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Abstract

This thesis presents the complete derivation of closed-form analytical solutions
for the Self-Channel Interference (SCI), Cross-Channel Interference (XCI), and
Multi-Channel Interference (MCI) kernel integrals. These integrals are funda-
mental to the Polynomial Closed-Form Model (PCFM) framework, a powerful and
innovative approach for modeling nonlinear effects in optical fiber transmission. The
predictive accuracy of the PCFM depends directly on the precise evaluation of these
integrals. To accomplish this, we used the symbolic computation tool Mathematica,
which was essential for handling the complexity of the problem.

The derivation process involved a series of initial mathematical transformations
designed to simplify the original complex expressions. This methodical approach
allowed us to systematically break down the problem into manageable steps. A cru-
cial and innovative aspect of our methodology was the development of a general-
ized integral form with symbolic limits. This universal approach allowed us to fully
solve the most complex case—the Multi-Channel Interference (MCI) integral—
and subsequently obtain the analytical solutions for the simpler SCI and XCI inte-
grals through parameter reduction and elegant substitution. This demonstrates the
underlying structure and interconnectedness of these nonlinear effects.

Our work makes a significant contribution to the field of optical transmission
by providing an efficient and precise method for calculating nonlinear interference
(NLI) contributions. These novel analytical solutions pave the way for faster, more
accurate modeling of ultra-wideband long-haul system performance, which is es-
sential for the design and optimization of next-generation communication networks.
By replacing computationally intensive numerical integrations with these elegant
closed-form expressions, our work can dramatically accelerate system design and
enable real-time performance monitoring, leading to more robust and efficient opti-

cal networks.
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1 Introduction

Physical-layer-aware control and optimization of ultra-high-capacity optical networks is
becoming an increasingly important aspect of networking, as throughput demand and
loads increase. A necessary pre-requisite to achieve it, is the availability of accurate an-
alytical modeling of fiber non-linear effects (or NLI, Non-Linear-Interference). Several
NLI models have been proposed over the years, such as ‘time-domain’ [1,2], GN [3] and
EGN [2,4,5], however, these NLI models either contain integrals that make them unsuit-
able for real-time use, or otherwise assume too idealized system set-ups. Therefore, it
becomes significant to derive approximate closed-form formulas (or closed-form model,
CFM) which enable real-time computation, while guaranteeing both accuracy preserva-

tion and sufficient generality to model highly diverse deployed systems.

In recent years, a series of increasingly accurate closed-form models (CFMs) have been
developed, with major contributions from two groups: University College London (UCL) [6,
7] and Politecnico di Torino (PoliTo) in collaboration with CISCO [8,9]. In what follows,
we focus on the developments from the PoliTo—OptCom group. The initial formulation,
referred to as CFMO, was a closed-form approximation of the incoherent GN model, ca-
pable of modeling general WDM systems with varying spans and amplifiers, but limited
in its support for some important features such as dispersion slope and loss. This led
to the development of CFM1, which incorporated these missing physical parameters to
improve modeling realism. However, CFM1 still exhibited an average tendency towards
underestimating the SNR due to its GN-based origin and a substantial variance of the
error is observed. To address this, CFM2 introduced machine-learned correction laws to
achieve significant improvements in both bias and error variance. Yet, outliers with high
NLI coherence revealed the limits of the incoherent accumulation assumption, prompting
the introduction of CFM3, which explicitly accounted for NLI coherence. Finally, CFM4
added roll-off effects to further enhance modeling accuracy. Together, this progression
from CFMO to CFM4 represents a comprehensive evolution toward a practical and accu-

rate analytical EGN-like model suitable for large-scale, real-time system evaluation [10].

Building upon this modeling framework, a recent experimental study validated the closed-
form EGN-like model over a real-world field trial system covering both C and L bands.
This work provided the first experimental confirmation of the model’s practical accuracy,
showing excellent agreement between predicted and measured SNR. The success of this
validation underscores the feasibility of applying closed-form analytical EGN-like model

on a very wide optical spectrum [11].

Nowadays systems using C+L bands are being widely deployed. Research is exploring



adding further bands, such as S and E, which has highlighted new challenges in multiband
environments especially in the presence of strong inter-channel stimulated Raman scat-
tering (ISRS) and backward-pumped Raman amplification. To address these challenges,
the CFMS5 model was introduced, which accounts for fiber attenuation and power transfer
due to ISRS [8, 11]. This was then extended to CFM6, which further incorporates Raman
amplification [9]. However, the intricate structure of CFM6, which relies on splitting each
span into two sub-spans, presents several limitations: it can lead to inaccuracies in short
spans due to loss of intra-span coherence and is hard to upgrade for scenarios like subcar-
rier multiplexing, ultra-low dispersion, and short spans. To solve these remaining limita-
tions a new modeling approach called the Polynomial Closed-Form Model (PCFM) [12]
has been proposed. PCFM expresses the spatial power profile of each channel as a poly-
nomial, enabling near-exact analytical integration of the GN model core terms. PCFM
can model multiband systems with ISRS, forward and backward Raman amplification,
short spans, lumped loss and other spatial power-profile perturbations. Compared with
previous CFMs, it enjoys better accuracy and reliability because it does not rely on either
neglecting intra-span NLI coherence or resorting to infinite series expansions, or other
problematic approximations. This framework significantly improves modeling fidelity
for modern multiband systems and opens the door to even more accurate real-time opti-

mization across extended optical spectra.

Within the framework of Polynomial Closed-Form Models (P-CFMs), integral expres-
sions for self-channel interference (SCI), cross-channel interference (XCI), and multi-
channel interference (MCI), based on the polynomial spatial power profile, could be de-
rived [13]. The aim of this paper is to derive analytical solutions to these complex inte-
grals. To facilitate this process, the symbolic computation tool Mathematica is employed.
Furthermore, the resulting closed-form expressions are implemented in software and com-

piled to enable fast numerical evaluation of the desired results.

2 Premises

According to the assumptions and derivations of the incoherent GN model [14], Eq. (1)
provides the NLI PSD produced by the generic n,-th span, G'3, (f).

GGl (N = 2T [ [ Gl GRsh( )Gl + f2 = 1)
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The variables are defined as follows:

() (f) The frequency-dependent power gain/loss for the n4-th span.
G&IB)M( f) The PSD of the WDM signal at the input of the n4-th span.
f1, fo Dummy variables of integration, representing the frequencies of the

interacting channels.

f The specific frequency where the nonlinear noise PSD is calculated.

Ay(s) The n4-th span fiber non-linearity coefficient, typically expressed as
1/(W - km).

L) The physical length of the n,-th fiber span, measured in km.

z The distance variable along the fiber span, used for integration.

oz(T” ) (f,2) The total effective attenuation coefficient for the n-th span, at

frequency f and location z, in the span, in units 1/km.
B (f) The propagation constant (sometimes called “wavenumber”) for the

n,-th span, at frequency f and location z in the span, in units ps? /km.

We can notice that the WDM signal GWD 1 (f) at the input of the ns-th span appears
three times in the integrand function of Eq. (1). To better explain it an example of a
possible GW D M( f) is shown in Figure 1. Note that the superscript n5 is present because
we assume that in each span there can be a different set of WDM channels, that is, a
different G%SD) 1 (f). We also assume that the channel under test (CUT) is present in each
span, at the same frequency. All other channels can change, in number, frequency and
bandwidth. Specifically, the number of WDM channels in the n-th span is N, C(,?S). The
set of center frequencies and the set of channel bandwidths in the n-th span are:

(ns) (ns)

e} B}

For any speciﬁc span ng, the CUT is technically one of the channels in that span, with
an index nC ) and properties like frequency fs (”s and bandwidth B{ ”S . However, a key
assumption is that the CUT itself never changes from one span to the next. To make the

notation cleaner, we’ll just use fcur and Bcyr to represent its constant frequency and
bandwidth.

We then approximate the channel spectra as rectangles, whose bandwidth is BSZZ). Asa
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Figure 1: An example of a WDM spectrum GV?}% ()

result, we can write the WDM comb at the input of the n,-th span as:

N(ns)
o) = D0 Glithan o (= 1) 2)

Nep=1

where I1(f) is a Heaviside ‘pi’ function (i.e., a rectangle) of bandwidth B, defined as:

L fel-%.4]

0, otherwise

p(f) = 3)

and Gwﬁwmch is the value of the channel PSD, setting the height of the rectangular spec-

trum.

Regarding the approximation of a channel spectrum with a rectangle in the context of the
GN-model, this topic has been discussed in depth in the past, and possibly for the first time
in [15]. As time goes by, this approximation seems to become increasingly immaterial, as
modern transceivers operate at very small roll-offs, typically on the order of 0.1 or less.

Throughout this paper we assume rectangular spectra.

Introducing Eq. (2) into Eq. (1) we get:

N(’ﬂs N(ns) N(nS)
Ns 16 (n ns) % (ns
GU(f) = 2re(f) 35 Gt S Gt S Glthn,
27 ch =1 Mep= 1 Nep= 1
/_Oo /_Oo HB,i:;)(fl - fé?:))nggj}z(ﬁ - fr(rZig)HBngfL)(fl +fo—f - fé?, )
2
"’Y(ns)(flvfzaf)‘ p(f1, for ) dfrdf (4)

We then concentrate on calculating GNLI (f) related to a single channel, specifically the
CUT. Note that the CUT can be any of the WDM comb channels, so there is actually no



loss of generality in this assumption.

We also limit our interest to finding the PSD of NLI at the center frequency of the CUT,
that is GNnLSI ( fCUT) It has been consistently found (for the first time in [15]) that, while not
perfectly flat, GNLI (f) is remarkably flat over the bandwidth occupied by each channel. As
a result, the assumption of "locally white” NLI noise over each channel, with a PSD value
equal to the value that it assumes at the center frequency of the channel, is an accepted
and rather accurate approximation. So we can focus our attention on calculating the NLI
PSD only at the center of the CUT, that is GI(\?LSI) (feur)-

Then:
16 N(ns) Nc(ns) N(’”s)
G o) = 2T0(F) S0 Clishans 30 Clisham, D0 Gt
kh 1 Meh = 1 Neh = 1
| / HB£n5>(f1—f1§?:))HB§gs}3(f2 SOy (fu 4 fo = f = £1)
—00 J =00 ‘ch c c
2
"V(HS)(flaf%f)‘ p(f1, f2 D) dfdf (5)

Each of the terms of the triple summation then creates a specific integration domain in f;
and f>. Specifically, considering a generic term of the triple summation, the integration

domain for f; and f; results from the intersection of three conditions:

fre [fn) =B 12, 10 + B 2]
dueto My, (fi- fan)>

ch
o € [£50) = BUZ 2. 15 + B 2]
due to HBms) (fz fw?fh))
i+ f€ [fCUT + fn?,f) nTcLZ)/Q Jeur + f(? B(m /2}
due to HBS’;) (fl + fo — feur — fénh))

The resulting integration domain is made up of distinct sub-domains, sometimes called
’islands”. Reference [13] provides an example of a 7-channel WDM comb with equally
spaced, identical-bandwidth channels, where the CUT is the center channel. The corre-

sponding integration plane is shown in Figure 2.

The islands along the two axes going through the center frequency of the CUT, which
are marked in yellow and red, contribute the most to NLI. The yellow ones represent the

Cross-Channel Interference (XCI) islands and the red one at the center represents Self-
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Figure 2: Integration domain “islands”.

