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Summary

Serial Multicode Direct Sequence Spread Spectrum (DSSS) was originally introduced
by Garello [1], who showed how embedding alternative spreading codes in a pilot
channel can provide additional information to expedite synchronization tasks, such
as resolving ambiguities in code phases. Building upon this idea, this thesis offers
the following contributions:

Analytical Error Performance and Upper Bound for Serial Bicode/-
Multicode DSSS: While the error probability under incoherent demodulation
was originally presented by [1], we derive closed-form expressions for the error
performance of Serial Bicode DSSS signals under coherent demodulation. Beyond
the bicode case, we also provide an upper-bound analysis for generic Serial Mul-
ticode DSSS configurations, using a union bound approach to establish a tight
bound (especially at medium to low error probabilities) by averaging pairwise error
probabilities over all possible code combinations.

Table 1: Error performance for Serial Bicode/Multicode DSSS.

Demodulation Type Py(e) Serial Multicode DSSS Union Bound
Coherent 3 erfc( Z;g) o3 ; jz_:l w 3 erfc(, /%)
J#i
i dp(v;,v;)
E Y, Y4 E
Incoherent f(polvkzlaNig) 27’1(/. Zz:; ;kf(plivk? Wg)

Pilot Channel Application: Garello [1] demonstrated how Serial Bicode DSSS
can embed patterns within a pilot channel to resolve ambiguities by detecting block
transitions. These blocks are structured so that once a transition is identified, both
the primary and the secondary code time ambiguities can be resolved.

In this thesis, we develop a statistical framework to evaluate the performance of
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block detection, namely the probabilities of false alarm and missed detection. Note
that this detection stage assumes knowledge of the delay and Doppler shift affecting
the received signal. Consequently, the acquisition process, used to estimate delay
and Doppler by computing the Cross Ambiguity Function (CAF), is also analyzed
for pilot channels employing Serial Bicode DSSS. Specifically, we derive statistical
metrics to evaluate the probability of false alarm and the probability of detection,
both at the cell and decision level:

1. Block Transition Detection: We derive the probability of miss detection (Pyq)
and the probability of false alarm (P, ) under both soft and hard decision
rules, covering both coherent and incoherent demodulation strategies.

2. Acquisition Analysis: We assess the impact of alternative codes on the ac-
quisition process under long non-coherent integrations. We derive, at the
search space cell level, the probability of detection (Py) and the probability of
false alarm (P ); and at the decision level, the probability of detection (Pp)
along with false alarm probabilities in two scenarios: (Pg,) when the signal is
present and (Pg,) when the signal is absent.

Pilot Channel Design Methodology. Lastly, we propose a general method
for designing pilot channels utilizing Serial Bicode DSSS technique by formulating
the design problem as an optimization problem, thus improving synchronization
time and accuracy in MEO GNSS systems. And we showcase three pilot channels
with very good performance, each emphasizing a different aspect.

Block Transition Detection Results Table 2 summarizes the derived probabil-
ities of miss detection (Pyq) for Serial Bicode DSSS pilot channels when detecting
block transitions, under various assumptions of demodulation and decision meth-
ods (coherent, incoherent, soft, hard). Table 3 then reports the corresponding
probabilities of false alarm (FPr).
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Table 2: Block Transition Detection — Miss Detection Probability Pq.

Demodulation Type Pa

Coherent (Soft)

Coherent (Hard)

Incoherent (Soft)

_ BL, ¢
1 Ql(\/BLS o2’ \/BL, 02>

Incoherent (Hard) (Similar to Coherent (Hard), but using the modified error probability
for incoherent demodulation.)

Table 3: Block Transition Detection — False Alarm Probability F,.

Demodulation Type Py,

Coherent (Soft)

—1
1 1 t—c;
_— — erfe] ——2— |.
K—ljz:;Q <\/23L502>

Coherent (Hard)

t—1 K—1 min(DP;, k)
1 DP;
Z ( 7,> (1 _ Pb) n (Pb) DP;—n

n
n=max(0, k—(B-DP;))

<B —DPF;

) > (Pb) k—n (1 _ Pb) (B—DP;)—(k—n)
—-n

Incoherent (Soft)

=
Cq t
K-1 Zl Ql(\/BLSO'Q’ \/BL502>

Incoherent (Hard) (Similar to Coherent (Hard), but using the modified error probability
for incoherent demodulation.)

Acquisition Results The acquisition stage is analyzed under long non-coherent
integration. We derive analytical expressions for the cell-level probabilities of
detection P, and false alarm F;,. These metrics are then used to compute the
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overall decision probabilities: Pp (probability of detection), P, (false alarm
probability when the signal is present), and Pg, (false alarm probability when the
signal is absent).

Table 4: Acquisition performance for Serial Bicode DSSS pilot channels under
long non-coherent integration (cell-level probabilities).

Metric Expression

Probability of Detection P,

1 & 1 A (T) t
K 2.2 LQN°(\/02/(LNC)’ \/02/(LNC)>

False Alarm Probability P,

Table 5: Acquisition performance for Serial Bicode DSSS pilot channels under
long non-coherent integration (decision-level probabilities).

Metric Expression
Probability of Detection Pp Py(t)
Probability of Missed Detection Pyp [1- Pfa(t)]M_l [1— Py(t)]

M
False Alarm Probability (signal absent) Pg, 1 — (1 — Pfa(t)>

False Alarm Probability (signal present) PL, 1 — Pp(t) — Pup(t)

Pilot Channel Design Methodology as an Optimization Problem We
formulate the pilot channel design as the following optimization problem:

min Z
subject to
(i+1)B
> pij=m, Vi=0,1,...,(b—1)
j=iB+1

Z>P,-(S), Vi=12...b Vi=1..K j#(i-1)B+L
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Chapter 1

Introduction

Pilot channels are extensively utilized in GNSSs to improve the signal acquisition
and tracking processes essential for receiver synchronization with satellite signals
through delay and Doppler shift estimation [2, 3, 4]. However, until navigation
data is demodulated, the receiver only obtains a relative timing marker rather than
the absolute signal travel time. This relative marker’s ambiguity primarily depends
on the structure of GNSS signals and the processing capabilities of the receiver.

The absence of data bits on a pilot channel prevents, therefore, independent
and unambiguous PVT estimation. Furthermore, incorporating a pilot channel
introduces a trade-off, as the transmitted power must be shared between the
data and pilot components [4]. However, pilot channels enable extended coherent
integration times and improved carrier tracking, significantly enhancing receiver
sensitivity [5]. As a consequence, the pilot component supports data channel pro-
cessing and improves data demodulation performance. Efforts have also been made
to design pilot signals that provide more synchronization-relevant information [6],
also potentially contributing to an improved TTFF, a key performance indicator
for GNSS services [7].

The work presented in [1] introduces Serial Multicode DSSS, as a promising
alternative to parallel Multicode DSSS/CDMA [8, 9, 10, 11, 12]. The author in [1]
demonstrates how we can embed a pattern into a pilot channel using a Serial
Bicode DSSS to facilitate a faster extraction of key temporal information at the
receiver, which in turn greatly accelerates initial synchronization. Moreover, this
method offers flexibility in reducing time resolution ambiguity and, depending on
the design parameters and application, may even be designed to provide absolute
time information.

The core principle involves constructing a Serial Bicode DSSS pilot channel using
two alternative spreading codes—one legitimate and one alternative code—that
convey a synchronization information. Without loss of generality, we can consider
a pilot channel made of a short, primary, and secondary code that form a tiered
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code pattern, where the two alternative short codes are made of Ly chips, with L,
being an integer divisor of the primary code length L; > L,. At the receiver, long
non-coherent integration over several short code periods is employed to estimate
Doppler shifts and code delays. However, this process leaves two ambiguities to be
resolved: one associated with the primary code and another with the secondary
code.

To address these ambiguities, the Serial Bicode DSSS signal is leveraged to
embed a structured pattern within the pilot channel. This pattern is organized
into distinct blocks that makes it easily recognizable. where transitions between
consecutive blocks play a crucial role due to two key properties:

1. The transitions are consistently aligned with the primary code.

2. They provide a unique identification of the position within the secondary code.

By determining the position of a 1-block pattern, which is the sequence of
spreading codes corresponding to a single block within the pilot channel and
serves as a fundamental unit for transition detection, the transition between two
consecutive blocks can be identified. This resolves the timing ambiguities in both
the primary and secondary codes.

In this Thesis, we provide a comprehensive theoretical framework for evaluating
the performance of pilot channels constructed using Serial Bicode DSSS, focusing
on both acquisition and block transition detection. Furthermore, we propose a
method for designing distinctive pilot channels based on Serial Bicode DSSS that
are customized to optimize performance according to mission-specific requirements,
yielding considerable improvement in both acquisition and block transition detection
when compared to the channel originally proposed by the author in [1]. The work is
organized as follows: In Chapter 2, we review Serial Multicode DSSS and its natural
extension to CDMA. In Chapter 3, we analyze the performance of Serial Multicode
DSSS under both coherent and incoherent demodulation. In Chapter 4, we provide
the necessary GNSS background for understanding the subsequent chapters. In
Chapter 5, we review the pilot channel construction introduced by Garello [1] for
MEQO and LEO cases. In Chapter 6, we present the statistical framework for block
detection under different demodulation and detection schemes. In Chapter 7, we
analyze the acquisition stage under Serial Bicode DSSS pilot channels and derive
the corresponding statistical framework for performance evaluation. Finally, in
Chapter 8, we propose a method to design various pilot channels using the same
technique of utilizing Serial Bicode DSSS by formulating the design problem as
an optimization problem, and we showcase three pilot channels with excellent
performance, each emphasizing a different aspect. Chapter 9 outlines potential
directions for future work.



Chapter 2

Serial Multicode DSSS

2.1 Direct Sequence Spread Spectrum (DSSS)

A spread-spectrum signal involves additional modulation that broadens the signal’s
bandwidth beyond what is necessary for the data modulation alone. Spread-
spectrum communication systems [13] are particularly effective for suppressing
interference, complicating interception, accommodating fading and multipath chan-
nels, and enabling multiple-access capabilities. The most widely used and practical
methods in spread-spectrum communications are direct-sequence modulation in
digital communications.

It may seem paradoxical at first to broaden the signal’s bandwidth, since doing
so would require a wider receive filter, potentially leading to an increase in noise
entering the demodulator. However, when a signal passes through a filter designed
to match it while accompanied by white Gaussian noise, the signal-to-noise ratio
(SNR) depends on the noise power spectral density rather than the filter’s bandwidth.
Interestingly, this means that the filter’'s bandwidth and the corresponding noise
power at its output do not affect the SNR, underscoring the practical advantages
of spread-spectrum communication techniques.

In traditional Direct Sequence Spread Spectrum (DSSS), each user is given a
distinct code consisting of a sequence of L chips, which is used to modulate the
information sequence. By employing DSSS, the signal’s bandwidth is expanded by
a factor of L as a result of this encoding. This widening of the bandwidth greatly
improves the system’s ability to resist noise, interference, and jamming. However,
this benefit comes at the cost of a lower information bit rate [13].
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2.2 Serial Multicode DSSS

Serial Multicode DSSS assigns each user multiple spreading codes that are used
sequentially rather than simultaneously. In this scheme, individual bits or groups
of bits are mapped to distinct spreading codes, resulting in a single DSSS signal
whose spreading code alternates in accordance with the transmitted data. This
contrasts with the Parallel Multicode approach, where several coded streams are
transmitted concurrently and the bit rate increases with the number of active codes

).

At the receiver, a set of correlators—each matched to one of the potential
spreading codes—is employed to detect the transmitted symbol. By selecting the
correlator with the maximum output magnitude, the system identifies the code
associated with the transmitted bit. This method decouples the information from
the phase or sign of the spreading sequence, enabling incoherent demodulation.
Such a design is especially beneficial in environments with high Doppler effects, for
instance in satellite or UAV communications, where reducing receiver complexity
and the need for stringent synchronization can significantly improve performance.
Moreover, because only a single DSSS signal is transmitted at any given time, the
scheme allows for dynamic bit rate adaptation without increasing the interference
level among users [1].

2.2.1 Serial Bicode DSSS

In Serial Bicode DSSS, two distinct spreading codes of length L are assigned to
each user. The legitimate code, ¢y = (co1, ..., cor) Where ¢o; € {—1,+1}, is used
when the binary input is 0. Conversely, the alternative code, ¢; = (¢11,...,¢11)
with ¢;; € {—1,+1}, is employed for a binary input of 1. This mapping directs each
bit of the binary sequence v = (v(0),v(1),...,v(7),...) with v(i) € {0,1} to its
corresponding code, creating a transmission sequence s = (z(1),x(2),...,z(i),...).
This method extends the traditional Direct Sequence Spread Spectrum (DSSS)
by incorporating flexibility in the choice of spreading codes, thus generalizing the
classic DSSS framework [1].
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v x() = (xl ----- Xjreees XL)

v(i) 1 0 0 1

x(0) |(C11 ..... Cijpen cu)| (Cors-rrCojoerrcor) (CorreerrCojonns COL)|(CM ..... Cijperes clL)|

Figure 2.1: Serial Bicode DSSS. [1].

2.2.2 Serial Multicode DSSS

Extending the Serial Bicode framework, Serial Multicode DSSS allocates a set
H = {co,...,cy_1} of spreading codes to each user, where the cardinality of H,
H = 2% represents the different codes available. A bijective function f : {0,1}* —
‘H maps k-bit information vectors to these codes. The transmission sequence is
thus constructed as s = ((0), z(1),...,x(3),...), with (i) = f(v(i)) and the k-bit
information vector defined as v(i) = (v(ik),...,v((i + 1)k — 1)) [1].

v(i) 000 010 100 111

2@ | (Correreroprerrcor)| (Corevnr€annrar) (CanreoesCajrersCar) (CrareesCrjreescrn)

Figure 2.2: Serial Multicode DSSS [1].

2.3 Extension to Code Division Multiple Access
(CDMA)

To address the reduction in bit rate caused by spreading in DSSS, multiple users
can transmit simultaneously within the same frequency band using Code Division
Multiple Access (CDMA) [1]. In CDMA, each user is assigned a unique code
of L chips with favorable cross-correlation properties, ensuring minimal mutual
interference among users. Information theory suggests that in an isolated cell,
CDMA systems can achieve spectral efficiency comparable to that of TDMA or
FDMA [13]. CDMA is widely used in systems such as the 3G UMTS mobile
network and Global Navigation Satellite Systems (GNSS) like GPS and Galileo,
which are crucial for one-way positioning.

In this sense, Serial Multicode DSSS extends naturally to CDMA, where each
user is assigned multiple spreading codes. This approach, Serial Multicode CDMA,
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is beneficial in scenarios where many coexisting users want to dynamically change
their data rates without changing the spreading factor. Examples include satellite
constellations and massive IoT applications [1].

