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Abstract

Regardless of the satellite mission, its attitude control is crucial. Proper orientation
in space is fundamental, necessitating the development of an effective control law
to achieve the desired attitude. This thesis evaluates and compares classical and
adaptive sliding mode control (SMC) algorithms for this purpose. The study focuses
on a satellite equipped with four Control Moment Gyroscopes (CMGs) arranged in
a pyramidal configuration. The CMGs serve as actuators to adjust the satellite
attitude and achieve the desired orientation. Simulations using MATLAB are
conducted to compare classical and adaptive Boundary Layer First Order Sliding
Mode Control (BLFOSMC), a novel control algorithm that integrates adaptive
control techniques with SMC. Subsequently, the MATLAB algorithm is translated
into C++ to perform testing on the hardware testbed located in Satoh’s laboratory
at Osaka University.
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Chapter 1

Introduction

Proper attitude control of a satellite is a crucial aspect for the success of any mission.
As explained by Yost and Weston in the NASA technical report [1], the Guidance,
Navigation and Control (GNC) subsystem comprises the elements utilized for
position determination and those designated for the Attitude Determination and
Control System (ADCS). The ADCS relies on sensors that measure attitude and
spin rate, including star trackers, sun sensors, horizon sensors, magnetometers, and
gyroscopes. This system is essential for vehicle control during trajectory correction
maneuvers, employing accelerometers to conclude these maneuvers when the desired
velocity change has been achieved. The ADCS includes actuators, such as magnetic
torquers, reaction wheels, and thrusters to adjust the spacecraft orientation and
apply necessary velocity changes.

The increasing complexity of systems has made it essential to optimize control
techniques. As mentioned by Mancini in [2], sliding mode control (SMC) is a
non-linear method of variable structure control (VSC), initially proposed by Utkin
in his 1977 publication [3]. As reported by Lee and Utkin in [4], the sliding mode
control approach is a robust method for designing controllers for complex high-
order nonlinear dynamic systems under uncertainty, characterized by low sensitivity
to parameter variations and disturbances. However, its implementation may be
hindered by chattering, undesirable oscillations caused by unmodeled dynamics
or discrete time effects, which can decrease control accuracy and increase wear on
mechanical components. Lee and Utkin proposed various strategies for mitigating
chattering. As discussed by Levant in [5] higher order sliding modes can completely
eliminate chattering. They generalize the basic sliding mode concept by acting
on the higher-order time derivatives of the system deviation from the constraint,
unlike standard sliding modes, which only influence the first deviation derivative.
Mancini and Capello [6] designed continuous twisting controller with adaptive gain,
which is an higher order SMC, to suppress the flexibility of the satellite movable
appendages. Capello et al. [7] combined simplex and super-twisting sliding mode
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controller.

This work aims to analyze and compare different SMC algorithms to enhance the
effectiveness of satellite attitude control for a spacecraft equipped with four control
moment gyroscopes disposed in a pyramidal configuration. Higashiyama et al. [8]
examined spacecraft attitude control using a pyramid-type variable-speed control
moment gyro (VSCMG) system. Facchino et al. [9] presented an attitude controller
for the CMG system based on model predictive control (MPC), which directly
computes the gimbal rates to prevent singularity issues that may arise from the
steering law. Nair et al. [10] introduced a robust sliding mode attitude controller
based on quaternions for a spacecraft equipped with single gimbal control moment
gyros (SGCMGs), designed for rest-to-rest maneuvers considering uncertainties.

This research continues the work of D’Ortona and Sfasciamuro in [11] and [12],
utilizing the adaptive boundary layer first-order sliding mode controller developed
by Mancini [2]. The results obtained in [11] and [12] are obtained using super
twisting sliding mode control and adaptive continuous twisting control, both of
which are second-order control structures. In particular, the adaptive continuous
twisting control allows for the adjustment of control parameters in real time.
In contrast, the goal of this work is to evaluate the performance of traditional
versus adaptive boundary layer first-order sliding mode control, emphasizing the
improvements and effectiveness of the adaptive approach.
As mentioned by Mancini in [2], the concept of boundary-layer sliding mode control
aims to reduce chattering by smoothing the discontinuity of the control law within
the boundary layer, a small region adjacent to the sliding surface [13].

This project presents numerical simulation results obtained through Matlab and
experimental results from testing on a testbed that simulates the satellite.

The structure of the thesis is as follows: Chapter 2 offers an overview of the math-
ematical tools used to derive the equations implemented in the codes and describes
the sliding mode approach; Chapter 3 presents the numerical and experimental
results; Chapter 4 summarizes the results and discusses their implications.
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Chapter 2

Mathematical models and
control strategies

2.1 Quaternions
As discussed by Yang [14], determining the attitude of a spacecraft involves calcu-
lating the distance between its body frame and the desired reference frame, which
can be expressed as a single rotation using quaternions.

Quaternions are an extension of complex numbers to the three-dimansional
space. Formally, a quaternion q can be defined as in equation 2.1

q = q1i+ q2j + q3k + q4 (2.1)

where q1, q2, q3, and q4 are real numbers and i, j, and k are imaginary units.

A unit quaternion is a quaternion with norm equal to one, partcularly useful to
handle rotations in 3D space.

The imaginary units i, j, and k are independent from each other and satisfy the
following properies:

i2 = j2 = k2 = −1 (2.2)

ij = k

jk = i

ki = j

(2.3)

Let us define the quaternion p as p = p1i+ p2j + p3k + p4, which can be written in

3
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matrix form as in equation 2.4

p =


p1
p2
p3
p4

 (2.4)

where p1, p2, and p3 constitue the vector part and p4 represents the scalar part.

Then, let us recall the quaternion q = q1i+ q2j + q3k+ q4, which in matrix form
becomes as in 2.5.

q =


q1
q2
q3
q4

 (2.5)

The multiplication of the two quaternions can be represented using different nota-
tions, one of which is shown in equation 2.6.

pq =(p1q4 + p2q3 − p3q2 + p4q1) + (−p1q3 + p2q4 + p3q1 + p4q2)j+
+ (p1q2 − p2q1 + p3q4 + p4q3)k + p1q1 − p2q2 − p3q3 + p4q4

(2.6)

Quaternion multiplication can be expressed in compact matrix notation as in
equation 2.7

pq = r =
C
rv

r4

D
=
C
p4qv + q4pv + pv × qv

p4q4 − pT
v qv

D
(2.7)

and in extended matrix representation as in 2.8

pq =


r1
r2
r3
r4

 =


q4 q3 −q2 q1

−q3 q4 q1 q2
q2 −q1 q4 q3

−q1 −q2 −q3 q4



p1
p2
p3
p4

 =


p4 −p3 p2 p1
p3 p4 −p1 p2

−p2 p1 p4 p3
−p1 −p2 −p3 p4



q1
q2
q3
q4

 (2.8)

Let us introduce the conjugate quaternion q†, defined in equation 2.9.

q† =


−qv

q2
1 + q2

2 + q2
3 + q2

4q4

q2
1 + q2

2 + q2
3 + q2

4

 =


−qv

||q||2
q4

||q||2

 (2.9)

The property of conjugate quaternions is shown in equation 2.10.

q†q = qq† = 1 (2.10)
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The demonstration of this property is found in 2.11.

qq† =
C
q4q

†
v + q†

4qv + qv × q†
v

q4q
†
4 − qT

v q
†
v

D
=


q4

A
− qv

||q||2

B
+ q4

||q||2
qv + qv ×

A
− qv

||q||2

B

q4
q4

||q||2
− qT

v

A
− qv

||q||2

B
 =

=


−(qv × qv)

||q||2
q2

4 + qT
v qv

||q||2

 =

 0
||q||2

||q||2

 =
C
0
1

D

(2.11)

Let us define some quaternion properties. p, q, and r are quaternions and a, b
are real numbers.

• pq /= qp

• (pq)r = p(qr)

• (ap)q = a(pq)

• (ap+ bq)r = a(pr) + b(qr)

• p(aq + br) = a(pq) + b(pr)

2.2 Dynamics equation
Let us introduce the inertial frame CI and the body frame CB.
For any attitude in three-dimensional space, there exist a rotational axis α̂ and a
rotational angle ϕ, such that CI coincides with CB by rotating CI by ϕ around α̂.
α̂ ∈ R3 is a unit quaternion, ||α̂||2 = 1, and ϕ ∈ R.

