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Abstract

Nowadays, the available FEA software is a very efficient tool for solving FE
simulations. However, models can be large, as well as the associated computational
burden, and the larger the number of DOFs involved, the higher the computational
request. The RAM is still one of the main limitations, and the ability to accurately
predict the complete dynamics of the systems remains a main feat despite the
numerous developed mathematical techniques, such as cyclic symmetry and ROM
methods. Assuming we can correctly model boundaries and contact interactions,
we cannot yet praise the ability to solve mistuned nonlinear problems accounting for
all frictional contact conditions without reducing the number of DOFs, if sufficient.
It is especially true for geometrical mistuned nonlinear problems. Thanks to the
advancement of current technology and computers, step-by-step, we will eventually
overcome those challenges; yet, better modelling of the friction conditions is still
ongoing research. The work presented in this thesis has a double purpose: 1)
to analyze the free and forced responses of a modal stiffness and a geometrical
mistuned models by using the FEA software OrAgl.-NOSTTA-ROCMAN and make
a comparison with test rig results; 2) to test the current abilities of HPC (High-
Performance Computing) computers. Different models are tested and presented
herein: a cyclic symmetric model, a modal stiffness mistuned model, and a geomet-
rical mistuned model. The first two use a CAD of the blade with a prepared mesh,
but for the last model, the CAD geometry is updated based on 60-BLS-scanned
blades, and a technique called Morphing allows moving the mesh over the new
geometries. Regarding the FEA analyses, CalculiX was used to run the static
and obtain the static displacements and the pressures at the contact interfaces
at the blade-root joints. OrAgl.-NOSTIA-ROCMAN is an efficient and advanced
software developed by the collaboration of Novibtech and Stuttgart University
for research purposes, exploited to study the nonlinear dynamics of the systems
and employed by MTU Aero Engines to analyze bladed disk models with periodic
excitations, including aeroelastic effects. It can count on up-to-date mathematical
and numerical methods specifically applied to study the dynamics of bladed disks
FE models that commercial software doesn’t possess yet; for instance, OrAgL can
solve the periodic oscillations of a nonlinear problem with frictional joints in the
frequency domain by exploiting the Dynamic Lagrangian method instead of Penalty
Methods to model the contact interactions. Moreover, another advantage is the
imposition of contact conditions at the cyclic symmetric boundaries. Regarding
the simulation setting, the software requires the FE mesh of a sector and the
static matrixes obtained with a static analysis with a different FEA software (i.e.
CalculiX); the problem is then solved by using cyclic symmetry and applying ROM



techniques. The ROCMAN tool allows adding mistuning either statistically or
deterministically to a cyclic symmetric model through specific mistuning parame-
ters. However, the geometrical mistuning requires adding different substructures
(FE meshes) into the model, later individually reduced through a ROM technique
(i.e. Craig-Bampton). The secondary ROM may also be applied to the whole
wheel, further reducing the number of DOFs associated with the linear modes of
the systems. Solving the mistuning models with contact interactions at shrouds
and fir trees required the resolution of too many nonlinear equations, consequently
leading to unsustainable computational costs, even for a single job. It was possible
to simplify the problem by tying the surfaces at the blade-root joints, thus making
the resolution more feasible. Running simulations of cyclic symmetric models with
analogous contact conditions provided a basis for comparison. Unfortunately, the
results comparison of the free and forced responses with the test rig gathered data
highlighted deep inconsistencies for both the cyclic symmetric and mistuned models.
The reasons are not clear but attributable to a combination of factors, such as the
absence of contact mistuning, design inaccuracies (low Jacobian ratios of elements),
inaccuracies with boundary conditions, inaccuracy with friction contact modelling,
limited application of the contact model to a specific area and absence of microslip.
The presence of holes in the BLS, later filled with original CAD geometry, also
plays a role in the results of the geometrical mistuned model.
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Chapter 1
Introduction

In the context of aerospace propulsion, the gas turbine is the engine capable of
providing high trust and power for both short and long-range missions in the
lowest concentric layers of the atmosphere - troposphere and low stratosphere.
An illustrative picture in Fig. 1.1 shows a specific typology of a gas turbine -
High-bypass turbofan - used for aerospace propulsion purposes.

In general, the axial turbine rotor wheel is a bladed disk characterized by two
different solids in the socalled sector that go into contact in the contact area during
the operating conditions due to the centrifugal load. Furthermore, turbine wheels
show the presence of the "shroud" at the tip of each blade which go into contact
between each other directly during the assembling. The purpose of the shroud
is mainly structural intergrity, aerodynamic efficiency, thermal management and
tip clearance control to improve overall stability, reliability and efficiency. An
illustrative picture of the single sector is provided in Fig. ?7.

The shroud provides an important function to the turbine, but it also adds
nonlinearities to the problem through the introduction of slip and separation that
further increase wear and influence the overall vibrational shape and behaviour.

It’s been decades since the research started the first efforts to understand
and predict the physics and the influence of nonlinearities and mistuning on the
vibration of rotating systems, and although great achievements have been reached,
also thanks to the technological advancement and potentiality of nowadays software
and tools, the prediction of the bladed-disk structural dynamics behaviour still
represent a major feat and research into numerical optimization is still needed.

The ability to predict the nonlinear behaviour through the software modelling
represents a great advantage but also a great feat.

Over the last decade FEA software have been used quite avidly trying to analyze
and predict the response of an actual bladed disk. The two main challenges are
mistuning and nonlinearities. Both of them influence the dynamics of the system
in such a way the response can really become unpredictable. Therefore, the need
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Introduction

to define a set of assumptions simplifying the problem in the hope of being able to
predict the results with sufficient accuracy. To further generalize afterwords.

