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Abstract

The growing electrification of automotive systems is driving increasing interest to-
ward suspension technologies that enhance ride comfort and road holding, while
improving vehicle energy efficiency, enabling active control of vehicle dynamics,
and the recovery of energy from road-induced excitations without requiring major
changes to existing vehicle architectures. Within the objectives of the ”MOST Spoke
2: Sustainable Road Vehicles” project, devoted to the development of lightweight,
energy-efficient, and reconfigurable electric vehicles, the integration of an active sus-
pension system represents a key step toward reducing the environmental, economic,
and social impact of road transportation.

This thesis investigates the integration of a Rotary Regenerative Shock Absorber
(RRSA), into the rear suspension of a low-voltage reconfigurable battery electric
vehicle equipped with a conventional twist beam suspension layout. By replacing
the original passive shock absorber, the proposed system converts the linear vertical
motion of the suspension into rotational motion of an electric machine through a
linkage mechanism and a compact gearbox, enabling the introduction of active and
regenerative suspension functionalities through minimal modifications to the exist-
ing chassis and suspension architecture.

A systematic design methodology is developed to address the main challenges as-
sociated with this integration, including actuator placement, packaging constraints,
kinematic compatibility, and force transmission efficiency. A three-dimensional an-
alytical kinematic model is formulated to describe the suspension–actuator system
over the entire suspension stroke. Functional and geometric requirements are trans-
lated into quantitative objectives and constraints, focusing on the optimization of
the transmission ratio and transmission angle while preventing mechanical inter-
ferences with the surrounding components. A multi-objective genetic algorithm is
then employed to explore the design space and identify optimal actuator placement
and linkage configurations for two different mounting orientations of the rotary ac-
tuator. The optimization results are analyzed in terms of kinematic performance,
mechanical feasibility, and energy conversion potential, leading to the selection of the
final configuration that balances efficiency, compactness, and integration robustness.

Once the final configuration is selected, the linkage components are designed through
CAD and FEM analyses to reduce the equivalent mass and moments of inertia, lim-
iting potential NVH issues. The complete assembly kinematic and dynamic is finally
evaluated in a multibody simulation environment and compared with the analytical
model, confirming the validity and robustness of the proposed methodology.
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Chapter 1

Introduction

Suspension systems play a fundamental role in vehicle dynamics, as they directly
influence ride comfort, road holding, and handling stability. Traditionally, these ob-
jectives have been addressed through passive suspension architectures, which rep-
resent a well-established compromise between performance, robustness, and cost.
However, passive systems are inherently limited in their ability to adapt to varying
road conditions and driving scenarios, leading to a growing interest in controllable
suspension technologies.

In recent years, the increasing electrification of automotive systems has further ac-
celerated research on active and semi-active suspensions. On one hand, electrically
actuated suspensions enable a more effective control of vehicle vertical dynamics,
improving comfort and safety. On the other hand, they offer the opportunity to
recover part of the mechanical energy that is conventionally dissipated by shock ab-
sorbers when the vehicle travels over uneven road surfaces. This energy, if properly
harvested, can contribute to improving the overall efficiency of electrified vehicles,
particularly in urban driving conditions where road-induced excitations are frequent.
Despite their potential benefits, fully active suspension systems are still charac-
terized by high complexity, significant power demand, and elevated costs, which
limit their widespread adoption, especially in compact and low-cost electric vehi-
cles. These limitations motivate the development of alternative solutions capable of
introducing active and regenerative functionalities while preserving the simplicity of
existing suspension and powertrain architectures.

Among the different technologies proposed in the literature, Rotary Regenerative
Shock Absorbers (RRSA) offer several advantages in terms of energy conversion ef-
ficiency, bidirectional actuation capability, and controllability. By converting the
linear motion of the suspension into the rotational motion of an electric machine
through a gearbox and a linkage system, these devices can operate as both con-
trollable dampers and as active force actuators. However, their integration into
conventional vehicle suspensions remains a critical challenge, particularly for rear
suspension layouts such as the twist beam, which are widely adopted in compact
vehicles due to their simplicity, low cost, and packaging efficiency.

The main challenge lies in integrating a rotary actuator within a traditionally pas-
sive suspension architecture without requiring substantial modifications to the chas-
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sis or powertrain. Actuator placement, linkage geometry, packaging constraints,
and kinematic compatibility must be carefully addressed to ensure efficient force
transmission, adequate energy regeneration, and reliable operation throughout the
full suspension stroke. Moreover, improper design choices may lead to increased
unsprung mass, unfavorable inertia effects, or NVH issues, ultimately compromising
vehicle performance. In this context, the objective of this thesis is to investigate
the optimal integration of a rotary regenerative shock absorber into the rear twist
beam suspension of a low-voltage reconfigurable battery electric vehicle within the
objectives of the ”MOST Spoke 2: Sustainable Road Vehicles” project. The project,
developed in collaboration with the Mechanical Engineering Department of Politec-
nico di Torino, aims to design and develop lightweight, energy-efficient, and reconfig-
urable zero-emission road vehicles, minimizing their environmental, economic, and
social impact over the entire lifecycle. A key aspect is the adoption of a low-voltage
architecture, obtained by replacing the conventional high-voltage battery pack of
a production Class A battery electric vehicle with a modular low-voltage energy
storage system. This choice improves safety, reduces system complexity and cost,
and facilitates integration with distributed energy and smart-grid infrastructures.
However, the reduced available power and energy capacity makes efficiency-oriented
solutions particularly critical. Within this framework, the integration of a regenera-
tive and active suspension system represents a coherent and synergistic development.
By harvesting part of the vibrational energy normally dissipated by passive dampers
and enabling active control of vertical dynamics without major structural modifica-
tions, the proposed RRSA solution contributes to improving vehicle energy efficiency
and functional versatility, while preserving the simplicity, compactness, and packag-
ing advantages of the original twist beam layout. To achieve this goal, a systematic
design methodology is developed, combining kinematic modeling, numerical solu-
tion techniques, and multi-objective optimization to identify feasible and efficient
integration layouts.

The remainder of this thesis is organized as follows. Chapter 2 presents a review
of suspension systems and controllable actuator technologies, with particular focus
on regenerative and rotary electromagnetic shock absorbers. Chapter 3 describes
the proposed design methodology, including the kinematic modeling of the suspen-
sion–actuator system and the optimization framework adopted for actuator inte-
gration. The subsequent chapters present the design, simulation, and validation of
the final configuration, followed by conclusions and perspectives for future develop-
ments.
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Chapter 2

State of art and background study

Suspension systems play a fundamental role in vehicle dynamics, as they directly
influence ride comfort, road holding, and handling stability [1, 2, 3]. In recent years,
significant research efforts have been devoted to improving these aspects through the
development of advanced active suspension technologies equipped with mechatronic
devices capable of generating controllable damping or even active forces within the
suspension system [4], allowing also to perform regenerative shock absorption [5, 6].

This chapter provides an overview of the fundamental concepts and architectures of
vehicle suspensions, with particular attention to the technological solutions relevant
to the work presented in this thesis. The first part introduces the general principles
and classifications of suspension systems [7, 8], while the final section focuses on
active suspension actuators, including rotary regenerative shock absorbers [9].

2.1 Introduction to suspension systems

A vehicle suspension system is a mechanism that connects each wheel to the vehicle
body or to a frame attached to it [1]. Since a rigid vehicle with more than three
wheels would be a hyperstatic system, the vehicle structure must allow a certain de-
gree of flexibility to maintain the contact between the wheels and the ground. This
flexibility requirement is typically fulfilled by a set of deformable linkage systems,
commonly known as suspensions, which serve two main purposes.
First, they must ensure the correct distribution of forces exchanged between the
wheels and the ground under all load conditions, while also maintaining the proper
vehicle trim. The introduction of a deformable linkage inevitably leads to geometric
variations in the body position, which depend on the payload and its distribution.
These variations are described through the coordinates of the center of gravity and
the three body angles: yaw, roll, and pitch [2].
Second, suspensions must absorb and dissipate shocks transmitted from the road
surface to the vehicle body. This requires a proper spring-damper system, since the
elastic and damping properties of tires alone are insufficient to provide adequate
comfort and handling, except at very low speeds on smooth surfaces [3].
Overall, suspensions are fundamental to achieve both handling and comfort, acting
as a dynamic filter between the road and the vehicle body, limiting the amount of
forces produced by road irregularities and maneuvers without compromising con-
trollability.
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2.1.1 Suspension systems architectures

From a structural point of view, suspensions are classified into three main categories
[1]:

• Independent suspensions, where the two wheels on the same axle move inde-
pendently, so a disturbance on one side does not affect the other.
Examples include the McPherson, Double wishbone, Trailing and Semi-Trailing
arms, and Multilink layouts.

• Dependent suspensions, where the two wheels are mechanically linked, mean-
ing that the motion of one wheel influences the other. A typical example is the
Rigid guided axle layout, although it is no longer used in modern vehicles.

• Semi-independent suspensions, which exhibit intermediate behavior between
independent and dependent suspensions due to structural flexibility. The most
commonly used type is the Twist beam layout, made up of two trailing or semi-
trailing arms coupled with a torsion beam. This solution is widely adopted in the
rear suspensions of compact cars.

A further distinction concerns steering and non-steering suspensions. Indepen-
dent suspensions can be designed for steering axles, whereas dependent and semi-
independent architectures are typically used on non-steering axles, except in specific
cases such as heavy-duty or off-road vehicles.

Figure 2.1: Twist beam suspension layout [1]
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Regarding the semi-independent suspension twist beam layout, figure 2.1 shows the
geometrical details of this configuration, since this will be the case of study for this
thesis project. A and B represent the points where the suspension is hinged to the
vehicle chassis, while point C represents the shear center of the cross section of the
cross beam. The axis of rotation of the swing arms are tilted of a certain angle in
the x-y plane to induce an understeering behavior in the car [1].

2.1.2 Suspension systems classification

Following the structural classification of suspensions presented in section 2.1.1, mod-
ern suspension systems can be subdivided in two main categories: passive suspen-
sions and controllable suspensions (active or semi-active) [8].

Figure 2.2: Quarter car schemes of passive, semi-active and active suspensions [7]

Passive suspensions represent the conventional approach, where the system is en-
tirely mechanical: springs and dampers are fixed elements, and no active control
of the suspension dynamic is possible. This configuration is simple, reliable, and
stable, providing a fixed balance between ride comfort and road holding. However,
their performance is limited, since they cannot actively control vehicle’s body roll
motion or wheel vertical dynamics to adapt to different road conditions.

Controllable suspensions introduce an external input that modifies the suspension
behavior in response to vehicle dynamics. They can be described based on three
main characteristics: the controllability range, which defines the range of forces that
the actuators can deliver; the control bandwidth, indicating how quickly the actuator
can respond; and the power demand (or power request), determined by the combi-
nation of force range and bandwidth.
Based on these characteristics, five families of controllable suspensions can be sum-
marized as shown in Table 2.1:

• Adaptive suspensions: allows for a slow modulation of damping with a control
bandwidth limited to a few Hertz. The power request is usually limited to a few
Watts.
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Table 2.1: Controllable suspensions classification [8]

• Semi-active suspensions: typically employ an electronic shock absorber capa-
ble of varying the damping over a relatively wide bandwidth, typically around
30–40 Hz. The power request is relatively low, around tens of Watts.

• Load-leveling suspensions: allows the introduction of energy into the system
to regulate the static load. The control bandwidth is low, around 0.1–1 Hz, and
the power demand is moderate, generally on the order of hundreds of Watts.
These systems are effective for maintaining vehicle trim but have limited impact
on the vertical dynamics of the body and wheels.

• Slow-active suspensions: replace passive elements with force actuators that can
deliver a wide range of forces. The bandwidth is limited to a few Hertz, allowing
for effective control of the body dynamics. However, the power requirements
increase significantly, typically in the kilo-Watt range.