In Serial Multicode CDMA, each user transmits a single DSSS signal charac-
terized by a fixed spreading factor L. This design allows for dynamic adjustment
of the bit rate while ensuring that any modifications do not lead to increased
interference with other users. The fixed spreading factor maintains a consistent
level of spreading regardless of bit rate changes, which is crucial for preserving
overall system performance.

Furthermore, this approach is particularly well-suited for incoherent demodula-
tion—a method often employed during the initial acquisition and synchronization
phases of many communication systems. Incoherent demodulation simplifies re-
ceiver design by eliminating the need for phase tracking, thereby reducing both
complexity and latency.

The robustness and flexibility inherent in Serial Multicode CDMA make it
especially advantageous for applications such as the transmission of specific patterns
or sporadic messages over pilot channels. This is particularly relevant in satellite
navigation systems like GPS and Galileo, where reliable communication under
challenging conditions (e.g., high Doppler shifts) is essential [1].



Chapter 3

Serial Bicode/Multicode
DSSS Performance

3.1 Introduction

In this chapter, we will analyze the performance of Serial Bicode DSSS and
Serial Multicode DSSS under two distinct demodulation schemes: coherent and
incoherent demodulation. Our objective is to evaluate and compare the reliability
and effectiveness of these systems in practical scenarios.

By exploring the performance of these systems under both demodulation tech-
niques, we aim to provide a comprehensive understanding of how each method
influences the overall system behavior, particularly in terms of bit error rate (BER).
The following sections will present detailed theoretical analyses accompanied by
simulation results.

3.2 Incoherent Demodulation

Incoherent Demodulation refers to a method in communication systems to detect
signals where the phase of the carrier wave is unknown. This technique is commonly
used when the signal phase cannot be accurately tracked due to rapid changes or
when the system lacks a coherent reference signal. Incoherent detection focuses
on using the magnitude of the received signal to make decisions, which simplifies
the receiver design but typically results in requiring a higher signal-to-noise ratio
threshold for reliable detection. [14]
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3.3 Serial Bicode/Multicode DSSS Performance
for Incoherent Demodulation
In incoherent demodulation, the optimal receiver computes the magnitude of the

complex correlation for each spreading code ¢; = (¢i1, ..., ¢;r) from the received
complex vector r = (rq,...,ry). This is given by:

| Li| = (3.1)

L
> Tici
j=1

The receiver then selects the spreading code corresponding to the highest
magnitude |L;|.

3.3.1 Serial Bicode DSSS
Analytic Performance

For Serial Bicode DSSS, the error probability P,(e), under incoherent demodulation,
as explored by Garello [1], is modeled as:

E,
Pb(€> = f (/) = Po1, k= 17 ]Vb) (32)
0
where the function f(p, k, %) is defined by the expression:
Ey
ko2l =

| Eb / Eb 1 k’Eb a—+b ]CE{,

a:;(l—m) bZ;(Hm)

Here, p;; is the normalized correlation (inner product) between the sequences ¢
and ¢;, computed as:

with

L
Zj:1 Ci1;Cij

L

In this specific context, pp; is the normalized correlation between ¢y and ¢y, i.e.,

pii = (3.4)

L
2721 CojC1j
L

8

Por = (3.5)
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Q is the Marcum Q-function and I, the modified Bessel function of the first
kind. The most favorable scenario occurs when the two sequences are orthogonal
(p = 0), simplifying the error probability to:

Py(e) = 1eXp (—1Eb) (3.6)

Simulation

Following the theoretical development of the error probability for Serial Bicode
DSSS, simulations were conducted to validate the analytical expressions and observe
the system’s behavior under varying conditions of £j,/Nj.

The simulation involved transmitting binary signals modulated according to the
Serial Bicode DSSS scheme over a noisy channel (AWGN) and decoding them at
the receiver using incoherent demodulation principles. The spreading codes ¢y and
c; were randomly generated, and the system’s bit error rate (BER) was estimated
across a range of E,/Ny from 0 dB to 12 dB.

A total of 1000 bit errors were collected for each Ej, /N, value to ensure statistical
relevance. The idea of collecting a constant number of errors rather than fixing
the number of simulations is that under low Ej, /Ny, errors can be collected faster,
making the simulation adaptable to the Ej /Ny values. The received signals were
affected by additive white Gaussian noise (AWGN) with varying noise levels
corresponding to the Ej,/Ny values tested. The decision at the receiver was made
based on the higher correlation between the received signal and the spreading
codes.

The results of the simulation are plotted alongside the theoretical error probabil-
ities calculated from the derived formulas. These results demonstrate the alignment
between the theoretical predictions and the practical performance of the Serial
Bicode DSSS system under incoherent demodulation conditions.

9
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Serial Bicode DSSS, Incoherent Demodulation, L=256, |p;|=0.13281
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Figure 3.1: Bit error rate performance of Serial Bicode DSSS under incoherent
demodulation. The figure shows both simulated and analytical error probabilities as
functions of Ej, /Ny, with random spreading codes of length L = 256 and normalized
cross-correlation pg;.

3.3.2 Serial Multicode DSSS

Analytic Performance

For Serial Multicode DSSS configurations where each symbol represents multiple
bits (k > 1), the error probability is analyzed using a union bound approach to
establish an upper bound. This bound is particularly tight at medium to low error
probabilities. The computation involves averaging the pairwise error probabilities
across all possible combinations of 2¥ spreading codes within the set # :

)< sy o) Flpw ks 22 (3.7)

=0 [+

where dy (v, v;) is the Hamming distance between the vectors v, and v;, and py; is
their normalized cross-correlation defined in (3.4).

In the special case, when using 2* orthogonal spreading codes, the error probabil-
ity simplifies significantly due to uniformity in the distance profiles and congruence

10



Serial Bicode/Multicode DSSS Performance

in the decision regions. The simplified error probability expression becomes:

Simulation

Following the theoretical framework, simulations were conducted to empirically
validate the error probabilities for Serial Multicode DSSS under various Ej,/N
conditions. The simulations leveraged a system with L = 256 spreading code length
and k = 2 bits per symbol, reflecting a practical scenario where each short code can
represent multiple bits. This setup aimed to test the system’s error performance
over an Additive White Gaussian Noise (AWGN).

The simulation involved generating 2¥ = 4 random spreading codes, each of
length L. Each transmission involved selecting a code based on the binary repre-
sentation of k-bit symbols, modulating this with a random phase, and transmitting
over a noisy channel. The receiver then determined the most likely transmitted
code by calculating the correlation between the received signal and each possible
code. This process was repeated until 1000 bit errors were collected for each Ej/Ny
value to ensure statistical accuracy.

The bit error rate (BER) was computed for each E,/Ny value and plotted
alongside the analytical predictions derived from the union bound described in
(3.7). This provided a visual comparison between the theoretical predictions and
the actual performance of the Serial Multicode DSSS system under noisy conditions.

11
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Serial Multicode DSSS, Incoherent Demodulation, L=256 k=2
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Figure 3.2: Performance of Serial Multicode DSSS in terms of bit error rate
(BER) as a function of Ej,/Ny. The plot shows simulation results with analytical
predictions for a system with L = 256 and k = 2.
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Finally, we compare the error performance of Serial Bicode and Multicode DSSS
systems to observe the impact of different spreading techniques and dimensionalities
on bit error rates.

Serial Bicode and Multicode DSSS, Incoherent Demodulation, L=256, k=1 & 2
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Figure 3.3: Error performance comparison between Serial Bicode and Multicode
DSSS systems under incoherent demodulation. The graph displays BER as a
function of E,/Ny for L = 256 with k = 1 and k = 2.

Figure 3.3 illustrates the effects of increasing the dimensionality (from k£ =1 to
k = 2) on system performance, highlighting the differences in error probabilities
between the two systems.
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3.3.3 Performance Analysis of Serial Multicode DSSS with
Orthogonal Spreading Codes

Serial Multicode DSSS, Incoherent Demodulation, L=256,
orthogonal spreading codes
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Figure 3.4: Bit error rate performance of Serial Multicode DSSS for different
values of k using orthogonal spreading codes. The graph shows BER across a range
of Ey,/Ny settings for L = 256.

This graph displays the BER for different coding complexities using orthogonal
spreading sequences, indicating how increasing k influences error probabilities.
Notably, as k increases, the BER decreases for medium to high Ej,/Ny values.

3.4 Coherent Demodulation

Coherent demodulation involves the receiver utilizing the phase of the carrier signal,
alongside its amplitude, to decode the transmitted information. This method
requires a reference signal or carrier synchronization at the receiver to align the
phase. It is generally more complex but provides better sensitivity and accuracy
compared to incoherent detection[14].

14
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3.5 Serial Bicode/Multicode DSSS Performance
for Coherent Demodulation

In coherent demodulation, the receiver calculates the correlation of the received

signal r = (71, ...,rr) with each spreading code ¢; = (¢;1, ..., ¢ip):
L
Li = ercij (39)
j=1

The code with the highest correlation L; is selected by the receiver as the most
likely transmitted signal.

3.5.1 Serial Bicode DSSS

Analytic Performance

For Serial Bicode DSSS, the bit error probability B,(e) is computed as:
1
Py(e) = 2<P(e]cl Tx) + P(e|cy TX)) (3.10)

This is because we transmit c¢; or ¢, with equal probability.

Since P(e|c; Tx) = P(e|cy Tx) (because in Serial Bicode DSSS we have only 2
spreading codes ¢, and ¢;), the overall bit error probability P,(e) can be expressed
as:

1
Py(e) = 3 2. P(e|¢; Tx) = Ple|c; Tx) (3.11)

Let’s compute P(e|c; Tx). When ¢; is transmitted, an incorrect decision occurs
when:

L L
Zricli < Zﬁ'coz‘ (3.12)
i=1 i=1

Here, r = (71, ...,77) is the received signal with r; = ¢; +n;, where n; is a Gaussian
random variable with zero mean and variance o? = %, representing channel

Gaussian noise.

Define:
L L L L L
X = Zﬂcu = Z(Cli + ni)cn = chicli + Z cng = L + Z C1in; (3.13)
i=1 i=1 i=1 i=1 i=1
L L L L L
Y = ZriCOi = Z(Cli + nl-)cm = Z CoiC1i + Z Coin; — R+ Z CoiT; (314)
i=1 i=1 i=1 i=1 i=1

15
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where Zle c1ic1; = L as ¢; is bipolar sequence with length L, and R is the
cross-correlation between ¢y and ¢; define as:

L
R = Z CoiC1i (3.15)
i=1

The terms Ele c1;n; and ZiLzl coin; are both sums of L independent Gaussian
random variables with mean 0 and variance o2, resulting in Gaussian random
variables with mean 0 and variance Lo?.

Thus, X and Y are Gaussian distribution: X ~ N (L, Lo?) and Y ~ N(R, Lo?).
Now define Z = X — Y, which represents the decision variable.

Thus, an error occurs when:

Z=X-Y <0
The variable Z is again a Gaussian random variable with:
E[Z|=E[X -Y]=E[X]-E[Y]=L-R
where E/[] is the expected value operator, and
var(Z) = var(X) + var(Y) — 2 - cov(X,Y)

where var(.) and cov(.) are the variance and the covariance operators respectively.
The covariance between X and Y, cov(X,Y), can be calculated as:

cov(X,Y) = E[XY] — E[X]E[Y]

Given:
L L
X=L+> eyn; and Y =R+ cuny
i—1 i—1

Expanding XY yields:

L L
XY = <L +> Cuni) (R +> Coﬂ%’)
i=1

i=1

L L L L
=LR+ L Z coin; + R Z C1iM; + Z C1;My; Z CoiT
i=1 i=1

i=1 i=1

Taking the expectation:

L L L L
E[XY] =F [LR + L Z Coin; + R Z Cc1in; + Z C1ihy; Z comi]

i=1 i=1 i=1 =1

16
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Since E[n;] = 0 for all ¢, the terms involving F[n;] vanish, leaving:
L L
i=1 i=1
we have:
L L
E [ Z C1iM; Z Comil = [Z Z C1iCo NN + Z C1iCoiN ]
i=1 i=1 i=1 ji
This can be further broken down as:
L L
[Z Z cthJnm]] + E [ Z C1iCoiM ]
=1 j#i =1
Since n; and n; are independent for i # j, the term ElZiLZI ZJL# clicojnmjl
simplifies to:
L L
> i Elngng] = Z Z crico; En)Enil =0
i=1 ji =1 j#i
Therefore, we are left with:

[Z C1iCoiT ‘| Z ClZCOZ =0 Z C1iCop = O R

i=1

Thus:
E[XY]=LR+o’R (3.16)

Subtracting F[X|E[Y] = LR, we get:
cov(X,Y) = E[XY] - E[X|E[Y] = 0°R (3.17)
This leads us to the variance of Z = X — Y

var(Z) = var(X) + var(Y) — 2cov(X,Y)
= 2Lo* — 2Ro? (3.18)
=20*(L — R)

Thus, Z is distributed as:

Z ~N(L—R,20%(L — R))
17
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The probability of error when ¢; is transmitted (P(e|c; Tx)) and an error occurs if
Z < 0 is then given by:

2 2(202(L — R))

1 L—R
= ierfc T‘Q

Ple|e; Tx) = P(Z < 0) = lerfc N (L — R)? )
(3.19)

Using (3.11), we arrive at the final expression for the bit error probability:

Py(e) = ;erfc ( L4(_72R) (3.20)

Simulation

After theoretically deriving the error probability for Serial Bicode DSSS, we con-
ducted simulations to validate these theoretical predictions with coherent demodu-
lation. The simulations track the performance of the Serial Bicode DSSS system as
it decodes signals in the presence of Gaussian noise.

The results of these simulations are visualized in the figure 3.5, which compares
the simulated error probabilities against the analytical predictions.

18
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Serial Bicode DSSS, Coherent Demodulation, L=256, |pg1|=0.13281
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Figure 3.5: Comparison of simulated and theoretical bit error probabilities for
Serial Bicode DSSS under coherent demodulation.

The simulation results align perfectly with the analytical predictions derived
in the previous section, demonstrating the accuracy of our theoretical model for
coherent demodulation performance in Serial Bicode DSSS.

3.5.2 Serial Multicode DSSS
Analytic Performance

The probability of error P, i for a Serial Multicode system with k-bit symbols
can be estimated by averaging the pairwise error probabilities across all distinct
code pairs. Using the pairwise error probability from Equation (3.20) and applying
the union bound to establish an upper bound, we have:

12 vz,v) 1 (L — Ry;)
emultl > k Z Z —_ §erfc TJ (321)

i=1 j=1,j%i

where R;; is given in Equation (3.15).
This expression provides a bound on the probability of error which is tight at
medium/low values of error probability.
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Simulation

To validate the theoretical predictions of error probabilities, simulations were
performed for coherent demodulation scheme. For this, we simulated a Serial
Multicode DSSS system with k& = 2, over a range of E,/N,y values. The bit error
rates (BER) obtained from these simulations are plotted alongside the analyti-
cal predictions, providing a direct comparison between simulated outcomes and
theoretical expectations.

