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Abstract

As magnetic-confinement nuclear fusion research advances toward reactor-stage opera-
tion, dynamic control of plasma behaviour has become an urgent topic. In this context,
heat transport models that are both accurate and computationally efficient will be es-
sential for designing control strategies in future fusion devices. In magnetically confined
plasmas, several mechanisms contribute to radial heat transport, but turbulence driven
by microinstabilities — such as trapped-electron modes (TEM), ion-temperature-gradient
(ITG) modes, and electron-temperature-gradient (ETG) modes — plays the dominant
role. Because the underlying physics is highly complex, reduced advection—diffusion (AD)
models with effective transport coefficients are widely employed, often calibrated against
experiments. However, these closures rely on strong assumptions (e.g., linearity, quasi-
stationarity, and locality) that may, under certain conditions, be significantly violated
by the intrinsically nonlinear and nonlocal nature of turbulent transport. This work in-
vestigates heat transport in a temperature-gradient—driven TEM regime and examines
under which conditions an AD closure ceases to be valid. We perform high-fidelity gyroki-
netic simulations using a new Electron Cyclotron Resonance Heating (ECRH) deposition
module for the Gyrokinetic Electromagnetic Numerical Experiment (GENE) code. The
power deposition is modulated over time scales comparable to or longer than character-
istic turbulence time scales, and the resulting radial temperature response is analysed
in the frequency domain to better understand its interaction with turbulence. We then
employ a linear heat transport model to estimate effective diffusion and advection coef-
ficients, and to assess the limits of their validity. The results show that decreasing the
modulation frequency increases the response amplitude and broadens the spatial window
of high coherence between the temperature signal and the ECRH drive, which is con-
ducive to the applicability of AD models. Yet the spatial asymmetry of the frequency
response function reveals limitations of advection—diffusion closures at these scales, and
the inferred transport coefficients remain sensitive to the deposition frequency. Moreover,
reducing the ECRH modulation amplitude to mitigate nonlinear effects is constrained
by lower signal-to-noise ratios, requiring a balance between weak perturbation and mea-
surable response. Overall, this study combines perturbative transport estimation with
gyrokinetic turbulence modelling, establishing a methodological framework for more pre-
cise inference of heat-transport coefficients and paving the way for improved modelling
and control strategies in fusion plasmas.
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Chapter 1

Introduction: Magnetic
Confinement Nuclear Fusion

The continuous growth of the global population, together with the rapid expansion of
industrial and digital infrastructures, is driving an unprecedented increase in the world’s
energy demand. As global electrification deepens and new sectors—such as large-scale
data processing — become increasingly energy-demanding, the need for clean, stable,
and high-density power sources will only intensify. At the same time, the climate crisis,
evidenced by the rising frequency and severity of extreme weather events, has made it
clear that the current energy system—still heavily dependent on fossil fuels — is not
viable in the long term. A transition toward an energy mix based on net-zero emission
technologies is therefore essential to mitigate global warming and ensure environmental
sustainability [1]. Within this context, nuclear fusion occupies a distinctive position: it
promises an abundant, dispatchable, and intrinsically low—carbon energy source, with fuel
reserves that are effectively inexhaustible on human time scales.

Although fusion energy may not arrive in time to meet the near-term decarboniza-
tion targets, which can in principle be already achieved through a combination of current
nuclear fission technology and renewable energy sources [2], it is expected to play a cen-
tral role in the long-term energy landscape. By providing a virtually limitless source of
baseload power, fusion stands as a cornerstone technology for sustaining future generations
in an increasingly energy-demanding world.

Nuclear fusion is the process that powers the stars. In its simplest form, it occurs when
two light nuclei collide with sufficient kinetic energy to overcome their mutual Coulomb
repulsion and approach to within a range where the strong nuclear force becomes attractive
and binding. The resulting fusion product is a heavier nucleus and, in general, one or more
energetic particles that carry away the released energy. The energy density associated
with these reactions is extremely large when compared to chemical processes: the specific
energy available from typical fusion reactions exceeds that of fossil fuels by several orders
of magnitude. Combined with negligible direct greenhouse gas emissions, these properties
make fusion an attractive long—term option in the portfolio of future energy technologies.

On astrophysical scales, gravitational confinement leads to extremely high density
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Introduction: Magnetic Confinement Nuclear Fusion

values allowing stars to sustain fusion over billions of years. On Earth, by contrast, one
must engineer alternative mechanisms to keep a plasma at fusion—relevant temperatures
and densities for sufficiently long times. Two broad classes of confinement concepts have
emerged: inertial confinement fusion, in which a target is compressed and heated on very
short time scales, and magnetic confinement fusion (MCF), in which strong magnetic
fields are used to confine a dilute plasma over much longer times. The present work is
situated within the MCF approach.

Figure 1.1: Sectional view of ITER [3].

The deuterium—tritium reaction and fusion conditions

From the many possible fusion reactions, the deuterium—tritium (D-T) reaction,
D+ T — «(3.5 MeV) +n(14.1 MeV),

is considered the most favourable for energy production applications [4]. It features a
relatively large reaction cross—section and yields a total energy release of 17.6 MeV, carried
by an « particle and a neutron. The « particles can, in principle, transfer part of their
energy back to the plasma and thus contribute to self-heating, while the neutrons escape
and may be used to breed tritium and generate thermal power in an external blanket.
To achieve a net energy gain, not only must the plasma be heated to high temperatures,
it must also be confined at sufficient density for a sufficiently long energy confinement time.
These requirements are commonly summarized in the Lawson criterion [5]. In its simplest
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Introduction: Magnetic Confinement Nuclear Fusion

form for a homogeneous plasma, this criterion can be expressed in terms of the so—called
triple product nT'7g, where n is the particle density, T the temperature, and 75 the energy
confinement time. For a D-T plasma, ignition requires that

1272
HTTE > E

{ov)

~ 3 x 10! keVsm ™, (1.1)

where n is the plasma number density, 7" is the temperature (expressed in kiloelectron-
volts), and 7g is the energy confinement time, i.e. the characteristic time over which the
plasma loses its internal energy to the surroundings. The term FE; denotes the energy
released per fusion reaction, while (ov) is the reaction rate. This expression defines the
minimum value of the triple product required to achieve a self-sustained fusion burn. For
the deuterium—tritium reaction, the right-hand side of Eq. (1.1) reaches its minimum at
temperatures around 10-20 keV. The choice of the DT fuel is precisely motivated by the
relatively low value of this threshold compared to other candidate reactions. In practice,
the Lawson criterion emphasizes that improvements in confinement time, and thus in the
control of energy and particle transport, are at least as important as the attainment of
high plasma temperatures.

Magnetic confinement and heat transport in fusion plasmas

Magnetic confinement fusion seeks to satisfy the Lawson criterion by placing a high tem-
perature, quasi—neutral plasma in a carefully designed magnetic field configuration. The
two main magnetic confinement concepts are tokamaks and stellarators. In tokamaks,
a toroidal magnetic field generated by external toroidal-field coils is supplemented by a
large plasma current that produces a poloidal field, thereby forming nested magnetic flux
surfaces. In stellarators, the required poloidal component is generated almost entirely by
external, three-dimensionally shaped coils, so that large plasma currents are not needed.

(a) Tokamak concept. (b) Stellarator concept.

Figure 1.2: On the left, the tokamak concept; on the right, the stellarator concept. The
black curves represent the magnetic field lines. In the tokamak case, the plasma current
is indicated by red arrows, while the green curves show the toroidal and poloidal fields [6].
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Introduction: Magnetic Confinement Nuclear Fusion

In both cases, charged particles spiral around magnetic field lines while drifting slowly
across them under the influence of field curvature, gradients, and collisions. Ideally,
if particles were perfectly tied to field lines and the field lines were perfectly nested,
radial transport would be extremely small. In reality, several mechanisms contribute to
cross—field transport and thus degrade confinement. These mechanisms are conventionally
grouped into classical, neoclassical, and turbulent transport.

Classical transport arises from binary Coulomb collisions in a homogeneous magnetic
field and can be derived from kinetic theory under the assumption of a straight, uniform
field. In toroidal devices, however, the magnetic geometry introduces additional drifts
and trapped—particle orbits that strongly modify collisional transport. This enhanced
transport, which still stems from collisional processes but depends sensitively on toroidal
geometry, is referred to as neoclassical transport. Neoclassical theory predicts, for exam-
ple, the existence of trapped orbits and bootstrap currents, and provides an important
baseline for understanding confinement in magnetized plasmas.

Despite its sophistication, neoclassical theory alone fails to explain experimentally
observed heat and particle fluxes in fusion plasmas, particularly in regimes relevant to
reactor operation. Measured transport levels consistently exceed neoclassical predictions,
and the discrepancy is attributed to turbulence driven by microinstabilities such as ion-
temperature-gradient (ITG), trapped-electron (TEM), and electron-temperature-gradient
(ETG) modes. These instabilities extract free energy from background density and tem-
perature gradients, interact nonlinearly, and redistribute energy across spatial scales, ul-
timately reaching saturation through nonlinear energy transfer into stable modes. Their
cumulative effect manifests macroscopically as a substantial enhancement of radial trans-
port. Accurately capturing this multiscale interplay in a computationally tractable way
remains one of the central challenges of fusion plasma physics. Gyrokinetic simulations
provide detailed insight into this highly complex behaviour and are essential for under-
standing the physics of turbulent heat transport. However, their computational cost
severely limits their direct use in integrated modelling or real-time control. This moti-
vates the development of simplified descriptions that preserve the essential macroscopic
effects of turbulence while remaining efficient enough to be implemented in transport
solvers and control-oriented models. A widely adopted approach is to represent radial
heat transport through effective advection—diffusion (AD) equations, which describe the
evolution of macroscopic quantities such as the ion and electron temperatures.

From a modelling perspective, AD equations offer several attractive features. They are
conceptually simple and provide an intuitive picture in which turbulence is represented
as an effective diffusion (and possibly advection) that transports heat down its gradient,
analogously to molecular diffusion but with greatly enhanced coefficients. They are com-
putationally inexpensive, allowing for fast time evolution of profiles on transport time
scales, and can be readily incorporated into integrated modelling frameworks that couple
equilibrium, transport, and sources. Moreover, their parameters—the effective transport
coeflicients—can, in principle, be inferred from experiments or from more detailed simu-
lations.

However, these advantages come at the price of strong assumptions. The notion of an
effective diffusion coefficient presupposes that the turbulent flux at a given location can be
expressed as a local and instantaneous functional of the local gradients. In other words, it
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Introduction: Magnetic Confinement Nuclear Fusion

assumes linearity of the flux with respect to small perturbations, quasi—stationarity of the
response on the time scales of interest, and spatial locality of transport. In real turbulent
plasmas, these assumptions often do not hold. Nonlinear effects can induce cross—scale
couplings that are not captured by linear closures, and nonlocal interactions may give
rise to fluxes that depend on gradients over extended radial regions rather than strictly
locally.

Furthermore, the effective transport coefficients are scale-dependent quantities whose
inferred values can vary with the method used: different diagnostics or perturbative ap-
proaches may yield different results for the same nominal plasma state if the underlying
assumptions of advection—diffusion closures are not satisfied. This raises fundamental
questions about the range of validity of such models and about how to interpret the
inferred coefficients in relation to the turbulence itself.

Motivation and scope of this thesis

The research presented in this thesis is motivated by the need to better understand tur-
bulent heat transport in magnetised plasmas by analysing how externally injected signals
are spread and modulated by the turbulence, and to clarify the limits of applicability of
AD models in describing such processes.

We perform high-fidelity gyrokinetic simulations of a temperature—gradient—driven
TEM turbulence regime, in which a modulated Electron Cyclotron Resonance Heating
(ECRH) source is imposed as a controlled perturbation. The resulting temperature re-
sponse is analysed in the frequency domain, allowing us to examine how turbulence affects
the coherence between the imposed heat-modulation and the plasma response signals, and
to extract both amplitude and phase information as a function of radial position. This
information is then interpreted through a linear advection—diffusion model to infer ef-
fective diffusion and advection coefficients, and to assess the limits of validity of such a
closure in the presence of fully developed turbulence. All simulations are carried out with
the Gyrokinetic Electromagnetic Numerical Experiment (GENE) code, employing a new
Electron Cyclotron Current Drive (ECCD) deposition module developed by the Plasma
Micro-Turbulence Group at the Dutch Institute for Fundamental Energy Research (DIF-
FER). By combining gyrokinetic modelling with perturbative transport analysis, this work
aims to bridge both ends of the modelling spectrum: the detailed, high-dimensional dy-
namics of plasma microturbulence and the simplified, reduced macroscopic picture of AD
models. The goal is to establish a methodology for identifying nonlocal or nonlinear sig-
natures that mark the breakdown of simple AD closures. In the longer term, such an
approach may support the development of more accurate and predictive transport models
for use in integrated modelling and control strategies in future fusion devices.
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Chapter 2

Plasma Turbulence and
Gyrokinetics

Plasma turbulence governs cross-field transport in magnetically confined fusion plasmas
and ultimately sets the performance of devices such as tokamaks and stellarators. Its
dynamics emerge from the interplay between background gradients and microinstabilities,
and nonlinear interactions that redistribute energy across spatial and temporal scales.
Understanding these processes requires a framework capable of capturing the essential
kinetic physics while remaining numerically tractable. Gyrokinetic theory provides this
framework|[7]: by averaging over the fast gyromotion, it exploits the natural scale separa-
tion of magnetised plasmas, and yields a set of equations that describe turbulence with
high fidelity. This chapter gives an overview of the physical concepts underlying plasma
turbulence and outlines the gyrokinetic formulation used throughout this work.

2.1 Microinstabilities

A variety of instabilities can be excited on spatial scales comparable to the ion and electron
gyroradii, and can be classified according to both their spatial scale and the type of equilib-
rium gradient that provides their free energy [8]. Among the most relevant microinstabil-
ities are the ion—temperature-gradient (ITG) and electron—temperature—gradient (ETG)
modes, which are primarily driven by the ion and electron temperature gradients, respec-
tively, and the trapped—electron mode (TEM), associated with the dynamics of magneti-
cally trapped electrons and often further distinguished into temperature—gradient—driven
(VT-TEM) and density—gradient—driven (Vn-TEM) branches.

The present work focuses on the TEM turbulence, that, together with ITG modes, is
widely regarded as one of the main drivers of heat transport in fusion devices [9].