Figure 1.1: Illustration of High-bypass turbofan engine

An historical gaze

The purpose of the following brief historical review doesn’t want to esclude any
notorious pubblished research paper, but rather to cite some of the main research
pubblications about the topic in subject that are highlighted in the mian investiga-
tion of this thesis. Since this paragraph is not a thourough historical analysis and
the cited reasearch paper are included also based on the availability of the written
works itself, the redear is more than welcome to delve deeper into the bibliography
of the cited papers to gather more information.

It has been more than 50 years since the first research papers regarding mistuning
investigations. In the first 30-40 years the research was focused on the investigation
of the main mistuning effects based on simplified models both theretically and
experimentally. From an analysis of the publications, the research focused on the
analysis of the eigenvalue problem and the frequency response function (FRF). One
of the first effects of mistuning reported by the papers, which today is well known,
is the so-called "splitting effect" or "dual modes", identifying the eigenfrequencies
splitting of the same mode shapes. Secondly, it was concluded that the response
amplitude may reach a value 20 to 30 per cent higher than the average one registered
by the tuned system.

One of the firsts investigations of mistuning in bladed-disk assemblies date back
to the studies carried out between the late 50s to 70s by Tobias and Arnold [1],

2
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Whitehead [2] and Dye and Henry [3]. They noted the so-called "splitting effect"
or "dual modes" induced by mistuning, specifically the separation of the natural
frequencies of the two vibration configurations associated with n nodal diameters.

Following, with the studies of Ewins et al. [4, 5, 6, 7, 8] the phenomenon
of frequency splitting was further investigated. It was observed that the mode
localization caused the maximum amplitude to be localized on only some blades,
with an increase of around 20% above the average-tuned value. The worst-case
scenario occurred with the "resonance coincidence" caused by mistuning: two
different modes can experience a very close "critical speed'. This can result
in a possible maximum resonance amplitude of 130% of the tuned value. The
experimental observations on the actual bladed disk showed the failure of so-called
rogue blades due to the maximum amplitudes exceeding expectations, leading to
their premature failure. Experimental investigations on the matter were carried
out by Strange, Macbain, Jay, Burns and Whaley [9, 10, 11, 12] the following
years. In a further study carried out around a decade later, Kruse and Pierre
[<empty citation>|

While beneficial effects of mistuning on flutter were noticed in some investigations
[13, 14, 15, 16], still confustion and diffuse contaddictions was permeating the
researchers of that time about how much mistuning could neagtively influence
the maximum resonant amplitudes on some blades on stationary free and excited
bladed disk assemblies, thus worsening fatigue life. Between the studies [2, 17, 3, 4,
6, 18, 19, 20, 21], the comparison of the results yealded conflicting conclustions
likely due to different models and parameter values used on those models. This is
well highlighted by Wei and Pierre [22, 23]. In their investigation, they refer to the
study of Hodges and Woodhouse [24] concerning the influence of coupling on the
forced responce of a chain of oscillators and in general to more complicated systems.
They concluded that the ratio of mistuning strength to internal coupling strength
strongly influence the sensitivity to small mistuning of the vibration modes. By
studying the free response of the system, the weak coupling was associated with
strong localization and eigenvalue loci veering. While strong coupling is associated
with little sensitivity. On the other hand, in the forced response of the system, the
strong coupling results in new peaks, some with amplitudes comparable to that of
the tuned system and some smaller, while with weak coupling some of the new peaks
show magnitudes that are much higher than the tuned values. Furthermore, they
noticed that in case of very weak coupling, if the engine order of excitation doesn?t
influence the magnitude of the resonant peak, than the maximum amplitude is
registered at the blade with the lowest natural frequency, while if the engine order
and the resonant peak vary together, then the maximum amplitudes are at natural
frequncies corresponding to these peaks. For strong couplin, the largest amplitude
vary with the engine order of excitation and the mistuning distribution, although
the magnitudes are comparable among the blades.
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In 1979 Thomas [25] proposed a new technique to study the dynamics of
rotationally periodic structure by symplifying the calculation of the whole structure
by analyzing only one of the substructures. Knowning that with every natural
frequency there is a pair of orthogonal mode shapes (eigenvectors), He discovered
that the linear combination of these two eigenvectors into a complex vector was
still a solution of the equation of motion and represented a rotating normal mode.
Substantially the deflection amplitude of each substructure was related to each other
by a constant phase difference. The imposition of these "cyclic boundaries" lead to
the introduction of the "harmonic index" (or nodal diameter) for the definition of
the specific mode shape and the "interphase blade angol". Although the harmonic
index had a more general mathematical meaning, in the contex of structural
dynamics has a more pragmatic definition and depends on the number of the total
substructure of the systems. This discovery turned out to be a strong tool that
gave the opportuninty to study more complex bladed disk models with a greater
number of DOFs (FEM models), dependently on the computational feasibility of the
computers of that time. The need to study more complicate models with a greater
number of DOFs and to model statistical mistuning patterns by using Monte Carlo
simulations to predict the statistics of the forced response pushed the research into
deveolping the so-called ROMs (Reduced Order Models). These analytical methods
reduce the problem to different order less with respoect to the original one allowing
the analysis to be focalized only on a specific number of modes. One of the first
papers to focus on reduction of the mass and stiffness matrices was pubblished by
Guyan [26] in 1965. Two of the firsts research paper concerning component modes
methods were published in 1965 by Hurty [27] and in 1968 by Craig and Bampton
[28]. They provided a way to treat a complex structure by assembling different
substructures. Hurty developped a method where the structure is subdivided
into different interconnected components which displacements are expressed in
generalized coordinates, defined by displacement modes. There are three different
types of modes: rigid-body, constraints and normal modes. There also equations of
compatibility at the connections of the components. The equation are important
to operate a transformation from a component coordinates to system coordinates,
where the system’s equation of motions are solved. Craig and Bampton developped
a method that serves as a generalization of Hurty’s one. The method exploits the
mass and stiffness matrices of the substructures, and geometrical compatibility
conditions at the substructure boundaries, and employs two types of generalized
coordinates: constraint modes and normal modes. The formers are produced
by unit dispacement on each constraint (indeterminate-redundant constraints)
in turn, with all other contraints fixed and with all internal degrees of freedom
unconstrained. The latter modes describe the motion of the internal degrees of
freedom with fixed boundaries, thus the normal modes of free vibrations of the
substructure with all boundary DOFs fixed. The set of geometrical compatibility
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equations are subracted to the total number of the substructure boundary DOFs
to define the actual number of boundary generalized coordinates. The Rayleigh-
Ritz procedure is used to reduce the number of DOFs of the substructure while
maintaing the accuracy of the description of the dynamic behaviour. This method
is a tool to solve FEM complex-high-DOFs problems by making the resolution
more feasible. Although the benefits, back then the computational power to solve
complex matrix operations involving very large DOFs systems wasn’t available
and the research kept investigating simple problems modeled with a lumped-mass
formulation and focalized only on the interested modes. Other research papers
related to the previous approches were pubblished by Benfield and Hruda [29], and
Dowell [30] in 1971 and 1972 respectively.

