≡ λ1(α, β), from a region in which it is independent of α but dependent
on q and β, λ1 ≡ λq

1(β).

In summary ,the relaxation behaviour shows an overall similarity to the
pure case: there is a region of the phase diagram in which the lowest re-
laxation rate is independent of α; moreover, the lowest rate decreases with
increasing β and goes to zero for β = q/(q + 1), similar to how ordinary
TASEP lowest rate behaves. However, one can observe that the transition
described above is of a different kind with respect to that of the pure TASEP;
they differ in differentiability (in particular with respect to α at constant β):
the ordinary case transition is singular in the second derivative, while in the
h = 1 case, the transition is singular in the first derivative.

In the above sense, the transition is more similar, at least in some partic-
ular cases, to that of the unbalanced TASEP with Langmuir kinetics inves-
tigated by Botto et.al in [7] (see Figure 4 of [7]): the transition appears as
an avoided crossing between the eigenvalues (see e.g. Figure 4.7).
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Figure 4.7: The first two lowest eigenvalues as function of α and constant
β = 0.2 (L = 1000, q = 0.6, k = 500). The blue line depicts the lowest rate
λ1, the orange line depicts the second lowest rate λ2.

Figure 4.8: Mean-field phase diagram with HD phase dynamical transition
lines. Solid lines depict static phase transitions, thin dash-dotted lines depict
mean-field (numerical) dynamical transitions.
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It is important to note that the relaxation behavior in the LD phase
region can easily be obtained by symmetry, recalling property (2.24) (which
is also valid 2 in the case we are considering).

2as stated in [8], the symmetry transformation would also change the position of the
inhomogeneity, however if it is far from the boundaries then the transformation would
leave it far from the boundaries.
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MC/PS phase: lines of constant α

Let us now shift the focus on the MC/PS phase, where the relaxation be-
haviour differs from the ordinary TASEP.

In particular, we start by considering λ1 (and λ2 if necessary) on lines of
constant α.

For example, in Figure 4.9 the smallest eigenvalue λ1 is plotted as a
function of β ≥ q/(q + 1) for α = 1. In contrast to the pure case, the lowest
rate is zero only for β = q/(q + 1) and non-zero for any β > q/(q + 1);
moreover λ1 shows a dynamical transition in which, for β greater than a
threshold value β∗, it reaches a plateau dependent on q through the maximal
current J = q/(q + 1)2, formally λ1 ≡ λq

1. Moreover, the threshold value
β∗ is found to depend on q and the threshold behaviour is found for any
α ≥ β∗ (and symmetrically for any β ≥ α∗ = β∗ when considering constant
β instead).

Figure 4.9: Lowest rate λ1 as a function of β for α = 1 (L = 1000, q =
0.6, k = 500), depicted in blue, together with the constant value 1 − 2

√
J ,

for J = q/(q + 1)2, depicted in orange. Numerical evidence suggests that
the difference between the constant value and the rate λ1 at high β is due to
numerical errors and finite-size effects.
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If, instead, we consider a constant α < β∗ a similar, yet different, picture
is obtained, as one can see in the following figure: the smallest eigenvalue
shows a threshold behaviour (with threshold equal to α) in which the plateau
value is lower than the limit value 1− 2

√
J .

Moreover, the overall picture reminds us of the dynamical transition in
the HD phase where the lowest rate is independent of α (see Figure 4.7).

In fact, the complete behaviour of λ1 in the PS region can be summarized
as follows:

• for α > β and β ∈ (q/(q + 1), β∗) the rate is independent of α, and we
can write λ1 ≡ λq

1(β),

• for β > α and α ∈ (q/(q + 1), α∗) the rate is independent of β, and we
can write λ1 ≡ λq

1(α),

• for α ≥ α∗, β ≥ β∗ the rate is independent of both boundary rates and
only dependent on q through J (λ1 ≡ λq

1).

Figure 4.10: Lowest rate λ1 as a function of β for α = 0.45 (L = 1000, q =
0.6, k = 500), depicted in blue, together with the second lowest rate λ2,
depicted in orange and the constant value 1 − 2

√
J , for J = q/(q + 1)2,

depicted in green.
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The complete lowest relaxation rate “landscape” can also be visualized
through a phase diagram, sketched in Figure 4.11, where the dependence of
λ1 on the parameters α, β and q is made explicit.

In particular, one has that in the region below the HD phase dynamical
transition the lowest rate is independent of q but dependent on α and β, while
above the MC/PS phase dynamical transition the lowest rate is independent
of α and β but dependent on q 3 .

