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One of the main challenge in neuroscience is to model the behaviour of the brain at different scales, both in
physiological and pathological conditions. However, the inherent complexity of the brain make it really challenging
to tackle the problem of studying the underlying brain dynamics directly. In an attempt to ease this challenge
several techniques borrowed from physics have been exploited.
One of these approach consist into derive the macroscopic dynamics of a population of neurons through mean field
approximations, which can be approached in different way [1, 2, 3, 4, 5, 6, 7]. These models are based on the idea
that, given the large number of neuron in a single population, we can focus our attention into describing the average
activity of the group, instead that of each individual component. In this way one could explore the emergence of
collective behaviour which are not present at single level.
In this work we exploit the mean field derivation framework presented by [1, 2] to achieve a system of closed
equations for a network of adaptive quadratic integrate-and-fire (aQIF) neurons [8]. The quadratic integrate-and-
fire (QIF) is one of the most used model in the context of theoretical neuroscience. It describes the evolution of
the membrane voltage as a quadratic differential equation, imposing a certain threshold value. Once this value is
reached the neuron fires a spike and the membrane voltage value is reset to a fixed value.
The aQIF model represents an extension of this model in which a second variable, slower than the membrane voltage,
describes the adaptation dynamics. This allows the system to exhibit a wider variety of dynamical behaviour (as
synchronous bursting) than the QIF model [8, 2].
We extend the aQIF [8] model, by explicitly considering the modulation effect due to the presence of dopamine in
the extracellular space. Dopamine is a crucial neuromodulator that plays a pivotal role in several essential functions
within the central nervous system, including regulation of movement, emotion, motivation, and reward [9, 10, 11].
In health, dopamine facilitates motor control, as exemplified by its action in the basal ganglia, and contributes to the
pleasure and reinforcement mechanisms that drive learning and behavior [12, 13, 14]. Pathologically, dysregulation
of dopamine levels is implicated in various disorders [15, 16]. For instance, Parkinson’s disease is characterized
by the degeneration of dopaminergic neurons in the substantia nigra, leading to motor deficits such as tremors
and rigidity. Conversely, hyperactivity of dopaminergic pathways is associated with schizophrenia, contributing to
symptoms such as hallucinations and delusions.
In the derivation, we first assume a population density approach [17], i.e. we consider the distribution of neurons
over all possible states. Furthermore, we exploit the Lorentzian ansatz, whose validity for a network of Izhikevich
neurons was demonstrated in previous works [1, 18]. In order to derive a finite set of equations we also exploit the
first-order moment closure assumption presented in [19].
We confront the derived mean field set of equations with simulations of the related network of all-to-all coupled
neurons to identify whether it is able to correctly reproduce the same dynamical features. Finally, we address some
limitations of this procedure and how to possibly resolve them.
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Figure 1: Illustration taken by [25] which highlight the different sales at which we can describe the problem of
understanding brain activity.

1 Introduction

1.1 Modelling brain activity

Initially, first approach to modelling of the brain began in late 19th century and the beginning of the following one
(Marcelle and Louis Lapicque, 1905). Later on, in 1952, Hodgkin and Huxley published their pioneristic experimen-
tal study about the biophysics mechanism behind the functioning of the squid giant axon [20]. This studies were
fundamental to answer a set of ”practical” questions which allows to understand the mechanism through which a
single neuron is activated, i.e. the concept of action potential. However, the brain functions span across multiple
scales: cellular (or even molecular) phenomena, large-scale networks until arriving to social interactions between
individuals. Thus, it is of fundamental importance to address the problem of this multiscale organization in order
to unreveal the variegate dynamical repertoire of brain activities, which held the bases for complex behaviors that
characterize this fascinating organ.
In this particular work we will try describe a method which allow to build a bridge between the microscopic descrip-
tion of a single neuron and the behavior of population of heterogeneous neurons, using multi-scale brain modelling.
At microscale, models are characterized by the description of variables which define neurons and synapses. This
phenomena can be analyzed experimentally using various techniques that can unveil for example intracellular mem-
brane potential and ion concentration changes. This knowledge allows biophysically accurate single neuron model,
described by few parameters that can be derived from experimental recordings. By linking together several of these
models one is able to generate accurate microcircuits that retain a fine representation of the dynamics of local
networks [21, 22].
However, due to the impressive high number of single elements required to effectively finely describe these circuits,
the practical difficulties of their implementation grows very rapidly. Hence, they need to be simplified into point
neurons model to allow the possibility of performing simulations and analyses of spiking neuron models (SNNs)
[23].
Nonetheless, also SNNs models can quickly become inefficient due to the high number of single components so that
one can consider to summarizes their important statistical properties into macroscopic models that represent the
average activity of a population of neurons.
There exist several techniques to perform the passage from microscopic to macroscopic scale [24, 25], one of these
consists into exploit mean field theory. By developing this theory we aim to extract typical behavior that charac-
terizes neural circuits, in the sense that they do not depend on microscopic properties of individual neurons (as
long as their number is large).
Finally, we can consider a further scale of integration by going to whole-brain models. They are made by nodes
connected by edges that reproduce the different brain functional areas. Each node contains one of the simplified
model of the neuron activity by mentioned before (e.g. mean-field, neural masses). Those models are usually
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supported by whole-brain recordings obtained with different techniques, e.g., MRI, EEG, EMG, PET [26].

