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Abstract

Vertical-cavity surface-emitting lasers (VCSELs) have become widely adopted in
automotive systems, sensors, smartphones, short- and long- range communications.
However, emerging applications such as polarization LIDARs (P-LIDARs), atomic
clocks, and atomic magnetometers demand a stable, circular polarization of the
lasing beam. This thesis seeks to explore possible designs for circularly-polarized
(CP) VCSELs and to identify the key parameters that most significantly impact
on CP performance.

In this thesis, CP VCSELs have been analysed by means of our in-house VCSEL
ELectroMagnetic Suite (VELMS), serving as optical mode solver of Maxwell’s equa-
tions, based on the mathematical framework of coupled mode theory. In particular,
this thesis is focused on engineering optical anisotropies in VCSELs, specifically
on investigating the impact of their orientation on the polarization features of the
emitted light. Specifically, the electro-optic and elasto-optic effects, single and
double sub-wavelength gratings have been considered either independently or in
combination, aiming to determine which configuration will ultimately produce CP.
Anisotropies have been incorporated into the model by extending the 1D version of
VELMS, now accounting for the vectorial components of the optical field and able
to extract polarization features.

The interplay between misaligned anisotropies is pivotal for CP; in this view, tilted
sub-wavelength gratings play a key role. In the model, such tilted gratings have
been analysed with different models, either by treating them as a homogeneous
anisotropic medium described in terms of polarization-dependent effective indices,
or by rigorous coupled wave analysis (RCWA). The output polarization is described
by the Stokes parameters, with particular emphasis on S3. Indeed, S3 ± 1 represent
fully CP light, either clockwise or counterclockwise.

The first structure analyzed is a single-grating VCSEL, with electro and elasto-optic
effects oriented along the VCSEL’s crystalline axis and with the grating at the
outcoupling facet rotated with respect to them. This approach represents a slight
modification of the state-of-the-art technology for achieving linear polarization,
obtained by simply rotating the grating. When optimized in terms of technological
parameters, specifically grating thickness and rotation angle, this configuration
can produce CP. However, this solution could be strongly affected by unwanted
technological factors, such as unwanted strain, impacting on the elasto-optic effect,



eventually degrading the CP output to elliptically polarized light.

Aiming at a more robust implementation, a more complex design has been pro-
posed, where decoupled anisotropies are induced by multiple gratings. Specifically,
a double grating structure with a spacer in the middle has been investigated. In
this design, both gratings are placed at the VCSEL outcoupling facet. The lower
grating, in contact with the top distributed Bragg reflector (DBR), is aligned with
the crystalline axes, while the upper grating, exposed to air, is tilted. By carefully
employing for simulations the parameters of reasonable materials, obtained by
processes compatible with standard VCSEL technology, promising results have
been obtained. Particularly, employing a sol-gel of TiO2 for both the spacer and the
upper grating, and considering reasonable thermal curing, it is possible to obtain a
refractive index of 2. A value of S3 > 0.99 has been achieved for a structure where
the upper grating has a thickness of 60 ÷ 70 nm, with the spacer thickness of 100
nm, yet featuring a periodic behavior. A critical condition for this structure is that
the period of the lower grating must be smaller than that of the upper one. The
upper grating exhibits optimal performance when rotated at ◊ = 45¶, or at least
within the range ◊ œ [40¶, 50¶], with a period of Λ œ [200, 400] nm and a thickness
of t œ [300, 400] nm.

The proposed structures are extremely promising for future technologically imple-
mentations in the view of more compact devices, not requiring external tools for
polarization conversion.
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Thesis structure
The continuous requirements for circularly polarized emitting VCSELs for emerging
technological and commercial applications in different fields, discussed into Chapter
2, are at the basis of this Master Thesis work. The main purpose is the study,
the modeling and the characterization of a double-grating VCSEL with circular
polarization emission, in order to propose an alternative way to obtain circular
polarization with respect to the state of the art ones.

The thesis mainly contains a first part with the description of the mathematical
model used and the physics at the basis of the VCSELs’ working principles. Then,
a single grating VCSEL structure is analysed in which different aspects are high-
lighted, in particular, the strain and the elettro-optic effect and the device response.
The core of the thesis work is the analysis of a double-grating structure for the
circular polarization output light. The proposed structure is analysed firstly by
the technological point of view in order to understand what are the crucial and
sensitive parameters that must be finely engineered. Subsequently, the results of
the modelling simulations are reported to demonstrate the concrete potential of
this structure.
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Chapter 1

Introduction and historical
framework

VCSELs were proposed for the first time in 1977 by Kenichi Iga at the Tokyo
Institute of Technology, laying the groundwork for the technology’s development
[1]. The motivations behind Iga’s work rely on some important limitations of the
well known Fabry-Perot edge-emitting semiconductor lasers (EEL), that can be
summarized in the following tree main ones, [2]:

• The fabrication of EEL involved manually cleaving wafers, cutting an epi-
taxially grown wafer along a specific crystal plane with the cavity length of
few hundred microns. This process is unsuitable for mass production and
hindering initial quality checks; additionally, characterizing the device was
only possible after cleaving.

• Achieving a single-mode laser was challenging; simulations suggested to work
on the cavity length that should be shorter than 50 µm.

• Controlling the lasing frequency in multi-mode EEL proved difficult due to
factors like imprecise cavity length control.

These limitations led to propose a fundamentally different approach: the laser
cavity should be made vertical. Moreover, this design would utilize semiconductor
or dielectric epitaxial layers, enabling fabrication through established semiconduc-
tor processes, eliminating the need for manual cleaving. In 1988, a significant
breakthrough occurred when Koyama and Iga achieved the first continuous-wave
operation of a VCSEL at room temperature demonstrating the potential of a
GaAs-based VCSELs as practical engineered semiconductor lasers.
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Introduction and historical framework

1.1 Semiconductor laser diodes working princi-
ples

It is essential to revisit the working principles of laser diodes, before delving into
the general structure of VCSELs. Generally speaking, laser are devices that require
an optical resonator that contains an active medium; its working principle exploits
the stimulated emission (firstly theorized by Albert Einstein in 1917, [3]). Among
the several kind of commercially available lasers, the attention is here focused on
semiconductor laser diodes, whose active medium is a semiconductor material, that
can emit light into a wide range of wavelengths, opportunely tuned.

In semiconductor materials, electrons in general occupy the valence band - VB
(associated to lower energies, where Ev is the higher energy value associated with the
valence band), but can also move into the conduction band - CB (associated to higher
energies, where Ec is the lower energy value associated with the conduction band) if
opportunely stimulated with a photon with an incident energy h‹ = Ec ≠ Ev = Eg,
leaving behind a hole, leading to the absorption phenomenon. This promoted
electron may lose its energy and return back to the original energy state in two
different ways: through spontaneous or stimulated emission. The first one, consider
an electron that spontaneously, after a certain time, losing energy falls into an
energy level with lower energy, not necessary the original one, emitting a photon
whose energy is equal to energy difference between the two energy states. The
second one, consider an electron already excited into the CB that is subjected to
an incident photon with energy h‹ = Ec ≠ Ev = Eg exactly equal to the energy
difference between CB and VB. The electron will return to its original state in
the VB losing energy in the form of another photon, thus at the end leading to
two photons, with same phase and same amplitude of the original one, Figure 1.1.
In order to obtain a sufficiently high degree of amplification, it is necessary that
the majority of electrons must occupy the CB leading to the so called population
inversion principle.
Involving into the description only two energy levels, it is not possible to obtain a
population inversion. Whereas, in some materials it is possible to find the so called
metastable energy levels with an energy slightly inferior with respect to the excited
state, where electrons can fall from the excited state with a fast and radiation-
less decay and stay for a longer interval of time. This means that is possible to
populate this metastable level, by means of optical pumping. Once the popula-
tion inversion is reached, through spontaneous dis-excitation electrons can turn to
their original state losing energy in the form of photons emitted in all the directions.

Placing the active material into a resonance chamber, this photons will start to go
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Introduction and historical framework

Figure 1.1: Sketch of the stimulated emission principle

bounce and back between the two mirrors progressively stimulated the photons
production with the same energy leading to the definition of a cascade effect, in such
a way all the photons will ultimately lead to the lasing beam with monochromatic,
directional and coherent photons.

1.2 Diode lasers: EEL and VCSELs comparison
In the family of diode lasers, EEL - edge emitting lasers and VCSEL are the
most common and used ones. As stated in Chapter 1, VCSELs were designed
to overcame some EEL limitation; in this section their main differences will be
analyzed. Among them, the more evident one is the direction from which the light
is emitted: in EEL light is emitted from the edge of the device, parallel to the
surface; while in VCSELs light is emitted perpendicular to the topmost surface, as
it can be appreciated in Figure 1.2.

Figure 1.2: EEL and VCSELs different light emission.

From the technological point of view, an EEL has the optical cavity parallel to the
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Introduction and historical framework

surface of wafer; then the wafer is cleaved at both ends and coated with mirrors.
The endmost portion of the EEL has an high reflectivity coating with a reflectivity
of almost 30% that allows the light to escape and not be reflected back into the
cavity [4]. The emission of the light in EEL is achieved when the round trip (RT)
condition is satisfied - Barkhausen stability criterion [5]

— · 2L = m · 2fi, (1.1)

where — is the propagation constant of the electric field, L is the cavity length, and
m œ Z. Among several cavity longitudinal modes, there is only one that satisfy
the threshold condition RT = 1, the lasing mode. This condition can be splitted
into two parts, one referred to the modulus |RT | = 1 and the other linked to the
phase \RT = 2mlfi, where ml is the lasing modal number. Starting from the phase
condition, recalling the expression of Equation 1.1 and considering that — = 2fineff

⁄m

(neff is the effective index) it is possible to reconstruct the expression of the lasing
wavelength ⁄l :

⁄l = 2neffL

ml
. (1.2)

Moreover, more complex cavity layouts are required when the laser single mode
emission is required, using distributed Bragg reflectors (DBR) or distributed feed-
back Bragg lasers (DFB) that allows to obtain a single longitudinal mode emission.

Concerning VCSELs on the other hand, a schematic cross section is reported in
Figure 1.3. VCSELs designed for emission wavelengths in the 850 to 980 nm spectral
range, have a short cavity length Lcav = ⁄/n, (where ⁄ is the lasing wavelength
and n is the effective refractive index of the cavity), thus in order to achieve an
appreciable gain and to have low losses (so a reflectivity of the order of 99.5%) the
geometry of the structure must be finely engineered.

TOP DBR

BOTTOM DBR 

OXIDE APERTURES

ACTIVE REGION

MESA

Figure 1.3: Cross-section of a VCSEL
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Introduction and historical framework

The main building blocks, starting from the bottom and progressively going to the
top, of such a laser are:

• Bottom DBR æ made out of a stack of an even number alternating high and low
contrast layers, in order to achieve the maximum reflectivity in correspondence
of a certain target wavelength. In order to satisfy this requirement, the
corresponding thickness of each layer must satisfy the following relation:
L = ⁄/(4n) where n is the corresponding refractive index (high or low). As
previously stated, in order to achieve lasing, the mirror reflectivity must be
of the order of 99% and even more. The parameter that is involved into
the desired reflectivity is the difference in the refractive index of contiguous
layers, with the purpose of creating an high refractive index contrast that is
fundamental. Thus, the larger is the that difference, the lower is the number of
mirror pairs necessary. For this reason that the choice of the kind of material
used for VCSELs is crucial. Usually, a DBR is composed of Gallium Arsenide -
Aluminum Gallium Arsenide (GaAs/AlGaAs) layers that are epitaxially grown
using metalorganic vapour-phase epitaxy(MOVPE). [6].

• Active region æ composed of a stack of quantum wells (MQWs) 6-7 nm thick,
is the region in which the stimulated emission occurs (as described in Section
2.1). The active region must be properly engineered in terms of its band
gap since it has the aim of determine the material gain in function of several
parameters, such as the temperature, the wavelength and the carrier’s density.

