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Abstract

This thesis addresses the critical challenge of executing variational quantum al-
gorithms on noisy intermediate-scale quantum (NISQ) devices by developing and
validating a custom error detection architecture. This architecture is based on
the [4,2,2] encoding scheme, that in our case is specifically tailored for the Quan-
tum Approximate Optimization Algorithm (QAOA) and applied to the Portfolio
Optimization problem.

The methodology first employed the max-cut problem (4 node ring graph) as
a pilot case. The encoded circuit successfully reproduced the known optimal bit
strings (0101 and 1010), confirming the correct implementation of the custom
[4,2,2] encoding and decoding logic. This required implementing a dedicated
library of redefined quantum gates and a decoding function to remap the sampled
physical states back into the original logical code space.

For the core portfolio optimization problem, we implemented the necessary
Hamiltonian structure using QAOA with three layers, avoiding excessive circuit
depth. A specialized post-selection filter was designed to enhance solution quality,
particularly where the native QAOA proved inefficient for this complex problem.
Comparative analyses were conducted on both 4 asset (plotted against a 10000
Monte Carlo possible portfolios, generated in a Markowitz Efficient Frontier) and 3
asset portfolios (visualized using a star plot).

The study compared the encoded and unencoded QAOA performance across
noiseless, simulated noisy, and real quantum hardware (the ibm_torino device).
Results confirmed that despite the greater circuit depth of the encoded system,
which introduced sampling discrepancies, the core solutions remained consistent
with theoretical predictions. The efficacy of the error detection was quantified
via post-selection rates: approximately 12.66% for the simulated noisy model and
12.57% for execution on the real ibm_torino hardware.

These findings validate the successful design and implementation of the [4,2,2]
architecture for the use case under analysis, showing the potential of applying
error detection to non-trivial optimization problems and of partially fault-tolerant
applications on near-term quantum processors.
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Chapter 1

Introduction

1.1 From the birth of quantum mechanics to the
modern quantum computing

1.1.1 Introduction: the dawn of a new computational era

The past century has witnessed an extraordinary surge in scientific and technological
advancements, particularly in fundamental research and its practical applications.
This progress has led to the development of systems that transcend the inherent
limitations imposed by classical physics.

1.1.2 The quantum revolution: a paradigm shift

A pivotal breakthrough in this paradigm occurred in 1901 when the German
physicist Max Planck made a groundbreaking discovery: the emission spectrum
of a "black body" [1] exhibited discrete peaks in its possible emission frequencies.
This contradicted the prevailing theories of classical physics, which had, until then,
comprehensively described our observable world.

From this moment onward, a multitude of scientists embarked on the study and
analysis of these novel phenomena. Their aim was to describe a world invisible to
the naked eye, yet one that occasionally manifests itself with macroscopic effects
on our reality. This endeavor gave rise to what would eventually become one of
the most enigmatic disciplines: "Quantum Physics". Its principles underpin various
modern technologies, including superconductors, atomic bombs, radiotherapy, and
Light Emitting Diodes (LEDs).



Introduction

1.1.3 The rise of classical computing: from war efforts to
data processing

While quantum mechanics was advancing its fundamental discoveries, the advent
of world war II necessitated the creation of rapid and efficient new computational
systems. The urgent need to decrypt secret Nazi messages spurred the development
of the first such machine, "Enigma" [2], conceived by the mathematician Alan
Turing in England. This innovation provided a crucial contribution to the victory
of the United Kingdom in the conflict.

Following 1945, nations globally began to recognize the imperative of developing
and implementing similar computational systems. These machines were essential to
overcome the then insurmountable physical limitations imposed by the vast volume
of data humans could process. This marked the genesis of the era of computational
systems, more commonly known as "Computers".

These systems operate on a language understood by these "electronic brains",
essentially electrical signals that can manifest as either the presence or absence
of a signal. This binary nature opened up a vast field of application for Boolean
Mathematics, specifically the "binary system", which associates the absence of a
signal with a "logical 0" and its presence with a "logical 1". The conversion of a
physical signal into a numerical representation, as in this case, enables complex
calculations to be performed directly by a machine, achieving significantly faster
processing times and relatively high accuracy.

The fundamental unit of these binary systems is termed a "Bit", capable of
assuming either of the two aforementioned values. Combining multiple bits expo-
nentially increases the number of possible combinations (as shown in Figure 1.1).
Each combination is representable as a sequence of bits, known as a "string".

In classical computing applications, a single string can be evaluated at a time,
albeit with varying speeds, but this process is fundamentally constrained by a
sequential regime imposed by technological limitations. Currently, significant
levels of parallelization can be achieved through the classical High-Performance
Computing (HPC) systems utilizing "Clusters" of computers. These clusters offer
substantial computational power with high efficiency, though they involve a complex
hardware structure and non-negligible maintenance costs [4].

1.1.4 The emergence of quantum computing

Consequently, with the widespread implementation of classical computing machines
and the multiple experimental validations of Quantum Mechanics’ theories, the
1990s saw the birth of "Quantum Computing'. This emerging scientific discipline
integrates the computational principles developed thus far with the fundamental
principles of atomic physics.
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Figure 1.1: The number of different permutations possible within a bitstring
increases exponentially with the increasing number of bits in the system. [3]

The foundational principle of quantum computing stems from the discrete nature
of atoms (which can only exist in specific configurations known as "States") and
the probabilistic interpretation of quantum mechanics [5][6]. This dictates that,
under certain conditions, a quantum system can exist in a perfectly balanced
"superposition of states'. This concept is termed the "superposition principle" and
it is graphically represented in Figure 1.2.

Therefore, drawing parallels with the Boolean logic of a bit, this superposition of
states can be described as a probability-weighted sum of the states associated with
the "logical 0" and "logical 1" of our system. This superimposed state is defined as
a "qubit".
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In practical terms, this allows for the creation of a qubit string that inher-
ently contains all possible configurations of all classical strings, enabling their
simultaneous evaluation.

In computational applications, control operations on bits and qubits are per-
formed using 'logic gates" in the classical domain and "quantum gates' in the
quantum domain. The latter, unlike their classical counterparts, are physical
impulses applied to the atomic system [7].

0
® o - 0)
- -~
-7 TS 10) + (1)
@ ! —|1)

Classical Bit Qubit

Figure 1.2: The classical bit admits only the discrete states '0” and ’1’, whereas
the qubit achieves a 'superposition state’ of the two logical ones. [§]

From this principle emerges the objective of creating a "quantum computer"
with virtually instantaneous computational efficiency, all at the cost of a single
hardware device.

Over the years, numerous research centers and companies have engaged in the
construction and development of these devices, leading to the recent advancement
and small-scale commercialization of quantum computing systems for academic
and corporate research purposes [9].

However, the inherent difficulty in controlling structures at the atomic scale,
largely due to decoherence effects caused by "noisy" environments, currently impedes
the full utilization and subsequent scalability of quantum-oriented computational
systems. Among these challenges, this document will specifically focus on overcom-
ing the limitations of random errors through the use of "fault-tolerant" devices.

1.2 Quantum circuits with variational approaches

In the field of computational physics, one of the fundamental pillars for the
development of engineering algorithms is the search for optimal points (maximum
and minimum), which falls within the domain of "optimizers". In the realm of

4
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classical algorithms, numerous methods are designed to search for the best possible
solutions for a given type of problem as comprehensively and efficiently as possible.

With the introduction of quantum computers and, consequently, quantum-based
High-Performance Computing [10, 11], there has been an effort to implement
algorithms for solving more or less complex problems for which one or more optimal
or pseudo-optimal solutions are sought.

The difficulty in maintaining "coherent" and thus time-constant states for our
physical qubits implies a tendency to introduce errors into our system, thereby
limiting the possibility of scaling our systems in terms of the number of qubits
and circuit depth. These limitations are not negligible during the implementation
phase of our algorithms on real circuits. Therefore, the decision was made to adopt
"near-term" computing approaches that feature a quantum execution part and a
classical part, the latter serving, for instance, to optimize the search for our optimal
parameters in circuits with variational approaches.

1.2.1 Variational Quantum Algorithms (VQA)

As previously indicated, Variational Quantum Algorithms (VQA) represent a class
of "near-term" algorithms [12, 13] based on the construction of a parameterized
quantum circuit and a classical optimization component for its parameters.

The fundamental building blocks that enable the definition and implementation
of these particular types of systems are: the construction of an Ansatz (a parame-
terized circuit) [14, 15], the quantum execution of the parameterized circuit, the
classical optimization of the parameters after each execution, and the iteration of
this optimization process for an arbitrary number of times based on the needs of
the problem.

This class of algorithms demonstrates considerable flexibility in the computa-
tional field, offering an effective solution that is comparable to the limitations
imposed by our problem and its complexity.

All the points previously discussed regarding the functional blocks (Ansatz
construction, etc.) will be further elaborated in the following section dedicated to
a specific type of variational algorithm that will be implemented and used for the
purposes of this work. Before delving theoretically and notionally into QAOA, we
will clarify what this particular type of variational algorithm is and why it is useful
and most suitable for our purposes.
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1.3 Quantum Approximate Optimization Algo-
rithm (QAOA)

The quest for increasingly optimal solutions to complex problems in applied physics
and engineering has driven the research and creation of algorithms designed to
meet this need in the simplest and most efficient manner possible.

Over the years, various algorithms have been tested and implemented. Among
the most efficient in the realm of computational sciences applied to quantum
contexts is the Quantum Approximate Optimization Algorithm (QAOA). This
system is based on identifying a minimum or maximum value that is as close as
possible to the global optimum, accounting for a small tolerance inherent to the
system’s complexity. For this reason, it is classified as an "approximate" algorithm.

1.3.1 Introduction to QAOA

The Quantum Approximate Optimization Algorithm (QAOA) [16, 17] is a particular
type of variational algorithm created specifically to solve combinatorial optimization
problems. It features a functional structure identical to the one presented previously
but with a more rigid and synthetic scheme, as it must act directly on combinatorial
structures, which are simpler and more manageable than generic ones.

Advantages of QAOA over other algorithms

In recent years, efforts have been made to create algorithms that could offer
advantages and compete computationally with classical ones. To date, QAOA has
demonstrated excellent performance in these terms, establishing itself as one of the
most prominent and effective algorithms computationally, also from the perspective
of system scalability potential.

Relative to the current error-prone computational capacity provided by quantum
computers, QAOA has shown a significant advantage in solving problems such as
Max-Cut for 3-regular graphs on a sufficiently large number of nodes [18] to the
point of competing with, or even surpassing, the performance of classical algorithms
employed so far.

Furthermore, from this very evidence, it has been deduced and tested that
the use of techniques such as warm-starting QAOA with help from Goemans-
Williamson [19] and the use of "amplitude-amplification" [20] have led quantum
circuits to obtain optimal results by significantly reducing circuit depth and the
number of gates used, and thus the possibility of a deterioration of computational
capabilities due to decoherence effects, which will be discussed and explained later.
The algorithm’s solution process involves four distinct phases, which are reported
in the immediately following subsections.

6
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1.3.2 Hamiltonian construction and computational basis
mapping

Every physical system, particularly a quantum one, can be represented by a
mathematical object called a Hamiltonian. This Hamiltonian describes the sys-
tem’s structure and its energetic evolution, especially when dynamic systems are
considered.

The most renowned form of the Hamiltonian is found within the Schrodinger
equation, which describes the dynamics of any quantum system in nature, rep-
resenting its evolution and establishing the foundation for studying its internal
configuration.

1.3.3 Algebraic (matrix) form of the Schrédinger equation

While the Schrodinger equation is fundamentally based on differential operators
acting on wave functions, in contexts such as quantum computation, where states
are often represented by vectors in finite-dimensional spaces, a matrix formulation is
commonly employed. This approach is especially useful when dealing with systems
that have a discrete and finite number of states, like qubits.

In a finite-dimensional quantum system, the state of the system at time ¢t can
be represented by a state vector (or column vector), and observables (such as the
Hamiltonian) by matrices.

Consider a system residing in an N-dimensional Hilbert space. The state of the
system at time ¢ is given by a state vector |¥(¢)). The time-dependent Schrodinger
equation in this algebraic form is represented as in the equation (1.1).

L d ~
zh%hll(t)} = H|V(1)) (1.1)
Here:

o |U(t)): Represents the state vector, an N x 1 column vector. This vector
encapsulates the superposition of basis states.

« H: Represents the Hamiltonian matrix, an N x N Hermitian matrix that
corresponds to the system’s total energy operator.

Case of a single qubit

For a single qubit, which exists in a two-dimensional Hilbert space (N = 2), the
generic state at time ¢ is given by Equation (1.2).

() = allo) + 5000} = 57 12
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0 || ave the computational basis states. «(t) and

B(t) are complex probability amplitudes that depend on time.

Where [0) = <1> and |1) = (0

The Hamiltonian matrix H for a single qubit is a 2 x 2 Hermitian matrix. This
algebraic formulation is highly powerful as it allows for the modeling of discrete
quantum system evolution and interactions through matrix operations, which form
the bedrock of quantum simulators and quantum computers.

In our context, we will deal with Hamiltonians of quadratic systems. These
systems exhibit a linear contribution related to the parameters of the individual
components and quadratic contributions arising from the multiple interactions
between pairs of elements within the overall system (e.g., Max-Cut graphs, discussed
in the subsequent section). They may also include penalty terms when referring to
constrained physical systems.

Therefore, our initial step for implementing the algorithm is to construct the
Hamiltonian based on the morphology of the system under study. Subsequently, it
is converted into a computational basis, enabling its processing by our quantum
computing apparatus. From this conversion, we can determine the number of
qubits required for implementing the corresponding circuit of our algorithm.

1.3.4 Superposition implementation

Once our quantum circuit is initialized, to simultaneously evaluate all possible
configurations of our system in accordance with the probabilistic logic of quantum
mechanics, we must prepare all qubits in a "superposition state". This is achieved
by applying a Hadamard quantum gate [21] to each qubit, bringing it to the desired
condition (as can be seen in Figure 1.3).

Furthermore, we randomly initialize a set of default parameters to be applied to
our system that we will call "thetas" (as represented in Equation 1.3).

Qi for i = 17---7Nqubits (13)

These parameters will subsequently be optimized to contribute to the optimal or
pseudo-optimal solution of our problem.

1.3.5 Ansatz design

Our ultimate goal is to evaluate an energetic minimum within our system. This
is achieved by calculating the expectation value of our Hamiltonian’s eigenvalues,
through the application of two eigenstates of our system, expressed using bra-ket
notation, as presented in Equation (1.4).

(¥ (0)|H]y(0))
(W(O)p(0)
8
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q [0]

q [1]

q [2]

q [3]

Figure 1.3: The application of a sequence of Hadamard gates is instrumental
in generating a perfect superposition across all computational basis states, thus
enabling quantum parallelism [22]

These unitary quantum states, which symbolize the evolution of our system, can be
translated into our circuit via quantum gates. Each applied quantum gate influences
the circuit’s depth, meaning an increase in depth will consequently increase the
algorithm’s execution time.

We can reasonably assume that during the application of each individual gate,
the value of our Hamiltonian remains constant over time. This assumption defines
the process of "Trotterization" [23, p. 9], which transposes a Hamiltonian, initially
defined on a computational basis, into the discrete regime. This effectively creates a
step-wise evolution of our energy profile, analogous to the process of quantizing an
analog signal for conversion into its digital representation, as depicted in Figure 1.4.

9
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Amplitude
o

0 0.005 0.01 0.015
Time [s]

Figure 1.4: This figure depicts the outcome of Trotterization, demonstrating the
discretization of a continuous system, paralleling the quantization process of analog
signals into discrete levels [24, p. 57].

At this juncture, we consider the two fundamental blocks of our algorithm that
will hardware mimic the unitary evolution of our state: the Mixer Unitary and the
Cost Hamiltonian.

Cost Hamiltonian

The role of this circuit block is to define, at the gate level, the interactions occurring
within our system. This is typically accomplished through controlled R.(6;) gates,
shown in Figure 1.5, which are controllable by the parameter (6;) that must be
optimized subsequently. This optimization facilitates either a constructive or
destructive interference, or more precisely, an interaction between the two states of
the interacting qubits (as as can be seen in Figure 1.5b).

