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Summary

The purpose of this thesis is presenting the Rudin-Osher-Fatemi filter for image
analysis. We will consider mostly the application for denoising, however there are
other relevant application, such as restoring damaged inscriptions.

This filter involves solving a minimization problem with the objective function
built summing an L?-norm squared, which measure the distance from the reference
image, and the total variation functional. Therefore, one of the main concerns
of this work is to understand the behaviour of this problem under a variational
point of view, this involves studying the total variation functional and the main
properties of the bounded variation functions, on which it is defined.

In the first chapter the analytical preliminaries will be presented, in particular
we will focus on the BV function, the Caccioppoli sets and the coarea formula,
which links the total variation with the perimeter of the function level sets (which
are Caccioppoli sets). Then, the idea of reduced boundary will be presented and
studied, in order to provide a better understanding of the perimeter of Caccioppoli
sets and a glimpse on the differentiation of BV functions. This preliminary section
will end with the definition and some basic properties of I'-convergence.

The second chapter is mostly dedicated to the study of the study of the Rudin-
Osher-Fatemi problem, in particular: the existence and uniqueness of the solution,
finding the associated Euler-Lagrange equation and finding an analytical solution
for a simple test case.

The last chapter will open with an idea for the discretization of the considered
problem and the proof that it actually converges to it (in the sense of I'-convergence).
Then a modified Arrow-Hurwitz algorithm will be presented with the purpose of
implementing a solver for this problem. Finally we will comment some of the images
produced in this way and compare the analytical solution with the computational
one.
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Chapter 1
Preliminaries

In this chapter we will introduce some mathematical fundamentals for the analytical
formulation and study of the thesis core problem. In particular, there will be
presented the space of bounded variation functions and the class of Caccioppoli
sets, with some of their fundamental properties such as the “compactness' in L, the
approximation through regular functions, the coarea formula and the isoperimetric
inequality. In the second section we will focus more on some further results on
Cacciopoli set for the definition of inner normal vector and a better understanding
of their perimeter. The last section will regard the I' - convergence, which will be
used to prove the validity of a continuum optimization problem discretization.

1.1 Functions of Bounded Variations and Cac-
cioppoli sets

Definitions and basic properties

Let’s begin with the definition of total variation.

Definition 1.1.1 (Total variation). Let Q2 C RY open and f € L'(Q2). We define
the total variation of f on () as:

V(9 =sup{ [ fdivlg)de|g e CL(BRY), gl <1}
We can extend this definition to a generic Q (not open) as follows:
V(f,Q) =inf{V(f,A): ADQ open}.

We can notice that this is a generalization, by duality, of [,|grad(f)|dz, that
for N =1 represent indeed the distance spanned on the image of f.

1



Preliminaries

Example 1.1.2. If f € C'(Q), we have:
VgGC’1 QRN /fdw :—/gmd(f)-gdx.
Q
Therefore, extracting the sup over g we get:

V(£.9) = [ |grad(f)]| da.

More generally, this result can be achieved also for g € WHH(Q).
From this example we also verify that for f constant on Q, then V(f,2) = 0.

Definition 1.1.3 (BV space). We define the space of functions of bounded variations
on ) as follows:

V(Q) ={f € L) |V(f.Q) < oo}.

This definition well explain the space’s name, however it may be useful to look
at it under another, yet equivalent, definition: the functions whose distributional
derivative is a Radon measure.

Definition 1.1.4. A function f € BV(Q) if and only if f € L'(Q2) and exists a
vector valued finite Radon measure p such that, Vo € C2°(Q):

/f@zigbdx:—/d)dui; i=1,... N
Q Q
We call u=DfFf.

This two definitions turn out to be equivalent (see the appendix B).

Observation 1.1.5. We can indeed notice that the following properties are true:
e V(f,Q) >0, because g = 0 is always a competitor for the supremum in 1.1.1.

e V(c,Q2) =0 for ¢ constant, because for Gauss-Green theorem [, div(g)dz =0
for every g € [CL(Q)]™.

e U1NQ =0 = V(f QU QQ) (f, Ql) + V(f, Qg)
. Ql C QQ —— V(f, Ql) < V(f, Qg)

This suggests that V(f,-) is a positive measure. Indeed, generalizing the example
1.1.2, it turned out that V(f,Q) = |Df|(2) (see B.0.1 for the definition of |Df]).
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1.1 — Functions of Bounded Variations and Caccioppoli sets

We can also show the following scaling property:

1
)\n—l

V(i Q) = V(f,A), (1.1)

where f\(z) = f(Az). Indeed, given g as in definition 1.1.3

/Q F(Ax)divg(z) dz = /A f(a)divg Gx) Aln d.

but since divgi(a:) = divg (%x) 1, we can conclude

! /f(a:)divg%a:)da:,

A1 i

/Q f(Az)divg(x) dx

which leads to the equation (1.1).
From the example 1.1.2 we have that W' C BV, however we can show that
the equality doesn’t hold.

Example 1.1.6. Take a relatively compact set E CC Q (with closure included in
Q ) and, most importantly, with C* boundary. Let xg the characteristic function
on E. Then

| xede = B
Q

therefore xg € LY (2). However, Dxg is non zero and supported only on OF, thus
it can not be an L' function. That is xg € L*(Q) \ WHH(Q). Still we can verify
that xg € BV (Q). Take g € C3(L,RY) with gl < 1. Applying the Gauss-Green
theorem we have:

/QXE div(g) dz = /E div(g) dx = /BEg cvdHp,-1, (1.2)

where v is the outward normal unit vector to OF and H,_y the (n — 1)-dimensional
Hausdorff measure. Since |g-v| <1,

qg- I/dHn_l S Hn_l((?E)
oF

Thus, V(xg,Q2) < Hn,—1(0F) < oo, that is xg € BV (Y). Furthermore, since the
boundary is C*, we can extend v to the whole Q as a Cj(Q) with ||v|| < 1.

V(xe: Q) = | xp div(v)de = M1 (OF)

- V(XE, Q) = Hn_1<aE)
More in general for any open A: V(xg, A) = H,—1(OE N A).
3



Preliminaries

This example suggests a way to give a more general definition of perimeter,
using the total variation.

Definition 1.1.7. Let £ be a Borel set and  an open set, both in RY. We define

perimeter of E in (2 as:
P(E,Q) =V (xg, Q).

For semplicity we denote P(E) = P(E,RY).
We say that E is a Caccioppoli set or set of locally finite perimeter if, for every
bounded Q, P(E, Q) < +oo.

This definition of perimeter, as a measure V(xg, ) = [Dxg|(2), is localized on
OF, as xg is constant elsewhere. Clearly, the properties in 1.1.5 still hold for the
perimeter, but we also have the following two:

Proposition 1.1.8. E,| F' Caccioppoli sets and ) open, then:
1. P(E,Q)+ P(F,Q) > P(ENF,Q)+ P(EUF,Q).
2. |EF|=0 = P(E,Q)=0.
3. |[E\FUF\FE|=0 = P(E,Q)=P(F,Q).
4. P(E,Q)=PRN\ E,Q).
5. P(tE,Q) =t""'P (E %Q).

Proof. (1): For this part we need a density result we will prove later, see 1.1.13
and 1.1.10. There exist two sequences of smooth functions {u;} and {v;} such that
OSU]',U]' S 1 and :

{uﬂ' — xp inL'(Q) A {Uj — xr inLY(Q)
jginoo\/(uj,ﬁ) = P(E,Q) jll)I_Eloo V(v;, Q) = P(F, Q)"
Now u;v; — Xgnr in L' indeed

IXEnr — ujvill 0 = IxExF — wvill e < lIxe(xr — o)l + (xe — u)vsll 0 <

< HXF - Uj”Ll + HXE - ujHLl — 0.
Similarly, u; + v; — u;v; — XEur:
lgrad(u,v;)| + [grad(u; + v; — ujv;)| =
= |ujgrad(v;) + vigrad(u;)| + [(1 — v;)grad(u;) + (1 — u;)grad(v;)| <
< ujlgrad(v;)| + vilgrad(uy)| + (1 — v;)|grad(u;)| + (1 — u;)|grad(vy)| =
4



1.1 — Functions of Bounded Variations and Caccioppoli sets

= [grad(u;)| + [grad(vy)].

In conclusion, by 1.1.10 and that for smooth functions V' (u,2) = [,|grad(u)|dz :

P(EUF, Q)+ P(ENF,Q) <
< limjinf/9|grad(uj + v; —u,v;)| de + lin1jinf/ﬂ|grad(ujvj)| dz <
< limjinf {/Q|grad(uj +v; — u;v;)| de + /Q|grad(ujvj)| dx} <
< tim inf { /Q lgrad(uy)| da + /Q lgrad(v;)] dx} — P(E,Q) + P(F, ).

(2): straightforward.
(3): Without loss of generality suppose {2 = RY.

IE\F|U|F\E|=0 = [E\F|=0 A\ |[F\E| =0

— di d:/d' d di d:/d‘ d
iv(g) dz i iv(g) dz + o iv(g) dz i iv(g) dz

— P(FUE) = P(E).

But similarly P(E U F') = P(F).
(4): XeME =1 — XE

= / e\ g div(g) dz = / div(g) dz — / xe div(g) dz.
Q Q Q
But since g € C}(Q), from Gauss-Green we have:

/Qdiv(g) dz = 0.

== /QXRN\E div(g) dz = —/QXEdiV(g) dz.

Thus, we conclude extracting the supremum.
(5): Since xig(x) = xE (%x), from (1.1) we conclude

| |
P(tE,Q) = V(xum, Q) = "'V (XE, tQ) —lp (E tQ) .



Preliminaries

Observation 1.1.9. From definition 1.1.4, given a Caccioppoli set E, Dy is a vector
valued finite Radon measure. Thus, for any C! function g we have:

/ div(g) dx = —/ g-dDxg.
E Rn

As Dxg has support only in OF, we can see this equality as a generalized Gauss-
Green formula.

We will now present now some relevant results about functions in BV and
Caccioppoli sets.

Theorem 1.1.10 (Semicontinuity). Let Q@ C RY open and {f;}jen C BV(Q) a
sequence converging weakly x to f in L} oo(2). Then

V(f,Q) < ljiglj&fV(fj, Q).
Proof. Let g € CX(Q) s.t. [lgll, <1

/fle )dz = lim /f]dlv dx—hmlnf/fjdlv dx<hm1an(f, Q).

j——oo J—+oo J=too

Then extracting the supremum over g we get the thesis.
O

We can observe that this is a quite general property, telling us that the total
variation is lower semicontinuous with respect to any L” convergence, with p €
[1,00), strong or weak, since all of them imply the weak * one in Lj .

We can set on BV the norm

1A gy = I1F 1l + V().
Proposition 1.1.11. (BV,||-||5y/) is a Banach space.
Proof. Let’s verify ||| 5, is a norm:
* 1fllgy Z0ANfllpy =0 <= f=0,

o V(Af,Q) =sup, A [o fdiv(g)dz = |X|sup, [ fdiv(g)dz = [A|V(f,€2). This
leads to: [[Af]l gy = AL/l -

o V(fi+ f2,9Q) = sup, Ualfi + f2) div(g)dz} <

<sup{ [ fudiv(g)de} +sup{ [ fadivig)def = V(Fi,9) + V(£ D).

This gives the triangular inequality.
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1.1 — Functions of Bounded Variations and Caccioppoli sets

About the completeness, a Cauchy sequence on this norm is also Cauchy in L?,
that is f; — f in L'. But the sequence {f;} is bounded in BV norm, so their total
variations are, therefore (from 1.1.10) V(f,2) < 400, that is f € BV(Q2). f; is a
Cauchy sequence, then

Ve>0,IN € Ns.t.Vj, k>N ||f; = fill gy <e
fi— fe = f; — fin L*, then for j > N by 1.1.10:

V(f; = £,9) < liminf V(f; = fi, Q) < liminf|[f; = fil g, < e

[l
Observation 1.1.12. In the last two points of the proof that ||| 5, is a norm, we
have also shown that V(-,Q) is a convex functional.

We can notice, from example 1.1.2, that for functions in Wh! the BV norm is
equivalent to the one in W1, This mean that we have no hopes to approximate a
generic BV function with a sequence in W1, since this Sobolev space is already
closed, and much less with smooth functions. Nevertheless, we have the following
"density" result.

Theorem 1.1.13. For every f € BV (Q) there is a sequence {f;} C C*(Q) such

that:
fi — f inL'(Q);
{ lim V(f;,Q) =V(f, Q).

Jj—4oo

Proof. For € > 0, we define

1
Qp = Q: dist(z, Q
% {xe ist(x, )<k+m}’

for k =0,1,2,... and m € N is big enough to have V(f,Q\ Q) < e. We define
the sets A; such that:

A= N\ A= Q1 \ Qiy, fori > 1.
We then define ¢; a partition of the unity related to the covering A;, that is:
o VieN, ¢ € C(A);
e VieN, 0< o<1,
o Y10 =1



Preliminaries

Given 7. a family of mollifiers, for every ¢ we can find an ¢; that satisfy:
L supp{ne, * (f1)} C Qira \ iy
2. [|ne, * (i) — foil dw < €27
3. [Ine; * (fD¢3) — fDi| dw < €27

We can finally define the approximating function:

Z Ne: * (f0).

From 1 we have that this sum is locally finite, therefore f. € C*°(£2) and also

15 = flda =

Qli=1

dz < ;/Q\na w () — foul dx < e.

— limf. = f inL.
e—0
It remains to show that the variation is converging. From 1.1.10 we already have

V(f, Q) <liminf._,o V(f., Q). For the limsup inequality consider a function g as
in the definition of total variation, given that 7., has radial symmetry, we get:

J ediviyde = 32 [ (560 < ndivlg) do =3 [ Fordivtie, xg) do

¢idiv(ne, * g) = div(gi(ne, * g)) — grad(¢:) - (e, * 9);
= Judivg)de =3 [ faiv(6e = 9) de = 3 [ (Ferad(o) <, - g
To deal with the first integral we notice that |¢;(n., * g)| < 1, therefore
| faiv(@1n., % 9)dr < V(£.9),

while for ¢ > 1, since the sum locally involves at most 3 addends, |>°, ¢: (7., * g)| <
3. Furthermore it is supported just in {2 — €y, then we have:

i /Q fdiv(g;(n., * g)) dz < 3V (f,Q — Qo) < 3e.
=2

For the second integral we can notice that >:°, grad(¢;) = 0, then we can rewrite
it as:

> (g, (fgrad(¢y)) *n., — ferad(¢:)) < 252 i—¢
=1

8



1.1 — Functions of Bounded Variations and Caccioppoli sets

= /Qfsdiv(g) de < V(f,Q)+4e

= limsup V(f., Q) < V(f, Q).

e—0

]

This result result allow us to prove also that the embedding of BV in L! is
compact, under some constraints on the domain 2.

Theorem 1.1.14 (Compactness). If Q is an open set in RY | bounded and with
Lipschitz boundary, then BV () is compactly embedded in L'(£2).

Proof. Let {f;} a bounded sequence in BV (£2), then, by 1.1.13, for each j I can
find a smooth function f; s.t.:

< =
L) g

|7

17, < 155l + e

This means that {f;} is a bounded sequence in the BV norm, but for smooth
functions this coincide with the one in W', On this domain, W' is compactly
embedded in L'(f2), therefore there exists a subsequence {fj, } converging in L' at
a function f. But {f;,} has the same L'-limit as {f;, } and from 1.1.10 f € BV (Q).
That is, there exists a subsequence converging in L' to a function in BV O]

Leibniz rule and relevant inequalities

Concerning the differentiation, we have a sort of Leibniz rule.

Proposition 1.1.15. Let f € BV(Q) and ¢ a locally Lipschitz function, then
Yf e BV () and
DWf) =yDf +Vi[fLn.

Proof. If v € C*, D(¢f) = ¥vDf + V¢ f as distribution. Furthermore, since
f € LYQ), f as a distribution is f£,, as a Radon measure. Hence, in this particular
case the differentiation rule is true. Now, for ¢ € Liproc, take a test function ¢ with
support on a compact K. Then, there is a sequence {ij } equi-Lipschitz converging
to ¢ uniformly on K. As {1} } are equi-Lipschitz, { V[ } are equibounded (almost
everywhere). Furthermore, this sequence is given by the convolution of ¢ with
mollifiers, then wa-( = V¢ * p; — Vb in L'. Thus, we can chose a subswquence
for which we have V@/)JK — V4 almost everywhere. We want to prove

(D(:f),0) = —(f, V6) = — lim (V'f, V6) =
9



Preliminaries

= lim (VY[ f,6) + (W[ Df,0)| = (V£ 8) + (¥Df, ¢),

J—00

that is, we just need to prove the limits. As {1/)JK } is uniformly bounded, for
dominated convergence we have the limits:

Tim (U £, Ve) = (Vf, Vo),

lim (¢ Df.0) = lim [ wFodDf = | vedDf = (wDF.9).

Now, as {V1/)JK } are equibounded and converge almost everywhere to Vi, we can
apply again the dominated convergence:

lim (VO£ 1,6) = (V0 £,0).
In this way we showed that

D@Wf) =vDf+Vif

as distributions, but since Vi f behaves as Vi fL,,, we can say that D(¢f) is a
Radon measure and the derivation rule holds O

Corollary 1.1.16. Let u € BV (Q2) with Q open, Yz € Q and ¥p € (0, po), with
po = dist(x,00):
n — d
V(uxg,,R") < V(u,B,) + —— ( lu(z)] d:r) ,
der By
where B, = B(x, p) and

4 4(p) = liming 2LH ) = 90)

dp4 o—0+ o

Proof. Consider a Lipschitz-regularized version of xp,:

1 |z € [0, p)
Yolx) =41 mg_ P lz| € [p,p+ 0)
0 |z € [p+ 0, +00).
Then by the Leibniz rule:
D(uv,)(A) = / Yo (z) dDu + —liu(x) dz,
A ANB,i,\B, O |z|

10



1.1 — Functions of Bounded Variations and Caccioppoli sets

for a given set A. Then by definition B.0.1 of total variation of a measure and
B.0.3 we have

1

DR < PallDul®Y) +— [ Ju(@)|dz <
BP+G\BP

1

< |Du|(B, .. f/ da.
DBy + 1 [l

uy, converge Ly-a.e. to uxp,, then, by dominated convergence, also in L'. Hence,
for semicontinuity and |Du| continuity from above, we get

o—0t oc—0t o

_ 1
‘LKuXBPHUR”)fghnnnﬂ[XuyaﬂﬂR”)g\[MA(BP)+1hninf—l/ \ u(z)] dz.
B+ \Bp

]

Observation 1.1.17. If we take u = x g, this inequality become

d

P(ENB,) < P(E,B,) +
dp+

IENB,.

In BV we can find a generalization of some Sobolev inequalities, here we present
the Poincaré and Poincaré-Wirtinger inequalities.

Theorem 1.1.18. « (Poincaré) Let f € BV (R"), with support bounded in at
least one direction, then there exists ¢, > 0 such that

HfHLl(R”) < aV(f,R").

o (Poincaré-Wirtinger) Let Q2 bounded and f € BV (Q). Call f the integral mean
of f over Q). Then there exists ¢, > 0 such that

|7 - 7]

Ly S V().

