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Abstract

Inspired by pertinent literature in the context of Analogue Gravity, this work analyzes the
stream profiles of a fluid film flowing along a radially symmetric, inclined bed with different
bottom topographies, in the framework of a 2-D Shallow-water model in radial symmetry.
First, steady state profiles are obtained without including turbulent friction, with different
slopes and three kinds of bottom topography: flat, stepped and sinusoidal. The flat
bottom produces new kinds of orbits with a two Critical Froude Horizons behaviour,
because of the interplay between Discharge Conservation and Momentum Balance, which
is affected by the presence of slope. The stream profiles obtained for the stepped bottom
exhibit instead an energy jump, which allows to interpret discontinuities as orbit jumps.
The sinusoidal profile instead can be seen as a sinusoidal perturbation of the flat one: the
response of the stream to the amplitude of such perturbation is found to be dependent on
an inequality involving Radiant Specific Kinetic Height, and can be amplifying, stabilizing
or damping. When turbulent friction (modeled with Chézy parametrization) is included,
the stream profiles obtained for the same bottom topographies result to be governed
by gravity in case of subcritical regime and by friction in case of supercritical one. In
addition, also novel bottom topographies ensuring energy conservation, critical depth and
uniform height are obtained. The solutions with Hydraulic jump, represented as a shock
discontinuity of zero order, are then obtained and the limits of such representation are
analyzed. Finally, a Perturbation Equation of the Shallow-water model is obtained to
serve as a future work on Linear Stability analysis.
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Introduction

Circular Shallow Water profiles have found progressively greater interest in the field of
Hydrodynamics, although the related literature remains currently narrower and less sys-
tematic with respect to that on Open Channel flows, for which notable textbooks, includ-
ing Ref. [36], organize the main theoretical aspects and applications.

The most common situation to observe Circular Shallow Water profiles comes from the
daily experience: a water jet impinging on the kitchen sink, forming an inner circular, thin
film (where water flows rapidly) followed by an outer region with increased height (where
water flows more slowly). By introducing the Froude Number Fr = U/\/gh, where U is
the mean velocity of the flow, h is the water depth and ¢ is the gravitational constant,
the inner region is characterized to have Fr > 1 while, on the contrary, the outer region
is characterized to have Fr < 1 and they are respectively denoted as supercritical and
subcritical regimes. The transition from the inner supercritical region, where the gravity
waves can only propagate upstream, to the outer subcritical region, where gravity waves
can propagate both downstream and upstream, takes place through a marked shock dis-
continuity of the flow features (including depth) usually referred to as "Circular Hydraulic
Jump", which is well shown in Fig. 1. This common phenomenon was described also
by Leonardo da Vinci in the 16th century (Ref. [6]), but the first notable experimental
study is dated 1820 and has been carried out by the Italian mathematician and hydraulic
engineer Giorgio Bidone, in Ref. [7]. One of the first attempts to provide instead a math-
ematical description of Hydraulic Jump in Open Channel flows by means of Continuity
and Momentum equations was made by Lord Rayleigh in Ref. [35], which included also a
description of the Circular Hydraulic Jump as a bore on a small scale.

A notable work in modelling Circular Hydraulic Jump is that in Ref. [8], which makes use
of both a 2D Shallow-water model in radial symmetry and Boundary Layer equations to
obtain a qualitative description of the dynamics and a scaling law for the radial position.
Other related works include [22, 23].

Practical applications of stream profiles in radial symmetry can be found in the field of
River Engineering for the design of stilling basins (Ref. [1, 28]), where the related studies
are mostly focused on finding and estimating practical measures to control the formation
of circular hydraulic jumps (such as jump position and sequent depth ratio).

However, a fascinating point of view, which highlights one more time the interdisciplinarity
of Hydrodynamics, is provided by the analogies between the behaviour of Shallow-water
streams and several cosmological phenomena, in the wider context of Analogue Gravity
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Introduction

(Ref. [5]). The aim of the research related to Analogue Gravity is to find analogs of rel-
ativistic gravitational fields within other physical systems ([5]), usually well understood.
An early work (1981) in this sense is provided in Ref. [40], where it is shown that there
exist well known acoustic phenomena having the same properties of the black holes, as
far as the quantum thermal radiation is concerned.

The advantage of finding well described physical analogs of more complex phenomena
is not only to provide a more accurate theoretical description by means of well under-
stood properties, but also to reproduce them in a proper laboratory setting, with simpler
instrumentation. This is the case of the Shallow-water experiments carried out in Ref.
[18], which aimed to reproduce the Standing Accretion Schock Instability happening into
the stellar core during the collapse that originates a neutron star, completed by a 2D
Shallow-water model where the aforementioned shock-instability is represented by that of
the circular hydraulic jump, in a convergent radial flow.

In Ref. [20] the Circular Hydraulic Jump, in divergent radial flow, is instead taken as a
hydrodynamic analogue of a White Hole (i.e., a time-reversed Black Hole), described from
a Dynamical Systems point of view as a Saddle-Node Bifurcation.

Despite all of these applications, few works aim to provide an organic classification of
steady Shallow Water Profiles in radial symmetry: these include Ref. [42], where the
supercritical and subcritical solutions are obtained for a stream flowing in both conver-
gent and divergent direction over a horizontal bed, finding analytical form by means of a
perturbative expansion and modeling hydraulic jump as a shock discontinuity of 0 length.
Finally, another work which provides a classification of steady Circular Shallow-water
profiles is that in Ref. [29], where flows along a horizontal bed in both convergent and
divergent direction are taken into account, including also turbulent friction, in order to
find analogies with the aforementioned cosmological phenomena, including black holes,
white holes and neutron stars.

Despite the fascinating connections highlighted between different physical phenomena ob-
served at distant scales and the refined theoretical and experimental methods used, all of
the previous works are focused on specific aspects of model adopted. This results in the
lack of a unified mathematical point of view which, starting from the governing equation,
would make able to reproduce the main physical aspects and explicit the energetic con-
tributes that drive the behaviour of the stream properties. In this context, this work aims
to enrich the classification of steady Circular Shallow water profiles started in Ref. [29],
by including in the set of de Saint-Venant equations in radial symmetry the slope of a bed
of general inclination angle ¢ € [0, 7[ with respect to the ground level and the presence of
a non-flat bottom topography, for instance sinusoidal and negative stepped. The general
appearance, due to the radial, axially-symmetric geometry, will be that of a Horizontal, a
Cone or a Funnel bed depending on whether ¢ = 0, ¢ €]0,7/2[ or ¢ €]7w/2, 7|, as shown
in Figures 2, 3, while the bottom topography is represented as a departure from the flat
bottom. Beyond the analytical and computational effort that requires the introduction of
the aforementioned features in the model and the deduction of general properties from it,
the complexity they add opens to a wider variety of novel solutions with respect to what
already discussed in [29, 42]. This is particularly visible by the introduction of the sole bed
slope, which in case of a funnel-shaped bed gives rise to stream profiles reaching critical
conditions at exactly two points, exhibiting a so called two Froude Horizons behaviour.
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Profiles connecting two critical horizons were already documented in [29] for a horizontal
bed and flat bottom when turbulent friction is included, along with the corresponding
astrophysical analog (Ref. [40, 46]), but our results show that the same can be obtained
by simply changing the bed inclination, showing a beautiful connection between appar-
ently different dynamics and proving that the same phenomenon can be also reproduced
by means of a different laboratory setting.

Inspired by similar observations, especial attention is dedicated throughout the whole
work to the monotony properties of the stream profiles obtained, which are strongly re-
lated to the interplay between the bed slope, the presence of turbulent friction and the
bottom topography considered, the latter being evident in the geometric shape of the
profiles. In particular, by introducing Radiant Specific Kinetic Height (which arises by
the first derivative of the Stream Head) and Radiant Specific Discharge (this one already
introuced in [29]), respectively describing the distribution of Kinetic Height and Volumet-
ric Flowrate along the radial coordinate, it is possible not only to find the exact monotony
intervals, but also a physical explanation of the monotony properties and the flow ampli-
tude response to the sinusoidal bottom topography.

The development of Circular Hydraulic Jump in the solution is investigated by means
of a detailed analysis of the dynamical systems describing the height profiles, valid for
general bottom topographies satisfying certain regularity requirements and highlighting
an important difference between the flat bottom and the sinusoidal bottom: while in the
first case the possibility of hydraulic jump is connected to the presence of a focus in the
physical region of the phase space, multiple focus followed by as many saddle points can
arise, depending on the Stream Energy balance. The hydraulic jump is then treated as
a shock discontinuity of zero length, its position being determined as the intersection be-
tween the specific supercritical and subcritical forces, which include the sole contributes
due to hydrostatic and dynamic pressure. This is an important simplification, since co-
herently with Ref. [29, 42] lateral hydrostatic components and bed friction are neglected.
Intrinsic in the depth-averaging process giving rise to the Shallow-water equations is the
hypothesis of gradually varied flow (Ref. [36]), which drives the choice of the parameter
values for the simulations and provides an additional element to interpret the solutions.
In this sense, the case of sinusoidal bottom topography can be considered as non violating
the hypothesis of gradually varied flow for sufficiently small amplitudes and wavenumbers
and can serve as a starting point for future studies on Roll-waves Instability in radial
symmetry, similarly to what done in Ref. [4] in a Cartesian geometry for open channel
flows. The same is not true instead for stepped bottom topography, for which the high
steepness around the step make the Shallow-water approximation useless and not suitable
for the study of the consequent hydraulic jump, which is complicated by separation phe-
nomena and air-water interactions (Ref. [41, 43]). However, it remains as a valid academic
example helping to understand the variations of stream energy from an orbit of the phase
space to another and to explore the validity limits of the Shallow-water model adopted.
The work is organized as follows:

o Chapter 1 is devoted to the formulation and the mathematical analysis of a non-
dimensional, 2D Shallow-water model in radial, axially symmetric geometry, taking
into account a basal slope due to the inclination with respect to gravity direction, a
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general bottom topography and the presence of turbulent friction;

o in Chapter 2, the general model is particularized to the case in which turbulent
friction is neglected and stream profiles and features are obtained for flat, sinusoidal
and stepped bottom topographies;

o in Chapter 3, friction is included into the model, employed in its general form, in
order to first obtain three notable topographies which show that, thanks to friction,
it is possible to obtain stream profiles preserving energy, maintaining same depth
and maintaining critical depth; for second, the general model including friction is
applied to obtain again stream profiles for flat, sinusoidal bottom topography and
negative stepped;

o in Chapter 4, steady state solutions for depth and velocity are perturbed and a
system of partial differential equations (time-space depending) is obtained for the
perturbations; the problem is then particularized to the steady solution of uniform
depth, in order to obtain the sole governing equations of the perturbations.

Although the main goal is to provide steady solutions with a potentially wide range of
applications, some brief reminds to the cosmological analogs previously described are
possible, in order to give physical significance to certain solutions.

Figure 1: Circular Hydraulic Jump and Wave propagation. The three figures depict
the Circular Hydraulic Jump generated by a jet impinging on a steel plate. The yellow natural
dye is oil-based, in order to avoid mixing with water, and is injected by a syringe. Fig. 1(a) -
Circular Hydraulic Jump. Fig. 1(b) - The yellow die is injected into the supercritical region. It
is evident a Mach Cone, indicating a sole upstream propagation of gravity waves. Fig. 1(b) - The
yellow die is injected into the subcritical region. It is evident in the yellow dye drop a blurred
boundary surrounding a more concentrated drop, indicating that gravity waves can propagate
both downstream and upstream.
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>

1 Ground level
1

Ground level

(a) (b)

Figure 2: Section of a Cone and a Funnel bed with Flat Bottom. Fig. 2(a) - Section of
a Cone-shaped bed (¢ €]0,7/2[). Fig. 2(b) - Section of a Funnel bed (¢ €]n/2,x[). The black
dashed line represents represents the rotation axis that allows to obtain the Cone and Funnel
beds by a rotation of 360° around it. The other notations are clear from the picture.

(a) (b) (©)

Figure 3: Appearance of Cone, Funnel and Horizontal bed with Flat Bottom. Fig.
3(a) - Cone-shaped bed in three dimensions. Fig. 3(b) - Funnel-shaped bed in three dimensions.
Fig. 3(c) - Horizontal bed in three dimensions. The presence of the central holes for which the
fluid is drained will be clear within the next chapters. Figures are realized with GeoGebra.
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Chapter 1

General Model and Profile
Equation

This chapter is devoted to the formulation of a two-dimensional Shallow water model
to describe the flow features of a fluid film flowing along an inclined bed, along with
a bottom topography simulating possible irregularities with respect to the flat bottom.
Radial symmetry will be taken into account, as done in [29] for the case of Horizontal Bed
with flat bottom. Additionally, also turbulent friction will be included in the model. The
general formulation that will be introduced in this Chapter is similar to that in [4] except
for the geometry, which due to the radial symmetry allows to write the two dimensional
equations in polar coordinates and to neglect the dependence on the angular coordinate
L The chapter organizes as follows:

o dimensional model formulation in polar coordinates, assuming radial symmetry and
steady state;

« choice of reference units and formulation of the non-dimensional, stationary model,
« analytic discussion of the stationary model.

The aim is to obtain a general, non-dimensional equation describing fluid depth for the
steady state profiles, that will be useful to perform Linear Stability Analysis, as a future
work.

1.1 Dimensional Equations

The first step to formulate the model is to define the geometry. As was early mentioned
in the Introduction, the problem will be considered in radial, axially-symmetric geometry,
thus the bed will appear as Horizontal, Cone-shaped or Funnel-shaped depending on the

'Tn [4] the geometric setting is Cartesian and one-dimensional.
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General Model and Profile Equation

angle ¢ formed with the ground level, as shown in Figures 2, 3. Therefore, it is useful
to start by describing a single section of the bed. Let consider an inclined plane forming
an angle ¢ € [0, 5[U]5, m[ with respect to the ground level (orthogonal to the gravity
direction), assumed to be clockwise oriented. Moreover, let consider a cartesian reference
with origin placed along the inclined plane, z-axis tangent to the incline. Although it
appears reasonable to fix the reference system in such a way the z-axis points towards the

flow direction, that is, along the favourable slope, its direction is determined as follows:
« towards the direction of the favourable slope for Cone-shaped beds, i.e., ¢ €]0, 7/2[;
 towards the direction of the opposite slope for Funnel-shaped beds, i.e., ¢ €]r/2, 7.

The reason of this choice has the only purpose to use the same concept of convergent and
divergent streams, which are defined as streams respectively flowing along increasing and
decreasing £. This will be clearer in Sec. 1.4.1, where the transformation of the general
equation under spatial flow inversion will be discussed.

Finally, assume instead the y-axis orthogonal to the z-axis, pointing in the direction oppo-
site to gravity. A sketch of the geometrical setting is reported in Fig. 1.1, after changing
to polar coordinates that will be soon introduced.

Let consider the generic height z = z(z) of the fluid with respect to the incline. Then the
gravitational force (per unit of fluid weight) can be evaluated as:

P =—gcospVz

where:
z(z) = h(x) + zp(x) — xsing
In the proposed setting:

o« z(z) is a function, assumed for simiplicity at least C?(R), which maps the height
profile of a physical irregularity of the bottom at coordinate x: if z(z) > 0, the
irregularity lies over the plane and vice versa, while if z,(x) = 0 the bottom is flat;

o h(x) is the fluid depth with respect to the bottom; x sin ¢ is instead related to the
basal slope and represents a positive contribute to the gravitational potential, as
expected since the z-axis points towards the direction favourable to the slope.

For simplicity:
o ¢ will be called basal angle, and the related slope will be called basal slope;
o zp(z) will be called bottom topography, given the role of such function

Finally, bottom friction is included into the model by means of the following term:

j=Cypf(uh) (1.1)

14



1.1 — Dimensional Equations

whose specific expression depends on the model adopted for the closure of drag term.
Therefore, de Saint-Venant’s Equations are formulated as:

9u 4y u :gcos<b<tan(b— 9h _ %) — Cyf(u,h)

o(hu)

(1.2)
oh
E_‘_ or

Several kinds of friction parametrization can be considered, included Manning-Strickler
([37]). Here, as in [29], the following family of drag parametrizations will be taken into
account:

where C = 1/C?, being C the Chézy Coefficient, and f(u, h) = ulu|*/hP. In particular,
fully developed turbulent flow will be assumed, in such a way a = 5 = 1 and one has the
so called Chézy Parametrization:

u|ul 1 sgn(u)u?
J= ey T2 (1.4)
Cc?h  C h
Consider now radial symmetry 2. In order to write the equation according to such geom-
etry, which is reported in Fig. 1.1, let consider the change to polar coordinates:

{x—rcos@ (1.5)

z=rsind

where r > 0 and 0 € [0, 27].

For the transformation of the differential operators it is taken into account that the par-
tial derivative 8%(-) involved in the right member of the momentum equation and the
one involved in the continuity equation derive respectively from gradient and divergence

operators. Therefore, the system turns into the following:

n 2
%_Fu%:gcosgb(tan(ﬁ—%_%)_%% (1.6)
b1 o =

Assuming steady state:

u‘;—f = gcoso (tanqS — % — %) _ %Sgn(g)u an
%d% (rhu) =0

2Due to radial symmetry, the dependencies on the angular coordinate 6 and the derivatives with
respect to it are neglected.
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General Model and Profile Equation

Let consider the Continuity Equation reported in (1.7). Multiplication of both members
by 27r and the application of Fundamental Theorem of Calculus allow to obtain:

2nrhu = Q (1.8)

being @ the total volumetric flowrate 2, which is constant and provides a relation between
radial distance, depth and velocity. Considering instead the Momentum Balance equation
us

of (1.7), one can divide both members by gcos ¢ (it is possible because the angle ¢ = 7
is excluded in the classical model of inclined plane) to obtain:

I du dh  dz, 1 sgn(u)u?
gcos¢ud7" =tan¢ — — — - (1.9)

By using:
J_ 4 (1u2>
dr  dr \2

and re-arranging the members, the equation assumes the following form:

d u? dzy 1 sgn(u)u?
il hl =t - =2 _ = 7 1.10
dr <2gcos¢ + ) ang dr  C? h (1.10)
One can define the stream head as follows:
2
u
= h 1.11
2g cos ¢ + ( )
and rewrite equation (1.11) in the form:
dH dzy 1 sgn(u)u?
“C —tang — —2 — — o 1.12
T A PGP (1.12)

which shows that, in general, stream energy is not conserved, due to the interplay between

basal slope, bed topography and bottom friction. The first novelty with respect to [29] is

that the stream head can also increase: this happens when the right hand side member

of Equation 1.12 is positive, i.e., when the energy contribute of basal slope overbalances

those of friction and bottom topography, as the following inequality shows:
dzy — ulul

tangp > — +

dr ' C?h (1.13)

3Notice that, in dimensional terms, one has [Q] = [L]*[T]~'. This expression provides an additional,
simple motivation for the identification of the integration constant with the volumetric flow rate.
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1.2 — Non-Dimensional Variables and Notable Relations

(b)
Figure 1.1: Geometry for the Inclined Bed with Bottom Topography. Left and right
figure respectively refer to the section along a single radiant for the the cases 0 < ¢ < § (Cone-
shaped) and § < ¢ < m (Funnel-shaped).
1.2 Non-Dimensional Variables and Notable Relations

Since H is non constant, as discussed before, it appears natural to use as vertical reference
unit the value of the stream head at the boundary, Hp, in order to define the variables:

h
= — 1.14
Y= (1.14)
and:
2
= — 1.15
C= o (1.15)
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A natural reference unit for the velocity of the fluid can be identified in a modified Torricel-
lian velocity, which takes into account only the vertical component g cos ¢ of the gravity,
that is, Uy = v/2gH cos ¢. In this way, the non-dimensional velocity is:

U
= 1.16
g v2gH, cos ¢ ( )

By plugging (1.14) and (1.16) into (1.8), the following equation is obtained:

B Q
Y S Ho g Hy cos ¢

The second member of such equation has the dimension of a length and can be chosen as
a radial reference unit. Therefore, by defining:

Q
R =
2m Hov/2gH cos ¢

the non-dimensional radius is:

€= (1.17)

r
R

The previous introduction of the modified Torricellian velocity motivates the definition of
the Froude Number as follows:

u

By plugging (1.14), (1.16), (1.17) into (1.8), one obtains:

v=— (1.19)

Moreover, by plugging (1.19) and (1.14) into (1.18), one finally obtains:

Fr=Friey) = 2

2\ (1.20)

It is worth to notice that:

Fri§y) =1l<=y= \/?2 (1.21)

which provides the locus of the points where the stream is in critical condition. Finally,
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1.3 — Non-Dimensional Equation

the Radiant Specific Discharge is introduced:
Qr = — (1.22)

that, in non-dimensional form, is simply defined as:

¢ =q(6) = 2 (1.23)

1.3 Non-Dimensional Equation
By plugging (1.14), (1.16), (1.17) into Equation (1.10), one obtains:

d<1 )_ _%_E‘Qgcosqugn(y)‘ 1
~ T H C? &y

(1.24)

which, after few calculation, is equivalent to the so called Bresse Profile Equation ([15]):

dy 2 d¢ 2 Q
—(l—-==)=%— —+ == — = 1.25
' o) Tk e ey (1:25)
The equation depends on two parameters (apart from those related to bottom topogra-
phy), which are defined as follows:

R 2gcos¢ sgn(v)

is a parameter related to friction and determines whether the flux is convergent (a < 0)
or divergent (o > 0), while:

R
M = Fotangb (1.27)

encloses the dependence on the basal slope. Equation 1.25 is general and, depending on
the values of the parameters and bottom topography, a large variety of solution can be
obtained. Some notable cases are summarized into Table 1.1, obtained for {(§) = 0 (flat
bottom); other bottom topographies, such as sinusoidal and step, will be discussed within
the next chapters.

1.4 Mathematical Analysis of Profile Equation

In this section, some mathematical aspects of Profile Equation 1.25 will be discussed.

19



General Model and Profile Equation

Table 1.1: Some notable settings obtained from Eq. 1.25, for notable values of the parameters
and flat bottom. Here, "Inv." stands for "Inviscid", while "Vis." stands for "Viscous'. The
dependance on the sign of a will be investigated within the next chapters.

Plane Inv. ‘ Plane Vis. ‘ Cone Inv. ‘ Cone Vis. ‘ Funnel Inv. ‘ Funnel Vis.
¢(¢) 0
Y 0 0 >0 >0 <0 <0
o 0 +0 0 +0 0 +0

1.4.1 Physical Domain and Symmetry

Since ¢ is the non-dimensional radius, it is assumed to be positive. Moreover, Since
y = y(§) is the fluid depth with respect to the bottom, negative depth points would be
located under the bottom: thus, it appears natural to consider only positive y, and the
domain of interest is finally:

D={¢>0} x{y>0}

Notice that, by applying the transformation:

£ — —¢ (1.28)

and plug it into Equation 1.25, one obtains:

dy 2 d¢ 2 «

1l )=— =+ —— — — 1.29
e T g T Ee ey (1:29)
which is identical to 1.25, except for the sign of 7. This indicates that considering negative
values of £ brings to same stream solutions, but on opposite basal slope, thus indicating
that the flow direction can be inverted. This happens because, due to Transformation
1.28, one has:

{V =1/¢y — —v
a= H% . Qgg;w -sgn(v) —» —a
Finally, notice that if « =0, 7, = 0 and {(£) = 0, Eq. 1.29 modifies as:
Zz(l _ §22y3) _ 532y2 (1.30)
and the transformation :
§——¢
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1.4 — Mathematical Analysis of Profile Equation

brings to an identical equation, guaranteeing perfect symmetry.

What discussed before has an important implication for all of the solutions that will
be described throughout the whole work: a single Equation describes a orbit on the
Phase Plane (that, as will be shown later, is split into two branches by the Critical Line)
which provides two families of solutions along two opposite directions with respect to the
reference systems illustrated in Fig. 1.1:

o those on Convergent direction, i.e., along decreasing &;

e those on Divergent direction, i.e., along increasing &.

1.4.2 On the sign of o

The two families of solutions along convergent or divergent direction, previously described
in Sec. 1.4.1, make the stream flow on two opposite directions. Since bottom friction is
always opposite to the motion direction, the sign of a must be chosen subsequently, in
particular:

o « > 0 for flows along divergent direction (i.e., in the same direction of the {-axis as
in Fig. 1.1);

o a < 0 for flows along convergent direction (i.e., in the opposite direction of the £-axis
as in Fig. 1.1).

What here discussed will be used in Chapter 3, where stream profiles in presence of friction
are simulated and discussed.

1.4.3 The Hypothesis of Gradually Varied Flow

The use of a 2D Shallow-water approximation brings with it a series of hypothesis to be
satisfied and that determine the validity of the model itself. Beyond the hypothesis that
the characteristic transversal dimensions of the flow can be neglected with respect to the
longitudinal ones, which justify the name "Shallow water', an additional one is that of
gradually varied flow, which can be summarized by the following two points (Ref. [36]):

o the flow is steady under the observation time interval,
o the streamlines along the depth can be considered nearly parallel.