Around 30 years later, the research started proposing analytical methods trying
to solve reduced Monte-Carlo-statistically-mistuned problems to predict the forced
response. Among the authors Castainer, Ottarson, Pierre, Bladh, Yang, Griffin,
Feiner, Lim [31, 32, 33, 34, 35, 36, 37, 38]. In these studies, the foregoing ROM
techniques are adapted and updated by combining the power of the DOFs reduction
along with the application of cyclic symmetric boundaries. The mistuning is model
through a modal parameter. The ROMs techniques are adapted to predict the
forced response of the system making the resolution of the problem feasible by using
Monte Carlo statistical mistuning pattern distributions, which it is a very expensive
procedure in terms of computational effort. In their proposal, Ottarson, Castainer
and Pierre [32, 33] provided a component-mode approach where the blade elastic
motion is described by the mode shapes of a blade fixed at the disk-blade interface.
The method uses cyclic symmetry to study only one sector, and the formulation
puts in evidence the modal stiffness parameter, which can be varied to model
mistuning. Differently from other methods, they focused on a broad reduction of
DOFs by eliminating constraint modes, which slightly jeopardize accuracy, although
more suitable for extensive Monte Carlo simulations. In 1996, their ROM technique
was validated by Kruse and Pierre [39, 40] with an unshrouded bladed disk. A
subsequent effort was carried out by Bladh, Castanier and Pierre in 1999 [34] with
a shrouded turbomachinery rotor.

In 1997 Yang and Griffin [41, 42] carried out two different investigations. In
the first one they propose a reduction order method LMCC that assumes rigid
body movements at the blade-disk interface so that the blade modes end up being
a combination of the disk modes and the blade bases modes. This yelds a suffient
accuracy close to the one of a FEM model and the computational efficienty of a
lumped mass-spring model. In the second paper they investigates the phenomenon
of the modal interaction cause by the closeness of natural frequencies , modeshapes
and the magnitude and distribution of the perturbation. Something that in the
past hadn’t been studied yet focalyzing only on systems with well-separeted natural
frequencies. First-order perturbation theory showed changes in natural frequencies
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and modeshapes are small with small variations. Being not unusual to find closely
spaced natural frequencies, they proposed a first-order perturbation solution for
a two-DOF system of a normalized eignevalue problem. The statistical approach
yelded the standard deviation in the interaction between two modes dependent on
the closeness of the eignefrequencies and the structural properties corresponding
to the modes in question. If the nominal structure shows closely-spaced natural
frequencies, even a perturbed structure will have the same feature in the same
frequency range. The closely-spaced modes of the altered system can be represented
as a sum of the closely-spaced nominal modes. This approximation is a reduction
of the problem where the number of DOFs is equal to the number of closely-spaced
modes, and is at the basis of the reduction-order method SNM (Subset of Nominal
Modes) proposed by Yang and Griffin in 2001 [35]. Since the a modal eigenvalue
problem is solved to obtain the mistuned system modes, the inclusion of the
aerodynamic forces allows the determination of the aerodynamic damping through
the eigenvalues of the system, hence the assessment of the aerodynamic stability.

Feiner and Griffin [43], from the SNM developed a reduction-order technique
FMM (fundamental mistuning model) for mistuned bladed disk vibration to rep-
resent, the response of a real turbine geometry when only a single mode family is
excited. It is a semplification of the SNM since only a single family of the nominal
modes are used for the representation and needs only two sets of parameters to
predict the mistuned modes and natural frequencies of the system: tuned natural
frequencies and deviations of the individual blade frequencies from the tuned value.
The tuned natural frequencies can be obtained by the finite element analysis and no
other data such as mode shapes and stiffness matrix are necessary. For this reason
it is simple and has a compational cost similar to a mass spring model. In following
studies [36, 37], they investigates a new method of mistuning identification based
on the measuraments of the vibration of response of the system as a whole, and
specifically for integrally bladed rotors IBR, therefore more suited for compressors
rather than turbines. Based on the FMM reduction method to represents the
vibrational response of an isolated family of modes, they developed two types of
identification methods, one more simple and one more advance, that don’t require
neither the mass not the stiffness matrices making them advantageous wrt other
reduction and identification methods. The first FMM ID recives the tuned-system
natural frequencies as input and, based on the measuraments of a given number
of mistuned modes and frequencies, it gives the mistuned frequencies of each
sector. The second FMM requeires some measuraments of the mistuned modes
and frequencies and gives all the parameters in the FMM, such as the tuned and
mistuned frequencies of each sector. In this seconf case, the mistuned frequencies
are measured experimetally without the need of a finite element model.