• Fully-active suspensions: combine a wide controllability range with high band-
width, typically 20–30 Hz, enabling rapid reaction to road disturbances and vehi-
cle dynamics. Similarly to the slow-active suspensions, fully-active ones introduce
force actuators that can manage both body and wheel vertical dynamics, provid-
ing the highest potential performance. However, the associated power demand is
substantial, on the order of tens of kilo-Watts.
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Between all of these solutions, semi-active and fully-active suspensions can both
influence the vehicle’s vertical dynamics, but the latter have the potential to deliver
the best performance due to their wider range of controllable forces. Although they
have traditionally faced high energy demands and potential stability issues, modern
control technologies enable more efficient operation and precise management of the
system. These advances also enable effective energy-harvesting capabilities, further
enhancing the appeal of fully-active suspensions for high-performance and energy-
efficient applications.

2.2 Controllable suspension actuators

As described in section 2.1.2, controllable suspensions introduce an external input
that modifies the suspension behavior in response to vehicle dynamics. This exter-
nal input can be implemented through different types of actuators, usually named
as shock absorbers, which may include variable damping systems or devices capable
of delivering a variable amount of force.

Semi-active suspension actuators allowing fast variation of damping can be subdi-
vided into three main technologies [8]:

• Electrohydraulic (EH) dampers (Figure 2.3a), in which the damping ratio is
varied by acting on different electronic valves placed in the orifices of the piston.

• Magnetorheological (MR) dampers (Figure 2.3b), in which the damping ratio
is varied by changing the viscosity of a mixture of oil and micro-particles sensitive
to a controlled magnetic field generated by a coil at the orifices of the piston.

• Electrorheological (ER) dampers (Figure 2.3c), where the damping ratio is
varied in a way similar to magnetorheological dampers but controlling the electric
field instead of the magnetic one.

Fully-active suspension actuators, which are designed to supply active forces instead
of just allowing damping variations, can be subdivided into two main categories [10]:

• Hydraulic or pneumatic shock absorbers, in which an hydraulic or pneu-
matic cylinder is powered by a pump (or a compressor) needed to pressurize the
circuit, and a valve controls the amount of hydraulic or pneumatic energy neces-
sary to create oscillatory-damping forces between sprung and unsprung masses.
The main drawback of these systems is that they draw continuous power that is
subsequently modulated and partially dissipated.

• Electromagnetic shock absorbers, which are made up of an electrical machine
coupled to a transmission stage, either hydraulic or mechanical. This electrical
machine can work as a generator when the device operates as a damper, and as
a motor when it acts as an actuator. Consequently, compared to hydraulic or
pneumatic shock absorbers, all the energy produced by the electric machine is
directly used to generate forces instead of relying on a constant power source.
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(a) Electrohydraulic (EH) (b) Magnetorheological (MR)

(c) Electrorheological (ER)

Figure 2.3: Semi-active shock absorber technologies [8]

Since electromagnetic shock absorbers can directly convert electrical energy into
damping and actuation forces, instead of storing and partially dissipating it as in
hydraulic or pneumatic systems, they offer higher efficiency and more precise force
control. Depending on the transmission stage technology used, they can be classified
into three types [10]: linear, hydraulic, and rotary (Figure 2.4).

Although linear electromagnetic shock absorbers (Figure 2.4a) are easy to integrate
and feature a simple construction, their limited force density and poor damping
capability make them unsuitable for demanding automotive applications. Hydraulic
electromagnetic shock absorbers (Figure 2.3a) overcome these drawbacks through
high force amplification, strong mechanical robustness, and low noise levels. How-
ever, they still experience substantial energy losses in valves, accumulators, and
flow-rectification stages, which significantly reduce their overall conversion efficiency.
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(a) Linear type (b) Rotary type

(c) Hydraulic type

Figure 2.4: Electromagnetic shock absorbers technologies [11]

Moreover, the rectifying mechanisms typically required prevent true bidirectional ac-
tuation, limiting their effectiveness for advanced active suspension controls. Rotary
electromagnetic shock absorbers (Figure 2.4b) overcome many of the limitations of
linear and hydraulic systems. By directly converting vertical suspension motion
into bidirectional rotation, they eliminate working fluids and the associated losses,
achieving high energy-conversion efficiency. Their efficiency, compact design, and
control potential make them the most promising of the three technologies, as will
be explored in more detail in section 2.2.1.

2.2.1 Rotary regenerative shock absorber - RRSA

Among the various electromagnetic shock absorber technologies shown in Figure 2.4,
a specific research effort has been carried out at the Department of Mechanical and
Aerospace Engineering of Politecnico di Torino, where a novel actuator prototype
named Rotary Regenerative Shock Absorber (RRSA) has been developed [9]. This
device converts the vertical linear motion of the suspension into rotary motion of
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a permanent magnet synchronous machine through a dedicated linkage mechanism
and a compact high-ratio gearbox (Figure 2.5), introducing a total transmission
ratio defined as τt = vwh/wm. It can provide an active control force that aids or
counteracts the suspension motion when the electric machine operates as a motor,
or it can work as a controllable damper, converting the kinetic energy induced by
road disturbances into electrical energy that can be stored in a battery. This latter
functionality is also known as energy harvesting [12].

Figure 2.5: RRSA working principle diagram [9]

Compared to ball-screw and rack-pinion solutions, this system achieves higher effi-
ciencies and control bandwidth, with a compact and lightweight layout, good me-
chanical robustness, and moderate additional inertia in the suspension resulting
from the transmission ratio and the rotating inertia of the motor [13]. However,
challenges derive from the noise level due to the presence of gearbox stages and
from vehicle integration since additional space is needed to place the linkage while
avoiding any contact with the vehicle chassis or other suspension components during
the entire suspension stroke.

Figure 2.6: Proposed linkage solutions for RRSA integration into a double wishbone
suspension layout [9]

According to the design methodology adopted for the RRSA, the linkage transmis-
sion ratio should be minimized to limit the contribution of the gearbox to the overall
transmission ratio, thus reducing size, mass, and mechanical losses. Based on this
criterion, several linkage configurations (Figure 2.6) were proposed and analyzed
in the design of the first prototype, based on the system’s integration into a dou-
ble wishbone suspension layout [9]. Even if layout (c) leads to the lowest value of
transmission ratio, layout (d) was selected as the most suitable compromise between
a low transmission ratio and feasibility within the suspension layout, leading to a
theoretical linkage transmission ratio τl = 115 mm/rad.
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The selected value of τl allowed the definition of the electric machine by fixing
the operating torque and speed ranges resulting from the suspension dynamics.
Based on these requirements, a permanent magnet synchronous machine was de-
signed to satisfy the damping specifications while ensuring compactness and ther-
mal feasibility. Subsequently, a compact two-stage planetary gearbox was selected
to achieve a high transmission ratio within a limited radial envelope, while ensuring
adequate efficiency and load capacity. The gearbox transmission ratio was defined
as τg = 1/87.35, so that the combination of linkage and gearbox yields the required
overall transmission ratio τt = τlτg.
The final specifications of the first RRSA prototype are listed in Table 2.2, while
the assembled prototype is shown in Figure 2.7.

Figure 2.7: RRSA assembled prototype

Feature Symbol Value Unit

DC link voltage VDC 48 V
Continuous motor torque Tem,cont 0.7 Nm
Peak motor torque Tem,max 2.7 Nm
Nominal linkage transmission ratio τl 115 mm/rad
Gearbox transmission ratio τg 1:87.35 -
Maximum suspension damping cs,max 10 kNs/m
Maximum suspension force Fs,max 2 kN
Maximum suspension damping vs,max 2 m/s

Table 2.2: First RRSA prototype specifications [9]
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Chapter 3

Design methodology

This thesis focuses on the integration of a rotary regenerative shock absorber [9] into
the rear suspension of a low voltage reconfigurable battery electric city car equipped
with a twist beam rear suspension layout [1]. The aim of this work is to adapt this
actuator-based system to a traditionally passive suspension architecture, replacing
the conventional shock absorber with the linkage-based solution described in Sec-
tion 2.2.1. The integration of this system introduces additional design challenges,
particularly related to actuator placement, suspension kinematics, packaging con-
straints, and energy conversion efficiency [9, 13]. In the context of a compact vehicle
segment, preserving the simplicity and robustness of the twist beam suspension is
a key requirement, making the actuator positioning a critical aspect of the overall
system performance.

In this chapter, the proposed design methodology is presented. The process begins
with the definition of design requirements for the integration of the rotary regener-
ative shock absorber, with particular emphasis on actuator positioning within the
constraints of the suspension layout. Subsequently, a mathematical model is devel-
oped to describe the system behavior throughout the suspension stroke, capturing
the kinematic relationships and energy conversion characteristics of the system. Fi-
nally, a constrained multi-objective optimization based on a genetic algorithm is
performed to identify optimal actuator placement solutions that satisfy the design
requirements, from which the final design configuration is selected.

3.1 Design requirements

This section defines the objectives, constraints, and performance targets for the
integration of the rotary regenerative shock absorber into the rear twist beam sus-
pension of the vehicle under study, providing the basis for subsequent mathematical
modeling and optimization processes. In this context, design requirements can be
broadly categorized into functional and geometric requirements, each addressing spe-
cific aspects of the system behavior, actuator positioning, and energy regeneration
capability.
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3.1.1 Functional requirements

The functional requirements define the expected behavior and performance of the
rotary regenerative shock absorber integrated into the existing suspension layout.
These requirements establish the functional objectives that the system must fulfill
in order to enable active suspension behavior while ensuring effective energy regen-
eration from road-induced excitations [5, 6]. First, the integrated system shall be
capable of introducing an active behavior into a traditionally passive suspension
architecture. This includes the ability to modulate the damping characteristics of
the rear suspension in response to operating conditions [4, 9], without compromis-
ing the simplicity and robustness of the twist beam suspension layout. In addition
to active control capabilities, the system shall allow the recovery of mechanical en-
ergy generated by suspension motion. The effectiveness of this energy conversion is
strongly influenced by the kinematic interaction between the suspension motion and
the actuator [13]. Among the functional parameters governing this interaction, the
overall transmission ratio of the system and the transmission angle of the linkage
represent the most critical factors [14]. The overall transmission ratio τt can be de-
fined as the ratio between the vertical velocity of the wheel hub and the rotational
velocity of the electric machine. Under the assumption of negligible friction losses
in the linkage joints, the power transmitted through the system can be considered
constant (P = Temwem = Fv,whvwh = const.). As a result, the transmission ratio can
be directly expressed in terms of torque of the electric machine and vertical force of
at the wheel hub (eq. 3.1).

τt =
vwh

wem

=
Tem

Fv,wh

(3.1)

The transmission angle γ is defined as the angle between the lever arm and the
push rod of the linkage [14], as shown in Figure 3.1. In the nominal position of the
suspension (see Section 3.1.2), the transmission angle of the linkage should ideally
be 90° to maximize the vertical force transmitted from the push rod to the actuator.
This target value is considered during the optimization process to identify the most
favorable actuator position and linkage configuration.

Figure 3.1: Transmission angle of the linkage
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These parameters directly affect the force and velocity transmitted from the wheel
hub to the RRSA, as well as the achievable torque, rotational speed, and power
generation throughout the entire suspension stroke. The functional requirements
thus define the target behavior of the system, guiding the development of the math-
ematical model and the subsequent optimization process.

3.1.2 Geometric requirements

The geometric requirements define the spatial and kinematic constraints governing
the integration of the rotary regenerative shock absorber within the existing twist
beam suspension layout, thus establishing the admissible design space by limiting
component positions, orientations, and relative motions throughout the entire sus-
pension travel. Figure 3.2 illustrates the geometry of the suspension in its reference
or nominal position, corresponding to the static ride height of the vehicle.