• Oxide apertures æ they have the purpose to optically confine the field and to
electrically confine the carriers, thus reducing the diameter of the structure
with respect to the MESA. This can be performed by means of wet oxidation
from the top such that only the layer of the top-DBR with a molar fraction
of Aluminum of 0.97 ≠ 0.98 starts to oxidaze. The problem is that having a
wider aperture lead to the transversal multi-mode emission of the light, while
in applications a single-mode emission is required. Thus, for this purpose, the
oxide apertures discriminates where the light must be confined. In general,
what is required is a perfect circular geometry of the oxide apertures, but
since its diameter should be < 3µm, technological limitations lead to several
troubles in its realization.

• Top DBR æ has the same technological composition of the bottom one, the
main difference between the two is the number of the mirrors pairs used. In
particular, the bottom DBR has more mirror pairs with respect to the top
one. This because, the top-DBR has the role of permit the light emission;
thus having less pairs of mirrors, the reflectivity is reduced into the cavity,
favouring the light transmission and improving the optical efficiency.
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Introduction and historical framework

The 1D profile of the VCSEL structure analysed in this work can be seen in Figure
1.4 where are also evident the two end of the device, respectively the substrate and
the air. This is a simplified and ideal structure that can be analysed only by the
optical point of view lacking of QWs and and oxide aperture.

Figure 1.4: 1D refractive index profile VCSEL, evolution along the z-axis of the
refractive index. Starting from the substarte (n = 3.6) and exting in the air (n =
1), then the DBRs have high refractive index nH = 3.5, low refractive index nL = 3.
Conventionally the reference z = 0 is placed at the outcoupling facet, while positive
z coordinates go deeper into the device.
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Chapter 2

Applications of circularly
polarized light

VCSELs were first commercialized by Honeywall in 1996 and have gained significant
traction in recent decades, with their applications rapidly multiplying since the
mid-1990s. Initially, they were employed in data communication, than by the
mid-2010s, their applications had expanded to include sensors, printers, and even
computer mouse pointers [7], [8]. While data communication and sensing remain
the primary markets for VCSELs, with continued growth expected, these versatile
lasers are making inroads into exciting new areas. These include 3D-sensing for
facial recognition in smartphones, Laser Imaging Detection and Ranging (LIDAR),
atomic clocks, atomic magnetometers and gyroscopes.

In particular, for applications such as atomic clocks, bio-sensing atomic magne-
tometers and LIDAR, circularly polarized emitting VCSELs (CP-VCSEL) are
fundamental, because circular polarization is required to enforce selection rules on
the optical transitions.

The first clues about polarized light emerged in 1669, but was Huygens in 1678
to mathematically explained this phenomenon [9]. Since than, polarized light has
been used to describe reflection and scattering processes which are the foundations
for the analysis of different surfaces and during the years several attempt have been
performed in order to apply this concept to several applications.

This section focuses on understanding the requirements of CP - VCSELs for the
mentioned applications. It aims to explain the significance of the numerous studies
on CP - VCSELs and the relevance of this thesis work.

7



Applications of circularly polarized light

2.1 Atomic clocks
The scientist Isidor Rabi (Nobel Price in 1944) proposed for the first time the idea
of an atomic clock [10], whose core concept lies in harnessing the oscillations of
electromagnetic waves emitted by atomic transition of particular atoms at particular
frequencies (cesium atoms at the beginning), rather than relying on mechanical
or electrical oscillations of macroscopic physical systems. During the years the
NBS-NIST institute proposed different atomic clocks up the NIST-7 that was the
first atomic clock in which the atomic transition of Cs atoms was induced by a
laser source. The studies on this particular atomic clock converged into 1967 to
the new definition of the second, the basic unit of measurement of time, as the
numerical value of the frequency of the hyperfine transition of the unperturbed
ground state of the cesium 133 atom, set at 9 192 631 770 Hz [11].
In time, atomic clocks have gained a widespread in many applications such as
communication, navigation, computer networks and in the aerospace filed requir-
ing precise real-time measurements. New technologies have been implemented,
especially using VCSELs. It is important to explore the physical theory at the
basis on the atomic clocks in order to understand what is the role played by VCSELs.

Alkali metals like cesium (Cs) and rubidium (Rb) are involved in atomic clocks
because their ground state transitions can be manipulated using Coherent Popula-
tion Trapping (CPT) theory. These elements have transitions in the near-infrared
(NIR) range, conveniently accessible by VCSELs. Specifically, the absorption lines
of rubidium D1 at 795nm and cesium D1 at 895nm are particularly interesting for
these applications [12].
A detailed description of the CPT method is provided in [13], however here some
details are provided in view of our purpose.

Figure 2.1 shows the required setup of a CPT atomic clock: a 4.6 GHz microwave
source is needed to drive the VCSEL (with a wavelength tuned around 850 nm -
852 nm for Cs and 795 nm for Rb). The VCSEL structure should include a grating
(in the next chapters gratings will be deeply described), with the aim of ensure a
linear polarized output beam. During the path, before reaching and excite the Cs
or Rb vapour cell, the light beam encounter a quarter-wave plate (QWP), in such
a way the polarization of the light turns to be circular. Finally, a photodiode is
placed to measure the transmission of the VCSEL light.

CPT clocks rely on the precise excitation of two closely spaced energy levels in the
alkali atoms. Due to the interaction between an electron’s spin and the nucleus’s
spin (hyperfine interaction), the ground state splits into two sublevels for these
elements. This splitting is specific for each element, with frequencies of 6.8 GHz

8



Applications of circularly polarized light

VCSEL QWP Cs/Rb ALKALI 
VAPOUR CELL 

DETECTOR 
4.6 GHz
MICROWAVE 
SOURCE

Figure 2.1: Atomic clocks schematic setup elements.

for Rb D1 and 9.2 GHz for Cs D1, independent on temperature or pressure. A
simplified explanation scheme of the previous statement is depicted in Figure 2.2.

Figure 2.2: CPT ground state splitting scheme for Cs and Rb.

When these two closely spaced transitions are excited simultaneously with circularly
polarized light with a modulation frequency equal to the ground state hyperfine
splitting, an interesting phenomenon occurs. The gas cell, initially strongly absorb-
ing light, becomes more transparent. This change in absorption is associated to
the fact that a part of the Cs or Rb atoms are trapped in a coherent superposition
of the two splitted sub-levels of the ground state that do not absorb light, known
as dark-state, thus no energy transition occurs. This phenomenon makes the time
measurements more stable and precise since the atomic clock is not so sensitive to
external perturbations and flactuations.

CP light is crucial for CPT, as linearly polarized light cannot excite the hyperfine-
split levels due to symmetry constraints [13]. Therefore, a quarter-wave plate (QWP)
is necessary to convert the linear polarization to circular polarization. However,
achieving a single-mode, linearly polarized output for the QWP is challenging. As
a potential solution, using a VCSEL that directly emits CP-light could overcome
these technological limitations.

9



Applications of circularly polarized light

2.2 Atomic magnetometers
Many scientific fields such as geophysics, archeology, cosmo-physics and bio-physics
require the measurements of very weak magnetic fields accessible using atomic
magnetometers. The design of the atomic magnetometers, is similar to the one of
the atomic clocks previously shown 2.1 without the presence of a microwave source;
in the magnetometers setup we have a VCSEL that emits a linear polarized light
that passes through a QWP in order to have a circular polarization light and a lens
system that collimates the beam in order to be focused on an alkali vapour cell that
is at the end detected by a photo-detector. Even in this application, the presence of
QWP is essential to achieve CP, making the system structure bulky and expensive.
Let’s see why CP is a necessary requirement for the atomic magnetometers’ working
principle.

The difference between the atomic clocks and atomic magnetometers architectures
rely in the physics at the basis, in particular, while atomic clocks are based on
hyperfine splitting, atomic magnetometers are based on the Zeeman splitting of
the atomic energy levels [13], shown in Figure 2.3.

Figure 2.3: Zeeman energy levels splitting scheme for Rb.

An alkali-atoms cell (usually Rb) is optically pumped thought a VCSEL that
must be in resonance with a specific atomic transition (D1 for the Rb atoms at
6.8 GHz). When circularly polarized light interacts with the alkali metal vapor,
it preferentially excites ground-state atoms, aligning their spins along the light
direction. By carefully controlling this light interaction with the atoms, transitions

10



Applications of circularly polarized light

between an optically dark state (where light is not absorbed) and an absorbing
state can be induced. The critical aspect lies in setting the oscillation frequency
of the light to match the Zeeman splitting caused by the magnetic field. This
resonance condition allows the magnetic field to influence the light absorption by
the atomic vapor, which can be detected by measuring changes in the transmitted
light intensity, [14].

Various configurations for chip-scale commercial atomic magnetometers exist and
presented in [15] also deeply analyzing the physical theory at the basis, nevertheless,
in this section the ones based on CPT are briefly descried. In this approach, the
magnetometer probes the hyperfine splitting within the ground state between
specific Zeeman sub-levels. By measuring the response of the atomic ensemble
to this manipulation, the magnetometer determines the magnetic flux density it
experiences. For completeness, there are also chip-scale atomic magnetometer
based on the spin–exchange relaxation-free (SERF) principle, taht are the most
studied and technologically advanced ones.

Magnetic fields generated by the human heart hold valuable information for medical
diagnosis. Unlike electrical signals measured by ECGs, these magnetic signals are
less affected by body tissues due to the body’s nearly uniform magnetic perme-
ability. This offers a more reliable way to detect biological activity within the
heart. Combining both ECG and MCG (Magnetocardiography) can improve the
diagnosis of cardiac arrhythmias and coronary artery disease. In this context,
atomic magnetometers play a crucial role. Conventional atomic magnetometers
may not be ideal for measuring cardiac magnetism due to their limitations in sensi-
tivity. However, a breakthrough came in 2004 when Peter D. Schwindt’s research
group developed a chip-scale atomic magnetometer based on the CPT resonance
principle specifically designed for medical applications. These technologies have
seen continuous improvement over the years, as detailed in [14].

When it comes to light sources for bio-sensing applications in atomic magnetometers,
VCSELs have emerged as the preferred choice over Distributed Feedback (DFB)
lasers. While DFB lasers offer advantages like high power, narrow linewidth, low
noise, and stability, their large size and high cost make them less suitable for mass
production. VCSELs, on the other hand, are smaller and more cost-effective, making
them the dominant light source in commercially available chip-scale magnetometers.

The development of nano-fabrication techniques has revolutionized atomic biosen-
sors VCSELs base. This compatibility allows for the miniaturization of these
devices into chip-scale formats, paving the way for a new era in bio-sensing ap-
plications. Compared to traditional light sources, VCSEL integration in atomic
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magnetometers offers several compelling advantages. These include enhanced
portability, improved cost-effectiveness, and greater potential for industrial-scale
production. Additionally, advancements include the integration of meta-surfaces
enables further size reduction while maintaining precise control over the wavefront
and the polarization of the emitted light. Surface grating etching remains the most
cost-effective and efficient method for controlling the mode and polarization of
VCSELs even for bio-sensing magnetometers. However, emerging research explores
also an alternative approach based on the integration of polarization splitting or
metalens, which offer promising features for future VCSEL development, even if
they are still at the embryonic level [16].
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Chapter 3

VCSELs optical modelling

Modeling a fully 3D VCSEL requires advanced mathematical tools, since a circular
geometry must be analysed and different physical phenomena - electrical, thermal
and optical - are involved into the complete description of the VCSEL working
principles.

Even though many model exist the one that has been chosen in this work is
the VENUS model (Vcsel Electro-opto-thermal NUmerical Simulator)[17]. As
the name suggests, the electrical, optical and thermal analysis are involved for a
complete description of the device, in particular, each of them turn out important
parameters that are required for the solution of the rate equations (RE) which are
the main equations to be solved. Any comprehensive model should be composed of
4 building blocks, shown in Figure 3.1: the vectorial 3D optical solver - VCSEL
ELectroMagnetic Suite (VELMS), the quantum well optical response, the quantum-
corrected drift-diffusion solver and the heat solver; that are strictly connected
and related. Nevertheless, in this work the attention has been focused on the
electromagnetic analysis of the VCSEL, thus only the VELMS model has been
employed.

