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Summary

This thesis presents a case study on the application of diffusion models for the synthetic
generation of tabular data. Generative models have shown remarkable results in produ-
cing synthetic data, and diffusion models are currently one of the most popular generative
models .

After a brief introduction to the main generative models as Generative adversarial net-
works, Variational autoencoders and Diffusion models, the thesis shows a case study of
a comparison of two diffusion models, TabDDPM and FinDiff. These are applied to
two difference datasets, and the results are analysed using difference metrics, considering
statistical properties and privacy aspects. The study demonstrates very high quality in

synthetic generation and robust results for privacy protection for mixed tabular data.
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Chapter 1

Introduction

The main aim of this thesis is to analyze the diffusion models and its applications in the
case of tabular data. In this first chapter I am going to introduce the main topics of

Artificial Intelligence and Machine Learning useful to deal with Generative Al models.

1.1 Artificial Intelligence and Generative Al

Artificial Intelligence is one of the most innovative fields in the last years. The development
of scientific results in Al is happening very quickly, and every month there are new models
that improve the models already developed.

There is a lot of definitions of Artificial Intelligence, depending on the field Al has to be
applied. Artificial Intelligence can be defined as the the set of technologies and methods
that are able to make tasks usually accomplished by human beings.

These tasks involve reasoning, learning, problem solving and others.

Given that the main focus of the thesis is on artificial intelligence application in data, I
am going to describe the features that involve data-driven issues.

The division of Al subfields can be deep and very articulated, but it would go over the
purpose of the thesis.

The main subfield of Artificial intelligence that I am going to explore is Generative Al

(which will be analysed more in-depth in the next chapeter). Many talk about a paradigm
7



Introduction

change in the last years, indeed traditional Al was mainly focused on pattern recognition
and optimization, while Generative Al leverages large-scale neural networks to produce
new and original text, images, music, video, tabular data, and others.

In the next section I am going to analize Machine Learning and its application at the

data-driven problems.

1.2 Machine Learning and Deep learning

Machine Learning is a field that uses tools from mathematics, computer science and stati-
stics. Taking the definition larger than we can, Machine Learning is about learning from

experience in order to make predictions or compute tasks.

The main distinction that can be made in machine learning is the following.

e Supervised learning : the model uses labeled data to predict and to recognise
patterns. Some algorithms of this kind of machine learning are linerar regression,
decision trees, support vector machines and others. Later, in this section I am going

to describe some simple topics in supervised learning.

o Unsupervised learning : In this case models learn from data that are not labeled.
A classic instance of unsupervised learning is Clustering, where the data are parti-
tioned in different groups (called clusters). For the purpose of this work, it is not
necessary to go deep in the description of this models. However, a good reference

which describes accurately unsupervised learning is [9].

* Reinforcement learning : The concept of this subfield of machine learning is often
summarized as “learning from mistakes”. Indeed, the process is the following: an
agent interacts with a system in order to learn an optimal policy. The agent observes
the state s; of the system and, based on its internal hidden state h;, chooses an action
a;. After executing this action, the system transitions to a new state s;y1, and
the agent receives a reward r; that indicates how effective the chosen action was.
The agent then updates its hidden representation from h; to h;y1, incorporating

8



1.2 — Machine Learning and Deep learning

Agent

st-'-'l ht-ll

System “

Figure 1.1: Reinforcement Learning

information from the new state and the received reward. Over time, by repeatedly
observing s;, taking actions a;, and updating h;, the agent learns a policy that

maximizes the expected cumulative reward.

For the purpose of this work, I am going to describe the main features in the case when
"experience" is meant to be data.

In particular for supervised learning issues (but it can be generalized), the main purpose
is to minimize a function, which is called the Loss Function. If we define Y as the set
of all labels, and Z as the set of all possible predictions, in most of the cases it happens

that Y = Z.
Definition 1.2.1. Given a Machine Learning problem, the Loss function is a mapping
L:YxZ—R

that provides the difference between a true label and a predicted label.

Now I am going to describe the main feature of deep learning, that is a subset of
Machine learning which studies the functioning of Neural Networks.
This part is very important, since deep learning is the foundation of a large part of

Generative Al works.

1.2.1 Deep Learning algorithms

The main reference for this section is [13]. Now I am going to describe the MLP neural

newtorks, since these are the one used in the diffusion models that have been explored in

9



Introduction

the next chapters.

MLP (Multilayer perceptron), or Feedforward neural networks, are one of the main fra-
mework of deep learning. The name neural networks comes from the idea of comparing
the functioning of these machine learning models to the functioning of human brain. In-
deed a neural network is composed by neurons and edges, which are supposed to imitate
the neurons and the synapses of a human brain. Furthermore, feedforward refers to the
fact that the information flows in only one direction, from the input to the output.

Let there be L the number of hidden layers, the description of the layer is the following
Input: x € R®

h® = FOWOx 4+ M),

h® — f(2)(W(2)h(1) + b(2))7
Hidden layers:

h — f(L)(W(L)h(L—l) + b(L))7

Output layer: y = f(L“)(W(LH)h(L) + b(L“))
where f! : is the activation function, ¥ is the output of the model, W' is the weight matrix,
and b is the bias vector, and [ € {1, .., L} is a layer.

The most common activation function are usually:

1

St id : = — 0,1

1gmoi o(x) et o(x) € (0,1)
P

Hyperbolic Tangent : tanh(z) = prympe tanh(z) € (—1,1)
er e "

Rectified Linear Unit(ReLU) : ReLU(z) = max(0,x), ReLU(z) € [0, 00)
The purpose of the model is to find the parameters § = {W', b! lL:—|-117 and the framework

is the optimization of the loss function, which is
0* = arg mein L(0)

10



1.2 — Machine Learning and Deep learning

and the most common optimization algorithm used in deep learning is Gradient Descent.

This consists of iteration as

O+ = 9 — L (0W)
where 7 controls the step size on each iteration.
Deep learning is a huge field with several aspects to consider, carachterized by constant
and continuous development. Nevertheless, for the sake of this work, it is not necessary
to go in depth for every single instance of deep learning model, but rather figure out the

main feature useful for generative AI. A good reference for other deep learning concepts

is [13].

11
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Chapter 2

Generative Models

Generative models are Al models that are able to generate text, images, sounds, videos
and other things. Nowadays, generative models are gaining increadible popularity and are
implemented by companies for industrial purposes. One main example is the diffusion of
LLMs (Large Language Models), that are being used by companies and people for daily

tasks.