Figure 3.2: Twist beam suspension geometry (nominal position)

From this position, the suspension trailing arm ideally rotates around an axis of
rotation tilted in the x-y plane, as stated in Section 2.1.1. The vertical displace-
ment of the wheel hub resulting from this kinematic arrangement defines a total
range from -52 mm to +48 mm with respect to the nominal configuration. This
range represents the primary geometric constraint of the problem, as it directly
defines the operating envelope within which the suspension components must oper-
ate, determining allowable lever arm lengths, joint positions, and overall packaging.
Within this operating range, potential mechanical interferences between the linkage
components and the wheel rim or vehicle chassis must be avoided. To satisfy this
requirement, minimum clearance distances are imposed, consequently restricting the
admissible positions and orientations of the linkage elements and further defining
the feasible design space. In addition, in order to ensure adequate force transmis-
sion between the wheel hub and the actuator, the push rod must be placed as much
vertical as possible. Finally, the placement of the rotary actuator must allow for
secure attachment to the chassis via a flange, while maintaining sufficient proximity
to avoid excessive stresses and reduce the risk of ground contact, thereby further
constraining the admissible mounting positions.
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(a) (b)

Figure 3.3: RRSA possible mounting orientations

Within this constrained design space, two possible mounting orientations of the ro-
tary regenerative shock absorber are considered. In the first configuration (Figure
3.3a), the actuator shaft is arranged parallel to the longitudinal axis of the vehicle,
while in the second configuration (Figure 3.3b) the actuator shaft is oriented per-
pendicularly to it. The choice between these two different orientations for the final
configuration of the system is discussed in the following sections.

3.2 Mathematical description of the system

In order to accurately describe the behavior of the suspension–actuator system, it is
necessary to move from a qualitative understanding of the mechanism to a quanti-
tative mathematical representation. The system can be considered as a set of rigid
bodies interconnected by joints [15], whose relative positions and motions must be
precisely defined throughout the suspension stroke. Closure equations are formu-
lated based on the geometry of the linkage and the generalized coordinates of the
mechanism [16], providing a complete description of the kinematics of the system
and defining the relationships between wheel hub displacement, push rod position,
and lever arm rotation, as well as transmission angle and transmission ratio. Due
to the nonlinear nature of these equations, numerical solution methods [17] are re-
quired to determine the system configurations.

The following sections describe the formulation of the system equations, the specific
assumptions applied to the twist-beam suspension and rotary actuator, and the
numerical procedure used to solve the resulting non-linear system of equations.

3.2.1 Formulation of the closure equations

The mathematical formulation of the kinematic problem requires to express the
closure conditions of the mechanism in analytical form. In their most general form,
closure equations arise from the requirement that every vector loop constructed
along the rigid bodies of the mechanism must geometrically close. For a generic
loop of n rigid links, this condition can be written as:

n∑
i=1

r⃗i = 0 (3.2)
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where each vector r⃗i represents the position of a link as a function of its geometry
and joint coordinates.

Figure 3.4: Planar four-bar linkage mechanism [16]

In classical planar mechanisms, such as the four-bar linkage (see Figure 3.4), closure
relations involve only two spatial coordinates and are often solvable analytically,
providing explicit expressions for the unknown joint angles. However, analytical
solutions become too complex when the mechanism operates in three dimensions or
involves multiple coupled variables. In the present case, the twist-beam suspension
produces a spatial motion of the wheel hub due to its inclined rotation axis, while
the rotary actuator can be mounted in a different orientation with respect to the
vehicle reference frame. As a consequence, the closure relations must be formu-
lated in a three-dimensional space, and multiple geometric constraints contribute to
determining the admissible configuration of the mechanism. The resulting system
of nonlinear trigonometric equations that cannot be solved algebraically must be
solved through numerical methods [16, 17].

Figure 3.5: Mathematical description of the system

With reference to Figure 3.5, the configuration of this system can be fully described
by a set of generalized coordinates that define the positions and orientations of the
main links. The trailing arm L1 rotates around an axis h⃗ inclined in the vehicle
x-y plane through a revolute joint at point O, corresponding to its actual pivot
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and origin of the system; this rotation is represented by the coordinate θ1. The
push rod L2 is connected to the trailing arm via a spherical joint at point A, whose
position is uniquely determined by the rotation of the trailing arm. The position
and orientation of the push rod L2 is expressed in spherical coordinates, where θ2
represents the rotation of the push rod in the x–y plane around the vertical z axis,
and ϕ2 defines its inclination relative to the z axis. The lever arm L3 connects the
end of the push rod at point B to the actuator at point P , closing the kinematic
chain. Its orientation is defined by the coordinate θ3, which represents the rotation
of the lever arm around the revolute joint at P , with the axis of rotation aligned
with the actuator shaft. The rotation of the trailing arm θ1 is imposed by the
vertical displacement of the wheel hub relative to its nominal position and represents
the kinematic input of the system. For each value of θ1, the positions of point
A along the suspension stroke are calculated relative to the nominal coordinates
A⃗nom = [Ax, Ay, Az]

T
nom obtained from the CAD model of Figure 3.2, with respect

to point O, by applying the Rodrigues rotation matrix around the trailing arm’s
rotation axis h⃗:

A⃗(θ1) = R(θ1, h⃗) A⃗nom (3.3)

The remaining generalized coordinates θ2, ϕ2 and θ3 are treated as unknowns to be
solved from the closure equations of the system (see Equations 3.7, 3.8).

The general closure condition of a vector loop expressed in Equation 3.2, can be
directly applied to the suspension–actuator mechanism. In this formulation, each
link of the system is represented by a vector whose magnitude corresponds to the
link length and whose direction is given by a unit vector along the link. Following
the scheme depicted in Figure 3.5, the kinematic chain connecting points O, A, B
and P can therefore be written as the sum of the oriented link vectors:

L1 û1 + L2 û2 + L3 û3 = O⃗P (3.4)

where Li is the magnitude of the i-th link, ûi is the corresponding unit vector
defining its orientation, and O⃗P is the vector that closes the loop from O to P .
The first vector L1 û1, corresponds to the position of point A using the Rodrigues
rotation matrix, as described in Equation 3.3. The unit vector of the push rod û2

can be expressed in Cartesian coordinates as a function of the unknown generalized
coordinates θ2 and ϕ2:

û2 =

cos θ2 sinϕ2

sin θ2 sinϕ2

cosϕ2

 (3.5)

Similarly, the unit vector of the lever arm û3 is defined in Cartesian coordinates as
a function of the unknown generalized coordinate θ3, and depends on the possible
orientation of the rotary actuator, with its axis oriented parallel or perpendicular to
the longitudinal axis of the vehicle, as described in Section 3.1.2:
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û3,∥ =

 0
cos θ3
sin θ3

 ; û3,⊥ =

cos θ30
sin θ3

 (3.6)

By combining the Equations 3.4, 3.5 and 3.6, the closure condition of the mechanism
can now be written explicitly in Cartesian form. Expanding the vector equation into
its three components along the x, y and z axes yields a system of three nonlinear
algebraic equations in the unknown generalized coordinates θ2, ϕ2 and θ3. The form
of the resulting closure equations depends on the orientation of the rotary actuator,
due to the corresponding definition of the unit vector û3:

• Parallel configuration: the rotary actuator axis is aligned with the longitudi-
nal axis of the vehicle. The closure equations are:

Ax + L2 cos θ2 sinϕ2 = OPx

Ay + L2 sin θ2 sinϕ2 + L3 cos θ3 = OPy

Az + L2 cosϕ2 + L3 sin θ3 = OPz

(3.7)

• Perpendicular configuration: the rotary actuator axis is perpendicular to the
vehicle longitudinal axis. The closure equations are:

Ax + L2 cos θ2 sinϕ2 + L3 cos θ3 = OPx

Ay + L2 sin θ2 sinϕ2 = OPy

Az + L2 cosϕ2 + L3 sin θ3 = OPz

(3.8)

The next section presents the numerical procedure used to solve these systems of
nonlinear equations and compute the complete kinematic configuration of the sus-
pension–actuator system throughout the suspension stroke.

3.2.2 Newton Raphson method

Numerical methods are techniques by which mathematical problems are formulated
so that they can be solved using arithmetic operations [17]. Despite the variety of
such methods, they all involve extensive repetitive calculations, making them suit-
able only with the advent of fast and efficient digital computers. These methods are
particularly useful for problems that are too complex to solve analytically, such as
nonlinear algebraic equations arising in multibody kinematics.

In general, many engineering and scientific problems can be expressed as the task
of finding the roots of a generic function f(x), that is, the values of x for which
f(x) = 0. Among the available techniques for root-finding, the Newton–Raphson
method is widely used due to its simplicity, efficiency, and rapid convergence near a
solution.
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In one-dimension, given an initial guess x0, the method iteratively updates the
estimate solution xk+1 according to:

xk+1 = xk −
f(xk)

f ′(xk)
, k = 0, 1, 2, ... (3.9)

Here, xk represents the approximation of the root at the k-th iteration, and f ′(xk)
is the derivative of f evaluated in xk. Geometrically, this procedure corresponds to
drawing a tangent to the curve y = f(x) at the current estimate xk; the intersection
of the tangent with the x-axis provides the next estimate solution xk+1. The iteration
is repeated until the difference between successive approximations is smaller than a
fixed tolerance (see the example reported in Table 3.1).

k xk f(xk)

0 1.000000 1.000e+00
1 1.500000 2.500e-01
2 1.416667 6.944e-03
3 1.414215 6.007e-06
4 1.414213 4.511e-12

Table 3.1: Convergence of xk using the Newton-Raphson method for f(x) = x2 − 2

The main drawback of this method is that if the initial guess x0 is too far from the
true root, the tangent may intersect the x-axis in a region where the function behaves
differently, potentially leading to divergence or convergence to an unintended root.
Therefore, a reasonable initial guess is crucial to ensure the efficiency and reliability
of the method. In the case of multiple dimensions and multiple unknowns, the
Newton–Raphson idea can be extended to solve a system of n equations in n variables
for which F (x) = 0, where:

F (x) =

f1(x1, ...., xn)
...

fn(x1, ...., xn)

 ; x =

x1
...
xn

 (3.10)

Similarly to the one-dimensional case, the method seeks a correction that drives the
residual vector F (x) toward zero. The multidimensional Newton–Raphson iteration
is obtained by linearizing F(x) around the current estimate xk using a first-order
Taylor expansion:

F (xk +∆x) ≈ F (xk) + J(xk)∆x (3.11)

where J(xk) is the Jacobian matrix of the first derivaties:

J(xk) =


∂F1

∂x1

· · · ∂F1

∂xn
...

. . .
...

∂Fn

∂x1

· · · ∂Fn

∂xn

 (3.12)

26



Unlike the one-dimensional case, where convergence can be monitored by the scalar
value of f(xk), in the multidimensional scenario the convergence criterion is evalu-
ated on the norm of the vector function ∥F (xk)∥, which provides a single measure of
the residuals across all equations. This allows the algorithm to determine whether
the system of equations is satisfied simultaneously in all dimensions, ensuring that
the iterative process stops only when the solution meets the desired accuracy across
the entire vector of unknowns. It is important to note that, in the multidimensional
case, the value of ∆xk evaluated at each iteration can be retrieved by imposing
F (xk +∆xk) = 0 in Equation 3.11, obtaining:

∆xk = −J(xk)
−1F (xk) (3.13)

Since this value relies on the invertibility of the Jacobian matrix at each iteration, if
the Jacobian becomes singular or nearly singular, the iterative process may diverge
or fail to converge to the correct solution. Furthermore, as in the one-dimensional
case, the performance of the multidimensional Newton–Raphson method strongly
depends on the choice of the initial guess x0. Quadratic convergence is achieved only
when the initial estimate is sufficiently close to the actual solution, whereas poor
initialization may lead to divergence, stagnation, or convergence to an unintended
root. This sensitivity to both the conditioning of the Jacobian matrix and the ini-
tial conditions represents one of the main limitations of this method in nonlinear
multivariable settings and often motivates the adoption of auxiliary global strategies
to improve robustness in practical applications. These considerations highlight the
importance of a suitable initial guess and proper numerical safeguards when apply-
ing this method. The next section describes how the Newton–Raphson method is
integrated into the solution procedure adopted in the present analysis.