Figure 4.11: Mean-field phase diagram for h = 1 depicting all transitions.
Static transitions are depicted using solid lines while dynamical transitions
are depicted using dash-dotted lines. The position of α∗ = β∗ is illustrative
only, numerical results show that α∗ and β∗ are decreasing functions of q
such that for example α∗(q = 0) = 1 and α∗(q = 1) = 1/2.

Additional results can be found in the Appendix.
As a last comment, let us remind here that all the above results reduce

to the pure TASEP ones when q → 1.

3Since we consider the thermodynamic limit L → ∞, any dependence on L and k is
not made explicit.
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4.2 Two-step inhomogeneity (h = 2)

Let us briefly consider the case of TASEP with local inhomogeneities of length
h = 2.

α β

1 1 1 1q q 1 1

i = 1 2
. . .

k k + 1 k + 2
. . .

L

Figure 4.12: Illustration of TASEP with local inhomogeneities of length h = 2
with hopping rate q, placed between sites k and k + 2.

In this case the continuity equations (2.26) reduce to:
ρ̇i(t) = ρi−1(t)(1− ρi(t))− ρi(t)(1− ρi+1(t)), i ̸= k, k + 1, k + 2

ρ̇k(t) = ρk−1(t)(1− ρk(t))− qρk(t)(1− ρk+1(t)),

ρ̇k+1(t) = qρk(t)(1− ρk+1(t))− qρk+1(t)(1− ρk+2(t)),

ρ̇k+2(t) = qρk+1(t)(1− ρk+2(t))− ρk+2(t)(1− ρk+3(t)),

(4.5)
with currents (2.27) being{

Ji(t) = ρi(t)(1− ρi+1(t)), i ̸= k, k + 1

Ji(t) = qρi(t)(1− ρi+1(t)), i = k, k + 1.
(4.6)

4.2.1 Stationary states and phase diagram

The above equations, once stationarity is imposed, reduce to:
ρi−1(1− ρi) = ρi(1− ρi+1), i ̸= k, k + 2

ρk−1(1− ρk) = qρk(1− ρk+1), (i = k)

qρk+1(1− ρk+2) = ρk+2(1− ρk+3), (i = k + 2)

(4.7)

which allow us obtain the following:

• for α < q/2 and α < β the system is in a low-density (LD) phase
(an example can be seen in Figure 4.13) characterized by bulk density
ρbulk = α, stationary current J = α(1 − α) and, similar to the case
h = 1, two boundary layers, one in the proximity of k and one at the
end of the lattice; in particular we have specific density values ρk+2 = α,
ρk+1 = α/q and ρk = α(1− α)/(q − α);
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Figure 4.13: Example of mean-field density profile in the LD phase for h = 2
(L = 500, α = 0.2, β = 0.3, q = 0.6).

• for β < q/2 and β < α the system is in a high-density (HD) phase
(an example can be seen in Figure 4.14) characterized by bulk density
ρbulk = 1−β, stationary current J = β(1−β) and two boundary layers,
one in the proximity of k and one at the beginning of the lattice; in
particular we have specific density values ρk = 1 − β, ρk+1 = 1 − β/q
and ρk+2 = 1− β(1− β)/(q − β);

Figure 4.14: Example of mean-field density profile in the HD phase for h = 2
(L = 500, α = 0.3, β = 0.2, q = 0.6).

• for α, β ≥ q/2 the system is in a maximal current (MC) phase or
phase separation (PS) regime (an example can be seen in Figure
4.15) characterized by two bulk densities (similar to the case h = 1)
ρbulk,left = 1 − q/2 and ρbulk,right = q/2 and two boundary layers; in
particular ρk = ρbulk,left, ρk+2 = ρbulk,right and in the middle ρk+1 = 1/2;
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Figure 4.15: Example of mean-field density profile in the PS regime for h = 2
(L = 500, α = 1, β = 1, q = 0.6).

As usual, the above can be schematized in a phase diagram:

0 q
2

1
0

q
2

1

α

β
LD

HD

MC/PS

Figure 4.16: Mean-field phase diagram for h = 2. Dashed lines denote
discontinuous phase transitions.

As seen above, the density profiles in all phases appear to be very similar
to the previous case of h = 1, apart from details such as the position of
transition lines as function of q or the specific values of the densities (e.g.
in the two bulks of the PS regime or in the middle layer of the other two
phases).

