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Abstract

Exhaust flexible pipes are components characterised by a complex dynamic be-
haviour. Friction is generated by internal contacts in the interlock and entails a
dynamic softening phenomenon as the excitation amplitude increases.

Due to their complex geometry, the modelling is complicated. The purpose of the
thesis is to improve the dynamic model by investigating different Finite Element
formulations. Shell, connector, and thin-walled pipe elements are implemented in
Abaqus, and numerical modal analysis is run.
The models are adjusted in order to fit the first two experimental eigenfrequencies
identified by running frequency sweeps in shaker tests. Depending on the method,
either manual or automatic parametric optimization in Heeds is performed.

The results from different models are compared among themselves and in relation to
the measurements, and their corresponding pros and cons are stated.
Since the pipe elements turn out to be the most efficient and applicable way of mod-
elling for the first case-study of an U-shaped bellow, the method is adopted for other
single components and a dual bellow assembly as validation.
The model succeeds in fitting the eigenfrequencies for another bellow and its imple-
mentation in the complete pipe-assembly allows for coherent results with experimen-
tal tests. The match is not reached for a welded flexible hose.

New measurements on the shaker table are performed with the aim of capturing the
dynamic behaviour of flexible hose, but different results are obtained by using differ-
ent ways of attaching the accelerometer. The comparison between frequency sweeps
at different constant acceleration amplitudes evidences a softening phenomenon due
to non-linear behaviour, which strongly affects the response of the component.

Keywords: Exhaust flexible pipes, Finite Element Method, Modal Analysis, Equiv-
alent thin-walled pipe elements, Shaker test, Non-linear dynamics.
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Chapter 1

Introduction

1.1 Introduction and historical notes

”Although invented about hundreds of years ago, exhaust metal bellows play today an
important role in modern automotive engineering and emissions control”[1].

Flexible pipes, hoses, or expansion joints are mechanical components that are widely
used in various industrial applications for different purposes. Even if the field of
application changes, the main purpose remains the same. In the presence of axial
and angular movements, high internal pressure, and hot or cold fluid flow; flexible
pipes are included in larger installations in order to provide greater flexibility and
reduce the risk of failure.

In the last sixty years, various researchers have conducted studies on the application
of metal flexible pipes in different industries using analytical, numerical, and exper-
imental approaches. They are concerned above all with piping apparatuses in the
automotive sector and offshore oil industries, as shown in Figs. 1.1.1a and 1.1.1b,
respectively, but also in heat exchangers, power plants, and the chemical sector.
Only automotive flexible pipes, with a special consideration for heavy trucks, are
debated in this thesis. In order to have a broader framework about various fields of
application, it is suggested to glance at the recent review made by S.D. Wankhede
and S.H. Gawande which represents an exhaustive summary of the investigations of
the bellows up to the last years[2].

In the heavy truck industry, flexible pipes play an important role, especially in the
connection between the engine and exhaust after-treatment system. Here, the com-
ponents are linked by piping systems exposed to external excitation due to the close-
ness of the engine and road irregularities.

1



The presence of flexible pipes facilitates these connections thanks to tolerances and
decouples the load transferred between parts by reducing the transmission of vi-
brations and allowing for a general low level of vibration. At the same time, high
temperatures and gas corrosion entail the need for a specific design in order to main-
tain the same level of performance during their working lives.

(a) Automobile exhaust system[3].

(b) Flexible risers in offshore oil
industries[4].

Figure 1.1.1: Applications of flexible pipes in different industries.

Furthermore, in the last few years, after-treatment design has been affected by new
emission legislations Euro 6[5], starting in 2014, and Euro 7[6], forecasted for 2026,
which tighten up the exhaust emission limits for buses and trucks. It directly affects
the choice of flexible pipes that need to be gas-tight in order to guarantee more ro-
bustness and reliability in avoiding leakages of exhaust gases.

In this scenario, the role of simulations turns out to be fundamental in the devel-
opment of new design solutions, allowing for a decrease in the amount of physical
testing as well as the time required. Due to the complex structure, it is not obvious
which is the most efficient method of simulating the behaviour, and different finite
element formulations are considered in different simulation procedures.

Of all the cases, the dynamic behaviour turns out to be complicated to simulate be-
cause of the complex geometry and non-linear behaviour, that arises from contacts
among the parts and internal friction. High temperatures and ageing phenomena
contribute to making the problem difficult, but these aspects are not included in this
work.
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An important research project on this topic was conducted by G. Broman, M. Her-
mann, and A. Jönsson[1]. This procedure inspired the extended investigation of J.
Wall[3] who investigated the entity of the non-linear behaviour.

Experimental modal analysis is used as a reference for the development of reliable
simulations. Due to the difficulty of testing in operating conditions, tests are usu-
ally performed on shaker tables without considering the effects of temperature and
internal pressure. Both new and aged components can be used, although this thesis
includes only the first type.

1.2 Purpose and structure of the work

After defining appropriate guidelines for the simulation of exhaust flexible pipes for
static and fatigue load cases, this work arises from the need to improve the dynamic
model of exhaust flexible pipes used in the Strength Simulation group from Emission
Solutions Development in Scania CV AB.

Different finite element formulations have been investigated in order to develop a
simple yet reliable method of modelling.
The main purpose is to predict the dynamic behaviour of different flexible pipes and
larger systems with higher accuracy and increase overall simulation reliability.

The report consists of different chapters. Following the introduction, a state of the
art review includes a description of how flexible pipes are composed and recalls differ-
ent methodologies, evidencing pros and cons. The theory behind vibration mechanics
is presented together with the Finite Element Method by considering the different
finite element formulations.
The case studies are then presented, and the methodology motivates the procedure
followed in the investigation. Experimental setups are also shown, and the related
measurements are reported.
Different methodologies of modelling are proposed, and the analysis procedure is pre-
sented. The corresponding results are shown for each component and then discussed.
In the last part, the conclusions are drawn and the future work is defined.
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Chapter 2

State of the art

2.1 Exhaust flexible pipes: terminology and struc-

ture

The term flexible pipes can be misleading because it is used to indicate a vast category
of components that are rather different. By referring to catalogues from manufac-
turer companies[7], it is possible to make a distinction between flexible hoses and
expansion joints.
Flexible connectors or hoses, as shown in Fig. 2.1.1a, are used in the presence of
high-frequency, low-amplitude vibrations, but they are not designed to compress,
compensate for pipe expansion, or correct major misalignments in exhaust piping.
They are constructed from a single ply of small corrugations.

(a) Flexible hoses from manu-
facturing company[9].

(b) Expansion joints from man-
ufacturing company[10].

Figure 2.1.1: Components from manufacturing company.

Expansion joints or bellows, in Fig. 2.1.1b, have larger corrugations that allow them
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to compress more and tolerate pipe misalignment. They usually have a multi-ply
construction and are designed to absorb pipe expansion. The total movement capac-
ity of the bellows is proportional to the number of convolutions[8].
Boiler & Pressure Vessel Code of the American Society of Mechanical Engineers
(ASME) and Standards of the Expansion Joints Manufacturing Association (EJMA)[8]
represent the reference standards for flexible pipes.

In the automotive industry, exhaust flexible pipes usually consist of different parts
made of stainless steel, as shown in Fig. 2.1.2.

Figure 2.1.2: Basic design of automobile flexible joint[3].

The bellow is a single or multi-ply convoluted structure. It can be manufactured by
hydraulically forming from thin-walled tubes, as shown in Fig. 2.1.3, or by welding
thin-gauge discs serially. In certain pipe assemblies, it must be gas-tight.

Figure 2.1.3: Bellows hydroforming process[12].

The interlock or liner is inside the bellow and is a strip-wound hose produced by
helically winding a pre-formed metal strip into a fully interlocked profile, as shown
in Fig. 2.1.4. It is connected directly to the end-caps or by the use of inner sleeves.
It gets its flexibility and suppleness from the sliding of metal components within the
interlock section[11]. Furthermore, it reduces the temperature of the bellows and
improves flow conditions.
The braid is around the bellow and is made of wires tightly woven together. It con-
tributes to mechanical protection and limits the possible extension of the pipe. Only
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non-braided flexible pipes are considered in this work. The three parts are connected
with end-caps at the two ends[3].

Figure 2.1.4: Interlocked profile[3].

2.2 Current state-of-art of modelling exhaust flex-

ible pipes

Previous research about exhaust flexible pipes has applied analytical, numerical, and
experimental approaches to investigating design and application.
As regards the study of the dynamic behaviour in heavy truck exhaust systems, not
much has been found; however, research about automobile components is considered
relevant and exploitable. Literature other than the automotive industry is not taken
into account due to considerable differences between components.

Researchers present hand-calculation methods to study one type of vibration at the
time for single units of U-shaped bellows (Figs. 2.1.2 and 2.1.3), characterised by
specific boundary conditions[13]. The vibrations are mainly in axial and transverse
directions, but the torsion case is also discussed.
U-shaped bellows show high flexibility in bending and, at the same time, significant
stiffness in radial directions due to their complex geometry[1]. For this reason, the
cross-sections remain perpendicular to their axes, while the ovalling and shear de-
formation phenomena are negligible[14]. The beam approximation representation is
thus justified.
The implementation of beam elements needs to include the rotary inertia term, es-
pecially for short and large diameter components, in order to reduce errors.
Inertia changes due to fluid flow and convolution distortion are generally significant;
however, when studying non-operating components, they are absent. Furthermore,
the effects are negligible for the low-density fluids in exhaust systems.
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2.2.1 Equivalent thin-walled pipe element method

The desire to simulate the bellows behaviour by standard beam finite element for-
mulation in computation software arises from the difficulty of integrating analytical
solutions in the dynamic analysis of larger systems.
The idea of using equivalent thin-walled pipe elements comes from the work of G.
Broman, M. Hermann, and A. Jönsson[1]: although shell elements are recognized as
the most straightforward formulation, they require an expensive computational effort
that makes them less convenient, especially when larger assemblies are evaluated.
According to their method, the convoluted profile is replaced by a beam element,
keeping its total mass and stiffness. The stiffness can be computed through finite
element calculations on the full-geometry model, experimental measurements on ac-
tual bellows, or EJMA formulas[8] and it is used to define the material properties of
the equivalent geometry.

In axial and torsion vibrations, the equivalent beam behaves as a uniform rod[15],
according to both the governing equations and the computation software formula-
tion. The bending stiffness can be expressed in terms of the axial one and then
of the Young’s modulus. Bending vibrations are governed by a simplified version
of the pipe conveying fluid equation, in which fluid, shear, and pressure terms are
neglected[16].
In the numerical model, both two-noded linear or isoparametric three-noded parabolic
beam elements are available. The cross-section properties and the mass can be de-
fined in different equivalent ways.
The beam finite element formulation follows the Timoshenko beam theory for bend-
ing, but the influence of transverse shear is cancelled by setting the shear area ratio
to zero. To simulate both low axial stiffness and high torsion stiffness, the shear
modulus must be higher than Young’s modulus, and a negative Poisson’s ratio fol-
lows. The thin-walled pipe analogy generally does not hold entirely.

The possible contribution of the inner liner is briefly discussed: the non-linear be-
haviour due to friction is high, so it should be modelled separately and connected to
the bellows, but this connection to the elements of the bellow is not obvious.
This method includes axial, bending, and torsion vibrations at the same time and
makes the integration of the model in larger systems possible.
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2.2.2 Expansion of beam approximation method and inves-
tigation of non-linear behaviour

The previous research inspired the extended work of J. Wall[3] who investigated the
dynamic behaviour of an automobile exhaust system and how it is affected by the
presence of a bellows-type flexible joint. The joint in this exhaust system is sig-
nificantly non-linear due to internal contacts and internal friction in the liner, so a
non-linear dynamics analysis is necessary for the complete system. Engine and road
irregularities are generally the two sources of excitation.

Initially, the rest of the exhaust system is considered separately, and shell elements
are used. Since the ovalling effects of the pipes are negligible, the choice of modelling
by beam elements is justified[17], and it is assumed that the exhaust system behaves
linearly, but it is excited via the non-linear flexible pipe.
As a second step, the U-shaped bellow flexible joint is considered by adjusting the
previous procedure[1] and extending it to multi-ply bellows of a variable mean radius,
and including the end caps in the analysis[18].
The plies are assumed to work independently[8], so the stiffness is doubled. The end
caps are modelled using lumped mass and mass moments of inertia and connected
through rigid elements.

By exciting the system at different amplitudes, the eigenfrequencies shifted, as shown
in Fig. 2.2.1a. This can described by the frequency response function (FRF) where
the displacement is normalised by the reaction force and plotted versus the frequency.
It seems that at levels of excitation below the friction limit, the plies are still stuck
together in some parts, so the bending stiffness is high due to the large thickness.
When the plies come into contact as a consequence of bending, friction occurs. At
higher excitation, they just slip, and the shift no longer occurs.
Since the liner introduces a more significant non-linear phenomenon, the effect of
friction between different plies is negligible[18].

The third step involves a model of the combined bellow and liner joint for axial and
bending load cases[19]. The liner is affected by Coulomb-type dry friction due to the
relative motion between the coils: below the friction limit, it behaves elastically and
the coils are stuck; above that, slipping occurs.

Just like the bellow, an equivalent thin-walled pipe formulation is adopted and pa-
rameters are chosen to keep the same weight. The connection among them takes
place only at the outer nodes of the elements at the ends.
Non-linear characteristics are modelled through ideal elastic-plastic behaviour by as-
suming symmetrical and independent frequency friction. Since numerical problems
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arise when connecting ideal-plastic elements in series, only a short element is used
and connected to the rest of the elastic elements.

Since the joint is strongly non-linear, direct time integration using the explicit solver
of Abaqus is performed, and the fast Fourier transform computes the corresponding
amplitude by considering only the first harmonic.
Responses to excitations higher and lower than the friction limit are compared in
Fig. 2.2.1b.

