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Abstract 

In today’s world, where the use of e-scooters as a convenient mode of transportaƟon is on 
the rise, there is a need for study on their dynamics and handling. The aim of this thesis is to 
develop a matlab model able to compute key components of verƟcal dynamics involved in 
the moƟon of an e-sooter tyre going over small obstacles on the road. The obstacle 
enveloping behaviour of the tyre is of importance in order to accurately portray it’s moƟon. 
Hence the first step undertaken is to develop in matlab, a program that allows one to input a 
given road profile and to obtain the effecƟve road profile, using the MF SWIFT obstacle 
enveloping model.  

To analyze the verƟcal dynamics of the tyre, it is suitable to use the MF SWIFT rigid ring 
model, for which the verƟcal belt sƟffness, belt damping and residual sƟffnesses need to be 
computed. The tyre of a Xiaomi pro II e-scooter is used for the experiments conducted to 
that end. Modal Analysis is conducted on a test set up of the tyre fiƩed with sensors, where 
the tyre is hammered at different points to excite the it’s modes and analyze them using 
Simcenter Testlab. This yields informaƟon on the various modes of the tyre, where the radial 
mode is of interest for computaƟon of the belt sƟffness and damping. 

The tyre is also subjected to a compression test where it is set up using a clamp to an MTS 
machine that delivers a load to the tyre quasi staƟcally. The displacement of the tyre is 
recorded with respect to the applied load. From this experiment, one obtains the total radial 
sƟffness of the tyre, from which the residual sƟffness can be extracted. Footprint analysis is 
also conducted to correlate the contact patch length to verƟcal load. 

Finally, the model is executed in Simulink and tested to obtain the verƟcal displacements, 
acceleraƟons and forces exchanged, for various road profiles. The results obtained from the 
model are compared to experimentally obtained values for validaƟon. 
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IntroducƟon 
AŌer the COVID-19 Pandemic, the public opted for sustainable micro mobility soluƟons that 
would help them avoid crowded public transport and became a convenient soluƟon for 
shorter commutes. E- scooters became immensely popular and are sƟll favored post 
pandemic due to their convenience and widespread availability of shared e-scooter services 
such as Lime, Bird, Tier etc. This arrival of e-scooters into mainstream means of transport 
has led to an increase in research into it’s dynamics and ride comfort.  

E-scooters are more lightweight than their tradiƟonal counterparts and have smaller wheels. 
Most e-scooters in the market also do not feature a suspension system. Since the rider 
would be exposed to the verƟcal dynamics more significantly in this case, it is perƟnent to 
conduct a study on an accurate Ɵre model to predict ride comfort and safety. 

This thesis is based mainly on two well established Ɵre models, namely the MF SWIFT 
envelope and rigid ring models. The obstacle envelope model helps to predict the tyre’s 
filtering effect of smaller obstacles and gives an effecƟve road profile. The rigid ring model is 
used to capture the tyre’s dynamic response. A numerical simulaƟon of the combined 
models is conducted in matlab. The results of which are compared to real world data 
collected from sensors aƩached to a e-cooter tyres, riding on a known road profile. 

In the next secƟon a brief literature review is presented on the topics of tyre modelling 
techniques and their development over the years. 
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1. Literature Review 
 

1.1 Enveloping models 
Since the 1960s research has been conducted on the performance of pneumaƟc tyres 
undergoing excitaƟon from irregulariƟes in road surfaces. Short irregulariƟes garner more 
aƩenƟon, since in this case, tyre deformaƟon comes into play[1]. Many models have been 
developed to date that describe this enveloping behaviour and can be found in literature.  
Several of these as overviewed by authors Captain et al[2],BadalamenƟ et al[3] and 
Zegelaar[4] are as shown in figure 1.1[1] 

 

 

Figure 1.1 Several Envelope Models Found in Literature 

The point contact model uses a spring damper system, and gives a good representaƟon of 
forces developed when rolling over smooth surfaces, but fails on rough road surfaces. This is 
because it is incapable of accounƟng for the tyre’s geometry and elasƟcity in it’s contact 
zone. This model is valid for road surfaces of wavelength much longer than the length of the 
contact patch[5]. 

The roller contact model too uses a spring-damper mechanism but also incorporates a rigid 
wheel. Therefore, the contact point is allowed to be not directly below the center. Although 
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it does filter out smaller bumps [3], the lack of accounƟng for tyre deformaƟon leads to 
inaccurate modelling of the enveloping behaviour. 

The radial spring model consists of springs in the radial direcƟon, where forces are 
calculated at the wheel axle as a funcƟon of the spring deflecƟon. The issue with this model 
was that since the springs’ deflecƟons were independent of one another, when the tyre was 
in a posiƟon where it was not completely supported by the ground or obstacle, the results 
were inaccurate. Consequently, the radial-interradial spring model was developed [3] where 
each radial spring was connected to it’s adjacent springs, by another spring. BadalamenƟ et 
al was able to show that this model could accurately describe aircraŌ tyre envelopment 
behaviour [3]. In the adapƟve footprint model[2] the non-linear springs’ deflecƟon and the 
force due to constant inflaƟon pressure acƟng over the adapƟve footprint area give rise to 
the forces at the axle. This model can be considered a variant of the radial spring model [1]. 

The flexible ring models consƟtute of a flexible tyre tread and distributed sidewall 
sƟffnesses. The tread band being allowed to bend means that the verƟcal sƟffness at the 
center of the contact patch is lower than that at the edges. Therefore, these models can also 
show the typical dip in verƟcal force when rolling over obstacles. These models are, 
however, almost never used to invesƟgate the quasi-staƟc enveloping behaviour of tyres[1]. 

