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Abstract

Oxygen is essential for brain function, as neurons have very high metabolic demands
and even small changes in oxygen availability can affect their activity. The brain
relies on a dense microcirculation network to deliver oxygen efficiently to all regions.
Despite years of research, the understanding of oxygen transport in the brain
remains limited. Computational modeling has become an important tool to explore
these mechanisms and provide insights that experiments alone cannot deliver.

A key element in oxygen transport is the exchange of oxygen between red blood
cells (RBCs) and plasma, quantified by the mass transfer coefficient (MTC). The
MTC determines the rate at which oxygen moves from RBCs to plasma, thereby
influencing tissue oxygenation. While often assumed constant, studies by Liicker
[1] and Vadapalli et al. [2] showed that it varies with hematocrit and oxygen
saturation. Accounting for this variability in models enhances their accuracy and
better reflects the biological reality of oxygen transport. The aim of this project
is to investigate the impact of MTCs on oxygen transport in the brain. Initial
findings on the connections between MTC, hematocrit, and oxygen saturation were
derived from published studies and subsequently incorporated into a pre-existing
computational framework for cerebral oxygen transport.

The numerical study followed a stepwise approach. Simplified test cases were
first used to isolate the effect of variable MTCs, facilitating the evaluation of their
direct impact on intravascular oxygen exchange. Subsequently, the model was
applied to a realistic microvascular network containing approximately 950 vessels
embedded in a cubic tissue domain of 400 pum side length, representing a small
region of the somatosensory cortex of a mouse. This allowed assessment of how
MTC variability shapes both vascular oxygen distribution and tissue oxygenation
under more complex and physiologically realistic conditions.

Results indicate that accounting for MTC variability improves the fidelity of oxy-
gen transport predictions, particularly in regions with low hematocrit. Introducing
variable MTCs increased the spatial heterogeneity of tissue oxygenation, leading to
local differences of up to 20-25 mmHg and average variations of about 2-3 mmHg
relative to the constant formulation. The Liicker and Vadapalli models produced
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consistent and physiologically grounded predictions, with Liicker providing the best
trade-off between accuracy and computational cost.

In conclusion, this project extends existing models by introducing a variable
formulation of the MTC. The work highlights the importance of considering mi-
crovascular heterogeneity and shows its impact on predictions of oxygen dynamics.
These findings improve the ability to model cerebral physiology and may also
support the study of pathological conditions where oxygen supply is impaired.
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Nomenclature

This section lists the main symbols and abbreviations used throughout the thesis.

Notation

A Cross sectional area
C Oxygen concentration

Co Oxygen binding capacity

Dr Diffusion coefficient of the tissue
D Vessel diameter

H, Discharged hematocrit

H, Tube hematocrit
K Dissociation rate constant

Fecen Mass transfer coefficient

kr, Mass transfer coefficient function by Liicker
kv Mass transfer coefficient function by Vadapalli
kc Constant mass transfer coefficient value
L Length

My Oxygen consumption rate
n Hill exponent
P Hydraulic pressure
P Oxygen partial pressure
Prpc 50 Oxygen partial pressure at half hemoglobin saturation
Pr 50 Oxygen partial pressure at half consumption
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q flow
R Hydraulic resistance
S Saturation
v Velocity vector
u Average vector
o} Oxygen solubility
0 Surface to volume coefficient
0 Viscosity
p Density
o Oxygen permeability
Abbreviations
MVN Microvascular network
MTC Mass transfer coefficient
PO, Oxygen partial pressure
RBC Red blood cell
SV Single vessel
Subscripts
(‘)rBC Refers to the red blood cell phase
() Refers to the plasma phase
()r Refers to the tissue domain
()p Refers to the blood
(v Refers to the vessel

(Jins (Jous  Inlet and outlet quantities
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Chapter 1

Introduction

To better understand the topic of this work, this first chapter provides a general
introduction to the importance of oxygen for the body and its modeling in current
literature.

Among the many organs that rely on oxygen, the brain stands out as one of the
most demanding. Indeed, the brain consumes a significant amount of oxygen, using
approximately 20% of the total oxygen supply of the body, despite representing
only about 2% of body weight [3]. This high demand arises from the critical role
of oxygen in generating energy via glucose oxidation. This energy is essential for
supporting brain functions such as neuronal activity, maintenance of ionic gradients
across cell membranes, and transmission of electrical impulses [4]. Despite its
high oxygen demand, the brain has minimal storage capacity, making it extremely
susceptible to disruptions in oxygen delivery. Such disruptions may occur due to
various pathological conditions, including vascular occlusions and impaired blood
flow regulation. In the case of stroke, irreversible injury to brain cells can occur
within minutes due to oxygen deprivation. Variations in oxygen concentration are
a major factor in numerous diseases and conditions, such as hypertension, diabetes,
heart failure, respiratory failure, and traumatic injuries [1].

To better understand the nature of these diseases, it is crucial to complement
theoretical knowledge with in-vivo measurements of oxygen concentration. Yet,
obtaining reliable data in living systems is challenging due to several factors,
such as the intrinsic limitations of current imaging methods, the difficulty of
isolating specific microvascular changes from systemic responses, and the inherent
biological variability of living tissue. These challenges, together with the high
cost and complexity of experiments, make computational modeling an important
complementary tool for investigating oxygen dynamics under controlled conditions.



Introduction

To understand both the experimental observations and the modeling approaches,
the next section provides a comprehensive overview of oxygen delivery to the
brain, covering the main biological mechanisms as well as the associated modeling
concepts.

1.1 Oxygen delivery to the brain

Oxygen delivery to the brain is a complex physiological process involving multiple
biological structures and mechanisms. This section outlines the key components
that govern oxygen transport at both the macroscopic and microscopic scales. It
begins with an overview of the brain’s vascular architecture and the role of blood
in carrying oxygen. Then, it focuses on the mechanisms of oxygen transport across
the vasculature and the brain parenchyma.

1.1.1 Brain vasculature

Efficient oxygen delivery to the brain relies on its complex vascular network, as
blood is the primary carrier of oxygen throughout the body. The human circulatory
system comprises different types of vessels with complementary functions. Arteries
transport oxygenated blood away from the heart towards tissues, while veins return
deoxygenated blood back to the heart. The microcirculation refers to the network
of vessels with diameters below 0.1-0.2 mm. Within this network, small arteries
and veins are termed arterioles and venules, respectively, and they regulate the
distribution of blood flow into the capillary beds where exchange takes place.
Capillaries are the smallest vessels, with diameters ranging from approximately 4 to
9 pm in humans [5] and they connect the arterial and venous systems. Despite their
size, they play a central role in oxygen delivery: their extremely thin endothelial
walls enable the exchange of gases and nutrients.

The brain receives its blood supply from paired arteries on either side: the
internal carotid artery and the vertebral artery. These arteries converge to form a
ring-like structure known as the Circle of Willis (Figure 1.1 (a)), from which the
anterior cerebral artery, middle cerebral artery, and posterior cerebral artery arise.
Further branching of these vessels gives rise to an interconnected network of pial
arteries, which lie on the pia mater, the innermost layer of the meninges.



Introduction

Descending arteries

Figure 1.1: (a) Brain arteries and microvasculature: arteries at the base of the
brain. The arrow point to the Circle of Willis. (Image from [6]). (b) Cortical
vascular architecture. Left: Vascular corrosion cast from the monkey primary
visual cortex (arteries in red, veins in blue) (Image from [7]). Right: Schematic
representation of the cortical vasculature and its key components. (Image from [8])

Penetrating arterioles descend through the pia mater into the cortical grey
matter, where they branch into tree-like structures that ultimately feed into the
capillary bed, a dense network of deeply interconnected tiny vessels. Following
exchange within the capillary bed, blood is then collected by ascending venules,
which drain into the pial veins. Finally, oxygen-depleted blood returns to the
heart through the venous circulation [6]. The organization of penetrating arterioles,
capillaries, and venules in the cortical vasculature is illustrated in Figure 1.1 (b).

1.1.2 Blood

Blood itself is a suspension composed of a liquid and a solid phase. The liquid
component, called plasma, makes up approximately 55% of the total blood volume.
The solid phase consists of three main types of cells: red blood cells (RBCs), which
are the most abundant and constitute about 44% of blood volume; white blood
cells (approximately 1%), which are involved in the immune system; and platelets
(around 1%), which play a critical role in blood coagulation [9]. The most important
cells for oxygen transport are the RBCs, as they contain hemoglobin, a protein
composed of four subunits (two « and two ). Each subunit carries a heme group
with a central iron atom that binds oxygen. So each hemoglobin molecule can bind
up to four oxygen molecules, and the fraction of hemoglobin binding sites occupied
by oxygen is referred to as oxygen saturation [10]. The latter is a key physiological
variable that reflects how much oxygen is being carried by hemoglobin relative to
its maximum capacity. Saturation plays a central role in determining the oxygen
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content of the blood and the ability of RBCs to release oxygen to the surrounding
tissues.

Understanding blood composition is crucial for identifying the main components
of oxygen transport, but this structural knowledge alone is not sufficient. Oxygen
delivery also depends on how its carriers move within the vascular network. RBCs,
beyond their role as oxygen carriers, also shape microcirculatory blood flow. In
large vessels, they usually preserve their biconcave disk shape (7-8 pm in diameter
and 2 pm thick), which ensures a high surface area-to-volume ratio for gas ex-
change and provides flexibility in flow [11]. Under these conditions, their influence
on the overall hemodynamics is often negligible. In contrast, in capillaries with
diameters comparable to or smaller than a RBC, their role becomes dominant. To
pass through such narrow vessels, RBCs deform into axisymmetric, parachute-like
shapes. They also migrate toward the vessel center, creating a plasma layer near
the walls (the cell-free layer), which reduces flow resistance and affects interac-
tions with the endothelium (this phenomenon is illustrated in Figure 1.2). This
deformation, together with their high concentration, profoundly affects local flow
patterns, velocity profiles, and pressure distribution, highlighting their active role
in microvascular hemodynamics [12].

Studying blood flow dynamics, especially in the microcirculation, is therefore
essential to capture the processes that govern oxygen distribution. To achieve a
quantitative understanding of these dynamics, appropriate modeling approaches
are required, as discussed in the following sections.

1.1.3 Blood flow modeling

Blood is frequently modeled as an incompressible, homogeneous, Newtonian fluid
(e.g., [14], [15]). To properly characterize the flow regime, several dimensionless
numbers must be considered. The Reynolds number [16] quantifies the ratio between

inertial and viscous forces: D
Pl

Re = ,
Kb

where p; is the blood density, u the characteristic velocity, D the vessel diameter,
and 1, the dynamic viscosity. In cases such as the microcirculation, this number is
typically very low (Re < 1), indicating that inertial effects are negligible. As a
result, the flow can be accurately described by the Stokes eqs.. The Womersley
number [17] is defined as:

wWPp
Wo=r,—,

2

with 7, being the vessel radius and w the angular frequency of the cardiac cycle.
This number quantifies the importance of pulsatile effects relative to viscous forces,
is small in microvasculature networks. This implies that the pulsatile nature of
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Plasma

Lateral migration RBC flux partition

of cells away from

vessel walls o
Lateral migration

of celis away from
vessel walls

Cell-free layer

Figure 1.2: Schematic illustration of RBC lateral migration and the formation
of a cell-free layer in microvessels. Due to hydrodynamic interactions, RBCs tend
to migrate toward the center of the vessel, creating a plasma-rich layer near the
vessel walls. At vascular bifurcations, RBCs partition unevenly between branches,
with some branches carrying mainly plasma (plasma channel) and others showing
single-file motion of RBCs. This partitioning affects the distribution of RBCs and
plasma throughout the microcirculatory network. (Image from [13])

blood flow induced by the cardiac cycle can be neglected. This supports the use
of steady-state flow egs.. The Dean number [18] characterizes the influence of
curvature, specifically the ratio between centrifugal and viscous forces in curved

vessels. It is defined as:
D
De=R
c 6\/ 2r,’

where r. is the radius of curvature of the vessel centerline. In microvessels, the
Dean number is small, suggesting the impact of vessel tortuosity on flow dynamics
can also be neglected. Vessels are usually modeled as rigid tubes with a no-slip
boundary condition applied at the walls. Moreover, it is commonly assumed that
vessels have a circular cross-section along their length, allowing the flow to be
treated as axisymmetric [19].

Under these assumptions the flow within each vessel can be modeled as fully
developed Poiseuille flow in rigid, cylindrical tubes (see Section 2.1 for the detailed
mathematical formulation).
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The effect of the red blood cells

As outlined previously, when the vessel diameter is comparable to the size of an
RBC, these cells no longer behave as passive oxygen carriers, but actively shape
the hemodynamics of microcirculatory flow. In particular, their deformation and
lateral migration modify the velocity profile: instead of the Poiseuille flow observed
in cell-free plasma, the presence of RBCs leads to a Couette-like flow, which allows
for a description of the cell-free layer present near the vessel walls [12] (see Figure

1.3).

Poiseuille flow Couette flow

==

- = »

= -
=

Figure 1.3: Comparison between Poiseuille flow and Couette flow: Poiseuille flow
(left) shows a parabolic profile typical of a plasma vessel, while Couette flow (right)
illustrates the effect of RBCs on the flow profile. (Image from [12])

The resulting reorganization of the flow has profound implications for microvas-
cular physiology, affecting shear stresses, hydraulic resistance, and solute transport.
These flow alterations are captured by three well-established effects:

o the Fahreus effect,

o the Fahreus—Lindquist effect,

o the phase separation at vascular bifurcations.

A proper description of blood flow in the microcirculation therefore requires a
systematic analysis of these effects, which are addressed below.

Fahraeus effect

The first of these effects is the Fahreeus effect, which describes how the distribution
of RBCs within small vessels modifies the relationship between the local and
systemic hematocrit. In order to understand the concept behind this effect, the
definition of hematocrit must be introduced. The hematocrit is generally defined
as the volume fraction of blood occupied by RBCs. In 1929, Robin Fahraeus,
experimentally observed that the hematocrit measured within narrow blood vessels

6
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is lower than the hematocrit of the same blood sample measured in a reservoir. This
phenomenon, known today as the Fahraeus effect, arises from the axial migration of
RBCs toward the center of the vessel, which leaves a cell-free plasma layer near the
vessel walls. As a result, the average concentration of RBCs within small vessels
(the tube hematocrit, H;) is reduced compared to the hematocrit of blood entering
or exiting the vessel (the discharged hematocrit, H;). A representation of these
two concepts can be seen in Figure 1.4.

Figure 1.4: Visualization of discharged and tube hematocrit. (Image from [12])

The relationship between H; and Hy is given by:

Hy= P2, (1.1)
u

where ugpe is the average velocity of the RBCs and w is the average velocity of
the blood [12].

Féahraeus observed that Hy < H,, which, according to eq. (1.1), implies that
urpc > u. This reflects the fact that RBCs, are predominately in the center of the
vessel where the flow is faster, so the average velocity of the RBCs is higher than
the velocity of the blood itself.

An empirical relationship between H, and H, was obtained by Pries et al. [20]
based on experimental data from human RBC suspensions perfused through glass
tubes of varying diameters:

H,

= Hy+ (1= Hy) (1+1.7¢*P = 0.6¢77) . (1.2)
Hy
where D is the vessel diameter. The coefficients o and [ are constants with values
a=—0.415pum~! and B = —0.011 gm~*. This empirical relationship was derived
from in-vitro experiments using glass tubes with diameters ranging approximately
from 3 to 100 pm, which correspond to the physiological range of microvessels
(capillaries, venules, and arterioles). A graphical illustration of eq. 1.2 is shown in
the upper panel of Figure 1.5.
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Fahraeus—Lindqvist effect

Closely related to the Fahreeus effect is the Fahreeus—Lindqvist effect, which
describes how the apparent viscosity of blood depends on vessel diameter and
hematocrit. In small microvessels, RBCs migrate toward the center, creating a
plasma layer near the walls that reduces flow resistance compared to a homogeneous
suspension.

Experimental studies by Pries et al. [20] showed that the apparent viscosity
depends strongly on both the discharge hematocrit H; and the vessel diameter
D. 'This relationship, depicted in the lower panel of Figure 1.5, reveals that
the relative viscosity increases exponentially with hematocrit in larger vessels
(D > 15 um), while for smaller diameters (D < 5 ym) the dependence on hematocrit
is approximately linear. The observed behavior arises from the interplay between
RBC deformation, axial accumulation, and interactions with the vessel wall.

The Fahraseus—Lindqvist effect therefore represents a fundamental mechanism gov-
erning microcirculatory flow, ensuring efficient capillary perfusion despite elevated
hematocrit and the narrow dimensions of microvessels.

Phase separation

Phase separation is an important phenomenon to consider when describing microcir-
culatory blood flow, as it influences the distribution of RBCs at vessel bifurcations
and thereby affects local hematocrit and oxygen delivery. In the microcirculation,
when a parent vessel splits into two branches, RBCs do not necessarily distribute
proportionally to the volumetric blood flow in each branch; this non-uniform
partitioning is known as phase separation. Figure 1.2 shows this phenomenon’s
bifurcation graphically.

The primary mechanism underlying this behavior is the Zweifach—Fung effect:
RBCs tend to preferentially enter the branch with higher flow. This tendency arises
from the deformation and alignment of RBCs along the flow direction, as well as
from their axial migration within the parent vessel. Consequently, the higher-flow
branch receives a greater fraction of RBCs, while the lower-flow branch draws
proportionally more plasma from the near-wall regions and receives fewer RBCs.