Channel Interference (SCI) island. As for the gray islands, they are Multi-Channel Inter-
ference (MC]) islands, of which the contribution to NLI is negligible in a high-dispersion
context. We can find in Figure 2 that the yellow XCI islands and the red SCI island share
a common center frequency on one axis while differing on the orthogonal axis, whereas
the MCI islands do not share a common center frequency with the SCI island on either

the f; or fs axis.

In [16] the expression for the NLI PSD contribution of any generic island x (approximated

as a rectangle) in any generic span n is derived and it is:

Ns 16 n Ns Ns Ns n Ns n
GI(\ILle(fCUT) = I S)(fCUT) : vanzvl,kchGg\/Dia,mchGSVD)Nanh ('Y:E: S))QP(CU”I)"(Lg 5))

27
2
(ns) (ns) (ns) (ns) (ns) (6)
fmch 7fCUT+BmCh /2 fk 7fCUT+Bk‘ /2 L i 201 g1 plns)
/ / ° o P ()T WPt dz | df|df,
f?grz;)_fCUT_Ba(-:;)/2 bj 0

;iZ;S)_fCUT_B;(CZLhS>/2

where:

fi=f1+ feur

) (7
Ja = fo + feur



This is tantamount to centering the new axes f| and f} at the point (0,0) in the new
coordinates. Essentially, this simply means that the axes are centered on the CUT. As
each channel becomes the CUT, the axes are moved onto its frequency. To better describe

it an example is given through Figure 3.

/> A

Figure 3: Integration domain ‘islands’ for a 7-channel WDM comb of equally spaced
and identical-bandwidth channels. The origin of the frequency axes (f1, f2) is set to the
frequency of the lowest-frequency WDM channel, whereas the origin of the (f], f3) axes
is set to the center frequency of the CUT. The lighter colored shading means the lozenge-
shaped integration domains are approximated as squares.

The important formula (6) shows that the key analytical hurdle to achieving a CFM is
solving for the integral *kernel’, which we call K(")( fcyr):

(ns) (ns) (ns) (ns)
freg) = fcur+Bm! /2 fk:; _fCUT+BkZLh /2

KO (foor) = [

fr(r:lci>_fCUT_Bw(q?;)/2 f]i;;S)_fCUT_B]i:hS)/Q
J

Then we can focus on analytically dealing with these integral kernels. First let us focus

2

LgnS) . 1 p1 g(ns)
U () IR ) dfldfy  (8)

on the yellow XCI islands straddling the horizontal f{ axis, i.e., the axis with f; = 0 (see



Figure 4). We call them "horizontal axis’ XCI islands.
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Figure 4: XCI islands on the horizontal axis.
By imposing m™ = n{%) and k0 = n{™), with ng, = 1... N, and ng, # ncur

because n., = ncyr would be SCI, we can get:

2

Beur/2 fnCS) fCUT+B(nS)/2 L) ax2 1 1. g(s)
Kh = [ | TR 2) dz| didf; )

Beur/2 7(&5) —feur— B(ns /2

We then focus on the yellow XCI islands straddling the vertical f; axis, i.e., the axis

with f/ = 0. We call them ’vertical axis’ XCI islands. By imposing k') = n{%) and

m§;‘5> = nﬁgs), again with ng, = 1... Ny, and ng, # ncyr, We can get:

(ns) 2

) _ Beur/2 S\~ feur+ By /2
XCLy — ns) (ns)
—Beur/2 J £ nen —feur—DBng /2

L) o a(ns)

e]47r2f1f2 62 effnh pnh ( )dZ dedfl
0

(10)

The core distinction between Eq. (9) and Eq. (10) lies solely in the reversed sequence
of the differential variables, df] and df}. This difference is immaterial, however, because
a straightforward change of integration variables—specifically, exchanging f| and f},—

demonstrates that the results of the two equations are identical for any given né ") and

ngh . Consequently, to account for the total XCI contribution, we can calculate the in-
tegral for only the horizontal axis XCI islands and double that result. Therefore, we will
henceforth treat the horizontal axis XCI islands as the representative case for all XCI cal-

culations, that is:

10
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Beur/2  pf) = four+ B /2 (rs) 2 (ns)
ns) ch ch J4 15583 iim
/ /0 1t pnh()dz dfldf?

Bxa e Beur/2 J 13 — four =B /2
(11)
We can then obtain the expression for the NLI PSD contribution of XCI island as:
16 Ns n n Ns Ns s
Giitxar(feur) = 2 - PEGHLL™) - T0) (feur) - G - (Cuipng)* - () - K,
(12)

Then let us focus on the SCI integration that takes place over the red islands represented

in the examples of Figure 2. In the SCI island, we have:

fe) = floo) = ) — g

Bl(cm) = B™) = B("™) = Byr

ch Mech Tch

Therefore we get for SCI:

2

n Beur/2  pBour/2 | L) e n
éCi cur = / / / & P e Il (2) dz| dfidfy,  (13)

Bcur/2 J/—Bcur/2

Also we can obtain the expression for the NLI PSD contribution of SCI island as:

16 (ns)

GSCI (fCUT) 277 ’ pCUT(LgnS)) ’ I‘(nS)(fCUT) ’ (GCUT) h/S Ks(gi),CUT (14)

Regarding MCl islands, visually represented in gray (see Figure 2), current research often
overlooks their contribution, primarily due to the prevailing assumption of systems oper-
ating with high dispersion and large symbol rates. Given the objectives of this paper, it
is necessary to analyze this contribution. Following its definition, we can formally define
the MCI island identifiers using the original indices k¢, and m¢,, where kg, and mg, tra-
verse the channel indices 1. .. Ny, with the crucial constraint that both &k, and m, must
be unequal to ncyr. The integral expression for the MCI kernel is thus implied by these

definitions, leading to:

11



K(ns) /fr(r:ii)_fCUT‘i‘Bv(ﬂ?:h)/2 (nS)_fCUT"FB( S)/2
MCLkenmen = I nS)—f cur—B nS)/Q f12318>_fCUT_B;(CZhS)/2
LgnS) '47T2f/f ﬁ(ns) ( 2

. /0 6] 172°P2 eff kg ,mep, ? kah mch( )dZ dfldfg (15)

Then expression for the NLI PSD contribution of MCI island is:

r 16 Ns n n
Gyl (feur) = o7 LG (L)) - T (feur)

G " Wik~ oM * 0 ik mg (16)

We assume that the channel spatial power-profile has a polynomial form:

P
p(z)%po—i_pl'Z+p2'22+"'+pn'2n+“‘+pr-ZNP:an.zn (17)
n=0

Then with substitution we could get:

2
Bour/2 £ —feur+BE /2 | L) ns
)((%I / cur/ /f an —Jfeur+ / / : ]47r2f1f2 Qm)n Zp(ns 2| dz| dfldf]
sMeh BCUT/2 fn:;) fCUT_Bf’L’Z;>/2 0 n,Mech
(18)
) Bcur/2  fBcur/2 L) 2 (ns) ) ’

ns ° JAT2 1 fo By i cur (ns dz| dfdf,

= e D 2" dz| dfydf

SCI cut /BCUT/2/BCUT/2 /0 Z e o
(19)

(ns) (n ) (ns) (ns)
Srny = feur+ By’ /2 Jrg —feur+By, *7/2

K(né)k _/
M I’ UL o s s S s
e f(n ) fCUT—Br(:Ch)/2 f,ﬁZ; )_fCUT_B(n /2

LgnS) j4ﬂ_2f/f 5(”9)
. 112 72 eff kopy ,myg n
/0 € o Z pn k‘chymch = dZ

2

dfydfy  (20)

In systems featuring high dispersion and large symbol rates, a substantial simplification
can be achieved for XCI by executing the outer integral in Eq. (18) between [—o0, 00

rather than [— Bcur/2, Beur/2]. This simplification is possible because the nature of the

12



ns)
7eff7nc

integrand is such that 55 . sets the decay rate of the integrand as it moves away from
the axes. Critically, the more dispersion is present, the faster the decay is. Consequently,
the added integration region contributes a small, and typically negligible, amount to the
total integral. Once the stretching of the integration region has been performed, the XCI

kernel integrals admit a fully closed-form exact solution (no further approximation):

n Ne n (n+k)
(ns) Lsns) og f?EZ,S) - fCUT + Bﬁf)/Q gzi gzi pgl,?beh fcch)h (Lg 5))
XClLing, — N ) Ng Ng '
"oom lﬁé,eff),nch o) — Jeur — B )/2 n=0 k=0 n4k+1

1)

As for SCI, it is unlike the XCI case. Here, it is not possible to stretch the integration
domain to infinity along either one of the axes. The reason is that integration to infinity
straddling either one of the axes inevitably results in divergence. The SCI kernel therefore

needs to be integrated without any further approximations.

In this paper, we move beyond the constraints of pre-made assumptions. We focus on
deriving all exact analytical solutions for the integral kernels of self-channel interference
(SCI), cross-channel interference (XCI), and mixed-channel interference (MCI). These
rigorous solutions enable the assessment of the Nonlinear Interference (NLI) Power Spec-
tral Density (PSD) in a fully general and context-independent manner, meaning the sim-

plification described above will not be employed.

3 Integrals to work on

The integral expressions shown above are the main subject of our analysis. However, in-
putting these complete, multi-level integrals directly into a symbolic computation tool like
Mathematica is challenging, as their complexity can lead to excessively long computation

times or unevaluated results.

To obtain the analytical solutions efficiently, it is necessary to first perform some mathe-
matical manipulations on the integral expressions. We will now break down the integral
structure step-by-step to transform it into a form that is more suitable for symbolic com-

putation.

3.1 The SCI kernel

Let us start with the SCI kernel first, see Eq. (19). To simplify the notation for derivation

purposes, we rewrite the SCI integral in a general form:

13



N, 2

Lo,
an’/ e hfzBz on gy
0

n=0

B/2 B/2
Ksci = /

df1dfs (22)
-B/2J-B/2

The innermost integral needs to be absolute-value squared. Given a complex quantity ¢,

its absolute value squared is q¢*. We can write:

Ny Lo,
n=0 0
Np Lo, *
: an/ el fifzBzon gy
n=0 0

N 2
p L

an/ e N2 BE gy

n=0 0

(23)

To further manipulate the formula, we can rename the dummy integration variables to z;

and 2z so that they do not get mixed up when we combine the integrals:

Np L Np L
an/ €j47r2f1f2-6-z c o de an/ ej47r2f1f2-5-z 2 s
0 0

*

n=0 n—0
Np L Np Lo, *
= an/ eJAm fif2- Bz 2 dz Z pm/ pJAm fif2 Bz 2 dzy (24)
n=0 0 m—=0 0
Now we can manipulate the two terms and recognize the following derivation:
N, I 2
Z / jam? f1f2-B-z | n
Pn € -2 dz
n=0 0
Np L Np L *
= an/ €J4w2f1f2-6~z1 z? dz, Z pm/ 634”2f1f2'5‘z2 ) Zgl dz
n=0 0 m=0 0
NP NP L . 2 L s 2
= > pnp;/ el ifafa dzl/ e~ fifaBz m g,
n=0m=0 0 0

N, N, Lo .
=>. 2. pnp;/o /0 I N2 Ba i 1 fe Bz g d
n=0m=0
N, N, Lo
= Z Z p”p:;i/ / eAm fifa B(zn—2) | Z?Zén dz1dzy (25)
n=0 m=0 0 0

Note that the quantities p,, and 25 should formally have been complex-conjugated, but

since they are real quantities, the conjugation has no effect. Using this result, we can

14



rewrite the full Kgcp integral and move the summations outside the integrals:
B/2 B/2

Kscr = / /
B/2.J-B/2

B/2 ;B2 N Np
=[S S g [ [ R o oy d

2

/ ]47r2f1f252 Zp -2 dz| dfidfs

B/2J-B/2 26 "0
Np Np Bj2 B/2 (L (L _ ,
= Z Z pnpm/ / / / Bz 212y dzydzy dfdfs
'm0 B/2J-B2Jo Jo

If we define the four-fold integral as ),,,,:

B/2 tB/2 (L (L
/ / / /0 T LB e=m) L onam g df dfs (26)

B/2J-B/2 Jo
Then we can write, very compactly:
NP NP

Kscr = Z Z PnDPm - Qnm (27)

n=0 m=0

This shows that the fundamental integrals to solve are the (),,,,,. After solving them, fast
code for the actual calculation of the solution based on the closed-form result needs to be

written as well.