Serial Multicode DSSS, Coherent Demodulation, L=256 k=2
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Figure 3.6: Bit error rate performance of Serial Multicode DSSS under coherent
detection.

Combined Simulation for Serial Bicode and Multicode DSSS To provide a
comprehensive analysis of the performance of Serial Bicode (k = 1) and Multicode
(k = 2) DSSS systems under coherent demodulation conditions, we plot both
bit error rate (BER) performances of Serial Bicode and Multicode DSSS under
incoherent demodulation alongside each other. This approach enables a direct
comparison, highlighting the impact of increasing code complexity from bicode to
multicode on system performance. By examining the BER for both systems, we
can illustrate how the increased complexity of multicode DSSS influences overall
performance, emphasizing the effects of the increased complexity on the BER.
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Serioal Bicode and Multicode DSSS, Coherent Demodulation, L=256, k=1 & 2
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Figure 3.7: Comparison of bit error rate performance between Serial Bicode and
Multicode DSSS under coherent demodulation.

Fig. 3.7 showcases BER as a function of Ej/Nj for systems with L = 256 and
varying k values, highlighting the differences in error probabilities with increasing
complexity.

These results underscore how the increase in symbol complexity (k) impacts the
system’s error performance across different demodulation schemes. The comparison
clarifies the performance enhancements when transitioning to a more complex
coding scheme.
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Chapter 4

GNSS Background

4.1 Introduction

Global Navigation Satellite Systems (GNSS) are indispensable for providing po-
sitioning, navigation, and timing (PNT) services globally [2]. These systems,
comprising GPS, Galileo, GLONASS, and BeiDou, operate through a constellation
of satellites that transmit signals to ground-based receivers. The receivers process
these signals to determine location, velocity, and time [15]. This chapter establishes
the foundational knowledge required to comprehend the acquisition process in
GNSS receivers. It begins with an overview of the front-end stage of the receiver,
followed by a detailed discussion on the acquisition process—the initial and crucial
step in GNSS signal processing. This process involves detecting a satellite signal
and making preliminary estimates of key parameters like code delay and Doppler
frequency, essential for the subsequent tracking and position determination stages
[16].

4.2 Receiver Architecture

A GNSS receiver’s primary function is to measure the propagation time 7 of signals
transmitted by GNSS satellites, which is crucial for determining the range between
the receiver and the satellites, and ultimately, the user’s precise location [17].
Additionally, estimating the Doppler shift fp is necessary to compute user velocity
and clock drift.

The receiver must first identify which satellites are visible at any given moment.
It continuously scans for radio signals to acquire and then track, ensuring the
correct extraction of information needed to solve the Position, Velocity, and Timing
(PVT) equations [18].
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4.3 Front-End

Although GNSS receivers vary in design, their core components are largely consistent.
The process starts with an antenna that captures the satellite signals in space
(SIS), including any accompanying noise and interference. Once received, the signal
undergoes front-end processing, including filtering, down-conversion, sampling, and
quantization.

Initially, the front-end filters the incoming signal to eliminate out-of-band noise
and interference, ensuring that only relevant frequency bands are processed. The
signal is then amplified to strengthen the weak satellite signals, which are often
below the noise floor due to their long travel distance.

Next, the signal is downconverted from the high-frequency carrier to a lower
intermediate frequency (IF) or directly to baseband, simplifying digital processing.
Following downconversion, the signal is sampled and quantized by an analog-to-
digital converter (ADC), converting the continuous-time signal into a digital format
suitable for the acquisition and tracking stages.

The design and performance of the front-end are pivotal in determining the
GNSS receiver’s sensitivity and accuracy, as it sets the foundation for all subsequent
signal processing operations [19].

4.3.1 Signal Model at the Front-End Output

For the analysis that follows, relatively small coherent integration times are assumed,
so certain second-order effects (e.g., Doppler impact on the spreading code) can
often be safely neglected [20]. Likewise, the potential impact of the local oscillator
on the sampling frequency remains out of scope given these short integration
periods [20]. Note also that a complex sampling scheme is considered because with
a real sampling, one would face additional summed-frequency components after
mixing that could affect correlation results [21]. Nonetheless, results from real and
complex sampling approaches remain reasonably close [22].

Consequently, at the output of the front end, considering a complex sampling
approach, the received signal can be expressed as:

ra(t) = \/2Ppx D(t = 7) et — 7) exp(2n(f1p + fo)t + ) +n(t),  (4.1)
where:
o 7 represents the code delay due to signal propagation,
e fp is the Doppler shift,

e d(t — 1) and ¢(t — 7) are the data and spreading code, respectively,
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frr is the intermediate frequency,

® denotes the phase at the receiver,

 7)(t) accounts for noise modeled as zero-mean White Gaussian Noise (WGN),

Prx is the received power, considerably lower than the transmitted power due
to various signal impairments.

For dataless pilot channels, the received signal does not include the data com-
ponent. Thus, in our analysis, we model the post front-end signal for dataless
pilot channels as follows (with the amplitude assumed to be unity, which does not
impact the analysis):

r.(t) =ac(t —71) exp<27r(f1F + fpo)t+ <I)) +n(t), with a = 1. (4.2)

4.4 Acquisition Stage

After being processed by the front end, the signal is directed to the acquisition
and tracking stages, where digital signal processing (DSP) occurs. The acquisition
stage serves as the preliminary phase, identifying the presence of satellites and
initiating signal processing. The acquisition’s output is passed to the tracking stage,
where the delay of the local code replica—used for pseudorange computation—is
precisely estimated [23]. Once the pseudorange is calculated, the PVT solution
can be determined. It is important to highlight that acquisition and tracking are
continuous, parallel processes. As satellites enter and leave the receiver’s view,
these operations are constantly updated to ensure accurate PVT calculations [24].

4.4.1 Signal Acquisition Process

The initial operation of a GNSS receiver is signal acquisition, which detects the
presence of the signal under test and provides a rough estimation of the code
delay and Doppler frequency of the incoming signal. Acquisition systems are based
on correlating the received signal with a local replica, specifically through the
evaluation and processing of the Cross Ambiguity Function (CAF). This involves
a global search for approximate values of delay and Doppler shift. The CAF is a
two-dimensional correlation function in the delay and Doppler domains that is used
to compare the incoming signal with a local replica, yielding the best estimation of
its parameters [25].
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Cross Ambiguity Function (CAF)
The CAF in the discrete time domain is given by:

A

L
RG. 1) = 7 30 nenT)elaT, = Resp (j2n(fue + fpnT) (1)
n=1

where r,(nTy) is the received signal in the coherent window T,,,, sampled at
intervals T5.

In our analysis, we take T, = LTs = Tsport, Where Ty is the sampling period,
L, is the number of chips of a short code and T+ is the duration of the short
spreading code, obtaining 1 sample for each chip for the short code.

and c(nTs—7)exp (j?ﬂ'(f[p + fd)nTs) is the local replica. f; is the intermediate
frequency provided by the front-end receiver, and ¢ = ¢ defined as the legitimate
code in chapter 1.

Let £y = (frr +f 4)Ts be the normalized frequency. Eq. (4.3) can be then written
as:

. 1 & .
R(?,Fy) = 7 > 1o (iTy) eo(iTy — 7)exp(—j2m Fyi) (4.4)

i=1
Which can be ordered as:
R(7,Ey) = YR(7, Fy)) + jY(7, Fy) . (4.5)

The phase of the received signal is unknown and is not estimated at this stage;
hence, we consider the square modulus of the CAF to eliminate phase dependency,
obtaining:

(4.6)

Search Space and Grid

The CAF function is evaluated over a set of values that define the search space.
The grid has the dimensions of delay (time) and Doppler shift (frequency). The
search space contains bins, each representing a unique combination of delay and
Doppler shift values.

The number of delay bins, N,, depends on the sampling frequency f, and the
coherent integration time 7,;, which is the time window taken into consideration
for the calculation of the correlation function. The coherent integration time is a
multiple of the code period. The number of delay bins is then:

Tcoh o LTS o
T, T,
25

NT - fsTcoh -

L (4.7)
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where T} is the sampling period.

The Doppler shift bins, Af, take discrete values, and the optimal bin size
depends on the integration time. An empirical rule used by many GNSS receivers
is adopted to limit the loss when the actual Doppler shift is not one of the values
tested [2, 26, 27, 25]. This rule ensures that, in the worst case, the loss is less than
3 dB. The empirical bin size is given by:

2
3T‘coh

Af = (4.8)

Then the Doppler domain D is given by:

D= (fd,mina fd,min + Afa cee 7fd,min + ZAf, cee 7fd,max)
with |D| = H, where H is the total number of Doppler bins.

4.4.2 Non-Coherent Integration

In order to reduce the impact of noise, we consider non-coherent integration, where
we average the CAF evaluated over N, coherent blocks, thereby reducing the noise
variance by N, [28]. This process enhances the detection probability of weak signals
and improves the overall performance of the acquisition system.

The non-coherent integration of the CAF is given by:

- 1 &8, -
X (7, Fy) = A S YE(F, F), (4.9)

¢ k=1
where Y2(7, Fy) is the squared modulus of the CAF evaluated for the k-th coherent
integration. By averaging the squared modulus of the CAF over N, blocks, we
achieve a significant reduction in noise variance, improving the reliability of the
signal acquisition process.

Search Strategy

In this context, the decision involves finding the maximum of the non-coherently
integrated CAF:
puLNe = argmax X (7, Fy), (4.10)
p

where p = (7, ﬁ’d) represents the set of trial parameters.

There are different strategies to explore the search space. In our analysis, we
adopt a strategy that involves evaluating the CAF over the entire search space.
The decision is made based on the maximum of the ambiguity function. If the
maximum value is greater than a predetermined threshold, the satellite signal is
considered present and aligned. The estimated Doppler and code delay are those
corresponding to the maximum value.
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Chapter 5

Application of Serial
Multicode DSSS to Pilot
Channel Construction

5.1 Introduction

In this chapter, we discuss how Serial Multicode Direct Sequence Spread Spectrum
(DSSS) can be applied to the design of pilot channels, which are crucial for improving
the initial stages of position computation in Global Navigation Satellite Systems
(GNSS) such as GPS and Galileo. Serial Multicode DSSS leverages alternative
spreading codes to encode information within a DSSS pilot channel. Once these
encoded patterns are detected, they provide precise temporal references, facilitating
efficient system synchronization.

This method was originally proposed by Garello [1]. In this chapter, we revisit
his approach to constructing pilot channels for both Medium Earth Orbit (MEO)
and Low Earth Orbit (LEO) GNSS systems, employing Serial Bicode DSSS.

5.2 MEQO GNSS Application

5.2.1 Scenario Overview

In typical Medium Earth Orbit (MEO) GNSS, each satellite sends out a data
stream that includes:

o A primary code with a length L; = 4000 chips (as in the example of Fig. 5.1).

A secondary code with a length Ly = 20 chips (as in the example of Fig. 5.1).
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These systems encounter challenges with time ambiguity in signal reception, which
can delay or complicate synchronization.
At the receiver side, the following steps are essential:

1. Estimation of the Doppler shift and Code Delay values.
2. Alignment with the primary and secondary codes.

3. Data decoding.

For the first step, non-coherent integration is necessary, but this process is slowed
down by data transitions with their change of sign. To address this issue, data-less
pilot channels are used to speed up the acquisition process. By using these pilot
channels, non-coherent correlations can be performed to estimate the Doppler shift
and Code Delay values efficiently. Once these values are estimated, the primary
and secondary code time ambiguities still need to be resolved to achieve proper
alignment and synchronization with the primary and secondary code.

1 i 1
o7 1 7, r, !

Secondary code

Code Iength L,= 20 chips
Chip rate R, =R,/ L, =50 kcps ‘ ‘
Code peri d 80 ms

Primary code

;h;;e;;amiw CI T I T T T I T T I T I T T T4
T I T T

Short code
Block 1 Block 2 Block 3 Block 4 Block k

Code I ngth L, = L, / N, =250 chips
N,= 16

Chp R lMp

Code p

Figure 5.1: Construction of a data-less pilot channel by Serial Bicode DSSS for
MEO GNSS [1].

Advantages of Data-less Pilot Channels: These channels accelerate the
acquisition process by focusing solely on the essential synchronization signals,
eliminating the complications introduced by unknown data modulation.

5.2.2 Construction of Serial Bicode DSSS Pilot Channel
for MEO GNSS

The construction of pilot channels using Serial Bicode DSSS in MEO GNSS systems
involves utilizing two distinct spreading codes to effectively resolve primary and
secondary time ambiguities. This design leverages the simplicity of data-less pilot
channels to enhance the speed and accuracy of satellite signal acquisition and
synchronization.
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Design Specifications The pilot channel employs two short spreading codes,
each with a length L, = 250 chips. The length of these codes is an integer divisor of
the primary code length L; = 4000 chips. Both codes operate at the same chip rate
R, as the primary code, without any overlay of secondary coding or data. This
means that 16 short codes are required to cover the entire primary code length.

Pattern Embedding The Serial Bicode DSSS signal uses two short codes of the
same length L,: the legitimate code ¢y (blue) and the alternative code ¢; (orange).
These codes embed a pattern p into the pilot channel s, as illustrated in Fig. 5.1.
For example, if p = (0,0,0,1), then s = (co, co, Co, C1)-

The patterns are structured in blocks, each block consisting of 64 symbols (short
codes) and having a duration of 7, = 16 ms. Thus, five blocks are needed to

completely cover the entire secondary code length in this example, yielding a total
of 320 symbols modulated by Serial Bicode DSSS. Within each block:

e 520" symbols are modulated by the legitimate code ¢.
« 121" symbols are modulated by the alternative code c;.

Each block has a unique discrete frequency characteristic, aiding synchronization.

Block Transitions and Code Alignment FEach block is characterized by a
different discrete frequency, making it easily identifiable. The transitions between
consecutive blocks play a key role because:

o They are always aligned with the primary code.

o They uniquely identify the position within the secondary code.

By detecting the transition between two consecutive blocks, the receiver automati-
cally achieves the correct alignment and resolves the time ambiguity of both the
primary and secondary codes.

Designing Distinctive Pattern Blocks The pattern blocks facilitate quick
and precise synchronization. Each block alternates between ¢y and ¢;, creating a
unique discrete frequency signature. This arrangement aids in distinguishing each
block and achieving effective synchronization.

5.3 LEO GNSS Application

5.3.1 Scenario Overview

In this section, we describe the application of Serial Bicode DSSS to a LEO GNSS
system. The system under consideration comprises:

29
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o A 2-PSK modulated data channel with a primary spreading code having a
code rate R. = 1.023 Mchip/s and a code length of 4096 chips (code period of
4 ms), without a secondary code.

o A 2-PSK modulated pilot channel with Serial Bicode DSSS using short spread-
ing codes, having a code rate R. = 1.023 Mchip/s and a code length of 256
chips (code period of 4/16 ms).