3.1 Coupled Mode Theory applied to VCSELs
Coupled mode theory (CMT) is a mathematical tool that gained popularity in
the field of optics. It allows to analyze how electromagnetic waves propagate and
interact with various materials found in optical devices. Over time, researchers have
developed different formalism within CMT to suit the specific needs of analyzing
particular devices. A brief historical overview of this development can be found in
[18].

13



VCSELs optical modelling

Figure 3.1: VENUS main solver and their relation.

For VCSEL application, the CMT formalism used has been proposed and analysed
in depth in [19]. In this section, the main CMT requirements description is use-
ful to have an overall view of the mathematics, moreover, this requirements are
sufficient for the understanding of the Vectorial 1D - VELMS generalization. The
mathematics discussed in this section is the one that is employed in our VELMS,
used for all the analysis performed in this work.

Figure 3.6 shows a simple VCSEL structure, useful to understand the required
ingredients for the solution of the problem.
The structure can be divided into three main parts, namely the bottom stack,
the active region and the top stack in which each layer of these three regions is
described in terms of refractive index ni and thickness Li. In particular:

• top stack æ takes into account, starting from topmost part and moving
towards the bottom layer, the top DBR, half of the cavity thickness minus
half of the active region thickness (red arrow in Figure 3.6). Going into
details, the top DBR is described in terms of ni

T = [nH , nL] · NT (where nH

and nL are respectively the high and low refractive index of the mirrors) and
Li

T = [LH , LL] · NT , (where LH = ⁄t

4nH

and LL = ⁄t

4nL

, being ⁄t the target
wavelength of the lasing mode of the VCSEL under analysis fixed at 850 nm
). NT is the number of top pairs and i œ 1, ..., NT . The half of the cavity
thickness is instead defined as: Lcav

2 = ⁄t

2na

(with na the refractive index of the
active region) and refractive index ncav.
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Figure 3.2: Simplified profile of the VCSEL structure described in terms of
thicknesses and refractive index of each layer. The upper figure is a zoom of the
red region to emphasise the presence of the cavity and the active region.

• active region æ described in terms of refractive index na and thickness La

• bottom stack æ takes into account, progressively reaching the endmost layer,
half of the cavity minus half of the active region thickness and the bottom
DBR. All the mentioned quantities are described in the same way of what is
done in the left stack.

Within the CMT formalism, each layer is assumed to be placed within a certain
reference medium r, see Figure 3.3 ; focusing on the interval z œ [0+, L≠], it is
possible to take into account the presence of a semi-infinite media through the
expression of reflection coefficients:

ΓT := ΓrænT
= r ≠ nT

r + nT
(3.1)

and

ΓB := ΓrænB
= r ≠ nB

r + nB
. (3.2)

The transmission matrix of the entire structure is nothing but the product of the
transmission matrix of the tree main blocks described before, that in this first case
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Figure 3.3: Simplified profile of the VCSEL structure within a reference medium.

is a 2x2 matrix (see Figure 3.4 where the forward and backward components of the
electro-magnetic field are highlighted):

Figure 3.4: 2x2 transmission matrix of the structure, highlighting the forward
and backward components of the field.

T =
iŸ

1
T

i
= T

T
T

a
T

B
, (3.3)

where

T
T

=
NTŸ

i=1
exp(MT

i
LT

i ) =
A

T
nT

iær

C
exp(≠j—nT

i LT
i ) 0

0 exp(+j—nT
i LT

i )

D

T
rænT

i

B

,

(3.4)
and

T
B

=
NBŸ

i=1
exp(MB

i
LB

i ) =
NBŸ

i=1

A

T
nB

iær

C
exp(≠j—nB

i LB
i ) 0

0 exp(+j—nB
i LB

i )

D

T
rænB

i

B

,

(3.5)
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being M r
i

and M l
i
the coupling matrix of each considered layer and — the propagation

constant. The transmission matrix of the active region is

T
a

= exp
1
M s.e

a
La

2
, (3.6)

where

M s.e
a

La = ≠j
—rLa

2

AC
2 0
0 ≠2

D

+ ”s.e
a

C
1 1

≠1 ≠1

DB

(3.7)

with

”s.e
a = (ns.e

a )2 ≠ r2

r2 (3.8)

and —r the propagation constant within the reference medium. Once the cavity
support a lasing mode, the quantum well cannot be described any more simply by
na, but the refractive index must be modified by properly taking into account the
stimulated emission, so that:

ns.e
a = na + ∆ña œ C. (3.9)

In a transversely invariant structure the coefficients of the modes propagating
forward (F) and backward (B) |a(z) >= [a+a≠]T the Barkhausen stability criterion
cab be derived using the following relations:

I
a+(0+) = a≠(0+)Γl

a≠(L≠) = a+(L+)Γr
(3.10)

I
a+(L≠) = T11a+(0+) + T12a≠(0+)
a≠(L≠) = T21a+(0+) + T22a≠(0+) . (3.11)

These are four equations with 4 unknowns that can be rearranged once the attention
is focused on a≠(0+) = ab associated to the back-scattered field, so that:

a≠(L≠) = Γra
+(L≠) = ΓrT11a

+(0+) + ΓrT12ab. (3.12)
Equating the second Eq 3.11 and Eq 3.12 yields to:

T21a
+(0+) + T22ab = ΓrT11a

+(0+) + ΓrT12ab. (3.13)
Replacing the first Eq 3.10:

T21a
≠(0+)Γl + T22ab = ΓrT11a

≠(0+)Γl + ΓrT12ab

=∆ T21abΓl + T22ab = ΓrT11abΓl + ΓrT12ab. (3.14)
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Finally, this yields to the Barkhausen criterion definition as:

ab (ΓrT11Γl + ΓrT12 ≠ ΓlT21 ≠ T22) = 0

=∆ ΓrT11Γl + ΓrT12 ≠ ΓlT21 ≠ T22 = 0, (3.15)

once the non-trivial solution is considered (ab /= 0). This last equation can be used
in order to define the value of the refractive index of the QW once there are lasing
modes to be supported. In particular, being

ns.e
a := na + ∆ña := na + ∆n + j

gfield

k
(3.16)

∆n is the real part of refractive index variation of the QW and gfield is the field
gain to be determined, so that it is possible to write:

”s.e
a := (na + ∆ña)2 ≠ r2

r2 ƒ n2
a ≠ r2

r2 + 2na∆ña

r2 := ”0
a + ”“

a (3.17)

considering |∆ña| << na so that the second order contribute can be neglected.
Equation 3.7 can be rewritten as:

exp
1
M s.e

a
La

2
= exp

I

≠j
—rLa

2

AC
2 0
0 ≠2

D

+ ”s.e
a

C
1 1

≠1 ≠1

DBJ

·

exp
I

≠j
—rLa

2
2na∆ña

r2

C
1 1

≠1 ≠1

DJ

=∆:= T 0
a
exp

A

“field

C
1 1

≠1 ≠1

DB

(3.18)

where T 0
a

is the transmission matrix associated to the active region if it was
described only by na. In order to find the cold cavity modes (the cold cavity
approximation takes into account the fact that the the value of the real part of
the refractive index is not modified by any temperature or carriers effects), it is
necessary to impose ∆n = 0 so that the field gain can be described in terms of
threshold gain, gfield = gth

field. The explicit expression of “field can be written as:

“field = ≠jkr
Ls

2
2na

r2 j
gth

field

k
=

naLagth
field

r
. (3.19)

Expanding eq 3.18 using Taylor expansion yields to:

exp
1
M s.e.

a
La

2
ƒ T 0

a

A

I + “field

C
1 1

≠1 ≠1

DB

= T 0
a

+ “fieldT 0
a

C
1 1

≠1 ≠1

D

. (3.20)

18



VCSELs optical modelling

Usually in the VCSEL analysis the interesting parameter is the threshold gain gth

that is related to the field threshold gain through the relation gth = 2gth
field, thus

rewriting 3.19 in terms of gth, so that “ = 2“field, eq. 3.20 can be rewritten as:

exp
1
M s.e.

a
La

2
ƒ T 0

a
+ 1

2“T 0
a

C
1 1

≠1 ≠1.

D

(3.21)

Finally, eq. 3.3 assume the form of:

T = T
T
T

a
T

B
= T

T

A

T 0
a

+ 1
2“T 0

a

C
1 1

≠1 ≠1

DB

T
B

= T 0 + “T “, (3.22)

where T 0 is the transmission matrix of the VCSEL embedded into the reference
medium without modifying the QW refractive index, while T “ is the transmission
matrix depending on the QW index variation. Once again, they are 2x2 matrices,
3.5

Figure 3.5: T 0 and T “ components.

Finally, the Barkhausen criterion can be written as:

R0 + “R“ = 0 (3.23)

where

R0 := ΓlΓrT
0
11 + ΓrT

0
12 ≠ ΓlT

0
21 ≠ T 0

22 (3.24)

R“ := ΓlΓrT
“
11 + ΓrT

“
12 ≠ ΓlT

“
21 ≠ T “

22 (3.25)

Defining

C := ≠R0

R“
(3.26)

Combining 3.24,3.26 and “ = 2“field one gets:

“ = ≠R0

R“
=∆ ≠2jk∆ña

naLa

r
= C(⁄)
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=∆ ≠2jk∆ña = r

naLa
C(⁄), (3.27)

recalling the expression of ∆ña, see 3.16 and substitution, it is possible to write:

≠2jk
3

∆na + j
gfield

h

4
= r

naLa
C(⁄) =∆ ≠2jk∆na + 2gfield = r

naLa
C(⁄).

=∆ ≠2jk∆na + gth = r

naLa
C(⁄) (3.28)

Eq. 3.28 leads to the definition of two main quantities:

• the imaginary part, once is set equal to 0 leads to the definition of the allowed
emission wavelengths ⁄i of the modes:

≠2k∆na(⁄) = ⁄
A

rC(⁄)
naLa

B

= 0 =∆ {⁄i} ; (3.29)

• the real part, leads to the corresponding power threshold gain:

gth(⁄) = Ÿ
A

rC(⁄)
naLa

B

. (3.30)

Figure 3.6: Dispersion curves for the VCSEL structure.
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3.2 Vectorial VELMS 1D: generalization of the
transmission matrix of a layer

This work focus on the analysis of optical anisotropies introduced into the standard
VCSEL structure, that must be modelled also from the mathematical point of view.
For this purpose, a generalization of the previous description must be provided,
the so-called Vectorial VELMS model. Involving into the description the presence
of optical anisotropies means that each layer can be characterised by two different
refractive index along two different orthogonal directions.

Referring to the standard VCSEL structure described in the previous section, it
must be modified adding the presence of anisotropies, namely the elasto-optic and
electro-optic effects, [20] and the presence of sub-wavelength gratings [21], [22],
[23].

3.2.1 Mathematical description of anisotropies
This section is devoted to the mathematical description of the dielectric permittivity
of an anisotropic material layer. The permittivity tensor ∆‘ describing a certain
layer can be written as a mean value ± a certain variation, where the mean value
refers to the isotropic term, whereas the variation to the anisotropic case. Delving
into the expression of the anisotropic contribution, if a certain layer is considered
to be anisotropic along the x and y directions its permittivity can be written as a
function of two terms, namely ‘x and ‘y.

This means that the refractive index characterizing each layer has two terms:

nx = Ô
‘x, (3.31)

ny = Ô
‘y, (3.32)

where ‘x and ‘y can be evaluated using Born-Wolf model or RCWA (described
in details in the following section) when dealing with sub-wavelength gratings, or
taken from the elasto- and electro-optic effect formulae.

