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Abstract

The design of a DC-DC, LLC resonant converter, is difficult because FHA methods
give result that may be inaccurate and TDA methods use design algorithms that
can be difficult and not that straightforward; the idea of this work is to develop
design method based on TDA that is the more straightforward possible. To do that,
a numerical solver has been developed, it is based on the standard TDA modeling
and it can analyze in a short time a big amount of possible configuration; it gives as
output the most suitable configuration in term of the chosen figure of merit (that
can be efficiency, volume, ...); in this case the chosen figure of merit is efficiency.
The following contents are present in this thesis: mathematical description of the
solver, description of the design method and its algorithm, detailed example run of
the algorithm and laboratory implementation of the output values from the algorithm
in a specific case of interest.
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Chapter 1

Introduction

1.1 Context

We are living in a period of changes toward a more sustainable world and one of the
main challenge is the electrification because if we want to be less dependant from
fossiles resources we need that. Voltage converters are widely used in all the chain
needed for the electrification, from production to usage of electrical energy, so the
increase of their efficiency, the reduction of their cost and the simplification of their
realization are key points.

During 1970’s switching converters were introduced and the nowadays well known
topologies like buck, boost and buck-boost DC-DC converters were established; they
have high efficiency but not the best in class since they cannot achieve soft switching
in easy way, this brings also to higher EMI than devices that can achieve that [1].

This work studies LLC resonant converters because they seems to be a good choice
thanks to their high efficiency and small volume, in fact they are widely used in
applications like PV converter, EV charging stations, LED driving systems and
consumer power supply, as said in [22].

The main advantages of LLC converters are:

• It is easy to achieve ZVS at turn-on and ZCS at turn-off, this leads to higher
efficiencies;

• They can be made with a limited number of passives, the resonant inductor
can be embedded as leakage of the transformer, this helps to have higher power
density than other converters [3].

And the main disadvantages are:

• Design methods based on FHA are not so straightforward [10], but they needs
iterations and they are not so accurate if the switching frequency is far from
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1. Introduction

the series resonant one [23], while the ones made with TDA are more accurate
but there are no direct formulas for the design [8];

• The dynamic behaviour is not that good with standard modulation techniques.

1.2 Research goals
The idea behind this thesis is to make some research to mitigate the first disadvantage
written in the previous paragraph. The idea is to develop a tool that helps the
designer during a design of an LLC converter, making the design the most straight-
forward possible.
The core of the work is the generation of a MATLAB tool that can analyze in short
time an high number of passives configurations, that are automatically generated.
With that core program it is then possible to study the configurations in order to
maximize the wanted figure, that can be one of the following, taken as examples:

• Efficiency;

• Occupied volume;

• Dynamic response;

• Cost;

• ...

In this work, the studied figure of merit is the efficiency.

The research question is the following:
Is it possible to generate a straightforward design method for an LLC
converter using TDA theory and loss calculation?

1.2.1 Key points

Here there is a short explanation of some important choices made for this work.

Time Domain Analysis

The TDA is used instead of FHA because it has a better accuracy in describing the
converter’s waveforms also far away from the series resonant frequency respect to
FHA and because a wide literature is present.

Chosen topology

Only one specific topology has been chosen to be studied in this work, this to make
things simpler even if it can be expanded to others.
All this thesis refers to an LLC converter with half bridge at the primary side, that

2



1.3. Thesis structure

uses a transformer with center-tapped secondary side with a passive rectification on
the output side, it is shown in figure 1.1.

Figure 1.1: Considered topology.

1.3 Thesis structure
After this introductory chapter, in the second chapter there is a literature review
that describes the basic knowledge used to develop the further chapters and in the
third one, the math used for the core of the program is explained in details.
The fourth chapter describes the main solver, it implements the math described in
the previous chapter; simulation environments used for this thesis are briefly shown
also. Chapter five describes the proposed algorithm to design LLC converters, along
with an example run of it with a step-by-step explanation. The values resulting
from the output of the algorithm are simulated at the end of this part to verify their
correctness.
In the last chapter, there is an explanation of the laboratory activities that brought
to the realization of the converter with the specification found with the algorithm.
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Chapter 2

Literature review

This unit explains some knowledge already present in literature, that is useful for
the understanding of the dissertion.

2.1 FHA "First harmonic Approximation"

Differently to standard DC-DC converter for which the state-space averaging is
mainly used because it can generate a good linear model, with resonant converters it
is not possible to use this technique, because the main part of the information is not
carried in DC but with the switching frequency that excite the system, that normally
it is also near the resonant frequency of the tank. One possible technique is the
First Harmonic Approximation, that consist in considering for all signal only their
first harmonic, so that the inner part of the system can be analyzed with traditional
theory of phasors. In the following sections, each block of the converter is analyzed
with such approximation: inverter, rectifier, resonant tank.

2.1.1 The inverter

Figure 2.1: Half bridge inverter.

The inverter (figure 2.1) generates a square wave from the input voltage, that
is approximated with the only first harmonic of the Fourier series as it is visible in
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figure 2.2.

Figure 2.2: FHA waveforms of the inverter.

The fourier series of a square wave with null DC value and amplitude from h to
-h can be expressed as:

infØ
n=1,3,5,...

4h
nπ

sin(nωt) (2.1)

Only the first harmonic is taken, neglecting the DC part so voltage at the tank
input is approximated as:

VS1(t) = 2Vi
π
sin(ωt) (2.2)

This because it is an half bridge so h = VIN
2 but in the case we want to study a

full bridge, h = VIN and so:

VS1(t) = 4Vi
π
sin(ωt) (2.3)

The output current depends on the load impedance of the stage:

VS1(t) = IS1,maxsin(ωt+ φ) (2.4)

The last thing needed to characterize the inverter is the amount of current
drawn from the source, it can be approximated as a DC current with the value that
correspond to the average current that pass via the upper MOSFET, so only half
period:

IIN = éIS1ê Ts
2

= 2
Ts

Ú Ts
2

0
IS1,maxsin(ωt+ φ)dt = · · · = 2

π
IS1,maxcos(φ) (2.5)

So the final FHA approximation of the inverter is the following (figure 2.3):

If it is used a full bridge, the output become Vs = 4Vi
π .
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2.1. FHA "First harmonic Approximation"

Figure 2.3: FHA approximation of the inverter.

2.1.2 The rectifier

As it is said in the introduction the analyzed rectifier is the one represented in figure
2.4, the idea is to represent the element as it is seen from the side of the tank, in
order to understand how it affect the transfer function of the resonant tank itself.

Figure 2.4: Schematic of the rectifier.

Figure 2.5: FHA waveforms of the rectifier.

The studied rectifier is a current driven rectifier, but similar analysis can be done
with voltage driven rectifier that has constant current output.

Thanks to the constant output voltage, the secondary voltage is or +Vo or −Vo,
depending on which diode is conducting. Consequently the primary side voltage is
NVo or −NVo, using the FHA it’s possible to approximate this with a sinusoid (2.5
a)):
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vR(t) ≈ VR1(t) = 4NVo
π

sin(ωt) (2.6)

If we consider a purely resistive load, the absorbed power from the secondary is
purely real, so currents and voltages on the primary are aligned and on the secondary
they are modified by the factor N and rectified, as in figure 2.5 b). And the current
at primary can expressed as:

iR(t) = IRsin(ωt) (2.7)

As said before, the output current is constant and its value can be obtained
integrating the secondary current for half period:

Io = 2
Ts

Ú Ts
2

0

IR
n
sin(ωt)dt = · · · = 2NIR

π
(2.8)

So:

IR = NIoπ

2 (2.9)

Now that current and voltages on the primary side are approximated, we can
divide formula 2.6 and 2.7 substituted with 2.9 to obtain the input equivalent
resistance:

Req = vR(t)
iR(t) =

4NVo
π sin(ωt)
IRsin(ωt) =

4NVo
π
Ioπ
2N

= 8N2

π2
Vo
Io

= 8N2

π2 RL (2.10)

The linearized equivalent of the rectifier is therefore the one in figure 2.6.

Figure 2.6: Linearized model of the rectifier.

In which:

Req = 8N2

π2 RL, Io = 2NIR
π

(2.11)

2.1.3 The tank

This part focuses on the transfer function of an LLC tank in the s-domain.
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2.1. FHA "First harmonic Approximation"

Figure 2.7: Schematic of the simplified LLC tank.

Simplified transfer function

First we study the transfer function without load, as in figure 2.7.
Using voltage partitioning:

Vo = sLm

sLm + sLr + 1
sCr

Vi (2.12)

It’s possible to obtain the transfer function:

H(s) = Vo
Vi

= s2LmCr
1 + s2Cr(Lm + Lr)

(2.13)

That has two zeros in the origin:

fZ1 = fZ2 = 0 (2.14)

And two complex conjugate poles:

1 + s2
pCr(Lm + Lr) = 0 (2.15)

sp1,2 = ±
ó

− 1
Cr(Lm + Lr)

= jωp1,2 (2.16)

fp1,2 = ± 1
2π

ó
1

Cr(Lm + Lr)
(2.17)

Since there is no term with s at denominator, in this case Q = ∞, so the sketch
of the transfer function is the one in figure 2.8.

Transfer function

The more complete model includes also the equivalent resistance from the rectifier,
as in figure 2.9, from which it is possible to derive the transfer function:

Vo = sLm//RL

sLm//RL + sLr + 1
sCr

Vi =
sLmLr
sLm+Lr

sLmLr
sLm+Lr

+ sLr + 1
sCr

Vi (2.18)

9
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Figure 2.8: Sketch of the transfer function of the simplified LLC tank.

Figure 2.9: Schematic of the linearized LLC tank.

H(s) = Vo
Vi

= s2LmRLCr
s2LmRLCr + s2CrLr(sLm +RL) + sLm +RL

= (2.19)

= s2LmRLCr
s3CrLrLm + s2RLCr(LR + Lm) + sLm +RL

(2.20)

The two zeros are in the same position:

fZ1 = fZ2 = 0 (2.21)

The positions of the two poles are not so easy to determine, but there are two
complex conjugate poles (fp1,2) and a simple pole (fp3), in order to sketch the bode
plot, we still need to determine their relative position, so to understand if the bode
plot is more similar to 2.10 a) or b).

To do that it is possible to simplify the parallel between Lm and RL looking at
it equivalent at low (figure 2.11 a)) and high (figure 2.11 b)) frequency:

• Low frequency: sLm << RL so sLm//RL ≈ sLm;

• High frequency: sLm >> RL so sLm//RL ≈ RL;

Since at lower frequency the circuit is the same studied before it is possible to
say that the bode plot of the transfer function of the tank will be similar to 2.10 a).
Complex conjugate poles at lower frequency are approximated as follows:

10



2.2. Complete model

Figure 2.10: Possible bode plot of linearized LLC tank depending on the relative
position of fp1,2 and fp3.

Figure 2.11: a) low frequency approximation, b) high frequency approximation.

fp1,2 ≈ ± 1
2π

ó
1

Cr(Lm + Lr)
(2.22)

For high frequency (figure 2.11, b) we study the transfer function of the tank
neglecting the contribution of the magnetizing inductor, so it is the transfer function
of an series RLC circuit:

H(s) = RL

RL + sLr + 1
sCr

(2.23)

This is also called series resonant frequency of the converter and is:

fp3 ≈ 1
2π

ó
1

CrLr
(2.24)

2.2 Complete model
After this part the linearized model of the converter can be written.

In figure 2.12 there is the linearized model in which:

• Vi is the DC voltage at the input;

• Ii is the DC current drawn from the input source;
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Figure 2.12: Linearized model of an LLC converter using the FHA.

• 2Vi
π is the phasor representing the input voltage of the tank;

• IR is the phasor of the current at the output of the tank;

• Req is the equivalent load generated from the rectifier on the tank;

• 2N |IR|
π is the DC current delivered to the load.

2.3 TDA "Time Domain analysis"

The analysis in the time domain consist in studying the converter in the time variable,
studying, for each interval in which the switches are in different configurations, the
simplified representation of it with differential equations. One of the first paper
describing this is [12] and the assumption in this study are:

• Constant 50% dutycycle;

• Null deadtime;

• Constant input voltage;

• Constant output voltage;

• Null voltage drop on rectifiers;

• No leakage inductance at secondary side of the trasformer.
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2.3. TDA "Time Domain analysis"

Figure 2.13: Example of an LLC converter. Source [12].

2.3.1 States

If the considered topology is the one present in figure 2.13 and according to the
state’s combinations of the switches, six possible simplified representations (states)
are possible (figure 2.14) where:

• V1 depends on input voltage and type of bridge (V1 = Vg if full-bridge and
V1 = Vg/2 if half bridge;

• V2 depends on output voltage and transformer turn ratio (V2 = NV0).

Figure 2.14: Simplified representations of an LLC converter. Source [12].
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According to [12] and others, since the duty cycle is 50%, each half period has
same waveform of the other, but symmetric with zero, so it is possible to successfully
study only three of this representations, that from now on will be called "P", "O",
"N". They are extracted in figure 2.15, and they can be recognized looking at the
waveform in this way:

• P state if the voltage on magnetizing inductance is above zero and fixed to
+NVo;

• N state if the voltage on magnetizing inductance is negative and fixed to −NVo;

• O state if the voltage on magnetizing inductance oscillates.

Figure 2.15: P, O, N states of an LLC converter. Source [12].