This suggests that the relaxation behavior does not differ greatly from
the case of h = 1, as we shall see.
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4.2.2 Relaxation matrix and dynamical transitions

The symmetrized eigenvalue problem (2.20) takes the form :
Mi,iui −

√
Jui−1 −

√
Jui+1 = λui, i ̸= k, k + 1

Mk,kuk −
√
Juk−1 −

√
qJuk+1 = λuk, (i = k)

Mk+1,k+1uk+1 −
√
qJuk −

√
qJuk+2 = λuk+1, (i = k + 1)

Mk+2,k+2uk+2 −
√
qJuk+1 −

√
Juk+3 = λuk+2, (i = k + 2)

(4.8)

with u0 = uL+1 = 0.

HD phase: lines of constant β

As one can see in Figure 4.17, also for the case of h = 2, the lowest eigenvalue
(depicted in blue) shows a threshold behaviour for some α = αc(β) and in
Figure 4.18 the HD phase dynamical transition lines (numerically evaluated)
are shown.

Also in this case, there is a region of the phase diagram in which the
lowest relaxation rate is independent of α; with the lowest rate decreasing
with increasing β and going to zero for β = q/2.

MC/PS phase: lines of constant α

Considering again the lowest rate in the PS phase as a function of β for
constant α one finds that the rate is zero for β = q/2 and non-zero for any
β > q/2; similar to the h = 1 TASEP, λ1 shows a dynamical transition in
which, for β greater than a threshold value β∗, it reaches a plateau dependent
on q.

Numerical evidence suggests the existence of a threshold value q∗ (a rough
estimate shows q∗ ≈ 0.3) such that for q > q∗ the plateau value is the limit
1− 2

√
J , similar to h = 1, while for q < q∗ it is smaller and the limit value is

reached by λ2 instead. Examples of the two cases are shown in Figure 4.19
(b) and (a), respectively.
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Figure 4.17: The first two lowest eigenvalues as function of α and constant
β = 0.2 (L = 1000, q = 0.6, k = 500). The blue line denotes the lowest rate
λ1, the orange line denotes the second lowest rate λ2.

Figure 4.18: Mean-field phase diagram with HD phase dynamical transition
lines. Solid lines denote static phase transitions, thin dash-dotted lines de-
note mean-field (numerical) dynamical transitions.
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(a) q < q∗ (b) q > q∗

Figure 4.19: (a) Lowest rates λ1 and λ2 as a function of β for α = 1 (L =
1000, q = 0.2, k = 500), depicted in blue and orange, together with the
constant value 1− 2

√
J , for J = q/2 · (1− q/2), depicted in green.

(b) Lowest rate λ1 as a function of β for α = 1 (L = 1000, q = 0.6, k = 500),
depicted in blue, together with the constant value 1 − 2

√
J , for J = q/2 ·

(1− q/2), depicted in orange.

Other considerations done for h = 1 also apply here but with the due
changes, such as considering α = β = q/2 as the transition point and noticing
that in principle α∗, β∗ can be different from the h = 1 case, so that the
complete behaviour of λ1 in the PS region can be summarized as follows:

• for α > β and β ∈ (q/2, β∗) the rate is independent of α,

• for β > α and α ∈ (q/2, α∗) the rate is independent of β,

• for α ≥ α∗, β ≥ β∗ the rate is independent of both boundary rates and
only dependent on q.

Using notations similar to the h = 1 section (such as λ1(α, β) and λq
1(β)),

the lowest relaxation rate “landscape” can be visualized through a phase
diagram, sketched in Figure 4.20, independent of the q∗ threshold.

Also for h = 2, additional results can be found in the Appendix.
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Figure 4.20: Mean-field phase diagram for h = 2 displayed all transitions.
Static transitions are displayed using solid lines while dynamical transitions
are depicted using dash-dotted lines.
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Conclusions

In this work we have investigated the dynamical transitions of the TASEP
with local inhomogeneities and, when it was possible, compared it to the pure
TASEP dynamical transitions. To do so we applied the mean-field approx-
imation to obtain the non-equilibrium steady states and, most importantly,
a simple “framework”, through the linearization of the resulting (determin-
istic) dynamical system, to study the long-time relaxation dynamics of the
system.