The isotropic dielectric term is evaluated as the mean value of the x and y values,
while the anisotropic dielectric permittivity is evaluated as the semi-difference of
the two values, yielding to

‘iso = ‘x + ‘y

2 =∆ niso = Ô
‘iso (3.33)

21



VCSELs optical modelling

‘ani = ‘y ≠ ‘x

2 =∆ nani = Ô
‘ani (3.34)

It is possible that the anisotropies can have a different orientation with respect to
the VCSELs’ axis reference system; for this reason the dissociation angle „ , must
be taken into account per each layer.

3.2.2 4x4 eigenvalue problem
Considering all the ingredients previously described, the problem that we need to
solve becomes a 2x2 eigenvalue problem where the complex eigenvalues determine
both the gth and the ⁄i of the cavity; the two bi-dimensional complex eigenvectors
allow the reconstruction of the field, one for each polarization mode.

To thoroughly explore the concepts of calculus, we shall first examine the funda-
mental principles underlying the following assertions. The new transmission matrix
is a 4x4 matrix, indicating that with x and y as the polarization coordinates, and
F and B representing the forward and backward propagation directions, the matrix
elements are those depicted in Figure 3.7.

Figure 3.7: Generalization of 4x4 matrix with its components.

Recalling Figure 3.4, in the previous case the only components of the field taken into
account where the forward and backward, now also their behaviour with respect
to the polarization must be involved. This means that for each matrix involved
into the mathematical description, the FF, FB, BF, BB components are four. In
particular,for the FF case the elements in position (1,1), (1,3), (3,1) and (3,3) must
be considered.
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We are now finally ready to solve the problem. Recalling eq. 3.3 and knowing
that, in general, T = exp

1
ML

2
it is important to re-define expression of M when

anisotropies are considered; in particular

M = M
iso

+ M
ani

+ D. (3.35)

Let’s analyse each contribute one per time:

• M
iso

reads æ
M

iso
= k0 · K

iso
· ”iso, (3.36)

where

K
iso

= k0

S

WWWU

1 1 0 0
≠1 ≠1 0 0
0 0 1 1
0 0 ≠1 ≠1

T

XXXV , (3.37)

and
”iso = n2

i ≠ r2

r2 . (3.38)

• D, diagonal contribute, reads as

D = 2k0

S

WWWU

1 0 0 0
0 ≠1 0 0
0 0 1 0
0 0 0 ≠1

T

XXXV . (3.39)

• M
ani

can be computed as:

M
ani

= k0 · Kani · ”ani, (3.40)

where

K
ani

=

S

WWWU

+cos2„ +cos2„ +sin2„ +sin2„
≠cos2„ ≠cos2„ ≠sin2„ ≠sin2„
+sin2„ +sin2„ ≠cos2„ ≠cos2„
≠sin2„ ≠sin2„ +cos2„ +cos2„

T

XXXV , (3.41)

and

”ani = ∆‘ani

r2 , (3.42)

being „ the angle of rotation of the axes along which the refractive indexes
are defined with respect of the reference system (x, y).
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The aforesaid quantities refer to a single layer, so once the M matrix is evaluated for
the top, active and bottom regions, the solution of the problem is performed exactly
with the same steps described in Section 3.2. The only difference is associated to
the step of eq. 3.26, being now a real eigenvalue problem to be solved. The solution
of the aforementioned problem returns a diagonal matrix with the eigenvalues and
another matrix whose columns eigenvectors for the field vector.

3.3 Figures of merit
Once the eigenvalue problem is solved, two modes turn out as solution associated
to the lasing mode and the first non-lasing higher mode. Each of these modes are
characterized by an eigenvector with x and y components of the field that will
be used to determine the degree of polarization, by an emitting wavelength and
a threshold gain. The mode that has the lower threshold gain is the lasing one.
The difference with respect to the non-vectorial case relay in the fact that now
the eigenvector is non-trivial, in the sense that it has two different components;
whereas in the first case the two terms were identical thus leading to a single value
of wavelength and threshold gain.

Many applications require VCSELs with single mode emission; to do so it is
important to ensure that the two modes are sufficiently distant. For this purpose,
important parameters can be introduced:

• threshold gain difference æ ∆g = gthH
≠gthL

gthL

· 100, [%] is the threshold gain
splitting between lasing and non-lasing modes; where gthH

is the highest
value of threshold gain, whereas gthL

is the lowest value. A typical value is a
∆g Ø 10%.

• frequency splitting æ ∆f = ⁄2≠⁄1
⁄1⁄2

c, [GHz], is defined as the splitting in
frequency of the two modes; being ⁄1 and ⁄2 the wavelength associated
respectively to the lasing and non-lasing mode and c is the speed of the light.
An acceptable value of ∆f must be of the order of tens of GHz.

24



Chapter 4

Grating optical models

The optical theory is based on the Maxwell’s equations, that in the frequency
domain are written as

Ò ◊ E(r, Ê) = ≠iÊB(r, Ê), (4.1)

Ò ◊ H(r, Ê) = J(r, Ê) ≠ iÊD(r, Ê), (4.2)

(being E(r, Ê) and H(r, Ê), respectively, the electric and magnetic field phasors,
B(r, Ê) the magnetic induction phasor, D(r, Ê) the dielectric displacement phasor
and J(r, Ê) the electric current density; r = (x,y,z) the space vector, Ê the angular
frequency and i the imaginary unit) and the constitutive equations that in the
simple case of an isotropic medium are given by:

D(r, Ê) = ‘0‘rE(r, Ê) (4.3)

B(r, Ê) = µ0µrH(r, Ê) (4.4)

where ‘0 and µ0 are the dielectric constant and the magnetic permeability in
vacuum, whereas ‘r and µr the dielectric constant and the magnetic permeability
typical of the material under consideration. These expressions take into account a
medium that is electrically and magnetically isotropic, but in general materials are
anisotropic, thus Eq. 4.3 becomes more complex. Let’s focus only in the expression
of the dielectric displacement D(r, Ê) that generalizes as (for compactness let’s
remove the angular frequency dependence):

Y
_]

_[

Dx = ‘xxEx + ‘xyEy + ‘xzEz

Dy = ‘yxEx + ‘yyEy + ‘yzEz

Dz = ‘zxEx + ‘zyEy + ‘zzEz

(4.5)

thus the dielectric constant becomes a tensor quantity. Once anisotropies are taken
into account, more complex expressions must be involved into the mathematical
description of the system; complete and details are provided into [24]; however in
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this chapter the important results useful for the understanding of the following
explanation are provided.
It can be shown, through some considerations, that the dielectric constant tensor
must be symmetric, therefore it is possible to set ‘ij = ‘ji, which allows to reduce the
number of components from nine to six. A further reduction is possible considering
a coordinate system in which the extradiagonal elements ‘ij are zero; so that Eq.
4.5 can be written into a matrix form as:

S

WU
Dx

Dy

Dz

T

XV =

S

WU
‘xx 0 0
0 ‘yy 0
0 0 ‘zz

T

XV

S

WU
Ex

Ey

Ez

T

XV (4.6)

where ‘xx, ‘yy and ‘zz are the principal dielectric constants or principal permittivities

that can be written also in a more compact way as ‘x, ‘y and ‘z.

The goal of this chapter is the explanation of the mathematical description of
gratings. Different models related to different degrees of accuracy will be proposed
in order to investigate the conditions and the operating regions for which each
description model is valid.

4.1 Optical classification of crystals
In optics, when a beam of light passes through a certain material, a part of it can
be absorbed or reflected, depending on different parameters involved, according
to the Snell’s law [25]. The refractive index, ni, is the parameter that determines
the amount of light that is reflected when reaches the interface of the material.
It can also be seen as the factor by which the speed and the wavelength of the
incoming light is attenuated with respect to the original vacuum value. Without
entering too much in details on this, the properties for which the refractive index
vary according to the wavelength is at the basis of the dispersion phenomenon,
whose core concept is widely exploited in electromagnetic fields. According to the
kind of material on which the incoming beam passes, different properties can be
exploited: if a certain material transmit a single beam, according to the Snell law it
is said to be monorifrangent; otherwise if the incoming beam after passing throwgh
the beam is splitted into two, is said to be birefringent.
Let’s focus the attention on birefringent crystals, once the incoming beam penetrate
into the material it is splitted into two components: one orthogonal to the surface,
known as ordinary component, and the other that is the extraordinary component;
a sketch is represented in figure 4.1.
When anisotropies are taken into account, birefringent crystals can be classified
into three distinct groups based on their optical properties:
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Figure 4.1: Birefringence mechanism of crystals.

• Group I: This includes crystals in which three crystallographically equivalent,
mutually orthogonal directions can be chosen. Here the equivalent directions
coincide with the principal dielectric axes ‘x = ‘y = ‘z, resulting in D = ‘E,
making the crystal optically isotropic and behaving like an amorphous body.

• Group II: This group consists of crystals where two or more crystallographically
equivalent directions can be identified in one plane, namely for instance
‘x = ‘y /= ‘z; so that the crystal is said to be optically uniaxial . Examples
of common crystals of this kind are the trigonal, tetragonal, and hexagonal
systems.

• Group III: This includes crystals where no crystallographically equivalent
directions can be chosen, namely ‘x /= ‘y /= ‘z; . These are the crystals
belonging to the orthorhombic, monoclinic, and triclinic systems. In these
crystals, the directions of the dielectric axes may not be determined by
symmetry and may be wavelength-dependent; crystals in this group are said
to be optically biaxial.

All crystals can be classified into one of these three groups based on their optical
properties. The important aspect to emphasize from the previous analysis is that
the refractive index that characterised each material is subjected not only by the
value of the wavelength of the incoming beam, but also by the polarization and
direction of propagation of the light.

4.2 Born and Wolf model
Crystal’s birefringent characteristics can be explained in terms of anisotropic elec-
trical properties that leads to the definition of two different values of refractive
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indexes. Nevertheless, birefringence may arise from anisotropy on a scale much
larger than molecular when there is an ordered arrangement of similar particles or
optically isotropic material whose size is larger compared with the dimensions of
molecules, but small compared with the wavelength of light [24]. Thus this model
will be employed in this work for the description of sub-wavelength gratings (see
Section 4.3), where the grating can be treat as an anisotropic medium.

Let’s analyse a simple case with regular stack of thin parallel plates, characterized
by a fill dielectric constant ‘1, alternated spacers characterized by dielectric constant
‘2. The thickness t1 and t2 associated to the two regions are the ones depicted in
Figure 4.2.

ϵ!

ϵ"

ϵ!

"! "!""

!"

!#

Figure 4.2: Relevant quantities for the model deascription.

Suppose that a plane wave hits the plates such that E is perpendicular to the
plates. Let’s introduce an important simplification: the linear dimensions of the
faces of the plates are assumed to be large, but t1 and t2 are small with respect
to the incoming wavelength, so that E within the spacers is considered to be uniform.

It is essential to guarantee that the normal component of the dielectric displacement
must be continuous across two differential medium with the same value D. Therefore,
E1 and E2, identified as respectively the normal electric field components in the
plates and in the spacers, are:

E1 = D

‘1
, E2 = D

‘2
; (4.7)

whereas the mean averaged field is:

Etot =
t1

D
‘1

+ t2
D
‘2

t1 + t2
. (4.8)

The resulting effective dielectric constant ‘T M can be written as:
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‘T M = D

Etot
= (t1 + t2)‘1‘2

t1‘2 + t2‘1
. (4.9)

Introducing the expression of ÷

÷ = t1
(t1 + t2)

, (4.10)

the Eq. 4.9 can be rewritten in a more compact expression as:

‘T M = ‘1‘2
÷‘2 + (1 ≠ ÷)‘1

= ‘1
÷

+ ‘2
(1 ≠ ÷) =∆ nT M = ‘2

T M . (4.11)

In addiction, considering that the incident field has it electric vector parallel to
the plates, the tangential component of E must be continuous across the surfaces’
discontinuities; this means that the value of the electric field inside the plates and
in the spacer must be equal, i.e. E. Thus the parallel component of the electric
displacement in the two regions are:

D1 = ‘1E, D2 = ‘2E. (4.12)

Hence the mean dielectric displacement is:

Dmean = t1‘1E + t2‘2E

t1 + t2
. (4.13)

Consequently, the effective dielectric constant is given by:

‘T E = Dmean

E
= t1‘1 + t2‘2

t1 + t2
= ÷‘1 + (1 ≠ ÷)‘2 =∆ nT E = ‘2

T E. (4.14)

Overall, since the effective dielectric constant is the same for all the directions
parallel to the plates, but different for any normal direction to the plates, the
system behaves as a uniaxial crystal.