As introduced by Garello [1], this scenario differs significantly from the MEO
GNSS-like setup, where a secondary code is included. Here, a simpler pattern is
sufficient to achieve synchronization because no secondary code ambiguity needs to
be resolved.

5.3.2 Construction of Serial Bicode DSSS Pilot Channel
for LEO GNSS

In a LEO GNSS system, where the signal-to-noise ratio is typically higher, secondary
codes are generally not used. Even so, Serial Bicode DSSS can still enhance the
receiver’s acquisition performance by simplifying primary code synchronization.
For this purpose, we can employ the pattern depicted in Fig. 5.2.

T,=4ms

Primary codes
on data channel

Short codes
on pilot channel

4
T,=—ms

Figure 5.2: Pattern used for Serial Bicode DSSS in a LEO GNSS system [1].

Given that the primary code period is 16 times the short code period, a simplified
pattern can be used. This pattern includes a single alternative short code placed
in position number 8 out of 16. Once detected, this pattern automatically provides
primary code synchronization [1].
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Chapter 6

Block Transition Detection

As demonstrated by [1] and introduced in the previous chapter, block transitions
are of paramount importance. Detecting the transition between two consecutive
blocks (i.e., identifying a 1-block sequence) enables the receiver to achieve correct
alignment and resolve the time ambiguity of both the primary and secondary codes.

In this chapter, we provide a statistical analysis for transition detection. We
assume the pilot channel s is transmitted over an AWGN channel and that the
receiver is already aligned with the short codes, having obtained the delay and
Doppler estimates from the acquisition stage.

Generic Pilot Channel Model. The analysis is carried out for a generic
pilot channel utilizing Serial Bicode DSSS. Such a channel consists of b blocks,
each containing B short codes, resulting in a total of K = b x B short codes in
the pilot channel. Although the derivations are performed generally, for the sake
of performance comparison with simulation, we adopt the channel introduced by

Garello in [1], which has b =5, B = 64, and K = 320.

The analysis primarily focuses on the probability of false alarm (Pfa) and the

probability of missed detection (Pmd) for the first block. However, this methodology
can be easily extended to other blocks by cyclically shifting the pilot channel such
that the i-th block becomes the first block.

This approach effectively characterizes the entire process, since computing P4
and Py, for all blocks allows us to determine the probability of detecting the i-th

transition, Péi), as follows:
Py = (1= P [T = PR, (6.1)
-
i

where P,Ef()i and P(fl) denote the probability of missed detection and false alarm for

the i-th block, respectively, and b is the total number of blocks.
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6.1 Block Transition Detection of MEO GNSS
Pilot Channel with Soft Detection

In this section, we present a comprehensive analysis of block transition detection
performance for patterns constructed using Serial Bicode DSSS in MEO GNSS
applications. We focus on evaluating performance under both coherent and inco-
herent demodulation scenarios, specifically examining the key probabilities of false
alarm (Py,) and missed detection (P,,4). This analysis emphasizes soft detection,
in which the entire received signal is utilized to make a decision.

Scenario Description We consider a scenario involving a pattern p composed
of b =5 blocks (each of length 64 bits) that are spread using Serial Bicode DSSS
to produce the pilot channel s, as described earlier, where symbol 0 is mapped to
the legitimate code ¢y and symbol 1 to the alternative code ¢;. Both ¢y and ¢; are
sequences of length L. We focus on the first block (1), being B = 64 symbols long.
When this pattern p, is spread using Serial Bicode DSSS, we refer to the resulting
sequence as s,. We consider the signal s; for further analysis.

We transmit a signal s of length K'L over an AWGN channel, with the received
signal given by:

Iy =S8+n

where n = (ny,na,...,n;,...,nKr) represents the noise vector, with n; ~ N(0, 0?),
and we check if the sequence s; is present within a window of length BL.

Hypotheses:

o Null Hypothesis Hj: The 1-block sequence is absent at the receiver. The
received signal does not contain the 1-block sequence s;.

« Alternative Hypothesis H;: The 1-block sequence s; is present at the
receiver.

6.1.1 coherent Demodulation

To evaluate the performance under coherent demodulation, we begin by testing
the following statistic:

BL
T = Z Tz,iS1,
i=1

We correlate the received signal with the 1- block sequence s;, and compare this
against a threshold ¢. We decide:
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H, ifT >t
H, if T < t.

Under Hy:
T = Z 5tz+nz S1,4 = Zst1311+2n1812 (62)

=1
where s; is a segment of length BL that could be any sub-sequence of the pilot
channel s, aligned with the short codes, and excluding s;, defined as follows:
First, let the pattern p embedded within the pilot channel s be represented as:

p=1,...,pi»---,px) p€E{0,1}

We then define the set & which contains all possible sub-sequences s; of length
BL within s (excluding s, ), where:

S = {ﬁ = (‘T(pimodK)a cee ax<p(i+B—1)modK)) | 2 S 1 S K}

where z(-) is a mapping from 0 — ¢,, 1 — ¢;. Here, the subscript indices are
taken modulo K, ensuring that the segment wraps around to the start of p if
i+B-1>K. -

In Eq. (6.2) we have s;; € {—1,1}, hence the second term is a sum of BL
Gaussian random variables with mean 0 and variance o2, so Zf;Ll n;s1,; is Gaussian
with mean 0 and variance BLo?.

For the first term, >.2% 5¢i51,, the value depends on the specific transmitted
segment s, € S. We compute correlations for all possible segments and collect the
values ¢ in a vector c.

Let:

Cj = ZS(td),iSLi \V/S(tj) - S (63)

Thus, under Hy:

BL

1
T =c;+ Z n;s1; with probability )
i=1 K—1

This means that the pdf of 7" under Hy is an average of (K — 1) Gaussian
distributions, each with variance BLo? and mean cj €c

K-1 2
(T — CZ'>
fH()( exp—72 .
K 1 -1 2T - BL0'2 2-BLo
33
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Under H;:

BL BL BL
T = Z(Sl,i +ni)s1, = Z 81,451, + Z N;S1
i—1 i=1

i=1
Since Zf;ﬁ 51,51, = BL, and Zf;Ll n;s1,; is Gaussian with mean 0 and variance
BLo?, then T under H; is Gaussian with mean BL and variance BLo?,

Ty ~N(BL,BLo?)

1 —(T—BL)?

[, (T) = me 2-BLo? (6.5)

6.1.1.1 Probability of False Alarm (Pj,)

The probability of false alarm (Py,) refers to the event where the receiver incorrectly
decides that the sequence s; is present when it is actually absent, meaning it
incorrectly accepts Hy; when Hy is true [29].

In this section, we will present the analytical expression for Py, and compare it
with simulation results for coherent demodulation.

Analytical Py,

The probability of false alarm, Py, is defined as P(H;|H,), which represents the
likelihood of deciding H; (the presence of the sequence s;) when Hy (absence of
the sequence) is actually true. Mathematically, this is expressed as P(T > t|H,).

As illustrated previously in (6.4), under Hy, the test statistic 7" is an average
of K — 1 Gaussian distributions, each with a variance of BLo? and a mean ¢ € c.
Therefore, the probability of false alarm is given by:

1 K=l

t—c¢j
j=1

This formulation allows us to compute the probability of false alarm by summing
over the contributions of each Gaussian component..

Simulation of Py,

To verify the analytical results, we generated Ng;,, = 1,000,000 simulation runs. In
each simulation, a sub-sequence of s (a segment of length BL excluding the sequence
s1), s, was randomly selected from the pilot channel s to transmit. Gaussian noise
with variance o2 was added to the selected segment, which was then correlated
with the sequence s; and the results were stored in a vector 7 . For each threshold
t, Py, was estimated as the proportion of Ty values exceeding t. If fewer than 100
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samples exceeded ¢, Py, was not estimated for that threshold to ensure statistical
reliability.

Soft Decision, Coherent Demodulation: Py, vs. threshold
E./Ny = -19 dB

10° x :
10° |
10-10 L
Pfa|5imulati0n
[ _Pfa|Analytic
10—15 I I 1 1 I I
-1 -0.5 0 0.5 1 1.5 2
threshold t «10%

Figure 6.1: Comparison of analytical and simulated Py, for soft detection coherent
demodulation.

Fig. 6.1 demonstrates the alignment between the analytical and simulation re-
sults, validating the accuracy of the analytical expressions derived for the probability
of false alarm. E. is the energy of the chip.

6.1.1.2 Probability of Missed Detection (P,,)

The probability of missed detection (P,,4) occurs when the receiver incorrectly
decides that Hy (absence of the sequence s,) is true, even though H; (presence of
the pattern) is correct. Mathematically, this is expressed as P,q = P(Hy|H;) =
P(T < t|Hy).

Analytical P,4

As described previously in Eq. (6.5), under the alternative hypothesis Hj, the test
statistic T follows a Gaussian distribution with a mean of BL and a variance of
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BLo?. Therefore, the probability of missed detection is given by:

1 BL —t
Pmd = P(T < t|H1) = 2erfc<\/m>,

This formulation allows us to calculate P,,4 by evaluating the error function
complement (erfc) based on the threshold ¢, the mean BL, and the variance BLo?.

Simulation of P,

To validate the analytical results for the probability of missed detection (P,,q), we
conducted a simulation with N;,, = 1,000,000 simulation runs. In each simulation
run, the test statistic 1" was calculated by computing the inner product of the
pilot sequence s; with itself including added Gaussian noise with variance o2, and
the results were collected in vector T} This simulates the scenario where the s, is
present at the receiver.

For each threshold ¢, P,,; was estimated as the proportion of 7} values falling
below t. If fewer than 100 samples were below ¢, P,,q was not estimated for that
threshold to ensure the statistical reliability of the results.

Soft Decision, Coherent Demodulation: P,,q vs. threshold
E./Ny =-19 dB

100 w

PmdlSimulation
Pmd | Analytic

10730 I 1 1 1 1
0.5 1 1.5 2 2.5 3
threshold t «10%

Figure 6.2: Comparison of analytical and simulated P,,; for soft detection coherent
demodulation.
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Fig. 6.2 shows the alignment between analytical and simulation results, confirm-
ing the accuracy of the derived analytical expressions for the probability of missed

detection.

Receiver Operating Characteristic (ROC) Curve

The Receiver Operating Characteristic (ROC) curve is a graphical representation
of the trade-off between the probability of detection (P;) and the probability of
false alarm (Py,). It illustrates the performance of the soft detection coherent
demodulation system by plotting P; against Py, for various threshold values.

Soft Decision, Coherent Demodulation—ROC curve: Py, vs. Py

E./Ny = -19 dB

00—
107 ]
2%y

102 F 1
ROC'Simulatwn
ROClAnalytw

10—3 FE | S R | Ll

107 107 102 107

Py,

10°

Figure 6.3: ROC curve for soft detection coherent demodulation.

The curve in Fig. 6.3 demonstrates the relationship between the probability of
detection (P;) and the probability of false alarm (Pj,), indicating the detection

performance of the system.
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6.1.2 Incoherent Demodulation

To evaluate the performance under incoherent demodulation, we begin by testing
the following statistic:

correlating the received signal with s;, and comparing the magnitude of this
correlation against a threshold t. We decide for Hy if T' > t and for Hy otherwise.

Under Hy:
BL BL '
= er,isl,i = Z (St,i€]q> + Nyt jnim,i> s1il, St€S
i=1 i—1
Expanding this, we get:
BL
T = Z ((s1,5co8(®) + 1) + (S, 8IN(P) + M) 1.4
i=1

Separating the real and imaginary parts, we have:

7= cos z +zn)

<SIH ZStlSlZ +ZSI ilim Z>|

Let

BL
= COS Zst iS1: T Zsl,inr,i
i=1

_Sll'l 28t1512+251zn1m1

Given that s;; € {—1,+1}, we have:

BL
X ~N (cos(q)) Z StiS14, BL02>

=1

BL
Y ~ N (sin(q)) Z StiS14, BL02>

i=1
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Thus, the test statistic 1" can be expressed as:

BL
T=|X+jY|=VX2+Y2~Rice(v=>_ ;81 BLo”)

=1

T follows a Rician distribution with parameters v (the non-centrality parameter)
and BLo? (the variance).

For the non-centrality parameter, S°24 s¢:51,; depends on the specific transmitted
sequence s; € S. Again, exactly as we did in (6.3) We calculate the correlations
for all possible sequences, and we collect the values ¢ in a vector c.

Thus, under Hy:

1
T ~ Rice(v = ¢;, BLo?) with probability 1

Therefore, pdf of T under Hy is an average of (K — 1) Rician distributions, each
with variance BLo? and non-centrality parameter ¢;:

fHO(T): 2
K —1% BlLo (66)
y T2+c§I (T-ci)
exXp—
P UBLo? "\ BLo2

where Iy(z) is the modified Bessel function of the first kind with order zero.

Under H;
BL BL
T = ’ (COS((I)) Z 81,4 X S14 + Z 81,4 X nm)
=1 =1

BL BL
+j (sin(@) D s1i X s+ Y 81 X nunz) ‘
i=1 i=1

Since s1,; € {—1,+1}, we have Zf;li 51,51, = BL. Thus, under H;, the test
statistic T follows a Rician distribution with a non-centrality parameter v = BL
and variance BLo?:

T ~ Rice(v = BL, BLo?)

The probability density function of T under H, is given by:

T T? 4 (BL)?\ . (T-BL
ﬁhav—_BLapr<_ 2 BLo? ]0<BL02> 6.7)

where [y(z) is the modified Bessel function of the first kind with order zero.
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6.1.2.1 Probability of False Alarm (Pj,)

In this section, we will provide the analytical expression for Py, and compare it
with the simulation results for coherent demodulation.

Analytical Py,

As previously illustrated in (6.6), under Hy, the test statistic 7" is a weighted average
of K — 1 Rician distributions, each with a variance of BLo? and a non-centrality
parameter ¢ € c¢. Therefore, the probability of false alarm is given by:

Pjo = P(T > t|H,)

K-1 6.8
= Kl >p (Rice(n =2,v=c¢;, BLo?) > t) 6.8
-1 %

Jo ™ K -1 2= “'\\/BLo? VBLo? '

where Q1(+,-) is Marcum Q-function of order 1.

Simulation of P,

To validate the analytical results for incoherent demodulation, we generated Ng;,, =
1,000,000 simulation runs. In each simulation, a signal was randomly selected from
the pilot channel for transmission (excluding the 1-block sequence). This signal was
multiplied by a random phase shift and Gaussian noise with variance o2 was added.
The noisy signal was then correlated with the sequence s; and the magnitude of
the correlation was computed. The results were then collected in vector T

For each threshold ¢, P, was estimated as the proportion of Tj values exceeding
t. If fewer than 100 samples exceeded ¢, Py, was not estimated for that threshold
to ensure statistical reliability.
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Soft Decision, Incoherent Demodulation: Py, vs. threshold
E./Ny =-19 dB

10° w
10° 1
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Pfa|Simulation
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0 0.5 1 1.5 2 2.5
threshold t «10%

Figure 6.4: Comparison of analytical and simulated Py, for soft detection inco-
herent demodulation.