Footprint models use linear distributed sƟffnesses and/or damping in the contact surface. 
Since tyre geometry in the zone of potenƟal contact is not involved in this model, it is not 
very accurate. Displaced area models calculate the force as a funcƟon of the area of the 
unloaded tyre that intersects with the uneven road. This force acts along the centroid of the 
total displaced area and the wheel centre. Both types of models are beƩer than the point 
contact model but show inaccuracies for roads with short and sharp obstacles. 

1.1.1 The Development of Empirical Envelope Models 

Key observaƟons that led the development of empirical models was made by Bandel et al [6] 
who discovered that the verƟcal and longitudinal forces of a tyre rolling quasi staƟcally over 
an obstacle could be described as the convoluƟon of two idenƟcal basic funcƟons, these 
basic funcƟons were proven to be independent of the tyre inflaƟon pressure or verƟcal load. 
Meanwhile obstacle height and length were shown to have an influence on them. 
Zegelaar[4] built upon this model and used quarter sine wave and half sine waves as basic 
funcƟons for cleat and step obstacles respecƟvely. AddiƟonally, Zegelaar introduced the 
concept of the two-point follower moving over an elementary basic funcƟon, which would 
be an alternaƟve to the convoluƟon of the two basic funcƟons, for a step obstacle. Schmeitz 
et al[7], [8] developed basic curves for some arbitrarily shaped obstacles and made some 
rules to get the basic profile for an arbitrary obstacle by summing elementary basic curves. 
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1.1.2 The Two Point Follower Model 

Consider that the tyre rolls quasi staƟcally over a step obstacle of height hstep, the tyre 
centre’s verƟcal displacement is denoted by w and is the effecƟve height. This can be 
obtained by the summaƟon of two idenƟcal basic funcƟons of length lb  that are at a 
distance of ls and height  (ℎ𝑠𝑡𝑒𝑝 ) ⁄ 2.  

 

Figure1.2. RepresentaƟon of basic funcƟon and two-point follower models 

According to the two point follower method introduced by Zegelaar [4], when the two points 
of the follower move along a single basic curve of height hstep, the midpoint of the line of 
length  ls  connecƟng them describes the path of the effecƟve height of the road. Apart from 
the parameters defining the basic curve, i.e. ls and lb, an addiƟonal parameter lf determines 
the offset of the basic curve from the beginning of the step obstacle. The step responses 
from experimentaƟon were fiƩed with two point follower method to determine the three 
parameters. Simultaneously these parameters were calculated for the case of a rigid 
unloaded wheel traversing the same obstacle.  

    

 

 

 

 

 

  

This led to the conclusion that the length of the basic curve lb was almost independent of 
verƟcal load and corresponded well to that of the rigid wheel. 

𝑙௕ = ට𝑟ଶ − ൫𝑟 − ℎ௦௧௘௣൯
ଶ

(1) 

 

                   Figure 1.2. The rigid wheel response to a step obstacle 
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It was also found that lf the offset was dependent on the verƟcal load and that ls didn’t 
depend on step height and was about 80% of the tyre contact length.  

 

 

 

 

 

 

 

 

 

 

Some rules developed to sum elementary basic curves to get the basic curve for an arbitrary 
obstacle, proved to be too difficult to execute for arbitrarily shaped road profiles. The use of 
the quarter sine basic curve and the offset lf also led to complicaƟons. 

 

Figure 1.4 Quarter sine basic curves for three different step heights 

Considering three different step heights, simulaƟng the rolling of the tyre over this step 
obstacle, it stands to reason that since the tyre is unaware of the depth of the obstacle 
before it hits the ground, that all the basic curves should be the same. But as seen in the 
figure, this is not the case and it is caused by the offset which is dependent on step height 
and because the shape of basic curve used being the quarter sine curve. Therefore, use of 
the quarter sine wave is not ideal. Another basic curve that has no offset and follows the 
same path for different step heights as the rigid wheel does is required. This led to the 
development of the Tandem EllipƟcal Cam model. 

Figure 1.3 Comparison of Rigid Wheel and Quarter sine Basic 
Curves 
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1.1.3 Tandem EllipƟcal Cam Model 

The new basic curve is developed using an ellipƟcal cam. The lowest point of the ellipse is 
taken to generate the basic curve as it goes over a step obstacle. Since the ellipƟcal basic 
curve needs to start at the same longitudinal posiƟon as the quarter sine model, it needs to 
have a shorter length than the length of rigid wheel response and hence have the shape of a 
standing egg[1]. 

                            

                                       Figure 1.5 Basic Curve generated by ellipƟcal cam 

The shape of the ellipƟcal cam is defined by parameters ae ,be  and ce . If x and z denote local 
coordinates, the ellipse equaƟon is as follows 

൬
𝑥

𝑎௘
൰

௖௘

+ ൬
𝑧

𝑏௘
൰

௖௘

= 1 (2) 

 

 

                                            

                                                          Figure 1.6 Comparison of ellipƟcal and quarter sine basic curve 
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The ellipƟcal basic curve follows the same curve regardless of the step height since the basic 
curve corresponds to the upper leŌ part of the ellipƟcal cam. Another point to noƟce is that 
the distance between the path of lowest point of rigid wheel and that of ellipƟcal basic curve 
increases with step height, hence the offset of the Zegelaar model is accounted for.  

The two-point follower can be used on this basic curve or for convenience it can be 
considered that two cams in tandem are moving along the actual road. These ellipƟcal cams 
will be at a horizontal distance of ls  from the two point follower model. This model will be 
explained in detail in the second chapter. 