Proof. These inequalities for sure are true in WH(Q) (in the first point = R™).
But by 1.1.13 there exists a sequence {f;} of smooth functions converging in L'
to f and V(f;,Q) is converging to V' (f,2). Therefore the first inequality comes
immediately:

11y < i infL £ s oy < limind e,V (£, R) = e,V (£, ")

For the second inequality we can argue at the same way, just notice that 7j — f. O

11
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Observation 1.1.19. We have to notice that as L#-1 is embedded in W', also BV
is and the generalized Poincaré inequalities can be similarly proven with the norm
in L=-T in place of the L'. Indeed, {f;} is bounded in W' and consequently also
L+, then there is a subsequence converging weakly to f in L#-7. As the norms
are lower semicontinous with respect to the weak topology, the inequalities in the
proof works as well. Then we also have:

1l gy < el vy

. HfHLﬁ(Rn) <, V(f,R"), for f compactly supported.

‘f — THL%(Q) < e, V(f,9Q), with Q bounded.

Corollary 1.1.20 (Isoperimetric inequalities). Let E be a Caccioppoli set. Then:
1. E bounded = \E]anl < c,P(E).
2. B bounded — min{|E N A|,|(R*\ E) N B]}"+ < ¢, P(E, A).

Proof. Both this results comes plugging f = xg in the inequalities from the
observation above. The former is straightforward. For the latter,

_ _1/ de = AN E]

e AnE[\™T An B[\ ™
fihe=xeiae= (1= LR pan gy (MEE) T a0 @y )

|A] |A]
but, since |[AN (R™\ E)| = |A| — |AN E|, we have:

_n_ . n EHA%+ RIANE i
[ e~ X6l ™7 de > min{| 20 4], &\ £) )y 04 \All(il -

We recall that Va,b > 0Ap > 1, a? + b® > 2'7P(a + b)P, which implies

E0AT 4 @ABF
Al

Now extracting the ”T_l—th root and applying the Poincaré-Wirtinger inequality we
conclude. 0

This last result is very important as provide a way to bound the area of a figure
with its perimeter. We also point out that the inequalities are true also without
the ”T’l exponent, however in the applications the exponent is often necessary.

12



1.1 — Functions of Bounded Variations and Caccioppoli sets

Coarea formula and some consequences

Another relevant result in BV is the so called coarea formula, which relates the
total variation with the perimeter of sublevel sets.

Theorem 1.1.21 (Coarea formula). Let f € BV (Q), with 2 open, and define
Fo={zeQ: f(z) <t}

Then, for each E CC (2

V(f,E) = /m P(F, E)dt.

—0o0

Proof. Consider as domain the whole §2. Let’s first split f in positive and negative
part fi and f_. We notice that:

f(@) +00 o0
fr@ = [T at= [ xespen®dt= [ 11— yi(@)an

= [ fedivig)de= | o (1= X (@) div(g) dact < /Om P(F, Q) dt.

And similarly for f_:

0
/—(f,)div(g)dxg/ P(F, Q) dt.
Q —00
Then adding these inequalities we conclude:
+o0 +oo
[rdvgyae< [ “PFERQA@ = V(L)< [ PR
Q —o0 —00

Let’s at first show that the equality is true for f € BV (£2) continuous and piecewise
linear. This means that there exist a finite partition {{2;} of Q s.t.

f(x)=c; -z + b, forx € ;.

therefore, f is in W%, which implies:
V(£.9) = [ Jerad()|de = Yleilll

On the other hand, P(F;, Q%) = Hp1({x € Q0 ¢ -+ b; =t}),

—+o00

“+o00
— / P(F,Q)dt= [ Hoa({e e c-a=t})dt,

13
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where we applied the shift ¢ — b; in the integral. We now do a change of basis
(&1,...,én) = Rleq, ..., en), where (e;) is the standard base, so that & = ﬁ while
¢;-& =0for j > 1. We call y = Rz, then ¢; - * = |¢;|y;. Hence, changing variable
lcils = t, we finally get:

—+00

+oo
Hoa({x € it ¢-x=1t})dt = ¢ [ Ho1({y € RQ; : yp = s})ds =

= lal [ xady = eI

oo
— V(f;0) = Z/ P(F, Q) dt = / P(F;, Q) dt.

Now we would like to extend this result at first to C'*° functions then to the whole
BV. We will show that if we have a sequence {f;} C BV(Q) for which the coarea
formula is true and this is sequence satisfy:

fj —>f inLl(Q)a 1.3
lim V(£,9) = V(£.9), (13)

then the coarea formula is true also for f. Indeed, let’s call Fj; = {z € Q: f;(x) <

t}, then we have:
|f5=71
fi=fl= [ dt=

/ij_f dt forxz: fi(z) > f(x) /ffj dt forxz: f;(z) > f(x)
f=1; ) -
/0 dt forxz: f(x)> fi(x) /f dt forz: f(x)> f;(z)

dt.

+00 +oo
= [ XFA\F,; + X \F At = L ‘XFt — XF,

+oo
- ||f] - f”Ll = /—oo HXFt — XFy Il

Thus, we can extract a subsequence xr,; converging in LY () to xp, for almost
every t. Now using the coarea formula for f;, the Fatou’s lemma and the theorem
1.1.10, we have:

“+o00

V(f,Q)= lim V(f;,Q) = lim P(F,;,Q)dt >

j——oo J—=+00 ) —co

+oo
>/ lim inf P( Ej,Q)dtz/ P(E,Q)dt

oo J—+oo

14



1.1 — Functions of Bounded Variations and Caccioppoli sets

— V(},Q) = /+°° P(F;, Q) dt.

Now we can approximate in W11(Q) compactly supported smooth functions with
piecewise continuous linear functions (with linear interpolation on progressively
finer simplex meshes), therefore 1.3 are satisfied, and so is the coarea formula. But
then we can generalize by density to every function in Wl’l(Q). Hence, the coarea
formula is true for smooth functions in BV (€2). At the same way, from 1.1.13, we
can conclude that the coarea formula is true on the whole BV (Q).

All this just to show the formula for £ = 2, but then we can quickly see that it
holds for every open E C €. Consider now a closed E, then

V(f7 E) = Ajljélgpen V(f, A) = h]rn V(f7 Aj)»

for a given sequence of open sets A;, such that £/ C A; C 2. We can take this
sequence to be such that A;;; C A;j and £ =; A;. Indeed, if the first property is
not true, we can just take the sequence defined as A} = A; and A} ,; = A; 1 N AL
Instead, if the second property does not holds, then we must have A :=; A; D E.
We can take a sequence of points {z;} that is filling densely A\ E and we can
define a new sequence of open sets A’ such that F C A} C A and x; ¢ A;, in this
way (; A5 = E. Now, let’s apply the coarea formula for the open A;

+oo
VI(f,E)= 1im/ P(F,, A;)dt.
J —o0

Because P(F;, A;) < P(F;, () for almost every ¢, we can take the limit inside for
dominated convergence. Then, using the measures’ continuity from above we have:

V(f,E) = /W lim P(F, 4;)dt = /m P(F, E)dt.

—00 —00

]

The coarea formula can be used to relate volumes with perimeters. An example
of this follows.

Example 1.1.22. Take the function f(x) = |x — x¢|, for some fized xo, and an
open bounded domain Q. Therefore, Fy, = {f < t} = B(zo,t) and f € WH(Q) with
Vi) =

||

+00
| PBao ). Q) dt = V(£.9) = [ [Vfldr = Q.
0
Using the results in 1.1.6 and that ) is bounded, we further get:

R
0| = /0 M1 (9B(x0,1) N Q) dt.

15
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Observation 1.1.23. From the previous example we notice that if we take a set
E cc ), we have:

/ P(B(zo,1),0E) dt = |0E| = 0
R

— P(B(x¢,t),0F) =0 a.e.t.

From the Radon measure point of view, the coarea formula is written as:

+o00o
DA@ = [ 1Dxsl@)dt
This suggest that there may be a way to move an integral from d|D f| to d|Dxp,|d¢.

Proposition 1.1.24. Let f be a measurable function and u € BV (2), then for
every borel set A C

+o0
fIDul(4) = [ f|Dxquen|(A) dt,

where {u <t} ={x e Q: u(x) < t}.

Proof. Let’s prove it for simple function, then positive functions, and finally gener-
alize. Take f =>"", c;xa,, for some real coeflicients ¢; and borel sets A;.

F1Dul(A4) = L e Dul(A) = Lo [ [Dxguc|(A) dt =

)

Dxtuen|(A) dt = [ f|Dxguen|(4) e

+00
— 00 ;

For f > 0, we can take a sequence of simple functions {¢; } monotonically converging
to f, therefore by monotone convergence we have:

+o0
flDul(A) = 11£1A¢kd|DU| = hin/_oo /Aqbkd’DX{Kt}‘dt =

+o0o
- /_ £ Dxtuen|(A) dt.
From this the last generalization is straightforward. O]

With the coarea formula we can show that the inequality of 1.1.8(1) can be
extended to the total variation on open sets.

Proposition 1.1.25. Let Q be an open set , then for any u,v € BV (Q)

V(max{u,v}, Q) + V(min{u,v},Q) < V(u, Q) + V(v,Q).
16



1.1 — Functions of Bounded Variations and Caccioppoli sets

Proof. Let’s call E; = {u < t} and F; = {v < t}. Then we notice that
EnFi={u<tAv<t}={max{u,v} <t},
E;UF, ={u<tVwv<t}={min{u,v} <t}
Then from the coarea formula and 1.1.8(1) we conclude:

V(max{u,v}, Q) + V(min{u, v}, Q) =
zié}%{maxhhv}<t}AD4%P(hmn&hv}<tL(Ddt:
_ /RP(Et NE,Q)+ P(E,UF,Q)dt <

SAHEQHJWQma:vmm+vmm.
]

This inequality allows a relevant property of the total variation, that it decrease
by truncation.

Corollary 1.1.26. Let m and M real numbers and uw € BV (QQ). We define
u A M =min{u, M} and uV m = max{u, m}, then

V(imV (uAM),Q) <V(uQ).
Proof. Given the inequality (1.1.25) and that V' is 0 on constants, then:
V(imV(uAM),Q) <V(mQ)+V(uAMQ) <V(uQ) +V(MQ) =V(uQ).
O

Another consequence of the coarea formula is the approximation of Caccioppoli
sets with smooth sets. At first we need the following lemma.

Lemma 1.1.27. Let E be a Caccioppoli set and f. a mollification of xg. For
0 <t <1 we define:

E. = {x cRY: f(x) > t}.
Then

1
m”fe_XE”Ll'

17
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Proof.
Jite=xelde= [ fe=xelda+ [ |fo—xeldo >
E\E:. EN\E

> HEN\E|+ (1 —#)|E\ E| > min(t,1 — t)(|E\ E| + |E\ E.|) =

= min(¢,1 — t) /|XE6 — xe|dz.
[

Theorem 1.1.28. A bounded Caccioppoli set E can be aproximated by a sequence
of sets { E;} with C* boundary as follows:

XE;, — XE in L*(Q);
lim P(E;,Q) = P(E,Q).

Jj—r+oo

Proof. From 1.1.13 xg can be approximated by the mollification of xg, we call
them f., s.t. 0 < f. <1 and

P(E) = lim V(£.). (1.4)

e—0

If we define E,; = {x eRN: f(z) > t}, then by lemma 1.1.27
vt € (0,1), limyg,=xg inL'
e—0 ’
as f. goes to xg in L'. Thus, by 1.1.10:
lim ig1fP(E€,t) > P(E), Vte(0,1). (1.5)
€E—

Now applying the coarea formula to 1.4 and the Fatou’s lemma we have:

1 1 1
P(E) =lim [ P(RY\ E.;)dt = lim | P(E)dt > | liminf P(E,)dt > P(E)

e—0 Jo 0.Jo 0 e—0

1
= liminf P(E.;)dt = P(E).

0 e—0

But for 1.5 we must have:
hrgrl}glfp(EG’t) = P(FE),

for almost every t € (0,1). Finally, for Sard’s lemma OFE; is smooth for almost
every T'. This means we can find a t for which we can extract a sequence £ with
smooth boundary s.t.:

jLiTOO XE, =Xxg inL'

lim P(E;) = P(E).

Jj—+oo

18
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Combining this result and the coarea formula we can prove a lemma that will
be useful later on.

Lemma 1.1.29. Let E be a bounded Caccioppoli set. For almost every p > 0 we
have

P(E,9B,) =0.

Proof. From 1.1.28 we can find a sequence of regular sets { £}, } converging in measure
to £ and such that lim, P(E,,0B,) = P(E,0B,). We notice that P(E,B,) is a
measurable function in p as it is monotone, then also P(E, B,) = inf;~, P(F, B;).
this means that also P(E, 0B,) is measurable and then it can be integrated, then
by Fatou’s lemma:

+oo +00 +oo
/ P(E,0B,)dt = / lim P(E),, 0B,) dt < lim inf / P(Ep, 0B,) dt.

o0 [e.9] h

But as both B; and Ej, have smooth boundary, from 1.1.6 and 1.1.23,
P(Ey,,0B,) = H, 1(0E, NOB,) = P(B;,0E) =0, a.e.

Finally,
+oo
/ P(E,0B,)dt =0 = P(E,0B,) =0 a.c.

o0

Then we present a standard result of existence of minimal perimeter.

Theorem 1.1.30. Let Q2 be a bounded open set in RY and L be a Caccioppoli set.
We define:
C = {F Caccioppoli set s.t FF\ Q= L\ Q}.

Then the problem

min P(F)
FeC

has a solution.

Observation 1.1.31. We notice that the role of L is to capture the constrained
boundary. Indeed, we can read the problem as: "find the subset of €2 with minimal
perimeter, given that 9€2 N L has to be part of its boundary".

Proof. From 1.1.5 we can write
P(F) = P(F,Q)+ P(F,RV\ Q).

But P(F,RY \ Q) is fixed by constraint, therefore we want to minimize just
P(F,Q) = V(xr,). The perimeter is always positive, this means that the

19
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problem is bounded from below and so any minimizing sequence E; has uniformly
XEy| ) = |E; N Q| < Q. Therefore, {xg,}
is bounded in BV. By the compact embedding, there exists f € L'(2) to which a
subsequence of x g, is converging in L'. We can choose this subsequence to converge
also a.e. to f, this implies that f(z) € {0,1} a.e. If wecall E :={x € Q: f(x) =1},
we can say:

bounded perimeters. Furthermore,

f=xg ae
But by 1.1.10, we have:

P(E, Q) = V(x5,9) <liminf V(xs,,2) = inf P(F,9).
J

This means that E is the minimum. O

We can point out that similar proofs can be used for optimization problem with
functionals of the kind:

G(F) = P(F, Q)+/FH(3:) dz.

1.2 Reduced boundary

Definition

In this section the idea of reduced boundary will be present with some relevant
properties. In particular, on the reduced boundary is possible to define in some
sense the the normal vector and s tangent space. Furthermore, we can write the
perimeter of a Caccioppoli set as the Hausdorff measure on the reduced boundary.
We will develop further theory on the Caccioppoli sets considering them as a
class of equivalence, this comes naturally as we identify the set with xg € L] oc-

Definition 1.2.1. We say that two sets F and F' are equivalent if
(E\F)U(F\ E)| =0.

This equivalence relation is consistent with the perimeter from 1.1.8 (3). From
now on we will always take for any Caccioppoli set F its representative satisfying
the following property:

0<|ENB(z,p)| <wp" VredE, VYp>0; (1.6)

where B(x, p) is the ball centered in x of radius p, while w, = |B(0,1)|. We can
now prove that always exists an equivalent set with such a property.

Proposition 1.2.2. For any Borel set E exists an equivalent set E satisfying (1.6).
20



1.2 — Reduced boundary

Proof. We define two sets:
Ey={zeR": 3p>0,|B(z,p) N E| =0},

Ei={zeR": 3p>0,|B(x,p) NE| =wpp"}.
We first notice that Ey N E; = (). Indeed, if we suppose x € Ey N Ey, then there
must exist p; > pg > 0 s.t.
[B(z,p0) VBl =0 A\ |B(@, p1) N E| = wyp

= [(B(z,p1) \ B(x, p0)) N E| = |B(z, p1) N E| = [B(z, po) N E| = wapi

But at the same time [(B(x,p1) \ B(z,po)) N E| < |B(z,p1) \ B(z, po)| < wnpl,
contradiction.

Then we can show that those sets are open. Take x € Ej, then there exist
p > 0st. |B(z,p)NE| =0. Let y € B(x,p), then we can find p, > 0 s.t
B(y, py) C B(z, p) and consequently |B(y, p,) N E| = 0. This show that B(z, p) C
Ey. Similarly, for z € E; we can find p > 0 s.t. |B(z, p) N E| = w,p" and for every
y € B(z,p) there is a ball B(y, p,) C B(z, p).

o = [(B(w, ) \ Bt, p,)) N E| +|B(y,p,) N E| < wp” —wnp) + | B(y,p,) N E

= [B(y,py) N E| > wnpy,.

Then, B(z,p) C E1. 3
Now we define £ = (EU FEy) \ Ey = (E\ Ey) U E;. W now show that F is
equivalent to F.

E\E=EnN(EUE)NE)*=EN((FEUE)UE,) =
=(ENEy)U(EN(EUE)) =EN E,.
E\E=(EUE)NENE‘=(E,NE)NE;=FE\FE
= [(E\E)U(E\ E)| < |Ei\ E| +|EN Ey.

Now, since R™ is separable, we can find a sequence {x;} C Ey dense in Fy and
consequently such that Ey C U;ey B(x;, pi) and |E N B(x;, p;)| = 0.

ieN
At the same way we can find a numerable ball covering for E; s.t. |E'N B(x;, p;)| =
wy Py, then
|Ev\ B < |Bxi, pi) \ Bl = X _|B(i, pi)| = |B(wi, 1) N E| = 0.
ieN ieN
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= [(E\E)U(E\E)|=0.

Now, to conclude, we have to prove that 8E’D(El UEy) = 0. Suppose z € E1UFy,
since those sets are open we can find a ball B(z, p) totally contained either in Ey
or Fj.

e B(x,p) C Ey: this implies B(z,p) N E C EyNES =0, and so = ¢ OF.

e B(z,p) C Ey: that is B(z, p) N E¢ = B(x,p) N ((E°U Ey) N ES) = ), which
again implies x ¢ OF.
O

From now on we will always refer to the representative set satisfying (1.6).

Observation 1.2.3. A first relevant consequence of this property is that the support
of |Dxg| is exactly OF. Indeed, supp|Dxg| C OF, while given an A open such that

| Dxz|(A) =0,

then for each € JF we can find a ball B = B(z, p) that is | Dxg|-negligible. But
from isoperimetric inequality 1.1.20 this implies:

min {{B N E|,|BN(R"\ B)|} = 0.

Although, this contradicts the property (1.6).
We go on defining the reduced boundary.

Definition 1.2.4 (Reduced Boundary). Given a Caccioppoli set E, we define the
reduced boundary 0*F as the set of x s.t.

* |[Dx&l(B(z,p)) >0, Vp > 0;

Dxe(B(z,p))

o the limit v(z) = lim, o DBy CXists;

e (@) =1,
Observation 1.2.5. Since |Dxg| is supported on OF and the property 1.6 is assumed,
then the first requirement cannot be satisfied for ¢ 0E. Therefore, 0*E C 0E.

v actually is the integrable function of the polar decomposition of Dy g (see
(B.0.4)), that is |v(x)| = 1, | Dxgl|-a.e., and v is the Radon-Nikodym derivative (see
appendix A) between Dxp and |Dxgl:

Dxg =v|Dxg|.
22



1.2 — Reduced boundary

Observation 1.2.6. This means that v is defined as above for |Dyg|-almost every
point on JF. This combined with the fact that |Dxg| is supported in OF, let us
conclude:

P(E,Q) = |Dxg|(Q2) = |Dxp|(QNOE) = |[Dxp|(QNI*E). (1.7)

We can look at this v as a generalization of the inward unitary normal vector
and the reduced boundary as the portion of 0F where this normal is well defined.
The following example will show it.