Fig. 6.4 demonstrates the alignment between analytical and simulation results,
confirming the accuracy of the derived analytical expressions for the probability of
false alarm.

6.1.2.2 Probability of Missed Detection (P,,,)

In this section, we will provide the analytical expression for P,,4 and compare it
with the simulation results for coherent demodulation.

Analytical P4

As previously described in Eq. (6.7), under the alternative hypothesis Hj, the test
statistic T" follows a Rician distribution with a non-centrality parameter v = BL

and variance BLo?:
T ~ Rice(v = BL, BLo?)

Therefore, the probability of missed detection is given by:

Ppa=P(T <t/H)=1-Q (\/2’2027 \/BtL02> (6.10)
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where ()1 is the Marcum Q-function of order 1.

Simulation of P,

To validate the analytical results for the probability of missed detection (F,q)
in incoherent demodulation, we conducted a simulation with N, = 1,000,000
simulation runs. In each simulation run, the test statistic 77 was calculated by
finding the magnitude of the inner product of the pilot sequence s; including
Gaussian noise with variance o? and random phase with itself, then the results
were collected in the vector T';. This setup simulates the scenario where the 1
pattern is present at the receiver.

For each threshold ¢, P,,; was estimated as the proportion of T'; values falling
below t. If fewer than 100 samples were below ¢, P,,q was not estimated for that
threshold to ensure the statistical reliability of the results.

Soft Decision, Incoherent Demodulation: P4 vs. threshold
E./Ny =-19 dB

100 w

L md

108 ¢
F PmdlSimulation
PmdlAnalytic

110 L : :
1 1.5 2 2.5
threshold t «10%

Figure 6.5: Comparison of analytical and simulated P,,; for soft detection
incoherent demodulation.

Fig. 6.5 demonstrates the alignment between analytical and simulation results,
confirming the accuracy of the derived analytical expressions for the probability of
missed detection with o2
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Receiver Operating Characteristic (ROC) Curve

Soft Decision, Incoherent Demodulation—ROC curve: Py, vs. Py
E./Ny =-19 dB

100 —————

ROC | Simulation
—— ROC | Analytic

1 1

102 :
107 103 102 107" 10°
Pya

Figure 6.6: ROC curve for soft detection incoherent demodulation.

The curve in Fig. 6.6 shows the relationship between the probability of detection
(P;) and the probability of false alarm (Py,), indicating the detection performance
of the incoherent demodulation system.

6.2 Performance Analysis of MEO GNSS Pilot
Channel with Hard Detection

In this section, we provide a detailed analysis of the performance metrics for patterns
created using Serial Bicode DSSS in MEO GNSS applications. We evaluate the
system’s performance under both coherent and incoherent demodulation scenarios,
focusing on two key probabilities: the probability of false alarm (Pf,) and the
probability of missed detection (P,4). This analysis emphasizes hard detection,
where each DSSS sequence is decoded, and decisions are made based on the resulting
sequence. Hard detection involves decoding the spreading sequences, computing
the Hamming distance between the received sequence and the expected pattern,
and making decisions accordingly.
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6.2.1 Coherent Demodulation
Scenario Description

We consider a scenario with a pattern p composed of b = 5 blocks, each B = 64
bits long, spread using Serial Bicode DSSS to form s. We focus on the first block
(1) of length B bits for the pattern p . The first block features single consecutive
1’s. This pattern is modulated using Serial Bicode DSSS, where bit 0 maps to
co (legitimate code) and bit 1 maps to ¢; (alternative code). Both ¢y and ¢; are
sequences of length L, producing the signal s;.

We transmit a signal s of length K'L over an AWGN channel, with the received
signal given by r, = s +n where n = (n1,n2,...,n;,...,nky) represents the noise
vector, with n; ~ A(0,0?), and we check if the sequence s; is present within a
window of length BL.

Hypotheses:

e Null Hypothesis Hy: The 1-block pattern is absent at the receiver.
o Alternative Hypothesis H;: The 1-block pattern is present at the receiver.

We test the statistic T' = dy(r,p,), where r is a segment of length BL that
we check for the presence of the pattern p, within after decoding each L chips to
either 0 or 1 according to Serial DSSS dlscussed before. Here, dy(-,-) represents
the Hamming distance.

Under H,
T =du(r,p,)

Let h(-) be a function that maps each L chips according to Serial DSSS discussed
in Section 3.4. Then r = h(r;) where 1, could be any segment of length BL.

The probability of a mistaken bit flip for coherent demodulation is given by Eq.
(3.20).

The resulting Hamming distance T depends on the initial Hamming distance
between the initial sequence p, = h(s;) and p;, representing the number of initially
differnt bits. We can conceptualize this as flipping two sets of coins:

1. The first set is flipped dg(p:, p1) times with a success probability of 1 — P,
representing the likelihood of a flipped bit remaining flipped and contributing
to the final Hamming distance.

2. The second set is flipped B — dg (p, p1) times with a success probability of P,
representing the likelihood of a correct bit becoming flipped and contributing
to the Hamming distance.
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Thus, under Hy, T is the sum of two binomial distributions:
T=X+Y

where X ~ Binomial(dg(pe, p1),1 — F) and Y ~ Binomial(B — dg(pe, p1), ).
Let d = dg(p, p1). The probability P(T" = k) is given by:

min(d,k) d
rr-n- S (Na-nrn
)

n=max(0,k—(B—d)

<_§ - d) Plfg—n(l _ P[))(B*d)*(k*’n)
—n

We collect all possible patterns p, and compute their Hamming distance from
p1, denoted as dg(pe, p1). We then compile all unique values of these Hamming
distances into DP (distance profile).

Let:

B:(ph‘"api)"'?pK)

We then define the set P which contains all the possible segments of length B
within p, excluding p;:

P = {]& = (P(i) mod K's D(i+1) mod K s - - - s D(i+B—1)mod K) | 2 < 1 < K}

The subscript indices are taken modulo K, ensuring that the segments wrap around
to the start of pif i + B — 1> K. Now we define

Dpz = dH(BthBlLv@ eP

The cardinality of DP, |[DP| = K — 1.
Under Hy, the probability P(Ty = k) is:

PT=h=r7> 3

i=0 n=max(0,k—(B—DP; n

|DP| min(DP;,k) (DB>
)
. __(B—DP, (6.11)
< (= RPRT ( k—n >
% Pbk:—n(l . Pb)(B—DPi)—(k;—n)

Under H;
T =du(h(s, +n),p,)
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Under H;, We receive the signal s;, which is p, spread according to Serial DSSS,
with noise n. In this scenario, since the initial Hammmg distance dH(pl, pl) is 0,
under Hy, T follows a binomial distribution:

T ~ Binomial(B, B,)

The probability P(T = k) is given by:

P(T=k)= (f) (1—PB)"*pF (6.12)

6.2.1.1 Probability of False Alarm (Pj,)

In this section, we provide the analytical expression for P, and compare it with
simulation results for hard detection coherent demodulation.

Analytical Py,

For coherent demodulation hard detection, we compute the Hamming distance
between the decoded received sequence and p , and compare it to a threshold ¢. A
false alarm occurs when, under Hy, the Hammmg distance falls below the threshold
t.

Using (6.11) it can be shown that the probability of false alarm is given by:

P(T < t|Hy) = P(T < 1)
t—1 1 K-1 min(DP;,k)

:K—_zz

k=0 =0 n=max(0,k—(B—DZF;))
or (6.13)
n

1
X (1 — B,)"pPr—

B— DP,
X

)Pbk n(l . Pb)(B—DPi)—(k:—n)
k

n

Simulation of Py,

To validate the analytical results for the probability of false alarm (Pf,), we
conducted a simulation with Ny;,, = 1,000,000 simulation runs. In each simulation
run, a signal s, was selected from the matrix §. Gaussian noise with variance o
was added to the selected signal, and the received signal was decoded determining
whether each L-chips segment corresponds to a 0 or 1. The Hamming distance Tj
between the decoded pattern and the expected pattern p, was calculated.
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For each threshold t, Py, was estimated as the proportion of Tj values falling
below t. If fewer than 100 samples fall below ¢, Py, was not estimated for that
threshold to ensure statistical reliability.

Finally, we plot the simulation results against the analytical results to verify
the accuracy of the analytical expression for P,.

Hard Decision, Coherent Demodulation: Py, vs. threshold
E./Ny =-19 dB
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Figure 6.7: Comparison of simulated and analytical Py, for hard detection
coherent demodulation, demonstrating perfect alignment.

6.2.1.2 Probability of Missed Detection (P,,,)

The probability of missed detection (P,,4) occurs when the receiver incorrectly
concludes that Hy (absence of the pattern p;) is true, even though H; (presence of
the pattern) is correct. Mathematically, this is expressed as P,,q = P(Hy|H;) =
P(T > t|H,).

In this section, we provide the analytical expression for P,,; and compare it
with simulation results for hard detection coherent demodulation.
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Analytical P,

As previously described is Eq. (6.12), under the alternative hypothesis Hy, the test
statistic T' follows a binomial distribution:

Ty ~ Binomial(B, F)
Therefore, the probability of missed detection is given by:
' (B
Poa=P(Ti>t)=1-) ( )(1 — BB kpF (6.14)

This formulation is used because t is typically much smaller than B — k, simplifying
the calculation.

Simulation of P,

To validate the analytical results for the probability of missed detection (P,,q), we
conducted a simulation with Ng;,, = 1,000,000 simulation runs . In each simulation
run, the signal s; was transmitted with added Gaussian noise having a variance
0%, The received signal was then decoded by assessing each L-chips segment. The
Hamming distance T} between the decoded pattern and the expected pattern p;
was computed. B

For each threshold ¢, P,,; was estimated as the proportion of T} values exceeding
t. If fewer than 100 samples exceeded t, P,,4 was not estimated for that threshold
to maintain statistical reliability.

Finally, we plot the simulation results against the analytical results to verify
the accuracy of the analytical expression for P,,4.
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Hard Decision, Coherent Demodulation: P4 vs. threshold
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Figure 6.8: Comparison of simulated and analytical P,,,; for hard detection
coherent demodulation, demonstrating perfect alignment.
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Receiver Operating Characteristic (ROC) Curve

Hard Decision, Coherent Demodulation—ROC curve: Py, vs. Py
E./Ny =-19 dB
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Figure 6.9: ROC curve for hard detection coherent demodulation.

The curve in Fig. 6.9 shows the relationship between the probability of detection
(P;) and the probability of false alarm (Py,), indicating the detection performance
of the hard detection coherent demodulation system.

6.2.2 Incoherent Demodulation
Scenario Description

The scenario is identical to the coherent demodulation case, with the exception
that the probability of error P,(e) is now given by the error probability of Serial
Bicode DSSS under incoherent demodulation, as expressed in Eq. (3.2).

The subsequent analysis follows the same approach as in the coherent demodu-
lation case but with the modified error probability P,.

Under H,
1 K—1 min(DP;,k)
Foix -
=0 n=max(0,k—(B—DZF;))
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n

B_DP (6.15)
% < k . Z) Pbkfn(l o Pb)(BfDPZ')f(k‘fTL)
Under H,;
B B—k pk
P(T=k) = i (1-P)°"P (6.16)

6.2.2.1 Probability of False Alarm (Pj,)
Analytical Py,

The analytical expression for Py, in incoherent demodulation is similar to that
in coherent demodulation, with the modified error probability P,, we now use B,
given in Eq. (3.2). It is given by:

=P(T < t|H0) =P(T <)
1 K—1 min(DP;,k)
n=max(0,k—(B—DP;))

K
D z) 1_ nPDP -n (617)

Simulation of Py,

To validate the analytical expression for Py,, a simulation with Ng;,, = 1,000,000
simulation runs was conducted. In each run, a signal s, was randomly selected
from S, modulated with random phase, and combined with Gaussian noise. The
received signal was then decoded to calculate the test statistic 7}, representing the
Hamming distance from the expected pattern p, .

Finally, the simulation results were compared to the analytical results to ensure
their accuracy.
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Hard Decision, Incoherent Demodulation: Py, vs. threshold
E./Ny =-19 dB
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Figure 6.10: Comparison of simulated and analytical Py, for hard incoherent
demodulation, demonstrating perfect alignment.

6.2.2.2 Probability of Missed Detection (P,,)

The probability of missed detection (P,,4) measures the likelihood that the receiver
fails to detect the presence of the pattern p; when it is actually present.

Analytical P,,; For the incoherent demodulation scenario, the analytical expres-
sion for P,,q is derived similarly to the coherent case, but with the modified error
probability specific to incoherent demodulation:

t
Poa=P(T,>t)=1- Z (f) (1— P)5*pfF
k=0

Simulation of P,,; To validate the analytical expression for P4, a simulation
was performed with N, = 1,000,000 simulation runs. For each run, the signal s;
was modulated with random phase and Gaussian noise, then decoded to compute
the test statistic T7. The statistic T} represents the Hamming distance from the
expected pattern p.

The simulation results were compared to the analytical results to ensure their
accuracy.
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Hard Decision, Incoherent Demodulation: P, vs. threshold
E./Ny =-19 dB
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Figure 6.11: Comparison of simulated and analytical P,,; for hard incoherent
demodulation, demonstrating perfect alignment.
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Receiver Operating Characteristic (ROC) Curve

Hard Decision, Incoherent Demodulation—ROC curve: Py, vs. Py
E./N, =-19 dB
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Figure 6.12: ROC curve for hard incoherent demodulation.

The curve in Fig. 6.12 shows the relationship between the probability of detection
(P;) and the probability of false alarm (Py,), indicating the detection performance
of the hard incoherent demodulation system.

6.3 Performance Analysis of LEO GNSS Pilot
Channel with Soft Detection

In this section, we provide a comprehensive analysis of the performance metrics for
patterns constructed using Serial Bicode DSSS in LEO GNSS applications. We
focus on evaluating the system’s performance under both coherent and incoherent
demodulation scenarios, specifically targeting the key probabilities: probability
of false alarm (Pj,) and probability of missed detection (F,,4). This analysis
emphasizes soft detection, where the entire received signal is utilized to make a
decision.
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6.3.1 Coherent Demodulation

Scenario Description

We consider a scenario involving a pattern p:
p = (0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0)

This pattern is spread using Serial Bicode DSSS to produce the pilot channel, where
bit 0 is mapped to ¢, (legitimate code) and bit 1 to ¢; (alternative code). Both ¢,
and ¢, are sequences of length L, forming the sequence s:

s = (207QO7QOaQ[)agmQOagmglng?QOaQO?QOaQ[)aQOanQO)

We continuously transmit a signal s of length 16 L over an AWGN channel and
check if the pattern s is present within a window of length 16L.