 

1.2 Dynamic Tyre Model 
The dynamic tyre model describes tyre behaviour such as displacement, velocity and 
acceleraƟon considering the sƟffness, damping and inerƟal properƟes of the tyre. 
Considering the various dynamic tyre models in literature, that accurately predict forces 
transmiƩed between tyre and wheel spindle, and have a reasonably low computaƟonal 
effort can be classified into four main categories[1] 

 

Figure 1.7. Different categories of Dynamic Tyre Models 

 

1.2.1 MulƟbody Models 

The first 3-dimensional version of the mulƟbody tyre model was published by Eichler[9]. 

 

 

 

 

 

 

 
Figure 1.8. Three-dimensional MulƟbody Tyre Model 
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This model discreƟzes the tyre belt into a group of mass points that are interconnected by 
rotaƟonal and tension springs, which describe tyre belt elasƟcity. The sidewall mass is 
neglected and instead it connects the mass points of the belt to the rim of the tyre with 
dampers and radial and tangenƟal springs. The tyre tread is modelled as a field of elasƟcally 
deformable tread/brush elements. In the lateral direcƟon the belt is discreƟzed as a group of 
elasƟc rings involving mass points connected to each other via tension and rotaƟonal 
springs. The resistance of the belt to transverse displacements with respect to the rim and 
sidewall sƟffness are described by rotaƟonal springs. Although commercial versions of this 
model are available, this model is not in popular use[1]. 

 

1.2.2 Finite Element Models 

Finite element models are a very good to study the dynamic behaviour of tyres because they 
consider the materials and construcƟon of the tyre, and can describe their influence on the 
behaviour of the tyre. Most publicaƟons [10], [11], [12] validate this model with 
experimental results of spindle forces when rolling over a cleat but the results are not much 
beƩer with regard to the other categories of dynamic models[1]. Considering the high 
computaƟonal effort the FEM models demand, especially when long tracks of road are 
invesƟgated, it is not worth choosing this model over others. 

 

1.2.3 Modal Models 

A modal model works like a ‘black box’[1] .In this model, through modal dynamics of a tyre 
there is a coupling between contact patch input and spindle moƟon. Modal dynamics can be 
derived from either a finite element model of the tyre[13] or empirically from tests[6]. 
When this model uses modal dynamics obtained from finite element model, it cannot 
comprehend highly non-linear behaviour, like fracƟonal loss of contact with the ground. 
Because of this it is more suitable to be used for roads of small unevenness like changes in 
texture, rather than bigger obstacles. Another disadvantage is that these models also do not 
involve a slip model so they can’t be used for ride and handling simulaƟons. But an 
advantage is they can be used for frequency of 250 Hz or more[13] . Hence modal models 
are more suitable for noise and vibraƟon studies instead of ride and durability analysis[1]. 
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1.2.4 Rigid Ring Model 

For a frequency range of 60-100 Hz , the deformaƟons of the tyre belt can be neglected [1], 
[4], [14], therefore it can be considered as a rigid body. The rigid ring model represents the 
moƟons of the tyre where the belt remains circular, and flexible belt modes are neglected. 
The rigid ring is elasƟcally suspended from the rim via spring-damper elements for all 6 
degrees of freedom. This represents the sidewalls with pressurized air. In addiƟon, there are 
residual sƟffness elements between the contact model and the ring to obtain the correct 
total quasi staƟc tyre sƟffness. To describe the contact of the tyre with the road, a slip model 
and envelope model that gives effecƟve road surface are required. In literature many 
different envelope models have been used in conjuncƟon with the rigid ring model, but in 
this thesis the tandem model with ellipƟcal cams will be used. Rigid ring model will be 
explained in detail in chapter 2. 
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2.  MF SwiŌ Model 
 

The MF SwiŌ model is comprised of four important elements [15] 

 Magic Formula  
                 The Magic formula developed by Dr. Hans B. Pacejka is an empirical model 
used to calculate the non-linear tyre forces and moments that occur in the tyre 
contact patch for different condiƟons of tyre loading and orientaƟon. 

 

                                                                Figure 2. 1 Magic Formula inputs and outputs 

 
 
 

 Contact Patch Slip Model 
                 This model implements the transient behaviour of the tyre that depends on 
load and slip. The forces generated by the magic formula are applied to contact patch 
mass. This is then transferred to the wheel axle via a system of springs, dampers and 
the belt mass.      
 

 Rigid Ring 
                 Flexible modes of the belt are neglected and the belt mass is considered 
rigid and suspended elasƟcally to the tyre rim. AddiƟonal sƟffnesses are considered 
between the ring and contact to account for total quasi staƟc sƟffness. 
 

 Obstacle Enveloping Model 
                 The rigid ring model poses an important restricƟon that contact with the 
road surface should be at a single point. At this point magic formula is used to 
generate and apply the forces and moments. To accommodate this restricƟon, the 
concept of effecƟve road surface is introduced to the model. It is assumed that the 
quasi staƟc reacƟon of the tyre to a single point contact of the effecƟve road is 
equivalent to the quasi staƟc response of the real tyre on the real road surface. It is 
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also assumed that the local dynamic effects of the contact area can be neglected and 
that the tyre contact zone deforms dynamically the same way as it does quasi 
staƟcally.[16] 
 
 
 
 

2.1 Tandem EllipƟcal Cam Model 

 
The tandem ellipƟcal cam model comprises of two idenƟcal ellipƟcal cams interconnected 
by a rod of horizontal length ls. They are only allowed verƟcal moƟon as they move over the 
road surface. 
The 

midpoint of the rod connecƟng the boƩom most points of the cams give the coordinates of 
the effecƟve road surface. 
 