In the low—3 plasma approximation,’ where the total energy content is dominated by

!The plasma £, also called normalised pressure, is defined as 8 = p/(B?/2u0) and measures the
ratio between plasma pressure and magnetic energy density.
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Plasma Turbulence and Gyrokinetics

the background magnetic field [10], fluctuations of the magnetic field are neglected. Within
this framework, the TEM instabilities can, to a very good approximation, be described
solely in terms of perturbations of the electric field, with the perturbed field entirely
determined by the electrostatic potential via E = —V¢. This condition is known as
electrostatic limit. Within this limit, a unifying feature of many relevant microinstabilities
is that they can be interpreted as different ways of destabilising an underlying so-called
drift wave.

2.1.1 Drift Waves

Drift waves describe the coupling between equilibrium gradients and electric—field pertur-
bations in magnetised plasmas. To understand the basics, let us consider a simple model
in slab geometry [8, 11] with a uniform magnetic field B = Be,, so that the field lines
are straight. The essential ingredient for the drift wave is a background density gradient,
that is taken as

8710
ox
Let z1(y,t) denote a small displacement of the guiding—center positions. A fluid ele-

ment that is located at position  at time ¢ originates from z —x;(y, t), so that the density
at (z,y) can be written as

< 0.

on
n(z,y,t) = no(r — 21(y,t)) = no(r) — 783:0 z1(y, ). (2.1)
The density perturbation is therefore
Bno
nl(‘rayvt) zn(x,y,t)—no(x) ~o— O xl(y7t> (22>

Because dng/dx < 0, ny is in phase with ;.
Since electrons rapidly move along magnetic field lines (the z—direction in this slab
picture), they establish an adiabatic response, thus [8]:

wepl _ ehlnd, 23)

where e > 0 denotes the elementary charge. From here, it follows that the electrostatic
potential generated by the density perturbation ¢; is in phase with ny; and, through
Eq. (2.2), also in phase with 1. Consider now a single sinusoidal perturbation evaluated
at a fixed position xg:

z1(y,t) = Asin(kyy — wt), (2.4)

with amplitude A, wavenumber k, and frequency w. Equation (2.2) implies that the
density and potential perturbations have the same form

ni(y,t) = nsin(k,y — wt), d1(y,t) = ¢sin(kyy — wt), (2.5)
14
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with constants fL,gZA) > 0. In the electrostatic limit, the perturbed electric field is

I¢1
E1 = —V¢1 = —aiy ey, (26)
so that, for the sinusoidal perturbation,
0 ~
Eiy(y,t) = —8(21 = —¢kycos(kyy — wt). (2.7)

The electric field is thus shifted by 7/2 in phase along y with respect to ¢; (and to
and n1). In the presence of the background magnetic field By = Bpe., the £ x B drift is

E1 X BO Ely
v = ——5— = — €y, 2.8
ExB Bg Bo (2.8)
so that R
FE ,t k
ppaly ) = P = O oy ) (2.9)

From Eqgs. (2.4)—(2.9) it follows that the displacement and density perturbations vary
as x1,n1 o< sin(kyy — wt), whereas the E x B drift satisfies vgxp, o —cos(kyy — wt).
The radial velocity is therefore phase-shifted by 7/2 with respect to the displacement,
and this phase relation implies that the ' x B drift simply advects the perturbation along
the y—direction without doing net work against the background gradient: the sequence
“radial displacement — density perturbation — potential perturbation — E x B drift —
new displacement” closes without net amplification, resulting in a marginally stable drift
wave.

2.1.2 Trapped-Electron Modes

In a toroidal configuration, the magnetic field strength varies along a field line, so that a
finite fraction of particles becomes magnetically trapped. These trapped particles bounce
between mirror points and experience average curvature and VB drifts, in contrast to
passing particles, for which these drifts tend to average out over a full poloidal transit. As
a result, the response of passing particles to a drift—wave-like perturbation is essentially
the same as in the basic drift—wave picture discussed above, whereas the nonzero average
drift of trapped particles can introduce an instability mechanism.

A simplified description of this mechanism can be obtained by modifying the drift—
wave model in two ways [12]. First, the electron response is no longer assumed to be
purely adiabatic. Second, the effect of trapped particles is mimicked by adding a constant
drift velocity vq in the y direction, taken to be opposite for ions and electrons. This
drift moves trapped particles originally located at (x,yo) to (z,yo £ Ay), with the plus
sign for ions. In the absence of a density perturbation, the background density depends
only on z, so this drift does not lead to any net charge accumulation. However, in the
presence of a drift—wave-like radial excursion of guiding centers x1(y), the local density
becomes n(z,y) = no(x) + n1(y), and the oppositely directed drifts of ions and electrons

15



Plasma Turbulence and Gyrokinetics

now transport slightly different densities in and out of a given y—location. This imbalance
between the incoming and outgoing fluxes of electrons and ions produces a net charge
density p1(yo), which can be shown to be proportional to the y—derivative of the density
perturbation [12],
Oni(y) _ Oxi(y)
CX )
dy dy

pi(y) o (2.10)
and is therefore shifted by 7/2 with respect to the original density perturbation.

In the electrostatic limit, this charge density gives rise to an electrostatic potential ¢,
that is /2 out of phase with n;. The corresponding electric field Ey, = —0¢1/0y and
the associated E x B drift in the radial direction, vgpxp s o< Eiy, are then in phase with
the original guiding—center excursion z1(y). In contrast to the drift-wave case, where
the E x B velocity is shifted by 7/2 and merely advects the perturbation, the £ x B
drift of trapped particles now adds to the existing radial excursion, thereby enhancing its
amplitude. Since the density perturbation ny oc —z1 d,ng is directly proportional to both
the guiding—center displacement and the background density gradient, this feedback loop
causes the amplitude of the perturbation to grow. The following chain summarises the
mechanism [13]: ¢1 — Vgxp — np — V%ZB — ¢1. The previous mechanism re-
lies primarily on a background density gradient and is therefore referred to as a Vn-TEM.
However, the magnetic drifts of trapped particles scale with the particle energy and thus
depend on temperature, so that electron temperature gradients can introduce an addi-
tional drive: when the temperature gradient is sufficiently steep, this drive can destabilise
trapped electrons, giving rise to a temperature—gradient—driven trapped—electron mode
(VIT-TEM). The previous chain is modified by incorporating the temperature perturba-
tion.

2.2 Gyrokinetic Theory

At mesoscopic scales, a magnetised plasma can be described through a distribution func-
tion f;(x,v,t), defined on a six-dimensional phase space constructed from the 3-dimensional
position vector x and a three-dimensional velocity vector v, where j labels the ion and
electron species (with the possibility of including more than two species). The evolution
of the distribution functions is governed by the Fokker—Planck equations [14]:

%{j Vafj+ LB+ v xB) Vof; = ZCf],fJ je{ie} (2.11)

The interactions among particles are represented by the collision operator C', which enters
as a sum over all species present in the plasma.? The previous equations must then be
coupled to Maxwell’s equations, which determine the evolution of the electromagnetic

fields.

2If the collision operator is set to zero, equation 2.11 reduces to the collisionless Vlasov equation.
The terms Vlasov and Fokker—Planck are sometimes used interchangeably.
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Direct numerical solution of the full kinetic system in fusion-relevant regimes is compu-
tationally prohibitive. Gyrokinetic theory addresses this challenge through a systematic
reduction of the full system appropriate for strongly magnetised plasmas. Exploiting the
separation between the fast gyromotion around magnetic field lines and the slower motion
of guiding centres, gyrokinetics averages over the gyrophase and reduces the dimensional-
ity of velocity space. Under appropriate ordering assumptions, the resulting gyrokinetic
equations govern the evolution of a reduced distribution function in a five-dimensional
phase space, coupled to electromagnetic fields. This reduction eliminates the need to
resolve the gyromotion while retaining the dynamics of low—frequency microinstabilities
and the associated turbulent transport [15, 16, 17, 18].

The transition from the full kinetic framework to gyrokinetics is achieved by removing
the degree of freedom associated with the fast gyromotion. This reduction is justified
provided an appropriate ordering scheme is adopted. Introducing an ordering parameter
€, with respect to which all the relevant quantities are expanded, a possible gyrokinetic
ordering is [7]:

k I ni T qo1 B w
Y VU T A A A <1 2.12
ke~ T T T T B T Tt (2.12)
where ¢ is the charge, and k|, k1 are the parallel and perpendicular wavenumbers, re-
spectively.® €, is the characteristic frequencies of the gyration (i.e, Larmor frequency)
and w is the characteristic frequency of the perturbation. The symbols n, ¢ and T denote
the density, electrostatic potential and temperature, which are split into equilibrium and
perturbed parts; the subscript 1 labels the perturbations [19].

The anisotropy of the turbulent fluctuations implied by the wavenumber ordering, is
complemented by an additional ordering between perpendicular length scales

p

-_— ~ 1 2.13
LG €t < ) ( )

where p denotes the gyroradius and Lg the characteristic gradient scale length of
density, temperature and magnetic field.

In order to eliminate the fast gyromotion from the description of single-particle dy-
namics, one introduces guiding-center coordinates. In a field-aligned system x = (z,y, 2),
the instantaneous particle position is decomposed as x = X + p;(§), where X denotes the
gyrocenter and p;(§) is the Larmor-radius vector of species j, which rotates around X
with gyroangle ¢ and fixed modulus p; (Fig. 2.1). Formally, this corresponds to a change
of phase-space variables from (x,v) to (X, p, E, &), where p is the magnetic moment and
E the particle energy. The transformation is constructed as a near-identity Lie transform,
expanded in the small parameter ¢; introduced by the gyrokinetic ordering [7]. The full
derivation is outside the scope of the present work.

From a computational point of view, it is convenient to separate the macroscopic
evolution of the plasma from the effects of microturbulence. To this end, the distribution

3Parallel and perpendicular are defined with respect to the magnetic field line.
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B, V||

o

Figure 2.1: Guiding center coordinates. Adapted from [20]

function is decomposed into a static background part fp; and a perturbation fi; [21]:

fi = foj+ fi, (2.14)

where, the background distribution function fy ; is assumed to be Maxwellian,

foj = /2 (1 HnB). (2.15)

According to the gyrokinetic ordering, the two contributions to the full distribution
function f; satisfy f1;/fo; ~ €. Analogously, the electrostatic potential and the magnetic
vector potential are expanded as

6(x) = 60(x) + 61(x), (2.16)
A(x) = Ag(x) + A (x), (2.17)

It is preferable, in order to write the gyrokinetic equations in compact form, to intro-
duce the modified distribution function?:

9; =TI+ v
j J m;vr; Il

(A1) foss (2.18)
where, (...)¢ denotes the gyroaverage, vp; = /2Tp j/m; is the thermal velocity, with Tj
and m; the background temperature and mass of species j, respectively. Furthermore,
it is convenient to represent the spatial dependence in Fourier space, using the wave
numbers £, and k, that combine to the perpendicular wave number &, through: k=
g*k2 + 29" kyky + gyykzz, where ¢ is the metric tensor.

4All quantities are expressed in normalised units; the specific normalisation is introduced later.
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The gyrokinetic equations can then be written as [21]

09,
87; =Z+ E[gj] —i—/\/[gj], (2.19)
where Z is a constant term, £ is a linear operator, and A a nonlinear operator:
T, 3
Z = " Bo (21)” + uBo) K, |:wn + (Uﬁ + pBy — 2) WTj] k2,0 Oky,0 fo,55 (2.20)
2 3 2
L[gj] = <Wn + <U| + uBy — 2) WTj) Jo,jtkyx; + B Bz v Wp Ljy — JB UH Ly
%,_/
gradient drive pressure parallel
TOj 2 Urj 830 8f]
- (20f + 1Bo) (KT + KeTia) + 5 75 50 (Cf). 221)
collisions
curvature trapping
with the curvatures K, and the auxiliary fields I'z, y, z, defined as
L, 0B 2 0B
K,=— 2 (20 1% (2.22)
ref ay Y 0z
Lt (0By ~* 0By
Ky=2e (220 20 2.23
Y Bref ( oxr Y 0z )’ (2.23)
. q; .
Ujtewy = thuy g5 + % Jo.j thay X, (2.24)
39 qj (9x VT4, 6B
D=2+ =5 fo; 52+ 2 oypfo; A 2.25
and the field x;, that collects the scalar and vector potentlals according to
Xi = (8)¢ — vrv(Au)g, (2.26)
and 7123 are combinations of the metric elements
V=070 = g™, ="y — 97T, 2 =g = Py (2.27)

The constant term Z contributes only when k, = k, = 0 which accounts for the fact
that in presence of magnetic curvature and background density or temperature gradients,
a purely equilibrium distribution ( f; = 0) cannot be a solution. These gradients are
given by

, Wy = .
no,; ox i TO,j ox

The first contribution in Eq. (2.21) is the gradient—drive term, which represents the
energy injection due to equilibrium density and temperature gradients. The second term
accounts for the effect of plasma pressure, which enters through the normalised pressure

Lt On0 5 Lyet 0Tp,,

w, = — (2.28)

nrefTref
B?ef (2:“0) 7
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and through the pressure gradient

Lref ap
Toref Tref Ox .

Wp = (2.30)
The third and fourth terms describe, respectively, the parallel dynamics and the effects of
magnetic curvature. The fifth term represents the mirror force responsible for the presence
of trapped particles, while the last term is the collision operator.

Finally, the nonlinear term Ng,] is [21]:

Nlgjl = (Koky — kaky) x(K') g5k —K)), (2.31)
K

which express the so-called E x B nonlinearity. This term couples different wavenumbers
and thus represents the nonlinear interaction between modes. The coupling involves triads
of wavevectors and is commonly referred to as a triplet interaction. Through this process,
energy is redistributed among the eigenmodes of the linear operator. When energy is
nonlinearly transferred from unstable to stable modes, it provides a saturation mechanism
that limits the otherwise exponential growth of unstable modes.

Numerically, the evaluation of N[g;| is computationally expensive, as it corresponds
to a discrete convolution. During numerical integration, g; and x; are transformed from
Fourier space to real space, the nonlinear term is computed, and the result is transformed
back to Fourier space. The number and cost of these operations make the nonlinear term
the dominant contribution to the overall computational expense of gyrokinetic simulations.

These equations are typically solved either in linear form, to determine microinstability
spectra and growth rates, or in fully nonlinear form, to compute developed turbulence and
the associated transport fluxes.

In the present work, the perturbative analysis is based on simulations of the full non-
linear gyrokinetic system.

2.2.1 Flux-Tube Domain

To solve the gyrokinetic equation numerically, the magnetic equilibrium geometry must be
specified. This equilibrium is not evolved consistently with the turbulent fluctuations, but
is instead provided as an input [21]. Although simulating the entire tokamak volume is
possible in principle, the computational cost can be prohibitive. Therefore, often simula-
tions are performed in a so-called flux-tube domain [22], which reduces the computational
cost while retaining the essential physics.