Example 1.2.7. Take E set with C* boundary. From example 1.1.6 we have
|Dxg|(A) = P(E,A) =H, 1(ANOE)

for any measurable set A. But we also know that in this case the distributional
derivative of xg is given by:

DXE = VHn—h onﬁE,
where v is the normal vector on OF pointing inside E.

Dxr(B(z,p)) _ 1 / v(z)
|Dxe|(B(x,p)) Hn1(0E N B(z,p)) JoEnB(w,p)

dH,—1.

This is the integral average of v on a ball, thus by continuity it converges to v(x)
itself. Then
0'FE = 0F.

If we take E to be instead a polygon, then the corners are not in the reduced

boundary. Indeed, there the integral average will be the average between the normal

vectors of two sides ’“gﬂ, which is not a unitary vector.

Approximation by tangent spaces

We can see that with this definition of normal vector we can define a tangent space,
which locally approximate the reduced boundary. In particular for any z € 0*E we
can define the tangent space and the approximating half-space:

T(z)={zx eR": (v(z),x — z) = 0}, (1.8)

THz2)={x e R": (v(2),z —z) >0}, (1.9)

where in T" we take ">0" because v is the inner normal vector. In order to prove
this approximation we need the some inequalities.
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Proposition 1.2.8. Let E be a Caccioppoli set and take x € O*FE, then Ve > 0
exists pg > 0 and a constant ¢ = c(n,e) > 0 such that ¥p < po:

P(E, B(z,p)) < cp"".

Proof. Without loss of generality consider z = 0 and E bounded (as we want
to verify a local property) and denote B, = B(0, p). From 1.1.9, if we take any
constant g € R™, then

g- DXEHB,)(RH) =0 = DXEan = 0.

But as well
Dxgns,(R") = Dxgng,(B,) + Dxens,(R"\ B,)

—> |Dxens,(B,)| = |Dxpns, (R \ B,)| < P(EN B, R"\ B,).
Then, from 1.1.17 and the fact that for any A open P(E, A) = P(EN A, A):
d
P(ENB, R"\B,) = P(ENB,,R")-P(ENB,, B, < P(E,0B,)+ W’E NB,|.
+
However, from 1.1.29 P(E,0B,) = 0 for almost every p, and in addiction from
1.1.22 we have
P p
ENB,| = / Ho 1 (0B, N (EN B,))dt = / H, (0B, N E)dt.
0 0

Thus |E' N B,| is actually almost everywhere differentiable and consequently
d d n—
E’EQBP| = %|EHBP‘ :Hn_l(aBme) Snwnp 1.

On the other hand, Dxgng,(B,) = Dxe(B,), since for any ¢ € D(B,)
(DjXEenB,(B,), ¢) = —(XENnB,, Dj®) = —(X&E D;0).

To summarize we have
|Dxg(B,)| < nwnp" "

Now we assume 0 € 0*FE, therefore

Dxg(B
|XE7(P)’ N |,/(0)| =1,
|DXE|(BP)
then for every ¢ there are p small enough such that: |Dxg(B,)| > (1—¢)|Dxg|(B,),
nwy,
= |Dxg|(B,) < - 8p L a.e.p < po.

However, using the continuity from below of |Dxg| we can extend this inequality

to every p.
[
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1.2 — Reduced boundary

Proposition 1.2.9. Let E be a Caccioppoli set and take x € O*FE, then Ve > 0
exists po > 0 and a constant ¢ = c¢(n,e) > 0 such that Vp < py:

min{ |EN B(z, p)|, [(R*\ E) N Bz, p)| } = cp".

Proof. Let’s call B, the ball B(z, p). In seek of simplicity during the proof I will
always use the notation ¢ for a generic constant in the inequality, even though its
actual value is changing. Recalling some steps of the proof in 1.2.8, we can say that

1 1
P(EN By, B,) = P(E,B,) < 17_6|DXE(Bp)\ < 1—_€P(E N B, R"\ B,),
— P(ENB,) <cP(ENB,R"\ B,).
But we also have

d d
P(ENB,,R"\ B,) < - |ENB,| = “|ENB,|
( P P) dp+‘ P’ dp’ P

while with the isoperimetric inequality 1.1.20 we have

IENB,|"" <cP(ENB,)

n—1 d
= |ENB,| = < cd—yEm B,|.
P

Pairing this differential inequality with the initial condition |E N By| = 0, we can

solve:
|ENB,| > cp".

We can just put R" \ F in place of E to get the other inequality. O]

Theorem 1.2.10. Take z € 0*E and t > 0, define the set:
E;={z€R": t(r—2)+z€ L}

Then, E; converges locally in measure to T (z) fort going to 0 and in particular
for every bounded set A s.t. H,_1(0ANT(z)) =0 we have:

111% P(E;, A) = P(T*(2),A) =H, 1 (ANT(2)).

—

Proof. Without loss of generality we assume z = 0 and v(0) = —ey, so that
(] Et = %E’

o« TT=T%(0) ={z: x <0}
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Moreover, from 1.2.8 and 1.1.8 (5) we have:
1 .
P(E;, B,) = tTlP(E,Btp) < cp"

that is, P(E, B,) is bounded as a function of ¢. In order to prove that E; converges
to T7(z), we show that for every sequence Ey;, such that t; — 0", there is
a subsequence, we call it E;, that converges to T"(z). Beacause P(E;, B,) is
bounded, from the compactness theorem 1.1.14, we can extract a subsequence
Ej such that xg, converges in L} ¢, but we can chose it to converge also almost
everywhere, therefore the limit function must be a characteristic of a set:
L}/OC’

XE; J_>—oo> XF-
But the L}, convergence implies the convergence in distribution and therefore
also Dxg, converge in distribution to Dyp. Finally, by density of Cg° in Cp, we
have

DXEJ- = Dxr,

for the meaning of this convergence see B.0.7. The scaling property 1.1.8 (5) is
true also for the Dy measure for the same argument as in (1.1), using it again we
have:

DXE,tj

*
T Dxr,
J

where Dx gy, (A) = Dxg(t;A). Now we, taking into account 1.2.8 and B.0.12, we
can apply B.0.14 to conclude:

‘DXE,tj .
= T = |Dxrl, /\ Dxr =v(0)|Dxr| = —e1|Dxr|.
J

‘DXEJ-

But this means that xyr depends actually only on x;. Indeed, take the mollified
version X * p., where ¢ is a standard mollifier. Then for ¢ > 2

5, Ok * p2) = Dix * pe = (|Dxpl * pe)ui(0) = 0,

that is xr * p. depends only on x; for all e. Thus, the same is true moving to the
limit £ — 07. This means that there exists a set J C R such that:

xr(x) = xs(21),
and consequently F' = J x R""!. Since, for any a € R

Dx;((a,2)) = Dixr((a,7) x (0,1)""") = =|Dxrl((a, ) x (0,1)""1) <0,
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we must have that y; is a decreasing function, although this is possible only if
J = (—o0, «) for some « € R, that is F' is a halfspace. Now suppose a < 0, then

|E N Ba,

lim
J—00

= lim |E; N B,| = |FNB,| =0.

] j—o0

However this contradicts 1.2.9, for which % > ¢ > 0 for every j. Similarly, if

a > 0, we can use the same argument (addlng that R™ \ E; converges in measure

to R™\ F') and we find a contradiction with M > ¢ > 0. In conclusion
]

F=T+.

The second statement comes from the more general fact that if a sequence of
positive Radon measures pj, — pu locally and u(9A) = 0, where A is a relatively
compact set, then limy, p,(A) = p(A). Indeed, we can take an approximation with
Lipschitz functions of x4 from above (a.) and from below (b.), that is:

ac. = sup{xa(y) —elz —y|, y € R"}, b. = inf{xa(y) +elz —y|, y € R"}.

For ¢ — 0%, a. converge pointwise to x z, while b. to x ;. Nevertheless, a. and
b. are bounded functions on a compact domain, that is they can be dominated,
therefore those convergences are also in L' (K, 1) and L' (K, ), where K is a wide
enough compact. Therefore we have

lim/bsd,u:/KXAd,u:,u(fol)

e—0t JK

lim [ a.dp= /KXA dp = p(A).

e—0t JK

Taking into account that u(0A) = 0, we conclude
I /bEd:l' _dp = pu(A).
A i be e = i J e e =)
However for each ¢ we have:

/ b dp = lim/ b duy, < liminf/ adpy <
K h JK h K

< limsup/ xadu, < lim/ a. du, = / a. dy.
h K h JK K
Then moving to the limit for e — 0% we have the thesis. O

Corollary 1.2.11. For each x € O*FE
P(E,B
p—0 wnilpnfl
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Proof. Because the perimeter is invariant on translations, we can take z = 0. From
1.1.8 property (5), P (%E,B(O,l)) = pnl,lP(E,B(O,p)). But from the previous
theorem we have:

lim P <1E, B(O,l)) — Mo 1 (B(0,1) N T(0)) = wn_1.

p—0 P

Then we can easily conclude.
O

This corollary is a generalization of a known result for Hausdorff measures on
regular surfaces. Indeed, let V' be a set with regular boundary, then 0V = 9*V and
|Dxv| = Hn-1|ov (the Hausdorff measure restricted on 0V'). Thus, we can verify

lim Hp—1(B(z,p) NOV)

p—0 Wn—lpnil

=1, VzedV.

Perimeter and Hausdorff measures

The most relevant result, for which we need to introduce the reduced boundary, is
that:
P(E,Q)=H, 1(0"ENQ).

In order to show it we need an useful decomposition of the reduced boundary, that
we are not going to prove, for more insight see [1] chapter 4.

Theorem 1.2.12. If E is a Caccippoli set, then
oO'E = U Ol U N;
i=1

where N is |Dxg|-negligible, while for all i C; is such that there exist a set A; D C;
and a C* function f; : A; — R satisfying for all x € C;:

Furthermore, C; can be chosen so that |Dxg|(0*E \ C;) < .

We also need the following inequality.

Lemma 1.2.13. Let E a Caccioppoli set and C C 0*FE, then 3b, such that
H,-1(C) < 2b,|Dxg|(C).

Observation 1.2.14. On 0*E we have H,,_1 << |Dxg|.
28



1.2 — Reduced boundary

Proof. For outer regularity of Radon measures (see A.0.3), for any n > 0 we can
find an open set A D C such that:

| Dxel(A) < [Dxel(C) +n.

Take an arbitrary € > 0, then for each x € C' we can find (from 1.2.11) ae > p >0
such that for each p < p B(z,p) C A and

1 e
[Dxel(B(z,p)) 2 wa-1p g
This is fine ball covering so by Besicovitch covering theorem (A.0.8) we can find a

countable family of such balls B; = B(x;, p;) which still cover C' and each point is
in at most b,, balls. Therefore,

an_lp?_l < QZ|DXE|(BZ') < 2b,|Dxel(A) < 2b, (|Dxel(C) +n) .
Recalling that

o diam(U;)\"
Hn—l(c) = ll_{% inf {Zi:w"—l <2>

C C UUZ’ dlam(UZ) < 5} ,

then for arbitrariness of € and 1 we conclude that

Hn—1(C) < 2b,|Dxg|(C).

Theorem 1.2.15. Let E be a Caccioppoli set, then for every B C 0*FE
|Dxel(B) = Hu1(B),
and in particular, for any open €):
P(E,Q)=H,1(Q2NO"E).
Proof. Take the decomposition given in 1.2.12, then by the previous lemma:

1 20,
|Dxe|(B\ C;) < o= Ho1(B\C)) < =

For now suppose the statement is true for B N C;, for any 7, then

1 1
|Dxg|(B) = |Dxe|(B\ C;) + |Dxe|(BNC;) < 7 +H,(BNCG;) < 7 +Hn1(B),
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= [Dxel(B) < Hna(B).

But, similarly using H,_1(B \ C;) < 22, we can get also H,_1(B) < |Dxg|(B).
Therefore, we just need to show that the statement is true for B N C;, which means
we have to verify the equality for a generic set C' for which there exist a set A D C
and a C' function f : A — R such that for all z € C:

fl)=0, A\ Vf(z)#0.
As f € C', we can take A so that Vf(z) # 0 on A. Therefore, ' = {z € A :
f(x) = 0} defines a regular hypersurface. Then, on each = € I we have

lim H,1(B(z,pNT))

— =1
p—0 Wp—1P""

However, we also know from 1.2.11 that

L Dxsl(B(, )
p—0 anlpnil
. Hpa(Bz,pn'V))
= lim
r=0 | Dxg|(B(z, p))

Then from the measure differentiation theorem A.0.11 we can conclude that H,_, =
|Dxg| on T', and in particular

Hn1(C) = [Dxpl(C)

Finally from (1.7), we can conclude:

=1,

=1

H,_1(QNO*E) = |Dxp|(QNO*E) = P(E, Q).

Corollary 1.2.16. 0*FE is dense in OF

Proof. From observation 1.2.5 and the fact that OF is a close set, we already have
that 0*F C OF. For the reverse inclusion we can notice that if we take an open
set A outside of 9*E, that is AN 0*E = (), then

DXsl(A) = P(E, A) = H, (AN O*E) = 0

But this implies that A N supp|Dxg| = AN OE = (. This means that the interior
of R™\ 0*F is contained in the interior of R™ \ OF, therefore

OF C O*E.
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1.2 — Reduced boundary

We can conclude observing that from the generalize Gauss-Green formula in
observation 1.1.9 we can generalize the equation (1.2):

/diV(g)dxz—/ngsz—/g~vdleE|=—/ g-vdH, 1,
FE E E oOF

which is consistent with the Gauss-Green formula as v here is the inward normal.
We can extend the idea of reduced boundary to a general function in BV via
the so called jump set.

Definition 1.2.17. Given u € BV (1), we say that x € J,, the jump set of u, if
there exist u (x), u_(z) € R and v, (z) € R™ such that u,(x) # u_(z) and

. U+($), lnyuZO
] —
el—%u(m tey) {u(a:), ify v, <0’

in LL(B(0,1)).

The quantities uy,u_ and v, are not uniquely defined, because the same limit
function can be described switching v, and u_ while changing the sign to v,.
Conventionally, we take u, > u_ and therefore v, is directed toward the increasing
direction of the jump.

Observation 1.2.18. From theorem 1.2.10 we notice that the jump set of u = yp
is the reduced boundary 0*FE. Furthermore, from theorem 1.2.15 and the polar
decomposition we can write

Du = yanfl rJ

u

For a general function in BV we have the Federer - Volpert decomposition
Du=YVuLl, + (uy —u_ v, Hp—1 4, +Cu, (1.10)

where Vu is the weak gradient, while C'u is the so called Cantor part, which is
a residual measure in between the Lebesgue and the Hausdorff measure. More
precisely C'u is supported on a L,,-negligible set, but H,,_1 (supp{Cu}) = cc.

The classical example to observe the Cantor part is the Cantor-Vitali function,
a.k.a. the devil’s staircase (figure 1.1). This is a monotonically increasing function
on [0,1], this means it belongs to BV ([0,1]), and it is defined as the uniform limit of
continuous functions, therefore it is continuous itself (= .J, = (). Furthermore,
its most interesting feature is that it is constant almost everywhere, even though it
is continuous and increasing, in particular it is not constant only on the Cantor set.
This implies that Vu = 0 £,-a.e. and consequently

Du = Cu.
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Figure 1.1: The "devil’s staircase" or Cantor-Vitali function.

For more insights see [2]. The Cantor part is usually very hard to deal with
and refers to some pathological cases, hence sometimes we rather simplify the
computations taking into account only the BV functions with no Cantor part, that

is the set:
SBV(Q) ={ue BV(Q): Cu=0}.

1.3 Gamma convergence

In this section we will present a convergence criteria for functionals with a nice
behaviour with respect to the minima (the minima converge to minima). To deepen
the subject you can refer to [3]. This notion is useful in image analysis to jump
between the discrete formulation through pixels and a continuous formulation,
reached when the density of pixels tends toward infinity.

Definition 1.3.1 (I'-convergence). Let (X, d) be a complete metric space, {F;} a
sequence of functionals X — R. We say that F} converge to a functional F', and
denote it

F; —F,
it for each x € X we have:
1. for any sequence z; — z, F(x) < liminf; Fj(x;);
2. there exists a sequence z; — =, F(x) > limsup; Fj(x;);

The sequence in (2) is called recovery sequence.
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1.3 — Gamma convergence

Observation 1.3.2. We can notice that the condition (2), given (1), is equivalent to:
F(x) = lim Fj(z;);
J

This definition of limit is well posed, that is if the I'-limit exists, it is unique.
Indeed, let F' and F” two limit of the sequence F,,, for every x € X take the
recovery sequence x, for F’, then

F'(z) > limsup F,(x)) > lim inf Fo(xy,) > F'(x).

Similarly, we also have the reverse inequality.

Observation 1.3.3. In general it is not true that if F; = F' constant sequence, then
F; L F. Indeed, condition (1) implies:

Ve e X, z; — v = F(z) <liminf F(z;),
j

that is possible only if F' is lower semicontionuous.
Indeed, it actually turns out that the I'-limit is the lower semicontinuous envelope
of F'.

We will present some relevant results about Gamma convergence.

Proposition 1.3.4. Let U C X open and F; — F uniformly on U,

F lower semicontinuous = F} L) F onU.
Proof. 1.) Let u; — u € U, then for j big enough also u; € U.

= [Fy(w;) = Flw)] < sup|F5(v) = F(v)] — 0.

This and the semicontinuity of F' let us conclude:

lim inf Fj(u;) < liminf Fj(u;) — F(u;) + liminf F(u;) < F(u).
J J J

2.) We can take the constant sequence u; = u, then:

lim F;(u;) = F(u).

J

]

The most important property is the relation between the minima of a the
sequence of functionals and the ones of their I' limit, expressed in the following
theorem.
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Theorem 1.3.5 (Fundamental theorem of I' convergence). Let X be a complete

metric space and F;, F': X — R U {400} such that F; L F oand F; equi mildly
coercive, that is:

dK C X compact : 7jg}f{FJ(u) = ngf{Fj(u) Vj e N.

Then the following statements are true:
1. dminy F
2. lim;_, o (infx Fy) = infx F
3. H{u;} relatively compact sequence s.t. lim;_, . Fj(u;) =infx F.

Proof. Because the infima of all F; are located in the same compact K, then they
admit a minimizer in K, that is

But since K is compact, I can extract a subsequence (I still call it @;) converging
to a point u € K. Let’s call instead {u;} the recovery sequence for u, then:

F(u) < liminf Fj(@;) = lim inf i&f F; <limsup i§f F; <limsup Fj(u;) < F(u)
j j j j

= F(u) = lim (inf F}).
J X
Consider now u € X with {u;} its recovery sequence, then

F(u) > limsup Fj(u;) > limsup igl{fFj = F(u)
J J

— F(u) = m)}nF.
[

Observation 1.3.6. We can notice that in this proof we also showed that a sequence
@; of minimizers for Fj is converging, up to a subsequence, to a minimizer of I’ u.