 

The equaƟon of the ellipse can be denoted by 

൬
𝑥

𝑎௘
൰

௖೐

+ ൬
𝑦

𝑏௘
൰

௖௘

= 1 (3) 

 

Where x and y are local coordinates and ae , be and ce are the shape parameters respecƟvely. 
ae and be are calculated as a funcƟon of the unloaded radius R0 , using some dimensionless 

Figure 2. 2 RepresentaƟon of EllipƟcal Cam Model generaƟng effecƟve road surface 
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parameters that are obtained using extensive tyre tesƟng and curve fiƫng [14], [17]. ce is 
also calculated using the same methodology[1] 

 

𝑎௘ = 𝑙௘ . 𝑅଴ (4) 

 

𝑏௘ = ℎ௘ . 𝑅଴ (5) 

 

𝑙௦ = 2. 𝑝௟௦. 𝑎 (6) 

 

ze  denotes the local z coordinate of the ellipse and is derived from the ellipse equaƟon 

𝑧௘ = ቮ𝑏௘ ቆ1 − ቆ
|𝑥|

𝑎௘
ቇ

௖೐

ቇ

ଵ
௖೐

ቮ (7) 

 

To get the height of the ellipses as they traverse the ground, consider the largest verƟcal 
overlap between the ellipse and the road profile, if one considers the ellipse to move at the 
ground level. The ellipse will just touch the road at this point. In matlab, the height of the 
points of lower half of the ellipse can be checked with the road height. Increased 
discreƟzaƟon of the points give beƩer results. From this we can describe the global height of 
the ellipse as follows 

𝑍 = max ቀ𝑧௥൫𝑋 + 𝑥௙൯ + 𝑧௘൫𝑥௙൯ቁ (8) 

 

Where X denotes ellipse global x coordinate and xf  denotes local x coordinate of each point 
on the lower ellipse half that is checked, with respect to ellipse center. If Zf denotes the 
verƟcal coordinate of front ellipse center and Zr denotes corresponding rear ellipse center, 
the height of the midpoint of the rod connecƟng their boƩom most point w is given by 

𝑤 = ൬
𝑍௥ + 𝑍௙

2
൰ − 𝑏௘ (9) 

 

In the 3d version of the tandem ellipƟcal cam model, the cams can be visualized as 
populaƟng the boundary of the contact patch. Cams can be arranged parallelly to the 
original model in the axial direcƟon, in mulƟple evenly spaced tracks Ɵll it reaches the end of 
the contact patch on the other side. The number of cams in the longitudinal direcƟon may 
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be increased for the two side edges of the contact patch as well. This would increase 
accuracy at short wave length obstacles[15] 

 

 

Figure 2. 3 Diagram of 3-dimensional tandem ellipƟcal cam model depicƟng cam arrangement 

 

The modified height is calculated by subtracƟng the ellipse height from the mean height of 
all the cams. Since this thesis is limited to the verƟcal analysis of the tyre, the 2D version 
with only the longitudinal cams may be considered.  
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2.1.1 Cam ProperƟes EvaluaƟon 

 
An alternaƟve method of describing parameters ellipse length ae and tandem base length ls 
is found in literature[18]  , where they are a funcƟon of the contact length. 
 

𝑎௘ = 𝑅଴ − 𝜉. 𝑎 (10) 
 
 

𝑙௦ = 2𝑎𝜉 (11) 
 
Here 𝜉 represents the footprint fracƟon and R0 is the unloaded tyre radius. 
So it follows from (10) and (11) that the centers of the ellipƟcal cams and the center of the 
tyre align on the diameter of the circle. We also know that the cams are along the edge of 
the contact footprint. 
 

 

Figure 2. 4 Diagram of Tandem Model with loaded tyre indicaƟng relaƟon of paramters R0, a and be 

 
From this relaƟon, one can obtain be  

𝑏௘ = ට𝑅଴
ଶ − 𝑎ଶ (12) 

 

 

Experiment results [1] show that the shape of ellipƟcal cams of the tandem model show a 
good correspondence to the outside contour of the loaded tyre , in the zone where possible 
contact with obstacles takes place. 
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To summarize, one could obtain the value of be given the values of unloaded radius and 
footprint length and uƟlizing the shape correspondence, the values of ce and ae can also be 
found by running an opƟmizaƟon code in Matlab. An example is shown below for random 
values of R0 and a 

 

Figure 2. 6 Result of the matlab code to fit the ellipƟcal cam shape to tyre outside contour for a given unloaded tyre radius 
and footprint length 

The program was designed to accept values for R0 and a, and to calculate ae, be and ce to 
maximize shape correspondence in the zone of possible contact. 

 

  

Figure 2. 5 Comparison of outside contour of loaded tyre and Tandem model 
ellipse shape in zone of possible contact 
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2.2 Rigid Ring Model  

 
 
 

 

Figure 2. 7 The rigid ring model featuring the rigid ring, flexible sidewalls, the contact model which includes a small contact 
mass, slip model and residual sƟffness and damping elements 

For the invesƟgaƟon of verƟcal dynamics, a simplified model may be used to describe the 
tyre[15] 

 

 
                                                 

  

Figure 2. 8 Simplified system to describe tyre verƟcal 
dynamics 
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Here kb and cb represent belt sƟffness and damping properƟes respecƟvely. Modal analysis is 
conducted on the tyre to find it’s longitudinal frequency from which these values can be 
derived. Kr represents the residual sƟffness between the road and the tyre so that overall 
quasi staƟc sƟffness is maintained. mb is the tyre belt’s mass. If flong denotes the tyre 
longitudinal frequency and 𝜁௟௢௡௚ the corresponding damping factor, the following equaƟons 
describe kb and cb  

 

𝑘௕ = 4𝜋ଶ𝑚௕𝑓௟௢௡௚
ଶ (13) 

 

𝑐௕ = 4𝜁௟௢௡௚𝜋𝑓௟௢௡௚𝑚௕ (14) 

 

In this thesis, the experimental results have been derived from a human riding an e-scooter 
on a known road profile, with sensors aƩached to the scooter to read the data. Hence the 
model is modified to add the human as the 3rd degree of freedom. 