An area where generative models have demonstrated remarkable success is in the ge-
neration of images and videos. Furthermore, these models can be used for the generation
of synthetic dataset as tabular data, and this case will be deeply analyzed in the next

chapter.

This chapter provides an overview of the leading generative model architectures currently

shaping the field.

2.1 Generative adversarial network

Generative Adversarial Networks (GANSs) constitute an innovative framework within deep
generative modeling, which has recently attracted significant research interest. These kind

of generative algorithms have gained great performances mainly for images generation.

13



Generative Models

First time I studied how GANs work, I was surprised and interested about the concept of
competitive training among neural networks, that I am goin to describe now.
Let’s provide an overview of the architecture and the mathematical structure of this

generative models.

Aeatata \

Discriminator
Neural network Real/Fake

Random — EELCKEIE]

Noise

I Update

Figure 2.1: Generative adversarial network: a scheme of the architecture

The picture above describes accurately the main aspects of the GAN models. There
are two neural networks ( Generator and Discriminator) in a competitive game that lead

to the training of both.

2.1.1 Mathematical structure

o It is defined a probability space (2, B, tigata), i.-e. € is a sample space, B is a 0 —

algebra on the sample space, and 444, is @ probability measure.

o Generator The generator is a measurable function

G:Z—Q,

where Z is a latent space equipped with a prior distribution pz (e.g. a Gaussian or

uniform distribution).

14



2.1 — Generative adversarial network

Therefore there is a distribution induced by the generator, which is called pushfor-

ward, and defined as it follows:
pig = pz oG

¢ Discriminator The discriminator is a function
D :Q —[0,1],

which represents the probability that a sample € Q) comes from the real distribution

Udata Tather than ug.

The training process is a two-player zero-sum game between G and D, with value

function

V(G, D) = Eorpgoes [10g D(2)] + Banp, [log(1 = D(G(2)))]-

The discriminator seeks to maximize V (G, D), while the generator seeks to minimize it:
min max V(G, D).
G D
Actually, this corresponds to the following loss functions:

Lpiscriminator = ~Bzrjigaea [log D(x)] — Eopy [log(1 — D(G(2)))]

for the discriminator, and

CGenerator = _Ezw,uz [IOg D(G(Z))]

for the generator. This mathematic description defines formally what is happening in the
model: the two neural networks (Generator and Discriminator) are training in competi-
tion, the Generator looks for producing data more difficult to regognise if they are fake
or true, while the discriminator is training to understand if the data is fake or true.
CTGAN : Since this work is focused on tabular data, it is interesting to analyse a GAN
model applied to tabular data. A remarkable model in the GAN studies is CTGAN (Con-
ditional Tabular Generative Adversarial Network), and a good reference is [15].

The main characteristic of CTGAN is that this has been designed specifically for tabular

data. In particular, the structure is similar but it has two main differences:

15



Generative Models

o The Generator network is replaced by a Conditional Generator;

o The loss function is modified to handle mixed data types (continuous and categorical)

effectively.

Conditional Generator: The idea is to condition the generation process on specific
discrete columns, allowing the model to learn complex dependencies between categorical
and continuous variables. In this modified framework, generator becomes a conditional
function

G:ZxC—9Q,

where C represents the set of possible conditions (for example, categories in a discrete
column). The generator takes as input both a latent vector z ~ iz and a condition ¢ € C,
producing synthetic samples consistent with that condition.

The discriminator, in turn, also receives the condition ¢ as an input, i.e.
D:QxC—|[0,1],

and it learns to distinguish whether a sample (z, ¢) comes from the real data distribution
or from the generator.

Modified loss function: The conditional adversarial loss is defined as
V(G, D) = E c)mpguea [ 108 D(2, )] + B o)y ey [ 108(1 — D(G(2, ¢), ¢))].

As in standard GANs, the discriminator maximizes this objective while the generator
minimizes it:

min max V(G, D).
G D

In addition, CTGAN introduces techniques to handle the specific challenges of tabular
data:

o Mode-specific normalization for continuous columns, which allows better modeling

of multi-modal continuous distributions;

o Conditional sampling during training, ensuring that rare categories are sufficiently
represented and the generator learns their distributions accurately.

16



2.2 — Variational autoencoder

These modifications make CTGAN particularly effective in generating high-quality
synthetic tabular data that preserves both marginal and conditional dependencies among

variables.

2.2 Variational autoencoder

The second generative model I am going to describe in this chapter is the variational
autoencoder. This kind of generative models have been introduced in 2014 in the paper
[11] and then they have gained popularity in various field of generative Al.

The main references for this section will be [11].

The main parts of the architecture of a Variational autoencoder (or VAE) are three (in

addition to input and output):

o Encoder: it receives data and basically compresses them into a lower-dimensional
representation. In a Variational Autoencoder (VAE), instead of mapping inputs to a
fixed point, the encoder learns the parameters of a probability distribution, typically

a Gaussian, in the latent space

4o(z|z) = N (2; pg(z), Bg(x))

where f14(x) and X4 (z) are the mean and covariance predicted by the encoder net-
work. From this distribution, latent variables are sampled and later used by the
decoder to reconstruct the input data. This probabilistic method allows the mo-
del to learn smooth and continuous latent representations, producing realistic data

generation.

o Latent space: The latent space is a continuous space in which the encoded repre-
sentations of the data are mapped. Each point in this space corresponds to a possible
“code” that captures the essential features and variations of the input data.
During training, the VAE learns a latent distribution that approximates the un-
derlying data distribution. A key mechanism enabling this process is the repara-

meterization trick, which allows sampling from the latent space in a differentiable

17



Generative Models

way, making it possible to train the entire model through backpropagation. To ena-
ble backpropagation through the sampling process, the reparameterization trick is
applied:

z = pg(x) + Z;/Q(a:) ®e e~N(0,1)

This formulation allows the gradient to flow through pg and ¥4 while maintaining

stochasticity via e.

e Decoder: The decoder performs the inverse operation of the encoder: starting
from a point (or vector) in the latent space, it reconstructs an output that should
resemble the original input as closely as possible. In this sense, the decoder translates

the compressed representation back into the data space.

Loss function : During the training phase, the Variational Autoencoder aims to learn
both how to accurately reconstruct the input data and how to organize the latent space
in a structured way. This is achieved by minimizing a specific loss function, known as the

FEvidence Lower Bound (ELBO).