Euler parameters can be written as in equation 2.12

qv = α̂ sin
A
ϕ

2

B

q4 = cos
A
ϕ

2

B (2.12)

5
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where qv ∈ R3 and q4 ∈ R.

The mathematical demonstration proving that Euler parameters are always a
unit quaternion, thereby ensuring taht the norm equals 1, is presented in equation
2.13.

||q||2 = [qT
v q4]

C
qv

q4

D
= qT

v qv + q2
4 = sin

A
ϕ

2

B
α̂T sin

A
ϕ

2

B
α̂ + cos2

A
ϕ

2

B
=

= sin2
A
ϕ

2

B
α̂T α̂ + cos2

A
ϕ

2

B
= sin2

A
ϕ

2

B
||α̂||2 + cos2

A
ϕ

2

B
=

= sin2
A
ϕ

2

B
+ cos2

A
ϕ

2

B
= 1

(2.13)

CIB is the coordinate transformation from CB to CI and is given as in equation
2.14

CIB = cosϕI3 + (1 − cosϕ)α̂α̂T + sinϕα̂x (2.14)

where I3 ∈ R3×3 is the identity matrix.
The notation ()x indicates the cross product operator, which transforms a vector
into a matrix, as shown in equation 2.15, ()x : R3 → R3×3.

a =

a1
a2
a3

 → ax =

 0 −a3 a2
a3 0 −a1

−a2 a1 0

 (2.15)

For any two vectors a, b ∈ R3, the relation a× b = axb holds.
Moreover, for any vector a ∈ R3, the transpose of the cross product operator
satisfies (ax)T = −ax.

If q is an Euler parameter, then for any vector p ∈ R3, the equation 2.16 holds

qpq† = cos(ϕ)p+ (1 − cos(ϕ))(α̂Tp)α̂ + sin(ϕ)α̂xp (2.16)

which can be written in compact form as in equation 2.17.C
qv

q4

D C
p
p

D C
q†

v

q†
4

D
= CIBp (2.17)

This equation is known as Rodrigues’s formula, in which the Euler parameter q
acts as a rotational operator in three-dimensional space.

Let us consider the vector p ∈ R3. CI is the inertial frame and CB the body
frame.

6
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Vector p may be represented in the inertial frame as Ip or in the body frame as Bp.

Ip = p
---
CI

=

p1
p2
p3

 (2.18)

Bp = p
---
CB

=

pB1
pB2
pB3

 (2.19)

By defining qIB as the Euler parameter representation of CB with respect to CI ,
it is possible to write equations 2.20 and 2.21.

Ip = qIB
Bpq†

IB (2.20)

Bp = qBI
Ipq†

BI (2.21)

Equation 2.20 is used to transform the frame from CB to CI using the Euler
parameter qIB, while equation 2.21 is used to transform the frame from CI to CB

using the Euler parameter qBI .

It is possible to introduce equation 2.22.

qIB = q†
BI (2.22)

To demonstrate equation 2.22, let us consider the case where the rotational angle
ϕ is zero, so we can write

qII =


0
0
0
1

 (2.23)

and

qBB =


0
0
0
1

 (2.24)

Hence, it is possible to write:

qII = qIBqBI =


0
0
0
1

 (2.25)

7
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Multiplying by q†
IB from the left, expression 2.26 is obtained.

q†
IB = q†

IBqIBqBI (2.26)

According to the rules of conjugate quaternions, q†
IBqIB = 1, thus equation 2.27 is

derived.
q†

IB = qBI (2.27)

In a similar manner, by multiplying from the right by q†
BI , the equation 2.28 is

obtained.
q†

BI = qIB (2.28)

In the context of dynamics, the attitude of the body changes according to the
applied external torque.

Let us introduce the following notation:

• Ih is the angular momentum vector described in CI frame

• IJ is the inertial matrix described in CI frame

• Iτ is the external torque vector described in CI frame

The dynamics equation expressed in the inertial frame CI is written in equation
2.29.

d Ih

dt
= Iτ (2.29)

The angular momentum vector can be expressed as in equation 2.30

Ih = IJ Iω (2.30)

where Iω is the angular velocity.
Since IJ expressed in the inertial frame changes as the satellite attitude varies,

it is more convenient to write the equation in the body frame, where the inertial
matrix described in the body frame BJ remains constant.

To formulate the dynamics equation in the body frame, it is necessary to apply
the coordinate transformations shown in equations 2.31 and 2.32.

Bω = CT
IB

Iω (2.31)

BJ = CIB
IJCT

IB (2.32)

Note that C−1
IB = CT

IB because CIB is a rotational matrix, which is orthogonal.

8
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In the body frame CB, it is possible to write Iτ as in equation 2.33.

Iτ = d

dt

1
IJ Iω

2
= d

dt

1
CIB

BJCT
IB

Iω
2

=

= ĊIB
BJ Bω + CIB

BJĊT
IB

Iω + CIB
BJCT

IB
I ω̇

(2.33)

In the body frame, BJ is a constant matrix, therefore B
J̇ = 0.

Substituting the kinematics equation expressed in the rotational matrix form
ĊIB = CIB

Bωx in equation 2.33, equation 2.34 is obtained.

Iτ = CIB
Bωx BJ Bω + CIB

BJ BωxT

CT
IB

Iω + CIB
BJCT

IB

d

dt

1
CIB

Bω
2

(2.34)

In equation 2.34, the term CIB
BJ BωxT

CT
IB

Iω = 0, as proven in equation 2.35,
considering that Iω = CIB

Bω

BωxT

CT
IB

Iω = BωxT

CT
IBCIB

Bω = BωxT

I3
Bω = BωxT Bω = − Bωx Bω = 0 (2.35)

where BωxT = − Bωx holds since Bωx is a skew symmetric matrix. Hence, equation
2.34 can be rewritten as equation 2.36.

Iτ = CIB
Bωx BJ Bω + CIB

BJCT
IB

d

dt

1
CIB

Bω
2

(2.36)

The time derivative that appears in the last term of equation 2.36 can be
manipulated as in equation 2.37.

d

dt

1
CIB

Bω
2

= ĊIB
Bω + CIB

Bω̇ = CIB
Bωx Bω + CIB

Bω̇ = CIB
Bω̇ (2.37)

threfore, equation 2.36 can be rewritten as 2.38.

Iτ = CIB
Bωx BJ Bω + CIB

BJCT
IBCIB

Bω̇ = CIB
Bωx BJ Bω + CIB

BJ Bω̇ (2.38)

Equation 2.38 presents the left hand side expressed in the inertial frame and the
left hand side in body frame. Knowing that Iτ = CIB

Bτ , it is possible to write
equation 2.39.

CIB
Bτ = CIB

Bωx BJ Bω + CIB
BJ Bω̇ (2.39)

Multiplying by CT
IB from the left, the dynamics equation described in the body

frame is obtained, as in equation 2.40

Bτ = Bωx BJ Bω + BJ Bω̇ (2.40)

where the inertial matrix described in the inertial frame BJ is constant.

9
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2.3 Kinematics equation
In the context of kinematics, the attitude of a body changes according to its angular
velocity.