In this way, variations of the flow properties along the normal direction can be neglected.
In order to ensure the validity of the hypothesis of gradually varied flows, few assumptions
must be taken into account for the values of the model parameters, enclosed into Eq. 1.25:

« the basal slope 7, must be sufficiently small in order to guarantee that energy gains
or losses with respect to the boundary Stream Head are not significant;

« for the same reason, the departures from the flat bottom represented by the bottom
topography ((£) must be contained both in height and slope (’(&);
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o the turbulent friction coefficient av must be sufficiently small in order to guarantee
that energy losses do not cause rapid variations of the stream properties.

Regarding the choice of a suitable bottom topography, in Ref. [42], by means of a pertur-
bative expansion, the following upper-bound is obtained in order to ensure the validity of
the hypothesis of gradually varied flow:

3\/§> (1.31)

=5 (%

In this work no upper bounds are obtained. However, as will be seen within the next
sections, the parameter chosen will automatically satisfy Ineq. 1.31. In particular:

v € [~0.1,0.1] (1.32)

The hypothesis of gradually varied flow will be violated in two situations: the first, arising
naturally from the dynamics, is nearby the hydraulic jump; the second, instead, is the
case of stepped bottom topography around the step region, due to the high steepness.
This allows to conclude that the results obtained have only a limited physical meaning,
despite their help in understanding the flow dynamics.

1.4.4 Phase Plane

Equation 1.25 can be rearranged considering that ¢ > 0 and y > 0 for the multiplications,
in order to obtain the following equation:

dy _ (w =)’ +2y—af  N(&y)

(1.33)

where (' = %' The second member is surely finite if both N (&, y) and D(&, y) are non-zero
and is exactly zero when N(§,y) = 0 and D(&,y) # 0, in this case allowing to recover the
constant constant depth solution already seen in Sec. 3.1.2. Particular attention is to be
paid to couples (&, y) such that both N(&,y) and D(,y) equal zero, lying in the so called
nullclines. Remembering Eq. 1.21, one can find that:

y== < Fry) =1 (1.34)

This allows to conclude that D(&,y) = 0 for couples (£, y) such that F'r = 1, therefore the
nullcline described by the denominator coincide with the Critical Line within the domain
D.

Basing instead on the definition of N (&, y) itself, the couples (§,y) € D such that N(§,y) =
0 satisfy the following equation:

Wy — (Y +2y —al =0 (1.35)
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The lines N(&,y) = 0 and D(§,y) = 0, described by Eq. 1.34, 1.35, organize the geometry
of the phase space and their intersections govern the behaviour of the trajectories. The
radii at which of the the previous lines intersect, if there exist, can be determined by
plugging Eq. 1.34 into Eq. 1.35 which, after some algebra, leads to the following equation
in the unknown ¢:

@
2

5

(=qp—=+25 €675 (1.36)

The nature of Eq. 1.36 (implicit or explicit) depends on the bottom topography ((£)
chosen (by means of its first derivative) and the only physical solutions £, are the positive
ones. However, by simple re-arrangement of the members and restriction to the set {£ >
0}, one concludes that Eq. 1.36 does not admit any physical solution if the following
condition holds:

—p+ < -5 (1.37)
where (, = 3—2\525*. Let define:
d¢
V(€)= — b (1.38)

representing the topographical slope "faced by the stream' while flowing, due to both
basal slope and bottom topography. Then such condition expresses that physical points
at which ?Tg = [%] can exist only if the energy contribute of the bed slope - is greater than
friction dissipation. Notice that if for all £ > 0 the following inequality holds:

7+ () < —% (1.39)

then by integration of the two members of such inequality 1.39 within [£p, ], assuming
& > & for simplicity and using the monotony property of the integrals, one obtains that:

§(6) < C&0) + (= 5)(E — &) (1.40)

where in the second member the asymptotic profile described by Eq. 3.23 can be recog-
nized. Therefore, if the slope of the bed topography function is bounded by 7, — 5, the
line represented by the aforementioned profile can be interpreted as the boundary of the
region in which values such that Z—? = [%] are not possible. Finally, if one plugs Eq. 1.36
(evaluated at & = &) into Eq. 1.34, one obtains the heights at which the two organizing
lines intersect:

, 2
Y = \/(_% oy (1.41)
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d¢

dle=¢.

Assume there exist points (&, yx) such that Z—g = [8]. The nature of such points depends
on the bed topography considered and the friction coefficient, and can be deduced by
Eq. 3.1, transformed to an equivalent set of two ordinary differential equation in the
parameter s € R (which corresponds to a parametrization of the curves (£(s), y(s)) in the
phase space). This procedure is analogous to what done in [8] and brings to the following
system:

where (, =

% m N {(% - C’g)gf%zgfgy - OA (1.42)

where it can be defined the vector function F : R — R? as:

&y — 2 ]

_ _ [A(6y)
Floy) = {(% =~ + 2y — ag 1

B |:F2(57 y)]

In this setting, curves described by N(§,y) = 0 and D(,y) = 0 represent the nullclines of
1.4.4, while the solutions of Equations 1.34, 1.36 can be easily thought as the equilibrium
points of the previous system, whose nature is determined by the Jacobian Matrix of the
system evaluated at the equilibrium points considered. Let start computing the entries of
the Jacobian Matrix of F:

3£2y3 —9 3€3y2

JF(£>y) = y3(3,7b§2 _ 3</§2 _ €3<//) — 3€3y2(,}/b _ CI) +9 (143)

In order to evaluate Jg at the equilibrium point, one can define for the sake of clearness:

to= =+ 5+ (1.44)
and, more in general:
o
t=1(O) =+ 5+ () (1.45)

which can be interpreted as a generalized slope including the contribute of friction (in
terms of energy subtraction), the first evaluated at the eventual equilibrium points, the
second in a general point & > 0.

Then, since equations 1.34 and 1.36 hold, one can operate the following substitutions:

1 2
=236, 3
{z 215_2 (1.46)

By using what reported before, one obtains:
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dFl

(€oye) =4

(Eoys) = 6, "

Gl €y = —6ta +2a — 28, 0 C”
(6n,ye) = B0t L—}

d
dy (1.47)

ng
dy

which are the components of the Jacobian matrix evaluated at the equilibrium points. By
plugging v, = 0 and ((§) = 0 (identically zero) into 1.47 one can find that the Jacobian
matrix for the case of Horizontal Bed with Flat Bottom assumes the following simpler
form:

4 12} (1.48)

JF(§*7 y*)hor7 flat — l:_a %

Notice that, in this specific case, both the Jacobian Determinant and Trace are found
to be independent on the friction coefficient «, and so the eigenvalues do: therefore, the
nature of the equilibrium point does not depend on friction, coherently with the results
found by [29]. Back to the general equation, the Jacobian matrix is:

Te(tu.) ! o (1.19)
sy Yx ) — _3 .
oy —6t, + 20— 284, °C" 3atTl —4
from which:
dFy dFy _
(tr JF) (5*7%«) d§ 5* y* + di:y (5*,y*) = 30ét* ! (150)
and:
dF dFs dFs dF,
(det Jp)lce, p.) = dif (f*,y*)Ty (Eorye) — d§ (Eesye) 7~ dy |(€oy) = 4(5+6- 2544%* ) (1.51)

The signs of expressions 1.50, 1.51 determine those of the eigenvalues of Jg and, there-
fore, the nature of the equilibrium point. The study of the sign of (tr Jg) and

lexu)
(det Jg) leads to the following inequalities: ’

|(£*,y*)
3at*_1 >0
_3
546-25¢",° >0
t, >0
Notice that substantial differences arise with respect to the case of Horizontal Bed with
Flat Bottom. Indeed, the sign of the trace generally depends on the sole «.. In particular,

if the equilibrium point lies within the physical region D, that is, ¢, > 0, the trace assumes
the same sign of «, thus allowing to obtain both unstable configurations (saddle point,
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when determinant is negative) and stable configurations (stable node or focus, when the
determinant is positive). It is important to notice that while the instability of the equi-
librium point for the linearized system implies the instability for the nonlinear system,
the contrary is generally not true (that is, the stability of the linearized system does not
imply the stability of the nonlinear one) . However, notice that if a < 0, with « chosen
in such a way that the determinant remains positive, if the equilibrium point lies in the
physical region, then one has:

from which:
¢G>

Therefore, in this situation, friction acts as a control on the positive energy contribute
given by the slope, guaranteeing the stability of the equilibrium point (in the linearized
system). Further details will be provided for the specific kinds of beds that will be
examined within the next sections.

1.4.5 Hydraulic Jump as a Shock Discontinuity

The presence of friction in the model opens to the possibility of having a transition from
the supercritical to the subcritical stream through a hydraulic jump. As described in
[29], it can manifest in the form of turbulent bores or undular jump, depending on the
Froude Number in a neighbourhood of the jump. For the purpose of this work, however,
it is modelled as a shock discontinuity of zero length, coherently with [29, 42]. This is a
significant simplification, since it means to neglect most of the physics, included the eddy
formation and the air entrainment (Ref. [14, 27]), which cannot be described by a simple
Shallow-water model. However, this assumption has the privilege of making the model
capturing basic physical aspects (such as energy dissipation across the jump and its posi-
tion) with relatively simple mathematics. Moreover, the presence of the Hydraulic Jump
can be deduced by simply finding critical points (such as focus) of the dynamical system
1.42, where the gradually varied flow hypothesis ceases to be valid and a discontinuity
arises (Ref. [36]).

To do so, let consider a short reach of circular sector of stream, with central angle 8 to
delimit an infinitesimal volume enclosing the whole hydraulic jump, as in Fig. 1.2. In
order to apply the the Global Momentum Equation, let consider a section of height A and
arc length 70 enclosed into the volume, so its area is {2 = rhf. Lateral hydrostatic compo-
nents and bottom friction are neglected, so that the only force components are given by
the hydrostatic force and the dynamic force which, in dimensional terms, are expressed

by:

h2
Fh = ped = shall = ysr0— (1.52)
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where hg = h? /2 is the baricentric coordinate of the immersed section and -, is the fluid
specific weight, while:

Fy= chg; = BpQu? = Brou(hu) = froug (1.53)

where (8 is the momentum coefficient, u is the velocity and ¢ is the radiant specific dis-
charge, being ¢ = Q/27r = hu in force of the Continuity Equation 1.8. By assuming fully
turbulent flow then 8 = 1 and the momentum equation across the section becomes, in
dimensional terms:

Fy, + F; = const (1.54)

Introducing non-dimensional variables, one then obtains the following final equation, ana-
logue of that obtained in [29]:

4
F(&y) =92+ —— = const (1.55)
£y
where F'(§,y) is denoted in this work as Specific Force.
One can then obtain the jump position by simple intersection of the Specific Forces for

the subcritical and supercritical branches. This procedure will be followed from now and
throughout the whole work to determine the jump position.
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Figure 1.2: Force Balance to determine Hydraulic Jump Position. In this figure, 6
denotes the central angle, (£, h/2) the coordinates of the baricentre of the immersed section.
The red and blue sections delimit the volume containing the jump, with hs,;, and hgy, being
the supercritical and subcritical heights in proximity of the hydraulic jump. The blue arrow
indicates the flow direction.

1.4.6 Stiffness and Numerical Methods

The presence of a singularity expressed by the Critical Line y = {/2/£? and of possible
critical points of the dynamical system 1.42 make concrete the possibility of having regions
in which the height profile y = y(£) approaches the singularities with nearly vertical
tangent (and this will be the case, as will be seen later in the next chapters), thus System
1.42 is stiff ([30]). This is not surprising, as it happens also for the stream profiles in
open channel flows (Ref. [36, 25]), but suggests that numerical solutions of 1.42 should
be obtained with proper numerical methods. In particular, the majority of the cases
will be solved with the Variable Step Variable Order (VSVO) method odel15s already
implemented in MATLAB® (Ref. [34]). Alternatively, another method that is used in
specific cases is "StiffnessSwitching” method for NDSolve function available in Wolfram
Mathematica 12, which appears to perform better than odel15s for the case of stepped
bottom topography.
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Chapter 2

Stream Profiles for Inviscid de
Saint-Venant’s Equations

In this chapter, the solutions of Eq. 1.25 will be analyzed in absence of friction, for
different values of basal slope v, and bed topographies ((£). Therefore, for the whole
chapter, @ = 0 will be considered, corresponding to the case of a negligible value of the
friction coefficient, i.e., Cy =~ 0.

In this case, Profile Equation 1.25 assumes the form:

Ly S PR o)
ag\ey ) T e |
where it can be recognized the function
H:= 2 +y (2.2)

representing the non-dimensional Stream Head. Let denote the radial coordinate of the
boundary by &. Then, by the scaling chosen reported at the top of Section 1.2, one has
the following boundary condition:

H(&) =1 (2.3)

To solve Eq. 2.1, one can simply integrate the two members within the interval [£o, £], use
the Fundamental Theorem of Calculus and enforce the Boundary Condition 2.3 to obtain:

s =1 = (e~ &) = KO ~ (&) 2.0

The so obtained equation is no longer differential and once the topology of the bed (i.e., the
slope parameter v, and the irregularity profile ((&)) is known, it can be solved numerically.
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For this purpose, the following function is introduced:

1
F(ﬁ,y):@wLy—l—%(&—Eo)HC(ﬁ)—C(éb)] (2.5)
which is defined on R? . {(0,0)}. Then the curve described by Eq. 2.4 can be interpreted
as the zero-level curve of F(,y) and describes the behaviour of the solutions y.

The case of inclined bed with flat bottom is recovered by imposing ((£) = const into Eq.
2.4 (for simplicity ((£) = 0):

2,2 +y=1+%(— %) (2.6)
In this case, the stream head varies linearly with the radial distance, with slope governed
by 5. In particular:

o if 7, > 0 (Cone-shaped), the stream head increases;

o if 75 < 0 (Funnel-shaped), the stream head decreases.

If additionally v, = 0 is considered, the case of Horizontal Bed with Flat Bottom can be
recovered and Equation 2.4, which now describes the energy conservation, becomes the
following;:

1
—_— y f— 2.7
Y + (2.7)

Latterly, if one considers the case in which only v, = 0, one obtains the equation for a
plane bed with a prescribed bottom topography ¢ = ((&):

1

aa ty =1 [ (&) (28)

2.1 Case 0 - Horizontal Bed with Flat Bottom

In this Section, solutions of Equation 1.25 will be analyzed in the case of Horizontal Bed
with Flat Bottom, i.e., 7, = 0 and ((£) = 0. Therefore, the proper form of the Profile
Equation to be used is Eq. 2.7. Such case was deeply discussed in [29] ' where a series of
analytical and numerical results were obtained and classified to find astrophysical analo-
gous of the stream profiles described, in the context of Analogue Gravity (Ref. [5, 20, 46]).
Some of the notation of the previous article will be used in this Section and, generally, in
the following sections and chapters.

!The current case of Horizontal Bed with Flat Bottom is named in [29] as "Isentropic", due to the
astrophysical analog which refers to.
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2.1.1 Numerical and Analytical Results

Equation 2.7 is here reported for the sake of clearness:

gp V!

Then it can be re-formulated, by using Def. 2.2 of the Stream Head, as:

H(¢) =1 (2.9)

Therefore, Eq. 2.7 describes constant Stream Head orbits and expresses nothing but the
Stream Energy conservation.

In order to analyze the corresponding, Height Profiles y = y(£), one can re-arrange Eq.
2.7 (considering £ > 0 and y > 0) to obtain:

1

fzi(y):m

(2.10)

which is not injective, therefore suggesting that the inverse relation y(§) is a curve
described by two branches. Fig. 2.1(a) confirms the observations coming from non-
injectivity: the orbit y = y(§) is split by the Critical Line (where Fr(£,y) = 1 into a
Supercritical (lower) and Subcritical (upper) branch, as shown by the Froude Number in
Fig. 2.1(c) . Each branch, thanks to the symmetry property discussed in Sec. 1.4.1, rep-
resents two possible solutions, depending on the flow is on convergent (along decreasing
€) or divergent (along decreasing §).

An interesting feature emerges by observing the orbits: the two branches join solely at a
minimum radius &,;,, which lies on the Critical Line ¢, = y(&min). Mathematically, it
can be determined by looking for the stationary points of function £(y) in 2.10, obtaining:

3V3 2
(gmm,aymzn) - 2 5 3
Using the same notation of [29] in the context of Analogue Gravity, often throughout this
work the term Froude Horizon will be used to denote points at which Critical Conditions
are reached, like & ip.
In view of what just discussed, each of the two branches can be exemplified by the following
physical situations:

 a stream starting in supercritical (subcritical) condition from an external annular
gate placed at radius £ = & and flowing along convergent direction (maintaining
constant Stream Head and Discharge), until reaching critical conditions at the edge
of a hole, at & = &4, where the flow is drained;

e a stream emerging in critical conditions from an internal source, whose external edge
is located at radius & = &yin, and flowing in supercritical (subcritical) conditions.
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Flow feautures and Stream Profiles are reported respectively in Figures 2.1, 2.2.

The convergent flow previously described helps understanding the physical reason why
the minimum radius &,,;, arises in this case and for many other solutions throughout
this work. Indeed, such behaviour finds an explanation in the governing equations of the
current case, which impose constant Discharge (Volumetric Flow Rate) and Stream Head.
If the fluid emerges from an annular gate and flows along convergent direction within the
bounded region delimited by the annular gate and no hole is present, keeping the same
Discharge would make the flow height dramatically increase and the Stream Head would
no longer be constant as prescribed: the only way to keep both constant is to drain the
fluid with a hole of radius &,n, i.e., that the flow attains critical conditions at & = & in.
Similarly, if the flow is divergent from a critical source, its radius &, is that guaranteeing
the flow to maintain constant Stream Head and Discharge.

The way used by [29] to illustrate this behaviour, the same used in this work, is by means
of Radiant Specific Discharge introduced in 1.23: if one pulls its definition into Eq. 2.7
and re-arranges the members to explicit ¢, one obtains the relation:

a(y) =yvV1—y (2.11)

which is non monotonic. In particular ¢(y) attains its maximum at y = Ymin, i.e., where
the flow necessary reaches critical conditions.

2.1.2 Role of Benchmark Case for Boundary Conditions

Through the next sections, different geometries will be taken into account, described by
gradually more complex equations. The present case, however, will be considered as a
benchmark when imposing boundary conditions. Indeed, the orbit described by Eq. 2.7
represents the locus of the points (£,y) of constant Stream Head, since there the non-
dimensional Stream Head H(,y) is 1, but at the same time it is obtained by using
Hy = H({pc) (the dimensional Stream Head at the boundary) as reference scale.

In most of the cases that will be discussed later on in this work, unitary Stream Head
H will be imposed at a specific point &, but this has to be made by fixing supercritical
and subcritical heights yo sup and yo sup for which H (0,%0,()) = 1. Therefore, yo sup and
Yo,sub Will be selected by the supercritical and subcritical branches of the orbit described
by 2.10.
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2.1 — Case 0 - Horizontal Bed with Flat Bottom
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Figure 2.1: Stream flowing along an Horizontal Bed with Flat Bottom, 7, = 0, {(§) = 0.
Blue arrows indicate that each branch of the curves represents two solutions, depending on the
Convergent (along decreasing &) or Divergent (along increasing &) direction of the flow. Fig.
2.1(a) - Supercritical and Subcritical Height Profiles. Fig. 2.1(b) - Supercrital and Subcritical
branches of Velocity. Fig. 2.1(c) - Supercrital and Subcritical branches of Froude Number.
Fig. 2.1(d) - Constant Stream Head, along with Supercrital and Subcritical branches of Kinetic
Height. Fig. 2.1(b) - Radiant Specific Discharge versus Height.
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) Supercritical Stream Profile - Horizontal Bed, Flat Bottom ) Subcritical Stream Profile - Horizontal Bed, Flat Bottom
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0.4 0.4
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Figure 2.2: Stream Profiles - Horizontal Bed with Flat Bottom, v, = 0, ((§) = 0. Left
and right figure respectively refer to Supercritical and Subcritical Stream Profile. Blue arrows
indicate that each branch of the curves represents two solutions, depending on the Convergent
(along decreasing &) or Divergent (along increasing &) direction of the flow.

2.2 Case 1 - Inclined Bed with Flat Bottom

In this section, solutions of Equation 1.25 will be analyzed in the case of an inclined bed
with flat bottom ({(§) = 0). Therefore, the reference form of the Profile Equation to be
used is that reported in 2.6.

2.2.1 Structure of the Solution

In order to establish if equation (2.4) defines implicitly a single function y = y(&) within
the domain of interest D = {¢ > 0} x {y > 0}. In order to study the injectivity of the
curve described by the equation, let fix any £ = £* > 0 and plug it into (2.4). Then:

Wﬂ—l—%(ﬁ*—&)) =0 (2.12)

Multiplication by y? holds and re-arranging of the addends hold:

v+ 71— (€ - &) +

1
£ =0 (2.13)
The last equation is algebraic of third degree of the form:

ay® +by? +cy+d=0

where a =1,b=—1- (6"~ &), c=0,d= s
The number of real solutions strictly depends on the coefficients (therefore, on the point
&* and on the radius of the boundary ). Following the classical procedure to determine
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2.2 — Case 1 - Inclined Bed with Flat Bottom

the solutions of a third degree algebraic equation, let define:

(i

where the simplified form is due to the fact that a =1, ¢ = 0.
Let define also:

b2 b

W ;
_be 26° 20°
_3a2+27a2_d+ 27

ISHISUESHeY

A=A *. _f ﬁ_ 1 13
= 111(5,50)—4—1-27—61 20+ 570 (2.14)

If £ and & are such that Aj;r; > 0, then three solutions obtained are surely distinct, but
two of them are complex and the remaining is real. It means that to an arbitrary &* > 0
such that Aj; > 0, there corresponds exactly one value of y, whose sign depends on the
coefficients b and d: it makes sense only if y > 0. If £* and &, are such that A;;; = 0,
since d = 5% > 0, the only possibility is that:

1 1.5 B ii’»
Zd+2—7b =0<=d= 271) (2.15)

In this case, referring to the solutions formulae of a third degree algebraic equation in the
case Ajj;r = 0, the three solutions are real, at least two of them are equal and they all
coincide if and only if ¢ = 0.

Remembering the definition of ¢, one has:

2
q:O@)d:—ﬁbg (2.16)

However, this is not consistent with condition (2.15), showing that in this specific case
g # 0 necessarily. This means that in this case equation (2.13) has two coincident solutions
and one distinct solution, that is, for each arbitrary £* such that A;;; = 0 there are exactly
two distinct solutions gy, which are expressed in the form:

(2.17)

Simple algebraic passages and the use of (2.15) show that in this case the two solutions
of (2.17) are strictly positive.

If instead &* and &, are such that Aj;; < 0, according to the solutions formulae for the
present case, one defines:

v = —g +iv/—Apg = p(cosf + isinf) (2.18)

where p > 0 and 6 € [0,27] are modulus and angle of the trigonometric form of the com-
plex number z, which cannot be purely imaginary since Aj;; < 0. Therefore 6 cannot be

35



Stream Profiles for Inviscid de Saint-Venant’s Equations

an integer multiple of 7. In this case, the roots are expressed as follows:

Y1 = Q@COS (%) - %
Yo = 2\/%COS (H%) — %
Yz = 2\/?0% (GJ“%) — %
b2

where the square roots are real numbers because of p = —% < 0. The only factor

which distinguishes the three solutions is the one involving cosinus. A simple study of the

functions cos (g), cos (922”

three graphs intersect, meaning that independently from the particular angle 6 considered,
at least one root is different from the others. Moreover, couple-by-couple intersections of
the aforementioned cosinus functions happen at angles 6 which are integer multiples of
7, in contradiction with the fact that Aj;; > 0. Therefore, the three roots y1, yo, y3 are
always distinct, meaning that in the case Aj;r < 0, for any £ > 0 one obtains three
distinct values of y. About the sign of the roots, one can study the following inequalities

), cos (“%) shows that there not exists any point where the

e o —b?,
by exploiting the fact that p = =~:
y1 >0 <= 2[%cos(d) — 2 >0
yo > 0 <= 2|8 cos (H2T) — & >0 (2.19)
ys > 0 <= 2|2 cos () — & >0
If b > 0, (2.19) turns into:
cos (6) > 1
L[ 0+27 1
cos (757 ) > 3
O+4m 1
cos (F57 ) > 3

In particular, if @ € [0,7] one has y; > 0, y2 < 0, y3 < 0, while if § € (m, 27| one has
y1 <0, y2 <0, y3 > 0. Hence, in any case, when b > 0 there correspond a single physical
y >0 to &*.

If b <0, (2.19) turns into:

cos (0) < —1
cos 9+327r < %
CoS 9+34” < %

In particular, for all # € [0,27] one has y; < 0, y2 > 0, y3 < 0. Hence, again, when b > 0
there correspond a single physical y > 0 to £*. What considered allow to conclude that
points £* such that A;rr < 0 correspond to a single physical y > 0.

What discussed before can be summarized in this way:
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2.2 — Case 1 - Inclined Bed with Flat Bottom

« points £* such that A;r7(£%;&) > 0 correspond to a unique y satisfying the equation,
whose sign depends on £* itself. Therefore, such £* can correspond to at most one
physical y > 0;

 points &* such that Arrr(€*;&) = 0 correspond to exactly two distinct values of y
satisfying the equation, both positive and, thus, physical;

o points &* such that A;rr(£%&) < 0 correspond to exactly one physical solution
y > 0.