3.2.3 Numerical solution of the closure equations

The nonlinear closure equations derived in Section 3.2 cannot be solved analyti-
cally and must therefore be treated using a numerical approach. To this end, the
Newton–Raphson method is employed to determine the unknown generalized coor-
dinates x = [θ2, ϕ2, θ3]

T that satisfy the kinematic constraints for a fixed position

of the trailing arm defined by A⃗. As a first step, the closure equations must be
reformulated in a residual-based representation suitable for numerical solution. To
this end, the known geometric terms are grouped together:

C⃗ =


Cx = Ax −OPx

Cy = Ay −OPy

Cx = Az −OPz

(3.14)

In this way, the closure problem can be rewritten in the standard form F (x) = 0.
Explicitly, the two configurations described by the Equations 3.7 and 3.8 can be
written in matrix form as follows:
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• Parallel configuration:

F∥(θ2, ϕ2, θ3) =

 L2 cos θ2 sinϕ2 + Cx

L2 sin θ2 sinϕ2 + L3 cos θ3 + Cy

L2 cosϕ2 + L3 sin θ3 + Cz

 = 0 (3.15)

• Perpendicular configuration:

F⊥(θ2, ϕ2, θ3) =

 L2 cos θ2 sinϕ2 + L3 cos θ3 + Cx

L2 sin θ2 sinϕ2 + Cy

L2 cosϕ2 + L3 sin θ3 + Cz

 = 0 (3.16)

As described in 3.2.2, a crucial aspect of applying the Newton–Raphson method is
the choice of the initial guess x0, which strongly affects convergence to the true roots
of the problem. In this work, the initial guess is determined using a grid search over
the admissible ranges of unknown variables [18].

Figure 3.6: Grid Search on discretized X and Y for minimizing F (X, Y )

Grid search is a straightforward and systematic optimization method used to ex-
plore a multidimensional search space. The basic idea is to discretize the range of
each variable into a finite set of values, forming a regular lattice of points in the
parameter space. The objective function is then evaluated at each point of this
lattice, and the point that yields to the best result according to a chosen criterion
is selected, as shown in the example of Figure 3.6. Although this approach can be
computationally intensive, it has the advantage of fully exploring the search space,
reducing the risk of missing promising regions.

For the current kinematic analysis, a 3-D grid search is applied to determine an initial
guess by discretizing the unknown generalized coordinates θ2, ϕ2 and θ3 over their
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admissible ranges: θ2 ∈ [0, 2π], ϕ2 ∈ [0, π], θ3 ∈ [0, 2π]. In this implementation, a
relatively coarse discretization of the variables is used to efficiently explore the search
space. The function F (θ2, ϕ2, θ3) is then evaluated at each point of the grid for each
configuration of the system, and the combination of values that minimizes the chosen
residual norm is selected as the starting point x0 for the first Newton–Raphson
iteration:

x0 = [θ2,0, ϕ2,0, θ3,0]
T = argmin

θ2,ϕ2,θ3

∥F (θ2, ϕ2, θ3)∥ (3.17)

This initialization strategy guarantees that the first iteration begins in a neighbor-
hood of the true root, ensuring convergence of the method within a few steps. To
show the effectiveness of this method, the kinematics of the system for both parallel
and perpendicular rotary actuator configurations is solved in its nominal position,
defined by Anom = [462.06, 5.86, −93.93]T . Table 3.2 reports the lengths of links L2

and L3 and the coordinates of point P , used as reference values for this calculation.

Link/Joint Value ∥ [mm] Value ⊥ [mm]

L2 150 170

L3 110 130

Px 460 575

Py 100 5

Pz 60 70

Table 3.2: Reference values of L2, L3 and P for nominal kinematic solutions in
parallel and perpendicular configurations

Starting from the initial guess obtained through the coarse grid search, the iterative
Newton–Raphson procedure updates the unknown coordinates until convergence is
achieved within a fixed tolerance on the residual norm of 10−12. The results of both
configurations are reported in Tables 3.3 and 3.4.

Parallel Configuration (nominal position)

k θ2,k ϕ2,k θ3,k ∥F (xk)∥

0 263.9430◦ 6.1053◦ 2.4655◦ 5.999e+00
1 262.5572◦ 6.0817◦ 2.4892◦ 3.937e-01
2 262.5521◦ 6.0835◦ 2.4895◦ 4.884e-03
3 262.5521◦ 6.0835◦ 2.4895◦ 4.256e-07
4 262.5521◦ 6.0835◦ 2.4895◦ 1.011e-14

Table 3.3: Convergence of the solution of the system in nominal position for parallel
configuration

As shown in Tables 3.3 and 3.4, this method used to evaluate the initial guess x0 re-
sults in a residual norm of the order of 5–10. The Newton–Raphson iterations quickly
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Perpendicular Configuration (nominal position)

k θ2,k ϕ2,k θ3,k ∥F (xk)∥

0 182.4829◦ 5.7635◦ 357.6899◦ 6.497e+00
1 182.9230◦ 5.7315◦ 357.7001◦ 1.655e-01
2 182.9254◦ 5.7317◦ 357.7001◦ 8.838e-04
3 182.9254◦ 5.7317◦ 357.7001◦ 2.668e-08
4 182.9254◦ 5.7317◦ 357.7001◦ 3.639e-14

Table 3.4: Convergence of the solution of the system in nominal position for per-
pendicular configuration

refine this estimate, and the solution appears to reach the exact root already after
the third step. However, the convergence check based on ∥F (xk)∥ < 10−12 prevents
premature termination due to machine precision limitations. Figure 3.7 show the
reconstructed spatial configurations of the mechanism in the nominal position for
both the parallel and perpendicular rotary actuator cases. The two revolute joints
are represented as cylindrical bodies to highlight the rigid rotation axes in points O
and P , while the spherical joints at points A and B are marked by colored spheres.

(a) (b)

Figure 3.7: Solution of the systems in nominal position: (a) parallel, (b) perpendic-
ular

Following the methodology applied to solve the nominal position of the systems us-
ing the reference geometric values reported in Table 3.2, the same approach can now
be extended to evaluate the kinematic behavior of the suspension-actuator system
throughout the entire suspension stroke.

The nominal position of the system is defined by θ1,nom = 0◦, thus defining the
reference value for the trailing arm sweep. The positions assumed by point A along
the full suspension stroke are obtained by applying Rodrigues’ rotation matrix (see
Equation 3.3) from the lower limit θ1,min = −9.086◦ to the upper limit θ1,max =
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9.683◦. This procedure defines the boundary positions Amin = A(θ1,min) and Amax =
A(θ1,max), given as input to the system.

Figure 3.8: Point A full sweep from Amin to Amax

For a fixed system configuration, defined by the combination of L2, L3, Px, Py

and Pz, the trailing arm motion is discretized over the range [θ1,min, θ1,max]. Then,
for each discrete angle θ1,i ∈ [θ1,min, θ1,max], the position of the point A is given
by Ai = A(θ1,i). The kinematic problem is first solved at Amin. At this initial
step, a coarse grid search is employed to determine a suitable initial guess x0,1 for
the Newton–Raphson first iteration. Once the first configuration is computed, the
solution of the system [θ2,min, ϕ2,min, θ3,min]

T is used as the initial guess for the
subsequent position to be solved. This procedure is iterated up to the final position
Amax, following the rule:

x0,(i+1) = [θ2,i, ϕ2,i, θ3,i]
T (3.18)

This strategy ensures solver convergence at every step and dramatically reduces the
computational cost, since the coarse grid search is performed only once, rather than
at each position of the system along the suspension stroke.

The methodology described in this section allows the kinematic configuration of the
mechanism to be determined for any position of the trailing arm. This capability is
essential for the subsequent optimization of the suspension-actuator system layout
discussed in the next section.

3.3 Layout optimization of the system

Once the kinematic solution procedure has been established, the next step is to
determine the optimal layout of the suspension-actuator system, defined by the
combination of the link lengths L2 and L3, the position of point P , and the orienta-
tion of the rotary actuator shaft with respect to the vehicle longitudinal axis. The
aim of the optimization is to improve the overall performance and efficiency of the
system throughout the entire suspension stroke, while ensuring that all kinematic
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and geometric constraints are satisfied. To efficiently explore the design space and
identify the best configuration of the system, a multi-objective genetic algorithm
[19] is employed due to its effectiveness in handling complex multi-variable design
problems.

The following sections describe the definition of the optimization problem, including
the objectives and constraints, the implementation of the genetic algorithm, the
analysis of the resulting solutions, and the selection of the final system configuration
based on performance and feasibility criteria.

3.3.1 Definition of the problem and objectives

The functional and geometric requirements introduced in Sections 3.1.1 and 3.1.2
are translated into quantitative objectives and constraints for the optimization. The
objectives establish the target performance of the suspension-actuator system and
provide clear criteria to guide the search for the optimal layout. The first functional
objective concerns the transmission ratio from the wheel hub to the gearbox input
of the RRSA, denoted as τl. The target value of transmission ratio τtarget is defined
in the nominal position of the suspension, corresponding to the equilibrium position
around which the suspension oscillates and where the actuator operates most of
the time. This value can be determined by evaluating the reference force that the
actuator must satisfy at the wheel hub through several quarter-car simulation, in
which the actuator is modeled using a Skyhook control logic:

Figure 3.9: Quarter-car model with Skyhook control logic

In this model, the actuator force Fa is composed of two contributions: a standard
suspension damper cs acting between the sprung and unsprung masses, and an
additional Skyhook damper csky that only reacts to the vertical velocity of the sprung
muss. Unlike a classical Skyhook damper, which ideally acts between the vehicle
body and a fixed “sky” reference [20], in this implementation csky applies a force to
both sprung and unsprung masses, according to:

Fa = −cs (żs − żu)− csky żs (3.19)
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Two quarter-car configurations were considered to explore two opposite suspension
damping strategies: a comfort-oriented setup, characterized by lower damping val-
ues, and a handling-oriented setup, with increased damping to improve body motion
control. In both configurations, the masses, the suspension spring stiffness and the
tire stiffness are kept constant, while only the coefficients cs and csky are varied. The
parameter sets adopted for these two cases are reported in Table 3.5.

Quarter-car model data

Vehicle parameter Description Value Unit

ms Sprung mass 219.7 kg
mu Unsprung mass 43 kg
ks Suspension spring 22.2 kN/m
kp Tire stiffness 240 kN/m

Comfort configuration

cs Suspension damper 1000 Ns/m
csky Skyhook damper 10000 Ns/m

Handling configuration

cs Suspension damper 2000 Ns/m
csky Skyhook damper 5000 Ns/m

Table 3.5: Quarter-car model data: comfort vs handling configuration

The quarter-car model is excited using a sinusoidal bump input at the wheel, repre-
senting the passage of the vehicle over a localized road irregularity. This excitation
provides a controlled and repeatable disturbance with a well-defined amplitude and
duration, allowing the actuator–suspension interaction to be evaluated over a single
compression–rebound event. Such excitation is well suited to identify peak suspen-
sion deflections, force transmission characteristics, and sprung and unsprung mass
dynamics under transient conditions. The road bump profile h(t) is implemented in
the time domain as:

h(t) =
h0

2

[
1− cos

(2π t

Lb

) ]
(3.20)

where h0 is the bump maximum height, and Lb is the bump width. In the present
work, the simulations considers a vehicle travelling at 70 km/h, taking a bump of
height h0 = 2 cm and width Lb = 0.5m:

Figure 3.10: Synusoidal bump profile: vvehicle = 70 km/h, h0 = 2 cm, Lb = 0.5m
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The simulation environment is implemented in MATLAB/Simulink and the overall
scheme is illustrated in Figure 3.11. The model is divided into functional subsystems,
including the sprung/unsprung mass dynamics, tyre-ground interaction, actuator
force calculation and road profile generation. Gravity is applied to both masses to
compute the static equilibrium position and to enable the occurrence of wheel hop,
i.e. loss of tyre contact when Ftire ≤ 0.

Figure 3.11: Quarter-car Simulink model

This approach allows identifying the target transmission ratio that the system must
satisfy in the nominal suspension position, by limiting the maximum force that the
actuator must deliver to the wheel hub, while preventing high actuator speeds that
could produce back-EMF levels exceeding the limits of the power electronics.