 

 

 

                                                            

Figure 2. 9 Three degree of freedom tyre verƟcal dynamics model 
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 m denotes the mass of the e-scooter apart from that of the belt. mh is the mass of the 
human rider and ch and kh denote the corresponding damping and sƟffness values. 

The equaƟons of moƟon for the three dof model are as follows, where z ,zb and zh are the 
verƟcal displacements of the tyre rim, belt, and human respecƟvely 

 

𝑚௛𝑧௛̈ + 𝑐௛(𝑧௛̇ − 𝑧̇)+𝑘௛(𝑧௛ − 𝑧) + 𝑚௛𝑔 = 0 (15) 

 

𝑚𝑧̈ + 𝑐௕(𝑧̇ − 𝑧௕̇) + 𝑘௕(𝑧 − 𝑧௕) + 𝑐௛(𝑧̇ − 𝑧௛̇) + 𝑘௛(𝑧 − 𝑧௛) + 𝑚𝑔 = 0 (16) 

 

𝑚௕𝑧௕̈ + 𝑐௕(𝑧௕̇ − 𝑧̇) + 𝑘௕(𝑧௕ − 𝑧) + 𝑘௥(𝑧௕ − 𝑧௥) + 𝑚௕𝑔 = 0 (17) 

 

The basic idea of the combined envelope and rigid ring model is that the envelope model 
provides the effecƟve road height to the rigid ring model, which in turn calculates the road 
reacƟon force which in turn provides the contact patch dimensions which decide the cam 
properƟes for the envelope model. This forms a cycle of constant feedback which is 
represented in the diagram below 

 

 

  

Figure 2. 10 Feedback cycle between enveloping model and rigid ring model that forms the basis for 
evaluaƟng the verƟcal dynamics of the tyre 
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3. Experiments 
The model requires several experimentally derived parameters, namely the belt and residual 
sƟffnesses and the belt damping. It also requires data of contact patch dimensions 
corresponding to applied force. To this end several experiments were conducted and the 
data recorded for use. 

 

3.1 Radial SƟffness Test 
The experiment is conducted on the tyre of a Xiaomi Pro II electric scooter tyre, to evaluate 
it’s radial sƟffness. It is fixed onto a rig that keeps it in place and prevents rotaƟon about its 
own axis. It is then aƩached onto an MTS machine ,above which is a load cell connected to 
an adaptor that moves in the verƟcal direcƟon, controlled by the machine. The exerted load, 
and displacement of the crossbar are recorded by the system. 

 

Figure 3. 1 Experimental setup of tyre on MTS machine for radial sƟffness evaluaƟon 
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The principle behind the test is that by ploƫng the load exerted as a funcƟon of the verƟcal 
tyre displacement, the derivaƟve of the curve will give radial sƟffness. Hence, we should be 
able to plot the total radial sƟffness of the tyre with respect to the load exerted on it, or with 
respect to the total verƟcal displacement of the tyre.  

 

𝑘 =
𝑑𝐹௭

𝑑𝑧
(18) 

 

The test is conducted for 5 different levels of inflaƟon pressure, each pressure level tested 
thrice to check for repeatability. The load limit is set to 1000 N as the total weight of the e-
scooter and human is less than 100kg, which would be distributed among the front and rear 
tyres. So, it’s safe to assume that upper limit for the verƟcal load is limited to 1000 N. 

The procedure of the test begins by adjusƟng the experimental setup so that the adaptor is 
centered with respect to the tyre. The nominal pressure of the tyre is found to be 3.5 bar, so 
2 values of pressure above and below it will be tested along with the nominal pressure. An 
electric compressor is used to modify the tyre inflaƟon pressure. The test is run to a limit of 
1100 N so that experimental data at 1000 N is unaffected by irregulariƟes. The test is run 
three Ɵmes so they can be ploƩed together to check for repeatability, for each of the 
inflaƟon pressures 2.5 bar, 3.0 bar, 3.5 bar, 4 bar and 4.5 bar. 

 

3.1.1 Post Processing and Results 

The raw experimental data is obtained in a .txt file and extracted to matlab, an example plot 
is given below 
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Figure 3. 2 Plot of Raw Experimental Results 
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The readings also include noise values and they need to be removed for accurate calculaƟons. 
To obtain tyre displacement from the recorded values of crossbar displacement, the iniƟal 
load value is taken to be the point at which load is just above the maximum load noise value 
recorded, the load reading at this point and the displacement corresponding to it are 
subtracted from the remaining load and displacement readings respecƟvely, so the iniƟal 
reading is 0 mm displacement at 0 N force. Also since the experiment is limited to an upper 
limit of load of 1000 N, values recorded above this limit are trimmed, resulƟng in a changed 
plot as follows 

 

 

 

 

 

 

 

 

 

 

 

For each inflaƟon pressure, three tests were conducted to check repeatability of the 
readings. They need to show a good agreement for the readings to be acceptable.  
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Figure 3. 3 Plot of Experimental data aŌer deleƟng noise values and seƫng 
upper limit 

Figure 3. 5 Plot of three separate test results for Load vs 
displacement at 25 bar inflaƟon pressure 

Figure 3. 4 Comparison of experimental data with fiƩed curves of 
various polynomial orders at 30 bar inflaƟon pressure 
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Using polyfit in matlab, we can fit a polynomial to the curve of the experimental data. The 
following are couple of examples of the results when polyfit is aƩempted with different 
orders ‘n’, where the polyfit curve is of the form 