Let us consider the inertial fixed frame CI and the body frame CB. Assuming
that ∆t is a sufficiently small time interval during which a rotation of a sufficiently
small angle ∆ψ occurs around the rotational axis Bα̂, the attitude of the satellite
slightly changes from CB to C ′

B during the time interval ∆t.
It is possible to introduce the Euler parameter qBB′ , which can be expressed in
quaternion form, as in equation 2.41, or in vector form, as in equation 2.42.

qBB′ = Bα̂ sin
A

∆ψ
2

B
+ cos

A
∆ψ
2

B
(2.41)

qBB′ =


Bα̂ sin

A
∆ψ
2

B

cos
A

∆ψ
2

B
 (2.42)

By using the "subscript chain rule", it is possible to write equation 2.43.

qIB′ = qIBqBB′ = qIB
Bα̂ sin

A
∆ψ
2

B
+ cos

A
∆ψ
2

B
(2.43)

Let us now introduce the time derivative of the quaternion, q̇IB, as shown in
equation 2.44.

q̇IB = lim
∆t→0

qIB′ − qIB

∆t = lim
∆t→0

qIB


Bα̂ sin

A
∆ψ
2

B
+ cos

A
∆ψ
2

B
− 1

∆t

 (2.44)

Since |∆ψ| and ∆t are sufficiently small, it is possible to utilize the approximations

sin
A

∆ψ
2

B
≈ ∆ψ

2 and cos
A

∆ψ
2

B
≈ 1.

therefore, substituting these approximations in equation 2.44, equation 2.45 is
obtained

q̇IB = lim
∆t→0

qIB


Bα̂

A
∆ψ
2

B
+ 1 − 1

∆t

 = lim
∆t→0

qIB

2
Bα̂

∆ψ
∆t =

= 1
2qIB

Bα̂ψ̇

(2.45)

10
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where Bα̂ψ̇ = BωIB is the angular velocity vector with respect to CI described in
the CB frame, ψ̇ is the amplitude, and Bα̂ is the unit vector.
The kinematics equation with angular velocity described in the body frame is
written in equation 2.46.

q̇IB = 1
2qIB

BωIB (2.46)

Introducing the notation V (q) = qv and s(q) = q4, where V (q) is the operator
that extracts the vector part of the quaternion q and s(q) is the operator that
extracts the scalar part of the quaternion q, it is possible to obtain the kinematics
equation in vector and matrix form, as in equation 2.47, by explicitly calculating
the quaternion multiplication

q̇IB =
C
V (q̇IB)
s(q̇IB)

D
= 1

2
è
s(qIB)I3 + V (qIB)x − V (qIB)T

é
BωIB (2.47)

where I3 ∈ R3×3 is the identity matrix, BωIB ∈ R3×1, V (qIB)x ∈ R3×3 and
−V (qIB)T ∈ R1×3.

Equation 2.48 presents the kinematics equation expressed in element-wise form.
q1
q2
q3
q4

 = 1
2


q4 −q3 q2
q3 q4 −q1

−q2 q1 q4
−q1 −q2 −23




Bω1
Bω2
Bω3

 (2.48)

Another matrix form used to express the kinematics equation is provided in
equation 2.49.

q̇IB = 1
2

C
− Bωx

IB
BωIB

− BωT
IB 0

D
qIB (2.49)

2.4 State equation
The motion in three dimensional space can be described combining the dynamics
and kinematics equations.
The state variable is a column vector containing the quaternion and the angular
velocity vector, as shown in 2.50.

x =
C
qIB

ωIB

D
(2.50)

Then, it is necessary to calculate the state equation 2.51.

ẋ =
C
q̇IB

ω̇IB

D
(2.51)

11
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The dynamics and kinematics equation must be calculated simultaneously.

In this case, the state equation is nonlinear, as shown in 2.52.

ẋ =
C
q̇IB

ω̇IB

D
=

 1
2qIB

BωIB

− B
J−1 Bω BJ Bω

+
C

0
BJ−1

D
Bτ (2.52)

where Bτ is the control input.

2.5 Error system
Let us define the body frame CB, the fixed inertial frame CI , and the virtual desired
frame CD. Bω is the angular velocity vector of the actual spacecraft described
in the body frame CB, whereas Dωd is the desired angular velocity vector of the
actual spacecraft described in the desired frame CD. Let us also introduce the Euler
parameters used to transform between frames: q = qIB is used to transform from
the fixed inertial frame CI to the body frame CB, qd = qID is used to transform
from the fixed inertial frame CI to the virtual desired frame CD, qBD is used to
transform from the body frame CB to the virtual desired frame CD, and qDB is
used to transform from the virtual desired frame CD to the body frame CB.

Now, let us define the error angular velocity ωe and the error quaternion, as in
equations 2.53 and 2.54, respectively.

ωe ≜
Bω − Bωd (2.53)

qe ≜ qDB (2.54)
One simple case of of feedback controller, which is negative, can be found in
equation 2.55.

u = −k1ωe − k2ve (2.55)
The error velocity vector qe can be manipulated as in equation 2.56.

qe = qDB = qDIqIB = q†
IBqIB = q†

dq (2.56)
The desired angular velocity represented in the body frame can be expressed as

in equation 2.57.
Bωd = qBD

Dωdq
†
BD = q†

e
Dωdqe (2.57)

Substituting equation 2.57 in the definition of error angular velocity, equation 2.58
is obtained.

ωe = Bω − q†
e

Dωdqe (2.58)
In the original system the desired attitude is time varying, but in the error system
the desired value is constant and hence it is easier to design the controller.
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Error kinematics equation

Equation 2.59 shows the time derivative of the error quaternion.

q̇e = q̇†
dq + q†

dq̇ (2.59)

The desired attitude should be designed to follow the kinematic equation, which is
in the form q̇ = 1

2qω, as shown in equation 2.60.

q̇d = 1
2qd

Dωd (2.60)

By substituting equation 2.60 into the expression for time derivative of the er-
ror quaternion 2.59, equation 2.61 is obtained, using the following properties:
(q†

d
Dωd)† = Dωd

†q†
d and Dωd

† = − Dωd

q̇w =
31

2qd
Dωd

4†
q + q†

d

31
2q

Bω
4

= 1
2

Dωd
†q†

dq + 1
2q

†
dq

Bω =

= −1
2

Dωdq
†
dq + 1

2q
†
dq

Bω

(2.61)

where Dωd is described in the desired frame and Bω in the body frame.
Using equation 2.57, multiplying by qe from the left and by q†

e from the right,
knowing that qeq

†
e = 1, equation 2.62 is obtained.

Dωd = qe
Bωdq

†
e (2.62)

Substituting equation 2.62 in 2.61, using the definition of of error quaternion
qe = q†

dq, and remembering that q†
eqe = 1, it is possible to obtain the error

kinematic equation 2.63.

q̇e = −1
2qe

Bωdq
†
eq

†
dq + 1

2q
†
dq

Bω = −1
2qe

Bωdq
†
eqe + 1

2qe
Bω =

= −1
2qe

Bωd + 1
2qe

Bω = 1
2qe(Bω − Bωd) = 1

2qeωe

(2.63)

where ωe = (Bω − Bωd) is taken from the definition of the angular velocity error.
The error kinematic equation 2.64 follows the same structure as the kinematic

equation 2.46.
q̇e = 1

2qeωe (2.64)

Error dynamics equation

The dynamics equation 2.40 can be rewritten as in equation 2.65, isolating Bω̇ on
the left side and considering that the control input u coincides with the external
torque τ .

Bω̇ = − BJ−1 Bωx BJ Bω + BJ−1u (2.65)

13
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From the definition of error angular velocity in equation 2.53, equation 2.66 is
obtained.

Bω = ωe + Bωd (2.66)
By substituting equation 2.66 in 2.65, the error dynamics equation is derived as in
2.67.

ω̇e = − Bω̇d − BJ−1(ωe + Bωd)x BJ(ωe + Bωd) + BJ−1u (2.67)
The state of the control system is defined as in equation 2.68

x =
C
qe

ωe

D
(2.68)

and its time derivative, ẋ, is the error system, shown in equation 2.69.

ẋ =
C
q̇e

ω̇e

D
=



0
0
0
1
0
0
0


(2.69)

2.6 Plant system
Based on the error kinematic equation presented in 2.64, the corresponding matrix
representation is provided in 2.70.

q̇e = 1
2qeωe = 1

2

C
qe4ωev + ωe4qev + qev × ωev

qe4ωe4 − qT
evωev

D
= 1

2

C
qe4ωev + qev × ωev

−qT
evωev

D
=

= 1
2

C
qe4ωe + qev × ωe

−qT
evωe

D
= 1

2

C
qe4ωe + qx

evωe

−qT
evωe

D
= 1

2

C
−ωx

e qev + ωeqe4
−ωT

e qev

D
=

= 1
2

C
−ωx

e ωe

−ωT
e 0

D C
qev

qe4

D (2.70)

By multiplying the error dynamics equation 2.67 by J from the left, 2.71 is
obtained.