The first goal is to find the analytical solution for all the:

B/2 B/2 (L (L o,
/ / //Oej’rflfzﬂ'(zl 22) - 21 25" dzydze dfydfs

B/2J-B/2Jo

One problem though is that the individual @),,,,, are complex. This may seem strange since
they originate from an absolute value squared. However, while the overall sum in Eq. (27)

is real, the individual (),,,,, are not.

There is though a way to find fundamental integrals similar to the (),,,,, that are real. This
hinges on the remark that in Eq. (27) the two summations go through the same indices
(from 1 to N,) and therefore for each term (),,,,, that they generate, they also generate a

term (),,,,. In fact, there are always contributions to the sum in pairs:

PnPm - Qnm ) PmDPn - an

except for when n = m in which case we simply get one contribution p,,p,,- @, = p% Qnn-

15



This allows to re-write the summation as:

Np
KSCI Z Z PnPm Qnm + an + Z annn (28)
n=0m=n+1

We can then define:

and write:
n=0 m=n-+1

This formulation is advantageous because it renders all integrals, 1,,,,, and I,,,,, real-valued,

thereby eliminating the complex component.

The integrals for the cross-terms (n # m) are derived from the sum of two symmetric

contributions (@), and @Q),,,,,), resulting in I,,,,,:

I m — Qnm + an
B/2 Bf2 (L (L
/ / / / AT 2B 1=2) g o df dfs

B/2J-B/2
B/2 B/2 (L (L .
/3/2/3/2/0 /0 T h TR 2y 21" dzodzy df1dfa
B/2 rB/2 L o, 2
/3/2/3/2/0 /0 ST ) (21 2y" + 21" 2y ) dz1dzs dfvdfo (32)

Or compactly:

B/2 rB/2 (L (L,
/ / / /0 AT B mze) (gnam L omony doidzy dfydfy (33)

B/2J-B/2Jo

Conversely, the integral for the self-terms (n = m) requires only one contribution (Q),,,,)

and is defined as [,,,:

B/2 tB/2 L (L
= Qun = / / / / T B am) o e dfydf, (34)
0

B/2J-B/2J0

With the final result being shown as Eq. (31).
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3.2 The XCI and MCI kernels

Using the same decomposition method, we can derive the corresponding real integrals for
the XCI and MCI cases. Therefore, we will not repeat the derivation from Section 3.1 and

will instead present the corresponding results directly.

3.2.1 XCI Kernel

As what we did above in Section 3.1 to simplify the notation, the general form of the Kxcp

integral can be written as:

Beur/2  ffon—feur+Ben
Kxa=[ [
Bcur/2 Y fon—feur—Ben

2

dfrdfz  (35)

P

p / AT SR n g

n=

Following the procedure established in Section 3.1 (SCI), we apply the same decomposi-
tion to convert the complex core integral into a sum of real-valued integrals, maintaining
the distinction between the n # m cross-terms and the n = m self-terms. The corre-

sponding real-valued integrals are:

Beur/2  pfa—feur+Ba L pL
Lom xar —/ / / /0 €J4W2f1f2ﬂ'(zl_z2)(z?zén+ZT23) dz1dzy df1dfa
ch—

Bcur/2 feur—Ben
(36)
Beur/2  pfo—fcur+Ba L pL
L xct —/ / / / el f1faf-(1=z2) o 12y dzidzy df 1 dfs (37)
Beur/2 Y fon—fecur—Ben 0
And the final result is:
Np Np
Kxc1 = Z Z PnPm * Lnmxcr + an nn,XCI (33)
n=0 m=n+1 n=0

3.2.2 MCI Kernel

Also we can simplify the notation by writting the general form of the K\ integral as:

2
P

fen,2—feur+Ben2  ffen,1—four+Ben,1 N,
Ky = | / >
f [

eh,2— fcur—Ben,2 ch,1—fecur—Bwm,1  |,—0

L
pn-/ NI | dfydfy (39)
0

Then we apply the identical decomposition principle to the Ky integral. This allows
us to express the complex core integral as a sum of real-valued integrals, with 1,,,,, mc1

terms combining two symmetric contributions and I,,,, mcr terms representing the single
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self-contribution. The corresponding real-valued integrals are:

fen,2— fcur+DBeh,2 /fch,lfCUT+Bch,1 /L /L ej47r2f1f2,3(21—22)
f o Jo

Jen,2— feur—Ben,2

(22" + 22y ) dzrdze d fid fs (40)

Inm,MCI =
¢h,1— fcur—Ben,1

fen2—feur+Be2  ffon1—feur+Baa1 L Lo,
Innmcr = / / / oJAT flfzﬂ'(Zl_”)Z?Zg dz1dzy df1dfs
' fen2—fcur—Ben,2 Y fen,1—fcur—Bea,1 JO JO
41)
And the final result is:

Np Np Np
Kyer = Z Z PrPm * Lnmmcr + Z P2+ Lon e 42)

n=0m=n+1 n=0

We now have the integral expressions for the /,,,, and I,,,,, terms for Ksc1, Kxcr, and Kyr.
Mathematica appears to be able to solve these integrals in closed-form (although special

functions appear in the solution, which however we still consider “closed-form™ anyway).

For most practical applications, a polynomial degree of N, = 5 provides sufficient ac-
curacy, with results that are almost indistinguishable from those obtained by direct nu-
merical integration of the kernel. However, for challenging scenarios requiring very high
reliability, such as profiles with ISRS or powerful Raman amplification, a higher-order
approximation is necessary. It is found that a polynomial degree of N, = 9 is needed to
ensure accuracy [13]. As this paper aims to obtain the exact analytical solutions working

for all contexts, we will raise the degree as close to 9 as possible.

After obtaining the closed-form solutions, our next steps are to: (1) explicitly evaluate
and accumulate the 7,,,,, and [,,,, terms one by one, up to where it is practically possible,
and (2) convert them into fast-executing software modules by translating them into C and

then using the Matlab compiler to obtain mex files.

4 Solving for the Closed-Form Solution with Mathemat-
ica
4.1 Solving [, and [,,, for the SCI Kernel

For the K¢y kernel, the integral expressions for /,,,, and 1,,,,, see Eq. (33) and Eq. (34),

are the simplest, as the integration limits with respect to f; and f5 are the most basic. We
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will therefore start with this case.

For the expression of [, and I,,,, we can directly input the complete four-fold integral
into Mathematica. The software can solve for almost all the integral [,,,, and I,,,,, required
for the summation in Eq. (31) if we do not set [V, to a high value. Here, we refer to this
approach as the direct integral-solving method. The corresponding Mathematica code
is as follows (note that this code is now generalized to calculate any integral term. It
handles the I,,,, case (where n = m) and the I,,,,, case (where n # m) using a conditional

If statement to select the appropriate integrand):

ClearAll["Global “*"];

»n = ; (% Set desired order n *)
sm = ; (*x Set desired order m *)
= Symbol["B"];
= Symbol ["L"];
B = Symbol["S"];
integrand =
If[n == m, Exp[I*4*Pi~2%(*(z1 - z2)*xf1*xf2]*(z1 n*xz2"n),

Exp [I#4*Pi~2x(3x(z1 - z2)*f1*f2]*(z1 " n*z2"m + z1 " m*z2"n)];

s Inm = Integratel

Integrate[
Integrate[
Integrate[integrand, {z1, 0, L}], {z2, 0, L}], {f1,
-B/2,
B/2}]1, {f2, -B/2, B/2}];

Inm = FullSimplify[Inm,
Assumptions — {B > 0, L > 0, 8 > 0}];

Inm

Even though the values of dispersion parameter [, can be either positive or negative, a
key property of the obtained analytical solutions is their symmetry with respect to 5. All
derived formulas are even functions of 35, meaning the result is independent of its sign.
Therefore, we can use the absolute value of the dispersion in our calculations without any
loss of generality. To ensure computational robustness and avoid potential implementation

issues within mathematical software for negative-valued special function arguments, we
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explicitly set the assumption 3, > 0 throughout our symbolic calculations.

The direct integral-solving method attempts to compute the quadruple symbolic inte-
gral to find a closed-form analytical solution. However, due to the complex mathemati-
cal structure of the integrand, which involves a challenging combination of complex ex-
ponentials and polynomial terms, the difficulty of the problem often exceeds the capa-
bilities of the symbolic integrator. For some certain (n,m) terms the program fails to
find a closed-form solution and returns an expression that still contains the unevaluated
Integratel[...] symbol. Figure 5 shows the solution status of all the [,,,, and [,,,, re-

quired for V,, = 9 using the direct integral-solving method.

Il Solvable by direct integral-solving method
Il Unsolvable by direct integral-solving method

» n

Figure 5: Solution status of direct integral-solving method.

At this point, we can use certain techniques to avoid such a heavy computational workload,
for instance, by appropriately decomposing the integral expression. For the expression of
Iy, see Eq. (34), we begin by analyzing the integrand:

. 2 _
eJAm fif2B(z1—22) | Z?Zg

Using the property of exponential functions, it can be decomposed into a product of a

function solely of z; and another solely of z5:

(ZIL . ej47r2f1f2521) . (2721 . e—j4772f1f2,32’2)

Based on this separation, the original nested double integral with respect to z; and zs is
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transformed into a product of two independent single integrals:

L n _jdn2f1f2B8z L n _—jan? f1 fo3z
/ zy el TIRPER ) ) / zy e IETILRPE
0 0

Upon observing these two integrals, we can see they share the same mathematical struc-

ture. They can be represented by the general form:

L .
/ 2"e'* dz
0

where the parameter « is defined as o = 472 - 3 - f - fo.

For the expression of [,,,, we can use the same idea. First, we analyze the integrand (see
Eq. (33)):
ej47r2f1f2ﬁ(Z1fZQ) . (Z?z;n + Zinzgz)

We can split the integrand into two distinct parts:

(z?ej47r2f1f2321) . (Z;ne—j47r2f1f2/322) + (Z{nej47r2f1f2[321) . (de—j47f2f1f2,322)

This transforms the double integral into a sum of two products of single, independent
integrals:

L i 2 L iq 2
/ 2?6] 4B f1f221 dz | - / Z;ne_J B f1f2z2 dzs
0 0
L iAm2 B f1 f L —jam?Bf1 f
+ / A S R R / zhe IETPINRE ()
0 0

Each of the four single-integral terms can be represented by the general form fOL 2Feiv® dz.