In the flux-tube geometry (Fig. 2.2), the full plasma volume is reduced to a narrow
spatial region surrounding a single magnetic field line, highly elongated along the parallel
direction and comparatively narrow in the binormal direction. This construction exploits
the strong anisotropy of turbulence, k| < k1, implying that the parallel correlation length
L is much larger than the perpendicular one L;. To capture all turbulence-relevant
dynamics (apart from global effects), the flux-tube must remain small compared with
equilibrium scale lengths, yet large enough to accommodate the turbulent structures and
avoid unphysical effects [21, 22].
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Figure 2.2: Rectangular computational domain mapped onto a flux-tube in a torus.
Adapted from [22].

The flux-tube coordinate formalism is based on the Clebsch representation of the magnetic
field:
B =Va x Vi, (2.32)

where 9 is the poloidal magnetic flux, (¢, () are the poloidal and toroidal angles (as shown
in Fig. 2.2), and « is a field-line label: o = ¢ — ¢(¥) 6. The triplet (¢,0,() is known as
Boozer coordinates [4]. Because B- Vi = 0, B- Va = 0, both ¢ and « are constant along
a given field line and therefore are a natural coordinate choice for the plane perpendicular
to B in the flux-tube. As for the coordinate along the field line, the most convenient
choice is the Boozer poloidal angle: z = 6 € [—7, 7).

It is worth noting that, since the Boozer coordinates (1), 6, () are not orthogonal, the
flux-tube coordinates (1, o, z) will form a non orthogonal coordinate system as well [12].

Thus, a rectangular box in (¢, «, ) is mapped to a curved, sheared region of the torus,
embedded in the fixed laboratory frame. It is advantageous to rescale the perpendicular
coordinates to feature a physical dimension of length:

To

L (¥ — o), y=—(a—a), (2.33)

~ Boro qo

where (g, ap) denote the Clebsch coordinates of the field line that defines the centre
of the flux-tube, ry is the distance of this field line from the magnetic axis, and By is
the magnetic-field strength on the magnetic axis. To clarify the physical meaning of
these coordinates, consider first z. Close to the magnetic axis, the poloidal flux scales
as ¥ o Bpor?, with r the distance from the magnetic axis. Writing r = rg + 67 and
expanding ¥ — 1y to first order in dr, one finds

qOBpol
By

= q0
Byrg

(11) —1/)0) ~
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so that, for a flux-tube of small perpendicular extent (6r < rg), x is proportional to the
radial deviation dr from the central field line. Similarly, the coordinate y is obtained by
multiplying the angular deviation ov — o by a length scale 79/qo, so that y measures an
arc length in the binormal direction. Since the perpendicular extent of the box is small
compared with equilibrium scale lengths, equilibrium quantities can be expanded to first
order around the central field line. For example, the temperature profile can be written

T(2) ~ Tl(zy) + %(x ~ 20), (2.35)

where the gradient is assumed to be constant, and similarly for density and other equilib-
rium profiles. Also the safety factor ¢(x) can be expanded:

d -2
q@ﬁ@Qo+dz@:m%:%<1+s x0°> (2.36)

leading to the (constant) magnetic shear

2o dg (2.37)

§= .
qo dx

which is a measure of how the twisting of the magnetic field changes through the torus.
For any fluctuating quantity F' in the flux-tube, the boundary conditions in z and y
are taken to be periodic

F(x+ Ly, y,2) = F(z,y, 2), (2.38)
F(x,y+ Ly, z) = F(z,y, 2), (2.39)

so that it can be expanded in Fourier series

F(z,y,z,t) = Z Z ﬁ’(kx, ky,z,t) exp (ikyx + ikyy), (2.40)
ke oy

with perpendicular wavenumbers given by

2
hoy={(——. (€L (2.41)
Loy

We denote the minimum non-zero perpendicular wavenumbers by k7" = 27/ Ly y.
, ;

Along the parallel direction, the so—called twist—and—shift boundary condition is adopted.
We consider a flux-tube that spans a single poloidal turn, so that the parallel coordinate
is taken as z € [—m,7]. In Fourier space with respect to the perpendicular coordinates
(z,y), the boundary condition reads

E(kg, by, m) = Fky + NEP® Ey —7) (=1)V, (2.42)
where N satisfies )
2 §kmmn
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This condition reflects the fact that, in the presence of magnetic shear, a field line on a
flux surface does not return to exactly the same perpendicular position after one poloidal
turn: when the same physical point is revisited at z = m, it is shifted in the binormal
direction. In Fourier space this shear-induced shift appears as a coupling between modes
with radial wavenumbers k, and k, + Nk&™®.

Finally, the geometry of the magnetic equilibrium must be specified. Two main op-
tions are available: one may either import a numerical MHD equilibrium (e.g. from an
equilibrium code) or adopt an analytic model geometry. A widely used analytic model for
tokamaks is the $—a geometry [22], which describes Shafranov—shifted circular flux sur-
faces and provides a good approximation to a true MHD equilibrium near the magnetic
axis. For finite plasma (3, the Shafranov shift is characterised by the quantity

a5

QOMHEHD = Ri() Z(wn + wTj) n07jTO,j, (2.44)
J

where the normalised density and temperature gradients w,, and wr; appear.
The metric tensor in this case reads:

1 §z — appp Sin z 0
7] = | §2 — apmup sin z 1—|—(§z—aMHDsinz)2 1/r |, (2.45)
0 1/r 1/r?

The choice of the -« geometry in this work is motivated by its simplicity and its
widespread use in the literature, despite not being fully self-consistent [23].
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Chapter 3

Plasma-Wave Interaction

In tokamaks, one of the most effective techniques for non-inductive current drive, auxiliary
heating, and the suppression of MHD instabilities [24, 25] is the injection of electron-
cyclotron (EC) waves with millimetre-scale wavelengths under fusion-relevant magnetic
fields of several tesla. To understand the underlying mechanism, we recall that wave
propagation in a plasma is governed by the medium’s electrodynamic response: starting
from Maxwell’s equations, one derives a wave equation whose solutions are constrained
by the appropriate dispersion relations [26, 27, 28, 29].

3.1 General Wave Equation in Linear Description of
a Plasma

Our starting point is Ampere and Faraday’s equations:

B

VXxE= _aﬁt (Faraday’s Law) (3.1)
. OE

V x B = puoj+ Hoco 5 (Ampere-Maxwell Law). (3.2)

To derive a wave equation for the electric field E, we take the curl of Faraday’s Law (Eq.

(3.1)): B 5
VXx(VxE)=-Vx (815)__(%(

substituting the Ampere-Maxwell Law (Eq. (3.2)) into this expression yields:

V x B),

0 . OE
Vx(VXE)= ~a (uoj +u0608t> )

from Ohm’s law: j = o - E, where o is the conductivity tensor, thus, substituting this
relationship we find a version of the Helmholtz equation for a conductive medium:

0 OE
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To solve this differential equation, we assume the electric field behaves as a plane wave,
which can be expressed in complex notation as E ~ Eqe!® =«  This assumption allows
us to replace the differential operators with algebraic terms:

V — ik and g—>—iw
ot

applying these substitutions to Equation (3.3), we get:
ik x (ik x E) + (—iw) (100 - E + poeo(—iw)E) = 0
using the vector identity A x (B x C) = B(A - C) — C(A - B), the first term becomes
k(k - E) — kE. Rearranging the equation gives:
w? 1
kk-E—KT-E+ = <I+cr) E=0
c weg

where we used ¢ = 1/(ugeo) and I is the identity tensor. We now define the plasma’s
relative dielectric tensor, €, which combines the vacuum displacement current and the
plasma’s conductive response:

e=1+——o. (3.4)
WeEQ

Substituting this definition yields the general dispersion relation for waves in plasmas:
W2
kk — KT+ —e| -E=0.
c
We call Dispersion Tensor the quantity:
or , W
A= kk—kI+c—2(-: . (3.5)
For a non-trivial solution (i.e., E # 0), we must have:
w2
det (A) = det | kk — kK’ T+ —€ | =0 (3.6)
c

This result indicates that the behavior of waves (i.e., the relationship between w and k)
is determined by the dielectric tensor €, and thus by the conductivity tensor o. The next
step is to find an explicit form for €.

3.2 The Cold Plasma Dispersion Relation

The simplest, yet widely applicable, way for calculating the dielectric tensor is under
the cold plasma approximation. This model captures the essential physics of wave
propagation in the electron cyclotron frequency range. The core assumption is that the
thermal motion of the plasma particles is negligible (7" — 0). This simplification ignores
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pressure gradient effects and assumes all particles of a given species move coherently in
response to the wave fields.

The basis for this model is the equation of motion (momentum conservation) for each
species s (e.g., ions and electrons), which is governed by the Lorentz force:

M (ac;;s + (vg - V)VS> = ¢s(E+ v, x B) (3.7)

Here, s is the species index, my is the mass, v, is the fluid velocity, and ¢ is the charge.
To analyse wave propagation, we linearise this equation by considering small pertur-
bations around a stationary, uniform equilibrium. We expand the fields as:

Vs = Vg0 + Vg1
E=E;+E; (38)
B=B),+B;

In our equilibrium, the plasma is stationary (vs = 0) and there is no background electric
field (Eg = 0). The magnetic field is a strong, static, and uniform background field, B.
The quantities with subscript ‘1‘ are the small, first-order perturbations caused by the
wave. Substituting these into Equation (3.7) and keeping only first-order terms, we obtain
the linearised momentum equation:

avsl

msw = qs(El + Vg1 X B()) (39)

i(kr—

We again assume that all perturbed quantities vary as ~ e w30 % — —iw. Equation

(3.9) becomes:
—iwmsvs = qs(E1 + v X By)

To solve for vg in terms of Eq, we align our coordinate system such that the static
magnetic field By points along the z-axis, By = Bpz. The cross product is then vg; x Bg =
(vs1,yBo, —vs1,2B0,0). Thus, introducing the cyclotron frequency for species s, Q.5 =
qsBo/ms, which is the frequency of gyration for a charged particle around a magnetic
field line, and rearranging the equations in matrix form, we obtain the following linear
system which provides the relationship between the perturbed velocity and the perturbed
electric field in the non-relativistic limit:

_Zw _ch 0 UsLx q Elx
ch —w 0 Usly | = == Ely (310)
0 0 —iw) \wa./ " \EL

It is worth noting that, when relativistic effects become significant, ms should be replaced
by vsms, where v, = (1 — v2/c?)~1/2 is the Lorentz factor. This modifies the cyclotron
frequency to Q.s — Qes/7s. This correction will be explicitly specified when required.
Starting from here and following [27], the matrix in (3.10) can be inverted in order
to isolate vg;. Then, by using js = nsqsvs1 and summing over species, we obtain a

26



Plasma-Wave Interaction

characterisation of the conductivity tensor. Substituting this result into Eq. (3.4) leads
directly to the standard cold-plasma dielectric tensor [27]:

S —iD 0
€= (z’D S O) . (3.11)
o o0 P

where

S:%(RJrL), D:%(R—LL

2
wps

= _Xs:w(w—i—ch)’
, (3.12)

w

— 1 _ ps
L=1 Zsjw(w—ch)’

P=1-%%

2
ps
w2’
are the so-called Stix parameters, and wgs = (nsq?)/(eoms) is the plasma frequency for
species s. The Stix parameters have a clear physical interpretation: the quantities R and L
describe the response of the plasma to right-hand and left-hand circularly polarised waves,
respectively. Because the sign of ()., differs from species to species through their charge,
the wave polarisation controls which species is predominantly affected by a given wave.
The parameter P describes the response to an electric field parallel to the background
magnetic field By; in this direction particle motion is not constrained by the magnetic
field, so the response is the same as in an unmagnetised plasma.

Now, let 6 denote the angle between the wavevector k and the background magnetic
field By, and define the refractive index vector N = ck/w, with N = ||N|| and k£ = | k]|,
so that N = (N.,0, N|) = (Nsin#, 0, N cosf). Substituting these definitions together
with (3.11) into Eq. (3.5) and inserting the result into Eq. (3.6), we obtain:

AN* = BN?4+C =0 (3.13)

The coefficients A, B, and C are functions of the plasma parameters and the wave prop-
agation angle 6:

A = Ssin?0 + Pcos® 0 (3.14)
B = RLsin?6 + PS(1 + cos® ) (3.15)
C = PRL (3.16)

where the identity S? — D? = RL has been used. Equation (3.13) is the cold plasma
dispersion relation. Through this relation, it is possible to identify the cut-off frequencies
and the resonances, namely those characteristic points where wave propagation funda-
mentally changes: cut-offs mark the frequencies at which the refractive index becomes
zero and the wave is reflected rather, while resonances correspond to frequencies where
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the refractive index diverges and the wave energy is strongly absorbed by the plasma.
Because electrons are much lighter than ions, their cyclotron frequency is correspondingly
much higher, and waves in the electron—cyclotron range evolve on timescales to which the
ions cannot respond. It is therefore appropriate to assume that the ions provide a static
background while the wave dynamics is entirely governed by the electrons. Subsequently,
the dispersion relation, named Appleton-Hartree equation, for the squared refractive index
N? will be:

X
N2 (w,0) =1— - , (3.17)
1. .. sin?6 1. .. sin%?60
1—-Y?2 + .| [=-y2 Y2 cos2 0
2" 1-X \l <2 1— X) T cos

where X = w? /w? and Y = Q. /w. The two signs in Eq. (3.17) correspond to the two
propagation modes, commonly referred to as the ordinary (O) and extraordinary (X)
modes.

Since toroidal symmetry implies an approximate conservation of the parallel refrac-
tive index N| along a ray trajectory, it is natural to analyse propagation at fixed N
while allowing the perpendicular refractive index N, to vary with position. Cutoffs and
resonances are then identified through the limiting values of N, : a cutoff occurs when
N? — 0, while a resonance corresponds to N2 — oo.

Specialising the cold—plasma dispersion relation to the ordinary and extraordinary
branches, and expressing the result in terms of N, one finds the following cutoff conditions:

O-mode cutoff:  w = wpe, (3.18)

QC@ w2
X-mode cutoffs: wy = 5 (:l:l - \/1 +4 Q—‘ge (1-— Nﬁ)) : (3.19)
The X-mode has two cutoffs, namely the right-hand cutoff (w; ), and a left hand cut-off
(w-), and, as shown in Fig. 3.1, is split into two branches by an evanescent region between
the right hand cut-off and the Upper-Hybrid resonance, given by [30]:

WUH — 1/(“);275 + Qg, (320)

The O- and X-modes also differ in their polarization properties. For strictly perpen-
dicular propagation, § = Z(k,Bg) = 7/2, the electric field of the O-mode is parallel to
By, whereas the X-mode has its electric field perpendicular to By.