 

𝑝ଵ𝑥௡ + 𝑝ଶ𝑥௡ିଵ + 𝑝ଷ𝑥௡ିଶ +  … … … … … . 𝑝௡ (19) 
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Figure 3. 6 Plot of three separate test results for Load vs 
displacement at 35 bar inflaƟon pressure 

Figure 3. 8 Plot of three separate test results for Load vs 
displacement at 40 bar inflaƟon pressure 

Figure 3. 7 Plot of three separate test results for Load vs 
displacement at 45 bar inflaƟon pressure 
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                                                                                                                                                                 In 
all the cases, polynomial of order 2 matches the experimental data well enough without increasing the 
order too much . The RMS values of differences between the fiƩed curves and the experimental plots for 
each order of polynomial is as follows 

Table 1 RMS values of difference between experimental curve and fiƩed curve for various polynomial orders at each 
inflaƟon pressure 

Inflation Pressure 
[bar] 

order of polynomial 
1 2 3 4 

45 72.24 12 5.83 3.14 
40 72.2 11.95 6.12 3.48 
35 73.03 11 7.25 3.54 
30 72.68 7.94 9.26 2.35 
25 75.011 7.8624 10.44 2 

 

 Therefore, the force can be obtained as a funcƟon of verƟcal displacement as follows 

𝐹௭(𝑥) = 𝑝ଵ𝑧ଶ + 𝑝ଶ𝑧 + 𝑝ଷ (20) 

From which sƟffness can be obtained as 

𝑘(𝑥) = 2𝑝ଵ𝑧 + 𝑝ଶ (21) 

The following table gives the values of the polynomial coefficients for each level of inflaƟon pressure 

F
z 

[N
]

F
z 

[N
]

Figure 3. 10 Comparison of experimental data with fiƩed 
curves of various polynomial orders at 25 bar inflaƟon 
pressure 

Figure 3. 9 Comparison of experimental data with fiƩed 
curves of various polynomial orders at 45 bar inflaƟon 
pressure 
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Table 2 Polynomial coefficients of fiƩed curves for each inflaƟon pressure 

Inflation Pressure 
[bar] p1 p2 p3 

45 5.95 68.18 0 
40 5.4 64.54 0 
35 4.86 59.79 0 
30 4.01 55.1 0 
25 3.52 51.25 0 

 

Now that total radial sƟffness can be ploƩed with respect to displacement, the plot for the 5 
different inflaƟon pressures is as follows 

 

 

 

 

 

 

 

 

 

 

 

 

 

The total radial sƟffness is a result of the belt sƟffness and residual sƟffness. In a quasi-staƟc 
state, these springs are in series connecƟon and the total sƟffness can easily be calculated as 

1

𝑘௧௢௧
=

1

𝑘௕௘௟௧
+

1

𝑘௥௘௦௜ௗ௨௔௟

(22) 

Now that total radial sƟffness is idenƟfied, the next step to experimentally determine the 
belt sƟffness, which is a funcƟon of the tyre’s eigenfrequency. To this end modal analysis is 
performed on the tyre, as explained in the next secƟon. 

K
 [

N
/m

]

Figure 3. 11 Plot of Radial SƟffness as a funcƟon of verƟcal displacement for each inflaƟon pressure 
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3.2 Experimental Modal Analysis 
 

The objecƟve of conducƟng the experimental modal analysis is to evaluate the different tyre 
modes. The radial modal frequency and damping values are required to evaluate the belt 
sƟffness and damping. This experiment is conducted using the Siemens Simcenter Test lab, 
(formerly LMS Test Lab) which reads and analyzes the tyre response to excitaƟon and helps 
to extract the modes from this data. 

The tyre of a Xiaomi Pro II electric scooter is marked around the tread, sidewalls, and rim at 
regular intervals to denote different nodes. An impact hammer is used to excite these nodes, 
the response is captured by accelerometers placed at the rim, tread, and sidewalls. The 
hammer and accelerometers are connected by wires to the SCADUS hardware. Small nuts 
are glued on at the nodes for hammering, this provides a beƩer reading of the excitaƟon. 

  

 

 

 

 

 

 

 

The tyre setup is hung from a crane by the means of elasƟc rubber bands. IniƟal rounds of 
tesƟng did not present favourable results and it was understood that the mass of the 
accelerometers was interfering with the result so setup was modified to include smaller and 
lesser number of accelerometers. 

The test is conducted on an unloaded tyre in free-free condiƟons. Rigid ring modes 
idenƟfied are ignored since they only describe properƟes of the rubber band used to hang 
the tyre.  

 

 

 

 

 

Figure 3. 12 Tyre setup for Experimental Modal Analysis 
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3.2.1 Post Processing and Results 

 

The iniƟal esƟmates of the modal frequencies are done using the peak picking method. The 
response of the tyre and input are used to create a Frequency Response FuncƟon. The peaks 
in this frequency domain plot may point to possible natural frequencies. SelecƟng a few 
possible opƟons and a trial modal order, the stabilizaƟon diagram is employed.  

StabilizaƟon diagrams are used when the exact modal order is unknown.It features the 
modal frequencies calculated for each modal order on a plot where the x axis denotes 
frequency and y-axis, the number of modes. The order of modes chosen is typically high , to 
try and capture all relevant characterisƟcs of the structure.  

However, because of this overesƟmaƟon of nodes, there may be several mathemaƟcal poles 
that are not physical, along with the physical poles. Physical poles tend to line up at nearly 
idenƟcal frequency along the number of nodes, but the mathemaƟcal poles are scaƩered 
around the frequency range. Hence, we can disƟnguish between them and can select likely 
modal frequencies. A typical stabilizaƟon diagram can be as follows 

 

 

 

 

 

 

 

 

 

Each of these possible modes can be animated to check for expected mode shapes. As a 
result 5 different modes where tyre tread is undeformed are idenƟfied. Their natural 
frequencies and damping coefficients are given in the following table. 