(a) (b)

Figure 3.12: Actuator force time history: (a) comfort, (b) handling
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(a) (b)

Figure 3.13: Actuator force time history: (a) comfort, (b) handling

(a) (b)

Figure 3.14: Actuator power time history: (a) comfort, (b) handling

(a) (b)

Figure 3.15: Time histories of: Sprung mass acceleration in comfort (a) and Road
holding index in handling (b)

In each simulation, the bump excitation is applied after a short settling time, al-
lowing the system to reach its static equilibrium under the weight of the masses,
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corresponding to a constant tire force equal to (ms+mu)g. The maximum actuator
force Fa was limited to 3 different values: 2 kN, 1.5 kN and 1 kN . When the actu-
ator force is limited to 2 kN , the results are essentially the same as those obtained
with 1.5 kN and the red line is superimposed by the green one, since this force
level is never reached during the simulation and therefore no saturation occurs. In
this case, actuator saturation (visible in Figure 3.12) slightly alters the oscillations
and peaks of other variables, as the force that cannot be delivered by the actuator
is redistributed among the other components of the system. In terms of actuator
speed, defined as the relative speed between unsprung and sprung masses (Figure
3.13), the results seem to be similar between comfort and handling configurations,
with only a slight increase in the peak value when the actuator force is limited to
1 kN , thus slightly worsening the performances. In terms of actuator power (Figure
3.14), defined as Pa = Fa va, the peak values obviously decrease by limiting the
actuator force to 1 kN , but even with Fa,max = 1.5 kN , the actuator power remains
well within the system constraint of Pa,max = 1 kW . For the comfort configuration,
the system performance is assessed through the sprung mass acceleration (Figure
3.15a). When Fa,max = 1 kN , a slight discontinuity is observed during saturation,
but the overall oscillatory behavior after the first peak remains unchanged. For the
handling configuration, performance is evaluated using the road-holding index (Fig-
ure 3.15b), defined as the ratio between the instantaneous tire force and the static
weight of the system:

ηRH =
Ftire

(ms +mu)g
(3.21)

The index shows wheel detachment for a very short period, followed by small oscil-
lations, with a similar trend by saturating the actuator force of both 1.5 kN or 1 kN .

Based on the simulation results, a reference actuator force of Fa,ref = 1.5 kN at
the wheel hub is selected to define the target transmission ratio τtarget. This value
represents a suitable compromise: it keeps the actuator power within the limits of
the power electronics, while allowing sufficiently high wheel-hub velocities to avoid
excessive back-EMF generation. At the same time, it provides an adequate baseline
rotational speed for the electric machine, enabling operation close to its optimal
torque region and ensuring effective force transmission throughout the suspension
stroke.

Feature Symbol Value Unit

Phase-to-phase max voltage Vmax 60 V
Peak motor power Pmax 1 kW
Peak motor torque Tem,max 1.9 Nm
Base motor speed wbase 5200 rpm
Maximum motor speed wmax 8900 rpm
Gearbox transmission ratio τg 1:87.35 -

Table 3.6: New RRSA prototype specifications
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For this application, the RRSA unit considered has different performance character-
istics compared to the prototype introduced in Section 2.2.1, particularly in terms of
maximum torque, maximum rotational speed and base speed of the electric machine,
as reported in Table 3.6. From the reference wheel-hub force and the maximum ac-
tuator torque at gearbox output, the target transmission ratio in nominal suspension
position can be directly computed as:

τtarget =
Tem,max

τg Fa,ref

≈ 111
mm

rad
(3.22)

The corresponding characteristic wheel-hub vertical speeds can be derived from the
actuator rotational speeds, considering the kinematic relation:

vwh =
wem

τtarget τg
(3.23)

By substituting the values of wbase and wmax into Equation 3.23, the corresponding
wheel hub vertical speeds are found:

vwh,base ≈ 0.69
m

s
; vwh,max ≈ 1.18

m

s
(3.24)

These two velocities assess whether the actuator can: (i) operate in the high-torque
region during normal suspension motion, and (ii) reach sufficiently high speed with-
out causing excessive back-EMF during peak transient events.

The second functional objective concerns the transmission angle of the linkage, de-
noted as γ. The target value is defined as γtarget = 90◦ in the nominal position of the
suspension. Values of γ close to 90◦ ensure an optimal mechanical advantage, allow-
ing the actuator to transmit forces efficiently while minimizing the sensitivity of the
mechanism to manufacturing tolerances, joint clearances, and thermal expansions.
Conversely, angles approaching 0◦ or 180◦ can lead to self-locking of the mechanism,
requiring excessively high actuator torque for small wheel hub loads. For this reason,
the optimization seeks configurations that maintain the transmission angle within a
practical range of 90◦±50◦ along the suspension travel [13, 14], thus improving force
transmission and maintaining robust and stable operation throughout the stroke.

3.3.2 Specific design constraints

The geometric considerations introduced in Section 3.1.2 define the admissible spa-
tial configuration of the RRSA and the linkage within the suspension architecture.
For the present optimization problem, these geometric considerations are reformu-
lated as explicit design constraints that restrict the feasible solution space and pre-
vent configurations that would compromise packaging, kinematic integrity, or com-
ponent mounting. These constraints are enforced at discrete suspension positions
within the allowed vertical travel, ensuring that the RRSA and linkage remain op-
erable and interference-free throughout the entire stroke.
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Figure 3.16: Parallel configuration: constraint about L3 contact

The first constraint concerns the potential interference between the linkage levers
and the longitudinal chassis member. In the parallel configuration, this issue pri-
marily manifests when the push-rod attachment point A reaches the proximities of
its maximum vertical position (see Figure 3.8), where lever L3 moves closer to the
chassis rail. In this situation, the possibility of contact between the lever L3 and
the chassis must be strictly avoided by defining a minimum distance requirement
between them, as shown in Figure 3.16. The geometric condition is expressed by re-
quiring that the minimum normal distance between the axis of the lever L3 and the
edge of the longitudinal chassis member at point Q remain greater than a prescribed
safety clearance d⊥,min, satisfying the condition:

d⊥ = |P⃗Q| sin
(
90◦ − θ3 − PQ̂S

)
> d⊥,min (3.25)

In the perpendicular configuration, this problem is fully avoided, since the lever L3

rotates in a plane parallel to the zx plane. In order to avoid interference between
the lever and the longitudinal beam of the chassis the position of the point P must
be limited in the y-direction with an upper limit Py,max.

The second constraint concerns the potential interference between the push-rod–lever
joint B and the wheel assembly, including both the rim and the tire envelope. Due to
the lateral and vertical motion induced by suspension travel, point B progressively
approaches the rotating assembly, which represents a strict no-go region that can-
not be penetrated. This clearance requirement is particularly relevant in the parallel
configuration, where B lies closer to the wheel and undergoes a larger y-displacement
within the wheel envelope during suspension motion, requiring a lower limit By,min.
In the perpendicular configuration, instead, the requirement is inherently satisfied
by the placement of point P . To simplify, the limits of B in y-direction becomes the
limits of P in y-direction for the perpendicular configuration, as depicted in Figure
3.17.
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Figure 3.17: Rim and wheel envelope constraint

A further aspect to be considered concerns the admissible positions of point P
(and therefore of the RRSA itself) along the x direction. In particular, a minimum
allowable coordinate Px,min must be imposed to prevent interference between the
rotary actuator and the coil spring assembly. As shown in Figure 3.18, the output
shaft of the RRSA protrudes several centimeters from the gearbox casing, which
reduces the available space between the actuator and the spring seat.

Figure 3.18: Spring assembly envelope constraint

A further constraint concerns the admissible vertical positions of points B and P .
A maximum vertical limit Bz,max is imposed for the joint between the lever-arm
and the push-rod in order to avoid interference with the wheelhouse components
and with the upper chassis structures. Conversely, both upper and lower vertical
bounds Pz,max and Pz,min are introduced for the RRSA hinge point to prevent contact
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between the actuator envelope and the longitudinal chassis rail, while also avoiding
the risk of ground interference during full rebound.

The formalization of these geometric constraints is essential for the subsequent op-
timization stage. By expressing each of them as inequality conditions over the
admissible suspension stroke, the design space is rigorously restricted to physically
feasible and kinematically consistent configurations. This prevents the genetic al-
gorithm from exploring solutions that, although mathematically valid, would be
unachievable due to packaging conflicts or mounting limitations. As a result, the
search domain is significantly reduced, improving convergence efficiency and en-
suring that the optimal layouts identified by the GA correspond to implementable
RRSA and linkage arrangements.

3.3.3 Genetic algorithm optimization

Genetic Algorithms (GAs) represent a class of stochastic optimization methods in-
spired by the mechanisms of natural evolution [19]. In this framework, a population
of candidate solutions evolves through generations under the action of selection,
crossover, and mutation operators. Individuals are evaluated through a fitness
function, and those exhibiting higher performance are statistically more likely to
propagate their characteristics to subsequent generations. Over iterations, the pop-
ulation tends to converge toward solutions that maximize or minimize the fitness
objective, enabling the algorithm to efficiently explore complex multidimensional
search spaces. In the present work, the multi-objective optimization is implemented
using the Matlab built-in function gamultiobj, which is constructed according to a
Non-Dominated Sorting Genetic Algorithm II [21]. NSGA-II is a controlled elitist
genetic algorithm that balances convergence toward the Pareto front with population
diversity. In a multi-objective optimization context, the Pareto front represents the
set of solutions for which no objective can be improved without degrading at least
one other objective. In other words, the points that appears on the Pareto front (best
individuals) are non-dominated solutions, and define the trade-off between compet-
ing objectives, such as minimizing the deviation from the target transmission ratio
in nominal position while minimizing deviations from the desired transmission an-
gle of 90◦. The algorithm assigns a rank to each individual based on dominance:
individuals that are not dominated by any other solution belong to rank 1, those
dominated only by rank 1 individuals belong to rank 2, and so on. Individuals with
a lower rank have a higher probability of being selected as parents for the next gen-
eration. To preserve diversity along the Pareto front, crowding distance is computed
for individuals of the same rank. This metric measures the separation between a
solution and its neighbors in the objective space. Individuals with higher crowding
distance are preferred during selection, as they help maintain a well-distributed set
of Pareto-optimal solutions.

This optimization process evolves through a population of candidate solutions, also
known as individuals, over successive generations. The process begins with an ini-
tial generation, which can be generated randomly or using a predefined distribution
within the admissible design space. The choice of this initial population is crucial, as
it directly influences the diversity of the search space and the ability of the algorithm
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to avoid premature convergence to suboptimal regions. Each generation consists of
evaluating the current population according to the objective functions, followed by
the application of genetic operators to produce a new generation of solutions. The
algorithm iterates through this evolutionary process until a stopping criterion is
met, which can be defined either as a maximum number of generations or based on
the spread of the Pareto front, ensuring convergence toward a well-distributed set
of non-dominated solutions, as summarized in Figure 3.19.

Figure 3.19: Genetic algorithm flow chart

Where the genetic operations are described as follows:

• Selection: Parents are chosen from the preceding generation using a combination
of rank and crowding distance, favoring non-dominated solutions that are well
spread along the Pareto front.

• Crossover: New solutions are created by mixing the traits of two parent solu-
tions, producing individuals that inherit characteristics from both. This allows the
algorithm to explore new regions of the design space while keeping the beneficial
features from the parents.