The ELBO combines two complementary objectives:

L0, ¢;0) = Eog, (z12) [l0g po(x|2)] — Dk (gs(2]7) [ p(2))

The first term,

EZNQ¢(Z‘w) [logpg (l“Z)],

is the reconstruction loss: it measures how well the decoder can reproduce the input
data starting from the latent variables z. A higher value of this term indicates that the
model is successfully reconstructing the original examples.

The second term,

D (ga(2[2) [ p(2)),

is a regularization term that enforces the latent distribution learned by the encoder,
¢s(2|z), to remain close to a chosen prior p(z), which is typically a standard Gaussian
N(0,1). This constraint prevents the model from overfitting and encourages the latent
space to be continuous and smooth.

18



2.2 — Variational autoencoder

When both terms are combined, the overall objective balances reconstruction accu-
racy and latent space regularity. In practice, the loss function is minimized by taking

the negative ELBO:

Lyvag = _Ezw%(zlx) [1ng9($’2)] + Dk, (q¢(2|1‘) H p(z))
If both g4(z|z) and p(z) are Gaussian, the Kullback-Leibler divergence can be compu-
ted analytically as:

1 d
Dic(gs(217) [|p(2)) = 5 3 (13 + 07 ~logo} — 1)
=1

This analytical form makes the optimization efficient and numerically stable. By mi-
nimizing this loss, the VAE learns to generate new data that are not only realistic but

also smoothly distributed in the latent space.

Tabular Variational Autoencoder (TVAE)

The Tabular Variational Autoencoder (TVAE) extends the Variational Autoencoder fra-
mework to tabular datasets that include both continuous and categorical features. Un-
like the standard VAE, which assumes a single continuous distribution for all variables,
the TVAE adapts the reconstruction process according to the data type of each feature,
allowing for a more accurate modeling of mixed data.

During training, the TVAE minimizes a modified Evidence Lower Bound (ELBO):

Lrvap = —Eq,z0)llog po(z|2)] + D 1(gs(2]7)|Ip(2))

where gg(z|x) denotes the encoder distribution, pg(z|z) is the decoder likelihood, and
p(z) ~ N(0, 1) represents the prior over the latent variables.
The first term, Ey (.1, [log pe(z]2)], corresponds to the reconstruction component, whose

expression depends on the type of variable being modeled:

e For continuous variables, a Gaussian likelihood is used, producing a mean-squared

reconstruction penalty:

1 N
log pg(j]2) = —@(%‘ — #)?
J

19



Generative Models

o For categorical variables, a cross-entropy term is employed to capture the discrete

probability distribution:
log pg(zj|2) = Z zji, log &
k

By combining both terms, the overall objective becomes:

+Dk1(gs(2]7)|Ip(2))

2 )2
Lrvag == 2 B l 202 = 1 > Bl [Z ik 108 Tk

j€Econt j€Ecat

The tabular data generative model maintain smooth latent representations while ac-
curately reconstructing both numerical and categorical features. In this way, there is an

improvement of the generation of realistic synthetic tabular data.

2.3 Diffusion Models

Diffusion models are Generative Al models that have been introduced the first time in
the paper [4]. For some years, despite its potential, the idea was mostly ignored for years
in favor of GANs and VAEs.

Diffusion models have regained the attention of the scientific community with the pubbli-
cation of [5], which defines a fundamental framework for this thesis: DDPM (Denoising
Diffusion Probabilistic Models). In this section I will describe the mathematical structure,
that will be useful in the next chapter in the case of tabular data.

Mathematical Structure: The most important feature of DDPM is that the generative
process is defined through two complementary Markov chains: a forward process and a

reverse process.

« Forward process (diffusion process): in this first step, a sample zy that comes
from the data distribution w = w(zp) is modified adding noise, implementing the

following process:



2.3 — Diffusion Models

where z( is an initial sample taken from the data distribution w(x).
The numbers v;,t = 1, ...,T" are the variances of the phase z;_; — z; , which means
mathematically that

Var(w(zdzi—1)) = 1l

The interpretation of these variances is as follows: The parameters +; control the
amount of noise added at each step of the forward process. Smaller values of y; make
the transition slower and more stable, whereas larger values lead to a noisier process

but require fewer steps.

Reverse process: there is a gradual denoising process

T

pa(zor) = [ pa(ze-ilze)

where the dependency on a variable A is due to the fact that the distributions
pa(zi—1]z¢) is not known and therefore it is approximated by a neural network.

The purpose of the model is to optimize the bound on log likelihood, that means

Ey(z0)[Lo — L1 — Z L] < loglw(zo)] (2.1)
t=2

Loy = log[px(zolr1)] (2.2)

Ly = KL|w(zp|xo)|w(zr)] (2.3)

L1 = KL[w(zi—1|ziw0)|pa(Ti—1]|xt)] (2.4)

where L is the loss function. The term L represents the Kullback—Leibler divergence
between the true posterior distribution w(x;_1|x¢, z) and its neural approximation
pa(Ti—1]xe). Since w(wi_1|ze, x0) is analytically tractable and depends on a known
Gaussian noise €, the optimization can be simplified by minimizing the mean squared

error between the real noise and the one predicted by the model:
Esimple = Et, Zo, € [||€ - 6)\(3375, t)HZ]ﬂ

where r; = Voyxg + V1 — oz € and ay = Hﬁzl(l — ;). This simplified form is equi-
valent to maximizing the variational bound on the log-likelihood and is commonly

21



Generative Models

used for training DDPMs in practice.

Therefore, this is a description of the foundationd of diffusion models. Other infor-
mation about the mathematical structure can be found in [5]. Instead, in the next
chapter, that will be completely dedicated to diffusion models for tabular data, there
will be a complete description of the structure of two diffusion models: TabDDPM
and FinDiff.

2.4 Copula-based Generative models

In this section I am going to provide a short review of copula-based models, since those
have been used in the computational cases for some reason that I am going to underline in
the Chapter 4. Therefore, for the sake of completeness, I have summarized the fundamen-
tal theoretical aspects of these generative models. The main reference for copula-based

models is [10].

Firstly, it is important to provide a formal definition of what a copula is.

Let Uy, ...,Uq ~ U(0,1) be uniformly distributed random variables
Definition 2.4.1 (Copula). A Copula is a joint distribution
C’(ul, L ,ud) = P(Ul <uy,...,U; < ud), (uh - ,ud) € [0,1]61

which has the following properties
(i) For each i € {1,...,d} , the function

wp = C(Uur, ... Uy .., Uq)

s mon-decreasing.
(it) 2. The ith marginal distribution is obtained by setting u; = 1 for j # i and since it is
uniformly distributed

C’(l,...,l,ui,l,...,l):ui

(iii) For a; < b;,
]P)(Ul S [al,bﬂ, L Ug € [ad,bd])

22



2.4 — Copula-based Generative models

must be non-negative.