In very large vessels (diameter D > 30 pum), phase separation is negligible and
both RBC and plasma phases behave similarly. In vessels smaller than the size of
an RBC, the separation approximates a step function: if the fractional flow into
a branch is below 50%, essentially no RBCs enter that branch; if it exceeds 50%,
the majority of RBCs follow that path. For intermediate vessel diameters, the
transition is smoother and can be empirically described by an S-shaped function,
as proposed by Pries et al. [20].
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Figure 1.5: Both panels show empirical relations from [20]. Upper panel: Graph
showing the Féahreeus effect. The ratio between tube hematocrit (H;) and discharge
hematocrit (Hy) versus tube diameter. Lower panel: Graph showing the Féahraeus-
Lindqvist effect. Apparent blood viscosity divided by plasma viscosity (relative
apparent viscosity) versus tube diameter.

In summary, RBCs profoundly influence the rheological properties of blood
and its spatial distribution in microvessels, both of which critically affect oxygen
transport and delivery.

1.1.4 Oxygen transport in the brain

After being transported by the blood flow and carried within RBCs, oxygen
must leave the vascular compartment and reach the surrounding tissue in order to
oxygenate the cells. This step marks the shift from transport along the microvascular
network to exchange across the capillary wall. Through this process, RBC dynamics
are directly coupled with the continuous metabolic demands of neuronal tissue,
whose activity strongly depends on oxygen availability.
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Once released from hemoglobin, oxygen can exist either unbound within RBCs
or dissolved in plasma. A continuous exchange between these two fractions occurs
as oxygen molecules dissociate from hemoglobin and enter the dissolved phase. To
reach the tissue, oxygen must cross two main barriers: the RBC membrane and
the capillary wall, beyond which it becomes available for cellular processes.

Due to the dense network of microvessels in brain tissue, the total surface area
available for oxygen exchange across the capillary wall between the vasculature
and the surrounding tissue far exceeds that of the arteries and veins of the macro-
circulation. This high microvascular density ensures a sufficiently large exchange
surface.

Oxygen exchange occurs mainly by diffusion, a passive process driven by the
random motion of molecules. In the presence of a concentration gradient, molecules
move from regions of higher concentration to regions of lower concentration. This
behavior is described by Fick’s first law, which states that the diffusive flux is
proportional to the concentration gradient, with the diffusion coefficient as the
proportionality constant. In this specific scenario neuronal cells, through their
metabolic consumption of oxygen, locally lower the partial pressure, creating a
gradient that promotes the flow of oxygen from the microvessels to the tissue. The
small size and non-polar nature of oxygen allow it to cross both RBCs and vascular
membranes with little resistance.

The amount of oxygen delivered to the cells directly influences oxidative
metabolism and ATP production. Under aerobic conditions, a single glucose
molecule yields more than 30 ATP molecules, compared to only 2 produced un-
der anaerobic conditions. When tissue partial pressure is sufficient, the oxygen
consumption rate is mainly regulated by the availability of ADP, reflecting the
metabolic demand. Conversely, under conditions of low partial pressure, consump-
tion becomes limited by oxygen supply and progressively decreases toward zero [1].

In summary, oxygen delivery to brain tissue depends on a complex interplay be-
tween RBC dynamics, diffusion through various compartments, and local metabolic
demand.

1.2 In-vivo experiments and in-stlico simulations

Computational models provide a powerful framework to investigate oxygen trans-
port in the brain. Their predictive accuracy depends on experimental data for
validation and parameterization. Therefore, a comprehensive understanding of
microvascular oxygen transport requires integrating insights from both in-silico
simulations and in-vivo measurements.
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Direct measurements in humans are severely limited by ethical and technical
constraints. As a result, detailed studies of the cortical microvasculature are
typically performed in animal models, particularly mice, whose cortical networks
share key structural and functional similarities with humans [21]. To probe oxygen
dynamics, different imaging modalities are employed depending on the experimental
or clinical context.

Two-photon microscopy and blood-oxygen-level-dependent functional magnetic
resonance imaging (BOLD fMRI) are among the most widely used techniques.
Two-photon microscopy enables deep imaging of cortical microvasculature at single-
capillary resolution [22]. This technique provides extremely high spatial resolution
but is limited to small fields of view, typically in the micrometer range. On
the other hand, BOLD fMRI measures changes in the magnetic properties of
hemoglobin, providing an indirect readout of local neural activity and vascular
oxygenation [23]. BOLD fMRI is able to cover the entire brain, but at a lower
(usually millimeter-scale) resolution. These techniques operate at much larger
scales, creating a significant imaging gap. Bridging these scales experimentally
remains a considerable challenge.

In addition, in-vivo experiments often face difficulties in isolating and manip-
ulating specific vascular components without inducing systemic effects, which
complicates the study of microvascular alterations such as capillary occlusions or
density changes. For instance, recent work by Condrau et al. [24] demonstrates
the induction of microstrokes using optical methods, but highlights the difficulty in
measuring oxygen levels and monitoring adjacent areas simultaneously.

These limitations highlight the complementary role of in-silico modeling, which
allows to investigate the effects of individual variables and mechanisms in a con-
trolled, reproducible environment. For example, simulations can evaluate oxygen
delivery under varying flow conditions or isolate the impact of a single occluded
capillary, free from the physiological noise present in biological systems.

However, accurately modeling oxygen transport is challenging due to the complex,
three-dimensional geometry of the capillary network, which is highly interconnected
and spatially heterogeneous. This complexity spans multiple spatial scales from the
whole brain (centimeters) to cortical regions (millimeters), individual capillaries
(~ 100 gm), and down to RBCs (~ 10 um). Achieving high fidelity across these
scales increases computational cost, requiring a balance between accuracy and
feasibility.

1.3 History of oxygen transport modeling

In this section, the most important steps of the history of oxygen transport mod-
eling are highlighted. A summary of the main governing eq. is also provided
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to illustrate the progressive refinement of modeling approaches from simplified
analytical formulations to complex computational frameworks.

The first model for oxygen transport dates back to the work of August Krogh
in 1919 [25]. Krogh considered muscle capillaries parallel to muscle fibers and
represented the surrounding tissue with an ideal cylindrical domain, now known as
Krogh’s cylinder. He derived the radial steady-state diffusion eq.:

1d (dPr\ _ M
rdr dr ) Dyar’

(1.3)

where Pr is the tissue oxygen partial pressure, Dt the diffusion coefficient, ar the
solubility of oxygen, and M, the tissue oxygen consumption rate. With boundary
conditions Pr(r,) = P, at the capillary wall and Pr(rr) = P.; at the outer tissue
boundary, integration gives the Krogh—FErlang eq.:

MO T
Pr(r)=P, —<T2—7’2+2r21n>. 1.4
R G b (14)
This expression determines the minimum capillary oxygen tension required to
sustain tissue metabolism.

For nearly fifty years after Krogh’s work, most models assumed that the resistance
to oxygen transport was dominated by the tissue, neglecting intravascular gradients.
This view changed with Hellums (1977) [26], who emphasized the discrete nature
of RBCs. By modeling oxygen transport in plasma and across the RBC membrane,
he introduced the concept of intravascular resistance, demonstrating that up to
50% of the total oxygen transport resistance could arise within the capillary itself.
This work established that the oxygen flux from the RBCs is governed by a partial
pressure difference and a mass transfer coefficient. This relationship was formalized
in a subsequent model by Hellums [27] using the eq.:

J: km<Ppl_PRBC)7 (15)

where J is the oxygen flux, P, and Prpc are the oxygen partial pressures in plasma
and inside the RBC, respectively, and k,, is the membrane mass transfer coefficient.

In the following decades, numerous studies examined the other assumptions of
Krogh’s model, leading to various extensions still based on the original cylindrical
geometry. These extensions incorporated factors such as convective transport,
axial diffusion, diffusion facilitated by hemoglobin and myoglobin, time-dependent
transport, oxygen consumption, oxygen-hemoglobin kinetics, and the influence of
carbon dioxide [28].

12



Introduction

A decisive advance in the development of models came with the introduction of
more realistic geometries. Starting in the late 1970s, Popel [29] studied parallel
arrays of capillaries, followed by other authors (e.g. [30], [31]) who highlighted how
heterogeneity in oxygen distribution reduced the average tension in tissues [30] and
how the irregular arrangement of capillaries increased the heterogeneity of tissue
oxygenation [31]. Towards the end of the 1980s, Secomb and Hsu [32] introduced
the first model for microvascular networks without predefined assumptions about
the regions of tissue supplied by individual vessels. Their approach was based
on Green’s functions, which reduced the three-dimensional problem of oxygen
diffusion to a one-dimensional problem along the capillaries. In their later review
[33], the mathematical formulation is presented as follows. The tissue oxygen field
Pr satisfies the steady-state diffusion eq.:

DrarV*Pr = M(Pr), (1.6)

where M (Pr) represents the local oxygen consumption rate. Using Green’s func-
tions, Pr can be expressed as the superposition of contributions from all capillaries:

Pr(x) =Py + q(x') G(x,x") dx/, (1.7)
vessels
where ¢(x’) represents the distribution of source strengths and G(x,x’) the Green’s
function describing the response of the tissue to a point source. This approach
effectively reduces the 3D diffusion problem to a 1D formulation along the vessel
centerlines.

Later, Goldman and Popel [34] proposed a model for oxygen transport from
complex capillary networks based on a finite difference method, further contributing
to the understanding of the effects of vascular heterogeneity. Additional models
then extended the study to arterioles and venules, as described in Goldman’s review
[28].

More recently, the importance of combining computational models with experi-
mental techniques has been emphasized by Liicker [1]. In his work, Liicker proposed
a new computational framework for oxygen transport in the microcirculation de-
signed to fulfill two key requirements. First, the model should take advantage
of two-photon phosphorescence lifetime microscopy to allow a direct comparison
between simulated and experimentally measured oxygen distributions. Second it
provides new insights into the fundamental physics governing oxygen delivery from
capillaries to surrounding tissue. Despite these advances, the framework still relies
on simplifying assumptions, such as neglecting axial oxygen diffusion and using
simplified kinetics between hemoglobin and oxygen, which limit its ability to fully
capture the complexity of microvascular oxygen transport.
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Overall, the progressive refinement of oxygen transport models, from the early
Krogh cylinder to more complex network simulations, has significantly advanced
the understanding of microvascular oxygen dynamics, while highlighting the need
for continued efforts to connect theoretical predictions with in-vivo measurements.

In summary, while in-vivo studies provide valuable insights, computational
models are indispensable for bridging experimental limitations. By complementing
experimental data, in-silico simulations offer a detailed and controlled framework
to explore how vascular structure influences oxygen delivery and neural function
across multiple spatial and temporal scales.

1.4 Thesis Objectives and Structure

While mathematical models are essential tools for studying cerebral oxygen trans-
port, their accuracy depends on the realistic parameterization of key physiological
processes. This thesis focuses on improving one such critical parameter: the mass
transfer coefficient (MTC), a factor governing the rate of oxygen release from RBCs
to plasma. A detailed description of the MTC and its role in oxygen transport will
be provided in Chapter 3.

The primary objective is therefore to derive relationships for the MTC from
literature data and to integrate a variable formulation that accounts for local
variations in hematocrit and oxygen saturation, moving beyond the assumption of
a constant value.

To systematically address this goal, the thesis is structured as follows:

o Chapter 1 establishes the biological foundations of cerebral oxygen transport
and gives a general introduction on the modelling.

o Chapter 2 introduces the mathematical modeling framework for the oxygen
transport.

o Chapter 3 details the derivation of the variable MTC formulation from
published data.

o Chapters 4-5 present the simulation setup, results, and discussion, evalu-
ating the model’s performance in both simplified test cases and a realistic
microvascular network.

e Chapters 6 provides conclusions, limitations, and future perspectives.

This structured approach aims to provide a more physiologically realistic repre-
sentation of oxygen exchange in cerebral microcirculation.
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Chapter 2

Mathematical Model for
Oxygen Transport

In this chapter, the mathematical model for oxygen transport in cortical microvas-
cular networks is presented. The model was developed as part of the PhD thesis
[35] of the candidate, Gaia Stievano, a doctoral researcher at the University of Bern,
under whose supervision this work was carried out. The formulation builds on
hemodynamic theory for microcirculation, but introduces simplifying assumptions
to allow tractable simulations of vascular networks while retaining the essential
mechanisms of blood flow and oxygen delivery.

2.1 Blood flow

In the proposed model, blood is treated as a single-phase continuum, where RBCs
are assumed to be homogeneously suspended in plasma. Under this assumption,
blood behaves as a Newtonian fluid with constant viscosity, and RBCs move at
the same velocity as plasma (v = ugrpc = up). Consequently, the Fahreeus effect is
neglected, and the discharge hematocrit H; coincides with the tube hematocrit Hy,
as it can be deducted from eq. 1.1. The Fahrseus—Lindqvist effect and phase sepa-
ration at bifurcations are incorporated according to the empirical laws described in
Section 1.1.3.

As previously mentioned in Section 1.1.3, the flow in the microcirculation is
characterized by very low Reynolds numbers. For instance, the largest Reynolds
numbers occur in the pial vessels, which have a diameter D = 200 pym and velocity
v = 59.9 mm/s [36], giving Re ~ 1.0. While in capillaries (D = 4.0 um [37],
v = 1.0 mm/s [38]) it decreases to Re ~ 4 x 107, Since Re < 1 throughout the
network, inertial contributions can be neglected. In this regime, the Navier—Stokes
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egs. reduce to the Stokes eqs., describing creeping (viscous-dominated) flow of an
incompressible fluid:
V.v=0, (2.1)

~Vp + Vv = 0, (2.2)

where v denotes the velocity vector of the blood, p the hydraulic pressure, and
the dynamic viscosity of blood.

At the level of a single vessel, assuming axisymmetric geometry and fully
developed laminar flow, integration over the cross-section yields the Poiseuille
solution. In this setting, the mass conservation along the vessel centerline s reads:

0

o) r2 Op
95 (Auppu) = ~ s (Avpb&%as> =0, (2.3)

where A, = 7r? is the cross-sectional area, p, the blood density, u the mean velocity,
r, the vessel radius, and p; the blood viscosity.

From this vessel-level description, one can upscale to the entire vascular network.

The volumetric flow rate ¢ in a vessel is therefore expressed analogously to Ohm’s
law:
Pin — Pout
TR
where p;, and po.; denote the pressures at the vessel inlet and outlet, respectively,
and R is the hydraulic resistance of the vessel segment. According to Poiseuille’s
law for laminar flow in cylindrical tubes, the resistance is:

q= (2.4)

4
wr,

R L, (2.5)

with L denoting the vessel length and r, the vessel radius.

This formulation leads to a linear system obtained from mass conservation at
each node, from which pressures and flow rates across the microvascular network
are determined.

2.2 Oxygen transport

Oxygen transport and consumption were modeled in a domain consisting of three
components: RBCs, plasma, and tissue. The interstitial fluid (i.e., the extracellular
fluid that fills the space between tissue cells [39]) is not explicitly modeled, in order
to reduce model complexity while preserving the main features of oxygen transport
in the tissue. The following assumptions were made: oxygen is consumed only in
the tissue; brain tissue is represented as a homogeneous porous medium, which
provides a suitable framework for diffusion analysis; in both plasma and RBCs,
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oxygen is convected by the blood flow. Furthermore, RBCs contain hemoglobin,
which binds oxygen, and therefore the model also accounts for oxygen saturation.

The dissolved oxygen can be quantified by its concentration C' [m* O, m~3] and
oxygen partial pressure (generally denoted by POy but for simplicity of notation
here it is denoted by P), which are related by Henry’s law as

C=aP, (2.6)

where « is the solubility coefficient {m3 O, mmHg ™! m_?’]

The main processes involved in oxygen transport are summarized in Figure 2.1,
where the arrows of different colors highlight the respective mechanisms: grey
for hemoglobin—oxygen reaction kinetics, green for RBC—plasma exchange, purple
for plasma—tissue transport, and blue for oxygen consumption in the tissue. A
comprehensive explanation of these processes is provided below.

Tissue

Figure 2.1: The picture describes the processes involved in the oxygen transport.
The grey arrow represents the Clark term described in (2.8), the green one represents
the Tsoukias rate described in (2.9), the purple one represents the oxygen passing
through the vessel walls (2.13), and lastly the blue one describes the oxygen
consumption (2.14). (Image from [35])
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The first step in describing oxygen distribution is the transition from the bound
form to the unbound form of oxygen in hemoglobin. Hemoglobin saturation, denoted
by S, represents the ratio of oxyhemoglobin concentration to total hemoglobin
concentration.

A complete kinetic description of the reaction between oxygen and hemoglobin
in RBCs would require a detailed scheme such as the four-step Adair model [40].
However, the mathematical complexity of this approach is difficult to justify,
especially since the reaction rates for the four steps are not well known. For this
reason, many previous studies (e.g., [1], [28]) have employed a simpler one-step
approximation [41]. In determining the reaction rate F', the strongest experimental
constraint comes from equilibrium data: at equilibrium (£ = 0), the model must
reproduce the observed hemoglobin dissociation curve. This curve is well described
by the Hill eq.:

PTL
S = RBC 2.7
Plpcso + Phsc’ (27)
where Prpc is the oxygen partial pressure in RBCs, Prpc 5o is the partial pressure
at which hemoglobin is half-saturated, and n is the Hill exponent.
To model the reaction rate when oxygen and hemoglobin are not in equilibrium,
the approach proposed by Clark et al. [41] is followed:

F(S, Prgc) = K <s —(1-29) ( Prec >n> : (2.8)

Prec 50

where K is the dissociation rate constant [s~!]. This process is represented by the
grey arrow in Figure 2.1.

