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Abstract

Optical atomic clocks represent the state of the art in timekeeping, playing a key role
in the scientific community and technological applications. Today, the most accurate
optical clocks are based on ultracold atoms or ions, but their complexity and size
limit their use outside of laboratory environments. In this context, the development
of compact optical frequency standards based on warm atomic vapors has attracted
increasing attention, with the potential to enable a wide range of applications in

fundamental science, aerospace, and industry.

This thesis, conducted in collaboration with the quantum sensing group at
Leonardo Quantum Laboratories, presents the realization of an initial design of
a warm-vapor rubidium atomic clock based on the two-photon transition driven
at 778 nm. This approach allows for Doppler-free high-SNR readout by detecting
atomic fluorescence at 420 nm, enabling the observation of the two-photon spectrum
of both 8’Rb and 3 Rb. These results allow laser locking to the 5S; /2 — SDs 5 tran-
sition of 8’Rb, leading to an estimated detection-noise-limited short-term stability of
0y(1) ~3.67x 10713/ /7.

The 778 nm wavelength can be conveniently generated through Second Harmonic
Generation with a non linear crystal, integrating mature C-band laser sources at
1556 nm. For this reason, this work includes the design of an optical cavity to
enhance the SHG conversion efficiency, with simulations predicting more than 0.5 W
of output power at 778 nm starting from 2 W at 1556 nm.
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Chapter 1

Introduction

1.1 Background and motivation

High-precision timekeeping is a cornerstone of both fundamental science and tech-
nological innovation, with atomic frequency standards providing accurate, stable

devices that enable frequency and time measurement with extraordinary precision.

Within the metrological community, atomic clocks have been essential for defin-
ing the second, which is now being redefined through the transition to optical
frequency standards [1]. In the realm of scientific research, they have fundamental
importance in several applications. For instance, they enable Very Long Baseline
Interferometry (VLBI) by synchronizing telescopes across the globe [2], while they
support the monitoring of geophysical phenomena in seismology [3]. Searching for
temporal variations in fundamental constants and verifying general relativity through

chronometric geodesy are other applications in fundamental physics [4, 5].

Beyond the scientific community, high-accuracy timing has a strong impact on the
aerospace and industrial sectors [6]. Qualified atomic clocks are integrated into deep-
space missions [7] or serve as synchronization devices for global navigation systems
[8]. Finally, telecommunications and timestamping [9] of financial transactions all
rely on stable and accurate frequency references and timekeeping enabled by atomic

frequency standards and clocks.

In this broad and demanding context, research on next-generation atomic clocks

has accelerated worldwide, with increasing attention toward quantum technologies.



2 Introduction

This thesis project is inserted within this framework, as part of the activities carried
out at Leonardo Quantum Labs in the field of quantum sensing and atomic clocks.
The work presented here specifically concerns the realization of an atomic clock
based on warm rubidium vapor. The approach exploits the two-photon transition
of rubidium using second-harmonic-generated light at 778nm, with detection of the
associated 420nm fluorescence, offering a promising path toward compact and robust

quantum frequency standards.

1.2 Thesis Outline

The following provides a brief overview of the thesis structure and the main topics

addressed in each chapter.

Chapter 2 introduces the fundamental principles of atomic frequency standards
with a focus on rubidium-based devices. It reviews fine and hyperfine structure in
rubidium and highlights Doppler-free spectroscopy techniques as the basis for the
two-photon transition studied in this work.

Chapter 3 presents the theoretical background of nonlinear optics, with a par-
ticular emphasis on second harmonic generation and suitable nonlinear crystals for

frequency doubling.

Chapter 4 discusses the theory of the confocal resonator, before describing the de-
sign and the expected performance of the second harmonic generation enhancement
cavity that will be used to generate the 778nm light for the rubidium two-photon
transition.

Chapter 5 describes the complete experimental setup developed for the realization
of the rubidium two-photon atomic clock, presenting spectroscopy results and clock

performance.

Chapter 6 explores potential developments for the clock stability characterization

and future improvements of the experimental setup.

Finally, Chapter 7 summarizes the key findings of the thesis, reflecting on the
implications of the work.



Chapter 2

Atomic Frequency Standards

2.1 Introduction

Quantum sensors are devices that use quantum effects to deliver high accuracy and
long-term stability. Atomic clocks and magnetometers, for example, use energy-level
quantization to suppress drift (a systematic, time-dependent frequency change) and
aging effects common in classical references. In contrast, cheap quartz oscillators
rely on mechanical vibrations in a large crystal that physically ages and changes

structure, causing frequency drift over weeks or months.

2.1.1 AFS Preliminaries

An atomic frequency standard (AFS) is a device that locks a macroscopic local
oscillator (LO) (a quartz oscillator in the microwave range or a laser in the optical
domain) to a well-defined atomic transition [10]. Its strenght comes from two
features: identical atoms provide reproducible references under fixed conditions' and
an unperturbed transition frequency is, in principle, constant in time?. In metrological
terminology, a standard is considered "primary" when it directly realizes the SI unit
definition without requiring calibration against another reference. Currently, caesium-

133 clocks are primary standards for the second, as the SI definition is based on

! According to Standard Model and Relativity.
2If fundamental constants of nature are stable in time. String Theory postulates the variation of
constants in time, but it has not been proved yet.



4 Atomic Frequency Standards

the caesium hyperfine transition (Section 2.2.4). Other atomic clocks, including
optical standards with superior accuracy, are classified as secondary standards until a

potential redefinition of the second.

Operationally, focusing on the optical domain, an AFS consists of a laser whose
frequency is locked to an atomic transition via a feedback control loop that keeps
the laser centered on the atomic resonance. However, not all atomic transitions are
suitable for frequency standards. A good clock transition should link long-lived
states to enable extended interrogation times and it should exhibit a narrow natural
linewidth to allow precise frequency determination (equation 2.6). It should also be
less sensitive to external perturbations such as magnetic fields, electric fields, and
collisional shifts. Additionally, it would be preferable if the transition is accessible
with available laser technology and provides sufficient signal strength for efficient
detection. By preparing the reference atomic system in such a stable state with no
radiative decay, the local oscillator is then capable of offering a precise and tunable
nominal frequency v. Once established, the interaction between the atoms and the
electromagnetic field can be expressed based on Planck’s quantum relation, which
states that the energy difference between two atomic states is related to the photon’s
frequency v by:

E=hv 2.1)

If the atomic transition frequency is matched, the atoms in the ensemble will

experience a transition from the initial stable state to a final energetic state.

Atomic Reference

Optical Fields

Tuning Voltage ‘W ||
Ll

Control Loop Laser System

i — User Output (RF)

Fig. 2.1 Schematic representation of an atomic frequency standard.
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A measurement stage allows for "counting" the number of atoms that have
undergone the transition. Depending on the number of transitions, the frequency of
the local oscillator is corrected with the aim of maximizing the excited population
using a closed feedback loop (Figure 2.1). In practice, the laser frequency is adjusted
to maximize a suitable spectroscopic signal, so that the laser is locked to the atomic
resonance with high accuracy (see Chapter 5). Finally, the laser output signal
can be used as a frequency reference once converted from the optical domain to
the RF domain. The conversion is required because most practical applications
(telecommunications, navigation systems, and general electronic instrumentation)

operate in the RF region, rather than at optical frequencies.

Such conversion was not trivial until the advent of optical frequency combs in the
early 2000s [11], which allowed to avoid complicated harmonic chains. A frequency
comb is generated by a mode-locked pulsed laser (typically a femtosecond laser) that
produces a spectrum consisting of a series of discrete, equidistant frequency lines.
The comb acts as a "ruler" in the frequency domain, providing a direct link between
optical frequencies (~ 10> Hz) and measurable radio frequencies. Its spectrum can
be described by the repetition rate fiep (the spacing between adjacent lines, typically
in the range of tens to hundreds of MHz) and the carrier-envelope offset frequency
Seeo (typically a few MHz):

Vn = ”frep + feeo (2.2)

where 7 is a large integer representing the mode number. Both fiep and feeo can
be stabilized to RF references and directly measured with electronic counters. In
the context of atomic frequency standards, where the laser frequency is known from
spectroscopy, the comb directly detects the RF beat note between the clock laser
and the nearest comb mode v,,. This beat frequency, typically in the MHz range and
measurable with standard frequency counters, establishes the previously missing link

connecting the optical frequency of the clock laser to the radio frequency domain.
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2.1.2 AFS Performance Estimators

An atomic clock is a continuously operating atomic frequency standard. Its first
practical realization was based on the hyperfine transitions of caesium atoms [12],
which still defines the second in the International System of Units (SI) [1].

Current atomic clocks generate an RF output signal. If we call it fj, the dimen-
sionless quantity that describes the relative deviation of the clock frequency f(z)

from its nominal frequency is given by:

y(t) = 0= fo 2.3)
fo

In this context, the performance of an atomic clock is commonly expressed

in terms of two parameters: accuracy and instability. Clock accuracy quantifies
how closely the measured frequency fy approximates the ideal unperturbed atomic
transition frequency. It is fundamentally limited by systematic effects, which can
be classified into environmental perturbations (such as magnetic and electric fields,
temperature variations, and collisional shifts) and technical imperfections in the

interrogation process (laser frequency offsets, intensity fluctuations).

On the other hand, clock instability is a statistical measure that quantifies the
random fluctuations of the frequency output f(¢) around its nominal value fy. Unlike
systematic shifts, instability arises from stochastic processes such as thermal noise,
quantum projection noise, and laser phase noise and it’s commonly expressed in
terms of the Allan deviation (ADEV) o,(7) [13]. More in detail, 6,(7) describes
the instability of the fractional frequency y(¢) over a certain averaging time 7. The

corresponding variance (AVAR) is expressed as:

1 Mo .
Gyz(f) = mn;o(ymH _Ym)zv 2.4)

where y,, is the average fractional frequency over the m-th time interval of

duration 7, and M is the total number of such intervals in the dataset.

On a logaritmic plot of 0y(7) versus 7, common clock noise processes appear as
straight segments with characteristic slopes. Therefore, it is conventional to express

the Allan variance as a sum of power-law terms:
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+2 ,
oy(t)=Y ht', (2.5)
i=—2
where the exponent i determines the slope and corresponds to a specific noise
type. For example, from Figure 2.2 a first region of white noise is visible (z7!),
followed by a flicker noise floor (7°) and a random walk region at longer timescales
(zh.

3()

Aging and random
walk of frequency

1h Sampletimet
: : :
1s m
Short term Long term
stability stability

Fig. 2.2 Typical Allan variance plot showing different noise types.

In clock applications, we usually discuss short-term and long-term stability
separately. For long-term stability, we’re generally stuck with "colored" noise, such
as flicker and random walk. Those come from electronics and other environmental
factors, which we can only control to a certain extent. Short-term stability instead, is
fundamentally determined by the atomic physics of our transition, such as quantum
projection noise and the precision of quantum state preparation. The goal is to reach

~1/2

the white noise regime (T in ADEV) where these fundamental limits dominate.

Mathematically, such limit to clock instability can be easily expressed as:

Ay 1 1 1

0y(7) = Vo SNRVZ ~ OSNRYZ' (2.6)
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where 7 is the total interrogation time, Ay is the transition linewidth and SNR
is the signal-to-noise ratio of the atomic detection. So, equation 2.6 shows that
instability improves (decreases) with increasing interrogation time 7 and increases
inversely with the transition quality factor Q = vy/A,. This equation highlights
the fundamental goals of atomic clock design: to achieve the narrowest possible
transition linewidth A, by using long-lived states and longer interrogation times,

while also maximizing the signal-to-noise ratio SNR of the atomic detection.

In this context, optical transitions have a significant advantage over microwave
transitions, since optical frequencies are typically ~ 10'> Hz compared to microwave
frequencies around 10'® Hz in common standards. For similar transition linewidths,
this results in quality factors approximately five orders of magnitude higher, resulting
in much lower fundamental instability limits. However, working at optical frequen-
cies brings significant technical challenges. Advanced laser systems with very stable
frequencies are needed, often achieved by stabilizing lasers to optical cavities. De-
tecting and controlling optical transitions requires complex setups, such as frequency
combs and advanced laser-cooling techniques, along with strict environmental con-
trols to reduce systematic shifts. Despite these challenges, the improvements in
instability and accuracy position optical frequency standards as the top choice for
next-generation atomic clocks and for future redefinition of the SI second.

2.2 Rubidium Frequency Standard

2.2.1 Motivations

Atomic frequency standards can be broadly classified into laboratory-based primary
standards, ground-based portable (and commercial) clocks and space-based standards,

each optimized for specific performance metrics and application requirements [14].

Laboratory-based clocks, such as caesium fountains and optical lattice clocks,
provide the highest levels of accuracy and stability. Caesium fountain clocks serve as
primary frequency standards, achieving flicker noise fractional frequency uncertain-
ties around 107'© [15] and defining the SI second through caesium-133 hyperfine
transitions. Optical clocks based on trapped ions (such as Al™, Sr*, Yb™) or optical
lattices (Sr, Yb) now demonstrate flicker noise instability below 10-18 [16, 17],
representing the frontier of precision timekeeping and candidates for redefining
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the second. However, these laboratory systems require substantial infrastructure,
including vacuum chambers, laser cooling systems, and complex optical setups with

volumes exceeding 1000 liters.

Portable and commercial standards prioritize reliability, size, and operational
simplicity. Active hydrogen masers (AHMs) excel in medium-term stability (hours
to days) with instabilities around 10~! at flicker noise floor, though they typically
weigh more than 200kg [18]. On the other hand, caesium beam tubes, typically
mounted on racks, achieve stability around 1013, limited by shot noise in the beam
current [19]. The caesium beam clocks and AHM clocks are now employed in
National Metrological Institutes to maintain the precise world time.

Hydrogen masers have also been deployed in space applications, where passive
hydrogen masers (PHMs) are used in GNSS constellations due to their superior
long-term stability. However, PHMs are significantly bulkier and more expensive
than alternative technologies. This trade-off reflects the empirical law stating that
frequency stability generally improves as the size, mass, and power consumption of
atomic clocks increase [20]. In applications where size, weight, and power (SWaP)

constraints are critical, compact atomic clocks become essential.

Laboratory standards are simply impractical for these environments and it’s
precisely in this regime that rubidium frequency standards play their fundamental
role, offering a favorable compromise between performance and portability.