3.2.1 Wave Absorption

Electron—cyclotron waves are absorbed primarily through cyclotron Landau damping in
the vicinity of the electron cyclotron resonance and its harmonics. The condition for
resonant interaction at the n-th harmonic, including the relativistic Doppler shift, can be

written as [31]:

nQ,
w = T + k” V|| res> (3.21)
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Figure 3.1: Dispersion curves for high frequency waves in dense plasmas. Adapted
from [30].

where w is the wave frequency, n is an integer harmonic number, £ is the component
of the wavevector parallel to Bg, v} e is the resonant parallel electron velocity, and
7 = (1—v2/c?)~"/2 is the relativistic Lorentz factor. When this condition is satisfied, the
wave can efficiently exchange energy with the electrons, resulting in a strong absorption
of energy by the latter. In relativistic conditions, this constraint implies that resonant
particles lie on elliptic curves in the (vj,vy) space [31]. Under the weakly relativistic
limit, a convenient form for this ellipse is:

w? w?eN, w?N?

W= (1 _ n2Qg> 49 n2QZH v — (1 + ang > v, (3.22)
where N is the refractive index along the magnetic field. The EC power is thus absorbed
by electrons located on these resonant ellipses in velocity space. In the non-relativistic
limit, v — 1, Eq. (3.21) reduces to the condition of constant v), so the resonance is
represented by a straight vertical line in velocity space.

The interaction between an electron and an EC wave leads to a stochastic sequence
of small kicks in momentum space (dp_,dp;) which, when averaged over an ensemble of
electrons with random gyrophase, can be interpreted as a diffusion process in momentum
space. An important question is along which direction this diffusion proceeds predomi-
nantly. To address this, one starts from the relativistic energy—-momentum relation for an
electron,

W2 = p*c® + mic?, (3.23)
where W is the total energy, p the magnitude of the momentum, ¢ the speed of light,
and myg the rest mass. Changes in energy and momentum can be related, starting from
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Eq. (3.23) and remembering that W = ymqc?, p = ymgv, as
(SWZV'(Sp:Ul(Spl—I—’UH (SpH, (3.24)

where v, and v are, respectively, the perpendicular and parallel components of the elec-
tron velocity, and dp, , dp) the corresponding momentum variations.

On the other hand, the energy and momentum exchanged between the electron and a
single photon of the EC wave are constrained by the quantum mechanical relations

oW = hw, 5pH = hk|‘7 (3.25)

where w is the wave frequency and & the parallel wavenumber. Inserting Eq. (3.25) into
Eq. (3.24) yields
hw=wv,dp, + th, (326)

which can be solved for dp, and normalised by dp| = hkj. One obtains:

0 w v
oL _ (2 g} L (3.27)
op -\ Ky VL
The quantity in parentheses can be expressed in terms of the parallel phase velocity of
the wave, vy | = w/ky|, as
W o Uph|

el (3.28)
kop v

Since for EC waves the parallel phase velocity is typically much larger than the speed of
light [31], vph,| > ¢, the factor w/(kjv)) is large for almost all relevant regions of velocity
space (with the exception of points very close to v = 0). Hence

op1

> 1. 3.29
91 (3.29)

The EC—-induced momentum kicks therefore point predominantly in the perpendicular
direction: the diffusion in velocity space is mainly perpendicular. This conclusion admits
a transparent physical interpretation. The wave’s magnetic field interacts with the particle
through the Lorentz force ¢ v x Byaye, which is always perpendicular to the velocity and
therefore does not change the total kinetic energy. However, it is effective at rotating
the velocity vector, converting parallel into perpendicular motion and vice versa. As a
result, for O— and X-mode EC waves the diffusion of electrons in velocity space proceeds
primarily in the perpendicular direction [31, 32].

3.2.2 Electron Cyclotron Current Drive Mechanisms

To drive a net current in a toroidal plasma, electron cyclotron waves must deposit their
power in an asymmetric way in velocity space. In particular, efficient current drive requires
that the EC waves be severely damped on electrons whose parallel velocity has predom-
inantly one sign (either v > 0 or v < 0). Under these conditions, the EC interaction
modifies the electron distribution function in a way that is not symmetric with respect
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to v), and a net parallel current results. Two distinct physical mechanisms contribute to
this process: the Fisch—Boozer effect and the Ohkawa effect.

The first mechanism, originally identified by Fisch and Boozer [33], acts on electrons
whose parallel velocity has the same sign as the phase velocity of the EC wave. As dis-
cussed in the previous section, the quasilinear EC diffusion for O— and X—modes proceeds
predominantly in the perpendicular direction. For electrons with, say, v > 0, the EC
wave therefore tends to increase v; much more strongly than v. In velocity space, this
corresponds to an excursion from a sub-thermal region to supra-thermal perpendicular
velocities. Because the collisionality decreases roughly as v~3, electrons that are pushed
to higher energies experience significantly lower collision frequencies. As a result, the EC
diffusion creates a hole at sub-thermal v; and a bulge at supra-thermal v, for the selected
sign of v). Collisional relaxation, driven mainly by pitch-angle scattering [31], tends to
refill the sub-thermal hole more rapidly than it reduces the supra-thermal bulge, owing to
the higher collisionality at low energies. This imbalance in the filling and emptying rates
of the distorted distribution produces a net parallel momentum and thus a driven current
in the toroidal direction.

The second mechanism, originally proposed by Ohkawa [34], becomes important in
regions of the tokamak where the trapped—particle population is largest, notably on the
low—field side. In these regions, the velocity—space domain is naturally divided into pass-
ing and trapped particles. The EC wave can induce excursions in velocity space that
transport electrons from passing to trapped orbits. When a passing electron is pushed
into the trapped region, its contribution to the parallel current is effectively removed, i.e.
its parallel momentum no longer contributes to the net current.

Collisions, however, can drive the opposite process: trapped electrons can be sponta-
neously detrapped back into passing orbits. This detrapping is approximately symmetric
with respect to v, in the sense that collisions repopulate passing states with both positive
and negative v in a nearly symmetric way. The EC wave-particle interaction, in contrast,
is sensitive to the sign of v, since the wave is absorbed predominantly by electrons whose
parallel velocity matches the wave phase velocity. As a consequence, the EC interaction
preferentially transfers passing electrons of one sign of v into the trapped region, while
collisions return trapped electrons to passing orbits more symmetrically in vj. The com-
bined effect of these two processes is a net surplus of passing electrons with the opposite
sign of v compared to the direction in which the wave is predominantly absorbed. This
surplus produces a current contribution of opposite sign to the Fisch-Boozer current, and
localised in the regions where the trapped—particle fraction is highest. In other words,
the Ohkawa mechanism tends to drive a current in the opposite toroidal direction to the
Fisch-Boozer current.
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Chapter 4

The Gyrokinetic Turbulence
Code GENE

The Gyrokinetic Electromagnetic Numerical Experiment (GENE) code is a gyrokinetic
plasma turbulence code used for nuclear fusion and astrophysical scenarios [35, 21].

GENE is designed to solve the nonlinear gyrokinetic Vlasov—Maxwell system in five-
dimensional phase space. It can be operated in linear mode, to compute growth rates
and mode structures of the underlying microinstabilities (ITG, TEM, ETG, etc.), or in
nonlinear mode, to simulate fully developed turbulence and the associated heat, particle,
and momentum fluxes.

GENE is an Eulerian code that evolves the perturbed distribution function df on
a fixed grid in phase space, where the operators are discretised using the method of
lines. Perpendicular to the magnetic field, GENE employs a spectral representation in
(kg, ky), which allows derivatives along z and y directions to be computed as simple
multiplications, while along the field line, the coordinate z is discretised on a grid with
finite-difference schemes for derivatives and trapezoidal integration for parallel averages.
The velocity space integration relies on a modified trapezoid rule in the v direction, and
Gauss-Legendre for the p direction [21].

Temporal evolution is typically performed with a fourth-order explicit Runge-Kutta
scheme[36].

4.1 Normalisation and Observables in GENE

In order to solve the gyrokinetic equations, GENE formulates all quantities in dimension-
less form based on a set of user-defined reference values [21]. This section introduces the
framework adopted by GENE and discusses the macroscopic physical observables that can
be extracted from its outputs, such as particle, momentum, and heat fluxes.
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4.1.1 Normalisation

The code relies on reference values for length Lt[m], temperature Tret[eV], density nyee[m=3],
magnetic field Byef[T] and mass myef[kg]. From these, auxiliary quantities such as the ref-
erence thermal speed, gyrofrequency and Larmor radius are respectively defined as

Tref eBref Cref
Cref = ) Qref = ) P = O’ (41)
Myef MyefC ref

and the dimensionless ordering parameter is often written as pf; = prer/Lyer. Using these
reference quantities, the phase-space coordinates are normalised according to

T = Pref T, y= Pref 9, z=2, (42)
Lyes » Tret
t= ref t, UH = Cref YA}T'lA)H, n = ref Tgﬂ,
Cref Bref

where hats denote the dimensionless variables used internally by GENE. Similarly, back-
ground profiles and species (denoted by j = e, i) parameters are expressed as

njo = Nref N0, Tj0 = Tret Tho, Mj = Myet N1j, (4.3)

g =eq;, =1 2Tj/my,
and the normalised gradients are

Lref dnjO o Lref d]}o o Lref S
o wm=o et VB = OVB (4.4)

wﬂ?] -

Neef dz

The gyrokinetic distribution function is split into an equilibrium part f;o and a per-
turbed part. GENE evolves the modified perturbation g;, which is normalised as

Pref Tref ﬁjO A
gj = L 3 ~3 gj’ (45>
ref Cref Up

so that perturbed quantities are naturally ordered with pref/ Lyes and remain of order unity
in typical simulations. The electrostatic potential and the possible sources are normalised
as

Pref Tref n Pref TMref ﬁO A
= C = — = C(f). 4.6
¢ Lref e ¢7 (f) L?ef C?ef ’lA)% (f) ( )

and analogous normalisations are used for the electromagnetic potentials.

The reference values are often taken as prt = ps and ¢t = s, with the ion mass
chosen as the reference mass (myef = m;) and the electron temperature as the reference
temperature (Tyer = Teo).
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4.1.2 Observables

Although GENE advances the full five-dimensional distribution function g;(kz, ky, z, v, 1)
in time, most physical conclusions are drawn from quantities obtained by suitable moments
and averages. In particular, for nonlinear simulations, the code provides volume-averaged
radial particle and heat fluxes for each species. These are defined as

(Ty) = (nive; %),  (Qf) = (P1jVyi X), (4.7)

where 1y ; and p; ; denote the perturbed density and pressure, v, = B x Vy;/ B? is the
ExB drift velocity associated with the total potential x; for species j, and (---) denotes
an average over the simulation domain. Because the potential includes both electrostatic
and electromagnetic contributions, these fluxes can be decomposed into electrostatic and
electromagnetic parts

(0j) = (U7 + (I, (@) = (QF) +(Q5™), (4.8)

which is particularly useful when assessing the relative importance of electrostatic and
magnetic fluctuations for cross-field transport.

4.2 Gyrokinetic Implementation of the ECCD Model

The effect of electron cyclotron (EC) deposition can be included in a gyrokinetic framework
by means of a quasilinear source term added to the gyrokinetic equation. We start from the
constant deposition case, closely following the derivations presented in Refs. [37, 19], where
the diffusion operator is reduced to a tractable source in the five-dimensional phase space
(7,9, z,v), 1), where the interaction between the EC waves and electrons is represented
by a quasilinear operator [38]:

0 Ofe
QRuclfe] = v Dgc - 8{1’

where f, is the electron distribution function and Dgc is the velocity-space quasilinear
diffusion operator. For O-mode waves in large tokamaks like ITER, Dgc can be written,
under the non-relativistic approximation, as [38, 32, 39]

(4.9)

Dgc = D (5(’UH — U||7rcs) V) QVy, (4.10)
where v ;os is the parallel velocity of the resonant electrons

w — nfle

U”,I‘es = TH, (411)

with w the wave frequency, n the harmonic, (2. the electron cyclotron frequency and kj
the parallel wavenumber.

Now, for numerical reasons and to account for the finite spectral width of the EC beam,
the Dirac delta is replaced by a Gaussian of width Awv) in parallel velocity. Thus, as-
suming further that the background electrons follow a Maxwellian distribution f, and
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substituting into Eq. (4.9), we find

1 (UH - res)2 'Ui Uﬁ + ’Ui
- D S | LA I S | e 4.12
QEC vV 2T AU” P [ QA’Uﬁ ’U% b v% ’ ( )

where vy is the electron thermal speed and D is a quasilinear diffusion coefficient.
The D coefficient can be characterised by requiring that the second velocity moment
of the source Q¢ is equal to the prescribed deposited power density [37], i.e.

2
MV
/dgv 5 Qrc = pEC. (4.13)

Carrying out this integration yields (using dv,dv,dv, = vidvjdvydf ) an expression for
Qrc where the ppe dependence is explicit.

Following the procedure illustrated in [37], a Gaussian envelope in (ky, ky) space is
then introduced to provide a spatial characterisation of the deposition. Subsequently, the
expression is normalised in GENE units, yielding:

. 2
,&H _ UH,res
~2
A 2pEC 2401 +1 .
QEC(kkayaZvUHnu) = W €xp | — 25ﬁ (MB - 1)
A A N2
A 2 — Zrc 4.14
[ ai(gml%i + 2gmy/2:$f€y + gyyl;‘;)]
-exp|— 5
" eXp|—i (gmzfxi‘Ec + gyy]%y?jEC>} ~

where we assumed that 6, = 6, = 6 (so that the deposition is a circular Gaussian cen-
tered at the outer midplane), and g* are the metric tensor components, that in §-a geom-

etry with a = 0 read: g™ = 1,¢% = 14 (32)%, ¢"¥ = 82, and &) = \/(Aff)ﬁ (1 +2Ad7),
where A9 has been normalised with the the electron thermal velocity ver.