Notation

According with the previous section the resonant frequencies of the converter are
calculated like: ωr = 1√

CrLr

ωm = 1√
Cr(Lm+Lr)

(2.25)

P state

In this state, as stated by [20] the general solution of the simplified circuit is:

LrCr
d2

dt2
vCr + vCr = Vi −NVo (2.26)
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2.3. TDA "Time Domain analysis"

Solving the differential equation, the following equations describe the state (can be
found in [12] in a different normalization):

vC(t) = Kacos(ωrt) +Kbsin(ωrt) + Vi −NVo

iL(t) = Crωr(−Kasin(ωrt) +Kbcos(ωrt))
vM (t) = NVo

iM (t) = NVo
Lm

t+ iM (0)
iO(t) = iL(t) − iM (t)

(2.27)

N state

Similarly in the N state, the general solution of the simplified circuit is:

LrCr
d2

dt2
vCr + vCr = Vi +NVo (2.28)

And the following they are the equations that describe this state (can be found in
[12] in a different normalization):

vC(t) = Kacos(ωrt) +Kbsin(ωrt) + Vi +NVo

iL(t) = Crωr(−Kasin(ωrt) +Kbcos(ωrt))
vM (t) = −NVo
iM (t) = −NVo

Lm
t+ iM (0)

iO(t) = iM (t) − iL(t)

(2.29)

O state

In this state, the equivalent circuit is slightly different and the equation that describes
it is [20]:

(Lr + Lm)Cr
d2

dt2
vCr + vCr = Vi (2.30)

That if solved, give rise to the following formulas (can be found in [12] in a
different normalization):

vC(t) = Kacos(ωmt) +Kbsin(ωmt) + Vi

iL(t) = Crωm(−Kasin(ωmt) +Kbcos(ωmt))
vM (t) = Lm

Lm+Lr
(−Kacos(ωmt) −Kbsin(ωmt)

iM (t) = iL(t)
iO(t) = iM (t) − iL(t) = 0

(2.31)

2.3.2 Modes

In half period more than one state can be present, their order and number on each
half period states the mode in which the converter is working, there are theoretically
infinite possible modes, but only some of them are of interest in LLC theory.
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Canonical modes

Figure 2.16: Waveforms of the canonical modes of an LLC converter. Source [6].

These are the canonically studied modes as described in articles like [6] and [12]:

• Figure 2.16 (a): PO mode;

• Figure 2.16 (b): PON mode;

• Figure 2.16 (c): PN mode;

• Figure 2.16 (d): NP mode;

• Figure 2.16 (e): NOP mode;

• Figure 2.16 (f): OPO mode.

Given a resonant tank, changing frequency and nominal load, it is possible to
pass from one mode to the other, with the behaviour that is described by figures
similar to figure 2.17.

Cut-off mode

In some configurations, it is possible to see that if the switching frequency is much
higher than resonant frequency the converter goes in the so-called cut-off mode, in
which the converter stays theoretically only in the O-state.
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Figure 2.17: Example of boundaries between modes. Source [6].

Lower frequency modes

If instead the switching frequency is much lower than the series resonant frequency,
there can be modes in which multiple N and P states are present in each semi-period
as possible to see in the simulation presented in figure 2.18. These are not studied in
this work.

Figure 2.18: Simulation of a "low frequency mode", in the left picture output and
resonant current, in the right picture voltage on the capacitor and on the magnetizing

inductance.
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2.4 Loss Model
This section briefly explains the losses that will be taken into account in later
chapters.

2.4.1 MOSFET losses

The losses considered in the MOSFET are conduction and switching losses.

Conduction losses

Considering:

• the dead-time negligible respect to the period;

• converter secondary side to be symmetric so that resonant current in the two
half periods is symmetric;

• the MOSFETs are identical.

The total conduction loss of the bridge can be calculated as follow:

PMOS,cond = a ·RMOS · i2L,RMS (2.32)

Where a = 1 if there is an half-bridge and a = 2 if there is a full-bridge inverter.

Turn-on and turn-off losses

Power losses occur because during switching period both current and voltage on the
switch are not zero, if their behaviour is approximated as linear, the instantaneous
power loss has triangular waveform, similar to what is represented in figure 2.19. If
ZVS is achieved during turn-on and considering linear behaviour of voltages and
currents, turn-on and turn-off losses can be studied, for a single MOSFET, as:

PMOS,turn−ON = fsw
2 VoffIon · tSWdelay = fsw

2 Vbody_diodeIL,turn−ON · trise (2.33)

PMOS,turn−OFF = fsw
2 VoffIon · tSWdelay = fsw

2 VinIL,turn−OFF · tfall (2.34)

Zero Voltage Switching at primary

To achieve ZVS during turn-on, a proper dead-time has to be inserted to make the
parasitic capacitor to discharge before turning on the device, as sketched in figure
2.20, a general condition for this to be feasible is that the energy in the resonant
tank is enough to discharge parasitic capacitors so, as also said by [10], to have ZVS
a necessary condition is:

Lmi
2
L,peak > CossV

2
ds (2.35)
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2.4. Loss Model

Figure 2.19: Voltage, current and power during a turn on-off cycle of an ideal
switch. Source [16].

And if the current is constant during all the dead-time, the minimum dead-time
can be found as:

tdead > tdead,MIN , tdead,MIN = 2CossVds
Ids

(2.36)

Where Coss is the parasitic capacitance of each single MOSFET because they
are seen in parallel from the point of view of the current that charge-discharge them.
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Figure 2.20: Gate and channel voltages, currents in the channel during a turn-on
cycle. Source [10].

Body diode losses

Losses can happen in the body diode due to conduction and reverse recovery;
conduction losses can be studied as:

PMOS,body_conduction = Vbody_diodeIds(tdead − tdead,MIN ) (2.37)

Switching losses

Concluding this little part, it is possible to calculate switching losses as:

PMOS,switch =a · (PMOS,turn−ON + PMOS,turn−OFF+
+ PMOS,body_conduction + PMOS,body_recovery)

(2.38)

Where a = 1 if there is an half-bridge and a = 2 if there is a full-bridge inverter.

2.4.2 Magnetic elements losses

Inductors and transformer losses can be studied with same equations, considering
the separate effects of conduction and core losses.

Conduction losses

In first approximation, as if the radius of the wire is less than skin depth, so that
skin effect and proximity effects can be neglected:

rwire < δ(n) =
ó

2ρcu
2πnfswµ0

(2.39)

Conduction losses can be calculated as:

Pcond = RDC · i2L,RMS (2.40)
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Core losses

Core losses can be instead computed using Steinmetz equation [21]:

Pcore = k · fasw ·Bb (2.41)

Were the coefficients k, a and b are given by the manufacturer of the used cores.

2.4.3 Rectifier losses

If the diode is studied using its simplified model, conduction losses can be studied as:

Pdiode = b · (VgammaIo,medio +RonI
2
o,RMS) (2.42)

Where b = 2 if there is a center-tap secondary, and b = 4 if a full-bridge rectifier is
present.
If more precise calculations are needed, it is possible to add also recovery losses.

2.4.4 Capacitor losses

Losses in capacitor (resonant and output) can be studied using or the ESR or the
loss angle, depending on the values present on the datasheet, as:

Pcapacitor = ESR · i2C,RMS = tan(δ)Xc · i2C,RMS = tan(δ)
2πfswC

· i2C,RMS (2.43)
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Chapter 3

Mode solvers

This chapter presents in details the mathematical formulation used to study the
modes and for each mode the following are included:

• Waveform calculation: they are computed solving the systems that describe
each mode (presented in chapter 2) and the relative boundary conditions, this
is done analytically for some modes and numerically for some others, generally
speaking the boundary condition needed to solve the systems are:

– Continuity of voltages on the resonant capacitor at the boundary of two
states;

– Continuity of current in resonant and magnetizing inductance at the
boundary of two states;

– Symmetry of all waveform due to the fact that it is assumed that waveform
in the first and second half period are the same;

– Zero output current at state changes.

• Boundaries evaluation; they are a set of equations useful to determine if the
waveform obtained with previous points are consistent with the mode studied;

• Analytical calculation of important values that are useful for the loss calculation
and/or for the design and choose of component for the converter (in appendix
A):

– RMS current in the tank (In MOSFETs, resonant capacitor, resonant
inductor and in the primary of the transformer);

– Current at turn-on and turn-off of the MOSFETs;
– RMS current on the secondary side (diodes and secondary of the trans-

former);
– Average current in the rectifying diodes;
– RMS current on the output capacitor;
– Peak voltage on the resonant capacitor;
– Peak resonant current.
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3.1 PN MODE
This section describes PN mode.

3.1.1 Waveforms calculation

Figure 3.1: General waveforms of PN mode. Source [6].

The first part of the waveforms in figure 3.1 is a P-state, that can be described
with equations 2.27, changing the name of the coefficients:

vCP
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo

iLP
(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt))

vMP
(t) = NVo

iMP
(t) = NVo

Lm
t+ iMP

(0)
iOP

(t) = N [iLP
(t) − iMP

(t)]

(3.1)

While the second part is an N-state and can be described by equations 2.29
changing the coefficients and making a time translation, so that it begins when the
other ends:

vCN
(t) = K3cos(ωr(t− t1)) +K4sin(ωr(t− t1)) + Vi +NVo

iLN
(t) = Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1)))

vMN
(t) = −NVo

iMN
(t) = −NVo

Lm
(t− t1) + iMN

(t1)
iON

(t) = N [iMN
(t) − iLN

(t)]

(3.2)

For this problem the unknowns are 7: K1,K2,K3,K4, iMP
(0), iMN

(t1), t1. This is
possible to solve in close form (this means that given the values of the passives, of the
input voltage and of the switching frequency, all parameters including output voltage

24



3.1. PN MODE

and all waveforms can be directly found), as stated in [12], where it is expressed in
another notation; the result using the notation of this text are:

K1 = NVo(mC(0) − 1/M + 1)
K2 = NVojL(0)
K3 = NVo(mC(θ3) − 1/M − 1)
K4 = NVojL(θ3)
iMP

(0) = −IBASElφ
iMN

(t1) = IBASEγl/2
t1 = (γ/2 − φ)/ω0

(3.3)

Where all the not known values are directly expressed in [12].

3.1.2 Boundaries with other modes

Looking at figure 2.17, it is possible to see that we have to distinguish PN-NP,
PN-PO, PN-PON boundaries as well as the boundaries with lower frequency modes.

PN-NP boundary

This boundary is easy to study, because it is the unitary normalized frequency, so to
be in PN mode:

fsw < fr = 1
2π

√
LrCr

(3.4)

PN-PO, PN-PON boundary

These two boundaries are the same, the idea is that after P-state the converter
doesn’t have to go into O-state, but it must go into P-state. The voltage on the
primary side, unequivocally determined the state in which the converter is:

• If vM > NVo the converter is in P-state;

• If vM < −NVo the converter is in N-state;

• If −NVo < vM < NVo the converter is in O-state.

It is possible to study what does it happen at the end of the P-state, studying as if
there is a transition between P-state and O-state (illustrated in figure 3.2), but if
in the hypothetical O-state, vM < −NVo it means that the device went in N-state
instead and the other diode started conducting:

vM (t+1 ) < −NVo

(Vi − vC(t1)) Lm
Lm + Lr

< −NVo (3.5)

So we have to impose 3.5 to be sure to stay in PN mode.
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Figure 3.2: Passage from P to O state. Source [12].

Boundary with lower frequency modes

These modes happen if there are more than one P-state or N-state, in figure 3.3 a
sketch of what it is intended to exclude with these conditions. To be in the good
case we have to impose: 

iM (0) < iL(0)
iM (Ts

2 ) > iL(Ts
2 )

ωrt1 <
3
2π

ωr(Ts
2 − t1) < 3

2π

(3.6)

In which the two first conditions simply say that it starts in P-state and it ends
in N-state, and the last two impose that for sure if the first two are true we are in
the "first" P-state (checking if the system is in 3.3.a and not 3.3.c), since a complete
P-state or N-state has a maximum angular duration of about π.

Figure 3.3: Sketch of unwanted waveforms.

3.1.3 Interesting values

The analytical calculation of the interesting values needed for the loss model is shown
in appendix A.1.
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3.2 NP MODE

This section studies the NP mode.

3.2.1 Waveforms calculation

Figure 3.4: General waveforms of NP mode. Source [6].

The first part of the waveforms in figure 3.4 is a N-state, that can be described
with equation 2.29, changing the name of the coefficients:

vCN
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi +NVo

iLN
(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt))

vMN
(t) = −NVo

iMN
(t) = −NVo

Lm
t+ iMN

(0)
iON

(t) = N [iMN
(t) − iLN

(t)]

(3.7)

While the second part is an P-state and can be described by equations 2.27
changing the coefficients and making a time translation, so that it begins when the
other ends:

vCP
(t) = K3cos(ωr(t− t1)) +K4sin(ωr(t− t1)) + Vi −NVo

iLP
(t) = Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1)))

vMP
(t) = +NVo

iMP
(t) = NVo

Lm
(t− t1) + iMP

(t1)
iOP

(t) = N [iLP
(t) − iMP

(t)]

(3.8)

Also for this problem the unknowns are 7: K1,K2,K3,K4, iMN
(0), iMP

(t1), t1.
Similarly to PN mode, it is possible to solve in close form also this mode (this
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3. Mode solvers

means that given the values of the passives, of the input voltage and of the switching
frequency, all parameters including output voltage and all waveforms can be directly
found), as stated in [12], where it is expressed in another normalization; the result
using the normalization of this text are:

K1 = NVo(mC(0) − 1/M − 1)
K2 = NVojL(0)
K3 = NVo(mC(θ1) − 1/M + 1)
K4 = NVojL(θ3)
iMN

(0) = −IBASElφ
iMP

(t1) = −IBASEγl/2
t1 = (γ/2 − φ)/ω0

(3.9)

Where all the not known values are directly expressed in [12].

3.2.2 Boundaries with other modes

Looking at figure 2.17 it is possible to see that we have to distinguish NP-PO,
NP-PON, NP-PN and NP-NOP boundaries as well as the boundaries with lower
frequency modes.

NP-PO, NP-PON, NP-PN boundary

These boundaries are the same and are easy to study, because they are the unitary
normalized frequency, so to be in NP mode:

fsw > fr = 1
2π

√
LrCr

(3.10)

NP-NOP boundary

As stated in the previous section, it is possible to unequivocally determine the state
of the converter looking at the primary side voltage:

• If vM > NVo the converter is in P-state;

• If vM < −NVo the converter is in N-state;

• If −NVo < vM < NVo the converter is in O-state.

It is possible to study what happens at the end of the N-state, studying as if there
is a transition between N-state and O-state (presented in figure 3.5), but if in the
hypothetical O-state, vM > NVo it means that the device went in P-state instead,
and the other diode started conducting:

vM (t+1 ) > NVo
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3.2. NP MODE

Figure 3.5: Passage from N to O state. Source [12].

(Vi − vC(t1)) Lm
Lm + Lr

> NVo (3.11)

So we have to impose 3.11 to be sure to stay in NP mode.