Teorema 2.4.1 (Sklar). Let F be a joint cumulative distribution function on RY with
marginal distribution functions F, ..., Fy. Then there exists a copula C : [0,1] — [0,1]

such that, for all (z1,...,14) € RY,
F(x1,...,2q) = C(Fi(1), ..., Fy(zq)).

If the marginals Fy,..., Fyq are continuous, then C' is unique; otherwise, C is uniquely
determined only on the set Ran(Fy) x --- x Ran(Fy). Conversely, if C is a copula and
..., Fy are distribution functions, then the function F' defined as above is a multivariate

distribution function with marginals I, ..., Fy.

Proof. [Existence]
Let F be a joint cdf on RY with marginals Fy, ..., Fy. For u = (uy,...,uq) € [0,1]%, define

the (left—continuous) generalized inverse

FMNu) = inf{z € R: Fy(z) > u;}, i=1,...,d,

7

and define
Oluy,...,ug) = F(F7 w),. .., Fy (ug)).

Then C : [0,1] — [0,1] is grounded and d-increasing (being the composition of a cdf with

nondecreasing arguments), hence a cdf on [0,1]2. Moreover, for each i and u € [0,1],

while right—continuity and monotonicity of F; imply also C(1,...,1,u,1,...,1) < u; hence
the -th margin of C' is u. Therefore C' is a copula. By construction we have, for every

x=(71,...,14) € R
F(zy1,...,2q4) = C(Fi(x1), ..., Fi(zq)),

because F; (F;(z;)) < z; and F is increasing in each coordinate, while taking limits from
the right gives the reverse inequality.

[Uniqueness]
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Generative Models

If all marginals F1,. .., Fy are continuous, then F, (Fj(z)) = z and F{(F; ' (u)) = u for
all z,u; hence the above C'is the unique copula satisfying F'(z) = C(Fy(z1),..., Fi(zq)).
If some marginal is not continuous, any copula representation is uniquely determined on

Ran(Fy) x --- x Ran(Fy), and possibly differs elsewhere.

[Converse]

Conversely, let C' be a copula and F, ..., F; cdfs on R. Define
F(z1,...,2q) == C(Fi(z1),..., Fi(zq)).

Then F is a cdf on R? whose marginals are exactly Fy, ..., F; (obtained by setting all but
one coordinate to +00), completing the proof.

O

Now that we have introduced the definition of a copula and the main theoretical result
concerning copulas, we turn to their role in generative Al. Specifically, we discuss how
copulas can be used within generative algorithms to model complex dependencies among
variables and to construct flexible synthetic data generators.

Once the theoretical foundation has been established, it is possible to highlight the
role of copulas in generative algorithms. The key idea is that copulas provide a principled
way to separate marginal distributions from the dependence structure among variables.
In practice, this means that each marginal distribution F; can be estimated independen-
tly, using either parametric or non-parametric methods, while the copula C is used to
reconstruct the joint distribution. This decomposition is particularly valuable in tabular
generative modeling, since real-world datasets often exhibit heterogeneous distributions
across features: some variables are heavy-tailed, others are approximately Gaussian, and

categorical variables can be embedded into discrete distributions.

Generative algorithms use this property by first transforming observed data into uni-
formly distributed random variables on [0,1] via the probability integral transform. A
copula function is then fitted to capture the dependencies between these transformed
variables. Finally, synthetic samples are generated by simulating from the copula and

applying the inverse transforms of the estimated marginals. This process ensures that

24



2.4 — Copula-based Generative models

both the univariate properties of each variable and the multivariate dependence structure

are preserved in the generated data.

In recent years, copula-based models have also been combined with modern machine
learning approaches, such as normalizing flows and neural networks, to enhance their ex-
pressive power. These hybrid frameworks leverage the interpretability and flexibility of
copulas while benefiting from the scalability and representational capacity of deep learning
methods. As such, copulas offer a robust and versatile tool for constructing synthetic da-
tasets, making them an important reference point when evaluating more recent Al-based

generative models, such as diffusion models or GAN variants, in the tabular domain.
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Chapter 3

Diffusion Models for tabular
data

3.1 Tabular data

Tabular data represent one of the most common and fundamental forms of structured
data. They are organized into rows, corresponding to individual observations or records,
and columns, which represent variables or attributes.

This simple yet powerful format enables consistent storage, processing, and interpretation

of information.

Tabular data are very important for business applications and, in particular, they are
widely used by companies, banks, and institutions. Indeed, these kind of data are easier
to manage and analize, if compared to other kind of data (for instance images, videos).
Since the topic of this thesis is concerning diffusion models for tabular data, I am intro-
ducing now the main aspects of tabular data. First, I will describe the general aspects of
tabular data. Then, in the following section, I will address the specific case of how tabular
data are handled within diffusion models.

For a more solid foundation on machine learning applied to tabular data, the book [6] can
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Diffusion Models for tabular data

be consulted.

Columns = Features

Rows = observations

Figure 3.1: Tabular data

As it can be seen from the image, a general tabular data is composed by rows and columns:

o Columns represent the variables (also called features or attributes) that describe

certain characteristics of the observations.

« Rows correspond to the individual observations (also called records or instances),

each one providing a specific value for every variable.

This format of data is the most used since it allows an efficient storage, querying and

application of Machine Learning algorithm.

One of the main issues to deal with is the missing and noisy data: for a comprehen-
sive discussion on how to address these challenges, [6] provides a valuable reference. In
this work, however, the focus will be placed specifically on the treatment of such issues

within the framework of diffusion models.

3.2 TabDDPM

The main reference for this section is [1].

The theoretical foundations of TabDDPM are primarily based on the mathematical fra-
mework introduced in Chapter 2 for DDPM. In particular, TabDDPM inherits the general
diffusion-based structure, while specializing to the case where the underlying distribution
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is assumed to be Gaussian in the case of numerical features, and Multinomial diffusion in

the case of categorical and binary features.

3.2.1 Mathematical Structure:

In order to deal with both types of features for the datasets (numerical and categorical),
there needs to choose a vector of variance (71, ..., 7r) , and then the probability distribution

are the following.