This defines the (time-independent) source term implemented in GENE that accounts
for the effect of electron cyclotron deposition on the perturbed distribution function. The

time modulation is introduced through

fmod(ﬂ = sin (Wo(f - tAO)a (4.15)

where wg = 27/ fo, and fj is the modulation frequency, so that the modulated source term
becomes

QEC,mod(@ = C?EC fmod(@- (416)
To express the EC source term in GENE units, the following normalisation factors are
introduced: heat—flux density Qe is defined as [37]

Ps Teo 7éLe
P2 2 230
R5 c3 0
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and the corresponding reference power density is

_ NeoPst (kBT50>3/2 Qﬁei—‘e (4.18)

DPref = R% m me
Here, ps, Ro, neo, ¢s, mi, and Tyg are the reference quantities, while hatted variables denote
the corresponding dimensionless GENE-normalised quantities.

As we have seen, the effect of electron—cyclotron heating and current drive enters the
gyrokinetic equation through the source term @Ec in phase space, which is implemented
in GENE in Fourier space. To illustrate its shape in real space, in the following argument
we restrict to the outboard midplane, Z = 0. For the §-a geometry used here, the metric
components at the outboard midplane are §** = 1, §g¥¥ = 1, and §*¥ = 0. Evaluating
Eq. (4.2) at 2 = 0 and taking the inverse Fourier transform in ke, l%y gives

~ A o 1 oA SN A R
QEC(xa 9,2 =0, U”,,U,) = (271_)2 /—oo dky /_oo dky QEC(kmy kya z =0, ’U||7:u')el(kmx+kyy)
~ 2
by gl
2 Pec 2007 +1 . .
— e - i B—1 - B
7T2m65'||5'zexp 26ﬁ H )exp[ . }

(ke AZ4-ky AD)
6 )

1 EESTI Rl 6 12 2
o /_OO dk, /_oo dhy exp| 2= (2 + i2)
(4.19)
where AZ =% — -%EC; A:l? = :lj — gEc.
Introducing the vectors k| = (ky, lzzy)T, (A% = Az, A))T, and the perpendicular covari-

e .o (1 0 : . . A2 (72,7
ance matrix 3, = 62 (0 1) , the exponent in the integral can be written as ai(k§+k§) =

IA{XA]L lAq, so that:

e i(ke A4y AD)

1 < o s 6i 7.2 7.2
22 /_OO dky /_OO dk, exp —7(1<;x+/<;y)
1 : loge, » R

= G Jeo dk exp {—21{& k| +ikIA§<}

1 [ 1 Tl A n
= ——F———¢€xp —-AXTY] Ax]
2/ det 33, 2
1 (& — Zrc)* + (§ — 9re)?
952 XPIT 52 -
2w 209
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where the transition from the first to the second equality relies on a standard result
for multivariate Gaussian integration [40].
Therefore, at the outboard midplane the EC source term can be written as

A 2DrC . (2r0)?
b) 207 b) - F'U b A
Qec(Z,9,2=0,0, it) 5.5 (0, /1) exp 252
1 (2 — Zrc)® + (§ — 9rc)?
_ 4.20
2152 eXp[ 252 (4.20)

where

By — @H,res ?
T 2A 41 o o
26ﬁ (A B—1) exp[—,uB} ,

Fy(0), 1) = exp | —

If we now evaluate the second velocity moment of the source term QEC in Eq. (4.20), we
obtain the real-space form of the EC deposition profile at 2 = 0.

(2EC)2]

o A 1
SEc(w,y,ZZO):pEcm6 exp|—
z

262
o g RN (4.21)
1 exp (& —2pc)” + (§ — Jec)
o2’ 2 262 ’

We can see from this expression that in the outboard midplane, the deposition profile
has a circular gaussian shape in the perpendicular plane. The calculations for the general
form of the (time-independent) spatial profile of Spe are analogous to the previous ones
and lead to:

& imon s PEC (2 = Zpc)? L aTe—1/5y A
SEC(x,y7Z) = W exp [—262] exp |:—2 AXTZLI(Z) AR s (422)

where
9 — Jec gv g%
In this case, we observe that away from the outboard midplane, the perpendicular
Gaussian acquires an elliptic shape because the covariance matrix is not diagonal anymore,

since ¢ (2) # 0. This reflects the physical properties of magnetic shear.
From the standpoint of Gaussian normalisation, however, this does not affect the result,

since in $—« geometry one has
TT Ty
det gym gyy =1,
g g

so integration over Z, ¢ still yields unity for all 2.

A A T Ty
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Finally, the profile of the time-dependent power deposition will be given by:
S80.mod(, 9, 2,1) = Suc(#, 9, 2) fimoa(D)- (4.23)

For notational simplicity, the hats on dimensionless quantities will be omitted from this
point forward.
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Chapter 5

Perturbative Analysis and
Heat Transport Modelling

The goal of this chapter is to introduce the perturbative analysis framework that often is
employed for modeling heat transport as an advection-diffusion process. The idea is to
impose a time-varying modulation of the Electron Cyclotron Resonance Heating (ECRH)
power, thereby generating a periodic temperature response throughout the plasma. Each
point in space experiences a small, oscillatory perturbation of the background temperature.
By measuring the amplitude and phase of this temperature modulation at different radial
positions, we can infer the plasma’s frequency response and, consequently, estimate the
heat transport coefficients.

5.1 System Frequency Response Analysis

We model the plasma response at each spatial location z as a linear time—invariant (LTT)
system.! Although the numerical implementations are ultimately carried out on discre-
tised quantities, a continuous formalism is adopted in order to present the underlying
ideas in a clearer way.

5.1.1 Frequency Response Function

In general, for a single-input single-output system, considering an input signal u(¢) and
an output signal y(z,t), with z fixed, under the linear time-invariant (LTI) assumption
the following convolutional relation holds [41]

y(a,t) = (g(z,) xu)(1), (5.1)

where g(z,-) is the impulse response at x. Taking the Fourier transform in time yields

Y(z,w) = G(zr,w)U(w), (5.2)

L This assumption requires further testing.
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where U(w) and Y (z,w) denote the Fourier transforms of u(¢) and y(z,t), and

G, w) = F{g(- 7)}(w) (5.3)

is the frequency response function (FRF). Whenever U(w) # 0, the FRF can be computed
as

Y(z,w)
= 4
Glaw) = 5, (5.4)
Since G(z,w) is a complex number, it can be written in polar form as
G(z,w) = |G(z,w)| @) (5.5)

with gain |G(z,w)| and phase ¢(z,w) = ZG(z,w).

In our system, the input is a scalar signal u(t) representing the time-varying ECRH
injection in a fixed point xpc, and the output is the temperature T (z,t) for each z. In
particular, T’ (x,t) is defined as follows. First, the perturbed temperature profile 77, is
taken from the GENE simulation [42]:

ni

m c
Tu_:i d3’UUif1(p)—Tof

5.6
2710 no ( )

where fI“is the fluctuating part of the particle distribution function, 77, and nj respec-
tively denote the first-order perpendicular temperature perturbation and density, and ng
is the background density. Then, 77, is averaged over the y and z directions, so that a
temperature profile along the radial direction is obtained:

T (z,t) :== (T11(z,y,21))

To remain consistent with the notation commonly adopted in the system identification
literature, the Fourier transform of 7' (z,t) will be denoted by Y (z,w) in the following
chapters.

The input signal u(t) is given by

(5.7)

y7z

u(t) = uga sin (wo(t — to)), (5.8)

where wy = 27 fy is the ECRH modulation angular frequency and u 4 is obtained taking
the spatial profile Sgo(z,y, z) from Eq. (4.22) and integrating it over x,y, z leads to

Us = PEC (5.9)

This also coincides with the total injected power.

The LTI assumption serves as an approximation that allows us to focus on the system
response occurring mainly at the same frequency as the deposition wp, and the FRF at
this frequency therefore contains the plasma’s linear dynamic response to the modulated
heating.

In the analyses presented in this work, the signals are restricted to time windows that
contain an integer number of modulation periods. This choice ensures the spectral content
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of the signals is concentrated at the modulation frequency, without spurious contributions
due to cutting the signal mid—cycle.

To obtain accurate estimates of the Fourier coefficients at the ECRH modulation fre-
quency (and, where required, at its higher harmonics), the Local Polynomial Method
(LPM) [43] is employed.

Within the LPM framework, the measured spectrum in a neighbourhood of the fre-
quency of interest wp is modelled as the sum of (i) a smooth contribution associated with
transients and slow trends in the signal, and (ii) discrete spectral lines associated with
the periodic excitation, plus stochastic noise. The smooth contribution is locally approxi-
mated by a complex-valued polynomial in frequency, whose coefficients are obtained by a
weighted least-squares fit on a set of neighbouring frequency bins. Evaluating this poly-
nomial at wy yields an estimate of the transient contribution at that frequency, which is
then subtracted from the raw spectrum. The result is an essentially unbiased estimate of
the complex Fourier coefficient associated with the periodic part of the signal at wy. In
addition, this method also allows estimating the variance directly from the residuals of
the local polynomial fit.

In this work, the LPM is applied to the output signal 7', (z,t) at each radial position
x, yielding Fourier coefficients Yypam(z, wo) and variances 63 py; (2, wo) at the modulation
frequency. The estimated frequency response function is then defined as [44]

A Yipm (7, wo)
G = —— 5.10
(I’, WU) U(CUO) ( )
Its (complex) variance can be approximated by
52 T,w
&é( W) A v.Lpu (T, wo)

. 5.11
U (wo)[? o1y

This variance quantifies the uncertainty of the complex estimator G and can be used to
construct, for instance, 20 confidence bounds on the amplitude and phase of the FRF,
under the assumption that the residual noise on Y (z,wp) after the LPM correction is
zero—mean circular complex Gaussian.

5.1.2 Magnitude—Squared Coherence

In order to identify spatial regions where the local plasma response is well described by a
linear relation between the ECRH drive and the temperature perturbation, it is useful to
quantify how strongly the input signal u(t) and the output 7' (x,t) are linearly correlated
at a given frequency. For this purpose the magnitude—squared coherence (MSC), which
measures, at each frequency, the fraction of the output power that can be attributed to
a linear time-invariant response to the input, is used. Consider the u(t) and T’ (x,t)
signals. Their auto— and cross—correlation functions can be computed as [45]

Ruyu (1) = (u(t) u(t — 7) >t, (5.12)
Rpop (x;7) = (T (2, t) T (z,t —7) >t, (5.13)
Ry u(z;7) = (To(z, t)ult — 7)), (5.14)
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The corresponding spectral densities are defined as Fourier transforms of these corre-
lation functions,

Suu(wo) = Fr{Ruu(7)} (wo), (5.15)
Stor (wywo) = Fr{Rr 1, (2;7)} (wo), (5.16)
STLu(fE; LL)O) = FT{RTLu(x; T)} (w()), (517)

where F.{-} denotes the Fourier transform with respect to the time lag 7.
The magnitude-squared coherence between u(t) and T’ (x,t) is then defined, for each
position x at the modulation frequency wy, as

|57, u(@;00)|
STLTL (.Z’; wO) Suu(WO) 7

(25 w0) = (5.18)

with 0 < 7%(z;wp) < 1. By construction, v2(z;wp) represents the fraction of the output
power spectral density St 1, (z;wp) that is coherent, i.e. linearly explainable, through a
deterministic response to the input at frequency wy.

Values of v2 close to unity indicate that the local plasma response at the drive frequency
is almost entirely described by a linear time—invariant model driven by the modulation
signal, whereas a rapid decrease of v2(x;wg) marks regions where the output is domi-
nated by components that are not linearly correlated with the input (such as turbulent
fluctuations).

For the analysis of the simulation data, the longest contiguous spatial interval [z5°", $9"]
is identified such that +2?(z;wp) remains above a prescribed threshold. This interval will
be referred to as the high—coherence region.

5.2 Linear Approach To Heat Transport Coefficients
Estimation

This section presents a linear model for estimating the electron heat advection—diffusion
(AD) transport coefficients, following the formulation in [46]. For notational convenience,
in the following sections the electron perpendicular temperature T, is denoted by T, and
the electron density by n.

In magnetically confined plasmas, parallel transport along the field lines is much faster
than perpendicular transport. This, together with toroidal symmetry, implies that vari-
ations along the magnetic field lines are weak compared to those across magnetic flux
surfaces: the fast parallel dynamics acts to homogenise quantities on each flux surface on
very short time scales, so that the relevant heat transport is the radial one, dominated by
radial gradients. As a result, on transport timescales the system can be modelled as an
effectively one-dimensional process in the radial coordinate within a cylindrical geometry.
The standard 1D cylindrical transport PDE with spatially dependent coefficients is [47]:

0 10

(nT) = 22 (pn(p) 50+ pnV(p)T) + S, (5.19)

dp
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where p is the radial coordinate, V' collects effective advective contributions and Sj con-
tains the power sources and sinks (e.g., ECRH deposition, ohmic heating power and
bremsstrahlung radiation loss). In the context of the present analysis, the ECRH power
deposition is modulated at frequencies that approach the characteristic turbulent time
scales, that we can characterise looking at the temperature correlation time 7. as shown
in Sec. 6.1. These timescales are of the order of microseconds. In contrast, the character-
istic time scale of macroscopic transport, identified with the (energy) confinement time
T, is of the order of seconds. Owing to this strong separation of time scales, the damping
term 7! that is commonly included in transport models [46], is consistently omitted here.

For the same reason, it is also assumed that the periodically modulated electron heating
Prod(t) provides the dominant time dependence of the total heat source Sj. All other
source and sink terms are taken to vary only slowly on the time scale of the modulation
period and are therefore absorbed into the stationary background contribution [46].

For the following perturbative analysis we adopt these standard simplifications [46]:
(i) focus on steady periodic response (transients neglected); (ii) analyse a source-excluded
window where Ppoq = 0; (iii) take coefficients time and space independent across the
analysis window; (iv) assume constant density over space and time (d,n =0, dn = 0).
Under these hypotheses (5.19) reduces to

ar 13( 8T>+V18< )

at X pop\"ap) T b

5.20
o (5.20)

5.2.1 Slab Representation

A convenient working approximation — consistent with the local nature of the §-a flux-
tube model — is the slab formulation, in which the radial coordinate is treated as locally

Cartesian.
at X a2 ap

Vs is related to its cylindrical counterpart through the identity:

(5.21)

V=V 42X
P

so that over narrow windows (like in a flux-tube) where p~! terms are negligible, V,~ V/,
while the diffusive term is unchanged by geometry. From now on, x will be used in place
of p for clarity within the slab geometry framework.