(a) FRFs at different excitation lev-
els from previous research[18].

(b) Simulated axial results for dif-
ferent force levels[19].

Figure 2.2.1: Results of the simulation from previous research.

At low levels of excitation, the normalized response is small, and peaks occur at
higher frequencies; indeed, the stiffness of the liner is still high compared to the bel-
lows.
Around the friction limit, both sticking and slipping take place, and large friction-
based damping results. The normalized response increases, the peak frequencies are
shifted downward and the higher harmonics are significant.
At higher excitation, the liner is mostly slipping and the friction contribution is more
negligible; it approaches the behaviour of the bellow and the system becomes more
linear. The normalized response increases, but it is lower than in the case of bellow
without liner due to the addition of the liner mass.
The research shows the importance of including the liner in the model due to its
non-linear behaviour. The dynamic of the flexible joint strongly depends on the ex-
citation level and friction limit.

As a last step, the importance of having a flexible joint is evidenced by compar-
ing the dynamics of the system with and without it, as shown in Fig. 2.2.2a and
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2.2.2b. Since the response amplitude increases and significant non-linear behaviour
is associated with the liner, it is necessary to include it in the model to have reliable
simulations[20].

(a) Comparison of the trasmissibil-
ity in an exhaust system with a
rigid pipe or the flexible joint[20].

(b) Comparison of the trasmissibil-
ity in an exhaust system with just
bellow or bellow-liner joint.

Figure 2.2.2: Results of the simulation from previous research[20].

2.2.3 Alternative formulations

An alternative to the beam representation that consists in the implementation of
connector elements in the commercial finite element software Abaqus was explored
by R. Wagman[21]. The idea behind this approach is shown in Fig. 2.2.3.

Figure 2.2.3: Simplified method of modelling bellows by using 1D
elements[21].

Since the inner liner is not trivial to model, this approach does not demand geo-
metrical considerations; it only requires tabular data to describe the nonlinear stiff-
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ness characteristics and includes frictional behaviour. The connector type ”bush-
ing”, the most general one, is adopted, and its Connector Behaviour property is
described through the ”Connector Elasticity” and ”Connector Friction” keywords.
”DCOUP3D” elements connect the bellows to the manifold.
A limit of the method consists of the uncoupling between six components of relative
motion.

It is also shown how to implement the equivalent thin-walled pipe element method[1]
through the ”Beam General Section, Section Nonlinear” keyword. The stiffness char-
acteristics are extracted by loading the full FE-model through static analysis. For
the remaining pipe section, the actual sizes are modelled by beam elements with
linear stiffness parameters.

As regards the flexible hose, the modelling is considered challenging due to the pres-
ence of many contact surfaces, as stated in the thesis of N. Björkblad[22]. When
detailed studies are required, the actual geometry of the interlocked structure is
considered. Shell elements are chosen for the mesh, and, taking advantage of the
symmetry axes, the model is reduced to one quarter of three laps of helicoidal cross-
section, as shown in Fig.2.2.4.

Figure 2.2.4: Simplified FE-model of a flexible hose[22].

In cases where the geometry is missing or there is difficulty modelling it properly, the
connector approach can be extended to flexible hoses by using the connector type
”cartesian-rotation”. This approach is found in the researches of B. Sharifimajd[23]
and A. Tchernov[24]. This time, the stiffness is based on strength measurements and
has a non-linear behaviour. The ”spider” kinematic coupling connects its two ends
to other pipes, as shown in Fig. 2.2.5, while the mass is implemented by a point
mass at each end. As a drawback, non-diagonal terms of the stiffness matrix are not
known, and the influence between different degrees of freedom (DOFs) is not taken
into account.

A.I. Ingvason[25] considered the axisimmetry of the component to reduce its struc-
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ture to a 1D or 2D profile of both the strip-wounded hose and bellow[25], as shown
in Fig. 2.2.6a and 2.2.6b.

Figure 2.2.5: Simplified FE-model of a flexible hose[24].

(a) Interlock 1D mesh.
(b) Bellow mesh. (c) Part of the bel-

low meshed in shell ele-
ments.

Figure 2.2.6: Simplified FE-model of a flexible hose[25].

If the strip-wounded hose is not possible to simulate because of its multiple contact
areas and highly curved sections, the bellow is meshed by shell elements, while the
inner part is not considered, as shown in Fig. 2.2.6c. It is thus assumed that it does
not contribute to the stiffness of the bellow.
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2.3 Previous model

2.3.1 Modelling

A previous attempt at simulating a 16-convolutions U-shaped bellow was performed[26].
The results from previous measurements[27] (Sec. 6.2.1) are used as input for tun-
ing a FE-model of the bellow capable of replicating the correct dynamic behaviour.
The main goals were the matching of the first eigenfrequencies and full behaviour
afterward.

The starting point is the computer-aided design (CAD) model of the flexible pipe,
which includes the four parts: bellow, interlock, inner sleeves, and end-caps. A
simplified geometry is used for the interlock because its complete profile has a very
complex geometry with multiple contact points, so a high number of elements would
be needed.
For this reason, only the external surface, which consists of one ply of the U-shaped
bellow and end-caps, is considered as attached to two flanges, plates and supports
together, used in the measurement to hang the component to the fixtures, as shown
in Fig. 2.3.1. The fixtures are not included.

(a) Single bellow.

(b) Complete pipe-assembly.

Figure 2.3.1: FE-models from the previous attempt[26].

Since some elements are neglected, the mass of the model no longer corresponds to
the actual one, so the shell thickness and the geometry are adjusted to reach that
value.
The geometry is meshed by using only one layer of shell elements. For the single
bellow, all nodes on the edge of the holes, shown in Fig. 2.3.2a, are fixed in all DOFs
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to replicate the fastening by bolts.

Note that in the experimental measurement, an older bellow with more convolutions
was installed, rather than the standard outlet bellow. In the simulation, a standard
bellow was considered, as shown in Fig. 2.3.1b. Moreover, neither the CAD model
nor drawings were found for the older bellow used in the pipe-assembly at the time
of the simulation.
Two identical models are used. They are connected to the other pipes, and all nodes
at the outer edges of outer pipes are fixed in all DOFs to constrain the installation,
as shown in Fig. 2.3.2b.

(a) Boundary conditions in single
bellow.

(b) Boundary conditions in com-
plete pipe-assembly.

Figure 2.3.2: Boundary conditions from the previous attempt[26].

The stiffness of this model depends on the material and geometry properties of the
material assigned.

The simulation is performed in two steps in Abaqus. Firstly, the eigenfrequencies
and corresponding mode shapes below 1000 Hz are extracted by using Lanczos eigen-
solver, and the eigenvectors are scaled with respect to the structure’s mass ma-
trix. Subsequently, the measurement is simulated by applying a base motion for
an eigenmode-based procedure in the axial and transverse directions separately and
running a frequency sweep in the range 0−1500 Hz; its linearized direct steady-state
response is then computed.
For all frequencies, the damping is defined as 1%. For each node and element, dis-
placement and stress outputs are computed, respectively. The base motion has an
amplitude of 1 m/s2 in order to get the response as transmissibility.
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As it was initially built, the model resulted in a too stiff and light structure. The
actual mass is then reached by varying the density and shell thickness for the bellow
and end caps.
As regards the first natural frequencies, they are rather higher than experimental
values. Since high first natural frequencies are typical of stiff structures, and the
stiffness of the model depends on the material and geometry properties of the ma-
terial assigned to the different parts, a manual optimization procedure was then
performed by adjusting only the Young’s modulus until the first eigenfrequency was
fitted.

2.3.2 Results

The different iterations of Young’s modulus and the corresponding first eigenfrequen-
cies for both the single pipe and the pipe-assembly are reported in Tab. 2.1.

Iterations 1 2 3 Target
Young’s modulus [GPa] 1 7 10 -
Single bellow’s first eigenfrequency [Hz] 51 132 156 138
Complete pipe-assembly’s first eigenfrequency [Hz] 16 41 48 30

Table 2.1: Eigenfrequencies for different Young’s modulus[26].

Although the model could be calibrated further, it came close to matching the first
eigenfrequency. For the single bellow, the eigenmode directions correspond to the
measured ones.
The conclusion was that a more advanced model was required, and it was suggested,
as a possible improvement, to add more layers of shells since the bellow is charac-
terised by two plies.
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Chapter 3

Theory

3.1 Vibration mechanics

The branch of vibration mechanics deals with oscillating mechanical systems about
equilibrium positions. These phenomena are connected to the operating conditions
or external sources of excitation and may seriously affect the correct behaviour of
the components by introducing noise, dissipation of energy, and decrease of their
lifetime. These reasons make it important to take them into account.

3.1.1 SDOFs and MDOFs systems

Even the most complex vibrating system can be studied as a linear combination of
SDOFs independent systems[28]. A single degree of freedom (SDOF) system consists
of three elements: a rigid mass m, a spring characterised by a certain stiffness k, and
a damper that dissipates energy with a damping coefficient c, as shown in Fig. 3.1.1a.

(a) SDOF system.

(b) MDOF system.

Figure 3.1.1: Schematic representation of SDOF and MDOF systems[29].
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The properties of the system affect its free response, that is, how the mass moves
starting from the initial condition, and forced response, if the mass is excited by an
external force.
The system equilibrium is described by the following Equation of Motion:

mẍ(t) + cẋ(t) + kx(t) = F (t). (3.1)

The Eq. 3.1 can be expressed in its canonical form as follows:

ẍ(t) + 2ξωnẍ(t) + ω2
nx(t) =

F (t)

m
(3.2)

where ωn is the natural frequency and ξ is the damping ratio.
In a linear system where the superposition principle is valid, the steady-state response
to an harmonic excitation F (t)) = F0e

iΩt is expressed as:

x(t) = A0e
iΩt (3.3)

where

A0 =
F0

k

1 + 2iξ Ω
ωn

− Ω2

ω2
n

. (3.4)

The ratio between response and excitation depends on the excitation frequency, and
it is known as FRF H(Ω). It can be expressed as transmissibility, the ratio between
two commensurable entities that represent, as follows:

H(Ω) =
A0

F0/k
. (3.5)

A multiple degree of freedom (MDOF) system can be modelled as multiple SDOF
systems coupled among themselves, as shown in Fig. 3.1.1b. The Equations of
Motion are generally expressed in matrix form as:

M{ẍ}+C{ẋ}+K{x} = {F (t)}. (3.6)

3.1.2 -3dB method

The FRFs are often plotted on a logarithmic scale, such as the dB scale, according
to the following equation:

A(Ω)dB = 20log10(|A(Ω)dB|). (3.7)
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Starting from the peak and going down of 3 dB, two points on the curve with
amplitude A = Amax

103/20
= Amax√

2
are obtained, as shown in Fig. 3.1.2.

Since the energy associated with a certain signal in the time domain is proportional
to the squared amplitude, these points are characterised by half the power compared
to the peak. By assuming a very small damping factor ξ ≪ 1 and symmetry of the
curve around the peak, it is obtained that:

ξ =
Ωmax − Ωmin

2ωn

. (3.8)

Figure 3.1.2: −3 dB or half-power bandwidth method[30].

3.1.3 Modal analysis

The determination of the natural frequencies or eigenfrequencies of a system and their
corresponding modes of vibration is called modal analysis. They are the frequencies
at which the system reaches the highest vibration amplitudes.

By considering an undamped system and assuming that the solution can be expressed
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in the form {x(t)} = ϕ{η(t)}, the corresponding eigenvalue problem is obtained
starting from Eq. 3.6:

(K− ω2
iM)ϕi = 0, (3.9)

where ωi = 2πfi and {ϕi} are the angular eigenfrequencies and eigenmodes of the
system, respectively. They are collected in the respective eigenvalue and modal
matrix:

Λ =


ω2
1 0 · · · 0
0 ω2

2 · · · 0
...

...
. . .

...
0 0 · · · ω2

i

 ϕ =


ϕ1,1 0 · · · ϕ1,n

ϕ2,1 ϕ2,2 · · · ϕ2,n
...

...
. . .

...
ϕn,1 ϕn,2 · · · ϕ3,3

 (3.10)

According to the principle of the modal superposition, it is possible to decompose
the original MDOF system into n SDOF systems expressed as:

miη̈i(t) + ciη̇i(t) + kiηi(t) = Fi(t), (3.11)

and the response is given by the sum of all the individual modal contributions:

x(t) =
n∑

i=1

ϕiηi(t). (3.12)

3.1.4 Signal analysis

Every periodic function can be expressed by a Fourier series, which is a sum of
harmonic functions:

f(t) = a0 +
∞∑
k=1

(akcos(kΩ0t) + bkcos(kΩ0t)). (3.13)

It can also be written in exponential form as:

f(t) = a0 +
∞∑
k=1

(
ak − ibk

2
eikΩ0t +

ak + ibk
2

e−ikΩ0t). (3.14)

Although the response of a system is measured in the time-domain as the ampli-
tude of displacement, velocity, or acceleration signal that represents a waveform, the
associated harmonic functions cksin(wkt + ϕk) allow to represent its spectrum, the
collection of the spectral lines (ωk, ck), in the frequency-domain.
As regards non-periodic functions, they can be assumed to be periodic over an infinite
period of time, so the corresponding waveform can be written as a linear combination
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of harmonic functions. It is obtained by using the Fourier transform.
The Direct Fourier transform is computed as follows:

F (ω) =

∫ ∞

−∞
f(t)e−iωtdt, (3.15)

while the inverse Fourier transform is defined by:

F (ω) =
1

2π

∫ ∞

−∞
F (ω)eiωtdω. (3.16)

The FRFs are computed by applying harmonic excitation at constant amplitude and
measuring the response at different frequencies.