This suggests a structure of the solution with at most two physical branches, i.e., corre-
sponding to positive heights y.
2.2.2 Critical points

Assume it is possible to explicit locally £ = &(y), where ¢ is differentiable. Then the two
members of (2.4) can be differentiated by y and evaluated along £ = £(y), obtaining the
following;:

2 2 d¢ d¢  d¢ d§
g T ega T Ty T ey, T
By re-arranging:
2 d¢ ¢ 2
——==+1 2.20
(e~ o) 3 =~ (e ) (220)

By enforcing j—g = 0 and using some algebra, one obtains the following equation:

2
523

+1—O<:>y—[§2 F (2.21)

Remembering (1.21), then (2.21) shows that extrema points of £ = £(y) are characterized
by Fr = 1 independently from the eventual irregularities of the bed, as obtained for the
plane case.

2.2.3 Numerical simulations

Since neglecting drag and considering flat bottom reduces Equation 1.25 to the algebraic
equation (2.6), all the numerical simulations presented make use of such form. In partic-
ular, to plot the curve described, (2.6) is interpreted as the equation of the zero-level set
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of the function

F(e.y) = 22 Ly 1 — &) (2.22)

¢z
in order to use a contour-plot technique, restricted to the physical domain of the problem
D.

Equation 2.6, once fixed the boundary radius &y at which unitary stream head is imposed,
determines a family of orbits depending on the basal slope ~y,, which are reported in Fig.
2.3 along with the Critical Line.

Again, the orbits are sliced into a subcritical and a supercritical branch by the Critical
Line, and the case of Horizontal Bed with Flat Bottom can be recovered by considering
v = 0. However, a novel feature emerges from the plots: while orbits corresponding
to 7 > 0 are open, those corresponding to 7, < 0 are closed. Therefore, while the
existence of a minimum radius &,,;, is a common feature to all the possible orbits, those
obtained with -, < 0 also exhibit a maximum radius, &4z, and the two branches of the
solution are non monotonic. Both &,,;, and &4, are slope dependent. As «, decreases for
negative values, the minimum and maximum radii approach smaller values and correspond
to higher maxima (minima) of the subcritical (supercritical) profile, with a consequently
more abrupt decrease (increase) towards the critical height. The physical interpretation of
the previous observation will be provided in Sec 2.2.4 and Sec. 2.2.6, after the description
of the stream profiles that can be obtained.

Stream Profiles For Plane Inclined Bed

-0.10
-0.08
-0.05
0.00

4= 0005
—— 4 =007
+=010
Critical Divide
® BC

Figure 2.3: Orbits for different values of ~,. Unitary stream head is imposed at £, = 8,
corresponding to a subcritical depth yo su» = 0.98 and a supercritical depth yg sup = 0.13 . Black
Thick line refers to the Plane Bed with Flat Bottom (v = 0), while the red thick line marks the
Critical Divide (F'r = 1).
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2.2 — Case 1 - Inclined Bed with Flat Bottom

Funnel-shaped bed - v, < 0
The particular structure of the orbits for 7, < 0 is responsible for two peculiar aspects.

The first one is that subcritical branches of such solutions are generally non monotonic,
exhibiting a maximum height y,; placed at radius £y, progressively smaller and nearer to
the minimum radius. In particular, within the region [£in, {ar], the profile experiments
an abrupt variation, which becomes sharper as 7, decreases. This is well shown in Fig.
2.5, which refers to a stream starting flowing with unitary head and converging towards
a central hole, on favourable slope: this is a first example of flows in which energy
increases, as can be observed in Fig. 2.5(e), 2.5(f).

The subcritical profile starts with Fr < 1 and unitary stream head, then it accelerates
to reach the hole in critical condition. Depth increases until reaching a maximum, then
decreases to critical height, showing a non-monotonic behaviour. This can be understood
by means of the radian specific discharge, at Fig. 2.6(a): indeed, the relation between y
and ¢ (the reversed graph) is non monotonic, having a maximum corresponding to the
height ;.

The flow can be also inverted, thanks to the symmetry described in Sec. 1.4.1. In this
case, the flow is divergent, on opposite slope, over a funnel-shaped bed, as can be seen
by the behaviour of the Stream Head: coherently, the flows described are dissipating. It
starts with unitary stream head and reaches critical conditions, according to one of the
two branches. Results are reported in Fig 2.4.

The supercritical profile starts instead with unitary stream head and Fr > 1, then depth
strictly increases until reaching the hole in critical condition. Velocity, as long as Froude
Number, increases until reaching a maximum, then decrease: this is explained by the fact
that, in order to maintain the prescribed linear Stream Head with the depth increasing to
reach critical height at the hole, kinetic energy must decrease, as reported in Fig. 2.5(f).
A second aspect of solution curves with v, < 0 is that they exhibit also a maximum radius
¢ = &max, which was also evident in the profiles reported in Fig. 2.4(a) and introduces
an additional class of profiles: those enclosed between two Froude Horizons (in the
context of Analogue Gravity, it describes a Reissner-Nordstrometric Black Hole, See [33]),
as shown in Fig. 2.7. This solution is similar to that obtained for the case of plane, flat
bed, in presence of friction: the novelty of this case is that this behaviour happens although
friction is not considered, opening to the possibility to simulate the phenomenon also in
a simpler laboratory setting. Once the flow direction is specified, one can fix a critical
boundary condition upstream (downstream) and integrate downward (upward) in order to
obtain the supercritical (subcritical) branch of the solution. The so obtained profiles are
non-monotonical, as shown in Fig. 2.7(a). Moreover, it can be observed that the heights
Yerit,maz ANd Yerit,min associated to maximum and minimum respectively correspond to
the minimum and maximum Radian Specific Discharge, while the minimum (maximum)
height attained by the supercritical (subcritical) profile is also a minimum (maximum)
height with respect to the discharge which, as a function of ¥, is non monotonic.

Cone-Shaped Bed - 7, > 0

As described before, the geometry of the orbits for 4, > 0 is significantly different, since
they are open: therefore, they exhibit a minimum radius &,,,, but not a maximum one
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like for v, < 0. Such structure of the solution is similar to that of the plane case, with
the exception that the minimum radius depends on the slope. Such behaviour reflects
on the possible stream profiles, which are monotonic increasing if subcritical, monotonic
decreasing otherwise.

When considering convergent direction, stream flows on opposite slope, thus energy de-
creases. This is the case of the stream reported in Fig. 2.9: subcritical (supercritical)
branch starts with unitary stream head at § = 8, then it accelerates (decelerates) ap-
proaching critical conditions (physically corresponding to a hole) with progressively lower
(higher) depth.

Divergent direction describes instead flows on favourable slope, as the stream head in-
creases. This is the case of the stream reported in Fig. 2.8: it starts flowing in critical
condition at £ = & (physically correponding to a source), then it decelerates (accelerates)
according to the subcritical (supercritical) branch attaining progressively higher(lower)
depths, monotonically. In order to highlight this aspect, one can see the plot of Radiant
Specific Discharge ¢ with respect to y, reported in Fig. 2.8(e). Such relation is actually
a function: ¢ increases with the supercritical heights, reaches a maximum at y(§ = &nin)
(the critical height at minimum radius), then decreases to 0 as the subcritical heights
increase, thus explaining the monotony of depth profiles.
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Branches of the Solution - Funnel, Divergent Flow, = -0.05 Velocity Branches - Funnel, Divergent Flow, Vo= -0.05
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Figure 2.4: Divergent stream flowing on opposite slope over a funnel-shaped flat bed,
v, = —0.05. Unitary stream head is imposed at & = 8 for both supercritical and subcritical
flows. Fig. 2.4(a) - Supercritical and Subcritical stream profiles. The blue arrow shows the flow
direction. Fig. 2.4(b) - Supercritical and Subcritical velocities. Fig. 2.4(c) - Supercritical and
Subcritical branches of the Froude Number. Fig. 2.4(d) - Stream Head, along with supercritical
and subcritical branches of Kinetic Height.
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Figure 2.5: Convergent stream flowing on favourable slope over a funnel-shaped flat
bed, 7, = —0.05. Left and right column respectively refer to Subcritical and Supercritical
solutions. In each column Stream Profile, Velocity and Froude number, Stream Head and Kinetic

Height are reported for v, = —0.05. Unitary stream Head boundary condition is imposed at
&y = 8. The blue arrow represents the convergent flow direction.
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Radian Discharge VS Depth - Subcritical, y = -0.05 Radian Discharge VS Height - Supercritical, y = -0.05
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Figure 2.6: Radiant Specific Discharge -Convergent stream flowing on favourable
slope over a funnel-shaped flat bed, v, = —0.05. Left and right column respectively
refer to the relation between Radiant Specific Discharge and Height for the Subcritical and the
Supercritical solutions. Unitary stream Head boundary condition is imposed at £y = 8. Vertical
lines are depicted to show that the maximum Radiant Specific Discharge is attained at the
critical height associated to the minimum radius, while at the maximum subcritical height the
curve has vertical tangent.
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Branches of the Solution - Two Horizons Flow, Yy = =0.05

Branches of Velocity - Two Horizons Flow, M= -0.05
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Figure 2.7: Two Horizons Solution, v, = —0.05. Unitary Stream Head condition is imposed

at & = 12. 2.7(a) - Subcritical and Supercritical branches. 2.7(b) - branches of the Velocity.
2.7(c), branches of the Froude Number. 2.7(d) - Stream Head and branches of the Kinetic
Height. 2.7(e) - Branches of the Radiant Specific Discharge, along with the notable heights: the

critical heights Yerit.mae and Yerit,min, corresponding to the heights attained at minimum and
maximum radius; the maximum height attained by the Subcritical Profile, yj; and the minimum

height attained by the Supercritical Profile, y,,.
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Branches of the Solution - Cone, Divergent Flow, M= 0.05 Branches of Velocity - Cone, Divergent Flow, M= 0.05
2 2
s Solution, ; = 0.05 = Velocity
1.8 ——— Ciitical Divide 18 = Criical Line
[ Jsuperctical Region [——JSubcrital Regon
1.6 [ JSubcritical Region 16 [ 1Supercritical Region
14 14
12 12
> 1 N1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 5 10 15 20 0 5 10 15 20
(a) (b)
Branches of Froude Num. - Cone, Divergent Flow, M= 0.05 Stream Head and Branches of Kinetic Height - Cone, Divergent Flow, M= 0.05
12 2
s Froude N. e Stream Head
18| [ewnnn Kinetic Height
10 = Critical Line
1.6 [ Isubcritical Region
[ 1Supercritical Region
8
o
w 6

of Rad. Spec. Di: - Cone, Dit Flow, M= 0.05
0.6 7
mm Radl Disch.
—Fr=
0.5 [__]Sub. Reg.
[ Sup. Reg.

Figure 2.8: Divergent stream flowing on favourable slope over a Cone-shaped flat bed,
¥ = 0.05. In both regimes, flow starts in critical condition at £y = 3.75, physically corresponding
to a source, and flows in the divergent direction. 2.8(a) - Subcritical and Supercritical Stream
Profiles; the blue arrow indicates flow direction. 2.8(b), branches of the velocity. 2.8(c) - branches
of the Froude Number. 2.8(d) - Stream Head along with the branches of Kinetic Height. 2.8(e),
branches of the Radian Specific Discharge. Notice that the relation g ~ y is actually a function.
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Figure 2.9: Convergent stream flowing on opposite slope over a Cone-Shaped flat bed,
v, = 0.05. Left and right column respectively refer to Subcritical and Supercritical solutions.
In each column Stream Profile, Velocity and Froude number, Stream Head and Kinetic Height
and the relation between Radian Specific Discharge and the depths of the profiles are reported
for v, = 0.05. The blue arrow represents the convergent flow direction.
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Radian Discharge VS Depth - Subcritical, y = -0.05 Radian Discharge VS Height - Supercritical, y = -0.05
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Figure 2.10: Radiant Specific Discharge -Convergent stream flowing on opposite slope
over a Cone-shaped flat bed, 7, = —0.05. Left and right column respectively refer to the
relation between Radiant Specific Discharge and Height for the Subcritical and the Supercritical
solutions. Unitary stream Head boundary condition is imposed at £, = 8. Vertical lines are
depicted to show that the maximum Radiant Specific Discharge is attained at the critical height
associated to the minimum radius.

2.2.4 Monotony of Stream Profiles: Mathematical Point of View

A first point of view to explain the different behaviour of the orbits for positive, null and
negative basal slopes 7, (open or closed) is provided by Eq. 1.29, which in case of an
Inclined Bed with Flat Bottom, with no friction, assumes the form:

&€ T- 2 1-Fry)

(2.23)

In order to discuss the sign of dy/d¢, one can easily observe that the denominator of Eq.
2.23 is:

« positive for the subcritical branch;
o negative for the supercritical branch.
Regarding the nominator of Eq. 2.23, one can study its sign by means of the following

inequality:

where one can observe that —-; is the opposite slope and, by using the relation 1.19 for
the velocity v = v(§,y), that:

2 2
k(€ y) == ek pRa
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represents Radiant Specific Kinetic Height, which is a measure of how Kinetic energy
distributes along a specific radiant, at each radial position &.

Last inequality is satisfied V&, y > 0 if 4, > 0: therefore, the nominator is positive if the
bed is horizontal or Cone-shaped.

If instead one considers 7, < 0, last inequality can be re-arranged as:

2
v\ e (2.25)
2
Yst, flat (§) == “_W (2.26)

Then Ineq. 2.25 tells that if the bed is Funnel-shaped (7, < 0), then the nominator of Eq.
2.23 is:

Let define:

« positive where the height profile is lower than yg, fiqt(§);
« negative where the height profile is greater than yg. fiat().

Table 2.1 combines the results just obtained to determine the sign of dy/d¢ for the super-
critical and the subcritical profile.

It is evident that Funnel-shaped bed gives rise to non-monotonic height profiles, since the
sign of dy/d¢ expressed by Eq. 2.23 can change.

Moreover, ys fiqt(§) in 2.26 represents the curve where the stationary points of the height
profile lie, since along it dy/d¢ = 0: they can be find as intersections between 2.26 and
solutions curve expressed by Eq. 2.6.

2.2.5 Velocity - Gravity Interplay and Monotony of Stream Pro-
files

In view of what just discussed, Ineq. 2.24 can be interpreted from a physical point of view
as an interplay between Kinetic and Potential Energies, which is illustrated in Fig. 2.11
and justifies what is described below.

Indeed, if the bed is Cone-shaped (v, > 0, Figures 2.11(b), 2.11(d)), Kinetic Energy
definitively overcomes the energy subtractions given by opposite slope one and governs
the behaviour of the stream profiles, granting no monotony variations: it helps the stream
when flowing on both favourable slope (in order to linearly increase the Stream Head) and
opposite slope, providing the fluid as much kinetic energy to go up the cone to contrast
gravity until reaching the central hole at minimum radius (if the hole was not present, the
stream head would abruptly decrease, being no longer linear as prescribed by 2.6, and the
fluid would come back flowing on favourable slope).

Flows on Horizontal Beds (7, = 0) have an analogous behaviour, with the exception that
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2.2 — Case 1 - Inclined Bed with Flat Bottom

there is no slope, so the Stream Head is constantly 1.
If instead the bed is Funnel-shaped (7, < 0, Figures 2.11(a), 2.11(c)), such interplay shows
more complex features on the supercritical and subcritical branches:

o if the stream is on favourable slope (convergent) and subcritical, kinetic energy
progressively increases, balances the effects of gravity where the height profile reaches
its maximum and then helps the fluid reaching the central hole (Left Horizon). If
the hole was not present, Stream Head would dramatically increase breaking linear
behaviour as prescribed by Eq. 2.6;

« if the flow is subcritical, but on opposite slope, kinetic energy decreases until being
overbalanced by gravity, helping the flow going up the funnel until reaching the
external hole (Right Horizon). If such hole was not present, the stream would come
back flowing on favourable slope under the effect of gravity);

o the same holds for the supercritical flow, but the two energetic contributes balance
exactly where the height profile attains its minimum. This happens because the
kinetic energy is greater in the supercritical regime, implying that for supercritical
flows on opposite slope gravity overbalance on kinetic energy appears at greater dis-
tances with respect to the subcritical ones, while for supercritical flows on favourable
slope Radiant Specific Kinetic Energy abruptly nearby the central hole (Right Hori-
zon), to force the flow reaching critical Conditions.

It is therefore evident the role of Radiant Specific Kinetic Energy in individuating, par-
ticularly for Beds with v, < 0, the regions where the flows are more influenced by the
presence of the holes (Left and Right Horizon).

Table 2.1: Sign of dy/d¢. The sign is determined according to that of the numerator and
denominator of the right hand side of Eq. 2.23.

Sign of dy/d¢, Inclined Bed with Flat Bottom
Y < 0
>0 =0
T < @ Ty > stia@
Sign of dy/d¢ - Supercritical Flow | >0 >0 >0 <0
Sign of dy/d¢ - Subcritical Flow <0 <0 <0 >0
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Height Profiles - Funnel, Two Horiz. , 7b=-0.10 Height Profiles - Cone, ’yb=0.10
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Figure 2.11: Radiant Specific Kinetic Height k.(¢) for Flows over Inclined Bed with
Flat Bottom, 7, = £0.10. Left panel (Figures 2.11(a),2.11(c) ) refer to a Two-Horizons Flow
(in both convergent and divergent direction) over a Funnel shaped Bed (7, = —0.10) with
Flat Bottom. Right panel (Figures 2.11(b),2.11(d) ) refer to a Flow over a Cone shaped Bed
(v = 0.10) with Flat Bottom (in both convergent and divergent direction). Both profiles are
obtained by imposing unitary Stream Head at & = 12.

2.2.6 Energy - Discharge Interplay and Non Monotonic Profiles

The non-monotonic behaviour of the height profiles obtained for 7, < 0 (whose mathe-
matical explanation was provided by the study of Eq. 2.23 at the start of Sec. 2.2.3)
can be understood in physical terms by means of the Convergent and Divergent stream
profiles in the framework of the governing equation 2.6, which prescribes:

« a linear Stream Head H(£) = 1 + 7,(€ — &), which is exactly 1 at & = &;
« a constant Discharge Q.

Considering the Convergent Flow over Funnel shaped Bed with Flat Bottom reported in
Fig. 2.5, fluid emerges from an external annular gate placed at £ = 8, where the stream
head is enforced to be 1, and starts flowing according to the supercritical or subcritical

50



2.3 — Case 2 - Inclined Bed with Sinusoidal Bottom

branch on favourable slope until converging to a central hole, located at minimum radius,
which drains the fluid: for radii smaller than the minimum one (i.e., for tighter or absent
central holes) and same discharge, fluid Height y(¢£) and Radiant Specific Discharge ¢(¢)
would dramatically increase, and the only possibility to maintain the Stream Head linear
as prescribed by the governing equation 2.6 would be to reduce the discharge itself, in
contradiction with Eq. 2.6 itself which expresses instead its conservation.

If one considers instead Divergent Flow over Funnel shaped Bed with Flat Bottom, re-
ported in Fig. 2.4, fluid emerges from an internal annular gate placed again at £ = 8,
where the stream head is enforced to be 1, and starts flowing on opposite slope according
to one of the two branches, until reaching a maximum radius. For radii greater than the
maximum one, the fluid Height y(¢) and Radiant Specific Discharge ¢(§) would dramat-
ically decrease, and the only possibility to maintain the Stream Head Linear would be
instead to increase the Discharge, again in contradiction with the governing equation 2.6.
The consequence of such interplay is the non monotony of the profiles, particularly evident
in the two branches of the Two-Horizons Stream solutions reported in Fig. 2.7. Indeed,
nearby the minimum and maximum radii (respectively Left and Right Horizons indicated
in Fig. 2.7(a)) the subcritical (supercritical) flow approaches critical conditions, velocity
abruptly accelerates (slows down) and consequently height decreases (increases): since the
critical heights at minimum and maximum radius are different, the only possibility to con-
nect Left and Right Critical Horizons is via a non monotonical profile, with a maximum
if the flow is subcritical and a minimum if supercritical.

2.3 Case 2 - Inclined Bed with Sinusoidal Bottom

Following what has previously studied in [4] in a two-dimensional cartesian reference, let
consider again a bed with general basal slope ;. Moreover, in order to simulate the effects
of irregularities of the bed on the flow, let consider a simple sinusoidal irregularity profile:

C(&) = acos(kpé) +a (2.27)

where:

e a > 0 is the amplitude of the sinusoidal bottom 2, therefore the maximum height of
the bottom is given by hgin maz = 24a;

e ky is the wavenumber of the sinusoidal bed

Then the Solution Curve expressed by Equation 2.4, with sinusoidal bottom expressed by
2.27, assumes the following form:

2 +y—1—7(&— &)+ acos(kpé) — acos(kpéy) =0 (2.28)

“Translation by a makes the codomain of the profile described by 2.27 be [0,2a] instead of [—a, a].
In this way, the bed profile is completely included within the domain of interest, i.e., D = {(£,y) : € >
0,y > 0}

51



Stream Profiles for Inviscid de Saint-Venant’s Equations

Again, three main cases of beds with Sinusoidal Bottom can be distinguished, depending
on 7:

o Cone shaped Bed, v, > 0;
o Funnel shaped Bed, v, < 0;

o Horizontal Bed, 7, =0

However, the sinusoidal topography introduces a and k; as additional parameters, from
which depends the nature of the solutions. In order not to violate the hypothesis of
gradually varied flow, small amplitude values are chosen: in particular, ain[0.01,0.1],
similarly to Ref. [4].
The aim of this section is to investigate the influence of a and kp, along with ~,, in the
features of the flow.

2.3.1 Numerical Simulations

Orbits described by Eq. 2.28, again, exhibit a similar behaviour to those of the inclined
bed with flat bottom: they are open with a minimum radius for 7, > 0, closed for
Y < 0. However, the sinusoidal irregularity of the bottom influences the features of both
supercritical and subcritical flow. This is evident in Fig. 2.12, where orbits are obtained
with amplitude a = 0.05, wavenumber k;, = 5 and basal slopes v, = —0.1, 0, 0.1, while
unitary stream head is imposed at & = 12.
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Orbit - Funnel, Sin. Bottom, ryb=-0.1 0, a= 0.05, kb= 5 Orbit - Cone, Sin. Bottom, ryb=0.1 0, a=0.05, kb= 5

m— Step Bed Sol
--------- Bottom Top
=== Critical Line
[ ISup. Region
[ ]Sub. Region

m— Step Bed Sol
--------- Bottom Top

=== Critical Line 16
[ ISup. Region
[ ]Sub. Region

1.8

1.4

1.2
> 1
08
06
04

0.2

Orbit - Horizontal, Sin. Bottom, ryb=0.00, a=0.05, kb= 5

m— Step Bed Sol
--------- Bottom Top
16 === Critical Line
[ ISup. Region
14 [ ]Sub. Region

1.8

1.2
> 1
08
06
04

0.2

Figure 2.12: Bed with Sinusoidal Bottom - Orbits. In all of the three cases, unitary stream
head is enforced at {, = 12, a = 0.05 and k; = 5, while the basal slope, from top left figure and
clockwise, assumes the values 7, = —0.1, 0.1, 0.

Horizontal Bed with Sinusoidal Bottom, v, =0

Height profiles obtained for the Horizontal Bed with Sinusoidal Bottom (v, = 0) are
characterized, as for the case of Horizontal Bed with Flat Bottom, by bounded subcritical
and supercritical branches forming an open curve, each one representing two possible
solutions depending on the direction of the flow (convergent, flowing towards a central
critical hole or divergent, starting from a critical source). However, the presence of the
sinusoidal irregularity induces a marked non monotony, which is exhibited in both the
subcritical and the supercritical branch, but with significant differences:

e the supercritical branch shows damped undulatory behaviour, with maxima and
minima almost on phase with those of the bottom profile (tend to be on phase with
the bed for sufficiently large £);

o the subcritical branch shows progressively stabilizing undulatory behaviour, with
maxima and minima exhibiting a phase offset with respect to the ones of the bed
profile (the phase offset tends to be 5-).

Such behaviour is well shown in Fig. 7?7 and can be explained by two factors:
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« the interplay between Kinetic and Potential energy, because of the sinusoidal irreg-
ularity;

e the interplay between the unitary stream head boundary condition placed at £ = &
and the critical condition attained at the minimum radius.

From an energetic point of view, Mechanical Energy is not conserved and variations of
the stream head are due to the sole effect of the irregularities of the bed, as it is shown
by Eq. 2.8, which here assumes the following form:

gzlyz +y=1—acos(kp) + acos(kpo) (2.29)
Such equation expresses the fact that the Stream Head is sinusoidal and, since it contains
the term —acos(ky€), it shows an offset of exactly 2Lkb with respect to the bottom topog-
raphy: if bottom topography increases, mechanical energy (the Stream Head) decreases,
and vice versa. This is similar to what discussed in Sec. 2.4.2 for the effect of the Step
Bottom topography: each half-oscillation of the bottom (which can be increasing or de-
creasing) can be "felt" by the flow as ascending or descending depending on the direction
(convergent or divergent), respectively "helping" or "opposing" to the flow and therefore
increasing or decreasing total Energy.