With this kind of convergence the property

Fj = F r

G - G
is not true in general. This is understandable as the minima displacement

changes with the sum, therefore the property that minima converge to minima can
be lost.
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1.3 — Gamma convergence

Example 1.3.7. Take f;j(x) = sin®(jz) and g;(z) = cos?*(jx). We can rapidly
verify that:

1. liminf; f;(z;) > 0 independently on {z;}.

2. Take as recovery sequence x; = ?L%xj — x, but f;(x;) =0 for each j.
]A)OO

and similarly for g;. However, f; +g; =1 RN
But the convergence is preserved by adding continuous functionals.

Theorem 1.3.8 (Stability under continuous perturbations). Let G : X — R be
a continuous functional,

F,5F = F+G - F+G.
Proof. 1. Take u; — u, then

lim inf(Fj(u;) + G(u;)) > iminf Fj(u;) + lim inf G(u;) > F(u) + G(u)
j j j

2. Take {u;} the recovery sequence for u over Fj, then
Fj(u;) + G(uj) — F(u) + G(u).
[

Often to show a I'-limit it is convenient to show that the I' — lim sup and the
[' — liminf are equal.

Definition 1.3.9. Given a sequence of functionals F; on a metric space X we

define

1. ([' = liminf; F}) (u) = inf {lim inf; F'(u;) : w; — u},

2. (F — lim sup; F]) (u) = inf {lim sup; F'(uj) © uj — u}
Usually we call F' :=T" — liminf; F; and F" :=T" — lim sup, Fj.

It turned out that these quantities exist and are never —oo, furthermore those
inf are actually min. Let’s verify that

I' —liminf F; =T —limsup F; = F <= dI' —lim F; = F. (1.11)
j j j
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Indeed, from (1)
Yu, Vu; — u, F(u) < liminf F}(u;),
j

while, since those are minimum, from (2), there exists a sequence such that
F(u) = limsup; Fj(u;). Conversely, if ' = I' — lim; Fj, then for the liminf
property, ' < I' —liminf; F};, while the limsup property lead us to conclude that
F > I'—limsup, Fj. But, since clearly I'—lim inf; F; < T'—limsup; F}, we conclude
that those are both equal to F.

With these definition we can finally show the relation between I'-convergence
and lower semicontinuity.

Proposition 1.3.10. Given a sequence Fj, then the I' — liminf; F; and I' —
limsup; F; are lower semicontinuous.

Proof. Take a sequence {u} converging to w. From the definition 1.3.9 (1)

VEk, Hul}yst.oul — up,  F'(ug) = liminf Fj(u},).
j j

Therefore, for all k& we can find a j, such that ji. > ji_1, d(u{;’“,uk) < % and

Fy (ul}) < F'(ug) + +. Then we define

v; =

{uﬁ, if for some k j = j;
J

u, otherwise.

We can see that v; — u, because ui’“ - Then by the definition of I' — lim inf:
j

; 1
F'(u) <liminf Fj(v;) < limkinf F;, (uF) < limkinf F'(ug) + P limkinf F'(uy,).
j
This shows that the I' — lim inf is lower semicontinuous. The same can be proven
for the I' — lim sup with a similar argument. [
Corollary 1.3.11. If the I'-limit exists then it is lower semicontinuous.

Furthermore, we can use this semicontinuity for this extension result for the
limsup inequality.

Proposition 1.3.12. Let {F,} and F functionals over a metric space X and let
Y C X such that for any x € X exists {y,} CY satisfying:

Yn — T /\ F(y,) — F(x).
Then, calling F" =T — limsup,, F},,

F'(y) < F(y), YyeY = F'(x) < F(z), VrelX.
36



1.3 — Gamma convergence

Proof. From the convergence of the restrictions we have:
F"(u) < F(u), Vuey.

For every z € X we take the sequence {y,} as in the hypothesis. Then, using the
semicontinuity of F” we conclude

F'"(z) < lim inf F'"(y,) < liminf F(y,) = F(z).
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Chapter 2

The Rudin-Osher-Fatemi
problem

In this chapter will be presented the problem core of this thesis, the Rudin-Osher-
Fatemi model, that is an application of calculus of variation in image analysis. The
setting is denoising, even though the approach we will develop has applications
also in other image analysis problems.

This model consists in the minimization of a functional involving the total
variation, with the desired effect of reducing the oscillations given by the noise
without introducing a blurring effect.

The study of this problem will proceed through the proof of existence and
uniqueness of the solution, finding the associated FEuler-Lagrange equation and
in conclusion an example of analytic solution, which will be achieved finding the
optimal level sets.

2.1 Variational continuous models

We model a image as a function g : 2 — R so that at each point x € §2 associate
the intensity of grey g(z) (you can simply consider a triplet of functions for the
RGB representation). For analytic purpose, we set the model on a continuous
domain , but since the aim is working with digital pictures we take 0 C R2?,
bounded and with at least Lipschitz boundaries, we will often consider € = [0,1]%.
For the same reason we assume g € L*(£2) and non negative, therefore it is not
restrictive to take Im(g) C [0,1].

Getting into the problem, given a noisy image g = g + o - €, where g is the
original image and o - ¢ is a white noise of scale o, we want to reconstruct as
accurately as possible the original g. This can be translated in a variational setting
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with an optimization problem of this kind:

. 1 2
seiin AP+ 5= gl (2.1)

whose minimizer is the reconstructed image. The objective function consists
of two terms, the second }||u — g||iQ(Q) pushes the minimizer to be close to the
reference image, indeed we expect the noise to change the original image not
drastically. The first term, represented by the functional F' : X — R, has to
behave, instead, in a “reqularizing" way, such as to mitigate the vibrating effect of
the noise. A > 0 is a tunable parameter representing the ratio of relevance between
the two terms.

With this idea of regularization, we can take F' as the Dirichlet functional, that
is:

F(u) = / \Vul|? dz,
Q
with the domain X = H'(€). This choice leads to the Euler-Lagrange equation:
—Au+u—g=0, (2.2)

which is known to have an extremely regularizing effect. This is actually not
ideal for images, because on the depicted objects’ contours the gray intensity
will present a discontinuity. Therefore we would like to preserve this kind of
irregularities, whereas the previous proposal will produce a blur effect, making the
edges unrecognizable (see figure 2.1).

Figure 2.1: In order: original image, noisy reference, reconstruction with the
Dirichlet term.

In order to preserve the contours, D. Mumford and J. Shah [4] thought of
introducing a 1-dimensional curve I' C €2, representing the edges, so that an
equation like (2.2) would be valid only on ©\ I'. Then, we minimize on all the
possible edges, punishing its length, so as to avoid confusing the noise for a contour.
In formulas the problem become:

. : 1 2 2 1
min _min §Hu = 9ll72(0 +>\/§2\F]Vu| de + pH (T). (MS)
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2.2 — The ROF model

This problem can be very challenging to approach not only computationally, but
also analytically for the lack of convexity in general. Therefore, usually is better
to find a sequence of convex functionals I' - converging to the Mumford - Shah
functional. Some approximations are presented in [5], as well as a deeper analysis

on this problem. A noteworthy approximation is the one given by L. Ambrosio and
V. M. Tortorelli:

1
AT.(z,u) = §||z(u — g)||ig(9) + /\/QZ|VU|2 dz + g/ﬁ{deP +e M1 — 2)2} dz,

where z is a function such that 0 < z(z) < 1, with the purpose of relaxing the
contour positioning: z is close to 0 in proximity of an edge. For ¢ — 01, AT,
does not I'-converge exactly to Mumford - Shah functional in (MS), but to a slight
variation where the double minimization is changed considering u € SBV ({2) and
I' = J, (the jump set of u). In other word we have:

AT.(z,u) = F(z,u),

with F(z,u) = §llu— gll7>) + A Jorr| Vul® dz + pH'(J,), for u € SBV(Q) and
z =1, F(z,u) = oo otherwise. See [6] for the proof. This approach has produced
remarkable results, also in edge detection, but at the price of theoretical and
implementation difficulties.

2.2 The ROF model

Another choice of F' for (2.1) can be the total variation. Indeed, it will tend to
dampen the oscillations, without introducing a diffusive effect. This leads to the
Rudin-Osher-Fatemi problem:

: 1 2
vesy i o AV (W @) + Sl = gl ey (ROF)

This problem is defined for Q € R¥, even though in the application on image
analysis N = 2, for which BV (2) is continuously embedded in L?*(2) (see the
observation 1.1.19). However, for the rest of this section we will present the result
in the more general setting of free N.

We can immediately see that this problem is convex and, furthermore, the objec-
tive function is strictly convex, thanks to the fidelity term 3 ||u — gHiz(Q). Therefore,
this minimization problem has at most one solution. To further investigate the
existence of a minimizer it is useful to restrict the domain, showing that the solution
is bounded.
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The Rudin-Osher-Fatemi problem

Proposition 2.2.1. Let g € L*(Q) with m < g < M almost everywhere and
define B:={u e L>*(Q):m <u<Ma.e.} , then

. 1 2 . ]_ 2
f Q)+ —|ju— = f Q)+ —||lu— .
ueBV(IKIll)ﬂLQ(Q) AV (u, ) + 9 [u 9HL2(Q) ueBgl(Q)mB AV (u, ) + 9 |u g||L2(Q)

Proof. At first we notice that B C L?(€2), since the domain 2 is bounded, therefore
we only have to show that the infimum on BV (Q2) N B is lower than the one on
BV (Q2) N L3(2). Take u € BV () N L*(Q2) and define u = m V (u A M), then
clearly |u — g| > |u — g| and consequently the fidelity term decreases. Instead, for
the total variation part we recall the inequality 1.1.26, then:

V(u, Q) <V(u,Q),

showing in conclusion that for every u € BV (Q)NL%(Q) there existsau € BV (Q)NB
such that:

_ L 1
AV (u, Q) + §||u — 9||iz(g) <AV (u, Q) + §||U - 9||i2(9)-

]

This property is relevant because the images are encoded in computers with
a bounded range of intensity, [0, 255], and we would like to find a solution that
still satisfies this intrinsic boundaries. Therefore, from now on we will consider the
minimization of (ROF) to happen on

U={uecBV(Q)NLZQ)]u =0, [lull, < llgll} (2:3)

which still is a convex set.

Observation 2.2.2. The set U is also compact in L'(2). Indeed, BV (Q) is compact,
while the condition 0 < u < [|g||_, is preserved almost everywhere through the L'
convergence. Hence, U is the intersection between a compact and a closed set.

Observation 2.2.3. The advantage of working with essentially bounded functions
on a bounded domain is that the L' and L? convergence are equivalent since:

o Nullpigy < /19Ul 2,

2
o Nullzz) < lull poeyllull 1 q)-

This allows us to deal simultaneously with the total variation, which works well
with the L' convergence, and with the L? norm of the fidelity term.

Proposition 2.2.4. The ROF problem admits a unique solution.
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2.2 — The ROF model

Proof. For the direct method we need to prove that the objective function is
bounded from below (but clearly it is positive) and lower semicontinuous on a
compact in the L' norm. The total variation is lower semicontinuous while for
the previous observation the fidelity term is continuous on U with respect to the
L' convergence, then the objective function is l.s.c. Then for compactness of U
we can conclude the existence of a minimum, which has to be unique for strict
convexity. ]

2.2.1 Euler-Lagrange equation

Going on with the standard variational analysis, we will now find the Euler-Lagrange
equation associated with this problem. We could compute the Gateaux derivative
(which is not straightforward for the total variation) and pose it to 0 to get:

dDu
—Adiv | —— —g=0 2.4
v (qipe ) Fuma=o (2.4)
where dd\g:i\ is the Radon derivative. However, it is more meaningful to use a different

approach, which will lead to a formally different equation. For this purpose we need
to recall some convex analysis definitions and results, that will be fundamental
through out the rest of the thesis. For more insights on convex analysis see [7].

Definition 2.2.5. Given an Hilbert space X and a convex function F' : X —
R U {400}, we define the subgradient of F' in the point = € X as the set

OF(z) ={ve X[ F(y) = F(z) + (v,y — x), Vy € X}.
Clearly, if X = RY and F is convex and differentiable in z, then
OF(z) = {VF(x)},

in these cases we may use the simplified notation 0F(z) = VF(x). This result
can be generalized when F' is Giteaux - differentiable, indeed let’s call F'(z) such
derivative and take p € 0F(x), then

F(z + hv) > F(z) + (p, hv),

F(x+hv) — F(x
B 2D 5 (0,
Then moving to the limit h — 07, we have (F’(x),v) > (p,v). But for arbitrariness
of v € X we must have F'(x) = p.
As in the previous definition, we will refer to functions on an Hilbert space X
and codomain in (—oo, +00], then we recall that the domain is the set

domF = {z € X|F(z) < +o0}.
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Definition 2.2.6. A function F is called proper if domF =+ ().

We will call I'°(X) the set of proper, convex and lower semicontinuous functions
on X.

Definition 2.2.7. We define the Legendre conjugate function F* of F' as

F*(p) = sup (p,z) — F(x),

for every p € X' ~ X.

If F is proper and convex, then (p, z) — F(x) admits a maximum for some p, that
is F™* is proper. Furthermore, F* is also convex (is a supremum of affine functions),
and more in general the conjugation maps I'’ in itself. It follows a fundamental
theorem in convex analysis.

Theorem 2.2.8. F* =sup{f| f€l? f<F}.

From this we can immediately observe that [’ € I = F** = F.
We conclude this summary with three relevant propositions.

Proposition 2.2.9. For F' conver
p €OF(z) <= (p,x) — F(x) = F"(p).
In particular, if F € T'°,
p € 0F (z) <= x € 0F*(p).

Proof. The fact p € 0F (x) means F(y) > F(z) + (p,y — z), Yy € X, that is
equivalent to
(py) — F(y) < (p,x) — F(z), VyeX.

But then we can extract the supremum over y to get F*(p) < (p,x) — F(z) < F*(p),
proving the first equality. If further F** = F', then we also have (p, x) — F**(z) =
F*(p), that is « € OF*(p).

[

Proposition 2.2.10. For F' convex, x is a minimizer of F if and only if 0 € OF (x).

Proof. 1t is a direct consequence of

F(y) > F(r) <= F(y) > F(z) +(0,y — ).

44



2.2 — The ROF model

Proposition 2.2.11. Let F' and G be convex functions such that
dom G Nint(dom F') # 0,

then
I(F +G)=0F & 0G.

Proof. Actually if p € 0F (x) and g € 0G(x), then clearly p + q € O(F + G)(x).
Hence,
J(F+G) COF oG

is always verified.

For the reverse inclusion we have to show that Vp € O(F 4+ G)(x) there exist a
qr € OF () and a q¢ € 0G(x) such that p = gr + qg. Take p € O(F + G)(x), then
for every y € X we have:

Fy) +Gy) = F(z) + G(x) + (p,y — x),

G(r) — G(y) < Fy) — F(z) — (p,y — ).

H(y) < H(y),

where [;T(y) = G(x) — G(y) is concave while Fl(y) = F(y) — F(x) — (p,y — x) is

~—

convex, such that ;[(a:) = H(xz) = 0. Let’s call C1,Cy C X X R respectively the

epigraph of H and the hypograph of H. Those are convex sets intersecting only
on the boundary, therefore they can be separated by an hyperplane II. By the
hypothesis dom G Nint(dom F') # ), II cannot be orthogonal to X, that is it can
be represented as the graph of an affine function o + (g, y). This means that we
must have: _ _

H(y) < a+(q,y) < H(y),

and choosing y = = we also have & = — (g, ). Then
G(x) = Gly) < gy —x) < Fly) — F(z) = (p,y — )

{F(y) > Fx)+(p+qy—=)
Gly) =2 G(x) + (—q.y — ).
In conclusion, we found the desired decomposition with ¢ = p + ¢ € OF(z) and

gc = —q € @G(:B). ]

Coming back to the Euler - Lagrange equation of the (ROF) problem, from
2.2.10 we can state

1
OV (w) + S lu — alze)-
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Note that we are not going to write anymore the dependence from €2 explicitly, if not
necessary. For the theory here presented we need to set the problem in an Hilbert
space, therefore we consider V' as a functional on L? but with domV = BV ().
Since the domain of the fidelity term is the whole L?, we can apply 2.2.11:

0€ ANV (u)+u—g. (2.5)

This can be already consider the Euler - Lagrange equation, but let’s go on
characterizing the subgradient. From 2.2.9 we have

IV (u) ={p|V(u) = (p,u) = V*(p)}.

Then we need to compute the conjugate, but this can be simply done noticing that
V is itself a conjugate of another functional:

V(u) =sup [ —udiv¢dr = sup (u, —div ¢) — (),
PeK /Q ¢

where K := {¢ € C}(Q;R?) | |¢| < 1}, while Ik is called indicator function and it

is defined as
0 if p e C
Iic(¢) = {

+ 00 otherwise.

We can now see that V' is the conjugate of the indicator function on the set
. 1 N
Kaw = {—divol o€ [CH@)]", 1ol <1},

that is V'(u) = I (u). Consequently, from theorem 2.2.8, V* is the convex lower
semicontinuous envelope of I, , that is the indicator function on the closure of
Kaiv (because this set is already convex). Such a closure turns out to be

K = {—diszLz(Q)\ 2| <lae., z-v=0in 69}, (2.6)

where the divergence is meant in distributional sense and z - v is the orthogonal
component to the boundary, defined in a weak sense like a trace operator.

Proposition 2.2.12. Take {p,} C Kay s.t. Dy L, & then € € K.

Proof. The fact that p, € Kg, implies that there is a ¢,, € [CI(Q)]N such that

[l <1 and p, = —divp,. Therefore, for all n, [[¢n[| 2 < 1/[€2, that is the
sequence is bounded in L?. Then, there exists a sub sequence of ¢,, and a z € L*(Q)
such that

2
b 22 = ¢, —> 2 inTD,
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but then p, — —divz, hence £ = —divz.
Let’s now take ¢ € [Cl(Q)]N not necessarily with compact support, for the L?
convergences we still have:

(=div(n), ) = (¢n, Vi) —> (=div(2),¥) = (2, V),

even though in general (div(z), ) + (2, V¢) = [3q 1z - vdx. This implies that
z - v = 0 weakly on 0€.
Define T}, == {|z| > 1+ +} and suppose |T;| > 0. Since we have

/Tk|z|dx:sup{/Tkz-¢dx|z/ze [CE(Q)}N, |¢’§1}7

then for every e we can find a 1. € [C1(€)]" such that || < 1 and

1
'/ z ). dx >/ |z|dz — e > <1+) |Ty| — €.
Ty, Ty k’

Jr, &n - e dx’ < |Tk|, then, moving to the limit on n — +o00, we have

However,

1
T,| > ‘/ z-@bgdx‘ > <1+> IT,| -,
T, k

which is impossible for € small enough. Hence, by contradiction, |Ty| = 0 for every
k, that is [z| < 1 a.e. O

Summing up, we have that V*(p) = Ix(p) and consequently we have:
WV(u) ={pe K[V(v)=(pu)}. (2.7)

Proposition 2.2.13. Consider u € BV (Q) N L*(Q) and p = —divz € K, then we
have

(p,u) = z - Du(9).