3.1.5 Random process

During measurements, similarities in the signals are investigated. A stationary pro-
cess is characterized by a constant average value and auto-correlation, which is how
much a signal can be predicted from past observations, along the time axis. They
are computed as follows:

µx(t) = limN→∞
1

N

N∑
n=1

xn(t). (3.17)

Rxx(τ) = limN→∞
1

N

N∑
n=1

xn(t)xn(t+ τ). (3.18)

If it also happens in different sample functions, it is called ergodic. If two different
signals xn(t) and yn(t+ τ) are compared, the cross-correlation function is computed.
In the presence of stationary random processes, the Fourier transform allows for
the computation of the corresponding spectral functions. The Auto-Power Spectral
Density (PSD) function is defined as the Fourier transform of the autocorrelation
function R(τ),

Sxx(ω) =

∫ ∞

−∞
Rxx(τ)e

−iωτdτ, (3.19)

while the Cross-Power Spectral Density (CPSD) function is defined as:

Syx(ω) =

∫ ∞

−∞
Ryx(τ)e

−iωτdτ. (3.20)

An estimation of the accuracy of a measurement is indicated by the linearity between
input and output functions. It is given the coherence function computed by:

γyx(ω) =
|Syx(ω)|2

Sxx(ω)Syy(ω)
. (3.21)
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3.1.6 Non-linear vibrations

The linear approximation stated in Sec. 3.1 allows to deal with simplified problems
in which the superposition principle can be applied, both the FRF and the modal
parameters are invariant from the excitation amplitude, and the solution is unique.
This approximation is no longer valid in the presence of large oscillations and fric-
tion, and non-linear behaviour must be taken into account. Harmonic distortions
represent a warning of the non-linear behaviour: both harmonics and sub-harmonics
of the excitation frequency, not directly excited by the input, may be present in the
response, as shown in Fig. 3.1.3.

Figure 3.1.3: Example of harmonic
distortion[31].

Figure 3.1.4: Example of FRF distortions[31].

Differently from linear systems, they are characterised by multiple solutions that are
stable only for small perturbations. Furthermore, the response may be significantly
affected by a change in the initial conditions, just as chaotic systems. The level of ex-
citation entails a softening or hardening non-linear behaviour and the FRFs change,
as shown in Fig. 3.1.4.
It is important to verify the presence of these phenomena by using sine sweeps,
random vibrations, or hammer tests at different amplitudes.
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3.2 Finite Element Method

The Finite Element Method (FEM) is a numerical technique for solving partial dif-
ferential equations in boundary value problems. Finite elements defined by a set of
nodes are used to discretize the problem domain[32].
Each finite element is characterised by a set of governing equations which are then
assembled into a global system of equations, associated with the entire problem.
The use of such a principle guarantees the best, but approximated, solution of the
governing system equation under certain conditions.

This method is implemented in many computational software programs. The choice
of the element types depends on the application: the use of solid and shell elements
can provide more information, but it makes the model more computationally expen-
sive, so 1D elements can be preferred and are easier to employ.

3.2.1 Shell elements

Shell elements are 2D elements applied to structures with one dimension significantly
smaller than the others and in which the stresses in the thickness direction are
negligible, such as plates and tubes.
They are formulated starting from a 2D solid element superimposed onto a plate
element: the first one handles the membrane or in-plane effects, while the second
one deals with bending or off-plane effects[32]. So these elements undergo bending
and twisting, as well as in-plane deformation.
In Abaqus[33], plane sections perpendicular to the shell mid-surface are assumed to
remain plane. In this case, four nodes shell with 6 DOFs per node are used, as shown
in Fig. 3.2.1.

Figure 3.2.1: 4 nodes shell element[29].
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3.2.2 Beam elements

Beam elements are 1D elements that connect two points, and they are less expensive
than shell elements. In beam theory, a one dimensional approximation is based on
the assumption that the cross-section dimensions are quite smaller compared to the
one along the axis of the beam.
In Abaqus[33], it is considered a solid beam with 6 DOFs per node, as shown in Fig.
3.2.2, that can deform along the beam axis in bending and torsion. The deformation
of the beams is influenced by variables that change only with the position along the
beam axis.

Figure 3.2.2: 3D beam element.

These elements also have additional flexibility associated with transverse shear defor-
mation between the beam’s axis and its cross-section directions. Shear deformation
is neglected in cubic elements, so they cannot be used to model short beams, while
the quadratic ones are Timoshenko beams, so they are shear deformable.
A cross-section is assigned to the element, and it cannot deform in its own plane.
Different shapes are available, and its orientation must be specified. As regard the
dynamic behaviour, the rotary inertia of a beam cross-section is considered for thick
beams, while it is negligible for slender beams.
Two different beam sections can be used: Beam Section is characterised by the inte-
gration of the beam section during the analysis, while it is not required by using Beam
General Section. The two approaches turn out to be equivalent for the purposes of
this work.
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3.2.3 Connector elements

Connector elements are point-to-point connections defined between two nodes. The
connection-type library in Abaqus[33] contains translational and rotational basic
connection components that affect translational and rotational degrees of freedom
at both nodes on the connector element. Assembled connectors are combinations of
translational and rotational degrees of freedom.
The Cartesian and Rotation types are chosen for this application, as shown in Fig.
3.2.3a and 3.2.3b.

(a) Connection type cartesian. (b) Connection type rotation.

Figure 3.2.3: Cartesian-rotation connector type[33].

There are different ways of assigning mechanical behaviour to the elements. Spring-
like elastic characteristics can be specified for each available component of relative
motion independently, and the behavior can be linear or non-linear.
It is not possible to specify the density or mass of the elements, but additional
lumped mass elements can be added manually. For these elements, it is also necessary
to specify the orientation of the local coordinate system to consider the stiffness
characteristics.
Different definitions of stiffness are available, for example, the entire stiffness matrix,
including the non-diagonal parameters, can be defined, but further coupled tests
would be necessary.

3.2.4 Kinematic coupling

The kinematic coupling, also known as ”spider” and shown in Fig. 3.2.4, allows to
constrain a large number of nodes to the rigid body motion of a single node in certain
DOFs. It provides coupling between different types of elements, such as shells and
beams or connectors.
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Figure 3.2.4: Kinematic coupling[33].

3.3 Timoshenko beam element

In the presence of a beam with symmetric cross-section to the y-axis and symmetric
loads to the x-y plane, only the axial force Nx, bending moment Mz and shear force
Vy are not negligible, as shown in Fig. 3.3.1. This is the in-plane beam model, in
which the displacements of the axis remain in the x-y plane and the cross-sections
do not rotate about the axis. The material behaviour is assumed to be linear elastic.

Figure 3.3.1: Stress resultants for a symmetric beam subjected to in-plane
loads[34].

If distributed loads in the direction of the axis or perpendicular to it and distributed
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moment loads are present, the following equilibrium equations are formulated:
dNx

dx
+ qx = 0

dVy

dx
+ qy = 0

Vy =
dMz

dx
−m = 0

(3.22)

In Euler-Bernoulli beam theory, shear deformations are neglected. Two equilibrium
equations are then obtained: {

dNx

dx
+ qx = 0

d2Mz

dx2 + qy = 0
(3.23)

In the presence of a homogeneous cross-section, and then a uniform Young’s modulus
E, the centroid of the beam results in the centre of gravity, and its tensile EA and
bending stiffness EIz are so defined.
According to the Bernoulli-Navier assumption, cross sections perpendicular to the
axis of the beam, after the development of the deformations, remain plane and per-
pendicular to the curved axis.

In Timoshenko beam theory, the shear deformations are taken into account, as shown
in Fig. 3.3.2.

Figure 3.3.2: Deformation of a beam when the shear deformation are ne-
glected (a) and when they are taken into account (b)[34].
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In case (a), the cross section is perpendicular to the axis of the beam, and for small

displacements
dw

dx
≪ 1, it is true that:{

χy =
dw
dx

κz = −d2w
dx2

(3.24)

where χy is the rotation of the plane cross-section when the plane cross-section
approximation holds.
The material equation of the Euler-Bernoulli beam theory is computed as:

Mz = EIzκz (3.25)

According to the Timoshenko beam theory, the cross-section plane is no longer nor-
mal to the beam axis. The rotation of the beam axis is due to both the bending and
shear deformation:

dw

dx
= χy + γ̄y (3.26)

Looking at Fig. 3.3.3, the equilibrium equations from Eq. 3.22 can be rewritten as
follows: {

Vy =
dMz

dx

qy +
dVy

dx
+Nx

d2w
dx2 = 0

(3.27)

After further calculations, Timoshenko’s beam equation can be written as:

EIz
d4w

dx4
=

(
1− EIz

S

d4

dx4

)(
Nx

d2w

dx2
+ qy

)
. (3.28)

In order to consider the dynamic equilibrium, the inertia forces are introduced. The

Figure 3.3.3: Distorted beam element[35].
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rotary inertia term opposes the cross-section rotation due to bending. For a homo-
geneous cross-section, mass and rotary inertia are computed as:{

m = ρA

R = ρIz
(3.29)

The equilibrium equations are given by:{
∂Vy

∂x
+ qy +Nx

∂2w
∂x2 −m∂2w

∂t2
= 0

−Vy +R ∂3wb

∂x∂t2
+ ∂Mx

∂x
= 0.

(3.30)

that allows us to write the equation:

EIz
∂4w

∂x4
+

(
EIz
kGA

∂2

∂x2
− 1− R

kGA

∂2

∂t2

)[
qy +Nx

∂2w

∂x2
−m

∂2w

∂t2

]
−R

∂4w

∂x2∂t2
= 0.

(3.31)
With qy and Nx equal to zero, it is obtained that:

EIz
∂4w

∂x4
+m

∂2w

∂t2
− m

S

(
EIz

∂4w

∂x2∂t2
−R

∂4w

∂t4

)
−R

∂4w

∂x2∂t2
= 0 (3.32)

which describes the dynamic behaviour of a Timoshenko’s beam.

3.4 Vibrations governing equations for flexible pipes

As already stated, the bellows can be modelled as pipe elements whose dynamic
behaviour can be described by using partial differential equations.
In the presence of axial vibrations, the pipe elements behave like a uniform rod[15],
as shown in Fig. 3.4.1a and the governing equation is given by:

∂2u

∂t2
− E

ρ

∂2u

∂x2
= 0. (3.33)

Since the beam formulation is justified[14], the bending stiffness can be expressed
in terms of the Young’s modulus. For the bending vibrations in Fig. 3.4.1b, the
differential equation for a pipe conveying fluid is considered[16]. Since the pipe is in
non-operating conditions, the terms related to fluid flow and pressure are neglected,
and Eq. 3.32 is obtained. The shear deformations are negligible due to the high
stiffness in the radial direction, so the final equation is written as:

EIz
∂4w

∂x4
+m

∂2w

∂t2
−R

∂4w

∂x2∂t2
= 0. (3.34)
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As regards the torsion vibrations, the pipe elements follow again the behaviour of a
uniform rod[15], as shown in Fig. 3.4.1c. The governing equation is expressed as:

∂2θ

∂t2
− G

ρ

∂2θ

∂x2
= 0. (3.35)

(a) Displacements of a
uniform rod in axial
vibration[1].

(b) Displacement of
a beam in bending
vibration[1].

(c) Displacement of a
uniform rod in torsion
vibration[1].

Figure 3.4.1: Theoretical model of the equivalent thin-walled pipe element
in axial, bending and torsion vibration.

3.5 Optimization

In this work, an optimization process is performed in Heeds MDO[36] software with
the aim of fitting the model in relation to the actual behaviour of the component.
The Simultaneous Hybrid Exploration that is Robust, Progressive, and Adaptive
(SHERPA) algorithm is adopted: it employs multiple search strategies at once and
adapts to the problem as it learns about the design space.

The optimization study consists of the investigation of different design conditions
obtained by changing design parameters and has as its final purpose the achievement
of certain goals. In particular, one or more objective functions must be minimized
or matched.
The investigation includes an iterative procedure in which a new design is set and
the defined response is computed by specified formulas or as a difference between
two curves. At the end of each iteration, the objective function is computed and it is
checked that the solution is feasible and the variation from the previous guess is still
higher than the tolerance. Otherwise, the study continues until a maximum number
of evaluations is reached.
The problem is constrained if upper or lower limits are defined for the parameters or
responses. In that case, not all the solutions are feasible. Constrained problems are
generally more difficult to solve.
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Chapter 4

Case studies

4.1 Components

In trucks, according to current design solutions for exhaust systems, flexible pipes
are part of different pipe-assemblies placed before or between the after-treatment
system components.
The after-treatment system deals with the collection of the exhaust gases, cleaning
them to ensure the engines meet emission regulations, reducing the level of noise
caused by the exhaust gases, and finally discharging them out of the vehicle. The
exhaust pipes harness gases into the system and through different components, be-
fore discharging them through the tailpipe into the environment.
Since working conditions, as well as requirements, change along the after-treatment
system, different flexible pipes are chosen for each pipe-assembly.
Three components belonging to single and dual flexible pipe assemblies are consid-
ered in this work.
The dual bellow pipe-assembly is characterised by two identical bellows located be-
tween two outer pipes and the central one. This installation is mounted under the
frame, between the main and secondary silencers. Hydroformed U-shaped bellows
with an interlock are used. Two alternative versions are introduced in Figs. 4.1.1a
and 4.1.1b. They differ in geometrical dimensions, especially in the number of con-
volutions and length. In the first one, the interlock hangs on a pair of inner sleeves
inserted in the end caps.
The purpose of these bellows is to allow movement and flexibility of the exhaust pipe
with movements of the chassis. Since the load in the chassis is mainly road induced,
excitation arises at low frequencies, and these bellows are generally developed with
respect to the displacement in the chassis[27].
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In the single flexible pipe assembly, a flexible hose is implemented. In this case, the
assembly line connects the engine to the main silencer. This configuration adopts
the welded U-shaped bellow in Fig. 4.1.1c. Due to its closeness to the engine, its
working conditions are more critical. Exhaust gases are at higher temperatures and
in more untreated exhausts, entailing the need for gas-tight bellows. In addition to
road induced vibrations, excitation can also arise at higher frequencies related to
engine rotational speed.
Since premature and unpredictable failures have been experienced, strip-wounded
hoses have been analyzed several times, and wear has been identified as a major fail-
ure mechanism[22], and stiffening phenomena associated to high temperatures have
been detected[37].