Multinomial diffusion

When we have to deal with categorical of binary data, i.e. x; € {0,1}¥ V¢, and the

distribution are

w(my | ze—1) ~ Cat(x; (1 — ve)we—1 + 7/ K) (3.1)
w(zr) ~ Cat(zp; 1/K) (3.2)
wo(xe | wg) ~ Cat(zi—1;4m0 + (1 — ay)/K)) (3.3)
ap =1 —, ap:= H% (3.4)

Gaussian diffusion

In this case, the data x; € R™ V¢, and the distribution are
vy =\1—yaxi1+e e~N(O,vI) (3.5)
w(@e | Tp-1) ~ N(ﬂftQ VI=wi, ’th) (3.6)
w(ar) ~ N(zr;0,1) (3.7)
pa(—1 [ @) ~ N(@e—1; pa (e, 1), 2 (2, ) (3.8)

The working of the diffusion and reverse process have already been described accurately
in the Chapter 2, section 3. Furthermore , it is important to underline that the parameter
A is the parameter that the neural networks need to learn, and this idea is the same for

TabDDPM and FinDiff.
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Loss function The reverse process in TabDDPM is composed by a multi-layer neural
network, and the model has the purpose to minimize the total loss function
an | 2izc £
ETotal _ cGaussum + (S
t t C

where £#2ussian denotes the mean-squared error minimization term for the Gaussian
component, and L represents the loss defined in the previous formula.

The Gaussian loss term corresponds to the denoising objective used in standard diffu-
sion models. In particular, for each timestep ¢, the model predicts the noise component

ex(zt,t) added to the data sample, and the Gaussian loss is defined as

cmsin — g, e — ex(Vamo + VI=ae b)),

where € ~ N(0,1) and a; = [[;<,(1 — ;). This term corresponds to a mean squared
error between the true noise € and the noise predicted by the neural network ey(-,t).
Minimizing this loss encourages the model to accurately learn the reverse diffusion process

for continuous (Gaussian) features.

Neural network architecture. The reverse process py(z;—1 | ;) is parameterized by

a multi-layer perceptron (MLP), which approximates the denoising mapping
f)\($t, t) = WLJ(WLflU(. .. U(Wl [xt H et} + bl) . ) + bLfl) +br,

where o(-) denotes a non-linear activation (e.g. ReLU or GELU), ¢, is a time embedding,
and || indicates concatenation. The output represents either the estimated noise €y (x4, t)

for continuous variables or the logits for categorical features.

Optimization. The parameters A\ of the MLP are optimized via gradient descent:
A= A= VLo,

with learning rate n > 0. In practice, the expectation is approximated through minibatch

stochastic optimization (Adam or AdamW).
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Sampling. After training, new samples are obtained by iteratively sampling
g ~pa(Te—r | @), t=T,T—1,...,1,

starting from x7 ~ N(0, I) for continuous variables and a uniform categorical distribution

for discrete ones.

3.3 FinDiff

The main reference for this section is [2]. FinDiff (Financial Diffusion) is a generative
modeling framework specifically designed for financial synthetic tabular data generation.
While diffusion-based generative models have recently demonstrated remarkable perfor-
mance in image, text, and multimodal tasks, their direct application to tabular data is still
a field with continuous development and deep research due to the heterogeneous nature

of financial datasets.

In order to deal with these challenges, FinDiff extends the diffusion paradigm by in-
corporating domain-aware adaptations tailored to financial data distributions. The model
is designed to preserve statistical fidelity, ensuring that the synthetic data reflects the
marginal and joint distributions of real datasets, while also providing privacy guarantees

by reducing the risk of sensitive information leakage.

Synthetic data generated by FinDiff enables a range of remarkable applications, inclu-
ding credit risk modeling, fraud detection, customer segmentation, and stress testing,
where access to large-scale high-quality data is often restricted by confidentiality and re-
gulatory concerns. Overall, FinDiff contributes to both practical utility and responsible

data sharing in financial research and industry applications.

3.3.1 Mathematical structure

The model handles a mixture of numerical and categorical variables. Figure 4.11 outlines

the overall FinDiff architecture.
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Figure 3.2: FinDiff architecture (Source: [2])

The main steps of the generative process are as follows:

+ Data pre-processing phase: Categorical variables are converted into learnable
embeddings, while numerical ones are standardized or normalized to zero mean and

unit variance.

« Embedding assembly phase: The pre-processed numerical and categorical repre-
sentations are concatenated and combined with time and label embeddings, forming

the complete input vector for the diffusion model.

o Training phase: The model learns to reverse the diffusion process by minimizing

a loss function defined over both numerical and categorical components.

« Post-processing phase: Generated categorical outputs are mapped to their closest

valid category, while numerical values are denormalized back to the original scale.

Mathematical formulation

num cat num

Let the tabular sample at step ¢ be denoted as x; = (x}"™, x§"), where x}™™ and x{**

represent numerical and categorical components, respectively. The diffusion process is

applied separately to these two types of data, following different noise dynamics.

Numerical features. For the continuous attributes, the forward diffusion adds Gaus-

sian noise according to a variance schedule {3;}1;:
q(X?um | Xgum) = Va xi" + 1 — oy €, €~ _/\/'(()’ ])’ (3.9)

where oy = 1 — 3; and & = H’;:l Q.

32



3.3 — FinDiff

During training, the neural network ey learns to predict the added noise €, minimizing

the mean squared error (MSE):
£num = Et Xpime [HE,‘ - 5)\ um t || ] (310)

where ¢ denotes optional conditioning information such as labels or other metadata.

Categorical features. In this case,the diffusion process is defined over categorical sta-
tes. Let zp € {1,...,K} be a categorical variable with K possible classes. At each
step t, a transition matrix gradually corrupts the original state toward a nearly uniform

distribution:
@z =k|z_1=7)=(1-B) 1k = j] + B m, T A . (3.11)

The model learns to recover the original (clean) category from the noised version z; by

predicting a categorical distribution:
pa(z0 | 21, t,¢) = Cat(softmax(gy(e(z:),t,¢))), (3.12)

where e(z;) is the embedding of the discrete variable at time ¢. The corresponding training

loss is the negative log-likelihood (equivalently, a cross-entropy loss):

Leat = Et,zo,ztwqﬂzo) [ - 1ng)\(20 | 2, 1, C)] . (313)

Joint training objective. Since the model handles both data types simultaneously,

the total loss combines the numerical and categorical components:
Etotal — /\num Enum + )\cat Lcat + )\reg R()‘)a (314)

where Apum and Acat balance the relative contributions of each loss, and R(A) denotes an

optional regularization term (e.g., weight decay).

