
 
 

 

 













 



 

 



𝐹2 − 𝐹1 =
1

2
𝜀0𝑆𝑉2 [

1

(𝐷 − ∆𝑥)2
−

1

(𝐷 + ∆𝑥)2
]

𝐹2 − 𝐹1 ≅
2𝜀0𝑆𝑉2

𝐷3
∆𝑥

𝐹2 − 𝐹1 ≅ −𝑘𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑠𝑡𝑎𝑡𝑖𝑐∆𝑥

 −𝑘𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑠𝑡𝑎𝑡𝑖𝑐 =
2𝜀0𝑆𝑉2

𝐷3 ∆𝑥 



 







 



3 × 10−11
𝑟𝑎𝑑

𝑠
× (36.44 

𝑝𝑚

√𝐻𝑧
)

2

≅ 3.98 × 10−8
𝑚𝑠−2

√𝐻𝑧
 

3.5 × 10−13
𝑟𝑎𝑑

𝑠
× (36.44 

𝑝𝑚

√𝐻𝑧
)

2

≅ 4.6 × 10−10
𝑚𝑠−2

√𝐻𝑧
 





moving                                  fixed   







 

 
 
 
 

 



 

 

 
 
 
 
 

 

 



𝑘𝑡 =
𝐹𝐿

𝜗
 

𝜗 ≅ (
∆𝑥

𝐿
) [𝑟𝑎𝑑] 







 



 
 
 







 



𝑚𝑔𝑒𝑛𝑒𝑟 ∙ �̈� + 𝐾𝑔𝑒𝑛𝑒𝑟 ∙ 𝜃 = 0

𝑓𝑛 =
𝜔𝑛

2𝜋
=  

1

2𝜋
√

𝐾𝑔𝑒𝑛𝑒𝑟

𝑚𝑔𝑒𝑛𝑒𝑟
 

𝐾𝑔𝑒𝑛𝑒𝑟,𝑟𝑒𝑎𝑙 ≈ 0.9 ∙ 𝐾𝑔𝑒𝑛𝑒𝑟,𝐺𝐸𝐿=4.55

𝑓𝑛,𝑟𝑒𝑎𝑙 ≈ √0.9 ∙ 𝑓𝑛,𝐺𝐸𝐿=4.55

𝑓𝑛,𝑟𝑒𝑎𝑙 ≈ 0.95 ∙ 𝑓𝑛,𝐺𝐸𝐿=4.55





 

 



 

𝐼�̈� + 𝐾𝑡𝜃 = 0 



𝐼�̈� + 𝐾𝑡𝜃 = 0 

 𝐼 = 𝐼0 + 𝑚 ∙ 𝑟2

𝑚 = 𝑉 ∙ 𝜌 = (50 𝑚𝑚)3 ∙ 7.85𝐸 − 09
𝑡

𝑚𝑚3
= 0.000981 𝑡 ≅ 1 𝑘𝑔 

𝑟 = 0.05 𝑚𝑚 +  𝐿 +
𝑎

2
= 38.5 𝑚𝑚 +

50

2
𝑚𝑚 = 63.5 𝑚𝑚 

𝐼0 = 𝑚
𝑎2

6
= 0.409 𝑡 𝑚𝑚2

 𝐾𝑡 = 8.63 
𝑁𝑚𝑚

𝑑𝑒𝑔
= 494

𝑁𝑚𝑚

𝑟𝑎𝑑

�̈� + 𝜔𝑛
2𝜃 = 0 

 𝜔𝑛 = √
𝐾𝑡

𝐼
   

𝑓𝑛 =

√
𝐾𝑡

𝐼0 + 𝑚 ∙ (𝐿 +
𝑎
2 + 0.5 𝑚𝑚)2

2𝜋
   [𝐻𝑧] 

𝑓𝑛,𝑠𝑒𝑚𝑝𝑙𝑖𝑓 = 1.69 𝐻𝑧



𝑓𝑛,𝐹𝐸𝑀 = 1.44 𝐻𝑧 

 

𝑓𝑛,𝐹𝐸𝑀 =

√
𝐾𝑡

𝐼0 + 𝑚 ∙ 𝑟2

2𝜋

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2(𝐼0 + 𝑚𝑟2) [

𝑁𝑚𝑚

𝑟𝑎𝑑
]



  𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 + 0.5 𝑚𝑚 +

𝑎

2
− ℎ)

2

] [
𝑁𝑚𝑚

𝑟𝑎𝑑
]

𝐾′𝑡 =
𝐹𝑟′

𝜗
 

𝜗 ≅ (
∆𝑥

𝑟′
) [𝑟𝑎𝑑]

ℎ + 𝑟′ = 𝐿 = 38 𝑚𝑚

 

𝐾𝑡 =
𝐹(𝐿 − ℎ)2

∆𝑥
 [

𝑁𝑚𝑚

𝑟𝑎𝑑
] 

 



  ℎ = 𝐿 − √𝐾𝑡

∆𝑥

𝐹
   [𝑚𝑚]

 

 ℎ1 = 0 𝑚𝑚 

𝐾𝑡,1 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 + 0.5 𝑚𝑚 +

𝑎

2
− 0)

2

]  = 355.7 
𝑁𝑚𝑚

𝑟𝑎𝑑

 ℎ𝑘 = 0.5 𝑚𝑚 −
𝑎

2
+ √𝐾𝑡

∆𝑥

𝐹
 [𝑚𝑚] 

 𝐾𝑡,𝑘+1 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 +

𝑎

2
− ℎ𝑘)

2

]  [
𝑁𝑚𝑚

𝑟𝑎𝑑
] 

 - |ℎ𝑘+1 − ℎ𝑘| < 0.01

- |ℎ𝑘+1 − ℎ𝑘| > 0.01  

𝒉𝒌  [𝒎𝒎]  𝑲𝒕,𝒌+𝟏  [
𝑵𝒎𝒎

𝒓𝒂𝒅
]



ℎ = 10.6 𝑚𝑚 

𝐾𝑡 = 257 
𝑁𝑚𝑚

𝑟𝑎𝑑
 

 

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 + 0.5 𝑚𝑚 +

𝑎

2
− ℎ)

2

] 

  ℎ = 𝐿′ − √𝐾𝑡
∆𝑥

𝐹
 

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 ∙ (𝐿 + 0.5 𝑚𝑚 +
𝑎

2
− 𝐿 + √𝐾𝑡

∆𝑥

𝐹
)

2

 

𝐾𝑡 (
∆𝑥

𝐹
𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 − 1) + √𝐾𝑡 [2𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 (0.5 +

𝑎

2
) √

∆𝑥

𝐹
]

+ 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 (0.5 +
𝑎

2
)

2

= 0

√𝐾𝑡

𝐶1(√𝐾𝑡)
2

+ 𝐶2√𝐾𝑡 + 𝐶3 = 0 



𝐾𝑡 = (
−𝐶2 ± √𝐶2

2 − 4𝐶1𝐶3

2𝐶1
)

2

 

 𝐶1 =
∆𝑥

𝐹
𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 − 1 

 𝐶2 = 2𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 (0.5 𝑚𝑚 +

𝑎

2
) √

∆𝑥

𝐹
 

 𝐶3 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 (0.5 𝑚𝑚 +
𝑎

2
)

2

 

𝑟 = 𝐿 + 0.5 𝑚𝑚 +
𝑎

2
− ℎ 

𝐾𝑡 = 48.183 
𝑁𝑚𝑚

𝑟𝑎𝑑
= 0.841 

𝑁𝑚𝑚

𝑑𝑒𝑔
 

ℎ = 26.139 𝑚𝑚 

𝑟 = 37.362 𝑚𝑚 

𝐾𝑡 = 256.98 
𝑁𝑚𝑚

𝑟𝑎𝑑
= 4.485 

𝑁𝑚𝑚

𝑑𝑒𝑔
 

ℎ = 10.607 𝑚𝑚 

𝑟 = 52.893 𝑚𝑚 



 



 
 
 
 
 
 





 

 



 
 
 
 



 

 

 

 



 

 

 

 





 







 





 





 

 
 





 

 
 







 

 







 

 



𝑘𝑡 =
𝐹𝑑′

𝜗
 

𝜗 ≅ (
∆𝑥

𝑑/2
) [𝑟𝑎𝑑] 