2.2.2 Rubidium Standard Architectures

Rubidium frequency standards appeared in the late 1950s from optical pumping
work at Princeton, leading to the first practical devices using microwave discharge
lamps to optically pump and detect the ground state hyperfine transition near 6.8
GHz [21]. These rubidium clocks became popular because they offer a great balance
of stability, size, weight, power, and cost compared to caesium beam clocks and
hydrogen masers. Their use in GPS satellites helped prove Rb standards as reliable
references, achieving medium-term frequency stabilities close to 10~!4 over one
day. While their long-term stability is limited by interactions with buffer gases and
cell walls, Rb clocks meet current navigation needs thanks to their compact size
and reliability, which outweigh the stability benefits of larger devices. For example,

passive hydrogen masers used in ESA’s Galileo navigation system provide better
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long-term stability but have much higher size, weight, and power requirements:
28dm? volume (versus 3dm? for Rb), 18 kg mass (4 kg for Rb), and 80 W power
consumption (18 W for Rb) [14].

Over the years, new developments have created a variety of rubidium standard
designs, ranging from ultra-compact devices for portable use to high-performance
systems for metrology research.

In terms of compactness, coherent population trapping (CPT) methods remove
the microwave cavity completely, allowing chip-scale atomic clocks (CSACs) with
volumes under 17 cm? [20]. These devices trade some stability (typically ~ 10719
at one day) to achieve exceptional miniaturization, making them ideal for portable

military systems and underwater navigation.

Conversely, rubidium has also been developed into high-performance laboratory
standards that focus on stability and accuracy rather than portability. Cold-atom
rubidium fountain clocks, created in the 2000s and 2010s, use laser cooling and Ram-
sey interrogation to achieve fractional frequency instabilities around 2 x 10~137~1/2
and long-term stability better than 10~13 [22], nearly matching the performance of

caesium fountain clocks.

More recently, warm-vapor optical rubidium clocks based on the two-photon
58 — 5D transition have gained renewed interest for their high quality factor and
Doppler-free operation, linking traditional microwave standards and next-generation

optical atomic clocks [23].

In this thesis, the broader motivations and recent results for optical operation on
the rubidium two photon transition are deferred to the dedicated chapter presenting
the clock implementation. In the next sections, the energy spectrum of multi-electron
atoms is presented with analysis on fine and hyperfine structure of rubidium, together
with a final emphasis on saturated absorption spectroscopy as the basis of the two

photon transition interrogated in our clock.

2.2.3 Central Field Approximation

The simplest treatment of the energy levels of multi-electron atoms relies on the
central field approximation (CFA) [24], which assumes that each electron moves in
an average potential created by the nucleus and the other electrons. This allows us to
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define single-electron quantum numbers n, [, s, m; and my. The principal quantum
number n characterizes the radial distribution of the electron wavefunction, while
the azimuthal quantum number / defines its angular dependence (and the magnitude
of the orbital angular momentum [ of an individual electron). The quantum number
n is an integer greater than zero, while accepted values for / range from O to n — 1.
The magnetic quantum number m; specifies the orientation of the orbital angular
momentum, expressing the projection of [ on a chosen quantization axis, and its
allowed values go from —/ to +/. The spin quantum number s = 1/2 represents the
intrinsic angular momentum § of an individual electron and, finally, the spin magnetic
quantum number m; indicates the orientation of the electron’s spin (allowed values
+1/2).

Rubidium (Rb) has atomic number Z = 37 and its electronic configuration in the
ground state is 15225*2p®3s23p®4523d'04p055s!, with filled shells to the 4p level and
a single valence electron in the 5s orbital. The integers 1 through 5 represent the
principal quantum number n, while the letters s, p, and d correspond to azimuthal
quantum numbers [ =0, [ = 1, and [ = 2, respectively. Superscripts indicate the
number of electrons in each subshell.

2.2.4 Fine and Hyperfine Energy Levels

Coulomb interaction between the pairs of electrons and between electrons and the
nucleus causes deviations from the CFA potential. Additionally, the spin-orbit
interaction, which couples the electron’s spin and orbital angular momentum, is
not taken into account in the CFA as well. These effects lead to the splitting of
atomic energy levels into finer sub-levels, a phenomenon known as fine structure,
better described in the Russel-Sounders "L-S" coupling scheme [25], where L is the
magnitude of the total orbital angular momentum L = Z,-Z and S is the magnitude of
the total spin angular momentum S= Y5 of a CFA atomic level. These two vectors
couple to form the total angular momentum J=L+S. The corresponding quantum
number J can take values from |L — S| to L+ S in integer steps. Each fine structure
level corresponding to a CFA orbital configuration is labeled by the term 25*!L;,
where the symbol 25 + 1 is the multiplicity of the level and L is represented by a
letter, S, P and D for L = 0, 1,2 respectively. Finally, the value of J is given as a
subscript to L.
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For the Rubidium 5s ground state configuration the only allowed values of L, S
and J are defined by the only valence electron: L=0, S =1/2 and J = 1/2. On the
other hand, in any filled orbital, L and § are both zero. Therefore, the ground state
fine energy level for Rb is identified as 2S5, /2- The next Rb excited state is obtained by
promoting the valence electron to the 5p orbital, with no change on the description
of the remaining electrons. This configuration is described by L = 1, S = 1/2, which
leads to two allowed values of J: J = 1/2 and J = 3 /2. Consequently, the 5p excited

state is split into two possible fine structure levels: 2P, /2 and ’p, /2-

Each fine structure level is further split into hyperfine levels due to the interaction
between the nuclear spin / and the total electronic angular momentum J. Values of I
depend on the nuclear structure and vary with the isotope. In any case, the nuclear
magnetic moment proportional to / is much smaller than the electronic magnetic
moment, so hyperfine splittings are typically several orders of magnitude smaller
than fine structure splittings. Hyperfine levels are addressed with the total angular
momentum F, given by the vector sum F' = I +J. Its magnitude F can take values
from |I — J| to I +J in integer steps, defining levels with slightly different energies.

Rubidium has two naturally occurring isotopes: 33Rb and 8’Rb, with nuclear
spins I = 5/2 and I = 3/2, respectively. Therefore, for the ground state 25, /2
J =1/2), 85Rb has two hyperfine levels with F = 2 and F = 3 (Figure 2.3 [26]),
while 8’Rb has F = 1 and F = 2 hyperfine levels. The energy difference between
these two ground state hyperfine levels is 3.035 GHz for 8°Rb and 6.834 GHz for
87Rb [27, 28].

2.2.5 Resolving Hyperfine Structure: Doppler-Free Spectroscopy

An atomic gas or vapor will absorb laser light close to a resonant transition linking
its ground state to an excited state. As explained with equation 2.1, the atom will

absorb a photon when the photon energy matches the energy gap between the two

addressed levels, |g) and |e) (respectively ground and excited state).

Given a vapor cell filled with rubidium atoms interacting with a laser, the variation
in beam intensity as it propagates through the medium can be described by the
Lambert-Beer law:

I(wp,L) = I(wg,0)e (@)L 2.7)
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Fig. 2.3 3Rb lowest energy levels including fine and hyperfine structure (not in scale).

The equation represents an exponential decay of the intensity of the laser as it
propagates through the vapor, where the absorption coefficient k determines the rate
of extinction. The absorption coefficient, in absence of line broadening mechanisms
is theoretically estimated as [29]:

T Wged2,n
k(o) = 5¢. —88e”

P eoic g0, @) (2.8)
g

where @, is the atomic transition frequency, dg, is the transition dipole moment,
gq and g, are the degeneracy of the ground and excited state. The factor g is a line

shape function, which arises due to the finite lifetime of the excited state.

In a thermal vapor, atomic motion introduces a Doppler shift so that the atoms

experience a different laser frequency:

o =0, —k-V (2.9)

where & is the laser wavevector, ¥ is the velocity of the atom with respect to
the laboratory frame. If the atom is at rest (v = 0), the observed laser frequency
remains unchanged (®; = ). However, for moving atoms (v # 0) the perceived
frequency shifts, appearing either higher or lower than the nominal laser frequency
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r, depending on the direction of motion. Therefore, since each absorber can have
a different velocity, they will be resonant and absorb at a different frequency: this
Doppler shift contributes to broadening the absorption profile in atomic spectroscopy
(Figure 2.4).

Atom moving at right
angles to the observer

Emission spectrum of all
the atoms combined

Atom moving away
fromthe observer

Atom moving towards
the observer

h J

Fig. 2.4 Example of doppler-broadened absorption profile

Since the experiment involves a gas, the atoms exhibit a velocity distribution

described by the Maxwell Boltzmann distribution:

M Mv?
dv = - d 2.10
flv)dv ZﬂkBTeXp( 2k3T> " (2.10)

where M is the atomic mass and 7T is the cell temperature in Kelvin. Here we
can define ¢, = 4/ ’%, that is the standard deviation of the Gaussian distribution,
and is linked to the most probable atomic velocity (1 = v/20,).

Recalling equation 2.8, written in absence of broadening mechanisms, the line

shape function g including Doppler effect is now given by a Gaussian function:
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where the coefficient op represents the width of the Gaussian, defined as 6p =

kgT
Mc?

* Wge.

The extraction of the natural linewidth from a Doppler-broadened absorption
profile requires Doppler-free spectroscopy techniques. Several methods can achieve
sub-Doppler resolution, such as polarization spectroscopy [30] and modulation
transfer spectroscopy [31]. Among these, saturated absorption spectroscopy (SAS)
is widely used due to its experimental simplicity and robust performance [26]. The
principles of SAS also form the basis for the two-photon absorption spectroscopy
technique used in this work. The idea behind this method is to introduce a pump
beam of higher intensity, counterpropagating with respect to the probe beam, to
excite a specific transition. Since the two beams have the same frequency, atoms
that are stationary relative to the laboratory frame are affected equally by both
beams. In such conditions, the pump beam depletes the ground state population of
stationary atoms and, consequently, the probe beam experiences less absorption at
this frequency. This creates a narrow dip in the absorption profile, which shows up

as a peak in the transmission spectrum..

Doppler Saturated Absorption
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Transmission
o
(=]
|

<
-
L

0.2 1

0.0

T T T T T T T T T T
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Fig. 2.5 Saturated Absorption Spectroscopy example.

In ideal conditions, the dip’s width can match the natural linewidth of the tran-
sition and can be used as a Doppler-free spectroscopic tool to determine hyperfine
atomic frequencies more precisely, with the possibility to lock the laser to a narrower
feature (Figure 2.5).
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2.2.6 'Two-photon absorption spectroscopy

As discussed in the previous section, Doppler broadening arises from the thermal
motion of the atoms in the vapor. More specifically, if ¥ denotes the atomic velocity
and k the wavevector of the incident light, the first-order Doppler shift is given by
k- 7. When the direction of light propagation is reversed (k — —k), this first-order
Doppler shift changes sign. This principle is exploited in two-photon spectroscopy
as well.

We now assume that the atoms can be excited to a state |e) (with energy E,) from
the ground state |g) (with energy E,) by absorbing two photons. Using equation
2.9, the resonance condition for the absorption of two counterpropagating photons is
then:

E.—E, = oy (1—%>+ﬁwL<l+%) — 2hay, 2.12)

in the approximation of non-relativistic atomic velocities v, < c.

In the situation where both lasers operate at the same frequency (the degenerate
case), the Doppler shift experienced by one photon is exactly opposite to that of
the counter-propagating photon, independent of the atom’s velocity. As a result,
the combined frequency remains constant for all velocities, and atoms are excited
only when the laser frequency equals half the transition energy. In this way, Doppler
broadening is eliminated without the need for laser cooling. This mechanism differs
from saturated absorption spectroscopy, where Doppler broadening is suppressed by
isolating a single velocity class; in Doppler-free two-photon spectroscopy, atoms of

all velocities contribute to the observed signal [32].

When the resonance condition is not satisfied, or if the two counter-propagating
beams are not properly overlapped, atoms can no longer absorb a pair of photons
traveling in opposite directions. Nevertheless, some atoms may still absorb two
photons moving in the same direction, resulting in Doppler-broadened two-photon
absorption. However, for a fixed laser frequency @y, only a single group of atoms
with a specific velocity contributes to the Doppler-broadened signal, while, under
condition 2.12, atoms across the entire velocity distribution take part in the resonance

signal. Consequently, the Doppler-free two-photon absorption spectrum is observed
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Fig. 2.6 Doppler-free two-photon absorption spectrum showing both the narrow Lorentzian
peak and the broad Gaussian background.

as the sum of a high-intensity, narrow (natural linewidth) Lorentzian component and
a low-intensity, broad Gaussian component (Figure 2.6, [33]).

An important requirement for implementing the Doppler-free two-photon scheme
in high-resolution spectroscopy is that the laser linewidth should be on the order of
(or smaller than) the natural linewidth of the transition under study. In spite of the
traditionally high powers associated with two-photon excitation, the Doppler-free
geometry strongly enhances the usable signal because all velocity classes contribute
at resonance. Therefore, if the optical power is concentrated within a bandwidth
smaller than the natural linewidth, appreciable excitation rates can be obtained even
with moderate cw lasers.

In this regime, second-order perturbation theory predicts that the resonant two-

photon transition probability scales with the square of the laser intensity [33]:

2 2
(2) 1 3n Olgrlre P Wgr Wre
Pye == \-—F — e 5 re
ze (res) Fe(n hie S) Aw? Jerl) 2.13)

x| (Je 1me —q | Jrmy) <J,1m,—q|ngg>|2,
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In this expression, the index r labels a single dominant intermediate atomic state
|r) of opposite parity to |g) and |e), which is coupled to both by allowed electric-
dipole transitions. The laser frequency is chosen such that the one-photon detuning
Aw, from |r) is large enough to avoid real population of this level (no stepwise
excitation), yet small compared to the detunings of all other intermediate states
so that |r) provides the main contribution to the second-order amplitude. In this
picture, lg,, Ares Wgr, Wre, for, and f, are the wavelengths, angular frequencies, and
oscillator strengths of the real one-photon transitions |g) — |r) and |r) — |e). Aw,
quantifies how far the laser is detuned from the intermediate resonance and the last
term shows the squared product of the Clebsch—Gordan coefficients, which weight
the contribution of a specific magnetic sublevel |r,J,,m,) given the polarization
component g of the light (g = +1,0, —1 respectively for polarization 6", 7, and
o).

Finally, the dependence o 1/52 shows that tighter focusing (smaller S parameter)
increases the transition probability, provided that additional broadening effects

remain negligible.



Chapter 3
Nonlinear Optics

In the broad context of atomic clocks, non-linear optics plays an important role since
it provides access to atomic transitions that lie at wavelengths different from those
of readily available lasers. In this work, conveniently, 778nm light, required for the
rubidium two-photon transition, can be produced via second-harmonic generation
(SHG) of 1556nm, which falls in the telecommunications C-band and allows the use

of mature laser sources and erbium fiber frequency combs.

This chapter will briefly introduce the main concepts of Nonlinear Optics with
an emphasis on Second Harmonic Generation. Readers seeking comprehensive
treatments are referred to standard references that inform this chapter’s presentation
[34-36].