1.2 Adaptive integrate-and-fire model (aQIF)

In the following we will describe a mean field reduction techniques developed by Chen and Campbell [2] which exploit
several concepts coming from statistical physics (e.g, population density approach, moment closure, Lorentzian
ansatz) allow to derive a macroscopic reduction of a population of neurons.
The starting point is the microscopic description of a single element of this population. Here, we consider the
widely used single-neuron model proposed by Izhikevich [8], also known as the adaptive quadratic integrate-and-fire
(aQIF) model.
Each neuron is described by a 2D system of ordinary differential equations for the membrane potential v(t) and the
adaptation current u(t):

v′i = av2i + bvi + c− ui + Iext (1)

u′
i = α(βvi − ui) (2)

with i = 1, 2, . . . , N . The time derivation is identified with the notation ′ = d/dt.
The adaptation variable u provides a negative feedback to the growth of v and it accounts for various mechanisms
that are involved in the dynamics of the membrane potential, i.e. the activation of K+ ionic currents and inactivation
of Na+ ionic currents.
The parameter α describes the time scale of the recovery variable u, the smaller is its value the slower is the recovery.
Instead, β represents the sensitivity of the recovery variable u to the sub-threshold fluctuations of the membrane
potential v. The external common current is described by Iext.
The insertion of the adaptation variable is fundamental, because it allows the possibility to obtain several dynamical
regimes which are not present in the simpler quadratic integrate-and-fire (QIF) model, where just the membrane
potential were considered.
When the membrane potential crosses the threshold (i.e an action potential is emitted) the following reset condition
applies:

vi ≥ vpeak, then vi ← vreset

ui ← ui + ujump

(3)

Here, vreset is the after-spike reset value of the membrane potential v while ujump explains the after-spike jump
caused by slow high-threshold conductance.
Various choices of the parameters result in various intrinsic firing patterns, as can be observed in 2.
In addition to that, we considered two extra-terms in the evolution equation of the membrane potential. The

first one is a random variable, ηi, drawn according to a distribution L(η) defined on (−∞,∞), which represents an
intrinsic current and allows to define an heterogeneity between the different neurons within the same population [1,
2].
Furthermore, neurons are connected through the following model for synaptic interactions Isyn, which takes into
account a modulation effect as we will point out later.
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Figure 2: Representation of different dynamical behavior associated to different type of known neurons [8]. Distinct
regimes are obtained by changing the values of parameters that define the model. Electronic version of the figure
and reproduction permissions are freely available at www.izhikevich.com .

1.3 Neuromodulation

Living beings are constantly subjected to a huge variety of stimulus. Depending on both the external and internal
conditions in which it is perceived, it leads to different reactions. However, organism only has s finite number of
neuronal circuit, hence each of them must account for more than a single function. Here it is neuromodulation
comes into play, allowing changes in the function of sensory circuits without changing their ’fixed structure’ [27,
28].
Studies about this topic are mostly interested in how to alterate, electrically or chemically, the activity in different
areas of nervous system with the aim of obtaining therapeutic results. One of the main strength of neuromodulation
is its characteristic of being non-destructive, reversible, and adjustable, so that it can be applied in a variety of
treatments [29, 30].
Nowadays, technologies and therapies involving neuromodulation are developed in many clinical areas to treat a
wide range of pathology, that include for example disorders of cardiac pacing, epilepsy and psychiatric and neuro-
behavioral disorders [31, 32, 33, 31, 34].
In the following, we will mainly interested in how chemical modulation shapes brain dynamics. In this context the
modulation effect is normally initiated by the binding of a molecule, called neuromodulator, to specific receptors.
This process causes a cascade of reactions that lead to changes in dynamical behavior (firing rate or bursting prop-
erties) or the shape of the action potential [35].
Moreover, neuromodulators also operate at a larger scale, affecting coordination and interplay between distinct
connected neural networks. As a a consequence, as we previously mentioned, they are responsible for changes in
cognitive and behavioural processes [36, 37]. Thus, in order to fully understand the function of a certain neuromod-
ulator within the complex behavior of brain both in physiological and altered state, it is important to understand
both its biophysical mechanism and the effect it induces in the behavior of the neural dynamics.

Common neuromodulators are serotonin, dopamine, histamine and norepinephrine. In the current work, we
mostly focused on the effect of dopamine, which is involved in several processes, both in health and disease.
Dopamine is endogenously produced in small regions of densely packed neurons (mostly in the ventral tegmental
area and substantia nigra pars compacta). Afterwards these neurons project this modulator to targeted brain
regions [38]. Dopaminergetic effects are related to reward reward processing [39]. Moreover, it is also associated
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with to cognitive processes and behaviors such as working memory, response to novelty or adverse stimuli [13] and
cognitive control [40]. In this context dopamine was shown to be fundamental to perform task that require an effort
[11].
Dysfunction in dopamine regulation, and neuromodulator more in general, was correlated to the presence of several
disorders [41], for instance schizofrenia and Parkinson’s disease. Dopamine regulation disruption have also been
related to addiction, where the consumption of drug is insanely related to reward and satisfaction causing a rein-
forcement in the need for consumption [31]. Finally, dopaminergic modulation related cognitive performances, was
observe to change as a consequence of aging [42].
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2 Methods and Results

2.1 Spiking network model

In this section we are gonna present the mean field procedure which allowed us to derive a reduced system to
describe the behavior of a spiking network of neurons.
First of all, starting from the equations described in , we added an additional term to the evolution of membrane
potential in order to take into account the effect of neuromodulation.
Namely, we consider that neurons are connected through the following model for synaptic interactions, which takes
into account a modulation effect MD1 due to the presence of D1-type dopamine receptors:

Isyn = (MD1 +BMD1
)gasa,i(ea − vi) + ggsg,i(eg − vi), (4)

where ga,g and ea,g are the maximum synaptic conductance and the reversal potential respectively for the excitatory
(AMPA) and inhibitory (GABA) synapses.
The variables sa,i and sg,i, both ∈ (0, 1), represent the synaptic activation, i.e. the portion of open ion channels in
post-synaptic neurons due to the action of pre-synaptic ones.
We assume the network to be all-to-all coupled (as in previous works [1, 2]) so that each neuron receives the summed
output of all the pre-synaptic ones. As a consequence both sa,i and sg,i are homogeneous across all the neurons,
hence we refer at them as sa and sg,∀i ∈ (1, N).
In this work we focus on a network only composed by an excitatory population of all-to-all coupled neurons.
Additional inputs, both excitatory and inhibitory, will be included by moving to neural mass scale, where we will
consider multiple interacting populations of neurons.
Concerning the time evolution of the synaptic gating variables, we consider the single exponential synapse trans-
mission for the evolution of the excitatory synaptic dynamics and an exponential decay for the inhibitory one. We
point out that this choice is made because we consider the example of a single excitatory population of all-to-all
connected neurons. Nevertheless, it would be possible to also have 2 populations, both excitatory and inhibitory.
In the latter case we would have also the sum of all the inhibitory inputs on the inhibitory population. For the
specific case we consider, the evolution equations for the synaptic activation reads:{

s′a = −sa/τsa +
sj,a
N

∑N
i=1

∑
tki <t δ(t− tki )

s′g = −sg/τsg
(5)