Proof. Notice that (p,u) = [ —div(z)udz and [, 2z - dDu = z - Du(f2), so basically
we have to show the derivative switch property [, —div(z)udx = [ z - dDu. This
is true for every z € [C}(2)]", then we want to prove it by a density argument. We
can see that as long as div ¢,, — divz in L?, then

lim —div(qﬁn)udx:/ —div(z)udz,
0 0

n——oo

because u € L?(2). As for the other integral, let’s at first notice that [, z - dDu
makes sense since z is bounded and u € BV (). For now let’s take z = cx 4, for c a
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constant vector and A a Du—measurable set. Then, by construction with mollifiers,
each component of ¢,, satisfies

CiXaz S (¢n)@ < GiXats

with U, A, = A =, A;}. Therefore, we have:
ciOp,u(A)) < / bn A0y u < ;0 u(AL).
)

Moving to the limit, and exploiting the inner and outer regularity of radon measure,
we get the desired result lim, [, ¢, - dDu = [, 2z - dDu. As a generalization, we
know ¢. = z x p. is converging in L? to z and also its divergence to div z. Call
Z,, the sequence of simple functions for which we can approximate [, z - dDu and

bn = 2 * pe, such that ‘an - Du(Q2) — 2, - Du(Q)’ < % Then, calling ¢, = ¢, we
have

(6 - Du() — 2 - Du(Q)] < |6, - Du(Q) — ¢, - Du(2)|+
+ |6n - Du(Q) = 2, - Du(Q)| + |2 - Du(Q) — 3, - Du(Q)],

which is converging to 0. O

Summing up (2.5), (2.6), (2.7) and the previous preposition, we can finally write
a more explicit form for the Euler - Lagrange equation:

—Mivz+u=g a.e. x € (),

|z <1 a.e. x € (),
(2.8)
z-v=>0 on 0f),
z - Du = |Dul.
This is consistent with (2.4) with Neumann boundary conditions, since z = Cﬁgz‘

satisfy the constraints on z.
Before going on with some solution technique we will present a regularity result
on the ROF minimizer. A complete proof of this can be found in [§].

Theorem 2.2.14 (Caselles-Chambolle-Novaga). Assume the domain Q € RN
conver with N < 7. Call uw the minimizer of ROF, then if g is uniformly continuous,

also w is. In particular, given a function w(t) continuous, nondecreasing and with
w(0) =0, then

l9(z) —g9(y)| Sw(lz —y]) Vo,yeQ = [u(z) —uly)| <w(z—yl) Vr,ye Q]
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2.2.2 Solution by level sets

In the following section we will present the relation between the (ROF) minimizer
and the solution of the following problem:

min A\P(E, ) —l—/ s —g(x)dex, (ROFs)
E E

where E is a Caccioppoli set and s € R a parameter. Similarly to 1.1.30 this
problem admits a solution, which we will refer to as F,. We stress that this E,
is not uniquely defined, but we can achieve a unicity result through the following
lemma.

Lemma 2.2.15. Toke s, s € R and Es, Ey any pair of solution of ROF and ROFs,
then
s<s = Eyg CFE, (uptoa negligible set of points).

Proof. Let’s call J4(E) = AP(E,Q) + [z s — g(x) dz. By minimality of E; and Ey
we have the inequality

Jo(B) < J(E,UEY), N Ju(BEy)<Ju(E.NEy),

- JS(ES) + JS/(ES/) < JS/(ES N ES/) + JS(ES U ES/).

However, from 1.1.8 (1) we have P(FE; N Ey,Q) + P(E; U Ey,Q) < P(E,, Q) +
P(Eqy, ), therefore the previous inequality reduces to:

s—x+/s’—x< s—g(z)+ s — g(x),
/S 9(z) E 9(x) EsUE, 9(x) EsNE 9(x)

/ s —g(s)dx < s—g(s)de = §'|Ey\ Es| < s|Ey \ E.
E \Es E\E,

But, since s < &, this is possible only if |Ey \ E,| = 0, which proves the lemma. [

Because from this monotonicity result we have that any solution F; is contained
in all the Fy with s’ < s and contains all those solutions for s’ > s, then there
must exist £ and E; such that:

UE/=E CE,CEf=)E,.
s'>s s'<s

We recall that the Caccioppoli sets are classes of equivalence, but we are considering
the representative satisfying the (1.6) property, this makes those intersection and
union of uncountable elements well defined.

Proposition 2.2.16. The ROF's problem admits a unique solution for almost every
s.
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Proof. The uniqueness comes when E} and E; are equivalent, that is |Ef \ E; | = 0.
To show this, consider the intersection of two of those set differences (for ¢ > s):

(ESNED)N(EF\E) = (B nES)N (B NEY).
But E,;” C E; C Ef, while E; C E, consequently:
(ESNEN(ES\E)) =B NE; CENE; =0

In this way we found an uncountable amount of disjoint sets, which implies that at
most countably many of them have measure bigger than zero. ]

Finally, the relation between ROF and ROFs is expressed as follows.

Theorem 2.2.17. Let E, the solution of ROFs for each s (for which we have
unicity), then
u(z) =sup{s € R: z € E }

solves ROF. Conversely, if u is a minimizer of ROF, then E; = {u > s} and
Ef ={u > s}.

Observation 2.2.18. Notice that indeed with the sup definition of u we have:

{u>s}=J Es=E",

s'>s

and conversely

{u<s}={z: 3¢ <sste¢ Es} =) Es = E}.
s'<s
Observation 2.2.19. Tt is useful to notice that if F; minimizes ROFs, then Q\ Fj
minimizes the following problem:
min AP(E,Q) + /E g(z) — sdz. (ROFs conj)
Indeed, take Q \ E, then
AP(Q\ E,Q) + Q\Eg(x) —sdx = P(E,Q) + /Es —g(z)dx + /Qg(a:) — sduz,

which is minimized by F,. This relation of minimizers is reflected in the ROF
problem by the fact that if we change g with —g, then the solution move from u to
—u. Furthermore, O\ Ef = {u < s} = {—u > —s}.
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Proof. At first we have to show that u € L?. From minimality we have:

)\P(ES,Q)+/E s—g(a:),dxSAP(@,Q)Jr/ms—g(:L*),da::O,

= s|Eq| g/ g(x) dz.
Es

We need to integrate this inequality between ¢ and M, where ¢ is such that E; # ()
and u(z) # t on E;. Notice that.

AP(B,Q) + [ s = g(w)da < AP(E,Q) + (s + gl )IE.

hence for s negative enough () is not optimal. On the other hand, as soon as exists
an s for which Eg # (), then for any ¢ < s we have u(x) # t on E;, otherwise Ej
would be empty. For simplicity we will assume ¢ = 0 and s > 0, that is E, C Ey # 0,

then we can integrate
M M
/ s|Es|ds < / / g(x)dxds.
0 0o JE,

Furthermore, applying Fubini’s or Tonelli’s theorem where needed, we have:

M M M Au(x) 1
/ s|Fs| ds :/ / sxg, drds :/ / sdsdz = 7/ (M Au(x))?de,
0 0o JE Eo Jo 2 JE

/OM/5 g(z)dxds = /EO(M/\u(x))g(x) dr < (/EO(M /\u(x))2’dx/,EO o(2)? d:p)é |
::»;l%wau@»2¢n§(A%MJAU@»{dxA%ﬂxV¢Oé'

In conclusion, taking M — 400, we have shown that

/ u(z)?dz < 4 g(x)*dx.
{u>0} {u>0}

For the other half of the integral, we can apply a similar argument to the problem
presented in the observation 2.2.19, coming to the result:

2dz < 4 2 dz,
/{u<0}u(a:) r= {u<0}g(x) *

proving that w is in L2(Q2) C L'(2). We can then prove that U € BV (Q) and u is
minimal for ROF jointly. Let v be any function in BV (2) N L*(2). Because E,
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is minimal for ROFs; it has less energy than the level set {v > s}, then we can
integrate on s € [—M, M], resulting in the following inequality:

s—g(x)deds < /_A; AP({v > s}, Q)+ s —g(x)dxds.

{v>s}

M
/ AP(E,, Q) +
-M

Es

However, proceeding similarly as before, we have:
M M
—g(r)drds = / / v>s —~ dsdz =
/_M/{m}s glwyduds = | [ Xss)(@)(s —g(2))dsda

= 5 | (ula) A = g(@)?* = (ufar) A (=) — g(2)*

Now moving to the limit M — 400, we have that uAM — wand uA—M — 0
in L2, therefore, using the coarea formula:

M 1 )
/M)\P({v > s}t Q)+ s —g(z)dzds Sy AV (v, Q) + 3 /Q(v —g)° dz.

- {v>s}

Proceeding in the same way for £, = {u > s}, we get
1 2 1 2
AV (1, Q) + S llu = gllze < AV(0,Q) + 2 llo = gll7.,

showing that v € BV (§2) and minimal for ROF.
U

Before applying this formulation by level sets to some particular cases, we present
a regularity result of the minimizer’s boundary, derived from a more general result
in [1].

Theorem 2.2.20. Let g € L>®(Q)) and E, the minimizer of (ROFS), then OE\0* E
is a closed set of Hausdorff dimension 0. Furthermore, 0*Es is locally the graph of
O functions.

2.2.3 An analytical solution

In order to test the implementations of ROF solvers, it is useful to find some
analytical solutions. We will take as a reference the simple case of g = x¢, where
Q C Q = R? is a square. Setting 2 to be an unbounded set is actually relevant,
because, as we will see, it forces the solution to be 0 outside of (). The case of
the reference as the characteristic of a convex set has been solved in general, for
instance the [9] and [10] by Alter, Caselles and Chambolle provide a very detailed
explanation. They solved it through the Euler-Lagrange equations, however their
results are complex to prove and technical, for this reason we will prefer the level
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sets approach (with proposition 2.2.17), since we are only interested in the particular
simple case of a square. For a general convex set C' the solution of level sets appears
in the form

0 if Ry>R"*Vs>1
E,={Cf R, <R'ANs>0, (2.9)
R? if s<0

where R, = 1%3 represent the minimal radius of curvature of 0F, R* is a threshold
depending on the geometry, instead C'® is defined as the union of all the balls
B(x, R) of radius R included in C, that is C* = Up(, r)cc B(z, R).

Even if we are only interested in the square, we will make use of some results
taken for a general convex set, to begin with the simplified formulation. At first
we have to notice that we only need to study what happens for s € (0,1), because
from 2.2.1 we know that the image of the minimizer must be in [0,1], hence
Ef ={u>s}=0"for s > 1, while E; = {u > s} = Q for s < 0. Otherwise we
have the following result.

Lemma 2.2.21. Let g = x¢ for C C R? a convex set, then ROFs, for s € (0,1], is
equivalent to

min AP(E) — (1—9)|E]|. (2.10)
Proof. The objective function in ROFs is AP(FE) + [ s — x¢ dx, for which we can
compute the integral:

AP(E) +s|E\C| - (1—s)|ENC].

For s > 0 we can suppose F bounded, otherwise the term s|E \ C| would be +oc.
Now let H be an half plane containing C, we can immediately understand that
P(ENH) < P(FE) for each E. For instance, in dimension 2, the reduced boundary
of E N H is like the one of F where a portion has been replaced by a straight
line, which minimizes the perimeter. We notice that this step would not work for
Q # R?, because P(OE N 0N, = 0, so that the perimeter does mot necessarily
reduce on EN H.

Instead, (ENH)NC =ENC and (FNH)\C C E\C. Summing up ENH
has a lower energy then F, for each F, that is F, C H. But this happens for each
halfspace H D C, therefore E; C C. This allows us to consider only the subsets
of C' for the minimum problem, that with the right simplifications leads to the
thesis. O

For s = 0, instead, F = R? has finite energy equal to —|C|, however we notice
that the objective function is AP(E) — |[ENC| > —|[ENC| < |C], for E #+ R
Therefore, we must have Fy, = R? too.
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Before solving the square case, it is useful to make few observations. We can
see and keep in mind that in (2.10) we are trying to reduce the perimeter while
increasing the area.

A first consequence of this is that the
minimizer has to be convex. Indeed con-
sider a set E for which there is a segment
external to E connecting two points on the
boundary OF. Then calling D the portion
included by this segment and JF, we have
E = EU D has a lower energy than E: we
are adding more area while the length of the
segment is for sure shorter than the arc on
the boundary of E, reducing the perimeter.
For a better understanding take as reference
figure 2.2.

Secondly, suppose the minimizer E, # 0,
then whatever shape it has, E, must be the
biggest version that fits in C. Indeed, take
tE, for t a scaling parameter greater than

1. Its energy is the parabola in ¢ Figure 2.2: Example on how we can
improve the energy convexifying the
sets.

o

p(t) = AP(E )t — (1 — 8)|E,|t?,
AP(E)
2(1-s)|Es|”
because the empty set is not optimal, we must have AP(E,) — (1 — s)|E;| < 0, that

is tyr < 1. Consequently, for ¢ > 1 we should have

with maximum for ¢;; = However,

p(t) < p(l) = AP(Es) — (1 — s)|Eq|.

Hence, if tE; C C', then Es would not be optimal, which is a contradiction. Then,
combining this argument with proper shifts and rotation, we conclude.
Summing up we got:

Proposition 2.2.22. The minimizer Eq of (2.10) satisfies the following properties:
o FE is conver,
o FE is either empty or the greatest scale of its shape that fits in C.

Lastly, it is relevant to point out the connection between (2.10) and the Dido’s
or isoperimetric problem. The latter can be stated as: “find the figure of mazximal
area, given the perimeter length B”. This is a classical problem, which induced
the mathematicians to formulate some beginning ideas that have developed into

54



2.2 — The ROF model

calculus of variation. Its solution is notoriously the circle and in particular if we
constrain a portion of the boundary to be a straight segment, the maximal area is
achieved by the circular segment with perimeter B. The problem can be stated
with a more mathematical notation as follows:

max |E|.
P(E)<B

But changing the max for a min and introducing a Lagrange multiplier for the
constraint, we have the equivalent saddle-point formulation:

I}g(}){ mEm,uP(E) — uB —|E].
The minimization part is responsible for the choice of E’s shape depending on
1, while the maximization selects the particular one that matches the perimeter
length constraint. For example, in the case of the side fixed to be a straight
line, the minimization find the general shape of the solution, that is the circular
segment, while the maximization finds the optimal one among all circular segments.
Therefore, the relevant problem is given by:

mEin,uP(E) —|E|, (2.11)

which is visibly closed related to (2.10). Some more theoretical background on the
isoperimetric problem can be found in [11] at Chapter 14.

Moving to the square example, we take () = [—%, ér and set Ry = %_8 €
[A, +00). This value is shown from the Euler-Lagrange equations to represent the
maximum radius of curvature of 9*E,, we will not prove this assertion, however
the meaning of R, will be clear at the end of the computations. Our purpose is to

solve
glglg R,P(E) — |E]. (2.12)

Let’s suppose for now that the minimizer is not empty, if the energy of the
resulting minimal set is less than 0, then our guess was correct, otherwise we have
E, = (0. The first consideration we can make is that the minimizer must have the
same symmetries as the square whenever the solution is unique, otherwise at least
E} and E; have them, as they are respectively the union and the intersection of
all possible solutions.

Taking into account the properties in 2.2.22, we must have that the optimum
touches symmetrically each of the square sides (for scale maximality). Furthermore,
the intersection between OF, and one of the sides must be either a point or a
continuous line (for convexity) and symmetrical with respect to the side central point.
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Hence, we can deduce that (again by convex-
ity) Es must contain an octagon (or square
when the contact consist only in the side
central point) like the one showed in figure
2.3, even though the length of the overlap-
ping edge has still to be determined. Be-
fore discussing the optimal length, which
depends on Ry, let’s figure out the optimal
shape to fill the leftovers corners between
the square and the octagon. That is, if we
call the octagon GG, we want to find the

2
AE C (O, %) \ G with lowest energy and

constrained to share the side S = (O, é)QﬂG

with the octagon. Notice that in this case Figure 2.3: The non empty solutions
we assume that AE does not share part of of (2.12) must include a symmetrical
the boundary with @, except for the vertices octagon like the orange one in figure
of S, because we stated that IENOQ is fully

captured by the octagon. In formulas, we

can write the problem as:

2

min {RSP(AE) _|AE|: AEC [0, g] \ G, AE S}.

For the relation with the Dido’s problem, this is solved by circular segments.

In this way we can describe the class of optimal

f—M shapes by only two parameters, one related to the
- length of the octagon side, while the other to the

circular segments in the corners.

In particular we call z € {0, ﬂ the cathetus

length of the corner triangle, while 6 € {O, g} and
\ r the angle and the radius representing the circu-
- lar arc (see figure 2.4). the relation between these

_ \ three variables is given by the length of the octagon
-BQ skewed side, that is:

.0
Figure 2.4 27 sin 3= V2z. (2.13)

Let’s call E(z,0) the shape given with these param-
eters, then we can compute its perimeter and area:

P(E(z,0)) = 4(L — 2z + 0r) = 4L — 4 (2 — ﬁ%) x;
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|E(z,0)| = L* — 2% + 20r* — 4r* sin <§> cos <§> —
=12 <1 - sinf(/62/2) + Zifm ) v

Consequently, Es will be E(Zpin, Omin) for the value x,,;, and 6,,;, minimizing, for
(x,0) € [ , 2] X [O, g}, the following function:

f(z,0) :=4R,L — L* — 2b (g) R,r+a <Z> 22,

with a(y) =2 (1 — w3 T Z?j(v)) and b(vy) = (2 — ﬂsigﬁ)) Minimizing f on

x is straightforward, therefore we have:

, 2
Tonin = MRS; Opmin = 2 argmin {4RSL —L? - b (V)Rg} .
a<0mm/2) 'ye[O&] a(V)

However, with standard technlques, but with long and obnoxious computations,

it is possible to show that (7)) is always increasing in [O, ﬂ, which means that

Omin = 5. Furthermore, because b (%) =a (%) =4 — 7, we can see that
Lmin = Rs-

It is noteworthy the fact that, from (2.13), r = z for § = 7, this means that R,
represent the radius of curvature for the rounded corners of the solution.

We can see the representation of the solution set
in figure 2.5. We can notice that this minimizing set
can be expressed as the union of the balls of radius
R, included in the square, that is:

E,=C% = |J B(zR,).
B(z,Rs)CQ

Tmin = Rs, though, deny the solution validity for
.RS > % In this case %, = é, for which the energy
is:

Figure 2.5: Example of a T f L 9\ L2
. f(2,9> — AR,L—I1?—2b <2> RS +a ()4:

solution from (2.12) 9

sin 7y 2

*(y)  sin(y)

:LR(—b)+L2<4—1) L( 2v/2y L<1+Sin7 coS(W)))j
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The Rudin-Osher-Fatemi problem

but for Rg > % and v < 7 this is for sure positive, making the empty set energetically
convenient. However, we still have to determine thoroughly when this solution is
actually better than the empty set for R, < % This happens if the associated
energy is less than zero, that is:

f (Rs, g) =4R,L — L’ — (4 —7)R2 <0, (2.14)
L
— R, < ——= = R",
2+ /1
because the other possibility R, > Q_L\/;r > % is excluded.

In conclusion, consistently to what stated at the beginning of this section in
(2.9), we have the solution for the level sets:

A L
f >
0 i T 2+ﬁAs 0,
l—s = 247
R? if s < 0.