3.1 Introduction

Nonlinear optics investigates light—matter interactions in which the material response
depends on the optical intensity, a regime that is the key for the generation and
control of quantum states of light [37]. When an electromagnetic wave propagates
in a medium, it induces a polarization that follows the space—time oscillations of
the field; this polarization, in turn, radiates, providing the source of the emitted
light. At sufficiently high field amplitudes, the response becomes nonlinear and
the harmonic-oscillator (Lorentz) approximation must be extended to include anhar-

monic contributions. The invention of the laser in 1960 provided the necessary field
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strengths to access such regimes, marking a practical breakthrough for nonlinear
optics [38].

In the long history of optics, it was commonly assumed that optical media respond

linearly:

P(t) = egxVE(r), 3.1)

where P() is the induced macroscopic polarization, &y is the vacuum permittivity

and y) is the linear susceptibility of the medium.

However, experiments demonstrate that optical media do in fact exhibit non-linear
behaviour, as exemplified by the following observations:

* The refractive index, and consequently the speed of light in a non-linear optical
medium, does depend not only on frequency, but also on light intensity. This
is a counterintuitive property, since it means that light itself modifies the prop-
erties of its propagation inside the medium. This effect was a breakthrough,
discovered experimentally in 1961 by John Kerr, and is now known as the
optical Kerr effect [39].

* The frequency of light is altered as it passes through a non-linear optical
medium. This second effect puzzled physicist the most and it was demonstrated
in 1961 by Peter Franken and coworkers [40]. That experiment is regarded
as the birth of non-linear optics, occurring one year after the invention of the

laser.

From these observations, a wide range of non-linear fascinating phenomena
arised, many of which are exploited in modern technology: non-linear optics remains

an actively developed field still today.

3.1.1 Anharmonic Oscillator Analogy

The Lorentz harmonic-oscillator model provides an accurate description of the linear
optical response of atomic vapors, for which the induced polarization is proportional

to the driving electric field:
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d*x n dx
Vi

e
13 + wix = ——E(1), (3.2)

where x is the displacement of the electron from its equilibrium position, ¥ is the
damping coefficient and the restoring force has the expression Fy = —ma)gx and it is

associated to an harmonic potential energy:

du 1
Fa=—— —UQ)= 5mcogxz (3.3)
with wp? = %, with k being the effective spring constant of the bound electron.
While k is purely phenomenological in the classical model, in the quantum treatment

it’s connected to the energy separation between atomic discrete levels.

To understand non-linear phenomena, the Lorentz model can be extended by
introducing anharmonicity in the restoring force acting on bound electrons (e.g.,
quadratically dependent on the displacement):

dz.x d.x 2 2 e
W—F')/E—F(on—Fax :_ZE(I) (34)

In this case, the potential energy is anharmonic:

du 1 1
e —U(x) = —m(ogx2 + ~max’ (3.5)

Fi =
A 2 3

Consequently, the solution of 3.4 deviates from a damped cosine/sine, leading to

a non-linear relation between x(z) and E(z).

As a result, the material response ceases to be strictly linear and the polarization
is no longer proportional to the field: the starting point of non-linear optics is indeed
the non-linear dependence of the polarization P(z) on E(t).

3.1.2 Non-linear Optical Susceptibility

In practice, nonlinear terms are much smaller than the linear response, so nonlinear
effects are observable only if the driving field is sufficiently strong. In these cases, it

is convenient to decompose the polarization into linear and nonlinear parts. We start
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the analysis by expanding the atomic polarization in powers of the electric field (like

in a Taylor expansion):

P(r) =& (xVE®) + 2P EX () + VB (1) + . (3.6)

where x(l) is the linear susceptibility, ¥ (2) and )((3) are the second and third

order non-linear susceptibilities.

In this introduction, for a simplified treatment, we consider several assumptions:

(1) The material is isotropic, homogeneous and lossless. All the optical sus-
ceptibility terms are real and scalar quantities, independent of space (in a
more accurate description, the non-linear susceptibilities are not numbers, but

tensors).

(2) Lightis linearly polarized and propagating along the z direction. The only inter-
esting components of the atomic polarization are along the linear polarization

axis.

(3) The linear and non-linear susceptibilities are "non-dispersive", meaning neither

dispersion nor absorption is taken into account.

Under assumption (3), x(l), %(2) and x(3) are not functions of ® in the frequency

domain. Thus we write:

P(w) =P (0)+ Py (o) (3.7)

with
P(0) =83 VE(w) (3.8)

and
Pyr(@) =& <)Z(2)E2(a)) +1BE} ) + ) (3.9)

ngn

where "}" indicates the Fourier transform.
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In general, P and € may depend on the position inside the medium. Therefore,

exploiting again (3), we can rewrite 3.6 in the time domain as:

P(rt) = & (x(l)E(f,t) D250+ DB ) + ) — Pu(F,1) + Pue(F,1)
(3.10)

A practical treatment typically retains only the lowest non-vanishing orders: x(l)
(linear term), x 2) (responsible for e.g. second harmonic generation and Optical para-
metric amplification) and 1(3) (responsible for e.g. self-focusing, self-modulation).
All higher contributions are usually much smaller and can be safely neglected for
the interpretation of experiments. In many materials 13 << x@, but there exist
materials in which the second-order susceptibility (and in general all even orders) is
null. These are called centrosymmetric. where inversion symmetry is realized, i.e.

material properties are not altered under a transformation: v — —r.

This means that the macroscopic polarization must reverse under field reversal,
i.e. P(E) = —P(—E). Consequently, in the Taylor expansion of P(E) all even-order
terms vanish in the electric-dipole approximation: x(z) =0.

Typically, all liquids, gases and amorphous solids (e.g., glass) are centrosymmet-
ric, so they have a strong contribution of third-order nonlinearity. Usual values of
the second-order nonlinear coefficient 8"75(2) are on the order of 10724 —1072!C/v?
while third order coefficients %72(3) are on the order of 1073 —1072°C/V? (the

values and the corresponding notation are taken from [41]). As a consequence these

non-linear correction terms become relevant only when the electric fields are of the
order of 10° — 103V /m.

Table 3.1 summarizes some examples of second- and third-order nonlinear

susceptibilities, with notation and values taken from [36].
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Material xi(jz) (pm/V)

2
BBaB;04 %éz) =11 Material | x®) (m?/V?)
GaAs | x2) =185 GaAs | 1.4x10°'8
: —18
LiNbO; | 73 =—15 Si | 2.8x10

CdGeAs, | 22 = 1175

Table 3.1 Examples of second- and third-order nonlinear susceptibilities.

3.2 Second Harmonic Generation Theory

3.2.1 Wave Equation and Coupled Wave Theory

We now discuss in details the physical consequences of a nonlinear polarization. To

do so, we need to start as always from canonical optics from the Maxwell’s equations

inside the medium. Supposing to be far from conduction currents and free charges,

the wave equation in a non-linear medium tells:

9%D(F,t 9%E(F,t 9%Pyy(F,t
VZE(EI):MO%Zﬂoso(ler(])) ag ) ¢ o g?z(r ERT

where P, (7,1) = gox Y E(F,1) and 1+ x(") = n? (linear refractive index).
More compactly:
1 82E(f,t) 1 82PNL(I_”,Z‘)

= 3.12
vg Of? gz 01 (3.12)

V2E(F,1) —

where v, = I is the group velocity of light in the medium.

Equation 3.12 is the nonlinear Maxwell equation governing the interaction of an

electromagnetic wave with a nonlinear medium. In the weak-scattering Born picture,

one treats the nonlinear polarization driven by the incident field as a source term

that radiates new frequency components. While this provides intuitive insight into
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frequency generation, it is not so accurate for quantitative propagation problems. In

what follows, the more complex and rigorous coupled-wave theory is adopted.

To solve 3.12 apart from the assumptions (1), (2) and (3) considered in Section

3.1.1, we also introduce:

(4) Plane Wave Approximation

(5) Slowly Varying Envelope Approximation (SVEA)

With assumption (4), the field is modeled as a plane wave and represented, by the
Fourier Theorem, as a superposition of monochromatic components at frequencies

®,, all propagating along z. In complex notation:

E(z,t) = —Z (Ep(z)ei(kpz_wpt) +c.c.) (3.13)
p

where k), = n(:)—gf’ is the propagation constant at frequency @, (here v, = v from

the considered assumptions).

Still, 3.12 cannot be easily solved. Assumption (5) supposes that the field
envelope varies slowly in z as compared to the wavelength of the carrier wave
Ap = i—’: This allows to neglect higher-order derivatives of the envelope with respect

to z:

d 2Ep (2)
072

J E, (z)
dz

< |k, (3.14)

Applying approximations (4) and (5) to the basic Boltzmann equation (3.12),
replacing E(7,t) with 3.13, we obtain:

1 IE,(z) 1 9%Pyr(z,1)

1 . i(k,,z—co,,t) — 1
; 2( iky—g ¢ +cc) o o (3.15)

Writing Pyy (z,¢) = g0 P E(z,1)> + gyx ¥ E(z,1)? and matching equal-frequency
terms on both sides, this equation is equivalent to a set of nonlinear ordinary differ-
ential equations for the envelopes at each different frequency ®,, describing how

each spectral component evolves along z inside the medium. In other words, waves
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are coupled through nonlinearity inside the medium and 3.15 expresses how the

"amplitude" of input frequencies decreases while new components grow.

3.2.2 Quadratic Non-Linearity: Second Harmonic Generation

In this section, we focus on the solution of 3.15 for the specific case of Second
Harmonic Generation, without entering in the details of cubic nonlinearity. The
effect of Second Harmonic Generation can be explained using the second-order

nonlinearity and by simply assuming to have a monochromatic plane wave as input:

E(z,t) =1 (E1 (2)eihiz—ann) +c.c.)

(3.16)
PNL(th> = 80X(2)E2(Z7t)

Thus:

. . 2
PNL(Z,I) — 80%(2) (%El (Z)el(klz—(mt) + %Eik (Z)e—l(klz—(vlt)>
— 80)((2) <%E12(Z)62i(k12*(1)1[) + L_ltETZ(Z)e—Zi(klzf(mt) + %’El (Z)’2>

= Pyr2w, (2,t) +Pyrpc(z,t) (3.17)

Therefore,

1 .
Pniow, (2,t) = 580%(2)136 E} (7)) (3.18)

describes the second harmonic generation at frequency 2®; and

1
Pvrpc(z,t) = 580%(2)|El (2)? (3.19)
is a DC term that gives rise to optical rectification (OR), i.e. the generation of a
static electric field inside the medium.

Second Harmonic Generation can be understood as the combination of two

photons at frequency m; to produce a single photon at frequency 2®;. This fre-



3.2 Second Harmonic Generation Theory 27

quency up-conversion process conserves energy and allows the generation of light at

wavelengths that may be inaccessible to conventional laser sources.

We call now E| (z) the envelope of the electric field at frequency @, and E(z) the
envelope of the electric field at frequency @, = 2. Inserting the two frequencies

in 3.15, we obtain:

: IEI(2) (kyz—ann) IE2(2) (kyr-wy]\ _ 1 9*Pu(z1)
2i (klRe{ Iz e + kyRe oz e = el 72
(3.20)

Focusing only on the non linear polarization term regarding SHG (3.18) and
setting @, = 2@, we get the equation describing the evolution of the second harmonic
field E(z):

Jilkoz—a)9E2(2) _ 1 9* Py e (2,1) (3.21)
0z 2iky€oc? o012 '
By deriving twice Pyz, 20, (z,¢) and simplifying we obtain:
JE :
;Z(Z) = i4(:§c x P E? (2)e™k (3.22)

where Ak = 2k — k» is the phase mismatch parameter.

For the model to be self-consistent another equation must be written for the

electric field envelope E; at frequency @; ':

8E1(Z) _; 1
0z 2nic

X P EF (2)Ex(z)e A% (3.23)

Thus, by combining the two:

JE; (2) ] (Z)E* E —iAkz
5 l.znlcxz lz(Z) iiZ)e .29
S5 = i X VE(2)e™

IThis comes from considering E(z,¢) equal to the sum of monochromatic wave at frequency @,
and a monochromatic wave at frequency w,. For further details, see e.g. [35]
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The first order non-linear ODE are solved with initial conditions at the input face
z=20. Obviously E»(0) = 0 as only the fundamental wave is incident on the medium

at @ = oy, therefore E(0) is fixed by the external source and is typically large.

Considering a non linear medium of length L, in the hypothesis of undepleted
pump (Assumption (6)), i.e. Ej(z) =~ E(0), the two equations are completely
decoupled. The envelope of the electric field at frequency @, at its end L is:

1

5(2) -
X E (O)Ak

L
Eo(L) = i-2 3®E2(0) / Mgy = j 2
0

IAKL
- 1) 3.25
4nsc 4nsc (e ( )

From which, calling I, = I(L) and I} = I;(0) we obtain

0 o\, o [AKL
L=|E (L) = (ﬁx@)) L L%sinc? (T) (3.26)

2
Collecting all the constants in a single one kK, = (% 2(2)> , we have:

AkL
L = kI L2sinc? (T) (3.27)

The conversion efficiency exhibits a sinc>-type dependence on the phase mis-
match, so for a given interaction length the maximum efficiency occurs for the exact

phase matching condition:

Ak=0—72k1 =k (3.28)

When phase matching is not satisfied (or only weakly satisfied), the efficiency
is very low and the behavior approaches the linear case. If the second-harmonic
intensity is plotted versus propagation distance within the medium for different
values of Ak, one obtains the characteristic quadratic growth for near-zero mismatch
and oscillatory exchange for finite mismatch (Figure 3.1b).

For Ak # 0 the intensity oscillates with a period L. = i—’,:, called coherence length.

This means that after a propagation distance L., the intensity of the second harmonic

goes back to zero, i.e. the process is not efficient at all.
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Fig. 3.1 (a) sinc? dependence of the SHG intensity on the phase mismatch. (b) SHG intensity
versus propagation distance L for different values of Ak.

3.3 Phase Matching

This section outlines the experimental strategies to achieve phase matching for
maximizing the SHG conversion efficiency. The discussion focuses on collinear
Type I phase matching in three-wave mixing, where all interacting waves propagate
along the same direction.

3.3.1 Collinear Three Wave Mixing

For non-dispersive materials, the condition Ak = 0 = k| 4+ k» — k3 = 0 becomes:

nw n n
1+ (02: 3
C C C

(3.29)

where n = n(®;) is the same refractive index for each frequency involved in the

process. Simplifying, 3.29 is recasted as the energy conservation law:

W+ W) = 3 (3.30)

Because real materials are dispersive, the refractive index depends on frequency:

n; = n(w;). As a consequence, the phase matching condition now reads:

niw) +nyn = n3s (3.31)
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3.31 is independent of the frequency matching condition and both constraints
must be satisfied. For the case of Second Harmonic Generation, we can set @ — »
and w3 = 2w, and 3.31 becomes:

21’11601 =l’l3-2(01 —> N =n3 (3.32)

or, equivalently, n(®;) = n(2w).