What causes the offset between the subcritical and supercritical flow features is instead
the interplay between the unitary stream head boundary condition and the critical condi-
tion at the minimum radius. In order to illustrate this, let consider the case of a divergent
flow starting from a critical source located at £ = &5, = 2.9 and reaching unitary stream
head at £y = 12, as reported in Fig. 2.13. The sinusoidal bottom has amplitude a = 0.10
and wavenumber k;, = 5: the convergent case can be interpreted by simply inverting
flow direction and considering a hole draining the fluid (in place of the source) in criti-
cal conditions. Once barely moving from the critical source, flow is forced to accelerate
(decelerate) in order to flow according to the supercritical (subcritical) regime, indepen-
dently from the potential energy contribute of the sinusoidal bottom, which is felt instead
by the flow starting from the first extremum point of the bottom topography faced after
the minimum radius. Therefore, independently again from the behaviour of the sinusoidal
bottom, in a neighbourhood of the minimum radius flow depth is forced to increase (sub-
critical) or decrease (supercritical) and, since the stream head must be the same for the
two regimes at any radial distance &, the two height profiles exhibit an offset.
Mathematically, it can be explained generally by considering Profile Equation 1.25, which
in the current case of Horizontal Bed with Sinusoidal Bottom and no friction ( i.e., o = 0),
assumes the following form:

dy B akyp Sin(kbf) + 532?42 B akyp Sin(kbf) + ﬁ (2 30)
7 T '

Indeed, the denominator of Eq. 2.30 is:

o positive if the flow is subcritical,
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2.3 — Case 2 - Inclined Bed with Sinusoidal Bottom

o negative if the flow is supercritical;
o ( if the flow is critical.

Moreover, in order to study the sign of the numerator of Eq. 2.30, one obtains by simple
re-arrangement:

2 .
&, > —akp sin(kpf) (2.31)
Because of the physical domain 3, the previous inequality is surely satisfied when the sinus
term is non-negative (since the left hand side is strictly positive, while the right hand side
would be negative or zero). Therefore, the numerator is surely positive for:

k (2k+1)

—m<E<

T, kel
Ky b

Consider now the case in which sinus term is negative, i.e., when

2k -1

2k
T<é< —m, ke
Ky,

Ky,

Then the right hand side of Ineq. 2.31 is positive and, by using some algebra and re-
arranging, two cases can be distinguished:

o ify < ,/—m, Ineq. 2.31 is satisfied and the numerator of Eq. 2.30 is

non-negative;

o ify > ,/—m7 Ineq. 2.31 is not satisfied and the numerator of Eq. 2.30 is
negative.

Table 2.2 provides an organic combination of the results just obtained, along with the sign
of % as a consequence, while a graphic display can be found in Fig. 2.13. It is evident
that height profiles for the supercritical and subcritical branch always exhibit opposite
monotony, which explains the offset which was previously detected in Fig. 2.12(c). Notice
that when the sinus term at the right hand side of Ineq. 2.31 is positive, it also provides
the curve along which the stationary points (minima and maxima) of both subcritical and
supercritical height profiles are located, i.e., the line:

2
yst,sin(f) = \/_Cmm(m (2.32)

In particular, they can be found as the intersections between 2.32 and the solution curve
expressed by Eq. 2.28, as it is shown in Fig. 2.13.

3Recall: The physical domain, introduced in Sec. 1.4.1, is D = {£ > 0} x {y > 0}.
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Figure 2.13: Divergent Flow along an Horizontal Bed with Sinusoidal Bottom, v, = 0,
a = 0.1, k, = 5. Unitary Stream Head Boundary Condition is imposed at & = 12. Fig.
2.13(a) - Subcritical and Supercritical height profiles, along with the function ys¢ min(§) defined
in 2.32 (purple line) to display the results summarized in Tab. 2.2. Figures 2.13(b), 2.13(d) -
Supercritical and Subcritical Stream Profiles. Fig. 2.13(c)- Stream Head and Kinetic Height.

A last interesting aspect emerges from the Stream Head. Indeed the bed is horizontal
(v = 0), so, as described by Eq. 2.30, the Stream Head H (&) is expressed by the sum
of a constant mean Stream Head H,,—o due to the boundary condition imposed and a
sinusoidal fluctuation H'(£) due to the energy contribute of bottom slope:

H(§) = Hopqy=0 + H'(€)

where:

H()’%:O =1+ CLCOS(k‘bfo) =1+ H(/]

can be interpreted as a mean Stream Head, while
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2.3 — Case 2 - Inclined Bed with Sinusoidal Bottom

Table 2.2: Sign of dy/d¢ and of the bottom slope d(/d{. As usual in this subsection, a
and k; respectively represent amplitude and wavenumber of the sinusoidal bottom topography.
Notice that by varying k € Ny, the whole physical domain & > 0 is covered: in this way, the
analysis shows that supercritical and subcritical height profiles always exhibit opposite monotony
properties.

Sign of dy/d¢ and d(/d¢ , Sinusoidal Bottom, v, =0

k?ﬂ'/kb S f S (2]{7+1)7T/kb

2k — D /kb < € < 2kn [k

Yy S yst,sin(f) Yy > yst,sin(g)
Sign of dy/d¢ - Supercritical Flow <0 <0 >0
Sign of dy/d¢ - Subcritical Flow >0 >0 <0
Sign of d(/d{= —aky sin(ky€) <0 >0
H'(§) = —acos(kyf)
is a spatial perturbation of the mean Stream Head.
In general, one has:
H = —a+ Hoy—0 < H() <a+ Hop—o = H', (2.33)

This is helpful to understand the role of the amplitude a, the wavenumber k; and the unit
stream head boundary condition:

o H{ is a constant perturbation of the unitary stream head, which grows in absolute
value with the amplitude a > 0, but whose sign depends on k; and & by means of
the cosinus term: therefore, a variation of the sole wavenumber alters the dynamics,
causing an increase or decrease of energy depending on the sign of cos(kpp);

o H'(§) depends instead also on the radial coordinate, thus varying with the position,
but is 0 on average over a period T' = 27 /ky,.

Therefore, net of the fluctuations, the mean strem head Hy ,,—o is conserved.

In order to show the role of the amplitude in determining the maxima and minima of
the height profiles, Fig. 2.14 reports a comparison between the solutions obtained with
Stream Head ﬁ({), Hy~—=0 and HY = H,,—o £ a. Again, it is taken into account a
Divergent Flow along an Horizontal Bed with Sinusoidal Bottom of amplitude ¢ = 0.1
and wavenumber k; = 5, forced to attain unitary Stream Head at & = 12.

On the contrary, convergent direction, unitary stream head boundary condition and am-
plitude are chosen for the height profiles reported in Fig. 2.15, where instead a vari-
able wavenumber is considered in order to show its influence: in the examples provided,
ky =1, 5, 10.

Similar profiles can be obtained also by changing amplitude a and radial position &, of the
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unitary stream head condition: indeed, the mean features of the flow (i.e., net of spatial
perturbation expressed by H'({) in terms of stream head) are determined by the combi-
nation of the three parameters enclosed in Hy,—o. What emerges by Fig. 2.15, is that
larger mean stream head Hy ~,—o are associated to lower minimum radii at which the flow
reaches critical condition. This is not surprising, since the mean stream head is conserved
and therefore, on average, the behaviour is similar to that described for the Horizontal
Bed with Flat Bottom in Sec. 2.2.3 * and reported by [29]: for radii smaller than the mim-
imum radius (at which critical condition is attained), Radiant Specific Discharge would
increase so much that the only possibility to conserve flow rate is to decrease the mean
Stream Head (which therefore is not conserved) and, conversely, the only possibility to
conserve mean stream head Hy ~,—o (mean total energy) is to reduce the flow rate (which
therefore is not conserved): thus, in order to conserve both the flow rate and the mean
stream head, the minimum radius behaviour arises. The larger Hy,,—o, the larger the
possible heights and velocities that can be attained by the flow, the larger the maximum
radiant specific discharge, the smaller the position of the minimum radius.

Height Prof. - Horizontal, Sin. Bottom, Div. Flow, ryb=0.00, a=0.10, kb= 5 Stream Head - Horizontal, Sin Bott., M= 0.00, alpha= 0.10, kb= 5
2

—{cp Bed Sol
wa SOWINH,

= Solwith H,

o
..... Head - Flat Bottom _
..... Head - Flat Bottom
.

06 xNNY B e Bottom Topography

Figure 2.14: Comparison between solution with different stream heads - Horizontal
Bed, Sinusoidal Bottom, a = 0.1, k, = 5, 7, = 0. Fig. 2.14(a) reports height profiles, while
2.14(b) reports the corresponding Stream Head profiles. Solid lines refer to Height profiles for
a divergent flow along an horizontal bed with sinusoidal bottom, the fluid emerging in critical
condition at £ = 2.88 (unitary stream head is imposed at £, = 12). Black dotted lines refer to
the mean Stream Head Hy ,—o and the corresponding solution; blue and magenta dotted lines
refer respectively to H' and H’_ defined in 2.33 (and the corresponding solutions). It can be
noticed in this way how the amplitude influences the local minima/maxima of the height profiles.

4Recall: Horizontal Bed with Flat Bottom Described in Sec. 2.2.3 is obtained for v = 0 and
¢ =o0.
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Figure 2.15: Comparison between solutions for different wavenumbers - Horizontal
Bed, Sinusoidal Bottom, a = 0.1 v, = 0. Fig. 2.15(a) reports height profiles for k, = 1, 3, 5.
Fig. 2.15(b) reports the corresponding Stream Head profiles and Fig. 2.15(c) the corresponding
relations between Height Radiant Specific Discharge. Flow is divergent along an horizontal bed
with sinusoidal bottom, the fluid emerges in critical condition (unitary stream head is imposed
at & = 12 for all of the three profiles). Because of the different wavenumber, flows attain critical
conditions at different minimum radii.

Introduction of Basal Slope ~, # 0 and Stream Head Split

When a basal slope 73 is included, solutions are described by Eq. 2.4, which in case of a
sinusoidal bottom assumes the form:

€21y2 +y =1+ — &) — acos(ky§) + acos(kpéop) (2.34)

Such equation describes a linear stream head of slope 7, with a fluctuation expressed by
the sinusoidal term, i.e.:

H(&) = Hopc + Hoy, (€) + H'(E) (2.35)
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where:

HO,BC =1+ CLCOS(lefo) — %&o (236)

is the contribute to Stream Head due to boundary condition,

Hy, (€) = mé (2.37)

is the energy contribute due to the basal slope 3, giving positive or negative slope to
Stream Head if respectively v, is positive or negative.
Finally,

H'(§) := —acos(kyf) (2.38)

represents the fluctuation due to the energy contribute of the sinusoidal bottom.
It can then be defined the mean Stream Head (i.e., the stream head net to the sinusoidal
fluctuation H'()) similarly to the case of Horizontal Bed with Sinusoidal Bottom:

Hop, (§) := Ho,po + Hy,(§) = 1+ acos(kylo) + (€ — o) (2.39)

Therefore, the following split of the Stream Head H (&) holds:

H(&) = Ho,po + Hy, (§) + H'(§) = Hony, + H'(S) (2.40)
Notice that Hy, (&) is associated to the following Equation:

g Ty = Lracostho) £ (€~ &) (2.41)

which is of the same form of Eq. 2.6, with boundary stream Head:

1 4 a cos(kpéo)

instead of 1. Therefore, the behaviour of the mean solution, i.e., the solution net of the
perturbation H'(§) which satisfies Eq. 2.41, is the same of the cases of Inclined (Cone or
Funnel) Bed with Flat Bottom described in Sec. 2.2, as expected.

The behaviour of the Stream Head H(€) and, particularly, of the mean Stream Head has
implications in the solutions that will be discussed within the next two subsections.
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Cone shaped Bed with Sinusoidal Bottom, v, > 0

Similarly to the case of Cone shaped Bed with Flat or Step bottom, the orbits are open
and characterized by a subcritical and a supercritical branch, while critical condition is
attained at a minimum radius, as reported in Fig. 2.12(b). Each branch, as for the
previous cases, represents two possible solutions depending on the direction (convergent
or divergent):

e in case of convergent direction, stream flows on opposite basal slope 7, attaining
unitary stream head at £ = &, and until reaching a critical hole, thus the mean
stream head H ., () decreases;

o in case of divergent direction, stream emerges from a critical source and flows on
favourable basal slope, attaining again unitary stream head at § = &, thus Hy -, (§)
grows indefinitely.

Fig. 2.16 reports the stream profiles and features for both convergent and divergent di-
rection: there, v, = 0.10, ¢ = 0.10 and k, = 5, while unitary stream head is enforced
at £ = 12. As already observed for the case of Horizontal Bed with Sinusoidal Bottom,
subcritical height profiles exhibit an offset with respect to supercritical ones and to the
bottom topography.

Moreover, while the supercritical profiles exhibit the already seen damped undulatory
behaviour, the subcritical profiles amplifies the effects of the amplitude of bottom topog-
raphy, due to interplay between the energy contribute of basal slope and bottom slope.
This is particularly evident in Fig. 2.16(c), where the stream Head is reported for the
diverging case (thus, the stream flows on favourable slope):

« the sinusoidal fluctuations given by the bottom topography, expressed by contribute
H'(¢) to the Stream Head, help or hamper the flow in terms of potential energy
depending on whether the bottom topography is felt as ascending or descending by
the flow direction;

+ however, the favourable basal slope v, > 0, expressed by the contribute H,,(§),
helps the flow in terms of potential energy, reducing the decrease and amplifying the
increase of the Stream Head H (&) due to the fluctuation H'(E).

The interplay between the two potential energy contributes is mathematically described
by:

Hy,(€) + H'(§) = & — acos(kyf)

The interaction with the kinetic energy, expressed by the kinetic height in Fig. 2.16(c),
gives rise to the height behaviours described for the supercritical and subcritical profiles
(divergent case):

« for the subcritical profile, velocity tends to decrease as £ increases and so the kinetic
height does, thus height tends to increase with progressively larger amplitude in
order to maintain the increasing oscillations of the Stream Head H (£);
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« for the supercritical profile, velocity tends to increase as & increases and so the kinetic
height does, thus height tends to decrease with progressively damping amplitude in
order not to exceed the increasing oscillations of the Stream Head H(§).

Height Prof. - Cone, Sin. Bottom, ’yb=0.10, a=0.10, kb= 5 Supercrit. Str. Prof. - Cone, Sin. Bott., "= 0.10,a=0.10, kb= 5

— Sin. Bott. Sol.
LR Bottom Top. 145
s Critical Line
161 [__1Sup. Region
[—1Sub. Region 12r
141 ® Sub.BC  ——
® Sup.BC — 1

> 1
0.8
0.6
041
0.2,
0
0
Energy - Cone, Sin. Bott., MW= 0.10 ,a=0.10, kb =5 Subcrit. Str. Prof. - Cone, Sin. Bott., Vo= 0.10,2=0.10, kb= 5
2 16
—Stream Head
| " ——)
12 ——
1
o
+ o8
>

Figure 2.16: Flow along a Cone shaped bed with Sinusoidal Bottom, v, = 0.10, a = 0.10,
ky = 5. Unitary Stream Head is imposed at {, = 12. Fig. 2.16(a) - Subcritical and Supercritical
height profiles. Figures 2.16(b), 2.16(d) - Supercritical and Subcritical stream profiles (blue
colored areas), along with bottom topography (brown colored area). Fig. 2.16(c) - Stream Head
along with supercritical and subcritical branches of Kinetic Height. Double blue arrows indicates
that Stream and Height profiles can be interpreted in both convergent and divergent direction,
as well as the branches of the Kinetic Height and the Stream Head in Fig. 2.16(c) (although
arrows are not depicted in this figure).

Funnel shaped Bed with Sinusoidal Bottom, +, < 0

Also for the case of Funnel Shaped Bed with Sinusoidal Bottom, solutions can be obtained
by solving Eq. 2.34, which now represents a linear stream Head of negative slope ~;, with a
fluctuation induced by the sinusoidal bottom topography, again expressed by the cosinus
term of the aforementioned Equation.
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As for the cases of Funnel bed with flat or step bottom, orbits obtained for 7, < 0 are
closed, therefore both supercritical and subcritical profiles are characterized by a "Two
horizons" behaviour, with a minimum and a maximum radius. Again, each branch can
represent two solutions depending on the flow direction (convergent or divergent). In
particular, using the same notation introduced in 2.36, 2.37, 2.38 and 2.39 (which leads
to the splitting of the Stream Head 2.40) four main physical situation can be described:

« a stream flowing on favourable basal slope along convergent direction, starting from
an external annular source located at £ = £, (where the Stream Head is enforced to
be unitary) until reaching a central hole where the fluid is drained (Fig. 2.17);

« a stream flowing on opposite basal slope along divergent direction, starting from an
internal annular source located at & = £ (where the Stream Head is enforced to be
unitary) until reaching an external hole where the fluid is drained (Fig. 2.17);

e a stream flowing on favourable basal slope along convergent direction which emerges
from a critical source placed at a maximum radius & = &4, attains unitary Stream
Head at £ = &y and enters a critical hole at minimum radius placed at & = & in;

o a stream flowing on opposite slope along divergent direction which emerges at a
critical source placed at minimum radius £ = &, attains unitary stream head at
& = & and enters a critical hole at maximum radius & = &4z

It is not surprising that, net of the fluctuations, the overall behaviour is non monotonical:
this is indeed due to the mean Stream Head Hj -, (£), which thanks to Eq. 2.41 and nega-
tive 7y, gives rise to a mean solution with analogous behaviour to the case of Funnel-shaped
Bed with Flat Bottom in Section 2.2, including the presence of two Froude Horizons.
What is interesting is the behaviour of the height profiles, which is well depicted for
the case of Two-Horizons stream reported in Fig. 7?7 (but can be recovered also for the
Convergent and Divergent case in Fig. 2.17. Indeed, the subcritical profile behaves as
follows:

o in a neighbourhood of the left horizon (i.e., nearby the minimum radius), abruptly
decreases as it approaches critical condition, appearing almost not influenced by the
sinusoidal bottom:;

o within the left and right horizons, after reaching the absolute maximum, amplitude
constantly decreases;

o nearby the right horizon, amplitude decreases more rapidly towards critical height.
Regarding the supercritical profile, instead:

« in a neighbourhood of the left horizon (i.e., nearby the minimum radius), abruptly
increases as it approaches critical condition, appearing almost not influenced by the
sinusoidal bottom;

o within the left and right horizons, the effect of bottom topography appears rapidly
damped until the profile reaches its absolute minimum; from this point, amplitude
increases until reaching the right horizon, where the increase is more abrupt.
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The damping or amplifying response of the height profile to the sinusoidal bed topography
has an interesting connection with the behaviour of Radiant Specific Kinetic Height and
will be discussed into the next Section.
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Figure 2.17: Flow along a Funnel shaped bed with Sinusoidal Bottom, Convergent
and Divergent directions, 7, = 0.10, a = 0.10, k;, = 5. Unitary Stream Head is imposed
at & = 12. Left panel and right panel respectively refer to Convergent and Divergent Flow,
as indicated by the blue arrows. First row (Figures 2.17(a), 2.17(b)) report height profiles.
Second row (Figures 2.17(c), 2.17(d)) report Stream Head, along with Kinetic Height. Third
row (Figures 2.17(e), 2.17(f)) report Radiant Specific Discharge.
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Figure 2.18: Flow along a Funnel shaped bed with Sinusoidal Bottom, Convergent
and Divergent directions, 7, = 0.10, a = 0.10, k;, = 5. Unitary Stream Head is imposed
at &g = 12. Left panel and right panel respectively refer to Convergent and Divergent Flow, as
indicated by the blue arrows. First row (Figures 2.18(a), 2.18(b)) report Supercritical Stream
Profiles. Second row (Figures 2.18(c), 2.18(d)) report instead Subcritical Stream Profiles.

2.3.2 Velocity - Gravity Interplay and Flow Response to Sinu-
soidal Bed Topography

The Stream Profiles obtained in Sec. 2.3.1 have a different response to the Sinusoidal
Bottom Topography, which from a qualitative point of view appears to vary with the sign
of bottom slope 73 and the regime (supercritical or subcritical).

Results are summarized in Table 2.3 and graphically displayed in Fig. 2.19. As can be
observed, the profiles of Radiant Specific Kinetic Height k4(£) appear very similar to those
obtained with Flat Bottom, except for the presence of the sinusoidal perturbation and the
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reason comes from a re-organization of the governing Profile Equation 1.29 ° similar to
that operated to obtain Eq. 2.30:

dy W+ akysin(ked) + g+ akysin(kyé) + g
dg 1 - ds 1= Fr2(&,y)

(2.42)

It is straightforward to conclude that the denominator of Eq. 2.42 is positive or negative
if the flow is, respectively, subcritical or supercritical (and 0 at critical conditions). The
study of the sign of its nominator, instead, leads to the following Inequality:

ks(§y) = 532?2 > —p — akysin(ky) (2.43)

Notice that the right hand side of 2.43, as displayed in Fig. 2.19, describes nothing but a
sinusoidal oscillating around the basal opposite slope —v, with amplitude aks.

Ineq. 2.43 not only provides the monotony variations of the height profiles, but similarly to
what discussed in Sec. 2.2.5 encloses the interplay between velocity (Kinetic Energy) and
gravity (Potential Energy), whose contribute in terms of slope can be found at the right
hand side: where Ineq. 2.43 is satisfied, kinetic contribute overbalances the gravitational
one and vice versa.

The behaviour of the Height profiles obtained appears intimately connected with that of
the corresponding ks(&,y(€)) (see Fig. 2.19):

o for couples (&, y(§)) satisfying Ineq. 2.43, i.e., where kinetic contribute overbalances
that of gravity, the amplitudes of subcritical profiles grow (linearly or, for the Hori-
zontal Bed, until a stabilization), while supercritical profiles dampen;

o for couples (&, y(§)) not satisfying Ineq. 2.43, i.e., where the kinetic contribute is
overbalanced by that of gravity, the amplitudes of subcritical profiles dampen, while
those of the supercritical profiles grow.

It is interesting to notice that the transition from damping to amplifying regime (or vice
versa) which is observed for supercritical and subcritical height profiles with 7, < 0 takes
place only and exactly at, respectively, their absolute minimum and absolute maximum
(there, Ineq. 2.43 reduces to the corresponding equality): therefore, the sinusoidal per-
turbation at the right hand side of Ineq. 2.43 influences the location of the absolute min-
imum and maximum, however the distinction between the two regimes remains perfectly
dichotomous (instead of having, for example, an alternation of zones with amplification
or damping as expected by the graphical solution of Ineq. 2.43 evident by the graphs of
ks(€,y(€)) in Fig. 2.19).)

Such transition does not happen for supercritical and subcritical height profiles with ~, > 0
where, although Ineq. 2.43 shows that there exists multiple zones where gravity contribute

®Considering o = 0 and ¢'(€) = —aky sin(kp€) due to the absence of of bottom friction and the
Sinusoidal Bottom Topography.
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overbalances the kinetic one, both subcritical and supercritical brances of k,(&, y(€) over-
come the opposite basal slope.

What just discussed suggests that the damping and amplifying behaviour depends mostly
on 7, independently from the characteristics of the sinusoidal perturbation which only
affect the position of the absolute minimum and maximum for 7, < 0.

Table 2.3: Amplitude response of Flow to Sinusoidal Bottom Topography. Here,
"AMP", "DAMP" and "STAB" stand respectively for "AMPLIFYING", "DAMPING", "STABI-
LIZING'. The notation "Min/Max" has to be interpreted as "Minimum" for the Supercritical
Flow and "Maximum" for the Subcritical Flow. The Table must be read in the divergent flow
direction (increasing &): for the convergent one, it suffices to invert "DAMP" with "AMP" and
"Before" with "After".

Y <0
Y% >0 Y =0
Before Abs. Min/Max | After Abs. Min/Max
Supercritical | DAMP DAMP DAMP AMP
Subcritical AMP | AMP — STAB AMP DAMP
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Figure 2.19: Radiant Specific Kinetic Height and Amplitude Response of Stream
Profiles to Sinusoidal Bottom Topography. Left column (Figures 2.19(a), 2.19(c), 2.19(e)
) reports Height profiles for respectively (from top to bottom) v, = —0.10,7 = 0.10,7 = 0,
while right column report the corresponding profiles of Radiant Specific Kinetic Height. For all

» ———

Rad. Spec. Kin. En. - Funnel, Two-Horiz., Sin. Bott. M= -0.10, a= 0.07, kb=5
3

—_—()
25 === Crit. Line
%
2 []sub. Reg
[Isup. Reg
16 Yy " akb sin(kbg)
1
0.5
T
N 7>. e =ss=gsET—
-05

Rad. Spec. Kin. En. - Cone, Sin. Bott. M= 0.10, a= 0.07, kb=5

J\WWM

01 ————

— ()
e Ciit. Line.
_—%

[__1Sub. Reg.
0.4 [{——Isup. Reg.