Boundary with lower frequency modes

The reasoning is the same made with PN mode, in figure 3.6 a sketch of what is
intended to exclude with these conditions. To be in the good case we have to impose:


iM (0) > iL(0)
iM (Ts

2 ) < iL(Ts
2 )

ωrt1 <
3
2π

ωr(Ts
2 − t1) < 3

2π

(3.12)

In which the two first conditions simply say that it starts in N-state and ends
in P-state, and the last two impose that for sure if the first two are true we are in
the "first" N-state (checking if the system is in 3.6.a and not 3.6.c), since a complete
P-state or N-state has a maximum angular duration of about π.

Figure 3.6: Sketch of unwanted waveforms.
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3. Mode solvers

3.2.3 Interesting values

The analytical calculation of the interesting values needed for the loss model is shown
in appendix A.2.

3.3 PO MODE

This section studies PO mode.

3.3.1 Waveforms calculation

Figure 3.7: General waveforms of PO mode. Source [6].

The first part of the waveforms in figure 3.1 is a P-state, that can be described
with equation 2.27, changing the name of the coefficients:



vCP
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo

iLP
(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt))

vMP
(t) = NVo

iMP
(t) = NVo

Lm
t+ iMP

(0)
iOP

(t) = N [iLP
(t) − iMP

(t)]

(3.13)

While the second part is an O-state and it can be described by equations 2.31
changing the coefficients and making a time translation, so that it begins when the
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3.3. PO MODE

other ends:

vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1)))

vMO
(t) = Lm

Lm+Lr
(−K3cos(ωm(t− t1)) −K4sin(ωm(t− t1))

iMO
(t) = iLO

(t)
iOO

(t) = iMO
(t) − iLO

(t) = 0

(3.14)

For this problem the unknowns are 6: K1,K2,K3,K4, iMP
(0), t1. The article [20]

derives direct formulas for all these value except for t1:

K1 = 2NCrRLVoVifsw−CrRLV
2

i fsw−V 2
o

2CrRLVifsw

K2 = NVot1ωr
K(cos(t1ωr))−1 + sin(t1ωr)

2CrRLNVoVffsw−V 2
o

2RLfswCrVi(cos(t1ωr)−1)
K3 = K1cos(t1ωr) +K2sin(t1ωr) −NVo

K4 =
ñ

(Lm
Lr

+ 1)(−K1sin(t1ωr) +K2cos(t1ωr))
iMP

(0) = K2Crωr

(3.15)

Then [20] proposes a numerical solution to find t1; it consist in finding the zero
of the following equation, in which the only unknown is θ knowing that t1ωr = θ:
Cr(8N2RLViVofsw − 4NRLV 2

i fsw +NRLV
2
i fswθ

2 + 4NRLV 2
i fswcos(θ)

+ 2N2RLViVofswθ
2 − 8N2RLViVocos(θ) +NRLV

2
i fswθ

2cos(θ)+
+ 2N2RLViVofswθ

2cos(θ) − 8N2RLViVofswθsin(θ)) − (4NV 2
o − 2ViVo +NV 2

o θ
2+

− 4NV 2
o cos(θ) + 2ViVocos(θ) +NV 2

o θ
2cos(θ) − 4NV 2

o θsin(θ)) = 0
(3.16)

All these information are enough to find the waveforms of this mode.

3.3.2 Boundaries with other modes

Looking at figure 2.17 is possible to see that we have to distinguish PO-NP, PO-PN,
PO-OPO, and PO-PON boundaries. It is also needed to study the boundary between
PO and an hypothetical NPO mode.

PO-NP boundary

This boundary is the easiest to study, because it is the unitary normalized frequency,
so to be in PO mode:

fsw < fr = 1
2π

√
LrCr

(3.17)

PO-PN boundary

This boundary is the same already studied in section 3.1 for the PN mode, so it is
only needed to change the sign of equation 3.5:

(Vi − vC(t1)) Lm
Lm + Lr

> −NVo (3.18)
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3. Mode solvers

PO-OPO boundary

To find this boundary it is needed to study the passage from the O-state in the
first half period (with positive Vi) and the P-state in the second half (with negative
Vi). With a similar reasoning of the ones done in previous sections, it’s possible to
characterize this boundary checking if the voltage across the magnetizing inductance
after the transition from +Vi to −Vi in the hypothetical O-state is such that the
system goes into P-state. The studied transition is present in figure 3.8.

Figure 3.8: Passage from two O state with different input voltage. Source [12].

vM (Ts2

+
) > NVo

(−Vi − vC(t1)) Lm
Lm + Lr

> NVo (3.19)

Equation 3.19 is useful to check this boundary.

PO-PON boundary

In this case it’s needed to check that in all the O-state, the voltage across the
magnetizing (vMO

(t), presented in equation 3.14) never goes below −VoN :

vM (t) > −NVo, ∀t ∈ [t1;Ts/2] (3.20)

That is equal to:

vM,min(t) > −NVo, t ∈ [t1;Ts/2] (3.21)

The algorithm in appendix B.5 is useful to find vM,min, using the values present
in table 3.1.

PO-NPO boundary

To be in PO mode, the resonant current needs to be higher than the magnetizing
current from the beginning, and since at the start of the interval they are the same,
is sufficient to impose:

diLP
(t)

dt

----
t=0

>
diMP

(t)
dt

----
t=0

(3.22)
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3.3. PO MODE

Coefficient Value for vM,min

C1 −K4Lm/(Lm + Lr)
C2 −K3Lm/(Lm + Lr)
C3 0
tbegin t1
tend Ts/2 − t1
ω ωm

Table 3.1: Coefficient for minimum voltage on magnetizing inductance in PO mode.

d

dt
(Crωr(−K1sin(ωrt) +K2cos(ωrt)))

----
t=0

>
d

dt
(NVo
Lm

t+ iMP
(0))

----
t=0

(3.23)

So:
Crωr(−ωrK1cos(ωrt) − ωrK2cos(ωrt))

----
t=0

>
NVo
Lm

----
t=0

(3.24)

Then equation 3.25 is then useful to find this boundary:

− Crω
2
rK1 >

NVo
Lm

(3.25)

3.3.3 Interesting values

In appendix A.3 there is the analytical calculation of the interesting values needed
for the loss model.
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3.4 PON MODE

This section studies the PON mode.

3.4.1 Waveforms calculation

Figure 3.9: General waveforms of PON mode. Source [6].

In the first interval the system is in P-state (equations 2.27):



vCP
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo

iLP
(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt))

vMP
(t) = NVo

iMP
(t) = NVo

Lm
t+ iMP

(0)
iOP

(t) = iLP
(t) − iMP

(t)

(3.26)

In the second it is in O-state (equations 2.31 with time translation):



vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1)))

vMO
(t) = Lm

Lm+Lr
(−K3cos(ωm(t− t1)) −K4sin(ωm(t− t1))

iMO
(t) = iLO

(t)
iOO

(t) = iMO
(t) − iLO

(t) = 0

(3.27)

While in the last part, the system is in P-state (equations 2.29 with time transla-
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3.4. PON MODE

tion):

vCN
(t) = K5cos(ωr(t− Ts/2)) +K6sin(ωr(t− Ts/2)) + Vi +NVo

iLN
(t) = Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2)))

vMN
(t) = −NVo

iMN
(t) = −NVo

Lm
(t− t2) + iMN

(t2)
iON

(t) = iMN
(t) − iLN

(t)

(3.28)

Looking at the describing equations, is possible to see that there are 10 unknowns:
K1,K2,K3,K4,K5,K6, iMP

(0), iMN
(t2), t1, t2. To have easier understanding of the

mathematical expressions, the time duration of each state (tN , tO and tP ) are used
instead of t1 and t2, so the number of unknowns increased up to 11. To solve the
system, the following are the boundary conditions are imposed:

• Continuity of the current in the resonant inductance
(iLP

(t1) = iLO
(t1), iLO

(t2) = iLN
(t2));

• Conditions that state the boundaries of the O-interval
(iLP

(t1) = iMP
(t1), iLN

(t2) = iMN
(t2));

• Continuity of the voltage across the resonant capacitor
(vCP

(t1) = vCO
(t1), vCO

(t2) = vCN
(t2));

• Symmetry for iL, iM and vC
(iLP

(0) = −iLN
(Ts/2), iMP

(0) = −iMN
(Ts/2), vCP

(0) = −vCN
(Ts/2) + Vi);

• Beginning of the N-interval (vMO
(t2) = −NVo);

• Total duration of the half period (tP + tO + tN = Ts/2).

The relative non-linear equation’s system in expressed in 3.29:



Crωr(−K1sin(ωrtP ) +K2cos(ωrtP )) = CrωmK4

Crωm(−K3sin(ωmtO) +K4cos(ωmtO)) = Crωr(−K5sin(−ωrtN ) +K6cos(−ωrtN ))
Crωr(−K1sin(ωrtP ) +K2cos(ωrtP )) = VoN

Lm
tP + iMP

(0)
Crωr(−K5sin(−ωrtN ) +K6cos(−ωrtN )) = iMN

(t2)
K1cos(ωrtP ) +K2sin(ωrtP ) + Vi −NVo = K3 + Vi

K3cos(ωmtO) +K4sin(ωmtO) + Vi = K5cos(−ωrtN ) +K6sin(−ωrtN ) + Vi +NVo

CrωrK2 = −CrωrK6

iMP
(0) = −iMN

(t2) + VoN
Lm

tN

K1 + Vi −NVo = −(K5 + Vi +NVo) + Vi
Lm

Lm+Lr
(−K3cos(ωmtO) −K4sin(ωmtO)) = −VoN

tP + tO + tN = Ts
2

(3.29)
This system is then solved using numerical methods to have waveform on which

apply the formulas to find the values of interest.
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3.4.2 Boundaries with other modes

Looking at figure 2.17 is possible to see this mode is confined by NP, PN and PO
mode.

PON-NP boundary

The threshold between the two is the unitary normalized frequency:

fsw < fr = 1
2π

√
LrCr

(3.30)

PON-PN and PON-PO boundary

Since it’s a numerical solution method, even if the system is in PN or PO mode the
solver can converge, having a O-state or N-state duration very small, to detect so
two thresholds are implemented and equations 3.31 and 3.32 can be used to check if
the solution is in PON:

tO >
1

100Ts (3.31)

tN >
1

100Ts (3.32)

O-duration check

Once the solution of the solver is computed, a check of the duration of the O-
interval is necessary, in order to see that during the O-interval the voltage across the
magnetizing inductance doesn’t exit its limits [−NVo;NVo] as it’s sketched in figure
3.10.

Figure 3.10: Sketch of O-interval duration problem.
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As derived in appendix B.5 the timing of the minimum in the O-interval is:

tzero = 1
ω
tan−1(C1

C2
) = 1

ωm
tan−1(K4

K3
) (3.33)

So it’s needed to check if:

tO < tzero = 1
ωm

tan−1(K4
K3

) (3.34)

3.4.3 Interesting values

In appendix A.4 there is the analytical calculation of the interesting values needed
for the loss model.
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3.5 NOP MODE

This section studies NOP mode.

3.5.1 Waveforms calculation

Figure 3.11: General waveforms of NOP mode. Source [6].

In the first interval the system is in N-state (equations 2.29):



vCN
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi +NVo

iLN
(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt))

vMN
(t) = −NVo

iMN
(t) = −NVo

Lm
t+ iMN

(0)
iON

(t) = iMN
(t) − iLN

(t)

(3.35)

In the second it is in O-state (equations 2.31 with time translation):



vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1)))

vMO
(t) = Lm

Lm+Lr
(−K3cos(ωm(t− t1)) −K4sin(ωm(t− t1))

iMO
(t) = iLO

(t)
iOO

(t) = iMO
(t) − iLO

(t) = 0

(3.36)

While in the last part the system is in P-state (equations 2.27 with time transla-
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3.5. NOP MODE

tion):

vCP
(t) = K5cos(ωr(t− Ts/2)) +K6sin(ωr(t− Ts/2)) + Vi −NVo

iLP
(t) = Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2)))

vMP
(t) = NVo

iMP
(t) = NVo

Lm
(t− t2) + iMP

(t2)
iOP

(t) = iLP
(t) − iMP

(t)

(3.37)

Looking at the describing equations, it is possible to see that there are 10 un-
knowns: K1,K2,K3,K4,K5,K6, iMN

(0), iMP
(t2), t1, t2. To have easier understanding

of the mathematical expressions, the time durations of each state (tN , tO and tP ) are
used instead of t1 and t2, so the number of unknowns increased up to 11. To solve
the system, the following boundary conditions are imposed:

• Continuity of the current in the resonant inductance
(iLN

(t1) = iLO
(t1), iLO

(t2) = iLP
(t2));

• Conditions that state the boundaries of the O-interval
(iLN

(t1) = iMN
(t1), iLP

(t2) = iMP
(t2));

• Continuity of the voltage across the resonant capacitor
(vCN

(t1) = vCO
(t1), vCO

(t2) = vCP
(t2));

• Symmetry for iL, iM and vC
(iLN

(0) = −iLP
(Ts/2), iMN

(0) = −iMP
(Ts/2), vCN

(0) = −vCP
(Ts/2) + Vi);

• Beginning of the P-interval (vMO
(t2) = NVo);

• Total duration of the half period (tN + tO + tP = Ts/2).

The resulting non-linear equation’s system is 3.38:



Crωr(−K1sin(ωrtN ) +K2cos(ωrtN )) = CrωmK4

Crωm(−K3sin(ωmtO) +K4cos(ωmtO)) = Crωr(−K5sin(−ωrtP ) +K6cos(−ωrtP ))
Crωr(−K1sin(ωrtN ) +K2cos(ωrtN )) = −VoN

Lm
tN + iMN

(0)
Crωr(−K5sin(−ωrtP ) +K6cos(−ωrtP )) = iMP

(t2)
K1cos(ωrtN ) +K2sin(ωrtN ) + Vi +NVo = K3 + Vi

K3cos(ωmtO) +K4sin(ωmtO) + Vi = K5cos(−ωrtP ) +K6sin(−ωrtP ) + Vi −NVo

CrωrK2 = −CrωrK6

iMN
(0) = −iMP

(t2) − VoN
Lm

tP

K1 + Vi +NVo = −(K5 + Vi −NVo) + Vi
Lm

Lm+Lr
(−K3cos(ωmtO) −K4sin(ωmtO)) = +VoN

tN + tO + tP = Ts
2

(3.38)
This system is then solved using numerical methods to have waveform on which

apply the formulas to find the values of interest.
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3. Mode solvers

3.5.2 Boundaries with other modes

Looking at figure 2.17 it is possible to see that this mode is confined by NP and OP
mode.