Here, we refer to this approach as the decomposing method. The corresponding Mathe-

matica code which handles both /,,,, and 1,,,,, case can be adapted as follows:

rn = ; (*x Set desired order n *)
m = ; (x Set desired order m *)

+ B = Symbol["B"];

s L = Symbol["L"];

¢ f = Symbol["p"];

7 $Assumptions = {B > 0, L > 0, 8 > 0};

F[k_, alpha_, L_] :=
Integrate[z"k Exp[I alpha z], {z, 0, L},
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Assumptions — {L > 0, €[k, Integers],
€lalpha, Reals]}];

integrand =
If[n == m,
F[n, 4 Pi"2 § f1 f2, L]*F[n, -4 Pi~2 B f1 f2, L],
Fln, 4 Pi"2 g f1 £f2, L]*F[m, -4 Pi~2 g f1 f2, L] +
Flm, 4 Pi"2 B f1 f2, L]1*F[n, -4 Pi~2 § f1 £f2, L1];

Inm = Integrate[Integrate[integrand, {f1, -B/2, B/2}], {f2, -B
/2, B/2}];

> Inm = FullSimplify[Inm, Assumptions — $Assumptions];

3 Inm

However, a critical limitation arises when applying this method to integrals involving
zeroth-order polynomial terms (/o9 and Iy,,). The issue stems from a removable singu-
larity that appears in the analytical solution of the helper function F'[k, «, L] specifically
when k£ = 0.

For the case k£ = 0, the function F' in the code above simplifies to:

L eiaL -1
Fl0,a, L) = / e dz = ————
0 16"
While this expression is valid for a # 0, it becomes an indeterminate 0/0 form at the
singular point & = 0. In the outer integration, the parameter o = 4w2[3f, fo is zero
whenever f; = 0 or fo = 0. Since the integration domain for SCI includes these points,
Mathematica is tasked with integrating a function that contains a singularity. This is a
computationally challenging task that often fails, leading to an unevaluated integral or an

€Iror.

Therefore, while the decomposing method is highly efficient for higher degree cases, it is
not robust for cases involving zeroth-order terms due to this singularity. Fortunately, the
direct integral-solving method of solving the original four-fold integral can successfully

compute oo as well as all the Iy, terms required for the NV, = 9 case.

Here is an example of [1; result:

1 472, 4102
[11:93671-8ﬁ4<2+9BL7T/8
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—2(1+4B'L*n"3%) cos (B> L7’ )
— 2B Lx*Bsin (B*Ln*B)

+2BC L3783 {3B2Ln25 o Fy ( 7777777 B4L27r452>

2'2°2°2°2" 4
—4Si (B%Hﬁ)])

The terms Si(z) and o F3(. . .) that appear in the solution are standard special functions.
Si(x) is the Sine Integral function, and o F} is the generalized hypergeometric function.
Now let us review this result with reference to Eq. (19). The correspondence of the pa-

rameters is as follows:

B = Bcur
L=L0)
ﬂ 6QeffCUT

Additionally, several functions and special functions appear frequently in the results we
obtain, making it sensible to define a more compact notation for them:

S = sin (B*Ln’3)

C = cos <B2L7r25)

SI = Si (B2L7r26)

Here are the results for the kernel integrals for SCI, for N, = 0,1, 2, 3:

For the case N, = 0:

2

Beur/2  rBeur/2 | L) n
KSCI CUT / ! / o / éh?flfﬁgﬂffém po CUT dz| dfidf;
Beur/2 Y/ —Bcur/2
= Po - Ioo
[ 2(?BB2L(SI—7?BB2LBH) + C — 1)
=DPo |— 32 B2

For the case N, = 1:

»Bcut/2 /BCUT/2

KéCI)CUT‘N -1 :/

—Bcur/2 J—Bcur/2
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2
LgnS) . / (ns)
6J47T2f1f252eﬁCUTZ . (p( CI)JT + Pg ,CUT Z) dz

dfidf;

0

=p5 - Lo + pop1 - Tor + pi - Iy

o, 2 (r2BB2L (S — n2BB2LAH) + C — 1)
=P | — 13232
L (7?BB2L (r?BB2LAH — SI) — C + 1)
m5%2B
1
2 6 23 126 7 3 2 5 2
+p2 W(Qw 6°B°L* (3r*BBLH — 4I)
+ 97132 B L? — 2n B B2LS
—2(4x'8*B'L* + 1) C + 2)
For the case N, = 2:
Beur/2  pBcur/2 ?
CI CUT / . / . / €j4ﬂ2f{f2ﬁé:;émz . [Z pgzn(sjUT z ] dz| dfidf,
Beut/2 J —Bcur/2
v

= pg - Too + pop1 - Tor + 15 - Li1 + popa - Too + pipz - L1z + p3 - Ino

g 2(m?BB2L (S — w?BB2LAH) + C — 1)
=bo |~ 32 B2
L(7*BB2L (w*B>LAH — SI) — C + 1)
1
2 603 6713 2 2
P W(% 6°BOL* (37°3B”LH — 48I)

+ 97132 BYL? — 2B B%LS

—2 (4B L + 1) C + 2)

1 6023673 2 2
+ pop2 - [%86436 (71' B33BL (127r BB2LH — 1351)
+ 187132 BYL? — m*BB*LS
+ (8- 137'8°B'1%) C - 8)]

2

L
W <7T45234L2 (27TQBB2LH — SSI)
m

+ p1p2 [
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_ S+ m2BBL (4 — 3C)>

4R <7r1°55BwL5 (1072332 LH — 171)

1
2571236 B10

— 728B2L (7w452B4L2 + 8) S
+ (—1773 BSL! + 4t BB LY — 8) C

+ 257864 B8 LY + 8)

For the case N, = 3:

Lg”s) 2

3
a2 f1 plns) (ns) n
/0 e’ f1f252eff,CUT . [Z pn,CUT .z dz
n=0

= pg - Too + pop1 - Tor + p7 - 11 + popa - Log + pipe - Tia + p3 - In

(ns) Bceur/2  pBcur/2 Lo
KSCI,CUT‘NPZS :/ df1dfs

—Bcur/2 J—Bcur/2

+ pops - Loz + pip3 - I3 + paps - Lo +p§ - Is3
e [ 2 (r28B%L (SI — w?BB2LAH) + C — 1)
—p-| -

71—4B2BZ

2L (2BB*L (v*BB2LAH — SI) — C + 1)
7T4B2BQ

+ Pop1 -

+ 17 -

Ty (2#533%3 (3*3B>LH — 451)
e
+ 97132 BL* — 27 BB2LS

—2 (47#523%2 + 1) C+ 2)

1
W (7T663B6L3 (127T2BB2LH — 1381)
s

=+ Pop2 - [
+ 18732 B*L? — m*BB*LS
+ (8- 137'82B'L?) C - 8)]

2

L
PRy (#‘523%2 (27°3B”LH — 3S1)
m

+ pip2 [

_ S+ m2BBL (4 — 3C))
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+pj -

+ Pops - [

+ p1ps - [

+ paps3 - [

1
+ 15 -

1
2571236 B10 <

s
678 34 BS

1
751236 B10

3

9834 B6 (

14771633 B14

rl03 Blor5 (107rQBBZLH - 1751)

— m28B2L (77r4ﬁ234L2 + 8) S
+ (—17r3 BS LY + 4t BB LY - 8) C

+ 257 BB LY + 8>

m03° B°L? (678 B*LH — 7SI)
+127%3°BYL? — m?BB%LS

+ (8782 BIL?) C - 8)

<w1°ﬁ5BmL5 (602332 LH — 97S1)

+ 72BB%L (72 - 377r452B4L2) S
+ (—977°3' BEL" + 147" 32B'L* + 72) C

+ 150783 B8 LY — 50732 BYL? — 72)]
m03° BOL? (6x*8B>LH — 11SI)
+ 187162 B*L? — 57°BB%LS

+(4-1x'p?B'L%) C - 4)

<7r1457Bl4L7 (427?2BBQLH - 8351)

+ 7?8B%L (—41w854B8L4 +36mi32BL? — 216) S
+ (7B L? (—837°B B L* + 407" B2B* L? + 108)
—216)C

+497%3' BEL! (3n'32 B'L? — 1) + 216

Note that to simplify the notation, we replace the term p,(fé%jT with the shorthand p,, for

any generic index n = 0,1,2,....

written as p;, and so on.

) (ns)

(n:) - is written as po, and p{"3; is

For example, p; &
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By utilizing both the direct integral-solving method and the decomposing method in
Mathematica, we can obtain the analytical expressions of all 7,,, and I,,,, required for
N, = 9. Regardless of the value of NV, what we need to do is simply multiply these
analytical solutions by the corresponding polynomial coefficients and then sum them up
according to Eq. (31). This summation structure confirms a crucial characteristic of the
SCI kernel solution: reusability. When increasing the polynomial degree from NV,_; to
N, the entire analytical result obtained for /V,,_; is preserved. The solution for /V,, is then
generated by only appending the new set of /,,,,, and [,,,, multiplied by their corresponding
polynomial coefficients.

Here we present the solution as a weighted sum of the fundamental integral terms (e.g.,
pg - Too+p? - I11 + pop1 - Io1). This structure is intentionally mirrored in our C/MEX code,
where each unique integral (/y, Io1, - - . ) is implemented as a distinct function. This mod-
ular approach was chosen for a practical advantage: it greatly facilitates debugging and
verification. The output of each individual function in the code can be independently
tested and validated against its corresponding symbolic solution from Mathematica, a
process which is tough with a single, fully expanded formula. This ensures a one-to-one
correspondence between the mathematical derivation and the final software implementa-

tion, guaranteeing accuracy and making the code easier to maintain.

To validate the series of derivations of the Kgcp expression presented in Section 3.1, as
well as the feasibility of the associated Mathematica code, we need to test our results for
N, = 3,5,7,9 against the result of directly executing numerical integration to Eq. (19) at
N, = 9. After extensive testing, the results indicate that our entire derivation process for
K is correct and yields a highly accurate result. Here, we demonstrate the test results
for one channel exhibiting a relatively complex SPP. The comparison between exact SPP
and polynomial fit with IV, = 3,5, 7,9 for the test channel is shown in Figure 6, and we

can observe that the fitting accuracy improves as the polynomial degree increases.
* Fiber Length (L): 100 km

* Dispersion (3;): 20.41826538 ps®/km

CUT Bandwidth (Bcyr): 100 GHz
* Polynomial Power Profile Coefficients.
- N, = 3 (po to p3): [0.90316, -1.8690e-05, -7.0873e-11, 2.5193e-15]

— N, =5 (po to p5):[0.97238, -2.1831e-05, -7.3546¢-10, 3.7936e-14, -5.5316¢-
19, 2.7072e-24]
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= N, =T (po to p7):[0.99128,-2.4910e-05, -1.1162e-09, 9.4561e-14, -2.9086¢-
18, 4.6200e-23, -3.7257e-28, 1.2075e-33]

— N, =9 (po to pg): [0.99782, -2.8281e-05, -8.4022¢-10, 1.0528e-13, -4.9400e-
18, 1.3932e-22, -2.4481e-27, 2.6025e-32, -1.5285e-37, 3.8112e-43]

1.4 :
—exact
G 12r polynomial N =3
o) P
S | e polynomial N =5
£ 15 polynomiaINp=7
) , _
% 0.8 - - —polynomial Np 9
Q
- 0.6 ]
o)
N
®© 0.4 _
S
202 |
O | | 1 |
0 20 40 60 80 100

distance travelled [km]

Figure 6: Polynomial representation of the normalized SPPs along the 100 km fiber for
the channel chosen: The blue solid curve is the exact SPP, and the remaining curves are
the polynomial fits with N, = 3,5,7,9.