1y -k, sin(k,€)

0 2 4 6 8 10 12 14 16 18 20

Rad. Spec. Kin. En. - Horiz., Sin. Bott. M= 0.00, a= 0.07, kb=5

-0.1

02— ot Line
_—%
[__1Sub. Reg.
0.4 H{C—Jsup. Reg.
-ak, sin(k,£)

-03

-05
0 2 4 6 8 10 12 14 16 18 20

the profiles, unitary stream Head condition is imposed at & = 12.
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2.4 Case 3 - Inclined Bed with Step Bottom

In order to obtain a simple model for the presence of a step along the bed, let consider
the following irregularity profile:

((§) = hs tanh[o(§ — &)] + hs (2.44)

where hg > 0 controls the step height (which is given by hgep = 2hs) ©, |os| controls the
steepness of the step and sgn(oy) controls the direction of the step (increasing or decreas-
ing): this is shown in Fig. 2.20. This kind of function, which is C* (R), represents a
suitable choice to represent the step geometry without loosing regularity, since its deriva-
tive

C/(f) = hyog sech? [05(§ — &) (2.45)

is almost 0 everywhere except for a straight interval around the maximum, which is hso,
and is attained at £ = & 7. For this purpose, |o,| will be considered as a prescribed,
sufficiently large number and Eq. 2.4 now depends on:

o basal slope ;
o step height hy;
o steepness sign sgn(oy).

The aim of this section, in particular, is to investigate the energetic role of the step
topography. It is worth to notice, however, that the presence of a sort of discontinuity at
the step, although the regularity of the bottom topography, can lead to solution violating
the hypothesis of gradually varied flow. In order to limit such violation only in the step
region, the parameter hs is chosen in such a way it is sufficiently small compared to the
unitary stream head. Typical values will be in the range [0.01,0.2].

STranslation by hs makes the codomain of the profile described by 2.44 be [0,2hs] instead of
[—hs, hs]. In this way, the bed profile is completely included within the domain of interest, i.e.,
D={(&y):£>0,y>0}

"It can be proved (Ref. [13]) that, if {5, }22; is a strictly increasing sequence in absolute value, then

lim hsop sech? [on(€ —&s)] = 6(&s)

n—-+oo

in the sense of distributional convergence, therefore such a bed profile well approximates the presence
of a step for sufficiently large values of o.
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Figure 2.20: Step Bed configurations. For both panels, same step heights are used, as long
as for the value |o4| = 100. The only difference is given by sgn(os), which is 1 for the increasing
step (left) and —1 for the decreasing step (right).

2.4.1 Numerical Simulations

Orbits described by Eq. 2.4, with the bottom topography ((§) = hstanh(os[§ — &o)],
exhibit a similar behaviour to those of the inclined bed with flat bottom: they are open
with a minimum radius for ~, > 0, closed for 7, < 0. However, the presence of the step
reflects on both profiles, particularly the subcritical one. This is evident in Fig. 2.21,
where orbits are obtained by imposing unitary stream head at £, = 8 and considering a
decreasing step located at £ = 9, with height hy = 0.1. The reason of this behaviour will
be clear within the next subsections, were specific solutions will be illustrated.

Orbit - Funnel, Decr. step, ,=-0.05 Orbit - Cone, Decr. step, 7,=0.05
2 2
m—— Step Bed Sol m— Step Bed Sol.
18] — — -Bottom Top. | | 187] [= — -Bottom Top
16 === Critical Line | | 16k === Critical Line
[ 1Sup. Region [ JSup. Region
147 [ ]Sub. Region | 1.4 || [C__Jsub. Region

Figure 2.21: Orbits for Inclined Bed with Step Bottom. Left and right figure respectively
refer to 7, = —0.05, 75 = 0.05. For both cases, decreasing step of the bottom is located at
&s = 12 and unitary Stream Head is imposed at {y = 12.
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Convergent Flow over Funnel-shaped Bed with Step Bottom - v, < 0

Fig. 2.22 reports the main features of a convergent flow down a cone-like bed with step
bottom, increasing or decreasing depending on sgn (o) as described earlier. Stream flows
in convergent direction, on favourable step, starting with unitary stream head at & = 12,
then faces a step at & = 9 and finally reaches a hole in critical condition. In case of
increasing step, i.e., sgn(os) = 1, the subcritical height experiments an abrupt increase,
while supercritical heights slightly reduces. This behaviour is the consequence of the
combination of two factors: the step, which is "felt" as descending by the flow, increases
the stream energy (as shown by the stream head in Fig. 2.22(c)), while the Radian
Discharge remains constant across the step (see Fig. 2.22(e)). A perfectly opposite be-
haviour is shown instead if, maintaining all the other features, one considers decreasing
step (sgn(os) = —1): indeed, the step is "felt" as ascending by the flow, causing an en-
ergy decrease. The stream profiles obtained, showing water surface, are shown in Fig. 2.23.

Divergent Flow over Funnel-shaped Bed with Step Bottom - 7, <0

Fig. 2.24 reports the main features of a divergent flow over a funnel bed with step bot-
tom: the flow starts with unitary stream head at £ = 5, then faces a step and ends
up in critical condition, represented by a hole. Also divergent flow is affected by the
presence of the step, for the same reasons (variation of the energy and conservation of
radian discharge) described for the convergent flow. The only changes are due to the
direction of the flow, which now is dissipating. The effect of the increasing step will be to
enlarge dissipation, since will be felt by the flow as ascending while, on the contrary, to
reduce dissipation if decreasing. The corresponding stream profiles are shown in Fig. 2.25.
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Figure 2.22: Convergent stream flowing on favourable slope over a funnel-shaped bed
with step bottom, 7, = —0.05. Left panel refers to an increasing step, while right panel refers
to a decreasing one. Blue arrow, as usual, indicates flow direction.
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Figure 2.23: Convergent stream flowing on favourable slope over a funnel-shaped bed
with step bottom - Stream Profiles and Free Surface, v, = —0.05. Left column refers to
an increasing step, right column to a decreasing one.
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Figure 2.24: Divergent stream flowing on opposite slope over a funnel-shaped bed
with step bottom, v, = —0.05. Left panel refers to an increasing step, while right panel refers
to a decreasing one. Blue arrow, as usual, indicates flow direction.
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Figure 2.25: Divergent stream flowing on opposite slope over a funnel-shaped bed
with step bottom - Stream Profiles and Free Surface, v, = —0.05. Left column refers to
an increasing step, right column to a decreasing one.

Flow over a Cone-shaped Bed with Step Bottom, ~, > 0

As described before, orbits are open for v, > 0, with the supercritical branch approaching
to 0 and the supercritical branch growing indefinitely as £ increases. Therefore, analo-
gously to the cone-shaped bed with flat bottom, two possible solutions can be represented
by each branch, depending on the convergent or divergent direction:

o stream starting from a source in critical condition and flowing on favourable slope
along divergent direction in subcritical (supercritical) conditions, with the heights
increasing (approaching 0) as £ grows;

o stream starts with unitary stream head and flows on opposite slope along convergent
direction in subcritical (supercritical) conditions, decreasing (increasing) to reach
critical conditions at the edge of a hole, located at a minimum radius.

The main features of such flows are described in Fig. 2.26, while the stream profiles are
reported in Fig. 2.27. As expected, the role of the step is the same as before: it increases
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2.4 — Case 3 - Inclined Bed with Step Bottom

or decreases energy depending on the direction at which is felt by the flow (ascending or
descending).

Height Profiles - Cone, Incr. step ’yb=0.05

Height Profiles - Cone, Decr. step 7b=0.05
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Figure 2.26: Stream flowing on over a Cone-shaped bed with step bottom, ~, = 0.05.
Left column refers to an increasing step, while right panel refers to a decreasing one. Double
blue arrows, indicates that each branch can represent flows on both converging and diverging
direction. Boundary Conditions placed are to be intended for the converging flow
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Figure 2.27: Flow down a Cone-Shaped bed with Step Bottom- Stream Profiles and
Free Surface, v, = —0.05. Left column refers to an increasing step, right column to a decreasing
one.

Horizontal Bed with Step Bottom - 7, =0

As for the case 4 > 0, solutions with «, = 0 (horizontal bed with step bottom) correspond
to open curves, with the supercritical branch lower bounded by 0. Each branch of the
solution, again, describes two possible solution depending on the direction of the flow:

o stream starts from a source in critical condition, flows on favourable slope along
divergent direction in subcritical (supercritical) conditions and faces a step;

o stream starts with unitary stream head and flows on opposite slope along conver-
gent direction in subcritical (supercritical) conditions and faces a step; the height
decreases (increases) then to reach critical conditions at the edge of a hole, located
at a minimum radius.

The main difference with respect to the Horizontal Bed with flat bottom (v, = 0, () = 0)
is that energy is no longer conserved. This is evident by the behaviour of the Stream Head,
reported in Fig. 2.28, where a discontinuity located at £ = £, connects two branches:

e a constant branch corresponding to a unitary stream head;
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« a constant branch corresponding to a stream head 1 & 2h,, the sign depending on
whether, respectively, the step is increasing or decreasing.
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Height Profile - Horizontal, Incr. step, ’yb=0.00

Height Profile - Horizontal, Decr. step, ’yb=0.00
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Figure 2.28: Stream flowing over a Horizontal Bed with Step Bottom , v, = 0. Left

column refers to the case of Increasing Step, the right one to the case of Decreasing Step.Figures
2.28(a), 2.28(b) - Comparison between height profiles obtained for the horizontal bed with step
and flat bottom, respectively for increasing and decreasing step. Step is located at £ = 9, while
the solution with step bottom is obtained by imposing unitary stream head at £, = 12. Figures
2.28(c), 2.28(d) - Stream Head of the solutions with increasing and decreasing step, along with
the extensions HT(¢) and H~(€) of the two branches connected by the discontinuity at &,.
Figures 2.28(c), 2.28(d) - Relation between Radiant Specific Discharge and Height Profiles.
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2.4 — Case 3 - Inclined Bed with Step Bottom

The energetic role of the bottom step, which will be described in details in Section 2.4.2, is
determined by the flow direction (convergent or divergent) and the step shape (increasing
or decreasing), according to Table 2.4: an increasing step will be felt as "ascending" from
a divergent flow and "descending" from a convergent flow, causing respectively an increase
or a decrease in terms of energy; the contrary holds for the decreasing step. The main
features of the flows are reported in Fig. 2.28, while the corresponding Stream Profiles
are reported in Fig. 2.29.

Subcritical Stream Prof. - Horizontal, Incr. Step, = 0.00 Subcritical Stream Prof. - Horizontal, Decr. Step, Vo= 0.00

|
.

Supercritical Stream Prof. - Horizontal, Incr. Step, "= 0.00 p itical Stream Prof. - Hori. Decr. Step, Vo= 0.00

Figure 2.29: Horizontal bed with Step bottom, 7, = 0 - Stream Profiles. Left column
refers to the case of Increasing Step, Right column to the case of Decreasing Step. In both cases,
step is located at £ = 9 and the orbits are obtained by imposing unitary Stream Head at £, = 8.

2.4.2 Role of the Step: Orbit Jump

As seen in the previous subsections by the behaviour of the stream head, the presence of
the step bottom affects the energy of the stream, while the Radian Specific Discharge is
conserved across the step. The results obtained are summarized in Table 2.4. The step
reflects on all the kinematic and dynamic features of the flow, and alters the behaviour of
both supercritical and subcritical height (and free surface) profiles.
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Table 2.4: Energetic Role of the Step. Positive sign "+" means that the step causes an
energy increase, the contrary holds for the negative sign "-".

Step - Energy Variations

W >0 Y < 0

Incr. Step | Decr. Step | Incr. Step | Decr. Step

Conv. Flow + - + -

Div. Flow - + - +

To explain this, Fig. 2.30 and Fig. 2.31 reports a comparison between the height profiles
obtained for inclined bed with flat bottom and step bottom, considering the same value
of . It is evident, from all the figures reported, that depending on the increasing (de-
creasing) direction of the step, the two orbits are coincident within the left (right) region
delimited by the step, which acts as a discontinuity and marks a difference between the
behaviour of the orbits within the respective opposite regions. This happens because if
one considers Eq. 2.4 with step topography #, one has:

e Y= L+ 7(€§ — &) — {hs tanh[(0(€ — &)] — hs tanh[og (&0 — &)]} (2.46)

One can observe that except for a small neighbourhood around the step position:

o at the left (right) of the increasing (decreasing) step tanh[os( — &)] abruptly ap-
proaches —1 ¥;

o at the right (left) of the increasing (decreasing) step tanh[os( — &)] abruptly ap-
proaches 1 10,

Therefore, if the bed is increasing (decreasing), immediately at the left (right) of the step
Eq. 2.46 approximates as:

8Recall: the function chosen to represent step bottom topography is the following:

(&) = hs tanh[os (§ — &5)]
where hs is the non-dimensional step height, sgn(cs) determines step direction (+1 if increasing, —1
if decreasing), |os| controls steepness of the step (the higher |o|, the steeper is the step ).

Precisely, limg_,o+ tanh[os (€ — &)] = —1 if o5 > 0 (increasing), while lime_, + o tanh[os (¢ — &)] =
—1if 05 < 0 (decreasing).

Precisely, limg_, 4 oo tanh[os(€ — &5)] = 1 if 05 > 0 (increasing), while limg_,o+ tanh[os (€ — &5)] = 1
if 05 < 0 (decreasing).
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1 .
gp tys LY (€ — &) + hs{1 + tanh[o (& — &)]} = H_(€) (2.47)
while, on the contrary, immediately at the right (left) of the step Eq. 2.46 approximates
as:

1 .

g Tyt W€ = &o) — he{1l — tanhlog(§o — &)} = H(E) (2.48)
Such approximations motivate the structure of the Stream Head represented in Fig. 2.30
and Fig. 2.31, which exhibits two branches separated by a discontinuity located at the
step position £ = &: functions H_(§) and H, (§) can be respectively interpreted as :

o the right and left branches of the Stream Head if the step is increasing (o > 0);
o the left and right branches of the Stream Head if the step is decreasing (o5 < 0).

The difference between the two branches is given by:

AH () = |[H_(§) — Hy(€)] = 2h,

which, as explained at the top of this subsection, corresponds to the height of the step:
therefore, the higher hy (i.e., the higher step height), the higher the energy difference
across the step. Since it is independent on the radial position £, such difference is the
same at both step position and boundary radial position ¢ = &;. Considering separately
the two linear branches, one can find therefore that each one is associated to a specific
orbit of those obtained in the case of Inclined bed with flat bottom, already discussed
previously. The two orbits have the same value of 73, but different stream heads at the
boundary &:

° Ij[—(g = 50) =1+ hs tanh[gs(&) - fs)];
. [:I+(£ =&o) =1 hs + hytanh[os(& — &))-

This is also justified by the fact that Equations 2.47, 2.48 have the same form of Eq. 2.6,
which describes the Stream Head for the case of an inclined bed with flat bottom, and
explains why the presence of the step modifies the position of the minimum and maximum
radius: the step causes an energy jump, represented by a discontinuity, which also causes
an orbit jump giving rise to the profiles described in Fig. 2.30 and Fig. 2.31.

Another interesting aspect emerging by Equations 2.47 and 2.48 is the dependence on the
relative position between step and unitary stream head boundary condition, by means of
the term:

tanh[as (50 - fs )]

Indeed, since hyperbolic tangent is an odd function, a sign change between the relative
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distance & — & turns into a sign change of the hole aforementioned term. This means
that the stream head branches H_(€) and H, (€) described by Equations 2.47 and 2.48
vary according to whether & > & or & < &,: it can increase or decrease, giving rise to
different orbits which exhibit different minimum or maximum radius if compared to the
solutions obtained with same ~;, but flat bottom.

Orbit Comparison - Cone, Decr. step, ’yb=0.05 Orbit Comparison - Cone, Incr. step, 7b=0.05
2 2
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Figure 2.30: Cone - Orbit comparison between step and flat bottom, v, = 0.05. textcap-
tion
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Figure 2.31: Funnel - Orbit comparison between step and flat bottom, v, = —0.05,
& > &s. Left column shows orbits for decreasing (top left) and increasing (bottom left), the
right one the corresponding stream head. The step of bed topography is located at & = 9.
Unitary stream head is enforced at §g = 12 > &, showing that in this case only the minimum
radius is different with respect to that of the orbits obtained with same -3, but flat bottom. The
maximum radius remains instead the same.
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Stream Head - Funnel, Incr. step, Y= =0.05

Orbit Comparison - Funnel, Incr. step, ’yb=-0.05
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Figure 2.32: Funnel - Orbit comparison between step and flat bottom, ~, = —0.05,
&o < &s. Left column shows orbits for increasing (top left) and decreasing (bottom left), the
right one the corresponding stream head. The step of bed topography is located at & = 9.
Unitary stream head is enforced at £y = 7 < &, showing that in this case only the minimum
radius is different with respect to that of the orbits obtained with same =, but flat bottom. The
maximum radius remains instead the same.
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Chapter 3

Stream Profiles for de
Saint-Venant’s Equations
Including Drag

In this chapter, an analysis of de Saint-Ventant’s Equations in circular symmetry will be
performed, taking into account also the contribution of bottom friction. For this reason,
the general model introduced in Chapter 1 in its complete form is taken into account by
means of Eq. 1.25, here reported again to facilitate reading:

dy 2 d¢ 2 Q

€T e T T EE  ap 3

Friction introduces an additional degree of complexity with respect to the models previ-
ously discussed ! | interacting in terms of energy with basal slope, bottom topography
and Kinetic Energy to determine height profiles y(&): by varying one of such contributes,
mathematically expressed at the right hand side of Eq. 3.1, one can obtain different
stream profiles.

Before investigating the effect of Bottom Topography in the stream profiles obtained (
which is the main purpose of the whole current Chapter), it is interesting to find and
analyze bottom topographies that ensure particular features to the flow.

Therefore, the current Chapter organizes into two macro-studies, according to the objec-
tives to be pursued. The first study, reported in Sec. 3.1, is dedicated to find bottom
topographies ensuring:

e constant stream head;

e constant depth;

!Compared to the models obtained in absence of friction in Chapter 2, governed by Eq. 2.4, now
representing a particular case of Eq. 3.1 that can be recovered by considering o — 0.
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« everywhere critical conditions.

The second study, involving Sections 3.3, 3.5, 3.4, is instead devoted to study the ener-
getic role of Bottom Friction for the same bottom topographies introduced in Chapter 2,
namely:

o flat bottom, Sec. 3.3;
e step bottom, Sec. 3.5;
« sinusoidal bottom, Sec. 3.4.

The link between the two studies is provided by the choice of the Boundary Conditions,
which are briefly reported and discussed in Sec. 3.2.

3.1 Notable Bed Topographies

In this section, differently to what done before, the bottom topography (&) is unknown.
The goal is to find bottom topographies which ensure specific features to the stream: con-
stant Stream Head, Constant Height and everywhere Critical Height. Such configurations
provide steady state profiles that can be useful also to perform Linear Stability Analysis,
as will be discussed next in Chapter 5.

3.1.1 Constant Stream Head Topography

Assume constant, given stream head H(r) = Hy, which in non-dimensional terms reads
as H(§) = 1. Then dH/d{ = 0, as well as the left hand side of Eq. 3.1 which therefore
assumes the following form:

d¢ Q@

e 3.2
On the other hand, as described by [29], the solution y = y(€) related to constant stream
head satisfies:

By plugging such solution into the right hand side of Eq. 3.2, one finally obtains the
following equation:

¢ all —y(&)]

&= T (3:3)

where is to be intended that y(§) is the supercritical or subcritical constant stream head
solution, therefore by fixing o and 7, one obtains two different bottom topographies
depending on the regime. Eq. 3.3 describes the behaviour of the bottom slope ensuring
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constant stream head, due to a balance between friction dissipation and energy gain
because of slope. Indeed, it can be formulated also in the following way:

_a(l-y)
7@%——f;—f (3.4)
where:
2(E) = — jg (3.5)

is the topographic slope "felt" by the stream while flowing, which takes into account the
contributes of both basal slope and bottom topography.

Equation 3.3 opens to an additional class of profiles which can be both monotonic or not,
depending on the values of o and ~y, and the supercritical or subcritical solution y(&).
Indeed, one can easily find by the equation itself that bottom topography :

« increases where the right hand side of Eq. 3.3 is positive, i.e., where basal slope
energy gain overbalances energy loss due to friction;

o decreases where the right hand side of Eq. 3.3 is negative, i.e., where basal slope
energy gain is overbalanced by energy loss due to friction;

« attains stationary points (maxima or minima) where the right hand side of Eq. 3.3
where basal slope energy gain balances energy loss due to friction.

Such behaviour is well illustrated in Figures 3.1(e), 3.1(f), 3.2(e), 3.2(f), 3.3(e), 3.3(e),
where friction contribute a1 — y(&)]/y(€) is reported along with ~,.

Notice that non-monotonical bottom topographies are possible only if 7, # 0. Indeed, if
~vp = 0, then Eq. 3.3 modifies as:

¢ oft —y(9)]
dg y(€)

Since the Constant Stream Head Solution 2.10 is such that 0 < y(§) < 1 for all & > &n
2 then the right hand side of Eq. 3.6 only depends on «, therefore it does not vary with
€.

Remembering that both supercritical and subcritical solutions y(§) are well defined and
continuous for & > &, one can fix a point & > &in and integrate Eq. 3.3 within
€, &), where & > &n, to obtain the bottom topography ((&). Using Torricelli-Barrow’s
Fundamental Theorem of Calculus and re-defining ¢(€) as (cg(€) 3, one obtains the

(3.6)

2Recall: &, is the minimum radius arising in the Height Solution for the Horizontal Bed with
Flat Bottom, see Sec. 2.1

3The subscript "CH" stands for "Constant Head".
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following expression for the topography ensuring Constant Stream Head solution:

Gonl§) = 6(&) + (e~ &) ~a | ‘ 1;@()5/)015’ (3.7

The integral term of 3.7 can be numerically computed for each value of & > &nin, by
means of the Trapezoidal Numerical Integration and by using the numerical values of the
function y(&), according to the supercritical or subcritical branch. The previous analysis
expresses therefore that Stream Energy Conservation is possible also in presence of bot-
tom friction, provided that the related dissipation is balanced by bottom topography.
Figures 3.1, 3.2 and 3.3 illustrate some examples of monotonic topographies ensuring Con-
stant Stream Head, respectively obtained for Funnel-shaped, Cone-shaped and Horizontal
Bed: each one reports supercritical and subcritical stream profiles, along with the basal
line (black dot-dashed line) indicating the flat bottom. It is evident, from the Stream Pro-
files obtained, the role of the topography in trying to maintain the Stream Head constant,
particularly from those related to the subcritical profile:

o for convergent flows along Funnel-shaped Bed (Fig. 3.1(c)) or divergent flows along
Cone-shaped bed (Fig. 3.2(d)), where in case of flat bottom the Stream Head would
increase due to the flow on favourable slope, the bottom topography increases, oppos-
ing to the stream in order not to increase the Stream Head and keeping it constant;

o for divergent flows along Funnel-shaped Bed (Fig. 3.1(d)) or convergent flows along
Cone-shaped bed (Fig. 3.2(c)), where in case of flat bottom the Stream Head would
decrease due to the flow on opposite slope, the bottom topography decreases, helping
the stream in order not to decrease the Stream Head and keeping it constant.
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Figure 3.1: Bottom Topographies ensuring Constant Stream Head for Funnel-shaped
Bed in presence of Bottom Friction, 7, = —0.05, @ = £0.1. Left column (Figures 3.1(a),
3.1(c), 3.1(e)) refer to a stream flowing down a Funnel-shaped bed along convergent direction
(v» = —0.05, @ = —0.1). Right column (Figures 3.1(b), 3.1(d), 3.1(f)) refer to a stream flowing
over a Funnel-shaped bed along divergent direction (7, = —0.05, @ = 0.1). In each column, top
and middle figures respectively report supercritical and subcritical stream profiles and related
topographies (the black dashed-dotted line stands for the flat bottom), while bottom figure
reports friction for both supercritical and subcritical profiles, along with 4, in order to show
the behaviour of the right hand side of Eq. 3.3.
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Figure 3.2: Bottom Topographies ensuring Constant Stream Head for Cone-shaped
Bed in presence of Bottom Friction, v, = 0.05, « = +0.1. Left column (Figures 3.2(a),
3.2(c), 3.2(e)) refer to a stream flowing over a Cone-shaped bed along convergent direction
(v» = 0.05, « = —0.1). Right column (Figures 3.2(b), 3.2(d), 3.2(f)) refer to a stream flowing
down a Cone-shaped bed along divergent direction (1, = 0.05, & = 0.1). In each column, top
and middle figures respectively report supercritical and subcritical stream profiles and related
topographies (the black dashed-dotted line stands for the flat bottom), while bottom figure
reports friction for both supercritical and subcritical profiles, along with ,, in order to show

the behaviour of the right hand side of Eq. 3.3.
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Figure 3.3: Bottom Topographies ensuring Constant Stream Head for Horizontal Bed
in presence of Bottom Friction, 7, = 0, o = £0.1. Left column (Figures 3.3(a), 3.3(c),
3.3(e)) refer to a stream flowing along convergent direction (7, = 0, « = —0.1). Right column
(Figures 3.3(b), 3.3(d), 3.3(f)) refer to a stream flowing along divergent direction (1, = 0, @ =
0.1). In each column, top and middle figures respectively report supercritical and subcritical
stream profiles and related topographies (the black dashed-dotted line stands for the flat bottom),
while bottom figure reports friction for both supercritical and subcritical profiles, along with ~y,
in order to show the behaviour of the right hand side of Eq. 3.3.
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3.1.2 Constant Flow Depth Topography

In this Section, bottom topography will be obtained by imposing uniform stream depth
Yo, followed by a discussion about the stream profile and the choice of the boundary
conditions.