(a) Flexible pipe A1:
16 convolutions
U-shaped bellow.

(b) Flexible pipe A2:
27 convolutions
U-shaped bellow.

(c) Flexible pipe B:
Gas tight hose
(GTH).

Figure 4.1.1: Components from exhaust dual (left,centre) and single (right)
flexible pipe installations.

4.2 Design information

The information about mass, geometry, material properties, and static stiffness val-
ues of the three flexible pipes is reported in the following Tabs. 4.1 and 4.2.
The bellow is made of a different material with respect to the interlock and end caps
in order to be gas-tight; despite that, the material properties, density, and Young’s
modulus are the same.
The geometry is provided by design engineers through technical drawings from sup-
pliers or CAD models; otherwise, it can be obtained by taking physical measurements
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of the components themselves. The masses are measured by weighing the compo-
nents on digital scales.
As regards the flexible pipes A1 and B, the values of static stiffness are available
from previous testing of different samples, and the average values are taken.
For the bellow A1, the axial static stiffness is computed by the test rig in Sec. 6.3.2.
The torsional one instead is assumed.

Property Bellow A1 Bellow A2 Bellow B
m [kg] 1.7168 1.7096 2.7873
n 16 27 62
L [m] 0.182 0.182 0.286
D [m] 0.1374 0.130 0.140
E [GPa] 193 193 193
ρ [kg/m3] 8000 8000 8000

Table 4.1: Mass, geometrical dimensions and material properties of the
three flexible pipes.

Property Bellow A1 Bellow A2 Bellow B
kT [N/m] 42100 54363 5725
tT [N/m] 58900 - 2673
bT [Nm/rad] 264 - -
cT [Nm/rad] 55900 60000 17380

Table 4.2: Static stiffness values of the three flexible pipes.
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Chapter 5

Methodology

As already stated, this work aims to select a new method for modelling the dynamic
behaviour of flexible pipes used in exhaust piping systems. Three different compo-
nents and one pipe-assembly line are involved. The study is carried out by following
several steps, as shown in the flow chart diagram below.

The results from shaker testing represent the starting point for the investigation. The
possible uncertainties from physical testing related to the FRFs are not considered,
and the results are retained as reliable.
For two of the three flexible pipes, they are already available from previous measure-
ments, while a new test on the third component is designed and performed within
this project. The objective is the evaluation of the response in different directions by
frequency sweep and the identification of the first eigenfrequencies and eigenmodes.
They are used in the fitting of the model for the single flexible pipe.

The state of the art review identifies a few methods already implemented by other
researchers and provides evidence of their relative pros and cons. After a first selec-
tion, the nominated methods are applied to the bellow A1 (Fig. 4.1.1a).
A model for each approach is built starting from the CAD model, known geometry,
and previous testing results.
Through a numerical modal analysis, the first eigenfrequencies and, in general, the
FRFs are evaluated through a linear perturbation. The results are then compared
with the experimental ones, and, if they are not captured with enough accuracy, an
optimization process is performed by varying the chosen parameters until the match
or the maximum number of iterations is reached.
If the match with the experimental results is not satisfactory, a new method is con-
sidered; otherwise, it is identified as the final method and it is used in the following
models.
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One or more methods able to capture the dynamic behaviour of the flexible pipe are
selected, and the most efficient one is implemented in other case-studies as valida-
tion. In particular, it is applied to the bellow A2 (Fig. 4.1.1b), and then the model
for the single bellow is substituted in the dual bellow assembly to simulate the global
behaviour of the entire installation.
The results are then compared with the experimental ones. If the selected method
is not successful, one of the alternatives is tried.
The same procedure is followed for the flexible hose B (Fig. 4.1.1c).

The models are developed by using Hypermesh and Abaqus Keywords in parallel.
The analysis, performed in Abaqus, consists of an eigenfrequency extraction and a
direct steady state analysis, as shown in Sec. B. The FRFs are computed at the
nodes corresponding to the locations of accelerometers on the components during
the measurements. In the simulations of complete pipe-assembly, the nodes associ-
ated with the accelerometers in the middle and at the inner ends of the bellows are
considered.

Heeds optimization software is used subsequently to adjust the model to the results
by using the Sherpa method. In each iteration, the computed and experimental first
two eigenfrequencies are compared, and the model is adjusted in order to match the
experimental values, as shown in Fig. 5.0.1a.
The structure of the optimization process is shown in Fig. 5.0.1b.

(a) Objectives of the optimization.

(b) Different analysis in the opti-
mization procedure.

Figure 5.0.1: Structure of the optimization process in Heeds[36].

At the beginning of each iteration, a new set of parameters is proposed. Depend-
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ing on the model, these parameters are directly provided to ”Abaqus 2” in order
to perform the numerical modal analysis, or they are first substituted in an Excel
sheet[38] that computes the actual parameters through the formulas associated with
a theoretical model and substitutes them in Abaqus afterwards.
”Abaqus 3” and ”Abaqus 4” analyses are performed in parallel to compute the axial
and torsion stiffness values in the models composed of different parts, with the aim
of comparing those with results from static tests. The model is fixed at the node at
one end, and an axial force and a torque are applied one at a time at the other end.
An attempt at using curve-fitting in Heeds has been performed, and the guidelines
are provided in the attached presentation[39].
The optimization procedures provide information about the influence of different pa-
rameters on the dynamic behaviour (Sec. C), so that it can be considered in the
design process.

Shaker test results

New method of
modelling bellow A1

Steady state
dynamics simulation

Optimization:
eigenfrequency fitting

Match?

Final method

Alternative method

Dual bellow assembly Flexible hose BBellow A2

yes

no
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Chapter 6

Testing

6.1 Experimental modal analysis

In the study of physical dynamics, experimental tests play an important role in un-
derstanding the characteristics of the system and providing information to compare
with analytical and numerical approaches, especially when they are not accurate
enough due to the complexity of the system.

Experimental modal analysis is performed with the aim of measuring the FRFs as
magnitude, mainly acceleration, or transmissibility, given by the ratio between re-
sponse and excitation.
The common measuring chain requires the presence of different tools[28]. First of
all, a signal generator establishes the type of excitation, usually of low amplitude,
and sends it to an amplifier. The structure is then excited by a shaker, an electro-
magnetic exciter, connected by a stinger, which causes the oscillation. Depending
on the number of signal channels available, a certain number of accelerometers, that
are, transducers able to measure acceleration, is attached to the structure to record
the response. The data are finally sent to an analyzer that computes and stores the
FRF.

Damping is introduced in the oscillations to reduce the amplitude of the peaks and
avoid damaging the component. It usually varies with the excitation frequency.
The structure can be constrained or in free-free conditions. This choice must be
taken carefully with the aim of replicating the operating conditions because it affects
the results significantly.

Since the human eye is not able to directly observe the response of a system due to
the small and quick motions that characterize it, a stroboscope is used. It is shown
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in Fig. 6.1.1. This instrument provides intermittent illumination of a rotating or
vibrating object, and when its frequency is either the same or a sub-multiple of the
system one, it produces an optical illusion of stopped or slowed motion.
This direct observation allows us to verify the response of the system, especially the
presence of resonances at certain frequencies. It turns out to be useful when there
are doubts about the accuracy of the measurement setup and the independence of
the results from that.

Figure 6.1.1: Stroboscope from manufacturing company[40].

In this work, experimental modal analysis is performed through frequency sweeps on
a shaker table.
As regards the experimental damping, it is computed according to the −3 dB or
half-power bandwidth method (Sec. 3.1.2).

Depending on the type of signal, different vibration tests can be run. The charac-
teristics of the system and the purpose of the analysis influence on this choice.
A sine test provides a general understanding of the dynamic behaviour of a system.
A harmonic excitation at a given frequency and constant amplitude is applied until
steady-state conditions are reached and the peak sinusoidal value of the response is
recorded. The frequency is then swept in a certain range to study the responses to
different harmonics applied at a time.
This type of excitation is far from being a real-life vibration, so it does not provide
information related to actual responses in applications because the same amount of
energy is used in exciting the system at each frequency.

Differently from the sine test, random vibration testing involves a broad spectrum
of vibration frequencies and tries to simulate real working conditions.
Random vibrations represent a physical phenomenon that cannot be described by
meaningful mathematical expression. The signal is characterised by a series of dif-
ferent frequencies that overlap.
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The Power Spectral Density (PSD) provides information about the shape of random
signal that indicates the distribution of the signal over frequency range. Not all the
frequencies have the same importance in the excitation. Estimation of the response
and durability of the system can be performed.

6.2 Previous measurements

6.2.1 Shaker test

Test setup

The dual bellow assembly has been the object of previous measurements with the
purpose of understanding the dynamics of the bellows[27]. Two different test setups
were used, one with a complete exhaust pipe assembly and one with only a single
bellow. One at a time, they were mounted on the shaker table.
The pipe-assembly in Fig. 6.2.1 used the bellow A2 (Fig. 4.1.1b). It was fixed to the
fixtures with V-band clamps, which in turn were attached to the shaker table. Five
tri-axial accelerometers were located along the pipe, and two additional ones were
placed on the fixtures.

Figure 6.2.1: The test setup with the complete exhaust pipe assembly,
mounted on the shaker table[27].

In the second setup, both bellow A1 (Fig. 4.1.1a) and A2 (Fig. 4.1.1b) were consid-
ered, as shown in Figs. 6.2.2a and 6.2.2b. They were welded to two flanges, which
in turn were attached to the fixtures. A tri-axial accelerometer was attached to one
of the convolutions, and the directions of measurement coincided with the local co-
ordinate system.
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Tests were performed by both running frequency sweeps and using random vibra-
tions along and transverse the component, in the Y and X directions, respectively,
according to local coordinate systems.

(a) Bellow A1. (b) Bellow A2.

Figure 6.2.2: The test setup with the single bellow[27].

The frequency was swept from 10 Hz to 1500 Hz for both complete assembly and
single bellow, while the amplitude of the shaker table was held constant at 20 m/s2

in the first case and at 10 m/s2 in the second one. For the random vibrations, the
test setups were excited by Scania’s specific test spectrum for chassis components.
Since the fixtures were characterised by distinct resonances at frequencies at around
400 Hz, as shown in Fig. 6.2.3, and, from Fig. 6.2.4, it appeared to influence the
response in the pipe assembly, the analysis was focused on frequencies up to 300 Hz.
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(a) Right hand side fixture, fre-
quency sweep in Y-direction.

(b) Left hand side fixture, frequency
sweep in Y-direction.

(c) Right hand side fixture, fre-
quency sweep in X-direction.

(d) Left hand side fixture, frequency
sweep in X-direction.

Figure 6.2.3: Response in acceleration in individual directions for ac-
celerometers at the fixtures (in Fig. 6.2.1) from frequency sweep in Y
and X test direction[27].
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(a) Frequency sweep in Y-direction. (b) Frequency sweep in X-direction.

Figure 6.2.4: Response in acceleration as vectorial sum for all the ac-
celerometers along pipe-assembly from frequency sweep in Y and X test
direction[27].

Test results

Pipe-assembly For complete pipe-assembly, the main response arises in the mid-
dle part (Fig. 6.2.1) in vertical direction. Looking at Fig. 6.2.5, two evident peaks
are identified at around 170 Hz and 250 Hz.
Another peak at around 30 Hz becomes clear by comparing the response in velocity
to the shaker table one in Fig. 6.2.6.
The respective mode shapes were determined with a simplified modal analysis. At
30 Hz, the middle part moves mainly along the pipe, alternately compressing and
decompressing the bellows.
At higher frequencies, the middle part mainly moves more in the vertical direction,
and the bellows compress or decompress as a reaction to that.
The random vibration test highlights in the middle part the same peaks of the fre-
quency sweep, as shown in Fig. 6.2.7. Furthermore, an additional peak at around
130 Hz, not noticed previously, is obtained in the responses in the Y direction by
accelerometers at the inner sides of bellows.
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(a) Frequency sweep in Y-direction. (b) Frequency sweep in X-direction.

Figure 6.2.5: Response in acceleration as vectorial sum for all the ac-
celerometers along pipe-assembly from frequency sweep in Y and X test
direction[27].

(a) Frequency sweep in Y-direction. (b) Frequency sweep in X-direction.

Figure 6.2.6: Response in velocity as vectorial sum for the accelerometers at
the middle part, inner sides of the bellows, and for the shaker table (pipe-
assembly setup), from frequency sweep in Y and X test direction[27].
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(a) Random vibration in Y-direction.

(b) Random vibration in X-direction.

Figure 6.2.7: Response in transmissibility in individual directions for the
accelerometers along the pipe-assembly, from random vibration in Y and
X test direction[27].

The result of measurements on complete pipe-assembly is summarised in Tab.
6.1.
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Mode Eig. [Hz] Damp. [%] Reference accelerometer Mode shape
1 30 15(Y)-36(X) Middle part, inner side of bellows Test direction
2 130 - Inner side of bellows Test direction
3 170 - Middle part Vertical direction
4 250 - Middle part Vertical direction

Table 6.1: Eigenfrequencies and eigenmodes of complete pipe-assembly[27].