Here, tki is the time of the k − th spike of neuron i and δ(t) is the Dirac delta function.
We point out that also the alpha function synapse and the double exponential synapse could be considered [43]
for describing the synaptic activation variable. However, they are described by a system of two coupled ordinary
differential equations, adding an additional term to the final system. Thus, in the following, we stick to the model
5 for simplicity.
The modulation effect of dopamine receptors MD1 presented in 4, is described by an exponential decrease and a
sigmoid-shaped function [44], which represent the proportion of receptors activated as a function of the external
dopamine concentration [Dp]:

τMD1
M ′

D1 = −MD1 +
Rd

1 + exp(Sp([Dp] + 1))
(6)

Here, Rp represents the receptor density in a given population, while Sp is a parameter that corresponds to the
sensitivity of receptors to variation in extracellular dopamine concentration. The sign of Sp indicates whether the
receptors will be activated (Sp > 0) or reduced (Sp < 0) by the presence of dopamine. Its absolute value indicates
the strength of this effect, hence the more |Sp| is increased the more receptors are activated (Sp > 0) or reduced
(Sp < 0) with the same value of external dopamine concentration 3. Interestingly, neuromodulation effects are
usually related to increase in the sensitivity of receptors to their characteristic stimulus.
As mentioned before, the term [Dp] represents the concentration of dopamine molecules in the extracellular space,
and its variation in time is described by:

τ[Dp][Dp]′ = kcdopa −
Vmax + [Dp]

Km + [Dp]
(7)

The first term accounts for the increase due to the presence of projection from dopaminergic neurons, through
cdopa, scaled by a factor k different for each region, whereas the second is the general form of the Michaelis-Menten
equation [44].
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Figure 3: Effect of sensitivity Sp on the dynamics ofMD1 as the concentration of dopamine [Dp] changes. Parameter
used for simulation, apart of Sp, are reported in 1. We may notice that regarding whether the receptor activity is
enhanced or reduced by the presence of dopamine, MD1 evolves with different speed toward a stable fixed point
which depends on the nature of Sp.

2.2 Mean field reduction for spiking neural network

In this section, we are going to derive a low-dimensional mean model to approximate the behavior of the full
population of neurons described in 2.1, with the addition of the synaptic current Isyn and the related terms
presented in the previously in 576. In particular, we consider to be in the thermodynamic limit, i.e. N →∞.
The first step consists of considering a population density approach for the network of neurons [19] by defining
ρ(t, v, u, η), which represents the density of neurons at position (v, u) in the phase space, with a certain value η
for the intrinsic current. It is important to know that we assume the variation in dopamine concentration and its
receptors are much slower than the firing rate dynamics and therefore it doesn’t affect the derivation of the mean
field system.
Since the total number of neurons is assumed constant through the dynamics, the following continuity equation
holds:

∂ρ

∂t
+∇ · J(t, v, u, s, η,MD1) = 0 (8)

Where J(t, v, u, s, η,MD1) is the probability flux and it is defined as [17, 19, 45]:

J =

(
Jv

Ju

)
=

(
Gv(v, u, η, s,MD1)

Gu(v, u)

)
ρ(t, v, u, η) =

=

(
av2 + bv + c− u+ Iext + Isyn + η

α(βv − u)

)
ρ(t, v, u, η)

(9)

Moreover, taking into account the reset conditions 3, the following boundaries condition was defined:

Jv(vpeak, u) = Jv(vreset, ujump + u) (10)

Moreover, we also assume that the flux is vanishing at the boundaries of u [19], meaning J = 0 as u→ ±∞. This
is due to the fat that although u ∈ (−∞,∞) the probability to observe high values of the absolute value |u| decays
fast toward 0, thus making the flux virtually vanishing at ∂u [43].
To describe the mean field behavior of the full system we define some useful macroscopic observables:

• the mean membrane potential, defined as the average over the entire population of neurons:

⟨v(t)⟩ =
∫
∂η

∫
∂u

∫
∂v

vρ(t, v, u, η)dηdudv (11)

• the mean adaptation current over the full network:

⟨u(t)⟩ =
∫
∂η

∫
∂u

∫
∂v

uρ(t, v, u, η)dηdudv (12)
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• the population firing rate, namely the flux of neurons through vpeak over the whole range of u and η:

r(t) =

∫
∂η

∫
∂u

Jv(t, vpeak, u, η,MD1, s)dηdu (13)

Furthermore, we highlight that the flux at the threshold can be seen as the number of spikes fired by the network
of neurons at a certain moment [43]. In this sense, the synaptic dynamics can be related to the population firing
rate, in the limit N →∞, by the form:

s′a = − sa
τsa

+ sa,jumpr(t), (14)

with sa,jump and τsa equal for every excitatory synapse. A complete derivation of the above equation is described
in 4.1.
Continuing with the derivation, we proceed to simplify the expression of the mean adaptation current derivative
with respect to time by exploiting the definition of the continuity equation 8:

⟨u(t)⟩′ =
∫
∂η

∫
∂u

∫
∂v

u
ρ

∂t
dηdudv = −

∫
∂η

∫
∂u

∫
∂v

u(
∂Jv

∂v
+

∂Ju

∂u
)dηdudv (15)

The integral above can be divided into two different terms which will be analyzed separately.
Consider the first one and proceed to integrate over ∂v:∫

u

(
∂Jv

∂v

)
dvdudη =

∫
uJv|∂vdudη ≈ ujump

∫ [
(uJv)|∂u −

∫
Jv(vpeak)dv

]
dηdu =

= −ujump

∫
Jv(vpeak)dudη

(16)