Bottom Topography

Assume everywhere constant flow depth y(£) = yo, with yy given constant. Then dy —

d¢
and Eq. 3.1 modifies as:

d¢ 2 Q@
d¢ &g &y 35
The stationary points of ((£) can be found by imposing the right hand side member of
Eq. 3.8 as null, obtaining the following third degree algebraic equation with no quadratic
term which can be solved for £ > 0 by using the well known Cardano’s formulae ([9]):

o 2

E——t+—5=0 (3.9)
WY WY

For the purpose of this work, eventual computation of the stationary points from Eq. 3.9

is demanded to classical numerical algorithms, instead of the exact formulae, while basics

results of third degree equations show that:

o profiles in which o and «, have different sign (i.e., convergent flows over a cone-
shaped bed or divergent flows over a funnel-shaped bed) are characterized by at
most one stationary point;

o profiles in which « and 7, have both negative sign (i.e., convergent flows over a
funnel-shaped bed) are characterized by at most one stationary point too;

o profiles in which « and ~y, have both positive sign (i.e., divergent flows down a cone-

shaped bed) are characterized by at most one stationary point if 0 < a < /2775 v,
up to two otherwise, and in this latter case they are a maximum and a minimum
(they cannot be of the same nature).

It is interesting, here, to observe how the presence of friction introduces physical and
computational complexity, giving rise to a variety of monotonic or non-monotonic bottom
configurations. Neglecting friction (i.e., & — 0) reduces such complexity. Indeed, in order
to study the sign of the right hand side of Eq. 3.8, one obtains the inequality:

2

which allows to conclude that, in the domain {£ > 0}:

o profiles with v, > 0 (cone-shaped bed) are monotonic;

94



3.1 — Notable Bed Topographies

2
TWyg

o profiles with ~, < 0 have a maximum point located at £ = 3/—

On the other hand, also considering horizontal beds (7, = 0) reduces complexity, as the
study of the sign of the right hand side in Eq. 3.8 reduces to the following inequality:

2 «
_ +—==%2>0 3.11
&y 2yl (311

In this case, one has that, in the domain {§ > 0}:

o profiles with @ < 0 (i.e., flowing on convergent direction) are monotonic;

o profiles with o > 0 are non-monotonic and exhibit exactly one maximum located at
£=
Finally, considering horizontal beds with no friction (7, = 0, @ = 0), the sign study of the
right hand side of Eq. 3.8 brings to the following inequality:
2

2 >0 3.12
&3yg ~ (3.12)

which is always verified within the domain {{ > 0}, therefore the bottom topographies
obtained are monotonic.

The start point for the interpretation of the bottom topographies just obtained, which
are illustrated in Figures 3.5, 3.6 and 3.7, is to find a closed analytical expression for
the bottom topography. Given a boundary radius &y, such expression is found by direct
integration in the variable £ of the two members of Eq. 3.8 (assume for simplicity & >
& > 0) and re-naming of (&) as (yy(€) 4, thus obtaining:

o 1 o n 1
Sys & S &l

Cor (&) = Cur(éo) + (€ — &) + (3.13)

Notice that for large £ the last two addends defining the solution 3.13 assume small values,
so the following approximation holds:

o e ayrac 3

Con(§) = Cur(éo) + (€ — &) — o T ap

where A( is the intercept:

AC = ConlEo) + oy — -2

- — 3.15
2R i (3.15)

This is coherent with the fact that, by studying Eq. 3.13 for sufficiently large values of &,

4The subscript "UH" stands for "Uniform Height".
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one obtains, independently from «:

dg
de

-

that is, the bottom tends to be flat as the friction dissipation, as well as Radiant Kinetic
Height, tends to vanish. Notice that if friction is absent, then:

1
Ala=o = Cun(&o) + a2, (3.16)

therefore:
o if @ < 0 (convergent flows), then A( is greater than in the case in which o = 0;

o if @ > 0 (divergent flows), then A( is lower than in the case in which o = 0.

Supercritical to Subcritical Smooth Transition

A second important aspect, emerging instead from the constant height solution y(£) = yo
itself, is that flows on divergent direction experience a smooth transition from supercritical
to subcritical regime, without hydraulic jump. Indeed, remembering the expression 1.20,

the Froude Number is:
Fri€ go) = | ooy (3.17)
S, Y% ) = .
‘ &3

which now only depends on the radial position £ (notice that the Froude Number is also
not explicitly dependent on friction coefficient «). Such behaviour is reported in Fig. 3.4
for different values of yg.
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Figure 3.4: Froude Number for Constant Depth Solution y(£) = yo. Froude Number is
reported for equally spaced values of yy between 0.1 and 1, along with the Critical Line

Therefore, the flow is:

« supercritical for & < \/yz3 :
0

o critical if £ = ,/2;
Yo
« subcritical for & > \/yjs ;
0

This is a peculiar difference with respect to all of the other profiles obtained in the previous
chapters, where the supercritical and subcritical branches of the stream attained critical
condition at singular points and a transition was possible only through an hydraulic jump.
Indeed, the important difference between Eq. 3.1 (where y = y() is one of the solutions
obtained in Chapter 2) and Eq. 3.13, where y(§) = yo, is that now Z—g = 0, therefore the
singular term:

vanishes.

For the same reason, there is no longer a two-branches behaviour of the solution nor the
presence of a minimum radius: the Froude Number, indeed, blows up as £ approaches
0, as well as velocity, while on the contrary bottom topography decreases unbounded in
order to maintain constant depth.

At the same time, y(§) = yo is an admissible solution because, thanks to the balance
between basal slope 7, friction (by means of «) and Radiant Specific Kinetic Height
2/€3y2 described by Eq. 3.13, there exist topographies (those described in this section)
that ensure its existence in physical terms. Examples of curved bed giving rise to smooth
supercritical to subcritical transition of the flow are also described in [2], [17].
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Interpretation of the Bottom Topography

In view of the previous discussion, supported by the stream profiles in Figures 3.5, 3.6 and
3.7, Eq. 3.8 explains the monotony characteristics obtained for the bottom topography.
The interaction of the terms appearing at its right hand side can be analyzed within three
main areas, which are evident in Figures 3.8 and 3.9:

o for sufficiently small radii, i.e., £ — 0, where Kinetic Energy and Friction dominate;
 for sufficiently large radii, i.e., £ — 400, where Basal Slope dominates;
o a central area where the three contributes into r.h.s. of Eq. 3.13 are comparable.

Indeed, one can observe that since no minimum radius arises, the stream profile, as well
as the bottom topography, is well defined for {{ > 0}: in order to visualize this fact in
physical terms, one can figure out a stream starting from an external annular gate located
at & and flowing continuously along convergent direction, with no central hole draining
the fluid °, as reported in Figures 3.5(a), 3.5(c). In mathematical terms, this is described
by the fact that for £ — 0 the dominant term on the right hand side of Eq. 3.8 is that of
Radiant Specific Kinetic Height, i.e.,

_ 2 _,v&w)
& 3

ks (& 90) (3.18)

which represents nothing but the Head Slope %]y:yo, where as usual H(£,y) is the
Stream Head: in absence of a hole draining the fluid and with a constant discharge at the
boundary, the Stream Head would grow indefinitely as well as the flow depth (which is
imposed instead to be constant) if no energy sinks are present. On the other hand, both
basal slope 7 and the boundary energy contributes on the right hand side of Eq. 3.8 are
constant and bounded, so the only way to contrast the strong energy increase given by
the term 3.18 for radii approaching zero and maintain constant depth yq is via a strong
energy decrease given by the slope of bottom topography. This explains why, in all the
cases, ((§) - —o0 as & — 0.

As described in the approximation 3.14, for sufficiently large £ the topography tends
instead to be linear, with slope 7,: indeed, thanks to the Chézy formula and the geometry
chosen, both k4(&;yo) and the friction term of Eq. 3.8 approach 0 as & — +o00. In this
case, the effects of friction and boundary are only enclosed into the intercept A( of Eq.
3.14.

The most important range to understand the monotony properties of bottom topography
is that in which k4(&; yo), friction term and basal slope become progressively comparable
and give rise to the eventual stationary points of the bottom topography ¢(§), depending
on the sign of a and 7. In order to illustrate this, it suffices to remember that the right

5Recall: for the flows described in Chapter 2, the minimum radius &, arising in the solutions
could be interpreted as the edge of a central hole which, in case of convergent flows, drained the fluid
acting as a control on the increase or decrease of the Stream Head. In this case, it is like the minimum
radius is located at £ = 0, thus being described by a hole of zero radius.
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hand side of Eq. 3.13 is nothing but a sum of energy contributes, taken with their sign.
Figures 3.8, 3.9 report the behaviour of the tree terms separately and their sum (i.e.,
the right hand side) for all of the possible sign combinations of o and ~,: the cases in
which v, = 0 (horizontal bed) or & = 0 (no bottom friction) can be easily derived and
interpreted, so they are not reported. It is peculiar the presence of a maximum followed
by a minimum for @ > 0 and 7, > 0: the first appears to be connected to a balance
between Radiant Specific Height and Friction, while the second seems to be related to the
balance between friction and basal slope. It is now clear how the bottom topography drives
the maintenance of the constant height g, giving rise to the topographies illustrated in
Figures 3.5, 3.6: for small radii, it rapidly increases (decreases) to add (subtract) energy
in case of divergent (convergent) flow for small £, independently from the basal slope 7.
The same happens for large € , where instead:

o if 7 < 0, it linearly decreases (increases) in order to help (control) the flow on
opposite (favourable) slope maintaining constant depth yo;

 the contrary happens if v, > 0.

The uniform depth stream profile will be useful in Chapter 5, to write the perturbation
equation derived from Linear Stability Analysis.
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Stream Prof. - Funnel, Div., §n=1A00, y0=l].5tl 'yb=-[l‘05, a=0.40

Stream Prof. - Funnel, Conv., §0=25.00, yo=0A5Cl 'yb=-[lj]5, a=-0.40
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Figure 3.5: Bottom Topography ensuring Uniform Depth Stream flowing along a
Funnel-Shaped bed. Left and right column respectively refer flows along Convergent and
Divergent direction, as indicated by the blue arrows. For all of the stream profiles reported,
the bottom topography at boundary (y (&) is imposed to be 0. Each figure reports boundary
radius &y, uniform depth g, basal slope «, and friction coefficient « are reported: in particular,
bottom figures (Fig. 3.5(c) and 3.5(d) ) report the case in which friction is absent, i.e., & = 0.
Finally, the dot-dashed line indicates the level of the flat bottom. Plot range is £ € [1,25].
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Stream Prof. - Cone, Div., 5D=1Am], yD=0A50 7b=uA05, a=0.40
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Figure 3.6: Bottom Topography ensuring Uniform Depth Stream flowing along a
Cone-Shaped bed. Left and right column respectively refer flows along Convergent and Di-
vergent direction, as indicated by the blue arrows. For all of the stream profiles reported, bottom
topography at boundary (ym (&) is imposed to be 0. Each figure reports boundary radius &g,
uniform depth yg, basal slope 7, and friction coefficient « are reported: in particular, bottom
figures (Fig. 3.6(c) and 3.6(d) ) report the case in which friction is absent, i.e., « = 0. Finally,
the dot-dashed line indicates the level of the flat bottom. Plot range is & € [1,25].
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Stream Prof. - Horiz., Conv., §n=25A00, y0=l].50 7b=0A00, a=-0.40 Stream Prof. - Horiz., Div., §D=1A00, yn=t]‘50 'yb=0Am], «a=0.40
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Stream Prof. - Horiz., Div., £0=1A00, y0=[l‘50 7b=0A00, «=0.00
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Figure 3.7: Bottom Topography ensuring Uniform Depth Stream flowing along a
Horizontal Bed. Left and right column respectively refer to flows along Convergent and
Divergent direction, as indicated by the blue arrows. For all of the stream profiles reported,
bottom topography at boundary (ym (&) is imposed to be 0. Each figure reports boundary
radius &y, uniform depth g, basal slope «, and friction coefficient « are reported: in particular,
bottom figures (Fig. 3.7(c) and 3.7(d) ) report the case in which friction is absent, i.e., & = 0.
Finally, the dot-dashed line indicates the level of the flat bottom. Plot range is £ € [1,25].
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Figure 3.8: Monotony of Bottom Topographies ensuring Constant Depth for Cone-
shaped Beds in presence of Bottom Friction, v, = 0.05, a = £0.4, yo = 0.5. Boundary
radius &g is imposed to be 1 for the divergent flow (o = 0.4, right column), 25 for the convergent
flow (a« = —0.4, left column). Top figures (3.8(a), 3.8(b)) report the overall behaviour of the
right hand side rhs(€) of Eq. 3.13, while bottom figures (3.8(c), 3.8(d)) report the behaviour
of its specific terms: Friction —a/£?y3, Radiant Specific Kinetic Height 2/£3y2 and Basal Slope
~p. The two red dots reported in Fig. 3.8(b) are the zeros of the right hand side of Eq. 3.8,
corresponding (in increasing order) to a maximum and a minimum of the bottom topography
¢(&). Plot range is £ € [1,25].
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Figure 3.9: Monotony of Bottom Topographies ensuring Constant Depth for Funnel-
shaped Beds in presence of Bottom Friction, v, = —0.05, « = £0.4, yo = 0.5. Boundary
radius &y is imposed to be 1 for the divergent flow (o = 0.4, right column), 25 for the convergent
flow (@ = —0.4, left column). Top figures (3.9(a), 3.9(b)) report the overall behaviour of the
right hand side rhs(€) of Eq. 3.13, while bottom figures (3.9(c), 3.9(d)) report the behaviour
of its specific terms: Friction —a/€2y3, Radiant Specific Kinetic Height 2/£3y2 and Basal Slope
. Plot range is £ € [1,25].

Choice of the Boundary Conditions

Unlike what done the previous Chapters, where the boundary conditions were chosen
differently for the supercritical and subcritical regime in order to ensure unitary Stream
Head at the boundary (according to the benchmark case of Horizontal Bed with Flat
Bottom described in Sec. 2.1), here the following methods are used to impose boundary
conditions:

e choose the height yy and the Froude Number at the boundary in order to obtain, by
inverting expression 3.17, the coordinate &y at which imposing the boundary bottom

height Cuu(£o);
» choose the radial position &, at which imposing not only the boundary bottom height
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Cun (&), but also the boundary Froude Number from which yg is determined by using
again 3.17;

o simply choose the uniform height gy and the radial position & at which imposing
boundary bottom height (g (o), the Froude Number being them a consequence by
3.17.

Such three ways are identically useful and suitable for the problem analyzed.

3.1.3 Everywhere Critical Flow Topography

Let consider the problem of finding a bottom topography ¢ (&) such that the flow is every-
where critical. It is recalled here that the critical depth y.r(§) is described by expression
1.21, here reported for the sake of clearness:

By plugging such expression into Eq. 3.1 and re-organizing the two members, one obtains:

d¢ .2
d§:%_3+\/; (3.20)

where at the right hand side, from left to right, one can find the energetic contributes
of basal slope, friction and kinetic energy, this latter one being easily recognized by the
following chain of equalities :

d

3 2 _ 7 —

2
& [yer(€)]?

where H(€,yer(€)) = H(E,Y)|y=yere) and k(& yer(€)) are respectively the Stream Head
and the Radiant Specific Kinetic Height associated to the critical solution y.,(§).

In order to study the monotony of the bottom topography ((£) one obtains by the right
hand side of Eq. 3.20 the following inequality, in the domain {§ > 0}:

. 2
¢§z§—% (3.21)

Two cases can be distinguished, giving rise to two different kinds of bottom topography:

= ks (5) Yer (5))

o if a < 2, then Z—g > 0 for all possible ¢ > 0, giving rise to monotonic bottom
topographies;

o if @ > 2, then the bottom topographies so obtained are non-monotonic and exhibit

5/ (a—2v)3

a maximum point located at £ = 5
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The monotony properties for topographies ensuring critical depth when bottom friction
is negligible (o = 0) or the stream flows along a horizontal bed (7, = 0) can be easily
studied by interpreting these as particular cases of Ineq. 3.21.

An important difference with respect to Equations 3.2, 3.8 (respectively describing bottom
topographies ensuring Constant Stream Head and Constant Stream Depth) is that here
friction dissipation contribute does not depend on &: this reflects on the linear part of the
bottom topographies, obtained by direct integration Eq. 3.20 and re-naming of ((£) as
Cor(€) 9, as follows:

Gon(€) = Gorl&o) + (1 = 5)(E — &) = E - \/g (3:22)

Examples of bottom topographies obtained with different values of o and -, are reported
in Figures 3.10, 3.11, 3.12.

Notice that also Critical Stream Profile does not exhibit singular behaviour at a mini-
mum or maximum radius like for the profiles obtained in Chapter 2, but for a different
reason with respect to what discussed in Section 3.1.2 for the Constant Depth Solution.
Indeed, while in that case the singularity was eliminated by imposing y(§) = v, here for
Y(&) = yer (&) the left hand side of the general governing Equation 3.1 is null because it is
studied exactly at the singularity, i.e., when the Froude Number is exactly 1, having from
Eq. 3.1

Therefore, it makes sense to study the Critical Solution, as well as the Bottom Topography
and all of the other terms involved into Eq. 3.20 for all £ > 0.

In order to investigate the interaction between basal slope, friction and kinetic energy
gain or dissipation to determine bottom topography according to the balance expressed
by Eq. 3.20, one can again figure out a stream flowing on convergent direction starting
from an external reservoir located at radial position & = &, which is not drained by any
central hole (Fig. ?7?), and visualize the energetic contributes into two areas:

o for sufficiently small £, where kinetic energy dominates while basal slope and friction
have barely no effect;

o for larger £, where kinetic energy contribute decays to 0, being overbalanced by the
interplay between friction dissipation and energy gain/loss due to basal slope 7,
both independent on & according to Eq. 3.20.

For sufficiently small radii, i.e., £ — 0, the dominant term of Eq. 3.20 is that connected
to Kinetic Energy, which blows up to 4o0: it is expected, since the fluid is not drained
from any hole and the bounded contribute of basal slope 7, and dissipation « is not

5The subscript "CR" stands for "Critical".
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enough to control such a high energy increase in order to maintain critical conditions. The
equilibrium term required comes instead from bottom topography which, by means of its
opposite energetic contribute, counterbalances that of Kinetic Height and is responsible
for the characteristic strongly decreasing behaviour down to —oo, independently from the
values of a and 7, as reported in Figures 3.10, 3.11, 3.12.

Looking instead at the behaviour of (cr(&) for sufficiently large values of &, it can be
observed that while the contribute of Kinetic Height in Eq. 3.20 decays to 0, those
of friction and basal slope become progressively more significant and both determine the
asymptotic slope of the bottom topography, since they are both independent on the radial
position £. In particular:

Ceorl€) ~ ConlE) + (w = 5)(€ ~ &) (3.23)

Also in this case, the bed shape which determines everywhere critical flux is approximately
linear at sufficiently large &, but the dominant term is governed not only by the bottom
angle (7p), but also by friction, by means of the parameter «: it regulates increasing
or decreasing in order to maintain critical depth, that for sufficiently large & decays to
0. The overall behaviour of the right hand side of Eq. 3.20 and of its terms separately
is reported in Figures 3.13, 3.14 in order to illustrate their balance giving rise to the
monotony properties of the so obtained bottom topographies.
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Stream Prof. - Funnel, Conv., §n=25A00, 7b=-0A05, a=-0.40

Stream Prof. - Funnel, Div., §o=1A00, 7b=-0.05, «=0.40

(b)

Stream Prof. - Funnel, Conv., £0=25A00, 'yb=-l].05, «=0.00

Stream Prof. - Funnel, Div., §o=1A00, -yb=-[u]5, «=0.00

CerTY M)

Figure 3.10: Bottom Topography ensuring Critical Depth Stream flowing along a
Funnel-Shaped bed. Left and right column respectively refer to flows along Convergent and
Divergent direction, as indicated by the blue arrows. For all of the stream profiles, the bottom
topography at boundary (yg(&o) is imposed to be 0. For each figure boundary radius &, basal
slope 73 and friction coefficient « are reported: in particular, bottom figures (Fig. 3.5(c) and

3.5(d) ) report the case in which friction is absent, i.e., @ = 0. Finally, the dot-dashed line
indicates the level of the flat bottom. Plot range is ¢ € [1,25].
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Stream Prof. - Cone, Conv., §o=25A0(l, '1h=[l‘05, a=-0.40
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Figure 3.11: Bottom Topography ensuring Critical Depth Stream flowing along a
Cone-Shaped bed. Left and right column respectively refer flows along Convergent and Di-
vergent direction, as indicated by the blue arrows. For all of the stream profiles, bottom topog-
raphy at boundary (ypg (&) is imposed to be 0. For each figure boundary radius &g, basal slope
v and friction coeflicient «v are reported: in particular, bottom figures (Fig. 3.11(c) and 3.11(d)

) report the case in which friction is absent, i.e., « = 0. Finally, the dot-dashed line indicates
the level of the flat bottom. Plot range is € € [1,25].
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Stream Prof. - Horiz., Conv., §o=25A0(l, '1h=[l‘00, a=-0.40
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Figure 3.12: Bottom Topography ensuring Critical Depth Stream flowing along a
Horizontal Bed. Left and right column respectively refer to flows along Convergent and
Divergent direction, as indicated by the blue arrows. For all of the stream profiles reported,
bottom topography at boundary (y (&) is imposed to be 0. For each figure boundary radius
o, basal slope 7 and friction coefficient a are reported: in particular, bottom figures (Fig.
3.12(c) and 3.12(d) ) report the case in which friction is absent, i.e., @« = 0. Finally, the dot-
dashed line indicates the level of the flat bottom. Plot range is £ € [1,25]
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Figure 3.13: Monotony of Bottom Topographies ensuring Critical Depth for Cone-
shaped Beds in presence of Bottom Friction, v, = 0.05, a = +0.4. Boundary radius &g
is imposed to be 1 for the divergent flow (o = 0.4, right column), 25 for the convergent flow
(v = —0.4, left column). Top figures (3.13(a), 3.13(b)) report the overall behaviour of the right
hand side rhs(€) of Eq. 3.20, while bottom figures (3.13(c), 3.13(d)) report the behaviour of its
specific terms: Friction —a/2, Radiant Specific Kinetic Height ¢/2/£% and Basal Slope 7.
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Figure 3.14: Monotony of Bottom Topographies ensuring Critical Depth for Funnel-
shaped Beds in presence of Bottom Friction, 7, = —0.05, @ = +0.4. Boundary radius
o is imposed to be 1 for the divergent flow (o = 0.4, right column), 25 for the convergent flow
(v = —0.4, left column). Top figures (3.14(a), 3.14(b)) report the overall behaviour of the right
hand side rhs(€) of Eq. 3.20, while bottom figures (3.14(c), 3.14(d)) report the behaviour of its
specific terms: Friction —«a/2, Radiant Specific Kinetic Height {/2/£% and Basal Slope 7.

3.2 Boundary Conditions

According to the analysis performed in Sec. 3.1, Constant Stream Head solution is ob-
tained by imposing a balance between the energy contributes of topographical slope (i.e.,
cumulative of the slope contributes due to both basal angle ¢ and bottom topography
d¢/d¢) and friction. Therefore, assuming bottom topography ((§) = (cr(§) as found in
3.7, Eq. 3.1 reduces to Eq. 2.7, obtained for the Horizontal Bed with Flat Bottom and
expressing Stream Energy conservation.

Therefore, the stream height solution y(&) is given by:



3.3 — Flat Bottom Topography

For all of the cases that will be discussed throughout the rest of this chapter, such solution
will be used (as for Chapter 2) to impose supercritical and subcritical boundary conditions
(although differently specified, as will be done in several cases) for the stream heights, in
the way described in Sec. 2.1.2, remarking the important benchmark role of the case of
Horizontal Bed with Flat Bottom.

3.3 Flat Bottom Topography

This section is devoted to the study of the Shallow-water model with general formulation
expressed by 1.33 in the particular case of flat bottom, which is expressed by the following
bottom topography:

) =0 (3.24)

Then Eq. 1.33 describing the height profile assumes the following form:

dy w8y’ +2y—af  N(&y)
d¢ &y? —2¢ D(¢,y)

d 3 3_2
i H _[ 3§3y ¢ ] (3.26)
5|y WE Y + 2y — ol

where (§,y) = (£(s),y(s)) is a parametrization of the orbits in the parameter s € A C R,
as in 1.42. | Since the goal of this study is to investigate how taking into account friction
alters the dynamics with respect to the same case in absence of friction, discussed in
Sections 2.1, 2.2, the section organizes as follows:

(3.25)

or, equivalently:

o analysis of the geometry of the phase plane;

o solutions for different values of bottom slope ;.