3.3.2 Birefringence and Type I phase matching

In isotropic material under normal dispersion, collinear, same-polarization SHG
generally cannot satisfy n(2@;) = n(® ), so exact phase matching is not available in
that simple configuration. In fact, a wave travelling through an isotropic medium

experiences the same refractive index regardless of its polarization and propagation
(1)

direction. In this case, definingn = +/1+ )((1), the dielectric tensor &; = 1+ x; ¥ 1s

diagonal with equal entries.

In anisotropic media this is not generally the case, as &;; contains distinct principal
values and, in a generic laboratory frame, off-diagonal components. However,
for lossless (non-absorbing) materials, €;; is symmetric and can be diagonalized,
corresponding to a change from the laboratory frame to the material’s dielectric

coordinates. In that frame, a uniaxial crystal has the dielectric tensor

€ =diag(&,, &, ) (3.33)

where &, and &, are the ordinary and extraordinary dielectric constants, corre-
sponding to refractive indices n, = /€, and n, = \/€.. Thus, two principal axes
share the same refractive index n,, while the third axis has a distinct index n, and

defines the optic axis.

The dependence of the refractive index on the polarization and propagation
direction of light is called birefringence and it represents the key ingredient to realize
phase matching. By choosing the propagation direction relative to the optic axis (i.e.,
tuning the angle 0), birefringence can compensate material dispersion provided the

appropriate index relation is satisfied:
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1e(0,20;) = ny (o) (3.34)

This configuration corresponds to Type I phase matching, where the two funda-
mental waves at @; are ordinary polarized and the second harmonic wave at 2@
is extraordinary polarized ("ooe" configuration, see Figure 3.2). As indicated by
3.34, the ordinary refractive index at a given wavelength is fixed (by the material’s
Sellmeier relation), whereas the extraordinary refractive index depends on the prop-
agation angle 0 relative to the optic axis. Such angular dependence is expressed
as:

1 cos?(6) sin’(0)
= + (3.35)
AC) ng

Here, n, = n,(90°) is set by the Sellmeier relation as well. From 3.35, one
finds n,(0°) = n,: when light propagates along the optic axis, the refractive index is
polarization-independent and birefringence vanishes. Uniaxial crystals are so called
since they possess a single optic axis.

Extraordinary polarized

2w

Optical axis

g
/ I Direction of propagation

Ordinary polarized

] w
Fig. 3.2 Type I "ooe" phase matching in a uniaxial crystal.

Finally, a practical consequence of birefringent phase matching is spatial walk-

off: for the extraordinary wave, the Poynting vector (energy flow) is not collinear
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with the wave vector, forming a walk-off angle p. As a result, the ordinary and
extraordinary beams gradually separate transversely as they propagate, reducing their
spatial overlap and the effective interaction length. This phenomenon degrades the
SHG efficiency and must be accounted for during the crystal selection, particularly
regarding crystal length and walk-off angles.

3.4 SHG conversion efficiency for gaussian beams

In the previous sections, the theory of SHG was developed under the plane wave
approximation. However, in real experiments, the incoming light is typically not a
perfect plane wave but rather a Gaussian beam (described in more details in Section
4.1.2). This has important implications for the efficiency of the SHG process.

3.4.1 The Boyd-Kleinman Function

The canonical treatment of SHG with focused Gaussian beams was developed by
Boyd and Kleinman (1968) [42]. Their analysis yields a closed-form expression for
the second-harmonic output power:

Py, = KPj Lkie”*"h(c,B, k&, 11) (3.36)
where

22
= %ﬁ%dgf > is a constant depending on the material properties (d. s

is the effective non-linear coefficient, related to x (2)).

Py, 1s the input power at frequency ;.

L is the crystal length.

k1 1s the propagation constant at frequency @ .

« is the "total" absorption coefficient inside the medium, defined as o =
o)+ s (o).
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The function h(c,B,x,&, u) encapsulates the full dependence of P, on the
optimizable parameters o, U, & representing, respectively, the phase mismatch,
focal position, and strength of focusing. In addition, /# depends on the birefringent

parameter  and absorption k. It can be expressed as a double integral:

P 1 E(14u) Jrd /e[*K(‘E+T’)+i6(f71/)7B2(f*1:/)2] .
Gv 7K7 ) = Tz Tat N ; .
(0,856, 1) 4 //g(lu) (I+it)(1—it') 337
where

2
* 0= %. b= %ﬂ is the confocal parameter and wy is the beam waist

(radius) inside the medium (Figure 4.3).

s U= %, with f being the position of the beam waist relative to the input

facet of the medium.

JIE

e B= B\/E where B = p %"1 is the double refraction parameter accounting for
p, the walk off angle.

Finally & = % and K = “Tb.

The Boyd-Kleinman function (o, 8, k,&, i) can be numerically evaluated for
different values of its parameters. Of particular interest is the case of no absorption
and focus of the beam in the center of the crystal, i.e. kK = y = 0. Once the phase
matching condition is optimized and o is fixed to an optimum value, f can be related
to B and the function can be treated by varying B and £. Figure 3.3 shows the

behavior of i(B, &) for different values of its optimizable parameters.

Each curve of Figure 3.3 exhibits a single maximum that defines the optimal
focusing & (B). As the walk-off parameter B increases, the peak value decreases,
indicating that walk-off degrades SHG efficiency. At the same time, increasing the
focus at the center of the crystal is beneficial up to a certain threshold. Beyond that,
further increasing & reduces the effective interaction length within the medium and
lowers efficiency of the SHG process. Boyd and Kleinman found that the optimum
value of & lies in the range 1.392 < £ < 2.84.
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Fig. 3.3 h(B,&) as a function of £ for several values of the double refraction parameter B.
Vertical lines indicate optimum focusing in the limits of small and large B. Reproduced with
permission from Boyd and Kleinman, J. Appl. Phys. 39, 3597 (1968). © 1968 American
Institute of Physics.

3.5 Crystal choice for SHG

In the next sections, the performance of the main crystalline materials used for Second
Harmonic Generation is evaluated, focusing on the case of single-pass, continuous
wave frequency conversion according to the theoretical framework introduced in
Section 3.4

The material choice naturally prioritizes a large effective nonlinear coefficient
d.yr, minimal spatial and temporal walk-off, and low optical loss across the interact-
ing wavelengths. In practice, performances are constrained by additional factors such
as manufacturable crystal dimensions (aperture and length), AR-coating quality and
tolerances. The optimal device, therefore, balances theoretical conversion efficiency

against the bounds set by crystal growth quality and the sizes that can be procured.

3.5.1 Borate Non Linear Optical Crystals

As explained in Section 3.3, birefringence is essential for phase matching in non-
linear crystals. The birefringent crystals that are now evaluated are BBO (BaB;0,),
LBO (LiB305), CLBO (CsLiBg01(), and BIBO (BiB30Og), chosen because of their
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wide transparency windows and broad SHG phase-matchable ranges, which make
them well suited for harmonic generation across a wide spectrum. Here, we focus

specifically on frequency doubling from 1556nm to 778nm.

The evaluation starts by systematically determining the optical properties needed
to calculate the output power using the derived theoretical model. For this purpose,
the calculations are performed considering equation 3.36, which is rewritten in the
International System of Units in Section 4.1.4. Characteristic crystal parameters,
such as the Sellmeier equations (used to derive refractive indices and phase matching
angles), effective nonlinear coefficients (d.ff), and absorption coefficients (¢&r) come
from literature and vendor specifications [43, 44]. After finding the refractive indices,
the spatial walk-off angle (p) is calculated using the angular derivative relationship
[45]:

1 dn(0)

p=— (3.38)

These parameters are listed in Table 3.2, with some values being obtained or

verified using the SNLO nonlinear optics software [46].

Table 3.2 Optical parameters for the nonlinear crystals used in CW SHG at a fundamental
wavelength of A, = 1556 nm.

Parameter BBO LBO CLBO BIBO
n(wy) =n(w) 1.63 1.60 1.48 1.73
p (mrad) 4521 573 2743 3045
dery (pm/V) 2.10 0.80 0.35 2.70

a(w) (%/cm™') <0.1 <0.1 <003 <0.1
a(wm) (%/ecm™1) <0.1 <03 <01 <0.1
Opm (deg) 19.8 90 283 109
dpy (deg) 90 9.8 90 0.0

BBO and CLBO are uniaxial crystals, and the phase-matching configuration
considered for these materials is Type I with an "ooe" polarization scheme. Simi-
larly, the same configuration was considered for LBO and BIBO, which are biaxial
crystals: for LBO, the phase-matching is analyzed in the XY plane, while for BIBO
it is considered in the XZ plane. From the data presented, BIBO emerges as the most
promising crystal for continuous-wave SHG at 1556 nm due to its higher effective

second-order nonlinear coefficient. However, research literature has reported that
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BIBO can exhibit certain instabilities under high incident powers during the SHG
process [47]. Following BIBO, BBO is the next most efficient nonlinear material con-
sidered here, balancing good nonlinear efficiency with more established operational
stability and keeping low absorption coefficients.

To identify the maximum theoretical efficiency each crystal can provide in
the CW regime, the output power is calculated for different crystal lengths (L)
while optimizing the laser focusing condition &. By evaluating different (L, &)
combinations, we obtain the trends shown in Figure 3.4 for an input power P, = 2W.
To avoid redundancy, the plots presented correspond to BBO, which is representative
of the behavior observed for all the considered crystals.
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P2 [uw]

60 80 100
spot radius wo [um]

(b)

Fig. 3.4 (a) Conversion efficiency of BBO as a function of the beam waist radius inside the
crystal, shown for various crystal lengths. (b) BBO Power heatmap varying crystal length
and beam spot radius.
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Figure 3.4a clearly illustrates the influence of the Boyd-Kleinman function #,
since varying the beam spot radius outside the optimal range for £ results in a
significant reduction in SHG efficiency. It is also evident that increasing the crystal
length enhances both the conversion efficiency and the output powers, within the
practical length range typically produced by manufacturers. However, the benefits of
increased crystal length must be balanced against cost considerations and increased
sensitivity to local temperature variations: phase matching has to be maintained over
a larger length, and eventually this will become difficult, particularly in a crystal
oven. At the same time, greater values of L lead to a higher value of B, indicating an
enhanced walk-off effect. This could be detrimental especially in pulsed operational
regimes while, as shown in Figure 3.4a, its impact does not materially limit the

results reported here for single-pass SHG generation.

By setting the crystal length, it’s possible to make a comparison between the

performances of the different crystals (Figure 3.5).

As expected, the BIBO crystal demonstrates the highest performance, followed
by BBO. The LBO crystal exhibits a performance close to that of BBO, with an inter-
esting trend of reaching comparable efficiency when the crystal length approaches 20
mm. This behavior can be attributed to the differences in walk-off angles between the
crystals, which favor LBO for longer interaction lengths compared to BBO. On the
other hand, CLBO produces significantly lower output power within this wavelength

range.

In general, the single-pass SHG power and conversion efficiencies remain rela-
tively low. For this reason, intracavity frequency doubling represents a fundamental
enhancement strategy: by integrating these crystals within an optical cavity, the
circulating power can be significantly increased, improving the output power and
conversion efficiency. However, this approach introduces additional constraints on
the crystal design, since the crystal length must be carefully matched to the cavity
length to achieve an optimal focusing parameter & for efficient SHG. Moreover,
residual reflections at the surfaces of the crystal must be minimized to keep negli-
gible intracavity losses, which represent one of the greatest factor that reduces the
overall SHG efficiency (see Section 4.2.1).
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Fig. 3.5 Crystals SHG conversion efficiency and output generated power for P,, = 2W and a)
L= 15mm and b) L = 20mm

3.5.2 Periodically Poled KTP Crystal

Even if it is not part of this work tractation, quasi-phase-matching offers a practical
alternative to conventional birefringent phase-matching by periodically modulating
the nonlinear susceptibility in a crystal. The process resets the phase difference
between interacting waves every time it accumulates to 77, maintaining constructive
energy transfer from the fundamental wave to the second harmonic. Among the
various materials, periodically poled potassium titanyl phosphate (PPKTP) stands out
as a representative choice for SHG applications due to its relatively large effective
nonlinear coefficient and a high damage threshold, which together ensure high SHG
conversion efficiency.
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The simplified Boyd—Kleinman function of Figure 3.3 can be applied to pe-
riodically poled materials, since the theory does not depend on how the phase-
matching condition is satisfied. In this case, the Irst-order periodic inversion in-
troduces a factor 2/7 in the reduction of d,rs [48]. Considering the non-linear
coefficient d33 = 16.9pm/V [49, 50], the proper value under analysis is found to be
dof f = Zd% =10.76pm/V . At the same time, the treatment can be made considering
B=0 [51, 52].

The conversion efficiency and output power results for the Periodically Poled

KTP are reported in Figure 3.6.
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Fig. 3.6 (a) Conversion efficiency of PPKTP as a function of the beam waist radius inside
the crystal, shown for various crystal lengths. (b) PPKTP Power heatmap varying crystal
lenght and beam spot radius.

The theoretical results show a conversion efficiency exceeding 2% without re-

quiring an optical cavity (consistent with previous experimental works [53, 54]),
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highlighting PPKTP as a highly effective crystal for SHG at this wavelength, outper-

forming other borate crystals.

Although a Periodically Poled crystal like PPKTP achieves high efficiency
through Quasi-Phase Matching, its advantage is linked to a permanently set poling
period (A) tailored to a single fundamental wavelength. As a result, once created
for a specific Second Harmonic Generation process, a PP crystal cannot be reused
for several different wavelengths, even if an hypothetical cavity length is modified
to "select” a new frequency (see Chapter 4). For instance, the SHG bandwidth for
a fundamental wavelength in the telecom band is as narrow as 1.3nm for a 10mm
interaction length using high-intensity pulsed lasers [55, 56]. On the other hand, a
birefringent crystal such as BBO or LBO uses birefringence phase matching, which
can be continuously satisfied by simply adjusting the crystal’s angle with respect to
the incoming beam. This allows the same birefringent crystal to offer greater flexibil-
ity and be immediately reused for generating new frequencies by a straightforward
mechanical angle adjustment after altering the cavity size and switching to a new
fundamental wavelength. Indeed, even though recent studies have shown significant
interest in expanding the phase matching bandwidth of Periodically Poled crystals in
the telecommunication band [57, 58], BBO still provides enhanced bandwidth for
shorter crystals [59].



