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Abstract

This thesis investigates game theoretic models for public good provision. We consider
network games defined on weighted and directed graphs, where agents are hetero-
geneous with respect to income level, preference structure, and effort cost. Public
goods are here studied in their local form: the benefits of one agent’s contributions
are shared only among her direct out-neighbors. Each player allocates her income
between private consumption and contributions to the public good. While private
consumption provides purely individual benefits, public contributions yield payoffs
that also depend on the allocations of neighboring agents, scaled by the intensity of
their network connections.

We formalize the model, derive best response functions, and establish the existence
of Nash equilibria. In addition, we provide the characterization of equilibrium
profiles, with a focus on internal equilibria, where all agents contribute positively,
and specialized equilibria, where only a subset contributes while others free-ride.

The main results are threefold. First, we derive a sufficient condition for the
uniqueness of the Nash equilibrium in the general setting; provided the necessary
assumptions, this condition reduces to a bound on the lowest eigenvalue of the
symmetrized, per-row rescaled adjacency matrix. Second, we establish a Lipschitz
condition ensuring contractivity of the synchronous best response function when the
dominant eigenvalue of the adjacency matrix, suitably rescaled, is lower than one.
This sufficient condition implies the contractivity of the discrete-time best response
dynamics, which results in both the uniqueness of the Nash equilibrium and its global
asymptotic stability for the discrete- and continuous-time dynamics. Moreover, under
proper hypotheses, we characterize the stability of internal equilibria. Third, we
study the limit behavior of the continuous-time best response dynamics within an
appropriate framework where contractivity may not hold. We establish that, given
suitable assumptions, global stability of the equilibrium is ensured also under the
weaker uniqueness condition. In addition, when uniqueness is not guaranteed, we
prove that the trajectories globally converge to the set of Nash equilibria and we
characterize locally asymptotically stable equilibria as local maxima of an associated
functional.

Finally, we investigate possible efficiency metrics to evaluate equilibrium outcomes
and explore intervention strategies aimed at improving welfare. We propose a
preliminary study of a subsidy mechanism that incentivizes higher contributions and
a redistribution policy in which an external planner reallocates income to steer the

system toward socially optimal equilibria.
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Chapter 1

Introduction and literature

review

1.1 Definition of local public goods

The concept of public goods is of great philosophical and scientific interest, since
their provision allows for the smooth functioning of our society, from an economic,
political and cultural point of view [1]. Its meaning and importance is explained by
Reiss and Julian in “Public Goods” [1], where the authors give an insight of how
we have reached the current definition of this term. In 1954 Samuelson [2] is one
of the first to define public goods as “[a good] which all enjoy in common in the
sense that each individual’s consumption of such a good leads to no subtractions
from any other individual’s consumption of that good”. Thus, Samuelson introduces
the concept of non-rivalry, which implies that one person’s use of the good does
not reduce its availability to others. Musgrave [3] proposes another criterion to
characterize public goods in 1959, that of non-excludability, meaning that once the
good has been provided, all or some members of the group directly benefit from it.
Nowadays, in the economic context, public goods are expected to satisfy both, thus
to be non-rivalrous and non-excludable [4]. Let us clarify this concept with a few
examples.

In real-world settings, public goods assume a wide variety of forms at very different
scales. At the national level, a common example is clean air: once efforts are made
to reduce pollution in a given region, everyone in the affected area benefits from the
reduced emissions, regardless of whether they contributed to its cost or not. Clean
air is a typical example of non-excludable and non-rivalrous public good, since no
individual can be excluded from breathing cleaner air, and one person’s enjoyment
of it does not reduce the quality available to others. Public goods are also prevalent
at local and social levels. For instance, when a homeowner renovates their property
fagade or plants a garden, neighbors benefit visually from the improved aesthetics,
even though they did not participate in the cost; other common examples concern
the public health field: actions such as vaccination protect not only the individual

who receives it, but also others by reducing disease transmission. In education
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and innovation, when an individual shares her knowledge, whether through formal
research or informal social interactions, it can help others improve some aspects of
their lives. For instance, a farmer who experiments with a new crop or technique
may share results with neighboring farmers, who will benefit from the improvements
too. Similarly, individuals often rely on the experiences of friends and family when
deciding whether to try a new product or service, thus taking advantage of the
informational public good generated by someone else’s effort or risk.

Thus, public goods can be distinguished on the basis of who benefits from them.
It is clear from the examples that, in a society, the provision of most public goods
does not affect the whole population, but only a subset of it, often the one closer
to the provider of the good. The term “local public good”, coined by Tiebout [5],
accounts for the fact that public goods are not equally enjoyed by the entire society,
but only by the part of it which is directly or indirectly in contact with the source of

the provision.

1.2 Network games

Because of their wide range of applicability in very different real-world scenarios, the
study of how public goods are provided in a society or group is of strong interest.
In the mathematical field, such kind of situations are studied by exploiting network
games, which allow to model social networks, scenarios of interconnected agents that
interact on the basis of some shared rules. This discipline merges two more general
branches of mathematics: graph theory, that allows to formally define frameworks
of connections between agents, and game theory, where the strategic interaction of
individuals that make interdependent decisions are modeled.

The core idea of network games is to model a population of agents that are
connected to each other, where the nature and strength of the connections are
determined by a graph. Networked individuals interact to make decisions, represented
by the played actions, that result in a numerical benefit, modeled by the utility
functions. Games differentiate based on whether actions are chosen between two
possibilities, which usually consist in doing the action or not doing it, or from a
continuous domain, for example how much effort to exert. Each player’s decision
is directly affected only by the actions of agents to whom they are linked in the
graph, called the neighbors. A key concept in the study of games defined on networks
is the concept of equilibrium profile, an action configuration such that no agent
has incentives to modify her action to improve its payoff, and so to escape that
configuration; indeed, their central role is justified by the fact that equilibria represent
end-points of the game dynamics.

In the past few decades, the study of games played on networks has become more
and more relevant, as it is demonstrated by the large amount of literature on this
topic. Jackson’s “Social and economic network” [6], for example, offers an overview
of models and techniques for analyzing social networks, in “Network games” Galeotti

et al. [7] provide a detailed framework to analyze strategic interactions based on a
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network of connections, “Games on networks” by Jackson and Zenou [8] contributes
with a synthesis of the literature that analyzes games where players are connected
via a network structure, and there are many more examples.

Jackson and Zenou [8] clarify that the main difficulty in the study of graphical
games is the inherent complexity of networks. In particular, obtaining precise results
while keeping the setting of interconnections general represents a tough challenge.
As the authors underline, there are two main approaches, that are also of interest
in this study, to navigate such a large and complex field. The first distinguishes
two main classes of network games: strategic complements and strategic substitute
games, that are characterized by the monotonic behavior of the agents utilities. In
particular, in games exhibiting strategic complements, an increase in the action
played by some agents results in a lower utility for individuals that are connected
to them, who are thus encouraged to increase their action too. On the contrary,
when a game exhibits strategic substitutes, each player’s utility is increasing in other
players’ actions, so that choosing higher actions promotes the reduction of the played
action for neighbors. The second approach exploits simpler models, such as linear
or quadratic utility functions, to obtain results that can be generalized or directly
apply also to more complex settings. Bramoullé and Kranton, for example, rely on
both strategies for their papers “Strategic Interaction and Networks” [9] and “Games
Played on Networks” [10]. They exploit the substitutes-complements classification
when deriving more precise results from a general model and rely on quadratic utility
functions, for which the theory of potential games is well known, to prove results

that are also valid in less specific cases.

1.3 The public good game

Public good games are a widely used class of network games that allow to study how
individuals contribute to goods or services that are shared in a group or society. As
previously anticipated, public goods typically have two main properties: they are
non-excludable and non-rivalrous. In this work we consider local public goods, since
the benefits of a given player’s action are public only limitedly to her neighborhood.
Because of these characteristics, individuals may prefer not to participate and to let
others provide the good and pay the cost that comes with it, while still benefiting
from their contributions. This gives rise to tensions between individual and collective
interests, which makes it hard to predict the behavior of the members of the group.

As a consequence to the type of situations that they model, public good games
fall under the category of strategic substitute games; indeed a given player is made
better off by an increase in the effort of her neighbors and prefers to contribute less
when she can benefit from the public good provision of contributing surrounding
agents.

An important distinction that arises when modeling public goods through games
on networks concerns the type of action that players can do, that is, their action

space. In the so-called best-shot public good games players have binary discrete
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action spaces, for example {0,1} (as in [7], [11]) or {7, F'} (as in [12]), and can
choose between providing the public good or not contributing at all. Examples of
binary scenarios include decisions on whether or not to vaccinate, report crime in
a neighborhood, or purchase a shareable tool [11]. Continuous-action public good
games, on the other hand, model situations in which agents have to choose how much
contribution to provide. The action space can thus be the positive real line (see [13],
[9], [14]) or a positive amount limited by a maximum level of effort (see [15], [16]).
The action may represent, for example, the monetary amount invested by a State in
the reduction of carbon emissions or by a firm in training for its employees, or the
quantity of effort or time spent in activities from which a whole group benefits, like
cleaning a neighborhood or acquiring knowledge that can be shared.

The features of public goods naturally lead to complex questions about individual
behavior and collective outcomes. When benefits are shared among many, individuals
often face a tension between contributing to the good and relying on the efforts of
others. It is then interesting to understand whether and in what cases a cooperative
behavior emerges, and when, in the opposite case, individuals tend to behave selfishly
or as if they were not interconnected. In a setting of networked agents, a question
could be how connections shape incentives. For example, is being surrounded by
active contributors an encouragement to participation or does it make free-riding
more tempting?

Apart from the nature of the outcomes that this kind of models leads to, attention
could also turn to the type of interventions that might improve equilibria. Incentives,
institutional planning, mechanisms for sharing information and network structure
modification can all play a role in increasing overall contributions, enhancing efficiency,
and promoting a fair distribution of responsibility throughout the network. Allouch
[16], for example, following the lead of Bergstrom et al. [15], proposes a strategy of
income redistribution via monetary transfers among players; similarly, Levit et al.
[12] implement an algorithm to improve equilibrium efficiency by the use of transfer
of payoffs. Bramoullé, Kranton and D’Amours [9] investigate how changes in the
graph and payoff parameter affect equilibrium outcomes, while Kempe et al.[11]
initiate an algorithmic study of network modifications aiming to induce equilibria of

a particular form.

1.4 Related work

We now discuss the principal contributions of the main reference papers used in this
work, following a chronological scheme to present them.

Among the main contributors to the study of public good games figure Y.
Bramoullé and R. Kranton. Their 2007 paper, “Public goods in networks”, [13] gives
an insight on a particular kind of Nash equilibrium profiles that are typical of the
public good game setting, specialized equilibria. These action profiles are character-
ized by the extreme behavior of agents, who can be split into two groups based on

their opposite behavior: specialized agents provide the individual maximal amount
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of public good, while free-riders do not contribute at all and only benefit from the
contributions of specialists. The authors analyze the game defined on an undirected
and unweighted network, with positive and unbounded action spaces, representing
the level of effort (public good) of each individual. They assume the cost of providing
some effort to be equal for every player and linear in the invested effort; the definition
of linear and concave utilities results in linear saturated best response functions. In
this setting, an important finding is that specialization in public good provision at
equilibrium is strongly related to the notion of maximal independent set; in fact,
in any network there exists an equilibrium where some individuals contribute and
others completely free-ride and specialized agents constitute a maximal independent
set of nodes of the graph. Moreover, for the stability of a Nash equilibrium in the
discrete-time dynamics, they find a sufficient and necessary condition related to the
existence of maximal independent sets of order two: a Nash equilibrium is stable if
and only if it is specialized and each free-rider has at least two specialist neighbors.

A generalization of the game is presented by Y. Bramoullé, R. Kranton and M.
D’Amours in the 2014 paper “Strategic interaction and networks” [9]. The game is
modified by adding differentiated costs for doing some effort for every agent and a
(unique and positive) payoff parameter, allowing to weigh neighbors’ contribution to
the public good. They still consider undirected and unweighted graphs and linear,
concave utilities, which leads again to best response functions with a linear saturated
form. One fundamental contribution of this paper to the study of public good
games is methodological: due to the difficulty of dealing with the saturation (non-
differentiability) of the best response, they derive results for a game with quadratic
utilities leading to the same best response function; they use the well-known property
of quadratic games to be exact potential games, which ensures that maximum and
saddle points of the potential are equilibria, thus facilitating their characterization.
With this approach, they find a precise characterization of Nash equilibria that
avoids the direct saturation and is based on solving a linear system and verifying an
inequality condition. Furthermore, they are the first to find that, for a large class
of games, equilibria depend on a single network measure, the smallest eigenvalue.
They prove a new sufficient condition for the uniqueness of the Nash equilibrium: the
smallest eigenvalue of the adjacency matrix, in modulus, must be smaller than the
inverse of the payoff parameter. If the Nash is unique, it is also stable. In addition,
the paper provides two results concerning the stability of equilibria; first, the set of
stable equilibria is the set of strict maximum points of the potential function. Second,
if the uniqueness condition on the lowest eigenvalue is satisfied by the adjacency
matrix restricted to contributors, then the equilibrium with those contributing agents
is stable. Being the best response dynamics of the quadratic and public good game
the same, the two games have the same set of equilibria, sharing the same behavior.
Thus, the results are also valid in the second, more interesting setting of the public
good games.

Similar results are published by Allouch in “On the private provision of public

goods on networks” one year later [16]. The author analyzes the private provision of
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public goods on unweighted and undirected networks employing a more economic
approach. The study considers general quasi-concave utility functions, which still lead
to the saturated form of the best response functions. The results are based on the
notion of network normality, a property that relates the spectrum of the adjacency
matrix to the Engel’s curve related to the standard demand function of public good
consumption. In particular, the derivative of the non linear part of the best reply
must be lower-bounded by the inverse of the lowest eigenvalue of the adjacency matrix
plus one and upper-bounded by one. It is proved that network normality ensures
the uniqueness and local asymptotic stability (for the continuous-time dynamics)
of the Nash equilibrium. Thus, coherently with the results of the previous work by
Y. Bramoullé and R. Kranton, bounding from above the lowest eigenvalue of the
adjacency matrix guarantees uniqueness and stability also in the more general setting
of nonlinear utilities and despite the different approach.

In 2016 Y. Bramoullé and R. Kranton further generalize the game setting in
“Games Played on Networks” [10] to the case of weighted, undirected networks and
nonlinear, concave utilities. As in the 2014 paper, the results are obtained using the
theory of potential games for undirected networks and quadratic utility functions
having the same best reply as the one of the public good game. Their previous
results are generalized to the case of weighted graphs and nonlinear utilities. In
particular, Nash equilibria are maxima and saddle points of the potential function
and only strict maxima are stable; uniqueness is again guaranteed upper bounding
the absolute value of the lowest eigenvalue of the adjacency matrix.

Some of the findings are confirmed in the same year in the paper “On the
Convergence of Piecewise Linear Strategic Interaction Dynamics on Networks” by
B. Gharesifard et al. [17], which aims at characterizing the asymptotic behavior
of piecewise linear best-response dynamical systems of strategic interactions. In
particular, they consider models where the payoff of each agent is positively enhanced
by the investment of neighbors, of which public good games are a standard example.
The main contribution is the proof that, on any weighted undirected graph, piecewise
linear best-response dynamical systems of strategic interactions are asymptotically
convergent to the set of equilibria. The proof relies again on the stability properties of
potential games with component-wise concave potential, which serves as a Lyapunov

function.

1.5 Thesis overview

This thesis work is primarily based on the presented papers, that are considered as
the starting point of the research.

We consider a game defined on a general weighted and directed graph, that
allows to model a very general setting of interconnections, where agents may not be
mutually connected and externalities can be heterogeneous. In addition, individuals
are assumed to be heterogeneous with respect to their income level, preference

structure and effort cost. Each player has a total income that she shall entirely divide
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among private and public good consumption. The two goods provide a payoff that is
modeled by a utility function; private good provision is rewarded individually for
each agent, while the payoff deriving from the public good concerns, for each player,
both the individual allocation and the one of its direct out-neighbors in the graph,
scaled by the weights of the connections. The thesis contributions are the following.

In the initial phase, we propose the general model definition, introduce the notion
of linearity property of the value functions and derive best response functions. After
observing that they present a saturated form and a monotonic behavior, we prove
their equivalence to the best response functions of the game with generalized quadratic
utilities. Afterwards, we concentrate on the game Nash equilibria and establish their
existence in the general setting. A specific subclass of such value functions, those
satisfying the linearity property, is thoroughly studied in this work; in particular, for
these games we provide a characterization of Nash equilibrium profiles, with a focus
on two specific types: internal equilibria, where all individuals contribute positively
to the public good, and specialized equilibria, where a subset of agents contributes
with their maximal amount and the others free-ride, not providing any contribution.

Subsequently, we present the most relevant results of this thesis work.

The first is a sufficient condition ensuring the uniqueness of the Nash equilibrium
in the general setting of directed and weighted graphs. This technical result, applied
to the case of linear value functions, relates uniqueness to the lowest eigenvalue of
the per-row rescaled adjacency matrix.

The second relevant contribution is another sufficient condition, that guaran-
tees the contractivity of the synchronous best response function. The uniqueness
and global asymptotic stability of the Nash equilibrium both for the discrete- and
continuous-time best response dynamics directly follows from this result.

Moreover, for the continuous-time dynamics, under the linearity of the value
functions and the hypothesis of symmetric per-row rescaled adjacency matrix, we
study the stability of Nash equilibrium profiles also in settings where contractivity
may not be guaranteed. In particular, we prove that the weaker uniqueness condition
ensures the global asymptotic stability of the unique Nash equilibrium under these
hypothesis. In addition, we provide results on the stability of equilibrium profiles
when uniqueness is violated. At this stage, we also characterize the asymptotic
behavior of internal equilibria for both the continuous- and discrete-time dynamics,
given the linearity property.

Finally, we define two efficiency metrics to evaluate the performance of different
equilibrium profiles and we propose the initial framework for two potential interven-
tions, opening the way for further study. In particular, following the lead of [18],
we start investigating a strategy of subsidies to push agents to make their public
good contributions higher and increase efficiency of equilibrium outcomes of the
game. Moreover, we give the idea of a possible redistribution strategy, where an
external planner allocates income to players in order to push the game towards a
social optimum equilibrium.

A distinctive feature of this thesis is that it unifies and generalizes previous
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results of Bramoullé and Kranton ([13], [9], [10]) and Allouch [16], generalizing
them to directed and weighted networks with heterogeneous agents and nonlinear
utilities. In this broader setting, we extend the characterization of equilibrium
profiles and generalize uniqueness conditions. We also extend previous analysis of the
asymptotic behavior of Nash equilibria, and introduce a novel contractivity condition
for the synchronous best response dynamics, which guarantees uniqueness and global
asymptotic stability of both discrete- and continuous-time dynamics.

The thesis is structured as follows. Chapter 2 represents an introductive and
notational chapter, with a theoretical background on graph theory, game theory
and games on networks. In Chapter 3 we provide the public good game model
definition together with a few preliminary results on the best response function and
Nash equilibrium existence. Chapter 4 presents the main contributions of the thesis
research: two sufficient conditions, for the uniqueness of the Nash equilibrium and
for the contractivity of the synchronous best response function, and a study of the
limit behavior of equilibrium profiles for the discrete- and continuous-time dynamics.
The last part, concerning the efficiency metrics and two intervention strategies, is
presented in Chapter 5. The conclusive part, Chapter 6, summarizes findings and
discusses future research avenues. Finally, in the Appendix A, we report some general
mathematical results on the constrained maximization of concave functions that do
not concern the game directly and that are used to make proofs, and in Appendix B

we report some examples of value functions and particular forms they can take.



Chapter 2

Technical background

This chapter provides the notation used in the study and a theoretical background
that focuses on introducing the main general topics that this work deals with. In
particular, first comes a brief introduction on graph theory, followed by a more
detailed part concerning game theory and some of its subtopics that will be central in
the successive sections, strategic complements and substitutes and potential games;
the two areas of study meet when dealing with games on networks, which is topic
of the third part, together with a focus on benchmark quadratic games. Most of
the theory concerning graphs, games and network games is taken from “Social and
economic networks” by Jackson [6] and from “Games on networks” by Jackson and
Zenou [8].

2.1 Graph theory

Graph theory is a very useful mathematical instrument that allows to model a set of
agents that interact with each other. We give a formal definition of graph and recall
the basics of graph theory.

Let us introduce some concepts that are fundamental to the definition of a graph.
The set N' = {1,2,...,n} is the set of nodes that are involved in the network of
relationships, often referred to as agents, players or individuals. €& = {(¢,7) : G;; >
0Vi,j=1,..,n} is the set of edges, or links, of the graph, representing the presence
of connections between nodes: nodes i,j € N are connected if and only if there
exists an edge (i,7) € €. The weights of the connections between nodes of the graph
are stored in the adjacency matrix G € RZ§™ !, a real-valued n x n matrix with
nonnegative entries such that Gj; representg the strength of the link between nodes
i,j € Ny Gij > 0 if and only if (i,j) € £, while G;; = 0 if nodes i,j € N are not
linked. We assume that the connection of a node to itself, called a self-loop, is not
allowed, so that G;; = 0 for every i € N.

Definition 2.1.1. A graph, or network, G = (N,&,G) is defined by the triple

!Concerning the notation, by R%, we indicate vectors in R™ with strictly positive entries, and by
RY, we indicate vectors in R™ with nonnegative entries. Similarly, we use RZ5™ to refer to n x n
real matrices with nonnegative entries.
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composed of N ={1,2,...,n}, the set of nodes of the graph, G € Rgé" the adjacency
matriz and € = {(1,7) : Gi;j >0V i,j =1,...,n}, the set of edges of the graph.

A graph is said to be unweighted if the adjacency matrix only takes two values,
typically in {0,1}, and G;; = 1 if and only if nodes i and j are linked in the graph,
otherwise G;; = 0. If the entries of the adjacency matrix can take more than two
values, they define the intensity of the relationships and they are called weights; such
a graph is said to be weighted.

A graph is undirected if connections are always reciprocal, i.e., G;; = Gj;. Oth-
erwise, if non-mutual relationships can occur, meaning that it can happen that
Gij # Gji, it is referred to as directed.

For a network G = (N, &,G), given a subset of nodes S C N denote Gs =
(S,&s,Gs) the graph restricted to the set of nodes of S. Gs is the network obtained
from G by deleting all links except those between nodes in S:

G;; ifi,jes
(Gs)z‘j:{ ’

0 otherwise

so that &s = {(4,) : (Gs);; >0V i,j € S}

The out-neighborhood N? of a node i € N is the set of nodes that ¢ is linked to:
NP ={j € N : G;; > 0} and the out-degree of i is its cardinality d? = |N?|. Similarly,
the in-neighborhood N is the set of nodes that are linked toi: N} = {j € N': Gj; > 0}
and the in-degree of i is its cardinality di = |[N}|. These coincide in the case of a
directed network and are referred to as neighborhood N; and degree d; of node i. A
graph is said to be out-regular (or in-regular) if all nodes have the same out-degree
(or in-degree).

A (directed) path of length k > 1 in a graph G = (N, &, G) is any sequence of
distinct nodes g, 71, ..., 7 € N such that Gijij,, > 0forevery j=1,....k —1. The
graph is said to be strongly connected if there is a path in G between every couple of
nodes i,j € N.

An independent set relative to a network G = (N, E,G) is a subset of nodes
A C N for which no two nodes are linked, i.e., if i € A and j € A then (4,j) ¢ £ and
(j,1) ¢ €. A is a mazximal independent set if it is not a proper subset of any other
independent set of nodes.

Let us now introduce some notable graphs:

o the (undirected) complete graph is one where all possible links are present,
except for self-loops, i.e., every node is connected to every other node: G;; > 0
for every i, € N and G;; = 0.

e the directed line graph is one with two extreme nodes with only one neighbor
G1;, > 0iff i =2 and Gy, > 0 iff i = n — 1 and internal nodes only connected
to the previous node Gj; > 0 iff j = ¢ — 1. In the undirected line also opposite
links are present: Go1 >0, Gp—1, > 0and Gj; > 0iff j € {i —1,i+ 1}

10
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o the directed circle graph is one with a single cycle (a sequence of links connecting
nodes that starts and ends at the same node) and such that every node has
exactly two neighbors: G;; > 0iff j =i—1and G;; > 0iff j =i+ 1; also, nodes
1 and n are connected, G,1 > 0. In the undirected circle also the opposite links
are present: G, >0 and Gj; > 0iff j € {i — 1,7+ 1}.

o the (undirected) star graph is a network with a node i, called the center of the

star, such that every edge involves i: G;; > 0 and Gj; > 0 for every other node

7.
2.1.1 Spectral theory for nonnegative matrices

Nonnegative square matrices are usually connected to the context of graph theory,
since the adjacency matrix of a graph has nonnegative elements. Then, it is useful
to recall some well known results concerning the spectral theory of nonnegative
matrices. The following theoretical resume is derived from “Nonnegative Matrices in
the Mathematical Sciences” by Berman and Plemmons [19].

Consider a nonnegative real square matrix G € R%", meaning that every entry
of G is a real nonnegative value, G;; € R and G;; > 0 for every 4, j = 1,...,n. Denote
the spectrum of G as p(G) = {\; : \; is an eigenvalue of G, i = 1,...,n}, its spectral
radius as A¢ = max;—1__,{|\i| : \i € p(G)} and the corresponding eigenvector as
vC.

G e Rgé" is said to be reducible if there exists a permutation matrix P such that

the matrix £ = PGPT is in block triangular form, i.e.,

2

with B, C square matrices. Otherwise, G is irreducible.

An equivalent definition of irreducibility links nonnegative matrices and graphs.
Denote by G(G) the associated directed graph of G € RLy", i.e., the graph whose
adjacency matrix is G. Then, the matrix G is irreducible if and only if the associated
directed graph G(G) is strongly connected.

For irreducible nonnegative matrices the Perron Frobenius Theorem can be stated:

Let G € RL;"™ nonnegative matrix. Then,
1. the spectral radius of G, A%, is an eigenvalue of G.
2. To A% is associated a nonnegative eigenvector v& > 0.