The results in Table 1 demonstrate excellent convergence behavior: as the polynomial
order increases, the analytical solution rapidly approaches the reference value. The con-
vergence is near-perfect at the highest order, where the relative error drops to 0.00000% at
N, = 9. This high level of precision confirms that the closed-form expression accurately

models the Self-Channel Interference.

Table 1: Comparison between analytical solution and numerical integration

Ksa Ksa .
N, | (Analytical | Speed | (Numerical | Speed Re(llilg:s]f; 1;0r
Solution) Integration)
3 | 6.200689573 | 0.0945s 18.00913%
5 | 7.18623079 | 0.0957s 4.97745%
7 | 7.466336976 | 0.0951s 7.56265856 | 64.3077s 1.27365%
9 | 7.562658546 | 0.0974s 0.00000%

Furthermore, the comparison highlights a dramatic advantage in computational efficiency.

Although the numerical integration required 64.3077s to compute the reference value, the
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analytical solution consistently calculates the Kgcy value instantaneously across all orders,
with computation times around 0.095s. This difference demonstrates that the closed-form
expression reduces the computation time by ~ 3 orders of magnitude, proving the ana-
lytical solution is a highly efficient tool for real-time performance monitoring and system

design.

Since the series of derivations of the K¢ expression presented in Section 3.1, as well
as the feasibility of the associated Mathematica code, are confirmed to be sound and vi-
able. Consequently, these successful foundational results allow us to confidently apply
the same derivation methodology to extend the analytical solutions for the Kxcy and Ky

in subsequent work.

4.2 Generalized Solution for all Kernels

For Kxcr and Ky, the integral expressions become significantly more complex than the
Kgcr case. Although the integrand remains unchanged, the frequency integration limits
introduce additional parameters. Especially in the case of Ky, it contains the highest
number of independent parameters in its integration limits. The drawback is that more
parameters increase computational complexity and the length of the analytical solution,
complicating the final compilation stage. To solve this problem efficiently, we can intro-
duce a generalized form for the kernel integrals. This approach allows us to solve the most
complex case (MCI) once, and then derive the results for the simpler XCI and SCI cases

by direct parameter substitution.

The generalized solution must adhere to the decomposition principle established in Sec-
tion 3, where cross-terms (n # m) are formed by summing two symmetric contributions
and self-terms (n = m) contain only a single contribution. Therefore, we define two dis-
tinct generalized functions, I, gen and Iy, gen, t0 maintain this necessary conceptual and

structural distinction.

The generalized integral uses four symbolic placeholders, a, b, ¢, and d. We set the limits
for the inner integral (over f;) be [a, b] and the limits for the outer integral (over f5) be
e, d].

Let us define the general solution:

d b L L,
L gen = /c /a /0 /0 eI N fr B zi=ze) (pnam L amony A2y dzy dfydfy  (For n # m)
(43)

d b L L
Inn,gen:/c /a/o /0 674“2f1f2'5'(“’z2)-zfzgdzld@ df1dfs (Forn =m) (44)
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The final general kernel is then expressed using both terms:

Np Ny Np
ngn = Z Z PnPm - Inm,gen + Z pi ’ Inn,gen (43)
n=0m=n+1 n=0

The strategy is to first derive the closed-form solution for both I, gen and I;,, gen Using the
symbolic placeholders a, b, ¢, and d so that we can obtain the K,. The specific results
for the MCI, XCI, and SCI kernels are then obtained by substituting the corresponding
physical limits directly into the final closed-form algebraic expression for the generalized
solution. And then use the Eq. (12), Eq. (14) and Eq. (16) we can have the corresponding
NLI PSD.

Application to MCI Kernel: The MCI kernel has asymmetric integration limits over f;
and f,. The parameters for the MCI case are mapped as follows, where B, and B o

are the bandwidths of the two mixing channels (fe, 1 and fu 2):
* a= fan1— feur — Ben1/2
* b= fun1 — four + Ben1/2
* ¢= fanz — four — Benz/2
* d= funz — four + Ben2/2

Application to XCI Kernel: The solution for the Kxcy can be derived from the general
solution by applying symmetry constraints to the limits. For the horizontal axis XCI case,
the limits of the outer integral (over f,) are symmetric around zero. We substitute the

following specific values into I, gen and Iy, gen:
* a= fan— feur — Ben/2
* b= fun — feur + Ben/2
* ¢ = —Bcur/2
* d = Beur/2

Application to SCI Kernel: The simplest case, the K¢y can also be derived from this
same general solution. Here, both integration limits are symmetric and identical to the

bandwidth of the channel under test:

® a= _BCUT/2
i b:BCUT/2
e C= _BCUT/2
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* d = Bcyr/2

However, still the general form of the integral represents a substantial increase in com-
plexity compared to the cases discussed in Section 4.1. Consequently, neither executing
the direct integral-solving method nor the decomposing method is viable for solving

high-degree cases, necessitating a more robust methodology.

The starting point for our analysis is the general integral form I,,,, o.n. We begin by using
Euler’s formula, e/’ = cos(f) + j sin(f), to expand the complex exponential term in the

integrand. Let 0 = 472 f, fo3(21 — 22). The integrand becomes:
[cos(0) + jsin(0)] - (21'25" + 21"25)
Distributing the terms, the integral can be split into its real and imaginary parts:

d b oL /L
Inmgen:/ //0 /0 cos(0)(z7 25" + 21" 28) dz1dzy df1dfs

d b L L
+j/c / /o /0 sin(0) (2125 + 212 ) dz1dzo dfydf

As we mentioned above that all of the integrals I,,,, gen and Iy, oen are real, so the entire

four-fold integral of the imaginary (sine) part can be seen as zero.
d b L (L )
/ / /0 /0 S (47T frfaBz — ZQ)) (225" + 21" 2y ) dzydzo dfydfy = 0

Then the value of I,,,, g, is determined entirely by its real part (the cosine integral). We

can therefore write the final, simplified expression for computation:
d b L L )
L gen = / / /0 /0 cos (47r fifeB(z1 — 22)) (27 25" + 21" 28) dz1dzy df1df;

This transformation is the key to solving the problem efficiently in Mathematica. Asking
the symbolic engine to solve an integral with a purely real ‘Cos‘ function is computation-
ally more direct and stable than working with a complex ‘Exp‘ function throughout the

entire derivation.

The derivation for the I, o, integrals follows the same procedure as for I, gon. The

corresponding real-valued expression for computation is therefore:

Lo gen = /cd /ab /OL /OL coS (47T2f1f25(21 - 22)) - (21'2y) dz1dz df1dfs
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=
]

This method can be referred as cosine method. The Mathematica code which handles
both I, een (Where n = m) and the I,,,,, oen case (where n # m) using a conditional If

statement is as follows:

n = ; (x Set desired order n %)
; (x Set desired order m *)
= Symbol ["L"];
Symbol ["("];
= Symbol["a"];
= Symbol["b"];
Symbol["c"];
d = Symbol["d"];

o M D
I

(@]
]

$Assumptions = {L > 0, S > 0, a \[€] Reals,
b \[€] Reals, c \[€] Reals, d \[€] Reals};

integrandZ[f1_, f2_]1 :=
Module [{alpha = 4 Pi~"2 [ f1 f2, integrand},
integrand =
If[n == m, Coslalpha*(zl - z2)]*(z1"n*xz2"n),
Cos[alphax*(zl - 2z2)]*(z1"n*z2"m + z1 m*z2"n)];

Integrate[Integrate[integrand, {z1, 0, L}], {z2, 0, L}1];

Inm = Integratel[integrandZ[f1, £2]1, {f2, c, d}, {f1, a, b},

Assumptions — $Assumptions, GenerateConditions — Falsel];
Inm = Collect[Together [Inm], {Pi, B}, Simplifyl;

Inm

A specific limitation of the cosine method was observed during its application. The
method successfully yields the analytical solutions for all the I,,,,, gen and 1, gen required

for IV, = 9 but Joy gen» L06,gen and Igg gen (s€€ Figure 7).

The reason for this specific pattern of failure is not a simple question of parity, but rather
a critical threshold of symbolic complexity in the intermediate expression that is passed

to the final integrator.
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El Solvable by cosine method
Il Unsolvable by cosine method

Figure 7: The inability to solve for lo4 gen, fo6,0en and log gen means that we could only
achieve a maximum polynomial degree of [V, = 3, which is not enough in accuracy.

Therefore, we can only attempt alternative methods. As mentioned earlier, the decom-
posing method is not applicable to [y, cases, leaving the direct integral-solving method
as the only viable approach at this stage. However, due to the lack of computational effi-
ciency and optimization in this method, it can only provide solutions for Iy4 gen and Iog gen,

but not for Iog gen.

This means that, until a better method is found, we are only able to derive all I,,,, gen and
I gen Tequired for N, = 7 (see Figure 8). It is unfortunate, as we are just one term away
({08 gen) from completing the case of N, = 9. However, for the context of this work and
practical NLI calculations, IV, = 7 is more than sufficient. Consequently, we will fix
N, = 7 for all subsequent simulation comparisons and analysis. The goal of completing

the full analytical solution for N, = 9 will be addressed in future work.
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B Finally solved
B Unsolved

Figure 8: Now that Iy 4en and o gen has been solved, we can implement the model up to
N, =T1.

Here is an example of [} g, result:

Lt 11333
Ill,gen = (2GCQF3 (— - = _7_;_4a202L27T4ﬂ2>

3 22°2°2'2
— %ad Py (%%%%% i)
el (5%2%% ver? 462)
+ 2bd Py (%%ggg )

L?

_ 4m*afdL) — 4m*bBdL
+ ddriabired <8bccos< mafd ) 8accos( mbBd )

— 8bd cos (47r2aﬁcL> + 8ad cos (47r2bﬁcL)

4 9ac — 9ad — 9be + 9bd)

213
923

<Si (4acL7r26) —Si (4adL7r25) —Si <4bcL7r2,B) + Si <4de7r2ﬂ) )

L
* 28876a2b? 33 c2d?