Eq. 4.11 and Eq. 4.14 are known as Born and Wolf’s equation, [24]; Figure 4.3
shows the plot of the two different refractive indexes once ÷ changes within the
interval [0,1]; the result highlight the fact that the two extremities the two values
of nT E and nT M are coincident becoming a unique value, while for different values
of ÷ they split in two terms, where the nT M assumes always lower values than nT E.

4.3 Grating definition
One of the main challenge of VCSELs applications was devoted, starting from 1988
[26], to the achievement of a stable polarization of the output beam. VCSELs due
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Figure 4.3: Born-Wolf refractive index plot in function of duty-cycle.

to their cylindrical geometry and with the presence of DBRs with a polarization
independent reflectivity, do not guarantee a perfect selection in terms of polariza-
tion. Nevertheless, polarization-stable VCSELs are needed for many applications,
in different domains, thus lading the basis for the continuous researches in this
field.

There have been developed different strategies to obtain a stable polarization,
discussed in [21], but in this work the attention has been focused on the integration
on the outcoupling aperture with monolithically integrated linear grating, that
have been proposed for the first time in [22] and [23], where the effectiveness of
using gratings in providing a stable and predictable polarization of the emitted
light has been demonstrated.
Among the different kind of gratings available, the ones suited for these applications
are the sub-wavelength gratings (SWG) where assuming Λ to be the grating
period, it is much smaller than the travelling wavelength. In this case, the grating
behaves as an homogeneous material made of an equivalent birefringent material
because it does not diffract waves and the power is evenly distributed. Within
these hypothesis, the refractive indexes of the equivalent material can be approxi-
mated using the Eq. 4.11 and Eq. 4.14, described by the Born and Wolf’s equations.

However, fabricating SWG and even deep SWG is not practical, in particular
considering telecom wavelengths, because even with a 50% of duty cycle (÷) the
required feature sizes of the order of tens nm are at the limit of e-beam lithography.
For higher and more practical periods the aforementioned formulas provide an
estimation of the equivalent indexes, but can not be considered accurate any more;
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thus a rigorous description must be provided using the modal analysis.

4.4 Rigorous Coupled Wave Analysis - RCWA
The diffraction of electromagnetic waves by periodic structures can be computed by
means of the rigorous coupled-wave analysis (RCWA), a method that analyzes
the grating structure and the electromagnetic field scattered by the structure itself.
Once a grating with a small period is considered, higher - order waves are cut-off,
so that the structure can be approximated as an homogeneous uniaxial material
whose refractive indexes are obtained by solving the transcendental equations; but
when the structure is more complicated, higher-order solution must be considered
into the problem.

RCWA provides an exact solution of Maxwell’s equations for the electromagnetic
diffraction by grating structures. As a non-iterative, deterministic approach, the
accuracy of the results depends solely on the number of terms used in the spatial har-
monic expansion, ensuring energy conservation throughout. The solution method is
based on two important criteria for the numerical stability: energy conservation and
the convergence to the proper solution with an increasing number of field harmonics.

In [27] the RCWA method is analysed in details, nevertheless in this section the
relevant details are going to be introduced. The system under analysis, is the one
depicted in Figure 4.4 where a linear polarized electromagnetic wave with a generic
incident angle of ◊ and wave-vector k, hits a grating bounded between two different
media with dielectric permittivities ‘1 (air) and ‘2 (generic material).

!

"
#

Λ

%&'()*	1 ∶ .!

%&'()*	2 ∶ ."

θ

1

Figure 4.4: RCWA schematic model.
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The periodic permittivity within the grating region is described in terms of a
Fourier series as:

‘(x) =
ÿ

h

‘hexp

A

j
2fih

Λ

B

(4.15)

where the terms h are the hth Fourier component of the relative permittivity in
the grating region. The approach used is the solution of the Maxwell’s equation in
the input, grating and output regions so that the tangential electromagnetic field
components are matched imposing some boundary conditions.
All the simulations results that are going to be described in the next chapters have
been performed using this method that is the most accurate. In particular, the
expression of the transmission matrix of each single layer composing the VCSEL
structure is required (see Eq. 3.3) thus also the one that refers to the grating. The
last can be evaluated by means of RCWA once the simplification of the treatment
of the grating as ab anisotropic layer is not valid any more.

4.5 Homogenization model
The theory discussed in the previous Section 4.2 is valid only when Λ << ⁄

n , so
that changes in the refractive index differences between the grating and the empty
layer are appreciable only when the duty cycle ÷ changes, not the period. Moreover,
the effects of changes in the grating’s period can be estimated using RCWA, which
affects some modal characteristics such as threshold gain, Stokes parameters, or
the transmission matrix. Even though the RCWA method is highly accurate, it
is not straightforward to quickly understand the effects of changes in the grating
period on the refractive index values.

For these reasons, an intermediate approach has been developed: homogeniza-
tion. The core concept of this model begins with the transmission matrix of a
certain grating layer (previously obtained using RCWA), which represents a specific
homogeneous and anisotropic equivalent layer described by the aforementioned
transmission matrix. Since, as demonstrated in Section 4.2, a homogeneous and
anisotropic layer can be described in terms of effective indices, all the treatments
performed in the original case can now be reproduced, but incorporating all the
properties that define the grating, including the period Λ. In fact, the following
results will demonstrate this statement, emphasizing that the grating period is
the crucial parameter that affects the validity of this model. Only sub-wavelength
gratings will fully comply with this model. As Λ is progressively increased, the
model loses its validity, as it will no longer be possible to reproduce the input
transmission matrix using a homogeneous and anisotropic layer, thus requiring
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RCWA for analysis.

Let us investigate the significance of this, in order to highlight the dependence of
the refractive index in terms of grating’s period. Recalling the CMT formalism
used in order to write the transmission matrix of a homogeneous and anisotropic
layer deeply described in Section 3.2.3, the coupling matrix for a vectorial 4x4
problem reads as:

M = M
iso

+ M
ani

+ D (4.16)

and the transmission matrix is, where L is the grating’s length:

T = exp
1
ML

2
(4.17)

Once the transmission matrix is computed it is possible to obtain the anisotropic
layer’s parameters that turns out exactly that transmission matrix. To do so, and
obtaining as result the values of ‘x and ‘y it is necessary to transform the grating
into and homogeneous and anisotropic layer, thus performing the homogenization.
Starting form Eq. 4.17 by inverting the expression, it is possible to extract the 4x4
coupling matrix as:

M = 1
L

log(T ) (4.18)

This step is mathematically correct since having a generic matrix A and being it
diagonalizable so that:

A = V ≠1DV (4.19)

where V is the eigenvectors matrix and D is the diagonal matrix of eigenvalues ⁄i;
than a generic transcendental function of A can be written as:

f(A) = V ≠1

S

WWWU

f(⁄1) 0 0 0
0 f(⁄2) 0 0
... ... ... ...
0 0 0 f(⁄i)

T

XXXV V (4.20)

Recalling once again the complete expression of M in Eq. 4.16 it is possible to
explicitly write the terms M1,1 and M3,3 as:

M1,1 = ”isok0 + ”anicos(2„)k0 + 2k0 (4.21)

M3,3 = ”isok0 ≠ ”anicos(2„)k0 + 2k0 (4.22)
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This leads to a 2x2 system, whose unknowns are ”iso and ”ani; it is also possible,
for simplicity, to fix „ the angle at which the anisotropy is rotated to a null value;
however, in general, the system reads:

C
1 cos(2„)
1 ≠cos(2„)

D C
”iso

”ani

D

=
CM1,1

k0
≠ 2

M3,3
k0

≠ 2

D

(4.23)

Solving the previous system it is possible to find the values of ”iso and ”ani that
turns out the original transmission matrix. Few steps are required in order to
totally solve the problem, thus let’s write the explicitly form of the two quantities
under investigation and make some easy steps:

”iso = ‘iso ≠ r2

r2 =∆ ‘iso = ”isor
2 + r2 = r2(”iso + 1) =∆ ‘T E + ‘T M

2 = r2(”iso + 1)
(4.24)

”ani = ∆‘

r2 =∆ ∆‘ = r2”ani =∆ ‘T E ≠ ‘T M

2 = r2”ani (4.25)

Once again, a 2x2 system has been obtained:
C
1 1
1 ≠1

D C
‘T M

‘T E

D

= 2r2
C
”iso + 1

”ani

D

(4.26)

by solving it the dielectric permittivities can be achieved and finally, performing a
root square the values of the refractive indexes can be evaluated.

4.6 Limits of the homogenization model
The theory discussed in the previous section, is correct but has some validity ranges
of operation. Let’s consider, for example, the structure depicted in Figure 4.5 where
the value of the duty cycle ÷ is fixed to 0.5, and the analysis have been performed
for different values of Λ œ [0, 300] ú 10≠3µm.

!ℎ#$%&'(( = 100	&-

g

.! ." /

Figure 4.5: Grating structure under analysis
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In Figure 4.6 the results of the analysis on the values of the refractive indexes,
performed firstly using the Born and Wolf model (i.e. using the equations discussed
in Section 4.2) and secondly according to the homogenization model, are plotted in
order to perform a comparison between the two.

Figure 4.6: Homogenization and Born and Wolf models comparison

Once the grating period changes, the values of the refractive indices described
in terms of the Born and Wolf model remain constant, since, once again, it is
important to emphasize that according to that model the values are independent
of Λ. Moreover, the two models yield the same results when the grating period is
small; however, as it is progressively increased, the results from the homogenization
model start to diverge, becoming more accurate and showing a clear dependence
on Λ.
Even though the homogenization model appears to work well, it has some limitations.
When the grating’s thickness exceeds certain limits (around 120-130 nm) and at
the same time the period increases (around 102 ≠ 103 nm), the model is no longer
valid, as the grating layer can no longer be approximated as an effective anisotropic
and uniform layer (recall that this is a key hypothesis for the model’s validity),
regardless of the parameters used. This also means that it cannot be described in
terms of a 1D model, as higher-order waves are not taken into account. Therefore, a
more precise analysis, namely RCWA, must be performed to derive the transmission
matrix expression.
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Chapter 5

Design strategies for circular
polarization emission

The idea of having stable output polarized light for VCSELs is a crucial aspect
that has been discussed for years in order to achieve good results in the previously
mentioned applications, where stable CP is required. The first and most common
approach used to obtain a CP-VCSEL involves a linearly polarized VCSEL combined
with a quarter-wave plate, resulting in a bulky and costly setup that requires careful
assembly for proper operation, which is not particularly suitable or easy to manage.
Starting from this, many attempts have been proposed to reduce the volume of
these devices as much as possible, using different approaches, in particular:

• 3D laser displays play an important role in next-generation display technologies
due to the ultimate visual experience they provide. CP lasers are attractive
for these purposes as they enhance the contrast ratio and comfort. 3D laser
displays with CP have been discussed in [28], where cholesteric liquid
crystal (CLC) arrays have been employed. CLCs are a particular type of
crystal characterized by a helical structure, where molecules progressively
change their orientation along the helix. This interesting structure exhibits
the capability to selectively reflect light with a certain wavelength (equal to
the helix pitch) into circular polarization. This property, known as selective
reflection, leads to interesting optical properties useful for displays, such as
the ability to emit high-contrast colored light. However, this technology has
only been experimented with in the last three years, so not many experimental
data are available for a complete analysis, especially for its employment in
other applications.