Jω̇e = −(ωe + ωd)xJ(ωe + ωd) − Jω̇d + u (2.71)
The objective is to track the desired attitude trajectory qd and the desired

angular velocity ωd.
Let us introduce the PD (proportional derivative) controller u, as expressed in

2.72
u = −kpqev − kdωe (2.72)
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where kp, kd ∈ R3×3 are positive defined matrices.
The Lyapunov function candidate V is defined in equation 2.73.

V = a1

2 q
T
evqev + a2

2 (1 − qe4)2 + a3

2 ω
T
e Jωe (2.73)

The Lyapunov function candidate 2.73 is zero only if the state of the control error
system is equal to zero, as in 2.74

C
qe

ωe

D
=



0
0
0
1
0
0
0


(2.74)

otherwise V > 0, since all the terms are squared and therefore cannot be negative.
Let us calculate the time derivative of the Lyapunov function, as in equation

2.75.

V̇ =a1q
T
ev q̇ev + a2(1 − qe4)q̇e4 + a3ω

T
e Jω̇e =

=a1q
T
ev

3
−1

2ω
x
e qev + 1

2qe4ωe

4
+ a2(1 − qe4)

1
2ω

T
e qev+

+ a3ω
T
e (−(ωe + ωd)xJ(ωe + ωd) − Jω̇d + u) =

=a2

2 q
T
evωeqev + a1

2 qe4q
T
evωe + a2

2 ω
T
e qev − a2

2 qe4ω
T qev+

− a3ω
T
e (ωT

e + ωd)xJ(ωe + ωd) − a3ω̇
T
e Jωd + a3ω

T
d u

(2.75)

By setting a1 = a2, some terms cancel and equation 2.75 semplifies to the form in
2.76.

V̇ = a1

2 ω
T
e qev − a3ω

T
e (ωT

e + ωd)xJ(ωe + ωd) − a3ω̇
T
e Jωd + a3ω

T
d u (2.76)

By choosing the controller u = − a1

2a3
qev + (ωe + ωd)xJ(ωe + ωd) + Jω̇d − kdωe,

equation 2.76 transforms into the form shown in equation 2.77.

V̇ = −ω̇T
e kdωe (2.77)

It is possible to prove that equation 2.77 is Lyapunov stable, since

V̇ = −ωT
e kdωe ≤ 0 (2.78)
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Expression 2.78 shows that the target point is Lyapunov stable, but not asymptoti-
cally stable.

lim
t→∞

ωe(t) = 0 ⇐⇒ lim
t→∞

ω(t) = ωd(t) (2.79)

Now, let us prove the asymptotic stability.
Substituting ωe = 0, 2.80 is obtained.

lim
t→∞

q̇e = 0 (2.80)

so it converges to a constant.

In equation 2.81, the time derivative of the error angular velocity is calculated
substituting the expression of u from 2.72.

ω̇e(t) = − a1

2a3
J−1qev − J−1kdωe (2.81)

By taking the limit on both sides of equation 2.81, equation 2.82 can be expressed.

lim
t→∞

ω̇e(t) = lim
t→∞

3
− a1

2a3
J−1qev − J−1kdωe

4
(2.82)

Since V = 1
2ω

T
e Jωe and V̇ ≤ 0, ωe is bounded.

Since limt→∞ ωe = 0, also limt→∞ ω̇e = 0. Therefore 2.82 is reformulated as in
equation 2.83.

0 = lim
t→∞

3
− a1

2a3
J−1qev

4
= − a1

2a3
J−1 lim

t→∞
qev (2.83)

By multiplying both sides by J, 2.84 is obtained.

lim
t→∞

qev = 0 (2.84)

Since qe is a unit quaternion ||qe||2 = 1, then

lim
t→∞

q2
e4 = 1 (2.85)

lim
t→∞

C
qev

ωev

D
=



0
0
0

±1
0
0
0


(2.86)

q and −q represent the same attitude.

16



Mathematical models and control strategies

2.7 Actuators
The sensors on board the spacecraft measure its attitude. In an active attitude
control process the difference between the attitude and the desired attitude, called
error signal, is calculated and taken as input by the controller, which generates the
command to impart to the actuators to produce an adequate torque to correct the
attitude and make it coincide with the desired value.
As detailed in [15], there are various types of actuators, which can be classified
into two categories based on the torques they generate. Thrusters and magnetic
torquers generate torques external to the the spacecraft that modify the spacecraft
angular momentum and are classified as reaction-type actuators. Reaction wheels,
momentum wheels and control moment gyroscopes generate torques internal to
the spacecraft that do not modify the overall momentum of the spacecraft and are
classified as momentum exchange actuators.

2.7.1 Control moment gyroscopes
A reaction wheel consists of a brushless motor attached to high-inertia flywheel
free to spin along a fixed axis. The applications of reaction wheels are based
on the principle of conservation of the angular momentum of the spacecraft. In
fact, considering no external torques acting on the spacecraft, the variation of the
angular momentum of the wheel, obtained by accelerating it in one direction about
its spin-axis, causes an equal and opposite variation in the angular momentum of
the platform of the spacecraft. Reaction wheels are widely employed in applications
that require high pointing accuracy.

Momentum wheels are reaction wheels with constant or near-constant operating
speed. The main drawback of wheels is wheel saturation, which occurs when the
wheel reaches its maximum angular velocity and needs to be desaturated, removing
momentum from it through the application of mass expulsion devices.

Control moment gyroscopes are momentum wheels that spin at constant high
speed, with the spin axis gimballed. Tilting the wheel spin axis by applying a
torque to the gimbal results in a gyroscopic reaction torque perpendicular to the
gimbal axis. The main advantages of control moment gyroscopes are the rapid slew
capability, the effectiveness and efficiency provided by the ability to generate high
torque, and the high accuracy determined by the generation of continuous torque
due to the change of the CMG angular momentum. Control moment gyros may
suffer from gimbal lock, which consists of the loss of one degree of freedom. It occurs
when the axes of two of the three gimbals are driven in a parallel configuration,
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locking the system into rotation in a degenerate two-dimensional space.

Figure 2.1: Gimbal lock [12]

To prevent the occurrence of gimbal lock, a singular direction avoidance steering
law can be employed, as discussed in section 2.7.2.
While a system of three CMGs is sufficient to ensure the attitude control of a
spacecraft in three-dimensional space, four CMGs are typically used for redundancy.
In this case, a system comprising four CMGs arranged in a pyramidal configuration
is considered, as shown in Figure 2.2.

Figure 2.2: CMG system in pyramidal configuration [12]

In Figure 2.2, β is the skew angle, θ is the gimbal angle of each CMG, and g is
the gimbal vector of each CMG. In this case, the skew angle β has the same value
for all the four CMGs and is time-constant.
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2.7.2 CMG system dynamics
Let us define the the dynamics equation of the spacecraft attitude control system
as presented in equation 2.87

Bτ =B ḣ+B ω ×B h (2.87)

where prescript B() indicates that the used reference coordinate system is body
fixed, Bτ is the external torque originated from external disturbances, and Bh ∈ R3

is the angular momentum vector.
In general, the angular momentum vector can be expressed as in equation 2.88,
and the external torque can be expressed by Euler’s equation, as in 2.89.

Bh =B JBω (2.88)

Bτ =B JBω̇ +B ω ×B JBω (2.89)

In a GMC system, the angular momentum vector is given as in equation 2.90

Bh =B JBω +B hCMG (2.90)

where the angular momentum is given by the sum of the contribution of the
total CMGs system angular momentum vector hCMG and the contribution of the
spacecraft angular momentum except for the CMGs, BJBω.
The total CMGs system total angular momentum is given in equation 2.91

BhCMG =B hw

4Ø
i=1

hi(θi) (2.91)

where hw = Jwωw is the amplitude of the angular momentum, which is a constant
scalar, and hi(θi) gives the direction of the i-th component of the sum (i = 1, 2, 3,
4 indicates the four CMGs).
In our study case, constant velocity CMGs are considered, so the time derivative
of hw is expressed as in 2.92.

ḣw = hw

4Ø
i1

∂hi(θi)
∂θi

θ̇i (2.92)

It possible to write the time derivative of the total CMGs system angular momentum
as in 2.93.