3. if G is irreducible, \¢ is a simple eigenvalue of G and any eigenvalue of G of the
same modulus is also simple. Moreover, G has a positive eigenvector v& > 0

corresponding to A“, and any nonnegative eigenvector of G is a multiple of v©.

A consequence of the previous result is the following bound for the spectral radius

11
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A% of a nonnegative irreducible matrix G € RZ3™:

n n
. G
min Gi;: < \¥ < max Gii

2.1.2 Matrix induced norm

We provide the definition of a vector norm related to an irreducible nonnegative
square matrix G € RLj", the G — norm. Then, we prove that the G — norm of the
matrix G that defines it is exactly its dominant eigenvalue \.

Given an irreducible nonnegative square matrix G € RLj", denote the dominant
eigenpair (A9, v%), where \“ is the spectral radius and v is the corresponding

eigenvector, i.e., such that Gv& = AGvC.

Definition 2.1.2. For a nonnegative irreducible square matriz G € Rgé”, define the

G — norm as the vector norm || ||g : R — [0, +00) st
n
G
lzlle =Y vf |l
i=1

The induced matriz norm is then ||G||g = maxX,crn ||z(=1 |/GZ||c-

Then, the following Lemma identifies the spectral radius of the matrix G with its

G — norm.

Lemma 2.1.1. Given an irreducible matriz G € Rgé" for the G-norm it holds

1Glle = A¢

Proof. (>) In general, ||G||c > |\il, so that ||G]|¢ > A\C.
(<) Vz e R?

n n n n n
G (€] G
1G]l =D of [(Ga)il =D v | Y Gijas| <Y vf > Gijlz;| =
i—1 i=1 =1 i=1  j=1

n n n n
Yo Gyvflagl = D (Gu)las) = D A%ofes| = A% |zle
i=1j=1 j=1 j=1
Then ||G||e < \°. O

2.2 Game Theory

Game theory provides a powerful tool to model the strategic interaction of agents
that make decisions that are interdependent. Let us introduce some fundamental
concepts to recall basic notions.

The set of players (or agents) is NV = {1,...,n}. In a strategic game, each agent

has a set of actions (or strategies) x;, that can be discrete or continuous. We assume

12
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that x; C R is an interval of the real line. Let x = x1 X -+ X x5, the action space,
be the set of all profiles of actions ¢ = (¢1,...,9n) € x. Each agent plays by choosing
an action ¢; € x; and the reward of choosing such action is determined both by her
action and the actions played by all players but 7, ¢_; € x_;. The payoff of player
¢ as a function of the action profile ¢ € x is described by a function u; : x — R,

ui(q) = wi(qi, q—i), called utility function.

Definition 2.2.1. A strategic game is determined by the set of players N' = {1, ...,n},
the action space x = x1 X +++ X Xn and the set of utility functions for every player
(us )iy -

Agents are assumed to be rational, in the sense that they choose an action in
order to maximize their utility. A strategy ¢; € x; is a best response (or best reply)
of player 7 to a profile of strategies for the other players q_; € x_; if for every other
action ¢} € x;

wi(gis g—i) > wilq;, q—i)

The best response function of player i, B; : x—_; — X, is thus univocally defined

by the solution to the optimization problem

Bi(q—;) = argmax u;(q)
4 E€Xi
S0 it consists in choosing the best possible action ¢; given q_;.
For the set of players N, the synchronous best response function F : x — X, is
the unique vectorial function defined as F(q) = (B;(g—i))}—;, in which every agent

plays its best response at the same time.

Definition 2.2.2. An action profile ¢* € x is said to be a pure strateqy Nash
equilibrium if, for every agent i, q; is a best response to ¢*;. That is, ¢* € x is a

Nash equilibrium if and only if ¢ € Bi(q*;) for every i.

In a Nash equilibrium no player has any incentive to change her action. Thus, a

Nash equilibrium is a fixed point of the synchronous best response function, that is

Flg*)=q".

2.2.1 Concave games

As stated by Rosen in “Existence and uniqueness of equilibrium points for concave
n-person games” [20], one of the main complications in the context of n-person games
is the lack of uniqueness of the equilibrium profile. The author proposes a way to
overcome this difficulty by exploiting the concept of concave games and deriving a
theory to ensure the uniqueness of the Nash equilibrium in such games. Let us recall
his paper’s main contributions.

A strategic game with set of players NV = {1,...,n} and action space x =
X1 X <+ X Xpn IS a concave game if the utility function u;(q) for every player is
continuous in the action profile ¢ € x and concave in the agent’s action g¢;, for each

fixed value of q_;.

13
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Denote the positively weighted sum of the utilities, with weight vector r € RS,

as o(q,r) = > 1ui(q), and define the pseudogradient of o(q,r) as

Oui(q)
! o

h(QvT) =

Oun
n aqiq)

o(q,r) is said to be diagonally strictly concave for a fixed weight vector r > 0 if,

for every ¢, ¢ € x, it holds
(q—@)"h(@r)+(@—a) " hgr) >0

Being such a property hard to verify, he provides a more analytical sufficient condition
2,,.
for it. Define the matrix H(q, ) such that (H(q,r))i; =7 %q%(qu) and its j-th column

is

8%u1 (q)
"1 94,04,
Oh(q,r) o
(g, = 28D |
4 un(q)
" 0gndq;

Then, he proves that, if the symmetric matrix H(q, ) + H(q, F)T, for some 7 > 0, is
negative definite, then o(q,7) is diagonally strictly concave for 7.

Then, it is possible to state Rosen’s equilibrium criterion.

Theorem 2.2.1. If 0(q,7) is diagonally strictly concave for some vector of weights

r > 0, then there exists a unique Nash equilibrium for the concave game.

2.2.2 Game dynamics

Starting from an initial action profile g € x, players will dynamically adjust their
actions to singularly increase their utility. The game dynamics, or best response
dynamics, tracks the evolution of the action profile ¢ € x as players sequentially
and individually choose their action according to the best response, after observing
the actions played by the other players. To define it, assume that, for every action
profile ¢ € x and every player i, the best response B;(q—;) is unique. Then, the game
dynamics can be described by a dynamical system.

If the time variable is discrete, t = 0, ..., 7T, it’s possible to define the discrete-time
best response dynamics as ¢(t + 1) = F(q(t)). For the continuous time variable
t € [0,400), recalling that the action spaces are intervals of the real line x; C [0, 4+00),
the continuous-time best response dynamics is defined as ¢(t) = F(q(t)) — q(t).

According to its definition, a Nash equilibrium profile is an equilibrium of the best
response dynamics, ¢* = F(¢*) for the discrete case, and ¢* = 0 in continuous time.
An equilibrium ¢* for the dynamical system q(t) = F(q(t))—q(t) (or q(t+1) = F(q(t))
) is said to be:

o stable if for every € > 0 there exists § > 0 such that if at ¢ = 0 the distance of
the system from ¢* is smaller than ¢, i.e., ||¢(0) — ¢*|| < 0 , then for t — +o0

14
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the system will stay e-close to ¢*, i.e., ||¢(t) — ¢*|| <e.

e attractive if there exists § > 0 such that if at ¢t = 0 the distance of the system
from ¢* is smaller than 0, i.e., ||¢(0) — ¢*|| < J, then for t — +oo the system
will converge to ¢, i.e., ||q(t) — ¢*|| =t—=+00 O.

e locally asymptotically stable if it is stable and attractive and globally asymptoti-
cally stable if it is stable and the dynamics converges to the equilibrium for any
0 >0.

e unstable if it is not stable.

2.2.3 Strategic complements and strategic substitutes

In the context of strategic games, there are two relevant classes of games, whose
main distinction lies on whether an increase in the action played by a given player
pushes her neighbors to consequently increase or decrease their action.

It is necessary that the action space of each player y; is well-ordered, which is
the case for x; intervals of the real line. Then also x = x1 X - -+ X x5, is associated
an ordering > 2. It is then possible to define the two classes of games based on the

property of increasing and decreasing differences.

Definition 2.2.3. A game with players N, action space x and utilities (u;)!; s
said to be a strategic complements game if it exhibits increasing differences, i.e., for

every i, for every q,q € x such that ¢ > ¢
wi( i, q—i) — wilqi q—i) > wi(qi, ¢";) — wilgs, q"y)
An equivalent, analytical, definition is the following:

Definition 2.2.4. A game with players N, action space x and utilities (u;)?_, twice
continuously differentiable is said to be a strategic complements game if for every

action profile ¢ € x and every couple of agents i,7 € N, i # j it holds

82 U;
0q;0q;

(q) >0

For a given agent, in games of strategic complements, an increase in the actions
of her neighbors pushes her to also increase her action to have a higher utility.
In strategic complements games with finite action space (or compact action space
and continuous payoffs), the existence of an equilibrium is guaranteed; moreover,
there exist algorithms to find maximal and minimal equilibria and the best response

dynamics generally converges to equilibrium points.

Definition 2.2.5. A game with players N, action space x and utilities (u;)}_, is

said to be a strategic substitutes game if it exhibits decreasing differences, i.e., for

2Concerning the notation, inequalities between vectors are intended component-wise, i.e., ¢ > ¢’
if ¢; > ¢, for every i. The same holds for >, <, <.
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every i, for every q,q € x such that ¢ > ¢
wi(qi q—i) — wiq;s q—i) < wilqi, ;) — wi(q;, q'y)
An equivalent, analytical, definition is the following

Definition 2.2.6. A game with players N, action space x and utilities (u;)}_, twice
continuously differentiable is said to be a strategic substitutes game if for every action

profile ¢ € x and every couple of agents i,7 € N, i # j it holds

82’&1'
<0
900, (¢) <

On the contrary, in games of strategic substitutes, for a given player, an increase
in the actions of her neighbors pushes her to diminish her action to have a higher
utility. In strategic substitutes games existence of equilibrium points is guaranteed if
the action spaces are non empty, compact and convex subsets of a Euclidian space

and the utilities are continuous and quasi-concave for every player.

2.2.4 Potential games

Definition 2.2.7. A game is an exact potential game if there exists a function
P x = R, called potential function, such that for every q,q € x such that q; # §G;
and q_; = §_; it holds

wi(Qiy q—i) — wi(Gir q—i) = P(qi,q9—i) — P(Gi, q—i)

In an exact potential game, for any action profile ¢ € x, the utility variation
incurred by player ¢ when changing action unilaterally is the same as the corresponding
variation in the potential function.

The main strength of potential games lies in the fact that every global maximum
point of the potential function P is a pure strategy Nash equilibrium. Although
equilibria that are not maximum points of the potential function may exist, the result
guarantees the existence of a Nash equilibrium in at least two cases: when the action

space is finite and when utilities are continuous on a compact action space.

2.3 Games on networks

In games defined on networks, players are connected through a graph, which de-
termines the structure of relationships between them; the payoff of each individual
depends on the actions taken by the neighbors, rather than on all other players, and
the strength of the dependence is determined by the adjacency matrix of the graph.
In the field of network games, given a graph G = (N, &, G), the set of nodes

N represents the agents involved in the game, connections between players are
nxn

determined by the set of edges £ and characterized by the adjacency matrix G € REj"™.

Let the action space be x = x1 X - -+ X xn. The utility of each agent ¢ now depends on
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her action ¢; € x; and on the actions played by her neighbors in the graph gn; € x;,
where xn; = [[jen; X; C x denotes the action space restricted to neighbors of i,

u; : X(G) = Rui(q(G)) = wi(gi; an;)-

Definition 2.3.1. Given a graph G = (N, &, G), a network game, or graphical game,
on G is a game with players N' = {1, ...,n}, action space x and utilities (u;)"_; such
that for every player i € N' and action profiles q,q € X, if ¢i = G; and qn;, = qn;,
then u;(q) = wi(q)

A (pure strategy) Nash equilibrium is thus a profile of actions ¢ € x such that
for every player ¢ and for every other action of her neighbors q}\/i € XN;

wi(qi qn;) > wi( g, dy,)

To simplify the notation, for each agent i, we will drop the dependency on the
graph and simply write g_;, recalling that her payoff is only affected by agents to
which ¢ is linked in the graph.

2.3.1 Benchmark game with quadratic utilities

Quadratic utility functions are often used as a benchmark model to simplify the study
of more complicated cases. In particular, when dealing with utility functions that
are not explicitly defined but of which the main characteristics and best response are
known, one can define a quadratic utility satisfying the assumptions or having the
same best response dynamics. This strategy is adopted since the quadratic utility is
often analytically tractable and easier to study: for example, defining a potential for
such functions is usually a viable option. Then, results obtained for the quadratic
model can be proved to be valid (or used as a starting point) for the more general case
under study, as they share the hypothesis set or the underlying dynamical system.

Let us define a utility function with a quadratic term in each player’s action and
use it to prove some results that we will generalize to the game at the center of this
study in the future chapters. In particular, we derive the best response for this game
and prove, under suitable assumptions of linearity, that the game with quadratic
utilities is exact potential and equilibria can be characterized exploiting the potential
function.

Consider a graphical game on the graph G = (N, &, G). Given a vector w € RZ,
take as action space x = [0,w1] X ... X [0,w,] C R%, and define the generalized
quadratic utilities u; : x — R with the form

_ a

ui(q) = 5 + wiq; — ki(w; + (Gq)i)ai

where k; : (0, 4+00) — (0, +00) € C for every i.

Proposition 2.3.1. For the game with utilities u;, for every agent ¢ the best response
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Bi(q—i) : x—i = Xi is uniquely defined and has the form
Bi(q—i) = [wi — ki(w; + (Gq))]+
Proof. The best response B;(q_;) for the game with utilities

2
— q;
u;(q) = - + w;q; — ki(w; + (Gq)i)ai

with action space x = [0,w1] X ... x [0, w,] C R is the solution to the maximization

problem
2
_ q;
max ui(q) = qigl[&ﬁd —52 +wigi — ki(w; + (Gq)i)ai

Notice that u; are strictly concave along every g;:

ou;
04, (q) = —qi + w; — ki(w; + (Gq)i)
and o
Uj

So there exists a unique maximum for u; with respect to ¢; and it can be found by

setting
ou;
9

which is equivalent to

(q) = —qi +w; — ki(w; + (Gq);) =0

qi = w; — ki(w; + (Gq)i)

adding the non negativity constraint ¢; > 0 we obtain a best response with the
saturated form
Bi(q—) = [wi — ki(w; + (Gq)i)]+

O]

Now assume that the function &; is linear with k! = k; € (0,1). Thus, the utilities
u; : X — R take the form:
¢? _
ui(q) = *51 + wigi — kigi(wi + (Gq)i)
Rearranging the terms and defining the per-row rescaled matrix G = [l;:]G =
diag(ky, ..., k)G € R1G" such that Gij = kiG;j and the vector b = (b)), € RZ,

such that b; = w;(1 — k;), the utilities u; take the form

2 )
ui(q) = —51 +bigi — (Gq)iqs

and we refer to them as quadratic utilities. The best response function for every

agent ¢ can be written as

Bi(qg—i) = [bi — (Gq)i]+
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Let us state some results that hold for the game with these quadratic utilities
u; and that will be used in the subsequent part of the research to study the public
good game. We begin by establishing that the game with quadratic utility functions

exhibits strategic substitutes.

2 _
Proposition 2.3.2. The game with quadratic utilities u;(q) = —% +bigi — (Gq)iq;
exhibits strategic substitutes.

Us

Proof. Let us verify that for every i, W( ) < 0. Take the first derivative:

ou; _
=—q; +b; — i
4 (@) =—a+ (Gq)
then o
U; _
G <
0q;0q; Gy =0

P(q) = Z %(—qig — ¢i(Gq)i + 2big;)

or, in vector form
1 _
P(g)=—5¢" (I +G)g+b'q

We exploit P to prove that the quadratic game is an exact potential game, which

will be useful to find the characterization of Nash equilibrium profiles for such games.

Proposition 2.3.3. Given a matriz G € R”X" and a vector b € R, the following

properties of P hold:
1. P is strictly concave along each component

2. if G is symmetric and 2C smallest eigenvalue of G, is st

min’

)\G

min

then P is strictly concave

Proof. 1. The proof follows directly from the computations:

gz( ) 8?]@ (Z 1(—(]] (Gq) 4 2b]qj>) aaqz (%(—qzz — qi(GQ)i + 2szz))

’L

n 1 12
= qu ZG]ka —qi— 7(Gq)i+bz’ =—¢+0b— Zq](Gjl+Gl])
2 8(]Z 2 2 —
JF#i k=1 j=1
so that
9*P

3@ =-1

2

oq?
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2. If G is symmetric, its concavity is guaranteed by the negative definiteness of
the hessian matrix. The gradient of P is VP(q) = —(I + G)q + b so that the
hessian matrix is Hp = —(I + G). It is negative definite if and only if for every
v eR?

vIHpv = =0T (I +G)v < 0

which is equivalent to having strictly negative eigenvalues, i.e., for every i
-1 - )\iG < 0. A sufficient condition is that the lowest eigenvalue is strictly
negative, i.e., —1 — A& < 0, which is equivalent to

min

—)\gm <1
Thus, if this condition is satisfied, P is strictly concave.
O

Theorem 2.3.4. IfG is a symmetric matriz, the game with quadratic utility functions

2 —
u;i(q) = —%' + biqi — (Gq)iq; is a potential game with potential function P.

Proof. Recall that a game is said to be a potential game with potential function P if

for every ¢, € x such that ¢; # §; and q_; = §_; it holds

u;i(q) —ui(§) = P(q) — P(q)

The proof follows directly verifying the definition. Take ¢,§ € x such that ¢; # §;
and ¢_; = §_; and start by noticing that (Gq); = ((_;(j)i since Gy; = 0. Then for u;, it
holds

aila) — (@) = —3 (@ — &) + ilai — @) — (Gailai — @)

and for the potential

N 1 - 1, . A N
P(g) = P(q) = }_ 5(=q; = a;(Ga)j + 2bja5) = _ 5 (=} — G;(G); + 2b;4;)
j#i JFi

1 . 5 1 - -
—5(%2 — @)+ bi(g — @) — i(GQ)i(Qi — qi)

= Y 2ai(Gla - @) — (@~ @)+ ilai — @) (Ca)lar @)
JF

1 - - 1 N - 1 - -
= —5 2 4(Gilai = @)); — 5 — @) + bilas — @) — 5(G0)iles — &)
J#i
and for the symmetric property of G , this is equal to

P(@)~P(@) = —5(Ga)ilai— )~ (@~ ) +0i(ai—3) —5 (Ga)i(i— ) = uila)—ui(a)

2 —
Proposition 2.3.5. For the game with quadratic utilities u;(q) = —%" +biq; — (Gq)iq;

and symmetric G, if an action configuration q* € x. is a stationary point of the
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functional P, i.e.,

VP(g") =0
then q* is a Nash equilibrium.

Proof. To prove the result, consider the derivatives of P along every g;

oprP

1 & ~ _ _
87]-((1) =—q+bi— 3 > qi(Gji+ Gij) = —qi + bi — (Gq)i

i=1

and notice that %(q} = %ZZ(Q)-

If ¢* is a stationary points of P, i.e., for every i

P ..

afqi(Q)—O
then P

U; ¥\

Being u; concave along every component, its derivative with respect to g; equal to
zero implies that agent ¢ is playing his best response. Since it is true for every player
if ¢* is a stationary point of P, then ¢* is a Nash equilibrium for the game with

quadratic utilities u;. ]

2 _
Proposition 2.?.6. For the game with quadratic utilities u;(q) = —% +biq; — (Gq)iqi
and symmetric G, an action configuration q* € X s a Nash equilibrium if and only

if for every i the following conditions on P hold:

oP
—(g*) <0
9 (¢) <
and op
* ) — ()
U (")
Proof. Notice that
oP - ou;
—(q) = —q +b; — (Gq); =
9 (9) = —¢; + b; — (Gq) 94 (q)
Thus the conditions can be rewritten for u;:
*) <0 and g =0
aqi(Q)_ and g; aqi(q)

Then, for every i:

o if ¢ > 0, since ¢ ?)ZZ (¢*) = 0, it must hold

ou;
0q;

(¢)=0

being u; strictly concave in ¢;, it corresponds to a maximum of the utility.

Thus, every agent ¢ such that g7 > 0 is playing his best response.
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o if ¢ =0, explicitly writing the condition ‘32; (¢*) <0 for ¢ =0, we get that it
holds

bi — (Gg*)i <0
which is the condition for agent i to play zero as best response. Thus, also

every agent ¢ such that ¢ = 0 is playing his best response.

Then the conditions are true if and only if every agent is playing his best response,
i.e., for every i ¢f € B;(¢*;), that is equivalent to ¢* being a Nash equilibrium for the
O

game with quadratic utilities.
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Chapter 3

The public good game model

and preliminary results

In this chapter, we provide our definition of the public good game and some initial
results. The game draws on the specification of Allouch [16], but considers a more
general setting (directed networks).

First, we introduce the game setting and the specifications of the model, presenting
its main elements, such as the income vector and the value functions, two variable
functions satisfying properties of smoothness and concavity.

Second, for the general game definition, we derive the best response functions and
observe that they present a saturated form and a monotonic behavior. In addition,
we prove that the best response functions coincide with those of the game with
generalized quadratic utility. After introducing the notion of linearity property of
the value functions, we notice that, under this assumption, the game exhibits linear
saturated best response functions and propose the case of the Cobb-Douglas value
functions, a standard example that will be recovered throughout the whole study

Afterwards, we concentrate on the game Nash equilibria. We establish their
existence in the general setting and provide their characterization when the value
functions satisfy the linearity property.

In the last part, we focus on two particular types of Nash equilibria: internal
equilibria, where all individuals provide a positive amount to the public good, and
specialized equilibria, where a subset of agents contributes with their maximal amount

and the others free-ride.

3.1 Definition of the game

Let us introduce the founding elements of the public good game, such as the income
vector and the value functions, and state the main hypothesis.

To define a public good game, let us consider the graph G = (N, £, G), a general
directed and weighted graph without self-loops, meaning that (i, j) € £ if and only if
G,j > 0, otherwise G;; = 0 and Gj; = 0 for every i € N, so that G is a matrix with

nonnegative entries.
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The game is characterized by an income vector w € RZ,, where for every ¢
w; is agent i’s total income, that he shall divide among private and public good
consumption. Denote by x € R% the vector of private good provision and ¢ € R,
the vector of public good provgsion; then, for every player ¢ the income division
constraint w; = x; + ¢; must be verified.

Every agent i is associated a value function 7; : RZ,\{(0,0)} — R, a C* function
with hypothesis to be specified. We store them in an n-dimensional array n =
(mi)"_; € R™. The value function of each agent 7 is a two variable function, depending
on her own private good provision x;, on the sum of her public good provision ¢;
and the weighted sum of the provisions of her neighbors to the public good (Gq);:
ni = ni(xi, ¢ + (Gq)i) = ni(w; — qi, s + (Gq);), where the last equality is obtained
using the income division constraint.

The action for every player is the amount of income reserved to the public good
provision ¢; € x; = [0, w;], and the private good contribution is derived as x; = w; —¢;.
The game action space, denoted by Yy, for its dependence on the income vector, is
then x,, = [0,w1] x -+ x [0,w,] CRY,.

Each agent benefits from her own provision of private good and from her and her
neighbors provision of public good through the value function, which allows to define
the utility function u; : Y — R, that depends on the action profile ¢ € x,, and has

the form:
ui(q) = ni(wi — gi,qi + (Gq);) (3.1)

For every i the following assumptions on the value function 7; : RQZO\{(O, 0)}—R
must hold: 7; twice continuously differentiable, strictly concave and such that for

every z,y > 0
i (0,y) _ 9i(0,y)

or — Oy (32)
oni(xz,0) _ Oni(x,0)
< .
or — 0Oy (3:3)

Remark 3.1.1. A less restrictive set of hypothesis on the value functions n; is also
sufficient. In particular, the following assumptions must hold: n; : RQZO\{(O, 0)} =R

continuous function, C* on (0, +o0), st

1. for every (x,y) € (0, +00)?

vIHy, (2,2 — x)v < 0 (3.4)

1
where H,), is the Hessian matriz of n; and v = ( 1)

2. for every x > 0,y > 0 the limit conditions hold:

iy QM6 y)  Omile,y)

> .
Jim —— oy > 0 (or +00) (3.5)
. Oni(xz,e)  Oni(x,€)
_ < _ )
el_%l+ e oy = 0 (or —o0) (3.6)
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Indeed, (3.4) is a relazation of the strict concavity of n; limited to the lines (x,z — x),
while (3.5) and (3.6) generalize (3.2) and (3.3). Thus, all the results are valid for

both game formulations.

Remark 3.1.2. Notice that if

1i(0,y) = ni(z,0) =0 (3.7)

for every x,y > 0 then (3.2) and (3.3) also hold and (3.7) is simpler to check.

In addition, for every value function 7;, for every =,y € R%O\{(O, 0)}, we assume

% %,
<

(3.8)

It is now possible to provide the definition of the public good game.

Definition 3.1.1. A public good game P = (G,w,n) is a strategic network game
uniquely determined by the triple (G,w,n). G,w,n have the characteristics described
above, the action space is xu = [0, w1] X - -+ x [0, wy] and the utilities are u; of (3.1).

We now introduce the Cobb—Douglas value functions, which serve as the standard
reference throughout this thesis. They allow us to demonstrate practical applications

of the results on general graphs as well as parametric cases involving notable graphs.