Evidently, our interactions must represent the perfect hardware transposition
of our Hamiltonian interaction and linear terms, as shown in Figure 1.5a, in the
computational basis.

Mixer Unitary

While the Cost Hamiltonian purpose is to allow interaction between the qubits pairs
without altering their current states, the Mixer Unitary role is precisely to vary the
current states of the qubits across all possible configurations, due to the application
of a R,(6;) gates, on each qubits of our circuit (as depicted in Figure 1.6).

The sequential application of these two blocks, repeated for an arbitrary number
of times (defined as the "number of layers') and alternated with the optimization
process, facilitates the generation of our unitary evolutionary states, known as

10
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RZ

(pi/2)

RZ

(pi/2)

RZ
(pi/2)

RZ
(pi/2)

(a) Example of a linear term in the
Cost Hamiltonian.

(b) Example of a quadratic term in
the Cost Hamiltonian.

Figure 1.5: This figure illustrates the components of a Cost Hamiltonian: its
linear term (left, Figure a), which models on-site behavior, and its quadratic term
(right, Figure b), representing interaction between elements [22]. For optimization,
the initial parameters are randomly set to 7.
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Figure 1.6: This figure illustrates the Mixer Unitary for a system composed of
four qubits [22]. Also here the parameters to optimize are randomly set to 7.

"Ansatz", within our system. These Ansatz states enable the definition of our
discretized energy profile.

1.3.6 Optimizer

To identify an optimal or pseudo-optimal value for our problem, a classical op-
timization algorithm is required. This algorithm aims to find an optimal point
(a minimum or maximum, depending on the problem defined). Over the years,
various types of optimization algorithms have been studied [23, p. 23]. However,
for our specific purposes, the gradient-free optimizer named COBYLA was selected,
as it proves optimal for our Max-Cut and Portfolio Optimization objectives, which
will be discussed later [23, p. 51].

Through the cyclic application of this algorithm after each layer (i.e., after each
Mixer Unitary and Cost Hamiltonian), we achieve optimization of our optimal
energy profile values under study via "successive approximations".

To derive the measurements pertinent to our system, by projecting the ensemble
of states permitted by the superposition principle according to the theories of Von
Neumann [25] through a measurement on the qubits of our system, we can obtain
the optimal statistical profile of the states and, consequently, their associated
energetic eigenvalues.

1.3.7 Overall QAOA structure

In summary, by integrating the concepts previously discussed, we can now present
the complete QAOA structure in Figure 1.7.
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Figure 1.7: The complete architecture of the Quantum Approximate Optimization
Algorithm (QAOA), integrating its key components [26, p. 3].
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1.4 Fault-tolerant circuit implementation
and quantum error detection

Working with atomic-scale systems inherently leads to an exponential increase in
their sensitivity to noise. This characteristic is particularly pronounced in quantum
computers and, consequently, in all their derived applications.

As briefly discussed in previous sections (or specifically in the subsection 1.1.4),
one of the most significant challenges for the control and application of quantum
computing systems is the phenomenon of "decoherence". Decoherence causes the
intended prepared and processed quantum state to degrade as the dimensions and
depth of the quantum circuit increase [27].

Decoherence arises from varying intensities of environmental interactions between
our system and its external surroundings. The effects of decoherence can be broadly
categorized into "energetic' (or relaxation) and "dephasing" types.

1.4.1 Types of decoherence
Energetic decoherence (bit-flip errors)

Energetic decoherence leads the system to transition from its desired initialization
or control state to an undesired one. This occurs due to an energetic "relaxation" or
"excitation" that tends to drive the atom towards its naturally more stable energetic
conformation. In the context of quantum computing, for instance, this can cause
the |1) state to flip to |0) or vice versa, depending on the specific circumstances and
the type of environmental stimulus experienced by the system. This phenomenon
invariably introduces errors in the final result and is therefore referred to as a
"bit-flip"; we can observe a representation of the error model into a quantum channel
in Figure 1.8b. In the computational domain, a bit-flip error can be modeled, for
the sake of simplicity and for didactic purposes, by an R,-gate (as can be seen in
Figures 1.8a).

—isin(?
>§ (55)] E(p) = (1 =p)p+pXpX

(b) Kraus representation of the bit-flip
(a) Matrix representation of the parame- quantum channel, with error probability
terized R, () gate. .

Figure 1.8: Mathematical formulation of a parameterized single-qubit rotation
gate (left) and the bit-flip error channel (right), illustrating unitary dynamics versus
stochastic noise processes.
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Dephasing decoherence (phase-flip errors)

The second type of decoherence, dephasing, impacts the phase of the qubits in our
system, leading to spurious values. This deviation from the previously designed
and precisely calibrated control logic for a specific purpose generates an undesirable
interference phenomenon, favoring states that are also undesired for the system’s
solution. Consequently, this leads to a degradation in the statistical and qualitative
fidelity of the results (as can be seen in Figure 1.9b).

Therefore, in the computational domain, these occurrences are termed "phase-
flip" errors. They can be modeled, for didactic purposes, by applying R. () gates,
as shown in Figure 1.9a, which directly act on the phase of the noise-affected qubits
within our system.

poo(t =0)  por(t =0)e "

e—i0/2 0 P(t) = +—0)e It t=0
RZ(Q) - l 0 ei9/2‘| plO( )6 p11( )

(b) Density matrix evolution under phase
(a) Matrix representation of the parame-  decoherence, where I' denotes the dephas-
terized R,(0) gate. ing rate.

Figure 1.9: Mathematical representation of the parameterized R, () gate (left)
and the phase-flip decoherence process (right), showing the exponential suppression
of off-diagonal terms in the density matrix.

1.4.2 Fault-tolerant quantum computing (FTQC)

In the years following the discovery of these experimental evidences, numerous
scientists and engineers addressed the challenge of creating "Fault-Tolerant" systems
[28]. These systems are designed with the capability to be "immune" to errors that
could potentially occur within the physical-logical system.

To implement such systems for the purposes outlined in subsequent chapters of
this thesis, we will refer to fault-tolerant systems developed by Infleqtion. These
systems are designed for creating computational structures for Hamiltonian ground
states, particularly relevant in "Computational Chemistry" [29]. However, the
underlying principles are broadly applicable to any other research and development
area based on these macro-topics.
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1.4.3 Quantum Error Detection (QED)

Another fundamental aspect for the future implementation of truly "fault-tolerant"
systems is the application of "error detection" subroutines [30, 31, 32, 33, 34]. These
encompass the set of processes designed to reveal potential errors that might occur
within our quantum architectures.

This field, specifically applied to quantum computing, is known as "Quantum
Error Detection'. The discipline began to formalize in the mid 1990s with the
theoretical contributions of Shore’s algorithms [35, 36]. Shore’s approach involves
both redundancy and encoding of qubits within the system to identify which qubit
is affected by the so-called "syndrome", an error that has corrupted the value of a
single qubit. However, this method proves to be extremely resource-intensive in
terms of the number of qubits required, making it impractical for current quantum
computing systems.

Parity check method

One of the simplest and most effective methods for Quantum Error Detection is
the "Parity Check" [37, Chapter 5|. This method involves computing the sum
modulo two of the values of two qubits in a given state. If the result is |0), it can
be deduced that the two qubits possess the same logical value. Conversely, if the
sum yields |1), it implies that their logical values are different. We can observe the
circuit implementation in Figure 1.10.

0) D

Figure 1.10: Diagram illustrating the implementation of a parity check for
Quantum Error Detection. [37, p. 197]

This system proves particularly effective when analyzing two qubits that are
intended to undergo the same form of control or initialization. Furthermore, the
structure of the sum qubit, referred to as the "ancilla", can be manipulated to

16



Introduction

achieve consistency even for values that, due to design and functionality, must inher-
ently differ. Nevertheless, various phenomena can occur atypically and randomly,
potentially rendering the error imperceptible to this system.

Implementations of error detection for bit-flip and phase-flip

As previously discussed, the Parity Check can be applied to two arbitrary qubits in
our system. This involves applying control gates to our, so called, "ancilla" qubits,
which are used to store the sum result for error detection. The measurement is
then performed on this ancilla, thereby avoiding the "destruction" of the main qubit
values that would occur from direct measurement.

In Figure 1.11, we demonstrate an implementation for a system developed by
Infleqtion.
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Figure 1.11: Circuit diagram illustrating error detection apparatus, as imple-
mented by Infleqtion [29].

As depicted in Figure 1.11, a "syndrome measurement and error detection"
layer can be effectively inserted, interspersed with the process layers that are more
functional to the execution of our quantum algorithm.
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We then illustrate, in Figure 1.12, a system that leverages a fault-tolerant
approach for QAOA, interspersing its computational layers with syndrome measure-
ment layers. This method aims to either confirm or discard the results obtained
from the algorithm’s execution in noisy computational environments.
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Figure 1.12: Schematic representation of a fault-tolerant QAOA system in-
corporating syndrome measurement layers, similar to approaches developed by
institutions like JP Morgan [38].

These systems, implemented to render a quantum computing system as immune
as possible to the occurrence of errors, are generally referred to as "stabilizers". Their
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detailed description can be found in Daniel Gottesman’s seminal book, "Surviving
as a Quantum Computer in a Classical World" [37].

The [4,2,2] encoding method

The encoding method for fault-tolerant gates and circuits is designated as [4,2,2].
This method involves dividing the quantum circuit into blocks of four physical
qubits. Conventionally, within each block, the logical value is mapped onto the two
upper qubits, while the two lower qubits are employed as "control" for redundancy,
thereby enabling the detection of potential errors. This specific method will be
referred to later in this chapter as a "parity check" [39, 40].

The table shown in Figure 1.13 presents various [4,2,2] implementations, as
treated by Infleqtion, illustrating the states that are instrumental in constructing
the circuits for the demonstrations presented in this work.

1.5 Problems and applications

In this section, we will discuss two application cases of our QAOA algorithms,
with the goal of optimizing two well-known problems in the computational world:
Max-Cut [41, 42] and Portfolio Optimization [43, 44].

1.5.1 Max-Cut

This type of problem aims to find the "cut’, or the set of nodes, that is optimal
(with the minimum or maximum cost depending on the requirement) relative to a
topology of points, called "nodes", which are connected in different ways depending
on the type of structure considered.

Each connection can have a specific weight based on the parameters of the
case being dealt with. On a geometric and topological level, these structures,
formed by nodes and connections, are called "graphs" and are common objects in
computational mathematics.

The graph must be represented in a numerical form that is compatible with our
computing systems. Among the many possible representations, the most common
is the "adjacency matrix", in which the graph is defined as an N x N matrix, where
N represents the number of nodes present, arranged in progressive order to serve
as indicators for the two ends of the connections, and where the elements inside
the matrix represent the values associated with the various connections between
the nodes.
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Figure 1.13: Table of various [4,2,2] fault-tolerant gate implementations by
Infleqtion [29], illustrating states useful for circuit construction.
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Figure 1.14: Example of an adjacency matrix.

Our problem

For our case study, a four-point ring graph was chosen, as indicated in the NVIDIA
test example [45] and depicted in Figure 1.15.

Figure 1.15: The 4-node ring graph (cycle Cy) with nodes labeled from 0 to 3,
starting at the top-left corner and increasing clockwise.

Now, given the topology of this object, we must design a Hamiltonian that
represents it so that it can be inserted into the parameter optimization algorithm
that will define the QAOA’s Ansatz, in order to return the best possible cut.

How to construct the Hamiltonian

For our problem, we know that the qubits of our logical system will be equal to
the nodes of our graph. Therefore, our Hamiltonian will be purely an interaction
Hamiltonian, and thus, a sum of the interactions between all possible pairs of
consecutive logical qubits with a cyclic structure, by means of tensor products
between 7 gates on the qubits involved, with uniform weights on the connections.

Thus, we can computationally describe our Hamiltonian for Max-Cut as shown
in Equation (1.5).

He= > (Z;®Z)) (1.5)

(i,J)EE

How to construct the Ansatz for QAOA

In the case of QAOA, the Ansatz must perfectly mimic the previously defined
Hamiltonian at the circuit level. Therefore, the mix-unitary will simply be the
application of parameterized Rx gates on all the logical qubits of our circuit, while
the Cost Hamiltonian will be composed of parameterized control-Rz gates between
all possible pairs of adjacent qubits in a cyclic structure.
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In the following chapters, we will analyze the practical implementation of all
these concepts, also in the case encoded with the method [4,2,2].

1.5.2 Portfolio Optimization

Portfolio Optimization is our second and final application discussed in this work.

Problem description and objective

In the financial field, Portfolio Optimization is one of the most widely discussed
problems for which modern computational techniques can be used to solve this far
from trivial problem.

The ultimate goal is to create an optimization algorithm that allows us to
analyze the historical evolution of prices for given assets and to evaluate how many
shares to buy and sell (in our case, we will only deal with optimization problems
for buying [46]) with the ultimate goal of having a portfolio that maximizes the
economic "return" and minimizes the "volatility" of a given asset structure.

This will be verified by comparing the data we obtain with those verified by the
Markowitz efficient frontier [47].

Definition of the Hamiltonian in the continuous domain and mapping to
the Ising computational structure

The fundamental parameters that will be essential for defining a Hamiltonian, and
thus the energy profile described by our problem, are: the expected return, the
covariance matrix, and the vector of prices for each asset.

Expected return (1) [Equation (1.6)] This parameter describes the average
gain we can expect due to the negative fluctuation of prices for a given asset i,
calculated over a given discrete time interval from 0 to T.

Hi = 727"3 (1.6)

Covariance matrix (X)[Equation (1.7)] This is the covariance matrix of the
asset prices that defines how the various assets and their prices are correlated with
each other, and it will be a useful parameter for defining volatility.

1

0ij = Bl(ri — i) (rj — )l = 77— 2((7“5 = 1) (r5 = 7)) (1.7)
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Vector of prices (P)[Equation (1.8)] This object is simply the vector of
today’s prices (at time T) for the assets considered.

P =p! (1.8)

Once these parameters are obtained, we can proceed with the definition and
construction of our problem [46].

Definition of the mathematical problem

The problem can be defined as follows. We start by defining the cost function in
the continuous domain as shown in Equation (1.9).

L(x):p'r—qe'Yx (1.9)

Now we impose the constraint that the sum of the purchased actions is equal
to the imposed budget, and we aim to maximize our cost function in a way that
increases returns while minimizing volatility (as we can observe in the system of
Equation (1.10)).

: T T
{maxﬁj\gx) cmax(p’ v — qr' Xx) (1.10)
st.y iy =1

Now we reformulate the problem in the discrete domain so that the shares are
integers, which corresponds to a more realistic case, and we normalize the three
previously seen parameters with respect to the budget, as depicted in the group of
equations in Equation (1.11) .

p/:E, p=Popu  Y=(Pox) oPF (1.11)

The problem is then reformulated as in the system of Equation (1.12).

(1.12)

max L£(n) : max(u'n — gn'¥'n)
st.P'n=1

Quantum formulation

To map our problem onto a quantum circuit to perform optimization, we must
first calculate the number of bits needed to represent our problem. Subsequently,
we must build an encoding matrix that will allow us to move between the integer
domain and the binary domain required by our machine.
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Let’s calculate the number of qubits needed to encode our problem. First, we
calculate the maximum integer number of shares to represent the prices for each
asset, as indicated by Equation (1.13).

B
mar — Int [ — 1.13
ne = In (H) (1.13)

Next, we want to represent the elements of this vector of integers (nmax) as
the number of qubits necessary for the encoding of this algebraic object, with the
following Equation (1.14).

d; = Int(log, ni"™) (1.14)

Now we know the number of qubits needed to encode our problem, which will
be equal to the sum of the maximum qubits required to encode the normalized
price of our assets, so that it is computationally processable. We proceed to create
a matrix of dimensions N x M, where N will be the number of assets and M will
be the total sum of the qubits required by our system for each asset. This will
serve as a map to lead us from the computational domain (binary system) to the
integer domain for a more understandable and direct visualization of the shares
to buy for each asset in order to obtain our optimal portfolio, maximizing returns
and minimizing volatility. The matrix is constructed as shown in Equation (1.15).