• Mutation: Small random changes are applied to some solutions, introducing
diversity in the population. This prevents the algorithm from getting stuck in
suboptimal solutions and allows it to investigate unexplored regions of the design
space.
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In the optimization of the packaging of the linkage–RRSA system within the vehicle’s
twist-beam suspension, each individual is represented by a combination of five design
variables, corresponding to the genes of the individual: the push-rod length L2, the
lever-arm length L3, and the coordinates of the RRSA hinge point P = [Px, Py, Pz].
The set of these variables defines an individual (or genome) in the design space,
expressed as:

g = [L2, L3, Px, Py, Pz] (3.26)

Where each variable can take integer values expressed in millimetres within its re-
spective lower and upper bounds, defined as inputs for the genetic algorithm:

lb = [L2,min, L3,min, Px,min, Py,min, Pz,min]

ub = [L2,max, L3,max, Px,max, Py,max, Pz,max]
(3.27)

To ensure a complete exploration of the design space and to avoid premature con-
vergence to suboptimal regions, the domain of possible solutions is initially mapped
using a multidimensional grid created by discretizing each variable within its ad-
missible bounds lb and ub. Considering a coarse discretization of each variable in 3
values - such as lower bound, middle value, and upper bound - the total number of
potential individuals grows exponentially according to:

Nindividuals =
(
ndiscretization levels

)Nvariables (3.28)

For example, with five design variables and only three discretization levels per vari-
able, the total number of different individuals becomes: 35 = 243. Since every
combination of variables must be evaluated by the fitness function (see Figure 3.19),
a purely uniform discretization rapidly leads to a substantial computational burden
as the resolution increases. Obviously, a coarse discretization with only 3 levels
per variable could still lead to suboptimal solutions. Thus, To reduce the total
number of evaluations while still ensuring an effective coverage of the design space,
the discretization is constructed incrementally. The process starts from a minimum
discretization level of three points per variable and progressively increases the resolu-
tion until a predefined grid size is reached. Variables are refined in descending order
of their admissible range (ub − lb), meaning that those exhibiting a wider interval
are first assigned for additional discretization levels. This strategy prioritizes vari-
ables for which more intermediate values may significantly affect the solution, thus
improving the likelihood of locating optimal regions within the admissible domain.
Once the multidimensional grid is constructed, a subset of its points is used as the
initial population for the genetic algorithm, ensuring that the first generation spans
the domain uniformly before the evolutionary process begins. In this formulation,
the total number of individuals resulting from the discretization is given by:

Nindividuals = nL2 · nL3 · nPx · nPy · nPz (3.29)

where n denotes the number of discretization levels assigned to each variable within
their admissible limits. On the basis of the defined design variables, bounds, and
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constraints, the optimization problem can be formally stated as a constrained multi-
objective minimization problem:

min
g ∈Ω

F(g, . . . ) =

[
f1(g)
f2(g)

]
(3.30)

where Ω ⊂ Z5 denotes the admissible design space defined by the lower and upper
bounds lb and ub. The minimization is intended in the Pareto sense: the genetic
algorithm does not return a single optimal value of the objective vector, but a
set of non-dominated individuals whose objective vectors are evaluated through a
dedicated fitness function F(·) that computes the objective values to be minimized
while enforcing all geometric and kinematic constraints defined for each system
configuration: [

f1, f2
]
= F

(
g, Aswing, Csystem, Ksystem

)
(3.31)

Here, Aswing contains the full trajectory of the point A from Amin to Amax. Csystem is
a discrete variable that specifies the RRSA configuration (parallel or perpendicular),
while Ksystem collects all the kinematic and geometric constraints defined in Sections
3.3.1 and 3.3.2:

Ksystem =
[
By,min, By,max, Bz,max, d⊥,min, γmax, γmin ] (3.32)

For each candidate individual g, the kinematic chain described in Section 3.2.1 is
solved to compute the positions assumed by the mechanism throughout the suspen-
sion stroke, including all the positions assumed from the joint B, the transmission
ratio τl and the transmission angle γ. Then, the objectives can be computed from
the knowledge of these quantities in the nominal position of the suspension:

f1 =

∣∣∣∣τtarget − τnom
τtarget

∣∣∣∣; f2 =
∣∣γtarget − γnom

∣∣ (3.33)

where f1 defines the normalized deviation of the nominal transmission ratio from
the target value calculated in Section 3.3.1, while f2 defines the deviation of the
nominal transmission angle from the desired value of 90◦.

Within the evaluation process for a single candidate individual g, if at any point
along the suspension travel even a single system constraint contained inKsystem is vi-
olated, the computation of the subsequent kinematic states of the system is stopped
to reduce computational time. Instead of completing the full sweep described by
Asweep, the fitness function immediately returns a penalized objective value equal
to 106 for both f1 and f2. The same penalization strategy is also applied when-
ever, at any configuration along the sweep, the Jacobian matrix employed in the
iterative solution of the kinematic chain via the Newton–Raphson method becomes
singular or nearly singular, compromising the numerical stability and convergence
of the algorithm and indicating an inherently problematic or physically infeasible
configuration of the mechanism, as described in Section 3.2.2. In such cases, the
evaluation is interrupted and the individual is assigned the same penalized objective
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values. In this way, the corresponding solution is assigned a poor dominance rank
and is therefore automatically discarded by the genetic algorithm. This mechanism
allows the search to effectively avoid unfeasible regions of the design space and ac-
celerates the identification of promising areas of the Pareto optimal frontier. After
the evaluation of the initial population, the size of the subsequent generations is
halved if at list half of the population leads to objective values different from 106,
preserving feasible and non-dominated solutions while discarding dominated indi-
viduals and solutions that violate system constraints. This process is repeated until
the population size reaches a predefined limit size imposed by the optimization setup.

Once the termination conditions are satisfied, the genetic algorithm is stopped,
having progressively refined the population toward a set of feasible, non-dominated
solutions that satisfy all imposed geometric and kinematic constraints. The resulting
population constitutes the output of the optimization process and forms the basis
for the analysis presented in the following section, where the characteristics and
performance of the obtained solutions are discussed in detail.

3.3.4 Optimization results

After defining the main operations and workflow of the genetic algorithm, the next
step is to set the specific numerical values required to initialize the optimization
process. For each RRSA configuration, the admissible design space Ω is defined by
specifying the lower and upper bounds lb and ub of the individual g ∈ Ω ⊂ Z5,
as defined in Eq. 3.27. The numerical values of these quantities adopted for each
optimization are reported below:

Parallel Configuration

Variable lb [mm] ub [mm]

L2 120 130

L3 140 160

Px 430 480

Py 80 140

Pz 40 60

Perpendicular Configuration

Variable lb [mm] ub [mm]

L2 150 200

L3 110 160

Px 570 610

Py -10 30

Pz 70 90

Table 3.7: Parallel configuration optimization setup

The matrix Ksystem, containing the kinematic and geometric constraints necessary
to ensure the physical feasibility of the solutions within the design space, is the same
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for both configurations, since the remaining constraints on the position of point P
are already embedded in the domain limits of the design variables:

Kinematic and geometric constraints

Constraint Value Unit

By,min -10 mm

By,max 30 mm

Bz,max 190 mm

d⊥,max 30 mm

γmax 40 deg

γmin 140 deg

Table 3.8: Kinematic and geometric constrains optimization setup

The optimization results obtained for the two RRSA configurations are presented
in terms of the Pareto-optimal solutions returned by the genetic algorithm:

Figure 3.20: Pareto front optimization results for parallel and perpendicular config-
urations
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The Pareto-optimal solutions reported in the left graphs of Figure 3.20 are concen-
trated in a region where both the percentage deviation of the nominal transmission
ratio from the target value and the deviation of the nominal transmission angle from
the desired value of 90° are relatively small. This confirms the ability of the genetic
algorithm to efficiently explore the admissible design space and to converge toward
an optimal set of solutions that satisfy all the imposed constraints. The distribution
of optimal solutions clearly highlights the trade-off between the two objectives: so-
lutions that achieve a transmission ratio very close to the target value may exhibit
a larger deviation of the transmission angle from 90◦, while solutions characterized
by a nearly optimal transmission angle tend to show a higher deviation in the trans-
mission ratio. As a consequence, no single solution can be considered optimal with
respect to both objectives simultaneously, and the final design choice necessarily
involves a compromise between these competing requirements. A more direct inter-
pretation of the results is obtained by representing the Pareto-optimal solutions in
terms of τnom and γnom values, as reported in the right graphs of Figure 3.20. In this
representation, each solution is color-coded according to the maximum percentage
deviation of the transmission ratio ∆τl over the entire suspension travel with respect
to its nominal value. From this perspective, it can be seen that some solutions ex-
hibit a relatively low variation of the transmission ratio along the suspension travel,
with maximum deviations of approximately 27 − 30% with respect to the nominal
value, as highlighted by the blue-colored points in the figure. However, despite this
advantage, they do not necessarily guarantee that the nominal transmission ratio
coincides with the target value defined for the system, leading to different values of
force and velocity capabilities with respect to the ones defined by τtarget in Section
3.3.1. For this reason, the final selection of candidate solutions is based on a bal-
anced trade-off between the proximity of the nominal transmission ratio to its target
value, the proximity of the nominal transmission angle to 90◦, and an acceptable
level of percentage deviation of the transmission ratio along the suspension travel.
The selected solutions and objectives are reported in the following tables:

Optimization solutions: individuals

Configuration L2 L3 Px Py Pz

Parallel 123 148 446 139 44

Perpendicular 167 153 608 5 79

Table 3.9: Optimization solution: individuals

Optimization solutions: objectives

Configuration f1 [%] f2 [◦] τnom

[
mm
rad

]
γnom [◦] ∆τl [%]

Parallel 0.02 0.04 111.02 89.96 ≈ 31

Perpendicular 0.05 0.10 110.94 89.90 ≈ 27

Table 3.10: Optimization solution: objectives
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For each selected solution, the resulting trends of the transmission ratio τl and the
transmission angle γ throughout the entire suspension travel are reported in Figure
3.21, providing a direct visualization of their variation along the wheel stroke.

Figure 3.21: Transmission ratio and transmission angle trends along the suspension
stroke of the selected solutions

These trends allow the most relevant results to be identified in terms of extreme val-
ues occurring at the maximum rebound and compression positions of the suspension
defined by Amin and Amax for both configurations:

Extreme values of τl and γ along the suspension travel

Configuration γmin [◦] γmax [◦] τl(γmin)
[
mm
rad

]
τl(γmax)

[
mm
rad

]
Parallel 65.33 134.39 76.84 92.23

Perpendicular 64.34 131.93 80.04 93.74

Table 3.11: Extreme values of τl and γ along the suspension travel

Despite the slightly higher deviation of the nominal transmission ratio from the
target value, the perpendicular configuration selected from the Pareto front in Fig-
ure 3.20 results in a lower maximum variability of the transmission ratio ∆τl of
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approximately 27%, compared to the parallel solution which reaches about 31%,
as reported in Table 3.10. At the same time, the perpendicular solution ensures a
lower maximum transmission angle γmax at the maximum suspension extension and
a slightly lower minimum transmission angle γmin at maximum suspension compres-
sion, with respect to the parallel configuration.

Overall, the comparative analysis of the optimization results highlights that, based
on the considered performance indicators, the perpendicular RRSA configuration
exhibits a more favorable balance between performances and robustness along the
suspension travel. For this reason, it appears to be the most promising solution
at this stage of the study. Nevertheless, the final choice cannot be based solely on
the static and kinematic metrics discussed so far. Additional aspects related to the
dynamic behavior of the mechanism for both configurations are therefore examined
in the following section, in order to support a well-founded and consistent selection
of the most suitable layout.

3.3.5 Selection of the final configuration

Beyond the kinematic performance assessed in Section 3.3.4, additional design as-
pects must be considered to support the final selection of the RRSA configuration.
In particular, the feasibility of the optimized solutions must be verified with respect
to the operating limits of the mechanical components adopted in the system, fo-
cusing on the relative angular excursions of the joints A and B, in order to ensure
the correct functioning of the selected rod ends to be integrated into the push-rod
assembly. In this work, spherical plain bearing rod ends are considered.

Figure 3.22: Rod end SA10-E specifications [22]
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These components consist of a housing with an integral shank that forms a seat
for a spherical plain bearing, allowing relative angular motion while supporting pre-
dominantly radial loads and moderate axial forces. The SA 10 E rod end reported
in Figure 3.22 is selected for the present application, based on the required M10
bore diameter of the push-rod connections and its suitability for the expected load
and kinematic conditions. This type of rod end is commonly employed in linkage
mechanisms where compactness, angular compliance, and load-carrying capability
are required. Operating a rod end beyond its specified angular misalignment α can
reduce the effective contact area between the bearing surfaces, increasing localized
stresses and accelerating wear. Over time, this can result in material fatigue, in-
creased clearances, and ultimately premature failure of the joint.