• In [29] another attempt has been proposed by integrating a standard VCSEL
with a solid-state chiral sculptured thin film (CSTF) to control the
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polarization of the laser output, as shown in Figure ??. Specifically, the top
DBR is superimposed by a columnar thin film that works as a quarter-wave
plate, and by a CSTF that acts as a chiral mirror on top (working with a
chiral mirror means that an object can be superimposed onto its mirror image).
The CSTF consists of a stack of identical and parallel nano-helices. The
interaction between the linear birefringence and the chirality of the CSTF
structure results in a particular effect: when the CSTF is excited with a light
beam whose wave vector is aligned parallel to the nano-helix, CP light with
the same chirality as the CSTF is reflected, while light with opposite chirality
is reflected back. Although this structure shows interesting results, it is very
complex from a technological point of view, adding additional components
and fabrication steps that are not easy to control.

Figure 5.1: Schematic of a VCSEL with CTF and a CSTF [29].

• In the context of exploiting dielectric meta-surfaces, which are attractive due
to being ultra-thin, having low absorption loss, and being easy to manipulate,
including for polarization control, a meta-surface integrated VCSEL structure
was presented in [30]. The innovation of the aforementioned structure lies in the
replacement of the VCSEL’s top reflector with a chiral high-contrast meta-
surface to control the output light polarization (see Figure ??). This particular
structure consists of gammadion-shaped GaAs nanostructures arranged in a
square lattice on top of an aluminum oxide spacer. Using this structure, a
degree of nearly 60% circular polarization was achieved, making it one of the
most promising technologies even for commercial applications.

• In [31] another approach has been investigated considering the chirality of the
entire resonator, in such a way an anisotropic layer that considered sole is
achiral, when its axes are tilted make the entire cavity chiral. The structure

37



Design strategies for circular polarization emission

Figure 5.2: VCSEL schematic featuring a chiral meta-surface as the top reflector.
The top-left inset shows a top view of the meta-surface unit cell, with the geometric
parameters labeled [30].

under analysis, reported in Figure 5.3, is a standard VCSEL integrated with
two SWGs placed at the two DBRs extremities. In this view, by manipulating
the tilting angle and the grating thickness it is possible to measure the degree
of circular polarization achievable even reaching arrangements for which the
output beam is completely CP.

Figure 5.3: The left image shows the refractive index and standing wave profile of
VCSEL structure; whereas the right image represents the schematics of the cavity
[31].

This work’s aim is to provide another possible solution for CP - VCSELs with a
structure that is composed of a double-integrated gratings of different materials
placed at the same side, in correspondence of the outcoupling facet, leading the
basis of possible future developments on this field, even for a promising commercial
production of these devices.
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5.1 Poincarè sphere and Stokes parameters
Before exploring the description of this new structure (provided in Section 6.2) it
is important to define by the mathematical point of view what are the parameters
that must be considered to ensure the realization of a CP-beam.
Let’s consider a monochromatic light beam that propagates within an isotropic
and homogeneous medium described by means of:

E = E0cos(Êt ≠ kr), (5.1)
where E0 is the amplitude vector, Ê is the angular frequency and k is the wave-
vector. Considering the time evolution of the light propagation along the z axis,
the electric field vector ling in the xy plane is described as:

Ex(t) = E0x(t)cos[Êt + ”x(t)] (5.2)

Ey(t) = E0y(t)cos[Êt + ”y(t)] (5.3)
where ”x(t) and ”y(t) are the instantaneous phase terms. Delving with monochro-
matic waves with constant phase and amplitudes, and removing Êt from Eq. 5.2
and 5.3, it is possible to get the expression of the polarization ellipse:

E2
x(t)

E2
0x

+
E2

y(t)
E2

0y

≠ 2Ex(t)Ey(t)
E0xE0y

cos” = sin2”, (5.4)

being ” = ”x ≠ ”y. In order to have observables, it is possible to deal with average
over time:

E2
x(t)

E2
0x

+
E2

y(t)
E2

0y

≠ 2Ex(t)Ey(t)
E0xE0y

cos” = sin2”. (5.5)

Multiplying the last equation by 4E2
0xE2

0y it leads to:

4E2
0yE2

x(t) + 4E2
0xE2

y(t) ≠ 8Ex(t)Ey(t)cos” = (2E0xE0ysin”)2. (5.6)
Recalling that

< Ex(t)Ey(t) >= lim
T æŒ

1
T

⁄ T

0
Ex(t)Ey(t)dt, (5.7)

terms in Eq. 5.6 become:
< E2

x(t) >= 1
2E2

0x, (5.8)

< E2
y(t) >= 1

2E2
0y, (5.9)
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< Ex(t)Ey(t) >= 1
2E0xE0ycos”, (5.10)

so that Eq. 5.6 reads:

2E2
0xE2

0y + 2E2
0xE2

0y ≠ (2E0xE0ycos”)2 = (2E0xE0ysin”)2. (5.11)

By adding and subtracting at the left side member of the previous equation the
quantity E4

0x + E4
0y the final expression reads as:

(E2
0x + E2

0y)2 ≠ (E2
0x ≠ E2

0y)2 ≠ (2E0xE0ycos”)2 = (2E0xE0ysin”)2, (5.12)

finally, the terms in parenthesis can be written as:
S0 = E2

0x + E2
0y S1 = E2

0x ≠ E2
0y S2 = 2E0xE0ycos” S3 = 2E0xE0ysin”

so that Eq. 5.12 can be written in a more compact way as:

S2
0 = S2

1 + S2
2 + S2

3 . (5.13)

The previous four terms are known as the Stokes polarization parameters,
which describe the polarization state of light. In particular, S0 describes the overall
optical power without providing any relevant information about the polarization
state; S1 œ [≠1, 1] and, if equal to ±1, describes light linearly polarized along the x
or y direction, respectively; S2 œ [≠1, 1] and, if equal to ±1, describes light linearly
polarized along ±45¶. Meanwhile, S3 œ [≠1, 1], if equal to ±1, describes circularly
polarized light rotating either clockwise or counterclockwise.
This means that, in order to achieve CP light, it is important to focus on the Stokes
parameter S3, ensuring it is equal to ±1 or at least higher than ±0.95. This is the
parameter that will be thoroughly highlighted in the next chapter.
S1, S2, and S3 can be plotted in 3D coordinates, forming the so-called Poincaré
sphere, whose radius is P =

Ò
S2

1 + S2
2 + S2

3 , coinciding with S0. The Poincaré
sphere represents all possible polarization states. In Figure 5.4, relevant points are
depicted: the two blue points are associated with circular polarization, the red ones
refer to linear polarization at ±45¶, and the green ones define linearly polarized
light both vertically and horizontally. All other points on the sphere correspond to
generic elliptical polarization.
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Figure 5.4: Poincaré sphere and relevant polarization points.
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Chapter 6

Modeling results

6.1 Single grating structure
The first structure that has been analyzed, sketched in Figure 6.1, is a standard
VCSEL with a grating structure placed at the outcoupling facet of the top DBR.
The core concept of this analysis is to understand the important parameters related
to the description of the VCSEL (emission wavelength, threshold gain, polarization)
by starting from a simple structure and progressively introducing additional effects
such as grating rotation, strain, and electro-optic effects, aimed at closely mimicking
the correct and realistic working principles of the device.

!ℎ#$%&'((!"#$%&!

)
* +

GRATINGΛ!"#$%&!

TOP DBR

BOTTOM DBR

ACTIVE REGION

SUBSTRATE

Figure 6.1: 3D single grating structure (left), simplified sketch with relevant
parameters

6.1.1 Analysis on rotated and non-rotated grating
The VCSEL structure that has been implemented in VELMS code consist of 18
and 35 pairs of mirrors for, respectively, the top and bottom DBRs. The structure
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is completed introducing a grating on the outcoupling facet of the top DBR. The
1D refractive index profile of the aforesaid structure is presented in Figure 6.2.
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Figure 6.2: 1D refractive index profile of single grating VCSEL structure when
t=150 nm. The value of the refractive index associate is the isotropic one evaluated
as n =

Ò
‘T M +‘T E

2 .

In order to highlight the differences, the VELMS analysis has been performed for
different values of gratings thicknesses, namely 0 nm - so no grating present at all
- up to 300 nm. The resulting values of the ∆f and ∆g are reported in Figure
6.3. Here it is possible to see that for grating thicknesses the required conditions
for ∆f and ∆g are not satisfied, thus thicker gratings are needed. The choice of
the suitable thickness is the result of a trade-off between the two quantities. Here,
thicknesses of 0, 150 and 300 nm have been considered for the analysis.
Referring to Figure 6.3 is also evident that when the grating is not present at all
∆g is null, since the two modes have the same threshold gain, as a solution of a
trivial problem as discussed in Section 3.3. The same reasoning can be performed
for the value of the two emitting wavelengths, for t = 0 nm, set to exactly 850.00
nm, considered as the target value so that ∆f = 0 GHz; whereas when gratings
are introduced there are a small variation with respect to the target values, overall
not so relevant giving rise to an appreciable value of ∆f .

It is also interesting to observe Figure 6.4, where the evolution of the Stokes’ param-
eters for different rotating angles and for the three grating thicknesses employed for
the analysis are plotted. Specifically, in the case in which there is not the presence
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Figure 6.3: ∆f and ∆g plot for different grating thicknesses with a grating
rotating angle of 45¶.

of the grating there is a complete linear polarization of the lasing beam, since
S1 = +1. Concerning the other two cases, instead, a complete linear polarization is
present when the grating is not rotated or orthogonally rotated with respect to the
VCSEL’s reference axes; when the grating has ◊ = 45¶ then the polarization of the
lasing mode is polarized along ≠45¶ and +45¶ respectively in the case of grating
thickness of 150 nm and 300 nm.

Whatever is the grating rotating angle CP is never reached highlighting once again
the fact that introducing a grating into the VCSEL structure allows to obtain
linear polarization either along the same direction of the VCSEL’s axis structure
either rotated at ±45¶. This is due to the fact that in this analysis the grating is
only anisotropy introduced and since there is not the competition among different
optical misaligned anisotropies the resulting polarization will always be linear.

6.1.2 Elasto- and electro-optic effects: theoretical explana-
tion

When anisotropies are involved into the description of the VCSEL structure the
tensor quantity ∆‘, mentioned in Chapter 4, plays an important role for their
definition into the model. In this section the attention will be pointed on the
anisotropy induced by the elasto- and the electro- optic effects (EOE). The valid-
ity of the introduction of these two quantities has been demonstrated in different
researches [32] and [33] among the others, where the power of the manipulation
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Figure 6.4: Stokes parameters comparison for VCSEL structures with 0, 100, 300
nm thick gratings in function of the gratings’ rotating angle. In all the three plots
solid lines are associated to the lasing mode, whereas the dashed lines refer to the
second order mode. Red lines identify S1, green lines S2 and the blue ones S3.

of optical properties such as the polarization switching, the wavelength tuning as
consequence of the application of anisotropic strain along specific crystallographic
axes and the correspondent changing of the lattice constants of the semiconductor
materials by means of the EOE have been demonstrated.

After a brief theoretical explanation of the two aforesaid anisotropies, their effects
on the VCSELs structure under analysis will be demonstrated.

In order to mimic the possible presence of stress into the VCSEL structure due
to technological features or intentionally applied externally, has been mimicking
by means of the elasto-optic effect. The last, is induced by the strain through the
relation:
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∆(÷)i = pij‘j i, j = 1,2, ...6 p =

S

WWWWWWWWU

p11 p12 p12 0 0 0
p12 p11 p12 0 0 0
p12 p12 p11 0 0 0
0 0 0 p44 0 0
0 0 0 0 p44 0
0 0 0 0 0 p44

T

XXXXXXXXV

, (6.1)

where ∆(÷)i = ∆( 1
n2

i

) is the impermeability tensor, pij are the elasto-optic coef-
ficients that relate linearly the impermeability tensor and the applied strain ‘j

(considering the ALGaAs crystalline structure, only the terms p44 are the relevant
ones). It is important to notice that, the strain is considered to be uniformly
distributed along the entire VCSEL structure, except in the grating layers and in
the active region.