Example 3.1.1. Cobb-Douglas value functions
Consider a game defined on a graph G = (N, E,G), an income vector w € R, and
value functions n; : RQZO\{(O, 0)} — R of the form:

ni(x,y) = a%iy

for ai, B; € (0,1) In general, n; is not strictly concave in RQZO\{(O, 0)}, so let us verify
that the less restrictive assumptions of Remark 3.1.1 hold.
e n; continuous function, C* on (0,+0o0).

ai(a; = D=2y ;e yPi!

o The hessian matriz is Hy,(z,y) = [ , , , 1,
! e /10 T O

1
so for every (x,y) € (0,+00)? and for v = ( 1) it holds:

vTH,, (2, y)v = ai(a; — 1)z 2y% — 20,82y~ 4 6,8 — 1)y 22 <0

o hypothesis (3.5) and (3.6) are satisfied: for every z,y >0

i 2Mi(e:y)  Omile,y)

= lim o;e® 1P — Bie®iyPT = 40

e—0+ ox 8y e—0t
and
on; on; . . 5
lim ﬁz(%E) . Th(%ﬁ) — lim ail‘alileﬁl _ Bixazeﬁzfl - o0
e—0t ox oy e—0t
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The public good game model and preliminary results

o finally, we verify (3.8): for every (z,y) € RQZO\{(O,O)}

%, *n;

_ = Bi(B; — 1 Bi—2 .0 iioci—l Bi—1
8y2(w,y) 3x8y(x’y) Bi(Bi — 1)y "2 — Bz y" T <0

So, we have proved that the game with value functions n;(x,y) = 2% y% is a public

good game.

3.2 Best response functions

After introducing a central characteristic of the value functions, the linearity property,
we establish that the general version of the public good game has saturated best
response functions. Moreover, we observe that the best response exhibits a monotone
behavior and prove that it coincides with the best response of the game with
generalized quadratic utilities. In the end, we apply the previous results and derive
the best response functions under the linearity property.

Let us begin by proving that every value function is associated a continuous,
strictly positive function k;, specifying how much of her income an agent would
optimally spend on the private good when facing the trade-off between private and

public consumption.

Lemma 3.2.1. For the public good game P = (G, w,n), for every agent i there exists
the function k; : (0,+00) — (0,4+00) € C! st

ki(z) = argmax n;(z,z — x) (3.9)

z€[0,2],2>0
Proof. Being n;(x;, z; — x;) € C?, strictly concave, under assumptions (3.2) and (3.3),
for Lemma A.0.1, for every i there exists k; : (0, +oc) — (0,+00) € C! solution of

the maximization problem (3.9). O

Thus, for each player, the function k;(z) captures the optimal rule that she follows
when deciding how to split her income z between private and public consumption.
To each possible income level z > 0, k; associates the amount reserved to the private
good, while the remainder, z — k;(z) is provided to the public good. The derivative
kl(z) then describes how this optimal allocation changes with the income. When
k.(z) is constant across all income levels— which defines the concept of the linearity
property—the trade-off between private and public consumption does not depend on
the amount of income. This property greatly simplifies the analysis of equilibria in

the game. Let us provide the formal definition of this characteristic.

Definition 3.2.1. The value functions n = (n;)i-y of the public good game P =
(G,w,n), are said to satisfy the linearity property L if for every i for k; of (3.9) it
holds k(z) = ki > 0. If k = k > 0, then we say that the value functions n satisfy the
strong linearity property L.

Let us derive the functions k; in the Cobb-Douglas setting.
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Example 3.2.1. Cobb-Douglas value functions (cont.)
For the game with Cobb-Douglas value functions, to derive the relation for k;, recall

that for every i it is the unique solution, for a given z > 0, to:

ni(ki(2),z —ki(2)) = max ni(x,z —x)
z€0,z],2>0

which implies
(67%4

a; + i

Being k; a linear function for every i, the Cobb-Douglas value functions satisfy the

x=ki(z)=

linearity property L with
_ (o7}

i?) =75

If the parameters are equal, i.e., a; = o and B; = B for every i, then the strong

linearity property Lt holds with k = Cﬁﬂ Notice that, given the graph G and the
income vector w, the Cobb-Douglas public good game is completely determined by the

vectors of parameters o = (o)1, and B = (5i)i—, thus to stress this dependency,

we refer to n = ()i~ of P as n(a, B) = (i, 5i))iy-

For other examples of value functions and particular forms they can take, refer
to Appendix B.

It is now possible to derive the best response functions. In order to maximize
her individual utility, each agent aims to play the action that solves the constrained

optimization problem:

max u;i(q) = o lax ni(wi — qi, gi + (Gq)i) (3.10)
Proposition 3.2.2. Consider a public good game P = (G,w,n). Then, the best
response function B; : x—i — Xi s uniquely defined for every agent v and has the
form:
Bi(q—i) = [wi — ki(wi + (Gq)i)]+

Proof. To prove the result, let us do a change of variable and reformulate the
optimization problem for the best response: define z; = (Gq);+w;, so that ¢;+(Gq); =

z; — x; since x; = w; — ¢;, and reformulate problem (3.10) as:

e 3.11
ogwigl?f((;q)im(:cz,zz ;) ( )

Consider now the relaxation of problem (3.11):

(xi, 2 — x5 3.12
Og?gzl_m(%zz ;) ( )
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For Lemma 3.2.1, for every 4 there exists k; : (0, +00) — (0, 4+00) € C! solution of
(3.12). Then, since n; strictly concave and, for hypothesis (3.2) and (3.3), increasing
at x; = 0:

x; = min{k;(z;), w;}

is a solution to the initial problem (3.11). Finally, the uniquely determined best

response function (solution of (3.10)) is:
Bi(q-i) = i = wi—zj = (wi—min{k;(z), wi}) = [wi—ki(zi)]4 = [wi—ki(wi+(Gq)i)]4]

O

Then, the synchronous best response function F : x. — Xw, the vectorial function

in which every agent plays her best response at the same time, is:
Fla) = (Bi(g-i))iz1 = ([wi — ki(w; + (Gq)i)]+)izy = [w — k(w — Gq)l+

using the vector notation (k;(w; + (Gq)i))i-; = k(w — Gq).
From the main hypothesis of the game, it is possible to derive the following
monotonicity results for the best response of each individual and for the synchronous

one.

Proposition 3.2.3. The public good game P = (G, w,n) exhibits strategic substitutes
and for every agent i the best response B;(q—;) : X—i — Xi s decreasing in the public

good provision of her out-neighbors.
Proof. The game exhibits strategic substitutes if and only if

82 U; q
0q;0q;

) <0

The second derivatives of the utilities are:

0%u; *n;

827%
0q;0q; 9= ”(87?/2

0xdy

(wi — qi, i + (Gq)i) — (wi — qi, gi + (Gq)i))

Then, from hypothesis (3.8) on the value functions follows the strategic substitutability.
Moreover, from Remark A.0.1, we know that the condition that makes k; an increasing
function is exactly (3.8). Thus, since the best response has the form B;(q—;) =
[w; — ki(w; + (Gq);)]+ and k; is increasing, then when neighbors contributions are

higher, the best response of player ¢ decreases. O

Proposition 3.2.4. For the synchronous best response function F : Xuw — Xw Of
the public good game P = (G, w,n), for every couple of public good provision profiles
q,q € xw with ¢ < §, the following properties of monotonicity hold:

Flq) > F(q)
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and

F2(q) < F*(q)

Proof. The thesis follows directly from the monotonicity of the best response function
of every agent due to the strategic substitutes setting. For every couple of public

good provision profiles ¢, § € x,, with g < g, for every agent i we have:
w; + (Gq); < w; + (Gq);
and, since k; increasing,
ki(wi +(Gq)i) < ki(w; + (G§)i)
then, for the decreasing behavior of B;(q—;),
Bi(q-i) = [wi — ki(wi + (Gq)i)]+ = Bi(G—) = [wi — ki(wi + (Gq)i)]+

In vector form

Flq) > F(q)

Applying F on both sides again, we get
F(q) < F*(9)
O

Now consider a general graphical game defined on the graph G = (N, &, G), with
action space X = [0, w1] X ... x [0, w,] C RY; and define for every i the generalized
quadratic utilities u; : xo — R with the form

_ ¢

u;(q) = Y + wiqi — ki(w; + (Gq)i)ai

Proposition 3.2.5. Given a graph G = (N, &, G) and a vector w € R, consider
the generalized quadratic utility functions defined on X, = [0, w1] x ... X [0, w,] C RZ,
Ui : Xw — R, having the form

_ a;

u;(q) = Y + w;qi — ki(w; + (Gq)i)ai

then the game with utilities u; has the same best response function as the public good

game P = (G,w,n).

Proof. The result follows directly from the best response of the game with utilities

u;. For the proof see Proposition 2.3.1. 0

Finally, let us define a particular type of action configuration, called specialized,
where players either provide their maximum amount of public good or do not

contribute at all.
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Definition 3.2.2. Consider the game P = (G,w,n). A wvector of public good
contributions q € Xxw s said to be a specialized profile if for every i q; > 0 if

and only if ¢; = maxg,ey, Bi(q—i), otherwise ¢; = 0.

The study repeatedly focuses on a particular subclass of public good games that
are easily tractable, those where the value functions satisfy the linearity property. We
propose a general notation that accounts for L and is based on the per-row rescaled
adjacency matrix G. Define the matrix G = [k|G = diag(k1, ..., k,)G € RZG™ such
that Gyj = k;Gi; and the vector b = (b;)7_, € R, such that b; = w;(1 — &;).

For such games, let us derive the best response functions.

Proposition 3.2.6. Consider the public good game P = (G, w,n), with value func-
tions n = (n;)1, satisfying the linearity property L for some k = (k;)?_, € (0,1)".
Then, the best response is uniquely defined for every agent ¢ and has the linear
saturated form:

Bi(q—:) = [bi — (Gq)i]+
Proof. For Proposition 3.2.2, the best response is uniquely determined for every
agent. Moreover, the definition of property L implies that k; are linear functions and

they can be written as
ki(w; + (Gq)i) = ki(w; + (Gq):)

then the best response functions have the form

Bi(q—i) = [wi — ki(w; + (Gq)i)]+ = [wi(1 — ki) — ki(Gq)il+ = [bi — (Gq)i]+
O

The bound on the constants k;, i.e., k; € (0,1), relies on the fact that b; must be
a positive value, otherwise the best response of agent 7 is always playing zero. Indeed
b = w;(1 — Igi) > 0 if and only if k; < 1. Thus, we will assume that for the game
P = (G, w,n) it holds k; < 1 for every i.

The synchronous best response vectorial function is then F : xu — X

Flg) =[b—Gqly

Remark 3.2.1. Notice that, under the linearity property L, for the corresponding
quadratic game with the same best response as the public good game of Proposition
3.2.5, the utilities simplify to the quadratic form:

@ ;

ui(q) = > +bigi — (Gq)iqi

It is interesting to notice that, under the linearity property of the value functions
and symmetric matriz G, the game with quadratic utilities is an exact potential game
with potential function

Plq)=—3a"(1+ G)q + b7
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for the proof see 2.5.4.

Example 3.2.2. Cobb-Douglas value functions (cont.)
Consider the public good game P = (G, w,n(a, B)) with Cobb-Douglas value functions

ni(wi — gi, ¢ + (Gq)i) = (w; — ;)™ (g; + (Gq);)”

with «a;, B; € (O, 1).
As previously seen, the value functions satisfy property L with k; = aio‘é‘:ﬁi and, if

a; =« and $; = B for every i, property LT holds with k= ﬁ

In this setting, b; = fTw/;’ and G = [ai-i-,B}G Then, for Proposition 3.2.6, the best

response is uniquely defined for every agent and has the form

Biwi &%)

Bilg-i) = [ai 8 i+ Bi

(Gq)il+

To simplify the notation, for the vectors of constants «, B, w, we will refer to

the operations applied component-wise to the elements of the vectors writing the

operations for the vectors, for ezample 55 = (757 )iz1 and % = (aﬁzivﬁlz)?ﬂ

The synchronous best response vectorial function is F : Xuw — Xw St

ﬁw_a
a+p a+p

Flg) =1 Gaqly

3.3 Nash equilibria

We prove that Nash equilibria always exist for the public good game in the general
setting. In addition, under the linearity property of the value functions, we provide a
characterization of the equilibrium profiles that relies on solving a linear system and
verifying a system of inequalities.

For the public good game P = (G, w,n), a Nash equilibrium is an action profile
q" € Xxw such that for every 7 it holds

q; = [w; — ki(w; + (Gq)i)]+

Theorem 3.3.1. Consider a public good game P = (G,w,n). Then, there exists a
Nash equilibrium q* € x. for the game.

Proof. From Proposition 3.2.2 we know the best response function for every agent is
Bi(q—i) = [w; — ki(w; + (Gq);)]+, and that it is single-valued and continuous.

A Nash equilibrium ¢* is a fixed point of F: F(¢*) = ¢* and, being the synchronous
best response function F a continuous function from a compact, convex set X, to

itself, the existence of ¢* follows from Brouwer’s fized point theorem. O

Let us define two particular types of equilibrium profiles that will be at the center

of the study of future sections.
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Definition 3.3.1. For a general public good game P = (G, w,n), consider q* € X

equilibrium for the game.
1. ¢* is said to be an internal equilibrium if gf > 0 for everyi =1,...,n.
2. q¢* is said to be a specialized equilibrium if it is also a specialized profile.

We now provide a characterization of Nash equilibrium profiles under the linearity
property of the value functions. In particular, we propose two equivalent ways to see
if an action profile is a Nash equilibrium, both based on verifying a linear system and
a system of inequalities. The first one is more general, while the second one highlights
the partition of agents into contributors and non-contributors at equilibrium.

Let us first recall the definition of Nash equilibrium profile in the setting of value
functions under L and derive some preliminary results. A Nash equilibrium for the

public good game P = (G, w,n) is a public good provision profile ¢* € x,, st
¢ =[b-Gq'ls

Proposition 3.3.2. Consider the public good game P = (G, w,n), with value func-
tions satisfying the linearity property L for some k = (Ei)?zl e 0,D)". ¢* € xuw isa
Nash equilibrium if and only if the following conditions hold:

q*T(I+ G)q* _ qu*

and
¢ +Gq >

Proof. Consider the quadratic utility function u;(q) = —g +b;q; — (Gq)ig;. Tt follows
from Proposition 3.2.5 that the game with utilities u; has the same best response
functions as P, i.e., Bi(q_;) = [bi — (Gq)i]+.

Let us first prove that ¢* € x,, is a Nash equilibrium if and only if for every ¢ the
following conditions for the quadratic utility u; hold:

o
<
94, (¢") <0

and
L 0U;

For every i:

o if ¢f >0, since ¢ ?)2: (¢*) = 0, it must hold

ou;
0q;

(¢")=0

being wu; strictly concave in ¢;, it corresponds to a maximum of the utility.

Thus, every agent ¢ such that ¢ > 0 is playing his best response.
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o if ¢ =0, explicitly writing the condition ‘32; (¢*) <0 for ¢ =0, we get that it

holds

bi — (Gg*)i <0
which is the condition for agent i to play zero as best response. Thus, also

every agent ¢ such that ¢ = 0 is playing his best response.

Then the conditions are true if and only if every agent is playing his best response,
i.e., for every i g € B;i(q*;), that is equivalent to ¢* being a Nash equilibrium for
the game with quadratic utilities. Thus, ¢* is a Nash equilibrium also for the public

good game with linear saturated best response.

Explicitly writing these conditions, we get that ¢* € x,, is a Nash equilibrium if and
only if for every i it holds

Ot L
YTy <0 = b < qf +(Ga)i
9q;
and
L0, . .
6 gq 1) =0 = ai(bi—qi = (Gq')i) =0

which is equivalent to
g7 + (Gq")igt = big}

The thesis follows writing the conditions in vector form:
*T * *
¢~ (I+G)g" =b"q

and
¢ +Gq >
O

Given a public good provision profile g € y, let us define the set of contributors C
as the set of agents providing a positive amount of public good, C' = {i e N' ¢; > 0}
and the set of non-contributors —C' as the set of agents that do not contribute to the
public good, —C = {i € N': ¢; =0} . Denote by qc € R|>Co‘,wc € RQ,GC € RLC;]MC'
the public good provision vector, income vector and adjacency matrix restricted to
contributors, respectively, by G_c ¢ € R‘Z_OCMC| the adjacency matrix restricted to
rows of contributors and columns of non contributors and w_c € RL_OC‘ the income
vector restricted to non-contributors.

Let us see an equivalent characterization that puts the accent on the distinction

between contributing and non-contributing nodes at equilibrium.

Proposition 3.3.3. Consider the public good game P = (G, w,n), with value func-
tions satisfying the linearity property L for some k = (/21-)?:1 e0,D)". ¢* € xuw isa
Nash equilibrium if and only if there exists a partition of the agents N = C U —-C, C

33



The public good game model and preliminary results

non empty, such that q*]c =qc and q*LC =0 and qc satisfies

(I+Gc)ge =be (3.13)

G_ccqc > b_c (3.14)

Proof. e (=) If ¢* € xu Nash equilibrium for the game, it is a fixed point of the
best response function: F(¢*) = [b — éq*]+ = ¢*. For every contributor ¢ € C,

to be at equilibrium it must hold:
g = [bi — (Gq*)il+ > 0

which means that the saturation is no longer necessary:

¢ =bi — (Gq");

so that ¢ satisfies the equation:

g +(Gq")i =b; (3.15)

For every non-contributor ¢ € —C, to be at equilibrium it must hold:

g = [bi — (Gg*)il+ =0

which means that

bi —(Gqg*); <0

that is equivalent to
(Gg")i—bi >0 (3.16)

Then, writing (3.15) and (3.16) in vector form, we get the thesis.

« ()
On the one hand, if g¢ satisfies (3.13), then writing it component-wise, for

every i it holds
(g0)i + (Goge)i = bi

that is equivalent to (3.15) restricted to C', which means that every agent i € C'
is playing his best response, thus is at equilibrium. On the other hand, since it
also satisfies (3.14), for every i € N\C' = —C' it holds

(G_c,cqc)i = (b—c);

that is equivalent to the condition for non-contributors to be at equilibrium
(3.16). Thus, all agents are at equilibrium and the equilibrium profile ¢* is the
extension of go to non contributors: q"‘|c = g¢ and Q*LC = 0.

O]
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Proposition 3.3.3 generalizes the Nash equilibria characterization of Bramoullé,
Kranton and D’Amours [9] to the case of weighted directed graph G and heterogeneous

payoff parameters k; and incomes w;.

Example 3.3.1. Cobb-Douglas value functions (cont.)

From the previous results, it is possible to derive the characterization of Nash
equilibrium profiles for the public good game with Cobb-Douglas value functions
P = (G,w,n(a,B)). For definition, a Nash equilibrium is a public good provision

profile ¢* € xw St
/8 « * *
w — G =
a+f a+f Tl =4

For Proposition 3.8.2, ¢* € xw 15 a Nash equilibrium if and only if

F(g") =

« Bw

*T x T x
U510 = ()
and 5
w
q*+[m]Gq*2a+B

An equivalent characterization of Nash equilibria stressing the partition into
contributing and non-contributing agents is given by Proposition 3.3.3. ¢* € xw s a
Nash equilibrium if and only if there exists a partition of the agents N = C U —-C, C
non empty, such that q*]c = qgc and q*]_C =0 and qc satisfies

Q B Bw
(I+I- +B]CGC)QC =(z +ﬁ)c (3.17)
and P
[a i 6]—CG—C,C(]C > (ﬁ)_c (3.18)

3.4 Internal equilibria

Let us concentrate on the particular kind of equilibrium profiles, called internal,
where every node actively participates in the public good provision at equilibrium.
We prove that their existence is determined by the presence of a strictly positive
solution to the linear system that characterizes equilibria. Moreover, we provide
some sufficient conditions that ensure its presence for public good games with value
functions satisfying the strong linearity property.

Throughout this section, consider the public good game P = (G, w,n), with
value functions satisfying the linearity property L for some k = (k;)™_, € (0,1)" and
recall that an internal equilibrium ¢* € x,, is an equilibrium where all nodes are
contributors: ¢f > 0 for every i € N, i.e., C = N.

Proposition 3.4.1. Consider the public good game P = (G, w,n), with value func-
tions satisfying the linearity property L for some k = (k;)?_, € (0,1)". Then, there

exists an internal equilibrium q* € x for the game if and only if there exists a strictly
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positive solution of the linear system
(I+G)g"=b (3.19)

and q* has the form
¢ =I+G)"'b

Proof. The result follows directly from the application of Proposition 3.3.3 with
contributing nodes C' = N and its shape is uniquely derived solving the linear system
(3.19). It follows directly from the characterization of equilibria that, if there are no

strictly positive solutions, then there are no internal equilibria. O

Example 3.4.1. Cobb-Douglas value functions (cont.)
For the Cobb-Douglas public good game P = (G, w,n(a, B)), from Proposition 3.4.1,

an internal equilibrium q* € X 1S a positive solution to the linear system

« Bw

a—i—B]G)q*: a+

(I+] (3.20)

meaning that it has the form

* a —1 Bw
¢ = (550D

For the game P where a;; = o and B; = B, the inverse matrix (a%’i‘_ﬂG%—I)_l exists
if its determinant is non zero, that is equivalent to G having non null eigenvalues,
i.e., )\iG # —aaﬂ.

Also, the internal solution q = C%B(

o
ath
is positive. Writing it as a power series, it is possible to see that it is not always the

G+1)"'w is positive if the inverse matriz

case: -
o -1 _ o k
(a+BG+I) _kz:%]( a—l—BG)

Notice that it is not always true that there exists an internal equilibrium for the

game. Let us see a few examples.

Example 3.4.2. Consider the public good game P = (G, w,n(a, B)), defined on the

unweighted undirected circle graph G of 4 nodes. The adjacency matriz is

01 0 1

1 010
G =

01 0 1

1 010

Take o; = o = %,ﬁi =p= % and income vector w = (1,2,1,3)7.

36



The public good game model and preliminary results

When solving the linear system (3.20), the inverse matriz is not positive:

14 —06 04 —0.6
-06 14 -0.6 04

® G+nt=
a+ 04 —06 14 —06
-06 04 —06 14

(

and the solution is ¢ = (—0.8,1.87,—0.8,2.53). Thus, there exists no internal

equilibrium for the game.

Example 3.4.3. Consider the public good game P = (G, w,n(«, 3)) defined on the

unweighted undirected line graph G of three nodes. The adjacency matriz is

Q

I
o = O
—_ O
o = O

Take o; = o0 = %,Bi == % and income vector w = (2,1,2)7.

When solving the linear system (3.20), the inverse matriz is not positive:

5 —6 4
(6]
G+ '=]1-6 9 —6
(a+6 )
4 -6 5

and the solution is g = (4, —5,4)T. Thus, there exist no internal equilibrium for the

game.

It is thus interesting to study when there exists an internal equilibrium, i.e., when
there exists a positive solution of (3.19). We focus now on the public good game
P = (G,w,n), where the value functions satisfy the strong linearity property L™,
meaning that k; = k € (0,1) for every i.

Proposition 3.4.2. Consider the public good game P = (G, w,n) with value functions
satisfying the strong linearity property Lt for k € (0, 1). If I 4+ G is invertible and
the income vector w > 0 is a positive eigenvector of G, associated to the eigenvalue

AW, then there exists the internal equilibrium q* € x. of the form

¢ =0 —E)EN+1)(I+G) 1w

Proof. If w > 0 eigenvector of G associated to the positive eigenvalue A\, then for
definition G Gw = A%w > 0. Then, also

EGw = kXw > 0
that is equivalent to
(kG + DNw = (G + DNw = (EAY 4+ 1w
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which means that w is also the eigenvector of G + I associated to the eigenvalue

kXY + 1. Moreover notice that, being I 4+ G invertible, w can be written as
w= (kXY 4+ 1)(G+ 1) w

and b is strictly positive since b; = (1 — k;j)w; = (1 — k)w; > 0 for k < 1.
Then, the solution of the linear system (3.19) is:

=T+ =0-kIT+G)w
and it can be written substituting the expression for w as
G =0=k)E\N+1)([I+G)H2w>0

for the positivity of ((I+G)~1)2, ¢* is positive and so it is an internal Nash equilibrium

for the game. O

Example 3.4.4. Cobb-Douglas value functions (cont.)
For the game P = (G,w,n(«a, B)), with a; = o, B; = B, from Proposition 3.4.2, if

[0
atp
associated to the eigenvalue A, then there exists the internal equilibrium ¢* € xu of

the form

G + 1 is invertible and the income vector w > 0 is a positive eigenvector of G,

* B « w « —1\2
¢ = g GG D e

Let us see some examples.

Example 3.4.5. Consider again the public good game P = (G, w,n(c,3)), with
a; = a, B; = B, defined on the unweighted undirected circle graph G of 4 nodes of

3.4.2. The dominant eigenvalue is \¢ = 2 and the corresponding eigenvector is

V¢ = (1,1,1,1)T > 0. Take again o = %,B = %; Now take as income vector w = v°.

Then, there exists an internal equilibrium for the game, that has the form

0= A (50 DT = G )T

a+ B

a+ B

Example 3.4.6. Consider again the public good game P = (G, w,n(«a, 3)) defined on
the unweighted undirected line graph G of 8 nodes of example 3.4.3. The dominant

eigenvalue is \¢ = /2 and the corresponding eigenvector is v& = (%, %, %)T > 0.
Take a = %,ﬁ = %; Now take as income vector w = v¥. Then, there exists an

internal equilibrium and it has the form:

. ﬁ(
Ay

A+ 1)((%(; + 1) 12 = (0.09,0.12,0.09)T

a+ + 5

Example 3.4.7. Consider the public good game P = (G,w,n(a,B)), with a; =
«, B; = B, defined on the unweighted undirected star graph G of 5 nodes, where node
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1 is the center of the star. The adjacency matriz is:

01111
100 00
G=|[100 00
10 000
100 00

The dominant eigenvalue is \C = 2 and the corresponding eigenvector is v& =

(0.71,0.35,0.35,0.35,0.35)" > 0. Take o = %,B = % and income vector w = v,

Then, there exists an internal Nash equilibrium, having the form

. B o

a4 :a~|—6(a+ﬁ

AY 4 1)((—2— G+ )12 = (0.33,0.17,0.17,0.17,0.17)T
a+f
Let us now see a condition on the vector b that guarantees for the existence of an

internal equilibrium.