NOP-NP and NOP-OP boundary

Since it’s a numerical solution method, even if the system is in NP or OP mode the
solver can converge, having a O-state or N-state duration very small, to detect so
two thresholds are implemented and equations 3.39 and 3.40 can be used to check if
the solution is in NOP:

tO >
1

100Ts (3.39)

tN >
1

100Ts (3.40)

O-duration check

Once the solution of the solver is computed, a check of the duration of the O-
interval is necessary, in order to see that during the O-interval the voltage across the
magnetizing inductance doesn’t exit its limits [−NVo;NVo] as it’s sketched in figure
3.12.

Figure 3.12: Sketch of O-interval duration problem.

As derived in appendix B.5 the timing of the minimum in the O-interval is:

tzero = 1
ω
tan−1(C1

C2
) = 1

ωm
tan−1(K4

K3
) (3.41)

So it’s needed to check if:

tO < tzero = 1
ωm

tan−1(K4
K3

) (3.42)
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3.6. Conclusion

3.5.3 Interesting values

The analytical calculation of the interesting values needed for the loss model is shown
in appendix A.5.

3.6 Conclusion
This chapter explains all the mathematical treatment that will be applied in chapter
4 to implement the single solvers and the main solver.
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Chapter 4

Main solver and simulation
environment

This chapter explains the idea behind the main program that has been realized and
its implementation.
In each section a part of that is analyzed and in the last part the used simulation
environment is shown.
Here there is a short introduction about how this main solver works:
initially, during the execution of the main solver, a big number of set of input values
is generated.
Each set can be interpreted as a vector of four values that represent the passives of
the converter, in fact, it contains:

• Lr: value of the resonant inductance;

• Lm: value of the magnetizing inductance;

• Cr: value of the resonant capacitance;

• N : value of the transformer turn ratio.

Each of this set, together with the values of the parasitic and non-ideal elements
(that are fixed), is given to the different solvers to understand what is the operating
mode with that set of passives values, and then to compute the waveforms of that
mode. In the case studied in this thesis, the efficiency is the figure of merit that is
wanted to investigate, so a loss calculation is performed.
To do so, with the formulas derived in appendix A and the loss model described in
section 2.4 the losses are calculated.
Then all results that match with the wanted requirements, are collected in a database
so that are easily accessible after the run of the program.
It’s also needed to take into account that solvers for modes that have a close form are
computationally fast, but the one that need to numerically solve systems of equation
aren’t, so to speed-up the calculation is needed to add some sub-scipts that can
exclude, with low computational effort, some set of passives.
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4. Main solver and simulation environment

4.1 Elements needed for the general algorithm of the
solver

Before explaining the algorithm of the main solver something else should be described:

• How the set of the passives are generated;

• What fixed values are needed;

• How does a solver for a single mode work;

• What are the considered elements in the loss model;

• How the database is generated;

• What are the methods used to exclude part of the set of parameter.

These are explained one by one in the next sections.

4.1.1 Input value generation

This section explains the proposed value generation method. The possible values are
described here as vectors (Lr[i], Lm[j], Cr[k], N [h]).
Each solver tests all possible combinations with a code similar to the one present in
listing 4.1.

Listing 4.1: MATLAB code for passive sets generation.
for i = 1: N_L

for j = 1: N_Lm
for k = 1: N_C

for h = 1: N_n

L=Lr_v(i);
Lm=Lm_v(j);
C=Cr_v(k);
N=N_v(h);

%Code for the solver
...

end
end

end
end
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4.1. Elements needed for the general algorithm of the solver

Resonant inductance

For the resonant inductance the possible values are generated subdividing equally a
certain number of values between a minimum and a maximum that is given as input
of the solver, the input value needed are then:

• NLr , the number of tested values for the resonant inductance;

• Lr,min, the minimum value of the resonant inductance that is wanted to test,
this value should not be too low, since in the real implementation, part of this
inductance will be the leakage inductance of the transformer.

• Lr,max, this should not be too high since it could be difficult to make resonant
inductor with too high inductance without having enormous cores or big core
losses.

Lr[i] =
NLr −1Ø
i=0

Lr,min + i(Lr,min − Lr,min
NLr

) (4.1)

Magnetizing inductance

Also for the magnetizing inductance the possible values are generated subdividing
equally a certain number of values between a minimum and a maximum then:

• NLm , the number of tested values for the magnetizing inductance;

• Lm,min, the minimum value of the magnetizing inductance that is wanted to
test, this limit can be given by possible realization problems of the transformer.

• Lm,max, this should not be too high since could be difficult to make resonant
transformer with too high inductance without having enormous cores or big
core losses.

Lm[j] =
NLm −1Ø
i=0

Lm,min + i(Lm,min − Lm,min
NLm

) (4.2)

Resonant capacitance

Since the possible range for the resonant capacitance is bigger and due to the fact
that it’s a component that has fixed value imposed by the market, the tested values
are divided according to the E12 series between a maximum and a minimum value:

• NCr , the number of tested values for the resonant capacitor;

• Cr,min, the minimum value of the resonant capacitor, that it should be bigger
than parasitic capacitance that can be present in the circuit.

• Cr,max, the maximum value, limited by the available component on the market
and their volume.
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4. Main solver and simulation environment

Transformer turn ratio

For the transformer values the formulas are slightly different in case the output
voltage is higher or lower than the input voltage. The needed values are:

• NN , the number of tested values for the turn ratio;

• Nmax, a value that set the maximum, limited by construction problems that
can occur.

If the output voltage is lower than the input voltage the following is used:

N [h] =
NN −1Ø
i=0

1 + i(Nmax

NN
) (4.3)

While if output voltage is higher than the input voltage:

N [h] =
NN −1Ø
i=0

1
1 + i(Nmax

NN
)

(4.4)

4.1.2 Other values needed

The other values that describes the LLC converter and its non-idealities are fixed and
have to be inserted at the beginning. This means that the choice of the parameters
and components like the wanted input-output voltage relationship, the MOSFETs,
the diodes and output capacitance should be done in advance. In table 4.1 these
parameters are fully listed.
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4.1. Elements needed for the general algorithm of the solver

Input-output relationship
Vi DC input voltage
Vo DC output voltage
RL Load resistance
fsw Switching frequency

MOSFETs non-idealities
Cds Channel capacitance
Rch Channel resistance
trise Rise time
tfall Fall time
Vγ,body Forward voltage drop of body diode

Rectifying diodes non-idealities
Vγ Forward voltage drop

Rdiode ON resistance
Resonant inductor non-idealities
RLr AC resistance

Transformer non-idealities
Rp Primary side AC resistance
Rs Secondary side AC resistance

Capacitors non-idealities
tan(δ)Cr Dissipation Factor of resonant capacitor
ESRCout ESR of output capacitor

Table 4.1: Value needed as input for the solver.
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4.1.3 Solvers algorithm

Figure 4.1: Flowchart of a generic solver.
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4.1. Elements needed for the general algorithm of the solver

For each mode a different, separate solver has been implemented in MATLAB, in
this section the general algorithm that is applied for each solver separately is briefly
explained. In figure 4.1 there is the flowchart and here some parts of it are explained
more in details.

Processing blocks:

• Block 1: These are the data of table 4.1;

• Blocks 2 and 12: These are the values generated with the processes explained
in section 4.1.1;

• Block 3: These modes are PN and NP;

• Block 4: Using the model derived in section 2.1;

• Blocks 5 and 6: The ones described in chapter 3;

• Block 10: Losses are calculated using the loss model described in section 2.4.

Decision blocks:

• Block b: The ones described in chapter 3 while checking the boundaries
between the various modes;

• Block d: It is checked looking if formula 2.35 is satisfied and if the resulting
dead time computed with 2.36 is not too long;

• Block e: Checks if the computed output voltage is near the wanted one, not
the exact value, because it can be adjusted changing the switching frequency
of the real implementation.

4.1.4 Loss model application

In the described implemented code the following losses have been implemented from
section 2.4:

• MOSFETs turn-on losses;

• MOSFETs turn-off losses;

• MOSFETs conduction losses;

• Resonant inductor conduction losses;

• Resonant capacitor conduction losses;

• Transformer conduction losses;

• Rectifying diodes conduction losses;

• Output capacitor conduction losses.
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4.1.5 Database

As shown from the flowchart, the suitable results are stored in a database, it is a
CSV file that can be easily read using a spreadsheet software like EXCEL, the idea
behind this is that after the run of the main program it is possible to compare in a
fast way the obtained results to choose the most suitable for the wanted application.

4.1.6 Method to exclude some set of passives

This method is based on the FHA approximation and it consist in excluding the sets
of passives that according to FHA analysis have output voltage that is far away the
wanted one.
The sets for which the following is not valid are excluded:

KFHA,minVo,wanted < Vo,FHA < KFHA,maxVo,wanted (4.5)

4.2 Time consumption
In this section there are the results about time consumption and mode distribution
of a run made in the condition of table 4.2.
In table 4.3 there are the results, from them it is possible to see the big time difference
between analytical and numerical modes.
If the only run solvers are the simpler ones (PN,NP,PO) the number of results is still
high and the time consumed is drastically reduced, so it could be used only these
modes if time consumption needs to be low.

Nominal input voltage Vi = 380V
Output voltage Vo = 24V
Nominal load RL = 1.92Ω

Nominal output current Io = 12.5A
Nominal output power Pout = 300W

Minimum resonant inductance value Lr,min = 10µ
Maximum resonant inductance value Lr,max = 100µ

Minimum magnetizing inductance value Lm,min = 100µ
Maximum magnetizing inductance value Lm,max = 400µ
Minimum resonant capacitance value Cr,min = 1n
Maximum resonant capacitance value Cr,max = 2.2µ

Number of tested values for resonant inductance NLr = 20
Number of tested values for magnetizing inductance NLm = 30
Number of tested values for resonant capacitance NCr = 41
Number of tested values for transformer turn ratio NN = 20

Table 4.2: Specification used for the test of the solver.
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Mode Found sets of passives Time used (s)
PN 62474 0.39
NP 209419 1.65
PO 28794 20.16
PON 4052 15879
NOP 651 330104

TOTAL 305390 346005.2

Table 4.3: Results of number of evaluated sets and time consumed.

4.3 General algorithm of the solver
In this section there is the explanation of the algorithm of the main solver.
Figure 4.2 shows the algorithm, it simply consist in running all the single solvers one
by one, storing the useful data in the database.
After each single solver, the sets of passives for which the converter works in that
mode are excluded for all the next solvers in order to reduce execution time.

Figure 4.2: Flowchart of the main solver.
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4.4 Simulation environment

In this section the two simulation environment used are briefly described. The choice
was to use both Simulink and LTSPICE. Simulink because is directly linked with
MATLAB, where the main program is developed and LTSPICE because it is faster
and more intuitive.

4.4.1 SIMULINK MODEL

This model is shown in figure 4.3, it is made using the elements of the Simscape
library [15] and is divided in parts:

• Red box: FHA model output voltage simulation in which the model in figure
2.12 is implemented;

• Yellow box: Large signal model of the converter is implemented (in black the
elements of the converter);

• Blue boxes: here the measurements are performed and the waveforms are
generated to be shown.

Calculated quantities

All the input parameter are shared between FHA and TDA models and can arrive
directly from MATLAB workspace.

The computed quantities are the following, and they are obtained averaging over
one period the instantaneous dissipated power of the element:

• Dissipated power by the high-side and the low-side MOSFETs;

• Dissipated power by the high-side and the low-side body diode;

• Dissipated power by the two rectifying diodes;

• Dissipated power by the resonant capacitor;

• Dissipated power by the resonant inductor (only resistive);

• Dissipated power by the primary and secondary side (only resistive since this
losses are only simulated using a resistor on each side);

• Dissipated power in the output capacitor;

• Efficiency.
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Figure 4.3: Complete model implemented in Simulink.
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4.4.2 LTSPICE MODEL

The circuit has been implemented also in LTSPICE, in order to have a faster, easier
and stand-alone simulation tool, it is shown in figure 4.4.

Figure 4.4: Complete model implemented in LTSPICE.

In this model all parasitic elements are explicit, to have a better control and
understanding. Also in this case the losses are calculated integrating the instantaneous
power of each element as explained in the previous section.

4.5 Conclusion
Thanks to this chapter, the mechanism of the main solver is explained, it can be
then implemented in MATLAB using also the expressions in appendix and it can be
used as a tool in the next chapter for the proposed design algorithm.
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Chapter 5

Proposed algorithm and
example of use

5.1 Proposed algorithm
The proposed algorithm is based on the solver described in the previous chapters
and this are its steps:

1. Choose the input-output relationship that the converter needs to have (Vi, Vo, RL);

2. Choose the frequency around which the converter would work in nominal
conditions (fsw);

3. Choose MOSFETs according to the input voltage and current, then find from
their datasheet the needed values to insert in the solver (Cds, Rch, trise, tfall, Vγ,body);

4. Choose diodes according to the output current and reverse voltage that they
have to resist, then find from the datasheet the needed values to insert in the
solver (Vγ , Rdiode);

5. Choose output capacitor and from its datasheet take the ESR value to insert
in the solver (ESRCout);

6. Make assumption about the ESR of the resonant capacitor, since the value of
the capacitor is not decided yet (ESRCr);

7. Make assumption on the resistance of the windings of the transformer and of
the inductor that you think you are able to get (Rp, Rs, RLr);

8. Choose the range of the passives according to the reasoning in section 4.1.1;

9. Run the main solver with all the parameters found in the previous steps;

10. Choose from the database of the possible outputs the most suitable design,
basing the decision on the problems that can occur designing the magnetics
(dimension of the cores, core losses).
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5.2 Example
The algorithm was tested one time.
The idea was to realize a second stage of an hypothetical medium power LED power
supply, that is connected to a first PFC stage connected to the European grid.
The chosen topology is the one studied for all this work, so there is an half bridge
at primary, a center-tapped secondary and diode rectification. In table 5.1 the
specifications.