In the group of component mode syntesys CMS methods are the techniques
developed by Bladh, Castanier and Pierre. Starting in 1999 [34], they deveoped
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a ROM that employes component modes calculated from a FEM of a rotor. The
reduced model is two or three orders of magnitude smaller from the original model
allowing the prediction of the statistical forced response of a mistuned bladed disk
by using Monte Carlo simulations. Their method is an extension of Castanier’s
(32, 33] proposed in 1994 and then 1997, and validated by Kruse and Pierre [39,
40], to a shrouded assembly. The method is based on a projection of the mistuned
natural frequencies of individual blade onto the cyclic modes of the shrouded
blade assembly. With the 2001 publications [44, 45|, the Craig-Bampton method
is revised and riformulated specifically for mistuned bladed disks, using a cyclic
disk description. A secondary modal analysis reduction technique (SMART) is
applied based on CB allowing further reduction of the problem along with high
efficiency and accuracy. Besides, they proposed a non-CMS method where the
blade mistuning is projected onto the tuned system modes, as a generalization
of the method proposed in [34] and similar to Yang and Griffin’s [35]. In the
SMART two-step reduction, the mistuning is introduced in the modal domain
making the computations more efficient. In 2003, Lim, Bladh, Castanier and Pierre
[38] proposed a general reduced-order model for a mistuned system. The mistuning
is model in mass and stiffness deviations from the tuned case, specifically in the
interface DOFs. The general formulation allows the implementation of both small
and large mistuning, taking the distance from previous ROM techniques. The
specific application to small mistuning of the general formulation produced the
so-called ROM model CMM (Component mode mistuning). In this approach, the
mistuning projection developed by Bladh [34] is further generalized, and differently
from their previous studies the mistuning is not projected to the normal modes of a
cantilever beam. On the contrary, the modal partecipation factors of the cantilever
blade normal modes are used to describe the tuned-system normal modes, and
the mistuning projection to the cantilever blade normal modes doesn’t require a
component-based representation of the full system. Furthermore, aerodynamic
coupling effects can conviniently be implemented.

The importance of mistuning identification wasn’t estraneuos with the ROM
techniques. In fact, it is crucial for an accurate prediction of the free and forced
response of mistuned bladed disks. Furthermore, although for traditional bladed
disks where blade and disk are mechanically frictionaly joined at the dovetail or
firtree it is possible to define mistuning with a varational parameter from the tuned
cantilever blade naturla frequency, for blisks or IBD is not that simple and require
an analysis of the response of the whole system.

Probably, one of the first paper regarding mistuning identification was pubblished
by Griffin and Hoosach [20] in 1984. With the purpose of calculating the individual
blade response of a bladed turbine disk they incorporeted an hybrid deterministic-
statistical method to generate statistical results where the strucutral parameter
were selected from random sampling of a given population. In their investigation
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they came across a numerical problem called ill-conditioning typical while solving
problems involving mistuning® which is still an issue that can be encounter with
nowadays software. Two important aspects that were registered are the tendency
to have larger vibrations of those blade whose "blade alone" frequencies are closer
to the system tuned resonant frequency, highlighting the fact that not always
the maximum stress is related to the worst mistuning condition, and the adverse
effect of mistuning on fatigue life of the blade. Mignolet and Lin [46] based their
investigation on the previous study, from the persepctive of emphatasing the need
of structural identification techniques to provide estimation on the tuned values
of the structural parameters and their statistical distribution. They focused on
the identification of the parameters of a strctural model, a lumped model with
stifnesses and dampers interconnecting adjacent blades and blade and disk, based
on the least square method and the maximum likelihood approach. They concluded
that the mixed least square - maximum likelihood technique provided the most
accurate system parameters, also based on the assumption that damping between
adjacent blades could be set to zero for the negligible effect on the forced response
of the system and for the difficulty to estimate the value.

Some accessible investigations regarding mistuning identification were pubblished
by different authors. In 2001 [47, 48], Mignolet, Rivas-Guerra and Delor pubblished
a two-part investigation with a statistical mistuning identification approach. They
tried to overcome the problems observed in [46] concerning the need to have
measuraments of the forced response of the bladed disk which is time-demanding
and expensive. The pubblication revolves aroud the idea of having to our disposal
a methodology that yelds the mistuning properties of the blades by the blade-
alone free response data of the system. Therfore, the new method required the
registration of the lowest natural frequencies experimentally. The indentification
was based on two different approaches: imposition of as many constraints as needed
to obtain a unique solution to the problem by setting mode shapes and modal
masses to the tuned values and by varing the modal stiffness of each blade to
match the experimental values, or the exploitation of the maximum likelihood
principle to obtain the structural parameters by the minimization of a specified
cost function. Although the method cannot provide the blade-to-blade interaction
effects, it can yeald a close approximation of the force response characteristicsof
the structural dynamic model to the test rig values, where the blade-to-blade
interaction is present. The first approach, defined as random modal stiffnesses
(RMS) approach, resulted with a variable accuracy due to the high sensitivity to
blade-to-blade coupling, excitation characteristic, etc. The unsufficient relibility