3.3.1 Geometry of the Phase Plane

The study of the geometry of the Phase Plane when friction is taken into account in the
Shallow-water model described by 3.26 is focused on two main aspects: the intersections
of the nullclines of Eq. 3.25 7, equivalent to the equilibrium points of System 3.26 and
the structure of the trajectories, by varying bottom slope 7, (particularly its sign) and
friction coefficient «, actually the only parameters of the model.

"The nullclines of Eq. 3.25 are expressed by the equations N(&,y) =0 and D(&,y)=0, the last one
corresponding to the Critical Line y = {/2/¢2
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Intersections of the Nullclines

The starting point is to study the intersections of the nullclines of Eq. 1.33,i.e., N(§,y) =
0 and D(&,y = 0). Indeed, at these points one has dy/d{ = [0/0], thus the trajectories
(describing the height profiles) can pass through these points with either finite or infinite
gradient, as described by [4]. The only intersection can be easily computed exactly,
according to 1.46, as:

1 -3

« = 25t g

b= 2087 (3.27)
Yy = 23E, 5 = 25t

* o

where %, is the generalized slope at the equilibrium points as defined in 1.44, which for
the specific case of flat bottom topography assumes the following form:

[0}

It is worth to notice that such intersection lies within the physical domain {£ > 0} x {y >
0} if and only if ¢, > 0, i.e.:

a > 2

In order to investigate the internal stability properties of such point as equilibrium point
of System 3.26, one can use 1.50 and 1.51 to respectively determine the Trace and Deter-
minant of the corresponding Jacobian Matrix evaluated at (&, y.) as follows:

6
_ -1 _
(tl‘ JF) (Earyn) = 3at, " = o— 2y, (329)
and:
.3
(det Jg) (Euys) = 4(5+6- 25t °) =20 (3.30)

since ¢! = %]525* = 0. Therefore, at a physically meaningful intersection, one has:

« sign of the Jacobian Trace equal to that of «;

o positive determinant, independently from the values of a and ~,.

Moreover, one can compute the discriminant of the characteristic polynomial associated
to the Jacobian Matrix as:

A, = [(tr Ip) (€)= (/2 —)* — 80 (3.31)

(€ow)]” — A(det Tp)

Mathematically, it is possible to choose v and =y, such that A, > 0. However, according
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to the values chosen for v, and « ®, the quantity a/2 — ~, is typically two up to three
orders of magnitude below 80, therefore it can be assumed that A, < 0.

Thanks to this, one can conclude that the point (&, ys) = (W , \Vm>
is a focus, in particular:

o if a > 0, it is an unstable focus;

o if @ > 0, it is a stable focus.

Phase portraits containing the focus are reported in Fig. 3.15.

A finest range for the values of a and a specific region where the focus should be located
to produce effect on the solutions will be provided after the description of the trajectories,
when the energetic point of view will be highlighted.

8Recall: suitable values for v, used in this work to maintain the hypothesis of gradually varied
flow are —0.10 < 74 < 0.10, while typical values of friction coefficients range between —1 and 1.
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Figure 3.15: £ —y Phase Portrait Horizontal axis reports the radius &, the vertical one reports
the corresponding values of height y, based on Eq. 3.25. Red line marks Critical conditions:
subcr. trajectories lie under the red line, while supercr. ones lie above. Green line is the nullcline
N(&,y) = 0 of Eq. 3.25. Black line depicts y(&) for the Conservative Solution (Hor. Bed with
Flat Bott. with no friction, Sec. 2.1). Left column, Figures 3.15(a), 3.15(c), 3.15(e) - Flows on
Convergent direction (o« = —0.4) for Cone, Funnel and Horiz. Bed (resp., v, = 0.05, —0.05, 0).
Right column, Figures 3.15(b), 3.15(d), 3.15(f) - Flows on Divergent direction (o = 0.4) for
Cone, Funnel and Horiz. Bed (resp., v = 0.05, —0.05, 0).
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Trajectories

A first novel aspect with respect to the case of flat bottom without including friction
discussed in Sections 2.1, 2.2 emerges by looking at the trajectories, some examples of
which are reported in Fig. 3.15 for a« = £0.4 and ~, = 0.05, —0.05, 0. Indeed, it appears
that:

o the subcritical trajectories are mainly governed by the basal slope 7;, and exhibit a
similar behaviour with respect to the inviscid case: for v, > 0, they collide with the
Critical Line at exactly one point, showing a one Froude Horizon behaviour, while
if 7 < 0 they meet the Critical Line at a minimum and a maximum point, thus
exibiting a two Froude Horizons behaviour;

 the supercritical trajectories, on the contrary, are mainly governed by friction, show-
ing a completely different behaviour with respect to the inviscid case: independently
from ~,, supercritical streams flowing on convergent directions (a < 0) collide with
the Critical Line at exactly one point (one Froude Horizon behaviour), while those
flowing on divergent direction (o > 0) collide with the Critical Line at a minimum
and a maximum radius (two Froude Horizon behaviour).

The reason of this different behaviour resides again in the behaviour of the Radiant Spe-
cific Discharge ¢ with respect to the stream height y. Their relation, however, is no longer
algebraic as for the case with no friction, but differential. In order to obtain it, one can
remember by the definition 1.23 itself that:

from which the differential d¢ can be expressed as:
9 1
d§ = —&7dg = —quq

and Eq. 3.25 assumes the following form ?:

de 20" —y’¢® _ Nla,y)
dy  wy?+2¢%y —aq®  Dy(q,y)

(3.32)

One can then compute the intersections between the nullclines Ny(q,y) = 0 '° and

91t is worth to notice that this can be done only by assuming that the Inverse Function Theorem
holds for y = y(q) separately for the supercritical and the subcritical branch of each orbit, since only
the restriction to one of the branches is actually a function.

0T he nullcline Ny(q,y) = 0 is represented by the line ¢(y) = 4/ %i and it is nothing but the Critical

Line in terms of ¢ and y.
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Dy(q,y) = 0 to obtain, as expected, that the only one is given by:

_ s/fz—w? _ 1
b= 2 TG (3.33)
Y = V243

The point (ys, g«) represents a focus (for the typical values of o and 73 used in this work)
and, as seen for the focus (&, y«) in the y — & diagram, it lies in the physical region
{y > 0} x {¢ > 0} only when a/2 > ~, i.e., when friction dissipation overcomes the
energy contribute of basal slope. Again, if one restricts to the typical values of 7, and
« used, the focus lies in the physical regions for almost all @ > 0, that is, for divergent
flows, which in the ¢ — y plane are those on decreasing ¢ direction '*.

Fig. 3.16 reports the phase planes ¢ —y obtained for different couples (a,73), where a # 0.
It is evident that:

o for 1, < 0, @ > 0, where the flow is divergent on opposite slope, the trajectories
start at a maximum discharge (minimum radius), that can be thought as a central
source and flow along decreasing ¢ (increasing radius), with the friction dissipation
amplifying the contrasting effect due to the opposite slope. The focus than forces
both supercritical and subcritical reaches to collide again with the Critical Line at
a minimum ¢ (maximum radius), that can be exemplified by the edge of the plate:
for smaller radii, flow would not be so energetic to continue;

o for v, > 0, a > 0, where the flow is divergent on favourable slope, both supercritical
and subcritical trajectories start in critical condition; however, while the subcritical
trajectories continue helped by favourable slope along decreasing ¢ (increasing ¢),
which is asymptotically 0, the supercritical trajectories accelerate until reaching a
maximum velocity at the minimum height, than decelerate to collide again with the
Critical Line at a minimum ¢ (maximum &).

By considering o@ = 0, one can mathematically explain also the case of Flat Bottom with
no friction discussed in Sec. 2.2.3. Indeed, the only equilibrium point is given by:

_ w1
@ 2 TG (3.34)

Ye = /202

and lies within the physical region {y > 0} x {¢ > 0} only if 75 < 0, that is, for funnel-
shaped beds, which effectively are those exhibiting the two Froude Horizons behaviour.

HSince divergent flows are along increasing & and ¢ = 1/¢€.
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Figure 3.16: ¢ — y Phase Portrait Horizontal axis reports the Height values y, the vertical
one reports the corresponding values of Radiant Specific Discharge ¢ = ¢(y), based on Eq. 3.32.
Red line marks Critical conditions: subcr. trajectories lie under the red line, while supercr. ones
lie above. Green line is the nullcline Ny(y,q) = 0 of Eq. 3.32. Black line depicts ¢(y) for the
Conservative Solution (Hor. Bed with Flat Bott. with no friction, Sec. 2.1), q(y) = y/1T — y.
Left column, Figures 3.16(a), 3.16(c), 3.16(e) - Flows on Convergent direction (o = —0.4) for
Cone, Funnel and Horiz. Bed (resp., 7, = 0.05, —0.05, 0). Right column, Figures 3.16(b),
3.16(d), 3.16(f) - Flows on Divergent direction (o = 0.4) for Cone, Funnel and Horiz. Bed

(resp., 1 = 0.05, —0.05, 0).
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3.3.2 Energetic Point of View and Restricted Ranges for «

Looking at the physics of the problem, one can observe that when the stream flows
on opposite slope and friction is considered its energy, expressed by the Stream Head
H(E, y(€)) = W, once fixed a prescribed boundary value, can only diminish. In Sec-
tions 2.1.2 and 3.2 has been emphasized the benchmark role of the case of the Horizontal
Bed with Flat Bottom to impose boundary condition, since it expresses energy conserva-
tion H(&,y) = 1. The curve H(&,y) = 1, which in the plane { — y describes the orbit
expressing energy conservation, separates therefore two regions:

« the internal region, where H(€,y) < 1;

o the internal region, where H(%, y) > 1.

Therefore, solutions for which the Stream Head can only diminish with respect to that
imposed at the boundary must lie into the internal region. This particularly holds for
flows along Horizontal Bed (independently from the convergent or divergent direction
of the flow), along convergent direction over a Cone-shaped Bed and along divergent
direction over a Funnel-shaped Bed. In these cases, in order for the focus (&, v.) =

<,5/(a/22%)3, v2(a/2 — 76)2) to be included into the internal region, o must vary into a

more restricted range. Indeed, by plugging the expression of (&, ys) into the inequality
H(&,y) < 1 and few algebraic computation, one obtains that:

8
o< —=+2 3.35
o753 T2 (3.35)
This is coherent with previous literature for the Horizontal Bed, since by imposing 7, = 0
one recovers the same inequality reported in [29], Sec. IV.

3.3.3 Solutions

In view of what discussed about the geometry of the Phase Plane & — y, the energetic
point of view and the possibility of having hydraulic jump, solutions are obtained for
different values of basal slope 7, and friction coefficient «, which also encloses in its sign
the direction of the flow. In particular, the following values will be used:

e v, = —0.05, 0, 0.05;
e a=—0.1,0.1

Such ranges are coherent with those adopted in [19, 29], i.e., small bottom slopes and
small values of friction coefficient «. Moreover, a = £0.1 lies within the range discussed
previously in Sec. 3.3.2. The stream profiles and features are reported, for both convergent
and divergent direction, in the following figures:

o Figures 3.17, 3.18 for the Horizontal Bed, 7, = 0, a = +0.1;
o Figures 3.19, 3.20 for the Cone-shaped Bed, v, = 0.05, a = £0.1;
o Figures 3.21, 3.22 for the Funnel-shaped Bed, 7, = —0.05, a = +0.1.
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Flow along a Horizontal Bed, v, =0, a = £0.1

Height Profiles and Specific Forces are reported in Fig. 3.17, while Froude Number, Stream
Head and Stream Profiles are reported in Fig. 3.18.

This case has been widely discussed in [29], with a numerical approach analogous to that
pursued in this work and by [42], with a first order perturbation procedure to obtain an
approximate analytical solution.

For the convergent case (« = —0.1), the stream starts flowing with unitary Stream Head,
in supercritical condition, from an external annular gate; before reaching critical condi-
tions, a hydraulic jump connects the supercritical reach to the subcritical one, and the
flow proceeds until reaching a central hole draining the fluid, whose edge is located at a
minimum radius, in critical conditions.

For the divergent case (o = 0.1), the stream starts flowing with unitary Stream Head,
in supercritical condition, from a central source, which can be thought for example as
originating from a jet impinging the bed; before reaching critical conditions, a hydraulic
jump connects the supercritical reach to the subcritical one, and the flow proceeds along
the plate indefinitely, in subcritical conditions.

Flow along a Cone-shaped Bed, v, = 0.05, = 0.1

Height Profiles and Specific Forces are reported in Fig. 3.19, while Froude Number, Stream
Head and Stream Profiles are reported in Fig. 3.20.

For the convergent case (o = —0.1), the stream starts flowing with unitary Stream Head
from an external annular source and proceeds over the cone decelerating, while conse-
quently increasing height; before reaching critical conditions, a hydraulic jump connects
the supercritical reach to the subcritical one, and the flow proceeds over the cone until
reaching a central hole which drains the fluid, whose edge is located at a minimum radius.
For the divergent case (v = 0.1), the stream springs from a central source in critical condi-
tions and, after an acceleration, it decelerates although decreasing height; before reaching
critical conditions, a hydraulic jump connects the supercritical reach to the subcritical
one and then, helped by favourable slope, continues flowing down the cone indefinitely.
The reason why the supercritical trajectories manifest this novel trajectory is the presence
of the focus, as shown in Fig. 3.16(b) in the ¢ — y Phase Portrait, which attracts all of
the supercritical trajectories if the flow is divergent, forcing them to meet critical condi-
tions. Indeed, the flow proceeds along increasing &, i.e., for decreasing Radiant Specific
Discharge ¢, thus the arrows reported in the Phase Portrait in Fig. 3.16(b) must be read
in the inverse direction. Moreover, they are all forced to cross the Conservative Solution
(that obtained for Horizontal Bed, Flat Bottom and no friction) and enter the internal
region, where the Stream Head becomes minor of 1.

Flow along a Funnel-shaped Bed, 7, = —0.05, a = 40.1

Height Profiles and Specific Forces are reported in Fig. 3.21, while Froude Number, Stream
Head and Stream Profiles are reported in Fig. 3.22.
For the convergent case (o« = —0.1) the flow starts in supercritical condition (with Stream
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Head greater than 1) from an external source; before reaching critical condition, a hy-
draulic jump connects the supercritical branch to the subcritical one, which flows with
non monotonic profile until reaching a central hole draining the fluid, in critical condi-
tions. Also in this case, the action of friction manifests in the presence of the focus in the
Phase Portrait, from which the trajectories escape in case of Divergent Direction in such
a way they exhibit a two Froude Horizons behaviour and are forced to cross the Conser-
vative Solution Line, as shown in Fig. 3.16(c). Where they meet Critical Line, radiant
specific discharge ¢ attains its minimum (at the maximum radius) and its maximum (at
the minimum radius): for radii greater than the maximum one, ¢ would be too small for
the stream to start flowing, while for radii smaller than the minimum one ¢ would be
too high to contemporary maintain total discharge @) conservation (Continuity Equation)
while satisfying the Stream Head (Energy) described by Eq. 3.25. For the divergent case
(v = 0.1), instead, flow starts in supercritical condition from a central source (jet im-
pinging the bed) and flows in supercritical conditions, on opposite slope; before reaching
critical conditions, a hydraulic jump connects the supercritical reach to the subcritical
one, that flows until reaching the external edge of the bed and the fluid is drained.
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Figure 3.17: Hydraulic Jump Solution - Stream flowing along a Horizontal Bed with
Flat Bottom. In each column Height Profile, Specific Force, Froude Number and Stream Head
are reported for 7, = 0 and v = —0.1 (convergent flow, left column) and o = 0.1 (divergent flow,
right column) . Figures 3.17(a), 3.17(b): solid lines represent the solution with hydraulic jump
(black and red respectively for the subcritical and supercritical branch), dotted line represent
subcritical and supercritical solutions without jump, black dashed line represents the hydraulic
jump. Figures 3.17(c), 3.17(d) show the behaviour of the specific force for the supercritical (red)
and subcritical (black) branches of the solution.
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Figure 3.18: Stream Flowing along a Horizontal Bed with Flat Bottom - Flow features.
In each column (top to bottom) Froude Number, Stream Head and Stream Profile are reported
for v = 0 and @ = —0.1 (convergent flow, left column) and o = 0.1 (divergent flow, right
column), basing on Fig. 3.17 . Figures 3.18(a), 3.18(b) (Froude Number) and Fig. 3.18(c),
3.18(d) (Stream Head) : solid lines represent the solution with hydraulic jump (black and red
respectively for the subcritical and supercritical branch), dotted line represent subcritical and
supercritical reach without jump, black dashed line represents the hydraulic jump. Figures
3.18(e), 3.18(f) show the stream profiles, i.e., the free surface of the fluid.
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Figure 3.19: Hydraulic Jump Solution - Stream flowing along a Cone-shaped Bed
with Flat Bottom. In each column Height Profile, Specific Force, Froude Number and Stream
Head are reported for 7, = 0.05 and o« = —0.1 (convergent flow, left column) and o = 0.1
(divergent flow, right column) . Figures 3.19(a), 3.19(b): solid lines represent the solution with
hydraulic jump (black and red respectively for the subcritical and supercritical branch), dotted
line represent subcritical and supercritical solutions without jump, black dashed line represents
the hydraulic jump. Figures 3.19(c), 3.19(d) show the behaviour of the specific force for the
supercritical (red) and subcritical (black) branches of the solution.
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Figure 3.20: Stream Flowing along a Cone-shaped Bed with Flat Bottom - Flow
features. In each column (top to bottom) Froude Number, Stream Head and Stream Profile
are reported for v, = 0.05 and @ = —0.1 (convergent flow, left column) and o = 0.1 (divergent
flow, right column), basing on Fig. 3.19 . Figures 3.20(a), 3.20(b) (Froude Number) and Fig.
3.20(c), 3.20(d) (Stream Head) : solid lines represent the solution with hydraulic jump (black and
red respectively for the subcritical and supercritical branch), dotted line represent subcritical
and supercritical reach without jump, black dashed line represents the hydraulic jump. Figures
3.20(e), 3.20(f) show the stream profiles, i.e., the free surface of the fluid.
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Figure 3.21: Hydraulic Jump Solution - Stream flowing along a Funnel-shaped Bed
with Flat Bottom. In each column Height Profile, Specific Force, Froude Number and Stream
Head are reported for 7, = —0.05 and o = —0.1 (convergent flow, left column) and a = 0.1
(divergent flow, right column) . Figures 3.21(a), 3.21(b): solid lines represent the solution with
hydraulic jump (black and red respectively for the subcritical and supercritical branch), dotted
line represent subcritical and supercritical solutions without jump, black dashed line represents
the hydraulic jump. Figures 3.21(c), 3.21(d) show the behaviour of the specific force for the
supercritical (red) and subcritical (black) branches of the solution.
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Figure 3.22: Stream Flowing along a Funnel-shaped Bed with Flat Bottom - Flow
features. In each column (top to bottom) Froude Number, Stream Head and Stream Profile
are reported for v, = —0.05 and o = —0.1 (convergent flow, left column) and o = 0.1 (divergent
flow, right column), basing on the solution in Fig. 3.21. Figures 3.22(a), 3.22(b) (Froude
Number) and Fig. 3.22(c), 3.22(d) (Stream Head) : solid lines represent the solution with
hydraulic jump (black and red respectively for the subcritical and supercritical branch), dotted
line represent subcritical and supercritical reach without jump, black dashed line represents the
hydraulic jump. Figures 3.22(e), 3.22(f) show the stream profiles, i.e., the free surface of the
fluid.
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3.4 Sinusoidal Bottom Topography

This section is devoted to the study of the sinusoidal bottom topography in presence of
friction. Again, let consider the following sinusoidal bottom topography:

((§) = acos(kf) (3.36)

recalling that a > 0 is the amplitude and k; > 0 is the wavenumber. The goal here is to
understand how the introduction of friction coefficient a influences the stream features
already seen in Sec. 2.3, in the framework of Eq. 3.1, formulated as in 1.33 and here
assuming the following form:

dy _ [y + akysin(ky©)|E%y* + 2y — ol N(S,y)

(3.37)

where N(&,y) and D(&,y) respectively represent the numerator and the denominator of
the right hand side of Eq. 3.37, useful for the study of the corresponding Phase Portrait
(as done in Sec. 1.4.4) since the lines N(&,y) = 0 and D(&,y) = 0 represent the nullclines
of the equivalent system:

&y —2¢

(3.38)
[vp + aky sin(kp)]E39° + 2y — ol

where (£,y) = (£(s), y(s)) is nothing but a parametrization of the orbits in the parameter
se ACR.

3.4.1 Geometry of the Phase Space

This section is devoted to the study of the Phase Portrait when a sinusoidal bottom
topography is considered, in presence of bottom friction and a basal slope 7, as described
by System 3.38 or, equivalently, by Eq. 3.37. The aim of is to understand the influence
of the model parameters 7, «, a and 7 in determining;:

e the number of intersections points of the nullclines of System 3.38, which are the
points where dy/d¢ is undetermined;

« the nature of the aforementioned intersections points, as equilibrium points of System
3.38;

o the main geometric features of the orbits.

Such aspects connected to the Phase Portrait will be analyzed in the order they have just
been reported.
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Number of Intersection Points of the Nullclines

As can be observed by Eq. 3.37, the geometry of the phase space depends not only on
v and «, but also on a and k. The first step to understand the behaviour of the orbits
in presence of bottom friction is to find possible crossing points of the nullclines described
by Eq. 1.34, 1.35 '2, i.e., points where Cdl—?g = [8] and so the slope of the stream depth
can be either finite or infinite !, as described in [4]. In order to do this, one has to plug
Eq. 1.34 into Eq. 1.35 (this time using the specific definition of {(§) given in 3.4), thus
obtaining:

2
4282 =0 (3.39)

2¢ l% — % + aky sin(kpé) e

This equation is in general implicit and can be easily solved numerically. However, by
simple re-arrangement, the following equivalent form is obtained:

% — Vb — 2%5_2
akb

sin(kp) = (3.40)

The number of the solutions of Eq. 3.40 within the physical domain depends strictly on
the parameters of the model. Indeed, it can be observed that while the function sin(&)
periodically oscillates within [—1,1] for all £ > 0, the function at the right hand side of
Eq. 3.40 (which is continuous for £ > 0) has instead the following behaviour, for £ — 07:

1.5
lim %_%_236 ’ = —0
£—0+ akb

For £ — +oo, instead:

1 5
lim 5= W—23§78 G =
E—+o0 akb akb

Moreover, such function results to be strictly increasing for all £ > 0, therefore the value
%:b results to be an upper bound (never reached as a maximum by the function). Let

define the non-dimensional coefficient:

)

A= 2
ak:b

(3.41)

2They coincide with the equilibrium points of System 3.38.

13Recall: as described in Sec. 1.4.4, at points where D(£,y) = 0 and N(&,y) # 0 the stream height
profile exhibit vertical tangent, as they lie in the Critical Line, which is the locus of the singularities
of Eq. 1.33. On the contrary, points where N(£,y) = 0 and D(,y) # 0 represent stationary points
for the stream height, so they are not singular.
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where it can be recognized that:

« at the numerator of A, one has the energy gain/loss due to the basal slope 7 net of
the dissipation, which in terms of slope is given by «/2;

« at the denominator of A, one has the maximum gain/loss (in absolute value) in terms
of slope due to sinusoidal bottom topography.

Therefore, A can be used to compare the energetic contribute of bottom topography with
the stream energy in absence of bottom topography, for large £. By means of A, three
cases can be distinguished:

e A < —1 for which no intersections are possible;
e —1 < A <1 for which infinitely (countable) many intersections arise;
e A > 1 for which only a finite number of intersections arises.

The first of the inequalities just seen can be re-arranged (taking into account that ak, > 0
) in order to obtain:

«
2_% aRp

By observing that ak, = r?aéc ¢’ and using the properties of minimum and maximum
>

operators 4 with extension to the constant 7, one concludes that physical intersections
are not possible if and only if:

< minfy, — ('(§)] = minfy(¢)] (3.42)

where y(€) is the slope "felt" by the stream while flowing, defined in 3.5.

Thus, nullclines of Sys. 3.38 does not intersect if friction dissipation does not exceed the
energetic contribute given by slope and topography. An analogous re-arrangement with
similar usage of the properties of min and max operators brings to the following inequality:

% > — Igg[% — (] = rggg[—’y(f)]

This allows to conclude that if friction dissipation definitely overbalances the one of the
topographic counter-slope, one has only a finite number of crossing points.

Therefore, it appears immediate that the presence of intersection points of the nullclines
and, consequently, the possibility of having multiple hydraulic jumps, strictly depends on
friction coefficient «.

**Indeed, one has that max[¢'(§)] = —min[~¢'()], while min[¢'(§)] = — max[~C'(¢)]
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Nature of the Intersection Points of the Nullclines

The three possible cases for the number of intersections determines several geometries
of the phase space, which are displayed in Fig. 3.26 and summarized in Tab. 3.2, here
discussed more in details.

In particular, as expected, combinations of the model parameters resulting in A < —1
give no intersections of the nullclines, therefore the trajectories exhibit local stationary
points (minima or maxima) where they cross the line N (£, y) = 0 and infinite gradient at
points where they cross the Critical Divide Line D(€,y) = 0, which separates subcritical
and supercritical branches of the solutions.