BḣCMG = hw

4Ø
i=1

∂hi(θi)
∂θi

θ̇i = hw

C
∂h1(θ1)
∂θ1

,
∂h2(θ2)
∂θ2

,
∂h3(θ3)
∂θ3

,
∂h4(θ4)
∂θ4

D
= hwA(θ)θ̇

(2.93)
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Substituting the Bh for CMG system in the dynamics equation, equation 2.94 is
obtained.

Bτ =B JBω̇+Bω×Bh+B ḣCMG =B ω̇+Bω×BJBω+Bω×BhCMG +B ḣCMG (2.94)

Now, let us define the control torque Bu, as in equation 2.95.
Bu = −BḣCMG = −hwA(θ)θ̇ (2.95)

By substituting the expressions of Bτ and Bu into the dynamics equation, the
dynamics equation for the CMGs system is obtained as in 2.96.

Bτ +B u =B JBω̇ +B ω ×B h+B ḣCMG =B ω̇ +B ω ×B JBω +B ω ×B hCMG (2.96)

The steering law connects the control torque and the gimbal rate and is expressed
as shown in equation 2.97.

θ̇ = − 1
hw

A(θ)†Bu (2.97)

Two assumptions will be now introduced:

1. there is no external disturbance torque, which implies that Bτ = 0

2. the total angular momentum is preserved at zero, which implies that BhCMG+B

JBω = 0. Consequently, BhCMG = −BJBω

By applying these assumptions to the dynamics equation for the CMG system 2.96,
equation 2.98 is obtained.

Bu =B JBω̇ +B ω ×B JBω +B ω × (−BJBω) =B JBω̇ (2.98)

From equation 2.98, it is possible to obtain equation 2.99.
Bω̇ =B J−1u =B hwJ

−1A(θ)θ̇ (2.99)

The process involves calculating the torque u using sliding mode control. Then,
starting from the value of u, the gimbal rate θ̇ is determined using steering law.
Subsequently, the gimbal rate θ̇ is applied to the CMGs, resulting in a change in
the angular velocity of the satellite according to the dynamic law.

Now, let us calculate the time derivative of the sliding surface to obtain the
equivalent control ueq.
The sliding variable σ is defined in equation 2.100.

σ = ωe + λqe,v (2.100)
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The time derivative of the sliding variable is expressed as shown in equation 2.101.

σ̇ = ω̇e + λq̇e,v = ω̇ − ω̇d + λq̇e,v = J−1ueq − ω̇d + λq̇e,v (2.101)

By setting the time derivative of the sliding variable to zero, the equivalent control
ueq is obtained as in 2.102

ueq = Jω̇d − λJq̇e,v (2.102)

Steering law

As mentioned earlier, the steering law establishes a relationship between the control
torque and the gimbal rate. The steering law derived earlier in equation 2.97
includes the matrix A(θ) ∈ R3x4, which is defined in equation 2.103

A(θ) =

− cos β cos θ1 sin θ2 cos β cos θ3 − sin θ4
− sin θ1 − cos β cos θ2 sin θ3 cos β cos θ4

sin β cos θ1 sin β cos θ2 sin β cos θ3 sin β cos θ4

 (2.103)

where β is the skew angle, and θi (i = 1,2,3,4) denotes the gimbal angle of the i−th
control moment gyro.
Since the matrix A(θ) is not square, to simplify calculations, it can be substituted
with its pseudo-inverse AT (AAT )−1. Unfortunately, AAT may become singular
for certain values of the gimbal angles θi, leading to gimbal lock. To prevent this
situation, a Singular Direction Avoidance (SDA) steering law can be employed.
Equation 2.104 shows the SDA steering law utilized in this case

θ̇ = − 1
hω

AT (AAT + λu3u3)Bu (2.104)

where λ is a parameter introduced to avoid singularities and u3 is the eigenvector
associated with the smallest eigenvalue of A.
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2.8 Sliding mode control

2.8.1 Description
As described in [2], the sliding mode process consists of two main steps: the reaching
phase and the sliding phase. During the reaching phase, the sliding variable, which
is a function of the system output and its time derivative, is non-zero and the
control input is continuous. During the sliding phase, instead, the sliding variable
is null, and the control input is discontinuous.

Figure 2.3: Sliding surface [2]

Figure 2.4: Reaching phase and sliding phase [2]

In Figure 2.4, it is possible to identify the initial state at time t = 0. At that
moment, the reaching phase commences and continues until the sliding surface is
attained. In Figure 2.3, the sliding surface is represented as a line passing through
the origin of axes (e1, e2), with a slope determined by the parameter lambda,
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which conveys information regarding the rate of convergence. The sliding phases
commences once the sliding surface, defined as the region of space where the sliding
variable is zero, is attained. The sliding surface is designed to ensure the desired
trajectory during the sliding phase, thereby causing the state errors to approach zero.

First order sliding mode (FOSM) control represents the initial generation of
sliding mode control techniques. It involves defining the sliding variable as a
function of the system output and its time derivative, along with implementing
a discontinuous control law to guide the system trajectory. One of the primary
drawbacks of the FOSM is chattering. Chattering consists of high frequency
oscillations in the vicinity of the sliding surface, which can lead to reduced system
efficiency and potential damage of the moving components.

Several methods have been developed to mitigate chattering, one of which is
boundary layer sliding mode control. It involves smoothing the discontinuity of
the control law within a small region adjacent to the sliding surface, the boundary
layer, the thickness of which is determined by the parameter σ, as shown in Figure
2.5.

Figure 2.5: Boundary layer [2]

On one hand, the introduction of the boundary layer reduces the chattering
phenomenon; on the other hand, it reduces tracking accuracy, since during the
reaching phase the closed-loop system converges to the boundary layer adjacent to
the sliding surface. Therefore, it is essential to strike a balance in the selection of σ.
On one side, selecting a value of σ = 0 allows the tracking error to converge to zero
for any value of lambda, but may result in chattering. On the other side, as the value
of σ increases, the boundary layer widens, which mitigates chattering, but imposes
constraints on the choice of λ, which must be sufficiently large to ensure tracking
accuracy, namely λmin = σ

E
(where E represents the maximum allowable deviation).
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A more advanced type of controller involves the real-time adaptation of the
sliding surface throughout the control process. Adaptive boundary layer first or-
der sliding mode control is based on the conventional boundary layer first order
sliding mode, allowing for the adaptation of the sliding surface. The mitigation of
chattering is achieved through the implementation of the boundary layer approach.
This algorithm is capable of adapting to a wide range of initial conditions while
ensuring robustness, tracking accuracy and smooth response.
The real time adaptation of the parameter λ consists of two phases. In the first
phase, the adaptive law rotates the sliding surface toward the initial condition,
thereby reducing the reaching time and enhancing the robustness of the control.
In the second phase, once the system has reached the sliding surface, the adaptive
law adjusts λ to the value that ensures the desired behavior of the system near the
equilibrium point, thereby improving the tracking accuracy.