In the second passage, we assume that ⟨u|η⟩ ≫ ujump and perform a Taylor expansion. This passage highlight
the fact that this assumption consists into replace spike train for individual neuron with average firing rate r(t).
Afterward, we use the fact that the flux disappears at the boundaries of u.
The second term instead reads:∫

u

(
∂Ju

∂u

)
dvdudη =

∫ [
(uJv)|∂u −

∫
Judu

]
dvdη = −⟨Gu⟩ = −α (β⟨v⟩ − ⟨u⟩) (17)

Where, in the second step, we consider once again the disappearance of the flux at the boundary of u, together
with the definition of mean value, since Ju = Guρ(v, u, η), and its linearity.
Combining the two results the following expression for the evolution of the mean adaptation current is found:

⟨u(t)⟩′ = α(β⟨v⟩ − ⟨u⟩) + ujumpr(t) (18)

Moving forward in the derivation, we exploit the population density approach to simplify the expression of the
remaining observables as done in previous works [17, 43, 46].
To achieve that, we decompose the probability density function in the following conditional form:

ρ(v, u, η) = ρu(u|v, η)ρv(v|η)L(η) (19)

As a consequence of the above decomposition, we can redefine the mean membrane potential and the population
firing rate, by integrating over u.
Hence, for the first one, we obtain:

⟨v(t)⟩ =
∫
∂η

∫
∂v

∫
∂u

vρu(t, u|v, η)ρv(t, v|η)L(η)dvdudη =

∫
∂η

L(η)dη
∫
∂v

vρv(t, v|η), (20)

Where we exploit the normalization condition on the marginal density ρu(u|v, η).
Similarly, the population firing rate became:

r(t) =

∫
∂η

∫
∂u

Gv(vpeak, u, η)ρ
u(t, u|v, η)ρv(t, v|η)L(η)dηdu =

=

∫
∂η

ρv(t, v|η)L(η)dηGv(vpeak, ⟨u|v, η⟩, η) =
∫
∂η

ρv(t, v|η)L(η)dηGv(vpeak, ⟨u|η⟩, η)
(21)
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It is important to note that in the last step, we used the first-order moment closure assumption ⟨u|v, η⟩ = ⟨u|η⟩,
taking inspiration from the previous works[19, 46].
This means that ui is sensitive to ⟨v(t)⟩ but not on a single value of vi. The validity of this assumption is supported
by numerical simulations [43]. In addition, by integrating the continuity equation over the adaptation current u,
we end up with a continuity equation for ρv(t, v|η), describing its evolution in time:

∂

∂t
ρv(t, v|η) = − ∂

∂v
[Gv(v, ⟨u|η⟩, η,MD1, s)ρ

v(t, v|η)] (22)

Notice that in the last step, the first-order moment closure assumption is used once again.
Both ⟨v(t)⟩ and r(t) depend on ρv(t, v|η), hence to simplify further the mean field equations we proceed into making
an ansatz for the functional form of the probability distribution of the voltage membrane.
We now exploit the fact that 22 has a Lorentzian shaped stationary solution and we assume that ρv(t, v|η) follows
a distribution of the same functional form in time [1, 2, 18], leading to the following ansatz:

ρv(t, v|η) = 1

π

x(t, η)

[v − y(t, η)]
2
+ x2(t, η)

, (23)

with x(t, η) and y(t, η) respectively the half-width at half-maximum and the location of the center of the distribution.
Taking into account this expression for the conditional density function one can also rewrite the observables defined
above in term of the parameter of the Lorentzian distribution.
First, since the Lorentzian distribution has mean only in principal value sense, y(t) is defined in the following way:

y(t) = P.V.

∫
∂v

vρv(t, v|η)dv = ⟨v(t, η)⟩ (24)

The mean membrane potential can thus be considered as:

⟨v(t)⟩ =
∫
∂η

y(t, η)L(η)dη (25)

Moreover, under the condition vpeak = −vreset → ∞, the population firing rate can be related to the Lorentzian
distribution parameters:

r(t, η) = lim
v→∞

Gv(v, ⟨u|η⟩, η,MD1, s)ρ
v(t, v|η) ∝ av2peak ·

x(t, η)

πv2peak
=

a

π
x(t, η) (26)

Although this assumption is not plausible from a biological point of view, it is essential for the validity of the
Lorentzian ansatz 23. In fact, it allows the passage from the QIF model to the theta neuron model [47], via the
change of variable v = tan(θ/2). For the latter the ansatz 23 correspond to the OA ansatz [18, 1], used to investigate
low-dimensional dynamics of large population.
By integrating over the noise we get the population firing rate:

r(t) =

∫
∂η

a

π
x(t, η)L(η)dη (27)

Next we proceed to substitute the Lorentzian ansatz 23 into the continuity equation 22 to obtain the time evolution
for the parameters of the distribution. We obtain a second order equation in v and equating the coefficients of v2

and v to 0, we find respectively:

x′(t, η) = 2axy + bx− x ((MD1 +BMD1
)gasa + ggsg) (28)

y′(t, η) = ay2 + by + c− ax2 − ⟨u|η⟩+ η + Iext + (MD1 +BMD1
)gasa(ea − y) + ggsg(eg − y) (29)

Both of the results, lead to the disappearance of the coefficient related to v0. By defining a new complex variable
z(t, η) = x(t, η) + iy(t, η) = π

a r(t, η) + i⟨v(t, η)⟩ we can write the continuity equation 22 in the form:

∂

∂t
z = z (b− (MD1 +BMD1

)gasa − ggsg)+ i
[
−az2 − ⟨u|η⟩+ η + c+ Iext + (MD1 +BMD1

)gasaea + ggsgeg
]
. (30)

Up to this point we have obtained the mean field equations for r(t, η) and ⟨v(t, η)⟩ as functions of the intrinsic
current η. In order to compute the above integrals 25 27 we assume that the heterogeneous intrinsic current η is
distributed according to a Lorentzian distribution, as done in previous works [1, 2]:

L(η) = 1

π

∆η

[η − η̄]
2
+∆2

η

, (31)
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with ∆η and η̄ respectively the half-width at half-maximum and the centroid of the distribution.
We stress that the choice for the distribution of the intrinsic current L(η) is arbitrary.
In particular, the Lorentzian distribution is an advantageous choice since it only has one pole in the negative plane,
hence reducing the complexity of the resulting mean field system. Other distributions can be taken into account (as
the Gaussian distribution), however, the final results are qualitatively similar to those obtained using the Lorentzian
ansatz, as shown in [1]. In general Ott and Antonsen [18] showed that, if L(η) has n complex-conjugate pairs of
pole, the resulting mean field system will be made by made by n complex-value ordinary differential equations such
as 30.
By exploiting the residue theorem we can compute the complex integrals 25 and 27 obtaining:

r(t) =
π

a
x(t, η̄ − i∆η)

⟨v(t)⟩ = y(t, η̄ − i∆η)
(32)

The complete derivation of these results is discussed in 4.2.
Substituting these results into the evolution equation for the complex variable z(t) 30 we derive the mean field
equations both for the average membrane potential and the population firing rate.
Finally, we consider that ⟨w⟩ =

∫
∂η
⟨w|η⟩L(η)dη one may derive the final mean field reduction, which is given by:

r(t)′ = 2a⟨v⟩r + br − r ((MD1 +BMD1
)gasa + ggsg) +

a∆η

π

⟨v⟩′ = a⟨v⟩2 + b⟨v⟩+ c− ⟨u⟩+ η̄ + Iext + (MD1 +BMD1
)gasa(ea − ⟨v⟩) + ggsg(eg − ⟨v⟩)− π2r2

a

⟨u⟩′ = α(β⟨v⟩ − ⟨u⟩) + ujumpr(t)

s′a = −sa/τsa + sa,jumpr(t)

s′g = −sg/τsg
τ[Dp][Dp]′ = kcdopa − Vmax[Dp]

Km+[Dp]

τMD1
M ′

D1 = −MD1 +
Rd

1+exp(Sp([Dp]+1))

(33)

2.3 Numerical simulations for single spiking population

Once we derived the equations, we compare simulations realized simulating the mean field system with full network
simulations to observe the validity and potential limitations of this reduction.
For the full spiking network simulations we consider N = 2000 spiking neurons all-to-all coupled with synaptic
activity described by the single exponential model. Then we averaged at each time step the values of the neurons
in the system to get ⟨v(t)⟩ and ⟨u(t)⟩.
Spiking network simulations were carried out using the Python package Brian2. It is a widely spread package which
allows to perform simulations by defining the equation controlling the evolution of each single point neuron together
with the synaptic connection within the population. Moreover, it automatically records useful observables as the
times at which each neuron ’spikes’ and the instantaneous firing rate (i.e. r(t)).
For the numerical simulations the Lorentzian distribution for the intrinsic current L(η) is generated using the
technique of the inverse transform sampling. Thus, the i-th neuron received:

ηi = η̄ +∆η tan(π(ki − 0.5)) (34)

where ki is sampled from the an uniform distribution with support on the interval (0,1).
The values for the parameters which was used can be find in Table 1. We point out that we set large positive and
negative values of vth and vreset, which are unreasonable biologically, to mimic the approximation to theta neurons.
The results of the simulations are shown in Figure 4.
First of all, we observe that the dynamical behavior of the mean field simulations qualitatively match that of the
full spiking network of neurons. However, we notice that there is a quantitative displacement between the time
evolution of the complete network and that of the mean field model, as is also observed in previous works [43, 46, 3,
48, 7]. It can be mainly addressed to the finite size effect of the system of neurons together with a partial or total
failure of one or more of the approximations done to derived the model. Namely,at the edges between region the
condition ⟨u|v, η⟩ = ⟨u|η⟩ could not be sufficient anymore, hence one may improve the approximation by consider
higher order moment closure assumption. Nevertheless, doing so we would have to consider an higher number of
equation in the mean field system, at the expense of its efficiency.
Those issues cause a ”phase shift” between the space of parameters of the two different descriptions.
Afterwards, we analyse the behavior of the reduced system over different values of the parameters.
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a 0.04 Iext 0 k 10000
b 5 ga 12 Km 150
c 140 gg 12 Vmax 1300
α 0.013 ea 0 Rd 1
β 0.4 eg -80 Sp -1

ujump 12 sj,a 0.8 Bd 0.2
vth 400 τsa 2.6 τ[Dp] 500

vreset -400 τsg 2.6 τMD1
500

Table 1: Values of the parameters to simulate aQIF model

Figure 4: Comparison of the temporal behaviour of the network and the mean field simulation, with 4a η̄ = 4.5 and
cdopa = 0.0001 and in 4b η̄ = 35 and cdopa = 0.001.
The first row shows raster plot of 300 randomly selected neurons. Each element on the y-axes corresponds to a
single neuron and a black dot indicates each time the i-th neuron emits a spike.
The following rows shows respectively population firing rate, mean membrane potential and mean adaptation
current both for the network (blue) and the mean field model (red). We reproduces two different dynamical
regimes: bursting (4a) on the left and asynchronous spiking (4b) on the right. The mean field simulations correctly
reproduce the qualitative behaviour of the spiking network in both the presented regimes.
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(a) S1 (b) S2 (c) S3

Figure 5: Behaviour of the mean field system for different values of relevant parameters. The figures 5a and
5b are obtained by changing progressively the values of cdopa/η̄ with fixed ujump and cdopa/ujump with constant
η̄ respectively. The values of the others parameters are the same that in 1. The regime is identified through the
analyses of the after-transient behaviour of the simulations by considering the value of the variance as distinguishing
feature (row figures with the value of variance are presented in appendix 4.3).
In the second row, average membrane potential, both for mean field reduction and spiking network are presented.
These plots highlight limitation of the mean field model at the shift between different regimes (synchronous and
asynchronous firing in this case). For each plot the values of parameters cdopa and ujump is depicted in 5a.
Specifically, at the boundary 5b the mean field simulations fail to capture the behaviour of the network simulations
also qualitatively. In fact, we observe in 5b and 5c that slightly change in the parameter values has a relevant effect
on the ability of the reduced model to capture the dynamical features of the population.