Chapter 4

SHG Enhancement Cavity

As discussed in Chapter 3, continuous-wave SHG in a single pass through a nonlinear
crystal typically yields low conversion efficiencies. To overcome this limitation,
an optical resonator can be employed to enhance the power of the fundamental
field travelling through the crystal. In a simple two-mirror cavity, it was found
that repeated reflections drive the field toward a spatial distribution that does not
vary from transit to transit (normal resonator mode) [60]. As a result, the profile of
the field is reproduced at each round trip, and the power within the cavity can be
significantly higher than the input power.

The next sections describe the main characteristics of a specific resonator type

and show how it can be used to enhance the SHG process.

4.1 The Confocal Resonator

The confocal resonator consists of two identical spherical mirrors placed at a distance
equal to their radius of curvature R. This results in an overlapping of their foci at the
center of the resonator. The analytical treatment is given by Boyd and Gordon [61]
and it is presented in a concise form proposed by [62]. The problem is treated under
the scalar approximation, where the field is described as a scalar quantity U, as it is

assumed to be nearly transverse and uniformly polarized.
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4.1.1 Cavity Eigenfunctions and Resonant Frequencies

Considering a field distribution U corresponding to a cavity mode, it must reproduce
itself when travelling from mirror 1 to mirror 2, separated by a distance L, apart from
a constant amplitude and phase factor o

—i [U(P)e* (1+cosO
GU(PZ):Z—;E 1 (P1)e (r c0s9) 4s, (4.1)

Here r is the distance between generic points P; (x1,y;) and P»(x;,y2) on the two
mirrors, 6 is the angle between the normal to the surface at point P; and the line
connecting P and P, and the integration is performed over the surface element d$;
over P; (Figure 4.1).

A (X1, ¥1) A (x2,52)

P(x1, y1)

[\
fm e m———— ) —— === — =

Fig. 4.1 Confocal configuration for a two-mirror optical resonator.

The constant & can be expressed as ¢ = |o|e’?, where its absolute value gives the
fractional power loss per pass due to diffraction (y; =1 — \6]2), while 2¢ represents

the phase shift accumulated by the field in one round trip.

Equation 4.1 can be simplified if the lenght of the cavity is well above its
transverse dimensions (mirror half-width a), as one can set cos@ ~ 1 and r =~ L. To

find a suitable approximation for the phase factor kr, the calculation of the distance
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between Py and P as a function of the coordinates of the two points is followed by

an expansion in a Taylor series to give:

1
reL— Z(X2X1 +yoy1)+ € 4.2)

This expression is a good approximation when the phase error € is not significant
compared to a full wave cycle. This condition holds if N < Z‘—i where N = a? JALis
the Fresnel number of the cavity.

Introducing the dimensionless quantities

E=VN>, n=VN_, (43)

equation 4.1 finally reduces to a simplified, and dimensionless integral equation:

c'U(&,m) = —i/lU(él,m) exp{in[(& — &)*+ (m —m)?*|}dEdn  (4.4)

with 6* = o exp(—ikL).

The problem can now be broken down into two independent one-dimensional
integrals:

U(g,n) =Ue(§)Un(n), o =o0zoy (4.5)

Looking for a separable solution, equation 4.4 gives:

N
GgUg (52) —e 7 /_\/NUé (51) exp(—i27r§1§2) d§1 4.6)

VN

opUn(12) :eii/mUn(m) exp(—i2wm ) dm 4.7)

The physical meaning of equation 4.6 is simple, as it describes the field distribu-
tion in a cavity made of two plane mirrors that are finite in the x direction (width 2a)
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and effectively infinite in the y direction. Similar interpretation holds for equation
4.7.

The two-dimensional cavity mode is formed by the product of the two one-
dimensional solutions. This combined solution is called a transverse electromagnetic
mode, typically denoted as TEM,,; in laser physics, where m and | are integers
indicating the mode orders in the x and y directions. At the same time, the overall
eigenvalue for a T EM,,; mode is the product of the corresponding one-dimensional
eigenvalues. This combined eigenvalue carries information about the total diffraction
loss and phase shift of the T EM,,,; mode:

Um,l = Uﬁ,m(€>Un,l(n)a 6:171 = Gg,m(y;;J (4.8)

In the hypothesis of a high Fresnel number, the mirrors are either very large or
very close together relative to the wavelength of the light. This minimizes diffraction
effects, as the light has less opportunity to "spread out" and miss the mirror edges.
If this assumption holds (N > 1), the solutions to equations 4.6 and 4.7 can be
approximated by a product of a Gaussian function with a Hermite polynomial.
Returning to original x and y coordinates, the eigenfunctions for the T EM,,; modes
are given by:

2

Upm(x) = Hy [x I%—Z] exp [—%} 4.9)
2n my?

UyJ(y) = Hl y 17 exXp |:—J:| (410)

where H,, and H; are the Hermite polynomials of order m and I respectively. The
overall field distribution for the T EM,,; mode is then:

M} 4.11)

Um,l(xay) = H,,H, (28Y {_ i)

For example, the fundamental mode 7 EM has a pure Gaussian distribution,
following the field distribution of Figure 4.2 along both the x and y directions
(Hpu—o = Hj—y = 1). Experimentally, the intensity profile of such mode creates a

circular luminous spot on an incident mirror.
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Fig. 4.2 Normalized field distribution along dimension x with H,, =0 (a) and H,, = 1 (b).
The plots are presented for two different Fresnel numbers N and x is scaled with respect to
the mirror half-width a.

On the other hand, higher-order modes, such as the T EM, will present a radial
behaviour along the x direction as presented in Figure 4.2a, while Fig 4.2b shows

the radial behaviour along the y direction.

The eigenvalues corresponding to the TEM,,,; can be evaluated by dropping the
limit imposed by the high Fresnel number approximation for a more meaningful
description. The resonant frequencies are obtained by equating the phase of o, ; to

an integral number times 7:

kL+ ¢y, =nm (4.12)

Equation 4.12 carries terms depending on A (q);; ; depends on the Fresnel Number
too), therefore it allows for the calculation of the resonant frequencies as a function
of the mode indexes. The resonant frequencies for a confocal resonator turns out to
satisfy the relation:

+1+1
Vn,m,l = i <n+ —m ) (413)
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where n is the longitudinal mode index, determining the number of half-wavelengths
fitting inside the cavity of length L along the propagation direction z. The expres-
sion shows that modes having the same 2n + m + [ values are degenerate, i.e., they
resonate at the same frequency although having different spatial configurations.
Moreover, the frequency spacing between adjacent longitudinal modes is the same as
that of the simple Fabry-Perot resonator, given by Av = ¢/2L. However, higher-order
transverse modes are interspersed between the longitudinal modes if mode matching
is not enforced. In fact, when it’s the case, the spacing between adjacent resonant
frequencies becomes Av = ¢/4L, the Free Spectral Range (FSR) of the confocal

resonator.

4.1.2 Cavity Mode Parameters and Gaussian Beams

Once the field distribution and resonant frequencies of the confocal resonator have
been established, it can be shown that field distribution at any point inside (as well

as outside) the resonator can be expressed as:

) V2x V2y x_2+y2
Um,l(x7yaz) = W(Z)Hm (W(Z)> H (m) exXp [_ Wz(Z) :|
x2+y2

X exp {—ikz— ikT(z) +i(1 +m—l—l)(])(z)1 (4.14)

In 4.14, w(z) is the beam radius at position z and wy is the beam waist, which
is the measure of the beam size at the point of its focus. In the case of the confocal

resonator:

2z 2
w(z) =woy/ 1+ <f> (4.15)

where wy is located at the center of the resonator (z = 0) and it is given by:

W = L_A (4.16)
27
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At the same time, the quantities R(z) and ¢(z) in the phase term of equation 4.14

are the radius of curvature of the wavefronts and the Gouy phase shift respectively:

Lz 1 2Z
Note that for z = 0 (center of the resonator) we have R = oo and the wavefront
is plane, while for z = L/2 (at the mirrors) R = L, matching the curvature of the

MIITors.

In the general case, an ideal Gaussian beam can be represented as the fundamental
transverse mode T EMyo of the Hermite-Gaussian orthonormal mode basis, fully
specified by its waist wy and Rayleigh range zg. In this case, equation 4.15 and
equation 4.17 are written as the standard Gaussian-beam relations:

2\? 2 Z
w(z) =woy/ 1+ (—) . RG)=z+E  ¢(z)=tan"! (—) (4.18)
<R Z ZR

) *,¥)

Beam waist

Fig. 4.3 Variation of spot size w(z) of a Gaussian Beam.

The Rayleigh range is a measure of the length of the waist region, representing

the axial distance over which the beam radius increases by a factor v/2 (Figure 4.3).
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Specializing these general relations to the symmetric confocal resonator scenario

shows that zz = %, meaning zg = R for the resonant mode.

4.1.3 Mode Matching and ABCD Matrix Formalism

To efficiently couple light into a resonator, the spatial profile of the incoming beam
must closely match the spatial profile of one of the cavity’s eigenmodes. This process,
known as mode matching, is a fundamental step toward maximizing power buildup
in the cavity. In particular, for a confocal resonator, the incoming beam must have a

waist wq located at the cavity center and given by equation 4.16.

To achieve mode matching, if the incoming beam is Gaussian, it can be focused
to the desired waist using a focal lens placed at an appropriate distance from the
cavity. The transformation of the beam parameters through the lens can be analyzed
using the ABCD matrix formalism [41]. In this framework, a Gaussian beam is

described by the complex beam parameter ¢(z), defined as

q(z) = 2+ izg, (4.19)

whose reciprocal encodes the wavefront curvature R(z) and spot size w(z):

1 1 A
= —i . 4.20
@ R@ m) 20
Propagation through a first-order optical system with ray-transfer matrix
A B\ . . .
(C D) is then written compactly via the ABCD law
Agq1+B
g =212 4.21)
Cq1+D

The ray matrix for the optical system consisting of a thin lens of focal length f

followed by a straight section of propagation of length d is [63]:

_d
<1 J T) (4.22)
- f
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If a gaussian beam is incident on the lens placed at its waist (Figure 4.4), the

input beam parameter is ¢ = izg and R = oo,

\
_—

Fig. 4.4 A Gaussian beam incident on a lens at its waist is focused to a new waist.

Applying the matrix tranformation, the output beam parameter is:

_ —(imag/A)(1—d/f)+d
N (imwd /A f)+1

(4.23)

Equating imaginary and real part of ¢ to equation 4.20, the dependence of the
output waist and radius of curvature on their poisition behind the lens d can be found:

2 2
wa(d) = wh (1 - ;) +wh (%) (4.24)

and

P (—d/fP
Rl =z —ayna—dp)’

To find the location of the new waist w, after the lens, one can set the denominator

(4.25)

of Ry(d) to zero, obtaining:

B f
T

representing the distance from the lens to the new waist.

(4.26)
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Substituting this value of d back into the expression for wy(d), the size of the

new waist is found to be:

w6 = rf ! ~ 22 for f < zg. 4.27)

w0 \/TF (far)? 70

By choosing the focal length f and the initial waist wq appropriately, it is possible

to achieve the desired waist wy, at the cavity center, enabling efficient mode matching

into the resonator.

4.1.4 Cavity Power Enhancement

When a resonator is driven by an external laser source, the circulating power inside
the cavity can be significantly higher than the input power. To quantify this enhance-
ment, we again consider the SHG theory presented in Chapter 3, but we rewrite
equation 3.36 as a function of the single-pass conversion efficiency, expressed in the
International System of Units (SI) as [64, 65]:

1672d?, L
= eII” o= errlp,, (B, E), (4.28)

Ey=—"5"—
806%13 nony

where all the presented quantities are already described in Section 3.4. The

single-pass output power at the second harmonic frequency ®; is then:

Py = E, P2 (4.29)

Introducing the optical cavity, the circulating power at the fundamental frequency

® depends on the input power Py, as [66]:

T P:
Py = - Py, (4.30)

Ol —EuPo)]’

where 77 is the transmission of the input coupler mirror and /., is the round-trip
linear intracavity loss factor. Here we are assuming a perfect mode matching between

the input beam and the cavity mode (see Section 4.1.3), otherwise a mode matching



4.2 Our Cavity 51

efficiency 1 should be included as a multiplicative factor to P;,,. The SHG power is
finally

Pry =EyP2,. (4.31)

From equation 4.30 it is possible to maximize the circulating power by choosing

the optimal input coupler transmission 77:

l |12
Topt = =5 +\/ <4+ EuPin (4.32)

This occurs when the input coupler transmission matches the total round-trip loss

inside the cavity and such condition is known as impedance matching.

4.2 Our Cavity

The second-harmonic process investigated in this work is realized using a BBO
crystal. In the adopted configuration, illustrated in Figure 4.5, two incoming photons
polarized along the ordinary axis are converted into a single photon at twice the
frequency, polarized along the extraordinary axis. According to the vendor, the
crystal must be tilted around the y-axis so the incoming light hits the crystal’s
optical axis at about a 20° angle to get the best phase matching. As explained in
Section 3.3, this setup corresponds to a collinear type-I phase-matching geometry

for second-harmonic generation.

As highlighted in Section 3.5, BBO is a very attractive nonlinear medium for
second-harmonic generation over a broad wavelength range. However, its effective
nonlinear coefficient is relatively small in continuous-wave operation: from Figure
3.4 it is evident that, even when the focusing parameter & is optimized to its ideal
range between 1.39 and 2.84, the maximum single-pass second-harmonic power
remains at the level of a few microwatts for input powers on the order of watts.
Consequently, to obtain a practically useful SHG output, it is necessary to increase
the circulating fundamental power inside the crystal by placing it in an enhancement

cavity.
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Fig. 4.5 Our Type I phase matching configuration for SHG in BBO crystal.

4.2.1 Cavity Design

The confocal resonator introduced in Section 4.1 is a natural choice for our purposes,
since it offers a simple and robust architecture that is relatively easy to align and

maintain stable operation.

4.2.1.1 Intra-Cavity Losses

A first key parameter in the design is the round-trip intra-cavity loss factor, /.4,. This
quantity has a dramatic impact on the second-harmonic generation efficiency. The
effect of losses is illustrated in Figure 4.6, where the second-harmonic output power
is shown as a function of the intra-cavity loss for different single-pass conversion
efficiencies.

The conversion efficiencies used in Figure 4.6 correspond to the optimal values
for each BBO crystal length shown in Figure 3.4 (5, 10, and 15 mm). These values
were chosen to maximize the single-pass second-harmonic power for an input power
of 2W. As the figure clearly shows, even modest linear losses strongly degrade the
SHG output. When losses exceed about 2.5%, the output power drops to just a few

milliwatts, making efficient conversion almost impossible.

To reduce these losses, the BBO crystal was coated with high-quality anti-

reflection (AR) coatings at the fundamental wavelength. These coatings achieve a
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Crystal Configuration
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Fig. 4.6 Second harmonic output power as a function of the intra-cavity loss factor for
different single-pass conversion efficiencies and an input power of P, =2W.

residual reflectivity of R,.; < 0.2% per surface, minimizing unwanted reflections

that would otherwise contribute significantly to the total cavity loss.