(02 <b2 sin <47r2aBdL> — a*sin (47r2b6dL))

+ a®d? sin (47r2bﬁcL) — b?d?sin (4w2aﬁcL) )
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1 3.3 2 3 43 9
+ 115278a303 343 d3 ( —a’c’ cos (47T bﬁdL) + a’d’ cos (47r bﬁd;)
+ a3 — a®d® + b3 cos (47r2aﬁdL)

— b*d® cos (4772aﬁcL) — b33 + b3d3>

Several functions and special functions appear frequently in the results we obtain, making

it sensible to define a more compact notation for them:

Cye = cos(4r?aBcL) S,e = sin(4r2aBcL) Sl,. = Si(472aBcL)
Caqg = cos(4maBdL) Saq = sin(4n?aBdL) Sl.q = Si(47*aBdL)
Che = cos(4n*bBcL) = sin(47%b3cL) SI. = Si(47*bBcL)
Chpa = cos(47m?b3dL) Spa = sin(47r?bBdL) Sl = Si(47*bBdL)

For the general case, we show as an example the results for the kernel integrals for NV, =
0,1,5:

2

dfydfi

L o gne)
/ T

s

— 5

gen

= p(2) . m 47T2abﬁCdL (—SIQC + SIad + SIbC — SIbd)

+ 87abB?cdL? (2acH,. — 2adHyg — 2bcHy, + 2bdHyy)

— deac + adCbc + bCCad — CLCde + ((I — b) (C — d)]
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2

L( s) ns
/ ef4w2f1fzﬁéeﬂ)Z-(p( Japl™z) de| dfdfy

71_//

R T 4 oy T 4 2 e

gen

9 1

.——— |4x2abBedL (—SI,, + SIy + SI,. — SI
8mtabp?ed T abfedL 5% 5T o)

+ 87abB?cdL? (2acH,. — 2adH g — 2bcHy, + 2bdHyy)

— bdClye + adChe + bcCog — acChq + (a — b)(c — d)]

+ pop1 - | L? (2acH . — 2adH g — 2bcHy. + 2bd Hyy)

L2
228

(SIac - SIad - SIbc + SIbd)

+ m (bCCad — aCde — deac + adC’bC

+ac — ad — bc + bd)

l;: (2(ZCHaC — QGdHad — 2bCHbc + 2debd)
L2

* 1447*abB2cd

+9ac — 9ad — 9bc + 9bd)

+pi-

<8bCCad — 8CLCde — 8de’ac + SGdCbc

203
- 97_[.26 (SIOLC - SIad - SIbc + SIbd)
* 28876a2b2 33c2d? (C (b Sad — @ de) +a*d” Sy — b°d Sac)
1

(—a3C3C’bd + dPCh + a>c® — *d®

|

+ 115278a3b3 54c3d3

+ 02 Chq — B*d*Cye — b2 + b3 d®
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2
K (ns)

gen

¢ b Léns} iq 2 ¢r pr g(ns) 5
= / / / A f1F2Pser % . > :p;ns) - 2" ) dz df}df]
Np=5 d Ja JO n—0

= pg[égen) + popﬂgen) RN p§]5(§en)

_p L
Po 8mtabfF%ed

dm*abBed L (—Slye + Slug + Sl — SIyy)

+ 81abB?cdL? (2acH,. — 2adH g — 2bcHy, + 2bdHyy)

— bdCle + adChye + bcCpryq — acChg + (a — b)(c — d)]

+ pop1 - | L? (2acH,. — 2adH g — 2bcHy, + 2bd Hyy)

L2
2728

(SI,. — SIg — Sl + SLy)

+ m (bCCad — CLCde — deac + adCbc

+ac — ad — bc + bd)

L4

? (QCLCHQC — QadHad — QbCHbc + 2debd)
L2

+ 1447*abfB2cd

—8bdC,. + 8adCl. + 9ac — 9ad — 9bc + 9bd)

+pi -

(SbCCad — 8aCde

2L3
- QWQB (SIaC - SIad - SIbc + SIbd)
+ 288m0a2h? 33 c2d? (C (b Sad — @ de) + a“d” Sy, — b°d Sac)
1

3.3 3 73 3 3 3.3
- 115278a3b3 843 d? <_a c’Cpg + a’d’Cye +a’c” — a’d

+ 0P Chq — B3 d*Cy — b2 + b3d3>

L4
+ pop2 - [3 ((lCHaC — (ldHad — bCHbc + debd)

N 1 (sin2(27r2a5dL) _ sin?(27%afcl)

1447834 a3d?3 a3c?
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sin?(2r%bBcl)  sin?(2w2bBdL)
B3 B

oL 5 o ) - -
T R PAE (0 Saa = V&S + a*dSye — a°¢*Spa)
1103
o m (SIGC - SIad - SIbc + SIbd)

L2

+ T2abedri [18(& —b)(c—d)

— 11(bdCy — beCry — adChe + acChq)

+pips - | L (acH,. — adHog — beHy, + bdHyg)

LZ

* 12876420233 c2d?

3L

8123
LS

~ 32riabBcd

(¢ (87 Sua = 0Sha) + @ Sy = VS,

(Slac — SIad — SIbC + SIbd)

{3(bd6’ac — bcCpy — adCl. + acCly)

—4(ac — ad — be + bd))]

6

2L
+p§ ’ ? (aCHac - adHad — bCHbC + debd)

1

* 12800712a5b° 58P dP

—a5C5de + CL5d5CbC + (l565 - a5d5

+0°°C,, — Vd°C, — VP + b d°

L
32000 0atbiFE A

L2

+

160078ab? 843 d?
7L3 5 /1 ) - -
T 1600m5 202 B 2P (¢ (0*Sad — 4*Sha) + a*d* Sy — *d* S, )
7
100723
L4
T 100riabBed

(c* (6" S = 0" Sha) + a*d" Sy — b*d* S,

(03 ((ZSde — b3cad) - dS (G3Cbc - b3Cac>)

(Slac - SIad - SIbc + SIbd)

17(bcCloq — acChq — bdCy. + adC.)

38



+ 25(ac — ad — be + bd)

+ pops - | L° (acH,e — adH,q — beHy, + bd Hyy)
+ 204810g4b4 35 cA 4 (a d*Sae — a°C"Sga + 07" Spg — b7d Sbc>
L

* 153678a3b? 843 d? [7 (a d°Coe — a°c’Cuq — 0°d°Cye + b°c de>

+16 (a3c3 — P —bvE 4+ b3d3)]

13L? 5 o 5 5 ) ) s
* 7687w6a2b% 332 d? (b C"Saq — b°d"Sae + a”d” Sy — a’c de>
25L*
_ m (SIac —SI,q — SI. + SIbd)
L3

R O P B -
* 192abedn1 52 { 5(bdCoc = bcCag — adCe + acCla)

— 48(ac — ad — bc + bd)

418
+ pips3 - ? (CZCHaC —adH 43 — bcHy,. + debd)
97L>
= 50025 (Sloe — Sla = Sl + Sl)

L4

* m 97(bCCad - CLCde - bdcac + a’dcbc)

+ 150(ac — ad — be + bd)

37L3
4800ab2c2d276 33
L2
+
9600a3b3c3d3 8 34

(02 (CLQde — bQSad) + de2Sac - 6dezsbc)

7 (b3c3cad — @3B0y — BBC,, + a3d30bc)

+25 (b303 —a*P +dd® - b3d3)

= ! (a! 4 44 454
+ 3200a4b*cAdA 1035 (C (a Spa — b Sad) 1+ bidAS,, — a*d Sbc)
3 5.5 55 5 15 55
* 12800a5b°cdd>m12 36 [5 (b & —a’c®+a’d® —b°d )
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+3 <a5c50bd — VPO + A, — a5d50bc>

L7
+ D2p3 - {3 (acHy. — adHyq — beHpe + bdHyg)

LS
T SR B d

a’*Chg — a*d*Cye — a*c® + a°d’

=0 Cog + B’ Co + 0" — b3d3]

5L* 5 /1o )
i 57676a2b2 33c2d? (C (b Sad — @ de) + a*d* Sy — deQSaC)
1115
R m (SIaC - SIad - SIbc —I— SIbd)
L5

t iriabFed 11(bcCaaq — acChq — bdCoc + adCi,)

+ 18(ac — ad — bc + bd)

8

5 | 2L
+p; - = (acH,. — adHyq — beHye + bdHyg)
83L7
- m (Slac - SIad - SIbc + SIbd)
L6

T 352abedmi 3 83(bcCaa — acChg — bdCac + adCi)

+ 147(ac — ad — be + bd)

4115 2/ o
_ 9408@25202(12%663 (C (a de - b2Sad) + b2d2Sac - a/2d2Sbc>
L4 3.3 3 3 33 3 3
* 37632a3b3c3d3ﬂ-864 40 (b c’Chg— a’c’Cyg — °d°C,e + a°d Cbc)
+ 49 (b3c3 — B33+ a3 — b3d3):|
3L°3 4 (44g bis bidtS 1gtg
* 12544a*b*ctd4 w035 (C (a bd — ad) + e —a bc)
9L? . i o
* 50176a5b5c5d>712 36 (C (“ Cba = b Cad) +0°d°Coc — a5d5Cb6)
9L

6 (ps 6 676
+ 100352a8bc6d6714 37 (C (b Sad — @ de) +a’d’Sye — bGdGSac)
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9
401408a7b7cTdT 71638

[7 (b7c7 —d+dd — b7d7)

+9 <a7c7de — Oy +6°dC — a7d7Cbc>

6
+ PopPa - = (acHue — adHyq — beHy, + bdHyg)
137L°
= 300725 (Slae = Slaa = Sl +S11y)

L4

- W) (e—d
* 1200abedn* 32 [300(@ Je=d)

— 137(deaC — bCCad — CLdCbC + aCde)

" T7L?
4800a2b2c2d2 w6 33
L2
+
9600a3b3c3d3 s B4

(b%%*ad — V?d?S,. + a*d*Sy. — a cszd)

[200 (a3d3 —a*d =S+ b3d3)

147 (b3d3(Jac —BAC,y — a3d3Cy, + a3c3C’bd)

27L i i » »
T 12800 b i 1035 (00" Sae = ' S + a*c*Spa — a*d" Sy

3 s , )
+ 160005075 dr 2 30 a’c® sin (2de7T 5) — ad® sin (2bcL7T 5)

+ V' sin® (2acLn®) = °c?sin’ (2ad L)

|

2L7
+ pipa - [3 (acH,e — adHyq — beHye + bd Hyg)

312 Al 4 A o »
T 2048 0aib A (¢! (a"Sha = " Saa) — a'd" Sy + b'd" S,
I3
+
46087m8a3b3 B4 c3d?

5 (a303C’bd — BPBCy, — BPAC,y + b3d3Cac)

+ 32 (b3c3 —a*c® + a*d® — b3d3)

17L4
2304752623322
41L5
144728

(¢ (4°Sha = V°Sua) — a®d*She + 'S,

(SIye — Slaa — STye + Skg)
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L5

+ m 41(bCCad — CLCde — deaC + adcbc)

+ 72(ac — ad — be + bd)

8

L
+ D2pa - [7 (acHy. — adHyq — beHpe + bdHyg)

B 325L7
1176728
L6
+ - 000
4704abedm? 52

(SLe — SIug — STy + SLy)

[325(bcC’ad — CLCde - de’ac + adCbC)

+ 588(ac — ad — be + bd)

157L5
18816a2b?c2d?n6 53
L4
_|_
37632a3b33d3 w8 4

(62 (a2de — b2Sad) + bdeSac - QQdQSbc)

73 (b3c3(]ad — @BS3Cyy — VPO, + a3d3(JbC)

+ 196 (b3c3 —a*P + Pd® — b3d3)

n 1713
50176a*b*ctd*m1035
n 3L?
6272a°b> P dd 12 36
3L 6/ 6 6 . 6 o
T 5 M1 S (¢ (a°Sta = 0 Sua) + 1°d° Sae — a°d’ Sy )
" 3
50176a7b7c’d 71638

(04 (a45bd — b4Sad) + b4d4sac - a4d4Sbc)

((35 (b5Cad — G5de) — b5d5Cac + a5d5Cbc)

7 (b7c7 —d+ad'd — b7d7)

+3 <a7c7de — VO +6°dC — a7d7Cbc)

L9
+ P3P4 - |:2 (aCHac - adHad - bCHbc + debd)

n 3L*
40967 0a4b* 35 cAd4
L5
+
30727w8ab3 43 d3

((34 (G4de — b4Sad) — CL4d4Sbc + b4d4Sac)

7 <a3630bd —a3d3Cy, — B3BC,y + b3d30ac)

+ 16 (b303 — Pl +adldd — b3d3>
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13L5

(02 (CLQde — bQSad) — adeSbc + deQSac)

15367522332 d?
2518
I m (SIaC - Slad - SIbC —|— SIbd)
L?