To model oxygen diffusion from RBCs into plasma, Tsoukias et al. [42] introduced
a mass transfer eq. that accounts for the exchange of oxygen across the two phases.
In this framework, the oxygen flux between RBCs and plasma is given by:

jRBC-pl = kcell (PRBC - Ppl) 5 (29)

where jrpc.pl is the oxygen flux per unit surface area, keey ([m3O9s ™' mmHg ™ 'm~2])

is the mass transfer coefficient between RBCs and plasma, Prpc is the oxygen
partial pressure inside the RBC, and P, is the oxygen partial pressure in the
plasma. The green arrow in Figure 2.1 illustrates this RBC—plasma exchange.
From a physiological perspective, this exchange process is crucial because oxygen
must first dissociate from hemoglobin within the RBCs, then dissolve into the plasma
before it can diffuse into the surrounding tissue. The partial pressure difference
between RBCs and plasma drives this transfer, while the mass transfer coefficient
keen represents the efficiency of oxygen movement across the cell membrane and
plasma layer. A detailed analysis of the mass transfer coefficient k. and its
determinants, which is the focus of this work, is provided in Chapter 3.
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Oxygen transport from plasma into tissue across the capillary wall can be formally
derived starting from the Kedem—Katchalsky theory of coupled solute—solvent
transport [43, 44]. In the present model, the convective flux across the vessel wall is
neglected, since no transmural fluid exchange is assumed. Under this assumption,
the transvascular oxygen flux reduces to the purely diffusive:

QC = 27r, K, (CT - Opl) y (210)

where r, is the vessel radius, K is the effective permeability coefficient of the vessel
wall to dissolved oxygen, C7r is the oxygen concentration in the tissue adjacent to
the wall, and (Y, is the oxygen concentration in plasma.

Applying Henry’s law (eq. (2.6)) near the vessel wall, concentrations are related

to partial pressures:
CT = Oy PT, Cp1 = Op] Ppb (211)

where «,, and oy, denote the oxygen solubilities in the vessel wall and in plasma,
respectively.
Following the work of Koch [45], a., = a1 is set and the permeability coefficient

K, as follows: b
K,=(1- U)TW, (2.12)

where Dy is the diffusivity of oxygen in the vessel wall, ¢ is the wall thickness, and
o is the oxygen permeability (o = 0 for a fully permeable wall and ¢ = 1 for an
impermeable wall).

Substituting, we obtain the final expression used in this work:

Go = 2mr, (1 —0) D(;V ap (Pr— Py) . (2.13)
Physiologically, this expression describes the diffusive transport of oxygen dis-
solved in plasma across the capillary wall into the surrounding tissue, driven by the
partial pressure difference between plasma and tissue. The factor (1 — o) accounts
for the hindrance to oxygen diffusion due to the structure of the capillary wall,
while the product Dy oy, reflects both diffusion and solubility properties of oxygen
within the barrier.
Lastly, oxygen reaches the tissue, where it is consumed according to a first-order
Michaelis-Menten kinetics, as originally proposed by Goldman [28]:

Pr

M(Pr) = My——2
(Pr) OPT+PT,50

(2.14)

where M, is the maximal metabolic rate of oxygen consumption, expressed in units
of m®* O, m™3s™!' and Prj is the oxygen partial pressure at which consumption
reaches half of M,.
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This formulation reflects the saturable nature of oxygen consumption by tissue: at
low oxygen levels, consumption increases approximately linearly with the available
oxygen, while at higher levels it approaches a maximum rate, consistent with the
behavior of enzymatic reactions. This process corresponds to the blue arrow in
Figure 2.1.

2.3 The mathematical model

All the processes presented in the previous section are described within the model
proposed by Stievano [35]. In her work, she describes the oxygen transport using
two distinct but interconnected domains: a 1D compartment representing the vas-
culature network, where oxygen is transported by convection along the vasculature,
binds to and unbinds from hemoglobin, and diffuses into the plasma, then a 3D
domain representing the brain parenchyma, where oxygen diffuses and is consumed.
Let A denote the one-dimensional vascular domain, parameterized by s € R, and
by Q the three-dimensional tissue domain, whose points are z € R®. These two
domains interact through the vessel walls, where oxygen is exchanged between
the plasma and the surrounding tissue. A schematic representation of the two
compartments is shown in Figure 2.2.

A

-

5
£ 2 <

'I--."\.

> g %-'t";“
=2 L22S
< g ".1.?1 g
= AN
o @© !
3 ,
T 0 S
v @©
oM >

Figure 2.2: 3D porous domain (brain parenchyma) in which the vasculature is
embedded. (Image from [35])
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In the present formulation, no temporal derivatives appear in the governing
eqgs.. This reflects the assumption of steady-state conditions, under which the
system has reached equilibrium and the oxygen concentrations do not change
over time. This simplification is intentionally adopted to focus on the spatial
distribution and coupling mechanisms of oxygen transport between the vascular
and tissue compartments. Starting from a steady-state framework allows for
a clearer understanding of the main transport and exchange dynamics before
extending the model to time-dependent scenarios.

1D Vascular Compartment

The 1D vascular compartment A is governed by a system of advection-reaction egs.
describing oxygen transport. For all s € A, the governing eqgs. are:

(Apppu) = —% (Avpbgrjb%) =0

(1 — Hy)Ayu o Py) — Ayyjreop = 4o
(HqAyuarpePrec) — HiAyCoF (Pres S) + Avyjraep = 0
(AUU S) + HdAvF(PRB(j, S) =0

(2.15)

FloPlo Flo Pl

Here, the vessel cross-sectional area A,, which appears in all egs., is a geometric
scaling factor.

The first eq., describes the conservation of mass for blood in the vascular
compartment under steady-state and incompressible conditions. It reflects the
assumption of laminar flow and relates the volumetric blood flow rate to the axial
pressure gradient via Poiseuille’s law, as discussed in the previous section.

The second eq. governs the transport of oxygen dissolved in the plasma. The
advective term (1 — Hg)u o Py represents the axial transport of oxygen carried in
the plasma, where Hj is the discharged hematocrit, and «y is the plasma oxygen
solubility. This transport is affected by two source/sink terms: oxygen transferred
from RBCs to the plasma, represented by jrpc.pi, as described in (2.9), and
oxygen loss to the surrounding tissue, captured by the sink term §o, in accordance
with (2.13). The flux jrpcp is multiplied by a geometric factor v, representing the
surface-to-volume ratio of the vessel. This factor has units of [m™!] and converts
the oxygen flux per unit vessel surface into a volumetric source term along the
vessel, ensuring dimensional consistency in the eq..

The third eq. describes the transport of oxygen within RBCs. Oxygen is
carried in RBCs both in dissolved form and bound to hemoglobin. The advective
transport term H,u arpcPrpc accounts for the dissolved component. The source
term HyCoF (Prpc, S) describes the unbinding of oxygen from hemoglobin, where
F(Prpc, S) is a nonlinear function, as described in (2.8), that depends on the
oxygen partial pressure within RBCs Prpc and the hemoglobin saturation S. The
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term jrpc.pl accounts for the flux of oxygen from RBCs into the plasma. Here, Cj
denotes the oxygen binding capacity, i.e., the maximum concentration of oxygen
that hemoglobin can carry within RBCs.

The fourth eq. models the axial evolution of hemoglobin saturation S. The
advective term u .S accounts for the transport of this intracellular state variable
with the blood flow. Since S is a normalized quantity that characterizes each
RBC rather than a concentration, its advection does not scale with hematocrit. In
contrast, the reactive contribution HyF (Prpc,S) is proportional to Hy, because
the total binding and release of oxygen depends on the number of RBCs present.

3D Tissue Compartment

The 3D tissue domain §2 is governed by a diffusion-reaction eq., which models the
distribution and consumption of oxygen within the tissue:

-V (DTCKTVPT) + M(PT) = (qc, (216)

Here, the first term accounts for oxygen diffusion in the tissue, with Dt denoting
the tissue diffusion coefficient and o the tissue oxygen solubility. The second term,
M (Pr), represents oxygen consumption according to the Michaelis-Menten kinetics
presented in (2.14). The source term go captures the oxygen delivered from the
vasculature into the tissue.

A key point in this formulation is the distinction between o and g¢. The term
jc denotes the oxygen flux per unit length exchanged across the vessel wall in the
1D vascular framework, while g represents the corresponding volumetric source
term in the 3D tissue domain.

These quantities are related through a distributional coupling that ensures mass
conservation between compartments, which is proved as follow. Let denote the
subset of tissue points lying on the vascular surface is indicated by 2, C €2. The
mapping s(-) assigns to each point x € , its corresponding vascular coordinate s,
thereby providing a geometric correspondence between vessel and tissue.

The relationship between the volumetric source term in the tissue, g¢, and the
corresponding line source in the vascular network, gc, can then be expressed as:

(2.17)

go(x) = —do(s(z)) da(z) =€ U
qo(r) =0 e\ M

where () is the Dirac delta distribution supported on the vascular centerline A,
defined by the property:

léﬂ@%@ﬂx:Af@MSVﬂ@eL%M. (2.18)
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To ensure mass conservation, the relationship between ¢- and g must satisfy
the following balance for an arbitrary subregion of the domain. Let V C €2 be
an arbitrary subregion of the tissue domain and V4 = V N Q4. The oxygen flux
entering the tissue within V originates from the subset of the vasculature embedded
in it, denoted by £ = s(V). Accordingly, the following relation holds:

/ch(x)dq::/ch(x)lvj\dx:/ﬂqc(x) 1y, (z)dz =

= [ ol ia(0) 1y (2) o = [ ~Ge(s(0) 52(2) 1e(s(a)) o =
Q Q

= [ dc(s) 1e(s)ds = [ ~ic(s)d. (2.19)
A L

Note that by construction, the indicator function 1y, (z) is equal to 1.(s(x)),
since a point x belongs to V, if and only if its associated vascular coordinate s(x)
belongs to L.

This equality shows that the oxygen flux entering an arbitrary tissue subregion
V in the 3D formulation, [, ¢c(z)dz, is exactly equal to the flux leaving the
corresponding portion £ of the vascular network in the 1D formulation, [, —{c(s)ds.
In this way, mass conservation between the tissue and vascular domains is rigorously
ensured, fully consistent with the numerical implementation based on point-source
coupling.

2.3.1 Boundary conditions

For each computational domain, boundary conditions are imposed to represent the
physical transport processes operating at the domain interfaces.

1D Vasculature Compartment

The mass conservation eq. requires boundary conditions for the hydraulic pressure
p. Let OA denote the boundaries for the 1D compartment. Dirichlet conditions are
set:

P = Pbound OIl aA, (220)

where ppoung are prescribed hydraulic on the boundary domain. These values are
assigned based on the work of Schmid et al. [14], with higher pressures at inlet
vessels and lower pressures at outlets.

For the oxygen transport egs., inflow and outflow boundary conditions are
prescribed for plasma, RBCs, and hemoglobin saturation in eqs. 2.21, 2.22 and
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2.23' [45]. Let OA;, and OAyy: denote the inflow and outflow boundaries of the
vascular network, respectively.
For the plasma oxygen partial pressure, Py, the boundary condition is expressed

as:
{85 =4 he ~ on OAout,

aPpl . Ppl,inapl(l_Hd)
g = Qe on OA;,.

(2.21)

At outflow boundaries, the normal derivative of P, is proportional to the local
value of P,. The relationship accounts for the volume flux ¢, which is constant
within each vessel segment and computed from the network flow solution according
to eq. 2.4, the oxygen solubility (o), the local plasma volume fraction (1 — Hy),
and the vascular cross-sectional area (A,). The term &, acts as a coefficient that
converts the pressure-driven transport into an equivalent volumetric oxygen flux
(it has units [m*Oy m~'s~'mmHg']). At inflow boundaries, the condition instead
involves the prescribed inlet plasma oxygen partial pressure Py in, thereby setting
the incoming oxygen content carried by plasma.

Analogously, the oxygen partial pressure in RBCs, Prpc, satisfies:

OPrpc __ ,PrBCcorBCHY

Os - q A’Ué‘RBC on 8[\Out7 (2 22)
OPrec __ ., PrBC.in@rRBCcH4 on A )

as 4 Av€RBC m:

The boundary condition for oxygen bound to RBCs is analogous to that for
plasma. Here, {égpe plays a similar role, scaling the RBC-related oxygen flux to
reflect the effective cross-sectional transport of RBCs. However, the inlet value
Prpc, in 1s not uniform across the network: it is assigned based on vessel type,
with different prescribed values for arteries, veins, and capillaries to reflect their
physiological roles. In capillaries, the inlet RBC oxygen content is further scaled by
the local discharge hematocrit Hy, accounting for the heterogeneous distribution
of RBCs and the resulting variation in oxygen delivery at the microvascular level
(more details are available in Section 4.4).

Finally, the boundary condition for hemoglobin saturation, S, is given by:

{%j ing on aA/\ouin
S

2.23
98 on OA,. ( )

0s — da,¢

The saturation boundary condition follows the same logic, with outflow bound-
aries determined by the local saturation and inflow boundaries set by the prescribed

!These boundary conditions are implemented in the numerical framework DuMu® (see Chapter
Section 4.1 for details) by specifying oxygen fluxes, which the solver interprets mathematically
as Neumann conditions. The coefficients £ ensure dimensional consistency between physical
transport and numerical implementation.
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inlet saturation (Si,). In this case, € is a coefficient with units of effective diffusivity
([m2s7]). It governs the relationship between the convective transport of saturated
hemoglobin and the resulting saturation gradient, thereby controlling the rate at
which saturation equilibrates along the vessel.

This structure guarantees mass conservation and accounts for the physiological
partitioning of oxygen between plasma and RBCs.

3D Tissue Compartment

In the tissue domain €2, homogeneous Neumann boundary conditions are imposed
on the boundary 0€:

VPr-n=0 on 01, (2.24)

where n denotes the normal vector to the tissue boundary. This zero-flux condition
represents an impermeable set up at the tissue boundaries, preventing oxygen
exchange with the external environment. As a result, tissue oxygen dynamics arise
only from diffusion and from exchange with the embedded vascular network.
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Chapter 3

Mass Transfter Coeflicient

This chapter addresses the mass transfer coefficient (MTC), a critical parameter
governing the rate of oxygen release from RBCs to plasma. The primary focus
of this work is to evaluate and implement dynamic MTC formulations within a
computational model of cerebral oxygen transport, moving beyond the common
simplification of a constant coefficient.

The exchange of oxygen between RBCs and plasma is described by eq. (2.9).
According to this formulation, the rate of oxygen exchange is driven by the partial
pressure gradient between RBCs and plasma, (Prpc — P,1), and is modulated by
the MTC keen ([m*Os'mmHg 'm™2]). The ke quantifies the oxygen transfer
efficiency across the RBC membrane and through the surrounding plasma, and it
can be interpreted as the inverse of the intravascular resistance to oxygen transport.
A high value of k.o reflects more efficient transfer, whereas a low value indicates a
more substantial barrier to diffusion.

Building on the biological and mathematical foundations discussed in the pre-
vious chapters, this work now introduces the notations and conventions used
throughout the study:

e keq: Generic mass transfer coefficient

kc: Constant MTC formulation

kr: MTC formulation derived from Liicker [1]

ky: MTC formulation derived from Vadapalli et al. [2]

In many existing models, such as the one proposed by Stievano [35], the MTC
is treated as a constant parameter (kc). However, several studies [1, 2, 42]
demonstrate that k. is a variable parameter, varying with local physiological
conditions like hematocrit and oxygen saturation. This work specifically investigates
the formulations k£, and k-, which express the MTC as a function of these variables.
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The core objective is to analyze how these variable MTCs influence oxygen
transport heterogeneity. To this end, the functions k; and ky were derived from
the literature and implemented into the computational framework described in
Chapter 2. A systematic numerical analysis was conducted, progressing from
simplified scenarios to a realistic microvascular network. This approach allowed
for the isolation of the MTC’s effect and the assessment of its impact on both
intravascular and tissue oxygen distributions.

The results provide new insights into the coupling between microvascular hemo-
dynamics, oxygen release kinetics, and tissue oxygenation. Incorporating a physio-
logically grounded, variable MTC enhances the model’s biological fidelity and its
ability to simulate cerebral oxygenation in both health and disease.

3.1 MTCs in literature

Early models of microvascular oxygen transport, such as those proposed by Gold-
man et al. [19], adopt a simplified approach in which the oxygen partial pressure is
assumed to be uniform across the entire blood compartment. This simplification
effectively eliminates the need to consider any resistance to oxygen diffusion between
RBCs and plasma, and consequently, it does not include the MTC. Indeed, under
this condition, the gradient of pressure in (2.9) becomes null.

To address these limitations, other models introduced distinct partial pressures
for RBCs and plasma, thereby acknowledging the presence of an intravascular
resistance to oxygen diffusion. In these formulations, the MTC k. is used to
characterize the rate of oxygen exchange across the RBC-plasma interface. Com-
monly, ke is treated as a constant parameter derived from empirical data, such
as in the work by Hellums [27], but this constant approach may still oversimplify
the complexity of the actual physiological environment, neglecting local condition
impact.