Single bellows For single bellows, the main response arises in the axial direction
in both bellows A1 and A2, as shown in Figs. 6.2.8, 6.2.9, and 6.2.10.
The bellow A1 shows the first peaks at around 138 Hz and 166 Hz, while for the
bellow A2, they are located at 116 Hz and 178 Hz.
The same result is obtained by random vibration, as shown in Figs. 6.2.11 and 6.2.12,
with the exception of the first peak of bellow A1 from the frequency sweep in the
X-direction: the peak at 166 Hz in the vertical direction is not recorded; instead, it
is at 218 Hz in the transverse direction.

Thanks to a close-up in Fig. 6.2.11b, it is possible to see that a peak at around 160
Hz in the vertical Z-direction is also captured by using random vibrations, but it
results in a lower response in the X-direction and excitation table, as shown in Fig.
6.2.13, and for this reason it is considered.

(a) Frequency sweep in Y-direction. (b) Frequency sweep in X-direction.

Figure 6.2.8: Close-up at response in transmissibility in individual direc-
tions for bellow A1 from frequency sweep in Y and X test direction[27].
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(a) Frequency sweep in Y-direction.

(b) Frequency sweep in X-direction.

Figure 6.2.9: Response in transmissibility in individual directions for bellow
A1 from frequency sweep in Y and X test direction[27].
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(a) Frequency sweep in Y-direction.

(b) Frequency sweep in X-direction.

Figure 6.2.10: Response in transmissibility in individual directions for bel-
low A2 from frequency sweep in Y and X test direction[27].
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(a) Random vibration in Y-direction.

(b) Random vibration in X-direction.

Figure 6.2.11: Response in transmissibility in individual directions for bel-
low A1 from random vibration in Y and X test direction[27].
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(a) Random vibration in Y-direction.

(b) Random vibration in X-direction.

Figure 6.2.12: Response in transmissibility in individual directions for bel-
low A2 from random vibration in Y and X test direction[27].
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Figure 6.2.13: Close-up at response in transmissibility in individual direc-
tions for bellow A1 from random vibration in X direction.

The results of measurements on single bellows are summarised in Tabs. 6.2 and
6.3, and the related damping ratios are specified.

Mode Eigenfrequency [Hz] Damping ratio [%] Mode shape Test direction
1 138 1.48 Axial Y
2 166 - Vertical X

Table 6.2: Eigenfrequencies and eigenmodes of bellow A1[27].

Mode Eigenfrequency [Hz] Damping ratio [%] Mode shape Test direction
1 116 1.11 Axial Y
2 178 0.63 Transverse X

Table 6.3: Eigenfrequencies and eigenmodes of bellow A2[27].
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By comparing the random vibration response of the single bellow with the complete
pipe-assembly one, as shown in Fig. 6.2.14, the left-hand side bellow in the instal-
lation (Fig. 6.2.1) has a first peak at around 121 Hz, slightly higher than the one
measured for the single bellow and in the same direction. Its location is the closest
to the single bellow test setup.

(a) Random vibration in Y-direction.

(b) Random vibration in X-direction.

Figure 6.2.14: Response in transmissibility in individual directions for the
accelerometers at the bellows in complete pipe-assembly from random
vibration in Y and X test direction[27].
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6.3 New measurements

6.3.1 Shaker test

Test setup

In order to investigate the dynamic behaviour of the flexible hose B from the single
flexible pipe assembly (Fig. 4.1.1c), new measurements are requested at the Scania
shaker test lab. The aim is to get the same kind of results as the previous test and
investigating the possible amplitude dependence of the responses.
The flexible hose is fixed to two flanges with V-band clamps, which are attached to
the fixtures, designed specifically for this test.
The fixtures, in turn, are mounted on the shaker table.

Tests are performed by frequency sweeps along and transverse the component in the
Y and X directions, respectively, according to local coordinate systems. Firstly, the
frequency is swept from 20 Hz to 1500 Hz with the amplitude of the shaker table,
which is held constant at 20 m/s2. Secondly, the frequency is swept from 20 Hz to
400 Hz at different amplitudes of the shaker table, including between 5 and 50 m/s2.

In the previous measurements, attaching the tri-axial accelerometer to the flexible
pipe was not trivial, but in this case, it is even harder because the convolutions are
sharper and thinner. The configuration with the accelerometer attached to one of
the convolutions is shown in Figs. 6.3.1a and 6.3.1b.
An alternative setup is also tried out by fixing a hose clamp on two convolutions and
glueing the accelerometer on the top, as shown in Fig. 6.3.1c. The accelerometer is
moved to the side of the clamp, as shown in Fig. 6.3.1d, in order to get a measurement
of the response in the direction of excitation by running a frequency sweep in the
Y-direction and compare the influence of two positions on the results.
The frequency sweeps at different amplitudes are performed by using this setup with
the addition of a further accelerometer at one end of the flexible hose as a reference,
as shown in Fig. 6.3.2a.

Two transducers are located on the fixtures to verify their possible influence on the
response. This influence is further examined by testing the fixtures without flexible
pipe, as shown in Fig. 6.3.2b. The directions of measurement for accelerometers
generally coincide with the local coordinate system.
During the tests, a stroboscope allows for direct observation of the vibrations on the
flexible pipe in order to check that the setup does not alter its behaviour.
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(a) Setup with accelerometer at-
tached directly to one convolution.

(b) Close-up at accelerometer at-
tached directly to one convolution.

(c) Setup with accelerometer at-
tached to the top of the hose clamp.

(d) Setup with accelerometer at-
tached to the side of the hose
clamp.

Figure 6.3.1: Different setups for the new measurements.
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(a) Setup for frequency sweeps at
different amplitudes.

(b) Setup with only the fixtures.

Figure 6.3.2: Different setups for the new measurements.

Test results

All setups show the main response in the axial direction, as shown in Figs. 6.3.3 and
6.3.4. The responses in the directions of excitation for different setups are compared
in Figs. 6.3.5a and 6.3.5b.
Since the fixtures are characterised by first resonances at around 280 Hz, as shown in
Figs. 6.3.6a and 6.3.6b, and it appears to influence the response in the flexible hose
starting from 280 Hz, as shown in Figs. 6.3.5a and 6.3.5b, the analysis is focused on
lower frequencies.
The first setup (in Fig. 6.3.1a) shows the first peaks at around 163 Hz and 207 Hz,
while by using the second one (in Fig. 6.3.1c), they are located at around 131 Hz and
211 Hz. The accelerometer attached to the side of the hose clamp (in Fig. 6.3.1d)
records a first peak at around 147 Hz for the excitation in the Y-direction.
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(a) Frequency sweep in Y-direction.
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(b) Frequency sweep in X-direction.

Figure 6.3.3: Setup with accelerometer on the convolution: response in
transmissibility in the direction of excitation from frequency sweep in Y
and X test direction.
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(a) Frequency sweep in Y-direction.
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(b) Frequency sweep in X-direction.

Figure 6.3.4: Setup with hose clamp: Response in transmissibility in indi-
vidual directions from frequency sweep in Y and X test direction.
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Figure 6.3.5: Response in transmissibility in the direction of excitation for
different setups from frequency sweep in Y and X test direction.
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(b) Frequency sweep in X-direction.

Figure 6.3.6: Setup with only fixtures: response in transmissibility in the
direction of excitation for different setups from frequency sweep in Y and
X test direction.

The results of the first measurements are summarised in Tab. 6.4.

Mode Eigenfrequency [Hz] Damping ratio [%] Mode shape Test direction
1 131-163 11.87-6.57 Axial Y
2 207-211 - Transverse X

Table 6.4: Eigenfrequencies and eigenmodes of flexible hose B.

As regards the second investigation, the responses in different directions for the ac-
celerometer on the hose clamp are obtained at different acceleration amplitudes. The
results are reported in App. A, and they are summarised in Tab. 6.5. Acceleration
responses related to three different values of acceleration amplitude are compared in
Figs. 6.3.7 and 6.3.8.
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Acceleration amplitude [m/s2] First peak in Y-dir. [Hz] First peak in X-dir. [Hz]
5 198 227
10 185 224
15 159 194
20 147 176
25 136 165
30 130 152
35 97 140
40 87 126
45 87 120
50 78 108

Table 6.5: First eigenfrequencies of the flexible hose B at different acceler-
ation amplitudes.
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direction.
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(b) Acceleration response in Y-
direction.
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direction.

Figure 6.3.7: Acceleration responses from frequency sweep in Y-direction
at 5 m/s2, 25 m/s2 and 50 m/s2.
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direction.
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(b) Acceleration response in Y-
direction.
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direction.

Figure 6.3.8: Acceleration responses from frequency sweep in X-direction
at 5 m/s2, 25 m/s2 and 50 m/s2.

Discussion

The measurements turn out to be non trivial at all. As regards the excitation in the
Y direction, the first peak is found at three different eigenfrequencies, distributed in
a range of 32 Hz, for the different setups. On the other side, the excitation in the
X direction evidences the presence of a peak between 207 and 211 Hz with a narrow
margin of error.
These differences cause one to think that results are partially affected by the setup
itself, not only due to the addition of mass but also by the grip of the hose clamp on
the component.

In the first case, in Fig. 6.3.1a, the accelerometer is glued to the tip of the thin
convolution, and it adds a small, but not negligible, mass to the system. It can be
seen as a lumped mass hung at the end of a slender beam. From this observation,
the suspicion that the accelerometer is capturing a response strongly influenced by
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its own presence arises.

In the second case, in Fig. 6.3.1a, in order to avoid any slipping between the hose
clamp and flexible hose, it must be tightened enough, but at the same time, too
much tightening can compress the convolutions and alter the actual behaviour of the
system. It is also shown that moving the accelerometer on the side (in Fig. 6.3.1d)
affects the response in the Y direction.

Furthermore, the use of the stroboscope allows to notice a concentration of the vi-
brations on one side with respect to the hose clamp; it is another hint about the
possible alteration of the responses due to the setup.
Running the measurements with only the fixtures (in Fig. 6.3.2b) allows us to con-
firm that they are not affected by the behaviour of the flexible pipes, so their first
eigenfrequencies are known precisely.

The results in Sec. A and the comparison in Fig. 6.5 evidence that the response
is influenced by the acceleration amplitude of the shaker table. In particular, the
higher the amplitude, the lower the eigenfrequency of the first peak. The dynamic
behaviour then shows an extreme softening at high acceleration amplitudes. As ex-
pected, the amplitude of the peak grows as the excitation level increases.
In Fig. 6.5, it can also be seen that other harmonics appear at different amplitudes,
and the identified first peak does not always belong to the same one. These are both
warnings of the presence of non-linear dynamic behaviour.
Since there were two convolutions of the bellow dent during the measurements, the
results in general should not be considered totally accurate. For example, some dif-
ferences are found in the responses of two measurements at the same amplitude and
setup, as shown in Figs. 6.3.4a, A.0.1d, 6.3.4b, and A.0.3d, respectively.

6.3.2 Static test

Test setup

In order to extract the missing static stiffness values for the bellow A2, an axial static
test is run on a test rig. Previously, the flexible pipes were tested by suppliers who
provided the test data sheets.
As regards the setup, the component is located vertically, with the bottom flange
fixed at the base and the top one attached to the cross-head that moves up and down
thanks to four screws, as shown in Fig. 6.3.9. At the beginning, the bellow is slightly
compressed, and then a cycle of stretching and compressing is run by recording the
force and the axial displacement. The procedure is repeated four times at doubling
rates, respecting the original value V .

59



Figure 6.3.9: Test setup for static test on the test rig.

The axial static stiffness value is then computed by interpolating the experimental
data by using a straight line and considering its slope. The average value is chosen
as the axial static stiffness for the component.

Test results

The results for the four measurements are shown in Fig. 6.3.10 and the corresponding
static stiffness values from the interpolation are reported in Tab. 6.6.

Measurement Rate Axial static stiffness [N/m]
1 V 54640
2 2V 54330
3 4V 55500
4 8V 52990

Table 6.6: Axial static stiffness from the different measurements on the
test rig at doubling rate.
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(a) Test at starting rate V .
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(b) Test at the rate 2V .
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(c) Test at the rate 4V .
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(d) Test at the rate 8V .

Figure 6.3.10: Static tests of the axial stiffness at the doubling rate.
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Chapter 7

Modelling

7.1 Proposed models for the bellow A1

As a result of the state of the art review conducted, three different methods were
identified.
The idea is to start from the previous model and propose a new one for bellow A1,
so that they can also be used for other flexible pipes.
In the different methods, the geometry is characterised by the current model of the
flexible pipe attached to the flanges kept from previous models as well as the bound-
ary conditions, as shown in Sec. 2.3.1.
As regards the analysis, some changes are made to be more coherent in relation to
the testing. The steady-state analysis is considered between 10 and 500 Hz, and the
frequency resolution is increased, while the amplitude for the base motion is changed
to 20 m/s2 for the single bellow and 20 m/s2 for the complete assembly.
This time, the damping ratio is taken from experimental measurements, and it is
approximated to 1% only if it is not known.
The FRFs are now computed at the nodes located in the position where the corre-
sponding accelerometers are placed during the measurements.

7.1.1 Shell elements method

The shell approach is quite similar to the one defined in the previous model; only
small adjustments are made with the aim of allowing easier comparison of results
with respect to the tests and other methods.
This method requires a CAD model of the flexible pipe whose outer surface is meshed
by using shell elements, as shown in Fig. 7.1.1. As already stated, the interlock
cannot be considered because its proper structure is not present in the CAD; however,
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its complex geometry would require too many elements, and the model would become
computationally expensive.

Figure 7.1.1: Bellow A1 by using shell elements model.

The mass of the element depends on the density and shell thickness used for the
flexible pipe, while the stiffness is determined by material properties and geometry.
The Young’s modulus can then be varied to change the stiffness and match the first
eigenfrequency. It is not suggested to compute the different iterations by using an
optimization software because the time required will be much higher than in other
cases.