20 .20 0 ... 00 ... 0 ... 0
0O ... 0 20 ... 22 0 ... 0

C=1. o . . . (1.15)
O ... 0 0 ... 0 ...20 . 92dn

At this point, we can convert our previously normalized parameters: expectation
values, covariance matrix, and prices, by mapping them to a "Binary Quadratic Op-
timization Problem" model as depicted in the group of equations in Equation (1.16).

n=Cb, /' =C%)/, ¥=C'YC, e P'=C'P (1.16)

The problem is then reformulated, as shown in Equation (1.17), with the new
terms:
max L(b) : mgxx(u"Tb — gb"x"b) (1.17)

At this point, it is possible for us to trace back to a "QUBO" (Quadratic
Unconstrained Binary Optimization) model by integrating the budget constraint
into our cost function, also integrating a penalty term A in order to keep my
optimization function as much as possible within the imposed limits.

max L(b) : m&x(u"Tb —gb"Y"b — A(P""h —1)?) (1.18)
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At this point, our QUBO formulation, shown by Equation (1.18), is still a
maximization problem and is not compatible with a Hamiltonian form in computa-
tional terms applicable to our QAOA optimization system; therefore, a final step is
required.

In the final analysis, recent studies have shown the strong compatibility between
QUBO models and Ising Hamiltonian structures [48]. The Ising Hamiltonian
structure is defined in terms of linear and quadratic coefficients, therefore describing
an interaction between two objects; which is perfectly comparable to our Portfolio
Optimization system, in which a covariance relationship is defined between the
price fluctuations in all possible assets.

The bits of our QUBO model must be converted into spin elements in the way
shown by Equation (1.19).

1+Si

bi_>
2

(1.19)

Furthermore, it is necessary to convert and rearrange the coefficients of the
QUBO model in terms compatible with our Ising system; this can be done, for
example, through tools available from Python libraries as we will see in the following
chapters.

At this point, it is possible to obtain the Ising Hamiltonian corresponding to our
QUBO model in the form depicted by Equation (1.20), in terms of spin components:

Il’lSiIl Z(S) . Il’lSiIl (Z hiSi + Z Jz'jSiSj) (120)

i?j

As a final step, we proceed to translate this Hamiltonian into terms of Z gates,
in order to map the Ising Hamiltonian into computational terms (as we can observe
in Equation 1.21).

,L"j

At this point, we have constructed our Hamiltonian in a suitable manner to
design our Ansatz in order to calculate our optimal portfolio, using QAOA.

1.6 Tools adopted

For the purposes of this work, we have utilized two fundamental tools for the
development and creation of our algorithms: Qiskit and CUDAQ.
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1.6.1 Qiskit

Qiskit [49] is an open-source framework developed by IBM for writing quantum
circuits for both simulations and execution on real IBM quantum hardware, to
which it is possible to connect remotely.

The logic follows a CPU-centric paradigm with a certain "serialization" of com-
mands and actions imparted to the system. This is due to the specific architecture
defined by IBM, which does not allow for significant computational speedups.
Qiskit’s lack of performance in terms of speedup is balanced by a simpler and more
immediate programming approach. It presents a "qubit-agnostic" approach, making
it compatible with the different technologies offered by its developer. This system
is now mature, although it is in continuous evolution.

1.6.2 CUDA-Q

CUDA-Q [50] is also a tool conceived and developed for the simulation of quantum
circuits with high computational performance. This is thanks to its GPU-centric
architecture, which allows for a significant speedup compared to the CPU-centric
paradigm, with potential scalability in the number of qubits usable during simula-
tions and executions.

This particular integrated library was designed to be optimally interfaced with
NVIDIA hardware. Due to its system’s inherently parallel logic, CUDA-Q presents
a higher complexity in terms of programmability compared to Qiskit. This is
because GPUs require memory contiguity to ensure optimal performance, thus
requiring linear indexing and the flattening of N-dimensional data structures into
one-dimensional ones.

Both libraries are programmable in Python. CUDA-Q also offers the possibility
of being programmed in C++ and its compiler (nvq++) is optimized to efficiently
execute hybrid code on various hardware architectures.

In summary, Qiskit is an ideal choice for those who want a complete frame-
work oriented towards learning and research, with immediate access to IBM’s
hardware. CUDA-Q is the best choice for developers and researchers who need
high-performance quantum simulations, leveraging NVIDIA hardware to accelerate
hybrid workflows.

For our purposes, we will predominantly use Qiskit, while we will relegate CUDA-
Q only for the development and initial testing of our first Max-Cut algorithms that
will be discussed in the following chapters.
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Chapter 2

Methodology

2.1 Research objective and context

Given the theoretical premises established in the preceding chapter, we now pos-
sess the necessary background to comprehend the methodology and experimental
development of our research project.

2.1.1 Final objective: Portfolio Optimization

Our ultimate goal is to perform Portfolio Optimization using the Quantum
Approximate Optimization Algorithm (QAOA) (refer to Section 1.3 in Chapter 1
for the algorithm’s introduction).

The algorithm will take into consideration an arbitrary number of assets, their
corresponding daily price changes over a one-year time frame, and a set of param-
eters quantifying the allocated budget and the user’s risk tolerance. The output
will be the optimal portfolio, defined in terms of the integer number of shares
to purchase, with the aim of maximizing return while minimizing volatility. The
resulting distribution of solutions will be visualized on the Markowitz efficient
frontier to allow for visual validation of the algorithm’s optimized results.

The entire work will encompass two separate simulations: a noiseless simulation
and a noisy simulation, in order to quantitatively compare the results obtained
under different operational configurations.

2.1.2 Quantum hardware constraints and encoding

Our objective is to design the algorithm to be processable on real quantum hardware,
which currently implies a limitation on the number of qubits.

Given the current state-of-the-art of quantum computers, an encoding procedure
is necessary. This will be achieved using the [4,2,2] code developed by Infleqtion
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(as discussed in Subsection 1.4.3 of Chapter 1), to make the process as fault-
tolerant as possible. This approach will incorporate an error detection apparatus
(note that since this work is aimed at a neutral atom machine, which currently does
not support error correction, we will limit ourselves to the error detection process).

2.2 Algorithms development

To properly encode the Portfolio Optimization algorithm, we must first construct
encoding models based on well-known logical structures to verify the correct
functioning of our encoding and decoding processes, should the latter be required.

2.2.1 Initial test case: Max-Cut problem

Our well-known test case is the Max-Cut problem for a 4-node ring graph, a
standard structure provided by NVIDIA within the CUDA-Q framework, for which
the two optimal solutions are clearly defined. These known solutions are essential
for guiding the debugging process of our encoded algorithm. If our computed
results deviate from the expected logical results, it would indicate an error within
our control flow, compromising the fidelity of the final outcomes.

PROGRAM 0: CUDA-Q verification of the Max-Cut structure

We will analyze a case study available online from NVIDIA, which implements a
well-structured QAOA algorithm for the Max-Cut of a 4-node ring structure, where
the solutions are known [45]. The program is developed in CUDA-Q.

In this initial program, we first tested the algorithm to verify the correctness of
the stated results. Subsequently, we proceeded with a generalization for arbitrary
graphs, which will serve as a starting point for future encoding processes, once the
scalability of quantum computers permits volumes comparable to those indicated
here.

Generalized QAOA algorithm for an arbitrary graph (NVIDIA adapta-
tion)

1. Define necessary libraries:
We begin by importing and defining the necessary libraries required for the
proper execution of our code. First, we import cudaq, which serves as our foun-
dational library for writing and defining the quantum program. Subsequently,
we import spin from cudaq, which is responsible for defining the Hamiltonian
through the interactions between the various nodes of the graph. Finally, we
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import numpy and math, which are essential for handling the numerical and
mathematical structures within our algorithm.

. Define the graph connection function (define_graph_connections):

This function processes an adjacency matrix from the graph matrix.txt
file describing a graph and translates it into a list-of-lists data structure.
This structure is essential for constructing the Interaction Hamiltonian and
the QAOA Ansatz. To properly and completely structure our function, we
follow a straightforward and efficient logic tailored for processing Kernel-GPU
structures that leverage memory contiguity to optimize data processing.

Initially, we open the file containing the adjacency matrix that represents
our graph and read all its rows, storing them in a variable. Subsequently,
the matrix is converted into an equivalent form with a structure that is
comprehensible to our software. The number of qubits is then defined as equal
to the number of elements in a row of the matrix, which corresponds to the
number of nodes in the graph.

Next, we define two initially empty lists that will hold the graph interactions
in matrix form and in a linearized format compatible with the kernel logic.

We then iterate over the elements of the adjacency matrix to check whether any
of them are equal to “1.0”, which, in our case, corresponds to the interaction
weight. If such elements are found, it indicates that a connection exists between
the nodes identified by the corresponding indices. These connections are then
numerically appended to our data structures, faithfully reconstructing the
interaction structures needed to define our Cost Hamiltonian. The function
in the end returns a list of interactions for the QAOA kernel, containing the
indices for the control and target qubits involved in the interaction, a list
of interactions with their indices and weights/values (useful for Hamiltonian
construction), and the number of qubits (i.e., the number of nodes) for our
system. Note that we discard all "self-interactions" where a qubit interacts
with itself.

. Define the Hamiltonian construction function
(construct_graph_hamiltonian):

Given the list of connections, as defined by the model in the previous chapter
(refer to Section 1.5.1 in Chapter 1), we multiply each interaction weight by
the tensor product of the Z quantum gates (interaction gates) applied to
the qubits of the interaction pair. We sum all contributions and return the
Hamiltonian necessary for evaluating the expectation value to be minimized
by our algorithm.

. Define fundamental QAQOA circuit parameters:
We set the number of layers to p = 2 and define the number of parameters
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(angles) that our program must return, which is 2p = 4, as we must implement
a Cost Hamiltonian and a Mixer Hamiltonian, each with its own angle, for
every layer.

. Linearization of connection structure for GPUs:

Since we are working with CUDA-Q and, consequently, with algorithms
that will be processed on GPUs to boost performance and leverage memory
contiguity, the linearization of multi-dimensional structures like matrices is
necessary. In our case, we linearize our list of connections for the kernel as
indicated below. Elements in even positions (including position 0) serve as
the control qubits, while those in odd positions serve as the target qubits.

. Define the kernel as the QAOA Ansatz
(kernel_gaoa_general_graph):

We define the kernel function, which takes the number of qubits, the number
of layers, the list of angles, and our linearized interaction vector as arguments.
This function returns the circuit that serves as the QAOA Ansatz, including:

o An initial superposition layer using Hadamard gates to allow for statis-
tical equipartition of solutions.

e The Cost Hamiltonian translated into parameterized interactions
(control-R, gates) based on the angles, applied to the involved qubits
according to the interaction list.

o The Mixer Layer, which applies a parameterized R, gate to every qubit
to explore the entire space of possible combinations.

We apply the Cost Hamiltonian and the Mixer for the specified number of
layers (p), perform measurements, and retrieve the angles to optimize the
process using a classical optimizer (we will use COBYLA).

. Define initial parameters and the optimizer:

We define random seeds and set up the classical optimizer that will be used
in our program. Specifically, as previously announced, we employ COBYLA. It
is worth noting that other optimizers are available, including gradient-based
ones, which we will not implement or discuss in this thesis.

Subsequently, we initialize the angles to be assigned to our parameters, which
will be optimized as the number of layers in our circuit increases.

. Define the objective function, optimization, and circuit sampling:

We now define the objective function by transforming our linearized vector
into a Python list and returning the expectation value of the Hamiltonian
with respect to the states defined by the Ansatz. Using this result, we
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optimize the parameters with COBYLA. At the end of the circuit, we impose
the measurement by sampling our results and visualizing their statistical
distribution. If desired, the circuit can be printed at the end of the algorithm
to provide a graphical visualization of the developed hardware implementation.

Optional random graph generation: Should one wish to generate a random
adjacency matrix (as can be seen in Figure 2.1) starting from an arbitrary graph of
N nodes, it is possible, using the graph_analysis.py program and the networkx
library, to construct such a graph. The program outputs an adjacency matrix to
a file (graph_matrix.txt) and a plot of the graph. This allows the matrix to be
fed into our main program to perform Max-Cut via QAOA for a generic graph.
Program correctness was previously verified by applying the algorithm to a small
adjacency matrix corresponding to the standard 4-qubit Max-Cut graph instance
documented by NVIDIA.

00 0.0 00 1.0 1.0 1.0 00 0.0 1.0 1.0
0.0 00 1.0 1.0 1.0 1.0 1.0 1.0 0.0 1.0
0.0 1.0 0.0 0.0 0.0 1.0 0.0 1.0 1.0 1.0
1.0 1.0 0.0 00 1.0 0.0 1.0 0.0 0.0 0.0
1.0 1.0 0.0 1.0 0.0 0.0 0.0 0.0 1.0 0.0
1.0 1.0 1.0 00 00 0.0 1.0 1.0 1.0 0.0
00 1.0 00 1.0 00 1.0 00 1.0 1.0 0.0
0.0 1.0 1.0 0.0 0.0 1.0 1.0 0.0 1.0 0.0
1.0 0.0 1.0 00 1.0 1.0 1.0 1.0 0.0 0.0
1.0 1.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Figure 2.1: The adjacency matrix A for the 10-node test graph

PROGRAM 1: Qiskit implementation of encoded QAOA, Max-Cut on
the 4-node ring graph with [4,2,2] encoding;:

Following the verification of the CUDA-Q Max-Cut algorithm on the 4-node ring
graph benchmark (based on the NVIDIA case study), we proceed to implement
the encoded version using the [4,2,2] module developed by Infleqtion. This is
performed on the identical graph model, as detailed in Chapter 1 Section 1.4.3,
to confirm that the selected encoding method yields results consistent with the
unencoded approach.

Implementation context: Due to the collaborative nature of this research
project across multiple sections, this specific implementation utilizes Qiskit libraries.
The CUDA-Q implementation is delegated to other team members, allowing for a
complementary integration and comparative analysis, particularly in preparation
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for future execution on actual quantum hardware. This hardware-specific phase,
however, falls outside the scope of this thesis, for the study case of the Max-Cut,
which focuses exclusively on the logical and functional aspects of the quantum codes
under simulation. In contrast to the Max-Cut case, the Portfolio Optimization
algorithms will also be executed on physical quantum hardware. This step is crucial
to evaluate their performance and the validity of the results under real-world
conditions.

Development of the encoded [4,2,2] QAOA for the 4-node Max-Cut case:
The development of the encoded QAOA for the NVIDIA 4-node test graph is
structured as follows:

1. Library and utility integration:
We integrate the necessary libraries, including a custom file named "funzioni _
logiche_qgiskit". This file contains the predefined encoded quantum gates
and the post-processing function crucial for program execution.

The file’s structure and contents will be presented at the conclusion of this
subsection to provide an immediate and functional overview of the full system
implementation. Here, it is crucial to focus on importing all the libraries neces-
sary to define our circuit via software. These include QuantumRegister com-
ponents combined together to form a single, comprehensive QuantumCircuit
that implements our algorithm. Additionally, we import mathematical tools
useful for working in binary spaces, such as itertools, which will be used to
generate all possible bitstrings producible by our code, and numpy, to generate
data structures that are interpretable by our software.

2. Parameter definition:

We define the fundamental parameters for the quantum circuit construction:
the number of logical qubits, a reduced number of ancillas to minimize hard-
ware requirements, the number of QAOA layers, the resulting number of
optimization angles, the number of encoded blocks, the block size, and the
nature of the parameters (5) The ancilla qubits are specifically dedicated
to the detection of bit-flip and phase-flip errors following the encoding stage.
While the original implementation requires an additional ancilla for each
encoded block, we optimized the qubit count for our simulation by employing
only two ancillas for all blocks, incorporating a reset operation upon syndrome
detection.