The total linear losses inside the cavity can be approximated by considering all

the main loss mechanisms:

leav = 4Ryes + (1 — Rypiyr) +2(1 — e™ %), (4.33)

Here, R, is the reflectivity of the output coupler mirror at the fundamental
wavelength, and « is the bulk absorption coefficient of the crystal. The first term
accounts for the residual reflections from the two crystal surfaces (four interfaces
in a round trip). The second term represents the fundamental power lost through
transmission at the output coupler. The third term accounts for absorption within the
crystal material over its length L.

To minimize losses through the output coupler, the output mirror reflectivity was
chosen to be Ry, > 99.95% at the fundamental wavelength. This choice sets an
upper bound on the achievable intra-cavity losses of roughly 0.99% if we consider a
crystal length of 15mm and an absorption coefficient o < 0.05cm™! (as specified by
the crystal vendor). Note that the input-coupler reflectivity is not included explicitly
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in l.4, since it is instead treated within the impedance-matching condition. From
equation 4.32, the optimal input coupler transmission is found to be approximately

T1 = 1.35%, which ensures maximum power coupling into the cavity mode.

4.2.1.2 Crystal and Cavity Length Selection

The analysis presented in Section 3.5 provides additional constraints on both the
crystal length and the cavity geometry. In general, longer crystals yield higher
conversion efficiency due to the increased interaction length. However, the crystal
length also determines the optimal Boyd—Kleinman focusing parameter & for a given
beam waist inside the crystal.

For a crystal length of L = 15mm, the analysis in Figure 3.4a indicates that the
optimal beam waist at the cavity center should be approximately wy ~ 51um. Using
equation 4.16 for the waist of a confocal resonator, achieving such a small waist
would require a cavity length of only about 10mm. This poses a practical problem:
the cavity would be shorter than the crystal itself, making the design physically

impossible.

A more practical compromise was therefore adopted. We selected mirrors with a
radius of curvature R = 2.5cm, leading to a stable confocal cavity of length L = Scm.
This cavity length yields a beam waist of wg ~ 111um at its center, which is larger

than the ideal value but still provides acceptable focusing characteristics.

Table 4.1 summarizes the main parameters of the designed cavity, including both

the geometric and optical characteristics.

Parameter Value
Cavity Length L Scm
Mirror Focal Length f 2.5cm
Crystal Length Lyga 15 mm
Double Refraction Parameter B 7.13
Beam Waist wg 111 um
Focusing Parameter & 0.30
Estimated Intra-Cavity Losses I,  0.99%
Input Coupler Transmission 7} 1.35%

Table 4.1 Main parameters of the designed confocal resonator for SHG in BBO crystal.
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4.2.1.3 Expected Performance

Setting the crystal and the cavity lengths, we can evaluate the Boyd—Kleinman
function and estimate the expected conversion efficiency. In our setup, the focusing
parameter is & = 0.30, which is below the optimal range identified in Section 3.5.
This means the beam isn’t as tightly focused as needed for the best conversion

efficiency.

The double refraction parameter is found to be B ~ 7.13. Using the analytical
approximation provided in [67], the associated value of the Boyd—Kleinman function
is hy, =~ 0.06. Although this is well below the theoretical maximum, the strong power

boost from the resonant cavity should compensate for the less-than-ideal focusing.

Figure 4.7 shows the expected second-harmonic output power and conversion
efficiency as a function of the input power, based on the analytical model of equa-
tions 4.30 and 4.31. With an erbium-doped fiber amplifier, the emitted light at the
fundamental wavelength can reach powers up to a few watts. For an input power of
P, =2 W, we estimate a maximum second-harmonic output power of approximately
P>, ~ 530 mW, corresponding to a conversion efficiency of about 26.5%. While this
represents a best-case scenario, assuming ideal alignment and minimal additional

losses, it provides an initial target for the experimental implementation.
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Fig. 4.7 Predicted second-harmonic output power (red) and conversion efficiency (blue) as a
function of the input power at 1556 nm, based on the analytical model.
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To validate this analytical prediction, numerical simulations were performed
using the SNLO software package, which uses a propagation model that explicitly
accounts for spatial beam profiles, crystal birefringence, walk-off, and the detailed
interaction between the fundamental and second-harmonic fields as they build up

over multiple round trips.

The first step was to calculate the cavity mode properties using SNLO’s Cavity
function. Table 4.2 shows the beam parameters predicted for our confocal cavity

design.

Table 4.2 SNLO cavity mode parameters for the linear confocal resonator.

Parameter Value

Rayleigh range in crystal 40.5 mm

Beam waist in crystal (1/? radius) 110.90 um
Beam waist in crystal (FWHM) 130.57 um
Beam size at mirror (1/e? radius) 148.46 um
Beam size at mirror (FWHM) 174.80 um

Cavity mode calculations confirm that the beam radius at the cavity center is
approximately wo ~ 111 um, which is in excellent agreement with the analytical
estimate in equation 4.16. The Rayleigh length is approximately 40.5 mm, much
larger than the crystal length of 15 mm. This ensures good collimation of the beam
throughout the interaction region and validates our assumption about a constant

beam radius within the crystal.

Using these cavity mode parameters and the design parameters from the previous
section (crystal length, surface reflectivity, and crystal volume absorption coefficient),
we simulated the frequency doubling process within the cavity using the 2D-cav-
LP function. At a wavelength of 1556 nm and an input power P, = 2.0 W, the
simulation results predict that the frequency doubling output power stabilizes at a
wavelength of 778 nm after a brief transient phase, approximately P, ~ 650 mW.
As shown in Figure 4.8, this corresponds to a conversion efficiency of approximately
32.5%.

The simulation also indicates a residual fundamental leakage of approximately
a few milliwatts through the output coupler, confirming that the cavity is operating

near the impedance-matched condition for optimal power coupling.
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Fig. 4.8 Image generated from the SNLO simulation of the second-harmonic output power
("Blue" label) of the confocal cavity as a function of time for an input power of P, =2 W at
1556 nm. After an initial build-up phase, the SHG power stabilizes at approximately 650
mW.

The SNLO simulation predicts a conversion efficiency which is in good agree-
ment with the analytical Boyd-Kleinman model prediction of 26.5%. The similarity
between these two independent approaches is encouraging and provides confidence
in the cavity design, always remembering that they assume ideal conditions, such
as perfect alignments and optimal phase matching. In practice, real experimen-
tal implementations could experience additional loss mechanisms and alignment

imperfections.

In any case, both models predict output powers in the range of 500-650 mW at
778 nm for a 2 W input, which are more than sufficient for our atomic spectroscopy
application, where typical powers of 10-20 mW are adequate to interrogate the Rb-87
two-photon transition while avoiding saturation and AC Stark shifts. Moreover,
these results align well with experimental results reported in the literature for similar
cavity-enhanced SHG setups [65, 68—70]



Chapter 5
Clock Experimental Realization

Two-photon optical clocks based on rubidium atoms have been previously investi-
gated and several experimental realizations have been demonstrated over the years
[71-73]. As discussed in Section 2.2.6, two-photon transitions are especially at-
tractive because they enable Doppler-free spectroscopy when the atomic vapor is
interrogated with two counter-propagating laser beams. Moreover, two-photon ex-
citation is often monitored via fluorescence at a distinct wavelength from that of
the probe laser. This, combined with the large number of atoms in a vapor cell,
results in clock transition measurements with excellent signal-to-noise ratio without
needing complex laser cooling or trapping systems. This intrinsic simplicity makes
two-photon optical clocks well suited for compact designs, also opening the door to
further miniaturization through photonic integrated circuit (PIC) implementations
[74].

In the context of this work, an important practical feature is that the 778.1 nm
light required for driving the transition can be conveniently produced by second
harmonic generation from the 1556.2 nm radiation. As a consequence, it’s possible
to exploit mature laser sources in the telecommunications C-band, together with
erbium-doped technology.

Published demonstrations of two-photon optical clocks based on rubidium atoms
have reported strong stability performance, with long-term fractional frequency
stability on the order of 5 x 10~!> when averaged over multi-day timescales [75],
and short-term stability near 1.5 x 10~!3 at an averaging time of 1 s [76]. However,
for averaging times from the medium to long term, the achieved performance is often
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limited by systematic fluctuations. In particular, variations of the AC Stark (light)
shift caused by probe-laser power fluctuations, together with instabilities of the

vapor-cell temperature, are commonly identified as dominant contributors [77, 78].

5.1 Spectroscopy Characterization

In 8’Rb specifically, the key transitions, depicted in Figure 5.1 [79], connect the
ground state 55 ) to the excited 5Ds ; state. Among them, the two-photon transition
at 778.1nm is the one addressed in our experiment. The excited state then undergoes
a cascade decay through the intermediate 6P, level, finally returning to the ground
58 2 state while emitting blue fluorescence at 420 nm. The 420 nm clock signal
indeed originates from the cascade 5D5/, — 6P3/ — 55 5, and unwanted near-

infrared light is prevented from being detected by using standard optical filters.
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Fig. 5.1 Key transitions in the rubidium two-photon optical clock. Figure adapted from
Obaze-Adeleke, A. C., Semon, B., and Bandi, T. N., Photonics 12(5), 513 (2025). Open
Access.
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5.1.1 Experimental Setup

To study the two-photon transition, we used a preliminary experimental setup (see
Figure 5.2). The 778nm radiation emitted by an ECDL probe laser is collimated into
the free-space apparatus, with the collimator setting the beam radius to approximately
0.49mm. Downstream of the collimator, a half-wave plate (HWP) and a polarizing
beam splitter (PBS) are used to control and monitor the laser power incident on
a rubidium vapor cell. The vapor cell is 7Smm long and contains 8’Rb and 8Rb
vapors, whose densities are temperature-controlled by a dual-channel resistance-
heating controller. The laser beam is focused into the cell using a convex lens (L1)
of focal length f = 125mm to increase the power intensity within the interaction
region and thus enhance the two-photon transition probability. The beam is finally
retro-reflected using a concave mirror of focal length f = 75mm to realize the
counter-propagating geometry necessary for Doppler-free excitation. Of fundamental
importance is the quarter-wave plate (QWP) placed before the cell, which converts
the linear polarization of the incoming (and reflected) beam into circular polarization,
with an effect of enhancing the two-photon transition rate [80]. The reflected beam
is further deviated by the QWP and PBS combination to prevent back reflections

from entering the laser cavity.

Source

(M2 ]

Fig. 5.2 Schematic of the experimental setup for two-photon spectroscopy of rubidium
atoms. C: Fiber Collimator; A/2: Half-Wave Plate; PBS: Polarizing Beam Splitter; D:
Beam Dump; A /4: Quarter-Wave Plate; L1, L2: Lenses; M: Mirror; F: Optical Filter; PMT:
Photomultiplier Tube. Red lines indicate the 778 nm probe laser beam, while blue lines
represent the 420 nm fluorescence.

With the excitation of the two-photon transition occurring within the vapor cell,
the emitted blue fluorescence at 420 nm is collected using a bi-convex lens (L2) of
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focal length f = 25mm and directed onto a photomultiplier tube (PMT) for detection.
An optical filter (F) is placed in front of the PMT to block any residual infrared light

coming from the probe laser.

5.1.2 Spectroscopy Results
5.1.2.1 Ground and Excited Hyperfine Spectrum

Using the setup described above, we performed spectroscopy of the 58 , — 5Ds />
two-photon transition in 8’Rb. The laser frequency is scanned across the two-photon
resonance by applying a voltage ramp to the source piezoelectric transducer (PZT).
In this way, we recorded the fluorescence signal as a function of the laser frequency
as a few GHz were inspected around the resonance. By feeding the PMT output to a
digital oscilloscope, we were able to visualize the fluorescence in terms of the applied
PZT voltage as a function of time. Assuming the PZT voltage is approximately linear
with the laser frequency response, the reconstruction of the two-photon spectrum
was possible by calibrating the time axis into frequency units using a calibration
factor ¢ = i—’:. Ay represents a known frequency interval identified from two spectral
features separated by the corresponding measured time A; on the oscilloscope. As
for the frequency interval, we considered the well known hyperfine spacing between
the F = 1 and F = 2 ground states of 3"Rb, reported in section 2.2.4 (independent of
their relative position along the voltage ramp). In particular, addressing a two-photon
transition, a change in laser frequency Ay corresponds to a change 2A 7 in terms of
two-photon excitation energy. Therefore, once the corresponding time interval Ar
between the two features in the fluorescence signal is known, the frequency-time
calibration factor was obtained considering half of the F = 1 and F = 2 rubidium
ground states distance. By multiplying the time axis by ¢, we thus reconstructed the

two-photon spectrum in frequency units, as shown in Figure 5.3.

The laser power incident on the vapor cell during this measurement and the cell
temperature are parameters that were adjusted according to the results obtained in
Figures 5.5 and 5.6. In particular, the cell temperature was set to 7 =~ 90°C and the

laser power to P = 25mW.

Figure 5.3 shows the main detected peaks while increasing laser frequency

according to the piezo scan. The two large peaks at the center of the plot correspond



62 Clock Experimental Realization

y | PRb:F,=3

20001

TRb: F, =2
B0 Rb: F, =2

10004

PMT Fluorescence Signal (mV)

e b Wb

05 ) 05 10 15 20 25 30 35
Laser Frequency Offset (GHz)

50019

Fig. 5.3 Two-photon spectrum of the 58, — 5Ds  transition in 87Rb, recorded via the 420
nm fluorescence as a function of the laser frequency. The frequency axis was calibrated
using the known hyperfine splitting between the F = 1 and F' = 2 ground states.

to the two-photon transitions from the third and second hyperfine ground state levels
(Fg =3 and Fp = 2, respectively) to the excited 5Ds , state of 85Rb. The leftmost
and rightmost peaks correspond instead to the two-photon transitions from the two
hyperfine ground state levels (F; = 2 and F, = 1, respectively) to the excited 5Ds /»
state of 3’Rb.

Our work focuses on the leftmost (i.e. lowest-frequency) two-photon transition
of 8’Rb. After identifying this feature, we reduced the scan range and acquired a
higher-resolution spectrum around the resonance. The goal of this measurement is
to address the transition originating from the ground hyperfine level F, = 2 and to
scan the laser frequency only in the immediate vicinity of the resonance, in order to
resolve the hyperfine structure of the excited 5Ds ), state more clearly. The resulting

spectrum is reported in Figure 5.4.