7.1.2 Connector elements method

In the absence of a CAD model or when the geometry of the component is unknown
or even more complex, the connector approach is suitable. The model is shown in
Fig. 7.1.2.
It only requires as input the stiffness characteristics in the directions of 6 DOFs,
which are the results of the measurements obtained by axial, transverse, bending,
and torsion static tests.
These elements include all the different parts of the flexible pipe, so no information
about their single mass or stiffness is required.

The definition of the mass or density of the element is not available, but it must be
included in a different way to get reliable results, especially in a dynamic simulation.
A possible solution is to add lumped mass elements at the two ends of the connector.

63



A better approach sees the use of more connectors in series, one attached to the other,
and with mass elements located in each intermediate node. They are connected to
the flanges by ”spiders”. The complete model is sketched in Fig. 7.1.3.

Figure 7.1.2: Bellow A1 by using connector elements model.

Figure 7.1.3: Simplified representation of the parts of Bellow A1 by using
thin-walled pipe elements model.

Since they are characterised by spring-like stiffness characteristics for each DOF,
each element has its own contribution to the total stiffness of the component.
In particular, they behave like springs in series subjected to the same force or moment
and the single element is characterised by stiffness values computed as follows:

kc = nckT
tc = nctT

bc = ncbT
cc = nccT

(7.1)

for all the axial, transverse, bending and torsion directions. As regards the mass, a
single lumped element is characterised by:

mc =
m

nc + 1
, (7.2)
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This model is easy to implement by assuming that the mass and stiffness are equally
distributed along the axis of flexible pipe. It is certainly not true, but, at the same
time, their distributions are unknown.

If the match of the first eigenfrequency is not achieved at the first attempt, it is
possible to set an optimization process to fit the model by using the optimization
software Heeds[36]. In this case, the parameters related to the stiffness assigned to
the single elements and single masses can be changed.
Since the use of a large number of parameters makes the optimization more difficult
with a lower probability of success, the elements and lumped masses are assumed to
be the same for each element.
Later, the attempt to consider two different values for the elements at the ends and
the ones in the middle of flexible pipe, taking into account the heavier and stiffer
characteristics of the ends, is investigated.

7.1.3 Equivalent thin-walled pipe elements method

The following method is applicable if the geometry of the component as well as its
axial and torsion stiffness are known. It becomes more and more precise if informa-
tion about the dimensions, mass, and stiffness values of the single parts of flexible
pipes is available.
Differently from the shell elements method, it does not consider the actual geometry
of the component but tries to build an equivalent one. If the connector approach
includes all the parts in the same element, in this case, there is an attempt to model
them separately.
For describing the equivalent pipe elements with linear static behaviour in Abaqus[33],
two geometrical dimensions, mean radius and wall thickness, and three material prop-
erties, density, Young’s modulus, and Poisson’s ratio, are required.
The procedure for computing these parameters is described below. The total mass is
kept the same with respect to the original geometry, while the total stiffness varies
and is verified later.

Equivalent bellow model

A simplified representation of the profile of one U-shape convolution is shown in
Fig. 7.1.4a. The lateral surface is assumed to be perfectly straight and vertical. By
assuming that s ≪ Rr, Rc, and h ≪ Rm, the length of the convoluted part is given
by:

L = 2(Rr +Rc)n. (7.3)
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The bellow is then equivalent to an equivalent thin-walled pipe of length L and with
a pipe section characterised by radius Rm = D+h

2
and wall thickness sp, as shown in

Fig. 7.1.4b.

(a) U-shaped convolution
geometry[1].

(b) Thin-walled pipe analogy of
bellows[1].

Figure 7.1.4: Basics of the equivalent thin-walled pipe element model.

The mass per unit of length is not constant due to the convoluted profile. Since
the mass of the only U-shaped part is unknown, it is computed starting from the
geometry as follows:

m =
ρ2πRm[π(Rr +Rc) + 2(h−Rr −Rc)]s

2(Rr +Rc)
. (7.4)

All the mass is assumed to be located at the mean radius of the bellows, as described
by the thin-walled pipe analogy. In the presence of bending or torsion rotations, the
rotary inertias of the cross-section per unit length are expressed as:{

J = Jyy = Jzz =
mR2

m

2

Jxx = mR2
m

(7.5)

The definition of the pipe density and wall thickness are connected: since the mass
per unit length and mean radius are defined, one of the parameters is assumed, and
the other one is computed as a consequence by meeting the requirement:

spρp =
m

2πRm

. (7.6)

The density is assumed to be the same as that of the bellow material.
As regards the geometrical characteristics, the area, area moment of inertia, and polar
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area moment of inertia of the equivalent pipe cross-section are computed according
to the equations: 

Ap = 2πRmsp
Ip = πR3

msp

Kp = 2πR3
msp.

(7.7)

As already stated, the total axial stiffness of the convoluted part depends on the
characteristics of the convolute as follows:

kp =
k

2n
. (7.8)

Since it depends on Young’s modulus, the last one can be computed as:

Ep =
kTL

Ap

. (7.9)

Following the same reasoning, the total torsion stiffness of the convoluted part is
given by:

cp =
c

2n
, (7.10)

and the associated shear modulus is computed as:

Gp =
cTL

Kp

. (7.11)

By considering the Young’s and shear moduli, the corresponding Poisson’s ratio
should be:

νp =
Ep

2Gp

− 1. (7.12)

Based on the computed equivalent geometry and material properties, the equivalent
Poisson’s ratio can be negative.
The transverse shear stiffness and rotary inertia are computed internally, starting
from the shear stiffness, area, and moment area of inertia of the cross-section.

Equivalent models of the other parts

As regards the non-convoluted section of the bellow, it can be modelled by simple
pipe elements. The diameter and thickness are taken from the original geometry.
The material properties are the same as those of the bellow material.
The end caps are represented by lumped masses located in the middle of the straight
pipe ends.
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The interlock is the most difficult part to model because, apart from its diameter,
its geometry, mass, and stiffness values are not known.
The inner sleeves have a known structure that consists of cylindrical and conical pipe
sections in series, but the mass and stiffness are not known, so it is not convenient
to model them separately, introducing new parameters to consider.
The inner structure, including both interlock and inner sleeves, is then modelled
together by using other pipe section elements.

Equivalent flexible pipe model

The inner and outer structures are considered in parallel, but all the nodes are in
common since they are supposed to move in a synchronous way due to the inner
contact. The two ends are connected to the flanges by ”spiders”. The complete
model is sketched in Fig. 7.1.5.

Figure 7.1.5: Simplified representation of the parts of Bellow A1 by using
thin-walled pipe elements model.

As already stated, the actual values of the geometric and material parameters of
single parts are not known.
For the convoluted part of the bellow, theoretical[8] and numerical[1] approaches can
be followed with the aim of estimating the axial and torsion static stiffness values
starting from the corresponding characteristics of half convolution, but the related
attempts resulted in excessively rigid structures.
The optimization process is then needed. Initial guesses of the material properties
of convoluted and inner parts are estimated by their stiffness characteristics in order
to meet the stiffness of the entire component.
The interlock geometry and end-cap masses are defined so that the total mass is
met. This condition is maintained by varying the end-cap masses and computing the
interlock one as a difference.

Since the bellow geometry is known for both the convolutions and end caps, the only
uncertain parameters are used in the optimization in order to keep the number of
design variables low. They are the stiffness of convolutions and interlock, interlock
geometry, and end cap mass. In this case, the characteristics to assign to pipe
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elements, lumped masses, and rotary inertia terms are computed automatically in
an Excel sheet[38]. The parameter values already known are reported in Tab. 7.1.
The final model is represented in Fig. 7.1.6a, while the beam profiles are rendered

Property Parameter value
ρp [kg/m3] 8000
Rm [m] 0.068
sp [m] 0.0012
ρs [kg/m

3] 8000
Rm,s [m] 0.053
ss [m] 0.0005

Table 7.1: Known parameters design of the beam element model for bellow
A1.

in Fig. 7.1.6b to show the corresponding geometry.

(a) Standard representation. (b) Representation with rendered
beam profiles.

Figure 7.1.6: Bellow A1 by using thin-walled pipe elements model.

7.2 Proposed models for the other case-studies

The equivalent thin-walled pipe element method has been chosen to continue the
investigation for the other case-studies.
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7.2.1 Bellow A2

In this case, the same method used for the bellow A1 is applied. Some geometrical
dimensions are known with less accuracy because they are measured directly on
the component, and the torsion stiffness is assumed. The parameter values already
known are reported in Tab. 7.2.

Property Parameter value
ρp [kg/m3] 8000
Rm [m] 0.069
sp [m] 0.0015
ρs [kg/m

3] 8000
Rm,s [m] 0.065
ss [m] 0.0005

Table 7.2: Known parameters design of the beam element model for bellow
A2.

Since the bellow was slightly shorter, nuts were used in the measurements to fill the
space between the flanges and the supports, as shown in Fig. 6.2.2b. However, this
difference is negligible, and the two bellows are assumed to have the same length.
Also, the boundary conditions are the same.
The corresponding model is shown in Fig. 7.2.1.

Figure 7.2.1: Bellow A2 by using thin-walled pipe elements model.
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7.2.2 Dual bellow assembly

The models of bellow A1, obtained by using shell elements, and bellow A2, obtained
by using thin-walled pipe elements, are used to represent the two bellows in the pipe
assembly.
The same boundary conditions of the previous model, presented in Fig. 2.3.2b, are
adopted. The models made by using shell and thin-walled pipe elements are shown
in Figs. 7.2.2 and 7.2.3, respectively.

Figure 7.2.2: Dual bellow assembly by using shell elements model.

(a) Standard representation.
(b) Representation with rendered
beam profiles.

Figure 7.2.3: Dual bellow assembly by using thin-walled pipe elements
model.

7.2.3 Flexible hose B

In this case, the convolutions are welded, so their profile is more difficult to interpret,
but the same approach is followed. The parameter values already known are reported
in Tab. 7.3.
The distance between the flanges is increased since the length of flexible hose is
greater, while the boundary conditions do not change.
The corresponding model is shown in Fig. 7.2.4.
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Property Parameter value
ρp [kg/m3] 8000
Rm [m] 0.073
sp [m] 0.0011
ρs [kg/m

3] 8000
Rm,s [m] 0.07
ss [m] 0.0003

Table 7.3: Known parameters design of the beam element model for bellow
B.

Figure 7.2.4: Flexible hose B by using thin-walled pipe elements model.
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Chapter 8

Results

The results from numerical simulations are reported in the following sections, in
which they are compared among themselves and in relation to experimental measure-
ments. The comparison focuses on the response in the frequency range of 10 − 300
Hz because, at higher frequencies, the influence of fixtures during measurements be-
comes not negligible due to the presence of their first eigenfrequency. For the last
test on flexible hose B, it occurs at 280 Hz, so the range is reduced to 10− 240 Hz.

8.1 Bellow A1

First of all, the results obtained by different methods for bellow A1 (Fig.4.1.1a) are
reported together with respective experimental references.

8.1.1 Shell elements method

The results related to the shell method (Fig. 7.1.1), adopted in the previous study[26],
are adjusted to make them coherent and comparable with other approaches and re-
ported in Fig. 8.1.1.
The corresponding first two mode shapes are shown in Fig. 8.1.2.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.1.1: Comparison between shell elements model and experimental
measurements of the response in acceleration in individual directions for
bellow A1 from frequency sweep in Y and X direction.

74



(a) First mode shape. (b) Second mode shape.

Figure 8.1.2: First two mode shapes captured for bellow A1 by shell ele-
ments model.

The results of the simulations on the bellow A1 by using the shell elements model
are summarised in Tab. 8.1.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%] Mode shape Test direction

1 133 138 1.48 Axial Y
2 174 166 1 Transverse X

Table 8.1: Eigenfrequencies and eigenmodes of bellow A1 by using shell
elements model.

8.1.2 Connector elements method

The connector elements approach (Fig. 7.1.2) is first applied by considering the
static stiffness characteristics provided by the supplier. The results are shown in
Fig. 8.1.3.

75



0 50 100 150 200 250 300 350 400 450 500

Frequency [Hz]

0

100

200

300

400

500

600

700

800

A
c

c
e

le
ra

ti
o

n
 [

m
/s

2
]

Response in X-direction

Response in Y-direction

Response in Z-direction

Experimental response in X-direction

Experimental response in Y-direction

Experimental response in Z-direction
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(b) Frequency sweep in X direction.

Figure 8.1.3: Comparison between connector elements model and experi-
mental measurements of the response in acceleration in individual direc-
tions for bellow A1 from frequency sweep in Y and X direction.

The parametric optimization process allows for fitting the model by varying the
stiffness parameter values. The best design is reported in Tab. 8.2.
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Property Optimal parameter value Change [%]
kT [N/m] 2674000 217
tT [N/m] 3664000 211
bT [Nm/rad] 9800020 185156
cT [Nm/rad] 2080000 86

Table 8.2: Best design obtained by parametric study on the connector
element model for bellow A1.

The results obtained by using the optimized model and associated mode shapes
are shown in Figs. 8.1.4 and 8.1.5.
The results of the simulations on the bellow A1 by using the connector elements
model are summarised in Tab. 8.3.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%] Mode shape Test direction

1 139 138 1.48 Axial Y
2 167 166 1 Transverse X

Table 8.3: Eigenfrequencies and eigenmodes of bellow A1 by using connec-
tor elements model with optimized parameters values.

(a) First mode shape.
(b) Second mode shape.

Figure 8.1.4: First two mode shapes captured for bellow A1 by connector
elements model with optimized parameters values.
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(b) Frequency sweep in X direction.

Figure 8.1.5: Comparison between connector elements model with opti-
mized parameters values and experimental measurements of the response
in acceleration in individual directions for bellow A1 from frequency sweep
in Y and X direction.