Namely, we selected three relevant ones: cdopa the concentration of dopamine 7, ujump, the after-spike increment of
the adaptation variable 3 and η̄, related to the heterogeneity term 31. Thereafter, we performed different simulations
of the mean-field system sweeping over the values of the aforementioned parameters to test whether the reduction
is able to reproduce how their change shapes the dynamics of the spiking network. To achieve that, we focused
on the behavior of simulation once a stable regime is reached. In particular, we performed simulations for a long
time (t 10000) with a really narrow time step (dt 0.001) and retained only the last 1000 time intervals to avoid
transient dynamics. Hence, by computing the variance of the mean firing rate over this interval we were able to
identify different dynamical regimes, presented in 5a and 5b. The figures 5a, 5b allowed us to identify three distinct
regimes:

• asynchronous firing, when each single neuron has a distinct behaviour and there isn’t any kind of synchro-
nization between the single elements of the spiking network

• synchronous firing, characterized by fast synchronous firing activity

• bursting, which refers to patterns of neural activity consisting of episodes of relatively fast spiking separated
by intervals of quiescence

Furthermore, we observed that the same regimes characterize also the spiking network. As an example, we highlight
the fact that the two black dots in 5a refer to the combination of parameter values used to represent 4a and 4b.
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Moreover, the reduced model also manages to capture the transition between different dynamical regimes, as we
can observe in 5a and 5c.
However, the performance of the reduction is worse at the boundary between dynamical regions. We may notice in 5
that the system is more sensitive to small changes of the parameters as soon as it get closer to edges, as highlighted
also in [2, 43, 46]. This particular sensitivity leads to a failure of the mean field reduction also from a qualitative
point of view at the boundary of the region, as represented in 5b.

2.4 Mean field reduction for two coupled spiking networks

In the previous section we observed that the mean field reduction of the spiking network is able to reproduce
qualitatively the behavior of the simulated population with robust results, at least far from the boundaries between
dynamical regimes distinct areas.
In this section we would like to make a further step by considering two different population of neurons, to asses
whether or not the techniques and the assumptions we made still resist.
We point out that what we are going to present can be considered more a toy model and a first attempt to take
into account the interaction between the dynamics of two population of neurons under the effect of dopamine
modulation. In order to obtain a more precise model we would have to clarify the type of synapses and the effect
of different receptors.
A single neuron within each population can be described by the Izhikevich model at microscopic level:

v′γ,i = av2γ,i + bvγ,i + c− uγ,i + Iγ,ext + Iγ,syn + ηγ,i (35)

u′
γ,i = α(βvγ,i − uγ,i) (36)

The subscript γ = E,R highlights whether the effect of dopamine receptors that characterize the population are
enhanced or reduced by the presence of dopamine in the synaptic cleft. Precisely, the two systems are characterized
by different sign for the value related to the sensitivity of the receptors Sp 6, that is negative for the ”enhancing”
neurons (E) and positive for the ”reducing” (R) ones.
Furthermore, we also consider the two population have to have different performance for the adaptation variable
due to diverse value of the after-spike increment ujump,k [43]. Namely, we consider population E to be adapting
stronger, ujump,E = 12 with respect to population I, ujump,E = 3.
When membrane potential crosses the threshold (i.e an action potential is emitted) the usual reset condition applies:

vγ,i ≥ vγ,peak, then vγ,i ← vγ,reset

uγ,i ← uγ,i + uγ,jump

(37)

The two populations are connected through the synaptic current term Iγ,syn:

IE,syn = J(ME +BME
)gEEsE(eE − vE,i) + (1− J)(MR +BMR

)gREsR(eR − vE,i) (38)

IR,syn = J(ME +BME
)gERsE(eE − vE,i) + (1− J)(MR +BMR

)gRRsR(eR − vE,i) (39)

where gEE , gRR indicates the maximum synaptic conductance within the single population and gER, gRE the value
between the population.
The term J = NE

NE+NR
represent the proportion of neurons belonging to the ”enhanced” population with respect

to the total number of neurons in the network. The variable sE (sR) represents the proportion of open synapses
due to neurons in the enhanced (reduced) population. In the following, these gating variables are considered to be
governed by the single exponential synapse model described before 5. Finally, eE , eR represent the values of the
reversal potential for the two distinct populations.
With a view to obtain a mean field reduction for the two coupled spiking network, in first approximation, we
consider to exploit once again the Lorentzian ansatz and the method presented previously by describing the two
populations with their own distinct density function:

ργ(vγ , uγ , ηγ) = ρuγ(uγ |vγ , ηγ)ρvγ(vγ |ηγ)Lγ(ηγ) (40)
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gEE 12 vreset,E -300
gER 12 vth,E 450
gRR 12 vreset,R -300
gRE 12 vth,R 450

uE,jump 12 sjump,E 0.8
uR,jump 3 sjump,R 0.8
IE,ext 0 Sp,E -1.0
IR,ext 0 Sp,R 1.0
eE 0 J
eR 0

Table 2: Values of the parameters to simulate coupled network. The values which are not present in this table are
considered to be the same as 1

Moreover, by considering the Lorentzian shape both for ρvγ and Lγ(ηγ as described earlier we derive the following
mean field system of coupled population (the complete derivation follow the same steps that 4.2):

r′E =2avErE + brE − rE (J(ME +BME
)gEEsE + (MR +BR)gREsR) +

a∆η,E

π
(41)

v′E =av2E + bvE + c− uE + η̄E + Iext,E + J(ME +BE)gEEsE(eE − vE)+ (42)