2.8.2 Implementation
To implement the first order sliding mode control, it is essential to define the sliding
variable. The sliding variable σ is defined in equation 2.105 as the sum of the error
angular velocity and the product of the parameter λ and the vector component of
the error quaternion

σ = ωe + λqe,v (2.105)

where the error angular velocity is defined as the difference between the actual
angular velocity and the desired angular velocity, namely ωe = ω − ωd; the error
quaternion is defined as the quaternion product of the conjugate desired quaternion
and the actual quaternion, namely qe = q†

dq; and the parameter λ defines the slope
of the sliding surface.
Then, the control input u can be defined. The switching control is given in equation
2.106

usw = −BJksign(σ) (2.106)

where BJ is the inertial matrix, k is the control gain, the minus sign arises from
the convention used to define the error angular velocity and the error quaternion,
and the sign function is defined as in equation 2.107.

sign(σi) =


1 if σi > 0
−1 if σi < 0
0 if σi = 0

(2.107)

To improve the performance of the sliding mode controller, the equivalent control
ueq is included in the control law definition. The equivalent control ueq is calculated
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as in equation 2.102.
The control input for the first order sliding mode control is given by the sum the
switching control and the equivalent control, as in equation 2.108.

u = ueq + usw (2.108)

To implement boundary layer first order sliding mode control, only the definition
of the switching control is modified by substituting the sign function with the
saturation function. This modification arises from the introduction of the boundary
layer. The new expression for the switching control is presented in equation 2.109

Figure 2.6: Sign function vs saturation function [2]

usw = −BJksat(σ) (2.109)

where BJ is the inertial matrix, k is the control gain, the minus sign is due to the
convention utilized to define the error angular velocity and the error quaternion,
and the saturation function is defined as in equation 2.110

sat(σi) =

σi

σ
if |σi| ≤ σ

sign(σi) if |σi| > σ
(2.110)

where σ > 0 is the thickness of the boundary layer.
As in the previous case, the control input is expressed as the sum of the switching
control and the equivalent control, as indicated in equation 2.108. It is important
to note that the switching control is defined differently from that in first order
sliding mode control.
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In implementing the adaptive boundary layer first order sliding mode control, it
is necessary to recognize that the parameter λ is no longer a constant anymore and
becomes an additional controller state with its own dynamics. By varying the value
of the parameter λ, the sliding surface rotates in the phase plane. The equations
employed to calculate the switching control usw and the equivalent control ueq are
the same as those used in the implementation of boundary layer first order sliding
mode. To calculate the values of the parameter λ, it is necessary to time-integrate
the values of the time derivative λ̇, which are provided by the projection function
proj[λ,λ]. The projection function, shown in equation 2.111, is applied to constrain
the parameter λ within the interval [λ, λ].

λ̇ = proj[λ,λ](λ, h) =


max{0, h} if λ = λ

h if λ < λ < λ

min 0, h if λ = λ

(2.111)

The parameter h is given as in equation 2.112

h = Gζσ(σ)sign(qe,v) − c(λ− λ) (2.112)

where c is a constant, G is a parameter which is given in equation 2.113, and ζσ is
a piecewise constant function parameterized by the value of the thickness of the
boundary layer σ, as described in equation 2.114.

G = c(λ− λ)
σ

< 0 (2.113)

ζσ(σ) =
σ if |σ| ≤ σ

0 if |σ| < σ
(2.114)
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Chapter 3

Simulations results and
experimental results

This chapter presents the results obtained through numerical simulations and
experimental testing, and is divided into two sections. The first section focuses on
comparing traditional and adaptive boundary layer first-order sliding mode control,
simulated using Matlab. In the second section, experimental outcomes from testing
conducted on the testbed in Satoh’s laboratory at Osaka University are presented.

Figure 3.1: Testbed platform

The testbed allows the simulation of attitude maneuvers for a satellite equipped
with a system of four CMGs arranged in pyramidal configuration. It consist of
a metallic plate that houses the four CMGs. The testbed is designed to float
and rotate without friction, achieved through the use of compressed air and a
spherical bearing. The center of mass can be adjusted manually by moving some
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counterweights located in the lower part of the testbed. Due to the physical
characteristics of the device, attitude maneuvers can be performed exclusively
about the z-axis.
Figure 3.1 illustrates the platform of testbed.

3.1 Numerical simulations
In the following section, the results obtained through Matlab simulation compar-
ing traditional and adaptive boundary layer first order sliding mode control are
presented.
The objective of this simulation is to demonstrate that the adaptive controller
ensures faster convergence than the traditional approach. The initial conditions
are generated using random unit quaternions, while the desired quaternion is set
to qd = [0 0 0 1]′.
The simulation lasted for 300 seconds, with time steps of 25 milliseconds. The
integrations were preformed using the Euler method.
The following figures display the results obtained using twenty different initial
quaternions.
Tables 3.1 and 3.2 summarize the parameters used in the simulation for traditional
and adaptive approach, respectively.

λ
5√
3

k 0.01
σ 0.005
qd [0 0 0 1]′
q0 random unit quaternion

Table 3.1: Traditional BLFOSM parameters

λin
5√
3

k 0.01
σ 0.005
c 0.01
qd [0 0 0 1]′
q0 random unit quaternion

Table 3.2: Adaptive BLFOSM parameters
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Figure 3.2: Comparison: quaternion q1

Figure 3.3: Comparison: quaternion q2
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Figure 3.4: Comparison: quaternion q3

Figure 3.5: Comparison: quaternion q4
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Figure 3.6: Comparison: angular velocity ω1

Figure 3.7: Comparison: angular velocity ω2
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Figure 3.8: Comparison: angular velocity ω3

Figure 3.9: Comparison: sliding variable σ1
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Figure 3.10: Comparison: sliding variable σ2

Figure 3.11: Comparison: sliding variable σ3
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Figure 3.12: Comparison: slope λ
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Figures 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, 3.9, 3.10, and 3.11 display the trend of
the traditional boundary layer first-order sliding mode control in the upper graphs,
while the lower graphs illustrate the trend of the adaptive approach.

In Figures 3.2, 3.3, 3.4, and 3.5, it is evident that the adaptive approach con-
verges to the desired quaternion value significantly faster. Specifically, for all initial
values, the adaptive BLFOSM takes less then 50 seconds to converge, while the
traditional method takes over 250 seconds for some initial values.
Even better results are noticeable in figures 3.9, 3.10, and 3.11, which illustrate
the trend of the sliding surface. With the adaptive approach, the sliding variable
converges to zero rapidly for any initial value, demonstrating that the adaptive
approach is more effective in reducing the reaching time.

Figure 3.12 depicts the trend of the slope λ. In the traditional approach, the
value is maintained constant, while in the adaptive approach, the value of lambda
starts from the same initial value but varies, ultimately converging to the initial
value.
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3.2 Experimental results and comparison
In this section, both experimental and simulation results are presented.
The simulations were conducted using Matlab, while the experimental results were
obtained through testing on the testbed. The Matlab code was translated into
C++ to control the testbed.
Simulations and experiments were conducted under two different conditions. The
first set of results was obtained considering a triangular angular velocity reference,
where the maximum value of angular velocity is achieved linearly over 10 seconds
followed by a linear decrease to zero of the same duration. After that, the value
is maintained zero. The second set of results was obtained by setting the desired
quaternion to a constant value, with the desired angular velocity set to zero. The
desired quaternion was set to [0 0 cos θ2 sin θ2]′, with θ = 60◦, to ensure the testbed
rotates solely about the z-axis to achieve the desired attitude.

The two sets of experimental tests and numerical simulations were conducted
for two values of the control gain k to highlight the differing behaviors of the two
approaches at varying control gain values.
The experimental simulations lasted for 30 seconds, with time steps of 25 millisec-
onds. The integrations were preformed using the Euler method.

Tables 3.3 and 3.4 summarize the parameters used in the simulation for tradi-
tional and adaptive approach, respectively.

λ
5√
3

k 0.01 or 0.5
σ 0.005
q0 [0 0 0 1]′

Table 3.3: Traditional BLFOSM parameters for experimental results

λin
5√
3

k 0.01 or 0.5
σ 0.005
c 0.1
q0 [0 0 0 1]′

Table 3.4: Adaptive BLFOSM parameters for experimental results
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3.2.1 Triangular angular velocity reference
The following subsection presents the results for the triangular angular velocity
reference. Numerical results will be illustrated first, followed by the experimental
results.
For each set of results, the trends of the following parameters will be shown: angular
velocity, quaternion, sliding variable, control input, and, in the case of the adaptive
approach, slope of the sliding variable.