In computational mathematics it refers to a problem highly sensitive to small changes in
input data, leading to large variation in the output and numerical errors
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was pointed to the inability to predict contemporarily both the blade-alone and the
entire bladed disk modal characteristic. On the other hand, the second strategy,
dubbed as maximmum likelihood estimation strategy (ML), exploits a statistical
simple Gaussian distribution of the structural parameters and an identification
based on the minimization of a quadratic funciton, turned out to have a higher
reliability than the previous RMS method. A more thorough analysis of the ML
apporach is carried out in [48] where the accuracy of the improved random modal
stiffness (IRMS) technique to bridge the RMS and ML methods was also assessed.
With the studies of Lim and Kashangaki [49] in 1994 and Lim [50] in 1995 a damage
detection method for health monitoring based on the best achievable eigenvector
concept is investigated. While in the first study the assessment of the magnitude
damage is performed by using an efficient least square solution, along with a modal
strain energy (MSE) predetection technique, in the second study the magnitude of
the damage is identified through a constrained eigenstructure assignment.

In 2001, Pichot et all. [51] compare different identification methods for mistuned
parameters of blisks and concluded that the previous Lim method of the best
achievable eigenvector was the best to solve the specific problem analyzed in the
paper. In 2006, Pichot et al. [52] present a mistuning identification method based
on the best achievable eigenvectors technique. In 2007, Laxade et al. [53] propose a
mistuning indentification technique of mistuning properties of blisks. It was based
on an updated reduced order model in CMS method which receives as input the
experimentally measured system modes.

In 2009, Judge et al. [54] presented two methods of mistuning identification by
using measuraments of the vibration response of the bladed disk and specifically
suited for blisks. The first method uses measuraments of the free response of the
system while the second also uses steady-state force response measuraments and
it is more suited for problems with high modal density or high damping where
resonant peaks overlap and merges, thus causing difficulties in isolating the normal
modes.

Another aspect that interest bladed disks is nonlinerities. In mechanical systems
they take form as nonlinear kinematic relations due to large deformations, nonlinear
mathematical behaviour as for example hyper-elasticity or plasticity and nonlinear
boundary conditions with frictional or unilateral contact interactions. Extensive
research have been carried out over the years in the analysis of bladed disks with
nonlinearities. Thanks to the researchers all the knowledge is periodically tidily
gathered into books and articles reviews at our disposal. Between them we can cite
one of the firsts masterpieces [55]. Others include [56, 57, 58, 59, 60|, which cover
nonlinear elasticiy, the theory of Finite Elemnts with the inclusion of nonlinearities,

The research team in Polytechnic of Turin is active in the study of bladed disk
dynamics with friction contact joints and frictional unperplatform dampers (UPD)
both theoretical and experimentally with the objective not only to investigate
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mathematical models to correctly simulate the problems in FEA, but also to
accuratly gather the technical information and data from test rigs. In the last
decade the studies have focused on the dynamic analysis FEA of bladed disks
with UPDs and therefore focusing on the nonlinear vibrations, reduction order
model techniques and fretting and wear investigions due to HCF. Between the
pubblications, in 2011 [61] a coupled static/dynamic HBM is proposed to investigate
the influence of UPDs to the force response of the system. With this approach
the static and the dynamic balance equations are coupled so there is no need of
preliminary calculation of the normal pre-load acting on the damper sides. Similarly,
in [62] the same model had been used for the dynamic analysis of a shrouded bladed
disk. In 2012, the contact model developed in [63] is revisioned by Zucca, Firrone
and Gola in [64] and it is applied to the blade-root contact joint for a steady-state
dynamic response analysis. The method of resolution is based on a coupled solution
of the static and dynamic balance equations of the system without the need of
preliminary static analysis to compute the contact static normal loads. Microslip
is also accounted for. In [65] an extention to MHBM of the "coupled apprached’
applied to a lumped parameter model is provided, by which the static and dynamic
analysis are not to be calculated separately anymore thus saving computational
effort and providing uniqueness of the solution, firstly presented in [66], and applied
to problem with HBM in [61, 67]. A reference with Direct Time Integration DTT is
used for comparison.

In the context of ROM applied to systems with friction nonlinearities, we can
count on several publications that propose or update techniques and try to address
local nonlinearities (such as frictional contacts), providing a reduction scheme, thus
reducing the computational effort associated with a large number of nonlinear
equations. The equations are solved in the frequency domain with HBM or MHMB,
where an AFT (Alternate Frequency-time) scheme is employed to calculate the
Fourier Coefficients of the nonlinear contact forces. To address local nonlinearities,
such as intermittent contacts of cracked structures, two different approaches have
been proposed to solve the nonlinear problem by applying a reduction method. In
[68], a standard CMS is applied to reduce the internal DOFs of the problem and
a bi-linear modal representation by using bi-linear modes (BLM) is employed to
reduce the DOFs at the (nonlinear)intermittent contacts. In [69], a new reduced-
order model method for the forced response of structures with intermittent contacts
is proposed. The approach is based on the assumption of a so-called spatial
correlation where the system dynamic is dominated by the opened or sliding system
modes concerning the intermittent contact. In 2016, in [70], Mitra et al. proposed
a set of reduction basis functions to reduce the DOFs at the interfaces where
contact nonlinearities are present. This need stemmed from the fact that methods
such as Craig-Bampton CB-CMS only reduce DOFs where local nonlinearities are
absent. The method employs the so-called adaptive micro slip projection (AMP)
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applied to the contact DOFs at the shrouds of a blisk model. In a following study
[71], Gastaldi et al. investigate a different way to address the reduction of the
internal and nonlinear interface DOFs; the method, Jacobian Projection, is based
on the Jacobian of partial derivatives of the contact forces with respect to nodal
displacements. In 2019 [72] an upgraded of the Dual formualtion method based on
the dual Craig-Bampton is presented.