Reconstruction phase. During sampling, the model iteratively reverses the diffusion

process:

o For numerical features, the model progressively removes Gaussian noise using the

estimated €.
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o For categorical features, the model samples from the predicted categorical distribu-

tions pyx(zi—1 | 21, t, ¢) until reaching ¢t = 0.

Finally, numerical data are denormalized, and categorical embeddings are mapped back

to their most probable discrete values.
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3.4 TabDDPM and FinDiff: A theoretical compari-

son

In this section I am going to underline the main difference between the two models from a

theoretical point of view. Indeed, these differences are also reflected in the computational

results, which will be analyzed in the next chapter.

The differences between the two diffusion models are clear from the previous sections
describing their mathematical properties. The present section is therefore devoted to syn-

thesizing and tabulating these differences, and it provides a concise reference to be kept

in mind for the subsequent chapter, where these differences will be

Aspect TabDDPM FinDiff
Application  do- | Generic (mixed tabular data) | Specific for mixed financial da-
main ta

Categorical data

One-hot encoding + multino-
mial

Embedding encoding

Numerical data

Gaussian diffusion

Gaussian diffusion with advan-
ced scaling

Architecture Base DDPM model Feedforward NN with seman-
tic embeddings

Focus Privacy & validity Privacy + Utility 4+ Fidelity

Scalability Limited by one-hot More scalable with embed-

dings

Table 3.1: Comparison among TabDDPM and FinDiff
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Chapter 4

Computational Results

All the tests have been made on Google Colab, using the T4AGPU, since the generative
models need high computational power.

In the following sections of this chapter I am describing the datasets and the results,
focusing on the computational aspects with a view on the theoretical aspects already
described in the Chapter 3 and if the computational results align with what was expected

from the mathematical theory.

4.1 Datasets

In this section, I am going to describe the main features of the datasets used to evaluate
the models.

Two different datasets were employed in this work in order to test the robustness of
generative models across heterogeneous data structures. , one completely numerical and

one mixed numerical and categoricals.

4.1.1 First Dataset: Financial portfolio

The first dataset employed in this work is a Financial portfolio dataset, randomly genera-
ted for this case study with ChatGPT. The dataset consists of 5,000 observations and 10

variables, providing detailed information on the composition of an investment portfolio.
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It includes identifiers such as fund ID, date, asset class, ticker, position value, and curren-
cy. In addition, descriptive attributes are provided, including sector, country, and ESG
rating, along with the portfolio weight of each position. In the picture below, there can
be seen the first 5 rows of the dataset useful to understand the structure of the dataset.

Overall, this is a classical instance of tabular financial data and combines both numerical

Fund_ID Date Asset Class Ticker Position Value Currency Sector Country ESG Rating Portfolio Weight
FOOO 2022-07-31 Commodity TCKR00000 662375.96 EUR Utilities UK B 0.007223
FOOO 2022-04-30  Real Estate TCKR00001 891640.43 JPY Finance JETED 0.009723
FOOO 2022-11-30  Real Estate TCKR00002 2700423.77 usD Utilities France 0.029446
FO00 2022-08-31 Equity TCKR00003 670342.94 JPY Consumer USA 0.007310

FOO0 2022-05-31 Commodity TCKR00004 568435.03 usb Utilities UK 0.006198

Figure 4.1: Portfolio Dataset

and categorical variables, making it suitable for portfolio allocation and diversification

analysis.

One of the main question someone can ask is what is the purpose of using generative
models to create synthetic dataset. These methods are able to capture the dependen-
cies between heterogeneous features while preserving the statistical properties of financial
attributes. The generation of synthetic data in this context can be useful for multiple
purposes:

« Data augmentation: enrich limited datasets by generating additional plausible

observations.

o Privacy preservation: allow the sharing of realistic financial data without disclo-

sing sensitive information.

e Stress testing and scenario analysis: simulate portfolios under extreme or

unobserved market conditions.

o Benchmarking and model evaluation: provide controlled datasets for validating

analytical methods and machine learning models.

Overall, synthetic data generation represents a valuable tool for research, risk manage-
ment, and practical applications in portfolio analysis.

38



4.2 — Evaluation metrics

4.1.2 Second Dataset: Macroeconomics

The second dataset employed for the generation of synthetic data is a macroeconomics
dataset about US macroeconomics factors that can be taken from the website Kaggle or
from other datasets repository, since macroeconomics data are are publicly available.
This contains main macroeconomis measurements as inflation, mortage interests, bond
yields and others. In the next picture, there can be visualized the first 5 rows to see how
the dataset is composed.

CONSUMER PPI- MORTGAGE MED CORP. MONTHLY  %SHAREOF  GDP QUARTERLY

DATE UNRATE(%) CONF  CONST CPIALLITEMS INFLATION(%) MONT:L: HOUSEHOLD BOND HOME WORKING PER m:é::‘:; Gko\;'lr’: CSUSHPISA
INDEX  MAT. ey INCOME  YIELD(%) SUPPLY  POPULATION CAPITA o)
o1
o o5 . 1064 352857 123322800 8581511 230 NaN H 84 aN 74737 19699.465 -0.144227 120724
2022

1073 343730 121978170 8258629 NaN 84 al T4T37 19699465 -0.144227 121813

72 345852 121301004 8542456 NaN 343 73289 19727918 0395692 122888

343583 119.702806 7.871064 3.762 NaN 32! . al 3289 19727918 0395692

38 345742 118619339 7.479872 E NaN 293 al 3289 19727918 0395692

Figure 4.2: Macroeconomics dataset

The dataset is composed by 242 rows and 15 columns (i.e. the features).
These variables determine the economic conditions and are useful to analyze trends, they

are collected from 2003 to 2022.

4.2 FEvaluation metrics

In both TabDDPM and FinDiff, data quality is not defined intrinsically by the models
themselves, but rather by standardized metrics for synthetic data evaluation, as imple-
mented in libraries such as SDMetrics.

In particular, data quality refers to the extent to which the synthetic data reproduces the
statistical properties of the real data.