This program is intended as a control check on the proposed encoding scheme’s
efficacy, rather than an optimal simulation for a specific study case.

3. QAOA encoded Ansatz construction:
We define the quantum circuit that serves as the QAOA Ansatz.
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a) Function declaration: We declare the function, passing the necessary
parameters for the algorithm’s execution, that are: the number of logical
qubits under consideration, the number of circuit layers to be employed, the
list of parameters to be optimized, the block size for encoding (expressed
in terms of physical qubits per block), the number of ancillary qubits
utilized, and the total number of encoding blocks, which is set to [Ny /2],
where Ny denotes the number of logical qubits. This choice arises from
the constraint that each encoding block accommodates at most two logical
qubits.

b) Circuit register constitution:
The quantum circuit is constructed from several registers: the logical
qubit register (qvector), system ancillas (ancillas), syndrome prepara-
tion ancillas (syndrome_prep), and a classical register (syn_class) for
recording ancilla measurements. All registers are incorporated into the
complete quantum circuit object (qc), which is returned by the function.

c) State encoding and error detection:
All |0) states are encoded using the method suggested by Infleqtion. For
each block, an ancilla verifies the operation’s integrity. If this ancilla
measures |1) (detected via Qiskit’s if_test () method), it is immediately
reset. This reset mechanism is purely illustrative for error detection
purposes and is sufficient for our current scope.

d) QAOA evolution and ancilla checks:
The Cost and Mixer Hamiltonians are implemented using the encoded
functions from funzioni_logiche_qiskit. The process is iterated over
each layer to form the full Ansatz. At the end of each layer, dedicated
ancillas are analyzed and reset if a |1) state is measured.

e) Circuit verification:
The circuit could be printed for verification and returned by the function.

4. Observable Hamiltonian definition:
We define, in Listing 2.1, the Hamiltonian required for evaluating the system’s
expected energy value, which serves as the objective function for optimization.
The entire Hamiltonian must be mapped from the logical to the physical space
using the logical_z spin() function for each logical Z interaction gate. The
interaction weights remain invariant.
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# Define the Cost Hamiltonian, mapping it to the physical
qubits.

cost_hamiltonian = 0.5 * (logical_z_spin(0) @ logical_z_spin
(GDDAN
+ 0.5 * (logical_z_spin(l) @ logical_z_spin(2)) \
+ 0.5 * (logical_z_spin(2) @ logical_z_spin(3)) \
+ 0.5 * (logical_z_spin(3) @ logical_z_spin(0))

Listing 2.1: Physical Observable Hamiltonian

Circuit generation and measurement: The circuit is generated using the
previously defined function, and measurement gates are appended (as can be
seen in Listing 2.2).

circuit=qaoa_algorithm_ansatz(logical_qubit, layer_count,
tehtas, block_size, n_ancillas)

circuit.measure_all ()

circuit.parameters

Listing 2.2: Circuit Generation and Measurement

Backend selection and transpilation:

We select the simulation backend and impose transpilation with optimization
level 3, yielding a physical circuit candidate for optimization. This process
translates the quantum circuit from a technology-agnostic representation,
completely independent of hardware constraints, into a form compatible with
the physical limitations and control capabilities of a selected quantum hardware
platform. For simulations not tied to specific hardware, we leverage one of
the numerous simulators available within the Qiskit ecosystem; in our case,
we employ the AerSimulator () class provided by the qiskit-aer library.

Initial parameters and cost function:

We choose the initial parameters and define the cost_func_estimator func-
tion. This function computes the energy expectation value for the encoded
system, ensuring the observable is correctly mapped from virtual to physical
qubits.

Optimization process:

The optimization process employs the COBYLA algorithm to find the optimal
parameters. These values are then assigned to the physical, encoded circuit.
With regard to the minimization process in our program, we decided to adopt
the function minimize available in the scipy library, in order to determine the
accessible energetic minimum corresponding to the degree of approximation
of the energetic Hamiltonian defined by our system.
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9. Sampling and result analysis:
The results are sampled and stored in dictionaries, mapping binary and integer
configurations to their recurrence counts, sorted by decreasing probability.

We must reverse the bitstring order due to Qiskit’s Little Endian convention
and filter the results to include only those where all ancilla measurements
are |0). While this filter is simplified here due to the reduced, reset-based
ancilla system, it is indispensable in a complete fault-tolerant architecture,
particularly in noisy environments.

10. Distribution visualization and decoding:
We generate and display the histogram of the result distribution.

Finally, the custom postprocessing function, post_processing decoding,
remaps the measured physical configurations back to their logical counterparts.
This function returns the two most probable Max-Cut logical configurations
and the dictionary containing the logical-to-physical map, allowing for a final
performance evaluation against the unencoded NVIDIA result.

LIBRARY: encoded quantum gates and post-processing function:

As previously introduced, we now detail the structure of the dedicated library
file, funzioni_logiche_qiskit. This file is essential for providing the [4,2,2]
encoded quantum gates necessary to correctly implement the QAOA Ansatz and
the corresponding logical Z operator transformation for the Cost Hamiltonian. A
comprehensive reference file covering all F'T quantum gates discussed by Infleqtion,
implemented in CUDA-Q), is available in the associated GitHub repository [51].
The internal structure and functions of our Qiskit library are detailed as follows.

1. Library imports:

We import the necessary Python and Qiskit libraries required for the imple-
mentation of the encoded logic. The first library to be imported is qiskit,
which enables the use of all the tools necessary to construct our quantum
circuit. Subsequently, we import product from the itertools library, in
order to generate all possible combinations obtainable within our system. This
will be useful for creating a dictionary that maps logical combinations to
their physical counterparts. Finally, we import the Pauli operators, which will
be instrumental in remapping the Cost Hamiltonian from the logical to the
physical representation.

2. Implementation of encoded R, gate:
The fault-tolerant Ry gate, essential for the Mixer Hamiltonian, is imple-
mented according to the specifications of the [4,2,2] code, this part is omitted
by the paper of Infleqtion, but we have reconstruct its based on the studies of
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our research team [51] and its implemented in Listing 2.3.

1 |def logical_rx(logical_target : int, theta: float, qvec:
qiskit.QuantumRegister , anc: qgiskit.QuantumRegister,
giskit.QuantumCircuit ):

2

3

4 block_id = logical_target // 2

5 pos_inside_block = logical_target % 2

6

7 offset = block_id * 4

8

9 gc.barrier ()

10 if (pos_inside_block == 1):

11

12 gc.h(anc)

13 gc.cx(anc, qvec[offset])

14 gc.cx(anc, qvecl[offset + 2])
15 gc.rx(theta, anc)

16 gc.cx(anc, qvec[offset])

17 gc.cx(anc, qvecl[offset + 2])
18 gc.h(anc)

19

20 else:

21

22 ## swap

23 qgc.swap(qvec[offset + 1], qvecl[offset + 2])
24

25 ## rx

26 gc.h(anc)

27 gc.cx(anc, qvecl[offset])

28 gc.cx(anc, qvecl[offset + 2])
29 gc.rx(theta, anc)

30 gc.cx(anc, qvecl[offset])

31 gc.cx(anc, qvecl[offset + 2])
32 gc.h(anc)

33 ## swap

34 qc.barrier ()

35 gc.swap(qvec[offset + 1], qvecl[offset + 2])
36 ##

37 qc.barrier ()

qc:

Listing 2.3: Encoded Ry Gate Implementation

3. Implementation of encoded R,, gate:

The fault-tolerant R, gate is implemented for the Cost Hamiltonian, adhering

to the [4,2,2] encoding scheme presented by Infleqtion [29].
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4. Post-processing decoding function:

This crucial function handles the post-processing of measurement results. It
takes the measured physical bitstring combinations (filtered for syndrome-free
states) and decodes them, creating a dictionary that maps the physical states to
their corresponding logical Max-Cut configurations. This function constitutes
the core of the decoding process within our system and has been specifically
designed to map the encoded physical states to their logical counterparts,
thereby enabling a comparison between unencoded and encoded systems. The
entire procedure is carried out through a “dictionary” logic.

As a first step, we generate all possible combinations available in our logical
circuit, thereby constructing the complete code space available for our noiseless
system and defining the keys of our dictionary. Subsequently, each key is
associated with its corresponding logical decoding, thus establishing a unique
and well-defined mapping between the encoded and unencoded code spaces.

Once this system has been constructed, we translate into the logical space all
the strings sampled from our circuit and return the two most probable and
non-identical strings produced by the sampling. At this stage, we can provide
the list of optimal solutions identified.

5. Implementation of encoded Z operator mapping:

This function is responsible for transforming the logical Z operators of the
unencoded Hamiltonian into their physical [4,2,2] encoded representation,
required for the evaluation of the energy expectation value. The underlying
logic consists in taking the presented list containing the logical interactions
together with their indices. By providing these indices to our function, it will
generate a new list of interactions perfectly mapped onto the encoded system,
thereby ensuring that the evaluation phase of our circuit remains consistent
with the physical-mathematical model upon which our energetic assessments
are performed.

The resulting library file provides a clear, correct, and modular structure for
implementing the useful functions for the logical flow of our overall quantum
algorithm.

2.2.2 Portfolio Optimization: encoded and unencoded anal-
ysis

Having validated the functional correctness of our logical models and encoding

systems (as demonstrated in the previous section), we proceed to implement the

quantum models related to our primary use case: Portfolio Optimization (as outlined
in Chapter 1 Section 1.5.2). Our objective here is to confirm the consistency of
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the output specifically, the optimal portfolios derived from the optimization when
comparing the encoded and unencoded quantum algorithms.

To correctly implement the optimization model via QAOA, the overall workflow
is divided into three synergistically collaborating sub-programmes:

1. [extract__data_ for__processing_PO]: Data Extraction and Structure
Generation. Extracts necessary financial data and constructs the fundamental
data structures required for defining the QAOA Hamiltonian model.

2. [PO__construct_ Hamiltonian|: Hamiltonian Model Construction. Defines
the Hamiltonian model based on the extracted data structures, as articulated
in Subsection 1.5.2 of Chapter 1.

3. [PO__unencoded_ QAOA]: QAOA Implementation and Analysis. Execute
both encoded and unencoded QAOA and perform the resulting portfolio
analysis.

We now analyze the first two programs, which serve as essential utility libraries
for the subsequent implementation of the two QAOA versions.

[extract__data__for_processing PO]: Financial data extraction

This program is responsible for processing a .csv dataset named "full assets_
data", which contains the daily price variations for four assets over one year.
The program extracts the following key financial parameters necessary for the
Hamiltonian model:

e Mean return (p): The average return, weighted over the considered time
horizon, calculated as the sum of the daily price variations relative to the
previous day (see Chapter 1, Subsection 1.5.2).

« Covariance and variance matrix (3): The volatility matrix.

e Current price vector: The current prices of the assets, required for calcu-
lating the final investment outlay of the optimal portfolio.
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Programme workflow:

1.

N O U W=

Dataset visualization: The partial input dataset is displayed in Listing 2.4.

Date , AAPL ,IBM,NFLX,TSLA
2011-12-23,12.108014106750488,105.93802642822266, ...
2011-12-27,12.20407772064209,106.05270385742188, . ..
2011-12-28,12.087297439575195,105.50223541259766, . ..
2011-12-29,12.161747932434082,106.75801086425781, ...

Listing 2.4: Sample Dataset (full_assets_data.csv)

Library imports:

Essential Python numerical libraries are imported. We import the pandas
library to manage our dataset of annual financial data in a proper, concise, and
comprehensive manner, which will serve as the foundation for the subsequent
construction of our mathematical model, instrumental for the implementation
of our Ansatz for our QAOA (Quantum Approximate Optimization Algorithm).

The numpy library will be used to construct and process our data structures,
such as numerical arrays and matrices, along with all consequential algebraic
operations between them.

Function definition:
Functions for calculating 32, ¢, and the current price array are defined, adhering
to the models presented in the introduction.

The mean economic return, u;, is calculated by considering the sum of daily

price variations, Apt, normalized by the total number of days, T', considered

in the financial evaluation period. Mathematically, the daily return R; for an
asset is typically formulated as in Equation (2.1).

t_ -1

rt = Pi —Pi (2.1)

7 t—1
b;

And the mean return, yu, for the period is defined as in Equation (2.2).

pi = E[r;] = ; >or (2.2)

t=1

This value is instrumental in assessing the average numerical trend of prices,
indicating whether they tend to increase or decrease. When seeking the
optimal combination, in terms of initial outlay, we aim to evaluate the most
cost-effective assets available, among other factors.
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The Covariance Matrix, >, evaluates the average correlation between every
asset in our portfolio. This correlation is quantified by calculating the deviation
of the daily return, R;, from the calculated mean return, u, for each pair
of assets (7, 7) (as we can observe in Equation 2.3 and 2.4). The covariance
between two assets, ¢ and j, is computed as the scalar product of these
deviations, weighted by the number of days considered minus one (7' — 1):

ot = Bl(rs = ) = g 20t - (23
7 = Bllri— 1)y — 1)) = e (0= )= ). (24)

This metric provides a numerical and conceptual measure of volatility and
thus quantifies the investment risk associated with each asset. Our primary
objective in portfolio selection is to identify a solution that minimizes this
factor, thus prioritizing investments that are as secure as possible.

Finally, the last function simply extracts the current prices, P; = pI, possessed
by each asset. These values are essential for calculating the total investment,
or initial investment capital, required for the optimal solution selected.

. Main program body:

The main program logic gets the user-defined budget, risk attitude, number of
selected assets and data reading intervals. It then utilizes the defined functions
and parameters to extract and return the processed data required for the
Hamiltonian construction in the subsequent program.

Our data extraction logic is deliberately simplistic and eschews the use of
pre-existing, dedicated functions within the Python ecosystem. This choice
was made to adhere as closely as possible to the entire structure proposed
by the mathematical model, thereby enabling a concurrent verification of the
model itself.

The critical step in extracting the data for our structure is the systematic
exclusion of both the first row and the first column. This exclusion is necessary
because these components contain, respectively, the names of the assets and
the dates corresponding to the days covered by our financial analysis.

It is also important to note that, according to our implemented logic, only
the last N assets from the total pool of available assets within our portfolio
will be considered. Here, N corresponds to the number of assets arbitrarily
selected by the user for analysis. This selection criterion focuses the subsequent
mathematical treatment exclusively on the last /N assets based on the original
data arrangement.
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[PO__construct_ Hamiltonian]: Hamiltonian model construction

This program represents the core of our modeling implementation, defining the
optimization problem in a format that is processable by QAOA. All steps outlined
here reference the model detailed in Chapter 1, Subsection 1.5.2.

Program workflow:

1.

Library imports:

Essential Python calculation libraries for data processing are imported. We
import the math library specifically to facilitate the correct construction of
the mathematical model. This model involves various operations on one-
dimensional and two-dimensional objects, such as calculating a square root,
with the ultimate goal of constructing the associated quadratic model.

The QuadraticProgram class is then utilized to define the quadratic model
associated with our problem simply and directly, once the fundamental mathe-
matical objects necessary for the structure’s construction have been extracted.

Finally, the numpy library is employed to define the basic data objects, which
contain the data extracted from our files, and to perform the associated
operations in a straightforward manner.

. Function definition:

We define our core function that exclusively processes the data objects ex-
tracted by our dedicated data extraction routine. This approach is adopted
to avoid redundant re-extraction and reprocessing of data directly from the
original data frame.

This defined function is intentionally the most straightforward and immediate
implementation for achieving our main goal: the construction of the quadratic
mathematical model, which subsequently allows us to define the problem
Hamiltonian for the Quantum Approximate Optimization Algorithm (QAOA).

Data extraction call:
The first program is called to extract the necessary data for processing and
building a computationally compatible model (as shown in Listing 2.5).

total_budget , mu, sigma_matrix, actual_prices_array,
num_assets, num_time_steps,buy_assets_dictionary=
extract_datas_from_input(’data_and_metadata_assets/
full_assets_data.csv’, total_budget, num_components)

Listing 2.5: Data Extraction Call

41




Methodology

4. Data normalization:
The extracted data is normalized with respect to the user-defined budget.
To correctly construct our model, it is essential to normalize the obtained
data with respect to the allocated budget. This crucial step ensures that
we subsequently deal with integer quantities of shares to be included in our
portfolio.