Interesting and novel geometries emerge instead when considering the cases in which
A > —1 (infinitely many countable intersections), as illustrated in Fig. 3.26(a). Indeed,
it can be observed that the orbits exhibit an alternation of unstable focus followed by
saddle points: the trajectories move out from the unstable focus, then enter the saddle
point following the stable direction and leaves it following the unstable direction to join
the repulsion basin of the next unstable focus, which enlarges as £ increases. It is worth
to notice that, although from Fig. 3.26(a) it looks like focus arise nearby the minimum
points of bed topography and saddles around the maxima, this is only due to the fact
that, as in this case, a small value of A is used. Therefore, by using Eq. 3.40, one can
find that intersections are located at points where sinus function assumes values very close
to 0 and in any case no more than A, which is the upper-bound of the function at the
right hand side member. Therefore, at that points, the slope of the sinusoidal bottom
topography function is very close to 0, that is, bottom topography assumes values very
close to the extremum points.

The geometry just described is coherent with the study of the Phase Space reported in
Sec. 1.4.4 for the general model (Eq. 1.25), particularly for what concerns the signs of the
Jacobian Trace 1.50 and Determinant 1.51. Indeed, the alternation of unstable focuses and
saddles obtained for A > —1 is due to the fact that while the sign of the Jacobian Trace
is constant (as it is the same sign of «), that of the determinant alternates, as it is well
shown in Fig. 3.27. Particular is the case a = 0 (no bottom friction), corresponding to a
null Jacobian Trace: the sole sign of the determinant governs the nature of the crossing
point, which can be saddles (negative determinant) or centres (positive determinant).

In principle, the case of a sinusoidal bottom topography exhibits six possible geometries,
which are summarized in Tab. 3.2. However, some of these are hard to obtain (as for the
stable focus) because of the choice of the parameters that, since they are non-dimensional,
will be in general between 0 and 1 (except for the wavenumber k; ) in absolute value :
typical values used for @ and 75, are —1 < a < 1, —=0.1 < v, < 0.1 (as in [29]) , while a
spans in the range 0.01 < a <1 (as in [4]). Geometries requiring values of o and a out of
the aforementioned ranges

Main Geometric Features of the Orbits

A last interesting aspect is that the sign of the basal slope 7, is no longer the sole model
parameter in dictating the general behaviour of the trajectories. Indeed, it appears that
while the geometry of the subcritical branches of the trajectories is mostly governed by
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7 (similarly to what obtained in Sec. 2.3), that of the supercritical branches is closely
related to the flow direction (i.e., to the sign of a). In particular

o if 4, > 0, subcritical trajectories diverge (or stabilize oscillating around an asymp-
totic value if v, = 0) as { increases, while if v, < 0 they exhibit overall non-
monotonical behaviour, starting and terminating on the critical line at respectively
minimum and maximum radius, as it was observed for the Sinusoidal Bottom To-
pography in absence of friction, in Sec. 2.3;

« the supercritical branches, instead, are described by non-monotonic curves starting
and ending in critical condition (with a minimum and maximum radius, i.e., a two
Froude Horizons behaviour) if a > 0 (i.e., for flows on divergent direction), while
if @ < 0 (convergent flows) they result described by curves that meet Critical Line
only at a minimum radius (i.e., only one Froude Horizon).

The overall behaviour just described for the supercritical branches with o < 0 seems to
be qualitatively independent on basal slope 75, amplitude a and wavenumber k;, novel
geometries for the case of Sinusoidal Bottom with respect to the case in which turbulent
friction is not included (Sec. 2.3), as reported in Table 3.1. Care has to be taken, in
the current case, while imposing boundary condition and during integration, since such
trajectories cross the ¢-axis and then, net of the sinusoidal fluctuation, converge to 0 ( if
v, > 0) or diverge to —oo (if 75 > 0) '°, therefore giving rise to non-physical solutions °.
Results are summarized in Table 3.1, while examples of the aforementioned trajectories
are reported in Fig. 3.23.

151f one considers the trajectories without excluding the sinusoidal fluctuation, they oscillate indef-
initely, thus it is a mathematical mistake to talk about convergence to 0 or divergence to —oco. In
particular, 0 is only an upper bound in case v, > 0.

16 As they exceed the physical domain D = {¢ > 0} x {y > 0}.
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Trajectories - Funnel, Gonv., «=-0.10, ryb=-0.05, a=0.10, kb=5 Trajectories - Horiz., Gonv., «=-0.10, qb=n.uu, a=0.10, kb=5
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Figure 3.23: Supercritical Trajectories with one Froude Horizon for Convergent
Streams along Cone, Funnel and Horizontal bed, o = —0.1, v, = —0.05, 0, 0.05, a = 0.1,
ky = 0.05. In all the figures: red line separating the two branches is the Critical Divide Line;
supercritical and subcritical profiles are respectively the red and black branches.
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Table 3.1: Geometric Structure of the Trajectories in the Phase Plane in case of
Sinusoidal Bottom including friction . The table highlights the dependence of the geometric
structure of trajectories described by Sys. 3.38 (equivalently, Eq. 3.37) on the main model
parameters: basal slope 7, and friction coefficient a. The abbreviations "SUB" and "SUP"
respectively stand for "Subcritical branch" and "Supercritical branch", while "l F.H." and "2
F.H." stand respectively for one Froude Horizon (i.e. only a minimum radius where the stream
meets Critical conditions) and two Froude Horizons (i.e., both a minimum and a maximum
radius where the stream meets Critical conditions). In order to make a comparison with the
current case in which turbulent friction is included in the model (i.e., a # 0), the case in which
friction is not included (see Sec. 2.3) is reported.

Friction No Friction (Sec. 2.3)
Y >0 Y <0 Y >0 Y <0
a>0 | a<0 | a>0] a<0 a=0
SUB 1 F.H. 2 F.H. 1 F.H. 2 F.H.
SUP | 2FH. |1FH |2FH |1FH. |1FH 2 F.H.

Figure 3.24: Orbits in presence of Sinusoidal Bottom Topography for Positive and
Negative Basal Slope, o = 0.4, 7, = £0.05. In both figures: red line is the Critical Divide
Line; green line is the Numerator Divide Line; arrows represent the stream lines. Fig. 3.24(a)
corresponds to orbits obtained for negative 7, = —0.05, while Fig. 3.24(b) corresponds to those
obtained for positive v, = 0.05.
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Table 3.2: Geometries of the Phase Space for Sinusoidal Bottom Topography. The
table highlights the dependence of the nature of the equilibrium points of Sys. 3.38 (i.e., crossing
points of the corresponding nullclines) on the sign of the Jacobian Trace (equivalently, of «),
Jacobian Determinant and Discriminant A = tr? —4 det of the characteristic polynomial asso-
ciated to the Jacobian Matrix 1.49. The abbreviations "Un." and "St." respectively stand for
"Unstable" and "Stable", while "Foc.", "Sad." and Cen." respectively stand for "Focus", "Saddle"
and "Center".

a>0 a<0 a=20
tr (&, Ys) >0 <0
det(&x, ys) >0 <0 >0 <0 >0 <0
A&, ys) <0 >0 >0 <0 >0 >0 | <0 | >0] >0
Eq. Point | Un. Foc. | Un. Node | Sad. | St. Foc. | St. Node | Sad. Cen. Sad.

204

Figure 3.25: Orbits in presence of Sinusoidal Bottom Topography depending on the
number of crossing points of the nullclines A. In all the figures: red line is the Critical
Divide Line; green line is the Numerator nullcline N (£, y) = 0; black dashed line is the bottom
topography; the arrows represent the stream lines. Fig. 3.25(a) corresponds to the case A = —1.3
(no intersections); Fig. 3.25(b) corresponds to the case A = 0.3 (infinitely many intersections);
Fig. 3.25(c) corresponds to the case A = 1.4 (finitely many intersections).
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Figure 3.26: The six possible geometries of the Phase Space. Fig. 3.26(a) - Unstable

Focus at ¢ = 3.13 followed by a Saddle Point at £ ~ 3.81, «

Fig. 3.26(b) - Stable Focus at £ ~ 8.16
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Jacobian Determinant at Crossing Points, A= 0.25 Jacobian Trace at Crossing Points, A = 0.25
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Figure 3.27: In all the panels: a = 0.4, 7, = —0.05, a = 0.1, k;, = 5, therefore A = 0.25.
Fig. 3.27(a) shows the behaviour of the Jacobian Determinant for 0 < & < 10: black dots
represents the value of the determinant at crossing points, while solid black line is plotted to
better underline, by simple piecewise linear interpolation, the alternate change in sign. Fig.
3.27(b) shows the behaviour of the Jacobian Trace for 0 < & < 10: as before, black dots
represent the values of the trace at crossing points, while the interpolating black line is to better
represent the behaviour as £ increases. Finally, Fig. 3.27(c) shows crossing points by graphical
solution of Eq. 3.40.

3.4.2 Solutions

Such a variety of possible geometries reflects on the possible solutions of Eq. 1.33, whose
structure depends on the nature of the equilibrium points and boundary conditions.

What is interesting is that, because of the sinusoidal structure of bed topography and,
consequently, of the numerator N(z,y) of Eq. 1.33, if A > —1 (when the energetic
contribute of friction is not definitely overbalanced by the one of topographic slope) one
can have up to infinitely many countable crossing points, opening to the possibility of a
stream profile with multiple shock discontinuities, physically corresponding to hydraulic
jumps. Such kinds of solutions are in principle possible also in absence of friction as
shown in Tab. 3.2, where for @ = 0 the Focus degenerate to Centres, therefore opening to
the possibility of having shock discontinuities. Here, hydraulic jump stream profiles are
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3.4 — Sinusoidal Bottom Topography

obtained including turbulent friction a and their position, as done in previous sections
for the cases of Flat Bottom and Step Bottom, is obtained as intersection of the specific
forces of the supercritical and subcritical branch.

The different cases analyzed within the next subsections have been chosen coherently with
the general behaviour of the trajectories in the phase portrait (as discussed at the end of
Sec. 3.4.1): after considering the case A < —1 (no crossing points), convergent (« < 0
) and divergent (o < 0 ) flows will be analyzed for both cone (v, > 0), funnel (y, < 0)
and horizontal (7, = 0) shaped beds, for different amplitudes a of the bottom topography.
The goal is to understand how the presence of friction influences the response of the flow
to the amplitude of the sinusoidal bottom topography, compared to the results obtained
in absence of friction and summarized in Tab. 2.3.

Solutions in absence of crossing points (A < —1)

In case A < —1, Eq. 3.40 has no solution and therefore there not exists any physical point
at which nullclines intersect. Thus, according to Eq. 1.33, the trajectories join critical
line with vertical tangent and exhibit horizontal tangent where they meet the nullcline
N(&,y) = 0: there, the subcritical profiles attain local stationary points. On the contrary,
supercritical profiles are monotonic within the physical domain {{ > 0} x {y > 0}, since in
this case the line N (&, y) = 0 always remains above the Critical Line). This is well shown
in Fig. 3.28, where stream profiles are reported for different parameter combinations
resulting in A < —1.

As expected from the discussion at the end of Sec. 3.4.1, the overall behaviour of the
subcritical branch is determined by the sign of basal slope 7, similarly to the inviscid
case in Sec. 2.3: diverging oscillating if 7, > 0, oscillating and confined between two
critical horizons if v, < 0.

Variations over negative « values (opposite slope) does not produce significant differences
of supercritical trajectories. Such a behaviour of the supercritical profiles can be explained
by the fact when A < —1 friction energetic contribute is definitively lower than the one
given by topographic slope, as expressed by the inequality 3.42.
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Figure 3.28: Three possible solutions for parameter combinations resulting in A < —1. In all the
figures: thick black and red lines represent respectively subcritical and supercritical profiles, thin
red and green lines represent the nullclines (the red one is the Critical Line), arrows represent
streamlines. Fig. 3.28(a) and 3.28(Db) refer to positive 7 and, respectively, negative and positive
a, while Fig. 3.28(c) illustrates the case of negative o and 7.

Convergent Stream on Opposite Slope over a Cone-shaped Bed (v, > 0, o < 0)

Interesting stream profiles emerge by considering the case o = —0.1, 7 = 0.05 and the
tree values of amplitude a = 0.1, 0.05, 0.01. Fig. 3.29 reports height profiles, along with
specific force in order to determine the radius at which hydraulic jump takes place (shock
discontinuity of 0 length) and the corresponding sinusoidal bottom topography. Fig. 3.30
displays instead the main flow features: stream profile (free surface and bottom), Froude
Number and non-dimensional Stream Head H(¢) = H(€)/Ho.

The fluid springs from an external circular gate located at & = & in supercritical conditions
and flows along convergent direction ascending the cone-shaped bed, while increasing
depth to join critical conditions. Then a hydraulic jump located at & = Eump < &o
connects the supercritical profile to the subcritical one, which oscillates decreasing in
height until reaching critical conditions at a hole which drains the fluid.

The oscillations of the subcritical height profile progressively decrease in amplitude and
exhibit a variable phase offset with respect to the bottom topography, more evident for
higher values of o and smaller radii £&. On the contrary, that of the supercritical branch are
almost on phase with bottom topography and increase as the stream flows on convergent
direction.

Notice in Figures 3.30(g), 3.30(h), 3.30(i) the role of the amplitude in determining the
energy jump intensity, which is lower for lower values of a. This appears coherent with
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the behaviour of stream energy: indeed, while the supercritical stream (where inertia
dominates) appears less affected by variations of a, it is not the same for the subcritical one,
where gravity dominates and greater values of amplitude provide an additional contribute
contrasting the stream, which moreover flows along opposite basal slope. Therefore, the
higher a, the less energetic tends to be the subcritical branch and, as a consequence, the
higher the energy jump tends to be.
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Stream Height - Cone, Conv., Sin. Bottom, 4,=0.05, a=-0.10, a=0.10, k.= 5 Stream Height - Cone, Conv., Sin. Bottom, 7,=0.05, a=-0.10, a=0.05, k.= 5 Stream Height - Cone, Conv., Sin. Bottom, 7,=0.05, a=-0.10, a=0.01, k.= 5
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Figure 3.29: Height Profiles with Hydraulic Jump - Convergent Stream flowing on
opposite slope over a Cone-shaped Bed with Sinusoidal Bottom. In each column
Height Profile, Specific Force and Bottom Topography are reported for -, = 0.05, « = —0.1,
ky = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01. Figures
3.29(a), 3.29(b), 3.29(c): solid lines represent the solution with hydraulic jump (black and red
respectively for the subcritical and supercritical branch), thick dotted line represent subcritical
and supercritical solutions without jump, black dashed line represents the hydraulic jump as a
discontinuity (shock). Figures 3.29(d), 3.29(e), 3.29(f) show the behaviour of the specific force
for the supercritical (red) and subcritical (black) branches of the solution, the radial position of
the hydraulic jump being the intersection of the two branches. Figures 3.29(g), 3.29(h), 3.29(i)
depict instead the bottom topography for the different values of amplitude a.
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Figure 3.30: Stream Profiles and features of the Hydraulic Jump - Convergent Stream
flowing on opposite slope over a Cone-shaped Bed with Sinusoidal Bottom. In
each column Height Profile, Specific Force and Bottom Topography are reported for ~, = 0.05,
a = —0.1, k, = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01,
basing on the hydraulic jump height profiles in Fig. 3.29. Figures 3.30(a), 3.30(b), 3.30(c)
report Free Surfaces and Bottom Topographies: the blue arrows indicate flow direction and the
hydraulic jump is represented as a sharp discontinuity. Figures 3.30(d), 3.30(e), 3.30(f) show the
behaviour of the Froude Number for the supercritical (red) and subcritical (black) branches of
the solution. Figures 3.30(g), 3.30(h), 3.30(i) reports finally the Stream Head for the supercritical
(red) and subcritical (black) branches: the dotted line reports the energy discontinuity at the
hydraulic jump in order to illustrate dissipation.

Divergent Stream on Favourable Slope down a Cone-shaped Bed (v, > 0, a > 0)

Let consider the case a = 0.1, 7, = 0.05, for the tree different values of amplitude
a = 0.1, 0.05, 0.01. Fig. 3.31 reports height profiles, along with specific force in order
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Stream Profiles for de Saint-Venant’s Equations Including Drag

to determine the radius at which hydraulic jump takes place (shock discontinuity of 0
length) and the corresponding sinusoidal bottom topography. Fig. 3.32 displays instead
the main flow features: stream profile (free surface and bottom), Froude Number and
non-dimensional Stream Head H(¢) = H(€)/Ho.

The fluid springs from a central source in critical conditions (described by the presence of
a minimum radius) and flows along divergent direction descending the cone-shaped bed,
oscillating with an overall non-monotonic trend. Before re-joining critical conditions at a
maximum radius, a hydraulic jump located at & = &jump < § connects the supercritical
profile to the subcritical one, which oscillates with increasing amplitude.

The oscillations of the subcritical and supercritical height profiles maintains the same
phase offsets with respect to bottom topography described for the convergent case.
Notice in Figures 3.32(g), 3.32(h), 3.32(i) the role of the amplitude in determining the
energy jump intensity, which is higher for lower values of a. Again, it is coherent with
the behaviour of the stream energy: although the the "ascending" parts ' of the bottom
topography contrast the stream in terms of energy, they are overbalanced by the "descend-
ing" parts '8, which are also helped by the fact that the flow is on favourable slope: the
more the amplitude, the more the bottom topography helps the flow in energetic terms.
Therefore, the subcritical flow is more energetic as a increases and the supercritical flow
needs less energy dissipation at the jump to reach it.

MIncreasing taking as a reference the flow direction, thus contrasting the stream that in such parts
goes on opposite slope.

8 Decreasing taking as a reference the flow direction, thus helping the stream that in such parts goes
on favourable slope.
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Figure 3.31: Height Profiles with Hydraulic Jump - Divergent Stream flowing on
favourable slope down a Cone-shaped Bed with Sinusoidal Bottom. In each column
Height Profile, Specific Force and Bottom Topography are reported for 7, = 0.05, a = 0.1,
ky = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01. Figures
3.31(a), 3.31(b), 3.31(c): solid lines represent the solution with hydraulic jump (black and red
respectively for the subcritical and supercritical branch), thick dotted line represent subcritical
and supercritical solutions without jump, black dashed line represents the hydraulic jump as a
discontinuity (shock). Figures 3.31(d), 3.31(e), 3.31(f) show the behaviour of the specific force
for the supercritical (red) and subcritical (black) branches of the solution, the radial position of
the hydraulic jump being the intersection of the two branches. Figures 3.31(g), 3.31(h), 3.31(i)
depict instead the bottom topography for the different values of amplitude a.
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Figure 3.32: Stream Profiles and features of the Hydraulic Jump - Divergent Stream
flowing on favourable slope down a Cone-shaped Bed with Sinusoidal Bottom. In
each column Height Profile, Specific Force and Bottom Topography are reported for ~, = 0.05,
a = 0.1, ky, = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01,
basing on the hydraulic jump height profiles in Fig. 3.31. Figures 3.32(a), 3.32(b), 3.32(c)
report Free Surfaces and Bottom Topographies: the blue arrows indicate flow direction and the
hydraulic jump is represented as a sharp discontinuity. Figures 3.32(d), 3.32(e), 3.32(f) show the
behaviour of the Froude Number for the supercritical (red) and subcritical (black) branches of
the solution. Figures 3.32(g), 3.32(h), 3.32(i) reports finally the Stream Head for the supercritical
(red) and subcritical (black) branches: the dotted line reports the energy discontinuity at the
hydraulic jump in order to illustrate dissipation.
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3.4 — Sinusoidal Bottom Topography

Convergent Stream on Favourable Slope down a Funnel-shaped Bed (v, < 0,
a < 0)

Let consider the case a = —0.1, 7, = —0.05, for the tree different values of amplitude
a = 0.1, 0.05, 0.01. Fig. 3.33 reports height profiles, along with specific force in order
to determine the radius at which hydraulic jump takes place (shock discontinuity of 0
length) and the corresponding sinusoidal bottom topography. Fig. 3.34 displays instead
the main flow features: stream profile (free surface and bottom), Froude Number and
non-dimensional Stream Head H(£) = H(€)/Ho.

The fluid springs in supercritical conditions from an external circular gate located at
¢ = & (where a supercritical boundary condition is imposed) and flows along convergent
direction descending the funnel-shaped bed, oscillating with an overall increasing trend.
Before joining critical conditions, a hydraulic jump located at & = &jump < &o connects
the supercritical profile to the subcritical one, which oscillates with increasing amplitude
until reaching the edge of a central hole draining the fluid, located at a minimum radius
that identifies the diameter of the hole.

The oscillations of the subcritical and supercritical height profiles maintains the same
phase offsets with respect to bottom topography described for the previous cases.

Notice in Figures 3.34(g), 3.34(h), 3.34(i) the role of the amplitude in determining the
energy jump intensity, which is lower for lower values of a. Again, it is coherent with
the behaviour of the stream energy: although the the "ascending" parts ' of the bottom
topography contrast the stream in terms of energy, they are overbalanced by the "descend-
ing" parts 2, which are also helped by the fact that the flow is on favourable slope: the
more the amplitude, the more the bottom topography helps the flow in energetic terms.
Therefore, the subcritical flow is more energetic as a increases and the supercritical flow
needs less energy dissipation at the jump to reach it.

YTncreasing taking as a reference the flow direction, thus contrasting the stream that in such parts
goes on opposite slope.

29Decreasing taking as a reference the flow direction, thus helping the stream that in such parts goes
on favourable slope.
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Figure 3.33: Height Profiles with Hydraulic Jump - Convergent Stream flowing on
favourable slope down a Funnel-shaped Bed with Sinusoidal Bottom. In each column
Height Profile, Specific Force and Bottom Topography are reported for v, = —0.05, « = —0.1,
ky = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01. Figures
3.33(a), 3.33(b), 3.33(c): solid lines represent the solution with hydraulic jump (black and red
respectively for the subcritical and supercritical branch), thick dotted line represent subcritical
and supercritical solutions without jump, black dashed line represents the hydraulic jump as a
discontinuity (shock). Figures 3.33(d), 3.33(e), 3.33(f) show the behaviour of the specific force
for the supercritical (red) and subcritical (black) branches of the solution, the radial position of
the hydraulic jump being the intersection of the two branches. Figures 3.33(g), 3.33(h), 3.33(i)
depict instead the bottom topography for the different values of amplitude a.
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Figure 3.34: Stream Profiles and features of the Hydraulic Jump - Convergent Stream
flowing on favourable slope down a Funnel-shaped Bed with Sinusoidal Bottom. In
each column Height Profile, Specific Force and Bottom Topography are reported for v, = —0.05,
a = —0.1, k, = 5 and different values of amplitude: from left to right column, a = 0.1, 0.05, 0.01,
basing on the hydraulic jump height profiles in Fig. 3.33. Figures 3.34(a), 3.34(b), 3.34(c)
report Free Surfaces and Bottom Topographies: the blue arrows indicate flow direction and the
hydraulic jump is represented as a sharp discontinuity. Figures 3.34(d), 3.34(e), 3.34(f) show the
behaviour of the Froude Number for the supercritical (red) and subcritical (black) branches of
the solution. Figures 3.34(g), 3.34(h), 3.34(i) reports finally the Stream Head for the supercritical
(red) and subcritical (black) branches: the dotted line reports the energy discontinuity at the
hydraulic jump in order to illustrate dissipation.

Divergent Stream on Opposite Slope over a Funnel-shaped bed (7, < 0, o > 0)

Let consider the case o = 0.1, 7, = —0.05, for the tree different values of amplitude
a = 0.1, 0.05, 0.01. Fig. 3.35 reports height profiles, along with specific force in order
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to determine the radius at which hydraulic jump takes place (shock discontinuity of 0
length) and the corresponding sinusoidal bottom topography. Fig. 3.36 displays instead
the main flow features: stream profile (free surface and bottom), Froude Number and
non-dimensional Stream Head H(¢) = H(€)/Ho.

The fluid springs in critical conditions from a central source located at a minimum radius
(which identifies the diameter of the source) and flows along divergent direction ascending
the funnel-shaped bed, oscillating with an overall non monotonic trend (also net of the
sinusoidal fluctuation). Before re-joining critical conditions, a hydraulic jump connects
the supercritical profile to the subcritical one, which oscillates with decreasing amplitude
until reaching critical conditions at a maximum radius, which can be exemplified as the
external border of the bed and after which the fluid falls down.

The oscillations of the subcritical and supercritical height profiles maintains the same
phase offsets with respect to bottom topography described for the previous cases.

Notice in Figures 3.36(g), 3.36(h), 3.36(i) the role of the amplitude in determining the
energy jump intensity, which is lower for lower values of a. Again, it is coherent with
the behaviour of the stream energy: although the "descending" parts 2! of the bottom
topography help the stream in terms of energy, they are overbalanced by the "ascending"
parts 22, which are also helped by the fact that the flow is on opposite slope: the more
the amplitude, the more the bottom topography contrasts the flow in energetic terms.
Therefore, the subcritical flow is less energetic as a increases and the supercritical flow
needs more energy dissipation at the jump to reach it.

21Decreasing taking as a reference the flow direction, thus helping the stream that in such parts goes
on favourable slope.

22Increasing taking as a reference the flow direction, thus contrasting the stream that in such parts
goes on opposite slope.
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