In [73, 74, 75, 76] the mistuning is added into the picture. In [73] an hybrid
approach of two techniques is developed: Mistuned-Dual-Formulation (M-Dual).
Specifically it is a combination of the CMM and a Dual model order reduction
technique. The second one is a free interface based CMS that includes free interface
normal modes and residual flexibility attachment modes of mistuned bladed disk.
The method is ideal for bladed disk with small blade-to-blade mistuning where
frictional contacts (such as in shrouds) are present. A different approached is
developed in [74], still applicable to nonlinear vibration analysis of mistuend bladed
disks with shrouds, but based on a CB method and a modal synthesis based on
loaded interface (LI) modeshapes. This technique is useful since it doesn’t need
a secondary reduction. The blade frequency mistuning is inserted directly into
the reduced model. In [76] a RCCMS-based ROM (relative cycling component
mode synthesis) is developed to study the nonlinear dynamics of a mistuned
bladed disk with blade-root fricition joints. The SNM method is used to introduce
blade or sector frequency mistuning into the linear partition of the RCCMS ROM.
The reduction basis is also invariant wrt the random mistuning patterns. In [75]
the study switches towards IBD (or blisks) with UPD where mistuning is firstly
identified by means of FMM ID.

The presence of frictional joints such as in blade-disk roots and shrouds, but
also with frictional UPDs or ring dampers bring about energy dissipation and wear.
Specifically, HCF causes fretting wear, and the changing in the surface conditions
deeply affects the dynamics of the system: changings in the contact areas; variation
in the preload distribution; variation in the contact stiffness. For these reasons,
the research has focused on the study of the effect of fretting wear on the forced
response dynamics (frequency, vibration amplitudes and damping) of such systems
by developing novel test rig solutions [77]. The engine doesn’t always works in a
steady-state condition, but quite the opposite it has a wide frequency variability,
therefore efforts have put into the study of the wear evolution with methods to
model and predict the effect of wear on the nonlinear response of the system [78].
The main objective of the nonlinear FEA simulations is to obtain accurate result
of the forced response of the system within the interested frequency range. The
accuracy of this simulations also rely on the input data they receive. Due to the not
thorough understanding of the friction mechanicsm between the vibrating contact
interfaces, the reliability of the results also depends on extracted data and for this
reason comparison of data extracted (i.e. contact parameters [79]) from different
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test rig set-ups might be necessary. The Coulomb’s law determine when the contact
is slipping or sticking. The intrinsic uncertainty associated with the static friciton
forces during sticking condition, due to the fact that tangential forces can assume
infinite values within the range, is considered one of the main uncertainty causing a
variability in the forced response of the system during partial splipping. Therefore,
tools able to predict this variability wrt the contact parameters and misalignments
are the focus of some investigations [80].

Objective

In this thesis, I present a tentative to reproduce the test rig results of bladed disk
rotor with friction joints both at fir tree (blade-root joint) and at the shroud (blate-
to-blade joint) with a FEA software: OrAgl-NOSTIA-ROCMAN. The only form of
damping present in the model is the aerodynamic damping for the only reason to
have the worst possible conditions of periodically excited steady-state vibrations
and to investigate the double influence of mistuning and frictional nonlinearities in
the system’s dynamics. In this thesis, it will be tested probably one of the first
efforts to analyze the dynamics of a geometrically mistuned bladed disk model
and at the same time the computationally feasibility of the today HPC (High-
Performance Computing) computers. To summarise the objective are subdivided
as follows:

» Validation of simulation results carried out with software OrAgl-NOSTTA-
ROC;

 Investigate the dual effect of mistuning and frictional contacts in the dynamics
of the problems;

o Highlight numerical challanges and uncertainties in the parameter selection
and hypothesis.
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Chapter 2
Description of the problem

At the basis of the FEA analysis is the resolution of the equations of motion. These
equations are implemented in all FEA software, which will try to solve the linear
or nonlinear problem through the solver.

In this section, the problem will be described from a mathematical point of view
with the purpose of illustration, thus avoiding rigorous mathematical formalism.
The cited publications concern the matter more deeply, and the readers can deepen
their knowledge of the subject.

The reader is informed that the following description is the result of the combi-
nation of the theory gathered from different sources [81], [25], [82], [83], [84] and
[60]. The publications about the covered topics are way broader, but the concepts
are reviewed in the cited articles and documentation. Specific citations will further
be provided when needed.

Reference Model

Figure 2.1 shows an illustrative image of the CAD turbine rotor. Typical classical
bladed disks present both intra-sector and inter-sector joints. The former are
frictional joints generally coupling the blades with the disk, whereas the latter is a
blade-to-blade frictional coupling through the shrouds. Other forms of friction can
be dampers, but they won’t be discussed any further here. Differently, integrally
bladed disks (or blisks) don’t present intra-sector coupling, and the blades and the
disk are a single solid.

The disk is a single block, but imagine dividing it into identical sectors equal to
the number of blades. Each combination of a blade and a disk sector is a blade-disk
sector, independent of the presence of intra-sector joints. A structure with identical
sectors is rotationally periodic.