78



8.1.3 Equivalent thin-walled pipe elements method

As regards the method by using equivalent thin-walled pipe elements (Fig. 7.1.6),
at the end of the parametric study, the optimal values for bellow stiffness, interlock
variables, and end-caps mass are found, as shown in Tab. 8.4. The corresponding
results and mode shapes can be seen in Figs. 8.1.6 and 8.1.7.

Property Optimal parameter value
kb [N/m] 15040
cb [Nm/rad] 90000
ρi [kg/m

3] 7495
Rm,i [m] 0.044
ki [m] 29117
ci [m] 55310
me [kg] 0.3

Table 8.4: Best design obtained by parametric study on the beam element
model for bellow A1.

By applying static loads, the static stiffness values in Tab. 8.5 are obtained for the
model.

Property Computed Experimental Error [%]
kT [N/m] 53087 42100 26
cT [Nm/rad] 147357 55900 164

Table 8.5: Static stiffness values of bellow A1 model obtained by static
simulations.

The results of the simulations on the bellow A1 by using thin-walled pipe elements
models are summarised in Tab. 8.6.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%] Mode shape Test direction

1 141 138 1.48 Axial Y
2 167 166 - Transverse X

Table 8.6: Eigenfrequencies and eigenmodes of bellow A1 by using thin-
walled pipe elements model.
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(b) Frequency sweep in X direction.

Figure 8.1.6: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for bellow A1 from frequency sweep in Y and X direction.
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(a) First mode shape. (b) Second mode shape.

Figure 8.1.7: First two mode shapes captured for bellow A1 by thin-walled
pipe elements model.

8.2 Bellow A2

For the bellow A2 (Fig. 4.1.1b), only the equivalent thin-walled pipe elements (Fig.
7.2.1) have been used. The parameter values of the optimal design obtained from
the parametric study and corresponding static stiffness are reported in Tab. 8.7.

Property Optimal parameter value
kb [N/m] 6073
cb [Nm/rad] 50500
ρi [kg/m

3] 6900
Rm,i [m] 0.076
ki [m] 48295
ci [m] 48934
me [kg] 0.206

Table 8.7: Best design obtained by parametric study on the beam element
model for bellow A2.

The corresponding results and mode shapes can be seen in Figs. 8.2.1 and 8.2.2.
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(b) Frequency sweep in X direction.

Figure 8.2.1: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for bellow A2 from frequency sweep in Y and X direction.
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(a) First mode shape. (b) Second mode shape.

Figure 8.2.2: First two mode shapes captured for bellow A2 by thin-walled
pipe elements model with optimized parameters values.

By applying static loads, the static stiffness values in Tab. 8.8 are obtained for
the model.

Property Computed Experimental Error [%]
kT [N/m] 62074 54363 14
cT [Nm/rad] 103622 60000 73

Table 8.8: Static stiffness values of bellow A2 model obtained by static
simulations.

The results of the simulations on the bellow A2 by using the thin-walled pipe
elements model are summarised in Tab. 8.9.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damping ratio [%] Mode shape Test direction

1 116 116 1.11 Axial Y
2 179 178 0.63 Transverse X

Table 8.9: Eigenfrequencies and eigenmodes of bellow A2 by using thin-
walled pipe elements model.
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8.3 Pipe-assembly

Starting from bellow A2 model, the results related to the complete pipe-assembly
(Fig. 6.2.1) are reported together with respective experimental references.

8.3.1 Shell elements method

In the previous study[26], it was only possible to substitute the bellow A1 model in
the pipe-assembly (Fig. 7.2.2). Although it is not actually comparable, the associ-
ated results are reported to show the potentiality of the method.
The responses corresponding to the accelerometers located in the middle of the cen-
tral pipe and at the inner sides of the bellows are adjusted to make them coherent
and comparable with other approaches, and compared with experimental measure-
ments in Figs. 8.3.1, 8.3.2, and 8.3.3.
The associated mode shapes are shown in Figs. 8.3.4, 8.3.5, 8.3.6 and 8.3.7.
The results for pipe-assembly using the shell elements model are summarised in Tab.
8.10.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%]
Reference

accelerometer
Mode shape

1 43 30
15(Y)
36(X)

Middle part,
Inner side of bellows

Test
direction

2 152 130 -
Middle part,

Inner side of bellows
Test

direction

3 176 170 - Middle part
Vertical
direction

4 195 250 - Middle part
Vertical
direction

Table 8.10: Eigenfrequencies and eigenmodes of complete pipe-assembly by
using shell elements model.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.3.1: Comparison between shell elements model and experimental
measurements of the response in acceleration in individual directions for
the accelerometer in the middle of the complete pipe assembly from fre-
quency sweep in Y and X direction.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.3.2: Comparison between shell elements model and experimental
measurements of the response in acceleration in individual directions for
the accelerometer at the inner side of the left hand bellow in the complete
pipe assembly from frequency sweep in Y and X direction.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.3.3: Comparison between shell elements model and experimental
measurements of the response in acceleration in individual directions for
the accelerometer at the inner side of right hand bellow in complete pipe
assembly from frequency sweep in Y and X direction.
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(a) First mode shape with excita-
tion in Y-direction.

(b) First mode shape with excita-
tion in X-direction.

Figure 8.3.4: First mode shapes captured for complete pipe-assembly by
shell elements model.

(a) Second mode shape with excita-
tion in Y-direction.

(b) Second mode shape with excita-
tion in X-direction.

Figure 8.3.5: Second mode shapes captured for complete pipe-assembly by
shell elements model.

(a) Third mode shape with excita-
tion in Y-direction.

(b) Third mode shape with excita-
tion in X-direction.

Figure 8.3.6: Third mode shapes captured for complete pipe-assembly by
shell elements model.
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(a) Fourth mode shape with excita-
tion in Y-direction.

(b) Fourth mode shape with excita-
tion in X-direction.

Figure 8.3.7: Fourth mode shapes captured for complete pipe-assembly by
shell elements model.

8.3.2 Equivalent thin-walled pipe elements method

As regards the equivalent thin-walled pipe elements method, starting from bellow
A2 model obtained in Fig. 8.2, the results related to the complete pipe-assembly
(Fig. 7.2.3) are obtained. They are compared to experimental measurements in
Figs. 8.3.8, 8.3.9, and 8.3.10.
The associated mode shapes are shown in Figs. 8.3.11, 8.3.12, 8.3.13 and 8.3.14,
respectively.
The results of the simulations on the pipe-assembly by using the shell elements model
are summarised in Tab. 8.11.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%]
Reference

accelerometer
Mode shape

1 32 30
15(Y)
36(X)

Middle part,
Inner side of bellows

Test
direction

2 127 130 - Inner side of bellows
Test

direction

3 186 170 - Middle part
Test, vertical
directions

4 239 250 - Middle part
Test

direction

Table 8.11: Eigenfrequencies and eigenmodes of complete pipe-assembly by
using thin-walled pipe elements model.
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(a) Frequency sweep in Y direction.

0 50 100 150 200 250 300 350 400 450 500

Frequency [Hz]

0

100

200

300

400

500

600

700

800

A
c

c
e

le
ra

ti
o

n
 [

m
/s

2
]

Response in X-direction

Response in Y-direction

Response in Z-direction

Experimental response in X-direction

Experimental response in Y-direction

Experimental response in Z-direction

(b) Frequency sweep in X direction.

Figure 8.3.8: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for the accelerometer in the middle of the complete pipe as-
sembly from frequency sweep in Y and X direction.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.3.9: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for the accelerometer at the inner side of the left hand bellow in
the complete pipe assembly from frequency sweep in Y and X direction.
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(a) Frequency sweep in Y direction.
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(b) Frequency sweep in X direction.

Figure 8.3.10: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for the accelerometer at the inner side of right hand bellow in
complete pipe assembly from frequency sweep in Y and X direction.
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(a) First mode shape with excita-
tion in Y-direction.

(b) First mode shape with excita-
tion in X-direction.

Figure 8.3.11: First mode shapes captured for complete pipe-assembly by
thin-walled elements model.

(a) Second mode shape with excita-
tion in Y-direction.

(b) Second mode shape with excita-
tion in X-direction.

Figure 8.3.12: Second mode shapes captured for complete pipe-assembly by
thin-walled pipe elements model.

(a) Third mode shape with excita-
tion in Y-direction.

(b) Third mode shape with excita-
tion in X-direction.

Figure 8.3.13: Third mode shapes captured for complete pipe-assembly by
thin-walled pipe elements model.
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(a) Fourth mode shape with excita-
tion in Y-direction.

(b) Fourth mode shape with excita-
tion in X-direction.

Figure 8.3.14: Fourth mode shapes captured for complete pipe-assembly by
thin-walled beam elements model.

8.4 Flexible hose B

Lastly, at the end of the parametric study, by using thin-walled pipe elements (Fig.
7.2.4) on bellow B (Fig. 4.1.1c), the optimal values for bellow stiffness, interlock
variables and end-cap mass are found, as shown in Tab. 8.12. The corresponding
results and mode shapes can be seen in Figs. 8.4.1 and 8.4.2.

Property Optimal parameter value
kb [N/m] 10000
cb [Nm/rad] 2872
ρi [kg/m

3] 8560
Rm, i [m] 0.085
ki [N/m] 19801
ci [Nm/rad] 17612
me [kg] 0.495

Table 8.12: Best design obtained by parametric study on the beam element
model for bellow B.
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(b) Frequency sweep in X direction.

Figure 8.4.1: Comparison between thin-walled pipe elements model and
experimental measurements of the response in acceleration in individual
directions for bellow B from frequency sweep in Y and X direction.
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(a) First mode shape. (b) Second mode shape.

Figure 8.4.2: First two mode shapes captured for bellow B by thin-walled
pipe elements model with optimized parameters values.

By applying static loads, the static stiffness values in Tab. 8.13 are obtained for
the model.

Property Computed Experimental Error [%]
kT [N/m] 32042 5725 460
cT [Nm/rad] 22160 17380 28

Table 8.13: Static stiffness values of flexible hose B model obtained by
static simulations.

The results of the simulations on the bellow B by using thin-walled pipe elements
model are summarised in Tab. 8.14.

Mode
Simulated
eig. [Hz]

Experimental
eig. [Hz]

Damp. [%] Mode shape Test direction

1 69 131-163 10 Axial Y
2 85 207-211 10 Transverse X

Table 8.14: Eigenfrequencies and eigenmodes of bellow B by using thin-
walled pipe model.
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Chapter 9

Discussion

9.1 Numerical simulation

9.1.1 Bellow A1

The results from different models are now compared, and the choice of the most effi-
cient one is justified. Because of the presence of the first eigenfrequencies of fixtures,
only the frequency ranges of 10− 300 Hz for different cases and 10− 240 Hz for new
measurements in Sec. 6.3 are considered.

The shell elements model from the previous study came close to matching the first
two eigenfrequencies and managed to simulate the direction of the first mode shape;
the second one instead should be vertical, not transverse (Fig. 8.1.1, Tab. 8.1). As
regards the amplitude of the first peaks, it can be further fitted by adjusting the
damping ratio; in particular, it was not extracted in the X-direction so it has been
assumed.
The model is not able to replicate the presence of other peaks at around 220 Hz.
It is worthy to mention again that the model has been fitted by changing the Young’s
modulus, which is decreased by 200 GPa to 7 GPa in order to match the first eigen-
frequency.

As regards the connector elements approach, the original model, with static stiffness
values from the supplier’s data sheets, turns out to be too flexible, and the eigenfre-
quencies are significantly lower than experimental ones (Fig. 8.1.3, Tab. 8.3).
Through the parametric study, new parameter values from the best design are
adopted, but they are much higher than the original ones (Tab. 8.2).
Despite the fact that the connector elements with optimized parameter values allow
to get results quite close to the experimental measurements (Figs. 8.1.5), but, as
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it for shell elements model (Fig. 8.1.1), the first peak for frequency sweep in the
X-direction entails a main response in the direction of excitation, not in the vertical
one.
No other peaks are identified in the frequency range of interest.
Further attempts at parametric study of the connector elements method by using
different parameters for the connectors located at the ends or in the middle of the
flexible pipe did not succeed.

From the parametric study on the bellow A1 thin-walled pipe elements model, a guess
of the stiffness and mass distribution is obtained. The best design from optimization
tends to be a bellow with a light but stiff inner structure and a more flexible outer
part. The end-caps include more than one third of the total mass (Tabs.8.4, 4.1).
Since the knowledge about the structure of flexible pipes agrees with a distribution
of mass more concentrated at the two ends due to the presence of end-caps and inner
sleeves, and it is likely that the inner sleeves and interlock together have a higher
axial stiffness than the bellow, this result is retained as accurate.
Despite that, the total stiffness of the optimized model is slightly higher than ex-
pected, while the total torsion stiffness, computed by using a method whose accuracy
is not certain, is strongly different compared to testing (Tabs.8.5, 4.2).
Looking at the corresponding results, the optimized model matches the first two
eigenfrequencies with a low margin of error (Fig. 8.1.6, Tab. 8.6). In this case,
the first peak for transverse excitation is found in the X-direction and the following
peaks are not obtained.