An alternative class of models, such as those developed by Popel et al. [46], ex-
plicitly account for the discrete geometry and movement of RBCs within capillaries.
These models describe RBCs as individual entities, often represented as cylinders
traveling through the microvasculature, and explicitly simulate the spatio-temporal
evolution of oxygen exchange. In this context, the overall resistance to oxygen
transport is modeled as a series of components, including the intraerythrocyte
resistance, the plasma sleeve, and the plasma gap. Each component contributes to
the total resistance, and the MTC is defined as the inverse of the total resistance
of the capillary segment. An illustration of the model here presented is reported in
Figure 3.1. Despite their accuracy, such discrete resistance models have a very high
computational cost, for example because they require resolving fine-scale spatial
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gradients of oxygen within and around RBCs, and are therefore usually applied to
single vessel studies or to simplified geometrical configurations. This level of detail,

Lobe ‘ L
e i e ——
'S & “SaSEmmma - * ) S )
/ / [\
I r \
r :/ \l A |
| T°YPY = |
| 7 \ \ z
| | Sk \ \i‘ \ |
\ ,‘J ! \ 7 K
f \L Rl % < .
‘.L 1 \
<k \
S | E— — -
P P

Figure 3.1: Intracapillary geometry proposed by Popel et al. [46], where MTCs
are computed using a series of resistances. (Image from [46])

however, cannot be directly applied to the model presented in Chapter 2, where
RBCs are not represented as discrete entities but rather as part of a continuum
description of the blood phase.

Other models also explore the nonlinear dependence of k. on physiological
variables. For example, the works of Liicker [1] and Vadapalli et al.[2], whose
approaches are particularly relevant for this thesis.

In the work by Liicker [1], the authors investigate the respective roles of hemat-
ocrit, RBC velocity, and RBC flux on tissue oxygenation using a combination of
analytical and numerical models. His results highlight that, for a fixed RBC flux,
an increase in hematocrit leads to a rise in tissue oxygen partial pressure, primarily
due to a reduction in intravascular resistance to oxygen diffusion. One of the key
findings is the significant dependence of the MTC on the hematocrit, especially at
low hematocrit levels as shown in Figure 3.2.

Although the original study focuses on tissue oxygenation and the interaction be-
tween hematocrit and flow, the present work relies only on a subset of their results:
specifically, the relationship between the MTC and hematocrit. The analytical
trend reported in the figures of their paper is used as a functional representation of
keen in the continuum-based model presented in this work.

In the study by Vadapalli et al. [2], the authors developed a detailed theoretical
model to investigate oxygen transport in capillary-sized vessels in the presence
of hemoglobin-based oxygen carriers (HBOCs). Their model explicitly simulates
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Figure 3.2: Mass transfer coefficient k. as a function of tube hematocrit Hy,
reproduced from Liicker et al. [1]. The original linear density axis is omitted as it is
directly related to H; and thus redundant for the analysis. Solid and dashed lines
represent red blood cell velocities (ugpc) of 0.2 mm/s and 2.4 mm/s, respectively.

individual RBCs, represented with realistic parachute-like geometry, and includes
both free and hemoglobin-facilitated oxygen transport, as well as reaction kinetics
in RBCs and plasma, however the authors also present results in terms of MTCs
that relate oxygen fluxes to effective pressure gradients. In this work, the full model
proposed by Vadapalli is not adopted, but rather the empirical trend reported in
the results of the paper, specifically the functional dependence of the MTC on
hematocrit and oxygen saturation (see Figure 3.3).

3.2 MTC Functions

To incorporate variable MTCs (keen) into the oxygen transport model, functional
relationships were extracted from the literature. Specifically, empirical trends were
obtained from figures reported by Liicker [1] and Vadapalli et al.[2], which describe
the dependence of k..; on hematocrit and, in the case of Vadapalli, also on oxygen
saturation. The extracted data were then fitted using analytical functions. The
selection of appropriate functional forms involved testing several candidate eqs.,
with the final choice determined by optimizing the trade-off between fitting accu-
racy and physiological plausibility. Particular attention was paid to maintaining
biologically sensible characteristics, such as positive values and monotonic behavior
where physiologically justified. The resulting functions are discussed in detail below.
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Figure 3.3: Data from Vadapalli et al. [2], showing the variation of ke with
oxygen saturation S for three different values of tube hematocrit: H; = 0.20,
H, =0.30, and H; = 0.40.

3.2.1 Licker

To incorporate the hematocrit-dependent MTC proposed by Liicker [1], the function
ki (H,) is defined as an approximation of the mass transfer coefficient k.. Data
extracted from the publication (Figure 3.2) show the relationship between kj, and
tube hematocrit H,'.

A key limitation of the data obtainable from the published plots is the restricted
range of hematocrit, spanning approximately from H; ~ 0.07 to H; = 0.50. How-
ever, by definition, the tube hematocrit spans the full interval H, € [0.00, 1.00].
Therefore, to define a continuous function over the entire physiological domain,
an extrapolation strategy was required both below and above the range of values

IBefore implementing these functions in the oxygen transport model, it was necessary to
convert the discharge hematocrit values Hy into tube hematocrit H,. Since both Liicker [1] and
Vadapalli et al.[2] express the MTC k.o as a function of Hy, while the present model formulation
is based on the discharged hematocrit Hy.

To ensure consistency between the empirical functions and the model variables, the transfor-
mation was carried out using the empirical relationship proposed by Pries et al. [20], already
introduced in Section 1.1.3 (see eq. (1.2)).
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directly accessible from the plots.

To first reproduce the data within H; € [0.07,0.50], a fifth-degree polynomial
was fitted to the points shown in Figure 3.2. This interpolation provided a smooth
representation of ky,(Hy):

kL(Ht) = (CL5H§) -+ CL4Ht4 + agHE + CLQI{t2 + alHt + CL()) . 1078. (31)

The values of the fitted coefficients a; in eq. (3.1) are reported in Table 3.1.

Coeflicient Value

as —394.354
ay 380.475
as —132.173
as 36.737

a 1.804

ao 0.065

Table 3.1: Fitted polynomial coefficients for ki, (H,).

This polynomial degree was selected as it preserved the monotonic increasing
trend observed in the data throughout the interval, without compromising the
quality of the fit.

At the lower boundary of the domain, the fitted polynomial was also used to
extend the function to H; € (0.00,0.07], exploiting its monotonic behavior for
H; — 0.00. This guarantees both continuity and smoothness in the transition
toward the origin. The polynomial yields a small positive value at H; = 0.00
(kL(0) = ag - 1078 =~ 6.5 x 10710).

While one could, in principle, enforce the physically correct boundary condition
kL (0) = 0 directly within the fitting process, this would have compromised the
quality of the fit in the low hematocrit range (H; € [0.07,0.50]) where data are
available and the numerical stability of the model. The chosen polynomial form,
optimized for the available data range, does not naturally pass through zero.
Therefore, to satisfy both the physical constraint of negligible oxygen exchange
at zero hematocrit and the requirements of numerical stability, the MTC value at
H; = 0.00 was set to:

kL(H; = 0.00) = kro = 107 m*0y s mmHg ' m™2.

This value is two orders of magnitude smaller than the polynomial’s extrapola-
tion and ensures no unphysical oxygen transfer occurs while maintaining solver
robustness.
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Having addressed the lower boundary with the polynomial fit, the next step
was to extend the function beyond the last extracted data point from Figure 3.2
(H; > 0.50). To this end, two extrapolation approaches were considered:

- Constant extension: for H; > 0.50, the value of kf, was held constant and
equal to the value at the last extracted point:

ki(H,) if H, < 0.50,

kCOHSt(H ) — (3‘2)
Lo {kzL(O.E)O) it H, > 0.50,

where ki (H;) is given by eq. (3.1). The constant extension was chosen as the
primary method for extrapolation in this work. By assuming the MTC does not
increase beyond its value at H; = 0.50, the model avoids overestimating oxygen
exchange efficiency at high hematocrit levels where robust literature data for
cerebral capillaries are scarce.

- Tangent extension: for H; > 0.50, the function was extended linearly using
the tangent line at H; = 0.50:

v, (H,) if H, < 0.50,

ktan H —
L (Ho) k1.(0.50) + Kf,(Hy)| - (H; — 0.50) if H, > 0.50,

(3.3)

H¢=0.50

where ki (H;) denotes the derivative of Eq. (3.1). The tangent extension is retained
for sensitivity analysis. This allows quantification of how sensitive the model
predictions are to a potentially increasing MTC beyond the data range, providing
bounds for the uncertainty associated with the extrapolation.

Figures 3.4 and 3.5 show a comparison between the two extension methods
applied to the fitted curve.

Licker - Constant extension
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Figure 3.4: Extrapolation by assigning a constant value for H; > 0.50 according
to Licker [1].
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Figure 3.5: Extrapolation obtained by linear extension of the tangent at H; = 0.50
according to Liicker [1].

An alternative representation of the Liicker data, not used in the main analysis,
is provided in Appendix B.

3.2.2 Vadapalli

The data from Vadapalli et al. [2] were extracted from a figure reporting the MTC
as a function of the saturation for three different values of H;' (see Figure 3.3).
Based on this data, the function ky(H, S) is defined as an approximation of the
mass transfer coefficient keqp.

The original data cover a limited physiological domain, with oxygen saturation
values ranging from S = 0.10 to S = 0.80, and only three discrete values of tube
hematocrit: H; = 0.20, 0.30, and 0.40. However, the full physiological domain is
S € [0.00,1.00] and H; € [0.00,1.00]. To define a continuous and smooth function
across this entire range, a global analytical expression was fitted to the data:

ky(Hy, ) =exp (bo + b1 S + b2S” + by S?) -
(co + ¢ Hy + coSH; + ¢38*H, + 0453Ht) -1078. (3.4)

The coefficients b; and ¢; used in eq. (3.4) are summarized in Table 3.2.

This function ensures non-negative values over the domain and reflects the
trends observed in the data. A visualization of the resulting surface is shown in
Figure 3.6.
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Coefficient Value

bo —1.363 - 10!
by 0.877

by 0.971

bs —3.048

Co 1.000

c1 6.632 - 10°
Co —8.926 - 10°
Cs 3.345 - 10°
cy 4.628 - 10°

Table 3.2: Coefficients for the expression of ky(Hy, S).

Vadapalli
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Figure 3.6: Interpolated surface kv(H;, S) based on data from Vadapalli et al. [2].

The function exhibits a linear increasing trend with respect to H; for fixed values
of S, and a non-linear decreasing trend with respect to .S for fixed H;, as shown in
Figure 3.7.

The analytical expression for ky(H;, S) yields numerically critical values (on
the order of 1071¢) for certain combinations of H; and S, particularly at extremely
low hematocrit or extreme saturation levels. Numerical tests confirmed that such
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Figure 3.7: Behavior of the MTC ky from Vadapalli et al. [2] based on the fitted
analytical expression. (a) Variation of ky with tube hematocrit H; for different
values of oxygen saturation S. (b) Variation of ky with oxygen saturation S for
different values of tube hematocrit H;.

small values cause instability in the simulations. To ensure numerical stability,
such values were bounded from below by imposing a threshold:

]{?\/(Ht,S) = Imax (kv(Ht,S), kvg) (35)
where kv = 1072 m30,s 'mmHg 'm~2.
This ensures that the Tsoukias rate (2.9) remains well-defined across the entire
domain, without significantly affecting the physical interpretation of the model at
low hematocrit or saturation levels.

3.2.3 Biological interpretation

The observed trends of the fitted functions ki, (H;) and ky(Hy, S) are consistent with
physiological mechanisms governing oxygen transport. The increasing behavior
of both functions with respect to hematocrit H; reflects the higher concentration
of RBCs within the vessel. As H; increases, the average spacing between RBCs
decreases, resulting in narrower plasma gaps (regions through which oxygen must
diffuse before reaching the capillary wall). This reduces the diffusion distance and
enhances the efficiency of oxygen release events. This aspect is deeply discussed in
[27].

Conversely, the decreasing behavior of ky with respect to oxygen saturation S
can be attributed to the reduced efficiency of facilitated diffusion by hemoglobin at
higher saturation levels. Near full saturation, most hemoglobin binding sites are
occupied, and the ability of RBCs to store and release additional oxygen decreases.
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Since the facilitated component of oxygen transport depends on the slope of the
oxygen dissociation curve, the overall mass transfer from RBCs to plasma becomes
less effective at high S, thereby reducing the effective MTC. This behaviour is a
consequence of the physiology of oxygen binding: the affinity of hemoglobin for
oxygen changes more sensitively at intermediate saturations, where small changes in
partial oxygen pressure cause large changes in saturation (as can be deducted from
the hemoglobin—oxygen dissociation curve reported in [47]). This high sensitivity
improves facilitated diffusion and thus increases the effective MTC ky.

These dependencies support the use of k,(H;) and ky(H;, S) as functional MTCs
in the model.
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Chapter 4

Simulation Setup

To investigate the influence of different MTC expressions, a series of simulations was
performed. Three different configurations were evaluated: a constant coefficient,
and two empirical functions derived from data reported in the studies by Liicker
and Vadapalli, discussed in the previous chapter. The simulations were designed
to progressively increase in complexity, covering both an idealized and a realistic
vascular configuration.

Specifically, two main scenarios were analyzed. The first consists of a single
blood vessel (SV), representing a simplified configuration that allows isolating
and understanding the local effects of each MTC formulation under controlled
conditions. In this setup, the vessel geometry, flow rate, and boundary oxygen
concentrations were prescribed to reproduce physiologically meaningful conditions
while keeping the system analytically and numerically tractable.

The second scenario involves a realistic microvascular network (MVN), extracted
from the somatosensory cortex of a mouse. This configuration captures the spatial
heterogeneity of vessel diameters, hematocrit distribution, and flow conditions
typical of brain microcirculation, providing a more comprehensive assessment of
how the MTC formulations perform under physiologically realistic conditions.

Both configurations were simulated using the model presented in Chapter 2
and parameter set to ensure a consistent comparison between the different MTC
expressions. The implementation of the governing eqs. and the numerical solution
of the coupled problem were carried out using the open-source framework DuMu®,
whose structure and main features are briefly introduced in the following section.

4.1 DuMu*®

DuMu™ is an open-source framework developed for the numerical modeling of
complex flow and transport processes in porous media. It is based on the DUNE

37



Simulation Setup

framework (Distributed Unified Numerics Environment), an open-source scientific
numerical software framework for solving partial differential eqs. [48].

One of the central features of DuMu™ is the systematic use of the finite volume
method (FVM). This approach ensures local conservation of physical quantities
and robustness in solving strongly coupled balance eqs.. DuMu™ provides three
main variants of the FVM: box method, cell-centered finite volume, and staggered
grid. In this work, the governing eqs. were discretized using the cell-centered finite
volume method. In this scheme, each element of the grid coincides with a control
volume, and the variables are defined at the volume centers [49]. Fluxes across
the cell faces are approximated using the Two-Point Flux Approzimation (TPFA),
which evaluates the transmissibility based only on the values of the two neighboring
cells [49]. This choice ensures computational efficiency on grids. Although TPFA
is less accurate on highly distorted meshes, it represents a standard and reliable
approach for porous media flow problems.

The resulting discrete non-linear system of eqgs. is solved using the Newton
method. In this approach, the governing egs. are implemented in residual form. For
a general non-linear problem F(u) = 0, the residual function r(u) is defined as:

where r : R® — R" is the residual operator, u € R" is the vector of primary
variables, and n is the number of eqs.. The solution strategy aims to find u*
such that r(u*) = 0. Newton’s method iteratively improves an initial guess u’ by
assembling the Jacobian matrix J,(u’) at each iteration i:

() = L (),

where the Jacobian represents the sensitivity of the residual to changes in the
primary variables.
At each Newton step, the linear system:

J,(u') Au’ = —r(u)

is solved for the update Au’, which represents the correction vector. The solution
is then updated using the standard Newton update:

u't! =u + Au'.

The relative shift criterion terminates the algorithm when the solution vector
does not change significantly between iterations. This criterion computes the
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maximum relative difference of any degree of freedom between the current and
previous iteration:
i+1

max J

lu
j=Ln \ max(|uf + u

— |

< €ghift
-0.5,1.0)> fohif

where “3 is the j-th entry of the solution vector at iteration 7, and egp is a user-
defined parameter.

il

To ensure physical consistency of the solution, a chopped Newton method [50] is
employed. The adjective chopped refers to the fact that, during the Newton itera-
tions, the updated primary variables are constrained to remain within physically
admissible ranges (e.g., saturations between 0 and 1). If a Newton update would
drive a variable outside its valid range, its value is “chopped” back to the closest
admissible bound. This strategy prevents the occurrence of non-physical intermedi-
ate states, while preserving the convergence properties of Newton’s method.

In the considered problem, the three-dimensional tissue domain and the one-
dimensional vascular network are treated as two separate subproblems ( Tissue-
TransportProblem and NetworkTransportProblem). Each subproblem defines its
own initial and boundary conditions, as previously discussed in Section 2.3.1, while
the interaction between the domains is handled by a coupling manager [51], which
governs the mass exchange across the vessel wall.

To implement this coupling numerically, the Cylinder Surface Method is used
[52]. Each vessel (denoted with 6) is represented as a sequence of edges i € [1, ..., ng]
(more details on the graph structure of the network explained in Section 4.3). For
each 1D element, denoted by its midpoint \; g, we consider the cylindrical surface
Cy centered at \; g with vessel radius r,. The Cylinder Surface Method identifies
the set of tissue control volumes K, y that intersect this surface; these elements
provide an approximation of the cylindrical tissue region surrounding the vessel.
The local source term is then computed as:

dc,i.0) = Dwopi(1 — o) (P%?(w) - Pph(i,e)) |Col, (4.1)
where Pg(iﬂ) = ﬁ Jc, Pr is the average tissue oxygen pressure along the cylinder
circumference Cy, Py ;) is the plasma pressure at A; g, and |Cy| is the circumference
length. The source term gc,;g) is then obtained distributing §c ;) over the
intersecting volumes K,y to represent the oxygen flux from the vessel to the
surrounding tissue.