Hypotheses

o Null Hypothesis Hy: The pattern within s is absent at the receiver. The
received signal does not contain the pattern.

o Alternative Hypothesis H;: The pattern within s is present at the receiver.

We test the statistic:
16L

T= Z Tx,iSi
i=1

where 7, is the received signal within a window of 16 short codes.

We correlate the received signal with the s block pattern and compare this
against a threshold .

The decision rule is:

H, ifT>1,
H, if T < t.
Under H,
16L 16L 16L
T = Z(Stvi + ni)si = Z St,iSi + Znisi (618)
=1 i=1 =1

where s, is any cyclic shift of pattern p excluding the pattern itself, mapped
into spreading codes with the mapping from 0 — ¢, and 1 — ¢;. There are 15
possible segments for s; as p consists of 16 bits.

In Eq. (6.18), the second term is a sum of 161 Gaussian random variables

with mean 0 and variance o2, so 1% n;s; is Gaussian with mean 0 and variance
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16Lo?. The first term is the cross-correlation between s and s,. This can be easily
computed by noticing that any cyclic shift P, of the pattern p has dg(p, pt) 2,
and that ¢, and ¢; are sequences in {—1,1}. Thus the cross-correlation is:

16L
> siis; = 14L + 22001011 =14L+2R Vs, (6.19)

=1 =1

where R is given by Eq. (3.15).
This means that 7" under H, is a Gaussian distribution with variance 16 Lo?
and mean 14L + 2R:

1 —(T — (14L + 2R))?
fHo( ) \/m eXp ( 9. 16Lo2 ) (620)

Under H;

16L 16L 16L 16L

T = Z (s; +m;)s; z:szsZ + ansz = 16L + ansz (6.21)

=1

Similarly to before, the second term is a sum of 16L Gaussian random variables
with mean 0 and variance o2, so it is Gaussian with mean 0 and variance 16Lo>.
Thus, T under H; is a Gaussian distribution with variance 16 Lo? and mean

16L:
1 —(T — 16L)?

6.22

i (7) = oo (o (6.22)

Probability of False Alarm (P,)

In this section, we will present the analytical expression for Ps, and compare it
with simulation results for coherent demodulation.

Analytical Py,

As illustrated previously in (6.20), 7" under H, is a Gaussian distribution with
variance 16Lo? and mean 14L + 2R. Therefore, the probability of false alarm is

given by:
Pro=P(T > t| Hy) Lot 1= (14 + 2R) (6.23)
o = >t = —erlc . .
! )72 V2 - 16Lo?
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Simulation of Py,

To verify the analytical results, we generated N;,, = 1,000,000 simulation runs. In
each simulation, a segment of length 16L, s,, was randomly selected to transmit.
Gaussian noise with variance o? was added to the selected segment, which was
then correlated with the pilot s. The results were stored in a vector 7j. For each
threshold ¢, P, was estimated as the proportion of Ty values exceeding ¢. If fewer
than 1000 samples exceeded ¢, Pr, was not estimated for that threshold to ensure
statistical reliability.

Soft Decision, Coherent Demodulation: Py, vs. threshold
E./Ny =-19 dB

1006 : E
10" F
107
103 F
Pfa'Simulatiun
| Pfa'Analytic
0_4 1 1 1 1 1
-1000 0 1000 2000 3000 4000 5000

threshold t

Figure 6.13: Comparison of analytical and simulated Py, for soft detection
coherent demodulation.

Probability of Missed Detection (F,,4)

In this section, we will present the analytical expression for P,,; and compare it
with simulation results for coherent demodulation.
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Analytical P,

As described previously, 7' under H; is a Gaussian distribution with variance 16 Lo?
and mean 16L. Therefore, the probability of missed detection is given by:

1 16L — ¢t
Py = ~erfd ———— 6.24
172 <\/2 -16L02> (6.24)

Simulation of P,

To validate the analytical results for the probability of missed detection (P,,q), we
conducted a simulation with N,;,, = 1,000,000 simulation runs. In each simulation
run, the test statistic 7" was calculated by summing the product of the pilot channel
s with itself, including added Gaussian noise with variance o?. The results were
collected in the vector 7j.

For each threshold ¢, P,,; was estimated as the proportion of 7} values falling
below t. If fewer than 1000 samples were below ¢, P,,q was not estimated for that
threshold to ensure the statistical reliability of the results.

Soft Decision, Coherent Demodulation: P,,q vs. threshold
E./Ny = -19 dB
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Figure 6.14: Comparison of analytical and simulated P, for soft detection
coherent demodulation.

The figure shows the alignment between analytical and simulation results,
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confirming the accuracy of the derived analytical expressions for the probability of
missed detection.

Receiver Operating Characteristic (ROC) Curve

Soft Decision, Coherent Demodulation—ROC curve: Py, vs. Py
E./N, =-19 dB
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Figure 6.15: ROC curve for soft detection coherent demodulation.

6.3.2 Incoherent Demodulation

The scenario for incoherent demodulation is identical to the previously described
scenario for coherent demodulation.

Hypotheses:
o Null Hypothesis Hj: The pilot s is absent at the receiver.

o Alternative Hypothesis H;: The pilot s is present at the receiver.

For incoherent demodulation, we test the statistic T’ :JZ}% Tx7i8i’, correlating

the received signal with s, and comparing the magnitude of this correlation against
a threshold ¢. We decide for Hy if T' > t and for H, otherwise.
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Under Hy,: By performing the same analysis as we did for the MEO case and
noting that the cross-correlation between s; and s is 14L + 2R for any segment
54, it can be found that the test statistic 7" under Hj follows a Rician distribution
with non-centrality parameter v = 14L + 2R and variance 16Lo>.

Therefore, the probability density function of 7" under Hj is given by:

fHo (T)

T oxp <_T2+(14L+2R)2> I (T.(14L+2R)> (6.25)

~ 16Lo2 2 -16Lo2 16 Lo2

where Iy(z) is the modified Bessel function of the first kind with order zero.

Under H;: Following the same analysis as for the MEO case, we find that under
Hy, T follows a Rician distribution with non-centrality parameter » = 16L and
variance 16 Lo?2.

The probability density function of 7" under H; is given by:

T T2 + (16L)* T-16L
T)=—exp|— I 2
Jin (T) 16La2eXp< 2. 16Lo” 0(16L02) (6.26)

where Iy(z) is the modified Bessel function of the first kind with order zero.

Probability of False Alarm (P,)

In this section, we will provide the analytical expression for Py, and compare it
with the simulation results for incoherent demodulation.

Analytical Py,

As previously illustrated in Eq. (6.25), the test statistic 7" under H, follows a
Rician distribution with non-centrality parameter v = 14L + 2R and variance
16Lo%. Therefore, the probability of false alarm is given by:

Py = P(T > t| Hy) = P (Rice(n = 2,v = 14L + 2R, 16Lo”) > t)

(6.27)

14L + 2R t
Pfa_Q1< )

V16Lo? ' \/16Lo2

where Q1(+,-) is the Marcum Q-function of order 1.

Simulation of Py,

To validate the analytical results for incoherent demodulation, we generated Ng;,, =
1,000,000 simulation runs. In each simulation, a segment of length 16L, s,, was
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randomly selected to transmit. This signal was multiplied by a random phase shift,
and Gaussian noise was added. The noisy signal was then correlated with the pilot
channel s, and the magnitude of the correlation was computed. The results were
then collected in the vector Tj.

For each threshold ¢, Py, was estimated as the proportion of T values exceeding
t. If fewer than 1000 samples exceeded ¢, Py, was not estimated for that threshold
to ensure statistical reliability.

Soft Decision, Incoherent Demodulation: Py, vs. threshold
E./Ny =-19 dB
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Figure 6.16: Comparison of analytical and simulated Py, for soft detection
incoherent demodulation.

Probability of Missed Detection (F,,4)

Analytical P,; As previously described in Eq. (6.26), under the alternative
hypothesis Hy, the test statistic T" follows a Rician distribution with a non-centrality
parameter v = 16 L and variance 16 Lo?:

T ~ Rice(v = 16L,16Lao?)

Therefore, the probability of missed detection is given by:

16 L t
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where ()1 is the Marcum Q-function of order 1.

Simulation of P,

To validate the analytical results for the probability of missed detection (P,q)
in incoherent demodulation, we conducted a simulation with N;,, = 1,000,000
simulation runs. In each simulation run, the test statistic 77 was calculated by
finding the magnitude of the inner product of the pilot pattern s, including Gaussian
noise with variance o2, with itself. The results were collected in the vector T;.

For each threshold ¢, P,,; was estimated as the proportion of T'; values falling
below t. If fewer than 1000 samples were below ¢, P,,q was not estimated for that
threshold to ensure the statistical reliability of the results.

Soft Decision, Incoherent Demodulation: P4 vs. threshold
E./Ny =-19 dB
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Figure 6.17: Comparison of analytical and simulated P,,; for soft detection
incoherent demodulation.

The figure shows the alignment between analytical and simulation results,
confirming the accuracy of the derived analytical expressions for the probability of
missed detection.
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Receiver Operating Characteristic (ROC) Curve

Soft Decision, Incoherent Demodulation—ROC curve: Py, vs. Py
E./Ny =-19 dB
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Figure 6.18: ROC curve for soft detection incoherent demodulation.

6.4 Performance Analysis of LEO GNSS Pilot
Channel with Hard Detection

In this section, we provide a detailed analysis of the performance metrics for patterns
created using Serial Bicode DSSS in LEO GNSS applications. We evaluate the
system’s performance under both coherent and incoherent demodulation scenarios,
focusing on two key probabilities: the probability of false alarm (Pf,) and the
probability of missed detection (P,4). This analysis emphasizes hard detection,
where each DSSS sequence is decoded, and decisions are made based on the resulting
sequence. Hard detection involves decoding the spreading sequences, computing
the Hamming distance between the received sequence and the expected pattern,
and making decisions accordingly.
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6.4.1 Coherent Demodulation
Scenario Description

We consider a scenario involving a pattern p:
p = (0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0)

This pattern is spread using Serial Bicode DSSS to produce the pilot channel, where
bit 0 is mapped to ¢, (legitimate code) and bit 1 to ¢; (alternative code). Both ¢,
and ¢, are sequences of length L, forming the sequence s:

S = (QO7QO7QO>Q07Q07Q()?QOJQDQO?£O7QO?Q07QO7207Q07QO)

We continuously transmit a signal s of length 16 L over an AWGN channel and
check if the pattern p embedded within the received sequence is present a window
of length 16L.

e Null Hypothesis H,: The pattern p embedded within s is absent at the
receiver. The received signal does not contain the pattern.

» Alternative Hypothesis H;: The pattern p embedded within s is present
at the receiver.

We test the statistic T' = dg(r, Q), where r is obtained from a segment of length
16 L after decoding each L bits to either 0 or 1 according to the Serial DSSS method
discussed before. Here, dy(+,-) represents the Hamming distance.

Under H,
T =dg(r,p)

Following the same analysis we performed for the MEO case, and noticing that any
cyclic shift p; of pattern p, excluding the pattern itself, has a Hamming distance
d(pe, p) — 2, it can be shown that under Hy, T is the sum of two binomial
distributions:

T=X+Y

where X ~ Binomial(dy(p:,p) = 2,1 — B,) and Y ~ Binomial(16 — dg(p,p) =
14, Py).
Then, under Hy, the probability P(Ty = k) is:

min(2,k) 9 14
== > (Ma-nrre( M )rra-mee e
)

n=max(0,k—14 B
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Under H;

Under H;, T} follows a binomial distribution:
T; ~ Binomial(16, P,)
The probability P(T; = k) is given by:

P(Ty,=k) = (f) (1— B)'*pF (6.30)

6.4.1.1 Probability of False Alarm (FP,)

In this section, we provide the analytical expression for Py, and compare it with
simulation results for hard detection coherent demodulation.

Analytical Py,

For coherent demodulation hard detection, we compute the Hamming distance
between the decoded received sequence and p, and compare it to a threshold . A
false alarm occurs when, under Hy, the Hamming distance falls below the threshold
t.

Using (6.29) it can be shown that the probability of false alarm is given by:

Pfa:P<T<t’HO>:P(TO<t)

— e 2 2 14 k 14— (k
=> > <n> (1— PPy (k )Pb ML= P (6.31)
)

k=0 n=max(0,k—14 -n

Simulation of Py,

To validate the analytical results for the probability of false alarm (FPy,), we
conducted a simulation with N,;,, = 1,000,000 simulation runs. In each simulation
run, a pattern p; was selected randomly and encoded using serial bicode DSSS
to form the transmitted signal. Gaussian noise was added to the selected signal,
and the received signal was decoded by determining whether each L-chips segment
corresponds to a 0 or 1. The Hamming distance Ty between the decoded sequence
and the expected pattern p was calculated and stored in the vector Tp.

For each threshold ¢, P;a was estimated as the proportion of T values falling
below t. If fewer than 1000 samples fall below ¢, Pf, was not estimated for that
threshold to ensure statistical reliability.

Finally, we plot the simulation results against the analytical results to verify
the accuracy of the analytical expression for Pj,.
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Hard Decision, Coherent Demodulation: Py, vs. threshold
E./Ny =-19 dB
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Figure 6.19: Comparison of simulated and analytical Py, for hard detection
coherent demodulation, demonstrating perfect alignment.

6.4.1.2 Probability of Missed Detection ((P,,4)

Analytic P,; As previously described is Eq. (6.30), under the alternative
hypothesis Hy, the test statistic T" follows a binomial distribution:

T, ~ Binomial(16, P,)

Therefore, the probability of missed detection is given by:
" (16 6—k pk
Ppa=P(Ti>t)=1-> ) (1—-PR)' " p (6.32)
k=0

This formulation is used because t is typically much smaller than 16 — £, simplifying
the calculation.

Simulation of P,

To validate the analytical results for the probability of missed detection (P,,4), we
conducted a simulation with N;,, = 1,000,000 simulation runs. In each simulation
run, the signal s was transmitted with added Gaussian noise having a variance
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o2. The received signal was then decoded by assessing each L-chips segment. The

Hamming distance 77 between the decoded sequence and the expected pattern p
was computed and stored in the vector 7.

For each threshold ¢, P,,q was estimated as the proportion of 7} values exceeding

t. If fewer than 1000 samples exceeded ¢, P,,q was not estimated for that threshold
to maintain statistical reliability.

Finally, we plot the simulation results against the analytical results to verify
the accuracy of the analytical expression for P,,4.

Hard Decision, Coherent Demodulation: P4 vs.
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Figure 6.20: Comparison of simulated and analytical P,,; for hard detection
coherent demodulation
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Receiver Operating Characteristic (ROC) Curve

Hard Decision, Coherent Demodulation—ROC curve: Py, vs. Py
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Figure 6.21: ROC curve for hard detection coherent demodulation.