The oscilloscope records the PMT signal as a function of time, therefore another
calibration step is required to convert the horizontal axis into frequency units. Here,
the time-to-frequency conversion was obtained by using half of the known hyperfine
splitting between the F, = 4 and F, = 3 levels of the excited 5Ds ), state, reported in
Figure 5.1.
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Fig. 5.4 High-resolution two-photon spectrum of the 55 /»(F; = 2) — 5Ds , transition in
87Rb, highlighting the excited state hyperfine structure.

As shown in Figure 5.4, the main spectroscopic features are well resolved and
can be clearly identified. The relatively large separation between these peaks is one
of the reasons why the 3’Rb two-photon transition is often preferred over the stronger
85Rb two-photon transition, which typically exhibits lines that are closer together.
In practice, a reduced spectral separation makes the lock point more susceptible to
systematic drifts and experimental variations (e.g. cell temperature, optical power,

and beam alignment), even when the detected fluorescence signal is larger.

5.1.2.2 Power and Temperature Dependence of the Two-Photon Signal

Before locking the laser frequency to the two-photon transition, it’s fundamental to
optimize the operating conditions for maximum signal strength and stability. For
this reason, we investigated the dependence of the detected fluorescence signal on

the laser power and the vapor cell temperature.

The spectroscopic signal of the F, =2 — F, = 4 two-photon transition of 87Rb
was recorded while varying the laser power incident on the vapor cell from 7mW
to 40mW, for two fixed cell temperatures of 80°C and 90°C. For each laser power

value, the fluorescence signal amplitude and FWHM were recorded several times
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and the average peak value was computed to improve measurement accuracy. The

results are reported in Figure 5.5.
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Fig. 5.5 (a) Fluorescence signal amplitude and (b) FWHM of the F, = 2 — F, = 4 two-photon
transition of 3’Rb as a function of the laser power incident on the vapor cell, for two fixed

cell temperatures of 80°C and 90°C.

The fluorescence signal amplitude shows a clear increasing trend as the optical

power is raised. In particular, the dependence follows the quadratic law predicted

by equation 2.13 and is consistent with previous experimental observations [72]. At



5.1 Spectroscopy Characterization 65

the same time, large optical powers lead to a slight increase in the spectroscopic
linewidth, indicating a small but measurable power broadening. As for the measure-
ments regarding the FWHM, the values lie in the range 1.2 — 1.6M Hz, above the
two-photon transition natural linewidth of 330kHz. This excess can be attributed to
imperfect laser stabilization and finite intrinsic linewidth, as well as to small optical

misalignments present in this initial clock design.

Similarly, increasing the cell temperature, larger fluorescence signals are detected
due to the increased atomic density within the vapor cell. The result was further
confirmed by keeping the laser power fixed at 40mW and recording the fluorescence
signal as a function of the cell temperature. In particular, the temperature was
varied from 65°C to approximately 90°C (the maximum allowed by the heater
controller), and the results, showing a linear dependence between peak amplitude
and temperature, are reported in Figure 5.6. Within this temperature range, instead,

no substantial variations in the peak linewidth were recorded.
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Fig. 5.6 Fluorescence signal amplitude of the F, =2 — F, = 4 two-photon transition of 87Rb
as a function of the vapor cell temperature, for a fixed laser power of 14mW.

Increasing both the laser power and the cell temperature results in a stronger
spectroscopic signal because we are still below the saturation point, where the signal
would level off. Although this improves the signal-to-noise ratio, it also causes
a wider FHWM. This leads to a weaker locking error signal, which reduces the
feedback loop’s effectiveness in suppressing laser shifts (see next Section). For the

next laser frequency stabilization experiment, we will operate at the maximum cell
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temperature of 90 degrees and keep the optical power around 25 mW . This offers
a good balance between a strong spectroscopic signal and a narrower transition

linewidth.

5.2 Locking to the Two-Photon Transition

Once the two-photon transition of interest was identified and the operating conditions
were optimized, we proceeded to lock the laser frequency to the center of the
F, =2 — F, = 4 resonance. The objective is to produce an error signal that can be
fed back to the laser piezo in order to stabilize its frequency to the atomic transition.
For this purpose, we employed the frequency modulation spectroscopy technique
with lock-in electronics, imposing a dither on the laser frequency and demodulating

the fluorescence signal at the same frequency to obtain a dispersive error signal.

Atomic
Reference
Vie f LPF
A\ Veer b
) X1\
AWG MX

Correction voltage

Fig. 5.7 Schematic of the experimental setup for laser frequency stabilization to the two-
photon transition in 8’Rb. The additional components with respect to Figure 5.2 are AWG:
Arbitrary Waveform Generator; MX: Mixer; LPF: Low-Pass Filter; PID: Proportional-
Integral-Derivative Controller.

When we dither the laser frequency at @y, the transmitted light intensity oscillates
as the laser sweeps repeatedly across the absorption line. The PMT converts this
oscillating optical intensity into an oscillating voltage signal with a certain frequency
:

Vemur :ASin(COl+¢), 5.1
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supposing the amplitude A doesn’t vary significantly during the dither cycle.
This signal is fed into a RF frequency mixer, which multiplies it by a reference signal

at the dither frequency @;:

Vier = Bsin(agt). (5.2)

Assuming that these signals have been made in phase, the mixer multiplies these
two signals together, producing an output that contains components at the sum and

difference frequencies:

AB
Vinixer = VPMr - Vref = 7 [COS((DZ‘ — a)dl‘) - COS((DZ‘ + (Ddt)] . (5.3)

The frequency @ of the PMT signal oscillation, as well as the error signal
generated through a low pass filter after the mixer, depends on the laser’s position
relative to the atomic resonance (Figure 5.8).

Fluorescence

Dither signal

Laser Frequency

Fig. 5.8 Three possible scenarios for the laser frequency position relative to the atomic
resonance during frequency modulation spectroscopy. (a),(c) Laser frequency oscillating on
one side of the resonance peak; (b) Laser frequency oscillating exactly at the peak top.

If the resonance condition is not satisfied and therefore the laser is oscillating
across a "side" of the peak, during one dither cycle the fluorescence increases on one
half-cycle and decreases on the other, producing a signal that oscillates predominantly
at @y.
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In this case, Vpyr = Asin(@,t) and the mixer output contains a dominant DC
component (from the difference frequency term) and a smaller component at 2wy,

(from the sum frequency term):

AB
Vinixer = 5 [1—cos(2ayt)]. (5.4)

After low-pass filtering, the 2@, term is removed, leaving a DC voltage pro-
portional to the amplitude of the fluorescence oscillation. This DC voltage acts
as the error signal, showing how far the laser is detuned from the resonance peak.
The same logic applies if the laser is on the other side of the peak, but then the
fluorescence falls during the first half-cycle and rises during the second, producing a
negative DC component after low-pass filtering. Hence, any time the laser frequency
is off-resonance, the demodulated lock-in output produces a non-zero DC voltage
whose sign indicates which side of the peak the laser is located and can be used
for feedback control. Whenever the laser frequency is lower than the resonance
frequency, the positive error signal is produced to raise the laser frequency. On
the other hand, if the laser frequency is above the resonance frequency, a negative
error signal is produced to lower it. Also, where the absorption line is steeper, the
fluorescence changes more quickly with frequency, resulting in a larger oscillating
signal and a stronger error signal after demodulation. That is why the error signal
generated after demodulation has a derivative-like shape of the spectroscopic peak,

as shown in Figure 5.9.

In the last scenario, if the laser frequency is oscillating exactly at the top of the
peak, the laser visits the left and right sides of the line symmetrically: in both cases
the fluorescence decreases and reaches the maximum, so within one dither period
the signal exhibits two similar excursions (two dips), resulting in a dominant 2,

component. In this situation Vpyr = Asin(2wy,¢) and the mixer output becomes:

AB

leaving no DC component after low-pass filtering. Thus, when the laser frequency
is exactly at resonance, the demodulated lock-in output is zero, indicating that no

correction is needed.
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A

Error signal

Laser Frequency
>

(c)

Fig. 5.9 Shape of the error signal obtained via frequency modulation spectroscopy. The laser
frequency exactly on resonance produces a zero error signal (a), while detuning to the left
(b) or right (c) of the peak produces a positive or negative error signal, respectively.

Finally, the error signal is fed into a PID controller, which converts the error
measurement into an actuator command to lock the laser frequency to the atomic
transition. This feedback loop ensures the laser is locked to the "0-error" point of the

dispersive signal, corresponding precisely to the center of the two-photon resonance.

In our implementation, the laser frequency is dithered at ~ 250kHz showing the
error signal illustrated in Figure 5.10.

——— Spectroscopy (norm.)
—— Error signal (norm., shifted)
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Fig. 5.10 Spectroscopic features and corresponding generated error signal for the F, =2 —
F, = 4 two-photon transition of 3’Rb
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5.3 Frequency Noise Characterization: Free-Running

vs. Locked Laser

To quantitatively assess the performance of the laser frequency lock, we compare
the frequency noise spectrum of the free-running laser against that of the locked
laser. This analysis requires converting the measured lock-in output voltage into
a physically meaningful frequency noise spectral density using the discriminator
calibration obtained from the error signal characterization.

5.3.1 Discriminator Calibration

The first step in the analysis is to establish the relationship between voltage fluctu-
ations at the lock-in output and corresponding laser frequency fluctuations. This
calibration is obtained from the dispersive error signal measured by scanning the
laser across the atomic resonance while unlocked, shown in Figure 5.10.

From a linear fit performed on the steepest part of the error signal (between
the maximum and minimum), we extract the discriminator slope D, which relates

voltage changes to frequency detuning:

dv
D= a " ~3.86x 107V /Hz = —0.386V /MH. (5.6)
The magnitude of D quantifies the sensitivity of the frequency-to-voltage conver-
sion, meaning that a larger |D| implies a steeper error signal, which generally leads

to better frequency discrimination and lower residual noise when locked.

This calibration factor allows us to translate any measured voltage fluctuation

oV at the lock-in output into an equivalent laser frequency fluctuation 6 f via:

oV

5f:ﬁ. (5.7)

5.3.2 Spectral Measurements

The frequency noise characterization was performed by recording the Fast Fourier

Transform (FFT) of the error signal voltage with a phase noise analyzer, both when
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the laser was free-running and when it was locked to the atomic transition. In
such measurements, the horizontal axis represents the analysis frequency (Fourier

frequency) and not the laser frequency detuning.

In particular, when the laser is not locked to the atomic transition, the FFT
of the error signal voltage reflects the intrinsic frequency noise of the laser plus
any environmental perturbations (temperature drifts, acoustic vibrations, electronic
noise). On the other hand, if the laser is actively stabilized to the atomic resonance
via feedback to the piezo actuator, the measured signal now reflects the residual
frequency noise that the servo loop has not suppressed, plus any noise introduced by
the feedback system itself.

For each dataset, multiple measurements were averaged to reduce statistical
uncertainty. The averaged data consists of the FFT voltage magnitude |V (fr)| as
a function of Fourier frequency fr. This signal must be normalized by the device
bandwidth resolution (multiplied by the correction factor for the FFT window used)
to obtain an amplitude spectral density (ASD), that has units of V/v/Hz:

V(fF)|

Sv(fr) = “pet |V/VH]. (5.8)
VAf

Finally, using the discriminator calibration from Eq. (5.6), the voltage ASD is

converted to a frequency noise ASD S¢(fr), which quantifies the laser’s frequency

fluctuations as a function of Fourier frequency:

S¢(fr) = Sv () [Hz/\/ﬁ] . (5.9)

5.3.3 Results

The frequency noise amplitude spectral density as a function of Fourier frequency is
reported in Figure 5.11 for four operating conditions of the laser.

The Off-resonance trace is acquired with the laser frequency set far from the
atomic resonance. In this regime, the dispersive error signal vanishes, leading to
a trace that represents the phase noise analayzer and electronics noise floor. The
curve, therefore, sets the lower bound and available sensitivity for the the other
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measurements in the plot and it follows an approximately monotonic slope that is

not associated with any laser frequency fluctuation.

The Unlocked curve represents the free-running laser frequency noise instead,
since it is acquired in absence of any active stabilization. As expected, according
to the mechanical and thermal slow drifts that characterize a laser source, at low
Fourier frequency it is clearly placed above the off-resonance noise floor. At higher
frequencies, the curve is gradually approached by the slow lock curve ("Piezo
Lock" trace). The slow lock introduces an active feedback stabilization that has
limited correction bandwidth, effectively suppressing low Fourier frequency drifts
but leaving an higher noise shoulder at the loop bandwidth edge, in which the loop
gain "rolls off". This effect can be clearly observed in the range 100 — 1000H z, after

which the slow lock is inefficient and the signal rejoins that of the unlocked laser.

—— Off resonance
| Piezo Lock
10" —— Piezo & Current lock
—— Unlocked

Frequency noise ASD (Hz/vHz)

Frequency (Hz)

Fig. 5.11 Frequency noise ASD Sy(fr) as a function of Fourier frequency for four laser
operating conditions: off-resonance (instrumental noise floor), unlocked (free-running laser),
piezo-only lock (slow lock, limited bandwidth), and combined piezo-current lock (fast lock,
extended bandwidth reaching the noise floor at low frequencies)

To extend the correction bandwidth, achieving oscillations suppression over a
wider range of Fourier frequencies, a second feedback path that acts on the laser
injection current is employed. This effect, combined with the slow lock, is shown
with the Piezo & Current Lock trace (fast lock). At low frequencies, the fast lock
directly sits on the off-resonance trace, proving that slow laser drifts are in practice
entirely suppressed by the servo. This represents the primary operational requirement
of an optical clock, with the laser frequency closely following the atomic resonance



5.3 Frequency Noise Characterization: Free-Running vs. Locked Laser 73

and slow deviations reduced to the level of the instrumental noise floor. Finally, at
higher Fourier frequencies, the fast lock introduces an excess noise originating from
the current modulation itself up to the point at which the feedback loop reaches its
bandwidth limit. Though this effect is clearly visible around 70 — 80kHz, it would
only affect clock stability at an extremely short timescale, without a meaningful

impact at averaging times of interest.

It’s important to note that since these acquisitions refer to the error signal of
the lock-in amplifier, the frequency noise ASD directly characterizes the locking
performance of the system. In other words, we are quantifying how closely the laser
frequency follows the Rb two-photon transition, rather than assessing the absolute

drift of the atomic resonance itself.

Nonetheless, while absolute laser stability characterization for long time intervals
requires an out-of-loop measurement, which is the subject of the next chapter, the
results of this section can be representative of the clock stability for short-terms,
where perturbations of the atomic resonance can be negligible. Based on the results
of Figure 5.11, we can express the theoretical stability limit (eq. 2.6) as a function of
the detection noise amplitude spectral density Nasp [81, 82]:

y(7) Nasp (5.10)

T = —————
V2|D|vo\/T
where Vj is the absolute optical frequency of the atomic transition.