It is important to define the assumptions that simplify the resolution of the
mathematical problem:
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Figure 2.1: CAD of the bladed disk

No mechanical contact between the bladed disk (rotating) and the casing
(fixed component);

No coupling between stages;

No rotor-dynamic effects: the dynamics of the bladed disk can influence the
shaft dynamics, and vice versa [82].

No flutter.

Presence of a synchronous aerodynamic load;

No vibration mechanism such as vortex shedding and rotating instabilities;
No Coriolis Forces;

No structural dampers (i.e. underpflatform dampers or else);
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No Spin softening !

No stress stiffening 2

No Contact mistuning;

No Specific impact laws. Some impact effects can result intrinsically from the
FEA contact boundaries.

The synchronous aerodynamical excitation generates from a circumferentially
inhomogeneous pressure distribution that immerses the rotating bladed disk. Two
main factors cause these inhomogeneities: the interaction with the previous blade
row (nozzle-passing excitations) and the non-uniform inflow condition due to
asymmetries in the flow path (i.e. struts or casing ovality). In the test rig, the
synchronous aerodynamic excitation may be achieved by directing a controlled
airflow directly to the blades. A rotor works within a specific frequency range, and
the speed is generally variable. Depending on the purpose of the study, it may be
helpful to simplify the problem and assume a constant speed. In this condition,
the rotation is steady, and the rotor is time-invariant in its non-rotating reference
system with respect to the pressure distribution. With such a simplification,
the vibrations assume a travelling waveform. This discovery dates back to the
studies of Thomas [25] on disks; the assumptions lead to the definition of the
so-called "cyclic symmetry" hypothesis in which each sector is equal to the other in
geometry, material and load, thus allowing the exploitation of a "travelling-wave
coordinate system" used to represent the vibrations of the system, where the "nodal
diameter" concept assumes a fundamental meaning to identify the spatial frequency
character of the vibrational mode. It is important that also the excitation force
has a travelling-wave character (synchronous excitation), allowing the expression of
the aerodynamic loading in terms of multiple integers of the rotational frequency
(engine order). It is demonstratable that the excited mode necessarily has a nodal
diameter equal to the engine order of the excitation. The resonance conditions are
pinpointable in the Campbell diagram in honour of the first person to study the
phenomenon.

The synchronous excitation is not the only external source of vibrations. The
flutter is another aeroelastic phenomenon that originates due to unstable inter-
actions between the airflow within a blade row and the blade (cascade effect),
causing further vibrations. It is a self-exciting mechanism whereby blades gather

Tt refers to the static deflections associated with a variable centrifugal load

2Tt is a geometric stiffening occurring in a structure with axial loads or pre-tension forces. The
axial forces of a tension or compression state can induce internal stresses, altering the stiffness
characteristics of the structure

15



Description of the problem

energy from the unsteady flow. In our problem, we will consider only synchronous
excitations.

The Coriolis Forces have a different nature and don’t originate from an external
exciting source. They generally depend on the level of compliance between blade
and disk and the rotational speed; they are tangential, originating when a not-small
component in the radial direction is present. In our problem they are assumed
equal to zero.

Campbell diagram

The Campbell diagram is a diagram that represents the system’s response spectrum
as a function of the oscillation regime. It showcases the system’s eigenfrequency
dependence of the rotational speed €2,.;. Considering the steady-state vibration
study with a synchronous external excitation, the system’s excited mode is identifi-
able by the intersection of the eigenfrequency curve and the straight line starting
from the origin with a slope depending on the engine order of the excitation. The
Campbell diagram of the actual engine turbine rotor in Figure 2.4 showcases the
simultaneous excitation of mode 1 with nodal diameter 6 (MINDG6) * and mode 2
with nodal diameter 18 (M2ND18). The initial suspicion was that the combination
of mistuning, including contact mistuning, and nonlinearities both played a role
in the registered dynamic of the system. To highlight the phenomenon, MTU
Aero Engines prepared a similar turbine rotor with minimum damping, removing
mechanical joints and leaving non-ideal contact conditions (to exacerbate nonlinear
effects). In the meantime, as an objective of the previous project, The development
of a CAD and an FE model provided the matter to run an FEA simulation and
obtain two different Cambel diagrams of the turbine rotor with a tied contact area.
The diagram in Figure 2.2 showcases the results for stiff contact conditions with the
tied-full contact areas. The diagram in Figure 2.3 showcases soft contact conditions
with a tied-full contact area at the fir tree but by tieng only one node for each
contact interface at the shroud.

The speed sensitivity refers to the rotational speed (and centrifugal load) influ-
ence on the system’s dynamic, particularly the natural frequencies. The variable
stiffness associated with the different static contact conditions affects the natural
frequency dependence on the rotational speed.

Although mistuning and nonlinearities both affect the natural frequencies and
the amplitude of the forced responses of the system, they generally have different
effects. Mistuning causes a detuning of the natural frequencies, localization, reso-
nance coincidence, and an increase in the amplitudes of the responses. Nonlinear
systems also manifest a switching of the resonance frequencies, but the effects of

3The nodal diameter always refers to the ideal case for a rotational periodic system
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Stiff boundary conditions at the shroud
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Figure 2.2: Campbell Diagram with stiff contact boundary conditions

nonlinearities on the force response curve are different. The nonlinear resonances
may present bends, secondary branches, isolated branches and other nonlinear
behaviour caused by the dynamic state transition of the contact interfaces but
also a possible internal resonance. Other possible nonlinear effects manifest as
bifurcation points and superharmonic and subharmonic components. Internal
resonance is one of the nonlinear phenomena investigated in this thesis. The
nonlinear energy transfer between two inherently separated modes is the main
cause of the internal resonance, through which the modes’ nonlinear frequencies
become somehow commensurated due to the nonlinear effects. Nonlinear modes
are susceptible to the change in the systems’ total energy, and friction damping
plays a role. In the Campbel diagram in Figure 2.4, the simultaneous excitation of
modes MINDG6 and M2ND18 is the result of an internal resonance of type 3:1 C
and for this reason "worth" studying.
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Soft boundary conditions at the shroud
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Figure 2.3: Campbell Diagram with soft contact boundary conditions