6.4.2 Incoherent Demodulation
Scenario Description

The scenario is identical to the coherent demodulation case, with the exception
that the probability of error P,(e) is given in Eq. (3.2).

The subsequent analysis follows the same approach as in the coherent demodu-
lation case but with the modified error probability P,.

Under H,

min(2,k)
2 14
r-n- > (PJa-nrre( M )ra-nee e

n=max(0,k—14) n

Under H,;
P(T, = k) = (k ) (1— PR, *pF (6.34)
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6.4.2.1 Probability of False Alarm (Pj,)
Analytical Py,

The analytical expression for Py, in incoherent demodulation is similar to that
in coherent demodulation, with the modified error probability P,, we now use B,
given in Eq. (3.2). It is given by:

Pjo = P(T < t|Hy) = P(T, < t)

t—1 min(2,k)

=2 2 (i)(l ORI (klfn)Pb’“‘”u - BT (6.3)

k=0 n=max(0,k—14)

Simulation of Py,

To validate the analytical expression for Py,, a simulation with N, = 1,000,000
simulation runs was conducted. In each run, a cyclic shift of pattern p was randomly
selected and then encoded according to Serial Bicode DSSS to form the transmitted
signal. This signal was then modulated with random phase and combined with
Gaussian noise. The received signal was decoded to calculate the test statistic Tp,
representing the Hamming distance from the expected pattern p. The results were
stored in the vector Tp.

For each threshold ¢, Ps, was estimated as the proportion of 7 values falling
below t. If fewer than 1000 samples fell below ¢, Pr, was not estimated for that
threshold to ensure statistical reliability.

Finally, the simulation results were compared to the analytical results to ensure
their accuracy.
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Hard Decision, Incoherent Demodulation: Py, vs. threshold
E./Ny =-19 dB
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Figure 6.22: Comparison of simulated and analytical Py, for hard incoherent
demodulation.

6.4.2.2 Probability of Missed Detection (P,,)

The probability of missed detection (P,,4) measures the likelihood that the receiver
fails to detect the presence of the pattern p embedded within the received signal
when it is actually present.

Analytical P,,; For the incoherent demodulation scenario, the analytical expres-
sion for P,,q is derived similarly to the coherent case, but with the modified error
probability specific to incoherent demodulation:

L(1
Pog=P(T >t)=1-Y" (:) (1— P)'*pf
k=0

Simulation of P,,; To validate the analytical expression for P,,4, a simulation
was performed with Ng;,, = 1,000,000 simulation runs. For each run, the pilot
channel s was modulated with random phase and Gaussian noise, then decoded to
compute the test statistic 7). The statistic T represents the Hamming distance
from the expected pattern p. The results were stored in the vector 77.
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For each threshold ¢, P,,4 was estimated as the proportion of 7 values exceeding
t. If fewer than 1000 samples exceeded t, P,,q was not estimated for that threshold
to ensure statistical reliability.

Finally, the simulation results were compared to the analytical results to ensure
their accuracy.

Hard Decision, Incoherent Demodulation: P,y vs. threshold
E./N, =-19 dB

10° 3 * I ' '
F Pmd|Simulation
— md|Analytic
10 £ 3
102 F ]
a8
103 ;
104 £ ;

threshold t

Figure 6.23: Comparison of simulated and analytical P,,; for hard incoherent
demodulation.
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Receiver Operating Characteristic (ROC) Curve

Hard Decision, Incoherent Demodulation—ROC curve: Py, vs. Py
E./Ny =-19 dB
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Figure 6.24: ROC curve for hard incoherent demodulation.
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Chapter 7

Signal Acquisition for GNSS
Serial Bicode DSSS Pilot

Channels

7.1 Introduction

In the previous chapter, we examined the performance of block detection of pilot
channels utilizing Serial Bicode DSSS for both MEO and LEO GNSS systems.
Those analyses assumed that the Doppler shift and code delay values were already
estimated. It was assumed that the receiver was aligned with the short code,
facilitating a straightforward search and detection of the embedded patterns.

In this chapter, we turn our attention to the essential task of estimating the
Doppler shift and code delay values, enabling the receiver to synchronize with the
satellite signals. Unlike earlier scenarios, we no longer assume that the receiver is
already aligned with the short codes. Instead, the acquisition process now seeks to
determine these parameters, after which the receiver can decode and locate the
embedded patterns in the GNSS signals. In the subsequent analysis, to evaluate the
Cross-Ambiguity Function (CAF), we adopt the approach introduced in Chapter 4.
Specifically, we compute the squared modulus of the CAF across the entire search
space, accumulate these values over N, coherent integrations, and then select
the maximum value to make our decision. (Note that this analysis can be easily
extended to other search strategies.) We begin by deriving a general model for
acquisition performance, followed by a comparison of analytical and simulated
results using the MEO and LEO pilot channels introduced by Garello in [1] and
presented in Chapter 5.
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7.2 General Framework

7.2.1 Introduction

In this section, we establish a general framework for analyzing the acquisition of
GNSS Serial Bicode DSSS pilot channels. The received signal at the output of the
front-end stage can be expressed as:

ro(t) = e (t — 7) eXp<27r( fie+ fo)t+ cb) gl + (e, (7.1)

where ¢,(t — 7) is the result of an unknown serial combination of the two codes
co and ¢;. The different possible code patterns that may arise from this serial
configuration will be discussed in detail in the following sections. The term frr+ fp
accounts for the sum of the intermediate frequency and Doppler shift, ® is the
carrier phase, and ng(t)+j n(t) represents complex-valued additive white Gaussian

noise (AWGN).

7.2.2 Statistical Modeling and Cell Probabilities

The basic elements of the performance evaluation in our analysis are the detection
and false alarm probabilities for a single cell of the non-coherent accumulation
output, hereinafter referred to as P; and Py,, respectively. However, the overall
performance depends on decisions made based on the entire search space. Conse-
quently, the overall detection and false alarm probabilities, denoted hereafter as
Pp and Pp4, respectively, are also evaluated.

We distinguish between two hypotheses:

o a null hypothesis, Hy, where the signal is not present or does not align with
the local replica; and

e an alternative hypothesis, Hy, where the signal is present and correctly aligned
with the local replica.

We assume that the ambiguity function is null in the absence of noise for 7,, # 7
and Fy, # F,, where (7, Fy) is the cell in which the signal is present and aligned.

Note: Discrete-time signals are denoted with square brackets (e.g., ng[i] =
ng(iTy)), omitting the explicit T.
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Statistical Characterization Under H,

Under Hj, the received signal consists solely of noise. Hence, the nth cell of the
CAF in (4.3) is
" 1 & .
R = R(tn, Fu) = 7 Z(nR[i] n nf[z']>co[i )] eXp(— j27er,nz'), (7.2)
i=1

where ng|i] and n;[i] are the real and imaginary parts of the noise, assumed i.i.d.
Gaussian with zero mean and variance o2 = % (Np is the one-sided noise spectral
density).

By reformulating (7.2) as in (4.5), we can evaluate the variance of the real and
imaginary part as [30]

1 & NP
var[Yp,] = Var{%{[/ Z(nRM +7J n[[i])@g[i - 7A—n]€J27er’"l} }

i=1

1 & . A
=73 > Var{nR[i] cos(2mFy i) — nyli] sin(QWFd’ni)}
i=1

]_ L A A 0'2
=1z > {02 cos®(2mEy i) + 0 sinz(ZWFd’ni)] ==
i=1

Similarly

0.2

f .
It follows that Y, = Y2, + Y7, with variance 0% = 2. Therefore, Y,, follows a
central scaled chi-square distribution with two degrees of freedom:

Y, ~ oy x*(2).

var [Y7,] =

The non-coherent accumulation over N, integrations then averages N, indepen-
dent scaled chi-squared random variables, resulting in another scaled chi-squared

2
. . . . . . g
distribution with 2N, degrees of freedom. The variance is 03, = & = 1%
c c

1 X

Xo=—=> Vi, ~ ox. X2 (2N,).
Nejim ™ ‘
The probability density function (PDF) under Hy is then:
1 X Nc_l 1 X
an‘HO(w) = 20_]2VC<20_12VC) F(NC) eXp<—20_12VC) fOl” T Z O,

where I'(+) is the gamma function.
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Cell Probability of False Alarm  The probability of false alarm P, for a
single cell at a predefined threshold ¢ is given by [31]:

Pult) = [ fx,ma) do = F(IZYUV)) (73)

where I'(s, z) is the upper incomplete gamma function.

Statistical Characterization Under H;

Under the H; hypothesis, we consider the signal in the cell A, where the signal is
present and correctly aligned. In this case, the CAF in cell A can be defined as:

| L o P
Ra= - 2 (Cr [i — 7]/ CTEE) pongli] + jing [’LD coli — Ta]eTIwAT (7.4)
=1

where ® is an unknown but constant carrier phase offset during the observation
interval. The term ¢, represents the possible code pattern in the observed signal
resulting from the unknown serial combination of ¢y and ¢;. The possibilities of
which will be discussed in detail in the following sections.

Under this hypothesis, the real and imaginary parts of R4, denoted by Yz 4 and
Y7 4, respectively, are no longer zero-mean. To show it, we begin by expressing the
expectation of the real part as

ElYpal =E
=1

R ‘ ‘ -
R{L Z(cr[i 7] IERF®) g r) nl[i])c()[i — 74] €—g2an7Az}]

1L . ) B
{L Zc’r[i o 7_] 6](27erz+<I>) C()[i . 7_] e—]27erz}]

=1

1=

&
&

I
S
e

N
Il
—

et — Tl eoli — 7] R{ej(27eri+<I>) ejQﬂ-Fdi}

I
S
(R

N
Il
—

e li = 7] coli — 7] R{eﬂ’}

I
S
e

N
Il
—

crli — 1] coli — 7] cos(P) .
(7.5)

where (7.5) follows from the H; assumption that Fd, a=F;and 74 = 7.
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Similarly, for the imaginary part we get

1 L
EY; 4] = Z et — Tleoi — 7] sin(P) .
=1
Now, due to the presence of the alternative codes ¢; in the pilot channel, ¢,
depends on the window where coherent integration is considered. We define ¢,
as the pattern found within the k-th coherent integration of the non-coherent
accumulation, and we introduce the parameter:

Z Crilt — Tleolt — 7] (7.6)

The variance of Y 4 and Y7 4 is not affected by the presence of the useful signal
(a deterministic component). Hence:

[\

o

YR7A ~ N(ak COS(CI)), f), (77)
and
0.2
Yia ~ N (o sin(®), 7). (7.8)

Since the sum of the squares of two non-zero mean independent Gaussian random
variables leads to a non-central y? distribution, we have:

Ya= Y}%,A + YIZ,A
2

=), (7.9)

YA ~ X'?LQZ ()\k’?

where:

A = B2 [YRA

+E? [YI,A

( Zcrk coz—T]>2

Therefore, the final random variable X 4, which is the output of the non-coherent
accumulation in cell A, is the average of N, non-central y? random variables, each
with 2 degrees of freedom. This results in a non-central x? variable with 2N,
degrees of freedom and a non-centrality parameter:

(7.10)

1 X

— Zxk, (7.11)

Ckl
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where )y, is given in (7.10).

Possible Scenarios of ¢,

To compute the non-centrality parameter of X 4, it is necessary to account for all
possibilities of ¢, within the coherent integration time and consequently for Ay.

For a generic pilot channel constructed using Serial DSSS, three distinct scenarios
of ¢, are identified. These scenarios, labeled 1, 2, and 3 in Fig. 7.1, correspond to
AD A and A®)| respectively.

Co Co Co Co Co

Co 1 C1 Co Co

Cr,k Crk+1 Crk+2 Crk+3

® & &6 O

Figure 7.1: Illustration of the three possible scenarios of ¢, within the coherent
integration time.

1. Cyclic Shift of ¢y: In this case:

2
A(l)—(lig) =1
- L 0,2 -

=1

2. Cyclic Shift of ¢;: The value of A® in this case depends on the cross-
correlation between ¢y and ¢;, and can be expressed as:

2
o _ (I5gr(g. .
A = ZS S C1,i |Co,i
Li:l

1 & ’
= Z Z C1,iCo,i = p%l-
i=1

where S7c; denotes the cyclic shift of length 7 of ¢; and pg; is the normalized
cross-correlation between ¢y and ¢;.
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3. Leakage from c¢;:

For this scenario, the amount of leakage clearly depends on the true delay 7.
We also notice that whenever c¢; exists, there is leakage from ¢; onto ¢y, as
well as leakage from ¢y onto ¢;. The corresponding non-centrality parameters,
Agggl) and )\g’LO), are computed for these leakages. These scenarios are labeled
as 3 in Fig. 7.1. This leakage is independent of the length of runs of the

alternative code ¢;.

We define:

@ = (@,ﬂ) = (6071, e ,Coﬂ‘, e 7CO,La

Ci,15-++,Cligy--- 7cl,L>7

(7.13)

where ¢y and ¢; are the short spreading codes. The cyclic shift by 7 of ¢y, is
denoted as S7c¢y;. For example:

1
S Co1 — (CI,L7CO,17' .. 7CO,i7~ .. ;CO,L;

(7.14)

C11y---,Cliy- - - 7cl,L—1)'

We denote ST ;co1 as the first L entries of the cyclic shift of length 7 of ¢y,
and we similarly denote ST ,co1 as the second L entries.

We define the leakage I(7) as follows:
(1) = /\l()?il + /\5‘207

and
1 & ’
l(T) = z Z ST <S£71001,i) Co,i
i=1
1 & ’
+ 7 Z ST (5272001,1) Co,i
i=1

The first term represents the cross product between the first L entries of the
cyclic shift of co; by 7, where only these L entries are further cyclically shifted
by —7, and the legitimate code ¢y. The second term is computed in exactly
the same way but uses the second L entries of the 7-shifted co;.

The leakage characterizes the normalized cross-correlation between the legiti-
mate code ¢y and the received mixed code for a given delay 7 (with the delay
determining the amount of the leakage), within cell A, where the legitimate
code itself is cyclically shifted by 7.

(7.15)

The term {(7) is defined for the two cases of leakage together (1 — 0 and 0 — 1)
because they always coexist.
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Occurrence of Scenarios

the non-centrality parameter of the random variable characterizing the cell A in
the output of non-coherent integration depends on the occurrence of each scenario,
denoted N; (number of occurrences of scenario 1), Ny (number of occurrences of
scenario 2), and Ny (number of occurrences of scenario 3), depends on N, the
number of runs of codes ¢;, denoted N,,, and the length of each run denoted L., ;
(the length of the i-th run of alternative codes). These quantities are related by
the following equations:

N3 = N, (7.16)
Ne,

Ny =3 (Lepi— 1), (7.17)
i=1

N1 :NC—QNg—NQ. (718)

Therefore, the non-centrality parameter A(7) becomes:

A7) =+ (NAD + NaA® 4 NpA®)

(7.19)

(Nl + N3l(7) + N2P(2n) ;

gz

Since the delay 7 is equally probable for any value, A(7) has a probability of
for each 7.