This normalization procedure is necessary to guarantee that the resulting
financial optimization model adheres as closely as possible to a real-world
context, given that, in practice, the shares included in a portfolio cannot be
fractional.

5. Qubit count calculation:
The required number of qubits needed to encode the problem is calculated as
the total budget dived to the actual price for each assets, than we proceed to
sum up all the single values rounded up and we obtain the maximum number
of qubits required for our problem.

6. Encoding matrix construction:
An encoding matrix is constructed to map the computational space (binary
strings) to the integer space, which is essential for correctly reading the final
portfolio. The construction of this specific matrix is initiated by considering
the number of qubits required to encode each asset. For every asset, we create
a matrix row whose length corresponds to the total number of qubits required
by our system, the rows are initially void (all elements are zeros).

We begin filling the first N positions of the first row with the first N powers
of 2, starting from 2°, where N denotes the number of qubits assigned to that
specific asset. In the subsequent rows, we repeat the procedure, starting the
placement of the powers of 2 from the element immediately following the last
position considered in the preceding row.

This structure fundamentally allows for a unique mapping from the binary
space to the integer space. Consequently, once our optimization is successfully
completed in the binary space, we can reuse this matrix to map the result
back to the integer space, thereby clearly identifying the optimal number of
shares for each asset within our portfolio.

7. QUBO coefficient generation:
The coefficients for the QUBO (Quadratic Unconstrained Binary Optimization)
problem are generated using the encoding matrix applied to the normalized
i, normalized Y, and the normalized current price vector. This maps the
problem into the binary domain.
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10.

o A Penalty Factor (A) (denoted <lambda_penality_term>) is set to incor-
porate the budget constraint into the objective function, thereby formally
rendering the problem "Unconstrained".

o A Risk Parameter (¢) (denoted <risk_avversion_parameter_g>) is in-
troduced to model the user’s risk appetite. A high parameter value implies
a more risk-averse investor, while the opposite is true for low values.

Quadratic problem definition:

The quadratic problem is defined in the computational basis to maximize
returns and minimize volatility. We utilize the .minimize () method because
the objective function is structured with negative signs for returns and positive
signs for volatility and the penalty factor. Conversely, if the objective were
to invert the sign of our objective function, we would be required to use the
.maximize () function.

These processes are fundamental within the construction of our Quadratic
Program, in order to achieve mathematically correct optimization. Any
alternative procedure would be incongruent with the established goals of our
problem and would, therefore, lead to erroneous and non-optimal solutions for
the purposes of our system.

Ising Hamiltonian extraction:

The “to_ising()‘ method is used to extract the Ising Hamiltonian as a
SparsePauliOp object. The linear coefficient vector and the quadratic inter-
action matrix are manually reconstructed from this object, which is necessary
for implementing the encoded [4,2,2] QAOA Ansatz. To achieve this specific
purpose, we first extract the indices of the coefficients from our Hamiltonian
structure where either a linear or quadratic interaction is applied.

Subsequently, we proceed to insert these indices into an algebraic structure,
ensuring the numerical values of each interaction are placed in the correct
corresponding position. These extracted values are then utilized to construct
our Ansatz and execute our optimization algorithm.

Data return: All calculated data and parameters necessary for the subsequent
QAOA programme are returned in Listing 2.6.

return qp, ising_Hamiltonian, num_qubits, C,
lambda_penality_term, total_budget, J, h, constant_offset

Listing 2.6: Model Data Return
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[PO__unencoded__QAOA]: Unencoded QAOA Implementation and Anal-
ysis

This section details the construction of the final notebook that utilizes the calculated
data and the Hamiltonian model to implement the unencoded QAOA and extract
the optimization results for analysis.

Programme workflow:

1. Library installation and version check: All necessary libraries are installed
and verified for mutual version compatibility (as we can observe in Listing 2.7).

1 |%pip install qiskit==1.4.2 qiskit-aer==0.15.1 qiskit-
algorithms==0.3.0 qgiskit-ibm-runtime==0.30.0 giskit_finance
==0.4.1 pylatexenc==2.10 numpy==2.0 pandas==2.2.2
matplotlib==3.9.2 seaborn==0.13.2 mplfinance==0.12.10b0
pyqubo==1.5.0 --quiet

Listing 2.7: Library Installation and Environment Setup

2. Model library imports:
The previously created libraries for Hamiltonian model extraction and related
data processing are imported. We import the necessary functions from the
custom-built file libraries. This import is specifically performed to utilize the
function that processes the input data and furnishes the necessary structures
required for both the construction of the Hamiltonian and, following that, the
Hamiltonian itself

3. Data extraction:
The necessary data is extracted using the functions contained in the imported
libraries. The first function, responsible for processing the input financial data,
requires the extraction of the following core parameters from the dataframe:

« The total budget (B) allocated for the portfolio.

o The Mean return vector (u), representing the expected return for each
asset.

« The Covariance matrix (3), which quantifies asset volatility and corre-
lation.

o The actual prices array (P), detailing the current market price for each
asset.
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o The number of time periods (7") used for the financial evaluation.
e The output dictionary, containing the initially selected assets, denoted as

buy_assets_dictionary.

The second function, designated for the construction and formulation of the
problem Hamiltonian, must extract and provide the following objects, which
define the optimization problem in the quantum framework:

o The mathematical Quadratic Program (qp).

o The problem Hamiltonian (H).

 The total number of qubits (Nyus) required for the encoding scheme.

o The encoding matrix (C'), which maps the binary space to the integer
share quantities.

o The lambda penalty term (), used to enforce the budget constraint.

e The coefficient matrices for the Ising Hamiltonian: the quadratic cou-
pling terms (/) and the linear field terms (h).

o The offset value, representing a constant energy shift in the Hamiltonian.

4. Algorithm Library Imports:
All other libraries required for the QAOA algorithm execution are imported:

o The QAOA algorithm directly from Qiskit.
e The desired Sampler to execute the quantum circuit.

o A standard classical optimizer (e.g., COBYLA or SLSQP) for the iterative
variational process.

o The numpy and pandas libraries for data handling and mathematical
operations.

e The MinimumEigenOptimizer to interface the classical optimization frame-
work with the quantum solver.

5. QAOA parameter definition:
Parameters essential for the QAOA execution (e.g., number of layers, initial
angles) are defined. Choose a good set of parameters influence the performances
of our algorithm also in terms of optimal solution.

6. Optimization setup: The desired number of optimization cycles (iterations)
is defined, along with utility lists for storing data required for post-processing
and visualization. The initial number of iterations for the classical optimizer is
set to 100 for the preliminary checking phase. Subsequently, this count will be
reduced to ensure compatibility with noisy simulations, particularly in terms

45



Methodology

of required computational time. This reduction is critical for scenarios where
the simulation is conducted not on actual quantum hardware, but utilizing a
high-fidelity noise model extracted from a real device.

The fundamental lists required for storing the results are defined and initialized
as empty arrays. These lists are crucial for tracking key metrics across multiple
optimization runs, specifically:

o Expected returns (p)
o Measured volatilities (o)
« Final optimal portfolios

o Total budgets invested

. QAOA execution:

The QAOA is executed by instantiating it directly from Qiskit’s classes. The
MinimumEigenOptimizer () class is used as the optimization framework, and
the .solve() method is applied to find the optimal bitstring combination
corresponding to the quadratic problem (as returned by the Hamiltonian
library). It is crucial to note that within Qiskit, the QAOA algorithm, unlike
the VQE algorithm, does not permit the definition and direct assignment of a
custom Ansatz model.

While the internal .ansatz attribute, which is present for the generic VQE class,
is initially set to "None" (thereby allowing us to assign our custom Ansatz to
Qiskit’s QAOA without raising an execution error), this assignment will not be
functionally implemented. Instead, the custom model will be bypassed, with
the algorithm defaulting to the use of the built-in QAOAAnsatz () provided by
Qiskit.

. Result decoding:

The optimal angles are extracted (though not critical for this unencoded im-
plementation) and the optimal bitstring derived from the optimization results
is decoded using the encoding matrix. This yields the optimal integer portfolio
calculated for each iteration. At this juncture, the optimal combination of
integer shares within the selected portfolio, along with the corresponding
budget required, can be displayed on the terminal.

This step serves a crucial verification purpose: to confirm that the entire
mathematical model, which was provided as an argument to the .solve()
function, has been formulated correctly. Successful output thus confirms that
the proposed optimization process was executed accurately.

. Portfolio processing:
The optimal portfolio results are processed by calculating the annualized
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return, volatility, and required budget for each found portfolio, excluding those
that exceed a predefined threshold.

10. Visualization: The processed data structures are visualized within the
Markowitz Efficiency Frontier. The objective is to position the found optimal
portfolios in the upper part of the scatter plot, close to the frontier. The final
positions are contingent upon the parameters set in the model.

Once the optimal solutions are confirmed to be within the set budget threshold
and positioned favorably toward the efficiency frontier, we can conclude that the
unencoded program is fully functional and proceed to the encoded portion of our
use case.

Portfolio Optimization with encoded QAOA

Having validated our optimal solutions using the QAOA algorithm implemented
in Qiskit, we now aim to replicate the same optimization logic using the [4,2,2]
quantum error-correcting code. For demonstrative and functional purposes, we
approximate the number of ancilla qubits by using only two ancillas throughout
the entire circuit.

Our primary objective is to implement an encoded QAOA workflow that yields
optimal or near-optimal results, comparable to those obtained via Qiskit’s native,
unencoded solvers (e.g., .solve()). To achieve this, two key components are
required:

1. A parameterized Ansatz that accurately represents the Ising Hamiltonian
derived from the portfolio optimization objective function.

2. A post-processing decoding logic that maps the physical measurement outcomes
back to valid logical solutions interpretable within the original mathematical
model.

1. Ansatz construction To construct the encoded Ansatz, we implement
the Ising Hamiltonian using quantum gates compatible with the [4,2,2] encoding
scheme, following the gate decompositions proposed by Infleqtion [29]. Specifically,
this involves encoded versions of R,, controlled-R., and R, gates. While R, and
controlled-R, gates were already implemented in our earlier Max-Cut experiments,
the encoded R, gate required independent verification. We mathematically con-
firmed the equivalence between the encoded R, implementation (as described in
Infleqtion’s documentation [29]), Figure 5, and Qiskit’s native unencoded R, gate;
the verification process could be found in the Git Hub of our research team [51]
and can be observed in Listing 2.8. This validation ensures the correctness of the
encoded gate, which we now integrate into our Ansatz.
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def logical_rz(logical_target : int, theta: float, qvec:
QuantumRegister , anc: QuantumRegister , gc: QuantumCircuit

block_id = logical_target // 2
pos_inside_block = logical_target % 2

offset = block_id * 4

qc.barrier ()
if (pos_inside_block == 1):

gc.cx(qvec[offset], anc)
qc.cx(qvec[offset + 1], anc)
gqc.rz(theta, anc)
qc.cx(qvec[offset], anc)
gc.cx(qvec[offset + 1], anc)

else:
## rz

gc.cx(qvec[offset], anc)
qc.cx(qvec[offset + 2], anc)
gqc.rz(theta, anc)
qc.cx(qvec[offset], anc)
gc.cx(qvec[offset + 2], anc)

##
qc.barrier ()

)

Listing 2.8: Implementation of the encoded R, gate

2. Decoding and post-selection logic The encoded circuit yields measurement
results over physical qubits. Our goal is to decode these into logical bitstrings that
can be directly evaluated against the original Quadratic Unconstrained Binary
Optimization (QUBO) model, enabling fair comparison with unencoded results.
For this prototyping phase, we assume the mathematical correctness of both the
Ising Hamiltonian and the underlying optimization model. Therefore, to isolate and
validate only the decoding and post-selection components, we temporarily employ
Qiskit’s built-in QAOAAnsatz() to generate the Ansatz. This allows us to focus
exclusively on the post-processing pipeline. The verification procedure proceeds as

follows:
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. Construct a parameterized Ansatz automatically from the Ising Hamiltonian
using QAOAAnsatz (), with three QAOA layers (matching the unencoded case),
and append measurement operations. Define the simulation backend using
AerSimulator () and create a pass manager for circuit transpilation.

. Print the total number of qubits in the circuit and the ordering of its free
parameters to ensure consistency.

. Initialize algorithmic parameters (e.g., 100 optimization iterations) and run
Qiskit’s QAOA solver to obtain optimal variational parameters. This phase
of the process is fundamental to ensure the correctness of the parameter
optimization for the current encoded model. This assurance is derived from
the prior verification conducted in the preceding paragraph on the unencoded
version of the problem, utilizing the default, automatic QAOA implementation
provided by Qiskit as a reliable benchmark.

. Reorder the optimized parameters to match the circuit’s internal parameter
ordering (as printed in step b), assign them to the Ansatz, and instantiate
the optimized circuit. This procedure is paramount for achieving the optimal
configuration of our custom Ansatz during the measurement phase. An
erroneous parametrization order within the quantum circuit would inevitably
lead to flawed measurement statistics, consequently resulting in suboptimal
outcomes concerning the sampling process and the post-selection of results
that satisfy the imposed constraints.

. execute the transpiled circuit on the chosen backend, and sample the mea-
surement outcomes for subsequent decoding. It is critical that the number of
measurement "shots" used for each sampling run remains significantly below
the total number of expressible combinations in our quantum circuit.

This assumption is fundamental because we have elected to employ a post-
processing filter on the results, which selects the final output based on the
bit string that yields the minimum objective function value. It is therefore
evident that if all possible bit strings were sampled, the final result would
depend not on the efficacy of the optimization algorithm, but rather solely on
the post-selection routine.

In our specific case, for the full four-asset circuit utilized during verification,
we adopted a shot count of one thousand (Ng,ots = 1000). This configuration
ensures that we sample, at most, approximately one sixty-fifth (1/65) of all
possible solutions.

. Iterate over all sampled bitstrings, converting each into a list of integers for
further processing. Once the bit strings have been extracted from our counts
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dictionary, we proceed to process and transform them into a format that
is easily analyzable and decodable. We chose to manage this process using
numpy . array objects to facilitate all subsequent algebraic operations.

After conversion, individual strings are analyzed and discarded if the ancilla
qubits exhibit a measured value of "1’. Such a result signifies the occurrence
of an error within the quantum circuit during computation.

Subsequently, we decode the remaining qubits in the string that contain
the useful encoded information. For this purpose, an external function is
specifically called at the end of the procedure. This function maps the
states from the encoded binary code space to the decoded solution space,
setting a "flag" if the proposed solution falls outside the admissible code space
constraints.

Based on the return value of this decoding flag, which, in our case, must be
different from None to be considered valid, we proceed with the core elaboration
of the post-processing filter to finally extract the bit string that corresponds
to our optimal solution.

g. Evaluate the energy (i.e., objective function value) of each processed bitstring
using the original QUBO model. Store results in a dictionary mapping
bitstrings to their corresponding energies, the ancillary flag and its count.
Should the selected bit string possess a key already present in the dictionary,
a situation that occurs because multiple physically sampled strings can map
to the same logical solution string, we proceed by adding only the elements
that are not yet present in the dictionary. Conversely, for entries that are
already present, we update the existing record by aggregating the relevant
data (as we can see in Listing 2.9).