Operationally, for dealing with more complicated convex sets, it is relevant to

R
notice that f (R, g) =0 <— P(CCRR = %. Indeed, in general, the threshold R* is

R
the smallest R for which P|(c(§%\) = %.
From the level sets we can reconstruct the ROF solution as
(@) 0.1- o) (216)
u(xr) = max - — x .
’ T'(.ZU) XQ )

where 7(x) = R* for x € C® and r(x) = R (if R € [0, R*]) for z € CE. We can
notice that in @ \ C* we have u(z) = 0 and its maximum u = 1 — 2 is reached
in Cf". On C*\ CF', instead, u is decreasing smoothly to 0. On the other hand,

when A > R* = 5 fﬁ, u = 0, showing the harmful effect of a too high A.

Let’s now compute the energy of the solution, let’s call it F'(u). If A > R*, the
minimal energy is F'(u) = %“XQH; = %2 Otherwise, if A > R*, we can exploit our
knowledge on the level sets. At first, let’s call s* the highest s for which E, # (),

that is
A A

:R*:> *:1_7.
1—s* y R*

Then, from the coarea formula we have

V(u) :/OS P(Es)ds:/os 27 R, + 4(L — 2R,) ds.
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We can now do a change of variables r = R, = ﬁ, so that

R* *
V(U) =4Ls* + / (2mr — 87")32 dr =4Ls* — 2\(4 — 7) log (?\) : (2.17)
A r

For the fidelity term %Hu -9 ||§’ we notice that outside of () v and g are both
zero, while in Q \ C* u = 0 and g = 1. Then, we have

1_2_1_2_12_>\1/_2
2||u 9||2—2/Q(1 ) dx—Q(L ‘C’ ’)—I—2 c%(l u)” dz.

The remaining integral can be solved integrating by layers, that is

1 1
/(1—u)2d:r;:/ dt:/
cr (1—s*)2 (1—s%)2

= (1= 52| - /(11_8*)2 L*— (4- W)):dt =

|- [ons

C)\‘ _ ‘CA/\/Z‘ dt =

_ ‘C’\‘ S L4 (1- )L - ‘C/\‘) +2(4 — m)A\?log <1 —15*) :

Putting everything together we have

1
Flu) = V() + 5 lu = gll3 =

* _o*)2
— UNLs* —2)\2(4—7r)10g (i) +(12‘9)(L2_ ’C)")+(4—7T))\210g<1_15*)-

Recalling that (2= = R* = 2+L\/;r and L? — ‘C’A‘ = (4 — m)A\?, we can simplify the

. R* .
energy as a function of -, that is:

F(u):)\26<1§\*>7

e(r) =42+ /m)(r—1) — (4 — m)log(r) +

y (2.18)

2r2

2.3 Related models

Before concluding this chapter, we present some models derived from the ROF. A
first instance consist in introducing a filter in the fidelity term, that is:

_ 1 2
min AV (u, Q) + §HAU = 9ll72 (0
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The Rudin-Osher-Fatemi problem

where A is a linear continuous operator. This generalization can be applied in
image deblurring or zooming. Indeed, if we took A as the convolution for a blurring
kernel, the solver would look for an image whose blurred version is similar to the
reference, but with sharper edges to minimize the total variation. Instead, if A is
a blurring followed by a downsampling, this can be used to zoom in or simply to
increment the image quality.

Many of the results previously mentioned can be easily generalized, for instance
we can see that still the problem is convex and admits a unique solution (as in
2.2.4), and its Euler - Lagrange equation can be expressed as:

0e€ NV + Au — g.

(a) Original image (b) Degraded image (c) Wiener filter (d) TV-deblurring

Figure 2.6: A comparison between the classical Wiener filter for deblurring and
the total variation method presented above. The edge sharpening effect of total
variation is noticeable, providing better results then the the Wiener filter.

A second model related to ROF is the so called TV — L' in which the fidelity
term is replaced with the L! norm.

Iglég{l AV (u, Q) + [Ju = gl 11 q)-

This choice seems particularly natural since BV C L!, but it is also relevant for
another reason. Consider a change in the contrast of g, that is using ag as reference
for a a positive scaling factor. In ROF, this change will produce a completely
different solution, because the total variation is 1—homogeneous while the fidelity
term is 2—homogeneous, therefore the relation between these two changes with the
scaling. On the other hand, the TV — L! model will produce the same solution,
just scaled of «. This consideration is relevant not only when changing contrast,
but more in general for capturing details in lower scales. Indeed, in ROF' the total
variation term become much more relevant when there are small oscillation, so
that the areas with close shades of colors are flattened in a monochromatic chunk.
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2.3 — Related models

(a) Original image (b) Noisy image

(c) (ROF) ) TV — L'

Figure 2.7: A comparison of the restoration with ROF and with TV — L' in a
highly damaged image. Notice the level of details recovered in the latter.

Conversely, TV — L' is able to restore low scale details much better. In figure 2.7
we can see a comparison in a case of quite high noise (25% corrupted).

The main problem with this method is the lack of strict convexity and con-
sequently the uniqueness is not guaranteed. The minimization has been faced
in many ways (see for instance [12]), but we can use the primal-dual modified
extragradient method, that will be presented in the next chapter. For this purpose,
we need to rewrite the problem as a saddle-point. Fortunately this is an easy task
since by definition the total variation and the absolute value can be written as a
constrained maximization problem, then we get

mmax \ [ dDu—1 + [ vudz -1 ,
m&nlg%}X Q¢ u — Lgjg) <1} QWJ T = LY¢llo<1}

where I 4 is the indicator function (I4 = 0 in A and oo otherwise) and ¢ is vector
valued.
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Chapter 3
ROF solver implementation

The purpose of this chapter is to discuss the implementation of a solver for the ROF
problem. At first a discrete adaptation of the problem is needed, so that it works
in the setting of pixelated digital images. Then we will introduce an algorithm
able to approximate the minimizer. Despite in [13], chapter 3, several methods
are actually presented and compared, we will use only the one it is reported as
the best performing one in terms of execution time, that is a modified primal-dual
approach. A part from its performance, this algorithm is interesting to acknowledge
also because it allow to find approximately a saddle point. Finally, the solver will
be validated through the analytical solution of the square found in (2.16) and some
experimental results will be shown.

3.1 Discrete problem

Let’s take for instance a squared image, and as domain take 2 = (0,1)%2. Then
we have to divide the picture in pixels, that we take again as squared. Those
correspond to the tiles Qﬁj C Q, withi,j=1,... N, of side h = % and covering
(almost everywhere) disjointly 2. Then we call x; ; the center of those squares, so

that: )
h . _ . .
i = Tig T (-2, 2) ;o Ly = (zh — 5 dh - 2) ,

In thus discrete setting an image u is constant on each pixel, this means that
we have a double representation: on one hand u can be seen as a function in a
subspace of L*>((Q2)

o = {ue L*(Q)|Vi,j=1,...,N u constant on sz},

on the other hand u can be seen as a matrix in R¥*Y defined as:

;g = u(zi;) = u(Ql).
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ROF solver implementation

Then we can write u(z) = Y0_; uijxor ().
, 4,7
Now we have to discretize the objective function. For the total variation it is
natural to define its discrete version as

Vi(u) = Z |th(xi,j)\2h2, (3.1)

4,j=1

where V), : Q" — [Qhr is a linear operator that in some sense approximate the
gradient. Since Q" is a finite dimensional space, we can immediately appreciate
that the operator V,, is continuous, and consequently also V},. This is an operator
that acts locally, consequently we can define it more precisely through a core linear
operator A acting on a set of neighbour indices A/, which can be defined as a finite
subset of Z? containing (0,0). Then the core operator is defined as A, : RV — R?
and is meant to compute the discrete gradient in the center (0,0) using the value
of the function on the neighbourhood N, that is

th(ifz',j) = Ahu(i,j)+N>
where u; j)4+a is a function on N such that p € N'— u jy4p = (Spu)i;, with S,
the shift operator. On this point oj\f[ view, we can call Sy the collection of shift
operators, that is Sy : Q" — [Qh} so that (Syu), = Spu, for p € N. In this
way we have
Vh == Ah O S/\/’

Dealing with shifts, it may happen that the indices (i + p1,j + p2) exceed the
boundaries 1 and N, in these cases we pose:

{m <1, uj =u {ifj <1, uj; =wu;n

o o (3.2)
iti >N, u; =un; it j >N, u;; = u;n.

These definitions come from the fact that we would like to recover the Neumann
boundary conditions of the Euler-Lagrange equation (2.8), achieved by prolonging
the functions on each side of the square {2 by constants. In relation to this
consideration, a property that A, must satisfy is that for constant inputs the

output must be 0, that is
0
Ath = <0> )

where (1y), = 1 Vp € N. This means that (seeing A as a matrix) the column
corresponding to (0,0) is nothing less than minus the sum of all the other columns
of A. In other words, denoting a, the column of A; corresponding to p € N we

have
(0,00 = — Z Qp.
peN\(0,0)
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3.1 — Discrete problem

This implies that Au is actually a function of the differences v — p — ug 0, indeed

Ahu = Z ApUp + Qp,0U0,0 = Z ap(up — U(Lo).
peN\(0,0) peN\(0,0)

Therefore, the discrete gradient can also be written in the form:

9, o Sn =)
- 1d)

For the future developments it is also relevant to understand how the adjoint
operator, on the L? scalar product, of V; behaves. For reference, the L? scalar
product on functions in {Qh]p reduces to a sum like the following

N
<U,7 U> = h2 Z ui,j . Ui,j-

ij=1
Let’s call such adjoint operator —divy, : {Qhr — Q" then it is defined such that
(Viu, &) = (u, —div,€) for every u € Q" and € € {Qhr. Therefore, we have

Id — S; -
divy, = (hN\(O’O)> o AT,

where AT is simply the transposed matrix, while S/"(/\(QO) can be seen as the vector
of the adjoint operators S; with p € N\ (0,0). Hence, we only really need
to understand the adjoint to the shift. For simplicity, let’s take p = (¢,0) for
0 <c¢ < N —1, then, given u,v € Q" from the notation (3.2) we have

N N N+e N [N-1 N
*
D Ui (Sp”)i =D D UigVieeg =D | D Uigligit D UNGUkg)|
ij=1 J S limerl j=1 |i=c+1 k=N—c
0 ifi<e
Vi—c,j ifc<i<N-1
— (S*v) = ’
p ij N
> vy iti=N.
k=N-—c

A common choice for V,, is given as follows:

(th)m. = < +1,yh d ,J+1h ,J> : (3.3)
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ROF solver implementation

which in the previous notation correspond to A" = {(0,0), (1,0), (0,1)} and A the 2
dimensional identity matrix. Conversely, the discrete divergence is expressed by

S J
di L= i,J i—1,5 i,j i,j— : 3.4
(divy )y = S =8 S (3.0
for 1 < 7,5 < N. On the boundary layer instead we have that, if i = 1, then 5371,3'
is replaced by 0 and, if i = N, it is replaced by &, ; + &, which is equivalent of

saying that &} ; is replaced by 0. Analogously if j =1 or N.
This discretization leads to the discrete total variation

N
Vi(u) = h 3 /(g — wig)? + (wigan — uig)?. (3.5)
ij=1
This formulation has some interesting properties, the first is that V}, decrease by
truncation similarly to the actual total variation (see 1.1.26). Indeed, given m and
M real numbers and calling « = m V (u A M), then for any pair of indices

|t — i g < |Wim — wigl,

because max{iym,, u; j} < max{u;m,u;;} and min{u;,, u;;} > min{u,,, u;;}.
Consequently,
Vi(mV (u A M)) < Vi(u). (3.6)

This is a relevant property because, as in the continuous ROF problem, it guarantee
that the solution of the discrete ROF problem has the same bounds as the reference
image, that is the solution will assume in each pixel values of intensity between 0
and 255 as required for digital images.

Secondly, we can notice that the actual total variation of a function in Q" is
made just by the jumps in values between adjacent pixels, multiplied by the length
of the interface. This can be written as:

N
Vi(w, Q) =h D |uivrg — gl + |wigen — wigl.
ij=1
Therefore, from the equivalence of the 1 and 2 norm, we can bound the total
variation with (3.5) and vice verse:

Vi(u) < V(u, Q) < V2Vi(u), Yue Q. (3.7)

We have to point out that the total variation on 0! is not an accurate choice for
the discretization of the total variation, because, as explained in [14], it does not
I-converges to the total variation in L!, but to a functional which behaves as
JolVul, dz on Wh! (there is a different king of modulus for the gradient).

We will now show that instead V}, as formulated in (3.5) I'-converges to the
total variation.
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3.1 — Discrete problem

Proposition 3.1.1. Let’s define Vj, as in (3.5) in Q" and +oo in L*(Q) \ Q".
Then
Vi ——V, in L'().
h—0

Proof. : Take ¢ € [C1(Q)]? such that |p(z)| < 1 for all z € Q. For
continuity we can relate to ¢ a function ¢" € Q" defined so that (bfj = ¢(x; ;).

Then, given any v € Q", for the Cauchy-Schwartz inequality we have

Vi(u) > Z h2(Vau)i, Z h2u j(—divpdh),, = — / wdivyd® da.

i,7=1 2,j=1

Now, given a sequence u" — u in L', with u"* € Q" for each h > 0, we want to
show
limhinf Vi(u") > V(u,Q) = sup/ udive dz.
s Jo

Therefore, we only need to show that, for each ¢ with the properties above,
lim inf}, [ u" div,¢" dx > [, udive dz, but in particular we can show that

lim/ u” divy, " dx:/udivqﬁdx.
hJa Q

Because u" converges to u in L', this limit is verified if div,¢" — dive in L.
Similarly as before, because div¢ is continuous, we can define f € Q" such that

fij = dive(z;;), then we have
Jdive - divig"| | < lldive = £l + [ £ = divag”]

L ||dive — fllo = Sup; j=1,. N SUDueqh(s, ) |divo(x) — dive(z; ;)| However,
div¢ is a continuous function on a Compact domain, which means it is uniformly
continuous, in other words independently from i, j

Ve>0,30>0: [z —m, <0 = [dive(z) — dive(z ;)| < e.

But, because if x € Qﬁj, then |z —x; ;] < ?h, then for each £ > 0 we can
find A small enough so that ||dive — f|_, < ¢, proving ||divg — f||., — 0.

2. Let’s call Q, the set generated by subtracting from € the layer of pixels of side
h on the boundarT Then, because ¢ is compactly supported in €2, for A small
f—

enough we have ‘ dlvhgbhH = Hf leh¢hHL o (@) . But for h < h we
can generalize div,, as a functlonal [C’O(Q)] — C°(€);) using the expression
n (3.4):

divpo(xr, 22) =

¢1(1‘1,l’2) - ¢1(9€1 - h,iCQ) i ¢2(CC1,372) - ¢2($1,$2 - h)
h h '
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In this case (div;,¢"); ; = divy¢(z; ;). Hence, we have
Hf — divhgbhHLm(g) = sup {dive(x; ;) — divpd(x; ;) }
h Z‘i,jEQ;L
< sup{dive(z) — divyp(x)}.

CEGS:Z;L

But for C! functions the incremental ratio converges uniformly on compacts
to the derivative, therefore we must also have that H f— divhgbhH — 0.
[e.9]

: At first consider v € C''(Q) and the linear operator
o LYQ) — Q"
_ 1
u— (up)ij = hz/thud:c

that corresponds to taking the integral mean on each pixel. For h going to 0, wuy

is known to converge to u in L', so we will prove that such @y, is the recovery

sequence, in other words that Vj,(up) — V(u, Q). Similarly to div,, we can
—

define V, for continuous functions as in (3.3), substituting z; ; for a general = € €.
Then, using the linearity of o, and V;,, we have

N

Vilun) = > W2 [(Vatin)ig) =

i,7=1 1,j=1

/Q Wﬁ dz

h
i.j

< / |Vyul de.
Q

— Vi(an) - V(u,Q) < /Q]th| ~ Vau|de < /Q|th—Vu]d:E.
But it is well known that V,u — Vu in L', consequently

lim sup Vi, (up) < V(u, Q).
h

Now we can generalize this result from v € C*(Q2) to BV (Q) by density. Indeed,
from 1.1.13, for each u € BV () we can find {u*} C C*(Q) such that
ub — u  in LY(Q),
lim V(uF Q) =V(u,Q).

k—+o00

But for each k limy,_,o Vj,(uk,) = V(u*, Q). Therefore, for any sequence of indices
h,, we can find a subsequence (that I call hy) for which ‘th (ﬁhk) — V(u*, Q)’ < %,
consequently

Vi (WFn,) = V(u, Q)| < Vi (W) = Vb, Q)| + [V (¥, Q) = V(, Q)] — 0.

k—> o0

[l
68



3.1 — Discrete problem

After this discussion on the discretization of the total variation, we need to
deal with the reference term. The L? distance can be kept, however we have to
approximate the reference image g € L*>(Q) in the ROF problem with a ¢" € Q".
As for the recovery sequence in the previous I'-limit, a good choice of ¢" is give by
averaging on the pixels:

1
gf”j = lﬂ/@h. gdz. (3.8)

This definition of ¢g" satisfies the following two properties:
e g — gin L% for h — 0,

9| < llgll.

Those are actually the only required properties, therefore different choices of g"
can be made, but we will prove that as long as they satisfies those properties we
have a correct approximation of the ROF problem.

We have now all the instruments to define the discrete ROF problem:

(ROF})

2
L2’

: 1 h
ﬁlgglvh(u)%—ﬁ ’u—g ’

For the next results we will refer to the objective functional of (ROF) as I’ and
the one of (ROF}) as Fj,.

As told previously, the maximum and minimum of the (ROF},) are controlled
by those of ¢", this is expressed by the following proposition.

Proposition 3.1.2. Take g € L>=(Q), g" as (3.8), V}, decreasing by truncation and
U as in (2.3), then

inf Fj(u) = inf Fj(u).

ueQh h< ) ueQrnU h( )
Proof. The proof follows as in preposition 2.2.1. T just want to stress that here the
property of V}, to decrease by truncation is needed. More precisely we obtain that
if uy, is the minimizer, then min ¢" < w;, < max ¢". But because thH < gl

we must have |lup|| <|g]l.. To completely gain that the minimizers belong to
U C BV(Q2), we further need V (uy) to be bounded for each h. But we can even
show that they are equibounded, indeed

F(up) < F(0) = 21AH9th - 21A

where ||gn||, < |/g]|, comes from the Jensen inequality. This implies:

2
9112,

1
5”9”3 > Vi(up) > V(up).
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This preposition further shows that the sequence of functionals {F},} is equi-
mildly coercive, which is needed to apply the fundamental theorem of I'-convergence.
We also have the existence and uniqueness of the (ROF},) minimizer.

Proposition 3.1.3. The ROF}, problem admits a unique solution.
Proof. Proceed exactly like in the proof of Prop.2.2.4. O]

Now we can finally show that (ROF},) is a good approximation of the ROF
problem.

Proposition 3.1.4. F}, I"-converges to F' and in particular, calling uj the mini-
mizers of Fy, and u* the one of F', then

uy — u* in L' and L*.

Proof. Because we can restrict the minimization on the compact U, if we have the
I'-convergence, we also have the convergence of the minimizers. Thus, we only need
to prove this I'-convergence. For the liminf, take any u, € Q" converging in L*
to u € BV(2). By the observation 2.2.3 we must also have the L? convergence,
therefore u;, — g> — uw — ¢ in L? for h going to 0. Then, exploiting that V},
['-converges to V', we conclude

L o .1 B2
hmhlnf Fr(up) > hmhlnf Vi (up) + hmhlnf o\ ‘uh -9 H2 > F(u).
For the limsup inequality, we take as recovery sequence the one of V},, then we

proceed like in the liminf part. ]

There are also some results on the convergence rate of the minimizers and
bounds on the error of the discrete solution. For example in [15] is shown that if
g € W2 then |Juj — u*|)5 ~ O(h'/?); while [16] proves that if g € Lip(a), then

* *(|2 &

i = wll; ~ O (h7¥).