The main results are the behaviour of the lowest relaxation rate as a
function of the injection rate α, the extraction rate β and the value of the
inhomogeneity hopping rate q for two specific values of the inhomogeneities
region size h. Overall, it shows a richer picture than the one of the pure
TASEP, as discussed in the main text, in which the dynamical transitions
distinguish between three main different regions of the phase diagram: a
“slow” subphase whose dynamical behaviour is determined by both α and
β but not by q, a “fast” subphase (which could be further separated into
two subphases) governed by the inhomogeneity hopping rate q and only one
boundary rate (e.g. β in the HD phase region or α in the LD phase region)
and a “boundaries-independent” subphase determined only by q, which is
not present in ordinary TASEP, that appears to be a novelty of the TASEP
with local inhomogeneities.

Moreover, the transitions can be characterized by the type of the singu-
larities they manifest (through the partial derivatives of the lowest rate with
respect to α and β), as done in [7], showing that the “slow” to “fast” sub-
phase transition is first-order-like, in contrast to the pure TASEP in which
the transition is second-order-like, whereas, depending on the parameters h
and q, the “fast” to “boundaries-independent” subphase transition can man-
ifest either type of singularity.
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In general one can expect that the discussion of the above cases applies
also to the general case of TASEP with local inhomogeneities.

In particular, the existence of the three phases low-density, high density
and phase separation can easily be argued (see e.g. [8]) whereas, following the
present work, one can also expect the relaxation behaviour to show similar
dynamical transitions to the ones discussed in this thesis.

However, some details are expected to change, such as the position of
the (static and dynamical) transition lines and the functional form of the
maximal current, which will depend on the particular value of h.
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In this Appendix we report some notable cases in which the eigenvalue prob-
lem of the relaxation matrix can be analytically studied and, when possible,
solved.

Pure TASEP: analytical solution of the eigen-

value problem for α + β = 1

We consider the special case of a flat density profile, in which α + β = 1,
with stationary current J = αβ. Then, the symmetrized eigenvalue problem
reduces to:

un −
√
Jun−1 −

√
Jun+1 = λun n = 1, . . . , L (1)

with boundary conditions u0 = uL+1 = 0.
Imposing the ansatz un = xn one reduces the above problem to finding

the roots of the characteristic equation, which allows one to write a gen-
eral solution that then must satisfy the boundary conditions, obtaining the
eigenvectors and eigenvalues.

Eigenvalue problem

xn −
√
J
(
xn−1 + xn+1

)
= λxn, n = 1, . . . , L (2)

Characteristic equation

x2 − 2

(
1− λ

2
√
J

)
x+ 1 = 0 (3)

Roots

x± =

(
1− λ

2
√
J

)
±

√(
1− λ

2
√
J

)2

− 1 (4)

Eigenvalues
λ = 1−

√
J(x+ + x−) (5)
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General solution

un = c+x
n
+ + c−x

n
−, c± ∈ R (6)

Boundary conditions

Imposing u0 = uL+1 = 0 in the general solution:{
c+ + c− = 0

c+x
L+1
+ + c−x

L+1
− = 0

(7)

Solution Using ϕ as the argument of x+ (such that x+ = eiϕ)1, the
boundary conditions can be used to obtain the expression of ϕ:(

x+

x−

)L+1

= 1 =⇒ e2iϕ·(L+1) = 1 =⇒ ϕ =
πj

L+ 1
, j = 1, . . . , L (8)

(j = 0 would correspond to degenerate roots x+ = x− and it can be checked
that in this case the boundary conditions cannot be satisfied).

Then it can be used to express both eigenvectors (using u1 = c+(x+−x−),
instead of c+) and eigenvalues as a function of ϕ:

un = u1

xn
+ − xn

−

x+ − x−
= u1

einϕ − e−inϕ

eiϕ − e−iϕ
= u1

sin(nϕ)

sin(ϕ)
∝ sin

πnj

L+ 1
(9)

(by normalization, one can find an explicit value for u1 )

λ = 1− 2
√
J cos(ϕ) =⇒ λj = 1− 2

√
J cos

πj

L+ 1
, j = 1, . . . , L. (10)

TASEP with one-step inhomogeneity (h = 1):

solution of the eigenvalue problem for α = β =

1/(q + 1)

In the case of α = β = 1/(q + 1), the density profile reduces to a step
function with values corresponding to the two bulk densities ρbulk,left = 1/(q+
1), ρbulk,right = q/(q + 1) with stationary current J = q/(q + 1)2 (maximal
current).