The Column Shapes metric evaluates how well the distribution of each individual
column in the synthetic data matches the corresponding distribution in the real dataset.
For numerical variables, this comparison is commonly performed using the Kolmogorov—
Smirnov Complement (KSComplement), while categorical variables are assessed through

the Total Variation Distance. Each column receives a score between 0 and 1, where values
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closer to 1 indicate a higher similarity between real and synthetic distributions. From a
mathematical point of view, the score is obtained as it follows:
If z; is the i-th column, the column fidelity is defined as it follows:

1 — KS(z,$) if 7 is numerical
A= (4.1)

— 3TV D(z.s;) if d is categorical

where

KS(z,s) = sgp |F,(z) — Gy(x)]

with F and G are empirical cumulative distribution functions respectively of z (the original
data) and s (the synthetic dataset).

The overall Average Score is then computed as the mean of all per-column scores,
providing a global indicator of how accurately the marginal distributions are reproduced
by the generative model. For instance, an average score of 0.90 suggests that, on average,
the column-wise distributions in the synthetic data are highly consistent with those of the
real dataset.

Another important aspect that needs to be deeply analyzed is the preservation of
Privacy.

To assess privacy preservation in synthetic data, we compute the Nearest Neighbor
Distance (NND) between synthetic and real records. In this approach, each synthetic
sample is encoded and scaled consistently with the real data, and its distance to the
closest real record is measured using a nearest-neighbor search. The distribution of these

distances provides an indicator of potential privacy risks:

o Average Distance: A higher average distance suggests that synthetic records
are sufficiently different from the real ones, thus reducing the likelihood of direct

memorization.

e Minimum Distance: Very low or zero distances may indicate that a synthetic

record exactly reproduces a real one, which represents a potential privacy breach.

o Suspicious Records: The count of synthetic samples with distance below a small

threshold (e.g., 107%) highlights possible memorization cases.
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4.3 Results and Comparison

4.3.1 Results for first dataset

The results are analyzed considering the metrics defined in the section above. Therefo-

re, I am going to summarize the data quality and privacy concerns for the portfolio dataset.

10 Data Quality: Column Shapes (FinDiff, Average Score=0.90) Data Quality: Column Shapes (TabDDPM, Average Score=0.90)

@@9 &J@* & & & & .
<&@ Qo{és\
Figure 4.3: FinDiff Quality Figure 4.4: TabDDPM Quality
Feature FinDiff Score | TabDDPM Score
Fund ID 0.81 0.98
Asset  class 0.87 0.97
Date 0.9 0.95
Country 0.88 0.94
Sector 0.89 0.92
ESG rating 0.9 0.96
Value 0.88 0.52
Portfolio_ Weight 0.98 0.69
Currency 0.96 0.96
Average Score 0.9 0.9

Figure 4.5: Column score quality features

These two graphs show the generation quality of each columns of the dataset. As it
can be noticed, both diffusion models work very well (0.9 average score). Nevertheless,
the most remarkable difference that can be observed is that the feature "Value' is not
accurately generated in the TabDDPM case.

This feature is the only one which is numerical among all the columns, hence this may

indicate that such behaviour could be attributed to differences in the architectures of the
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two generative models.

This is coherent with the theory. The theoretical explanation is the following:

o In TabDDPM, numerical data are handled through a discretization/normalization

process, followed by reconstruction via a reverse diffusion procedure. This process
involves adding Gaussian noise and then iteratively denoising the data. As a result,
numerical precision may degrade due to the repeated noise injection and removal
steps. The categorical columns in TabDDPM are often reconstructed accurately, as
the multinomial framework is well-suited for handling discrete variables. However,
the numerical features tend to appear more coarse-grained or exhibit flatter distri-
butions compared to the real data. This occurs because TabDDPM’s numerical
component is not specifically optimized, unlike FinDiff, which is explicitly designed

to handle continuous numerical structures with higher fidelity.

In contrast, FinDiff is a model specifically designed for mixed numerical-categorical
and financial data. It adopts a continuous stochastic differential equation (SDE) for-
mulation, which is more natural for modeling continuous-valued variables. This ap-
proach eliminates the need for coarse discretization and better preserves the geometry

of the underlying continuous distribution.

After analyzing the quality of the generated data, a study on privacy concerns was

conducted.

Frequency

Distance Distribution (Synthetic — Real nearest neighbor)

- Number of synthetic records: 5000
- Average distance to nearest real
neighbor: 3.2826

- Minimum distance found: 1.0416

- Suspicious records

(distance < 1le-6): 0

3
Distance

Figure 4.6: FinDiff Privacy
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Distribution of distances (Synthetic = Real nearest neighbor)
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- Average distance to nearest real
neighbor: 5.49

- Minimum distance found: 0.46

- Suspicious records

(distance < 1le-6): 0
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Figure 4.7: TabDDPM Privacy

FinDiff is more robust in terms of privacy, with a more uniform distribution and no
suspicious samples that are too close to the real ones. TabDDPM performs better in
terms of statistical fidelity but risks generating samples identical to real data, making it
less secure for privacy. In other words, FinDiff sacrifices some fidelity to ensure privacy,

while TabDDPM maximizes fidelity but risks compromising privacy.

TabDDPM | FinDiff
Privacy Average distance to nearest real neighbor 5.49 3.2826
Minimum distance found 0.46 1.0416
Suspicious records (distance < 1076) 0 0
Generation quality | Average score data generation quality 0.9 0.9
Lower value among features 0.81 0.52
Runtime GPU Total average time of a run (min) 28.6 24.9

Figure 4.8: Global comparison between TabDDPM and FinDiff

Final considerations for the first dataset: Overall , it can be said that FinDiff
is better because it is more robust for privacy concerns and it manages better numerical

features.

4.3.2 Results for second dataset

The results for the second dataset were completely different. Indeed, as it was explained
in the description of the dataset, it is fully composed by numerical features. For that
reason, FinDiff should perform in a better way if compared to TabDDPM, but it does not

give optimal performance as in the case of mixed categorical-numerical data.
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This can be seen from the picture below taken from the paper [2], where Fund Holdings

was the dataset with the largest number of numerical features among the three tested in

that work.
TVAE [37] 0.745 + 0.01
‘ . CTGAN [37] 0.591 + 0.02
Fund Helding; .
und Holdings TabDDPM [18] 0.254 + 0.01
FinDiff (ours) 0.829 = 0.01

Figure 4.9: FinDiff on the numerical dataset of the paper (Source: [2])

The intuition seems to be that the more the dataset becomes purely numerical, the
worse the performance gets.

Since diffusion models have high computational costs for the running, for the case of
numerical data the idea is that the use of this can be sobstituted by easier models like
Copula-based generative models, already described in Chapter 2.