* m [25(bCCad - CLCde - deac + adCbc)

+ 48(ac — ad — be + bd)

2L10
2
+ Py (CLCHac CLdHad — bCHbC + debd)
79L°
- m (Slac - SIad - SIbC + SIbd)

L8

 2592abedn 2 79(bcCad — acChg — bdCoc + adC)

+ 162(ac — ad — be + bd)

B 10368;32[;:612776 2 (¢ (a2Sha — b2 Saa) + b2d*Sae — a?d?S))
LG
+ Sorsaadgr |20 (076 Cat = 076 Coa = B'd'Coc + a*d'Cc)
+ 72 (5303 —a* +ad® — b3d3)}

+ 27648a41bif45d47r10 3 <C4 (a45bd — b4Sad> +v*d*s,, — a4d45bc)
6912a5b5L;d57712 36 (¢ (0°Cua = a°Cha) = V& Coc + a°dCiye)
6912a6b6c6d6ﬁ1457 (c® (a%Sha = b°Saa) + B0d°Sae — a°d° S, )

* 9216a7b7Lc7d77r16 3 (¢" (a"Cha = b7 Coa) +7d"Cpc — a7d"Ce)

+ 18432a8bchgdg7T1859 (08 (b8Sad - a8sbd) 4 aSdS,, — bSdSSaC)

1

9.9 99 9
* 73728a°b9c9d9 720 310 9 (a ¢ =0 — a’d’ + bgdg)

9 (b9c90 g —a2PCyy — bd°C,, + agdngc>
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2L7
+ Pops - 3 (acH,. — adHqq — beHy, + bdHyg)
4915
- 12071_25 (Slac — Slag — Sl + SIbd)

5
+ 180abedr 52 [120(a —b)(c—d)

—49(bdCy. — bcChq — adCl. + acChq)

+ 2014
1920a2b?c?d?w6 33
L3
_|_
3840a*b3c3d3 w8 54

(b2025ad — b2d2S,, + a2d®S,, — a2025bd)

19 (b3d3C’ac — VA0, — add3Cy, + a3c3de>

+ 100 (a3d3 — a3 — S+ b3d3)

37L>
15360a*b*c*dAn1035

L
- 7680a°b>cPdd w2 36

(b4d4SaC Bt 4 et S,y — a4d4Sbc)

11 (b5d5Cac B C,y — aPd5Cy, + a505de)

136 (a5d5 — S — W+ b5d5>}

5
+ 61440a565c8d0714 57

(b6665ad — b6d6Sac + CLﬁdBSbC — CLGC6de>

L8
+ pips - |:7 (aCHac - adHad — bCHbc + debd)

1499L7
- —(SI,, — SI,; — SI;. + SI
58807r26( a = Slpc + Slpa)
LG
1499(bcChg — acChgq — bdCy,. + adCy,
+23520abcd7r4ﬂ2 (beClaa — acCha + adCh.)

+ 2940(ac — ad — be + bd)

659L° . . . y
T 94080a2b22 426 33 (* (a°Sha = V*Sua) + V*d*S,e — a* S, )
T 8816003 b3 s A [239 (B°*Cad — *¢*Choa — Bl Coe + a*dChy )

+ 2450 (b3c3 —a* + dPd® — b3d3)]
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44913
250880a4b*cAdAn10 35
312

5.5 5.5 5 75 5 75
" 12544005055 o2 30 {1 (4" Cha = " Cos + 0P8 Coc = ’d’Cc)

(c4 (a4de — b45ad) + b1d* S, — a4d4Sbc>

+ 49 (a505 — b —dd® + b5d5)

15L 6/ 6 ] . .

a 250880a6b606d67{'14ﬁ7 (C (CL de o b S‘ld) + b d Sac —a d Sbc)
15 - o - . -
10035204777 dT 1638 {7 (b ¢ —a'c" +a'd —b'd )

+ 15 (CL7C7de — b7C7Cad -+ b7d70ac - a7d7C'bC)

L9
+ Paps - ? (CLCHaC —adH 4 — bcHy,. + debd)
LLS(SI Slug — STy + Shyy)
4807T2/3 ac ad be bd

L?

* 1920abedni 52 [121(56% — acChq — bdCyc + adChy)

+ 240(ac — ad — be + bd)

61L°
7680a2b*c2d? w6 33
L5
_|_
15360a3b3c3d3 w8 54

(* (a2Sba — 12Saa) + V2d>Sae — a*d*Sie)

31 (b3c3C’ad — a3ACy — BdBC,, + a3d3C’bc>

+ 160 (b3c3 —a*P + Pd® — b3d3)

n 11L%
20480a*b*cAd* w1035
L3
_'_
1280a5b5 > d> w12 36

(04 (CL4de — b4Sad> + b4d4sac - CL4d45bc)

a’® — b — dd® + v°d°

+ b5050ad — CL505de — b5d5CaC + (Z5d50bc

L10
+ p3ps - { 9 (acHye — adHyq — beHye + bdHyg)
781L°
— m (SL,. — SI,g — Sk + SIig)
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LS
1 — _
 12060abedn 2 [78 (bcCaa — acChg — bdCoc + adCic)

+ 1620(ac — ad — be + bd)

- 518403221;52;2776 3 (¢ (a2Sha — b2 Saa) + b2d*Sae — a?d?S))
* 10368Oa3€:c3d37T8/34 [241 (b303(jad — @’ Chq = d°Coe + a3d3Cbc)
+990 (B¢ — a*¢* + a*d® — 0
13824();3@14§d47r1055 (" (a*Sha = b*Saa) + b'd" Sae — a*d* S
* 138240a5bL54c5d57r1266 [31 (b°¢*Cag — 4¢P Chg — B d*C + a°dCye)
+81 (¢ — ¢ — a®d® + 0
+ 5L3 (06 (b 1 —a5S, d) BdOS,. + abds Sbc)
13824a866 5571437
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Note that to simplify the notation, we replace the term p{") with the shorthand p,, for any

generic index n = 0,1,2,.... For example, pg“) is written as pg, and pﬁ"S) is written as

P1.

For any value of V,,, what we need to do is simply multiply these analytical solutions by
the corresponding polynomial coefficients and then sum them up according to Eq. (43).
We can notice that the characteristic of reusability brought by the summation structure
still holds here. Also we still present the solution as a weighted sum of the fundamental

integral terms and use same structure as Section 4.1 in our C/MEX code.

As the degree increases, the length of the analytical solution for the newly introduced 7 (&
grows a lot, resulting in a final result too large for representation. So here we present the

result only up to the polynomial degree IV, = 5.

4.3 Solution Verification
4.3.1 Single-Mode Fiber Ultra-Wideband Long-Haul scenario

To provide a rigorous and comprehensive validation of our derived general analytical so-
lution of the highest degree we can currently reach (V,, = 7), we designed a detailed test
plan that focuses on a Single-Mode Fiber (SMF) Ultra-Wideband (UWB) Long-Haul Sys-
tem (see Figure 9). This test aims to prove the solutions’ accuracy by in a high dispersion
and a high symbol rate system. The simulations are conducted over a 100km segment
of SMF, incorporating its full frequency-dependent characteristics. The WDM signal is
structured with 50 channels per band. Each channel operates at a 100GBaud symbol
rate and the signals are separated by a consistent 118.75SGHz channel spacing. To con-
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trol inter-symbol interference, the signal pulses are shaped using a SRRC filter with a low
roll-off factor of 0.1.

WDM TX WDM RX
EDFAL EDFAL
100km SMF
o> >
EDFAC ¥ ) EDFAC - i
C-band | - #_MUX 1\ DEMUX ! # C-band
- A
IDFAS Raman TDEA S
> pumps | o>

Figure 9: SMF UWB Long-Haul System schematic.

1. Channel Selection (ncyt): To ensure full spectral coverage, we select three dis-
tinct noyr, thatis ncyt = 25 from the L-band, ncyt = 75 from the C-band, and
ncyt = 125 from the S-band.

2. Three Spatial Power Profile (SPP) Scenarios : Each ncyr will be tested under
three different SPP cases:

* Case 1: C+L+S: ISRS off, no Raman. This scenario provides the simplest,
non-tilted SPP profile, confirming the analytical solution’s accuracy under

baseline conditions.

* Case 2: C+L+S: ISRS on, no Raman. This tests the model’s ability to han-
dle the inevitable spectral tilt caused by ISRS in UWB Long-Haul systems.

* Case 3: C+L+S: ISRS on + 3 Pumps. This simulates a fully operational
UWB Long-Haul system with three active Raman pumps and the ISRS-induced
spectral tilt, verifying the model’s precision in handling the highly dynamic

and complex power profile.

The exact SPPs of three chosen channels (ncyr = 25, 75, 125) under three
scenarios above is shown in Figure 10. In test we will use the SPPs in the form
of polynomial representation, and use that of Np=7 for our result and that of
Np=9 for numerical integration. The accuracy of polynomial representation
against exact numerical value at /N, = 7 and N, = 9 has already been shown

in Figure 6. Further comprehensive validation can be found in the [16].

For each ncyr and each SPP case, we separately isolate and verify the prediction accuracy
of the core Non-Linear Interference (NLI) components. The Self-Channel Interference
(SC)) is validated using neyp itself. We choose to validate Cross-Channel Interference
(XCI) and Multi-Channel Interference (MCI) using only the nearest neighboring channel
because they have largest non-linear contribution to noyr. Specifically, XCI is validated

by considering the contribution from the channel on the horizontally right (i.e., ko, =
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Figure 10: The exact SPPs of three chosen channels (ncyr = 25, 75, 125) under three
scenarios, along the 100 km fiber.

ncur + 1, mey = neur) and MCI is validated by considering the contribution from the
channel on the upper right (i.e., ko, = M = ncur + 1). We will substitute the systematic
parameters into our analytical solutions to obtain the values for Kgcy, Kxcr, and Kycr,
respectively. These results will then be compared against the numerical integration results
(calculated using NV, = 9 scheme) obtained by substituting the systematic parameters into
Eq. (18), Eq. (19) and Eq. (20).

The following tables summarizes the test results:
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Table 2: Comparison of analytical solution and numerical integration Kgc.

Ksa Kscr Relative Error
ncur | SPP case
(Analytical Solution) | (Numerical Integration) (Absolute)
25 C414S- 6.512152199 6.512586241 0.00666%
75 ISIES off, 7.878216374 7.878797656 0.00738%
125 | MO Raman 0.651628691 9.652790015 0.01203%
25 C414S- 6.530687679 6.538986354 0.12691%
75 | ISRSon, 7.915737628 7.889977687 0.32649%
no Raman
125 9.631041558 9.635016564 0.04126%
25 CAL+S-: 6.521553048 6.535498216 0.21338%
75 ISRS on 7.756771908 7.856833564 1.27356%
+ 3 Pumps
125 9.225169403 9.411420913 1.97899%

Table 3: Comparison of analytical solution and numerical integration Kxc.