In this method, the distribution of Pr inside the cylinder C;y is computed
assuming that the oxygen flux is applied on its boundary. However, the portion of
Cip that overlaps with the vasculature is physically governed by the 1D vascular
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oxygen transport eqs., and therefore this approximation introduces embedding
errors. Nevertheless, these errors remain small in practice, since the overlap region
is significantly smaller than the surrounding tissue volume considered for diffusion.

In this way, the 3D-1D coupling effectively represents the mass flux exchanged
through the vascular surface, enabling a consistent simulation of solute transport
between the vascular network and the surrounding tissue [51].

4.2 Single Vessel

The first simplified scenario was introduced to test and isolate the effects of different
MTCs under controlled conditions. This allowed for a detailed analysis of how each
coefficient influences oxygen transport, without the added complexity introduced
by the network topology.

The geometry considered consists of a single straight cylinder, resembling a
capillary, embedded in a surrounding tissue domain. The vessel has a diameter
of 4 um, a length of 50 um, and is aligned with the depth of a three-dimensional
parallelepiped representing the tissue. The other two lateral faces of the domain
are squared, each with an edge length of 100 um. This configuration ensures that
the vessel is located 50 ym away from the domain boundaries, which corresponds
to the typical diffusion influence range of a single capillary [53]. The geometry of
the simplified configuration is illustrated in Figure 4.1.

Ky 3D: Volume of tissue

100 pm
\_/a 1D: One single

straight vessel

e

Figure 4.1: Schematic representation of the SV simulation domain.
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Since one single vessel is considered, the hematocrit remains constant throughout
the entire 1D domain. As discussed in Chapter 3, the MTC functions may depend
on Hy; therefore, multiple simulations were performed, varying the value of Hy.
For clarity and to avoid redundancy, only the cases with H; = 0.10 (from law (1.2)
H; = 0.08) and Hy = 0.90 (H; = 0.88) are presented here, as they capture the
most notable differences while preserving the qualitative trends observed across
intermediate values. (For other cases see Appendix A.1)

To isolate the effect of the analyzed MTC, the blood flow was prescribed and
kept constant across all simulations (with a value of 1.26 - 10~ *m?®s™!), removing
the confounding influence of hemodynamic changes. To ensure physiologically
realistic flow conditions, the pressure values at the inlet and outlet of the vessel were
adjusted according to Poiseuille’s law. For each hematocrit case, the apparent blood
viscosity and thus the hydraulic resistance were updated based on the corresponding
hematocrit value. In this simplified setup, the desired discharge hematocrit Hy; was
directly imposed in the vessel, and the pressure difference between the two ends
was set such that the resulting flow rate matched a physiologically plausible value
according to Poiseuille’s law (see eq. (2.4) and eq. (2.5)).

Three different formulations for k.. were tested and compared in the SV setup.

The first scenario assumes a constant value for the MTC, denoted as k. The
value k¢ = 3.73 - 1073 m30ys 'mmHg 'm~2 is used uniformly across the domain.
This reference value was chosen as the MTC computed evaluating Liicker function
(3.1) at Hy = 0.45, which corresponds to the average hematocrit in the human brain
[54]. This constant provides a baseline for comparison against variable formulations.

The second approach uses Liicker-based MTC, derived from the empirical
polynomial fit introduced in Section 3.2.1. This model is originally defined for
tube hematocrit values H; between 0.00 and 0.50. Cases with H; > 0.50 were
handled using the extensions proposed in the previous chapter: a constant extension
(eq. (3.2)) and a tangent extension (eq. (3.3)). In the case with H; = 0.10, the
corresponding H; lies within the valid range of the original data, so both options
yield the same coefficient value. On the other hand, for H; = 0.90, the resulting
H; exceeds the supported range, and the two extensions produce different values
for k?L.

The third formulation is based on Vadapalli model (3.5), which defines the MTC
as a function of both hematocrit and local oxygen saturation. In this case, since
hematocrit is uniform along the vessel, the spatial variation in ky is solely driven
by the saturation. As illustrated in Section 3.7, this leads to a decreasing profile of
the coefficient as a function of saturation.

The specific values of k. assigned in each simulation case are reported in
Table 4.1, based on the models described in Chapter 3.
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method kecell [m?’ 0y st mmHg_1 m_Q}
H; =0.10 H, =0.90
Constant kc 3.73-1078 3.73.1078
Liicker-constant ~ kfonst 0.38-1078 4.43-1078
Liicker-tangent ~ kf» 0.38-1078 7.68-1078
Vadapalli kv ky(H;=0.08,S) ky(H;=0.88,5)

Table 4.1: MTC values used in the SV simulations for two hematocrit cases.

It is worth noting that in this simplified configuration with constant hemat-
ocrit, the different MTC formulations essentially reduce to using distinct values
or functional dependencies for the mass transfer coefficient. For the constant and
Liicker models, this results in a fixed k. value along the vessel, while for the
Vadapalli model, k.o varies solely as a function of saturation. This setup allows
for a direct comparison of how the choice and behavior of k.o influence oxygen
transport predictions, isolated from the confounding effects of hematocrit variations
that would occur in a full network simulation.

The simulation domain was discretized using a uniform structured mesh con-
sisting of 100 x 50 x 100 cubic elements along the x, y, and z directions, respec-
tively. Given the physical domain size of 100 pm x 50 gm x 100 pum, each element
corresponds to a cube with side length 1 um. This resolution ensures accurate
representation of steep concentration gradients near the vessel wall while keeping
the computational cost manageable.

4.3 Realistic Microvascular Network

To test the different MTC formulations under realistic conditions, a realistic
microvascular network was employed. This network was extracted from the so-
matosensory cortex of a mouse (shown in Figure 4.2), a highly vascularized brain
region that is frequently investigated in neurovascular research.

The full dataset corresponds to a tissue volume of approximately 1 mm?, includ-
ing 10 descending arterioles (DAs), 30 ascending venules (AVs), and approximately
20,000 capillaries. From this reference volume, a smaller network was selected,
occupying a cubic volume of 0.064 mm? (edge length 400 of um), and used for the
numerical simulations (see Figure 4.3). (For additional networks and corresponding
simulations see Appendix D.)

The vascular geometries and the corresponding boundary conditions were originally
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Figure 4.2: Coronal section of the mouse brain: on the left, a reference histological
slice; on the right, schematic representation of major brain regions. The black
square and arrow highlight the somatosensory cortex. (Image from [55])

diameter [m]

2.5e-6 55.0e-6

Figure 4.3: Three-dimensional representation of the cerebral microvascular net-
work. The full reference volume (~ 1 mm?) is shown on the left, with vessels colored
by diameter. Immage source: [56]. On the right, a cubic subnetwork of 0.064 mm?®
used for the numerical simulations is highlighted, with vessels colored by diameter.
(Image from [35])

obtained from in-vivo measurements using two-photon microscopy of the mouse
somatosensory cortex. The three-dimensional vascular architecture was obtained
from the measurements, whereas the boundary blood pressures were prescribed
based on literature data (for more details see Schmid et al. [14]). The acquired
network was then represented as a graph, with vertices corresponding to vessel
junctions and edges representing individual vessel segments, each characterized by
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attributes including diameter, length, and blood pressure boundary conditions. A
small illustrative example of this graph structure is shown in Figure 4.4, providing
an intuitive overview of nodes, edges, and their associated attributes.

Attributes:
Attributes: - vessellength
+ boundary pressure « vessel diameter

Figure 4.4: Illustrative example of the vascular graph structure. Vertices represent
vessel junctions, with boundary nodes highlighted in red, while edges correspond to
individual vessel segments. Boxes display the associated attributes for each vertex
and edge, providing detailed information on the network elements.

This graph representation was used as input for microBlooM, an open-source
simulation framework developed at the ARTORG Center for studying microvascular
blood flow. MicroBlooM simulates blood flow in microvascular networks either
assuming plasma-only flow or accounting for the effects of RBCs, as discussed
theoretically in Section 1.1.3. The model is based on Poiseuille’s law and the
continuity eq.. Specifically, the iterative blood flow model consists of two main
procedures: the first computes the flow in each vessel and the pressure at each node,
while the second determines the hematocrit and apparent viscosity in each vessel.
Hematocrit distribution at a bifurcation is calculated using the phase separation
rule, applied through either an iterative or a waterfall approach. Further details
are available on the GitHub repository [57] and in the publication by Schmid et
al. [14].

From microBlooM, several key outputs were obtained: blood pressure at network
vertices, flow rates, hematocrit distribution, and RBC velocities. These data were
subsequently used as input for DuMu® to simulate oxygen transport within both
the vascular and tissue domains.

Although this approach provides a highly realistic physiological scenario, prob-
lems arise when there are vessels of the network characterized by extremely low
hematocrit. These introduce numerical challenges when solving the vascular egs.
presented in Chapter 2. Specifically, when H; ~ 0.00, the system of eqs. reduces
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to:
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Under these conditions, the system may become numerically ill-conditioned. In
particular, in vessels where H; ~ 0.00, RBCs are absent; therefore the exchange
flux jrpcp should vanish, as no oxygen exchange between RBCs and plasma is
physically possible. As a result, the value of Pgrpc, although still formally present
in the model eqs., does not influence any physiological exchange process and lacks
biological interpretability. In these vessels, the focus was therefore shifted away
from the absolute value of Prpc, which can become arbitrarily large due to the weak
coupling. Instead, attention was placed on the exchange term jrpc.pi, which remains
physically meaningful and is treated carefully in the numerical implementation. To
ensure numerical stability, it was necessary to assign to jrec.p @ small non-zero
value, on the order of 1071%, sufficient to regularize the system while avoiding
biologically unrealistic oxygen exchange. From a numerical standpoint, assigning
a strictly zero oxygen exchange term would result in a singular system matrix,
making the simulation unsolvable.

To prevent the emergence of unrealistic values, the partial pressures of oxygen
in both RBCs and plasma are constrained within a biologically plausible range:

Prec, Py € (0,200 mmHg.

The lower bound reflects the physiological non-negativity of partial pressures, while
the upper bound was chosen to limit excessive oxygen exchange in plasma vessels,
without excluding physiologically relevant values in the results. Indeed, the in-vivo
results obtained by Lyons et al. [58] confirm that the range of oxygen partial
pressure proposed here is consistent with in-vivo values.

It is important to emphasize that these bounds were not applied as a post-
processing truncation of computed values (i.e., replacing values exceeding 200 mmHg
with the bound). Instead, they were incorporated directly into the numerical
formulation as box constraints, consistent with the chopped Newton approach
introduced in Section 4.1, guiding the Newton solver to search for admissible
solutions within the specified range. This approach preserves the integrity of the
computed solution and avoids artifacts that would arise from a posteriori value
clipping. A deeper analysis on the importance of this limitation can be found in
Appendix C.

Consequently, post-processing required filtering non-physical data points arising
from these edge cases.
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With the numerical issues fixed, attention was directed to the comparison of
different models for the M'TC.

In the first case, the model employs a constant value for the cellular MTC
kc; this parameter was assigned based on Liicker formulation described in Sec-
tion 3.2.1. Specifically, k¢ was computed using the expression obtained by Liicker,
by converting a representative discharge hematocrit H; into the corresponding
tube hematocrit H; using eq. (1.2). For this conversion, a reference vessel diameter
of D = 4 um was used, which is representative of the vessel scale. The discharge
hematocrit employed in the calculation corresponds to the mean value extracted
from the hematocrit distributions.

In the context of Liicker approach, as previously discussed, two options are
available. However, in this case, only the tangent extension is considered, so
kr, = ki*™ (as defined in (3.3)). This choice was driven by the need to maintain
smoothness in the functional dependence of k.. with respect to Hy, and to avoid
artificial discontinuities in the derivative. The constant extension, while simpler,
introduces a flat region that may distort the physical behavior of the model and
suppress sensitivity to local hematocrit variations in regions where H; > 0.50. On
the contrary, the tangent extension ensures continuity and a physically reasonable
trend, reflecting the assumption that oxygen transfer may continue to increase
slightly at high hematocrit values. (Additional results supporting this choice are
provided in Appendix A.2.)

For Vadapalli formulation, the eq. discussed in (3.4) is used.

The simulation domain was discretized using a uniform structured mesh consist-
ing of 200 x 200 x 200 cubic elements along the x, y, and z directions, respectively.
Given the physical domain size of 400 um x 400 um x 400 pum, each element corre-
sponds to a cube with side length 2 ym. The chosen resolution balances accuracy
in capturing steep concentration gradients near the vessel wall with computational
efficiency.
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4.4 Model parameters

The parameters used in the oxygen transport simulations can be grouped into two
main categories. The first category includes the parameters that define the oxygen
transport model introduced in Chapter 2. These values are considered constant
and are shared across all simulations, independently of the vascular geometry under

investigation. Table 4.2 summarizes these global model parameters.

Parameter Description Value Units Reference

QRBC O, solubility in 3.38-107° m? Oy mmHg 'm™3 [59]
RBCs

apl Oy solubility in 2.82-107° m3OymmHg 'm™  [60]
plasma

aT O, solubility in 3.89-107° m?OymmHg 'm™3 [61]
the tissue

Dy O, diffusivity in  2.41-107% m?2s™! [62]
the tissue

Dw O, diffusivity in  8.73-10719 m?2s~! [63]
the capillary wall

M, Oxygen consump- 4 -1074 m3O;m 35! 1]
tion

n Hill exponent 2.65 - [41]

K Dissociation rate 44 st [41]
constant

Co Oxygen binding 0.52 m3 Oy m~3 [1]
capacity

PRBC,50 Pric at 47.9 mmHg [1]
hemoglobin
half saturation

Pr crit Critical Pr 1.0 mmHg [28]

o Oxygen perme- 0 - model  as-
ability sumption

Db Blood density 1050 kgm™3 [57]

b Blood dynamic 0.0012 mmHg s [57]

viscosity

Table 4.2: Parameters used in the oxygen transport model (common to all

simulations).
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The second category includes parameters that are specific to each case study,
such as boundary conditions. These parameters differ between the SV configuration
and the MVN. A detailed list of case-specific parameters is provided in Table 4.3.

Parameter Description SV MVN Units
Value Reference Value Reference
Py, in P, inflow 90 model pa- 25 [1] mmHg
rameter
PrBc-DA,in  Prpc inflow - - 75 based on mmHg
for descend- [64][65][58]
ing arteries [66][67]
PRBC-AV, in PRBC inflow - - 40 based on mmHg
for ascending [64][65][58]
veins [66][67]
PRBC-CP, in PRBC inflow 40 model pa- f(Hd) [58] mmHg
for capillaries rameter
Sin S inflow 0.38 a - a -

® Values are set in equilibrium with Prpc..in via (2.7).

Table 4.3: Parameters used for the SV and MVN configurations.

This choice allows one to isolate and analyze the mechanisms of oxygen transport
without the additional variability introduced by flow redistribution.

Another important modeling aspect concerns the assignment of the inflow Prpc in
for the capillaries, Prpc.cp, in. As previously mentioned in Section 2.3.1, this value
is not fixed a priori but determined as a function of the discharge hematocrit, H,.
To this end, a piecewise-defined function f(Hy) was employed. The function f(H,)
was derived by Stievano, based on data extracted from the work of Lyons et al. [58].
This approach ensures that the model captures the variability of oxygen availability
within RBCs as a function of hematocrit, providing a more physiologically accurate
description of microvascular oxygen transport.
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Chapter 5

Results

In this chapter, the results obtained from the numerical simulations performed
with DuMu™ are presented and discussed. The analysis focuses on both simplified
and realistic vascular configurations to investigate oxygen transport mechanisms
under different conditions.

First, the results for a single vessel (SV) are shown, comparing the pressure fields
in plasma (P,) and RBCs (Prpc) for two different hematocrit values, following
the setup described in 4.2.

Subsequently, the focus shifts to the realistic MVN, where the global oxygen
distribution in the tissue is analyzed and the different modeling approaches are
compared. In this context, representative paths are selected to investigate the local
behavior of P, and Prpc along specific flow trajectories. Finally, the volume and
spatial localization of hypoxic regions within the realistic model are examined.

The simulation outputs generated by DuMu®™ were post-processed and analyzed
using Python, which provided an efficient framework for data visualization and
quantitative comparison between the different simulation configurations.

5.1 Single Vessel

The SV simulations were conducted to assess the model’s ability to reproduce
oxygen transport dynamics in an isolated geometry, under controlled flow and
boundary conditions.
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Figure 5.1: Oxygen partial pressure variation along a single vessel with H; = 0.10,
comparing different methods. Variation of Prpc (a) and By (b) along the vessel.

The two plots in Figure 5.1 show the spatial profile of oxygen partial pressure in
plasma (P,) and RBCs (Prpc) as a function of the axial distance along the vessel.
Each plot compares the results obtained using the four different formulations of the
MTCs as described in Section 4.2: Constant (blue), Liicker (yellow), and Vadapalli
(green). Since the values of kf°™" and kf*" are numerically identical for the given
value of Hy (Table 4.1), their corresponding curves are perfectly overlapping. For
this reason, they are represented by a single yellow curve. Specifically, the left
panel of Figure 5.1 presents the variation of Prgc along the vessel. For Vadapalli,
Liicker-constant, and Liicker-tangent approaches, the decrease in Prpc is relatively
modest, with values dropping from approximately 40 mmHg at the inlet of the
vessel to around 37 mmHg at the outlet. This limited variation suggests that, under
the low hematocrit conditions considered here, the RBC phase undergoes limited
oxygen depletion along the flow path. In contrast, the constant k. predicts a
steeper decrease, with Pgrpc decreasing by almost 10 mmHg over the same distance.
Regarding the plasma phase, the right panel shows that P, decreases monotonically
with increasing axial distance. However, the choice of MTC has a more pronounced
influence on plasma than on RBCs. In particular, the constant k.o yields higher
values of P, with the maximum difference relative to the other approaches reaching
about 20 mmHg. This corresponds to a slower decrease of oxygen from the plasma
phase when using the constant value for the MTC k¢, in contrast to the more
pronounced declines observed with Liicker and Vadapalli methods.