Using these Gaussian copula models, there can be gained very high performances on the

numerical dataset, both from quality generation and privacy concerns.
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Data Quality: Column Shapes (Average Score = 0.9)
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Figure 4.10: Copula model generation quality

In this case, other analysis have been made because of the numerical structure. For
instance, one remarkable analysis in these kind of datasets can be the comparison among
distributions, and it can be seen that the synthetic data have similar distributions to the

real data.

Distribution — INFLATION(%)

[ Real
0.30 4 [ Synthetic

o
o
o

-4 —2 0 2 4 6 8 10
INFLATION(%)

Figure 4.11: Inflation distribution

This is very useful, since for instance inflation samples are limited, and a synthetic
dataset can be very useful for forecasting purpose. In the picture below, there is the
comparison between the actual inflation distribution and the synthetic generated inflation.

It can be noticed that the two distributions are very similar, and inflation is mainly focused
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in the range 0-4 %, with particular focus on 2%, as it is in the prediction of financial
istitutions.

Another analysis which has been conducted is about the correlation between feature.
The question that needs to be answered is: Did the synthetic data mantain correlation
between variables. The results show that the model is robust enough from this point of

view, as it can be seen from the pictures below.

Real: CPIALLITEMS vs GDP PER CAPITA Synth: CPIALLITEMS vs GDP PER CAPITA
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(a) Correlation analysis: a single feature
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(b) Correlation Analysis: general

Figure 4.12: Correlation analysis results. (a) Single feature, (b) General analysis.

These are the main results, considering statistical properties and privacy protection

robustness. In the next chapter there will be the conclusions.
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The following is the main framework of copula-based generative models used for the

generation of synthetic dataset.

Algorithm 1 Copula-based Synthetic Data Generator Framework
Require: Observed dataset X € R™*¢

1: Estimate each marginal distribution F; from X.;
2: Transform data to uniforms: wu; <— Fj(xy;)

3: Fit a copula C to the transformed data {us}}_;
4: for m =1 to M do

5. Sample @ ~ C

6:  Compute #; < F; *(i;) for all i

7: end for

8:

return Synthetic dataset {&,,} .,
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Chapter 5

Conclusions

This work analysed the difference between some diffusion models, and made a case study
on two different datasets. While for the numerical dataset, it was enough using simpler
methods like copula based models, the great results of diffusion models can be observed
mainly in the case of mixed data (categorical and numerical). In that case the results are
remarkable, and the diffusion models represent one of the most interesting models in the

field of tabular data synthetic generation.

5.1 Future works

This work has shown that the performance of generative models for tabular data depends
on the nature of the dataset, particularly on whether features are numerical or mixed with

categorical variables.

A possible direction for future research is to implement more adaptive architectures that
can flexibly accommodate such heterogeneity. For instance, hybrid approaches that combi-
ne diffusion-based models with copula mechanisms or normalizing flows appear promising,

as they could capture complex dependencies while preserving sampling stability.
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Conclusions

Another remarkable topic for new research is how to apply diffusion models to imba-
lanced tabular data. There are interesting works in this direction, for instance [16] and

17].

One fundamental aspect to deal with is the scalability of diffusion models. Indeed,
these models require very high computational costs and an interesting direction can be to
analyse how reduce these costs in the architecture of the model, working on the training
of the algorithms.

The work [14] provides an excellent reference for exploring potential future directions

of diffusion models.
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The python implementation of TabDDPM is the one in the paper [1], in particular in
the official GitHub open-source repository https://github.com /yandex-research /tab-ddpm
with MIT License, Copyright (c) 2022 Akim Kotelnikov.

The FinDiff implementation the one in the work [2], in particular in the official GitHub
open-source repository https://github.com/sattarov/FinDiff with MIT License, Copyright
(c) 2024 Timur Sattarov.

Additionally, I have written the code part for the privacy analysis.

Listing 5.1: Privacy check
# Privacy check FinDiff (same style as TabDDPM)
import numpy as np
import pandas as pd
from sklearn.preprocessing import LabelEncoder, StandardScaler
from sklearn.neighbors import NearestNeighbors

import matplotlib.pyplot as plt
# 0) Load real/synthetic if not already in RAM
if ’df_real’ not in globals():

df _real = pd.read_csv("portfolio.csv")

# FinDiff: synthetic data start from samples_decoded

if ’df_syn_reordered’ not in globals():
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df_syn = samples_decoded.copy ()

# use only common columns and reorder as in the real dataset

common_cols = [c for ¢ in df_real.columns if ¢ in df_syn.
columns]

if not common_cols:
raise ValueError ("No common columns between real and

synthetic data.")
df _real = df_real[common_cols].copy()
df _syn_reordered = df_syn[common_cols].copy()
else:

# optional: ensure the same column order

df _syn_reordered = df_syn_reordered[df_real.columns]

# 1) Encode categorical + scale numerical (SAME SCHEMA AS
TABDDPM)

R = df_real.copy()

S = df_syn_reordered.copy ()

R_enc, S_enc = R.copy(), S.copy()
for col in R.columns:
if R[col].dtype == "object" or str(R[col].dtype).startswith("
category"):
le = LabelEncoder ()
both = pd.concat([R[col], S[coll], axis=0).astype(str)
le.fit (both)

R_enc[col] le.transform(R[col].astype(str))

S_enc[col] le.transform(S[col].astype(str))

scaler = StandardScaler ()

R_enc = pd.DataFrame(scaler.fit_transform(R_enc), columns=R.
columns)

S_enc = pd.DataFrame(scaler.transform(S_enc), columns=R.columns)
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# 2) Nearest Neighbor Distance (synthetic -> real)

nn = NearestNeighbors(n_neighbors=1, algorithm="auto").fit(R_enc)

distances, _ = nn.kneighbors(S_enc)

distances = distances.flatten()

# 3) Analysis (same print style as TabDDPM)

print (£" Number of synthetic records: {len(distances)l}")

print (£" Average distance to nearest real: {distances.mean()
LAfFT)

print (£" Minimum distance found: {distances.min():.4f}")

print (£" Suspicious records (distance < le-6): {(distances <

le-6) .sum () }")

# 4) Plot distribution (blue, identical style)

plt.hist(distances, bins=50, color=’steelblue’, edgecolor=’black’)

plt.title("Distribution of distances (Synthetic Real nearest
neighbor)")

plt.xlabel("Distance")

plt.ylabel ("Frequency")

plt.show ()
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