Nominal input voltage 380V
Input voltage range 350 − 410V
Output voltage 24V
Nominal load 1.92Ω

Nominal output current 12.5A
Nominal output power 300W

Table 5.1: Specification of the converter.

In the following section there is the explanation of the algorithm step-by-step.

STEP 1

The chosen input-output relationship is the following:

• Nominal input voltage: Vi = 380V ;

• Output voltage: Vo = 24V ;

• Nominal load: RL = 1.92Ω.

STEP 2

The chosen frequency is fsw = 100kHz so the nominal frequency for which the
converter stays in nominal condition is expected to stay near this value.

STEP 3

The MOSFET chosen for the bridge is the IPx65R110CFDA [9], it is a superjunction
device that can withstand up to 650V, it has a fast body diode and low on-resistance,
from the datasheet:

• Drain-source capacitance: Cds = 553pF ;

• Channel resistance: Rch = 0.11Ω;

• Rise time: trise = 11ns;

• Fall time: tfall = 6ns;

• Forward voltage drop of body diode: Vγ,body = 0.9V .
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STEP 4

The diode chosen for the rectification is the DPG30C400HB [11] that has a maximum
reverse blocking voltage of 400V , that is high enough for this application since the
theoretical maximum voltage that a single diode has to block is the double of Vo.
The maximum (average) current that can support is 15A, that is okay since each
diode takes half of the output current.
From the datasheet ("Values for power loss calculation only"):

• Forward voltage drop: Vγ = 1V .

• ON resistance: Rdiode = 25mΩ.

STEP 5

The output capacitance is made by two electrolytic capacitors of 230µF that can
withstand up to 400V , from Nippon CHEMI-CON [2], this was an obliged choice
since they were already mounted on the board used in the lab. Their Dissipation
Factor is tan(δ) = 0.15, so for a single capacitor:

ESRC = tan(δ)
2πfC = 0.15

2π · 100kHz · 230µF = 1mΩ (5.1)

And finally since there are two in parallel:

ESRCout = 0.5mΩ (5.2)

STEP 6

Looking at some datasheet of film capacitor suitable to be resonant capacitors, the
taken value is the following:

tan(δ)Cr = 0.0015 (5.3)

STEP 7

The values chosen for the resistance of the winding of the transformer and of the
resonant inductor are:

• Primary winding resistance: Rp = 100mΩ;

• Secondary winding resistance: Rs = 5mΩ;

• Resonant inductor resistance: RLr = 100mΩ.

STEP 8

Here there are the chosen values for the generation of the input sets:

• Number of tested values for the resonant inductance: NLr = 35;

57



5. Proposed algorithm and example of use

• Minimum value of the resonant inductance: Lr,min = 10µH;

• Maximum value of the resonant inductance: Lr,max = 100µH;

• Number of tested values for the magnetizing inductance: NLm = 45;

• Minimum value of the magnetizing inductance: Lm,min = 100µH;

• Maximum value of the magnetizing inductance: Lm,max = 400µH;

• Number of tested values for the resonant capacitor: NCr = 41;

• Minimum value of the resonant inductance: Cr,min = 1nF ;

• Maximum value of the resonant inductance: Cr,max = 2.2µF ;

• Number of tested values for the turn ratio: Nn = 10;

• Maximum value for turn ratio: Nmax = 10.

STEP 9

This step consist in running the main solver with all the parameter chosen in the
previous steps. In table 5.2 there is a report of the solver.

Total configuration studied 645750
Elaboration time for NP solver 1.94s
Elaboration time for PN solver 1.33s
Elaboration time for PO solver 212s
Elaboration time for PON solver 734s
Elaboration time for NOP solver 1510s

Sets stored in the database 21564

Table 5.2: Report of the run of the main solver.

STEP 10

From the database, the final design to implement in laboratory has been chosen
looking at the results that has higher efficiency according to the solver, taking the
one that has lower peak resonant current so that losses in the magnetic elements
(that are only calculated in the lab and not in the solver) are lower, according to
2.41.
The peak value on the resonant capacitor have to be checked to see if it is manageable
by standard component, and for this set it was not too high. Detailed description of
the chosen design in the next section.
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5.3. Chosen design

Resonant inductance Lr = 20.6µH
Magnetizing inductance Lm = 168µH

Resonant capacitor Cr = 39nF
Transformer turn ratio N = 10

Table 5.3: Passives of the implemented converter.

5.3 Chosen design
In table 5.3 there is the chosen set of passives.

In table 5.4 the outputs of the solvers that represent the "Interesting values" from
the analysis of the waveforms.

RMS resonant current iL,RMS = 2.53A
Peak resonant current iL,peak = 3.42A
RMS secondary current iO,RMS = 16.2A

Average secondary current iO,AV G = 12.2A
RMS current in output capacitor iCout,RMS = 11.8A
Peak voltage on resonant capacitor vCp,peak = 329V

Table 5.4: Interesting values from the waveforms.

In table 5.5 there are the results of the loss model applied on data from table 5.4.

MOSFETs conduction losses PMOS,cond = 0.71W
MOSFETs turn-on losses PMOS,turn−ON = 0.003W
MOSFETs turn-off losses PMOS,turn−OFF = 0.60W

Resonant inductor conduction losses PLr,cond = 0.61W
Resonant capacitor conduction losses PCr,cond = 0.35W

Primary side conduction losses Pprimary,cond = 0.59W
Secondary side conduction losses Psecondary,cond = 0.13W

Diodes conduction losses Pdiode = 19.1W
Output capacitor conduction losses PCo,cond = 0.1W

Total losses Ptot = 22.1W
Theoretical efficiency Eff = 93%

Table 5.5: Loss model applied on the chosen design.

5.4 Simulation of the chosen design
In this section there are the simulations of this design: in figure 5.1 and 5.2 the com-
parison between the analytical solution of chapter 3 and the SIMULINK simulation,
while in figure 5.3 and 5.4 the waveforms from the SPICE simulation.
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Figure 5.1: Half period of: 1) Resonant current from the analytical model, 2)
Magnetizing current from the analytical model, 3) Secondary current from the
analytical model, 4) Resonant current from the SIMULINK simulation, 5) Secondary

current from the SIMULINK simulation.

Figure 5.2: Half period of: 1) Voltage on resonant capacitor from the analytical
model, 2) Voltage on primary side from the analytical model, 3) Voltage on resonant
capacitor from the SIMULINK simulation, 4) Voltage on primary side from the

SIMULINK simulation.
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5.5. Conclusion

Figure 5.3: Some periods of: RED) Resonant current from the SPICE simulation,
GREEN) Magnetizing current from the SPICE simulation, LIGHT BLUE) Secondary

current from the SPICE simulation.

Figure 5.4: Some periods of: BLUE) Voltage on resonant capacitor from the SPICE
simulation, RED) Voltage on primary side from the SPICE simulation.

5.5 Conclusion
This chapter explained and show the algorithm, from the results and the waveforms,
the design seems to be good, so it will be implemented in laboratory, with the process
explained in the next chapter.
It is good to notice that the output values for Lr, Lm and Cr are in the middle of the
chosen range, so they can be seen as "optimized" while the value for the turn-ratio is
the maximum possible, so probably using higher value for that will further improve
efficiency.
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Chapter 6

Laboratory implementation

This chapter shows the laboratory experience done for this thesis, the goal is to
replicate in laboratory the configuration that the solver gave as output to see if
simulation and reality are similar and consistent. The laboratory activity basically
consisted in:

1. Design magnetics (with analytical formulas);

2. Implement magnetics in laboratory;

3. Measure them;

4. Test the complete circuit.

The process that can be roughly described with the flowchart in figure 6.1. The
process was done in an iterative way and several designs of magnetics has been done
to match the wanted one.
First there is an introduction on how the magnetic elements has been designed then
there is the actual laboratory experience.

6.1 Magnetic design

6.1.1 Transformer design

Since it was the first time that I was going to make a transformer, I decided to use
the ETD54 [18] for two reason: it was already available in the lab so I didn’t have to
wait for a new one to arrive since I had not a lot of time, and because being big it
would be easier to wound it (Interesting data from the datasheet in table 6.1).
The used core material is N87 [19] that is suitable for the used frequency.
The windings were made with Litz wires since they were available in the laboratory
and the following were used:

• RUPALIT Safety V155 90x0.10mm for the primary side;

• RUPALIT V155 80x0.20mm for the secondary side.
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6. Laboratory implementation

Figure 6.1: Indicative iterative flowchart of the work done in laboratory.

Effective magnetic cross section Ae = 280mm2

Effective magnetic volume Ve = 35600mm3

Width of the available space for the windings Ww = 36.8mm
Height of the available space for the windings Hw = 8.55mm

Average length of a turn lN = 70mm

Table 6.1: Interesting values from ETD54 datasheet.
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90x0.10mm 80x0.2mm
Copper cross section ACu = 0.7mm2 ACu = 2.5mm2

Outer diameter Dw = 1.5mm Dw = 2.7mm

Table 6.2: Interesting values from Litz wires datasheets.

The used design method was the one from [5] that is based on Unitrode/TI
Magnetics Design Handbook [4], using the data present on the datasheets of the core
and core material; it is presented step by step in the following part.

STEP 1 - Core losses

This step consists in the definition of the wanted core losses and in the search of the
maximum magnetic flux density that it is allowed for the wanted losses, from the
datasheet of the ferrite [19].
The chosen losses are:

PCore,transformer = 2W (6.1)

The corresponding power loss density in the core is:

Pv = PCore,transformer/Ve = 56.2kW/m3 (6.2)

The corresponding maximum flux density is (from [19]):

Bmax,P = 70mT (6.3)

STEP 2 - Maximum flux density

The maximum flux density that it is available in the core is then the minimum between
the maximum due to power loss found in the previous step and the saturation value
(read from [18]):

Bmax = min(Bmax,P , Bsat) = min(70mT, 320mT ) = 70mT (6.4)

STEP 3 - Number of turns

The minimum number of turns of the primary side should be designed so that the
maximum flux density in the core is Bmax and also that it is an integer number of
the wanted turn ratio.

NP,min = LIpeak
BmaxAe

= 168µH · 3.42A
70mT · 280mm2 = 29.3 (6.5)

So the chosen number of turns at primary is Np = 30 while at secondary Ns=3.
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STEP 4 - Airgap

In this step a starting point for the airgap that will be put in the transformer is
computed, then it will be adjusted during the actual construction of the transformer.
First the needed inductance factor is calculated:

AL = Lm
N2
p

= 168µH
302 = 186.7nH/T 2 (6.6)

Then with the coefficients (K1,K2) present in the datasheet of the transformer
[18], plugged in the general formula present in [17], a first approximation of the
needed airgap can be found:

s = (AL
K1

)( 1
K2

) = (186.7
393 )( 1

−0.779 ) = 2.6mm (6.7)

STEP 5 - Check of the dimensions and choice of the topology

This step is needed to check if all the turns that are needed can physically fit into
the coil former. Maximum number of turns on single layer for the primary (made
with Litz wire 90x0.10mm):

NP,single−layer = Ww

Dw
= 36.8mm

1.5mm = 24.1 (6.8)

Maximum number of turns on single layer for the secondary (made with Litz wire
80x0.20mm):

NS,single−layer = Ww

Dw
= 36.8mm

2.7mm = 13.6 (6.9)

So it is possible to state that the primary will fit in two layers while the secondary
only in one, so the total height will be:

2 ·Dwprimary +Dwsecondary
= 2 · 1.5 + 2.5 = 5.5mm < Hw (6.10)

It’s less that the maximum available height, so it’s possible to say that all will fit in
the chosen coil former.

6.1.2 Inductor design

For the inductor the choice was to use a distributed airgap toroidal core, the chosen
core was the 0077076A7 from MAGNETICS [13], in table 6.3 ther are some useful
data from the datasheet.
The used conductor was an enamelled wire with copper cross section of Acu =
0.28mm2, that has an external diameter of about Dw = 0.7mm. In the following
part there are the steps used for the design of a 10µH inductor used during the
experiments.
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6.1. Magnetic design

Inductance factor AL = 56nH/T 2

80%A · T ATmax = 260AT
Internal diameter Dint = 21.54mm

Average turn length lN = 37.9mm
Effective magnetic volume Ve = 6090mm3

Effective magnetic cross section Ae = 68mm2

Table 6.3: Interesting values from 0077076A7 datasheet.

Coefficient a a = 44.3
Coefficient b b = 1.988
Coefficient c c = 1.541

Table 6.4: Coefficients for core losses calculation for the chosen core of the inductor.

STEP 1 - Number of turns

Apply the usual formula to compute the needed number of turns:

Nt =
ó
Lr
AL

=
ò

10µ
56n = 13.36 (6.11)

And the chosen number of turn is N = 13.

STEP 2 - Check constrains

The second step firstly consists in checking if the peak current is not too big:

IpeakN < 80%AT (6.12)

That means:
Nt <

80%AT
Ipeak

= 260
3.42 = 76 Turns (6.13)

Then it is needed to check if the number of turn found at the previous point can be
fit in the core, it means checking if:

Nt < Nmax = 3
4 · πDint

Dw
= 72 Turns (6.14)

In this specific case all constraints are largely satisfied.

STEP 3 - Check core losses

The formulas provided by the manufacturer [14] are useful to estimate the core losses,
using the coefficients in table 6.4:

Pcore = VeaB
b
peakf

c = 0.49W (6.15)

Where:
Bmax = LIpeak

NtAe
= 10µ · 3.42

13 · 68mm2 = 38mT (6.16)
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6.2 Measuring the transformer

In this section, there is the description of the procedure used to measure the trans-
former, according to the one in [7]. It is made using an LCR meter and it is based
on the three measurements sketched in figure 6.2.

Figure 6.2: Three tests performed to characterize the transformer.

Here there is what is measured each test:
LTEST,1 = Ll,P + LmP

LTEST,2 = Ll,S + LmS

LTEST,3 = Ll,P + LlSN
2//LmP

N ≈ LT EST,1
LT EST,2

(6.17)

And here there is the solution of the system:

M =
ñ

(LTEST,1 − LTEST,3)LTEST,2
N ≈ LT EST,1

LT EST,2
Lm,P = MN

Lm,S = M/N

Ll,P = LTEST,1 − Lm,P

Ll,S = LTEST,2 − Lm,S

(6.18)

This procedure should be done for both secondaries to test if there are not
negligible asymmetries.