A common feature of all models is the mirrored behaviour of the two phases:
segments along the vessel where P, exhibits a steeper drop correspond to a milder
decrease in Prpc, and vice versa.
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Figure 5.2: Oxygen partial pressure variation along a single vessel with H; = 0.90,
comparing different methods. Variation of Prpc (a) and By (b) along the vessel.

Figure 5.2 shows the results obtained for H; = 0.90. Unlike the previous case,
we now find two distinct curves for the Liicker formulation: a purple one for the
constant extension and a yellow one for the tangent extension. This is because, for
this specific hematocrit, the values of k{°™* and k{*" are distinct, as evident from
Table 4.1.

As in the previous case, both plots show a decreasing trend for Prpc and F,.
However, the decreases are generally less pronounced. Specifically, Prgc drops from
about 39.5 mmHg at the inlet of the vessel to roughly 37 mmHg at the outlet, while
the largest decrease in P, is approximately 4 mmHg observed for the constant Keep.

As in the H; = 0.10 case, a mirrored behaviour between the two phases is
observed: P, decreases more steeply correspond to a milder decrease in Prpc, and
vice versa.

A notable difference from the low hematocrit case is that, for H; = 0.90, the
choice of MTC formulation has a smaller impact on the results. In the left panel,
the curves for the different methods are almost indistinguishable, whereas in the
right panel, they exhibit the same trend but are offset by only a few mmHg.

A similar mirrored trend can also be observed when comparing results for the
same variable between low and high hematocrit cases. However, this pattern is not
consistently preserved for Liicker-constant formulation when H; > 0.50, indicating
a deviation from the expected symmetry in high hematocrit regimes.

5.1.1 Discussions

The SV simulations provide key insights into the interplay between hematocrit,
oxygen transport dynamics, and MTC formulation.

At low hematocrit (Hy = 0.10), the most relevant differences among the models
arise from the definition of the MTC. Liicker and Vadapalli formulations show
consistent and nearly overlapping results, indicating that they describe the oxygen
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exchange process with a comparable efficiency. In contrast, the constant ke
deviates significantly, yielding higher values of P, and lower values of Prpc, as
shown in Figure 5.1. This behaviour can be traced back to the assumption
underlying the constant MTC, which was calibrated for an average hematocrit
representative of whole blood (see Chapter 4). In the current low hematocrit
setting, this results in a constant MTC coefficient higher than that obtained with
the other approaches, implying a greater exchange efficiency than physiologically
expected. Consequently, the redistribution of oxygen between plasma and RBCs
predicted by the constant k.. is biased: plasma retains higher oxygen levels, while
RBCs exhibit a stronger depletion. In other words, the discrepancy is not merely
numerical but reflects a structural inconsistency between the assumed transfer
efficiency and the physiological conditions being modelled.

At high hematocrit (Hy = 0.90), the discrepancies between the different MTC
formulations become minimal (see Figure 5.2). This consistency can be attributed
to the biological mechanisms dominating oxygen transport in this regime. When
RBCs are abundant, the large storage capacity of hemoglobin provides a continuous
reservoir of oxygen that buffers plasma fluctuations. As a result, oxygen levels in
plasma are steadily replenished by hemoglobin desaturation, making the overall
dynamics less sensitive to the precise definition of the transfer coefficient. In
practical terms, the efficiency of the exchange process is not determined by the
MTC formulation but by the intrinsic ability of hemoglobin to release oxygen in
response to local gradients. Hence, under high hematocrit conditions, all models
converge towards nearly identical trends, with only minor deviations in the plasma
phase.

The mirrored trends observed between the plasma and RBC phases highlight the
coupled nature of the two compartments: when plasma exhibits a steeper decline
in oxygen partial pressure, RBCs display a correspondingly milder decrease, and
vice versa. This behaviour reflects the bidirectional exchange mediated by the
MTC, where the phase with the larger concentration gradient tends to dominate
the dynamics.

5.2 Realistic Microvascular Network

Simulations in a microvascular network were performed to evaluate the model under
physiologically relevant geometries and flow distributions.

To characterize the selected network, the hematocrit distribution was first
computed using the microBlooM framework, with the results shown in Figure 5.3.
The overall mean discharge hematocrit is H; = 0.37. This value corresponds to
the representative hematocrit employed in Chapter 4 for the computation of the
constant MTC k¢ = 2.67 - 107 m®Oys~ 'mmHg 'm~2 based on Liicker formulation
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(see Figure 3.5).

Hematocrit distribution
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Figure 5.3: Mean discharge hematocrit (H,) distribution across vessels. The first
bin (0-0.20) is partially highlighted in red to indicate vessels with H; < 0.001.
Percentages refer to the total vessel count, while the dashed line marks the overall
mean Hy.

As can be observed in Figure 5.3, 5.2% of the vessels exhibit a very low hematocrit
value. As discussed in Chapter 4, such vessels lead to numerical ill-conditioning;
therefore, for the analyses reported in this chapter, they were excluded from the
analysis of the results.

5.2.1 3D visualization and global distributions

The first stage of the analysis is intended to emphasize the differences between the
three methods under investigation. Since the ultimate objective is to determine
how much oxygen effectively reaches the brain tissue, the discussion is focused
on the resulting oxygen partial pressure of the tissue (Pr), which directly reflects
oxygen availability. For clarity, the comparison is presented in a pairwise manner:
first between constant and Liicker ke, then between constant and Vadapalli ke,
and finally between Liicker and Vadapalli kcq.

Constant-Liicker

When comparing these two approaches, the corresponding MTCs are shown in
Figure 5.4. The yellow curve represents the MTC adopted in Liicker method, as
defined by eq. (3.3), while the blue line corresponds to the constant value kc. By
construction, the two functions intersect at H; = 0.37. The largest deviations
between the two MTCs occur at high hematocrit values.
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Comparison between Licker and Constant k. values
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Figure 5.4: Comparison between the MTC functions used in Liicker and constant
kcell-

(a) (b)

Hys < 0.1 and Hy > 0.9

Pr: Licker - Constant < - 5 mmHg

400 0

Figure 5.5: (a) Spatial distribution of the difference in tissue oxygen partial
pressure (Pr) between constant and Liicker key. Only regions where this difference
exceeds —5 mmHg are shown. (b) Distribution of discharge hematocrit (H,) within
the vascular network, independent of the chosen method. Only vessels with very
low (H; < 0.10) or very high (H; > 0.90) hematocrit values are displayed.

The spatial distribution of differences in tissue oxygen partial pressure (Pr)
between the two methods is shown in Figure 5.5(a). Regions where the constant
keenn model predicts higher Pr values than the Liicker method by more than 5 mmHg
are shaded in blue.

The direct 3D visualization immediately reveals that these discrepancies are
predominantly localized in regions characterized by very low discharge hematocrit
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values, as shown in Figure 5.5(b). Here, blue shades denote H,; < 0.10 and red
shades denote Hy; > 0.90. By focusing exclusively on these hematocrit extremes
while masking intermediate values, we highlight precisely where the two MTC
functions differ most significantly (see Figure 5.4), and consequently where the
largest differences in Py are expected to occur.

To complement this spatial analysis and better quantify the magnitude of these
differences, contour plots at selected z-slices (z ~ 50 and z & 100) are presented
alongside the 3D plots. These slices were chosen based on the 3D visualization,
which shows the most pronounced differences occurring near the domain base.
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Figure 5.6: Contour plots of differences in tissue oxygen partial pressure at two
cross-sections: (a) z =~ 50 and (b) z ~ 100. These slices highlight the internal
distribution of Pr and emphasize regions where the differences between results
using k¢ and ki, are most pronounced.

These contour plots confirm the predominantly negative differences observed in
the 3D visualization, while revealing that the internal tissue regions are characterized
by much more severe local peaks than apparent from the surface rendering.

The two representations provide complementary information: while the 3D plots
allow to identify the location and spatial context of regions affected by the MTC
choice in relation to hematocrit distribution, the contour plots reveal that within
these regions, the local differences in Pr can be much larger than the uniform blue
shading might suggest like shown in Figure 5.5 (a).
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Constant-Vadapalli

When comparing constant and Vadapalli approaches, the corresponding MTCs are
shown in Figure 5.7.

Comparison between Vadapalli and Constant k., values
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Figure 5.7: Comparison between the MTC functions used in Vadapalli and
constant k.. The intersection between the two functions is highlighted with a
darker line.

As previously discussed in Chapter 3, kv depends not only on hematocrit but
also on the local oxygen saturation, introducing an additional spatial variability
compared to the other methods. For very low hematocrit (H; ~ 0.00), the difference
between the two functions is nearly constant across all S values, where ky is
significantly lower than kc. For a high value of the hematocrit, Vadapalli model
predicts a strong dependence of ky on oxygen saturation. At high S, ky is slightly
below the constant value k¢, but as S decreases, ky rises sharply, exceeding k¢ by
a wide margin when saturation approaches its minimum.

The spatial distribution of Pr differences between the two methods is reported in
Figure 5.8 (a). Blue-shaded regions correspond to locations where the constant keep
predicts Pr values higher (more than 5 mmHg) than Vadapalli method. Compared
to Constant—Liicker case, these regions are generally larger, and an additional
cluster appears in the upper part of the domain.

Since ky is a function of both hematocrit and oxygen saturation, Figure 5.8 (b)
displays vessels with very high saturation values. Here, only Vadapalli results are
shown, as the qualitative behavior relevant for this type of analysis was very similar
to Liicker. In this scenario, it is reasonable to focus on high-saturation values.
Although the model differences in kv are more pronounced at low saturation, ky
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Figure 5.8: (a) Spatial distribution of the difference in tissue oxygen partial
pressure (Pr) between constant and Vadapalli k. Only regions in the tissue
where the difference exceeds —5 mmHg are shown. (b) Distribution of oxygen
saturation along the vascular network for Vadapalli method. Only vessels with a
saturation greater than 0.65 are displayed.
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Figure 5.9: Contour plots of differences in tissue oxygen partial pressure at two
cross-sections: (a) z =~ 50 and (b) z &~ 100. These slices highlight the internal
distribution of Pr and emphasize regions where the differences between results
using k¢ and ky are most pronounced.

becomes smaller when saturation is high (see Figure 5.7). As discussed in the
SV analysis, lower ke values tend to have a stronger influence on the resulting
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oxygen transport. The comparison of Figures 5.8 (a) and 5.8 (b) indicates that
the newly observed regions of discrepancy (absent in Constant—Liicker comparison)
correspond to areas where hematocrit and saturation are both high. This behavior
highlights the role of saturation in ky, influencing tissue oxygen availability.

However, the contour plots in Figure 5.9 reveal that the actual magnitude of
these differences is substantially larger than what the 3D visualization suggests.
The surface rendering primarily captures superficial patterns, while the cross-
sectional analysis exposes localized internal regions where Pr deficits reach much
more significant values. These deep tissue hotspots were completely masked in the
3D overview, demonstrating how internal oxygen distribution patterns can differ
substantially from what surface observations suggest.

Liicker-Vadapalli

When comparing Liicker and Vadapalli approaches, the key distinction lies in the
additional dependence of ky on oxygen saturation. While Liicker formulation links
mass transfer exclusively to hematocrit, Vadapalli method introduces a modulation
by S. Figure 5.10 shows this distinction by comparing the MTCs predicted by the
two models, ki, (H;) and kv (H;, S). The yellow surface represents kr,, which varies
only with hematocrit and therefore remains constant across S. In contrast, the
green surface corresponds to ky, which exhibits dependence on both H; and S. At
low hematocrit values, the two models predict similar magnitudes of ke across the
full saturation range. At higher hematocrit, however, Vadapalli formulation shows
a marked dependence on the oxygen saturation: at low S, ky remains close to
k1, whereas at high S it decreases sharply, diverging from Liicker function. Thus,
the key distinction between the two formulations is the saturation, which becomes
more evident at elevated hematocrit.

Figure 5.11 (a) shows the spatial distribution of Pr differences between the two
methods. In this case, a threshold of 3mmHg was adopted, since the discrepancies
between Liicker and Vadapalli are generally smaller in magnitude. Red-shaded
regions correspond to regions where Liicker method predicts Pr values higher than
those obtained with Vadapalli method.

By comparing Figure 5.11 (a) with Figure 5.11 (b) and Figure 5.5 (b) (which
display the hematocrit distribution in the network), it can be observed that the
regions with the largest differences between the two methods correspond to areas
where hematocrit is not null and oxygen saturation is high.

The contour plots in Figure 5.12 confirm these observations, revealing that
the differences between the two methods are indeed less pronounced compared
to previous cases. The maximum differences reach only about 5 mmHg, and the
predominantly red color scheme consistently shows Liicker predicting higher Pr
values than Vadapalli throughout the tissue volume.
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Comparison between Vadapalli and Licker k. values
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Figure 5.10: Comparison between the MTC functions used in Vadapalli and
Liicker methods.
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Figure 5.11: (a) Spatial distribution of the difference in tissue oxygen partial
pressure (Pr) between Liicker and Vadapalli methods. Only regions in the tissue
where the difference exceeds 3mmHg are shown. (b) Distribution of oxygen
saturation along the vascular network for Liicker method. Only vessels with a
saturation greater than 0.65 are displayed.
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Figure 5.12: Contour plots of differences in tissue oxygen partial pressure at
two cross-sections: (a) z ~ 50 and (b) z &~ 100. These slices confirm the reduced
magnitude of differences between ki, and kv approaches compared to other method
pairs.

A complementary analysis can be carried out by examining the global distribution
through the frequency histograms in Figure 5.13. These reveal that the overall
oxygenation profiles remain broadly comparable, with no major shifts across the
range of Pp. All three curves exhibit a pronounced peak in the range of 30-40 mmHg
and follow a bell-shaped trend, gradually decreasing toward the extremes. Then,
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Figure 5.13: Frequency distribution of Pr for the different methods are compared

the analysis is extended using boxplots, which provide a clearer view of how the
distributions diverge. The distribution of Pr differences among the three model
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comparisons is illustrated in Figure 5.14. When comparing Liicker and constant
keen, the differences are predominantly negative, with a median shift below zero.
This observation is consistent with what was previously noted from the analysis of
Figure 5.5 (a). Moreover, this comparison exhibits a wide variability, as highlighted
by the large interquartile range and the presence of numerous outliers, some of which
reach values below —20 mmHg. A similar trend is observed in Vadapalli-Constant
comparison, where the median difference is again negative. In this case, the
variability is even larger than in Liicker-Constant comparison, and extreme outliers
reach approximately —25 mmHg. In contrast, the comparison between Liicker and
Vadapalli models shows a distribution with a median close to zero, with a narrow
spread and only a limited number of mild outliers. This suggests that, while both
models deviate from constant reference, Liicker and Vadapalli gave results that are
more consistent with each other.

Boxplot of the differences of Pr

-20

PO, difference [mmHg]

-25
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Figure 5.14: Boxplots of the differences in Pr for the three model comparisons.

Although the frequency distributions did not indicate substantial differences between
the models, the boxplots provide a complementary analysis, revealing systematic
discrepancies in the results. These observations suggest that, even if global distri-
butions appear broadly comparable, local variations may still play a significant role
in shaping the overall behavior of the models. To explore these aspects in greater
detail, the analysis is extended to specific paths extracted from the network.
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5.2.2 Analysis along representative paths

Three representative paths are considered, each characterized by a different hema-
tocrit distribution: the first with a variable hematocrit, the second with a low
hematocrit, and the third with a high hematocrit. These paths, which follow the
blood flow, are shown in Figure 5.15 and allow for a more localized comparison

between the different modeling approaches.

Path with variable hematocrit Path with low hematocrit
. Path
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Figure 5.15: Three-dimensional view of the selected path, extracted from the
vascular network with variable hematocrit (a), low hematocrit (b) and high hemat-

ocrit (c).
In the previous section, the analysis focused on Pr, as it provides a direct

measure of oxygen availability at the tissue level. However, to investigate the
impact of local hematocrit variations along specific vascular paths, it is more
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informative to examine the intravascular pressures Prpc and Fp,. Indeed, these
quantities directly reflect how the different MTCs influence oxygen transport from
RBCs to plasma and, ultimately, to the surrounding tissue.

The first selected path, shown in Figure 5.15 (a), is characterized by a variable
hematocrit. As illustrated in Figure 5.16 (a), the first 150 segments of the path
exhibit a relatively low average hematocrit. Beyond this point, the values remain
systematically above the mean hematocrit of the entire network (Hy = 0.37), with
an overall average along the path of H; = 0.33. This pattern directly affects the
MTC values obtained with the different approaches. As can be seen in Figure
5.16 (b), in the initial part of the domain ki, and kv are lower than kc. As the
hematocrit approaches H; = 0.37 (the reference value used to compute k¢) all
three coefficients converge to similar values. In the final part of the path, where
the hematocrit is higher than the network average, both kr, and kv become larger
than ]ﬁ?c.
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Figure 5.16: (a) Hematocrit profile along the path. (b) MTCs k¢, kL and kv
computed along the path.

Figure 5.17 shows the variations of P, and Prpc along the path. Before step
150, clear differences between the methods are visible: in particular, the blue curve
corresponding to the constant k.. deviates the most from the other two. In the
second part of the path, however, all methods display a very similar behavior.