+ (1− J)(MR +BMR
)gREsR(eR − vE)−

π2r2E
a

(43)

u′
E =α(βvE − uE) + uE,jumprE (44)

s′E =− sE/τsE + sE,jumprE (45)

r′R =2avRrR + brR − rR (J(ME +BME
)gERsE + (MR +BMR

)gRRsR) +
a∆η,R

π
(46)

v′R =av2R + bvR + c− uR + η̄R + Iext,R + J(ME +BME
)gERsE(eE − vR)+ (47)

+ (1− J)(MR +BMR
)gRRsR(eR − vR)−

π2r2R
a

(48)

u′
R =α(βvR − uR) + uI,jumprR (49)

s′R =− sR/τsR + sR,jumprR (50)

(51)

In the following we analyze the dynamics of the mean-field system and examine how well it reproduces the macro-
scopic activities of the spiking network composed by the two populations. The parameter values can be found in 2.
Evolution in time of dopamine local concentration [Dp],k and its receptors Mk, with k = E,R, are described by

distinct equation 7 and 6 for both the population.

2.5 Numerical simulations for two coupled populations

As it was presented for the single population case, now we compare the behavior of the two coupled populations
mean field reduction with the corresponding spiking networks.
Also in this case simulation for the connected spiking networks were realised using the package Brian2. The total
number of neurons was set to N = (NE +NR) = 3000.
First and foremost, we observe in 6a and 6b that the mean field reduction is successfully capable of reproducing the
distinct dynamical regimes of the spiking network simulation also in the case of two coupled populations. As we
highlighted previously, also in this situation we can observe a quantitative mismatch between the mean field and
complete network simulations which persists.
Furthermore, we observe how the behavior of the strongly adapting population E changes, by considering different
values of J, hence different values for N1 and N2. To observe that we perform different simulation of the mean field
model changing the value of J. Similarly to what we presented in for the single population analyses, for each value
of J and for each couple of parameters cdopa,k/η̄k we simulated the system of equation for a time long enough to
avoid transient effects. Afterward, we consider the last 1000 time units and we compute the standard deviation
of the mean firing rate over this window. Results are presented in figure 6. In 6c we notice that increasing the
proportion of stronger adapting neurons asynchronous behavior within the population, characterized by a low value
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Figure 6: Comparison between mean field system and spiking network simulation for two coupled distinct pop-
ulation. First two rows represent direct contrast between network and mean field simulations, respectively for
population E with enhancing sensitivity (top) and R with reducing sensitivity (low). As highlighted in 4a and 4b
mean field reduction properly reproduces qualitative behavior of the entire coupled populations in different dynam-
ical regimes. In last row standard deviation of mean firing rate analysis is represented for different values of J,cdopa
and η̄. Changing the parameter affect the area of the purple zone which is characterized by low values of standard
deviation, i.e. by stable behavior of the mean field system which is related to asynchronous behavior of the full
system.
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for the standard deviation in the mean field reduction, became less likely. This indicates that stable asynchronous
behavior is more likely in a network with a lower proportion of neurons with strong adaptation. In fact, we observe
that the asynchronous purple area decrease as J increase.
This result is consistent to that obtained in 5a for a single population. Indeed if we consider the evolution of firing
rate and membrane potential of population E compared to that of a single population, what changes is the total
synaptic current Isyn. Hence when J increase 6c became similar to 5a.
Furthermore, we may also monitor the different effect of dopamine modulation on the neural activity when the
sensitivity of its receptor changes. In fact, changing J also affect which is the ’dominant’ effect between enhancement
and reduction for the receptors. In 6c, for J = 0.2 we observe synchronous activity within the network (characterized
by higher values of standard deviation) only for relevant values of cdopa, i.e. just for high concentration of dopamine.
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3 Conclusion and future perspectives

In this work we derived a mean field model for a network of aQIF neurons modulated by the effect of dopamine,
inspired by previous works on this topic [2, 1].
The advantage of this method lays in the capacity of reproducing qualitatively the behavior of a large population of
neurons in a computationally efficient way. Thus, it allows to directly study the dynamics of the mean observables
values of the network, so as to identify possibly interesting dynamical regimes for the network of coupled neurons.
The major drawback of the presented method resides in the number of assumptions which were used. However, it is
certainly possible to relax some of them. As instance, the choice of the Lorentzian ansatz 31 for the distribution of
the intrinsic current η is a mathematical convenience, but other distribution could be taken into account, as evinced
in [1]. Also the finite-size effects encountered in the numerical simulations could be blunted by consider an higher
number of neurons, in fact Chen and Campbell [2] already showed remarkable result using N = 8000 neurons in
the network.
It would be interesting for the future to further analyze the performance of the mean field system for different values
of the parameters, in order to identify more firing pattern [8].
Since the typical time scale of neuromodulator dynamics is slower than that of neuron activity, this particular method
can also be easily extended by considering the dynamics of different neuromodulators together with dopamine, such
as serotonin. In fact, although it is interesting to focus just on one of them at early stage to understand its effect,
commonly neural circuits are modulated by a large variety of different molecules at the same time [27].
Moreover, it will be worth to apply the framework used in the presented mean field derivation could be adapted
to the study of more biologically realistic models, as attempted in [3]. In fact, it would be useful to incorporate
into the selected model measurable and explicit biophysical mechanism, to obtain a wider comprehension of neural
dynamics.
We have shown that the mean field reduction also hold when we consider coupled spiking networks, so it could
be interesting to investigate the response of neural activity coming from different brain areas under the effect of
neuromodulation. In this sense, it would be interesting for future work to consider a better defined, in term of
synapses and neuromodulator effect, microscopic model. Furthermore, future work would study potential dynamics
emerging from the interconnection of distinct spiking network. In particular, it would be worthy to deepen the
knowledge of the effect of the dopamine modulation to the population dynamics for further use the mean field
equations to describe the evolution of single node at whole-brain scale [49, 50, 51].
At this level, single nodes and connection between them can also be implemented in simulated environment of The
Virtual Brain (TVB) [52], to investigate how neuromodulation shapes the electrophysiological activity patterns in
the human brain.
By the consideration of biophysical plausible models to obtain whole-brain network, it should also be possible to
realised personalized models by properly fitting parameters with data derived by brain recordings (for instance EEG
and fMRI).
Thereby, this could contribute to the understanding we have about brain functioning in healthy and altered state,
facilitating the developing of ad-hoc treatment and screening strategies [53], as it already being done for epilepsy
[54].
Finally, it would be attractive to compare the results obtained with the derivation presented in this work with other
approaches to obtain mean field model of neuronal activity already used in literature [4, 43, 7]. This could help to
identify possible common features of the different frameworks and mainly that are the areas of validity in which
each of these models is better at effectively reproducing the dynamics of the population of neurons considered.
In conclusion, this mean field reduction framework provides a reliable and computationally efficient tool to inves-
tigate the dynamics of an ensemble of neurons whose activity is modulated by the presence of dopamine in the
extracellular environment.
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4 Supplementary material