Proposition 3.4.3. Consider the public good game P = (G, w,n) with value functions
satisfying the strong linearity property LT for k € (0,1). If G + I is invertible and
the vector b > 0 satisfies

b>Gb (3.21)

then there exists the internal equilibrium q* € x of the form
o0

¢ =I+G)b=>Y (G)"I-G)p
h=0

Proof. Start by observing that the hypothesis b > Gb is equivalent to (I — G)b > 0
and since k < 1, b; = (1 — k)w; > 0 for every ; this implies that also I — G > 0.

Since G + I is invertible, it is possible to write the inverse matrix as a power series:
— > —
I+ =3 (-G

h=0

Notice that the series can also be written as:

i(—é)h =I+G+G'+.)I-G)= i(é)%u —ye)
h=0 h=0

Being it the sum of positive terms, we have that (I + G)~! > 0. Then also

(I+G) b= i(@)%([ ~Gb>0
h=0
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so that the solution of the linear system (3.19)

a=(I+G) =3 (G - )b
h=0
is strictly positive, so it is an internal Nash equilibrium. ]

Example 3.4.8. Cobb-Douglas value functions (cont.)
For the game P = (G,w,n(c, B)), with a; = «, B; = B, from Proposition 3.4.3, if

&

a+5G + I is invertible and the income vector w > 0 satisfies

w > Gw

a
a+p

then there exists the internal equilibrium q* € x of the form

«_ B - B - a o2hy @
1 _a+ﬁ<a+6G+I) w_a—kﬁhz::o(oz—kﬁ JH a-i—ﬂG)w

Let us see a few examples.

Example 3.4.9. Consider the public good game P = (G, w,n(«, 3)) defined on the

unweighted undirected circle graph G of 5 nodes. The adjacency matriz is

01001
10100
G=101010
00101
10010

Take a; = o = %,52- =3= % and income vector w = (5,4,4,4,5)T. In this case the
condition
!
w > ——Guw
«

is satisfied: QLWG = 0.43G and

3.86
3.86
343 | >
3.86
3.86

a-l—ﬁGw_

|
|
Gl A Ao
|
o o o o o

thus there exists the internal equilibrium

. B o

= (oH-ﬁ

G+ I)~tw=(1.73,0.89,1.52,0.89,1.73)T
a—+p

Example 3.4.10. Consider the public good game P = (G, w,n(«a,f)), with o; =
«, B; = B, defined on the unweighted undirected line graph G of 4 nodes. The adjacency
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matrix is
01 00
1 010
G =
01 0 1
0 010

Take o = i, 8= % and income vector w = (2,3,3,2)T. In this case the condition

«o
w > ——Guw
«

+ 5
s satisfied: O%BG = 0.43G and
2 1.23 0
3 2.14 0
w — a Gw = — >
a+p 3 2.14 0
2 1.23 0

thus there exists the internal equilibrium

. B o

4 :a—}—ﬁ(a—i—ﬂ

G+ 1w =(0.72,0.98,0.98,0.72)T

Example 3.4.11. Consider again the public good game P = (G, w,n(a, B)), defined
on the unweighted undirected star graph G of 5 nodes, where node 1 is the center of the
star, of example 3.4.7. Take again o = i, 8= % and income vector w = (4,2,2,2,2)7.

In this case the condition

a
w > P ﬁGw

is satisfied: QL%G =0.27G and
4 2.18 0
2 1.09 0

a

w— Gw=|[2|—-[109]>]0

a+p
2 1.09 0
2 1.09 0

thus there exists the internal equilibrium

x B o

q =a+ﬂ(a+ﬁ

G+ 1) tw = (1.88,0.94,0.94,0.94,0.94)T

Remark 3.4.1. In general, for the game with Cobb-Douglas value functions and
equal parameters o; = «, f; = B, P = (G, w,n(«, B)) with players having equal income
w; = w, for G out-regular and equally weighted (of weight g), the following result on
the internal Nash equilibrium holds:

There exists an internal equilibrium q* € x., where all nodes contribute to the public
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good with the same positive amount

Bw

T a(i+dg) + B

Indeed, if there exists an internal equilibrium with equally contributing agents,

then the contribution of every agent must solve

. pw Bw « .
Qi—[a_’_ﬁ a+IBZG’L]qj at B a+lBngz>0

stnce all nodes have d out-neighbors and same weight g. Then

Bw
a(l+dg)+p

To see that it is an equilibrium, let us verify that it satisfies (3.13) with C = N. The
left hand side of the equation is

qi =

1
« Bw
Ry R
1
B ! B !
w . (67 w .
:a(1+dg)+ﬁ 1 Jroz—l—ﬁoz(l%—dg)+ﬁG’ 1
1 1
B Bw 1 « Bwdg
Call+dg)+8 |- a+ B a(l+dg)+ 3
1

where the last equality is justified by the fact that the sum on the rows of G is
iz Gij = dg for every i. Then (3.13) simplifies to

a+ B+ adg

a(l+dg)+58
Then, the condition is satisfied and ¢* = (¢;)?—; is a Nash equilibrium.

Remark 3.4.2. For the game P = (G, w,n(«a, B)) with a; = o, B; = B, and players
having equal income w; = w, for G unweighted directed line graph, the following result
on the internal Nash equilibrium holds:

There exists the internal equilibrium q* € x,, with the form

fori=0,...n—1.
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To derive the form of the internal equilibrium profile, let us consider nodes to be
labeled in increasing order from 1 (left-most node) to n (right-most node). Then:
Node n has no out-neighbors: Gy; = 0 for every j, which implies that its best response

s always

pw Bw
In = [a—l—ﬂ oz—i—ﬂz nidsl+ oz—i—ﬂ

Every other node i has as unique out-neighbor node i +1: G;j =0 if j #i+ 1. Then,
it s possible to recursively compute the public good provision of every node starting

from the last one:

B Bw .« B Bw (1- « )
qn_l_a—i—ﬂ a—i—ﬁqn_a—i-ﬁ a+
_ Bw « Bw o a?
qn*Z_oﬂ-ﬁ oz—l—ﬂqn T a+ﬁ(lia+ﬂ+(a+5)2)

In general for everyi=0,..,n— 1:

3.5 Specialized equilibria

Specialized equilibria involve a subset of contributing agents, which provide their
maximal amount of public good, while the remaining nodes free-ride on the con-
tribution of others. For the public good game with value functions satisfying the
linearity property, the notion of specialized equilibria is linked to the concept of
maximal independent sets of nodes: we prove that in this setting, under a hypothesis
on the strength of the connection between agents, an action profile is a specialized
equilibrium if and only if the set of contributors is a maximal independent set of
nodes.

Throughout this section, consider the public good game P = (G, w,n), with value
functions satisfying the linearity property L for some k = (k;)"_; € (0,1)" and recall
that a vector of public good contributions ¢ € x,, is said to be a specialized profile if

for every i, g¢; > 0 if and only if

i B; bi — (Gq)il+ = b;
¢i = max B; (q-i) = ggg[ (Gq)il+

otherwise ¢; = 0. Thus, in a specialized profile agents can be partitioned into
non contributors —C' and specialized (contributing) agents C, whose action is the

maximum of their best response.

Proposition 3.5.1. Consider the public good game P = (G,w,n), with value func-
tions satisfying the linearity property L for some k = (iﬁi)?:l € (0,1)™ and a specialized
profile ¢* € Xw-
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o Ifq* is a Nash equilibrium, then the set of specialists C' is a mazimal independent
set of nodes of the graph G.

o If the set of specialists C is a maximal independent set of nodes of the graph G

and for every non contributor j € —C' it holds

b.
> Ginby > =
heC kj

then q* is a Nash equilibrium.

Proof. o (=):
If ¢* is a specialized equilibrium, for every contributing node i € C' ¢ = b; > 0.

Since they play their best response, it must hold
— n —
(Gq*)i=>_ kiGijq; =0

that is true if every specialist’s neighbor is playing zero, i.e., for every j € N?
q; = 0. So, every specialist has only non-contributing neighbors. Since no
two specialists can be neighbors at equilibrium, we have proved that C' is an
independent set.

For every non-contributor j € —C' ¢j = 0. Since they play their best response

at equilibrium, it must hold
n -
bj = > _ kiGindi <0
h=1

which can happen only if

Thus

This means that every non-contributor must have at least one specialist neighbor.
Thus, the set of contributors must be maximal. If it was not maximal, some
non-contributor would have no specialist neighbors, which is not possible at

equilibrium.

o ()
If C is a maximal independent set of specialists, the action of every specialized
agent ¢ € C' must be
q;‘ =b;>0

and it is the best response since each ¢ € C' has no contributing neighbors for

definition of independent set.
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Let us see that every non-specialist j € —C is playing her best response by
playing zero; since C' is a maximal independent set, every non specialist j € —C

must have at least one specialist neighbor. Then, her best response is

B Z/% thh+—b_ZkGhbh]
h=1 heC

For hypothesis the following condition holds

> Ginbn >

heC

@‘

and it is equivalent to
bj — > kjGjnby <0
heC

thus the best response is playing zero:

Bi(qg-j) = [bj — > kjGjnbly =0
heC
In conclusion, we have proved that both specialists and non contributors are
playing their best response, which is equivalent to saying that ¢* is a Nash
equilibrium.
O

The characterization of specialized equilibria is at the center of the 2007 paper
by Bramoullé and Kranton [13]. Proposition 3.5.1 extends their main contribution
that relates specialized equilibria and maximal independent sets of nodes to a more
general game setting: nonlinear utilities, agents differing in k; and w; and G weighted
and directed.

Corollary 3.5.2. For the public good game P = (G,w,n), with value functions
satisfying the linearity property L for some k = (E‘Z)?:l € (0,1)", consider a specialized
profile ¢* € xw. If for every j € —C,h € C it holds
b
Ginby, > =
jhPh = kj
then q* is a Nash equilibrium if and only if C' is a mazimal independent set.

Proof. If for every j € —C,h € C it holds

b:

Gipbp > =
jhOh Z kj
then b,
> Ginby > =
heC kj
and Proposition 3.5.1 holds. ]

45



The public good game model and preliminary results

Notice that Corollary 3.5.2 hints that, if the strength of the connection between
specialists and non-contributing agents is high enough, then it is sufficient to have
one specialist neighbor to play zero as best response and maximal independent sets

of specialists of order 1 are equilibrium profiles.

Example 3.5.1. Cobb-Douglas value functions (cont.)
For the game Cobb-Douglas public good game P = (G, w,n(«a, ), a specialized profile
q € Xw s such that g; > 0 if and only if

max | Bw; a (G Biw;
X — i =
g€w] a+ B  a+p Dil+ a; + B

qi =

For Proposition 8.5.1, given a specialized profile ¢* € X-

e Ifq* is a Nash equilibrium, then the set of specialists C is a mazximal independent

set of nodes.

o If the set of specz'alz'sts C is a mazimal independent set and for every j € —C' it
holds 3 pcc G

Jhah+ﬂh > ’ijj , then q* is a Nash equilibrium.

Let us see some examples.

Example 3.5.2. Consider the Cobb-Douglas public good game P = (G, w,n(a, B)),

defined on the weighted directed line of 4 nodes, with adjacency matriz

0 2 00
1 010
G —
0 3 0 1
0 0 2 0
Take a(5, i, 5 2) = 0= (2, 3 2, il))) and income vector w = (3,2,2,3)7.

Consider the specialized action profile ¢ = (1.67,0,1.5,0). The set of specialist nodes
is C = {1,3} and the non contributors are —C = {2,4}. Thus, C constitutes a
mazimal independent set of nodes. To verify if q is an equilibrium, let us see that the

condition is satisfied for every mon contributor:

e for non contributor j =2 € —C' it holds:

e Prwp  Powa G Brwy e Psws  Powa _

= =2282>0
Py "o+ B as Lar+ B Pas+ By a
e for non contributor j =4 € —C it holds:
S Gun Brwn  Paws _ Gu Pron s Psws _ Paws _ 4 >0
pee ot B oy o1+ B a3+ f3
Thus,
= (1.67,0,1.5,0)

is a specialized equilibrium for the game.
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Consider now the other specialized action profile ¢ = (0,0.62,0,1.2). The set of
specialist nodes is C = {2,4} and the non contributors are —C = {1,3}. Thus, C
constitutes a mazximal independent set of nodes. To verify if q is an equilibrium, let

us see that the condition is satisfied for every non contributor:

e for mon contributor j =1 € —C' it holds:

S G Brwn  Prwr Cio Paws G Pawy _ Prwn .y <0
byer ap+pBn o g + B2 as+pB1
e for mon contributor j =3 € —C' it holds:
S G Prwn _ Psws _ o Paws Gy Baws _ Psws _ o4
as+ P81 a3

— 32
e ot B a3 a2 + f2

Thus the specialized profile ¢ = (0,0.62,0,1.2) is not a Nash equilibrium for the game.
Example 3.5.3. Consider the game P = (G, w,n(a, B)), defined on the weighted

directed star graph G of & nodes, where node 1 is the center of the star, with adjacency

matric
02 2 2 2
1 0000
G=|[1 00 00
10 0 00
1 0000

Take o = (%, i, i, %, %)T,ﬁ = (%, %, %, %, %)T and income vector w = (5,3,2,3,2)T.
Consider the specialized action profile ¢ = (0,2.14,1.2,2.14,1.2). The set of specialist
nodes is C = {2,3,4,5} and the non contributors are —C' = {1}. Thus, C constitutes
a mazimal independent set of nodes. To verify if q is an equilibrium, let us see that

the condition is satisfied for the non contributor 1 € —C':

S G Prwn_ Bren g g5
e Tant B a

Thus,
¢ =1(0,2.14,1.2,2.14,1.2)

s a specialized equilibrium for the game.

Consider now the other specialized action profile ¢ = (2.35,0,0,0,0)T. The set of
specialist nodes is C = {1} and the non contributors are —C' = {2,3,4,5}. Thus, C
constitutes a mazimal independent set of nodes. To verify if q is an equilibrium, let

us see that the condition is satisfied for every non contributor: for j =2 € —C

S Gy M P2 55
e ot B

Thus the specialized profile ¢ = (2.35,0,0,0,0)7 is not a Nash equilibrium for the

game.
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Remark 3.5.1. Consider the public good game P = (G, w,n) with value functions
satisfying the strong linearity property Lt for k € (0,1). For a specialized profile
q* € Xw, if the set of specialists C is a maximal independent set, the condition for ¢*
to be a Nash equilibrium is: for every j € —C' it must hold

b; (1 — k)wj

Z Ginbp, = Z Gjh(l — l;:)wh > i

heC heC

Z'T‘“k»

which reduces to
Wy

> Ginwy > =

heC
Example 3.5.4. Cobb-Douglas value functions (cont.)
Thus, for the game P = (G, w,n(«, B)), with o; = o, B; = B, a specialized profile
q* € xw 1 a Nash equilibrium if and only if the set of specialists C' is a maximal

independent set and for every j € —C' it holds Y, cc Gjpwp, > O‘Twwj.

Example 3.5.5. Consider again the public good game P = (G, w,n(a, B)), defined
on the unweighted undirected circle graph G of 4 nodes of example 3.4.2. Take
a = %,B = % and income vector w = (1,2,1,3)T. Consider the specialized profile
with contributors C' = {2,4}. C is a maximal independent set; let us verify that for

every j € —C it holds

Z Gjhwh > 3wj
heC

For j =1 and j = 3 the condition is verified: weg + wy =5 > 3wy = 3wg = 3. Thus
the specialized profile

N 4
q = (076w23036w4)T = (07 5707 2)

is a Nash equilibrium for the game. On the contrary, for the specialized profile with
contributors the mazximal independent set C = {1,3}, the condition is not verified
wy + w3 =2 < 3wy =4 and wy + w3 = 3 < 3wy = 90, thus ¢ = (Bwy, 0, fws, 0)T is

not a Nash equilibrium for the game.

Example 3.5.6. Consider again the public good game P = (G, w,n(a, B)), defined on

the unweighted undirected line graph G of 3 nodes of example 3.4.3. Take o = %, 6= %
and income vector w = (2,1,2)T. Consider the specialized profile with contributors

C={1,3}. Forj=2¢ —-C itholdswl—i—wgzélz%:%; thus

2 2

q* = (Bwlvovﬁw?))T = <§707 g)

is a specialized Nash equilibrium. On the other hand, taking C' = {2}, the condition
is not verified since wo = 1 < % = % =3 and so q = (0, Bws,0)T is not a Nash
equilibrium for the game.

Remark 3.5.2. Let us consider the game P = (G, w,n), with o; = o, §; = 3, defined
on the equally weighted (of weight g) ring graph of n nodes, with n even. Assume
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that players have equal income w; = w > 0.1t is interesting to study if there are
specialized equilibria. For the topology of the graph, since the set of contributors C
must be a maximal independent set, the only possible specialized equilibria are those
where contributors and non-contributors alternate.

Let us consider, for example, C = {even nodes} and —C = {odd nodes}. Then,
O%”ﬁ. Then for Proposition 3.5.1,
the action profile ¢ € X such that q; = aﬁ—fr”ﬁ for every i € C' is a Nash equilibrium if
for every j € —C' it holds

contributors must behave as isolated nodes: (qc); =

e Prwn_ o Bjw;

Jh = )
heC an + B &

For the game P, it is equivalent to

ZGjh bw Z%U

hee L ath

Then,

1. for the equally weighted directed ring graph, every contributor has exactly one

specialist neighbor. Thus, that the condition becomes

g w5 P
a+p «

which is equivalent to
a+p

9=
a

In conclusion, if g > QTHB, then the specialized profile

Pw_ pw
’a—"—IB’ 7"'7@_"_/6

)

¢ =(0

is a Nash equilibrium for the game.

2. for the equally weighted undirected ring graph, every contributor has exactly

two specialist neighbors. Thus, that the condition becomes

pw >ﬁ£
a+p8 7 «

29

which is equivalent to

. . +8 ..
In conclusion, if 2g > O‘T, then the specialized profile

. _ o Pw Pw
q _(0’a+,8’0”a+ﬁ

)

1s a Nash equilibrium for the game.

Since the result does not depend on what nodes contribute, it is possible to partition
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the nodes as C = {odd nodes} and —C = {even nodes} and obtain, under the same

condition, another specialized equilibrium.:

pw_ _Pw
a—*—ﬁ’ ,a—{—ﬁ,”"

7 = 0)

Remark 3.5.3. Let us consider the game P = (G, w,n), with o; = o, f; = [, defined
on the equally weighted (of weight g) star graph of n nodes. For the topology of
the graph, since the set of contributors C must be a mazximal independent set, there
are only two possible specialized equilibria: the one where the central node (node
1) contributes and the other free-ride and the one where the central node does not

contribute and the others are specialists.

1. Consider the specialized profile ¢ € xw where C = {1} and —C = {2,...,n},

Bw_
a+p”

equilibrium if for every j € —C it holds

so that q1 = Then for Proposition 3.5.1, the action profile q is a Nash

e Brwp, S Bjw;

h >
o, + B a;

heC

in the case where C = {1}, it is equivalent to

pw pw
g > —
a+ Q@
which leads to the condition
«
>1
I +8 =
If it is satisfied, then
* Bw T
=(-2=—,0,..,0
q (a+6 )

s a specialized Nash equilibrium for the game.

2. Consider the specialized profile ¢ € xw where C = {2,...,n} and —C = {1}, so
that q; = f—fr‘}j for every i € —C. Then for Proposition 3.5.1, the action profile
q is a Nash equilibrium if for 1 € —C' it holds

S e Brwp, S Brwi

1h =
hee ot Bn o oal

in the case where C = {1}, it is equivalent to

Bw Bw
B PO N
(n—1)g 524
which leads to the condition
(n—UgZa+ﬁ
o
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If it is satisfied, then

* Bw 511} T
q _(Oaa_i_/Ba"'va_i_ﬁ)

s a specialized Nash equilibrium for the game.
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Chapter 4

Uniqueness, contractivity and

stability results

In this chapter, the main results of this work, concerning the uniqueness and asymp-
totic behavior of equilibrium profiles, are presented.

First, for the general version of the public good game, we prove a sufficient
condition for the uniqueness of the Nash equilibrium. In the game with value
functions satisfying L, this condition relates uniqueness and the lowest eigenvalue of
the symmetrization of the per-row rescaled adjacency matrix G.

Afterwards, we study the limit behavior of the discrete and continuous-time
best response dynamics of the game. In the general setting, we provide a sufficient
condition that guarantees the contractivity of the discrete-time dynamics. This result
ensures the uniqueness of the Nash equilibrium and the global asymptotical stability
of the best response dynamics to it, both in discrete and continuous time.

Moreover, concerning the stability of the internal equilibrium for the game with
value functions under L™ on undirected graphs, we establish that, if it exists, it is
stable for the discrete-time dynamics if and only if contractivity holds, while for the
continuous-time dynamics it is stable if and only if the uniqueness condition is true.

Finally, for the continuous-time dynamics, we study the stability of Nash equilib-
rium profiles when contractivity is not guaranteed. The results concern the stability
of equilibria for the continuous-time dynamics under two main hypothesis: the value
functions satisfy the linearity property L and the per-row rescaled adjacency matrix
G is symmetric. We first prove that the system converges globally to the unique
Nash equilibrium also when the weaker uniqueness condition is satisfied. In addition,
when the equilibrium is not necessarily unique, we establish that the continuous-time
best response dynamics globally converges to the set of Nash equilibria and action
profiles that are local maximum points of the associated functional P are locally
asymptotically stable equilibria.

Let us start with a preliminary example that serves as a motivation to the main
results of the following sections. Some of the findings concerning the uniqueness and

stability of equilibria that are empirically obtained, in fact, will be generalized later.

Example 4.0.1. Complete graph of 3 nodes
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Uniqueness, contractivity and stability results

Consider the public good game P = (G,w,n(a, ), where G = (N,E,G) is the
equally weighted complete graph of 8 nodes, w € RY the income vector with players
sharing equal income, i.e., w; = w > 0 for every i, and n the Cobb-Douglas value
functions with equal parameters a; = o, 3; = € (0,1), ni(w — qi, ¢ + (Gq);) =
(w —qi)*(q; + (Gq);)P. To simplify the calculations, let us assume that o+ 3 = 1
and w; =1 for every i.

We refer to the adjacency matriz G having with equal weights Gi; = o

shek o
gk o8k
SRR

The synchronous best response function is

0
10 1]d+
1

Analitically, we derive the following results on the equilibrium profiles:

There exists a unique fixed point of F and so a unique equilibrium, which is the

internal one of equally contributing agents

BB B

9 :(1+7’1—|—’y’1+’y

)

o Ify>2

The internal equilibrium ¢* = ( BB B

T Ty m) is still present, but others arise:

- specialized equilibria:

q;kl = (,3,0,0), Q:Q = (07570)7 ng = (anvﬁ)
- equilibria with 2 contributing nodes:

28 28

26 25
24+~4"2+7’

2p 2p
’2_1_’}/72_‘_7

247" 24y

qTZZ( O)a q;3:(0 )7 QISZ( )
Let us study the behavior of the best response dynamics to understand the nature of
the Nash equilibria as v varies. We rely on some simulations of the continuous and

discrete-time dynamical systems. Recall their form:

B
q(t+1) = F(q(t) =[| B
e

is the discrete-time best response dynamics, while

-1 a(D)+

01
10
11

[
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B 01 1
q(t) = F(qt) —qt)=1[| B —% 1 0 1|qg®)]+—q)
3 110

is the one in continuous time. Empirically, we verify that the asymptotic behavior
of the dynamical systems depends on the value of ~v; in particular, three phases are

observed, corresponding to the intervals v < 1,1 <~y <2 and v > 2.

e Ifv <1
The simulations, reported in Figure 4.1, show that the two dynamical systems
converge to the unique Nash equilibrium ¢* = (%, %, %) from any starting
point q(0) € xw. This indicates that q* is globally asymptotically stable both
for the discrete and continuous-time dynamics.

Conti ti y i g to g* for y <1
Discrete-time dynami ergence to g for <1

14

08
. o)
3
Zos
= 10 o
% 04
ks o

02 Jee;

0 I3

1 ~ ] >\

\\\ @ 4
05 S~ © s 8
S~ 0 < o4 06 )\
q2=BR(q1,43) 00 2 o4 02 o 0 1=BR(q2,3)
b q1=BR(q2,93) 42=BR(q1,q3) q 92,9
(a) discrete-time dynamics simulation for (b) continuous-time dynamics simulation
various random starting points g0 for various starting points g0

Figure 4.1: Best response dynamics simulations in discrete and continuous time for
v < 1: the system always converges to the unique equilibrium ¢*

e Ifl<y<2
The unique equilibrium is still ¢* = (%, %, %), but its asymptotic behavior
is different in the two cases. Looking for the fired points of F2, we find that a
limit cycle of the form

C: (0,0,0) <~ (6767/3)

emerges for the discrete-time dynamics. In Figure 4.2, it is possible to see
that, while ¢* is still stable for the continuous-time dynamics, the discrete-time
dynamical system does not converge to the Nash equilibrium, but rather to the

limit cycle.
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Discrete-ti ics simulation for 1<y<2
® cyce

1 Y

08 0
- w0
q
Zos
e
o
& 04 - bo
&
=02

*(3.0,0)
0 o
1 o
o
08 o
0.6 o *a //”(/A ,
04 N S 08
02 o <8 mﬂ/\/,// 04 06
92=BR(a1.43) o MY 02 A1=BR(243)

(a) discrete-time dynamics simulation for
various random starting points ¢0: conver-
gence to the limit cycle

Conti i ics simulation for 1<y<2
:
08
- \ \ y ’ /
Zos \ | S
= % [ /
4 I
S Vo L
o \\ |} ? />
\ Fs
0 N | /S
b - \\\;1 \[ /1 ~
: V=~ 08
(F\\ /)/r(/ﬁ
L, 0

q2=BR(q1.,93) 0 o 2 q1=BR(q2,q3)

(b) continuous-time dynamics simulation
for various random starting points ¢0: con-
vergence to the equilibrium

Figure 4.2: Best response dynamics simulations in discrete and continuous time for
1 < v < 2: a different behavior is observed in the discrete and continuous time cases

o Ify>2

In this case, in addition to the internal ¢* = ( B B 8 ), other equilibrium

profiles arise:

- specialized equilibria:

T4y T4y 14y

qzl = (5,070)7Q:2 = (0,/670),(]:3 = (0707/8)

- equilibria with 2 contributing nodes:

. 286 28
412 = (7

(0

2+7am7 )7q23:

2828
24424y

26, 28
244" 247

)

)7QI3 :(

As before, we analitically derive the existence of the limit cycle in the discrete-

time dynamics:

C:(0,0,0) < (B,8,)

The simulations help in understanding the nature of the equilibria and of the
limit cycle. First, it is possible to observe in Figures 4.3, 4.4 that the internal

equilibrium is unstable both in the discrete and continuous-time dynamical

systems.
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Discrete-time dynamics si ion for >2
*  quICl=3
*  quCl=1
4 qtioj=2
® cycle
08
S os 0
T
& o4
% (355
02 o oA
1 \\ *
S~ 1
* < 08
05 A % 06
) < 04
- 00) 02
42=BR(q1.93) 0 o q1=BR(q2,q3)

(a) discrete-time dynamics simulation for

a random ¢0 not close to the equilibria:

convergence to the limit cycle

Discrete-time dynamics simulation for 4>2

* ¥
209

S L8

o
S
L]
P
2222
g

T 04 °(3.50)
>
Zos
o
o2
S

01

0L
06 ~ 40 |
> * oz
04 \\ o 0q0 *//(0 s 06
02 T~ =S 04
~ — 03
92=BR(q1.93) 0.%0) q1=BR(q2,q3)

(b) discrete-time dynamics simulation for
q0 close to the equilibrium points: conver-
gence to the specialized equilibria

Figure 4.3: Best response dynamics simulation in discrete time for v > 2: conver-
gence to the limit cycle or to a specialized equilibrium

Second, from the simulation of the discrete-time best response dynamics (in

Figure 4.3), we observe that when the system starts from a random configuration

q(0) that is not close to one of the specialized equilibria, it will converge to

the limit cycle, that attracts most of the domain (often in one step). If the

dynamics begins close enough to a specialized equilibrium, it converges to it.