The second path, shown in Figure 5.15 (b), is characterized by a consistently low
hematocrit along its entire length. As illustrated in Figure 5.18 (a), the hematocrit
remains below H; = 0.20 throughout the path, the mean value is H; = 0.09. Figure
5.18 (b) shows that both ki, and ky are generally lower than k¢, reflecting the
influence of the low hematocrit on the MTC value.
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Figure 5.17: Variations of Pgpc (a) and P, (b) along the path for the three
different methods.
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Figure 5.18: (a) Hematocrit profile along the low hematocrit path. (b) MTCs k¢,
ki, and ky along the path.

Figure 5.19 shows the variations of Prgc and P, along the path. Due to the
uniformly low hematocrit, the differences between the methods are more pronounced
than in the path with variable hematocrit. In particular, the constant k.. tends
to overestimate P, compared to the other two methods, with differences reaching
up to 20mmHg. A mirrored behavior is observed for Prpc, where the constant
keen underestimates the pressure relative to the other methods, with a maximum
difference of 15 mmHg.
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Figure 5.19: Variations of Pgrpc (a) and Py (b) along the low hematocrit path
for the three different methods.

The third path, shown in Figure 5.15 (c), is characterized by a consistently high
hematocrit along its entire length. As illustrated in Figure 5.20 (a), the hematocrit
remains above H; = 0.80 along the entire path, the mean value is H; = 0.88. In
Figure 5.20 (b), both ki, and ky exceed k¢ throughout the path, reflecting the
enhanced mass transfer due to the higher RBC concentration. Furthermore, the
divergence between kr, and ky is more evident in this case. This observation is
consistent with the analysis presented in Chapter 3, which highlighted that at
high hematocrit levels the influence of oxygen saturation on ky becomes more
pronounced.
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Figure 5.20: (a) Hematocrit profile along the high hematocrit path. (b) MTCs
kc, ki, and ky along the path.

Figure 5.21 shows the variations of Prpc and P, along the high hematocrit
path. In this case, the pressures predicted by the three methods are very similar,
with no significant differences observable, unlike in the previous paths where the
choice of method had a noticeable impact. This indicates that, at high hematocrit,
the effect of the MTC on the predicted pressures is minimal.

65



Prsc along the path Pp; along the path

55 —— Constant 55 —— Constant

50 Liicker Licker
—— Vadapalli —— Vadapalli

Ppr [mmHg]
N w w » » w
w o w o w o

N
=]

—
v
=
v

0 100 200 300 400 500 0 100 200 300 400 500
Segment of the path Segment of the path

Figure 5.21: Variations of Prpc (a) and P, (b) along the high hematocrit path
for the three different methods.

5.2.3 Hypoxia region

Analysis of individual flow paths reveals that local variations in the MTC contribute
to discrepancies between models, and these variations have a functional impact
that is especially pronounced in hypoxia regions.

Following the work of Beinlich et al. [68], the hypoxia region is identified as
the portion of tissue in which the oxygen partial pressure falls below 18 mmHg.
Such regions are highly sensitive to even minor changes in oxygen transport, and
thus provide a meaningful context for assessing the implications of the different
modeling approaches. Based on this definition, the spatial distribution of the
hypoxia region is reported in Figure 5.22, allowing for a direct comparison across
the MTC functions.

From Figure 5.22 is possible to notice that the hypoxia region are consistently
located in the upper part of the domain. The extent of this region varies across the
methods: using k¢, it represents 0.92% of the total tissue volume, whereas with
ki, this fraction increases to 1.61%. Finally, with ky the hypoxia volume reaches
2.03% of the total domain.

A complementary analysis was carried out on the vascular network. Figure 5.23
shows the results for the vascular compartment, where the hypoxic region is defined
as the portion of the network with Prgc < 18 mmHg. The spatial distribution
of the hypoxia region closely matches that observed in the tissue analysis, being
mainly located in the upper part of the domain. However, as for Pr, the extent
of the hypoxia region is method-dependent, further underlining the sensitivity of
oxygen availability to the choice of mass transfer formulation.

66



Results

(a) Pr Constant < 18 mmHg (b) PrLicker < 18 mmHg (c) Pr Vadapalli < 18 mmHg
400 1400 400
350, 1350 _, 350, f15
200 § 1300 § 1300 § el
sto N bso'w 10 E
200 {200 =
5 A
466 finy
kK 350 < 350
0 o T 0 I 300, 0 3005, 0
25 50 T 25 50 _ e 250\\)@ 25 5;\‘\\ 250\\}6\
75 75 ~_ 75 200 A
X L 100 195 X i 100 155 200 3 X [y 100 155
M) 15050 my 15050 ] 15850

Figure 5.22: Spatial variation of the tissue oxygen partial pressure (Pr) for the
three considered methods: Constant (a), Liicker (b), and Vadapalli (¢). Regions
with Pr < 18 mmHg are highlighted to identify hypoxic areas.
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Figure 5.23: Spatial variation of the red blood cell oxygen partial pressure (Prpc)
for the three considered methods: Constant (a), Liicker (b), and Vadapalli (c).
Regions with Prpc < 18 mmHg are highlighted to indicate hypoxic areas.

To further characterize the hypoxia region, the blood pressure distribution
was examined in Figure 5.24. This analysis was performed to verify whether the
identified hypoxia zone coincides with areas of preferential outflow. The results
confirmed that the upper region of the domain, where hypoxia develops, is also
associated with lower hydraulic pressures of the blood.

5.2.4 Computational time

The computational performance of the five networks was evaluated to provide a

complete assessment of this study.
While only the outputs of Network 1 are detailed in this chapter, Table 5.1

reports the raw execution times of all networks measured on a computer with an

Intel(R) Core(TM) i5-9400 CPU @ 2.90 GHz.
Since execution times strongly depend on the hardware, the mean execution
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Figure 5.24: Spatial distribution of blood pressure within the vascular network.
The upper part of the domain, corresponding to the hypoxia region, is characterized

by reduced pressures.

Computational time [s]

Relative difference
(% vs Constant)

Network
Constant Liicker Vadapalli Liicker Vadapalli
1 1800.629  2077.547  1671.742  +15.38% —7.16%
2 1684.235  1555.868  1696.613 —7.62% +0.73%
3 1660.335  1515.269  2135.515 —8.74% +28.62%
4 1543.785  2880.595  3000.935  +86.59% = +94.39%
5 2115.329  2076.975  2112.479 —1.81% —0.14%

Mean [s] 1760.863 2021.251 2123.457

+16.76% +23.29%

Table 5.1: Execution times for the five networks and relative differences (in %)
compared to the constant k.. Positive values indicate longer computation times,
negative values shorter ones. The mean percentage differences were computed as
the average of per-network relative differences.

times were also calculated and expressed as percentages relative to simulation with
constant k.. These mean normalized times are presented in Table 5.1, allowing
for a concise comparison of computational efficiency across networks, independent
of the specific hardware used. The relative differences reported in Table 5.1 show a
noticeable variability among networks. Most cases remain within a deviation range
of approximately £10%, while Network 4 exhibits substantially longer computation
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times for both Liicker and Vadapalli. This variability reflects differences in network-
specific characteristics, such as geometry or solver convergence, rather than a
consistent trend across all configurations.

5.2.5 Discussions

Building upon the SV results, the analysis of the realistic MVN offers a broader
framework to investigate how spatial heterogeneity in hematocrit and local differ-
ences in MTC formulation affect the overall efficiency and distribution of oxygen
delivery within tissues.

Low hematocrit regions exhibit pronounced model-dependent behaviours similar
to those observed in the SV simulations. In this regime, where RBCs are distant
from each others, oxygen must diffuse over larger distances within the plasma before
reaching the tissue. Consequently, the efficiency of the plasma—RBC exchange
becomes a critical factor in determining local oxygen availability. Differences
in MTC formulation thus directly translate into distinct spatial distributions of
both Prpc and P, along the vascular network. The constant formulation tends
to overestimate oxygen transfer when Hy is low. As a result, it predicts artifi-
cially elevated plasma oxygen partial pressures and an unrealistic equilibration
between the two phases. In contrast, Liicker and Vadapalli formulations scale
the transfer coefficient with local hematocrit and oxygen saturation, producing
more physiologically realistic gradients. These differences highlight the sensitivity
of low hematocrit regions to local parameterization and underscore the impor-
tance of adapting MTCs to microvascular conditions (see Figure 5.5 and Figure 5.8).

At higher hematocrit levels, the discrepancies among the models are reduced
significantly. This agreement, also observed in the SV simulations, reflects the
increasing dominance of RBCs in oxygen transport. Under these conditions,
hemoglobin acts as the dominant oxygen reservoir, minimizing local variation in
oxygen concentration and the influence of the MTC formulation. The alignment of
the models at high H; thus reflects a physiological transition: oxygen exchange
becomes limited not by interphase transfer but by saturation kinetics of hemoglobin
itself. This observation reinforces the idea that the influence of MTC formulation
is hematocrit-dependent: pronounced at low H,, negligible at high H,.

Comparing Liicker and Vadapalli formulations, only minor differences are ob-
served across the network, particularly under high hematocrit conditions. This
similarity can be explained by the relatively weak dependence of Vadapalli coeffi-
cient on local oxygen saturation (see Figure 3.7): since changes in saturation induce
only minor variations in Vadapalli, the saturation-independent Liicker formulation
produces comparable results. In addition, the largest differences between ki, and
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kv, which arise from saturation effects, occur at high hematocrit values (see Figure
5.10). As previously discussed, in this regime the overall impact of the MTC on
oxygen transport is minimal. Together, these factors explain why the two models
yield very similar oxygen distributions across the network.

Despite the local discrepancies among the different methods highlighted above,

the frequency distributions of tissue oxygen tension remain relatively stable across
models. The histograms and boxplots in Figure 5.13 and Figure 5.14 confirm
that the global level of oxygen are not substantially affected by the choice of
MTC. This robustness suggests that the overall oxygenation pattern is primarily
dictated by the network topology (i.e., the spatial arrangement of vessels, their
connectivity and length distribution), rather than by the specific MTC formulation.
In other words, the microvascular architecture establishes the dominant framework
for oxygen delivery, while the MTC modulates the local exchange dynamics within
that structure.
However, these local deviations in tissue oxygen partial pressure should not be
neglected. Local differences can reach up to 20 mmHg, as shown in the path plot
in Figure 5.19, which corresponds to about 25% of the maximum tissue oxygen
tension (~ 80 mmHg). Such variations may shift local regions from normoxic to
near-hypoxic conditions. A closer inspection reveals that these strong discrepancies
occur predominantly along vascular paths characterized by low hematocrit, where
the oxygen supply is inherently limited and the system becomes more sensitive to
changes in mass transfer efficiency. In regions with moderate or high Hy, these
deviations are much smaller because oxygen exchange is less constrained and the
higher availability of oxygen carriers mitigates the effect of MTC variations. This
behavior explains why the overall distributions, obtained by integrating over the
entire domain, appear more similar than the underlying pointwise results. Overall,
while the global oxygenation trends remain consistent across models, the local
picture reveals a different aspect: the choice of MTC can substantially influence
where and how severe oxygen depletion occurs, potentially affecting the onset and
extent of hypoxic microdomains.

The spatial redistribution of oxygen induced by MTC variability is not merely a
numerical artifact but has clear physiological relevance. The presence of hypoxic
regions is closely associated with zones where Prpc and Pr are simultaneously low.
These areas are typically located near vessel outflows, where oxygen has been pro-
gressively consumed along the upstream branches, and the capacity of hemoglobin
to release additional oxygen becomes limited. As a result, oxygen tensions can drop
below physiologically safe thresholds. This mechanism is illustrated by comparing
Figure 5.22 with Figures 5.23 and 5.24, which show that low tissue oxygen levels
coincide with regions of reduced RBC oxygen content. A realistic MTC formulation
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is therefore essential to capture this depletion accurately. Simplified assumptions,
such as a constant transfer efficiency, cannot fully represent the oxygen partial
pressure differences between RBCs and plasma, because they fail to account for
the dependence of oxygen exchange on local hematocrit and oxygen saturation.
Consequently, the extent and severity of hypoxic microdomains may be masked.

The latest observations on local oxygen dynamics underscore the importance of
the MTC choice and naturally lead to computational efficiency evaluation. More
physiologically realistic formulations, such as Liicker and Vadapalli, improve the ac-
curacy of local oxygen predictions but also require longer simulation times compared
to the constant formulation, as shown in Table 5.1. On average, Liicker increases
execution time by approximately 17% and Vadapalli by around 23% relative to the
constant formulation. These findings highlight a trade-off between physiological
fidelity and computational efficiency. For small networks or exploratory studies, the
additional computational cost may be acceptable given the improved representation
of oxygen dynamics. However, for large-scale networks or parametric studies, longer
runtimes could become a limiting factor. Careful selection of the MTC is essential,
as it determines both the localization and severity of hypoxic regions and influences
the computational efficiency of simulations in realistic MVN models.

In summary, the analyses at both SV and realistic microvascular scales provide
complementary insights into the mechanisms governing oxygen transport in mi-
crocirculation. The SV simulations allowed for a detailed examination of how
hematocrit and MTC formulation influence local oxygen exchange, revealing the
importance of capturing bidirectional dynamics between plasma and RBC compart-
ments. Extending these observations to realistic MVNs demonstrated that, while
global oxygenation patterns are largely determined by network geometry, local
oxygen distribution and the emergence of hypoxic regions are strongly modulated
by the choice of MTC. These findings underscore the critical role of physiologically
consistent MTC formulations, which are essential not only for accurately repre-
senting local oxygen exchange but also for reliably identifying regions at risk of
hypoxia in realistic microvascular network simulations.
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Chapter 6

Conclusions and Future
Perspectives

6.1 Concluding Remarks

This thesis investigated the role of the MTC in modeling oxygen transport in the
brain. The MTC analyzed governs the exchange of oxygen between RBCs and
plasma, thereby influencing both vascular and tissue oxygenation. While it is often
simplified as a constant, recent studies have shown that the MTC depends on
local hematocrit and oxygen saturation, reflecting the heterogeneous nature of
microvascular flow and oxygen exchange.

The main objective of this work was to assess how incorporating variable MTC
formulations affects oxygen transport predictions and to identify which approach
provides the most reliable balance between physical realism and computational cost.
Relationships between MTC, hematocrit, and oxygen saturation were extracted
from literature and implemented in a 3D-1D computational framework for cerebral
oxygen transport.

The numerical analysis followed a hierarchical approach. First, simplified test
cases were used to isolate and quantify the effects of variable MTCs on intravascular
oxygen exchange. This allowed a direct comparison of the constant, Liicker, and
Vadapalli formulations under controlled conditions. Subsequently, the study was
extended to a realistic MVN, where spatial heterogeneity and interaction between
vessels and tissue were fully represented.

Results indicate that accounting for MTC variability improves the fidelity of the
model, particularly in regions characterized by low hematocrit values. Both Liicker
and Vadapalli formulations provide a physiologically consistent representation of
oxygen exchange; whereas, the constant k. can lead to local deviations in oxygen
levels, either underestimating or overestimating oxygen depletion depending on
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local microvascular conditions. Importantly, realistic formulations like Liicker or
Vadapalli produce more conservative predictions, capturing hypoxic regions that
may be neglected by simplified models, thereby reducing the risk of overlooking
tissue areas susceptible to oxygen deprivation.

Overall, the results across all tested networks are consistent with the main
findings, indicating that the qualitative behavior of the model is robust with
respect to network geometry and topology. In other words, the general trends
are preserved across different network configurations. However, the quantitative
predictions of local oxygen levels remain sensitive to geometric and physiological
details. This distinction highlights that the conclusions are robust in terms of
trends and mechanisms, but that specific numerical outcomes may vary between
different vascular networks.

From the results, it can be inferred that the most suitable formulation depends
on the specific goals of the study. When the objective is to capture the general
distribution of oxygen across the vascular network, the constant MTC offers a
computationally efficient and sufficiently accurate approximation. Conversely, when
the focus is on obtaining more reliable and physiologically grounded predictions of
local oxygen exchange, variable formulations should be preferred. Among these, the
function extrapolated from the results obtained by Liicker [1] (see eq. (3.3)) provides
the best compromise between physical accuracy and computational efficiency. The
differences between Liicker and Vadapalli methods are relatively small, but the
former requires a considerably lower computational cost.

These findings underline the importance of considering microvascular hetero-
geneity in models of cerebral oxygen transport. Neglecting the variability of the
MTC can lead to an oversimplified representation of intravascular exchange and,
consequently, to less accurate predictions of tissue oxygenation. By integrating a
variable MTC formulation, this work advances current modeling approaches and
provides a more physiologically grounded description of oxygen dynamics. This is
particularly relevant in the brain, where different regions support distinct functions.
Even small local reductions in oxygen availability can have region-specific effects on
neural circuits, potentially leading to varied functional impairments or symptoms.
By resolving these local heterogeneities, variable MTC formulations offer a more
precise picture of vulnerable areas, enhancing the physiological realism of the model
and providing a basis for exploring links between microvascular dysfunction, tissue
hypoxia, and regional brain function.