Now, applying the Laplace transform to the previous energy balance PDE, it reduces to
an ODE with respect to the space coordinate x:

d*O(z, s) dO(z, s)
dx? v dx

X —s0O(x) =0. (5.22)

where ©(z, s) is the Laplace transform of the temperature T'(x,t) and s = iw [46]. The
general solution of Eq. (5.22) is [48]:

O(x,5) = C1(5)eM® + Cy(s)e” (5.23)
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with

V V\? s
)\172(1‘, 5) 2y F <2X> + X. (524)
Following a common procedure in the literature [47], we adopt the hypothesis of a semi-
infinite radial ? (x — co = © — 0). This removes one boundary condition and collapses
the spatial eigenstructure to a single decaying mode. Indeed, in slab geometry, the two
eigenfunctions satisfy || — 0 and [e*2*| — 0o as ¥ — o0, so the growing contribution
must vanish (Cy(s) = 0). Thus, we have:

O(z,s) = Cy(s)eM”. (5.25)

The subscript ”1” will be omitted in the following for brevity. In principle, the constant
multiplying the exponential would be determined from a boundary condition. However, by
taking the logarithmic temperature derivative [46]—that is, applying the natural logarithm
to Eq. (5.25) and differentiating with respect to z—this requirement can be bypassed in
the subsequent analysis: /

)

o => (5.26)

where ©'(x, s) = %.

On the other hand, writing © in polar form: O(z,s) = A(z,s)e’®*) and substituting
above, yields

/
A=Z fid =a+if (5.27)

A
where a(z, s) = A'(z,s)/ Az, s), 5 = ¢'(x, s) are the spatial derivatives of the logarithmic
amplitude and phase.

By substituting (5.25) into (5.22), one obtains the algebraic relation

XA2+VA—5=0, (5.28)

then, inserting (5.27) into this expression yields an equation that can be separated into
its real and imaginary parts:

x(@? =) +Va=0,
2xaf+V B =w.

Solving for y and V gives
W

X = FICED) (5.29)

2In flux—tube simulations, the domain is finite; the semi-infinite assumption is therefore understood
as a local approximation within the source-excluded, high-coherence window, sufficiently far from the
numerical boundaries.
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W (8% —a?)
B2+ )
These are the closed-form expressions for x and V', that can be obtained from a single-
frequency modulation analysis [46].

As just shown, the estimation of the two transport coefficients requires first determining
« and (8, which can be computed from the FRF. To this end, the FRF is expressed as

(5.30)

Gz, wo) = Az, wp) @),

where A(z) = |G(z)| and ¢(z) denote, respectively, the amplitude and phase of the
response at position z. In practice, a and 3 are estimated in two ways:

(i) the two—point transfer—function approach, using only two spatial locations;

(i) the weighted least-squares (WLS) approach, which combines multiple spatial samples
and uses the variances provided by the LPM as weighting factors.

The estimation is confined to a suitable spatial window, defined by selecting a high—
coherence region using a magnitude-squared coherence threshold that balances preserving
a sufficiently strong linear relation between u(t) and 7' (x,¢) with maintaining a spatial
window that contains enough grid points to ensure a more stable outcome. Additionally,
within this region the logarithmic amplitude and the phase must exhibit an approximately
linear behaviour so as to remain compatible with the assumption of spatially constant
coefficients.

5.2.2 Two-Point Estimate

The first strategy consists in evaluating the transfer function at two points [46] within the
high—coherence region. Two positions

raA < TR,
are selected, and the corresponding complex responses
GA:AAei¢A, GB:ABGM)B,

are then considered. The o and [ terms are then estimated by:

_ _ 98— 0a

Qg_pt = Tx’ 52—pt Az (5-31>

With this approach, the two selected points are treated as representative of the entire
window, under the assumption that the FRF is sufficiently regular and free of spikes—a
condition that can, in principle, be achieved with a sufficiently large number of modulation
periods. The two—point transport coefficients are then obtained by inserting (5.31) into
(5.29)—(5.30):

X2—pt = X(Oprta/Bprt)a ‘/27];)1: = V(a27pt7627pt>~ (5-32)
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5.2.3 Weighted Least-Squares Estimate

The second strategy exploits all available spatial samples in the chosen high—coherence
window away from the source and incorporates the statistical information provided by
the LPM. For a set of positions {xj}év:l in the window, the LPM yields estimates A;, ¢;,
together with their respective variances afhj, U?M. For small relative amplitude errors, the
variance of the logarithmic amplitude is approximated as

2
O'A"
Ty ~ <A7> : (5.33)

J

Thus, under the assumption that the logarithmic amplitude and the phase vary approx-
imately linearly over the analysis window, the following linear models can be applied
[49, 50]

InAj ~ ca + aws 25, (5.34)
¢; ~ Ccy + Pwis Tj, (5.35)
where (cq, cy) are intercepts and (awrs, fwis) are the desired slopes in the window.

These models are fitted by weighted least-squares, using the LPM variances to define

the weights:
1 1
WA = —5 Wej = —5 - (5.36)
T ohay T,

For a generic weighted linear regression
Yy ~a+bxj, j=1,... N,

with intercept a, slope b, and weights w;, the WLS estimator can be written in compact
form as

1 T

-1
[Z]:(XTW)Q XTWwy, X=|: |, W=diag(w,...,wy),
1 TN

where y = (y1,...,yn)". The weighted residuals are
rj=y; — (a+bxj),

and the weighted residual variance is estimated as
1 N
A2 2
Ores — N _ 29 ;1: W Ty

The covariance matrix for (a,b)" is then

a

Cov [b

] =62 (XTwx)
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Applied to Egs. (5.34)-(5.35), with (y;,w;) = (InAj,wa;) for the amplitude fit and
(yj,wj) = (¢, wy ;) for the phase fit, this framework yields the estimates awrs and fwris,
together with their regression variances UinLS = Var(awrg) and U%VWLS = Var(fwis),
which are obtained from the (2,2) entry of the respective covariance matrices. Once
(awrs, Bwrs) have been obtained, the corresponding transport coefficients are computed
as

xwrs = x(awLs, fwrs), Vs = V(awrs, fwis), (5.37)

using Eqgs. (5.29)-(5.30). The uncertainties o, wrs and oy,wrs follow from first-order
error propagation:

Ix\? Ix\?

Ui,WLS ~ (804) U(QI,WLS + (85) Ug,WLSa (5.38)
oV \ 2 oV \ 2

OywLs A (30) o2 wis + (6,3) 05 WLs- (5.39)

In summary, both methods extract A = a+i/3 from the FRF and map it to (x, V') through
the advection—diffusion closure. The two—point method relies on two representative loca-
tions, whereas the WLS method uses all available spatial samples and provides confidence
intervals.
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Chapter 6

Simulation Setup and Results

In this chapter the main results obtained from the gyrokinetic simulations and the conse-
quent signal analysis are presented. Building on the physical model and numerical frame-
work introduced in the previous chapters, the focus is on a temperature—gradient—driven
trapped—electron—mode regime and on its response to time-modulated ECRH source. The
analysis has two goals: to clarify how turbulence spreads the injected heat signals, and
to test the underlying assumptions of an advection—diffusion (AD) closure, identifying
parameter regimes and spatial regions where such a closure may cease to be valid.

The chapter is organised as follows. First, the general simulation setup is described
together with the reference turbulence regime in the absence of ECRH deposition, in-
cluding basic linear properties and nonlinear saturation characteristics. The modulated
ECRH deposition is then introduced and the spatial structure of the temperature re-
sponse is analysed by computing the frequency-response function (FRF) at the ECRH
modulation frequency for each point along the radial direction. On this basis, effective
diffusion and advection coefficients are determined for a reference case. Subsequently, the
way in which both the coherence between the diagnosed temperature signal and the im-
posed power—deposition signal and the inferred transport coefficients change as key control
parameters of the simulations (such as the modulation frequency) are varied is examined.

6.1 Setup and Base VI-TEM Turbulence Scenario

The setup is based on that presented in [51], in a local flux-tube geometry based on the
standard §-a model [21]. The magnetic configuration is characterised by a safety factor
and a magnetic shear given respectively by

x%_

G =14, §:= 0.8,

=
and an inverse aspect ratio e = /Ry = 0.16, with major radius Ry. The simulations are
near-electrostatic, with normalised electron pressure 8 = 1072, while the Shafranov shift
a is set equal to zero (technically inconsistent with non-zero [3).

The radial coordinate x and binormal coordinate y are normalised to the ion-sound
gyroradius ps.
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The kinetic species are singly charged ions and electrons. Quasi-neutrality is imposed
with neg = nig = ng, the electron-to-ion temperature ratio is Too/7io = 2, and the electron-
to-ion mass ratio is me/m; ~ 1/1836.

The normalised background density and temperature gradients are chosen as

Wr {ie} = {0, 4.5}, Wn, {i,e} = 3.

The perpendicular box size is chosen as

5 p
Ly =5Lgmin = —125p,, L, =—— ~125.7p,

ky,min S ky,min

where ky min = 0.05 is the minimum binormal wavenumber resolved in the y direction,
and

ps = Cs o Te(]mi
T Qy eBy

with ¢ = \/Teo/m; the ion-sound speed. Perpendicular wavenumbers are therefore nat-
urally expressed in the dimensionless form k,ps. The width L, min represents the min-
imum radial extent required by the parallel boundary conditions at kymin. Choosing
L, = 5 Ly min ensures that the radial domain is wide enough to capture the turbulent
TEM streamers as determined by convergence analysis according to M.J. Pueschel (per-
sonal communication, October 2025).

The computational grid resolves the five-dimensional phase space with

(N, Ny, No, Ny, N,) = (128, 64, 24, 50, 8).

Time advancement is performed using a fourth-order Runge-Kutta scheme with adap-
tive time-stepping.

With this setup, the system is evolved up to tyax = 300 Ry/cs, ensuring the development
of fully saturated VI-TEM turbulence [52, 51].
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Figure 6.1: Time-averaged spectral distribution of the electron fluxes as a function of k.
The time-averaging window is ¢ € [100,300]. The green line represents the electrostatic
heat flux Qes/(cs p2 noTeo/R3), the black line the electrostatic particle flux
Les/(cs p2no/R3), and the blue line the electromagnetic heat flux Qem/(cs p2 noTeo/ R2).
Heat transport is dominated by large-scale, but not system-size, modes, while
contributions from the highest-k, (near-ETG-scale) modes are comparatively small—
Base VT-TEM turbulence scenario.

Figure 6.1 shows that the majority of the electron heat flux is concentrated in the large
scale range 0.05 < &, < 0.5, with smaller contributions from near-ETG scales.
The nonlinear evolution of the system is illustrated in Fig. 6.2, which displays the tem-
poral evolution of volume-averaged squared fluctuating quantities — the perpendicular
temperature (|7 |?), the parallel temperature (|T)|*), the density (|n|?), and the parallel
velocity (|uj|?). Figure 6.3 shows the time evolution of the volume-averaged electrostatic
electron heat flux Qs and particle flux I'es. After an initial exponential growth phase dom-
inated by the linear TEM instability, all quantities saturate at ¢t ~ 50. Beyond this point,
they fluctuate around mean values, indicating the establishment of a statistically steady
turbulent state. The absence of persistent growth and the presence of finite-amplitude
oscillations reflect a balance between the drive from the background electron temperature
gradient and the nonlinear energy transfer to damped modes. In this regime, ion flux
contributions remain much smaller than their electron counterparts. The time window for
computing the time-averaged values of the observables such as the flux spectra is taken
as t € [100,300].

Remark 1. In absence of external heating modulation, the temperature gradient natu-
rally develops persistent peaks that remain localized at the rational surfaces. As shown in
Sec. 6.2, the ECRH modulation operates on time scales much shorter than those character-
izing the evolution of these corrugations. They can therefore be regarded as a quasi-static
background upon which the driven perturbation is superimposed. As a result, the FRF
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Figure 6.2: Time evolution of the volume-averaged squared electron fluctuation
amplitudes. The blue line shows the perpendicular temperature fluctuations
(ITL1?)/(T%p2/R3), the green line the parallel temperature fluctuations
(ITy*)/(T%p3/RY), the black line the density fluctuations (|n|?)/(n§p3/R5), and the red
line the parallel velocity fluctuations (Juy|?)/(v7.p2/R3) — Base VT-TEM turbulence
scenario.

will be affected by this behaviour, and consequently, the transport coefficients x and
V' are expected to exhibit a pronounced radial dependence. This implies that a simple
advection—diffusion model that assumes a constant background gradient and ignores the
presence of local oscillations may become inadequate.

Figure 6.4 shows the time-averaged radial profile of the normalised local electron-
temperature gradient wr, (x), as a function of radial position. It exhibits a sequence of
sharp, regularly spaced spikes in x, with five dominant peaks across the domain. These
peaks are located at x € {—50, —25,0,25,50}, in correspondence with the rational surfaces
of the flux tube. Figure 6.5 displays the spatio—temporal evolution of &, (z,t). The same
structures appear as nearly vertical stripes, demonstrating that they are long-lived and
essentially stationary rather than transient, random fluctuations.

This behaviour arises from the topology of the magnetic field lines. On a rational
surface, the safety factor ¢(z) assumes a rational value ¢ = m/n, so that a magnetic field
line closes on itself after m toroidal and n poloidal turns, instead of sampling the entire
flux surface ergodically. Thus, at rational surfaces the parallel dynamics is effectively
periodic: a particle or perturbation following such a field line repeatedly samples the
same locations, rather than uniformly exploring the whole flux surface.

Trapped-electron-mode turbulence is sensitive to this periodicity. Temperature corru-
gations tend to lock to rational surfaces because the closed field-line geometry facilitates
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Figure 6.3: Time evolution of the volume-averaged electron heat and particle fluxes. The
green line shows the electrostatic heat flux (Qes)/(cs p2 noTeo/R3), the black line the
electrostatic particle flux (Tes)/(cs p2 no/R2), and the blue line the electromagnetic heat
flux Qem/(cs p2 noTeo/RE) — Base VI-TEM turbulence scenario.
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Figure 6.4: Time-averaged profile of the perturbed normalised electron-temperature
gradient &7, (x). The time-averaging window is ¢ € [100,300] — Base VT-TEM
turbulence scenario.
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the maintenance of coherent patterns at those locations. Stated another way, the back-
ground electron-temperature profile becomes radially corrugated: the local gradient is
flattened or steepened in narrow radial bands centred on the rational surfaces. This is
precisely what is observed in Figs. 6.4 and 6.5: the narrow, robust spikes in the fluctuation
of the normalised temperature gradient appear at the radii of rational surfaces and can
be interpreted as the signatures of turbulence-generated “hills and wells” in the gradient,
pinned to the underlying magnetic geometry.
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Figure 6.5: Spatio-temporal evolution of &r, (z,t) — Base VI'-TEM turbulence scenario.