Cont-time simulation for 4>2: x# y+ z, max = x

BR(q1.92)

q3=|

42=BR(q1.93) 0 o

q1=BR(g2,93)

(a) continuous-time dynamics simulation
for ¢0 = (q1,92,93) and q1 > ga2,q3: con-
vergence to the specialized equilibrium
such that ¢g; =

Cont-time simulation for 7>2: z=y>x

ol N0\
Fos
T \ \ A
x Ny WL
& \ \
AN
\ \
R
02 - \J ~
. —
0 \”*»\‘,,\ri //,//'/’% 1
08 g 04 ?\’T 05
42=BR(q1,03) 00 q1=BR(q2,03)

(b) continuous-time dynamics simulation
for 0 = (q1,42,¢3) and g2 = g3, @1 <
q2, q3: convergence to the equilibrium such

that g2 = ¢3 = P

Figure 4.4: Best response dynamics simulation in continuous time for v > 2:
convergence to a non internal equilibrium

Finally, the continuous-time dynamics simulation is visible in Figure 4.4: it

shows that the internal equilibrium only attracts the bisector, that is an invariant

set of null measure:

q* attracts {ql = q2 = q3}

which proves its instability. The attraction basins of the specialized equilibria
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are hinted by the simulations:
@s1 = (8,0,0) attracts {(q1,q2,43) : @ > q2,q3}

QZQ = (O,B,O) attracts {(Q1aQ27(I3) ‘1 q2 > Q17Q3}

qs3 = (0,0, 8) attracts {(q1,92,93) : 3 > @2, 1}

28 283

52 = (0, ——, ———) attracts ,q2, < qo =

d23 ( 21~ 2_’_7) {(Q1 q2 Q3) q1 < q2 CI3}
23 24

13 = (=——,0, ——) attracts ,G2,93) 12 < q1 =

a5 = (555057 {01, @2,03) 1 2 < 1 = a3}
28 28

1o = (=——, =——,0) attracts , G2, tq3 < q1 =

912 (2+7 21 ) {(a1,92,43) - a3 < @1 = qo}

The observed behavior suggests that the specialized equilibria g%, qiy, qhs are
locally asimptotically stable, while equilibria with 2 contributors qiy, qis, @53

attract measure zero sets, so are unstable.

We now prove that the uniqueness and asymptotic behavior of equilibrium profiles

emerging from the example are also supported by a more general theory.

4.1 Uniqueness of the Nash equilibrium

Let us first provide a technical result that guarantees the uniqueness of the Nash
equilibrium in the general game setting. The proof relies on the theory on uniqueness

of equilibrium profiles for concave games by Rosen [20].

Lemma 4.1.1. Consider a public good game P = (G, w,n). If for every q € xw and

every vector v € R"™, there exists a vector r € RLy such that it holds

= > wilriki(wi + (Gq)i)Gij)vy — > > vilrik(w; + (Gq);)Gji)v; < > 207r;
i=1 j£i i=1 j£i i=1
(4.1)

then the Nash equilibrium is unique.

Proof. Consider a game with generalized quadratic utilities of Proposition (3.2.5)

2
_ q;
u;(q) = Y + wiqi — ki(w; + (Gq)i)ai

Given ¢ € xy, and the vector r € R, construct the matrix H(q,r) € RZo defined as

H(g,r)ii = Tiiaqg (q) = -

and
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Denote its symmetrization as H® = H(q,r) + H(q,7)*. Then
H(q,7)ig = —riki(wi + (Gq)i)Gij — rikj(w; + (Gq);)Gji and H*(q,r)is = —2r;

For hypothesis it holds that for every v € R", there exists a vector » € RY st

= > wilriki(wi + (Gq)i)Gij)vy — > > vilrik(w; + (Gq)y)Gjo)vy <> 207r;

i=1 j£i i=1 ji i=1

Notice that the left hand side is equivalent to

i > vil=riki(w; + (Gq)i)Gij — 1k} (w; + (Ga);)Gji)v; = Z > wiH®(q,7)ijv

i=1 j#i i=1 j#i

and the right hand side is equivalent to

n
Z Z v zzvz
i=1
Which leads to

n n
szl q’ ZJU] + ZUZ zﬂ)z ZZ Z]U] <0

i=1 j#i

Writing it in vector form, we get that H® is negative definite:
vH (g, )0l <0

Then, for Rosen’s equilibrium criterion, the equilibrium for the game with utilities
4; is unique. Since the best response functions are the same for Proposition 3.2.5,
the Nash equilibrium is unique also for the public good games with utilities u;(q) =
ni(wi — Gis ¢i + (Gq)i).

O

Despite the difficulty in verifying the uniqueness condition of Lemma 4.1.1 for the
game with general value functions, if property L is satisfied, the sufficient condition
for the uniqueness of the Nash equilibrium simplifies to a bound on the lowest

eigenvalue of the symmetrization of the per-row rescaled adjacency matrix G.

Theorem 4.1.2. Consider the public good game P = (G, w,n), with value functions
satisfying the linearity property L for some k = (k), € (0,1)". Denote the

G+GT
+ f

symmetrization of G as G* = A& < 1, then the Nash equilibrium is

unique.

Proof. For Lemma 4.1.1, if for every q € x, and every vector v € R™, there exists a
vector r € RZ such that (4.1) holds, then the Nash equilibrium is unique. For L,
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k! (w; + (Gq);) = k; > 0, then the condition of the Lemma reduces to

_szl nk:G” ZZ’U@ rjk G]Z UJ<ZQU T

1=1 j#i 1=1 j#i
Taking r; = 1 for every i, we get

n

—ZkaGU ZZ k:G'ﬂ vj<z2v

=1 j#i J#i i=1
using the definition of G, we get
n B n n
—ZZW(GU)'U]'—ZZ ﬂ 1)] <ZQU
i=1 j#i i=1 j#i

writing it in vector form
_ _ n
—TGv —vTGTw < Z 207

Define the symmetrization of G, G° =

ALGT . e
%. Then the uniqueness condition is

equivalent to
n
0TGP <Y of = ||vlf3
i=1

Now notice that, in general, it holds

—TGs < )\G

mm” ||2

Then, a sufficient condition for Lemma 4.1.1 to hold is A& < 1, thus if it is

min

satisfied, the Nash equilibrium is unique. ]

Theorem 4.1.2 provides a generalization to the uniqueness condition of Bramoullé
and Kranton [10], to the case of directed graph G and heterogeneous k;. Moreover, it
is interesting to notice that our condition also mirrors the uniqueness condition of
Allouch [16] in the more general setting of weighted, directed graphs. In particular,
< 1, is exactly Allouch’s

. . . o . 7 GS
the alternative, more restrictive condition —kpqzAin

condition extended to the weighted and directed case.

Corollary 4.1.3. Consider the public good game P = (G,w,n). Assume G is an
undirected graph and that the value functions satisfy the strong linearity property LT
for some k € (0,1). If

Ak <1

min

then the Nash equilibrium is unique.

Proof. The strong linearity property Lt implies that
G =kG
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so that a.ar
G = k()
Being the graph undirected, the adjacency matrix G is symmetric and G* = G.
Moreover, )\gm = /5/\?,””. Then, the condition for the equilibrium to be unique of
Theorem 4.1.2 simplifies to
NGk <1

O

In Corollary 4.1.3 we derive exactly the sufficient condition for the uniqueness of

the Nash equilibrium of Bramoullé and Kranton [10].

4.2 Contractivity of the discrete-time best response dy-

namics

We derive a sufficient condition that relies on the fact that the synchronous best
response function is Lipschitz continuous in the G-norm. This guarantees the
contractivity of the synchronous best response function if the dominant eigenvalue of
G is bounded by 1. The uniqueness and global asymptotical stability of the Nash
equilibrium both for the discrete and continuous-time best response dynamics directly
follow from this result.

Moreover, for the game with value functions under L™ on undirected graphs,
we prove that, if it exists, the internal equilibrium is stable for the discrete-time
dynamics if and only if contractivity holds.

To derive the theory on the contractivity of the discrete-time best response
dynamics, let us first notice that for every ¢, the function k; is Lipschitz continuous
on (0,+00). This means that there exists a positive k; > 0 such that for every
21,22 € (0,400), with z1 # 29, it holds

ki(21) — Ki(22)| < kilz1 — 22|

Using the formula for the derivative of k; given by (A.5) of Lemma A.0.1, it is possible

to explicitly derive the Lipschitz constant for every :

k; = max ki(z)

For the general game setting, define the matrix G as the adjacency matrix where
every row is rescaled by the corresponding Lipschitz constant: C_?ij = l?:iGij, Gii = 0.
Notice that when the linearity property holds, this definition of G is equivalent to
the previous one.

Denote (/\é,vé) the dominant eigenpair of G and recall the definition of the

G-norm for a general vector z € R™: [|z||q = 3, v§|xl|
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Proposition 4.2.1. Given a public good game P = (G, w,n), the synchronous best
response function F is Lipschitz continuous in the G-norm, that is for every couple

of public good provision vectors q,§ € Xw, q #

1F(q) = F(@llg < Lllg — dlla
where L = \G is the Lipschitz constant.

Proof. Notice that, for Lemma 2.1.1, ||G||5 = AC. Then, for every couple of vectors
of public good provisions ¢, § € x., such that q # §, the following chain of equalities

and inequalities holds

I|F(q) = F(@llg = ZviGlBi(q,i) = Bi(G-i)|

I
||'M:
LN
S
Q1
=
o=
3
Q
—
<
|
<
N—
:—/
I
M=
S
N
B
[]=
Q2
S
—
L}
|
)
SN—
<

O]

Theorem 4.2.2. Consider a public good game P = (G,w,n). If A < 1, then the
synchronous best response function F is contractive in the G-norm, that is for every

couple of public good provision vectors q,§ € Xw, ¢ # G

|F(q) = F(@lle < Lllg — dllg
where L = \C < 1 s the contraction constant.

Proof. The thesis follows directly from Proposition 3.2.3 and the hypothesis A <
1. O

Corollary 4.2.3. For the public good game P = (G, w,n), if 2G < 1, then the Nash
equilibrium is unique and the discrete-time best response dynamics globally converges
to 4t.

Proof. To prove the uniqueness, assume that both ¢, § € x,, are equilibrium profiles
for the game. Then, they are fixed points of the discrete-time best response dynamics,
that is F(¢) = ¢ and F(¢) = ¢. Thus, it must hold that

1F(@) = F(@llg = llg — dlla
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which contradicts the contractivity result of Theorem 4.2.2, unless ¢ = §.
For the global asymptotical convergence to the unique equilibrium, recall that for
A\¢ < 1, the synchronous best response function F is a contraction, thus the discrete-
time best response dynamics q(t + 1) = F(q(t)) converges to its unique fixed point
for the Banach fixed-point theorem for any starting point ¢(0) € xy.

O

Let us now focus on the game P = (G, w,n) with value functions satisfying the
linearity property L for some &k = (k;)"_; € (0,1)" and derive some implications of

the contractivity of the discrete-time best response dynamics.

Remark 4.2.1. Notice that the contractivity of the best response implies the unique-
ness of the equilibrium, while vice versa does not hold in general. Moreover, if the
value functions n; satisfy the linearity property L for every i and G is symmetric,
contractivity of the discrete-time dynamics implies the uniqueness condition of Theo-
rem 4.1.2. To prove it, notice first that, in general, if an eigenvalue of G is positive
)\Z-é > 0, then it satisfies:

—)\f" <0<1

Assume now that the contractivity condition A< 1 holds; it is equivalent to
_max |/\Zé] <1
i=1,...,n
then for every i
A <1

IFAG <0, then |AC| < 1 implies
0< —)\ZG <1

Then we have proved that if the contractivity condition holds, then it is true that
—A¢ < 1 which implies that also —\G.. < 1, that is the uniqueness condition for
linear k; of Proposition 4.1.2.

Example 4.2.1. Cobb-Douglas value functions (cont.)
For the game P = (G,w,n(a, B)), with a; = «,B; = B, for Theorem 4.2.2, the

condition for the contractivity of the synchronous best response function becomes

o
a—+p

AG <1
if it is satisfied, it guarantees for the uniqueness and global asymptotical stability of

the Nash equilibrium both in discrete and continuous time.

Example 4.2.2. Consider again the public good game P = (G,w,n(«, 3)), with

equal parameters a; = «, B; = B, defined on the unweighted undirected star graph G

a
a+p8

of 5 nodes, of example 3.4.7. The contractivity condition is satisfied, since AC
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0.55 < 1. Thus, the internal Nash equilibrium

. B o

a :a+ﬁ(a+,6’

Y+ 1)((%(} +1)"1H2 =(0.33,0.17,0.17,0.17,0.17)T

18 the unique equilibrium and it is globally asymptotically stable.

Example 4.2.3. Consider again the public good game P = (G, w,n(c,3)), with
equal parameters o; = «, B; = 3, defined on the unweighted undirected line graph G
of 4 nodes of example 3.4.10. Since the contractivity condition )\GO%_/B =069 <1
is satisfied, the internal equilibrium is the unique equilibrium and it is globally

asymptotically stable.

Remark 4.2.2. Consider the public good game P = (G, w,n), with equal parameters
a; = a,f; = B and G = (N,E,Q) the unweighted directed line graph of n nodes.
Assume that players have equal income w; = w. Then, there exists always a unique

globally asymptotically stable Nash equilibrium with the form:

. Buw i_ a
= a5 2V R

fori=0,...,n—1
To prove it, it is enough to see that the contractivity condition is always verified.

For the unweighted directed line graph, the adjacency matriz is the upper diagonal

matrix
1 0
00 1 0 0
G=1|0 0 0
o0 ... .. ..0

For Perron Frobenius theorem, for the spectral radius it holds

0< )\ <1
So that
o
0<N\E—— <1
- a+f8 T a+p

Then for Corollary 4.2.3, there exists a unique Nash equilibrium for the game that is

globally asymptotically stable. The form is given by Remark 3.4.2.

Remark 4.2.3. Let us focus on the condition for the global asymptotical stability
of the unique equilibrium for regular graphs. Consider the game P = (G, w,n), with
a; = «a, B = 8, defined on a general equally weighted (of weight g) regular graph,
where all nodes have degree d > 1. For Perron-Frobenius theorem, the spectral radius
has bounds . .

mimjz::1 Gij < A7 < m?ij::I Gij
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Since the graph is equally weighted and reqular of degree d, Z;LZI G;j = dg for every i.
Then, A& = dg and the condition for the contractivity of the best response of Theorem
4.1.2 s
o
dg—— < 1
ga +

For example,

1. For the equally weighted directed circle graph, the adjacency matrix is the upper

diagonal matriz

0 g O
00 g O 0
G=10 0
g
g 0 ... .. .0

Being the spectral radius \© = g, zfgﬁ < 1, then the unique Nash equilibrium
is globally asymptotically stable. The unique equilibrium is found using Remark

3.4.1: q% € xu st
. _ pw
@ = a(l+g)+ 0

Notice that the contractivity condition is always guaranteed for the unweighted

graph where g = 1, since 0%5 <1 fora,p € (0,1).

2. For the equally weighted undirected circle graph, the adjacency matriz is

0 g O g
g 0 g
G=|[0 g O

g

g g 0

Being the spectral radius \¢ = 2g, if 2gﬁ < 1, then contractivity implies the
global stability of the unique equilibrium. The unique equilibrium can be found

using Remark 3.4.1: q¢* € xy st

Bw

% al+29)+ 8

Thus, for examples 3.4.5 and 3.4.9, the internal equilibrium is the unique Nash
and it is globally asymptotically stable. The same holds for the specialized

equilibrium of example 3.5.5.

Considering the game defined on an undirected graph, with value functions satis-
fying L™, let us now prove another result on the stability of the internal equilibrium
when the contractivity is not satisfied. In particular, for the discrete-time dynamics,

the internal equilibrium is stable if and only if the dynamics is contractive.
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Proposition 4.2.4. Consider the public good game P = (G, w,n) with value functions
satisfying the strong linearity property Lt for k € (0,1) and assume that G is an
undirected graph. If there exists an internal equilibrium q* € x4, then for the discrete-
time dynamics, ¢* is stable if and only if \Ck < 1. Otherwise, if \Ck > 1, it is

unstable.

Proof. Let us denote the spectrum of G o(G) = {A\{,\S,...,A\¢} C R. Then the
spectrum of G is 0(G) = ka(G) = {kX, kXS, ..., kAG}. To study the stability of
the internal equilibrium it is possible to use a linearization of the best response
dynamics, since the saturation is no longer necessary in a neighborhood of ¢*. For

the discrete-time dynamics
q(t+1) = F(q(t)) = b— Gq(t)
the stability depends on the eigenvalues of —G; recall that
o(=G) = {~kAT I,
The internal equilibrium is stable if and only if for every 7 it holds
| — kA <1

that is equivalent to

1
A <
k

Since, for definition of dominant eigenvalue, for every i it holds
AFI < max [A7| =29
then ¢* € x,, is stable if and only if
Ak < 1
q* is unstable if there exists ¢ such that

| — kXG> 1

that is equivalent to
kA > 1

so it is enough if it is true for the largest eigenvalue in modulus, i.e.,

Nk >1

Example 4.2.4. Cobb-Douglas value functions (cont.)
For the game P = (G, w,n(a, B)), with a; = o, B; = B, defined on a directed graph
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G, when contractivity is not guaranteed, i.e., )\Go%w > 1, for Proposition 4.2.4, if
there exists an internal equilibrium q* € X4, then it is unstable for the discrete-time

dynamics.
Let us see two examples.

Example 4.2.5. Consider again the public good game P = (G,w,n(«, 3)), with
a; = a, B; = B, defined on the unweighted undirected circle graph G of 5 nodes of

example 3.4.9. Now consider the equally weighted adjacency matriz

01001
10100
G=2|01 010
00101
10010

Take again o = i,ﬁ = % and income vector w = (5,4,4,4,5)T. In this case the

uniqueness condition is not satisfied, since _)‘gu‘no%ﬁ = 1.39 > 1, but there exists

the internal equilibrium
¢ =(1,1.13,0.32,1.13, 1)

Since the contractivity condition is not satisfied, i.e., /\Gﬁ =1.71 > 1, for Propo-

sition 4.2.4 q* is unstable in discrete time. Taking o = i,ﬁ = %, the uniqueness

condition _)‘er‘nﬁ = 0.88 < 1 holds and the unique equilibrium is the internal one:
q" = (2.29,0.18,2.71,0.18,2.29)”

Still, since:

AC iﬁ:1.0921
(0%

q* is unstable for the discrete-time dynamics.
Example 4.2.6. Consider again the public good game P = (G, w,n(c,3)), with

a; = a, B; = B, defined on the unweighted undirected line graph of 4 nodes of example
8.4.10. Now consider the equally weighted adjacency matriz

0100
1 1
Q9 0 0
0101
0010

Take again a = %,B = % and income vector w = (2,3,3,2)T. In this case the
uniqueness condition is not satisfied, as _)‘nGminaLw = 1.39 > 1, but there ewists the

internal equilibrium
¢* = (0.58,0.65,0.65,0.58)7

Since the contractivity condition does not hold, i.e., )‘Go%ﬁ = 1.39 > 1, for Proposi-

tion 4.2.4 q* is unstable for the discrete-time best response dynamics.
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4.3 Stability of equilibria for the continuous-time dy-

namics

In this section we prove that the contractivity of the discrete-time best response
dynamics also ensures uniqueness and global stability to the equilibrium for the
continuous-time dynamics. In addition, we establish that, under the linearity property
L, global stability of the equilibrium is guaranteed also under the weaker uniqueness
condition if G is symmetric.

In this setting, we further study the stability of equilibrium profiles when unique-
ness may not hold and we demonstrate that the continuous-time best response
dynamics globally converges to the set of Nash equilibria. In addition, action profiles
that are local maximum points of an associated functional P are locally asymptotically
stable equilibria for the game.

Finally, for the game with value functions under L™ on undirected graphs, we
establish that, if there exists an internal equilibrium, for the continuous-time dynamics

it is stable if and only if the uniqueness condition is true.

Theorem 4.3.1. For the public good game P = (G,w,n), if AG < 1, then the
Nash equilibrium is unique and the continuous-time best response dynamics globally

converges to it.

Proof. From Corollary 4.2.3, the Nash equilibrium ¢* € x,, is unique. To prove its
stability, define the functional L : R" — R™ having the form

n —
L(q) = lg" — dllg =>_vfla; — @i
=1

Then, L is continuous and positive definite with respect to ¢* since L(g) > 0 and
L(q) = 0if and only if ¢ = ¢*. Let us prove that it is decreasing along the trajectories
of the continuous-time best response dynamics. To do so notice that L(g(t)) is the
composition of two Lipschitz continuous functions and thus it is Lipschitz continuous;

this implies that, in particular, L is absolutely continuous in ¢. Define the function

+1 ifg—qf >0
op=sign(qi —q;) =40 ifg—q =0
-1 ifqi—q2*<0

Then, almost everywhere the derivative of L with respect to ¢ is defined and satisfies:

L(g(t)) = —L(a(t Zvl dt\qz ) — 4}

n
~ d
:szao-la( T _Qz ZU Uz 1 —i _C,Ii)
i=1
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Since ¢* is an equilibrium, it holds for every ¢ that B;(¢*;) = ¢, thus

Lig(t)) = Zvigai(&‘(q_i) - Bi(q* ) + a4 — a)

= szé(o'z(Bz(Q—z) — Bl(q*,l)) - Gi(Qi - q:))

Being 0; = sign(q; — ¢;) € {+1,0,—1} we have that o;(¢; — ¢) = |¢ — ¢]|, thus we
get

Lqg(t)) = > v€0i(Bila—i) — Bi(a*)) — > vClai — ¢}
=1 =1

Estimating the first term as
> vfoi(Bi(g—i) — Bi(q":)) <> v |Bi(q—) — Bi(q*,)]
=1 =1

We obtain .
L(gq(t)) <> vC|Bi(g-:) — Bi(q*y)| — > vEg; — ¢}
; i=1

For the definition of the G-norm and for the contractivity of F it is true that

L(q(®) < [|1F@)-F(@)lg—lli—a"lle < Xla—q"lla—llg—a'llc = A -D)lla—q"llg
Then it holds .
L(q(t)) < =(1 = A9)L(q(1))

and, for the contractivity constraint, 1 — MG > 0. The convergence to ¢* is global

and exponential since for every q € xu,q # q*

LiogLialt) = 29D <156
which implies )
log(L(q(t))) < log(L(q(0))) — (1 =A%)t

and so

L(q(t)) < L(g(0))e

Thus from every action profile ¢ € x4, L converges exponentially to zero, and so the

dynamics globally converges to the unique Nash equilibrium ¢*. O

Notice that our sufficient condition for the uniqueness and global stability of the
Nash equilibrium of Theorem 4.3.1 implies the one derived by Gharesifard et al. [17].
Moreover, we extend their framework to include best response functions thar are
non-necessarily linear saturated.

We now show that there is global asymptotical stability of the continuous-time

best response dynamics also under weaker assumptions on the spectrum of G. In
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particular, if G is symmetric and the uniqueness condition of Theorem 4.1.2 holds,
that is —\&

min < 1, then the Nash equilibrium is globally asymptotically stable for the
continuous-time dynamics. To prove it, let us introduce the functional P : x,, — R
such that

1 _
P(q) = —§qT(I +G)g+b'q

and state the following preliminary Lemma.

Lemma 4.3.2. Consider the public good game P = (G,w,n), with value functions
satisfying the linearity property L for some k = (k;)T_;, € (0,1)". Assume G is a
symmetric matriz. Then,

P(q(t)) 20

and q* € xu 15 a Nash equilibrium for the game if and only if
P(q*) =0
Proof. The derivative of P with respect to t is then

_ dP(q(t))

o = (b= Ga(t) = q(1))" (b~ Ga(®)]4 — a(t)

P(q(t))
which can be written as

Pla®) = > T80 =3 mto

=1

with hi(q) = (—gi + bi — (Gq)i)([bi — (Gq)il+ — a)-
Let us see that for every ¢ and for every ¢ € xu, it holds h;(q) > 0, and h;(q) = 0 for

every ¢ if and only if ¢ is a Nash equilibrium:

o If b; < (Gq);, then [b; — (Gq);]+ = 0 and:
hi(q) = gi(q — bi + (Gg)i) > ¢ > 0

Moreover h;(q) = 0 if and only if ¢; = 0, i.e., if agent i is playing his best

response.

o If b, > (G’q)i, then:

hi(q) = (—qi +bi — (Gq)i)*> > 0

Moreover h;(q) = 0 if and only if ¢; = b; — (Gq); > 0, i.e., if agent i is playing

his best response.