1One can easily check that real non-zero solutions cannot exist.
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Then, the symmetrized eigenvalue problem reduces to:
ui −

√
Jui−1 −

√
Jui+1 = λui, i ̸= k, k + 1

uk −
√
Juk−1 −

√
qJuk+1 = λuk, (i = k)

uk+1 −
√
qJuk −

√
Juk+2 = λuk+1, (i = k + 1)

(11)

with u0 = uL+1 = 0.
Using a similar approach to the one in the above section, but adjusting

it to take into account that the system is divided into two subsystems, one
has:

Characteristic equation

x2 − 2

(
1− λ

2
√
J

)
x+ 1 = 0 (12)

Roots

x± =

(
1− λ

2
√
J

)
±

√(
1− λ

2
√
J

)2

− 1 (13)

Eigenvalues
λ = 1−

√
J(x+ + x−) (14)

General solution

un =

{
s+x

n
+ + s−x

n
−, if n ≤ k

d+x
L+1−n
+ + d−x

L+1−n
− , if n ≥ k + 1

(15)

Boundary conditions {
s+ + s− = 0

d+ + d− = 0
(16)

Inhomogeneity conditions
(

1−λ√
J

)
(s+x

k
+ + s−x

k
−) =

√
q(d+x

L−k
+ + d−x

L−k
− ) + (s+x

k−1
+ + s−x

k−1
− )(

1−λ√
J

)
(d+x

L−k
+ + d−x

L−k
− ) =

√
q(s+x

k
+ + s−x

k
−) + (d+x

L−k−1
+ + d−x

L−k−1
− )

(17)
using the boundary conditions and characteristic equation then{

s+(x
k+1
+ − xk+1

− ) = d+
√
q(xL−k

+ − xL−k
− )

d+(x
L+1−k
+ − xL+1−k

− ) =
√
qs+(x

k
+ − xk

−)
(18)
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⇓

1

q
=

xL−k
+ − xL−k

−

xL+1−k
+ − xL+1−k

−

xk
+ − xk

−

xk+1
+ − xk+1

−
(19)

Solution Using ϕ as the argument of x+ (such that x± = e±iϕ, ϕ ∈ R)2,
the inhomogeneity conditions can be used to obtain an equation in ϕ:

1

q
=

sin((L− k)ϕ)

sin((L+ 1− k)ϕ)

sin(kϕ)

sin((k + 1)ϕ)
(20)

or after some manipulations

q =
(
cosϕ+

sinϕ

tan(kϕ)

)(
cosϕ+

sinϕ

tan((L− k)ϕ)

)
(21)

which in general must be numerically solved to find all L solutions.
Formally, one can still write that:

un ∝

{
sin(nϕ) n ≤ k,

sin((k+1)ϕ)√
q sin((L−k)ϕ)

sin((L+ 1− n)ϕ) n ≥ k + 1,
(22)

with
λ = 1− 2

√
J cosϕ. (23)

In the particular case in which k = L − k, the equation in ϕ simplifies
and reduces to:

q =
(
cosϕ+

sinϕ

tan(kϕ)

)2

=⇒ tan(kϕ) =
sinϕ

√
q − cosϕ

(24)

Then the smallest solution (assuming ϕ ≪ π but such that ϕ ̸= 0) can be
obtained by linearizing the terms of the equation (see Figure 1); in particular,
we can linearize the tangent term close to its zero ϕ = π/k (with k = L/2 →
∞), instead we linearize the sine and cosine close to ϕ = 0:

tan(kϕ) ≈ kϕ− π, ϕ ≈ π/k (25)

sinϕ
√
q − cosϕ

≈ ϕ
√
q − 1

, ϕ ≈ 0 (26)

⇓
2One can check that no real exponential solutions exist, i.e. such that x± = e±γ , γ ∈ R.
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ϕ =
π

k + 1
1−√

q

=
π

L
2
+ 1

1−√
q

(27)

which then implies that

λ1 ≈ 1− 2
√
J cos

π
L
2
+ 1

1−√
q

→ 1− 2
√
J (28)

for L → ∞, as expected.

TASEP with one-step inhomogeneity (h = 2):

solution of the eigenvalue problem for α = β =

1− q/2

Similar to the h = 1 case, in the case of α = β = 1 − q/2, the density
profile reduces to a step function with values corresponding to the two bulk
densities ρbulk,left = 1 − q/2, ρbulk,right = q/2, but with ρk+1 = 1/2 and
stationary current J = q/2 · (1− q/2) (maximal current).

Then one has:
ui −

√
Jui−1 −

√
Jui+1 = λui, i ̸= k, k + 1

uk −
√
Juk−1 −

√
qJuk+1 = λuk, (i = k)

4Juk+1 −
√
qJuk −

√
qJuk+2 = λuk+1, (i = k + 1)

uk+2 −
√
qJuk+1 −

√
Juk+3 = λuk+2, (i = k + 2)

(29)

with u0 = uL+1 = 0.