Table 3 The eigenfrequencies and damping factors for each idenƟfied mode 

 

 

 

 

Mode Eigenfrequency [Hz] Damping Factor 
1 334.698 0.0727 
2 508.5954 0.0741 
3 524.011 0.0818 
4 608.3501 0.0048 
5 610.3688 0.0047 

Figure 3. 13 Example of a stabilizaƟon diagram 
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The modal data including eigenfrequencies, modal shape and damping factor, and data 
regarding the structure and nodes of the tyre are fed to ‘Lupos’, an FEM visualizaƟon tool 
developed by a team in Politecnico Di Torino lead by Prof. Elvio Bonisoli. 

                                                                                     Figure 3. 15 First Modal Shape idenƟfied at 334.3 Hz 

Figure 3. 14 Second Modal Shape idenƟfied at 507.9 Hz 
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Figure 3. 16 Third Modal Shape IdenƟfied at 523.1 Hz 

Figure 3. 17 Fourth Modal Shape idenƟfied at 608.3 Hz 
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Figure 3. 19 Plot of Residual SƟffness as a funcƟon of total verƟcal displacement 
at 35 bar inflaƟon pressure 

 

The fourth mode is idenƟfied as the radial mode. With the corresponding eigenfrequency 
and damping raƟo, used in equaƟons (13) and (14) the belt sƟffness and damping can be 
calculated. 

Now with both the belt sƟffness and the total radial sƟffness, using equaƟon (22) the 
residual sƟffness corresponding to the verƟcal displacement of the tyre may be obtained. 
Since kb is much sƟffer than kr and contributes liƩle to the overall tyre displacement, one 
may aƩribute the total verƟcal displacement to the residual sƟffness and plot it so. 

 

  

Figure 3. 18 FiŌh Modal shape idenƟfied at 610.4 Hz 
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3.3 Footprint Analysis 

 

The contact patch dimensions are key to determine the properƟes of the ellipƟcal cam used 
in the envelope model. The objecƟve is to obtain the contact patch dimensions as a funcƟon 
of the applied verƟcal load. The experimental setup involves fixing the tyre onto the MTS 
machine which can apply the verƟcal force in increments.  

Fujifilm prescale paper is pressure sensiƟve film coated paper that changes colour to red on 
the applicaƟon of pressure. This paper can be placed on the horizontal surface where the 
tyre makes contact to capture the contact patch. Different types of the prescale paper are 
suited to different pressure ranges. In order to determine the possible pressure range, a 
rough sketch of the contact patch can be made by pencil on paper to calculate its nominal 
area and using the force range of the experiment, the pressure range is obtained.  

A couple of examples of the experimental result obtained is as follows 

 

 

 

 

 

  

 

 

 

 

 

 

 

The parameters a and b denote the contact patch length and width respecƟvely. These 
values can be ploƩed for each increment in load as follows 

 

 

Figure 3. 20 Footprint captured of 35 bar pressure tyre at Loads of 
1000 N and 500 N on Fujifilm prescale 
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The scope of this thesis is limited to the verƟcal dynamics of the tyre, hence only the contact 
patch length is of importance. The experimental data can be best fiƩed with a polynomial 
curve of order 4, where the contact length is expressed as a funcƟon of verƟcal force as 
follows 

𝑎 = 𝑝ଵ𝐹௭
ସ + 𝑝ଶ𝐹௭

ଷ + 𝑝ଷ𝐹௭
ଶ + 𝑝ସ𝐹௭ + 𝑝ହ (23) 

 

 

Table 4 Coefficients of FiƩed Polynomial curve of order 4 

p1 p2 p3 p4 p5 
-3.91E-14 1.08E-10 -1.17E-07 8.01E-05 0.006525 
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Figure 3. 21 Plot of Contact patch dimensions measured at each VerƟcal Load 
input 
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Figure 3. 22 Plot of experimental results and corresponding fiƩed polynomial curve of 
contact footprint length vs VerƟcal load 
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4. Modelling 

4.1 Envelope Model Results 
The Envelope model is developed to accept road coordinates to build the corresponding 
effecƟve road profile. Since the no. of cams can be increased for beƩer results, the model is 
adapted to do the same. The results for a few basic road profiles are evaluated for a 2 cam 
model 

Step obstacle 

  

 

 

 

 

 

 

 

 

 

Ramp Obstacle 

 

 

  

[m
]

[m
]

Figure 4.1 EffecƟve road plot obtained using envelope model on a step obstacle 
of height 1 cm 
Figure 4. 1 EffecƟve road plot obtained using envelope model on a step 
obstacle of height 1 cm 

Figure 4. 2  EffecƟve road plot obtained using envelope model on a ramp obstacle of 
height 1 cm 
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Triangular obstacle 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.1.1 SensiƟvity Analysis 

In some cases an issue may arise, where the connecƟng rod at the boƩom most points of 
the cams pierces the obstacle. Since the cams are supposed to represent the surface of the 
contact patch, this is not a physical phenomenon. To avoid this, one may increase the 
number of cams and take the average of their heights. 

  

[m
]

Figure 4. 3 EffecƟve road plot obtained from envelope model on a triangular 
obstacle of height 1 cm 

Figure 4. 4 DepicƟon of piercing of Contact patch surface by obstacle when 
model has insufficient number of cams 
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To understand the effects of increasing the number of cams on both the effecƟve road 
profile, and the computaƟonal Ɵme required, a sensiƟvity analysis is performed. The various 
effecƟve road profiles for a step obstacle of height 1 cm are ploƩed and the average Ɵme 
required for each test is recorded. 