The strain is typically a stochastic quantity, whereas the EOE is a deterministic;
in order to simplify the analysis, it is possible to do not introduce directly the
expression of EOE and introduce an effective strain that mimic its behaviour.

Concerning the EOE, as reported in [20], it takes into account how the optical
properties of a certain material, in particular, the refractive index, change in
response to an applied electric field. There are two main kind of EOEs, namely
Pockels and Kerr. The first one, refers to a refractive index that changes linearly
with respect to the amount of the electric field applied; whereas the second one
refers to a quadratic relationship of the refractive index with respect to the electric
field; for these purposes, the Pockels effect is the suited one. The equation that
governs the EOE, written within the Einstain notation, is:

∆(÷)i = rijEsj i = 1,2, ...6 j = 1,2,3 r =

S

WWWWWWWWU

0 0 0
0 0 0
0 0 0

r41 0 0
0 r41 0
0 0 r41

T

XXXXXXXXV

, (6.2)

where rij are the electro-optic coefficients, Esj is the DC electric field along the
j-direction (where 1,2,3 correspond respectively to x,y,z directions). Considering
AlGaAs crystalline structure the only relevant parameter is r41, thus rij simlpifies
as reported in the previous equation.

These two effects must be expressed in terms dielectric permittivity, the parameter
that must be introduced into the mode, whose transverse diagonal expression can
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be written as:

∆‘t =
C
∆‘xx 0

0 ∆‘yy.

D

(6.3)

The diagonal components can be written both in terms of electro-optic components
or in terms of elasto-optic components as:

∆‘xx = +n4r41Esz … ∆‘xx = ≠n4p44
‘
2

∆‘yy = ≠n4r41Esz … ∆‘yy = +n4p44
‘
2

(6.4)

being Esz the electric field along the z-direction.

For simplicity, in the following analysis, the elasto-optic anisotropy has been
considered to be constant in the entire structure, with the elasto-optic coefficient
set at p44 = ≠0.072, so that the dielectric permittivity associated to each layer,
induced by the aforesaid phenomenon, can be written as:

∆‘elasto
layer = n4

layerp44
‘

2 . (6.5)

Whereas, concerning the EOE, it is possible to write:

∆‘EOE
layer = ‘xx ≠ ‘yy = 2n4

layer ú r41 < E >layer (6.6)

being < E >layer, as the mean value of the electric field evaluated by means of the
drift - diffusion model normalized with respect to each layer dimension:

< E >layer=
s

layer EDD(z)dz

Llayer
. (6.7)

Considering both the elasto- and electro- optic effects, it is possible to write that
the total dielectric permittivity refers to each layer is simply the superposition of
the two :

∆‘layer = ∆‘EOE
layer + ∆‘elasto

layer . (6.8)

6.1.3 Elasto-optic effects on rotated and non-rotated grat-
ing

The VCSEL structure described in Section 6.1.1, without the grating and with
150nm and 300nm thick gratings, has been analysed introducing the strain effect,
into a range values of ‘ œ [10≠7, 10≠3]. Looking at Figure 6.5 the effects of the
applied strain on the device can be highlighted. Recalling that, technologically it
is important that the frequency spacing between the lasing and the second order
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mode should be of the order of tens of GHz ( ≥ [15, 25] GHz) and thatnat the same
time, the threshold gain splitting should be higher than the 10 %, the resulting
values of strain that enable to obey simultaneously to these two constraints is of
the order of 10≠4.
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Figure 6.5: Frequency and threshold gain spacing comparison of VCSELs structure
with 0nm, 150nm, 300nm thick gratings. In the case in which the grating is present,
it has been chosen a rotating angle of 45¶.

The results shown in Figure 6.4, demonstrate that by modulating the rotating
angle of the grating linear polarization can be achieved for the lasing mode and
that no one of the infinite combinations tested lead to CP, being S3 always null.
Let’s see what happens when strain is applied.

Figure 6.6 shows the evolution of the Stokes’ parameter S3 with increasing value
of applied strain and in two different cases with a rotating grating (150 nm thick)
angle null and of 45¶. In the first case, with a non-rotating grating, whatever is
the value of the applied strain S3 remains null, thus no CP is achievable (dashed
line in the plot). Whereas, in the second case, fixing the grating rotating angle and
progressively increase the amount of strain the degree of CP increases up reaching
a degree of - 0.97 (the sign minus stands for counter-clock wise) of CP, in this
example (solid line in the plot).
The result of the previous analysis, demonstrate that CP can be obtained starting
from a VCSEL with a grating whose thickness and rotating angle must be properly
engineered for this purpose and subjected to a certain amount of applied strain,
that once again must be of the order of 10≠4 to give the wanted results. As depicted
in Figure 6.7 once the grating thickness is increased at 300nm, even applying strain
the value of S3 is almost null, thus meaning that technologically particular attention
must be devoted to the thickness of the grating features, being this an important
drawback leading to the use of this methodology for general elliptical polarized
beams.
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Figure 6.6: S3 comparison for a VCSEL with 150nm thick grating rotated or not.

Figure 6.7: S3 comparison for VCSELs with different grating thicknesses.

6.1.4 Electro-optic effects on rotated and non-rotated grat-
ing

In [34], we firstly demonstrate that CP-VCSELs can be obtained by introducing
tilted grating with respect to crystal axes combined with electro-optic effect. The
analysis have been performed investigating a standard 850 nm AlGaAs VCSEL
with 20-pairs of top p-doped DBR and 35-pairs of bottom n-doped DBR. The
doping levels chosen in the structure are 3 ú 1018cm≠3 for the first 15 pairs of the
top DBR and for the substrate and 2 ú 1018cm≠3 for the remaining top and bottom
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DBRs. A sub-wavelength grating, on the outcoupling faced, between GaAs and air
is placed with a filling factor of 0.5 and a spatial period of 150 nm. A sketch of
the refractive index profile of the aforesaid structure superimposed to the standing
wave profile is depicted in Figure 6.8.
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Figure 6.8: Refractive index profile and standing wave for a VCSEL structure
with 147 nm thick grating rotated of 53 ¶.

The electro-optic effect, whose equations have been discussed in Section 6.1.4, has
been introduced into the model considering Pockels coefficients to 1.6pm/V and
0.78 pm/V associated respectively to GaAs and AlAs; whereas the electrostatic
field profile, shown in Figure 6.9 has been obtained in terms of 1D drift-diffusion
simulation [35] applying a bias of 3V. The resulting ∆‘yy is shown in Figure 6.10.
Involving the grating structure into the model, described in terms of RCWA, whose
thickness has been chosen into the operating interval of t œ [0, 200]nm and a
rotating angle of ◊ œ [0, 90]¶, the resulting evolution of the S3 parameter is the one
plotted in Figure 6.8 (right). From the vectorial analysis, the transverse modes
feature different spatial distributions, in particular, in the figure regions where
modulating both the grating thickness and the rotating angle CP is achievable with
S3 Ø 0.9 and even more S3 Ø 0.99, for the lasing mode. Notice that a rotation of
almost 45¶ ensures a good result.
What is more, the red marker highlights the condition under which total CP is
possible: employing a 147 nm grating thickness and a rotating angle of 53¶. This
condition, devoted to maximise S3 is validated also in terms of ∆g = 18%, whose
plot is reported in Figure 6.11 (right). Dashed with lines in the figure highlight the
presence of modal jumps, where ∆g = 0.

In order to better appreciate this result, it is possible to consider the complex
emission unit vector of the lasing optical field ‚E = Ex ‚x + Ey ‚y for a certain
combination of thicknesses and rotating angle that impinge onto a linear polarizer
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Figure 6.9: Electric field profile associated respectively to the top DBR (left plot)
and the bottom one (right plot).
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Figure 6.10: Dielectric constant profile into the VCSEL structure by means of
electro-optic anisotropy.

whose axis is rotated with respect to ‚x of a certain angle “. If the beam is CP the
linear polarizer output must satisfy the following requirement:

Iout(“) = | ‚E · (‚xcos“ + ‚ysin“)|2 = 0.5’“ (6.9)

the corresponding output is reported in Figure 6.12, where the angular axis repre-
sents the polarization angle “, whereas the distance from the center to the plotted
curve is the output intensity of the polarizer.
The previous results have been further investigated in terms of different values of
applied voltage, with V œ [2.5, 3.5] V by means of the 1D drift-diffusion analysis in
order to highlight the fact that there is no a strong dependence of the results on the
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Figure 6.11: S3 (right) and ∆g (left) maps, associated to the lasing mode, for
different grating thickness and rotating angles. The dashed lines of the second
figure emphasize modal jumps where ∆g = 0.
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Figure 6.12: Linear polarizer output associated to the red marker point.

applied voltage, since the relevant quantities of interest remains almost constant.
In particular, Figure 6.13 shows the evolution of S3 for bot the lasing (blue) and
non lasing (red) modes in function of the value of the applied bias. S3 = 1 is
appreciable whatever is the value of the applied bias (chosen into a reasonable
operating range of values), highlighting that CP is not dependent on this parameter.
This analysis emphasize also the fact that the electric field present into the DBRs,
the one responsible of the EOE, is totally independent from the value of the applied
bias.
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Figure 6.13: Analysis on different applied bias, demonstrating that CP not
depends on it. Blue lines refer to lasing mode, red ones to the superior mode.

6.2 Double grating structure
Due to the fact that lot of times the elasto- and electro- optic effect are diffi-
cult to estimate, an implementation sufficiently independent from these intrinsic
anisotropies is required. Aiming to do so, a complex design has been proposed in
this thesis work. Specifically, a double grating structure with a spacer in the middle
is now under analysis. Technologically, this structure can be obtained exploiting
nano-imprinting lithography (NIL), an high-resolution and cost-effective technique
devoted to the fabrication of nanoscale patterns, including gratings, [36]. The
process involves mechanically transferring a nanoscale pattern from a mold (or
stamp) onto a substrate using a pressing technique.

Figure 6.14: Double gratings VCSEL structure technological process steps.

In Figure 6.14 the main process steps devoted to the fabrication of the wanted
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new structure are sketched. Starting from a standard VCSEL structure Figure
6.14.a, the first grating (that from now one will be named as bottom grating),
in Figure 6.14.b, can be obtained by coating the outcoupling facet with a certain
resist (usually a thermoplastic or UV-curable polymer) capable to be deformed and
impressing on it a mold, previously obtained by means of advanced lithographic
techniques such as electron beam lithography (EBL) or focused ion beam (FIB)
with the desired grating pattern. The imprinting process can be performed into
two different ways:

• Thermal nano-imprinting (T-NIL) æ both the mold and the substrate are
heated, than the mold is pressed into the softened resist, causing it to flow
and fill the grating pattern in the mold.

• UV nano-imprinting (UV-NIL) æ a UV-sensitive resist can be used, so that
the imprinting is performed at room temperature, and UV light is used to
cure and harden the resist while the mold is in contact with it.

Once the pattern have been transferred, Figure 6.14.c, the mold must be carefully
removed, leaving the structure to be free for an additional treatment. From now on,
the most crucial steps of the entire structure are going to be explained. Depositing
a sufficiently wide thickness of titanium dioxide (TiO2) Figure 6.14.d, a material
technologically compatible with the VCSELs operating principles, and coating it
with a resist, the second mold (with a period higher than the first one) can be
imprinted Figure 6.14.e , by means of T-NIL technique, letting the sol-gel to flow
and completely fill the grating’s features 6.14.f. Carefully demolding, the second
grating (that from now on will be named as upper grating) is correctly created,
Figure 6.14.e and the VCSEL realization can proceed as it is usually done, Figure
6.14.h adding the external contacts.