All the simulation models are characterised by a response only in the direction of
excitation (Figs. 8.1.1, 8.1.5, 8.1.6). It is excluded that it is related to the difference
between the location of the accelerometer on the convolution and the response con-
sidered at the node on the axis in the 1D approximation because the result is also
obtained in the shell elements model. A possible reason is identified in the lack of
fixtures in the simulation.
Since the optimized shell (Fig. 7.1.1) and connector elements (Fig. 7.1.2) mod-
els have characteristics rather different from the original ones, the corresponding
methodologies are not considered adequate for this type of application. Further-
more, the CAD model is not available for bellows A2 and B, making the use of shells
not possible.
For these reasons, further case-studies have been conducted by adopting the only
thin-walled pipe elements approach.
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9.1.2 Bellow A2

For bellow A2, the thin-walled pipe elements model is considered. The best design
from optimization generates a stiffer component than bellow A1, as expected com-
paring the experimental values (Tabs. 8.8, 8.5, 6.6). This time, most of the axial
stiffness is concentrated in the inner part, while the torsion stiffness is equally dis-
tributed (Fig: 8.7). The mass of the end-caps is slightly less than one third of the
total mass of flexible pipe (Figs. 8.7, 4.1). These optimal parameters are considered
reliable on the basis of the structure of bellow A2, similar to the one of Bellow A1.

The optimal model is characterised by a dynamic response rather close to the exper-
imental measurements for the first peaks in both directions of excitation (Fig. 8.2.1,
Tab. 8.9). The amplitude of the peak can be adjusted by changing the damping
ratios, although the experimental values are adopted in both cases. The following
peaks are not obtained in the frequency range of interest, and the response is still
limited to the direction of excitation.

9.1.3 Pipe-assembly

By substituting the bellow A1 shell elements model in the pipe-assembly (Fig. 7.2.2),
an attempt at replicating its global behaviour was made. It was probably based on
the assumption that the two bellows are not particularly different (Figs. 4.1.1a,
4.1.1b).
Looking at the results, only the third eigenfrequency is close to the corresponding
experimental value (Tab. 8.10). As regards the mode shapes, the response is mainly
in the direction of excitation at low frequencies, while at higher values the vertical
vibrations become predominant, at least until 250 Hz; so its behaviour is similar to
the tests (Figs. 8.3.1, 8.3.2 and 8.3.3).
Since the experimental damping ratios have been applied only for the first peak, while
in the other cases a standard value is assumed, some difference in the amplitudes of
the peaks compared to the measurement is justified. However, the use of the bellow
A1 in place of the bellow A2 does not work very well.

By implementing the thin-walled pipe elements model in pipe-assembly (Fig. 7.2.3),
the differences between the numerical and experimental peaks in the response are
considerably reduced, especially for the first two peaks (Tab. 8.11).
For the first peak, the experimental damping ratio is adopted, and the response is
rather similar to the test results (Figs. 8.3.8, 8.3.9, and 8.3.10). It does not occur for
the following modes and could be due to the assumption made about the damping
ratios.
The response seems to be mainly in the direction of excitation in the frequency
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range of interest, although the third peak is characterised by a certain response in
the vertical direction as well (Fig. 8.3.8).
The reasons behind the lower response in vertical directions, obtained by using the
thin-walled pipe elements, are not clear.
Anyway, it seems that the new method manages to predict the peaks with higher
accuracy than the previous one.

9.1.4 Bellow B

As regards the flexible hose B, the parametric study on the thin-walled pipe elements
model (Fig. 7.2.4) did not succeed. From optimization, the model of flexible pipe is
theoretically more rigid than the actual one (Tab. 8.13, 4.2), but the eigenfrequen-
cies are still much lower than the measured ones (Tab. 8.14). Both axial and torsion
stiffness are higher in the inner part, and the end-caps include approximately one-
third of the mass of the entire component (Tab: 8.12, 4.1). This last characteristic
seems to be exaggerated by considering the structure of the flexible pipe, because
the two ends are less massive than previous cases (Fig. 4.1.1c, 4.1.1a, 4.1.1b).

Some contradictions arise from the comparison of the other components. According
to measurements and data sheets (Tab. 4.2), the flexible hose B has a much lower
stiffness than the other two bellows. Since it also has a higher mass, a lower first
eigenfrequency is expected.
Although the measurement is not so accurate, it should be able to give a hint about
the frequency range where the first peaks are found, and this range seems to be the
same for the three components (Tab. 6.2, 6.3, 6.4).
Looking at the simulations, according to the thin-walled pipe elements model, the
first eigenfrequencies are lower than experimental ones (Tab. 8.14), and then lower
than in the other case-studies (Tab. 8.9, 8.6). At the same time, the simulated stiff-
ness of the model is much higher than the experimental one but still lower compared
to the other two components (Tab. 8.13, 8.5, 8.8).
More considerations for the simulation of this component are postponed until more
reliable test results are obtained.

100



Chapter 10

Conclusion

This project has been conducted with the aim of developing a simple, yet reliable
method for modelling the dynamic behaviour of flexible pipes.
By comparing the different methods, the thin-walled pipe elements approach turns
out to be the most efficient way of modelling, guaranteeing both reliability and easier
applicability, even if the CAD model or technical drawings are not available.
This model needs as input the geometry of the component, axial and torsion static
stiffness values, and material properties, and, in the absence of knowing the charac-
teristics of the different parts, an optimization process is performed to provide an
estimation of them.
From the results, it seems to be suitable for simulating the dynamic behaviour of
bellow A1 and, in particular, bellow A2, whose first two peaks and corresponding
mode shapes show a high level of coherence to experimental results. The response
is obtained mainly in the direction of excitation, and the following peaks in the fre-
quency range of interest, limited by the influence of fixtures, are not captured.

When the model is implemented in the pipe-assembly, the eigenfrequencies are ob-
tained with good accuracy, although the response is mainly limited to the direction
of excitation and the difference in behaviour between low and high eigenfrequencies
is not obtained.
As regards flexible hose B, the simulation does not match the experimental results.
Simulation, experimental measurements on the shaker table, and data sheets from
suppliers entail characteristics that are not compatible among themselves.
The possibility of applying this method to any flexible pipe in not operating con-
ditions, including aged components, is not excluded since the only requirements
regard the inputs used for building the equivalent model. It could also represent
a starting point for studying operating conditions, although the contributions from
high-temperature and pressure are not investigated.
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The measurements on the flexible hose B are not retained as reliable due to the dif-
ferences evidenced between different setups. The difference between the last results
obtained and previous ones evidences that the damage to the few corrugations affects
the response to excitation.
The comparison of frequency sweeps performed at different acceleration amplitudes
shows the presence of non-linear dynamic behaviour. This softening phenomenon
has a certain relevance and entails a decrease in the first eigenfreqeuncy value and
the movement of the entire response downwards in relation to the frequency axis.
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Chapter 11

Future work

This work aims to represent the starting point for further research about the dynamic
behaviour of flexible pipes.

As regards the proposed method, it might be verified further. The static stiffness
can be computed by static tests in order to check the values reported in data-sheets.
By finding the actual characteristics of different parts, the results from optimization
can be compared.

Different combinations of the beam elements could allow for a model with more sim-
ilar stiffness characteristics compared to the theoretical values.
Since the response is mainly in the direction of excitation and the following peaks
are not obtained in simulation, the fixture might be included in the model by using
a coarse mesh, making the excitation in simulation more coherent to the testing one.
Alternative methodologies for modelling should certainly be investigated. Among
the approaches considered but not investigated for a short time, there is the possi-
bility of using dynamic substructuring for flexible pipes and large pipe-assemblies in
order to reduce the size of the simulations. In this case, CAD models are required.

As regards the test on flexible hose B, different setups might be considered. By turn-
ing down to get the local dynamic behaviour, the response of relative pipe-assembly
could be tested with the accelerometer located on a flatter surface.
Evaluations of the tests robustness can be conducted in order to estimate the in-
fluence of measurement uncertainties on the results, even when they turn out to be
unreliable.

The acceleration range of interest should be identified in order to be able to model
the non-linear behaviour.
It is also recommended to verify the existence of harmonic distortion and amplitude
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dependent FRFs for the other two case-studies by running frequency sweeps at dif-
ferent acceleration amplitudes on the shaker table.
Otherwise, alternative methods of detection can be used, such as random vibration
excitations, sweeps with a linear increase in both frequency and amplitude on the
shaker table, or hammer tests.
The model can be improved in order to include non-linear phenomena in the simula-
tions, for example, by introducing a short elastic-plastic beam element as described
by J. Wall[19]. Explicit dynamic simulations are required to be able to evaluate this
capacity.

Although the effects of ageing and stiffening due to urea deposits were among the
initial purposes of the thesis, it does not concern the influence of these phenomena
on the vibration responses.
Furthermore, the operating conditions and the associated high-temperatures are not
considered. These would influence the response, but it is thought that the model
can be adjusted to be valid in those cases as well. Further research should examine
these aspects in depth.
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Appendix A

Results from new measurements
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(a) Acceleration amplitude at 5
m/s2.
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(b) Acceleration amplitude at 10
m/s2.
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(c) Acceleration amplitude at 15
m/s2.
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(d) Acceleration amplitude at 20
m/s2.

Figure A.0.1: Response in acceleration in individual directions for inlet
flexible hose from frequency sweep in Y test direction.
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(a) Acceleration amplitude at 25
m/s2.
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(b) Acceleration amplitude at 30
m/s2.
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(c) Acceleration amplitude at 35
m/s2.
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(d) Acceleration amplitude at 40
m/s2.
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(e) Acceleration amplitude at 45
m/s2.
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(f) Acceleration amplitude at 50
m/s2.

Figure A.0.2: Response in acceleration in individual directions for inlet
flexible hose from frequency sweep in Y test direction.
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(a) Acceleration amplitude at 5
m/s2.
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(b) Acceleration amplitude at 10
m/s2.
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(c) Acceleration amplitude at 15
m/s2.
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(d) Acceleration amplitude at 20
m/s2.
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(e) Acceleration amplitude at 25
m/s2.
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(f) Acceleration amplitude at 30
m/s2.

Figure A.0.3: Response in acceleration in individual directions for inlet
flexible hose from frequency sweep in X test direction.
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(a) Acceleration amplitude at 35
m/s2.

0 50 100 150 200 250 300 350 400

Frequency [Hz]

0

20

40

60

80

100

120

140

160

180

200

A
c

c
e

le
ra

ti
o

n
 [

m
/s

2
]

Shaker table

Response in X-direction

Response in Y-direction

Response in Z-direction

(b) Acceleration amplitude at 40
m/s2.

0 50 100 150 200 250 300 350 400

Frequency [Hz]

0

20

40

60

80

100

120

140

160

180

200

A
c

c
e

le
ra

ti
o

n
 [

m
/s

2
]

Shaker table

Response in X-direction

Response in Y-direction

Response in Z-direction

(c) Acceleration amplitude at 45
m/s2.
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(d) Acceleration amplitude at 50
m/s2.

Figure A.0.4: Response in acceleration in individual directions for inlet
flexible hose from frequency sweep in X test direction.
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Appendix B

ABAQUS Syntax[33]

This the Abaqus script related to the single flexible pipe simulation. In the pipe-
assembly script, three different node outputs are defined and the base motion is set
along DOF = 2 and DOF = 1 for axial and transverse response, respectively.

*==================================================
* STEP 1. Eigenvalue analysis
*==================================================
NSET, NSET=OUTPUT
”First node in the set”,”Last node in the set”,”Increment in node numbers between
nodes in the set”
BOUNDARY, OP=NEW, FIXED
”Node number or node set label”,”First degree of freedom constrained”,”Last degree
of freedom constrained”
STEP, NAME=frequency
*
FREQUENCY, EIGENSOLVER=LANCZOS, NORMALIZATION=MASS
”Number of eigenvalues to be calculated”,” Minimum frequency of interest, in cy-
cles/time”,”Maximum frequency of interest, in cycles/time”
END STEP
==================================================
* STEP 2. Response analysis Axial direction
*=================================================
AMPLITUDE, NAME=base
”Time or frequency”,”Amplitude value (relative or absolute) at the first point”,”Time
or frequency”,”Amplitude value (relative or absolute) at the second point”
STEP, NAME=response
STEADY STATE DYNAMICS, INTERVAL=RANGE

V



”Lower limit of frequency range or a single frequency, in cycles/time”,”Upper limit
of frequency range, in cycles/time”,”Total number of points in the frequency range
at which results should be given, including the end points”
SELECT EIGENMODES, DEFINITION=FREQUENCY RANGE
”Lower boundary of the frequency range (in cycles/time)”, ”Upper boundary of the
frequency range (in cycles/time)”
BASE MOTION, DOF=1, AMPLITUDE=base
MODAL DAMPING, MODAL=DIRECT, DEFINITION=FREQUENCY RANGE
”Frequency value (in cycles/time)”,”Damping factor”
”Frequency value (in cycles/time)”, ”Damping factor”
OUTPUT, FIELD
NODE OUTPUT
U
NODE OUTPUT, NSET=OUTPUT
A
NODE PRINT, NSET=OUTPUT
A
END STEP
*=================================================
* STEP 3. Response analysis Transverse direction
*=================================================
STEP, NAME=response2
STEADY STATE DYNAMICS, INTERVAL=RANGE
”Lower limit of frequency range or a single frequency, in cycles/time”,”Upper limit
of frequency range, in cycles/time”,”Total number of points in the frequency range
at which results should be given, including the end points”
SELECT EIGENMODES, DEFINITION=FREQUENCY RANGE
”Lower boundary of the frequency range (in cycles/time)”, ”Upper boundary of the
frequency range (in cycles/time)”
BASE MOTION, DOF=3, AMPLITUDE=base
MODAL DAMPING, MODAL=DIRECT, DEFINITION=FREQUENCY RANGE
”Frequency value (in cycles/time)”,”Damping factor”
”Frequency value (in cycles/time)”, ”Damping factor”
OUTPUT, FIELD
NODE OUTPUT
U
NODE OUTPUT, NSET=OUTPUT
A
NODE PRINT, NSET=OUTPUT

VI



A
END STEP
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Appendix C

Correlation plots from
optimization process in Heeds[36]

Figure C.0.1: Correlation plot from optimization process on bellow A1.
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Figure C.0.2: Correlation plot from optimization process on bellow A2.
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Figure C.0.3: Correlation plot from optimization process on flexible hose
B.
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