3.2 Solver algorithm

In this section it will be presented an iterative algorithm to solve (ROF},). In [13]
some possible algorithms are presented and compared, but in terms of run-time the
best one seems to be an Arrow-Hurwicz type method, or also called primal-dual
approach.

At first, let’s discuss in general the method, but for more insights we invite the
reader to consult [17]. This method has been developed for dealing with saddle
point problems and basically consists in performing jointly a gradient ascent on the
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variable to maximize and a gradient descent for the other one. For our purposes
we are interested in problem of the form:

gcrg)l? F(Dzx) + G(x), (3.9)

where X is an Hilber space, ' and G belong to I'® on their respective domains (see
the the definition above 2.2.7) and D is a linear continuous operator from X to the
domain of F', which we call Y. We can move to a saddle point problem using the
definition 2.2.7 of Legendre conjugate and recalling that F' = F**, because F' € I'°.
Hence, the problem (3.9) is equivalent to

(y, Dx) — F*(y) + G(x). (3.10)

min max
zeX yeY

By swapping the minimization and maximization, we can get the dual problem

yeY zeX yey rzeX

max min (y, Dx) — F*(y) + G(x) = max — (max(—DTy,I> — G(f)) - F*(y) =
= max —G*(=D"y) — F*(y).

In general a min max problem has a greater or equal value than the corresponding
max min, however under very weak assumption, that for an unconstrained problem
as (ROF},) are satisfied, we actually have the equality, then

: _ _ryx(_nNT _*
511€1)1(1F(D$)+G(:B)—r;1€a§< G*(—=D"y) — F*(y).

This suggest us to introduce the always positive quantity, called dual gap
G(z,y) = F(Dx) + G(x) — G*(=D"y) + F*(y),

and it satisfies that G(Z,9) = 0 if and only if (Z,9) is a solution for (3.10).
Furthermore, if the min and the max are exchangeable, we can have the equivalent
definition of a saddle point (&, 7): a point such that for every (z,y) € X x Y the
following inequality is satisfied:

(v, D)= F*(y)+G(2) < (3, D#)— F*(§) + G() < (5, Da) — F*(§)+G(x). (3.11)

The Arrow-Hurwicz methods on (3.10) develops as follows: we define the starting
point (2°,¢") and fix two step parameters (small) 7,0 > 0, then for each iteration
we upgrade our guess applying firstly an implicit gradient ascent step on the dual
variable y, secondly a descent step on x. We can write the iteration explicitly as:

Yt =y" 4+ o(Da" = OF" (y" ),
xn+1 =" — 7_(l)Tyn+1 + aG($n+1))
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The first idea to improve this algorithm is to introduce an acceleration, that is
an adaptative way of selecting the step sizes ¢ and 7 for each iteration, see [18].
This idea has been applied, however we are not going to implement it because in
may knowledge there is not yet a proof of its convergence. Here, instead are going
to apply another variation proposed in [19] for the Mumford-Shah problem. We
basically introduce on the primal variable a mid-step " between ™ and z"** such
that 2° = 2° and the iterative step assume the form

y"t = (Id+ c0F*) ' (y" + o DI"),
2" = (Id + 70G) 2™ — 7DTy" ), (3.12)

n+l _ _.n

Pt =2 z".

i T

For this algorithm we have a convergence result, that we are going to show soon,
but first we need to introduce some notation. Let’s define the partial primal dual
gapin By C X and By, C Y as

OB xB(T,Y) = Inax {{', Dx) = F*(y) + G(x)} +
— min {(y, Dz') — F*(y) + G(2")} .

z'€B;

We notice that Gx«y = G and that, similarly to G, Gg, x5, > 0 and it vanishes only
in the saddle points (if there are any in B; X Bs).

Theorem 3.2.1. Let L = ||D| and assume (3.10) has a saddle point (Z,7).
Consider the iterative algorithm defined in (3.12), with 3° = 2°. If ToL* < 1, then:
1. for any N,

Jo -]
20 + 2T ~1—70L2

|~ - 2

O_AQ 0_A2
S U (WPl =Y
20 2T

2. Letzy = ( N x”) /N andyn = ( N y”) /N, then for each By, By bounded
there exists a constant C'(By, By), depending on By and Bs, such that
C(By, By)

gleBQ(jNagN) S T

This means that any accumulation point of (Tn,yn) is a saddle point, and in
particular also the accumulation point under weak convergence.

3. If X and Y are finite dimensional, then there exists a saddle point (x*,y*)
which (z",y™) converges to.
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Proof. The first two equations in (3.12) can be rewritten as

n+1

Y =Y | Di" e aF(yrth),
g
n __ ,n+l
u _ DTyn-i-l c GG(:U"H)
T

This means that for any (x,y) € X x Y we have

yn _ yn—l—l
anzwwmw+<a+0ﬂw—w“)
" — :L.n+1

G(SL’) > G(In+1) + < . DTynJrl,:L’ o xn+1>.

From the properties of scalar product we have

W —y"y -yt = ;Hy" — y"+1H2 + ;Hy —yH!

1
H

[

2 1 2 1
(z" — :L‘n+1,[)3 _ In+1> U CL,n—i—lH + in _ xn+1” _ 5”1‘ _ 1]n||2

We are interested in summing the two inequalities above, then we need to deal the
sum of the components with the D operator.

<D:i‘n,y _ yn+1> _ <:13 _ :L'n+1,DTyn+1> — (D{fn,y _ yn+1> + <D(:L‘n+1 _ :E),yn+1> —

= <D(‘xn+1 - T = :z.n)jynJrl - y> + <D(‘xn+1 - CE),Z/> =
= (D(a""" = &"),y" —y) + (D", y) — (Dx,y" ).

Replacing 2" = 22" — 2"~ ! and adding and subtracting 3™ we have
<D(l’n+1 o 57”),yn+1 o y> — <D(£L‘n+1 o :Un), yn—i-l . y> o <D(1’n o :En_l), yn—l—l o y> —

— <D(xn+1 - x”),y”“ o y> - <D(£L’n - xnfl)’ynJrl _ yn> - <D($n o J:nfl)’yn - y>’

But we also have the following inequalities:

(D(" — 2" 1),y" = y") < Lo — 27|y = v

L n e L n n
< gl =gl - =

n __ n—1(2 n-l—l_n2
e (I W o,

2T 20
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Then putting all togather we have
F*(y) + G(x) 2F*(y"") + G(@" )+

O 7V 72w 7 Y
20 20 20
2" =2l — 2P e — 2
2T 27 B 2T

4 <D(xn+1 - xn>’yn+1 - y> . <D(l’n o l‘nil),yn _ y>

n __ ,n—1 2 n+l _ ,n 2
per (I =yl |
27 20

+ <D:L‘n+1 > <DZE yn+1>

that can be rearranged as

ly —y"| +HSE—$H > lly =y ||SE—96+1HJr
20 2T - 20 2T
ly™ — v+
1-— Ly—~—
+ (1 —+/oTL) S +
n __ ,n+l 2 n_ n—1 2
kil
T T
+ (D" =2,y —y) = (D(a" — 2" ),y —y)+
_'_

[G(2"T) = F*(y) + (D2"" y)]+
—[G(2) + (Da,y" ™) = F*(y" ).
(3.13)

We can now sum from n =0 up ton = N — 1, with 27! = 22° — % = 2°. The first
row of the equation above can be simplified

— ni2 nl2 — n 2 n 2
Nzl ly =y"II” | e =" >N21 ly =y e ="
= 20 27 e 20 27 o
2 2
B R G GO Al IO it I
20 2T - 20 o
The third row 5= N} |z" — 2| — /o7 L|jz" — 2" !||® can also be rewritten as
T Plor—opt
L 4 (1= /orl) Z
7- —

The fourth row is a telescopic sum, therfore it reduces to
<D(xN - xNil)ﬁyN - y> - <D($0 - xil)ﬁyo - y) = <D(‘rN - 'rNil)a yN - y>7
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but similarly as before we further have

AT E R A B

N _ ,N-1 _
> _§L1¢H N _ xmlH? N é’LTHyN _ yH2 _ _LH$ ; | LQO.THy 2ayH
Hence, after the sum the inequality become
2 2
by =41 o=l LQUT)H@/—%NH ) Hx;NH )
- \/EL)ZZX_:; 2" —;"‘1H2 Ly —23”‘1”2+
£ 3(GE") + (De" ) — F(y) - Gla) — (D) + P57
"~ (3.14)

Notice that G(a", ) = G(a")+(Da", §) — F*(§) —G(#)—{Da, y") + F*(4") > 0,
then, taking (z,y) = (#,9), we have

ly= o1 o =a 5 o g oo o=

20 27 20 21 ’

which proves the first statement of the theorem.
The second statement follows as well from (3.14), indeed for convexity of F*
and G we have

¥ X FWZ P g G  Gla).

Therefore, we must have that for every (z,y) € X x Y

G(7n) + (DN, y) — F*(y) — G(z) — (Dx,yn) + F*(yn)

_ L (ly= ey
_N 20 2T

but then maximizing for y € By and minimizing for € B; we conclude that there
exists a C' such that o

GB1xB, (TN, Un) < N (3.15)

Notice that the boundedness of By and Bs is needed to preserve the meaning of the
inequality through the maximization and minimization. Take now (z*,y*) a weak
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accumulation point for (Zy,yy), notice that such a point always exists because
from the first statement we deduce that (Zy, ) is bounded, hence weakly compact.
Then, because G and F™* are lower semicontinuous and convex, they are also weakly
lower semicontinuous, which means that also Gp, « g, is weakly lower semicontinuous.
Thus, moving (3.15) to the limit, we conclude that Gg, «p,(z*,y*) = 0, proving
that (z*,y*) is a saddle point.

Finally, we need to prove the convergence of the algorithm for finite dimensional
spaces. From the first statement we have that the sequence (2, y") is bounded,
therefore it admits a subsequence (2", y™) strongly (we are in finite dimension)
converging to a point (z*,y*). But plugging (x,y) = (#,9) in (3.14) we can deduce

n—1 2
that Y [
we must have

2
|In7f£ niyn—1||

+ has to remain bounded for each N, consequently

2T
limz" — 2" ' =limy" —y" ' =0
N n ’

This means that (z™ =1, y™~1) converges too to (z*,y*), in other words (z*,y*) is
a fixed point of (3.12), that is a saddle point. To prove the actual convergence of
(N, y"N), take ny, < N and sum (3.13) from n = n; up to N for (z,y) = (z*,y*).
In this way we get an inequality similar to (3.14), but the last row is the sum of
duality gaps, which are positive, thus they can be omitted, as well for the second
row. The lower term in the telescopic sum from the fourth row of (3.13), instead,
can not be erased, this leaves the inequality

2 2
* Nk x* _ l.’l’lk
20 27
* N 2 * N 2
> (1— L? ‘
= o) 20 + 2T

But the left hand side is going to 0, then also (z,y") — (z*,9*).
[

This result shows also that the order of convergence is O (%), which is quite
slow. However, [13] shows how the introduction of the acceleration can impressively
boost the algorithm speed in the case of (ROF},), even though there are not clear
theoretical explanations, it could even be happening only for the specific problem
we are facing, and not in general for all those in the (3.10) form.

We can now see how to apply this algorithm specifically for (ROFy,). The space
X is represented by Q" while Y = [Q%®. The role of F(Dz) is taken by the
discrete total variation V},, which indeed can be written as Vj,(u) = ||Vyul|; ., that
is F' = ||-||;:» and D = V,. Instead the operator G is represented by the similarity
term 55 [ju — gl|32, where to lighten the notation we assumed g = g". In order to
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3.2 — Solver algorithm

apply (3.12) we need V] = —divy,, F* and the inverse of Id + cdF* and Id + 70G.
Let’s begin dealing with the latter.

0G () = 50 (Il — gli%2) = 1 (u ).

Therefore, to invert Id + 790G we have to sole for u in the following equation

T A T

Instead, we can compute F* noticing how it can be expressed as supremum

N N
F(&) =h* Y |&isl, = h* Y sup{piy- &l |pij| < 1} = sup (p, &) 12,
ij=1 ij=1 peK

where K = {p € [Qhr :Vi,j=1,...,N |pij|, = 1}. This means that F' = I},
where H(p) = 0 if p € K and [ (p) = +oo otherwise. We can notice that K is a
non empty, closed and convex set, because it can be seen as the cartesian product of
the closed balls {|p; ;| < 1}. As a consequence, H is proper, lower semicontinuous
and convex, then [ = I3F = F*. Therefore, we have to compute 0lx. On int(K)
[, is constant, which means 0l = 0. For p € JK, instead, from the definition
2.2.5 we have

Il (p) = {v| (v,q—p) <0Vqg e K}.

But the v satisfying this condition are the outward normal vectors to K in p, that
is

Ik (p) = {an(p) | a > 0, n(p) outward normal vector in p}.

While for p € Q" \ K, 0l (p) = 0. We need now to invert Id + o0k, that is we
have to solve for £ the equation

Lip— &) e a1k(e).

pEf—i—a@HK(f) — E

Let’s divide the analysis in two cases: p € int(K) and p ¢ int(K).

e p € int(K): for any £ € int(K), 0l = {0}, therefore in this case we have
only one possible solution, p = £. If £ € 0K we have no possible solutions,
because p — ¢ would always be an inward vector.

e p ¢ int(K): clearly ¢ can not be in the interior of K, but now p — £ is an
outward vector, which is also normal if £ is an orthogonal projection of p on
OK. Though, Such projection is unique on convex sets.
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In conclusion we found that (Id + cOF*)~! is the orthogonal projection on K:
[Ix. This is easy to compute explicitly, because the set K is built as a cartesian
product, therefore (Ilx (p)), ; will be the projection of p; ; on the (7, j)-th constraint
{Ipi;| <1}, that is
Dij if [p; ;| <1
Mk (p);; = Pid
[pijl

Summing everything up we have to use the following iterative step:

otherwise.

E = Mg (6" + oV, a")

A
u'"t = p (un + 7divp " 4 ;9)
T
ﬁn+1 — 2un+1 o un7

where, as before, we called u the primal variable and £ the dual. The condition of
convergence is o7||V,||* < 1, and we can have a rough estimation of ||V|

N

> ‘(th

i,j=1

2 2 1 N 2 8 -
= 7 Z UHLJ‘ — u”) + (Ui,jﬂ - Uz,j hi Z ,J’

2\/_

= Vil € ==

In order to avoid the inconvenience of scaling o and T with h, it Could be useful to
use as linear operator D = hV,. This is like substituting A with 2 2, a part from
the change of operator D, but practically (doing few 51mpl1ﬁcat10ns) it turns to be
analogous of taking h7 and ho in place of 7 and o. Then we have the routine

£ = Mg (" + ohV,a")

"t = 3 j\hT (u" + Thdiv, " + Tg) (3.17)
ot = 2y —

3.3 Experimental results

In this last section we are going to show the effect of the ROF minimization on an
image, furthermore the algorithm and its convergence will be validated using the
analytical solution found in (2.16). The routine (3.17) has been implemented in
Matlab to deal with gray scale images, which are square of side length of 1 covered
with N x N pixels, so that we define h = N~!. For the algorithm parameters, we
generally set 7 = 0 = 0.1, while as starting configuration we took the dual variable
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€% to be (0,0) everywhere and the primal variable u® = g, because we expect the
solution to be close to the reference image, at least for a rather accurate choice of
A. We usually run 1500 iterations, which are often more than enough for reaching
a satisfying state of convergence. We also set a break if the relative difference in
energy between two consecutive steps was below a given tolerance. However we
used very fine values of it like 1071° or even 1072, the reason why is that, because
this is not properly a gradient descent method, the energy oscillate through the
first iterations, and in proximity of an apex u™ may face very little changes for few
iterations, that may trigger a break if the tolerance is too low, preventing to reach
the convergence.

To get used to the behaviour of ROF, let’s right away see it in action. We are
going to apply the method on the Matlab repertoire image cameraman.tif, of size
256 x 256, on which we applied a white noise with standard deviation 25 (as a
reference we remind that the gray gradient goes from 0, black, to 255, white). Four
different value of A: 0.4 - 255, 0.2 - 255, 0.1 - 255, 0.05 - 255. We have to point out
that we are representing \ as the standardized value, that would be used if Im(g)
was in [0,1], multiplied by the scaling factor. Indeed, as pointed out in the section
2.3, the fidelity term scale quadratically, while the total variation linearly, this
means that in order to recover the same results we need to rescale A the same as
for g. In figure 3.1 you can see the original image and the noisy version, while in
figure 3.2 we have the results of ROF-denoising.

original noisy

100

200

250 R

50 100 150 200 250

Figure 3.1: original cameraman image (left), noisy version (right).

Reasonably the effect of the total variation is much more visible in the solution
for the highest A = 0.4 % 255. Visibly this term is trying to flatten the image as
much as possible, creating huge spots of uniform colors, while still preserving the
contours of the objects in high contrast with the background. Indeed, we can
clearly distinguish the camera and the man profile, even though a lot of facial
details are lost and the man’s gloves completely blends with its jackets. The
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primal reconstruction primal reconstruction
lambda = 0.4 lambda = 0.2

50
100
150
200 200

250 250 ,
50 100 150 200 250 50 100 150 200 250

primal reconstruction primal reconstruction
lambda = 0.1 lambda = 0.05

50 F
100 F
150 R

200

& 250 2 A
50 100 150 200 250 50 100 150 200 250

Figure 3.2: Resulting images after applying the ROF minimization with different
A/255: 0.4 (up left), 0.2 (up right), 0.1 (down left), 0.05 (down right).

distinction between the sky and the ground is marked, despite the latter became
almost monochromatic, with no signs of grass left. The buildings in the background
are not really recognizable and the two skyscrapers completely disappear.

As expected, reducing A, the level of details grows, although we keep this
impressionistic kind of look, typical of the ROF model. For A = 0.1 *x 255 all the
objects are fully recognizable, with the exception of the shorter skyscraper. The
grass is finally visible, however not with a comparable level of detail as the original
image. Recovering it is a hard task, because, as we can see from the noisy image,
the grass pattern is not very discernible from the noise. We can finally notice that
for A\ too low, in the example 0.05 * 255, the effect of the total variation is so weak
that the noise is not completely erased.