Numerical - k = 0.01 - Traditional BLFOSM
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Figure 3.13: Numerical simulation - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: angular velocity
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Figure 3.14: Numerical simulation - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: quaternion
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Figure 3.15: Numerical simulation - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: sliding variable
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Figure 3.16: Numerical simulation - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: control input

Figures 3.13 and 3.14 illustrate that the numerical simulation of the traditional
approach with a control gain value of 0.01 successfully follows the desired angular
velocity and quaternion. Figure 3.15 shows that the control law makes the sliding
variable converge. Figure 3.16 demonstrates the absence of chattering in the control
input.
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Numerical - k = 0.01 - Adaptive BLFOSM
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Figure 3.17: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: angular velocity
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Figure 3.18: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: quaternion
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Figure 3.19: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: sliding variable
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Figure 3.20: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: slope
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Figure 3.21: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: control input

Figures 3.17 and 3.18 illustrate that the numerical simulation of the adaptive
approach with a control gain value of 0.01 successfully follows the desired angular
velocity and quaternion. Figure 3.20 demonstrates that in this scenario the slope
of the sliding variable remains constant throughout the simulation.
For the triangular angular velocity reference, with a control gain value of 0.01,
the adaptive approach numerically behaves identically to the traditional approach.
Indeed, the results in Figures 3.13-3.16 correspond exactly to those in Figures
3.17-3.21.
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Numerical - k = 0.5 - Traditional BLFOSM
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Figure 3.22: Numerical simulation - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: angular velocity
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Figure 3.23: Numerical simulation - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: quaternion
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Figure 3.24: Numerical simulation - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: sliding variable
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Figure 3.25: Numerical simulation - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: control input

Figure 3.23 illustrates that the numerical simulation of the traditional approach
with a control gain value of 0.5 successfully follows the desired quaternion. Figure
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3.22 shows that the desired value of the z-component of the angular velocity is
followed, but exhibits oscillations. Figures 3.24 and 3.25 display that also the
sliding variable and the the control input present oscillations.
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Numerical - k = 0.5 - Adaptive BLFOSM
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Figure 3.26: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: angular velocity
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Figure 3.27: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: quaternion
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Figure 3.28: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: sliding variable
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Figure 3.29: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: slope
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Figure 3.30: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: control input

As observed for k = 0.01, the adaptive controller (Figures 3.26-3.30) behaves
identically to the traditional controller (Figures 3.22-3.25) for k = 0.5.
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Experimental - k = 0.01 - Traditional BLFOSM
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Figure 3.31: Experimental testing - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: angular velocity
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Figure 3.32: Experimental testing - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: quaternion

Figure 3.33: Experimental testing - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: sliding variable
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Figure 3.34: Experimental testing - Traditional BLFOSM - k = 0.01 - Triangular
angular velocity: control input

Figures 3.31 and 3.32 illustrate that the experimental test of the traditional
approach with a control gain value of 0.01 attempts to follow the desired angular
velocity and quaternion for the first 23 seconds, successfully tracking them in the
final 7 seconds of the experiment. Figure 3.33 shows that after about 22 seconds
the sliding variable reaches and maintains zero.
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Experimental - k = 0.01 - Adaptive BLFOSM
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Figure 3.35: Experimental testing - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: angular velocity
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Figure 3.36: Experimental testing - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: quaternion

Figure 3.37: Experimental testing - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: sliding variable
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Figure 3.38: Experimental testing - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: slope
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Figure 3.39: Experimental testing - Adaptive BLFOSM - k = 0.01 - Triangular
angular velocity: control input
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Figures 3.35 and 3.36 illustrate that the experimental test of the adaptive
approach with a control gain value of 0.01 follows the desired angular velocity and
quaternion quite well, demonstrating better performance than the the traditional
approach under the same conditions. Figure 3.37 shows that after approximately 4
seconds the sliding variable reaches zero and maintains this value, exhibiting some
oscillations with a magnitude of 0.01.
Figure 3.38 presents the trend of the slope, which is subject to oscillations for all
the three components.
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Experimental - k = 0.5 - Traditional BLFOSM
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Figure 3.40: Experimental testing - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: angular velocity
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Figure 3.41: Experimental testing - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: quaternion

Figure 3.42: Experimental testing - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: sliding variable
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Figure 3.43: Experimental testing - Traditional BLFOSM - k = 0.5 - Triangular
angular velocity: control input

Figures 3.40 and 3.41 illustrate that the experimental test of the traditional
approach with a control gain value of 0.5 follows the desired angular velocity and
quaternion. However, Figure 3.40 presents wider oscillations than the case with
a control gain of 0.01 (Figure 3.31). Figure 3.42 shows that the sliding variable
reaches zero almost immediately, but presents oscillations. Figure 3.43 shows that
the control input exhibits oscillation that are one order of magnitude wider than in
the case with a control gain of 0.01 (Figure 3.34).
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Experimental - k = 0.5 - Adaptive BLFOSM
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Figure 3.44: Experimental testing - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: angular velocity
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Figure 3.45: Experimental testing - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: quaternion

Figure 3.46: Experimental testing - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: sliding variable
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Figure 3.47: Experimental testing - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: slope
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Figure 3.48: Experimental testing - Adaptive BLFOSM - k = 0.5 - Triangular
angular velocity: control input
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The experimental results of the adaptive approach with a control gain value of
0.5 (Figures 3.44-3.48) are similar to those obtained using the traditional approach
with the same value of control gain (Figures 3.40-3.43), except for a peak occuring
between approximately 20 and 25 seconds, likely caused by the delicate test
environment.
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3.2.2 Constant reference
The following subsection presents the results for the triangular angular velocity
reference. Numerical results will be illustrated first, followed by the experimental
results.
For each set of results, the trends of the following parameters will be shown: angular
velocity, quaternion, sliding variable, control input, and, in the case of the adaptive
approach, slope of the sliding variable.

Numerical - k = 0.01 - Traditional BLFOSM
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Figure 3.49: Numerical simulation - Traditional BLFOSM - k = 0.01 - Constant
reference: angular velocity
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Figure 3.50: Numerical simulation - Traditional BLFOSM - k = 0.01 - Constant
reference: quaternion
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Figure 3.51: Numerical simulation - Traditional BLFOSM - k = 0.01 - Constant
reference: sliding variable
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Figure 3.52: Numerical simulation - Traditional BLFOSM - k = 0.01 - Constant
reference: control input

Figures 3.49 and 3.50 illustrate that the 30 seconds of the simulations are
insufficient for for the z-component of the angular velocity and for the quaternion
components to reach the desired values using the traditional approach with a control
gain value of 0.01. The sliding surface does not reach zero within the simulation
time, as shown in Figure 3.51.
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Numerical - k = 0.01 - Adaptive BLFOSM
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Figure 3.53: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Constant
reference: angular velocity
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Figure 3.54: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Constant
reference: quaternion
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Figure 3.55: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Constant
reference: sliding variable
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Figure 3.56: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Constant
reference: slope

Figures 3.53 and 3.54 illustrate that the z-component of the angular velocity
and the quaternion components reach the desired values within the simulation
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Figure 3.57: Numerical simulation - Adaptive BLFOSM - k = 0.01 - Constant
reference: control input

time using the adaptive approach with a control gain value of 0.01. The sliding
surface reaches and maintains zero after approximately 23 seconds, exhibiting slight
oscillations between 0 and 19 seconds, as shown in Figure 3.55. Figure 3.56 depicts
the trend of the slope of the sliding variable: the z-component of the slope does
not converge to its initial value within the simulation time. Figure 3.57 shows that
the z-component of the control input exhibits slight oscillations between 0 and 19
seconds.
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Numerical - k = 0.5 - Traditional BLFOSM
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Figure 3.58: Numerical simulation - Traditional BLFOSM - k = 0.5 - Constant
reference: angular velocity
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Figure 3.59: Numerical simulation - Traditional BLFOSM - k = 0.5 - Constant
reference: quaternion
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Figure 3.60: Numerical simulation - Traditional BLFOSM - k = 0.5 - Constant
reference: sliding variable
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Figure 3.61: Numerical simulation - Traditional BLFOSM - k = 0.5 - Constant
reference: control input

Figures 3.58 and 3.59 illustrate that the z-component of the angular velocity and
the quaternion components reach the desired values within the simulation time using
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the traditional approach with a control gain value of 0.5 . The sliding surface reaches
and maintains zero after approximately 7 seconds, exhibiting slight oscillations
between 7 and 30 seconds, as shown in Figure 3.60. Figure 3.61 shows that the
z-component of the control input exhibits oscillations between approximately 7 and
30 seconds.
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Numerical - k = 0.5 - Adaptive BLFOSM
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Figure 3.62: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Constant
reference: angular velocity
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Figure 3.63: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Constant
reference: quaternion
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Figure 3.64: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Constant
reference: sliding variable
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Figure 3.65: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Constant
reference: slope
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Figure 3.66: Numerical simulation - Adaptive BLFOSM - k = 0.5 - Constant
reference: control input