With the aim of assessing which configuration of the system provides a more fa-
vorable operating condition, the relative misalignment angles at joints A and B are
evaluated for each configuration:

Figure 3.23: Push rod misalignment in joints A and B

In particular, the angles αA and αB are defined as the instantaneous angular devi-
ations between the axis of the push rod and the corresponding bolt axis at joints A
and B, respectively. The trends reported in Figure 3.23 highlight a marked differ-
ence between the two RRSA configurations. In the parallel configuration, joint B is
required to undergo a relatively large displacement along the y-direction in order to
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follow the circular trajectory generated by the rotation of the lever about the vehi-
cle longitudinal axis. This kinematic requirement results in significant variations of
the misalignment angle at both joints A and B along the suspension travel. More-
over, the misalignment angles already assume relatively high values at the nominal
operating position of the system, which represents an unfavorable working condi-
tion, since the mechanism must be able to operate around this position for most
of the time. Conversely, the perpendicular configuration exhibits a substantially
reduced variation of the misalignment angle for both joints throughout the entire
suspension stroke. In this case, the misalignment angles remain close to zero in the
nominal configuration and increase only moderately toward the extreme positions
of suspension compression and extension. This behavior results in a more favorable
load distribution within the rod ends, which is expected to improve the long-term
reliability of the joints.

Misalignment angles αA and αB

Configuration
∣∣αA,nom

∣∣ [◦] ∣∣αB,nom

∣∣ [◦] ∣∣αA,max

∣∣ [◦] ∣∣αB,max

∣∣ [◦]
Parallel 6.62 7.55 6.86 11.75

Perpendicular 0.46 0.30 1.93 2.43

Table 3.12: Misalignment angles αA and αB

Another aspect that must be taken into account concerns the dynamic advantages
or disadvantages of the two systems in terms of equivalent mass of the linkage,
considering only the contribution of the push rod L2 and the lever L3. To this end,
the vertical displacement of the point A can be described by a single generalized
coordinate z. Under the assumption that the suspension mechanism behaves as
a single-degree-of-freedom system within the considered motion range, the total
kinetic energy of the linkage can be expressed in quadratic form with respect to the
generalized vertical velocity ż:

T =
1

2
Meq(z) ż

2 (3.34)

whereMeq(z) represents the equivalent mass of the linkage between the points A and
P , as a function of the vertical movement of the suspension. To determine Meq(z),
the total kinetic energy of the system is first written as the sum of the translational
and rotational contributions of all moving bodies composing the linkage:

T =
∑
i

(
1

2
mi v

2
Gi

+
1

2
Ii ω

2
i

)
(3.35)

where mi denotes the mass of the i-th body, vGi
is the velocity of the center of mass

of the same body, while Ii and ωi are their moment of inertia and angular velocity
with respect to the axis of rotation. For the purpose of this qualitative comparative
analysis, the masses of the push rod and the lever are assumed to vary linearly with
their respective lengths. Both components are modeled as hollow circular sections
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with constant cross-sectional properties. Under this assumption, the mass of each
element is computed as:

mi = ρALi (3.36)

where ρ is the material density, A is the cross-sectional area of the hollow section,
and Li is the length of each body. Once the mass of each link is defined, the moment
of inertia of the push rod and the lever are respectively:

I2 =
1

12
m2 L

2
2 ; I3 =

1

3
m3 L

2
3 (3.37)

Since the mechanism is fully described by the vertical displacement z, the velocity
of each point of the system can be written as:

vi =
dri
dz

ż (3.38)

Similarly, the angular velocity of each body can be expressed as:

ωi =
dθi
dz

ż (3.39)

For the push rod, whose orientation is described by the unit vector û2 along its
longitudinal axis, the angular velocity can be obtained from the time variation of
itself by neglecting the component along its own longitudinal axis:

ω2 = û2 ×
dû2

dz
ż (3.40)

Considering that the push rod is translating and rotating about its center of gravity,
while the lever is rotating around an axis passing through its end, the equation 3.35
of the total kinetic energy can be rewritten for the case under study, and collecting
the terms multiplying ż, the equivalent mass of the linkage can be written as the
sum of the individual contributions:

Meq(z) = m2

∥∥∥∥drG2

dz

∥∥∥∥2

+ I2

∥∥∥∥û2 ×
dû2

dz

∥∥∥∥2

+ I3

∥∥∥∥dθ3dz

∥∥∥∥2

(3.41)

The expression reported in Eq. 3.41 can be solved for both parallel and perpendicu-
lar configurations of the system as a function of the same wheel travel, corresponding
to an equal displacement z. Figure 3.24 shows the equivalent mass of each system
normalized with respect to its nominal value in order to highlight its relative vari-
ation along the suspension stroke. In general, the equivalent mass trend follows an
approximately inverse relationship with the transmission ratio τl. It can be observed
that the perpendicular configuration exhibits a smaller variation of the equivalent
mass from the nominal value along the suspension travel compared to the parallel
configuration.

51



Figure 3.24: Normalized Meq comparison between parallel and perpendicular con-
figurations

This behavior is consistent with the higher angular velocity assumed by the push
rod in the parallel layout. On the other hand, the higher push rod length in the
perpendicular configuration leads to a higher nominal equivalent mass of the system,
resulting in a generally higher inertial level over the suspension stroke.

Based on these considerations, even if it shows a worse dynamic response of the sys-
tem due to the higher equivalent mass, the perpendicular configuration is identified
as the most suitable solution due to the lower percentage deviation of transmission
ratio and misalignment angles of the push rod along the entire suspension stroke,
and is therefore selected as the final configuration of the system:

Figure 3.25: Final configuration solution of the system
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Chapter 4

Mechanical linkage design

Once the perpendicular RRSA configuration has been identified as the most suitable
solution, the design process proceeds with the detailed dimensioning of the linkage
and the development of the corresponding CAD model. The aim of this chapter is
to translate the optimized kinematic layout into a physically realizable mechanical
assembly, ensuring structural integrity, manufacturability, and compatibility with
the selected mechanical components.

The geometric dimensions of the lever and the push rod are defined based on the load
cases derived from the suspension operation, while appropriate design criteria are
chosen as a compromise between strength under service conditions and reduction
of the equivalent mass of the system. The resulting geometry is then assembled
together with the suspension components, leading to the definition of the complete
system and its integration into the final assembly.

4.1 Load cases and force transmission

In order to proceed with the structural dimensioning of the linkage components, it
is first necessary to identify the load cases acting on the system during operation.
This section focuses on the evaluation of the forces transmitted through the lever
and the push rod, starting from the actuation force generated by the electric motor
under maximum torque conditions reported in Table 3.6, defined as:

Fem,max =
Tem,max

τg L3

(4.1)

This force can be considered as a constant force applied at the end of the lever
L3 in joint B, and directed tangentially to the circular trajectory described by the
lever rotation around point P . Then, the axial force acting on the push rod can
be evaluated along the entire suspension travel through several steps. First, the
force Fem,max acting on the lever L3 is decomposed as its component acting on the
push-rod L2 in the x-z plane as:

Fpush,xz =
Fem,max

cos(γ′)
(4.2)

where γ′ is defined as:
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γ′ = γxz − 90◦ (4.3)

with γxz representing the projection of the transmission angle γ onto the x–z plane.
The force Fpush,xz can then be decomposed into its components in the x-z plane two
components in the x-z plane, identified by the angle ϕ2,xz:

F⃗push,xz = Fpush,xz

 sinϕ2,xz

0
cosϕ2,xz

 (4.4)

Finally, the axial force transmitted through the push rod is obtained by projecting
F⃗push,xz along the direction of the push rod. This is performed through the scalar

product between F⃗push,xz and the unit vector û2:∣∣Fpush

∣∣ = F⃗push,xz · û2 (4.5)

This force produces a pure tensile or compressive load state in the push rod L2,
depending on the suspension position. Conversely, the constant actuation force
Fem,max acting at joint B generates a pure bending moment in the lever L3 about
point P . The trend of these forces along the suspension travel is reported below:

Figure 4.1: Push rod and lever force trends along suspension stroke

Since the transmission angle in the nominal suspension position is approximately
equal to 90◦, the force generated by the electric motor and transmitted through the
lever L3 is efficiently transferred to the push rod L2, thus:∣∣Fpush,nom

∣∣ ≈ Fem,max ≈ 1090N (4.6)
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As the suspension moves away from the nominal configuration, the transmission
angle progressively deviates from 90◦. This results in a geometric amplification of
the axial force Fpush, which reaches its maximum values near the extreme positions of
the suspension stroke. Since the transmitted mechanical power is ideally conserved,
an increase in force amplification corresponds to an increase in the equivalent angular
velocity at the motor shaft. Thus, an appropriate control strategy is needed to avoid
an excessive level of back-EMF. However, the maximum value of Fpush is reached
when the suspension reaches its maximum extension position:

Fpush,max =
∣∣Fpush(γmax)

∣∣ ≈ 1460N (4.7)

The force values retrieved can be used for the validation of the selected rod ends in
terms of durability and free maintenance, and for lever and push rod dimensioning
described in the next sections.

4.2 Rod ends validation

Once the maximum axial force transmitted through the push rod L2 has been identi-
fied, the next step consists in verifying the suitability of the selected rod ends under
the most severe operating conditions. Although the push rod is primarily subjected
to axial loading, the spherical plain bearings installed at joints A and B may experi-
ence a combination of axial and radial loads due to the misalignment angles αA and
αB arising from the three-dimensional kinematics of the suspension (see Figure 3.23).

Therefore, a proper decomposition of Fpush along the local reference frame axis of
each joint is required to assess their durability under service conditions:

{
FA,r = |Fpush| cosαA

FA,a = |Fpush| sinαA

;

{
FB,r = |Fpush| cosαB

FB,a = |Fpush| sinαB

(4.8)

(a) (b)

Figure 4.2: Forces on A and B spherical plain bearings: (a) radial, (b) axial
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As shown in Figure 4.2a, the radial load components acting on bearings A and B
almost completely overlap throughout the suspension travel. Conversely, the axial
components reported in Figure 4.2b exhibit an approximately opposite trend. This
is a direct consequence of the spatial orientation of the rod ends, which leads to
opposite projections of the push rod force along the local axial directions of the two
bearings. These results allow the equivalent dynamic load acting on each rod end
to be determined and subsequently compared with the manufacturer’s specifications
in order to verify the expected service life under the identified load case.

Forces acting on the joints A and B

Joint
∣∣Fmax,radial

∣∣ [N]
∣∣Fmax,axial

∣∣ [N]

A 1455 35

B 1455 60

Table 4.1: Forces acting on the joints A and B

The maximum values of the radial and axial force components acting on each joint
reported in Table 4.1 are used to evaluate the permissible load of the bearings [22],
according to:

Pperm = C0 b2 b6 (4.9)

Where C0 is the static load rating of the bearing reported in the table of Figure 3.22,
b2 is the temperature factor, assumed equal to 1 under ambient operating conditions,
and b6 depends on the type of load acting on the bearing:

Figure 4.3: Rod ends permissible load evaluation [22]

Once the permissible load is calculated, the specific bearing load can be retrieved
from:

p = K
Pperm

C
(4.10)

56



Where K is the specific load factor, depending on the bearing design and sliding
contact surface combination, assumed as K = 50 for steel/bronze contact surfaces,
and C is the dynamic load factor reported in 3.22

Since the rod ends are validated in their worst operating conditions, the loads can be
considered applied in alternating directions within a misalignment angle of β ≈ ±3◦

for each rod, at a certain frequency f , corresponding to a continuous alternating
suspension motion from Amin to Amax. The mean sliding velocity can be then
computed as:

v = 5.82 · 10−7 dm β f (4.11)

Where dm is the inner ring mean diameter of the selected bearing. From the knowl-
edge of the p and v, the basic rating life of the component can be finally evaluated
from:

Gh = b1 b2 b3 b4 b5
330

p2.5 v
(4.12)

Where b1 = 2 for an alternating direction load, b3 = 1.18 is the sliding factor,
b4 = 1.05 is the velocity factor, and b5 = 1 is the oscillation factor for β < 5◦.