 

 

                       

 

 

 

 

 

 

 

 

 

 

 

 

To understand the variance in plot, zoomed in versions of zone 1 and 2 are as follows 
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Figure 4. 5 Comparison of envelope model results by varying the number of cams 

Figure 4. 6 Zoomed in image of zone 1 in figure 4.5 
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In both zones, it can be observed that from the 4th cam onwards , there isn’t much 
difference in the plot of effecƟve road with an increase in cams.  

In order to determine the effect of the number of cams per unit length of the connecƟng 
rod, the same experiment may be repeated for increasing steps of connecƟng rod horizontal 
length ls , and zone 1 can be compared. 
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Figure 4. 7 Zoomed in image of zone 2 in figure 4.5 

Figure 4. 9 Comparison of envelope model results for varying number of 
cams while ls is increased by 2mm 

Figure 4. 8 Comparison of envelope model results for varying number of 
cams while ls is increased by 2cm 
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It can be confirmed that as length of ls increases, which is a result of the contact patch length 
increasing, the correspondence between 4 cam effecƟve road and 5 cam effecƟve road 
decreases, which implies it will take a higher number of cams for the resultant effecƟve road 
plots to match closely. From this one can conclude that as the contact patch length 
increases, a higher number of cams may be uƟlized for a beƩer approximaƟon of the 
effecƟve road profile. 

The Ɵme required for compuƟng the different number of cam models for an example step 
obstacle is given in the following table 

 

Table 5 Comparison of computaƟonal Ɵmes for envelope models with increasing number of cams 

no. of 
cams 

Simulation Time 
[s] 

Increase in time wrt 2 
cam 

2 2.7879   
3 3.6875 32% 
4 4.586 64% 
5 5.3809 93% 
6 6.2382 124% 
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4.2 Simulink Model 

 

The aim of the final Simulink model is to solve the three equaƟons (15),(16),(17) to obtain 
the verƟcal displacement, velocity and acceleraƟons of the 3 degrees of freedom for every 
Ɵme instant for any given road profile. The model is the amalgamaƟon of all the ideas and 
data derived Ɵll now.  

Most of the data required to solve the equaƟons are constants, either readily available e.g 
masses or calculated with simple equaƟons e.g. kb, cb . But two of the data required, namely 
the residual sƟffness and the current height of the effecƟve road are a bit more complex. 
This is a result of the dependence of the cam model properƟes on the tyre footprint, which 
is a funcƟon of the road reacƟon.  

In the case of the residual sƟffness a switch has to be implemented whereby if the effecƟve 
road displacement is lower than that of the tyre, residual sƟffness is made to be zero. In the 
alternaƟve case, the value of the residual sƟffness has to be obtained from a look up table 
with the data derived earlier where kr is a funcƟon of the verƟcal displacement. The 
meaning of this switch is that when the tyre is not in contact with the road, the spring of 
sƟffness kr has to disappear, else it would wrongly act in the restoraƟve direcƟon, pulling the 
tyre towards the road, which is not a physical phenomenon. 

In order to obtain the instantaneous height of the effecƟve road, first the tyre footprint 
length is determined from the road reacƟon force which is calculated using the residual 
sƟffness value supplied from the earlier funcƟon. Using the data where footprint length is 
ploƩed as a funcƟon of the verƟcal force, the corresponding tyre footprint length is 
obtained. This is supplied to a user defined matlab funcƟon that determines the cam 
properƟes of ae, be, ce and ls . These values go to another funcƟon that determines the 
basicpath. The basicpath is the path a cam would traverse while going over the road profile. 
It is a necessary input to the instantaneous envelope model funcƟon that takes this data and 
the cam properƟes data to determine zr , the effecƟve road height at the given Ɵme instant.  
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4.2.1 Experiment and Results 

The experiment is conducted by a rider on an e-scooter travelling at a constant velocity of 25 
kmph over a known road profile. The road profile consists of 7 step obstacles of height 4mm. 

 

Figure 4. 10 Plot of the test road profile used in experiments 

Sensors aƩached to the hub of the front and rear wheels capture the verƟcal acceleraƟon. 
This data is compared with the model results. 

The rider moving mass is a fracƟon of the original mass, denoted by m_frac. The rider 
sƟffness and damping kh and ch, along with m_frac are tuned to match the experimental 
results with that of the model. Matlab GeneƟc Algorithm is used for this opƟmizaƟon 
process. The objecƟve funcƟon is defined as the difference between avg values of peaks of 
the model data and experimental data. The opƟmizaƟon variables are set by defining a 
human body natural frequency range from 1 to 40 Hz, and damping factor range of 0.001 to 
0.4. The sƟffness can be calculated from 

𝑘௛ = 𝑚௛𝑤௡
ଶ (24) 

And damping coefficient from 

𝑐௛ = 2𝜉ඥ𝑚௛𝑘௛ (25) 

M_frac is given a range from 0.1 to1. 

 

z 
[m
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The opƟmizaƟon variables are all scaled. The velocity of the tyre is reduced by 0.2 m/s in the 
model to match the peaks of the front wheel experimental results. The resultant values of kh 
and ch, along with m_frac are used and the comparison of results for both front and rear 
wheels are as follows 
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Figure 4. 11 Comparison of experimental and model results of Rear wheel acceleraƟon 

Figure 4. 12 Comparison of experimental and model results of Rear wheel acceleraƟon 
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The variance seen in experimental results and model results may be aƩributed to the fact 
that a simplified model is used to evaluate the verƟcal dynamics.  
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