6.3 Measuring the inductor

Measuring the inductor is simple, it’s just needed to measure it with the LCR meter,
and in the case of the inductor designed the result was:

• Inductance: Lr = 9.37µH;

• Resistance: Rr = 200mΩ;
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6.4 Test setup

In this section there is the explanation of the test setup used in laboratory.
In figure 6.3:

• RED: DSP that generate the PWMs to drive the gates at the wanted frequency
with the wanted deadtime;

• ORANGE: Gate driver and half-bridge (MOSFETs and capacitors are in the
back of the board;

• YELLOW: Resonant capacitor;

• GREEN: Resonant inductor;

• BLUE: Transformer;

• PINK: Rectifier, output capacitors are on the back of the board.

Figure 6.3: Test setup used in the laboratory.

The used instruments were:

• 4-channel oscilloscope to get the waveforms;

• Isolated power supply to supply the circuits;

• Active load to load the converter.
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6.5 Implementation A

6.5.1 Transformer A

The first transformer was made with the values found in the theoretical analysis,
inserting 30 turns for the primary side, 3 turns for each secondary put all in the same
direction and an airgap of 2.6 mm, in figure 6.4 there is the sketch of the winding
cross-section.

Figure 6.4: In BLUE the primary side and in the two different GREENs the
secondary sides of transformer A.

With this design there were two problems:

• The measured turn ratio was lower than expected because was about 9.1;

• Was very difficult to construct the third layer since in the second one there
was a lot of free space.

Figure 6.5: Photo of transformer A.
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6.6 Implementation B

6.6.1 Transformer B

A second transformer was then made with the characteristics shown in table 6.5
increasing the number of turns at primary to adjust for the turn ratio and inserting
two parallel cables for each secondary to fill the second layer. In figure 6.6 there is
its sketch.

Primary turns NP = 32, divided equally into two layers
Secondary turns NS = 3, two parallel cables for each winding

Airgap s = 3.3mm (made with tape)

Table 6.5: Characteristics of transformer B.

Figure 6.6: In BLUE the primary side and in the two different GREENs the
secondary sides of transformer B.

Figure 6.7: Photo of transformer B.

The results of the characterization are present in table 6.6.

71



6. Laboratory implementation

Turn ratio N = 9.54
Magnetizing inductance of primary side Lm,P = 167.5µH
Leakage inductance of primary side Ll,P = 23.5µH

Magnetizing inductance of secondary side 1 Lm,S = 1.84µH
Leakage inductance of secondary side 1 Ll,S = 0.26µH

Magnetizing inductance of secondary side 2 Lm,S = 2.09µH
Leakage inductance of secondary side 2 Ll,S = 0.21µH

Table 6.6: Characterization of transformer B.

6.6.2 Experiment B

In this experiment the converter was tested with the transformer B both with and
without the inductor, in the conditions stated in table 6.7.

Input Voltage Vi = 380V
Switching frequency fsw = 100kHz

Dead time tdead = 200ns
Output Power Pout = 300W

Table 6.7: Test condition of the circuit with transformer B.

In figures 6.8, 6.9 and 6.10 there are the resulting waveform for the circuit with
the inductor and in figures 6.11, 6.12 and 6.13 there are the ones for the circuit
without the inductor.

Figure 6.9: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on the
primary side of the trasformer, 3) Voltage on upper secondary side, 4) Current of

the upper diode.
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Figure 6.8: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on the
resonant capacitor, 3) Voltage on the primary side of the trasformer, 4) Resonant

current.

Figure 6.10: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on
the primary side of the trasformer, 3) Voltage on lower secondary side, 4) Current of

the lower diode.
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6. Laboratory implementation

Figure 6.11: NO INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on the
resonant capacitor, 3) Voltage on the primary side of the trasformer, 4) Resonant

current.

Figure 6.12: NO INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on the
primary side of the trasformer, 3) Voltage on upper secondary side, 4) Current of

the upper diode.
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6.6. Implementation B

Figure 6.13: NO INDUCTOR: 1) Gate of high-side MOSFET, 2) Voltage on the
primary side of the trasformer, 3) Voltage on lower secondary side, 4) Current of the

lower diode.

Looking at the waveforms it was possible to see that the converter works but the
series resonant frequency was lower than expected. It is possible to see this making
a comparison between the conduction time of these graphs with the one for example
in figure 5.1. There was also asymmetry in the transformer since the conduction
times were not the same for the two diodes.

Comparing the conduction time (tconduction) of the two diodes with the results of
simulations from LTSPICE (LSPICE is the inductance that in the simulation gives
the same conduction time), assuming that the difference in resonant frequency is
given only by the difference in total resonant inductance the results in table 6.8 can
be found. In the third column of the table there is also an approximation of the total
leakage inductance seen from the primary side, the formula that give rise number is
the following (using the experimental data from table 6.6):

Ll,seen = Ll,P +N2Ll,S + Linductor (6.19)

tconduction [µs] LSPICE [µH] Ll,seen [µH]
WITH inductor, UP diode 4.6 60 44.7
WITH inductor, LOW diode 4.8 65 56.5

NO inductor, UP diode 4.3 45 35.3
NO inductor, LOW diode 4.4 50 47.1

Table 6.8: Analysis of the seen inductance in experiment B.
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6. Laboratory implementation

The asymmetry of the transformer and the big impact that secondary leakage
inductance and secondary stray inductance has on the system are visible from the
experimental results.

The fact that the connection cables on the secondary side had different length
can explain partially the the asymmetry; the following two factors could instead
explain the leakage:

• Stray inductance due to connection cables on secondary side;

• Leakage inductance due to the fact that making the two secondary winding in
the same direction, the connection of the center tap is made by a "long" cable
that pass from a side to the other of the transformer.

These problems were the one addressed in the next transformer’s realization.

6.7 Implementation C

6.7.1 Transformer C

A third transformer was then made with the same characteristics of the previous
shown in table 6.9 but with the following differences:

• Use of gapped cores and yokes to have a more stable and cleaner design;

• The two secondary were wound in opposite direction to have the center tap
on the same side of the transformer so that could easily connected without
inserting leakage;

• Shorter connection cables to connect to the rest of the circuit.

Primary turns NP = 32, divided equally into two layers
Secondary turns NS = 3, two parallel cables for each winding

Airgap s = 3mm (made with already gapped cores)

Table 6.9: Characteristics of transformer C.

Comparing the characterization (table 6.10), with the previous one is noticeable
that this transformer was more symmetric and had less leakage at secondary.

6.7.2 Experiment C

In this experiment the converter was tested with the transformer C both with and
without the inductor, in the conditions stated in table 6.11.

In figures 6.15 and 6.16 there are the resulting waveforms for the circuit with the
inductor and in figures 6.17, and 6.18 there are the ones for the circuit without the
inductor.
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6.7. Implementation C

Figure 6.14: Photo of transformer C.

Turn ratio N = 10
Magnetizing inductance of primary side Lm,P = 167.9µH
Leakage inductance of primary side Ll,P = 13.5µH

Magnetizing inductance of secondary side 1 Lm,S = 1.68µH
Leakage inductance of secondary side 1 Ll,S = 0.14µH

Magnetizing inductance of secondary side 2 Lm,S = 1.67µH
Leakage inductance of secondary side 2 Ll,S = 0.13µH

Table 6.10: Characterization of transformer C.

Input Voltage Vi = 380V
Switching frequency fsw = 100kHz

Dead time tdead = 200ns
Output Power Pout = 300W

Table 6.11: Testing condition of transformer C.

Figure 6.17: NO INDUCTOR: 1) Gate of high-side MOSFET, 2) Lower secondary
side, 3) Upper secondary side, 4) Current of the upper diode.
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6. Laboratory implementation

Figure 6.15: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Lower sec-
ondary side, 3) Upper secondary side, 4) Current of the upper diode.

Figure 6.18: 1) Gate of high-side MOSFET, 2) Lower secondary side, 3) Upper
secondary side, 4) Current of the lower diode.

Looking at the waveforms is possible to see that as expected the series resonant
frequency was increased respect to the previous experiment but still lower than the
wanted one.

In table 6.12 there is the comparison between the conduction time (tconduction) of
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6.8. Implementation D

Figure 6.16: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Lower sec-
ondary side, 3) Upper secondary side, 4) Current of the lower diode.

the two diodes with results of simulations from LTSPICE (LSPICE is the inductance
that in the simulation gives the same conduction time) and an approximation of the
total leakage inductance seen from the primary side, given using 6.19 is presented.

tconduction [µs] LSPICE [µH] Ll,seen [µH]
WITH inductor, UP diode 4.2 43 36.0
WITH inductor, LOW diode 4.4 50 36.6

NO inductor, UP diode 3.8 33 26.7
NO inductor, LOW diode 4.0 39 27.4

Table 6.12: Analysis of the seen inductance in experiment C.

Looking at the datas, it was possible to see that there was still some asymmetry
even if it is hardly noticeable, and that there was still too much stray inductance to
achieve the wanted resonant frequency.

The only plausible answer was that there was some little inductive asymmetry in
the board where the rectifier was mounted and it creates a problem since every stray
inductance is multiplied by N2.

6.8 Implementation D
For this last experiment, the idea was to:

• Make connection cable of secondary side as short as possible, removing the
black cable visible in figure 6.14 that were there to connect the center tap of
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6. Laboratory implementation

Figure 6.19: Photo of the front of the improved secondary side.

Figure 6.20: Photo of the back side of the improved secondary side.

the transformer to the output capacitors;

• Reduce the possible asymmetry of the board at secondary putting the diodes
and the output capacitors as close as possible to the transformer.

This was done by:

• Shortening as much as possible the not wound wires from the "transformer C";

• Mounting the transformer on one side of a proto-board;
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6.8. Implementation D

• Mounting diodes and capacitors on the other side of the proto-board, putting
diodes directly soldered on the secondary side exit cables.

In figure 6.19 and 6.20 there are the photos of the improved secondary side, to
make the reader better understand what was done.

6.8.1 Experiment D

The converter was tested with the improved secondary both with and without the
inductor in the nominal conditions, the ones in table 6.13.

Input Voltage Vi = 380V
Switching frequency fsw = 100kHz

Dead time tdead = 200ns
Output Power Pout = 300W

Table 6.13: Testing condition of transformer C.

In figures 6.21 and 6.22 there are the resulting waveform that characterize the
conduction time for the configuration with and without inductor, this time it was
characterized using the voltage on the diode because there was no space to insert
the current probes.

Figure 6.21: WITH INDUCTOR: 1) Gate of high-side MOSFET, 2) Upper diode
voltage, 3) Lower diode voltage, 4) Resonant current.
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6. Laboratory implementation

Figure 6.22: NO INDUCTOR: 1) Gate of high-side MOSFET, 2) Upper diode
voltage, 3) Lower diode voltage, 4) Resonant current.

tconduction [µs] LSPICE
WITH inductor 3.73 30
NO inductor 3.21 20

Table 6.14: Analysis of the seen inductance in experiment D.

From the experiment with the usual procedure the conduction time and relative
"seen inductance" were computed, using the values of conduction time present in
figure 6.21 and 6.22, and shown in table 6.14.

The experiment worked because the asymmetry was solved and the "seen induc-
tance" from the primary side was again lowered, arriving to the target value.

6.9 Testing of the final configuration

At this point the converter was implemented with the wanted values of passives, the
frequency was changed to have the wanted voltage at output with nominal output
power. This point was found to be when the frequency is around fsw = 102kHz. In
this working point the converter is characterized.

6.9.1 Efficiency calculations

Efficiency calculation started from the data displayed (in figure 6.23) from the power
supply and the active load; these data are shown in table 6.15.
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6.9. Testing of the final configuration

Figure 6.23: Display of the power supply and active load in the nominal conditions.

Input voltage Vi = 380V
Input current Ii = 0.88A
Input power Pi = 337W

Output voltage Vo = 24.5V
Output current Io = 12.4A
Output power Po = 300W

Table 6.15: Values to calculate efficiencies.

Connection cables

The connection cables between the converter and the active load has been character-
ized, as visible in figure 6.24 and 6.25, to have a total DC resistance of:

Rcable = Rpositive +Rnegative = 24.56 + 24.77 = 49.3mΩ (6.20)

That means a power dissipation of about:

Pcable = RcableI
2
o = 49.3m · 12.42 = 7.6W (6.21)

Efficiency estimation

With all these data, the efficiency can be estimated as:

Eff = VoIo + Pcable
ViIi

= 24.5 · 12.4 + 7.6
380 · 0.88 ≈ 93% (6.22)

And this is a similar value to the theoretical one 5.5.
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6. Laboratory implementation

Figure 6.24: Impedance of the positive cable for the connection to the active load.

Figure 6.25: Impedance of the negative cable for the connection to the active load.
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Chapter 7

Conclusion

In this chapter there are the conclusions of the work.

7.1 Evaluation of research question

The research question was:
Is it possible to generate a straightforward design method for an LLC
converter using TDA theory and loss calculation?

Looking at what has been done in the last chapters, the answer is affirmative, it is
possible to design an LLC converter at least in this specific case with straightforward
algorithm, but further researches are needed to expand this sentence.
The efficiency results are also similar to the one from the solver, so it possible to
assume that the loss model is enough accurate.

7.2 Further research

Here there are some paragraphs that explains further possible research topics that
can expand this work.

Verification of the effectiveness of the algorithm

To have a more complete work, it is needed to verify if the proposed algorithm works
also with other input-output relationships and not only in the considered one. To do
that other runs and laboratory implementation needs to be done.

Improve performances of the solvers

The solvers for numerical method are very slow, since no optimization have been
done on them, a deep mathematical analysis is needed in order to see if this is the
performance limit or if there is some room for improvements.
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7. Conclusion

Expand the capabilities of the solver

This work makes the basis of the solver, but it can be still improved in order to
study different topologies like full-bridge at primary, not center-tapped transformer
and active rectification. It can be also expanded in order to study different figures of
merit like power density, volume, total height, weight, and others.