1 if str_decoded_bitstring not in possible_solutions:

2 possible_solutions[str_decoded_bitstring]l=(qp.
objective.evaluate(decoded_bitstring), anc_flag, count)
3 else:

4 obj_cost, anc_flag, old_count = possible_solutions/|[
str_decoded_bitstring]

5 new_count = old_count + count

6 possible_solutions[str_decoded_bitstring] = (obj_cost,

anc_flag, new_count)

Listing 2.9: Energy evaluation

h. Sort the dictionary by ascending energy values to prioritize low-energy (i.e.,
near-optimal) candidates (as shown in Listing 2.10).
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1 sorted_dict = sorted(possible_solutions.items (), key=
lambda item: item[1], reverse=False)

Listing 2.10: Sorting by energy

i. Iterate through the sorted dictionary and identify the first feasible solution
that satisfies all problem constraints (e.g., budget, cardinality). Feasibility is
assessed according to the original mathematical model.

j. Convert the selected feasible bitstring into an integer portfolio vector, append it
to the list of optimal portfolios, and compute the associated budget allocation.
By displaying these values on the terminal, we can immediately perform
a preliminary check to ensure that our program is respecting the imposed
budget constraints within the defined tolerance limits. An unjustifiably high
outlay would signify a malfunction within our optimization and post-selection
processes, indicating that the constraints were not correctly enforced. Finally,
we proceed to calculate the post selection rate to ascertain the proportion
of error-free counts relative to the total number of sampled counts. We
anticipate that in the noise-free case, the post-selection rate will be equal to
100%, whereas in the noisy case, this rate will fall significantly below this

threshold.

k. Reuse and adapt the post-processing routines from the unencoded case to
compute annualized return and volatility for each optimal portfolio (point
8, of the file PO_unencoded_QAOA), then plot the results on the Markowitz
efficient frontier (point 9, of the file PO_unencoded_QAOA).

1. If the resulting portfolios lie near the upper-efficient frontier, as observed in
the unencoded case, we conclude that our decoding and post-processing logic
has been functionally validated. This consideration is particularly relevant
for scenarios involving a large number of assets in the portfolio, though it is
not strictly mandatory for smaller cases, such as the one investigated in this
study.

Encoded noiseless QAOA implementation Building on the validation above,
we now implement the full encoded QAOA workflow under noiseless conditions:

1. Install all required Python libraries that you need, that are the same as before
in our case.

2. Import necessary functions and reduce the problem size to the last three assets
with a total budget of 500, resulting in a 6-logical-qubit instance. Similarly as
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in the previous case, we must import the functions that yield the fundamental
data structures processed from the input financial dataframe. Furthermore, we
import the function which, taking these derived structures as input, processes
them to furnish the Hamiltonian and all auxiliary tools necessary for realizing
our optimization process, including the bidirectional mapping between the
encoded and unencoded solution spaces.

. Define problem-specific parameters (e.g., risk aversion, expected returns, co-
variance matrix). The parameters of the optimization problem are defined by
extracting the necessary data structures and mathematical objects required
for constructing the Ansatz of the encoded circuit. As in the previous in-
stances, this is achieved by utilizing the functions contained within the two
custom-developed file libraries.

Crucially, the extracted objects are analogous to those retrieved for the unen-
coded case, ensuring consistency across both formulations of the optimization
problem.

. Import all useful modules, define the parameters and local variables to con-
struct the encoded Ansatz. In particular, we require specific libraries such as
QuantumRegister and QuantumCircuit. These components are essential for
constructing our customized circuit-Ansatz, enabling its correct execution with
the optimal parameters that will be determined and optimized by the Qiskit
QAOA process. We shall utilize the Parameter function, available within

the qiskit.circuit library, to formally define the parametrized angles (¥, 3)
that are subject to optimization by the classical solver.

. Implement the encoded R, gate and construct a custom encoded QAOA
Ansatz that exactly mirrors the structure of the Ising Hamiltonian. Since
the Ansatz must perfectly emulate the energy profile defined by our problem
Hamiltonian (#), its structure must incorporate contributions derived from
both linear and quadratic interactions.

The Ansatz will feature a term for the linear interactions, where the para-
metrized angles are multiplied by a factor of 2h;, and a term for the quadratic
interactions, where a separate parametrized angle is multiplied by a factor of
2J”

The constant offset term may be omitted for the purpose of our optimization,
as it only introduces a uniform shift across the entire energy profile without
altering the relative energies of the individual solutions to be selected.

. Instantiate the full QAOA circuit using the custom Ansatz, append measure-
ments, define the AerSimulator backend, and configure a pass manager for
transpilation, than transpile the circuit on the selected backend.

52



Methodology

7.

10.

11.

Print the number of physical qubits and parameter ordering of the encoded
circuit for verification. It must be noted that, as previously indicated, a
mismatch in the parameter ordering within the quantum circuit during the
assignment of the optimized values would lead to an erroneous execution of
the circuit and, consequently, to inaccurate optimization results.

Reuse the optimization and parameter assignment workflow from the proto-
typing phase (steps c. and d. above) to obtain and apply optimal angles to
the encoded Ansatz. In particular, the primary hyperparameters that must
be defined are the number of iterations and the number of measurement shots
(Nshots) for the classical optimization process. Furthermore, it is necessary to
initialize the empty lists that will serve as data structures to store the results
yielded by the optimization procedure.

Transpile and execute the encoded circuit, then extract the sampled measure-
ment counts. It is imperative that the number of measurement counts (Ngpots)
utilized remains significantly lower than the total number of expressible bit
strings that the quantum circuit can generate. This constitutes a mandatory
assumption designed to ensure the correct and reliable validation function
of our post-selection filter. A sufficiently high number of measurement shots
implies that we have potentially explored the entirety of the solution space. If
this occurs, the correct theoretical solution will almost certainly be present
within the sampling results. This scenario creates a validation ambiguity:
we could be employing an efficient optimization algorithm without explicitly
recognizing its efficacy, as the final result might be determined by exhaustive
sampling rather than algorithmic superiority. Conversely, if we explore only
a small portion of the solution space through under-sampling, we are then
fundamentally reliant on having an inherently efficient and correctly designed
algorithm to locate the optimal solution.

The sampled results are first converted from bit strings into a processable
integer array format. Subsequently, we must evaluate whether the ancilla
qubits are all measured in the zero state (|0)). If this condition is not met
(i.e., if any ancilla is measured at '1’), the corresponding solution is afflicted
by an error and must be discarded immediately. Conversely, if all ancillas are
verified to be in the zero state, the solution is deemed valid and passed to the
decoding process, which is delegated to an appropriate external function.

For each block of four physical qubits, which corresponds to one logical qubit
under the specific [4,2,2] encoding scheme, decoding is performed using an
appropriate external function specifically designed for this logic.

In principle, we opted for a "dictionary" logic, where the physical (encoded)
bit strings are confronted with a predefined dictionary. This structure utilizes
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12.

13.

14.

15.

all possible physical strings as the dictionary keys, with the corresponding
logical decoded string serving as the value.

The function handles out-of-code-space detection as follows: if a sampled
string falls outside the defined code space, the function returns the flag None.
Conversely, if the string is found within the dictionary, the function returns
the decoded logical string.

Each reconstructed logical bit string must be evaluated using the QUBO model
(or the objective function of the Quadratic Program). The calculated results
are then stored within a dictionary structure, which simultaneously records the
calculated objective function value, the ancilla flag status (for error indication),
and the cumulative shot count for that specific logical solution. The logical
decoded bit string may be associated with multiple physical bit strings sampled
from the quantum circuit. To avoid the problem of redundancy in the result
set, we implemented a strategy where: if the logical key already exists in
the dictionary, we update the count value associated with that solution by
aggregating the new sample; conversely, if the key is novel, a new element is
inserted into the dictionary. This aggregation process ensures that statistics
are accurately collected for each unique logical solution. This dictionary is
subsequently sorted in ascending order based on the calculated energy value.

Iterate over the sorted logical solutions, check feasibility against problem
constraints, and collect all feasible optimal portfolios.

For each feasible portfolio, compute budget allocation (point 8, of the file
PO_unencoded_QAOA), annualized return, and volatility, then plot the points
on the Markowitz efficient frontier (point 9, of the file PO_unencoded_QADA ).

Finally, compare these results with those obtained in the prototyping phase
(where QAOAAnsatz () was used). If the efficient frontiers align closely, this
confirms the correctness of both the encoded Ansatz and the decoding/post-
selection pipeline, thereby validating the entire encoded noiseless QAOA
implementation.

Encoded noisy QAOA In the context of quantum circuits exposed to noisy
environments, two main approaches can be adopted. The first involves selecting a
FakeBackend from those available in Qiskit, extracting its associated noise model,
and executing the circuit using this model after the parameter training phase,
which remains noiseless. The second method consists of running the same circuit
directly on real quantum hardware provided by IBM, allowing for a more realistic
evaluation of the program performance.
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In the case where the noise model is extracted from a FakeBackend and applied
to the execution of the optimized circuit, only two minor code modification is
required: transpilation and execution (as we can see in Listing 2.11 and 2.12).
It is sufficient to select a fake backend capable of supporting the dimensions of
our quantum circuit; in this study, we selected FakeTorino() for this purpose.
Subsequently, the simulation is executed directly on this noise model.

It must be noted that executing simulations on a local system, such as a personal
computer, necessitates high computational times for each individual iteration. This
constraint imposes significant limits on the number of feasible iterations when
adopting this simulation approach.

Definition of the noisy simulation and pass manager:

circuit=encoded_422_Portfolio_optimization_qaoa_algorithm_ansatz(
logical_qubit, layer_count, thetas)

circuit.measure_all ()

circuit.parameters

from qgiskit_ibm_runtime.fake_provider import FakeTorino
from giskit.transpiler.preset_passmanagers import
generate_preset_pass_manager

fake_device = FakeTorino ()
pm = generate_preset_pass_manager (optimization_level=3,

backend=fake_device)
candidate_circuit = pm.run(circuit)

Listing 2.11: Noisy simulation and pass manager setup

Definition of the noisy transpilation and sampling:

job = fake_device.run(optimal_circuit, shots=shots)
result_noisy = job.result ()
counts_noisy = result_noisy.get_counts ()

Listing 2.12: Noisy transpilation and sampling

To run the program on real quantum hardware, only the initial backend definition
needs to be slightly modified (as we can observe in Listing 2.13). This involves
inserting IBM credentials to enable connection to the desired backend:

QiskitRuntimeService.save_account (token="YOUR_API_TOKEN", instance
="YOUR_INSTANCE", overwrite=True)

service = QiskitRuntimeService ()

real_device = service.backends (name="ibm_torino")

Listing 2.13: Execution on real IBM hardware
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2.2.3 In-depth analysis of the quantum hardware
ibm__ torino

We provide a detailed technical analysis of the real quantum hardware utilized for
the execution of the noisy simulations: the IBM _Torino system.

As reported in Table 2.1, the device is based on the "Heron rl" processor
architecture, which features 133 physical qubits. This high qubit count is more
than adequate for hosting the dimensionality of our encoded optimization problem.

The following section reports the technical specifications of the quantum hard-
ware employed.

Table 2.1: Configuration parameters and noise metrics of the ibm__ torino backend
(Heron r1).

Metric Value Notes
Number of Qubits 133
Status Online
Region Washington DC (us-east)
Processor Type Heron rl
Error and Coherence Metrics
2Q Error (median) 2.84 x 1073
2Q Error (layered) 1.11 x 102
2Q Error (best) 1.25 x 1073
CZ Error (median) 2.837 x 1073
SX Error (median) 3.125 x 1074
Readout Error (median) | 3.09 x 1072
T1 (median) 181.59 s
T2 (median) 126.1 s
Operational Capacity
Basis Gates cz,id,rx, r2, 722, ST, T
CLOPS 220 K (Thousands)
QPU Version 1.0.105

The backend parameters for ibm__torino (Processor Type: Heron rl) provide
a quantitative measure of the processor’s capacity and fidelity.

e Qubits (133): Indicates the total number of physical qubits available on
the processor. A larger quantity allows for the encoding of more complex
problems.

o Basis gates: The minimal set of universal quantum operations natively
supported by the processor (cz,id, rx,rz,rzz, sx,z). All quantum circuits are
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transpiled into this gate set.

2Q error (median, layered, best): The median error probability for two-
qubit operations (2Q gates), typically CZ or CNOT. The median value serves
as the standard measure. The layered error accounts for the cumulative error
across one layer of the circuit.

CZ error (median) and SX error (median): The median error probabili-
ties for the fundamental two-qubit (CZ) and single-qubit (SX, Square root of
X) gates used as basis gates.

Readout Error (median): The probability of erroneously measuring the
state of a qubit (e.g., measuring |1) when the actual state was |0)).

T1 (median): The longitudinal or population relaxation time. It measures
the average time required for an excited qubit to return to its ground state
(|]1) — |0)). A higher value indicates greater stability.

T2 (median): The transversal decoherence time. It measures the average
time required for the quantum state (phase) to decay due to environmental
interactions. Ty < 27'; a higher T5 indicates greater coherence.

CLOPS (Circuit layer operations per second): A benchmark metric that
indicates the processor’s execution speed, quantified in thousands of quantum
circuit layers per second.

We now proceed to visualize the topology of our quantum device in Figure 2.2.

Within the image, one can distinguish zones of varying lightness and darkness; these
color variations describe the gradient of the read out_error across the qubits of
our machine. Specifically, a darker color indicates a lower error rate, while a lighter
color signifies a proportionally higher error rate at those particular qubit locations,
or at the interconnecting links, within the system’s topology.
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Figure 2.2: Topology of the ibm__torino processor (Heron rl) visualizing the
readout error for each qubit. The values displayed represent the probability
of measurement error for each physical qubit, indicating the spatial variation of
readout fidelity across the chip.

We can also achieve a more direct and immediate visualization of the readout
error values for each qubit within the device’s topology by utilizing a dedicated
histogram (that can be observed in Figure 2.3) provided by the manufacturer (IBM).
This representation correlates the individual qubit identifier with its measured error
rate, offering a quantitative complement to the spatial map analysis previously
discussed.
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Figure 2.3: Distribution of the readout error values per qubit. This histogram
quantitatively illustrates the correlation between each physical qubit (ID) and its
measured readout error rate within the topology of the real quantum device.

For illustrative purposes, and to demonstrate the diverse plotting capabilities
provided by the IBM Quantum Experience interface, we elected to present only the
graphs pertinent to the readout error. Should the reader require an in-depth analysis
of additional hardware parameters, these may be readily accessed and explored by
selecting the available options within the IBM user interface, authenticated via
personal credentials.
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Results

Given the development processes of our algorithms and the associated methodol-
ogy, we now proceed to analyze the results obtained for Max Cut and Portfolio
Optimization.

3.1 Results from Max-Cut

As previously referenced, the Max-Cut problem served a purely demonstrative
function, acting as a pilot case where the known optimal solutions [50] are well-
established. The primary objective was to take this initially unencoded circuit
and apply our [4,2,2] encoding logic. This allowed us to sample the results and
subsequently decode them through our implemented logic, thereby demonstrating
the correctness of our error detection algorithm. This was validated by successfully
retrieving the identical solutions established by NVIDIA for the 4 node ring
connected graph 2.2.1.

The resulting encoded circuit yielded results perfectly equivalent to those of the
unencoded version, specifically the bit strings ‘0101" and '1010’, which is consistent
with the established solutions for the case under analysis.

3.2 Results from unencoded implementation us-
ing Qiskit’s built-in methods

We first examine the outputs of the unencoded implementation, which relies entirely
on Qiskit’s native methods (e.g., .solve()), over 100 iterations. In this setup,
we vary the penalty term A and the risk aversion parameter ¢, while keeping the
budget fixed at 2000. This analysis provides a clear understanding of how the
optimal portfolio allocations shift across the Markowitz efficient frontier as these
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parameters change. These results will serve as a benchmark for validating the
outcomes obtained from our custom post-processing pipeline using QAOAAnsatz ()
and the encoded implementation. The following figures (Figure 3.1a, 3.1b, 3.1c,
3.1d, 3.1e, 3.1f, 3.1g, 3.1h) present the results of the unencoded implementation
executed with Qiskit’s built-in solvers.

Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 2000$, risk factor (g): 0.5, A: 1000, iterations: 100)
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(a) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 1000,
and a risk-aversion parameter of ¢ = 0.5.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 20003, risk factor (q): 0.5, A: 100, iterations: 100)
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(b) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 100,
and a risk-aversion parameter of ¢ = 0.5.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 2000$, risk factor (q): 1.0, A: 10, iterations: 100)
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(c) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 10,
and a risk-aversion parameter of ¢ = 1.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 20003, risk factor (q): 0.33, A: 10, iterations: 100)
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(d) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 10,
and a risk-aversion parameter of ¢ = 0.33.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 2000$, risk factor (q): 0.75, A: 1.0, iterations: 100)
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(e) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 1, and
a risk-aversion parameter of ¢ = 0.75.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shotﬁéloooo, assets: 4, budget: 2000$, risk factor (g): 0.75, A: 0.1, iterations: 100)
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(f) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a

budget constraint of Budget = 2000, a penalty coefficient of A = 0.1,
and a risk-aversion parameter of ¢ = 0.75.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 2000$, risk factor (q): 0.75, A: 0.01, iterations: 100)
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(g) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 0.01,
and a risk-aversion parameter of ¢ = 0.75.
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Efficient frontier and optimal portfolio for the unencoded noiseless QAOA
(shots: 10000, assets: 4, budget: 2000$, risk factor (q): 1.0, A: 0.1, iterations: 100)
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(h) Plot illustrating the Markowitz efficient frontier generated under
specific optimization parameters: 100 iterations, 3 QAOA layers, a
budget constraint of Budget = 2000, a penalty coefficient of A = 0.1,
and a risk-aversion parameter of ¢ = 1.
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Figure 3.1: Results from the unencoded Qiskit implementation (100 iterations,
budget = 2000 and 10000 shots).

In general, we observe that a higher risk tolerance (i.e., lower ¢q) leads to
optimal portfolios clustered in the upper region of the Markowitz efficient frontier,
characterized by higher expected returns but also greater volatility (as can be seen
in Figure 3.1f, 3.1g, 3.1h). Conversely, lower risk tolerance shifts the optimal points
toward the lower-left portion of the frontier, reflecting more conservative allocations
(as shown in Figure 3.1a, 3.1b, 3.1d). Furthermore, varying the penalty term A
influences how closely the obtained solutions adhere to the efficient frontier, our
ultimate validation target for the full dataset.

3.3 Results using QAOAAnsatz() and custom post-
selection

We now analyze the outcomes of our custom algorithm, where the quantum circuit
is explicitly constructed using QAOAAnsatz(), and results are filtered via our
handcrafted post-selection logic, rather than relying on Qiskit’s automated solvers.
The following figures (Figure 3.2a and 3.2b) show the output for the full dataset (4
assets), with 100 iterations, budget = 2000, A = 0.1, ¢ = 1 and 10000 shots.
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Optimal Portfolio solutions for the unencoded noisless QAOA
with QAOAAnNsatz() and custom post-selection filter
o (assets: 4, budget: 20008, risk factor (g): 1.0, A: 0.1, iterations: 100)
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(a) First simulation of my system for the full dataset (4 assets), with
100 iterations, budget = 2000, A = 0.1, ¢ = 1 and 10000 shots
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Optimal Portfolio solutions for the unencoded noisless QAOA
with QAOAAnNsatz() and custom post-selection filter
(assets: 4, budget: 2000%, risk factor (g): 1.0, A: 0.1, iterations: 100)
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(b) Second simulation of my system for the full dataset (4 assets), with
100 iterations, budget = 2000, A = 0.1, ¢ = 1 and 10000 shots

Figure 3.2: Portfolio optimization results using QAOAAnsatz () and custom post-
selection (4 assets, 100 iterations) for 10000 shots.

In both plots of Figure 3.2a and 3.2b, the optimal solutions cluster in the
high-return region of the efficient frontier, consistent with the behavior observed in
the unencoded Qiskit implementation. Notably, our post-selection method yields
significantly lower dispersion and a tighter fit to the efficient frontier, confirming
the effectiveness of our filtering strategy. To provide empirical validation that
our system does not oversample a condition where the number of sampled bit
strings is so high as to guarantee inclusion of the mathematically optimal solution,
we implemented a decisive reduction in the number of measurement shots from
Nihots = 10000 to Ngpots = 1000 (as depicted in Figure 3.3). This new configuration
ensures that we sample at most 1/65 of the total potentially generable bit strings,
which number 2'® (or 65536) in our code space. This system serves to verify
that our algorithm yields results consistent with the optimization model and
constraints, without the post-selection filter artificially validating the algorithm’s
actual efficiency.
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Optimal Portfolio solutions for the unencoded noisless QAOA
with QAOAAnNsatz() and custom post-selection filter
(assets: 4, budget: 2000%, risk factor (g): 1.0, A: 0.1, iterations: 100)
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Figure 3.3: Plot illustrating the Markowitz efficient frontier generated for the
portfolio optimization problem. The specific optimization parameters are: 100
iterations, 3 QAOA layers, a budget constraint of Budget = 2000, a penalty
coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and and Ny, = 1000 .
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3.3.1 Expected impact on solution quality

By decreasing the number of samples, we anticipate that the resulting solution set
will be less thigh in the immediate vicinity of the efficient frontier. Specifically, we
expect the output to be slightly more dispersed and less localized compared to the
previous, higher-shot scenario. Having validated our post-selection pipeline, we
now evaluate its performance on a reduced dataset comprising only the last three
assets of the original set. This reduction serves two purposes: (i) it enables a direct
comparison with the encoded Ansatz implementation, and (ii) it approximately
halves the number of physical qubits required during the encoding phase, thereby
improving resource efficiency. The necessity for this modified approach arises
because our current compilation system proves inadequate for synthesizing quantum
circuits of the size and complexity required by our 4-asset system, analogous to
the issue encountered in the previously discussed case.

Given that the reduced 3-asset case contains significantly fewer solutions, pre-
cisely 26 = 64, a plot generated against a large cluster of portfolios obtained via
Monte Carlo methods (as previously done) would encompass a solution space
considerably larger than the one admissible by our quantum system. Therefore, to
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improve clarity and intelligibility, we decided to forego the Monte Carlo method.
Instead, we present a plot focusing exclusively on the admissible solutions defined
on the Markowitz efficient frontier, distinctly highlighting the specific solutions
obtained by our quantum algorithm with a differentiated color. Consistent with
the preceding rationale regarding sampling constraints and algorithm validation,
all subsequent results presented herein have been evaluated using a fixed number
of measurement shots, Ngyots = 1000.

3.3.2 Results from the unencoded noiseless circuit imple-
mentation with QAOA Ansatz() and post-selection
filtering

We now proceed to analyze the solutions favored as optimal by our system for each
simulation conducted under a noiseless scenario. For each identified optimal solution,
we will visualize the corresponding "star plot" and the correlated histogram for the
distribution of the possible solutions to verify the combined trade-off between the
expected return and the volatility presented by the selected portfolio composition.
We will highlight in red the optimal solution finding using the logic of our algorithm
to differentiate from other solutions. The following results (shown in Figure 3.4a,
3.4b, 3.4c, 3.4d, 3.4e, 3.4f, 3.4g, 3.4h, 3.4i, 3.4j) correspond to the 3-asset case,
with budget = 500, A = 0.1, ¢ = 1, for different number of iterations.
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Optimal Portfolio solutions for the unencoded noiseless QAOA
(assets: 3, budget: 5009, risk factor (q): 1, A: 0.1, iterations: 1)
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(a) Plot illustrating the graph of stars generated for the portfolio
optimization problem. The specific optimization parameters are: 1
iteration, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000

Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1, A: 0.1, iterations: 1)
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(b) Plot illustrating the histogram generated for the portfolio optimiza-
tion problem. The specific optimization parameters are: 1 iteration, 3
QAOA layers, a budget constraint of Budget = 500, a penalty coefficient
of A\ = 0.1, a risk-aversion parameter of ¢ = 1 and and Ngots = 1000
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Optimal Portfolio solutions for the unencoded noiseless QAOA
(assets: 3, budget: 5009, risk factor (q): 1, A: 0.1, iterations: 3)
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(c) Plot illustrating the graph of stars generated for the portfolio
optimization problem. The specific optimization parameters are: 3
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000

Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1, A: 0.1, iterations: 3)
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(d) Plot illustrating the histogram generated for the portfolio optimiza-
tion problem. The specific optimization parameters are: 3 iterations, 3
QAOA layers, a budget constraint of Budget = 500, a penalty coefficient
of A = 0.1, a risk-aversion parameter of ¢ = 1 and and Ngos = 1000
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Optimal Portfolio solutions for the unencoded noiseless QAOA
(assets: 3, budget: 5009, risk factor (q): 1, A: 0.1, iterations: 5)
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(e) Plot illustrating the graph of stars generated for the portfolio
optimization problem. The specific optimization parameters are: 5
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000

Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1, A: 0.1, iterations: 5)
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(f) Plot illustrating the histogram generated for the portfolio optimiza-
tion problem. The specific optimization parameters are: 5 iterations, 3
QAOA layers, a budget constraint of Budget = 500, a penalty coefficient
of A = 0.1, a risk-aversion parameter of ¢ = 1 and and Ngos = 1000
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Optimal Portfolio solutions for the unencoded noiseless QAOA
(assets: 3, budget: 5009, risk factor (g): 1, A: 0.1, iterations: 20)
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(g) Plot illustrating the graph of stars generated for the portfolio
optimization problem. The specific optimization parameters are: 20
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000

Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1, A: 0.1, iterations: 20)
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(h) Plot illustrating the histogram generated for the portfolio optimiza-
tion problem. The specific optimization parameters are: 20 iterations, 3
QAOA layers, a budget constraint of Budget = 500, a penalty coefficient
of A = 0.1, a risk-aversion parameter of ¢ = 1 and and Ngos = 1000
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Optimal Portfolio solutions for the unencoded noiseless QAOA
(assets: 3, budget: 5009, risk factor (g): 1, A: 0.1, iterations: 100)
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(i) Plot illustrating the graph of stars generated for the portfolio
optimization problem. The specific optimization parameters are: 100
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngpots = 1000
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Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1, A: 0.1, iterations: 100)
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(j) Plot illustrating the histogram generated for the portfolio opti-
mization problem. The specific optimization parameters are: 100
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngpots = 1000

Figure 3.4: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the QAOAAnsatz () combined with a custom post-selection filter
across optimization depths equal to three (p = 3 layers). The results are shown for
1,3,5,20, and 100 iterations.

As illustrated by the plots in Figure 3.4, it is evident that the proposed algorithm
is capable of correctly identifying the mathematically optimal solution (as shown in
the star plots in Figure 3.4a, 3.4c, 3.4e, 3.4g, 3.4i). However, regarding the sampled
optimal solution, a clear convergence is not observed. This leads to a discrepancy
between the analytical optimum and the statistically sampled results, as further
demonstrated by the histograms provided in Figure 3.4b, 3.4d, 3.4f, 3.4h, 3.4j.

3.4 Results from the encoded noiseless circuit
implementation

We now test our fully handcrafted encoded circuit combined with the custom post-
selection logic. We expect similar outcomes to the QAOAAnsatz () based approach
when applied to the reduced 3-asset dataset under noiseless simulation. The
following figure (Figure 3.5) shows the results after different number of iteration,
with budget = 500, A = 0.1, and ¢ = 1. We have chosen to reduce the number
of experiments due to the cost in terms of time required for the execution of the
encoded circuit.
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Optimal Portfolio solutions for the encoded noiseless QAOA
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(a) Plot illustrating the graph of stars generated from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific
optimization parameters are: 3 iterations, 3 QAOA layers, a budget
constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-
aversion parameter of ¢ = 1 and and Ngpots = 1000

Sampling results histogram for noiseless encoded Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 3)
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(b) Plot illustrating the histogram generated for from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific
optimization parameters are: 3 iterations, 3 QAOA layers, a budget
constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-
aversion parameter of ¢ = 1 and and Ngpets = 1000
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Optimal Portfolio solutions for the encoded noiseless QAOA

(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 5)
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(c) Plot illustrating the graph of stars generated from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific
optimization parameters are: 5 iterations, 3 QAOA layers, a budget
constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-

aversion parameter of ¢ = 1 and and Ngpots = 1000

Sampling results histogram for noiseless encoded Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 5)
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(d) Plot illustrating the histogram generated for from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific

optimization parameters are: 9 iterations,

3 QAOA layers, a budget

constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-
aversion parameter of ¢ = 1 and and Ng,os = 1000

80



Results

Optimal Portfolio solutions for the encoded noiseless QAOA
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 100)
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(e) Plot illustrating the graph of stars generated from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific
optimization parameters are: 100 iterations, 3 QAOA layers, a budget
constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-
aversion parameter of ¢ = 1 and and Ngpets = 1000
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Sampling results histogram for noiseless encoded Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 100)
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(f) Plot illustrating the histogram generated for from the encoded
[4,2,2] circuit, for the portfolio optimization problem. The specific
optimization parameters are: 100 iterations, 3 QAOA layers, a budget
constraint of Budget = 500, a penalty coefficient of A = 0.1, a risk-
aversion parameter of ¢ = 1 and and Ng,os = 1000

Figure 3.5: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the encoded [4,2,2] Ansatz combined with a custom post-
selection filter across optimization depths equal to three (p = 3 layers). The results
are shown for 3,5, and 100 iterations.

The plot of the "graph of stars" reproduces the same optimal portfolio distribution
observed with the QAOAAnsatz() implementation for the experiments with 3 and
5 iterations (Figure 3.5a, 3.5b, 3.5¢ and 3.5d), and a very similar one for 100
iterations (Figure 3.5e and 3.5f), with a post-selection rate of 100%, confirming the
correctness of our encoded circuit design.
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3.5 Noisy simulation results

We now assess the robustness of our approach under realistic noise conditions. We
simulate the circuit using a noise model extracted from the IBM Quantum fake
backend FakeTorino (). Crucially, noise is applied only after parameter training
has converged in a noiseless environment. The results below (shown in Figure 3.6
and 3.7) correspond to 3 iterations with an average post-selection success rate
of approximately 12,37% for the encoded [4,2,2] circuit. It is important to note
that we opted for a single simulation run for this specific type of experiment due
to its high computational cost in terms of time, particularly when executed on
a local system, as is the case in this study. Should one wish to replicate the
experiment using a greater number of iterations, this remains feasible. We now
proceed to present the results extracted from the respective noisy unencoded and
noisy encoded simulations below.

Optimal Portfolio solutions for the unencoded noisy QAOA
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(a) Plot illustrating the graph of stars generated from the simulated
noisy unencoded circuit, for the portfolio optimization problem. The
specific optimization parameters are: 3 iterations, 3 QAOA layers, a
budget constraint of Budget = 500, a penalty coefficient of A = 0.1, a
risk-aversion parameter of ¢ = 1 and and Ng,s = 1000
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Sampling results histogram for noiseless Portfolio Optimization
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(b) Plot illustrating the histogram generated for from the simulated
noisy unencoded circuit, for the portfolio optimization problem. The
specific optimization parameters are: 3 iterations, 3 QAOA layers, a
budget constraint of Budget = 500, a penalty coefficient of A = 0.1, a
risk-aversion parameter of ¢ = 1 and and Ngpos = 1000

Figure 3.6: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the QAOAAnsatz() combined with a custom post-selection
filter across optimization depths equal to three (p = 3 layers) in a noisy simulated
environment. The results are shown for 3 iterations.
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Optimal Portfolio solutions for the encoded noisy QAOA
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(a) Plot illustrating the graph of stars generated from the simulated
noisy encoded [4,2,2] circuit, for the portfolio optimization problem.
The specific optimization parameters are: 3 iterations, 3 QAOA layers,
a budget constraint of Budget = 500, a penalty coefficient of A = 0.1, a
risk-aversion parameter of ¢ = 1 and and Ngpts = 1000
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Sampling results histogram for noisy encoded Portfolio Optimization
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 3)
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(b) Plot illustrating the histogram generated for from the simulated
noisy encoded [4,2,2] circuit, for the portfolio optimization problem.
The specific optimization parameters are: 3 iterations, 3 QAOA layers,
a budget constraint of Budget = 500, a penalty coefficient of A = 0.1, a
risk-aversion parameter of ¢ = 1 and and Ngpos = 1000

Figure 3.7: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the encoded [4,2,2] Ansatz combined with a custom post-
selection filter across optimization depths equal to three (p = 3 layers) in a noisy
simulated environment. The results are shown for 3 iterations.