Then P(q(t)) = " hi(q) > 0 and P(q(t)) = 37, hi(q) = 0 if and only if h;(q) = 0

for every 4, which is equivalent to ¢ being a Nash equilibrium. O

Theorem 4.3.3. Consider the public good game P = (G, w,n), with value functions
satisfying the linearity property L for some k = (k;)"_; € (0,1)". Assume G is a

69



Uniqueness, contractivity and stability results

G

symmetric matriz and — N, < 1. Then, the continuous-time best response dynamics

globally converges to the unique Nash equilibrium.

Proof. For Proposition 4.1.2, the condition —/\gm < 1 ensures the uniqueness of the
equilibrium ¢* € x,,. From Lemma 4.3.2, we know that —P is decreasing along the
trajectories of the dynamics, that is —P(g(t)) < 0 for ¢ # ¢*. Then, being ., a
compact set, from LaSalle’s Invariance Principle! it follows that the continuous-time
best response dynamics globally converges to the largest invariant set such that

P(q(t)) = 0, which is exactly ¢*.

O

Theorem 4.3.3 generalizes the stability result for the unique Nash equilibrium of
Bramoullé et al. [9] to weighted graphs. Moreover, it mirrors the contribution by

Allouch [16] for the stability of the unique Nash equilibrium.

Remark 4.3.1. Summing up, in some cases the behavior of the two best response
dynamics for the game P = (G, w,n) with value functions satisfying the linearity
property L is different. As long as the contractivity condition AG <1 s satisfied,
there exists a unique Nash equilibrium that is globally stable for both the discrete and
continuous-time dynamics. If G is symmetric, when this condition is violated but
G < 1, then the Nash equilibrium is still stable for

uniqueness still holds, that is =\,
the continuous-time dynamics, while it can become unstable for the one in discrete
time. Thus, if the lowest and greatest eigenvalue are different in modulus, there exists
a "stability gap', that is a range of values of the lowest eigenvalue where the two
dynamics behave differently. On the other hand, when the smallest eigenvalue, in
modulus, coincides with the spectral radius, the two conditions become equivalent and
the dynamics have the same asymptotic behavior. We provide more detailed examples

of this gap considering the complete graph in Section 4.4.

We further discuss the stability of equilibria for the continuous-time dynamics
when uniqueness is not guaranteed and the matrix G is symmetric. In particular, we
prove that the best response dynamics always converges to the set of Nash equilibria
and that the set of strict maximum points of P are stable equilibria. Finally, we
observe that, when the uniqueness condition is not satisfied, stable equilibria are

non-internal.

Proposition 4.3.4. Consider the public good game P = (G, w,n), with value func-
tions satisfying the linearity property L for some k = (k;)"; € (0,1)". If G is a
symmetric matriz, then, the continuous-time best response dynamics globally converges

to the set of Nash equilibria.

Proof. From Lemma 4.3.2, we know that —P is decreasing along the trajectories of

the dynamics, that is —P(q(t)) < 0 and P(g*) = 0 if and only if ¢* is an equilibrium.

'Refer to Teorema 3.5 of [21]
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Then, the compact set E = {q € xw : P(¢) = 0} coincides with the set of Nash
equilibria of the game. It follows from LaSalle’s invariance principle that the union
of compact and invariant subsets of F, which is exactly the set of Nash equilibria, is
attractive in y,,. Thus, the continuous-time dynamics globally converges to the set

of Nash equilibria of the game for any initial public good profile ¢(0) € . O

With Proposition 4.3.4 we recover the result of Gharesifard et al. [17] on the
convergence of piece-wise linear saturated best response dynamics to the set of

equilibrium profiles.

Proposition 4.3.5. Consider the public good game P = (G,w,n), with value func-
tions satisfying the linearity property L for some k = (k;)™_, € (0,1)". Assume G
is a symmetric matriz and consider a public good provision profile ¢* € x. that is
a strict local mazimum of the functional P on X, i.e., there exists € > 0 and a
neighborhood of q*, Bg+(€) = {q € xw : ||¢" — q|| < €}, such that for every q € By« (e)
it holds P(q*) > P(q). Then, ¢* is a locally asymptotically stable equilibrium for the

continuous-time best response dynamics.

Proof. Let us see that for Proposition 2.3.6 ¢* is a Nash equilibrium: being it a

maximum point of P, in every direction P can not increase, i.e., for every i,

opr

(g <
aqi(q)_O

Moreover, along the positive components, i.e., where ¢ > 0, stationarity must hold:

g—g(q*) = 0. Thus, also condition

op

(¢)=0

holds for every i. Thus, ¢* is a Nash equilibrium for the game with quadratic utilities.

Then, for 3.2.5 it is also a Nash equilibrium for the public good game under L.

To prove its stability, define the functional V : x,, — Xw St

and for q # ¢*

for definition of strict local maximum of P. Moreover, for Lemma 4.3.2, V' is non-
increasing along the trajectories of the continuous-time best response dynamics, i.e.,

V(q(t)) < 0. Then, V is a weak Lyapunov function for ¢*. For the 1st Lyapunov
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theorem?, ¢* is a stable equilibrium. It follows from the LaSalle’s invariance principle,
that the union of compact and invariant subsets of E = {q € x4, : V(q(t)) = 0}, which
is exactly ¢*, is attractive in y,,. Thus, the continuous-time dynamics converges to
¢* for any initial public good profile ¢(0) € By (€) and ¢* is locally asympotically

stable. O

Proposition 4.3.5 recovers one implication of the equivalence for stable equilibria
established in [10].

Considering the game defined on an undirected graph, with value functions satis-
fying L™, let us now prove another result on the stability of the internal equilibrium.
In particular, for the continuous-time dynamics, the internal equilibrium is stable if

and only if the uniqueness condition holds.

Proposition 4.3.6. Consider the public good game P = (G, w,n) with value functions
satisfying the strong linearity property Lt for k € (0,1) and assume that G is an
undirected graph. If there exists an internal equilibrium q* € x., then for the
continuous-time dynamics q* is stable if and only if _)‘7Gm‘n];3 < 1. Otherwise, if
—A\G. k> 1, it is unstable.

Proof. Let us denote the spectrum of G ¢(G) = {\{', A\, ..., AG}. Then the spectrum
of G is 0(G) = ko (G) = {kAF, kNG, ..., EAC}. To study the stability of the internal
equilibrium it is possible to use a linearization of the best response dynamics, since
the saturation is no longer necessary in a neighborhood of ¢*. For the continuous-time

dynamics
q(t) = Fla(t)) — a(t) = b~ Ga(t) — q(t) = b— (G + )q(t)
the stability depends on the eigenvalues of —G — I; recall that
o(=G —1I) = {=kA{ — 1}
The internal equilibrium is stable if and only if for every 7 it holds

—kX¢ —1<0

that is equivalent to

Since for every ¢ it holds

2Refer to Teorema 3.1 of [21]
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ie if and only if
-8 k<1

min

q* is unstable if there exists ¢ such that
—kX¢ —1>0

that is equivalent to
A& < -

(2

| =

so it is enough if it is true for the smallest eigenvalue, i.e.,

2\e k>

man
]

Proposition 4.3.6 is consistent with the results concerning the stability of equilibria

for the continuous-time dynamics established in [9] and [16].

Remark 4.3.2. Given an internal equilibrium q¢* € x,, for the game P = (G, w,n)
with value functions satisfying the strong linearity property LT for k € (0,1), notice
again that, if the contractivity condition is violated, i.e., \°k > 1, and there exists
an internal equilibrium q* € X, then for Proposition 4.2.4 q* is unstable in the
discrete-time dynamics. Nonetheless, if the uniqueness condition still holds, i.e.,
—)\T(,’;Z-nl;: < 1, then for Proposition 4.3.6, it is stable in continuous time, since stability
depends on the value of the lowest eigenvalue of G.

Example 4.3.1. Cobb-Douglas value functions (cont.)

For the game P = (G, w,n(«a, B)), with equal parameters oy = «, B; = B, defined
on a directed graph G, when contractivity is not guaranteed, i.e., /\Ga%_ﬂ > 1, for
Proposition 4.3.6, if there exists an internal equilibrium ¢* € X, then it is stable for

the continuous-time dynamics as long as _)‘r(r;nno%g <1.
Let us see two examples.

Example 4.3.2. Consider again the public good game P = (G,w,n(«, 3)), with
o; = o, B = B, defined on the unweighted undirected circle graph G of 5 nodes of

example 4.2.5. As previously seen, there exists the internal equilibrium
¢ =(1,1.13,0.32,1.13,1)

which is unstable for the discrete-time dynamics. Since the uniqueness condition is
not satisfied, i.e., —)\ffu-na%rﬁ = 1.39 > 1, for Proposition 4.5.6 it is also unstable in
continuous time.

Taking o = %,/B = %, the uniqueness condition now holds, as _Agn'naaTﬁ =0.88<«<1,

and the unique equilibrium is the internal one:
¢ =(2.29,0.18,2.71,0.18, 2.29)T
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In this case, the opposite behavior is observed in the two dynamics, since:

AG i6:1.09z1
(0]

implies the instability of q* in discrete time, while
e
_Ag;;ma 5" 0.88 <1

allows to conclude that the internal equilibrium g* is stable in continuous time.

Example 4.3.3. Consider again the public good game P = (G,w,n(«, 3)), with
a; = «,f; = B, defined on the unweighted undirected line graph G of 4 modes of
example 4.2.6. We already noticed that the uniqueness condition is not satisfied, but

there exists the internal equilibrium
¢* = (0.58,0.65,0.65,0.58)T
The internal equilibrium is unstable in both the dynamics, since:

AC j‘_ﬁz1.3921
(0%

implies the instability in discrete time for Proposition 4.2.4, while

implies the instability in continuous time for Proposition 4.3.6. Notice that in this
case the lowest and greatest eigenvalue are equal in modulus, i.e., \& = \)\fmn\ = 3.24,
thus the two dynamics always have the same behavior: take for example, o = %, 8= %

The contractivity condition holds and the unique equilibrium is the internal one:
¢* = (0.85,1.11,1.11,0.85)

which is globally asymptotically stable in both the dynamics.

4.4 Comparison of discrete- and continuous-time dynam-

ics: the example of the complete graph

We present a final focus on the "stability gap" of the two dynamical systems, that
is a range of values in which there exists a unique Nash equilibrium profile for the
game, but the discrete and continuous-time dynamical systems may present opposite
behaviors with respect to it. We concentrate on the study of the complete graph,
which is often used in real-world applications. First, we recall the 3 nodes example
4.0.1 and motivate the previously observed behavior with the theoretical results;
afterwards, we generalize the example to the complete graph of n nodes and finally

we observe the particular behavior of the simpler graph of 2 nodes.
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Example 4.4.1. Complete graph of 3 nodes (cont.)

Let us reconsider the game defined on the complete equally weighted graph of 3 nodes of
example 4.0.1 and motivate the experimental results with the developed theory. Being
the spectrum of G o(G) = {2, —&, —5 1}, and k = a, the condition for uniqueness
of the equilibrium of Theorem 4.1.2 is v < 2, while contractivity of the synchronous
best response, for Theorem 4.2.2, is guaranteed if v < 1. The so-found intervals

coincide with the ones that were observed through the simulations. In particular:

o Ifvy < 1:
The uniqueness condition is satisfied and there exists a unique Nash equilibrium
q = (%, %, %) It is globally asymptotically stable for the discrete-time
dynamics for Corollary 4.2.3, and for the continuous-time dynamics for Theorem

4.3.1.

o forl<y<2:
The equilibrium is still unique and its behavior is verified by the theory: for
Proposition 4.3.3, q* is still stable for the continuous-time dynamics, while, for

Proposition 4.2.4, in discrete-time it is unstable.

o fory>2:
As the uniqueness condition is violated, stability of the internal equilibrium q* is
lost both for the discrete and continuous-time dynamical systems, according to
Propositions 4.3.6 and 4.2.4. For these values of v, together with the internal
equilibrium, equilibria that are specialized and with 2 contributing nodes arise.
Despite not being able to predict their asymptotic behavior for the discrete-
time dynamical system using the main findings of this chapter, we know from
Proposition 4.3.4 that the one in continuous time globally converges to the set

of Nash equilibria.
Let us now turn to the more general n x n case.

Example 4.4.2. Complete graph of n nodes
Consider the public good game P = (G,w,n(a,B)), where G = (N,E,G) is the
equally weighted complete graph of n nodes, w € RY, the income vector such that
w; = w > 0 for every i, and n the Cobb-Douglas value functions with equal parameters
aj=a, ;=B € (0,1), ni(w — g, ¢ + (Gq)i) = (w — q:)*(gi + (Gq)s)°. To simplify
the calculations, let us assume that a4+ 3 =1 and w; = 1 for every i.

We refer to the adjacency matriz G having with equal weights G;; = g = ﬁ
for all i # j. The best response for every agent is

Bi(g—i) =[B—ag > qjl+ =[B— % > ajl+
i i

and the synchronous best response function is:
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B p
Floy=[|: | -aGas=1|:|-—50-Da
B B
where 1 = 1™*™ 4s the n X n matriz of ones.
Being the spectrum of G o(G) = {%7_06(77—1)7"'7_a(n’Y—l)}ﬂ and k = «, the

condition for uniqueness of the equilibrium, for Theorem 4.1.2, is v < n — 1, while
contractivity of the synchrnous best response dynamics is guaranteed, for Theorem

4.2.2, if v < 1.

o Ifv <1
The unique Nash equilibrium is the internal one ¢* € X, where all nodes
contribute equally to the public good, with provision:
* g g s

% :a(1+g(n—1))+5:a(1+ﬁ(”—1))+5: 1+~

for Corollary 4.2.3 and Theorem 4.3.1 ¢* is globally asymptotically stable both

for the discrete and continuous-time dynamics.

e Ifl<y<n—1
The equilibrium is still unique and it is again the internal one with equally

contributing nodes

I
O

For Proposition 4.3.3, it is still stable for the continuous-time dynamics, while

Proposition 4.2.4 implies that in discrete-time is is unstable.

e Ify>n—1

Even though the internal equilibrium q* = ( 5

B
m, ceey m
nodes still exists, the uniqueness condition is violated. Thus, it is interesting to

) of equally contributing

study whether equilibria with C # N are present.

— Being the graph complete, the only possible type of specialized equilibria
are those where one node contributes and the others free-ride. Let us
consider, for example, node 1 to be the only contributor, then q1 = 5 and

the candidate equilibrium is the action profile

q= (6707"70)

It is a Nash equilibrium if for every non-contributor the condition of
Remark 3.5.1 is satisfied:

gl

a(n—1) =

1
o
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which is equivalent to

y=>n-—1

Then, for v >n — 1 there are n specialized equilibria of the form ¢ =
and q; =0 for all j # i. Notice that specialized equilibria are also present
ify=n—1.

— Let us now consider the case in which two nodes © and j contribute and
the others free ride. Then,

g v
Qizﬂ—m%’>0@"d9j:5—mq@'>0

It’s easy to see that for v # n — 1 then ¢; = qj = 5(111:-17) It is a Nash
equilibrium if it satisfies (3.14):

g 9 Bn—1) (1 1
o i | P (1) S 5]
o n—14+~v\1
g 9 1
that is equivalent to
1 1 2 1
—1 1
gV B-1 .. _ B > 8
an—1)n—-14+~|{" - 1 n—1+~
1 1 2 1
component-wise, it must hold:
2
o >1
n—147v
which is equivalent to
y=2n—1
Then, if v >n—1
-1 -1
¢ = 0,050 =0 o o B80=D s 0)
n—1+v n—1+vy

n
is a Nash equilibrium and there exist <2> equilibria where 2 nodes con-

tribute and the others free-ride on their provision.

— In general, if 1 < k < n nodes contribute and n — k free-ride, then for two

generic i,l € C

n
G=B-ag) ¢g=B-ag)y q¢+agg
7j=1 jecC
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and

a=PB-ag) q+agq
jeC
then
¢ —a =96 — q)
then for ag # 1, i.e., v # n — 1 all contributors must provide the same

amount at equilibrium: q; = q for every i,l € C and the candidate

equilibrium has the form, for everyt € C':

o Blr-1)
qz_n—l—i—’y(k—l)

For q to be an equilibrium, (3.14) must be verified:

g g 1
i | -
n—1+~(k-1)
g ... g 1
1 1 1 1
— a7 pln—1) : : ] >8
an—1)n—14+~vk-1){" = = :
1 1 1 1
component-wise:
vk 1

which is equivalent to

Then, forv>mn—1

pn—1) Bn—1)

1 :(n71+7(k71)’”’n71+’y(k‘71)’ T

0)

n
is a Nash equilibrium and there are <k> equilibria where 1 < k < n nodes

contribute and all the others free-ride on their provisions.

To summarize, for the complete equally weighted graph of n nodes, there exist al-

ways an equilibrium of equally contributing nodes, which is unique for v < n—1.

Moreover, for v < 1, it is globally asymptotically stable in both the discrete and

continuous-time dynamics; for 1 < v < n — 1 the unique equilibrium is still

locally stable for the continuous-time dynamics, while it becomes unstable for the

one in discrete time. Ifv > n—1, the internal equilibrium is unstable in both the

dynamics and new equilibrium profiles arise: n specialized equilibria where only

n
one node contributes, and Y p_o < ) internal equilibria where k =2,..,n—1
k
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nodes contribute and n — k free-ride.

Focus now on the complete graph of 2 nodes. It is exemplifying of the case in
which the greatest and smallest eigenvalue of the adjacency matrix are equal in
modulus. As a consequence, the uniqueness and contractivity conditions coincide
and the discrete and continuous-time dynamics do not exhibit the "stability gap". To
enrich the study and hint a direction for further investigations, we provide also some

simulations of the dynamical systems.

Example 4.4.3. Complete graph of 2 nodes
Let us consider the public good game P = (G,w,n(a,B)) defined on the equally

weighted complete graph of 2 nodes with adjacency matriz

0 0
GZ(z 3)

The synchronous best response function is

F(q) = F(q1,q2) = (Bi(q2), Ba2(q1)) = ([B —vq2]+, [B — va1l+)

Being the spectrum of G o(G) = {L, =1}, the greatest and lowest eigenvalue are equal
in modulus, thus the condition for uniqueness of the equilibrium of Theorem 4.1.2
and contractivity of the synchronous best response of Theorem 4.2.2 are equivalent;

since k = «, it must be verified that v < 1. Then:

o Ify<1:
the unique Nash equilibrium is the internal one of equally contributing nodes
. B p
¢ =(T2-72-)>0
1+ 1+«

as it can be seen in Figure 4.5a.

o Ifvy>1:
there are 8 Nash equilibria:
= y T ) > 07 = Oa ) = 70
qQ (1+’y 1+7) g = (0,6), ¢35 =(5,0)

as we can see in Figure 4.5b. In particular, qf is the internal equilibrium of

equally contributing nodes and g5 and q3 are specialized equilibria.

o Ify=1:
there are infinitely many equilibria, corresponding to the curve qo = B — q1 for

0 < q1 < B (see Figure 4.5¢). The equilibria are then all those of the form

=B —cc)for0<c<p
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(a) Best response curves for (b) Best response curves for (c) Best response curves for
y<1 v>1 v=1

Figure 4.5: Comparison of best response curves as « varies

Let us study the behavior of the best response dynamics to understand the nature of
the Nash equilibria as v varies. We rely on the results of Sections 4.2 and 4.3 and
also report some simulations of the continuous- and discrete-time dynamical systems.

Recall their form:

8 10

is the discrete-time best response dynamics, while

gt +1) = Flq(t)) = [('B) y (0 1) o

i(t) = Fla(t) - a(t) = [@ — (f [1)) )~ a(t)

is the one in continuous time.

o Ify<1:

Then, the unique Nash equilibrium q¢* = ( BB

T+y7 T+y
ble, for the discrete-time dynamics for Corollary 4.2.3, and for the continuous-

) is globally asymptotically sta-

time dynamics for Theorem 4.3.1. An example of simulation of the discrete-time
and continuous-time dynamical systems is reported in Figures 4.6a and 4.6b:

as expected, both the dynamics converge to q* from any starting point q(0).

1 Discrete-time dynami toa” 1 Conti time dynamics simulation for 7<1

0.9

s

08t

07t

06 s ’ e

05t _
/ -

04 Oq2 s

03t cﬁqqg -

02r 0Og2

0.1 < / \‘\\\, _

0Gge—
0 01

0.2 03 04 05 0.6 0.7 0.8 0.9 1

(b) continuous-time dynamics simulation
for various starting points g0

(a) discrete-time dynamics simulation for
various random starting points 0

Figure 4.6: Best response dynamics simulations in discrete and continuous time for
v < 1: the dynamics always converges to the unique equilibrium ¢*
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It is also interesting to notice that the experimental speed of convergence of the
discrete-time dynamical system to the equilibrium, as expected from the theory,

is exponential. It can be seen in Figure 4.7 that the log distance of the sequence

from the equilibrium decreases linearly.

Speed of convergence to the equilibrium

log(llak-arll)

-20 |

-25

0 5 10 15 20 25 30 35
k

Figure 4.7: Experimental speed of convergence to the equilibrium of the discrete-
time dynamics for v < 1: linear decreasing of the log distance

o Ify>1:
Since the lowest and greatest eigenvalue are equal in modulus, for Propositions
4.2.4 and 4.3.6, the internal equilibrium q7 is unstable in both the dynamics.
Studying the fized points of F2, we find that for the discrete-time dynamical

system there are three limit cycles for F (see also Figure 4.8a):

Cl : (070) AN (676)

02:(0,1f7)<+(1fv,5)
Cas (1500 & (8,1 1)
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(b) discrete-time dynamics simulation for

(a) discrete-time dynamics simulation for v > 1:g5 and g3 are locally asymptotically
v >1:

there are three limit cycles stable

Figure 4.8: Best response dynamics simulations in discrete time for v > 1: limit
cycles in discrete time and attraction basins in continuous time

The simulations, reported in Figure 4.9b) of the discrete-time dynamical system,
show the instability of the central equilibrium qF, and reveal that the specialized

equilibria g3 and g3 are locally asymptotically stable. In particular:

1f )XHﬁ :
v +

¢5 attracts |0, 1]
and

* B p
ttracts (——,1] x [0, ——
G attrocts (711 0.7

From the simulations it is also possible to understand the limit behavior and
attractivity of the limit cycles: it is interesting to notice that the attraction
bassin of C represents a very large portion of the domain:

s p p

Cy attracts [0, ——) x [0, ,
! [ 1+7)[ 1+ ‘147

) U ( 1 x (== 1]

B
1+7

B
1+7’

o ( 1]

Cy attracts [0, 1—1—67) x {q2 = 1?_7} U{qp =

p p
71_’_7 1""7’

px[0 )U(

Cs attracts {q1 =

}

1] x {g2 =

147 147

In the continuous-time framework, the limit cycles disappear, since the best
response function is not synchronous anymore. This lost of synchronicity
pushes again the system to a different behavior with respect to the discrete-time
dynamics; the results of the simulations are reported in Figure 4.9a: as a
consequence of the disappearing of the limit cycles, the attraction basin of the

equilibria are larger:

q7 attracts {(q1,q2) € [0, 1]2 Cq1=qa}
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thus proving its instability also in continuous time. While
¢ attracts {(q1,q2) : 1 € [0,1],q2 > 1}

q; attracts {(q1,q2) : q1 € [0,1],q2 < 1}

which hints the local asymptotical stability of the specialized equilibria g5 and g;.

These attraction basin also define three invariant sets of the dynamical system.

Aﬂr1action bassins of the continuous time dynamics for v > 1
7

Attraction bassin of q1*
0.9 Attraction bassin of g2*
Attraction bassin of q3"

0.8

0.7F a2

0.6

05

1 0 0.2 0.4 0.6 0.8 1

(a) Continuous-time dynamics simulation (b) Continuous-time dynamics simulation
for v > 1: there are no limit cycles for v > 1: ¢5 and g3 are locally asymptot-
ically stable and ¢7 attracts the bisector

Figure 4.9: Best response dynamics simulations in continuous time for v > 1:
the internal equilibrium is unstable and the dynamics converges to the specialized
equilibria
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Chapter 5

Efficiency analysis and

interventions

In this chapter, we introduce two efficiency metrics that may help evaluate the
performance of action profiles of the game: the total aggregate welfare and the total
aggregate public good provision.

We also discuss two potential avenues for modifying the game so that equilibrium
profiles change according to some criterion. In the first case, one may consider using
subsidies to shift equilibria toward higher total public good provision or a larger
number of contributors. In the second case, a possible approach involving income
redistribution suggests to modify the income vector in such a way that the unique
equilibrium for the game coincides with the one maximizing total aggregate welfare.

These approaches draw on the setting proposed by [18].

5.1 Efficiency metrics

It may be worth evaluating the efficiency of a strategic configuration of the game with
respect to two main aspects: the satisfaction of agents and the amount of provided
public good, when playing that action.

For the game P = (G, w,n), the total aggregate welfare of a public good provision
profile ¢ € x,, is defined as

Ulq) =) uilq)
i=1

According to this definition, an action ¢“ € RY is said to be a social optimum for

the game P if it maximizes the total aggregate welfare U on the action space xy, i.e.,

q" € argmax U(q)
qEXw

The total aggregate public good provision of a public good profile ¢ € x,, for the
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Efficiency analysis and interventions

game P = (G, w,n) is defined as

Thus U(g) measures the total utility of agents in the game when playing ¢, while
Q(q) is the sum of public good provisions of each agent in the game. One could be
interested in measuring the goodness of a public good provision vector ¢ in terms of
both metrics: the first one evaluates how much the agents in the game are satisfied
when playing ¢, while the second one focuses merely on the total public good provided,
which could be more useful in terms of reaching a goal total provision.