Introducing the normalised autocorrelation function C'(At) of the perpendicular electron
temperature fluctuation field 7' (x,y, z,t), it is possible to estimate a characteristic tur-
bulence time scale. Denoting by (-)y a volume average and by (-); a time average, the
normalised autocorrelation can be written as

((TL(x,y,2,0) Ti(w,y, 2t + Ab), )y,

C(At) = <<TJ_(5L',ya27t)2>t >V

. 00 =1.

The correlation time 7, is taken as the lag at which C'(At) decays to 1/e of its zero-lag
value, i.e. C(1.) = 1/e. This quantity provides a characteristic turbulence decorrelation
time scale. For the base VI'-TEM setup, one finds 7. ~ 1.5 Ry/cs which is on the order
of microseconds.

Finally, Fig. 6.6 shows a snapshot of the contour plot of the perpendicular electron
temperature fluctuations, from which the spatial structure of the turbulence in the base
VT-TEM state can be observed.
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Figure 6.6: Contour plot of electron perpendicular temperature (7' /(Teops/Ro)) at
t = 250.13 Ry/cs — Base VT-TEM turbulence scenario.

6.2 Modulated Electron Cyclotron Deposition Sce-
nario

The implementation of the ECRH source in GENE requires the specification of sev-
eral parameters characterising the energy deposition [19]. The main parameters are the
spectral width in parallel velocity Avj, the resonant parallel velocity v} es, the deposi-
tion peak power density pgc, the deposition half width W, the modulation frequency
wo =27 fy = 2%, and the deposition center location qep.

Following [38], a representative value for the resonant velocity is v} yes = 2v7,, assuming
the electrons to have a speed on the order of 107 m/s in typical fusion-plasma conditions.
The spectral width is chosen as Avj = 0.3 — small enough to preserve the resonant
character of the interaction but large enough to ensure physical consistency [19]. For
the Gaussian spatial profile, it is assumed that o, = o, =: 0 (isotropic source in the
perpendicular plane), and o, = 1. It can now be defined a baseline set of deposition
parameters (used for all simulations unless explicitly stated otherwise). In this baseline
configuration, the peak deposited power density is pgc = 0.002 p,ef, the perpendicular
half-width of the source profile is taken as W = 30, = 4.5ps, and the deposition is
centred at xgep = —20. With this setup, several modulation frequencies are tested, one
at time: fo € {1/3,1/9, 1/15, 1/21, 1/27, 1/45}. For all simulations, the analysis is
performed over an integer number of modulation periods. Typically, between 10 and 25
periods are used, providing a sufficiently long time series to reduce statistical fluctuations
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and improve the accuracy of the inferred quantities.
For brevity, each simulation will be referred to by the labels listed in Table 6.1.

Modulation frequency fo: 1/3 1/9 1/15  1/21  1/27  1/45
Label: p3bb p9bb plbibb p2lbb p27bb  p45bb

Table 6.1: Modulation frequencies and corresponding run labels.

The simulation setup also includes a current—drive component; however, since the subse-
quent analysis focuses on heat deposition and the resulting temperature response, the term
ECRH is used throughout for clarity. An assessment of how v, influences the system’s
response is deferred to future investigations.

6.2.1 ECRH Modulation Reference Case

In the following, a reference case is defined by pgc = 0.002 prs, W = 4.5, and fy =
(1/15) ¢s/ Ro, hereafter referred to as p15bb, which will serve as the basis for the subsequent
analysis. The discussion on this reference case follows the same structure as in the previous
section, in order to illustrate how the modulated power deposition interacts with the
turbulence and background corrugations identified in the previous case. The analysis will
then proceed with the system’s temperature response analysis.

In general, simulations with modulated ECRH deposition exhibit an initial transient phase
before reaching an equilibrated frequency response regime suitable for analysis. The du-
ration of this transient depends mainly on the modulation amplitude and frequency. In
this case, after & 705 time units this regime is reached. All the time-averaged quantities
are computed considering 23 modulation periods, in a time window ¢ € [705,1050]. From
Fig. 6.7, no clear shifts in spectral contributions to the flux are observed with respect to
the base case without ECRH deposition.

Figure 6.8 shows that for this case the oscillation of T'| exhibits a coherent temporal
structure, with amplitude values reaching up to 10®. From Fig. 6.9, on the other hand,
it can be observed that the electrostatic heat flux is approximately ~ 14% lower com-
pared to the case without ECRH. This is an important feature, as one does not aim—at
least in principle—for the modulated ECRH deposition to strongly affect the background
turbulence or the system itself.

However, finding the right balance is nontrivial: the system must be perturbed suf-
ficiently to allow its response to be measurable, yet not so strongly as to modify its
dynamics. As can be seen in this case, compared to the reference run, a finite electromag-
netic heat flux appears, indicating some degree of interaction induced by the deposition.
Nevertheless, this contribution is small and thus is neglected in the present analysis.

Figure 6.10, illustrates the effect of the modulated ECRH deposition on the turbu-
lence—induced corrugations of electron temperature, with its time evolution shown in
Fig. 6.11 .

When the modulated power source is applied at wqep = —20, the pre-existing cor-
rugations are still visible in the background, but a new, much stronger feature appears
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Figure 6.7: Time-averaged spectral distribution of the electron fluxes as a function of k.
The time-averaging window is t € [705,1050]. The green line represents the electrostatic
heat flux Qes/(cs p2 noTeo/R3), the black line the electrostatic particle flux
Les/(cs p2no/R3), and the blue line the electromagnetic heat flux Qem/(cs p2 noTeo/ R2).
Also in this case, heat transport is dominated by turbulence induced by large-scale
instabilities — ECRH deposition case p15bb.

around the deposition radius. In Fig. 6.10 this shows up as a pronounced negative ex-
cursion of @r,, with an amplitude several times as large as the surrounding spikes and
localized within a narrow region around zqep. Superimposed on this large excursion, one
can still identify a narrow spike whose position coincides with the nearby rational surface
at * = —25, indicating that the rational-surface corrugation survives as a small-scale
imprint inside the driven perturbation.

From the spatio-temporal plot in Fig. 6.11, we observe that the modulation produces
a clear periodic pattern in time, with a frequency matching that of the applied ECRH
drive.

Overall, these plots demonstrate that the modulated ECRH drive locally and periodically
modifies the temperature gradient in the vicinity of the deposition point, superimposed on
the turbulence—induced corrugated background that remains essentially unchanged away
from qep.

Figures 6.12 show the electron perpendicular temperature contour plot evolution along
an entire modulation period for the reference modulation case. Finally, Fig. 6.13 shows
the evolution of the squared electron perpendicular temperature profile in space and time
for the same run. This representation highlights both the localization of the modulated
heat source and the subsequent radial propagation of the temperature perturbation. A
clear left-—right asymmetry around the deposition point can also be observed.
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Figure 6.8: Time evolution of the volume-averaged squared electron fluctuation
amplitudes. The blue line shows the perpendicular temperature fluctuations
(ITL1?)/(T%p2/R3), the green line the parallel temperature fluctuations
(ITy*)/(T%p3/RY), the black line the density fluctuations (|n|?)/(n§p3/R5), and the red
line the parallel velocity fluctuations (Ju|?)/(v}.p?/R) — ECRH deposition case p15bb.

6.2.2 Signal Analysis for the Reference Case

In this section the system’s response for the reference case p15bb is analysed by post-
processing the temperature signal. From the time series are extracted (i) the complex fre-
quency response function G(z, fy) at the fundamental modulation frequency fo = wg/2m,
separated into its amplitude |G(z, fy)| and phase ¢(x) (Fig. 6.14), and (ii) the amplitudes
of the first three harmonics of the temperature response |Y(z, f)| (Fig. 6.15). The sharp
localised spike associated with the presence of a rational surface at x = —25p,, observed
in the previous analyses, affects the FRF in both phase and amplitude, making them
asymmetric.

It is worth noting that, as expected from the discussion in Chapter 5, a decrease in
amplitude corresponds to an increase in phase uncertainty.

As anticipated in the theoretical discussion, the transport coefficients will be calculated
only in a region that lies outside the source itself and, at the same time, retains sufficiently
high signal quality. For this reason, in Figures 6.14, 6.15 and 6.16 the radial extent of the
ECRH deposition region will be marked with blue dashed vertical lines, and the interval
where the magnitude-squared coherence (MSC) between input and output remains above
0.75 with black dashed lines. We refer to the latter as the high-coherence region. Outside
this range the signal becomes too noisy, and is therefore discarded. The threshold is set
to 0.75 according to Sec.5.2; as a compromise between maintaining a reasonably strong
linear relation between the deposition signal and the temperature signal, and ensuring a
sufficiently large spatial window with enough grid points.
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Figure 6.9: Time evolution of the volume-averaged electron heat and particle fluxes. The
green line shows the electrostatic heat flux (Qes)/(cs p2 noTeo/R3), the black line the
electrostatic particle flux (Tes)/(cs p2 no/R2), and the blue line the electromagnetic heat
flux Qem/(cs p2 noTeo/R2) — ECRH deposition case p15bb.
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Figure 6.10: Time-averaged profile of the perturbed normalised electron-temperature
gradient @r, (). The time-averaging window is ¢ € [705,1050]. — ECRH deposition case
pl5bb.

Within the two remaining windows — one on the left and one on the right of the
deposition point — that will be considered for the analyses, it is further required that
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Figure 6.11: Spatio-temporal evolution of the normalised local electron-temperature
gradient wr, (x,t) — ECRH deposition case pl5bb.

the spatial behaviour of the transfer function be consistent with the assumptions of the
advection—diffusion model. In particular, the phase ¢(z) and the logarithm of the ampli-
tude log A(z) with A(z) = |G(z, fo)|, must in principle be linear in z, so that ¢/(x) and
A'(z)/A(x) are constant. As it can be seen from Fig. 6.14, these conditions break down in
the vicinity of the spike associated with the rational surface, where the spatial dependence
of both log A(z) and ¢(x) becomes strongly non linear. In this interval it is therefore not
meaningful to represent the response in terms of a single pair of constant transport coef-
ficients (x, V), since any such estimate would be strongly dependent on the chosen fitting
window. This behaviour highlights a severe limitation of constant-coefficient transport
models.

For this reason, although in this particular case the high-coherence region is wider in
the left window, the estimation of the transport coefficients will be restricted to the one
in the right side. For the p15bb setup, the high-coherence region is located in the range
x € [—31.9881, —10.3346], while the deposition region is within x € [-24.5, —15.5]. The
selected region for the analysis will therefore be z € [—15.2559, —10.3346] , which contains
six grid points.

From Fig. 6.15, it can be observed that the amplitude of the fundamental harmonic is
consistently much larger than that of the higher-order ones. This indicates that nonlinear
effects of the system on the temperature signal are moderately pronounced in this case.
A quantitative measure of these effects can be expressed through the total harmonic
distortion (THD), which quantifies the relative contribution of all harmonic components
with respect to the fundamental response. Denoting by Y (z, fo) the complex amplitude
of the fundamental at frequency fy, and by Y (z, fx) the amplitudes at the harmonic
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Figure 6.12: Contour plots of electron perpendicular temperature (7 /(Twops/Ro))
during a deposition period — ECRH deposition case p15bb.
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Figure 6.13: Evolution of the squared electron perpendicular temperature in space and
time for the reference modulated ECRH case p15bb. It can be noticed the localisation of
the heat source together with the left-right asymmetric spreading of the temperature
perturbation around the deposition point.

frequencies fr = kfy with k& > 2, the THD at position x is defined as

>V G )
THD(z) = 100 x 1= . (6.1)

‘Y(I',fo)‘

In Fig. 6.16, it is shown that within most of the high-coherence region the THD remains
at relatively low values — below 10% — and reaches values up to about 15% within the
analysis window, resulting in an average value of 12.16% in the high-coherence region.
In the rightmost part of the domain, the THD exhibits a sharp rise as the amplitudes
of all harmonics become comparable. This increase stems from the original signal being
masked by the (noise-like) turbulence, and highlights the reduced spatial spreading of the
temperature signal in this setup. Since the analysis of higher harmonics is motivated by
the need to characterise the nonlinear scaling of transport, and the measured response
at these harmonics inevitably incorporates part of the turbulent spectrum, it may be
worthwhile to examine whether—and to what extent—the ratio between higher-order
and fundamental harmonic amplitudes depends on the applied deposition amplitude. An
investigation of this dependence may provide a meaningful direction for future work.
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Figure 6.14: The top panel shows the FRF amplitude, while the bottom the FRF phase,
for each spatial point — ECRH deposition case p15bb.

6.2.3 Transport Coefficient Estimation for the Reference Case

The analysis now turns to the transport coefficients inferred from the linear model. It
should be recalled that the deposition is modulated at a single frequency. Furthermore,
as discussed in Sec. 5.2, the solution of the Laplace-transformed transport model at the
modulation frequency fy — under the assumptions of slab geometry, semi-infinite domain®,
spatially constant transport coefficients, and an analysis region free of sources — takes

the form:
O(z) = Cy exp (Ax),
with the complex spatial eigenvalue A = a + i3 = - In[A(z)] + i¢/ (z).
To find « and 3, and thus the complex exponent, two fitting strategies can be applied:

(i) two—point method: two positions x; and x5 are selected within the analysis window,
and the A components are estimated as [46]: ao.py = In[A(22)/A(z1)] /(22 — x1) and

'In Alux—tube simulations, the domain is finite; the semi-infinite assumption is therefore understood
as a local approximation within the source-excluded, high-coherence window, sufficiently far from the
numerical boundaries.
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Figure 6.15: Spatial profiles of the fundamental (fy), second (f2 = 2fy), and third
(f3 = 3fo) harmonic amplitudes — ECRH deposition case pl5bb .

Bapt = (¢(z2) — ¢(21))/(x2 — x1) respectively. These estimates are then mapped to
X2-pt and Vo ¢ using the analytic relations between A and the transport coefficients.

(i) weighted least-squares (WLS): all available points in the window are used to fit a
complex exponential to A(z) and ¢(z) via weighted least squares, with weights given
by the estimated variances of amplitude and phase at each z given by the Local
Polynomial Method (LPM). This yields WLS estimates awrs and fwrs, together
with their uncertainties, which are again converted into xywrs and ViyLs.

For the reference setup p15bb, the resulting transport coefficients are:

2 2

Ywis = (1.27 £0.10) &5 Xoopt = 1.24 255 (6.2)
Ro RO

Vives = (0.14 + 0.06) =2, Vo = 0.17 S22 (6.3)
Ro RO

From the fitted coefficients the spatial profiles of the amplitude and phase of the
temperature response at the modulation frequency can be reconstructed, and it is possible
to quantify the reconstruction error, assessing the quality of the advection-diffusion model.
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Figure 6.16: Total harmonic distortion — ECRH deposition case pl5bb.