The results indicate that the "star plot" or "graph of stars" visualizations converge
upon the same optimal solution (as can be seen in Figure 3.6a and 3.7a), yet
they demonstrate a differing number of total sampled bit strings and statistical
distribution of the latter (as shown in Figure 3.6b and 3.7b). This discrepancy in
sampling frequency is likely attributable to the significant increase in the circuit
depth required by the encoded system, which is considerably greater than that of
the unencoded counterpart.
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3.6 Hardware execution results

Finally, we execute the encoded circuit on real IBM Quantum hardware, we have
choose "ibm__torino". This specific hardware was selected primarily because its
topology allows for the successful encoding of our quantum circuit. Furthermore,
it represented one of the four available options, constrained by the ten minutes
of monthly access granted by our IBM Quantum account. All detailed technical
specifications for this device were provided at the conclusion of the preceding
Chapter 2.2.3. The subsequent sections present the results for the unencoded
circuit executions (shown in Figure 3.8), followed by the results obtained from the
encoded circuit (as can be seen in Figure 3.9), respectively, for different number of
iterations.

Optimal Portfolio solutions for the unencoded noisy QAOA on ibm_torino real hardware
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 3)
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(a) Plot illustrating the graph of stars generated from the simulated
noisy unencoded circuit, for the portfolio optimization problem on
"ibm__torino' real hardware. The specific optimization parameters
are: 3 iterations, 3 QAOA layers, a budget constraint of Budget = 500,
a penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngpots = 1000
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Sampling results histogram for noisy unencoded Portfolio Optimization on ibm_torino real harware
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(b) Plot illustrating the histogram generated for from the simulated
noisy unencoded circuit, for the portfolio optimization problem on
"ibm__torino" real hardware The specific optimization parameters
are: 3 iterations, 3 QAOA layers, a budget constraint of Budget = 500,
a penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Nghots = 1000

Optimal Portfolio solutions for the unencoded noisy QAOA on ibm_torino real hardware
(assets: 3, budget: 5009, risk factor (q): 1.0, A: 0.1, iterations: 20)
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(c) Plot illustrating the graph of stars generated from the simulated
noisy unencoded circuit on "ibm__torino" real hardware, for the port-
folio optimization problem. The specific optimization parameters are:
20 iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngpots = 1000
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Sampling results histogram for noisy unencoded Portfolio Optimization on ibm_torino real harware
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 20)
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(d) Plot illustrating the histogram generated for from the simulated
noisy unencoded circuit, for the portfolio optimization problem on
"ibm__torino' real hardware. The specific optimization parameters
are: 20 iterations, 3 QAOA layers, a budget constraint of Budget = 500,
a penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Nghots = 1000

Figure 3.8: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the QAOAAnsatz() combined with a custom post-selection filter
across optimization depths equal to three (p = 3 layers) on "ibm__torino' real
hardware. The results are shown for 3 and 20 iterations.
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Optimal Portfolio solutions for the encoded noisy QAOA on ibm_torino real hardware
(assets: 3, budget: 5009, risk factor (q): 1.0, A: 0.1, iterations: 3)
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(a) Plot illustrating the graph of stars generated from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 3
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000

Sampling results histogram for noisy encoded Portfolio Optimization on ibm_torino real harware
(assets: 3, budget: 5008, risk factor (g): 1.0, A: 0.1, iterations: 3)
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(b) Plot illustrating the histogram generated for from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 3
iterations, 3 QAOA layers, a budget constraint of Budget = 500, a
penalty coefficient of A = 0.1, a risk-aversion parameter of ¢ = 1 and
and Ngnots = 1000
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Optimal Portfolio solutions for the encoded noisy QAOA on ibm_torino real hardware
(assets: 3, budget: 5009, risk factor (g): 1.0, A: 0.1, iterations: 20)
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(c) Plot illustrating the graph of stars generated from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 20
iterations (first execution), 3 QAOA layers, a budget constraint of
Budget = 500, a penalty coefficient of A = 0.1, a risk-aversion parame-
ter of ¢ = 1 and and Ngpots = 1000

Sampling results histogram for noisy encoded Portfolio Optimization on ibm_torino real harware
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 20)
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(d) Plot illustrating the histogram generated for from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 20
iterations (first execution), 3 QAOA layers, a budget constraint of
Budget = 500, a penalty coefficient of A = 0.1, a risk-aversion parame-
ter of ¢ = 1 and and Nyt = 1000

91



Results

Optimal Portfolio solutions for the encoded noisy QAOA on ibm_torino real hardware
(assets: 3, budget: 5009, risk factor (q): 1.0, A: 0.1, iterations: 20)
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(e) Plot illustrating the graph of stars generated from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 20
iterations (second execution), 3 QAOA layers, a budget constraint of
Budget = 500, a penalty coefficient of A = 0.1, a risk-aversion parame-
ter of ¢ = 1 and and Ngpts = 1000
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Sampling results histogram for noisy encoded Portfolio Optimization on ibm_torino real harware
(assets: 3, budget: 5008, risk factor (q): 1.0, A: 0.1, iterations: 20)
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(f) Plot illustrating the histogram generated for from the noisy en-
coded [4,2,2] circuit on "ibm__torino" real hardware, for the portfolio
optimization problem. The specific optimization parameters are: 20
iterations (second execution), 3 QAOA layers, a budget constraint of
Budget = 500, a penalty coefficient of A = 0.1, a risk-aversion parame-
ter of ¢ = 1 and and Nyt = 1000

Figure 3.9: Results of the portfolio optimization for the 3 asset case, illustrating
the performance of the encoded [4,2,2] Ansatz combined with a custom post-selection
filter across optimization depths equal to three (p = 3 layers) on "ibm__torino'
real hardware. The results are shown for 3 iterations.

In the results obtained from the noisy real hardware simulation for the encoded
system with 20 iterations, the histogram displays only a limited number of high-
lighted columns relative to the total expected solutions observed in the star plot
visualization (as depicted in Figure 3.9¢, 3.9d, 3.9e and 3.9f). This observation is
due to the fact that the histogram exclusively represents the results of the final
iteration. Furthermore, as the simulation is under sampled for the previously
established reasons, we do not sample all possible combinations within the code
space. Consequently, although the star plot may indicate N solutions across the
entire space generated by all iterations, the histogram will only highlight those
solutions that are both part of the global solution space and coexist within the
constrained subspace produced by the final iteration of our optimization cycle.

Even when executed on the real quantum hardware, the results obtained for
the encoded and unencoded versions are observed to be approximately similar (as
can be observed in Figure 3.8 and 3.9). The minor differences visible within the
resulting plots are primarily attributable to the combination of the high circuit
depth of the encoded system and a significantly low number of iterations, which
prevents a thorough statistical analysis.

The limitation of the iteration count to a maximum of 20 was imposed by the
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available execution time on the IBM Quantum platform under our current free
access account. Nonetheless, nothing prevents the replication of this experiment
with a significantly higher number of iterations, provided sufficient execution time
is made available. Finally, to establish a comparative assessment between the noisy
encoded simulation and the execution performed on the real hardware, we can
extract the post-selection values from both scenarios. When evaluated over three
iterations, consistent with the preceding analysis, this value is approximately 12.67%;
conversely, the same metric for twenty iterations yields a result of approximately

12.57%.
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Chapter 4

Conclusions and future
works

4.1 Max cut problem: validation of encoding
architecture and error detection process

The results obtained from the Max-Cut problem, particularly their perfect equiva-
lence to those derived from the unencoded case with known solutions presented
by NVIDIA, serve as compelling evidence that the entire encoding process was
performed consistently and correctly. The same validation holds true for the
subsequent decoding process.

This prior consideration indicates that the individual encoded gates were cor-
rectly designed, implemented, and subsequently applied to the circuit structure.

The absence of an aggressive post-selection logic, coupled with the effective
selection of sampled strings afflicted by syndromes, is symptomatic of a well-
structured algorithm capable of mapping and solving these types of problems,
particularly concerning graphs of this specific dimension.

4.2 Comparative performance of encoded vs. un-
encoded Portfolio Optimization

The Portfolio Optimization problem constitutes our primary case study and is
significantly more complex at a computational level compared to the Max-Cut
problem.
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4.2.1 Initial unencoded analysis and theoretical congruence

Initial results obtained from executing the unencoded circuit via the Qiskit .solve ()
method, achieved by varying parameters such as the budget, risk factor, and the
penalty coefficient \ for the 4 asset problem, demonstrated theoretical congruence.
The solutions consistently map along the Markowitz efficient frontier and within
the cluster of generated portfolios (as can be seen in Section 3.2). Specifically,
increasing the budget and the risk factor shifts the cluster of optimal star plots
vertically towards the apex of the Markowitz plot. Conversely, varying the value
of A significantly influences the adherence of the found solutions to the efficient
frontier, consequently reducing result dispersion.

4.2.2 Necessity of manual Ansatz and post-selection filter

To correctly implement our encoded Ansatz manually and derive results comparable
to those generated by the Qiskit .solve() method, it was necessary to construct
a custom test circuit featuring a dedicated Ansatz and a post-selection filter. This
necessity arose because the base QAOA algorithm alone is insufficient to identify
mathematically comparable solutions without the aid of a filter applied to the
sampled strings. Specifically, the experimental results demonstrate and justify
that the implementation of a post-selection filter is essential for our custom circuit.
Without this component, the QAOA algorithm would select the bitstring with
the highest count, which, however, does not correspond to the optimal solution.
This discrepancy is primarily attributed to the inherent complexity of the Portfolio
Optimization problem. In contrast, for the Max-Cut problem, the most frequent
sample typically coincides with the optimal solution; consequently, a post-selection
filter is not required. To establish a benchmark between the Ansatz and the filter,
the only viable option was the utilization of the Qiskit QAOAAnsatz() function to
generate a correctly implemented QAOA Ansatz, allowing us to focus subsequent
efforts on validating the filter logic.

Filter validation through shot count increase

Our unencoded circuit, containing the Ansatz generated by QAOAAnsatz() and
augmented with a custom-designed selection filter for the sampled results, was
tested by increasing the number of shots. As the shot count increased to 10000
in our case, the selected results progressively adhered more closely to the efficient
frontier curve, thereby converging toward the mathematically correct solution. The
data extracted from these analyses (shown in Section 3.2) confirmed the correct
implementation of our post-selection filter but offered no information regarding the
intrinsic efficiency of the QAOA algorithm itself.
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4.2.3 Algorithm efficiency validation through under-sampling

To specifically verify the intrinsic efficiency of the algorithm, we reduced the number
of sampling shots to Ng,ots = 1000, placing the sampling well below the size of
the total available code space (2'® = 65536). The results (depicted in Section
3.3) confirmed the functionality of our logic even under this constrained sampling
regime, definitively validating the correctness of our post-selection methodology
and positioning us to proceed with the implementation of the encoded Ansatz.

4.2.4 Implementation of the encoded Ansatz and dimen-
sionality reduction

The initial attempt to implement the encoded Ansatz for the 4 asset system was
hampered by the excessive circuit dimensions, which prevented successful synthesis
by our compiler. Consequently, we reduced the problem size from four assets
to three assets by imposing a lower budget constraint. This ensured the circuit
dimensionality was suitable for successful synthesis. At this stage, we transitioned
from representing the results on the Markowitz efficient frontier to utilizing a star
plot visualization, better suited for systems of this dimension, complemented by a
solution histogram.

4.2.5 Analysis of noiseless and noisy results
Noiseless case analysis

For the noiseless case, the plots (represented in Section 3.4) reveal that the star
plot results are identical for low iteration counts. However, a slight deviation is
observable in the case with 100 iterations. Regarding the solution distributions,
the sampling of the correct solution is more pronounced in the unencoded system
compared to the encoded system. These discrepancies are likely due to the signif-
icantly greater circuit depth and larger code space associated with our encoded
system relative to its unencoded counterpart. Crucially, the correct solution is
sampled by both systems, validating the core functionality of the encoded design.

Noisy and real hardware analysis

The same conclusions hold true for the noisy cases, encompassing both simulations
based on an IBM noise model and executions performed on the real quantum
hardware. In these scenarios, the inherent discrepancy in results is naturally
amplified by the fact that our circuit operates within a noisy environment.
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4.2.6 Post-selection metrics and final deduction

The histograms illustrating the distribution of sampled solutions reveal that our
QAOA algorithm, particularly in the encoded case, frequently samples bitstrings
that are inconsistent with the mathematically determined optima. This trend
necessitates the design and implementation of a specific post-selection filter, as we
done, to bridge the discrepancy between the analytical solutions and the statistically
prevalent results. This discrepancy may be considered an inherent limitation of
the present work, primarily arising from the technological constraints of currently
available quantum hardware. However, substantial improvements are expected
in future research as quantum processors continue to evolve and achieve higher
performance standards.

From the post-selection metrics collected from the encoded circuits, the selection
rates for syndrome free solutions in the noiseless systems (described in Section 3.4)
were 100 %. In contrast, for the simulated noise (as can be observed in Section 3.5)
and real hardware systems (shown in Section 3.6), the rates were approximately
12.66 % and 12.57 % for three and twenty iterations, respectively. These latter
data strongly confirm the correct operation of our error detection system.

We can therefore deduce that our system has been correctly designed, validated,
and implemented, rendering a non trivial optimization problem for QAOA, such as
Portfolio Optimization, partially fault tolerant through our specifically designed
and implemented error detection architecture.

4.3 Future works

Building upon the successful validation and implementation of the encoded quan-
tum circuit, several avenues for future research emerge, primarily driven by the
computational and hardware constraints encountered in the present study. We can
outline potential research directions aimed at implementing increasingly general
and scalable quantum systems over time.

Solution improvements and model fine-tuning

Given the observed discrepancies between the most probable bitstrings sampled by
our algorithm and the mathematically optimal solutions, specifically regarding the
encoded circuit, a primary objective for future research is to enhance the quality
of these results. This can be achieved by refining the mathematical model, the
training parameters and leveraging the continuous technological advancements in
quantum computing hardware. Such efforts aim to bridge the existing gap between
the statistically optimal solutions generated by our QAOA implementation and the
analytical optima derived from the theoretical framework employed in this study.
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Hardware improvements and fault-tolerance

Given the current limitations imposed by real quantum hardware, future work
could focus on implementing systems with significantly higher machine coherence.
By applying encoded algorithms, such as the one developed in this work, a robust
level of noise intolerance could be achieved. Furthermore, the potential application
of hardware-level error correction would render these systems nearly completely
fault tolerant in practice.

Scalability and algorithmic efficiency assessment

Should the synthesis capacity allowed by Qiskit increase in the coming years, this
experiment could be replicated on larger problem sizes. This would enable an
effective evaluation of the efficiency of our quantum algorithm relative to its classical
counterpart, allowing for a rigorous assessment of their respective computational
efficiencies.

Short term optimization strategies

In the short term, recognizing the suboptimal efficiency of the standard QAOA in
solving complex problems like Portfolio Optimization, there is scope to hybridize
our algorithm with "warm-starting' techniques [52]. This approach could eliminate
the need for the applied post-selection filter, thereby streamlining the computational
process of result evaluation.

Another immediate application would involve utilizing a similar, but mathe-
matically simpler, use case, such as the "Portfolio Selection" problem [53, 54, 55,
56, 57]. This would require a significantly smaller number of qubits, consequently
allowing for the mapping of a greater number of assets within our system.

Alternative algorithmic approaches

A further immediate variant to streamline the post-selection process involves
employing alternative variational algorithms, such as the Variational Quantum
Eigensolver (VQE). VQE could be used to less rigidly mimic the Hamiltonian
profile of our problem, thereby leading to a probabilistic convergence of solutions,
similar to the approach successfully applied to the Max-Cut problem. Furthermore,
the scope of this analysis could be extended to include non-variational frameworks
[58, 59], most notably Quantum Annealing [60].
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