Since we already factored the discriminator calibration into the data to produce
the frequency noise ASD Sy(fr) in equation (5.9), the stability estimate simplifies

to:

Gy(T) _ Sf(fF)

S 5.11
V2voVT ( :

By evaluating the equation within the 10> — 103 Hz region of the off-resonance
curve, we estimate a short-term stability lower bound of 6,(7) ~3.67 x 10713 /,/7, a
result that is in good agreement with the typical performance of two-photon rubidium
standards [79].



Chapter 6
Future Developments

The frequency stability of rubidium atomic clocks depends on how stable the laser
source is, which is locked to the 778nm two-photon atomic transition. In a full
system, the clock laser’s optical frequency is usually measured and compared to
external references with an optical frequency comb. However, at the time of writing,
a frequency comb was not available yet, which makes the direct optical-to-RF
frequency conversion and the frequency stability evaluation not straightforward.
For this reason, we are exploring an alternative approach to characterize the laser
frequency stability for longer timescales by exploiting optical cavities as intermediate

frequency references.

This chapter explains the theory behind using the Pound-Drever-Hall (PDH)
technique to lock the laser to a high-finesse optical cavity. It also presents a model
to estimate the expected frequency stability of our clock based on how the cavity
operates.

6.1 Stability Measurements

In the previous chapter, frequency modulation spectroscopy with lock-in detection
was used to stabilize the laser to the atomic two-photon resonance. There, a small
sinusoidal dither of the laser frequency at angular frequency ,, produced an in-
tensity modulation of the fluorescence signal at @, or 2®,,, and phase-sensitive
demodulation yielded a dispersive error signal centered on the atomic line. The

Pound-Drever-Hall technique relies on the same underlying modulation and lock-in
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framework, but it’s naturally described using the sideband spectral decomposition,

explicitly tracking how the carrier and each sideband interact with the cavity [83].

6.1.1 Pound-Drever—Hall technique

A small phase modulation of the laser field at angular frequency w,, with modula-
tion index 6 < 1 (representing the maximum difference between the phase of the
modulated oscillator and that of an unmodulated one) generates a carrier at ® and
first-order sidebands at @ + @, with amplitudes set by Bessel functions J,(8) (Fig-
ure 6.1). To first order in 9§, the field after the modulation through an electro-optic
modulator (EOM) can be written as

EFM(t):EO[JO(S)ei‘”t+J1(6)ei(“’+a”")’—J1(5)ei(“’_“’m)’ +c.c., 6.1)

1.e. a carrier plus two symmetric sidebands [84].

1.0 4 — Jol0)
(
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(
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o

Fig. 6.1 Bessel functions of the first kind J,,(6) of order 0 < n < 3 versus modulation index
d.

In PDH, this modulated field is sent to an optical cavity (usually a Fabry-Pérot
interferometer) serving as the frequency reference. Each frequency component is
reflected with a complex reflectivity coefficient rpp(-) that depends on the specifics

of the interferometer. The reflected field can be expressed as
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E . .
E/(1) = = |rep(©) Jo(8)¢" + rp(@+ @) Jy (8)e @
— rep(© — @) J1(8)e @) | . (6.2)
A polarization scheme (e.g. quarter-wave plate or Faraday isolator plus polarizing

beam splitter) separates the reflected beam from the input and directs it onto a

photodiode. The photocurrent is proportional to the reflected power,

ipD(t) ~ T]pDPr(l) o< Er(t) E: (t), (6.3)

so that beat notes between carrier and sidebands appear at the modulation fre-
quency @,,. Retaining only the component at ®,, (carrier—sideband interference),
one can write in compact form,

o, (1) = K[A(Aa))cos(a)mt) + D(Aw) sin(wpt)] (6.4)

where A® = ® — @y is the detuning from the cavity resonance @y, while A(Aw)
and D(A®) are the in-phase and quadrature components of the cavity response
(analogous to absorptive and dispersive contributions in the atomic case). Finally,
the constant K includes factors such as Jy(6)J1(9).

As in the atomic lock, this @,, component is demodulated with a phase-coherent
local oscillator (LO) at the same frequency,

vrLo(t) = cos(@pyt + @), (6.5)

using a mixer (or lock-in) followed by a low-pass filter. The mixer output, after

filtering out the 2w, terms, yields a DC error signal

Verr (Aw) o< g[A(Aw)cowp — D(Aw)sing]. (6.6)

By adjusting the demodulation phase ¢, one selects which quadrature is detected:
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0=0° = Ver(A®) o gA(Aw), ©6.7)
0 =90° = Ver(A®) o _§D(Aw). ©.8)

Choosing the dispersive-like component D(A®) gives the characteristic antisym-

metric PDH error signal with a steep zero crossing at cavity resonance.

= PDH Error Signal D(Aw)
@ Lock point

N

Normalized Error Signal

N t

Wy =101

Detuning Aw / T

Fig. 6.2 Typical Simulated Pound—Drever—Hall error signal for w,, = 10I" (I" being the cavity
linewidth) versus the detuning from the resonance A®w = ® — @y.

Finally, the error signal is fed to a PID controller that stabilizes the laser frequency,
completing the PDH locking loop.

6.1.2 Theoretical Cavity Stability Model

A key future objective of this work is to characterize the atomic clock frequency
stability without requiring an optical frequency comb. The proposed method utilizes
a stable optical resonant cavity as an intermediate-frequency reference: first, a laser
is coupled to the resonant cavity using the Pound-Drever-Hall technique, and then
the resonant cavity is used to study atomic transitions. The stability of the atomic
reference can be be assessed by monitoring the time-varying beat note between the

cavity resonance and the atomic transition frequency.

However, in order to make a significative comparison, the stability of the ref-
erence cavity has to be evaluated. This is done by a dual-cavity comparison mea-
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surement, in which two independent and nominally identical optical cavities are
stabilized simultaneously, and their differential frequency noise is monitored. In
practice, the two cavities are not perfectly shielded from their environment, meaning
they can experience different vibrations and temperature changes, which appear as
a relative drift between their resonance frequencies. By measuring this drift, we
directly probe the independent noise of each cavity and obtain an estimate of the

short-term stability that a laser can reach when it is locked to one of them.

The dual-cavity stabilization scheme is illustrated in Figure 6.3. The setup
consists of two independent branches, each implementing PDH locking to a separate
optical cavity.

Correction

Voltage

Correction voltage \III

Fig. 6.3 Dual-cavity stabilization setup using the Pound-Drever-Hall technique. The laser
carrier at @y is locked to Cavity 1 (C1) via standard PDH. A sideband at @y + F' is generated
and independently locked to Cavity 2 (C2). The beat frequency F between the two locks
provides a measure of the differential cavity stability. C1, C2: Optical cavities; EOM:
Electro-optic modulator; P1, P2: Photodiodes; VCO: Voltage-controlled oscillator; ¢: Phase
Shifter. Red lines indicate optical paths; black lines indicate electronic signals.

In the first branch, the laser carrier at frequency @y is phase-modulated by the
first electro-optic modulator (EOM) at frequency ®,,;, generating sidebands at
@9 £ ;. This modulation is driven by an arbitrary waveform generator (AWGy),
which also provides the reference signal for lock-in demodulation. The modulated
beam is sent to Cavity 1 (C1), and the reflected light is detected by a photodiode.
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The photodiode signal is mixed with the reference at @,,; and low-pass filtered to
produce a dispersive error signal, which is fed to a PID controller that adjusts the

laser frequency to lock @y to a resonance of C1.

Once the laser is locked to C1, it is split off and sent to the second branch. Here, a
second electro-optic modulator (EOM;) applies a large frequency offset F' (typically
tens to hundreds of MHz), generating an upper sideband at @y + F'. This sideband is
then phase-modulated at a second frequency ,,,, creating additional sidebands at
(o + F) £ y,n. These are used to perform PDH locking of the frequency @y + F to
a resonance of the second cavity (C2). The reflected light from C2 serves again to
generate the dispersive error signal that is sent to a second PID controller. The PID
output is fed back to the voltage-controlled oscillator (VCO) that drives the second
modulator, thereby stabilizing the offset frequency F such that @y + F' remains
locked to C2.

Because y is locked to C1 and @y + F' is locked to C2, the beat frequency F
corresponds to the frequency difference between the two cavity resonances. Any
fluctuation in F reflects the differential drift between the two cavities. By recording
F(t) over time and computing its Allan deviation o, (7), we obtain a measure of the

relative stability between C1 and C2.

If the two cavities are constructed identically and exhibit similar stability, the
single-cavity Allan deviation can be estimated as

~ Gbeat(f)

Gsingle(f) ~ \/E 3

(6.9

where Opeat(T) is the Allan deviation of the beat frequency F. We expect the
cavity C2 to provide good short-term stability, acting as a low-noise local oscillator
despite being subject to slow environmental drifts. At short averaging times (7 < 1's),
cavity noise (thermal, mechanical, and PDH shot noise) typically dominates, while
at longer timescales (7 2 10 s), cavity frequency drifts due to thermal expansion and
environmental variations become significant. This stability represents a lower bound

when compared against the atomic transition stability in subsequent measurements.
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6.1.3 Theoretical Clock Stability Model

Once the cavity stability is characterized, the next step is to compare the cavity-
stabilized laser against the atomic two-photon transition. For this purpose the setup
is reconfigured so that the left branch locks the laser directly to the atomic transition,
as shown in Figures 5.2 and 5.7. Additionally, adopting a C-band laser, the second-
harmonic generation cavity designed in Chapter 4 is integrated into the setup to
efficiently convert the 1556 nm fundamental beam to the 778 nm second harmonic.
To maximize the power available for atomic interrogation and reach the theoretical
conversion efficiency presented in Section 4.1.4, an erbium-doped fiber amplifier

can eventually be added to boost the input power before frequency doubling.
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Fig. 6.4 Atomic reference-cavity comparison setup. The laser beam at 1556nm is converted
into 778nm light through the frequency doubling cavity and locked to the rubidium two-
photon atomic transition via frequency modulation spectroscopy (left branch). A sideband
at @y + F is generated and independently locked to Cavity 2 (C2) via Pound-Drever-Hall
(right branch). The beat frequency F between the atomic lock and the cavity lock provides a
measure of the atomic clock stability relative to the cavity reference. Solid red lines indicate
1556nm light; dashed red lines indicate 778nm light.

The right branch remains unchanged, locking the offset sideband to Cavity 2 at
the beat frequency F, now reflecting the frequency difference between the atomic
and the cavity resonances (Figure 6.4).
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By monitoring F () over time, we can extract the Allan deviation oy(7) of the
atomic transition relative to the cavity reference. In fact, assuming Gatomfcavity(f) >
Gsingle(f), i.e., the atomic instability dominates the measured beat noise at the

timescales of interest, we can isolate the absolute atomic clock stability via

Gatomic <T) = \/Gaztom—cavity <T> - Gszingle (7’-) : (6.10)

If the atomic stability is better than the cavity stability at certain timescales, direct
isolation of the atomic contribution from the beat measurement becomes impossible.
In this regime, the measured Gsingle( 7) provides only an upper bound on the atomic
clock stability. However, if this upper bound is sufficiently low to meet the target
performance specifications, it still serves as a valid characterization of the clock’s

performance.

Overall, the cavity-referenced comparison offers a comb-free approach to char-
acterize the frequency stability of the rubidium two-photon atomic clock, improving
the short term measurements of Section 5.3.3. Once the comb is available, it can be
used to validate the cavity-based measurements and provide an absolute frequency

reference for further improvements.
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Conclusions

This thesis takes the first practical steps toward building an optical clock based on the
two-photon transition of 8’Rb. The work was divided into two main parts: the design
of an optical cavity to enhance the second harmonic generation of light at 778 nm
starting from a telecom laser at 1556 nm, and the construction of a two-photon

spectroscopy setup to resolve and characterize the relevant atomic resonance.

For the frequency-doubling stage, we designed a compact confocal Fabry-Perot
resonator. This kind of cavity allows the circulating power inside to become much
higher than the input power to efficiently generate the second harmonic at 778 nm.
The design was optimized to get the best possible overlap between the laser beam
and the nonlinear crystal, so as to improve the conversion efficiency. Calculations,
supported by numerical simulations with SNLO, show that it should be possible to
obtain more than 0.5 W at 778 nm from 2 W at 1556 nm, a level well suited for the
clock application. Although the ordered crystal and mirrors did not arrive in time to
assemble and test the cavity during this thesis, the project is now fully defined and

can be brought into operation as a direct continuation of this work.

On the spectroscopy side, we built a compact setup to observe the two-photon
transition in a rubidium vapor cell. A specific choice in the layout was to place the
photomultiplier tube on the side of the cell, instead of behind the retroreflecting
mirror. The aim of this choice was to avoid collecting too much of the strong 778 nm
light not reflected by the mirror, which would have increased the background level
and made it harder to see the weak 420 nm fluorescence coming from the atoms.
With this configuration, we were able to clearly see the lines of both 87Rb and ®Rb,
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including the structure of the excited 5Ds , state starting from the |Fy = 2) ground
state of 87Rb.

We then studied how the amplitude and linewidth of the observed peaks changed
when we varied the laser power and the cell temperature, in order to find good
working conditions for stabilizing the laser. The results match what is expected for a
two-photon transition: the signal grows roughly with the square of the laser power,
the peaks become broader at higher power, and the signal increases with temperature

over the range we explored.

Using these results, we locked the laser to the 555/, — S5Ds), (|[Fy = 2) —
|F, = 4)) transition of 3’Rb and checked the effect of the lock by looking at the
amplitude spectral density of the laser noise in the locked and unlocked cases.
The measurements show a clear reduction of noise at low frequencies when the
lock is active, which means that the laser is indeed being kept close to the atomic
resonance. These are, however, in-loop measurements, demonstrating that the servo
loop operates correctly and not directly yielding the absolute frequency stability
of the clock for long terms. Nonetheless, they provide an estimate of the expected
short-term stability limit imposed by the electronic noise, recasting equation 2.6 in a
form that includes the detection noise amplitude spectral density. The result gives
a short-term stability of oy(7) ~ 3.67-1071%//7, yilding a value that in line with
standard two-photon rubidium clocks.

In the final part of the thesis, the next steps needed to complete the clock stability
characterization are described. In particular, we propose to perform out-of-loop mea-
surements using two stable reference cavities, offering a lower bound on the achiev-
able stability with the possibility to extend measurements over larger timescales. In
this scheme, the frequency-doubling cavity designed in this work will allow the use

of reliable telecom-band lasers as the main light sources for the clock.

When an optical frequency comb becomes available, it will be possible to directly
measure and reference the clock frequency to primary standards. At that point,
the elements developed here (the design of the doubling cavity, the two-photon
spectroscopy setup, and the demonstrated laser lock) will form the core of a more

compact optical clock based on the two-photon transition in 8Rb.
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