Figure 6.17 displays the response Y (z, fy) obtained from the simulation, together with the
model prediction o< exp[A(z — zg)] constructed from the two estimates, A(xwrs, VivLs)
and A(X2-pt, Va-pt). The mean relative error on the amplitude is ~ 6.8% for the two-point
fit and ~ 8.8% for the WLS fit, while the mean absolute phase error is about 4° for both
approaches.

In the WLS method, each spatial datapoint is weighted by the inverse of the variance
estimated by the LPM at that location; points with large variance (for instance where
only a few modulation periods are available) therefore contribute less to the fit. This can
occasionally lead to a larger local discrepancy between the reconstructed and measured
fundamental harmonic at those positions. Nevertheless, for the present case the two fitting
strategies produce very similar reconstructed profiles.

The origin of the discrepancies between the model and the measured signal can be
examined by looking at the local slopes A’/A and ¢, computed from finite differences
between neighbouring radial points within the fitting window, as shown in Fig. 6.18.
For an exact complex exponential these quantities should be constant. In practice, the
pointwise estimates exhibit a remarkable spread due to the noise that causes the system’s
response to deviate from the ideal complex—exponential form of the analytical solution.

In light of this, the WLS and two-point reconstructions should be interpreted as pro-
viding effective, spatially averaged values of A’/A and ¢’ over the window, rather than
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Figure 6.17: Temperature signal reconstruction in frequency space from estimated
transport coefficients — ECRH deposition case p15bb .

pointwise-valid estimates of the corresponding gradients. Nevertheless, the reconstruc-
tions indicate that, for the reference case and within the selected spatial interval, the
temperature response at the modulation frequency is reasonably well described by a sin-
gle exponential characterized by the coefficients x and V. This is, however, not sufficient
to conclude that the model can accurately describe the transport physics of the system.
An additional check is required: we must assess the dependence of these coefficients on
the modulation frequency, as we do in the following section.

6.2.4 Frequency Scan of the Modulated ECRH Deposition

To better understand how the system responds to different ECRH modulation frequencies,
and to assess whether the inferred transport coefficients depend on the drive frequency, a
frequency scan is performed in which the deposition amplitude and width are kept fixed,
thus isolating the effect of the drive timescale. The corresponding simulations are listed in
Table 6.1. First, the amplitude and phase of the temperature response at the modulation
frequency dependence on the modulation period T is examined. These quantities are
shown in Figs. 6.19 and 6.20. Figure 6.19 displays the radial dependence of the amplitude
of the fundamental (solid lines) together with the second and third harmonics (dashed
and dotted lines, respectively) for all modulation periods.

We observe that the amplitude of the fundamental harmonic increases markedly with
T the high-frequency case (p3bb) shows the smallest response, while the lowest-frequency
case (p45bb) exhibits the largest. Within the analysis window the higher harmonics remain
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Figure 6.18: Local values of o and 8 computed with finite differences — ECRH
deposition case pl5bb .

at much lower amplitudes than the corresponding fundamental in all cases. Conversely,
away from this region, their amplitudes become comparable to the fundamental, reflecting
a lower signal-to-noise ratio.

Figure 6.20 shows the phase profiles: moving away from the source, the phase decreases
on both sides, indicating an increasing lag of the temperature response with respect to
the drive. At a fixed radial position, the phase lag is larger for the shorter periods (higher
frequencies): the p3bb case exhibits the steepest phase variation, while p45bb shows the
shallowest.

Figure 6.21 shows the total harmonic distortion (THD) of the temperature signal as
a function of T, computed in the analysis window. The THD is largest for the shortest
period (= 21% at T = 3) and decreases monotonically to ~ 8.5% at T = 45. This
behaviour directly mirrors the relative importance of the higher harmonics in Fig. 6.19:
at high frequency the fundamental is weak and nonlinearly generated harmonics have a
significant relative amplitude, while at low frequency the fundamental dominates and the
response is correspondingly more linear.

As shown in Figure 6.22, the extent to which the driven perturbation propagates
radially is summarised by plotting, as a function of T', the ratio of the high-coherence-
region half-width (||xp r — Zdep||, Where zp g is the high-coherence region right boundary
w.r.t. the deposition point) to half the deposition width. This ratio increases from =~ 1.4
at T'=9 to ~ 3.3 at T' = 45, confirming that at higher frequencies the coherent response
is confined to a small region close to the source itself, whereas at low frequency the
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Figure 6.19: Radial dependence of the amplitude of the temperature signal at the
modulation frequency (solid lines) and of the second (2f;) and third (3 fy) harmonics
(dashed and dotted lines, respectively) for all modulation periods p3bb—p45bb.

modulated heat wave extends over several times the deposition width, reflecting that the
system’s response is broader in space in this case.

Thus, while slow modulations produce a broader spreading of the signal, at higher
frequencies it becomes strongly damped, and the response becomes more local and noisy,
thereby setting an upper limit to the modulation frequency that can be effectively ex-
ploited in this type of analysis. In our simulations, this limit is reached in the p3bb
case, where the high-coherence region becomes, for the first time, smaller than the depo-
sition region, preventing any meaningful analysis outside the source. It is worth noting
that this occurs as the modulation period (7' = 3) becomes comparable to the tempera-
ture autocorrelation timescale of the TEM scenario discussed in Sec. 6.1, where we found
Te/(Ro/cs) = 1.4502.

The analysis now proceeds with the estimation of the transport coefficients. Since
the estimation of these coefficients appears to be strongly affected by the selected spatial
region, comparing results obtained at different modulation frequencies requires adopting
a consistent criterion for choosing this region. The safest approach is to fix a common
spatial observation window for all estimates — one in which the MSC remains sufficiently
high and where the behaviour of o and (3 is as close as possible to spatially constant. The
best compromise identified is therefore to use the same analysis window employed for the
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Figure 6.20: Radial profiles of the phase of the temperature signal for all modulation
periods.

reference case pl5bb, z € [—15.2559, —10.3346].2

The trends observed in amplitude and phase diagrams are reflected in the transport
coefficients inferred from the FRF. Figures 6.23 and 6.24 show, respectively, the diffusion
and advection coefficients as a function of 7" (i.e. 1/fp). For each run, two estimates are
plotted: the two-point estimate (X2.pt, Vo-pt) and the WLS estimate (xwrs, VwLs), with
error bars corresponding to the standard error of the WLS fit. The diffusion coefficient
exhibits a clear pattern (Fig. 6.23): both x2pt and xwrs increase monotonically as the
modulation period is lengthened from 7" =9 to T" = 45. The two estimation methods are
consistent within the quoted uncertainties; the WLS values are slightly higher and exhibit
substantially large error bars.

The behaviour of the advection coefficient is somewhat different (see Fig. 6.24). At
the highest frequency (7' = 9), the inferred V' is small. As T is increased, both Vi
and ViyrLs grow, reaching a maximum around 7 = 21, before decreasing again for the
longest period T' = 45. This suggests that the convective contribution is most pronounced
at intermediate frequencies, while at very high and very low frequencies the response is

2There are two limiting cases in this scan: p3bb and p9bb. The former is problematic because the
high-coherence region lies entirely within the source region, preventing any estimation of the transport
coefficients. The latter is challenging because the analysis window is still too narrow, containing only
a few grid points, so that the coefficients can only be estimated at the cost of large uncertainties.
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Figure 6.21: THD of the temperature signal as a function of the modulation period.

dominated by the diffusive part. The relatively large error bars caution against over-
interpreting the precise shape of this curve, but the presence of a non-zero convective
component is clearly indicated.

Finally, Figure 6.25 compares the mean amplitude reconstruction relative errors and
the mean phase reconstruction absolute error of the WLS and two—point methods as a
function of the modulation period T'. The larger error observed for the two-point method
at T = 45 instead indicates that, for this run, a longer simulation is likely required in
order to reduce the uncertainty.

Taken together, these results show that the plasma response to a modulated ECRH
drive is indeed frequency-dependent for deposition at frequencies approaching the inverse
turbulent correlation time. At lower modulation frequencies, the response becomes more
coherent and quasi-linear: the temperature signal propagates further from the source,
and the inferred transport coefficients are closer to diffusive. Nevertheless, the systematic
dependence of y on T highlights the limitations of the transport model [53]. At higher
frequencies, by contrast, the perturbation remains localized, the fundamental harmonic
is weaker and the inferred coefficients are noisier and less clearly diffusive, revealing an
intrinsic limitation of a simple advection—diffusion closure with constant transport coef-
ficients on these timescales. Further work is needed to elucidate the plasma response at
even larger modulation timescales.
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Figure 6.22: Ratio of the high-coherence region half width to half the deposition width
as a function of the modulation period.

6.2.5 Impact of the Deposition Profile Width

Finally, the impact of the deposition region width is analysed by taking the reference case
pl5bb and reducing the deposition half-width to W = 2.25. The deposition interval thus
becomes = € [—22.25, —17.75], while the total injected power remains constant. We refer
to this case as plbbc. From the MSC analysis, we find that the high-coherence region is
now restricted to z € [—26.0826, —13.2874]. Computing the ratio between the half-width
of the high-coherence region and the deposition half-width yields a value of &~ 2.98, larger
than in the reference case (&~ 2.05). This is already an important indication: if the high-
coherence region changes, the inferred coefficients may be affected, because a different
spatial analysis window will be required. The average THD is now ~ 12.43%, and the
coefficient estimates are:

2 2

Ywis = (3.53 +0.63) =5 Xoopt = 3.17 205 (6.4)
Ro RO

Vives = (0.68 = 0.28) &% Vape = 0.64 22 (6.5)
RO RO

These estimates differ significantly from the reference scenario. Moreover, if we use
them to reconstruct the amplitude and phase profiles, we obtain the result shown in
Fig. 6.26. It is evident that the fit quality has deteriorated: the average amplitude relative
error is 8.1% for WLS and 8.5% for the two-point method, while the average absolute phase
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Figure 6.23: Dependence of diffusion coefficient on the modulation period.
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Figure 6.24: Dependence of advection coefficient on the modulation period.
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Figure 6.25: Amplitude and phase reconstruction errors of the WLS and two-point
methods as a function of the modulation period T

error is 3.8° for WLS and 4° for the two-point method.

Looking at the local slopes A'/A and ¢’ (Fig. 6.27), we now observe a clear systematic
trend rather than purely scattered fluctuations, indicating a deterioration of the conditions
under which the previous fitting procedure was made.

Overall, the system’s response seems to be sensitive also on the deposition profile: a
narrower and steeper profile reduces the high-coherence region width and degrades the
estimation accuracy, as evidenced by the reconstruction plot. Consequently, the single
complex exponential fitting does not seem to perform reliably for this deposition shape.
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Figure 6.26: Reconstruction in frequency space of the temperature response from the
estimated transport coefficients — ECRH deposition case pl5bc.
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Chapter 7
Conclusions

This work has investigated turbulent electron heat transport in a temperature—gradient
trapped—electron—mode (VT-TEM) regime, focusing on the response to a periodically
modulated Electron Cyclotron Resonance Heating (ECRH) source. Nonlinear gyrokinetic
simulations have been carried out with the GENE code in a local §—« flux—tube geometry,
employing a time—dependent EC power—deposition module. This setup defines a controlled
scenario in which the plasma is driven by a prescribed heat source, and its response is
examined directly in the frequency domain.

The overarching goal has been to establish a framework for developing and validating
transport models through a perturbative approach supported by high-fidelity simulations.
Within this framework, an advection—diffusion model with constant coefficients has been
tested, thereby identifying conditions where this closure begins to break down.

Summary of main results

When the modulated ECRH source is applied close to a rational surface, the imposed
heating locally steepens the temperature gradient around the deposition radius, while
the turbulence—induced corrugations leave a small-scale imprint even inside the driven
perturbation. The resulting temperature response is left-right asymmetric and carries
the signature of the rational surface closest to the source in both the frequency response
function (FRF) amplitude and phase. This illustrates an intrinsic limitation of simple
advection-diffusion (AD) closures with spatially constant coefficients: on radial scales
comparable to the spacing of rational surfaces, transport is strongly inhomogeneous, and
constant transport coefficients cannot capture this effect.

A scan of the modulation period T € {3,9,15,21,27,45}, at fixed deposition amplitude
and width, has been performed to assess how the response depends on the modulation
frequency as it approaches the inverse turbulence correlation timescale (1/7.). For the
shortest periods, the high—coherence region shrinks to within the source, the temperature
perturbation remains strongly localised, and the fundamental harmonic of the tempera-
ture signal at the drive frequency is relatively weak compared to the turbulence—induced
background. In this regime, where the drive period approaches 7., the assumptions of a
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linear AD closure are clearly strained.

As the modulation period is increased (7' > 15), the fundamental harmonic becomes
dominant, the high—coherence region broadens, and the temperature signal propagates
further away from the deposition radius. In this frequency range, the FRF in a suitably
chosen analysis window appears to be reasonably well fitted by the AD model with a
single complex eigenmode. However, the estimated diffusion and advection coefficients
vary with the modulation period T" when evaluated in a common spatial window, showing
that constant time-independent y and V' cannot provide a simple or universal description
of the turbulent transport, as different drive timescales lead to different estimations. Fi-
nally, varying the perpendicular width of the deposition profile—while keeping the total
deposited power fixed—modifies the extent of the high-coherence region, with the conse-
quence that the inferred coefficients result sensitive to the spatial extent of the source.

Outlook

The present study opens several promising avenues for future research, both on the physics
side and in terms of methodological development.

A natural next step is to extend the analysis to account for different values of the
resonant parallel velocity v e, in order to determine if, and to what extent, it influences
the system dynamics and the propagation of the temperature signal.

Further exploration of parameter scans is also warranted. In particular, varying the
modulation amplitude would make it possible to assess how the ratio between the funda-
mental and higher harmonics in the temperature response depends on the injected power.
Such analyses could help determine to what extent the higher-harmonic content reflects
genuinely nonlinear transport.

The investigation of AD models can be pushed further by refining the analysis to
account for spatially dependent coefficients [54] and by including the source region within
the analysis window, exploiting the fact that the spatio—temporal structure of the heat
source is known exactly.

In addition to single-frequency modulation, another interesting possibility is to imple-
ment a multi—-frequency modulation scheme. Driving the system simultaneously at several
distinct frequencies would enable the development and validation of more sophisticated
transport models[53].

Finally, the present analysis has been restricted to a local flux-tube geometry. Ex-
tending the same perturbative framework to global gyrokinetic simulations would make
it possible to investigate how large—scale effects influence the propagation of temperature
perturbations driven by modulated heat pulses.
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