Improve the loss model

The study of other losses is possible, to improve the loss model, like:

• Recovery losses of body and rectifying diodes;

• Magnetic losses of inductor and transformer;

• Improve the calculation of joule losses in magnetic element, using Dowell’s
equations.

Improve the implemented design

Even if an efficiency of around 93% is not bad with a diode rectification, it can be
further improved for example using Schottky diodes on the secondary side that can
increase the efficiency of one or two percentage points. The design is now done with
an ETD54, it could be good to use a smaller and less expensive one since the power
is not that big.

Platform development

As it is clear from the results of the last experiment, if a transformer with high turn
ratio is used, stray inductances on the secondary have a very big role. They should
be minimized and possibly known in order to have an efficient realization procedure.
This cannot be done using protoboards and not dedicated hardware since each time
the construction is slightly different and the value of the stray inductance can change.
The solution could be to make a PCB on which they can be mounted both the
transformer and the rectification stage, putting the diodes as close as possible to the
output of the transformer. An idea could be, for example, mounting transformer and
diodes on the opposite sides of the board as in the last experiment.
While doing that it is possible to prepare a PCB on which different size of transformers
can be mounted on, so that transformer comparisons become easier.
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Appendix A

Interesting values

This appendix shows the calculations needed to find the so called "interesting values",
for all the considered modes.

A.1 Interesting values for PN mode
This section shows how to find the needed values for the loss model and for the
converter design, in the case of the PN mode.

RMS resonant current

Resonant current in PN mode is:I
iLP

(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt)), 0 < t < t1

iLN
(t) = Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1))), t1 < t < Ts/2

(A.1)

And the integral to solve to get RMS value of resonant current is:

iL,RMS =

ó
2
Ts

Ú Ts
2

0
iL(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iLP

(t)2dt+
Ú Ts

2

t1
iLN

(t)2dt) (A.2)

In appendix B.1 there is the general solution of the integral and in table A.1
there are the coefficients to find K (see appendix B.1).

Finally, the following helps to find the RMS resonant current:

iL,RMS =
ò

1
D
K (A.3)

Peak resonant current

The maximum between iLP ,peak (the peak of iLP
in 0 < t < t1) and iLN ,peak (the

peak of iLN
in t1 < t < Ts/2), is the peak resonant current.

The algorithm present in appendix B.5 shows how to find iLP ,peak and iLN ,peak, with
the parameters present in table A.2.
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A. Interesting values

Coefficient Value
A t1
B −CrωrK1
C CrωrK2
D Ts

2
E −CrωrK3;
F CrωrK4
V ωr
W ωr

Table A.1: Coefficient for RMS resonant current in PN mode.

Coefficient Value for iLP ,peak Value for iLN ,peak

C1 −CrωrK1 −CrωrK3
C2 CrωrK2 CrωrK4
C3 0 0
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωr

Table A.2: Coefficient for peak resonant current in PN mode.

RMS current on secondary

Output current in PN mode is:
iOP

(t) = N [Crωr(−K1sin(ωrt) +K2cos(ωrt)) − NVo
Lm

t− iMP
(0)], 0 < t < t1

iON
(t) = N [−NVo

Lm
(t− t1) + iMN

(t1)−
+Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1)))], t1 < t < Ts/2

(A.4)
The following integral needs to be solved to find RMS output current:

iO,RMS =

ó
2
Ts

Ú Ts
2

0
iO(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iOP

(t)2dt+
Ú Ts

2

t1
iON

(t)2dt) (A.5)

The expression present in appendix B.3 with the values of coefficients in table
A.3 shows how to find K. Then:

iO,RMS =
ò

1
F
K (A.6)

Average current on diodes

The output current (equations A.4) needs to be integrated to find the average current
on diodes:
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A.1. Interesting values for PN mode

Coefficient Value
A t1
B −NCrωrK1
C NCrωrK2
D −N2Vo/Lm
E −NiMP

(0);
F Ts/2
G −NCrωrK3
H NCrωrK4
L −N2Vo/Lm
M iMN

(t1)
T t1
U t1
W ωr

Table A.3: Coefficient for RMS and average output current in PN mode.

iO,AV G = 2
Ts

Ú Ts
2

0
iO(t)dt = 2

Ts
[
Ú t1

0
iOP

(t)dt+
Ú Ts

2

t1
iON

(t)dt] (A.7)

Using the solution present in appendix B.2 using the coefficients in table A.3, is
possible to find the value K, from which:

iO,AV G = 2
Ts
K (A.8)

RMS current in the output capacitor

Assuming that the output capacitor acts as an ideal capacitor and it make all AC
components of the current that exits from the diodes to pass, output current has
only DC component and it can be shown that:

iCout,RMS =
ñ
i2O,RMS − i2O,AV G (A.9)

Peak voltage on the resonant capacitor

From equations at the beginning of this section, it is possible to rewrite the equations
for the resonant capacitor voltage:I

vCP
(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo, 0 < t < t1

vCN
(t) = K3cos(ωr(t− t1)) +K4sin(ωr(t− t1)) + Vi +NVo, t1 < t < Ts/2

(A.10)
To find vCP ,peak and vCN ,peak, the algorithm present in appendix B.5 can be used

with the parameters present in table A.4, that describes this situation. The total
peak voltage is the maximum between vCP ,peak and vCN ,peak.
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A. Interesting values

Coefficient Value for vCP ,peak Value for vCN ,peak

C1 K2 K4
C2 K1 K3
C3 Vi −NVo Vi +NVo
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωr

Table A.4: Coefficient for peak resonant voltage in PN mode.

A.2 Interesting values for NP mode
This section shows how to find the needed values for the loss model and for the
converter design, in the case of the NP mode.

RMS resonant current

Resonant current in NP mode is:I
iLN

(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt)), 0 < t < t1

iLP
(t) = Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1))), t1 < t < Ts/2

(A.11)
The integral to solve to get RMS value of resonant current is:

iL,RMS =

ó
2
Ts

Ú Ts
2

0
iL(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iLN

(t)2dt+
Ú Ts

2

t1
iLP

(t)2dt) (A.12)

In appendix B.1 there is the general solution of the integral and in table A.5
there are the coefficients to find K (see appendix B.1).

Coefficient Value
A t1
B −CrωrK1
C CrωrK2
D Ts

2
E −CrωrK3;
F CrωrK4
V ωr
W ωr

Table A.5: Coefficient for RMS resonant current in NP mode.

Finally, the following helps to find the RMS resonant current:

iL,RMS =
ò

1
D
K (A.13)
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A.2. Interesting values for NP mode

Peak resonant current

The maximum between iLN ,peak (the peak of iLN
in 0 < t < t1) and iLP ,peak (the

peak of iLP
in t1 < t < Ts/2), is the peak resonant current.

The algorithm present in appendix B.5 shows how to to find iLN ,peak and iLP ,peak,
with the parameters present in table A.6.

Coefficient Value for iLN ,peak Value for iLP ,peak

C1 −CrωrK1 −CrωrK3
C2 CrωrK2 CrωrK4
C3 0 0
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωr

Table A.6: Coefficient for peak resonant current in NP mode.

RMS current on secondary

Output current in NP mode is:
iON

(t) = N [−NVo
Lm

t+ iMN
(0) − Crωr(−K1sin(ωrt) +K2cos(ωrt))], 0 < t < t1

iOP
(t) = N [Crωr(−K3sin(ωr(t− t1)) +K4cos(ωr(t− t1)))+

−NVo
Lm

(t− t1) + iMP
(t1)], t1 < t < Ts

2
(A.14)

The following integral needs to be solved to find RMS output current:

iO,RMS =

ó
2
Ts

Ú Ts
2

0
iO(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iON

(t)2dt+
Ú Ts

2

t1
iOP

(t)2dt) (A.15)

The expression present in appendix B.3 with the values of coefficients in table
A.7 shows how to find K.

Then:

iO,RMS =
ò

1
F
K (A.16)

Average current on diodes

The output current (equations A.14) needs to be integrated to find the average
current on diodes:

iO,AV G = 2
Ts

Ú Ts
2

0
iO(t)dt = 2

Ts
[
Ú t1

0
iON

(t)dt+
Ú Ts

2

t1
iOP

(t)dt] (A.17)
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A. Interesting values

Coefficient Value
A t1
B −NCrωrK1
C NCrωrK2
D −N2Vo/Lm
E −NiMN

(0);
F Ts/2
G −NCrωrK3
H NCrωrK4
L −N2Vo/Lm
M NiMN

(t1)
T t1
U t1
W ωr

Table A.7: Coefficient for RMS and average output current in NP mode.

Using the solution present in appendix B.2 using the coefficients in table A.3, is
possible to find the value K, from which:

iO,AV G = 2
Ts
K (A.18)

RMS current in the output capacitor

As in the previous case, assuming that the output capacitor acts as an ideal capacitor
and it make all AC components of the current that exits from the diodes to pass,
output current has only DC component and it can be shown that:

iCout,RMS =
ñ
i2O,RMS − i2O,AV G (A.19)

Peak voltage on the resonant capacitor

From equations at the beginning of this section, is possible to rewrite the equations
for the resonant capacitor voltage:

I
vCN

(t) = K1cos(ωrt) +K2sin(ωrt) + Vi +NVo, 0 < t < t1

vCP
(t) = K3cos(ωr(t− t1)) +K4sin(ωr(t− t1)) + Vi −NVo, t1 < t < Ts/2

(A.20)
To find vCN ,peak and vCP ,peak, the algorithm present in appendix B.5 can be again

used with the parameters present in table A.8, that describes this situation. The
total peak voltage is the maximum between vCN ,peak and vCP ,peak.
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A.3. Interesting values for PO mode

Coefficient Value for vCP ,peak Value for vCN ,peak

C1 K2 K4
C2 K1 K3
C3 Vi −NVo Vi +NVo
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωr

Table A.8: Coefficient for peak resonant voltage in NP mode.

A.3 Interesting values for PO mode
This section shows how to find the needed values for the loss model and for the
converter design, in the case of the PO mode.

RMS resonant current

Resonant current in PO mode is:I
iLP

(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt)), 0 < t < t1

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1))), t1 < t < Ts/2

(A.21)
The integral to solve to get RMS value of resonant current is:

iL,RMS =

ó
2
Ts

Ú Ts
2

0
iL(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iLP

(t)2dt+
Ú Ts

2

t1
iLO

(t)2dt) (A.22)

In appendix B.1 there is the general solution of the integral and in table A.9
there are the coefficients to find K (see appendix B.1).

Coefficient Value
A t1
B −CrωrK1
C CrωrK2
D Ts

2
E −CrωmK3
F CrωmK4
V ωr
W ωm

Table A.9: Coefficient for RMS resonant current in PO mode.

Finally, the following helps to find the RMS resonant current:

iL,RMS =
ò

1
D
K (A.23)
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A. Interesting values

Peak resonant current

The maximum between iLP ,peak (the peak of iLP
in 0 < t < t1) and iLO,peak (the

peak of iLO
in t1 < t < Ts/2), is the peak resonant current.

The algorithm present in appendix B.5 shows how to find iLP ,peak and iLO,peak, with
the parameters present in table A.10.

Coefficient Value for iLP ,peak Value for iLO,peak

C1 −CrωrK1 −CrωrK3
C2 CrωrK2 CrωrK4
C3 0 0
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωm

Table A.10: Coefficient for peak resonant current in PO mode.

RMS current on secondary

Output current in PO mode is:I
iOP

(t) = N [Crωr(−K1sin(ωrt) +K2cos(ωrt)) − NVo
Lm

t+ iMP
(0)], 0 < t < t1

iOO
(t) = 0, t1 < t < Ts

2
(A.24)

The following integral needs to be solved to find RMS output current:

iO,RMS =

ó
2
Ts

Ú Ts
2

0
iO(t)2dt =

ó
2
Ts

Ú t1

0
iOP

(t)2dt (A.25)

The expression present in appendix B.3 with the values of coefficients in table
A.11 shows how to find K.

Then:
iO,RMS =

ò
1
F
K (A.26)

Average current on diodes

The output current (equations A.24) needs to be integrated to find the average
current on diodes:

iO,AV G = 2
Ts

Ú Ts
2

0
iO(t)dt = 2

Ts

Ú t1

0
iOP

(t)dt] (A.27)

Using the solution present in appendix B.2 using the coefficients in table A.11, is
possible to find the value K, from which:

iO,AV G = 2
Ts
K (A.28)
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A.4. Interesting values for PON mode

Coefficient Value
A t1
B −NCrωrK1
C NCrωrK2
D −N2Vo/Lm
E −iMP

(0);
F Ts/2
G 0
H 0
L 0
M 0
T t1
U t1
W ωr

Table A.11: Coefficient for RMS and average output current in PO mode.

RMS current in the output capacitor

As in the previous case, assuming that the output capacitor acts as an ideal capacitor
and it make all AC components of the current that exits from the diodes to pass,
output current has only DC component and it can be shown that:

iCout,RMS =
ñ
i2O,RMS − i2O,AV G (A.29)

Peak voltage on the resonant capacitor

From equations at the beginning of this section, is possible to rewrite the equations
for the resonant capacitor voltage:

I
vCP

(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo, 0 < t < t1

vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi, t1 < t < Ts/2

(A.30)

To find vCP ,peak and vCO,peak, the algorithm present in appendix B.5 can be used
with the parameters present in table A.12, that describes this situation. The total
peak voltage is the maximum between vCP ,peak and vCO,peak.

A.4 Interesting values for PON mode

This section shows how to find the needed values for the loss model and for the
converter design, in the case of the PON mode.
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A. Interesting values

Coefficient Value for vCP ,peak Value for vCO,peak

C1 K2 K4
C2 K1 K3
C3 Vi −NVo Vi
tbegin 0 0
tend t1 Ts/2 − t1
ω ωr ωm

Table A.12: Coefficient for peak resonant voltage in PO mode.

RMS resonant current

Resonant current in PON mode is:
iLP

(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt)), 0 < t < t1

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1))), t1 < t < t2

iLN
(t) = Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2))), t2 < t < Ts/2

(A.31)
The integral to solve to get RMS value of resonant current is:

iL,RMS =

ó
2
Ts

Ú Ts
2

0
iL(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iLP

(t)2dt+
Ú t2

t1
iLO

(t)2dt) +
Ú Ts

2

t2
iLN

(t)2dt)

(A.32)
In appendix B.4 there is the general solution of the integral and in table A.13

there are the coefficients to find K (see appendix B.4).