6.3 Titanium dioxide TiO2 sol-gel processes
Referring to the previous section the critical part of the entire process is the defini-
tion of the TiO2 sol-gel. Chemically speaking, the sol-gel process, is a synthesis
method devoted not only to the inorganic polymerization reactions, but also to the
synthesis of nanoscopic organic/inorganic hybrid materials through the incorpo-
ration of low molecular weight and oligomeric/polymeric organic molecules with
appropriate inorganic moieties [37]. The increasing interest on these compounds
is linked do their nanoscopic size that aim to enhance their thermal, melting and
viscosity properties that ultimatelly modify their electronic properties. Among the
several sol-gel materials available, in this section the attention is focused on TiO2,
a photosensitive titanium organic compound.
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TiO2 has received a great deal of attention since it is an high refractive index
material and it has been yet used as anti-reflecting coating in solar cells, as thin-film
in optical devices; moreover it has been employed in GaN-based VCSEL with TiO2
high-index-contrast grating [38], [39], gaining lot of interest for possible applications
for sub-wavelength gratings.

Let’s explain briefly the most important TiO2 sol-gel properties. The sol-gel process
is employed in the synthesis of thin films, powders, and membranes. It can be
categorized into two main approaches: the alkoxide and non-alkoxide routes, each
resulting in distinct physical and chemical properties. The most employed one is
the alkoxide route, a method that lead to the formation of the desired TiO2 sol-gel
starting from titanium alkoxides and exploiting two different strategies:

• In-Situ approach æ refers to the direct formation of TiO2 within the matrix
or medium where it will be utilized, without the need for transfer from an
external location. This approach offers enhanced control over the interaction
between TiO2 and the surrounding material, leading to improved adhesion,
stability, and functionality. Typically, a titanium precursor, such as titanium
alkoxide, is introduced into the medium, where it undergoes hydrolysis and
condensation reactions, resulting in the in situ formation of TiO2. This method
ensures uniform distribution and strong integration of TiO2 within the host
matrix. It is frequently employed for creating coatings or composites where
TiO2 nanoparticles are embedded, as well as in applications like photocatalysis
and sensors, where the TiO2 serves as a functional component.

• Ex-situ approach æ Ex situ refers to the formation of TiO2 in a separate,
external environment before being incorporated into its final application. In
this approach, TiO2 is independently synthesized, often in the form of nanopar-
ticles and subsequently added to a host matrix or used as a coating. The
synthesis takes place in a controlled environment, frequently employing tech-
niques such as chemical vapor deposition. Once produced, the TiO2 is isolated,
purified, and then integrated into the desired material. This method allows
for precise control over key properties, including particle size, crystallinity,
and morphology, as the synthesis can be finely tuned. Additionally, it enables
pre-characterization and testing of TiO2 before its final application. Ex-situ
TiO2 is commonly used in pigments, sunscreens, and various photo-catalytic
applications, where a well-defined material is essential.

The validity of this technique rises from the fact that it is possible to combine T-NIL
and UV-NIL for the nanostructures fabrication: in particular, using the T-NIL at
T = 300¶C and after UV-exposure the patterned structures can be converted into
inorganic oxide by photo-curing thanks to the photoactivity of the TiO2 network
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that locally induce the degradation of organic species. Moreover, among all the
potentialities of this material, carefully described in [40] [41] [42] the one that is
important for the purpose of this thesis is the tailoring of the refractive index
through UV exposure.

Figure 6.15 shows the evolution of the refractive index of the TiO2 sol-gel for
different temperature treatment for both in-situ and ex-situ approaches (data refer
to [40]). In-situ approach shows a slight refractive index growth n œ [1.70, 2], while
the ex-situ refractive index remains almost constant with thermal treatment. At
T < 150¶C, the organic components are still in both the cases (organic components
that can be degraded after an additional thermal exposure of 30 min at T = 300¶C),
but the densification of in situ sample is more efficient increasing the value of n.
Whereas, even if in the ex situ film, the presence of anatase nanoparticles should
further contribute to increasing the film’s refractive index, a poor compaction
efficiency of the nanoparticles reducing n.

Suitable and stable values of n can be achieved after UV exposure followed by a
thermal treatment at 300¶C, devoted to the degradation of the organic part, that
will lead to an ultimate value of n ƒ 2. Of course, this value is sensitive to the UV
dose, time of exposure, thermal curing, and kind of UV lamp used.

Figure 6.15: Refractive index plot in function of the value of the temperature
treatment of the sol-gel.

The final choice of what of the two approaches could be used depends on the single
case, on the characteristics that the single application accomplish considering a
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series of factors that impact (viscosity, porosity, vertical and/or lateral shrinkage,
refractive index).

6.4 Studies and technological implementations
In figure 6.16 a sketch of the proposed 3D structure is reported. As in standard
VCSEL, starting from the bottom and moving to the top, the structure is composed
of a substrate, the bottom DBR, the active region, top DBR, bottom grating,
spacer and the upper grating.

Figure 6.16: 3D double-grating VCSEL structure (left); simplified sketch with
relevant paramters definition (right).

The simulations’ results here reported refer to a 1D structure, where some parame-
ters have been kept fixed for the entire analysis; in particular:

• bottom and top DBR have respectively, 35 and 20 pairs of mirrors;

• the bottom grating has a thickness of 70 nm, it is aligned with respect to the
ALGaAs crystalline axes, with a period of 150nm and ÷ = 0.5;

• the upper grating has a period equal to the double of the one of the bottom
grating and same duty-cycle;

• the spacer and up grating refractive index has been set to a nominal value of
n = 2.

the other parameters may change according to different cases and will be highlighted
once per time. The refractive index profile of the structure is reported in 6.17.
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Figure 6.17: Refractive index profile of the double-grating 1D-VCSEL structure.

6.5 1D modelling results
This section is devoted to the results of the 1D electromagnetic analysis performed
on the double-grating VCSEL; the core concept is the identification of an operating
range of values for the design of the structure. Different attempts have been
performed, changing one the more critical technological parameters. In all the
following plot results, the parameter that has been plotted is S3; since S3 ± 1
identify CP, black contour lines identify regions where S3 > 0.95 in order to make
more clear the interpretation of the results.

The first attempt is devoted to the understanding of the most suitable rotating
angle of the upper grating, able to guarantee the best result in terms of CP. For
this analysis technologically coherent parameters have been fixed (to be confirmed
in the successive analysis) concerning the spacer thickness at 100 nm; the effects of
the VCSEL intrinsic anisotropies, e.g. the elasto-optic anisotropy have been treated
with a strain value of ‘ = 1 · 10≠4. As it is reported in Figure 6.18 CP can be
achieved by means of ◊ œ [30, 70]¶ and t œ [350, 450] nm giving rise to a sufficiently
wide operating range both in terms of rotating angle and grating thickness; or for a
small interval with t ƒ 600 nm and ◊ œ [20, 40]¶. Being the first operating interval
more robust, it has been chosen the one to investigate deeply for the subsequent
analysis.
Fixing the upper grating rotating angle at 45¶, compatible with the previous result,
the attention has been pointed on the spacer design. In particular, the previous fixed
thickness of the spacer, fixed at 100nm has been investigated. The validity of this
value has been confirmed by the parametric analysis, see Figure 6.19 (left), where
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Figure 6.18: S3 map of the lasing mode for different grating rotating angles.

an interesting behaviour is evident. The spacer thickness suitable for CP shows a
periodic behaviour, giving rise to a wide range of tolerances by the technological
process point of view. This property has been further investigated by fixing the
upper grating thickness at t = 400 nm and varying the period Λ = 200, 300, 400nm:
in all the cases, see Figure 6.19 (right), S3 = +1 can be obtained for spacer
thickness of 100 nm, 300 nm and so on. In the structure under analysis, no losses
sources have been considered that could negatively affect this periodic behaviour.
Nevertheless, the spacer thickness has been demonstrated to being fixed at ƒ 100
nm and the previous thickness interval of the upper grating t œ [350, 450] nm has
been confirmed, being a promising result.

Figure 6.19: S3 map of the lasing mode for different grating periods (right); S3
comparison plot for Λ = 200, 300, 400 nm and different grating thicknesses (left).

The choice of keep fixed the upper grating period as the double of the one of the
bottom grating has been chosen as an initial assumption for technological reason
linked to process limitation of NIL. Nevertheless, even in this case process variations
may be present, thus a parametric variation of Λup has been performed around the
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nominal value of 300 nm, e.g.Λup œ [200, 400] nm. In Figure 6.20 is evident that
a grating thickness of t ƒ 400 nm is robust enough for technological tolerances
related to the grating period, showing almost a constant behaviour in terms of S3.

Figure 6.20: S3 lasing mode map for different grating periods and thicknesses.

The robustness of the design has been investigated with respect to the intrinsic
anisotropies, here described by means of the elasto-optic effect. The last, is induced
by the strain with typical nominal values of ‘ = ±[1, 2]· 10≠4. Looking at Figure
6.21 (left) obtained varying the strain values, the grating thickness values achieved
in the previous analysis have been confirmed, thus demonstrating the solidity of the
design for high values of tensile strain. For compressive strain slightly higher values
of grating thicknesses are required but always remaining within the aforementioned
values.

Figure 6.21: S3 lasing mode map for different values of applied strain (left). S3
map in function of the sol-gel refractive index parametric variation (right).
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The most crucial point is the particular sensitivity of the structure to the processes
devoted to the definition of the TiO2 sol-gel, namely the post-baking and thermal
curing steps. This problem will affect all the sol-gel properties and among the
others of course the value of the refractive index. This means that the value of
n associated to the grating and to the spacer is not so simple to be determined;
thus a parametric variations within the nominal value of n = 2 has been taken
into account in order to address this technological issue. The result of the analysis,
reported in Figure 6.21 (right), shows that CP can be obtained when n œ [1.8, 2.2]
and for the same values of grating thickness previous discussed.
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Final considerations and
future works

This research has yielded significant findings that contribute to the ongoing advance-
ments in CP-VCSELs and shed light on the complex interplay between technological
process limitation implementations, electromagnetic requirements and application
demanding. The grating VCSEL proposed designs integrates all the previous
requirements, achieved promising results.

Single grating VCSEL structure, even if easier to be technologically implement,
shows CP only in one specific case. Even though it seems to work correctly, the
structure is highly sensitive to external tolerances, and what is more, due to the
fact that lot of times the elasto- and electro- optic effect are difficult to estimate,
an implementation sufficiently independent from these intrinsic anisotropies is
required.
The most substantial and robust improvements have been observed in the double-
grating design, where wide technological range of validity have been obtained. By
modulating the spacer and upper grating thickness, the refractive index of the
sol-gel material and finely control the elasto-optic effect in the structure, CP has
been achieved in lot of possible configurations. Interestingly, also the single-grating
structure may lead to the wanted result, but being less robust it can be promisingly
employed for elliptical polarization applications.

These studies suggest that for a complete and deep analysis of the validity of the
proposed design, in the case of double-grating structure, a fruitful collaboration
with industrial partners, able to properly grow such structures, must be ensured in
order to properly define the sol-gel properties, essential for all the electromagnetic
analysis and the overall correct working principle of the device. As it is been
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demonstrated, technological steps for the definition of the sol-gel processes highly
affect the quality of the device components and consequently on the degree of CP.
Nevertheless, wide range of tolerances have been obtained in terms of technological
limitations, operating range that must be further investigate with deeper analysis
considering a complete 3D structure.

Being this work an initial investigation on this double-structure VCSEL, further
studies are required in order to investigate more the potentialities of the proposed de-
sign, especially in terms of electrical and thermal fields leading to the understanding
of additional possible parameters that can negatively influence and may degrade CP.

To conclude, these results show us a certainly promising considerations for future
technologically implementations in the view of more compact devices, not requiring
external tools for polarization conversion. The emerging applications in terms of
P-LIDARs, atomic clocks and atomic magnetometers in particular, may benefit of
these studies for a concrete implementation of these new technologies.
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