Description and governing equations

Nowadays, geometrical complicated bladed disks are modelled and discretized by
finite elements, and the resolution of the static or dynamic equations requires finding
the unknown, namely the values of the nodal displacements. Studying the system’s
steady-state vibrations requires the imposition of the static condition (centrifugal,
thermal and fluid pressure loads) by fixing the rotational speed. The centrifugal
load involves large deformation and causes the closure of the contact interfaces of
the mechanical joints, and the contact pressures define the normal-static preload
at the interfaces. The nonlinear behaviour depends on these pressures. The
governing equations of motion are written on the assumption of small vibrations,
thus having a linear description of the mechanical elastic and inertia forces. The
only nonlinearities are in the contact mechanical joints and are local. However,
large deformations require accounting for geometrical nonlinearities, losing the
linearar description of the elastic forces. The vibrational motion of the structure
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Figure 2.4: Campbell Diagram of an actual engine

is defined from the static reference condition by the vector of nodal displacement
seu. The vector is sector-wise organized. If N; is the total number of sectors
and [ refers to the specific sector, the nodal displacement associated with the

sector [ is ](cle)u Considered that 0 <1 < N, — 1, the nodal displacement vector is

organized as [(Jﬁ))uT o (Ne-D

e fe
disk, dampers and so on) can be separated, and the vector displacements can be
arranged consistently to the separation.
The governing equations of motion are :

uT]. Each structural element within the sector (blade,

feM pett(t) + D peta(t) + p K peu(t) + pefe [feu] = fefa (reid, fett, peu, t) (2.1

The equations described are second-order ODE in f.u. The differentiation with
respect to time t is denoted with the dot. The mass, damping and stiffness matrices
are denoted with the symbols (M, f.D, ;K respectively. The nonlinear contact
forces acting on intra and inter sectors are denoted as ff.. The square brackets [-]
indicate the hysteretic behaviour of the nonlinear contact forces due to dry friction
(generally Coulomb model). It means that they are not an explicit function of the
displacements and velocities at the instant time, but they depend on the history
of those variables. The insertion of these forces characterizes the problem within
the non-smooth dynamics problems due to the non-smooth characteristic of the
nonlinear contact forces. The aerodynamical forces are denoted as .f,.

The forces ff. and f.f, are organized accordingly to the displacement vector.
If n. is the number of degrees of freedom within each sector, the total number of

degrees of freedom is sf. = Zfzév swlg feq- The dimension of the displacement and
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force vectors is sy, x 1.

The mass matrix .M describes the inertia of the system and hence is associated
with the acceleration vector. It is symmetric and positive-definite. The stiffness
matrix ;K describes the elastic behaviour of the system. The elastic forces
are proportional to the displacement vector. Similar to the mass matrix, it is
symmetric but positive-semidefinite * (possible rigid body modes associated with
zero eigenvalues). The damping behaviour of the system is contained in the
damping matrix ;D and is associated with velocity proportional forces. More
generally, the matrix may contain a symmetric part related to the damping of the
system and a skew-symmetric part related to the Coriolis forces. For the problem
studied, the matrix contains only damping terms. The damping is associated with
the dissipative behaviour of the system and cannot be derived from conventional
FEA, like the mass and stiffness matrix. In general, material damping is weak
with respect to other damping mechanisms but not neglectable if the only present
damping. Due to their weakness, the material damping forces are modelled linearly
in the constant damping matrix. For this reason, the matrix is symmetric and
positive-semidefinite. Another type of linear damping is linear-hysteretic damping,
associated with the hysteretic character of the dissipative forces obtained from
free-decay experiments in terms of logarithmic decrements. More generally the
damping forces can have a non-viscous (velocity-proportional) character.

When referring to bladed disks but more generally to periodic structure, if all
sectors have identical aerodynamical, material, geometrical and contact properties,
they have cyclic symmetry and ideal rotational periodicity [25]. The structural
matrices are block circulant.

Travelling-wave reference system

It is typical to use complex arithmetic to study periodic vibrations due to the
benefits and available methods to simplify and solve the problem in the frequency
domain by exploiting the properties of complex exponential representation. That
said, it is assumed a periodic vibration with fundamental frequency €2 in the
physical coordinate system,

u(t) =N {Z Unei”m} =u(t) =% {Z U, [cos (ndt) + isin (th)]} (2.2)
n=0 n=0
U,, denotes the complex-valued amplitudes of the displacement vector in the
complex Fourier series representation. The integer n € N denotes the tempo-
ral harmonics or temporal wave numbers and defines multiple of the oscillation
frequency.

4A matrix is positive semi-definite when is squared with a mix of positive and zero eigenvalues
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Let’s assume having a linear free-undamped system in the frequency domain
(We are still referring to the generalized coordinate with respect to the FE DOFs,
so the subscript fe is omitted):

([K] = w?[M]){U}e™" = {0} (2.3)

The Fourier representation is simplified for the harmonic case. The problem is
analogous to:

([K] — wi[M]){@}e" = {0} (2.4)

where the mass matrix [M] is a block-diag