In summary, this work underscores the importance of accounting for MTC
variability to achieve realistic and computationally efficient simulations of cerebral
oxygen transport.
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6.2 Limitations and Outlook

Although this study provides valuable insights into the role of the MTC in cerebral
oxygen transport, several limitations need to be acknowledged. The relationships
between the MTC, hematocrit, and oxygen saturation were partly extrapolated
from the literature, resulting in missing data in boundary regions of the parameter
space. This introduces a degree of uncertainty in the extrapolated domains and
may affect the accuracy of the predicted oxygen levels. Furthermore, while the
qualitative trends identified in this work appear robust across different network
geometries, the specific quantitative predictions are expected to vary depending
on vessel arrangement, hematocrit distribution, or boundary conditions. This
sensitivity implies that absolute oxygen levels should be interpreted with caution
and that comparative analyses across networks or subjects require consistent model
assumptions and boundary settings.

Another limitation concerns the potential dependence of the MTC on blood
flow velocity. In the present model, the MTC is assumed to be independent of
local flow conditions, as previous studies (e.g., Liicker [1]) have reported only a
weak sensitivity of the MTC to velocity variations under physiological conditions.
Therefore, neglecting this coupling represents a reasonable simplification that allows
isolating the dominant effects of hematocrit and oxygen saturation. Nevertheless,
blood flow still plays a key role in oxygen transport, as it determines the residence
time of RBCs and, consequently, the time available for oxygen exchange within
each vessel. In the present model, this indirect influence is captured through the
dependence of oxygen delivery on flow changes in advective transport.

A further limitation arises from the assumption that RBCs can exchange oxygen
only with the plasma phase and not directly with the surrounding tissue. In
reality, direct RBC—tissue exchange can occur in situations where the available
plasma layer is significantly reduced, such as in vessels with high hematocrit levels.
Under these conditions, the proximity of RBCs to the vessel wall may facilitate a
more efficient oxygen transfer to the tissue than what is captured by the present
model. Neglecting this mechanism could therefore lead to an underestimation
of oxygen delivery in high hematocrit regions. This aspect becomes particularly
relevant considering that the results of this study indicate a limited impact of MTC
variability at high hematocrit values. Incorporating direct RBC-tissue exchange
into future modeling frameworks would thus represent an important step toward
improving the physiological realism of microvascular oxygen transport simulations.

In addition, future works could investigate the mutual impact of different oxygen-
transport mechanisms, such as metabolic consumption, plasma—tissue diffusion,
and RBC oxygen desaturation, on the efficiency of oxygen delivery. Exploring how
these factors interact with each other and with flow dynamics would provide a
deeper understanding of the complex interplay between hemodynamics and oxygen
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Conclusions and Future Perspectives

exchange in the cerebral microcirculation.

Overall, while the present study provides valuable insights into cerebral oxygen
transport and the role of the MTC, the limitations discussed highlight areas where
further investigation is needed. Addressing these aspects in future studies will help
improve the physiological realism of the model and strengthen the generalizability
of its predictions.
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Appendix A

Single Vessel - Other results

This appendix presents additional results for the single vessel (SV) simulations
introduced in Section 4.2. The aim is to provide further examples for different values
of discharge hematocrit (Hy) and additional analyses supporting the observations
discussed in the main text.

A.1 Other cases

Figures A.1 and A.2 show the oxygen partial pressure distributions for two additional
discharge hematocrit values (Hy = 0.30 and Hy; = 0.70), complementing the cases
discussed in the main text. The MTC values used for the simulations are reported
in Table A.1:

method keell [m?’ Oy 571 mmHg_1 m*Q]
H;, =0.30 H;, =0.70
Constant ke 3.73-1078 3.73-1078
Liicker-constant  kforst 1.82-1078 4.43-1078
Liucker-tangent — kf*» 1.82-1078 6.09-1078
Vadapalli kv  ky(H;=0.25,5) ky(H;=0.65,5)

Table A.1: MTC values used in the SV simulations for two hematocrit cases.

The differences between models remain consistent across hematocrit levels,
suggesting that the conclusions drawn are not limited to a specific Hy value.
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(a) (b)
PRBC with Hd =0.3 5 Pp| with Hd =0.3
—— Constant H - Constant
340 Licker 40 Licker
ZIE: —— Vadapalli E —— Vadapalli
€39 €35
(0] [
538 530
[92] wn
(%] wn
g <
a 37 a 25
0 10 20 30 40 50 0 10 20 30 40 50
axial distance [um] axial distance [um]

Figure A.1: Oxygen partial pressure variation along a single vessel with H; = 0.30,
comparing different methods. Variation of Prpc (a) and By (b) along the vessel.
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Figure A.2: Oxygen partial pressure variation along a single vessel with H; = 0.70,
comparing different methods. Variation of Prpc (a) and Py (b) along the vessel.

A.2 Further analysis

To justify the choice of the methods used for the realistic MVN in Section 4.3,
additional simulations were carried out to compare the oxygen partial pressures
predicted by the four different formulations used for the SV case: Constant (k¢),
Liicker-constant (k{°™"), Liicker-tangent (k{*"), and Vadapalli (kv).

Figures A.3 and A.4 show the resulting distributions of P, and Prpc along
the vessel for each model. All plots exhibit a decreasing trend along the vessel,
consistent with the results obtained for individual hematocrit values. Moreover,
both Prpc and P, display an upward shift of the curves as H; increases. This
behavior is expected from a physiological standpoint, since a higher hematocrit

78



Single Vessel - Other results

Comparison of Prgc along vessel
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Figure A.3: Comparison of the oxygen partial pressure Prpc along the vessel
for four different models: Constant (upper left), Liicker-constant (upper right),
Liicker-tangent (lower left), and Vadapalli (lower right).

corresponds to a larger oxygen-carrying capacity of the blood and therefore to
higher oxygen partial pressures in both compartments.

When examining the Prgc plots, the constant k. shows that curves correspond-
ing to low hematocrit values deviate more markedly from the others, producing
abrupt changes between successive hematocrit levels. The mirrored behavior is
observed between P, and Prpc, as discussed in Chapter 5. A clearer comparison
between the methods analyzed can be made by focusing on P,: in this case, the
constant k. produces less gradual variations with hematocrit, confirming that
this formulation is not well suited to represent oxygen exchange between RBCs
and plasma in a modeling framework.

Another relevant observation concerns Liicker-constant formulation. For this
model, an anomaly appears for discharge hematocrit values above 0.50, where the
corresponding curves overlap in upper right plot of Figure A.4 and the expected
upward translation with increasing hematocrit is lost. Together with the consider-
ations presented in Section 4.3, this outcome further supports the preference for
Liicker-tangent formulation in the analysis of realistic oxygen transport models.
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Comparison of Py along vessel
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Figure A.4: Comparison of the oxygen partial pressure P, along the vessel
for four different models: Constant (upper left), Liicker-constant (upper right),
Liicker-tangent (lower left), and Vadapalli (lower right).

The analyses presented in this appendix provide additional insight into the SV
simulations and reinforce the conclusions discussed in the main text. The results
obtained for different discharge hematocrit values confirm the consistency of the
model predictions under varying physiological conditions.
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Appendix B

Alternative Fitting Function
for Liicker Data

The polynomial function in eq. (3.1) accurately interpolates the experimental data
within the accessible range (H; € [0.07,0.50]). Outside this range, its behavior must
be controlled using extrapolation strategies, such as constant or tangent extension.
Within the measured range, the polynomial preserves the monotonic trend of the
data and provides excellent fitting accuracy, making it the preferred formulation in
the main analysis.

For completeness, an alternative logistic function was also considered to de-
scribe keen over the full physiological domain (H; € [0.00,1.00]). The polynomial
and logistic curves differ primarily at high hematocrit values, where the model
predictions are less sensitive to the exact value of k.. Therefore, the logistic
function is presented here as a supplementary comparison and is not used in the
main simulations.

The logistic function is defined as:

L
ket (Hy) =

L) = o5 (H, — Hy)
where the constant shift C' is computed to satisfy

k%(0) = k.

+C, (B.1)

To satisfy the physical requirement that no RBC—plasma exchange occurs in the
absence of erythrocytes, kro was fixed to:

ko =102 m3 0,5t mmHg_1 m~2,

ensuring that the flux term becomes negligible at H; = 0.00 while preserving
numerical stability of the oxygen transport solver (as previously done for the
polynomial function).
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Alternative Fitting Function for Liicker Data

In this parametrization L controls the amplitude of the logistic contribution at
large hematocrit, 3 determines the steepness of the logistic transition, and Hj is
the inflection point of the curve. Importantly, L is not the upper asymptote by
itself: the effective upper asymptotic value of the function is

: log _
Htlin}roo k*(Hy) = L+ C.

The fitted parameters used in the simulations are reported in Table B.1.

Coeflicient Value

C —5.550 - 10°
L 8.021-1078
3 7.033

Hxo 0.3695

Table B.1: Fitted coefficients for k;%(H,).

This functional form ensures a smooth, monotonic increase of the mass transfer
coefficient with hematocrit and introduces a physiologically plausible saturation at
high cell volume fractions, thereby avoiding unrealistically large values in regions
where experimental evidence is scarce.

kLtcker - Logistic fit

8 7| — Logistic fit —
g Literature data /
76 -
£ pd
g€ 51 »
£ P
T4
n
~N
Q 3] ;
f"\E “
52 ’
S 14 -
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0.0 0.2 0.4 0.6 0.8 1.0

Hy

Figure B.1: Interpolated logistic function k;*%(H,) based on data from Liicker [1].
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Alternative Fitting Function for Liicker Data

B.1 Comparison between Liicker-tangent and
Liicker-logistic Formulations

The two formulations were compared across the realistic microvascular network
(MVN) to assess their impact on network-scale oxygen distributions. Both the
3D visualization and the statistical analysis presented in Figure B.2 indicate that
differences between the two models are small. Local deviations in tissue oxygen
partial pressure (Pr) reach at most approximately 6 mmHg, confirming that both
approaches provide physiologically consistent representations of oxygen levels.

(a) (b)

P+ Liicker: tangent - logistic > 0.5 mmHg Pr Licker: tangent - logistic
5 1
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Figure B.2: Comparison of tissue oxygen partial pressure (Pr) computed using
the Liicker-tangent and Liicker-logistic formulations. (a) Spatial distribution across
the network. (b) Boxplot of local deviations. Differences are generally small, up to
approximately 5 mmHg.

Differences in the results between the two approaches are mainly observed at
low hematocrit values, where the logistic function was forced to pass through k.
Despite this adjustment, the overall impact on network-scale oxygen distributions
is minimal.

Overall, these results support the use of the polynomial-based formulation in
the main analysis. The logistic extrapolation remains a valid alternative, capturing
a plausible biological behavior at the extremes of the hematocrit range. It does
not significantly alter network-scale oxygen predictions.
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Appendix C

Rationale for Bounding Prpc
and £, within Physiological
Limits

This appendix illustrates the necessity of constraining the partial pressures of
oxygen in RBCs (Prpc) and plasma (P,) to the range [0, 200] mmHg.

The Tsoukias rate, which models oxygen exchange between RBCs and plasma,
exhibits linear behavior with respect to the gradient of these pressures (see eq.
(2.9)). When the hematocrit is zero, the problem becomes ill-conditioned (as
discussed in Section 4.3), thus Prpc and P, values can diverge. This results in
unrealistic pressure gradients (and consequently in oxygen exchanges) that should
not occur, since no RBCs are present. Applying bounds on Prpc and P, prevents
these nonphysical behaviors and ensures that the model outputs remain meaningful
across all hematocrit levels.

Figures C.1-C.3 compare the Tsoukias rate as a function of hematocrit for
constant, Liicker, and Vadapalli k..

For the constant kee (see Figure C.1), even with the [0, 200] mmHg bounds
applied, the oxygen exchange rate remains relevant at zero hematocrit. This
indicates that this approach is not sufficiently sensitive to hematocrit and does not
correctly reflect the absence of RBCs: the predicted fluxes remain non-physiological.
In contrast, both Liicker and Vadapalli methods show oxygen fluxes tending toward
zero at null hematocrit, as expected biologically (see Figures C.2 and C.3).

All methods display noticeable peaks at hematocrit values around H; =~ 0.18
and H; ~ 0.37. The points contributing to these peaks are located near the domain
boundaries (as verified through an additional analysis not reported here), and the
observed behavior is likely due to non-uniform oxygen consumption close to the
vessels involved.
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Rationale for Bounding Prpc and P, within Physiological Limits

Tsoukias Rate vs Hy with constant MTC
80 .

60

40

20

orh

Tsoukias Rate - 1078 [m30,5~tm~2]

0.0 0.2 0.4 0.6 0.8 1.0

Hg
Figure C.1: Relation between the Tsoukias release rate and the discharge hema-
tocrit Hy using a constant kep. Data points at Hy; = 0 (highlighted in red)
correspond to non-physiological conditions. These are expected to be filtered by the
oxygen partial pressure limitation, but this mechanism fails in the present scenario.

Tsoukias Rate vs Hy with Licker MTC
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Figure C.2: Relation between the Tsoukias release rate and the discharge hemat-
ocrit Hy using Liicker function. Data points with H; = 0 are highlighted in red;
these correspond to non-physically admissible conditions and are supposed to be
removed when the limitation on the oxygen partial pressure is applied.

For the constant ke (see Figure C.1), the rate appears largely independent
of hematocrit, as evidenced by the approximately rectangular scatter of points,
suggesting that under this approach oxygen exchange is not substantially modulated
by the hematocrit. In contrast, both Liicker and Vadapalli methods exhibit an
increase in oxygen flux with rising hematocrit (see Figures C.2 and C.3). Bio-
logically, this behavior reflects the fact that higher RBC concentrations increase
oxygen availability, thereby facilitating greater exchange between RBCs and plasma.
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Rationale for Bounding Prpc and P, within Physiological Limits

Tsoukias Rate vs Hy with Vadapalli MTC
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Figure C.3: Relation between the Tsoukias release rate and the discharge hemat-
ocrit H, using Vadapalli function. Data points with Hy; = 0 are highlighted in red;
these correspond to non-physically admissible conditions and are removed when
the limitation on the oxygen partial pressure is applied.

Bounding Prpc and P, within reasonable limits is essential to maintain model
stability and produce biologically meaningful outputs. The [0, 200] mmHg constraint
prevents non-physiological oxygen gradients and fluxes at low or zero hematocrit,
while allowing the model to capture realistic trends for different hematocrit levels.
Among the tested approaches, Liicker and Vadapalli methods respond appropriately
to this constraint, showing vanishing fluxes at null hematocrit, whereas the constant
keen Temains insensitive to hematocrit and continues to predict non-physiological
exchanges. Nevertheless, applying these bounds ensures overall stability and
comparability across methods.
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Appendix D
Other MVNs

This appendix presents the results obtained for two additional MVNs, analyzed
using the same methodology described in Chapter 5. The purpose is to verify the
consistency and robustness of the findings across different networks. Only the main
quantitative and qualitative outcomes are shown here, while the detailed discussion
is omitted since the trends are analogous to those reported in the main text. The
same threshold values adopted in Chapter 5 were used here as well, in order to
enable a direct and consistent comparison among the different networks.

For both networks, the mean discharge hematocrit (Hy) was 0.30, used to set
the constant MTC k¢ = 1.82 - 1078 m30,s 'mmHg 'm~2 as described in Section
4.3.

Figure D.1 shows the distribution of H, across vessels. The first bin (0-0.20) is
partially highlighted in red to indicate vessels with H; < 0.001. These percentages
refer to the portion of vessels not considered in the subsequent analyses, as already
discussed for the results presented in Chapter 5.

As discussed in Chapter 5, the global distribution of tissue oxygen partial
pressure remains largely consistent across the different methods (see Figure D.3).
Nevertheless, differences become evident upon closer inspection of the boxplots,
which exhibit numerous and non-negligible outliers (see Figure D.4).

In these networks differences between the methods become evident at low
hematocrit values when comparing Liicker and constant ke (see Figures D.6
and D.2), confirming what observed in Chapter 5. For the comparison between
Vadapalli and constant k.., discrepancies arise either at low hematocrit values or
high oxygen saturation (see Figures D.7, D.2, and D.5). Finally, when comparing
Vadapalli and Liicker methods, differences emerge mainly at high oxygen saturation
and non-zero hematocrit values (see Figure D.8, D.2, and D.5).

Overall, the results across all tested networks are broadly consistent with
the main findings, indicating that the model’s behavior is generally robust with
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Figure D.1: Discharge hematocrit (Hy) distribution across vessels for Network
2 (a) and Network 3 (b). The first bin (0-0.20) is partially highlighted in red to
indicate vessels with H; < 0.001. Percentages refer to the total vessel count, while
the dashed line marks the overall mean H,.
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Figure D.2: Distribution of discharge hematocrit (H,;) within the vascular network
for Network 2 (a) and Network 3 (b). Only vessels with very low (Hy < 0.1) or
very high (Hy > 0.9) hematocrit values are displayed.

respect to typical variations in network geometry and topology. However, extreme
differences in vessel arrangement, density, or boundary conditions could still lead
to local deviations in oxygen distribution, especially in regions of low hematocrit
or limited plasma availability.
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Figure D.3: Frequency distribution of Pr for the different methods are compared
for Network 2 (a) and Network 3 (b).
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Figure D.4: Boxplots of the differences in Pr for the three model comparisons
for Network 2 (a) and Network 3 (b).
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Figure D.5: Distribution of oxygen saturation (using Vadapalli method) for
Network 2 (a) and Network 3 (b). Only vessels with a saturation greater than 0.65

are displayed.
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Figure D.6: Spatial distribution of the difference in tissue oxygen partial pressure
(Pr) between Liicker and constant ke for Network 2 (a) and Network 3 (b).
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Figure D.7: Spatial distribution of the difference in tissue oxygen partial pressure
(Pr) between Vadapalli and constant ke for Network 2 (a) and Network 3 (b).
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Figure D.8: Spatial distribution of the difference in tissue oxygen partial pressure
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