We now consider the particular case of the game with Cobb-Douglas value
functions P = (G, w, n(a, B)), with n;(wi — g, g + (Ga):) = (w; — 45)% (gi + (Ga)o)*
and «a;, 5; € (0,1).

Even when there exist social optimum vectors, there is no guarantee that they
will be Nash equilibria for the game. In the next sections, we will see how to modify

the game in such a way that a desired social optimum is a Nash equilibrium.

5.2 Subsidies

In general, the Nash equilibria of the game are not guaranteed to be good in terms
of the predefined metrics. When aiming to increase the total public good provision
at equilibrium of the agents involved in the game or to increase the number of
contributing agents at equilibrium, the following approach can be adopted.

Let us define a new game based on a strategy of subsidies that encourages agents
to provide a larger amount of public good. Define, for every agent ¢, P; € (0,1],
representing the incentive to her public good provision ¢;. The constraint x; + ¢; = w;
becomes x; + qui = w;. Then, writing the private good in terms of the public good,

T; = W; — P;qi the utility maximization can be reformulated as

max _uj(q) = max (w; — Pigi)™ (g + (Gq):)”
0<g: Sws 0<qi<
q

where uf(q) = (w; — Pigi)* (¢ + (Gq):)" is the utility and wj = %2 > wj; is the
maximum amount of public good in the subsidized game. The action space is

Xzsu = [O?wﬂ XKoeee X [Oawi]

Proposition 5.2.1. The subsidized game Py = (G, w*,n*(«a, 8)), with wi = Bt and
q

value functions
i (wf — i, gi + (Gq)i) = (Py(wf — ¢:)* (qi + (Gg)i)”

with «;, B; € (0,1) is a public good game. Moreover, the value functions of Ps satisfy

property L with
_ Q;

a; + B

;=
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Proof. The proof follows directly from the fact that the value functions of the
subsidized game correspond to the Cobb-Douglas value functions of the original game,
rescaled times a factor (P;)ai > 0 and with new income vector with components
s ws .
03 (W} = iy qi + (Gq)i) = (Py(w] — ;)™ (4 + (Gq):)”
= (P (wi — )™ (@i + (G))™ = (P ni(w} — ¢i, qi + (Gq)i)

Since the rescaling of the income vector and of the value functions does not affect
the fulfillment of the game hypothesis, the subsidized game with value functions 7}

is still a public good game.

To derive the relation for k;, recall that for every ¢ it is the unique solution, for a
given z > 0, to:

n; (ki(2), 2 = ki(2)) = max nj(z, 2 — @)

Then, k;(z) is obtained by solving

dni N o — ; e a; i—
%(m,z —x) = (Pq) Lo l(z _x)ﬂz _ (Pq)aqﬂix i(z —:L’)’BZ 1_g
which implies
(6794
! ) a; + Bi

O]

In the case of the subsidized game P, G = [O%_B]G asin P, while b = w$(1—k;) =

Biwi
(i +B0) P}
determined for every agent ¢ and has the form:

Thus, from Proposition 3.2.6, the best response B; : x*, — x; is uniquely

fiwi o
(i +Bi)) P i+ Bi

Bi(q—i) = [ (Gq)il+

Denote P, = (Pqi)g"zl. As before, to simplify the notation, we use for operations on

the vectors of constants «, 8, w, Py, P, the scalar notation, referring to the operations

as applied component-wise, for example @ fg’) 7= ((a 5_12”) B
1 1 q

best response vectorial function is then F(q) : x5, = X5:

)™_,. The synchronous

Bw .«
(a+B)P, a+p

Fiq) =1 Gql+

The characterization of the set of Nash equilibria is obtained from Proposition 3.3.2:

q* € Xw is a Nash equilibrium if and only if

TI =20 = (P Ty

a+p (a+ B)Fy
and 5
* a * w

i 1S A (o + )P,



Efficiency analysis and interventions

An equivalent characterization stressing the partition into contributing and non-
contributing agents is given by Proposition 3.3.3: ¢* € xJ, is a Nash equilibrium if
and only if there exists a partition of the agents N' = C U —C, C non empty, such
that ¢*|, = gc and ¢*| , = 0 and gc satisfies

Bw

I+ [a n ﬁ]CGc)QC = (m)c
and 8
[a n |-cG_ccac > (m)—c

It is clear then that the set of the equilibria of the subsidized game P; is different
from those of the original P. In particular, in the subsidized game contributors
provide a higher amount of public good at equilibrium thanks to the incentive P; <1

Let us see an example that highlights this increment.

Example 5.2.1. Consider, for example, the simple case of the complete unweighted
graph of n nodes with agents sharing equal income w; = w and constants a; = «a, f; =
B. The unique Nash equilibrium q* in the original game formulation consists of n
equally contributing nod‘es, providing an amount of public good q; = 5%1
adding equal subsidies Py = Py <1 to the provision of public good, the unique Nash

Simply

equilibrium is shifted to ¢°* such that ¢i* = (BJF’:’;%. Since Py < 1, ¢f < ¢, so for
B

,8+zgm

and Q(¢°*) = nmiif‘z)&, which implies that the total aggregate public good provision

every agent the amount of public good at equilibrium is higher. Thus, Q(¢*) =n

increased of a positive amount: Q(¢**) — Q(q*) = n% >0

Subsidies can also be used to incentivize free-riding individuals to provide a
positive amount of public good. Consider, for example, the case in which the unique
equilibrium profile of the game is specialized. In some contexts, it may be preferable
for the game to converge to an internal equilibrium, in which all agents contribute
to the public good; to achieve such an equilibrium, a strategy could be subsidizing

non-contributors. Let us see some examples.

Example 5.2.2. Consider the public good game defined on the undirected un-
weighted line graph of 3 nodes. Take o = (%, %, %)T,B = (%, %,%)T and income
vector w = (3,2,3)T. Then, the unique Nash equilibrium is the specialized profile
¢ = (1.33,0,1.8)T. How to subsidize node 2 to make it a contributor? A strategy
could be the following. For the characterizing equation (3.18) of non-contributors,

2 € —C since
an Baws

——G.cqc >
ag+ P2 7 ag + B2

making Ga,c explicit, we get

Bawa
g + B2

(8%

—= (Go1q7 + Gozqi) >
a2+ﬁ2( 2197 + G23gqsz) >

Thus, in the subsidized game we could take Pq2 such that the best response of node 2
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for q* 5 is non zero, which means

Powz
(a2 + B2) P72+ B2

(Gq*)2]+ >0

doing the computations, we get the following condition for Pq2:

Baws
P2 2c
T 7 an(Gg*)a

A

Substituting the values of the equilibrium of the non subsidized game, we get Pq2 < 0.96.
Thus, we can define the corresponding subsidized game, i.e., with same o, 3, w, and

P, = (1,0.95, )T the unique Nash equilibrium is now
¢ = (1.32,0.02,1.79)7

which is very close to the previous q*, but node 2 contributes. Increasing the subsidy,
that is choosing a smaller Pq2, for example, Pq2 = (1,0.7, l)T, in the unique equilibrium

¢t = (0.92,0.75,1.5)T also the provision of node 2 increases.

Example 5.2.3. Consider the public good game defined on the star graph of
5 nodes. Take a0 = (%,%,i,i,%)T,B = (%,%,%,%,%)T and income vector w =
(5,3,2,3,2)T. Then, the unique Nash equilibrium is the specialized profile ¢* =
(0,2.14,1.2,2.14,1.2)T. To subsidize node 1 to make it a contributor, a strategy could
be the following. For the characterizing equation (3.18) of non-contributors, 1 € —C'

since
aq Brwy

ar + By a1 + B

Thus, in the subsidized game we could take qu such that the best response of node 1

Gi,cqc >

for ¢* is non zero, which means

ﬂlwl oy .
[(041 + £1) P} T+ B (Gg" )]+ >0

doing the computations, we get the following condition for qu:

Brwn
pl<« 7
7 o (Ggh

A

Substituting the values of the equilibrium of the non subsidized game, we get qu < 0.67.
Thus, we can define the corresponding subsidized game with P, = (0.66,1,1,1,1)T;

the unique Nash equilibrium is now
¢ =(0.09,2.12,1.16,2.12,1.16)7

in which node 1 contributes.

The previous examples hint that subsidizing non-contributors could move the

game to a unique internal equilibrium in the case of one free-riding agent. It is
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interesting to see what happens if there are more than one non-contributing nodes in

the equilibrium profile of the non-subsidized game.

Example 5.2.4. Consider the public good game defined on the undirected circle of 4
214 1\T g_(1112
5717573) 75 - (§7§717§
Then, the unique Nash equilibrium is the specialized profile ¢* = (0,0.67,0,0.55)7.

How to choose qu and qu such that nodes 1 and 3 contribute? Let us follow the strategy

nodes. Take a = ( )T and income vector w = (2,1,2,1)7.

of the previous examples and derive a bound for the subsidies of non-contributors, to

make their best response for the previous equilibrium non zero. For node 1 we get

Brwy
Pl —082
I a1 (Ggh
while for node 3
3 Baws
< ———=10.52
T a3(Ga*)s

Replicating the approach of the previous examples, we can define the corresponding
subsidized game with P, = (0.8,1,0.5, 1)T. However, for this game, the unique equi-
librium is ¢& = (0.74,0.14,0.85, 0)7, thus the strategy of subsidizing all contributors
is not efficient in this case, since it shifts too much the game equilibrium.

Let us try to only incentivize one of the two non-contributors. Subsidizing node
1, i.e., taking, P, = (0.8,1,1,1)T, in the new equilibrium ¢* = (0.05,0.65,0,0.51)T,
node 1 contributes while agent 3 still does not. On the other hand, providing a
subsidy only to node 3, i.e., taking P, = (1,1,0.5,1)T, the new game equilibrium
q: = (0.33,0.37,0.57,0.14)T is internal.

This example suggests that subsidizing only "the most non contributor", that is
the agent who requires a higher incentive not to free-ride, may be enough to make

everyone contribute.

Example 5.2.5. Consider the public good game defined on the undirected line
of 5 nodes. Take o = (%,%, %, %,%)T,B = (%,%, i, %,%)T and income vector w =
(2,3,2,3,2)T. Then, the unique Nash equilibrium is the specialized profile ¢* =
(0,1.8,0,1.88,0)T. How to choose qu, P; and Pq5 such that nodes 1,3,5 contribute?
Let us follow the strategy of the previous examples and derive a bound for the subsidies
of non-contributors, to make their best response for the previous equilibrium non zero.

For node 1 we get

Brw
Pl - —0.89
T a1 (Gg*)
for node 3
Paws
P3 < 22— (.82
¢ < a3(Gq*)3
for node 5
Bsws
PP < 22— 047
T a5(Gg*)s

Let us see what is the outcome for different strategies of incentives: take P; =
bound — 0.05
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o subsidizing agent 1: P, = (0.84,1,1,1,1)T gives

¢; = (0.07,1.77,0,1.88,0)”

o subsidizing agent 3: Py = (1,1,0.77,1, l)T gives

¢ =(0,1.75,0.13,1.83,0)T

o subsidizing agent 5: P, = (1,1,1,1,0.42)T gives

¢ =(0,1.8,0,1.8,0.23)7

o subsidizing agents 1,3: P, = (0.84,1,0.77,1,1)T gives

gt = (0.12,1.69,0.16,1.82,0)"

o subsidizing agents 1,5: P, = (0.84,1,1,1,0.42)T gives

¢: = (0.07,1.77,0,1.79,0.23)"

o subsidizing agents 3,5: Py, = (1,1,0.77, 1,0.42)" gives

¢ =(0,1.7,1.19,1.69,0.29)"

o subsidizing all agents 1,3,5: P, = (0.84,1,0.77,1,0.42)T gives the internal
equilibrium

q; = (0.14,1.65,0.23,1.68,0.31)"

On the contrary, in the last example providing an incentive only to some non-
contributors is not enough, and all free-riders must be subsidized to obtain the
internal equilibrium.

Thus, the naive strategies experimented in the examples do not provide a gen-
eralizable way to shift the unique specialized equilibrium of a game to an internal
one through incentives to non-contributing nodes. The difficulty probably lies in the
high dependency of the equilibrium profiles on the network of interconnections, as

well as on the different parameters «a;, 5;.

Proposition 5.2.2. For the subsidized game Ps, at equilibrium, for every contributing
agent © € C' the ratio of private provision and aggregate public good consumption is

linear if the incentive Py:
S
x.

7 _ 7

¢+ (Ge) B4

Proof. Every contributing agent ¢ € C' at equilibrium provides as amount of public

Q;
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good ¢; > 0 that is an internal maximum of his utility, which means that it holds

ou; &) =

Since

ous . . .
OZZ (@) = (wi — Pjgi)* (gi + (G9):)" ' (—uPi(qi + (Gq)i) + Bi(w; — Pjgi))

It is equivalent to
aiPy(af + (Ga*)i) = Bilwi — ;)

Recalling that the amount of private good in the subsidized game is x{ = (w; — SPl)

we get that the condition for contributing agents to be at equilibrium is exactly

xs
i —PZ
Qf + (Gqs)i Bz

O

Let us now see how this ratio is related to the social optimum for the non

subsidized game.

Proposition 5.2.3. ¢“ is the social optimum of the non-subsidized game P, if and
only if the ratio of aggregate public allocation and private provision for contributing

nodes © € C satisfies
4 + (G pi

where

14 z”:G”ﬁg J “)/(q}-‘ + (un)]:)

Proof. The social optimum maximizes the total aggregate welfare U(q). This is

equivalent for every ¢ € C to:

8%((1):0

Doing the computations

ou 0 & Ou;(q 8u,-(q)
= =0
dq; 9g\ 9 = 0q; JZ‘; g 8(11 dq;

It is equivalent to
(wi — @)™ Hai + (Gq)i)"H(—ai(q: + (Gq)i) + Bi(wi — ¢;))
=" GyiBi(wj — q;)% (g + (Gg);)
j=1

substituting the expression of the utility u;(¢) = (w; — ¢;)% (¢ + (Gq);)’% and
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T; = w; — q;, we get:

(e . “>/ (gf + (Gq");)
i(ai + (Ga)i) + i = Z@M )/(a" + (Gg"),)

rearranging the terms, we get

_ai (g +(Gg)i) (Gq &, Biui(e")/ (6 + (GgY);)
3 = 2 O g e+ @)

from which we obtain the thesis. O

Proposition 5.2.4. If ¢* > 0 social optimum of the non subsidized game P, then

q°* = q" Nash equilibrium of the subsidized game with incentives:

pi Biw;
T @y + Bi) + ai(Gg);

Proof. Given ¢ € x,, social optimum of the non subsidized game P, we want that,
for every agent 7 in the subsidized game, ¢} is her best response. For every agent ¢,

playing ¢;' > 0 as best response for ¢“; in the subsidized game is equivalent to

- Biw; Q (Gg")ils = Biwi Q;

= - — = - — Gui>0
K (i +Bi) Py i+ Bi (i + Bi) P} OéiJrﬂz‘( )

From this relation we derive the form of P; that makes agent 7 provide exactly g;":
Pj(ai+ Bi)gi = Biw; — ai(Gq"): P,

which is equivalent to
Plq (i + Bi) + ai(Gq™)i) = Biw

from which we get the thesis. O

Example 5.2.6. Consider the simple case of the non-subsidized game P = (G, w,n)

defined on the unweighted undirected line of two nodes. The adjacency matrix is
0 1
G = (1 0). Take o = (3,3)T,8 = (,1) and income vector w = (2,3)T. The

condition for the contractivity of the best response equilibrium is satisfied since
NG =047 < 1, thus the equilibrium is unique and globally asymptotically stable. For

the non subsidized game, it is the specialized profile
=(0,1.8)T

Let us now consider the aggregate welfare U(q) = ui(q) + u2(q). For the unique

equilibrium of the non subsidized game the aggregate welfare is
U(g*) =2.76
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Plotting U on xw = [0,2] x [0, 3], it is evident that it is concave (see Figure 5.1), and

thus has a unique maximum, the social optimum
¢“ = (1.12,1.68)7

Using Proposition 5.2.4, we define the subsidized game Py = (G, w®,n®) with incentives

pl_ Brwy _ Brwy 043
T ¢ar+B1) +ai(Gg)r (o + Br) + oagy
and
p2_ Paws _ Baws 085

T (g + P2) + aa(Gq)2 g8 (az + B2) + aaqy

Then, the unique globally asymptotically stable equilibrium of the subsidized game is
s =4q

having aggregate welfare
Ulgs) = U(q") = 3.03

Social optimum q" and equilibra of P ,and of Py

® " social optimum

U(a,. g,)

Figure 5.1: Aggregate welfare U for the line of two nodes, with social optimum ¢“,
equilibrium ¢* of P and ¢} of Ps

5.3 Redistribution

Consider an external planner with redistributive capacity: given a total amount
of income W, she must choose how to split it among nodes to maximize the total
aggregate welfare. Since the utilities depend on w, U can be seen as a function of
the income vector, U(w) = Y./ u;(w). Then, the redistribution problem can be

formulated as finding the optimal w* st

w* € argmax U(w)
weRY,
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n
stZwi =W
i=1

Assuming that the contractivity condition holds, 2G < 1, we know that for every
income vector w > 0 there exists a unique globally asymptotically stable equilibrium.
Then, if U is concave in w, a unique maximum w* of the total aggregate welfare exists
and choosing as income vector w* the game globally converges to it. Let us see some
simple examples for the game with Cobb-Douglas value functionsP = (G, w, n(«, 3)).

We begin with the case of two nodes.

Example 5.3.1. Consider the redistribution problem on the unweighted complete
graph (undirected line) of two nodes, where the contractivity condition is satisfied.
Thus, there exists a unique globally asymptotically stable equilibrium for the game
P = (G,w,n(, B)) for every income vector w € R%,. Given the total amount of
income W, we are interested in the form of U as the income vector w varies. Under
the constraint wi + wy = W, for the game with two agents, the aggregate welfare

actually depends only on wy:
U(w) = U(wlv W — wl) = Ul(U)l) + UQ(W — wl)

So, for every vector w = (w1, W — w1), we compute the unique Nash equilibrium for
the game and evaluate the total aggregate welfare on the equilibrium point.

Let us take W = 5 and see some examples. Starting with the game P =
(G,w,n(a, B)) in which a; = «a, ; = B, consider different cases; As wy € [0, W]
varies, the unique equilibrium takes different forms. In Figure 5.2, it is possible to
see the aggregate welfare U as a function of the income vector, colored depending on

the set of contributors at equilibrium.

e For a = 8 = 0.5 the mazximum of aggregate welfare is U* = U(w*) = 3.42,
reached for the two symmetric and imbalanced income vectors w} = (1.06,3.94)7
and wi = (3.94,1.06), where the Nash equilibrium is, respectively, the specialized
profile ¢t = (0,1.97)" and ¢5 = (1.97,0)7".

o In the case a = 0.2 < = 0.7, U* = U(w*) = 4.5 is attained at income
vectors wi = (0.52,4.48)" and wj = (4.48,0.52)T, where the Nash equilibrium
is, respectively, the specialized qf = (0,3.48)T and ¢4 = (3.48,0)T.

e For a =0.8 > =0.1, the mazimum aggregate welfare is U* = U(w*) = 3.52,
reached for wi = (1.88,3.12)T and w} = (3.12,1.88), where the Nash equilibrium
is, respectively, the specialized profile ¢f = (0,0.35)T and ¢5 = (0.35, O)T.
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Aggregate welfare U(w‘, W-w1)with W=5, a =0.5, 8 =0.5 Aggregate welfare U(w‘, W-w1) with W=5, a =0.2, 8 =0.7

(a) a=p=05 (b) a=02<p8=0.7

Aggregate welfare U(w1, W-w|) with W=5, a =0.8, g =0.1

(c) a=08>p=0.1

Figure 5.2: Aggregate welfare U(w) as a function of wy, W — w; for various values
of the parameters «, 8 in the game P on the directed line of 2 nodes

A similar behavior is also observed for the game P = (G, w,n(«, 5)) with different
values of «;, B; for the two nodes. The plot of the aggregate welfare in this more

general case is reported in Figure 5.3.

o When o = (0.25,0.33)7, 8 = (0.2,0.5)7, the unique mazimum of the aggregate
welfare is U* = U(q*) = 3.03, reached at w* = (0.64,4.36), where the Nash
equilibrium is the specialized q* = (0, 2.62)T.

o symmetrically, when o = (0.33,0.25)7, 3 = (0.5,0.2)7, the unique maximum of
the aggregate welfare is still U* = U(qg*) = 3.03, reached at w* = (4.36,0.64),
where the Nash equilibrium is the specialized ¢* = (2.62,0)7.
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Aggregate welfare U(w‘, W-w1) with W=5, o =(0.25,0.33) § =(0.2,0.5) Aggregate welfare U(w1, W-w‘) with W=5, a =(0.33, 0.25) 8 =(0.5,0.2)
3.2 T T T T T T T T T 3.2 T T T T T T T T T
3t — 3 *
2.8 1 28
26 q 26
¥ o4l 1 £ 2s
= =
5 22 3 22
=} =)
2r 2
181 c-f2) 18 C={2}
c={1.2) C={1.2)
1.6 c={1) 16 C={1}
*  Uw) *Uw)
14 14
0 0.5 1 15 2 25 3 35 4 4.5 5 0 0.5 1 1.5 2 25 3 3.5 4 45 5
w. w
1 1
— T — T — T _ T
(a) a = (0.25,0.33)7, 8 = (0.2,0.5) (b) o = (0.33,0.25)7, 3 = (0.5,0.2)

Figure 5.3: Aggregate welfare U(w) as a function of w;, W — w; for various values
of the parameters «;, 5; in the game P on the directed line of 2 nodes

In all the cases, U is concave on each set of contributors, but not globally.
Moreover, the maximum of the total aggregate welfare is obtained when only one node

contributes, thus when the unique Nash equilibrium is specialized.
Let us now extend the previous example to the complete graph of three nodes.

Example 5.3.2. Consider the redistribution problem on the unweighted complete
graph of three nodes, where the contractivity condition is satisfied. Thus, there exists
a unique globally asymptotically stable equilibrium for the game P = (G, w,n(a, B))
for every income vector w € Rio. Given the total amount of income W, we are
interested in the form of U as the income vector w varies. Under the constraint
w1 +we +w3z = W, for the game with three agents, we have that the aggregate welfare

actually depends only on wy,ws:
U(w> = U(wlyw% W —w; — wz) = ul(wl) + UQ(UJQ) + ug(W —wy — ’u)Q)

So, for every vector w = (wi,wy, W — w1 — we), we compute the unique Nash
equilibrium for the game and evaluate the total aggregate welfare on the equilibrium
point.

Let us take W = 5 and see some examples. Consider first the game P =
(G,w,n(a, B)) in which a; = «,B; = B; as (w1, ws) € [0, W] x [0, W] varies, the
unique equilibrium takes different forms. The plots show the aggregate welfare U as a

function of the income vector under the constraint.

e In the symmetric case where a = 8 = 0.5, reported in Figure 5.4, the unique
mazimum of the aggregate welfare is U* = U(w*) = 4.04, reached when the
income vector is the imbalanced w* = (3.62,0.70,0.67)T or one of its 6 perturba-
tions, and the Nash is the specialized profile where the node with highest income

is the only contributor and provides g = 1.81, in this case gx = (1.81,0,0).
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Aggregate welfare U(w,, w,, W-w,-w,) with W=5, o' =3 =0.5 Aggregate welfare U colored wrt contributor set at eq

L.J(w1 ,wz,W-w1 «w2)

(a) Aggregate welfare plot for a = 8 =0.5 (b) Aggregate welfare plot colored wrt
contributor sets for « = 5 =0.5

2D scatter of U colored wrt contributor set at eq

® C={1}
C={2}
C=(3}
C={1,2}
C={1,3}
C=(2,3}
c=(123)

0 0.5 1 1.5 2 25 3 35 4 4.5 5

(c) Aggregate welfare scatter plot colored
wrt contributor sets for « = = 0.5

Figure 5.4: Aggregate welfare U(w) as a function of wy,we, W — wy — we for
o = =0.5 in the game P on the directed line of 3 nodes

e In the case o = 0.2 < § = 0.7, reported in Figure 5.5, the aggregate welfare
has mazimum value U* = U(w*) = 6.08, with imbalanced income vector
w* = (0.34,0.34,4.33)T (or one of its 3 perturbations) and Nash the specialized
profile ¢+ = (0,0,3.37)T (or one of its & perturbations).
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Aggregate welfare U(w,, w,, W-w,-w,) with W=5,  =0.2,5 =0.7 Aggregate welfare U colored wrt contributor set at eq

z

E& 45 |
(a) Aggregate welfare plot for a = 0.2 < (b) Aggregate welfare plot colored wrt
B8 =07 contributor sets for « = 0.2 < 8 =0.7

2D scatter of U colored wrt contributor set at eq

® C={1}
C={2}
C=(3}
C={1,2}
C={1,3}
C=(2,3}
c=(123)

0 0.5 1 1.5 2 25 3 35 4 4.5 5

(c) Aggregate welfare scatter plot colored
wrt contributor sets for « = 0.2 < 5 =0.7

Figure 5.5: Aggregate welfare U(w) as a function of wy,we, W — wy — we for
a=0.2 < =0.7in the game P on the complete graph of 3 nodes

e In the case a = 0.8 > 8 = 0.1, reported in Figure 5.6, the maximum of the
aggregate welfare U* = U(w*) = 3.77 is obtained with income vector w* =
(1.21,1.21,2.58)T (or one of its 3 perturbations), where the Nash equilibrium is
the specialized ¢* = (0,0,0.29)T (or one of its & perturbations).
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Aggregate welfare U(w,, w,, W-w, -w,) with W=5, o =0.8,3 =0.1

Aggregate welfare U colored wrt contributor set at eq

C=(123)

U(w' ,wTW-w1 -w2)

w 0 o ”
(a) Aggregate welfare plot for « = 0.8 > (b) Aggregate welfare plot colored wrt
B8=0.1 contributor sets for « = 0.8 > 5 =0.1
2D scatter of U colored wrt contributor set at eq
e c
® c-2
c={3)

e c-(1.2

o {13

o Cc=23)

® C-{123)

0 0.5 1 1.5 2 25 3 35 4 4.5 5

Wi

(c) Aggregate welfare scatter plot colored
wrt contributor sets for a = 0.8 > 8 =0.1

Figure 5.6: Aggregate welfare U(w) as a function of wy,we, W — wy — we for
a=0.8> 5 =0.1in the game P on the complete graph of 3 nodes

In all the cases, U is concave on each set of contributors, but not globally. Moreover,
the maximum of the total aggregate welfare is obtained with a strongly imbalanced
income vector, which leads to only one contributing node at equilibrium.