4.1 Appendix A: Derivation of equation 5

Consider the single exponential synapse model we used for the excitatory synapse 5. Here we demonstrate that,
considering N →∞:

s′a = −sa/τsa +
sj,a
N

N∑
i=1

∑
tki <t

δ(t− tki ) = −sa/τsa + sj,aj(t) = −sa/τsa + sj,ar(t)

where we highlight the contribute:

j(t) =
1

N

N∑
i=1

∑
tki <t

δ(t− tki )

First, let us define ni(t) the number of spikes fired by the i-th neuron in [0, t]. Its average value across all the
network will be [55]:

⟨ni(t)⟩ = lim
N→∞

1

N

N∑
i=0

∫ t

0

∑
xk
i <t

δ(x− xk
i )dx = lim

N→∞

∫ t

0

j(x)dx

Next, we can define the population firing rate as:

r(t) = lim
∆t→0

1

∆t
lim

N→∞

1

N

N∑
i=1

ni(t+∆t)− ni(t)

N

Finally, taking the limit N →∞ the previous equation can be rearranged as:

r(t) = lim
∆t→0

⟨ni(t+∆t)⟩ − ⟨ni(t)⟩
∆t

=
d

dt
⟨ni(t)⟩

where the last term can be replaced by j(t) in the thermodynamic limit, as shown before.

4.2 Appendix B: Derivation of the integrals 27, 25 using the residue theorem

In this section we further explain the computation of the integrals 27, 25.
Let us consider the integral: ∮

ΓR

f(η)dη =

∫ R

−R

f(η)dη +

∫
γR

f(η)dη

where ΓR is an oriented rectifiable curve and γR is the semicircle centered at the origin and connecting -R to R
through the negative part of the imaginary plane.
Now assume:

f(η) =
a

π
x(η, t) · L(η) = a

π2
x(η, t) · ∆η

[η − η̄]
2
+∆2

η

=

=
a

π2
x(η, t) · 1

2i

(
A

η − (η̄ − i∆η)
− B

η − (η̄ − i∆η)

)
=

a

π2
x(η, t) · 1

2i

(
A

η − η1
− B

η − η2

)
Using the residue theorem one would get:∮

ΓR

f(η)dη = −2πi · Resη=η2
f(η) =

a

π
x(η̄ − i∆η, t)

To recover the result we are looking for we use the Jordan lemma to demonstrate that indeed
∫
γR

f(η)dη → 0 as
R→∞.
First, from the ML inequality we obtain:∣∣∣∣∫

γR

f(η)dη

∣∣∣∣ = ∣∣∣∣∫
γR

a

π2
x(η, t)

∆η

(η − η̄)2 +∆2
η

dη

∣∣∣∣ ≤ lγR
· sup

γR

∣∣∣∣ aπ2
x(η, t)

∆η

(η − η̄)2 +∆2
η

∣∣∣∣ ,
24



with lγR
= 1

2 (2πR) = πR.
Next, we exploit the triangular inequality to deal with the second part of the last equation:

(η − η̄)2 =
∣∣(η − η̄)2

∣∣ = ∣∣(η − η̄)2 +∆2
η −∆2

η

∣∣ ≤ [
(η − η̄)2 −∆2

η

]
+∆2

η.

Using the above relation and letting η → ±∞,i.e. when we extend the radius R→∞, we obtain:∣∣∣∣ 1

(η − η̄)2 +∆2
η

∣∣∣∣ ≤ 1

|η − η̄| −∆2
η

=
1

R2 −∆2
η

.

Moreover, we make the reasonable assumption that the half-width at half-maximum x(η, t) is bounded by an upper
value M. As a result: ∣∣∣∣ aπ2

x(η, t)
∆η

(η − η̄)2 +∆2
η

∣∣∣∣ ≤M
a∆η

π2

1

R2 −∆2
η

.

Finally, putting together all the previous results

lim
R→+∞

lγR
· sup

ΓR

∣∣∣∣ aπ2
x(η, t)

∆η

(η − η̄)2 +∆2
η

∣∣∣∣ = lim
R→+∞

πRM
a∆η

π2

1

R2 −∆2
η

= 0

This demonstrate that indeed that the integral computed over the semicircle γR approaches 0 when R→∞, hence:

r(t) =

∮
ΓR

f(η)dη =

∫ ∞

−∞
f(η)dη =

a

π
x(η̄ − i∆η, t)

Exploiting a similar derivation we can also see that:

⟨v(t)⟩ =
∫ ∞

−∞
y(η, t)L(η)dη = y(η̄ − i∆η, t)

4.3 Appendix C: Firing rate variance raw plots

In this section we are gonna present the raw results for the variance analyses that allowed us to obtain the figure
5a and 5b. Those figures were obtained following the procedure presented in 2.3, namely we simulated mean firing

Figure 7

rate for long a really long time span to avoid transient effect and then we computed the variance over the last 1000
time step.
After that we set a threshold on the values of the variance to distinguish between the different dynamical regimes.
We point out that in that case the results were supported by the study of the computational study of the system
by using bifurcation analyses and numerical continuation.
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