Figures 3.62 and 3.63 illustrate that the z-component of the angular velocity
and the quaternion components reach the desired values within the simulation
time using the adaptive approach with a control gain value of 0.5 . The sliding
surface reaches and maintains zero extremely fast, in less than 1 second, exhibiting
slight oscillations between 0 and 30 seconds, as shown in Figure 3.64. Figure 3.66
shows that the z-component of the control input exhibits oscillations, between
approximately 0 and 30 seconds, of the same magnitude as the traditional approach
with the same value of control gain (Figure 3.61).
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Experimental - k = 0.01 - Traditional BLFOSM
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Figure 3.67: Experimental testing - Traditional BLFOSM - k = 0.01 - Constant
reference: angular velocity

75



Simulations results and experimental results

0 5 10 15 20 25 30

Time [s]

-0.1

0

0.1

0.2

0.3

0.4

0.5

q

x

y

z

x
ref

y
ref

z
ref

Figure 3.68: Experimental testing - Traditional BLFOSM - k = 0.01 - Constant
reference: quaternion

Figure 3.69: Experimental testing - Traditional BLFOSM - k = 0.01 - Constant
reference: sliding variable
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Figure 3.70: Experimental testing - Traditional BLFOSM - k = 0.01 - Constant
reference: control input

Figures 3.67 and 3.68 illustrate that the 30 seconds of the simulations are
insufficient for for the z-component of the angular velocity and for the quaternion
components to reach the desired values using the traditional approach with a
control gain value of 0.01. Even the sliding surface does not converge to zero within
the acquisition time, as shown in Figure 3.69.
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Experimental - k = 0.01 - Adaptive BLFOSM
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Figure 3.71: Experimental testing - Adaptive BLFOSM - k = 0.01 - Constant
reference: angular velocity
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Figure 3.72: Experimental testing - Adaptive BLFOSM - k = 0.01 - Constant
reference: quaternion

Figure 3.73: Experimental testing - Adaptive BLFOSM - k = 0.01 - Constant
reference: sliding variable
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Figure 3.74: Experimental testing - Adaptive BLFOSM - k = 0.01 - Constant
reference: slope
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Figure 3.75: Experimental testing - Adaptive BLFOSM - k = 0.01 - Constant
reference: control input
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Figures 3.71 and 3.72 illustrate that the z-component of the angular velocity
and the quaternion components reach the desired values within the simulation time
using the adaptive approach with a control gain value of 0.01. The sliding surface
reaches and maintains zero after approximately 18 seconds, as shown in Figure 3.73.
Figure 3.74 depicts the trend of the slope of the sliding variable: the z-component
of the slope does not converge to its initial value within the simulation time.
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Experimental - k = 0.5 - Traditional BLFOSM
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Figure 3.76: Experimental testing - Traditional BLFOSM - k = 0.5 - Constant
reference: angular velocity
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Figure 3.77: Experimental testing - Traditional BLFOSM - k = 0.5 - Constant
reference: quaternion

Figure 3.78: Experimental testing - Traditional BLFOSM - k = 0.5 - Constant
reference: sliding variable
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Figure 3.79: Experimental testing - Traditional BLFOSM - k = 0.5 - Constant
reference: control input

Figures 3.76 and 3.77 illustrate that the z-component of the angular velocity
and the quaternion components reach the desired values within the simulation time
using the traditional approach with a control gain value of 0.5. The sliding surface
reaches and maintains zero after approximately 8 seconds, as shown in Figure 3.78.
Figure 3.79 shows that the z-component of the control input exhibits oscillations
one order of magnitude wider than with a control gain of 0.01. (Figure 3.70).
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Experimental - k = 0.5 - Adaptive BLFOSM
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Figure 3.80: Experimental testing - Adaptive BLFOSM - k = 0.5 - Constant
reference: angular velocity
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Figure 3.81: Experimental testing - Adaptive BLFOSM - k = 0.5 - Constant
reference: quaternion

Figure 3.82: Experimental testing - Adaptive BLFOSM - k = 0.5 - Constant
reference: sliding variable
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Figure 3.83: Experimental testing - Adaptive BLFOSM - k = 0.5 - Constant
reference: slope
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Figure 3.84: Experimental testing - Adaptive BLFOSM - k = 0.5 - Constant
reference: control input
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Figures 3.80 and 3.81 illustrate that the z-component of the angular velocity
and the quaternion components reach the desired values within the simulation time
using the adaptive approach with a control gain value of 0.5 . The z-component
of the sliding surface reaches and maintains zero extremely fast, in less than 1
second, as shown in Figure 3.82. Figure 3.84 shows that the control input exhibits
oscillations of the same magnitude as the traditional approach with the same value
of control gain (Figure 3.79), and of one order of magnitude wider than the adaptive
approach with a control gain of 0.01 (Figure 3.75).
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3.2.3 Observations
In the triangular angular velocity reference scenario, the performance of the two
approaches shows similar behavior and convergence times. Both methods clearly
enhance performance by reducing the convergence time of the sliding surface when
using a higher control gain k, although this leads to increased oscillations.

Let us consider the case of constant reference, where the initial attitude differs
from the desired attitude, resulting in a non-zero initial error. In this scenario, the
enhanced performance in terms of shorter reaching time for the adaptive approach
is more evident.

Figures 3.68 and 3.69 show that the 30 seconds of simulation are insufficient for
the traditional approach with a control gain of 0.01 to make the Euler parameter
and the sliding variable converge to the desired values. Figures 3.72 and 3.73, in
contrast, demonstrate that the adaptive approach with k = 0.01 is able to achieve
convergence of the Euler parameter and the sliding variable to the desired values
in a shorter time, well within the 30 seconds of the simulation.

Let us now consider figures 3.77 and 3.78, which depict the trend of the Euler
parameters and the sliding variable for the traditional approach with a control gain
of k = 0.5. It is evident that a higher control gain, facilitates faster convergence
for this approach. Specifically, with this control gain, the z-component of the Euler
parameter and the sliding variable converge to the desired values in less then 10
seconds. However, the performance of the adaptive approach at a control gain of
0.5 is even better. Figure 3.81 shows that the adaptive approach takes toughly
the same time as the traditional approach to make the z-component of the Euler
parameter converge to the desired value. In contrast, Figure 3.82 illustrates that the
z-component of the sliding variable converges to zero in less then 5 seconds, making
the adaptive approach more effective by significantly shortening the reaching time.

To sum up, comparing traditional and adaptive boundary layer first-order sliding
mode control for the same value of the control gain k in the constant reference
scenario, it is evident that the z-component of the sliding variable converges to
zero faster for the the adaptive approach, therefore reducing the reaching time.

Increasing the value of the control gain parameter k results in faster convergence
for both approaches in every scenario, although this results in wider oscillations.
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Chapter 4

Conclusions

In this thesis, traditional and adaptive boundary layer first-order sliding mode
control were analyzed and compared.

Initially, the mathematical equations implemented in the codes were derived for
a spacecraft equipped with four control moment gyroscopes arranged in pyramidal
configuration.
Subsequently, traditional and adaptive boundary layer first-order sling mode control
were introduced and described.
Following this, the results obtained from mathematical simulation using Matlab
and experimental testing conducted on the testbed were presented. The numerical
results compared the performance of traditional and adaptive approach in the
situation where a desired attitude needed to be achieved starting from a randomly
selected initial attitude represented by twenty different random unit quaternions.
The experimental tests were perfomed in two distinct scenarios, each with two
different values of the control gain k. The first scenario involved a triangular
distribution for the z-component of angular velocity, while the second scenario
focused on achieving a desired attitude by rotating the testbed solely about the
z-axis.
Both the numerical and experimental results demonstrated that the adaptive ap-
proach enhances the performance, shortening the reaching time. Additionally, the
experimental results indicated that a higher value of the control gain accelerates
convergence for both approaches, although resulting in wider oscillations.

However, the experimental tests were conducted considering rotation exclusively
about the z-axis. In the future, it would be interesting to conduct experiments
allowing rotations about the three axes.
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