Having defined the non-centrality parameters and the number of occurrences
for each scenario, we now note that the number of occurrences Ny, Ny, and N3
depends on the specific segment of the pilot channel s being considered.

We extract from the pilot channel s all possible segments y of length N, short
codes, aligned with the short codes. For each segment y™, we compute N, repre-
senting the number of runs of the alternative code ¢; within the segment, and L} ;,
denoting the length of each run in segment y™. The total number of segments is
K, which corresponds to the number of short codes in s. The probability of each
segment is then by %

For each y™, we then compute:

1
A7) = (N7 + NJ'U(7) + NJ'p3y) - 9T

80



Signal Acquisition for GNSS Serial Bicode DSSS Pilot Channels

where NJ*, NI and NJ* are computed using equations (7.18), (7.16), and (7.17)
respectively. Thus, the probability density function of the random variable X4 is
given by:

1 K 1 1L T (Ne—1)/
fralx Emzzl =1 2‘72/ N) (Am( ))

A7) ZA™(7)
exp 72/(LN)[ 1 (02/(LNC)) (7.20)

x> 0;

Important Note: When an alternative code appears at the edges of the non-
coherent accumulation window, each type of leakage may be introduced in two
different windows. Our analysis, however, combines both types of leakage within a
single window, leading to a slight overestimation of one non-centrality parameter
and a slight underestimation of the other. Despite this, the impact on the overall
non-centrality parameter remains minimal, particularly for long non-coherent accu-
mulation periods. Notably, when the non-coherent accumulation spans the entire
pilot channel, our analysis is exact since, in this case, shifts in the segments are
truly cyclic.

Cell Probability of Detection

Finally, we are able to compute the probability of detection P; for a single cell for
a predefined threshold ¢:

1

K L 1
:KZ;LQNC< o2/ LN "\ o2/( LN) (7.21)

m=1T

where @), is the Marcum Q-function of order N..

7.2.3 Decision Probabilities

Building on the single-cell detection and false alarm probabilities P; and Py,, we
now derive the overall decision probabilities using the maximum search strategy.
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Missed Detection Probability

A miss-detection occurs when the satellite is present but it is not detected. This
happens when no cell value exceeds the threshold, corresponding to the event that
all the random variables X,, are lower than the threshold ¢.

The miss-detection probability is given by

—=

Pup(t) = P(X, <t)

n=1

where
1-— Pd<t) when XA # Xn,

P(X, <t)=
( ) {1 — Pp(t) when X4 = X,

Where P,(t) and Py,(t) are the single cell probabilities derived in 7.21 and 7.3
respectively. The miss-detection probability becomes:

] (7.22)

Detection Probability

The overall detection probability Pp(t), based on the maximum search strategy, is:

Po(t) = P (XA — max{X,}, X, > t) , (7.23)

Pp(t) can then be expressed as [30]:
Po(t) = [ (1= Pra(e)) ™ s 0) o (7.24

Assuming small false alarm probabilities, Eq.(7.24) reduces to:

“+oo

PD<t> =~ ; fXA (.T}) dr = Pd(t> (725)
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False Alarm Probability

It is important to distinguish between the probability of false alarm of the decision
when the signal is absent P%, and when the signal is present Pf,. The threshold
t is chosen based on Pg, since it represents a more critical system performance
indicator [30]:

Pg\(t) > PEA(t) Vit (7.26)

The probability Pf,, the false alarm probability of the decision adopting the
maximum strategy, is:

Pp,(t)=P (mgx(Xn) > t> =1-P <m§X(Xn) < t)M

=1-(1-PX,>t)" =1— (1 - P, (t)™ (7.27)

Piy(t) = 1— (1= Pa(t))" (7.28)

The probability of false alarm of the decision when the signal is present P&, can
be obtained by:

Pia(t) =1~ Pp(t) — Pun(t),

7.2.4 Simulation Results
MEO GNSS Pilot Channel

To validate the theoretical analysis, we performed simulations to estimate both the
false alarm probability Pra and the detection probability Pp.

Probability of False Alarm Figure 7.2 shows the simulation results for Ppa
alongside the analytical curve. The close agreement between the simulated and
theoretical results confirms the accuracy of the model.
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False Alarm Probability (absence) Pf, vs. Threshold with E,/Ny = -19 dB
Non-Coherent Accumulation Over 64 Blocks

100 T T
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<q
s -4
Q_L"* 10
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P;A|Analytic
10-8 I I I I | I
0 0.1 0.2 0.3 0.4 0.5 0.6

threshold t

Figure 7.2: Simulation results for Pg, compared with the analytical curve.

Probability of Detection Figure 7.3 presents the simulation results for Pp
together with the theoretical curve. Once again, the perfect alignment between the
two indicates that the derived expressions accurately predict system performance.
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Detection Probability Pp vs. Threshold with E./Ny = -19 dB
Non-Coherent Accumulation Over 64 Blocks
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threshold t

Figure 7.3: Simulation results for Pp compared with the analytical curve.

LEO GNSS Pilot Channel

We also conducted simulations for the LEO GNSS pilot channel to validate our
theoretical predictions of Pry and Pp.

Probability of False Alarm Figure 7.4 illustrates the simulated Pgry values
alongside the corresponding analytical curve. The two show excellent alignment,
thereby confirming the validity of our model in a LEO scenario as well.
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False Alarm Probability (absence) Pf, vs. Threshold with E,/Ny = -19 dB
0 Non-Coherent Accumulation Over 32 Blocks
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Figure 7.4: Simulation results for Pg, compared with the analytical curve.

Probability of Detection Figure 7.5 displays the simulation outcomes for Pp
together with the analytical results. The agreement between the curves verifies the
robustness of the analytical model for a LEO environment.
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Detection Probability Pp vs. Threshold with E./Ny = -19 dB
0 Non-Coherent Accumulation Over 32 Blocks
10 T T T :

PD ‘Simulation
PD ‘Analytic

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Threshold t

Figure 7.5: Simulation results for Pp compared with the analytical curve.
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Chapter 8

Design of Pilot Channels for
MEO GNSS Systems

8.1 Introduction

In the previous chapters, we examined the construction and performance of pilot
channels for MEO GNSS systems based on the Serial Bicode DSSS approach as
presented by Garello [1]. While the existing designs are effective in resolving code
ambiguity, there is potential for exploring alternative pilot channel designs.

This chapter introduces well-considered alternative pilot channels designs that
aim to provide a balanced approach to both block transition detection and acquisi-
tion processes. These alternatives focus on achieving distinct patterns with sufficient
Hamming distances while maintaining efficient acquisition through thoughtful man-
agement of the number of alternative codes.

8.2 Design Considerations for New Pilot Chan-
nels

The design of the pilot channels is guided by three primary considerations:

1. Transition Detection Distinctiveness: The pilot channel is structured into
b blocks, the detection of each block allows the detection of a transition. To
ensure clear detection, the minimum Hamming distance is maximized between
each block pattern and all possible segments of the same length, enhancing
the distinctiveness of block.

2. Minimization of Alternative Codes: Fewer occurrences of the alterna-
tive code ¢; within the channel are preferred, as this improves acquisition
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performance.

3. Reduction of Consecutive Alternative Code Runs: Reducing consec-
utive runs of the alternative code (c¢;) contributes to improved acquisition
performance.

Balancing Trade-Offs A reduction in the alternative code count, while beneficial
for acquisition, tends to lower the minimum Hamming distance between each
transition pattern and all possible segments, potentially impacting transition
detection accuracy. However, through careful channel design, it is possible to find
a balance that achieves satisfactory performance in both areas.

8.2.1 Optimization-Based Design Approach

The pilot channel design is framed as an optimization problem. The optimization
goal is to maximize the minimum Hamming distance between each of the 1-block
patterns and all possible shifts of equal length, enhancing transition distinctiveness.
For acquisition efficiency, rather than minimizing the average number of alternative
code runs (which would complicates the problem), the focus is on reducing the
overall count of alternative codes (¢;) within each block, with transition detection
optimized under this constraint.

The result is a binary pattern when mapped to legitimate and alternative codes
per Serial DSSS principles, it forms the pilot channel.

8.2.2 Modeling of the Problem

The pilot channel optimization problem is formulated using the following parameters,
decision variables, and constraints:

8.2.3 Parameters

K: Length of the binary pattern p.

B: Block length within the binary pattern.

m: Number of ones per block.

e b= %: Number of blocks.

8.2.4 Decision Variables

 p: Binary pattern with p; representing the i-th bit, where p; € {0,1} for
1=1,2,..., K.
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8.2.5 State Variables

o P: Matrix where each row is a 1-block pattern:

D1 et eee e ... DB
p(b,1)3+1 cee eee vve o.. DB

¢ S: Matrix containing all segments of length B in p:

P1 Cee e PB
P2 cev -+» DPB+1
S —
Po-1)B+1 --- DPbB D1
PvB Pr ... PB-1

o 7 € Z: Integer for the maximum dot product between any 1-block pattern
and any 1-block long shift of p (excluding itself).

8.2.6 Problem Formulation

min 2
subject to:
(i+1)B
Y pj=m, Vi=0,1,...,(b—1),
j=iB+1

Z>P;-S;, Vi=12...b Vj=1,. K,
j#(i—1)B+1.

8.3 Pilot Channel Presentation

For the presented pilot channel, the following parameters were selected:

o K = 320: Total length of the binary pattern.

o B = 64: Length of each block within the binary pattern.
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e b= % = 5: Total number of blocks.
The pilot channel optimization problem was solved using the Gurobi optimizer
with a time limit given the challenge of achieving optimal convergence due to the
problem’s complexity. The solutions presented here, while not optimal, provide
considerable improvements over the original channel.

We introduce three distinct pilot channel designs:

e Channel A: Enhanced Acquisition - This design prioritizes acquisition
performance with m = 8 (ones per block), facilitating improved signal acquisi-
tion.

e Channel B: Enhanced Transition Detection - Focused on block transition
distinctiveness, this design sets m = 12, enhancing detection accuracy for
transitions.

o Channel C: Balanced Design - This design balances acquisition efficiency
and transition detection accuracy, setting m = 10 to achieve a compromise
between the two objectives.

The three pilot channel designs are illustrated in Fig. 8.1, where orange indicates
a '1” and blue indicates a '0’. In these designs, "1’ is mapped to the alternative
code (c1), and '0” is mapped to the legitimate code (cp), forming the complete pilot
channel.

Channel A:

Channel B:

Channel C:

Block 1 Block 2 Block 3 Block 4 Block 5

Figure 8.1: Visualization of the three pilot channel designs: Channel A, Channel
B, and Channel C. Orange represents '1’ (mapped to the alternative code), and
blue represents ‘0’ (mapped to the legitimate code).

8.3.1 Channel A: Enhanced Acquisition

Channel A is tailored to improve acquisition by reducing the presence of alternative
codes (¢p) in each block. With m = 8, this design facilitates efficient acquisition
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performance by limiting the number of ones. Although fewer runs of ¢; codes
could further enhance acquisition, this would increase optimization complexity as
discussed before. Instead, the focus here remains on minimizing the maximum dot
product to aid in block transition detection.

Performance of Channel A The ROC curve in Fig. 8.2 compares Channel A’s
transition detection performance to the original pilot channel.

Soft Decision, Incoherent Demodulation
ROC Curves with E./Ny = -19 dB

100
Channel Original
Channel A
10" E O  Block 1 E
O Block 2
$ Block 3
A Block 4
102 ¢ v  Block 5 E
- ;
103 £ E
104 £ 5
10720 10715 10710 107 10°

Figure 8.2: ROC curve for Channel A, comparing transition patterns with the
original channel.

The acquisition performance of Channel A, shown in Fig. 8.3, illustrates its
balance between detection accuracy and acquisition efficiency, highlighting its
effective compromise.
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Detection Probability Pp vs. Threshold with E./Ny = -19 dB
Non-Coherent Accumulation Over 64 Blocks
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Figure 8.3: Acquisition performance comparison between the original and Channel
A, showing detection probability (Pp).

8.3.2 Channel B: Improved Block Transition Detection

Channel B is designed to maximize the distinctiveness of block transitions, with
m = 12 to ensure highly distinguishable transitions for accurate detection.

Performance Comparison The ROC curve in Fig. 8.4 compares Channel B’s
transition detection performance to the original pilot channel, highlighting its
enhanced distinctiveness for block transitions.
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Figure 8.4: ROC curve for Channel B, comparing transition patterns with the
original channel.

The acquisition performance of Channel B, shown in Fig. 8.5, illustrates
the trade-off, where enhanced transition detection slightly impacts acquisition
performance.
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Figure 8.5: Acquisition performance comparison between the original and Channel
B, showing detection probability (P).

8.3.3 Channel C: Balanced Approach

Channel C provides a compromise between acquisition efficiency and transition
detection accuracy, with m = 10 to balance both aspects.

Performance Comparison The ROC curve in Fig. 8.6 compares Channel C’s
transition detection performance to the original pilot channel, highlighting its
balance between distinct transitions and acquisition efficiency.
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Figure 8.6: ROC curve for Channel C, comparing transition patterns with the
original channel.

The acquisition performance for Channel C, shown in Fig. 8.7, illustrates its
balanced approach, maintaining reasonable performance in both acquisition and
transition detection.
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Figure 8.7: Acquisition performance comparison between the original and Channel
C, showing detection probability (P;).
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Chapter 9

Conclusion and Future Work

This thesis has presented a comprehensive treatment of Serial Bicode/Multicode
DSSS pilot channels, including derivations of error performance under coherent
demodulation, analytical frameworks to evaluate the performance of pilot channels
employing Serial Bicode DSSS, and a novel approach to channel design by treating
the design as an optimization task. The results confirm the potential of embedding
additional codes within a single pilot channel to expedite synchronization tasks,
particularly under challenging satellite navigation conditions in both MEO and
LEO orbits.

While the proposed design methodology demonstrates significant performance
gains, there remain several avenues for refinement and further research:

o Enhanced Optimization: The proposed Algorithm for selecting the code
blocks may be improved by adopting refined solvers or heuristics. Alter-
natively, more advanced techniques—such as integer programming or meta-
heuristics—could be explored.

e« Machine Learning for Transition Detection: Transition detection in
block-structured pilot signals may benefit from modern machine learning
techniques. Neural network architectures, or lightweight denoising models
coupled with conventional correlators, could potentially reduce false alarms
and improve performance under various conditions.

o Personalized Local Code for Extended Coherent Integration: A
carefully optimized local reference code, tailored for the bicode structure, could
enable extended coherent integration times in the cross ambiguity function.
Increasing coherent processing intervals could further enhance acquisition
performance in low-SNR scenarios.

Collectively, these proposed directions promise to further advance the design
and performance of Serial Bicode/Multicode DSSS pilot channels, offering new
ways to meet the requirements of next-generation satellite navigation systems.
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