𝜗 = 2 𝑠𝑖𝑛−1 (
𝑚𝑎𝑥 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡

𝑑
) 

 

 

𝑑 = 53.255 𝑚𝑚 

 

𝑑′ = 32 ∙ √2 𝑚𝑚 







 

 
 
 







 





 





 







𝑘𝑡 =
𝐹𝑏

𝜗
 

𝜗 ≅ (
∆𝑥

𝑙
) [𝑟𝑎𝑑] 





 



 







 









 







𝑓𝑛 =
𝜔

2𝜋
 

𝜔 = √
𝑘

𝑚
 

𝑘 ∝ 𝑓𝑛
2



𝒌

𝒌𝒓𝒆𝒇
=

𝑓2

𝑓𝑟𝑒𝑓
2

𝒌

𝒌𝒓𝒆𝒇
=

𝑓2

𝑓𝑟𝑒𝑓
2



 

𝐼�̈� + 𝐾𝑡𝜃 = 0 



𝐼�̈� + 𝐾𝑡𝜃 = 0 

 𝐼 = 𝐼0 + 𝑚 ∙ 𝑟2

𝑚 = 𝑉 ∙ 𝜌 = (40 𝑚𝑚)3 ∙ 8.25𝐸 − 09
𝑡

𝑚𝑚3
 

𝑚 = 5.28𝐸 − 4 𝑡 = 0.528 𝑘𝑔 

𝐼0 = 𝑚
𝑎2

6
= 0.1408  𝑡 𝑚𝑚2

 

ℎ + 𝑟 = 𝐿 +
𝑎

2
= 20 𝑚𝑚 +

40

2
𝑚𝑚 = 40 𝑚𝑚

 𝐾𝑡

�̈� + 𝜔𝑛
2𝜃 = 0 

 𝜔𝑛 = √
𝐾𝑡

𝐼
   



𝑓𝑛 =

√
𝐾𝑡

𝐼0 + 𝑚 ∙ 𝑟2

2𝜋
   [𝐻𝑧] 

𝑓𝑛,𝐹𝐸𝑀 = 0.978 𝐻𝑧 

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2(𝐼0 + 𝑚𝑟2) [

𝑁𝑚𝑚

𝑟𝑎𝑑
] 

  𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 +

𝑎

2
− ℎ)

2

] [
𝑁𝑚𝑚

𝑟𝑎𝑑
]



𝐾𝑡 =
𝐹 𝑟′

𝜗
 

𝜗 ≅ (
∆𝑥

𝑟′
) [𝑟𝑎𝑑] 

ℎ + 𝑟′ = 𝐿′ = 30 𝑚𝑚

D I S P L A C E M E N T   V E C T O R 

POINT ID. T1 T2 T3 

1531 3.137928E-02 -3.231237E-06 3.135951E-02 

𝑑𝑖𝑝𝑙𝑎𝑐.𝐼𝐷1530 ≈ ∆𝑥 

𝑑𝑖𝑝𝑙𝑎𝑐.𝐼𝐷1530 = √(∆𝑇1)2 + (∆𝑇2)2 + (∆𝑇3)2 

∆𝑥 = 4.4363𝐸 − 02 𝑚𝑚 

𝐾𝑡 =
𝐹 𝑟′2

∆𝑥
 [

𝑁𝑚𝑚

𝑟𝑎𝑑
]

ℎ + 𝑟′ = 𝐿′ = 30 𝑚𝑚 

  ℎ = 𝐿′ − √𝐾𝑡

∆𝑥

𝐹
   [𝑚𝑚]



 

 ℎ1 = 0 𝑚𝑚 

𝐾𝑡,1 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 +

𝑎

2
− 0)

2

]  = 31.92 
𝑁𝑚𝑚

𝑟𝑎𝑑

 ℎ𝑘 = 0.5 𝑚𝑚 −
𝑎

2
+ √𝐾𝑡

∆𝑥

𝐹
 [𝑚𝑚] 

 𝐾𝑡,𝑘+1 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 +

𝑎

2
− ℎ𝑘)

2

]  [
𝑁𝑚𝑚

𝑟𝑎𝑑
] 