Let us also see what happens in the more general game P = (G, w,n(«, 8)) with
different parameters o, ;. Consider, for example, o = (0.33,0.25,0.66)7;3 =
(0.5,0.2,0.75)T; . The plot of the aggregate welfare is reported in Figure 5.7. In
this case the maximum of U is unique and it is U* = U(q*) = 4.99, obtained with
income vector w* = (0.30,0.17,4.53)7, where the unique Nash equilibrium is again
specialized, ¢* = (0,0,2.4)T
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B Aggregate welfare U(w,, w), W-w,-w,) with W=5, o, 3, Aggregate welfare U colored wrt contributor set at eq
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(a) Aggregate welfare plot for a = (b)  Aggregate welfare plot col-
(0.33,0.25,0.66)7; 3 = (0.5,0.2,0.75)7; ored wrt contributor sets for o =

(0.33,0.25,0.66)7; 3 = (0.5,0.2,0.75)7;

2D scatter of U colored wrt contributor set at eq

® c
o c-
C=(3}
c=(1.2)
C=(13)
c=(23)
C={1.2.3)

0 0.5 1 1.5 2 25 3 35 4 45 5

1

(c) Aggregate welfare scatter plot col-
ored wrt contributor sets for a« =
(0.33,0.25,0.66)7; 8 = (0.5,0.2,0.75)7;

Figure 5.7: Aggregate welfare U(w) as a function of wy,we, W — wy — wy for
a = (0.33,0.25,0.66)7; 3 = (0.5,0.2,0.75)7; in the game P on the complete graph of
3 nodes

Let us now see a less symmetric example and consider the undirected line of three

nodes.

Example 5.3.3. Consider the redistribution problem on the unweighted undirected
line of three nodes, where the contractivity condition is satisfied. Thus, there exists
a unique globally asymptotically stable equilibrium for the game P = (G, w,n(a, B))
for every income vector w € R3>0. Given the total amount of income W, we are
interested in the form of U as the income vector w varies. Under the constraint

w1 + wy + wg = W, the aggregate welfare actually depends only on wi, wsy:
U(w) = U(w17w2; W —w; — wz) = ul(wl) + ’LLQ(wg) + ug(W — w1 — 'UJ2)

So, for every vector w = (wi,wy, W — w1 — we), we compute the unique Nash
equilibrium for the game and evaluate the total aggregate welfare on the equilibrium
point.

Let us take W =5 and see some examples. Consider the game P = (G, w,n) in
which a; = «, B; = B; as (wy,wa) € [0, W] x [0, W] varies, the unique equilibrium
takes different forms. The plots report the aggregate welfare U as a function of the
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income vector under the constraint.

e In the symmetric case where a = = 0.5, reported in Figure 5.8, the mazimum
of aggregate welfare is U* = U(w*) = 4.04, reached for w* = (0.71,3.59,0.71)T
where the Nash equilibrium is the specialized ¢* = (0,1.79,0)7.

Aggregate welfare U(W1’ War W-w‘-wz) with W=5, o =5 =0.5 Aggregate welfare U colored wrt contributor set at eq

U(w1 W, W-w, -w2)

(a) Aggregate welfare plot for o = 8 =0.5 (b) Aggregate welfare plot colored wrt
contributor sets for « = 5 =0.5

2D scatter of U colored wrt contributor set at eq

° c»
e c-(1.2)
o c(1.3
C=(23)
e c-{123)

25 35 4 4.5 5

1

(c) Aggregate welfare scatter plot colored
wrt contributor sets for o = 5 = 0.5

Figure 5.8: Aggregate welfare U(w) as a function of wy,we, W — wy — wy for
a = = 0.5 in the game P on the undirected line of 3 nodes

e In the case a = 0.2 < § = 0.7, reported in Figure 5.9,the maximum of the
aggregate welfare is U* = U(w*) = 6.08, reached for w* = (0.35,4.29,0.35)7
where the Nash equilibrium is the specialized ¢* = (0,3.34,0)7.
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Aggregate welfare U(w1, Wy, W-w1 -W,

) ith W=5, o =0.2,6=0.7

Aggregate welfare U colored wrt contributor set at eq

(a) Aggregate welfare plot for a = 0.2 < (b) Aggregate welfare plot colored wrt
8=0.7 contributor sets for a« = 0.2 < § =0.7

2D scatter of U colored wrt contributor set at eq

° c-2
® C={12}
o c-(1.3
C=(23)
® C={123)

(c) Aggregate welfare scatter plot colored
wrt contributor sets for « = 0.2 < 5 =0.7

Figure 5.9: Aggregate welfare U(w) as a function of wy,we, W — wy — we for
a=0.2 < =0.7 in the game P on the undirected line of 3 nodes

e In the case « = 0.8 > B = 0.1, reported in Figure 5.10, the mazximum of the
aggregate welfare is U* = U(w*) = 3.72, reached for w* = (1.58,1.81,1.61)7
where the Nash equilibrium is the internal ¢* = (0.001,0.2,0.01)7".
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Aggregate welfare U(w,, w,, W-w,-w,) with W=5, o: =0.85=0.1 Aggregate welfare U colored wrt contributor set at eq
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(a) Aggregate welfare plot for « = 0.8 > (b) Aggregate welfare plot colored wrt
8=0.1 contributor sets for a« = 0.8 > 5 =0.1

2D scatter of U colored wrt contributor set at eq

o c-(1.3
45 ® C={123}
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(c) Aggregate welfare scatter plot colored
wrt contributor sets for a = 0.8 > 8 =0.1

Figure 5.10: Aggregate welfare U(w) as a function of wi,wq, W — wy — wq for
a=10.8 > =0.1in the game P on the undirected line of 3 nodes

In the first two cases, where o < 3, the maximum welfare at equilibrium is obtained
with an imbalanced income vector w*, that pushes the node with highest income to be
the only contributor at equilibrium. In the third case, where o > 3, the total income
W is more equally spread between the nodes at w*; indeed, even though the Nash
equilibrium is internal in this case, the contributions to the public good at equilibrium

are imbalanced.

The previous examples hint that the total aggregate welfare U is not concave
of the set of possible income vectors, but it may be possible to prove that it is
concave on each set of vectors w that results in a subset of contributing agents at
equilibrium. Moreover, the initial investigation suggests that the income vectors
maximizing the total aggregate welfare may be multiple for a given redistribution
problem, are imbalanced in the amount of income provided to each individual and
often correspond to a specialized equilibrium profile, where the only contributing
node is the one with higher income.

It may be interesting to further study whether these preliminary observations
can be established in general or under particular hypothesis on the graph and on the

value function parameters «;, ;.
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Chapter 6

Conclusions

Public goods lie at the core of many social, economic, and political processes. Defined
as non-rivalrous and non-excludable resources, they are often enjoyed only by a subset
of the population and are thus referred to as local. Since benefits are shared, each
person faces the difficult choice of whether to contribute or to rely on others’ efforts.
This makes it relevant to ask under which conditions cooperation can be expected,
and when instead people act selfishly, relying on others’ contributions.

This thesis investigates local public good provision through the lens of networked
game theory, aiming to understand how interconnections influence contributions, the
properties of equilibrium outcomes, and the possibility to improve their efficiency
through external interventions.

We consider network games defined on weighted and directed graphs. Heteroge-
neous agents, differing in income level, preference structure, and effort cost, must
allocate income between private consumption and contributions to a public good.
Every player benefits from her own provision of private good and from her and
her neighbors’ provision of public good through the value function. Of particular
importance is the linearity property of value functions, which simplifies the analysis
and allows for a tractable characterization of equilibria. The thesis establishes contri-
butions concerning the existence, uniqueness, and stability of Nash equilibria in this
framework. As a preliminary step, we derive and analyze best response functions
and their monotonic, saturated structure.

First, we prove the existence of Nash equilibria for the general game and character-
ize equilibrium profiles when the linearity property holds. Also, we derive conditions
ensuring the presence of two relevant types: internal and specialized equilibria.

Second, we obtain a sufficient condition for the uniqueness of the Nash equilibrium
in the general game setting. Under the linearity property, it reduces to a bound on
the lowest eigenvalue of the symmetrized per-row rescaled adjacency matrix.

Third, we study the asymptotic behavior of both the discrete- and continuous-time
best response dynamics. A sufficient condition for the contractivity of the synchronous
best response function, based on a Lipschitz property, ensures the uniqueness of the
equilibrium and the global asymptotical stability of the two dynamical systems to it.

This condition, consisting in constraining the dominant eigenvalue of the per—row
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rescaled adjacency matrix, relates once again the game equilibrium and the spectrum
of the graph. We then focus on the asymptotic behavior of the continuous-time
dynamics under weaker assumptions and prove the global stability of the equilibrium
when the less restrictive uniqueness condition holds.

The final part of the thesis explores the possible inefficiency of equilibrium
outcomes. We propose two efficiency metrics -total aggregate welfare and aggregate
public good provision- to evaluate equilibrium performance and suggest two potential
intervention strategies: subsidies to incentivize higher provisions and number of
contributing agents and redistribution to reallocate income across players to move
the system towards socially optimal equilibria.

An important feature of the developed model is that it unifies and extends
previous results, generalizing the analysis to directed and weighted networks with
heterogeneous agents and nonlinear utilities. Building on strategies from [13], [10]
and [16], it exploits quadratic utilities and exact potential games to characterize
equilibrium profiles, study continuous-time dynamics, and formulate uniqueness
and stability conditions. Overall, the results either generalize prior findings or
confirm them from a broader framework. A key novelty lies in linking uniqueness
and stability through the contractivity of the synchronous best response function,
extending previous results to more complex network structures.

This thesis highlights the crucial role of network structure in shaping collective
outcomes. Weighted and directed connections allow for heterogeneous and asymmetric
externalities, reflecting many real-world situations. Spectral conditions for uniqueness
and contractivity link mathematical properties of the network to agents’ behavior,
while applying to a broad framework with diverse agents and nonlinear utilities.
From a practical perspective, the insights of this work help in understanding group
behavior when facing problems such as vaccination campaigns, the coordination
of community projects, or the diffusion of innovations and information in social
networks. At the same time, the research presents limitations. The focus on value
functions under the linearity property restricts the setting, but makes a more precise
analysis possible. The study of symmetric networks in some cases limits the use of
the results in more general directed settings. The assumption of perfectly rational
agents with full information may not always be realistic. These restrictions suggest
caution in interpreting the results, while also pointing to opportunities for further
research.

Future work could investigate the discrete-time dynamics when not contractive,
including the possibility of limit cycles arising. Another natural direction is the
relaxation of the linearity property and the subsequent study of equilibria for more
general classes of value functions. Additionally, the proposed intervention strategies
could serve as starting points for developing practical methods to improve efficiency,
and further studies could examine how network modifications, such as adding,
removing, or reweighting links, affect equilibrium outcomes.

In conclusion, this thesis contributes to the understanding of local public good

provision in networked environments by formalizing a general model, establishing
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results on equilibrium existence, uniqueness, and stability, and proposing preliminary
mechanisms to enhance efficiency. Beyond its technical contributions, the work
highlights the deep connection between network structure and collective behavior,
and opens the way to future studies at the intersection of game theory, network

science, and public economics.
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Appendix A

Constrained maximization of

concave functions

In this section, we derive some general mathematical results that do not concern the
game directly and that will be used to make proofs.

Initially, in a technical Lemma, we first prove that there exists a unique function
solving a constrained maximization problem for the value function and then we
characterize the first derivative of such function. Finally, we define the linearity

property of the value function.

Lemma A.0.1. Let 1 : R3,\{(0,0)} — R be a C?, strictly concave function st
Vao,y >0

9n(0,y) _ 9n(0,y)

Oz = Dy (A-1)
On(z,0) _ In(z,0)

Ox = dy (4.2)

then, there exists a unique function k : (0,4+00) — (0,+00), k € C* st

n(k(z),z — k(z)) = o) 8£1§:Z’Z>On(w,y) (A.3)
k(z) <zVz>0 (A4)
P (k(z), 2 — k(2)) — 20 (k(z2), 2 — k(=
Kz = o8 (k(2), 2 = k(2)) — g, (k(2), 2 — k(2)) (A5)

Gh(k(2), 2 — k(2)) — 2508 (k(2), 2 — (2)) + §H(k(2), 2 — k(2))

Proof. For z > 0, consider the function p : [0, 2] — R, defined as p(z) = n(z,z—x). It

follows from the assumptions on 7 that p is of class C? and strictly concave. Moreover,

Then, for assumptions (A.1) and (A.2) it holds p'(0) > 0 and p'(z) < 0. Standard

calculus arguments imply that p has a unique maximum point, that is a stationary
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point. We call such a point k(z):

p(k(2)) = Jnax, p(z)

which, for the definition of p, is equivalent to the optimization problem (A.3). This
defines the function k : (0, 4+00) — (0, +00), having the property k(z) < z.

We are now left with proving the regularity of k. To do this, we introduce the function
of two variables f : D — R, with D = {(z,2) : 2 > 0,z € [0,2]} C R% f is defined as

f(x,z)Z%(w,z—x):%(x,z—x)—f(:v,z—x)

Notice that for every z > 0, by previous considerations, it holds that f(k(z),z) = 0.

Moreover, f is of class C' and

0 0,0 0
o (0.2) = g (5o~ 2) = w2 = ) =

% &n B &

1
where H,, is the Hessian matrix of 7 and v = < ) Then, for the strict concavity

of n, for every (x,z) € D

gi(x, z) <0

We can apply the Implicit function theorem and deduce that k is C' on its domain
and of

Lk

kl(z) — g;( (2)72)

5z (k(2), 2)

since
of 0 ,0n 0%n 0?

= Oy = Dy o)) = )= I
g(a:,z)—az(ax(x,z x) 8y(m,zz I))_Bxay($’z x) 8y2($,z x)

Explicitly writing &’

¥z = P (k(2), 2 — k(2)) — 2 (k(2), 2 — k(2))

TR (k(2), 2 — k(2)) — 258 (k(2), 2 — (2)) + SH(k(2), 2 — k(=)

the proof is complete. O

We now consider an extension of Lemma A.0.1 that is particularly useful in

certain applications.

Lemma A.0.2. Let 7 : R\{(0,0)} = R be a continuous function, C* on (0,+00),
satisfying the following properties:

108



Appendiz A

1. for every (z,y) € (0, +00)?

vTH,(z,2 —2)v <0 (A.6)

1
where H,, is the Hessian matriz of n and v = ( 1)

2. for every x > 0,y > 0 the following limit conditions hold:

Inle,y)  Onley)

li > A.
Jm —— oy >0 (or +00) (A.7)
- On(z,e)  On(z,e€)
- < - .
61_1>I(I)l+ D oy = 0 (or —o0) (A.8)

then, there exists a unique function k : (0, 4+o00) — (0,+00), k € Ct st

n(k(z), z = k(2)) = max n(z,y)
(z,y): st z+y=z,2>0

k(z) <2V 2z2>0

P (k(2), 2 — k(2)) — 2o (k(2), 2 — k(2))

TR (k(2), 2 — k(2)) — 2404 (k(2), 2 — k(2)) + TH(k(2), 2 — k(2))

Proof. The proof of Lemma A.0.1 still holds for the less restrictive hypothesis on 7.
In particular, assumption (A.6) is equivalent to the strict concavity of the function
x +— n(z,z — x), while (A.7) and (A.8) are extensions of (A.1) and (A.2). O

Remark A.0.1. Notice that if for every x,y > 0 it holds

%( ) — 9%
oy? oY Oxdy

(x,y) <0

then k'(2) > 0, ie k is a strictly increasing function.

To prove it, recall that

P (k(2), 2 — k(2)) — g (k(2), 2 — K(2))
G (k(2), 2 — k(2)) — 28245 (k(2), 2 — k(2)) + $H(k(2), 2 — k(2))

and that the denominator is negative since it can be written as

T H,(z,2 — 2)v

1
forv = ( 1). Then k'(z) > 0 if the numerator is also negative. It is the case if for
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every T,y € |?22(]\{(07 0)} it holds

0?n 0%n
! <

Definition A.0.1. Let 7 : RQZO\{(O,O)} — R be a C2, strictly concave function st for
every x,y > 0
9n(0,y) _ 9n(0,y)
or — 0Oy

and
on(x,0) _ On(x,0)
or — 0Oy

Denote k the function k : (0,4+00) — (0,400), k € C* st

k(2), 2 — k() =
n(k(2),2 = k(z) = - max n(Ey)

n is said to satisfy the linearity property L if there exists k > 0 st k'(2) = k.

Remark A.0.2. The same definition is also valid if ) satisfies the less restrictive
hypothesis of Lemma A.0.2.

Proposition A.0.3. 7 satisfies the linearity property L if and only if there exists

k>0 st
T T

() s (1) =22 s (1)

Proof. Recall the expression of k'(z) (see Lemma A.0.1, eq (A.5)):

P ((2), 2 — k(2)) — L0 (k(2), 2 — k(2
P = a8 (k(2), azk( ) = azay (K(2), a2k( )
oat (k(2), 2 = k(2)) = 25,5, (k(2), 2 — k(2)) + 53 (k(2), 2 — k(2))

Then, if 5 satisfies L for k > 0 then &’(z) = k, which can be written as

3

0%n %7 - 02 0%n 0%n
87y2($7y) - axéy(x’y) = k(ﬁ(%y) - 28:n8y(x’y) + 87y2(957y))

X

Using the vector notation and the Hessian matrix of 7, we get an equivalent definition

of the property L:
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Examples of value functions

In this section we provide results on some particular forms that the value functions
may assume and that satisfy the game hypothesis. In addition, we make a few
examples of value functions using both the general hypothesis and these results and
derive their best response functions.

Let us consider some particular cases of value functions r; that guarantee that
the game with utilities u;(q) = n;(w; — ¢;, ¢ + (Gq);) is a public good game. Together,

we provide some practical examples.

Proposition B.0.1. Consider a game defined on a graph G = (N, &, G), an income
vector w € RZy, and value functions n; : RE0\{(0,0)} — R of the form n;(x,y) =
fi(x)gi(y), with fi,g; : [0,+00) — [0, 4+00) twice continuously differentiable, strictly
increasing, strictly concave and st f;(0) = g;(0) = 0 for every i. Then, the game
P = (G, w,n) with utilities u;(q) = n;(w; — gi, ¢; + (Gq);) is a public good game. k;(z)

for every i and for z > 0 is obtained through the relation

fi(@)gi(z — z) — fi(z)gi(z — ) =0

Proof. In general, n; is not strictly concave in RZ,\{(0,0)}, so let us verify that the

less restrictive assumptions of Remark 3.1.1 hold. For every ¢

e n; continuous function, C? on (0,+oc), being f; and g; twice continuously

differentiable and positive.

fl(@)gi(y)  fi(x)gi(y)
fl(@)giy)  filx)g] (v)

) it holds:

o the hessian matrix is H,, (z,y) = [ , so for every (z,y) €

1
(0, +00)? and for v = (

vTHy, (z,y)v = f(2)gi(y) — 2/(2)gi(y) + fi(z)g! (y) < O

o hypothesis (3.5) and (3.6) are satisfied: for every z,y > 0

i 2miley)  Omiley) _ Omi
e—0t Oz dy ox

0.) - G209
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= 9i(y) fi(0) = f:(0)gi(y) = gi(y) f{(0) > 0
and
lim on;(x,€) B oni(x,€)
e—0+t  Ox oy
= O ,0) = D (,0) = gu(0) (@) — £i(2)g}(0) = —Fi(w)gl(0) < 0
Oz 5 ay y ) 7 7 i >

o finally, we verify (3.8): for every (z,y) € RQZO\{(O, 0)}

327%
Oy?

(#:0) ~ oo ) =

fi(x)gi(y) <0

fi(x)gi' (y) -

So, we have proved that the game with value functions n;(x,y) = fi(z)gi(y) is a
Public good game.
To derive the relation for k;, recall that it is the unique solution, for a given z > 0,

to:

ni(k(z),z — k(z)) = max. nz(

0<z 2= )

Then, k;(z) is obtained by solving

O]

Proposition B.0.2. Consider a game defined on a graph G = (N, &, G), an income

RQZO\{(O,O)} — R of the form n;(z,y) =
[0, +00) strictly increasing, strictly concave and

fi().
(Gq);) is a public good game. k;(z)

vector w € RY,, and value functions n; :
fi(x) + gi(y), with f;,g; : [0, +00) —
st for every z,y = 0 £1(0) = gl(y) and g)(0) =
P = (G,w,n) with utilities u;(q) = n;(w; — ¢, ¢; +

for every i and for z > 0 is obtained through the relation

Then, the game the game

fi(z) = gitz =) =0

Proof. First, let us see that the value functions satisfy all the assumptions. For every
i

e 1); is twice continuously differentiable and strictly concave: the hessian matrix

Py P "
U (x 0
is Hy (z,y) = | % 90y| — fi @) , so that is eigenvalues are
Ni \**> 0°n; ?n; 0 "
Oz0y Oy? 9; (y)

f{(z) <0 and g{(y) < 0.

o hypothesis (3.2) and (3.3) are satisfied: for every z,y > 0

8ni 37h

2L(0.9) = SE0.) = £10) ~ 6il) 2 0
and 5 5

i i

2 0,0) = S (2,0) = 1{(x) — 60) < 0
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o finally, we verify (3.8): for every (z,y) € RQZO\{(O, 0)}

% %

— =g’

So, we have proved that the game with value functions n;(z,y) = fi(z) + gi(y) is a
Public good game.

To derive the relation for k;, recall that it is the unique solution, for a given z > 0,
to:

mlk(),2 = k() = max m(x. 2~ )

Then, k;(z) is obtained by solving

O]

Remark B.0.1. If fi(z) = gi(x), then the assumptions f/(0) > g.(y) and g}(0) >
fl(z) for every x,y > 0 follow directly from the concavity of the functions.

Example B.0.1. Sum of square roots value function
Consider a game defined on a graph G = (N, E,G), an income vector w € R, and
value functions n; : RQZO\{(O, 0)} — R of the form:

n(z,y) =vVe+1+y+1

The value function can be written as n(z,y) = f(x)+g(y), with f(z) = g(z) = vz + 1.
Being f and g strictly increasing and concave and st f'(0) > ¢'(y) and ¢'(0) > f'(z)
for every x,y > 0, for Proposition B.0.2, the game P = (G,w,n) is a public good
game. k(z) is obtained by solving f'(x) — ¢'(z — x) = 0:

1 1
_ —0
2Vr+1 2yz—x+1

that is equivalent to
z—x4+1—(z+1)=0

which implies

Example B.0.2. Sum of logarithms value function
Consider a game defined on a graph G = (N, €, G), an income vector w € RZ,, and
value functions n; : RQZO\{(O, 0)} — R of the form:

n(z,y) =log(xz + 1) + log(y + 1)

The value function can be written as u(z,y) = f(z) + g(y), with f(z) = g(x) =
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log(x 4+ 1). Being f and g strictly increasing and concave and st f'(0) > ¢'(y) and
g (0) > f'(z) for every x,y > 0, for Proposition B.0.2 the game P = (G,w,n) is a
public good game. k(z) is obtained by solving f'(x) — ¢'(z — x) = 0:

1 (N
r+1 z—2x4+1

which implies

Now, let us see two examples of value functions that do not take one of the forms
presented above and for which we directly prove the fulfillment of the less restrictive

game hypothesis of Remark 3.1.1.

Example B.0.3. Logarithm of sum value function
Consider a game defined on a graph G = (N, E,G), an income vector w € RZ;, and
value functions n; : RQZO\{(O, 0)} — R of the form:

ni(z,y) = log(zy + 1)

In general, n; is not strictly concave in RE,\{(0,0)}, so let us verify that the less

restrictive assumptions of Remark 3.1.1 hold.

e 1; continuous function, C* on (0, +00).

i 1
(zy+1)?  (zy+1)?
1 a2
(zy+1)2 (zy+1)2

1 ) it holds:
1

o The hessian matriz is H,,(z,y) =

] , so for every (z,y) €

(0, 4+00)? and for v = (

T y? 2 a?
H,, —_ — _ 0
CH @Y= T TR T Gy 2 @y )R

o hypothesis (3.5) and (3.6) are satisfied: for every x,y >0

Oni(e,y)  Omi(e,y) _ Imi(0,y)  Omi(0,y)

li =y =
S0+ Oz dy Ox oy y=0
and 0 9 oni(x,0)  Oni(,0
lim ni(wvf) N 771‘(3776) _ 77i(£? ) N 77z‘(37: ) =<0
e—0t Oz oy oz oy
o finally, we verify (3.8): for every (z,y) € RZ,\{(0,0)}
&n; &n; ? 1
Oy? (z,9) - Oxdy (z,4) = C(zy+1)2 (zy+1)2 <0

So, we have proved that the game with value functions n(x,y) = log(zy + 1) is a
Public good game.
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To derive the relation for k;, recall that for every i it is the unique solution, for a

given z > 0, to:

ni(ki(2),z — ki(z)) = max n;(x,z — x)

0<z<z

Then, k;i(z) is obtained by solving

dn; z—2x

2l — ) = -0

dar(x’z ) zr—a2+1
which implies

z
x=ki(z) = 3

Then, for Proposition 3.2.2, for every i the best response is uniquely defined and has
the form:
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