Coefficient Value
A tP
B −CrωrK1
C ωr
D CrωrK2
F −CrωmK3
G CrωmK4
H Ts/2
L ωm
M CrωrK6
N −CrωrK5
P tP + tO

Table A.13: Coefficient for RMS resonant current in PON mode.

Finally, the following helps to find the RMS resonant current:

iL,RMS =
ò

1
H
K (A.33)
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A.4. Interesting values for PON mode

Peak resonant current

The maximum between iLP ,peak (the peak of iLP
in 0 < t < t1), iLO,peak (the peak

of iLO
in t1 < t < t2) and iLN ,peak (the peak of iLN

in t2 < t < Ts/2) is the peak
resonant current.
The algorithm present in appendix B.5 shows how to find iLP ,peak, iLO,peak and
iLN ,peak, with the parameters present in table A.14.

Coefficient Value for iLP ,peak Value for iLO,peak Value for iLN ,peak

C1 −CrωrK1 −CrωrK3 −CrωrK5
C2 CrωrK2 CrωrK4 CrωrK6
C3 0 0 0
tbegin 0 0 −tN
tend tP tO 0
ω ωr ωm ωr

Table A.14: Coefficient for peak resonant current in PON mode.

RMS current on secondary

Output current in PON mode is:
iOP

(t) = N [Crωr(−K1sin(ωrt) +K2cos(ωrt)) − NVo
Lm

t+ iMP
(0)], 0 < t < t1

iOO
(t) = 0, t1 < t < t2

iON
(t) = N [−NVo

Lm
(t− t2) + iMN

(t2)+
−Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2)))], t2 < t < Ts/2

(A.34)
The following integral needs to be solved to find RMS output current:

iO,RMS =

ó
2
Ts

Ú Ts
2

0
iO(t)2dt =

ó
2
Ts

(
Ú t1

0
iOP

(t)2dt+
Ú Ts/2

t2
iON

(t)2dt) (A.35)

The expression present in appendix B.3 with the values of coefficients in table
A.15 shows how to find K.

Then:
iO,RMS =

ò
1
F
K (A.36)

Average current on diodes

The output current (equations ??) needs to be integrated to find the average current
on diodes:

iO,AV G = 2
Ts

Ú Ts
2

0
iO(t)dt = 2

Ts
[
Ú t1

0
iOP

(t)dt+
Ú Ts

2

t2
iON

(t)dt] (A.37)
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Coefficient Value
A t1
B −NCrωrK1
C NCrωrK2
D −N2Vo/Lm
E +iMP

(0);
F Ts/2
G NCrωrK5
H −NCrωrK6
L −N2Vo/Lm
M iMN

(t2)
T t2
U Ts/2
W ωr

Table A.15: Coefficient for RMS and average output current in PON mode.

Using the solution present in appendix B.2 using the coefficients in table A.15, is
possible to find the value K, from which:

iO,AV G = 2
Ts
K (A.38)

RMS current in the output capacitor

As in the previous case, assuming that the output capacitor acts as an ideal capacitor
and it make all AC components of the current that exits from the diodes to pass,
output current has only DC component and it can be shown that:

iCout,RMS =
ñ
i2O,RMS − i2O,AV G (A.39)

Peak voltage on the resonant capacitor

From equations at the beginning of this section, is possible to rewrite the equations
for the resonant capacitor voltage:
vCP

(t) = K1cos(ωrt) +K2sin(ωrt) + Vi −NVo, 0 < t < t1

vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi, t1 < t < t2

vCN
(t) = K5cos(ωr(t− Ts/2)) +K6sin(ωr(t− Ts/2)) + Vi +NVo, t2 < t < Ts/2

(A.40)
To find vCP ,peak, vCO,peak and vCN ,peak, the algorithm present in appendix B.5

can be used with the parameters present in table A.16, that describes this situation.
The total peak is the maximum between the three.
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A.5. Interesting values for NOP mode

Coefficient Value for vCP ,peak Value for vCO,peak Value for vCN ,peak

C1 K2 K4 K6
C2 K1 K3 K5
C3 Vi −NVo Vi Vi +NVo
tbegin 0 0 −tN
tend t1 Ts/2 − t1 Ts/2
ω ωr ωm ωr

Table A.16: Coefficient for peak resonant voltage in PON mode.

A.5 Interesting values for NOP mode

This section shows how to find the needed values for the loss model and for the
converter design, in the case of the NOP mode.

RMS resonant current

Resonant current in NOP mode is:
iLN

(t) = Crωr(−K1sin(ωrt) +K2cos(ωrt)), 0 < t < t1

iLO
(t) = Crωm(−K3sin(ωm(t− t1)) +K4cos(ωm(t− t1))), t1 < t < t2

iLP
(t) = Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2))), t2 < t < Ts/2

(A.41)
The integral that to solve to get RMS value of resonant current is:

iL,RMS =

ó
2
Ts

Ú Ts
2

0
iL(t)2dt =

öõõô 2
Ts

(
Ú t1

0
iLN

(t)2dt+
Ú t2

t1
iLO

(t)2dt) +
Ú Ts

2

t2
iLP

(t)2dt)

(A.42)
In appendix B.4 there is the general solution of the integral and in table A.17

there are the coefficients to find K (see appendix B.4).
Finally, the following helps to find the RMS resonant current:

iL,RMS =
ò

1
H
K (A.43)

Peak resonant current

The maximum between iLN ,peak (the peak of iLN
in 0 < t < t1), iLO,peak (the peak

of iLO
in t1 < t < t2) and iLP ,peak (the peak of iLP

in t2 < t < Ts/2) is the peak
resonant current.
The algorithm present in appendix B.5 shows how to find iLN ,peak, iLO,peak and
iLP ,peak, with the parameters present in table A.18.

101



A. Interesting values

Coefficient Value
A t1
B −CrωrK1
C ωr
D CrωrK2
F −CrωmK3
G CrωmK4
H Ts/2
L ωm
M CrωrK6
N −CrωrK5
P t2

Table A.17: Coefficient for RMS resonant current in NOP mode.

Coefficient Value for iLN ,peak Value for iLO,peak Value for iLP ,peak

C1 −CrωrK1 −CrωrK3 −CrωrK5
C2 CrωrK2 CrωrK4 CrωrK6
C3 0 0 0
tbegin 0 0 −tP
tend tN tO 0
ω ωr ωm ωr

Table A.18: Coefficient for peak resonant current in NOP mode.

RMS current on secondary

Output current in NOP mode is:
iON

(t) = N [−NVo
Lm

t+ iMN
(0) − Crωr(−K1sin(ωrt) +K2cos(ωrt))], 0 < t < t1

iOO
(t) = 0, t1 < t < t2

iOP
(t) = N [Crωr(−K5sin(ωr(t− Ts/2)) +K6cos(ωr(t− Ts/2)))+

−NVo
Lm

(t− t2) − iMP
(T2)], t2 < t < Ts/2

(A.44)
The following integral needs to be solved to find RMS output current:

iO,RMS =

ó
2
Ts

Ú Ts
2

0
iO(t)2dt =

ó
2
Ts

(
Ú t1

0
iON

(t)2dt+
Ú Ts/2

t2
iOP

(t)2dt) (A.45)

The expression present in appendix B.3 with the values of coefficients in table
A.19 shows how to find K.

Then:
iO,RMS =

ò
1
F
K (A.46)
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A.5. Interesting values for NOP mode

Coefficient Value
A t1
B NCrωrK1
C −NCrωrK2
D −N2Vo/Lm
E +iMN

(0);
F Ts/2
G −NCrωrK5
H NCrωrK6
L −N2Vo/Lm
M −iMP

(t2)
T t2
U Ts/2
W ωr

Table A.19: Coefficient for RMS and average output current in NOP mode.

Average current on diodes

The output current (equations A.44) needs to be integrated to find the average
current on diodes:

iO,AV G = 2
Ts

Ú Ts
2

0
iO(t)dt = 2

Ts
[
Ú t1

0
iON

(t)dt+
Ú Ts

2

t2
iOP

(t)dt] (A.47)

Using the solution present in appendix B.2 using the coefficients in table A.19, is
possible to find the value K, from which:

iO,AV G = 2
Ts
K (A.48)

RMS current in the output capacitor

As in the previous case, assuming that the output capacitor acts as an ideal capacitor
and it make all AC components of the current that exits from the diodes to pass,
output current has only DC component and it can be shown that:

iCout,RMS =
ñ
i2O,RMS − i2O,AV G (A.49)
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A. Interesting values

Peak voltage on the resonant capacitor

From equations at the beginning of this section, is possible to rewrite the equations
for the resonant capacitor voltage:
vCN

(t) = K1cos(ωrt) +K2sin(ωrt) + Vi +NVo, 0 < t < t1

vCO
(t) = K3cos(ωm(t− t1)) +K4sin(ωm(t− t1)) + Vi, t1 < t < t2

vCP
(t) = K5cos(ωr(t− Ts/2)) +K6sin(ωr(t− Ts/2)) + Vi −NVo, t2 < t < Ts/2

(A.50)
To find vCN ,peak, vCO,peak and vCP ,peak, the algorithm present in appendix B.5

can be used with the parameters present in table A.20, that describes this situation.
The total peak voltage is the maximum between the three.

Coefficient Value for vCP ,peak Value for vCO,peak Value for vCN ,peak

C1 K2 K4 K6
C2 K1 K3 K5
C3 Vi +NVo Vi Vi −NVo
tbegin 0 0 −tP
tend t1 Ts/2 − t1 Ts/2
ω ωr ωm ωr

Table A.20: Coefficient for peak resonant voltage in NOP mode.
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Appendix B

Mathematical Analysis

In this appendix are present basic calculations that are needed multiple times in the
dissertion.

B.1 Integral of general form, 1

This is a type of integral that is often present in this text, can be shown that it’s
value is:

K =
Ú A

0
(Bsin(V x) + Ccos(V x))2dx+

Ú D

A
(Esin(W (x−A)) + Fcos(W (x−A)))2dx =

= 1
4V (2AV (B2 + C2) + (C2 −B2)sin(2AV ) − 2BCcos(2AV ) + 2BC)+

+ 1
4W (2W (F 2 + E2)(D −A) + (E2 − F 2)sin(2W (A−D))

− 2EFcos(2W (A−D)) + 2EF )
(B.1)

B.2 Integral of general form, 2

This is a type of integral that is often present in this text, can be shown that it’s
value is:

K =
Ú A

0
(Bsin(Wx) + Ccos(Wx) +Dx+ E)dx+

+
Ú F

T
(Gsin(W (x− U)) +Hcos(W (x− U)) + L(x− T ) +M)dx =

= 1
2W (A2DW + 2B(1 − cos(AW )) + 2Csin(AW ) + 2AEW + F 2LW+

+ 2G(cos(W (U − T )) − cos(W (U − F ))) − 2WFLT+
+ 2WFM + LWT 2 − 2WMT )

(B.2)
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B. Mathematical Analysis

B.3 Integral of general form, 3

This is a type of integral that is often present in this text, can be shown that it’s
value is:

K =
Ú A

0
(Bsin(Wx) + Ccos(Wx) +Dx+ E)2dx+

+
Ú F

T
(Gsin(W (x− U)) +Hcos(W (x− U)) + L(x− T ) +M)2dx =

= 1
12W 2 (2AW 2(2A2D2 + 6ADE + 3B2 + 3C2 + 6E2)+

+ 24sin(AW )(CW (AD + E) +BD) + 24cos(AW )(CD −BW (AD + E))+
+ 3W (C −B)(B + C)sin(2AW ) − 6BCWcos(2AW ) + 6BW (C + 4E)+
− 24CD − 2W 2(U − F )(2L2(F 2 − 3T (F + U) + FU + 3T 2 + U2)+
+ 6LM(F − 2T + U) + 3G2 + 3H2 + 6M2) + 3W (H2 −G2)sin(2W (F − U))+
+ 24sin(W (F − U))(HW (−TL+ FL+M) +GL)+
+ 24cos(W (F − U))(HL−GW (−TL+ FL+M))+
− 6GHWcos(2W (F − U)) + 2W 2(U − T )(3G2 + 3H2 + 2L2(T − U)2+
+ 6LM(U − T ) + 6M2) + 3W (G2 −H2)sin(2W (T − U))+
− 24sin(W (T − U))(GL+HMW ) − 24cos(W (T − U))(HL−GMW )+
+ 6GHWcos(2W (T − U))).

(B.3)

B.4 Integral of general form, 4

This is a type of integral that is sometimes present in this text, can be shown that
it’s value is:

K =
Ú A

0
(Bsin(Cx) +Dcos(Cx))2dx+

Ú P

A
(Fsin(L(x−A)) +Gcos(L(x−A)))2dx+

+
Ú H

P
(Nsin(C(x−H)) +Mcos(C(x−H)))2dx =

= 1
4C (2AC(B2 +D2) + (D2 −B2)sin(2AC) − 2BDcos(2AC) + 2BD)+

+ 1
4L(2L(P −A)(F 2 +G2) + (G2 − F 2)sin(2L(P −A))+

− 2FGcos(2L(P −A)) + 2FG)+

+ 1
4C (2C(H − P )(M2 +N2) + (N2 −M2)sin(2C(P −H))+

+MNcos(2C(P −H)) − 2MN)
(B.4)
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B.5. Peak of general form, 1

B.5 Peak of general form, 1
In this section, the maximum, the minimum and the peak over the definition period
of this type of function is derived:

f(t) = C1sin(ωt) + C2cos(ωt) + C3, tbegin < t < tend (B.5)

Is firstly needed to compute the position of the first derivative null:

f Í(t) = d

dt
(C1sin(ωtzero) + C2cos(ωtzero)) = 0

ωC1cos(ωtzero) − ωC2sin(ωtzero) = 0

tan(ωtzero) = C1
C2

So the interesting point is:
tzero = 1

ω
tan−1(C1

C2
) (B.6)

Using the algorithm shown in the flowchart in figure B.1 is then possible to
calculate the value of the maximum, of the minimum and of the peak of the initial
function.
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B. Mathematical Analysis

Figure B.1: Flowchart of the algorithm to compute the minimum, the maximum
and the peak
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