 - |ℎ𝑘+1 − ℎ𝑘| < 0.01

- |ℎ𝑘+1 − ℎ𝑘| > 0.01  

𝒉𝒌  [𝒎𝒎]  𝑲𝒕,𝒌+𝟏  [
𝑵𝒎𝒎

𝒓𝒂𝒅
]



ℎ = 3.24 𝑚𝑚 

𝐾𝑡 = 32.3 
𝑁𝑚𝑚

𝑟𝑎𝑑
 

 

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 ∙ [𝐼0 + (𝐿 +

𝑎

2
− ℎ)

2

] 

  ℎ = 𝐿′ − √𝐾𝑡
∆𝑥

𝐹
 

𝐾𝑡 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 ∙ (𝐿 +
𝑎

2
− 𝐿′ + √𝐾𝑡

∆𝑥

𝐹
)

2

 

𝐾𝑡 (
∆𝑥

𝐹
𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 − 1) + √𝐾𝑡 [2𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 (𝐿 +

𝑎

2
− 𝐿′) √

∆𝑥

𝐹
]

+ 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 (𝐿 +
𝑎

2
− 𝐿′)

2

= 0

√𝐾𝑡

𝐶1(√𝐾𝑡)
2

+ 𝐶2√𝐾𝑡 + 𝐶3 = 0 



𝐾𝑡 = (
−𝐶2 ± √𝐶2

2 − 4𝐶1𝐶3

2𝐶1
)

2

 

 𝐶1 =
∆𝑥

𝐹
𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 − 1 

 𝐶2 = 2𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝑚 (𝐿 +

𝑎

2
− 𝐿′) √

∆𝑥

𝐹
 

 𝐶3 = 𝑓𝑛,𝐹𝐸𝑀
2 4𝜋2𝐼0 + 𝑓𝑛,𝐹𝐸𝑀

2 4𝜋2𝑚 (𝐿 +
𝑎

2
− 𝐿′)

2

 

𝑟 = 𝐿 +
𝑎

2
− ℎ

𝐾𝑡 = 5.335 
𝑁𝑚𝑚

𝑟𝑎𝑑
= 0.0931 

𝑁𝑚𝑚

𝑑𝑒𝑔
 

ℎ = 19.122 𝑚𝑚 

𝑟 = 20.878 𝑚𝑚 

𝐾𝑡 = 32.266 
𝑁𝑚𝑚

𝑟𝑎𝑑
= 0.5631 

𝑁𝑚𝑚

𝑑𝑒𝑔
 

ℎ = 3.2474 𝑚𝑚 

𝑟 = 36.753 𝑚𝑚 



𝑓𝑛,𝐹𝐸𝑀 = 0.988 𝐻𝑧 



𝐾𝑡 = 31.225 
𝑁𝑚𝑚

𝑟𝑎𝑑
= 0.5450 

𝑁𝑚𝑚

𝑑𝑒𝑔
 

ℎ = 4.3782 𝑚𝑚 

𝑟 = 35.622 𝑚𝑚 

 





1

𝐾𝑡,𝑒𝑞
= ∑

1

𝐾𝑡,𝑖

𝑛

𝑖=1

 

𝐾𝑡,𝑒𝑞 =
𝐾𝑡,𝑖

𝑛
 





 



𝐼�̈� + 𝐾𝑡𝜃 = 0 

𝑓𝑛 =

√
𝐾𝑡

𝐼0 + 𝑚 ∙ 𝑟2

2𝜋
   [𝐻𝑧]



𝑓𝑛 ∝
1

𝑟
 



 



 

 

 



 

 

 

 



 





 





 



 

 

 













 

















 

 
 

 
 
 







2 ∙ 0.5 𝑁𝑚𝑚 = 31 𝑚𝑚 ∙ 0.53 𝑘𝑔 ∙ 𝑎𝑙𝑖𝑚 _𝑀2𝑆

3 ∙ 0.5 𝑁𝑚𝑚 = 35 𝑚𝑚 ∙ 0.53 𝑘𝑔 ∙ 𝑎𝑙𝑖𝑚 _𝑀3𝑆

𝑎𝑙𝑖𝑚 _𝑀2𝑆 = 0.061 
𝑚

𝑠2

𝑎𝑙𝑖𝑚 _𝑀2𝑆 = 0.081 
𝑚

𝑠2
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