As a result, each bearing is characterized by a basic rating life of approximately
200 operating hours under the most severe loading conditions, without requiring
relubrication. Since the operating conditions adopted for the calculation represent
a worst-case scenario that does not reflect the actual duty cycle of the suspension
system, which is expected to operate predominantly around the nominal position,
the effective service life of each joint is expected to be significantly higher than
the calculated rating life. Once the suitability of both joints has been verified,
the structural design of the push rod L2 and the lever L3 can be addressed in the
following section.

4.3 Push rod and lever structural design

Starting from the load conditions evaluated for the push rod and the lever in Section
4.1, the structural design of the linkage components is carried out by determining
the minimum allowable geometric dimensions required to ensure mechanical integrity
under service conditions. For the lever L3, the structural dimensioning is performed
by evaluating the minimum required moment of inertia of the cross-sectional area
with respect to the rotation axis. Under the assumption of linear elastic behaviour
and applying Saint-Venant’s theory, according to which the minimum moment of
inertia of the lever cross section is estimated as a function of the admissible material
stress, according to:

IL3,min =
Fem,max L3

σadm

y (4.13)
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where σadm represents the allowable stress of the selected material, Fem,max is the
maximum force acting on the lever end, and y is the distance from the axis of rotation
of the cross-section local reference frame. The bending moment Fem,max ·L3 accounts
for the distance between the point P and the point B where the force is applied, as
depicted in Figure 4.4.

Figure 4.4: Lever and push rod load scheme

For the push rod L2, the structural sizing is performed assuming a hollow circu-
lar cross-section with a fixed internal diameter of d = 8mm. The component is
primarily subjected to axial tensile and compressive loads as shown in Figure 4.4;
therefore, the evaluation of the minimum external diameter D is carried out under
pure normal stress conditions according to the Saint-Venant theory:

DL2,min =

√
4Fpush,max

π σadm

+ d2 (4.14)

The allowable stress used for both push rod and lever preliminary design is evaluated
as:

σadm =
σs

SF
(4.15)

where σs = 786 MPa represents the yield strength of the selected steel grade and
SF = 1.5 is the assumed safety factor, that accounts for uncertainties related to
load estimation.

Based on the preliminary analytical sizing methodology just described, the final
cross-section geometry of the lever L3 and the outer diameter of the push rod L2

have been selected to satisfy the minimum structural requirements. For the lever
L3, an I-shaped cross-section has been adopted, providing a second moment of area
higher than the minimum required value, guaranteeing adequate bending stiffness
with limited mass increase. For the push rod L2, an outer diameter of D = 16
mm has been selected. This choice allows the realization of M10 threaded ends at
the extremities of the tube while maintaining a resistant cross-sectional area greater
than the minimum required value, thus ensuring compliance with the admissible
stress criterion under axial loading.
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Figure 4.5: Lever and push rod cross sections

With reference to Figure 4.5, the lever cross-section dimensions are defined as: B =
15 mm, H = 27 mm, b = 10 mm, and h = 18 mm in the middle of the lever. The
final lever geometry is designed with one cylindrical hub at the hinge P and a fork
in the spherical joint B, where the push rod must be connected:

Figure 4.6: Lever final CAD

Figure 4.7: Push rod final CAD

As shown in Figure 4.6, the lever L3 features a variable I-shaped cross-section along
its longitudinal axis, that progressively reduces away from the hinge in point P ,
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following the qualitative trend of the bending moment generated by Fem,max. This
solution allows for a more efficient material distribution, leading to a significant
weight reduction without compromising the structural integrity of the component.
With reference to Figure 4.7, the push rod L2 is designed to accommodate the se-
lected rod ends through threaded extremities and locking nuts. This configuration
allows the axial position of the rod ends to be adjusted and fixed at a prescribed
distance, ensuring that the nominal length L2 defined during the kinematic design
phase is accurately achieved and maintained during operation.

Due to its non-uniform geometry and the presence of local discontinuities, the lever
L3 cannot be fully represented by the simplified analytical beam model adopted
for preliminary sizing. While the analytical approach provides a reliable estimation
of the global bending stresses, it does not account for local stress concentrations
arising from three-dimensional effects and load transfer mechanisms at the interfaces.
For this reason, a finite element analysis (FEA) has been performed to evaluate
the actual stress distribution within the component under the maximum loading
conditions identified in the previous sections:

Figure 4.8: Lever finite element analysis (FEA)

The finite element analysis was performed using Altair HyperMesh, and the stress
distribution was evaluated according to the von Mises equivalent criterion. The
results show a clear stress concentration in the web region of the I-shaped cross-
section near the constrained hinge at point P , with a symmetric distribution about
the longitudinal axis of the lever. As expected from bending behavior, tensile stresses
develop in the upper flange, while compressive stresses arise in the lower flange. It
should be noted that this loading configuration represents a worst-case scenario,
since rotation about the RRSA axis at the point P is physically constrained in
the model, leading to a more severe stress state. Under these assumptions, the
maximum equivalent stress reaches approximately σeq,V M = 104 MPa in the most
critical regions, remaining well below the material yield strength and thus confirming
the structural integrity of the component.
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Chapter 5

Multibody analysis of the system

In order to further validate the kinematic and dynamic behaviour of the proposed
RRSA configuration, a multibody analysis of the complete system has been car-
ried out. While the previous chapters focused on the analytical modelling of the
mechanism and on the structural design of the mechanical components, the present
study aims at assessing the global behaviour of the system under realistic motion
conditions. To this end, the three-dimensional CAD model has been exported and
implemented within the multibody simulation environment of Simscape Multibody.
This approach enables the mechanism to be represented as an interconnected sys-
tem of rigid bodies, joints, and constraints, while preserving the actual geometric
relationships defined during the design phase. The multibody model is then used
to evaluate the evolution of the effective transmission ratio τ throughout the sus-
pension travel, allowing a direct comparison with the analytical results previously
derived and thus providing a validation of the methodology presented in Chapter 3.

5.1 Model implementation in Simscape Multibody

After defining all mechanical mates and constraints within the SolidWorks assembly,
the model can be exported to the Simscape Multibody environment through the
dedicated interface. The correctness and consistency of the imposed mates are
essential, as they determine the kinematic structure that is directly transferred to the
multibody model. During the export process, each CAD component is converted into
a rigid body preserving its mass and inertia properties, while the assembly mates are
automatically mapped into the corresponding kinematic joints. This guarantees that
the geometric and kinematic relationships defined in the design phase are directly
preserved without requiring manual rebuilding of the model. The resulting model is
implemented within the Simulink framework as a structured set of interconnected
bodies and joints, as shown in Figure 5.1. The actuation is introduced by imposing
a rotational motion at the revolute joint of the trailing arm, with the same angular
displacements of θ1,min and θ1,max adopted in the analytical model. The relevant
output quantities are then obtained through dedicated sensor blocks, allowing the
angular position at the revolute joint of the lever L3 and the vertical displacement
of the wheel hub to be measured.
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Figure 5.1: Multibody simulink model

The equations of motion of the complete system are then automatically generated
and solved by the Simscape solver, enabling the evaluation of the mechanism re-
sponse under prescribed motion inputs. A three-dimensional animation is then
generated, providing a direct visualization of the system (see Figures 5.2 and 5.3).

Figure 5.2: Multibody 3D model in nominal position

In this way, the multibody model provides a consistent physical representation of
the designed mechanism, preserving the kinematic structure defined during the an-
alytical phase. The implemented framework therefore constitutes the basis for the
subsequent evaluation of the transmission parameters and their comparison with the
theoretical predictions.
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Figure 5.3: Multibody 3D model upper and lower positions

5.2 Results and comparison with the analytical

model

The multibody model described in the previous section is now employed to extract
the transmission ratio of the selected configuration and to compare it with the
analytical prediction derived in Chapter 3. As already explained, the transmission
ratio from the wheel hub to the RRSA gearbox input is defined as:

τl =
vwh

θ̇lever
(5.1)

By substituting the output quantities derived from the Simscape Multibody model
into Eq. 5.1, the transmission ratio can be evaluated over the same wheel travel
range considered in the analytical formulation, while the transmission angle trend
can be directly evaluated from the relative orientation between lever and push rod:

Figure 5.4: Analytical vs multibody results

As can be observed, the trends of the transmission ratio obtained from the analytical
and multibody models are nearly coincident in proximity to the nominal suspension
position. Slight deviations between the two approaches appear as the suspension
moves toward the extreme extension and compression positions. In particular, at
the suspension travel boundaries, corresponding to the angles γmin and γmax of
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the linkage, the transmission ratio computed from the multibody model exhibits
slightly higher values compared to the analytical prediction reported in Table 3.8.
As a consequence, the deviation of τl from its nominal value slightly reduces from
∆τl ≈ 27% of the analytical model to ∆τl ≈ 25%, as reported in Table 5.1.

τl and γ comparison between analytical and multibody models

Model γmin [◦] γmax [◦] τl(γmin)
[
mm
rad

]
τl(γmax)

[
mm
rad

]
Analytical 64.34 131.93 80.04 93.74

Multibody 64.75 133.54 81.89 95.11

Table 5.1: τl and γ comparison between analytical and multibody models

Since the suspension system is expected to operate predominantly around the nom-
inal position under normal working conditions, the transmission ratio calculated
using the analytical model in Chapter 3 can be considered sufficiently accurate for
describing the most frequently operating states of the mechanism. Regarding the
transmission angle trend, the two curves remains close to each other, further con-
firming the validity of the adopted methodology. As final consideration, the slight
differences observed in the trends of both objectives between the analytical and
multibody models are likely due to the relatively coarse discretization adopted in
the analytical model. This discretization was intentionally limited to reduce the
computational time required to solve the system for each configuration during the
genetic algorithm optimization.
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Conclusions and future works

In this work, the optimal integration of a Rotary Regenerative Shock Absorber into
the rear suspension of a low-voltage reconfigurable battery electric vehicle has been
carried out. To this end, the functional and geometric requirements for the opti-
mization problem were defined, considering the kinematic characteristics of the twist
beam suspension and the packaging constraints of the vehicle under study. Based
on these requirements, a three-dimensional analytical kinematic model of the sus-
pension–actuator system was developed, allowing the mechanism configuration to
be evaluated over the entire suspension stroke through the numerical solution of the
closure equations. Two possible actuator mounting configurations were investigated,
corresponding to a parallel and a perpendicular RRSA orientation with respect to
the vehicle longitudinal axis. The analytical model of both configurations was then
used to evaluate the objective functions adopted in a genetic algorithm to determine
the optimal combination of linkage geometry and actuator placement, minimizing
the deviation of the transmission ratio from the value determined through quarter-
car simulations while keeping a transmission angle as close as possible to 90◦ in
nominal suspension position. The comparison between the parallel and perpendic-
ular actuator mounting orientations led to the selection of the final configuration,
considering the variability of the transmission ratio along the suspension travel and
the values of transmission angle assumed. Subsequently, the mechanical components
of the linkage were designed and verified through CAD modeling and finite element
analyses in order to ensure structural integrity while limiting the equivalent mass
and inertia of the system. Finally, the complete suspension–actuator system was
implemented in a multibody simulation environment, allowing the kinematic and
dynamic behavior of the mechanism to be evaluated and compared with the analyt-
ical model. The results confirmed the validity of the proposed methodology and the
feasibility of integrating the RRSA within the twist beam suspension architecture.

Future works may include the manufacturing of the designed linkage components
in order to perform hardware-in-the-loop bench tests of the proposed system, al-
lowing the friction contribution of the joints to be experimentally characterized and
compared with the assumptions adopted in the modeling phase. In addition, the
development of a suitable control strategy for the effective implementation of the
actuator on the vehicle under study will be required, followed by experimental vali-
dation through on-road testing. These activities would enable a further assessment
of the regenerative capabilities of the system and support the achievement of the
objectives defined within the ”MOST Spoke 2: Sustainable Road Vehicles” project.
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