KXCI KXCI Relative Error
ncur | SPP case
(Analytical Solution) | (Numerical Integration) (Absolute)
25 C4+L4+S: 0.615268999 0.615160854 0.01758%
75 | ISRSoff, 0.778729619 0.778772677 0.00553%
no Raman
125 1.004030739 1.004149941 0.01187%
25 C4+L4+S: 0.617051916 0.617645998 0.09618%
75 ISIES on, 0.782406487 0.779836931 0.32950%
125 | MO Raman 1.001597834 1.002217737 0.06185%
25 C4L4S: 0.616236156 0.617335446 0.17807%
75 | ISRSon 0.769787402 0.777276954 0.96356%
+ 3 Pumps
125 0.963100106 0.981128237 1.83749%
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Table 4: Comparison of analytical solution and numerical integration K.

Kycr Ky Relative Error
ncur | SPP case
(Analytical Solution) | (Numerical Integration) (Absolute)
25 C4+L4+S: 1.8940011e-4 1.9134502¢e-4 1.01644%
75 | ISRSoff, 3.0361974e-4 3.0055126e-4 1.02095%
no Raman
125 5.0532640e-4 5.0327895e-4 0.40682%
25 C+L4S: 1.8994654e-4 1.9211567e-4 1.12908%
75 | ISRSon, 3.0505194e-4 3.0096031e-4 1.35952%
no Raman
125 5.0410690e-4 5.0231557e-4 0.35661%
25 C4L4S: 1.8969539e-4 1.9201905e-4 1.21012%
75 ISRS on 3.0013081e-4 2.9997182¢-4 0.05300%
+ 3 Pumps
125 4.8472634e-4 4.9173957e-4 1.42621%

The validation results confirm the high accuracy of the proposed analytical solutions for

the NLI kernels against numerical integration. In the most benign scenario (ISRS off, no Raman),

the relative errors for Kgcp and Kxcp are exceptionally low, typically remaining below

0.02%. Although the errors increase slightly in more complex, Raman-pumped scenar-

ios, the maximum deviation is contained below 2% even in the most challenging cases

(ncur = 125 with ISRS on + 3 Pumps), confirming the model’s robustness. We further

note that in the context of high dispersion and high symbol rates, the contribution of Ky

becomes significantly small compared to Kgcp and Kxcy, 0 it often can be treated as neg-

ligible

Also, the computational efficiency of the proposed analytical solution shows a dramatic

improvement compared to numerical integration. Take the baseline scenario (ncyr = 25,

C+L+S: ISRS off, no Raman) as an example. The calculation times for the NLI kernels

highlight this stark difference:

* Kgcr: Analytical solution takes ~ 0.1196 s versus Numerical Integration which

takes ~ 73.59 s.

* Kxcr: Analytical solution takes ~ 0.1203 s versus Numerical Integration which

takes ~ 163.20 s.

* Kycr: Analytical solution takes ~ 0.1155 s versus Numerical Integration which

takes ~ 1219.90 s.

The complexity and computational burden of numerical integration increase substantially

when moving from Kgcp to Kxcr and, most significantly, to Ky, as evidenced by the



corresponding increases in integration time. In sharp contrast, our closed-form analytical
solution calculates the values for all three kernels instantaneously and with consistent, low
calculation time. This completely eliminates the increased difficulty and time dependency
observed in the numerical method, achieving a massive efficiency gain that is essential for

rapid system optimization and network planning.

4.3.2 More challenging scenarios

Previous studies often bypassed the complexity of low-dispersion and low-symbol-rate
context, enabling them to directly utilize simplified closed-form solutions for Kxc; (see
Eq. (21)) and avoid a detailed discussion of MCI. However, we will apply the results of
our general kernel for N, = 7 to this more complex and challenging environment. This
test further highlights the significance of this paper, as it demonstrates that our general
analytical solution is not only robust for low-dispersion fibers like NZ-DSF but is also
applicable to future extensions. For example, extending the SMF band to the O band

would require overcoming a similarly challenging low-dispersion environment.

We extend the verification to a challenging operational regime by extending the SMF
to the O band, which is characterized by extremely low (near-zero) dispersion. Specifi-
cally, a dispersion of &~ 0.1 ps? /km was employed. The system symbol rate is reduced
to 10GBaud (still utilizing an SRRC filter with a roll-off factor of 0.1), and the chan-
nel spacing is set to 12.5GHz. This combination of low dispersion and low symbol rate
significantly enhances the efficiency of MCI and XCI, thereby creating the most chal-
lenging scenario for NLI prediction. The validation test plan will be executed across the
three distinct SPP cases described previously: ISRS off/no Raman, ISRS on/no Raman,
and ISRS on/+3 Pumps. For these tests, we still examine the performance across the

ncur = 25, 75, and 125 channels as before.

The test results are presented below:
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Table 5: Comparison of analytical solution and numerical integration Kgcy.

Ksa Kscar Relative Error
ncur | SPP case
(Analytical Solution) (Numerical Integration) (Absolute)
25 C414S: 1.204662001 1.20474 0.00672%
75 ISIES off, 1.204565262 1.204654909 0.00744%
125 | PO aman 1.204074929 1.204219429 0.01200%
25 C+14S: 1.208089053 1.209627646 0.12720%
75 ISIES on, 1.210300503 1.206364882 0.32624%
125 | MO aman 1.201506583 1.202000294 0.04107%
25 CAL+S-: 1.206398469 1.208982374 0.21373%
75 ISRS on 1.185981813 1.201297252 1.27491%
+ 3 Pumps
125 1.150849842 1.174106698 1.98081%

Table 6: Comparison of analytical solution and numerical integration Kxc.

Kxar Kxcr Relative Error
ncyr | SPP case
(Analytical Solution) (Numerical Integration) (Absolute)
25 C414S- 1.204633966 1.204714503 0.00669%
75 ISI;S off, 1.204521709 1.204612409 0.00753%
125 | PO aman 1.20402808 1.204174467 0.01216%
25 C414S- 1.208127289 1.209583193 0.12036%
75 IS%S on, 1.210210402 1.206259534 0.32753%
125 | MO Taman 1.201107219 1.201854501 0.06218%
25 C4LA+S: 1.206530279 1.208975009 0.20222%
75 ISRS on 1.190694093 1.202299881 0.96530%
+ 3 Pumps
125 1.154947124 1.176565479 1.83741%
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Table 7: Comparison of analytical solution and numerical integration K.

Kwmcr Ky Relative Error
ncur | SPP case
(Analytical Solution) | (Numerical Integration) (Absolute)
25 C4+L+S: 1.214549419 1.21463619 0.00714%
75 | ISRSoff, 1.214647436 1.214745976 0.00811%
no Raman
125 1.215027982 1.215187256 0.01311%
25 C414S- 1.207602861 1.209017475 0.11701%
75 ISIES on, 1.217764274 1.213477224 0.35329%
125 | MO aman 1.217782883 1.218723667 0.07719%
25 CAL4S: 1.206533399 1.208428876 0.19658%
75 ISRS on 1.19926876 1.209537213 0.84896%
+ 3 Pumps
125 1.170518809 1.191880579 1.79227%

The validation results for the low-dispersion and low symbol rate test scenario further
confirm the high accuracy and robustness of our analytical solution. In the two more
benign scenarios, ISRS off/no Raman and ISRS on/no Raman, the relative errors for all
three kernels (Kscr, Kxcr, and Kyep) remain very low, with the maximum error observed
being below 0.36%. Even in the most complex scenario (ISRS on + 3 Pumps), the an-
alytical solutions remain highly accurate. The maximum relative error for all kernels is
contained below 2%, specifically observed as 1.98081% for Kscy, 1.83741% for Kxc, and
1.79227% for Kycr (all at neyr = 125).

Under the current low-dispersion conditions, the MCI effect is no longer negligible. A key
observation is that for all three chosen ncyt channels, the values of all three interference
kernels (Kscr, Kxcr, and Kycr) are nearly identical. The reason is that when both the
dispersion and the channel bandwidth are very low, all chosen ncyr and their nearest
neighboring channels fall within the slow-decay regime. This results in their respective
decay characteristics being very similar, which, in turn, explains why the values of K¢y,

Kxcr1, and Kycr are close to each other.

S5 Extensions and Applications

Through the tests above, we demonstrate that our closed-form solutions are accurate, com-
putationally efficient, and robustly applicable to all kinds of context in ultra-wide band and
long-haul optical fiber transmission system. Building upon the general closed-form solu-
tion for the NLI kernel derived in this thesis, future work will first focus on achieving full

support for the NV, = 9 model. Another crucial future task is optimizing the code structure
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and quality to meet the demands of real-time computation. The current implementation
already utilizes C/MEX files to link our derived analytical solution with the MATLAB
environment, serving as the essential first step toward the ultimate goal of achieving a
real-time MEX code deployment. Performance analysis indicates that the primary bottle-
neck for the current computational speed lies in the implementation of the hypergeometric
function, specifically the significant overhead introduced by calling MATLAB’s built-in
function from the C/MEX file. Therefore, a core optimization strategy is to implement a
native, high-efficiency hypergeometric function algorithm within the C/C++ environment,
thereby eliminating the performance bottleneck associated with cross-environment calls.

This optimization is critical as it will unlock the full potential of the P-CFM framework.

Through the polynomial representation of the channel’s spatial power profile, the P-CFM
can accurately model complex physical scenarios that were difficult to handle reliably
with previous approximations, such as systems involving backward Raman amplification,
significant inter-channel stimulated Raman scattering (ISRS), low dispersion, low-loss
fibers, and lumped loss conditions. Consequently, by providing a true real-time compu-
tational engine for this powerful and versatile model, these optimizations will enable its
direct application in the real-time performance monitoring of dynamic optical networks,
advanced routing and spectrum allocation algorithms, and the design and planning of
next-generation ultra-wideband long-haul systems, thus realizing its maximum practical

value.

6 Conclusion

The foundational work of this thesis is a series of mathematical transformations designed
to simplify the complex kernel integrals for SCI, XCI, and MCI. Through this process,
we successfully decomposed these integrals into a weighted sum of more fundamental,
real-valued terms, namely 7, and [,,,,. This decomposition was the critical first step
that enabled the derivation of a general closed-form solution. To this end, we constructed
a unified integral paradigm and leveraged optimized symbolic computation strategies,
ultimately yielding a complete analytical expression for polynomial power profiles up to
the seventh order (N, = 7).

A key strength of this approach is its generality; the derived analytical expressions are
applicable to all interference types (SCI, XCI, and MCI) and across all physical scenarios.
Crucially, they are robust enough to accurately model the complex physical conditions
inherent in modern ultra-wideband long-haul systems, such as those with significant inter-

channel stimulated Raman scattering (ISRS) and backward-pumped Raman amplification,
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which were difficult to handle reliably with previous methods.

By converting computationally intensive integrals into rapidly evaluable analytical formu-

las,

this research provides the direct means to construct a practical and efficient Polyno-

mial Closed-Form Model (P-CFM). This work therefore provides the crucial mathemati-

cal groundwork for high-fidelity, real-time physical-layer modeling, which is essential for

the intelligent control and optimization of future dynamic and ultra-wideband long-haul

optical transmission systems.
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