Following an approach analogous to that of the previous section, one can
obtain:

Characteristic equation

x2 − 2

(
1− λ

2
√
J

)
x+ 1 = 0 (30)

Roots

x± =

(
1− λ

2
√
J

)
±

√(
1− λ

2
√
J

)2

− 1 (31)

Eigenvalues

λ = 1−
√
J(x+ + x−) (32)
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General solution

un =


s+x

n
+ + s−x

n
−, if n ≤ k

uk+1, (n = k + 1)

d+x
L+1−n
+ + d−x

L+1−n
− , if n ≥ k + 2

(33)

Boundary conditions {
s+ + s− = 0

d+ + d− = 0
(34)

Inhomogeneities conditions
√
quk+1 =

1−λ√
J
(s+x

k
+ + s−x

k
−)− (s+x

k−1
+ + s−x

k−1
− )

4J−λ√
qJ

uk+1 = (s+x
k
+ + s−x

k
−) + (d+x

L−k−1
+ + d−x

L−k−1
− )

√
quk+1 =

1−λ√
J
(d+x

L−k−1
+ + d−x

L−k−1
− )− (d+x

L−k−2
+ + d−x

L−k−2
− ),

(35)

⇓
√
quk+1 = s+(x

k+1
+ − xk+1

− )
4J−λ√

qJ
uk+1 = s+(x

k
+ − xk

−) + d+(x
L−k−1
+ − xL−k−1

− )
√
quk+1 = d+(x

L−k
+ − xL−k

− ),

(36)

⇓

4J − λ

q
√
J

=
(xk

+ − xk
−)

(xk+1
+ − xk+1

− )
+

(xL−k−1
+ − xL−k−1

− )

(xL−k
+ − xL−k

− )
(37)

Solution In terms of ϕ, formally, one can write:

un ∝


sin(nϕ) n ≤ k,
1√
q
sin((k + 1)ϕ) n = k + 1,

sin((k+1)ϕ)
sin((L−k)ϕ)

sin((L+ 1− n)ϕ) n ≥ k + 2,

(38)

λ = 1− 2
√
J cosϕ. (39)

To find the explicit expression of ϕ one has to impose the inhomogeneity
condition:

2 cosϕ

q
− 1− 4J

q
√
J

=
sin(kϕ)

sin((k + 1)ϕ)
+

sin((L− k − 1)ϕ)

sin((L− k)ϕ)
(40)
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or after some manipulations

1

Q
− (

1

q
− 1) cosϕ =

sinϕ

2

( 1

tan((k + 1)ϕ)
+

1

tan((L− k)ϕ)

)
, Q :=

2q
√
J

1− 4J
(41)

which, also in this case, must be numerically solved to find all L solutions.
In the particular case in which k+1 = L−k, the equation in ϕ simplifies

and reduces to:

1

Q
− (

1

q
− 1) cosϕ =

sinϕ

tan((k + 1)ϕ)
=⇒ tan((k + 1)ϕ) =

sinϕ
1
Q
− (1

q
− 1) cosϕ

(42)
Then, similarly to the previous section, considering the case in which 1

Q
̸=

(1
q
−1), the smallest solution can be obtained by linearization (see Figure 2),

in particular the tangent term is linearized close to ϕ = π/(k + 1) while the
sine and cosine are linearized close to ϕ = 0:

tan((k + 1)ϕ) ≈ (k + 1)ϕ− π, ϕ ≈ π/(k + 1), (43)

sinϕ
1
Q
− (1

q
− 1) cosϕ

≈ ϕ
1
Q
− (1

q
− 1)

ϕ ≈ 0, (44)

⇓

ϕ =
π

k + 1 + 1
( 1
q
−1)− 1

Q

=
π

L+1
2

+ 1
( 1
q
−1)− 1

Q

(45)

which then implies that

λ1 ≈ 1− 2
√
J cos

π
L+1
2

+ 1
( 1
q
−1)− 1

Q

→ 1− 2
√
J (46)

for L → ∞, again as expected.
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Figure 1: Plot of terms appearing in equation (24). A graphical solution
suggests that the first non-zero intersection is close to ϕ = π/k and motivates
the linearization done in the section above.

Figure 2: Plot of terms appearing in equation (42). A graphical solution
suggests that the first non-zero intersection is close to ϕ = π/(k + 1).
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