We will now have a look to the example of the square, explored analytically
at the end of section 2.2. However, the solution shown is not totally repeatable,
because it assumed an infinite domain. This actually change the solution, even if
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the square is totally included in the bounded domain 2. Indeed, let’s take A > R*,
case for which the analytical solution (2.16) results identically zero, and consider
as a competitor a constant function ¢, then its energy is:

1 210 1—c)?
2/9(6—XQ>2(1$IC| \Q”;( C) |Q|7

which is a quadratic function in ¢ with minimum for ¢ = % If Q= (0,1)? and Q is
of side L, then the constant ¢ = L? is better than the 0 function. Interestingly, this
is also close to the solution found by the solver. We put L = 0.5, this means that
R* = m € (0.1,0.2), so we can chose A = 0.2 to gain the desired effect. The
solution found was slightly increasing (not enough to be visible) in both coordinate
at a comparable rate, this may be due to numerical reasons of for discretization
factors as the anisotropy introduced by the discrete derivative, which links the
increment in the cell in position (7, j) only with those in (i + 1,7) and (i,5 + 1).
However its average was L? = (0.25. Even more interesting is the fact that this kind
of solution remains if we choose A = 0.1. My guess is that the solution in this case
is

_ 1 A (3.18)

u(r) = max < Spmin, @) [ )

where r(z) is defined as in (2.16), while s, is the lowest s for which Cf« (as
defined in (2.9)) is convenient with respect to € in the problem (ROFs). From all
the observation on the numerical solver, such a solution seems plausible, although
I was not able to prove or disprove its correctness formally. In order to compute

Smin OF Rpin = R = —2  we need to find the smallest s or R, for which

Smin 1—Smin

SO = L7 > (1= s)(R.P(CH) = |CF)) = (1 = $)(AR.L — L — (4 — ™) R?),

where the last equality comes from (2.14), while on the left hand side there is the
energy of Q for (ROFs). But, because s|Q2] — L? = |Q| — L? — (1 — 5)|Q|, we can
multiply the equation by R, to get

(1Q] = L) R, — AQ| > 4LAR, — A\L* — (4 — m)AR2,

JIQT = 12 —4LA2 + 4 — m) (0] — L7) — (|| — L? — 4L))

204 — )
_ 2A(1Q| — L?) _
V(Q = L2 — 4LA)? +4X2(4 — 7)(|Q] — L2) + (] — L2 — 4L))

2
VA= 02+ (4 =mA/L+1-¢
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where ( = 4|L’\ Then, s,m =1—

can be computed as follows:

m'Ln

Spmin = — (1—1—( \/1— —7'('))}?).

In the case of A = 0.1 and L = 0.5 we can indeed compute that s,,;, ~ 0.2514,
while 1 — 2 & 0.2455, making the constant solution (u = L?) better. The actual

bound for A can be found imposing s,,;, < 1 — ﬁ which implies

A

<—1+2)‘<\/(1—g)2+(4—7r)L,

R*

A A A2

— d—71)=>4—((—1)+4—.
(-m) > 45 (¢~ 1) + 40
We notice that in taking the second power of the inequality we assumed (—1+24; A 2
0 for the validity of the following steps. If (— 1+2 < 0, then for sure s,,;, < 1 R* ,
but can be verified afterward the the upper bound we are going to find i 1s more
strict than this one anyway. We can now multiply the inequality above by == >0

and substitute ¢ to get

R*2 .
A(l—‘m_m(4—w—4(2+ﬁ))> < R*,

L? L?
M1+ —m— * A 11— —
(*uu—ﬂ><R’ — <R< |m>

For L = 0.5 and || = 1, this condition become, approximately, A < 0.0994, and
indeed using A = 0.099 we can start, even so barely, seeing a non constant solution,
2
as in figure 3.3. Furthermore, with the choice of A precisely A = R* (1 — L—), we
[o]
1 — )\ L2
—
Even though we do not know the for sure if it is the solution, from an experimental
point of view it seems quite close to the actual one, this justifies that we are going
to assume that function to choose \. Because we want to see if it behaves as
expected from the continuous solution, we have to reduce s,,;, under a threshold o
for which the difference in brightness is barely visible. We choose o = 5%. Now,
we develop the computations:

have $,,m = coming back to the optimal constant.

AC

Smin < o = (1+C—204)2§(1—C)2—|—(4—7r)f’

20 —da — dal + 40’ < —2C—|—(4—7T))f,
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primal reconstruction
lambda = 0.099

20 F

40 b

60

80 1

100

120

2‘0 4‘0 (;O B‘D 160 1‘20
Figure 3.3

— T

4
4L

M<a(l—a), = 4L(1—a)A—(4—7)\* < a(l—a)(|Q] - L?);

A<b— V2 —c, (3.19)

with b = 2L4(:°‘) and ¢ = a(l — Q)%. When L = 0.5 and a = 0.05, we find
A < 0.018912, this upper bound is what we are going to use for A is the experiments.
We are going to compare the results using 5 resolutions, identified by the
number N of pixels per dimension, N = 32, 64, 128, 256, 384. Take as refer-
ence the image 3.4. At first we notice that the background is not totally white,
as in the reference square, even if it assume values in average below 0.05 (I
am considering 0 white and 1 black). This is due to value of the threshold
« which is not too low, however reducing it would have brought to a A too
little, making the decay on the square corners too slow and not very visible.
Discussing further the behaviour of the
background, we observed higher values
near the corners of the frame, especially
the upper left one as a consequence of the
anisotropy from the derivative discretiza-
tion. On the other hand there were a
bit of wavering near the inner square cor-
ners probably due to some numerical error.
This phenomenon is mildly visible in im-
age 3.5, taken from the case of N = 384.
Talking about the square corners, we ob-
Figure 3.5 serve the expected rounding, progressively
more evident increasing N. We can also

appreciate, especially for smaller N, the
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Solution for N=32

original
lambda = 0.018912
50
5
100
10
150
15
200
250 A
300 25
350 20
50 100 150 200 250 300 350 5 10 15 20 25 30
Solution for N=64 Solution for N=128
lambda = 0.018912 lambda = 0.018912
10 2
20 40
30 60
40 80
50 7] 100
60 b 120
10 20 30 40 50 60 20 40 60 80 100 120
Solution for N=256 Solution for N=384
lambda = 0.018912 lambda = 0.018912
50
50
100
100 150
200
150
250
200 5| 300
350
250 L ' L 3| L L ' L L
50 100 150 200 250 50 100 150 200 250 300 350

Figure 3.4: Example of the square: reference square (notice the axes’ different
scaling) image compared with the computational solution with different resolution.

asymmetry of the solution, which results in lower values for higher indices of row
and column. We can in conclusion compare the maximum values, in table 3.1.
These promisingly seem to approach the analytical maximum 1 — A/ R* ~ 0.8573.
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N=32

N=64

N=128

N=256

N=384

analyt.

max val

0.8612

0.8593

0.8582

0.8577

0.8576

0.8573

Table 3.1
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Appendix A

Radon-Nikodym derivatives
on Radon measures

In this appendix some basic results on Radon measures and their Radon-Nikodym
derivatives. We begin defining a Radon measure.

Definition A.0.1. Let X be a locally compact and separable metric space, we
define:

o B(X), the Borel o-algebra as the o-algebra generated by the open sets (or
equivalently the balls).

o We call a measure defined on the measurable space (X,B(X)) as a Borel
measure.

« A Borel finite on the compacts is called Radon measure.

The Radon measures on R", paired with the euclidean distance, are of particular
interest because satisfy the following properties.

Proposition A.0.2 (inner regularity). Let p be a o-finite Borel measure on X,
then for E measurable:

u(E) =sup{u(K): K C E, K compact}.

Proposition A.0.3 (outer regularity). Let u a Borel measure on X s.t. we can
partitionate X = Uy, Xy, where for all h (X}y) < oo, then for E measurable:

p(E) =inf{u(A): E C A, Aopen}.

We call Cy(€2) the closure under infinity norm of the space C.(€2).
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Proposition A.0.4 (Riesz representation). Let Q2 open in R™ and L be a linear
and continuous functional on [Cy(Q2)]™ with respect to the infinity norm. Then
there exists a unique R™-valued Radon measure such that:

L(u) = hzi:l/guh dpp,.

The aim of this appendix is showing that Radon measures on R™ have a char-
acterization of a derivative as a limit of a difference quotient. We begin defining
absolute continuity and the Radon-Nikodym derivative.

Definition A.0.5. We say that a measure v is absolutely continuous with respect
to a positive measure p if, given a measurable set B:

u(B)=0 = v(B)=0.
We denote this relation as: v < pu.

Note that v can also be RY-valued.

Definition A.0.6. Given a scalar measure p on (X, ) and a measurable function
f: X — R™ we denote the measure fu such that for every B € &:

fuB) = [ rau=([ fidp.., [ fudn),

We observe that always fu << p, as the integral of p-negligible sets is 0. But
actually every absolutely continuous measure can be written uniquely as one of the
kind fpu.

Proposition A.0.7 (Radon-Nikodym derivative). Let v a RY -valued measure on
a measurable space (X,E) and p a positive o-finite measure on (X,&). If v < p,
then there is a unique f measurable such that v = fu.

We call such f the Radon-Nikodym derivative, sometimes it is also denoted as

S—Z or D,v. Before dealing with the case of Radon measures, we need to recall some

results. From now on we will take the space X to be metric.

Theorem A.0.8 (Besicovitch covering). Let A be a bounded set in R™ and F a
fine cover of A, that isVx € A, 3p > 0 s.t. ¥p < p, B(xz,p) € F. Then we can
find an at most countable subcover F', for which every x € A belongs to at most b,
balls.

Now for v vector valued Radon measure and o positive Radon measure, we call:

D+V(x) = lim sup M ny(x) = lim inf M

: ol u(B ) oot u(Blx.p))
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where B(z, p) is the ball centered in x of radius p. We notice that for a Radon
measure A, the function A\(B(x, p)) is continuous in x, indeed

MB(w + o)) = MBI = | [ Xotesn = X5 4.

X B(z-+h,p) 18 converging pointwise, for A — 0, to X p(a,p), While ‘XB(x—i-h,p) — XB(r,p)’ <
2XB(wpt+1) € L'(X, A) as for radon measures A(B(x, p+1)) is always finite. Therefore,
for dominated convergence we have the continuity. Then, v(B(x, p)) and u(B(x, p))
are continuous and consequently measurable, this implies that also D:[y and D v
are measurable. We want to show that D:[V =D, v= Dy prae. and v = D,vpu.
In order to do it we need the next proposition.

Proposition A.0.9. Let u and v positive Radon measures on R™ and E C supp p
Borel set, then
D v(z) <t, Veelk = v(E)<tu(k),

Div(z) >t, VeeE = v(E)>tu(E).

Observation A.0.10. v(FE) finite = p ({x €FE: Div(r)= —1—00}) = 0.

Proof. Since we are working with Radon measures, we can take £ bounded, then
we can generalize using the inner regularity. Take A D E open and bounded, then
consider € > 0. We define:

F = {B(x,p) c x € E, B(z,p) C A, v(B(x,p)) < (t+6),u(B(x,p))}.

Since Dfv <t, then Vo € E Jp s.t. Vp < p, B(z, p) € F. This means F is a fine
cover of F, then by Besicovitch theorem we can find a countable subcovering F’
such that each point is in at most b,, balls. Then we have:

v(E)< > v(B)< ) (t+e)u(B) < (t+e)u(A),
BeF’ BeF’

but from the arbitrariness of ¢ and the outer regularity of y we can conclude
v(E) < tu(FE).
Similarly, if Dfv > ¢, for any A C E compact we can take:

F= {B(I,p) c v €A B(x,p) CE, v(B(z,p)) > (t —€)M(B(I,p))}.

Again, this is a fine covering and consequently we can extract a F' as above and

conclude:
W(E)> Y v(B)> Y (t-e)u(B) = (t - u(A).

BeF' BeF'

Then, using the inner regularity, we can conclude.
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Theorem A.0.11. Let v be an R"-valued Radon measure absolutely continuous
with respect to p a positive Radon measure, then the limait

= lim M
Duv(x) = lim, 1(B(z, p))

exists finite for p-almost every x €supp p. Furthermore, D,v is the Radon-Nikodym
derivative of v with respect to i, in other words v = D,v p.

Proof. We can assume v to be a one dimensional positive measure. Indeed we can
immediately generalize to non positive measures with the decomposition in positive
and negative part v = v — v~, while with multidimensional measures we can deal
componentwise.

v, as a Radon measure, is finite on the compacts, then from the observation
A.0.10 the set {D;v = +oo} is locally p-negligible, that is:

VK compact, j ({D:V = +oo} N K) = 0.

Then from inner regularity, {D;—I/ = +oo} is p-negligible. We now define, for B
measurable set:

AT(B) :/BD:[ljdu; )\_(B):/BD;Vd,u;

In order to show that D,v exists and it is the Radon-Nikodym derivative, We want
to show that At < v < A\~. For the first inequality, given a measurable set B in
supp i+ and an arbitrary ¢t > 1, we define the disjoint sets:

Ni={zeB: Div(x)=0}; Bi={xeB: Div(z)e ("t} , neZ
Since on B;" D;V > t", from the previous proposition we can conclude:
NHBF) = [ Dfvdu < e (B < tu(B)),
By

while AT(NZ) = 0 < tv(B;). Hence, as Ni and B, are a disjoint cover of B, we
get:
NF(B) = X*(NF) + N (BY) < tr(Ng) + X tu(BY) = tu(B).
ne”Z neZ
But for arbitrariness of ¢ > 1 we have the first inequality AT < v.
Similarly, we can define:

Ny ={zeB: Dyv(x)=0}; B, ={xeB: Dv(x)e ("t} , neL

n
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Thus, A (Ng) =0 and
N(B7) = [ Drvdu = eu(B;) = (B,
B,

— A (B) > 1;/(3).

Finally for arbitrariness of t > 1 we can conclude.
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Appendix B

Equivalence of BV
definitions

In this section we will prove that this two definitions 1.1.3 and 1.1.4 are equivalent
and provide some more insight on the total variation of measure. For more details
see [5] the first two chapters. Before the proof, we need to introduce some measure
tools.

Definition B.0.1. Let i a vector valued measure on the measurable space (X, ),
we define its total variation as:

Ll (B) = Sup{Zlu(Eh)l : HCN {Enhren CE, E= || Eh}

heH heH

where U denotes a disjoint union, therefore the supremum is made over the
disjoint numerable partitions of £. We now show that this total variation is still a
measure.

Proposition B.0.2. |u| is a positive measure and u is finite if and only if |u| is
finite.

Proof. || clearly is positive, we have Let {Ej}ren, {Fj}jen C € two disjoint
coverings of E. Therefore, Fy; = Ej, N F} is a countable disjoint covering of Ej, Fj
and E. So by o-additivity we have:

Sl =3

J

S Ey)| < ;WW < Ylul(En).

Thus, if we take the supremum over the partitions {F;} we have |u|(E) <
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> nli[(Er). On the other hand, since Fj; is a countable partition of E, we have:

() 2 Y |u(Er)| 2 2

ZM(F}/U')

Then, considering {F7;} as a covering of Ej,, we can extract the supremum to get
l1|(E) > > n|ul(Er). Therefore, we have the o-additivity:

lul(E) = 2};|u|(Eh)-

Instead, for the second statement, we see immediately that |u|(X) > [u(X)], so
|| finite implies pu finite.

We will prove the reverse implication at first for N = 1 Now suppose |u|(X) =
+00 but |p(X)| < 400, then there must exist a partition { X} s.t.

S (X > 2(u(X)] + 1).

h=0

Let’s call I, the set of h such that pu(X,) > 0 and I_ the set of those for which
p(Xp) < 0. Then for at least one of these sets, lets say I it must be verified:

S ()| > [a(X)] + 1> 1.

hely

If we call £ = U, X, then:

(B =] > u(Xn)

h61+

= D |n(Xn)| > (X)) + 1,

h€I+

because all the p(X}) share the same sign.

(XN E)| = |(X) = (B)| = [u(E)| = |p(X)] > L.

However, since |p|(X) = +oo, either |u|(E) = 400 or |u|(X \ E) = +oo. We call F}
a set between F and X \ E has infinity total variation and E; the other one. Then
we apply iteratively the same argument, but with F; instead of X. In this way we
find a succession of disjointed sets E; such that |u(E;)| > 1 for all 4. If I had at this
succession Ey = L5 F;, we have a partition of X, therefore u(X) = >1% u(E;).
However, since |u(E;)| > 1, this sum cannot converge, that is a contradiction.

If N > 2, then there is a constant C' such that |u(X)| < CZj.Vzl\,uj (X)|. Then:

|1 (X) = sup {Zlu(Eh)l} < sup {CZZIMj(Eh)I} <

h =1
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<C> sup {Z|MJ(Eh)|} = C;|/'Lj|(X)

7=1 h

where all the sup have to be intended as over the partitions of X. Thus, pu finite
implies that each component is finite, then also all the |y;| are finite. This concludes
that |p| is finite.

O

We will use this definition to show that for f € BV(Q), V(f,Q) = |Df|(Q).

Let’s now focus on the relation between p and |px|. We have a helpful expression

for | fpl.
Proposition B.0.3. If y is positive and f € [L*(X; p)]™, then
|ful(B) = |flu(B); VBEeE.

Proof. o |fu|(B) < |f|u(B): given a partition of B in disjoint measurable sets
{By}, from the Jensen inequality we have:

SIoum = S|, Fau| < S [ 1f1du= [ \rldn

o |ful(B) > |flu(B): consider a succession {2 }rey € R™ dense in ™! (the
spherical surface embedded in R™). For € > 0 we define:

oc(x) = min{h € N[ (f(z),2) = (1 = ¢)[f(2)]}.

We can notice that the functions ¢n(z) = (f(z),zn) — (1 — €)|f(x)| are
measurable and

o (h) =y ([0, +00)) (U¢ >)-
Therefore, B, = o-'(h) N B are measurable and form a disjoint partition of
B. (1= )Ifu(B Z/ 1—e|f|du<Z/ djt —
= DA, S dinz) = Au(B), ) < Zhjlfu(B — )| < |f1l(B)

= (1 =9)[flu(B) < |ful(B),

but for the arbitrariness of € we get the result.
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Now we can finally get the polar decomposition for measures.

Proposition B.0.4 (Polar decomposition). let p a RN -valued measure on (X, ).
31f: X — SN integrable, s.t. = f|ul.

Proof. Clearly p is absolutely continuous with respect to |u|. Therefore, 3!f €
[LYX, )]V s.t. = flu|, and from B.0.3 we have:

Ll = | flll = ]|l
= |fl=1 |p|—ae.
0

Observation B.0.5. If we look at radon measures as dual of [Cy(X)]™, then we can
notice that its dual norm is bounded by the total variation:

\/ng“\ - ’/ng dwi < [ lglalul < ul(X)lgll..

However, it can be proven that actually ||u| = |u](X).

Finally, we are ready to prove the equivalence between the two definitions of
BV.

Proposition B.0.6. The definitions 1.1.3 and 1.1.4 are equivalent and Yu €
BV (Q) V(u,Q) = |Du|().

Proof. (<=): Take u as in 1.1.4 and let g € C}(2) with ||g||, <1, then:

N
/ u-div(g)de =) —/ g;dDju.
Q o e
Call f the function like in B.0.4 such that Du = f|Dul|.
— [ u-divig)dz = [ =3 g;f;dIDul < [ lgl - |fdDul
J

< [ aipul = |Dul(©).

Extracting the supremum on g we get: V(u, Q) < |Du|(2) < +oc.
(= ): Take u as in 1.1.3, then for every ¢ € [C°(Q)]V:

‘/ udive dx
Q

< o[l V (u, ).
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Therefore, we can define on [C>°(Q2)]" a linear and continuous functional as:
L(¢) = / udive de.
Q

As C% is dense in Cp, we can uniquely extend L to [Co(Q)]Y, preserving || L] <
V(u,?). Hence, by Riesz representation theorem (see [5]), exists a unique radon
measure [ s.t.:

L) =3 [ sduy Vo (Gl

with [u](Q) = ||L|] < V(u,Q) < +o00. But, since for every ¢ € [C(Q)]V this
measure must verify:

N

N
> [ 6idu; = [ udivode = =3 (Dyu 0,),
j=1"% Q j=1
we have Du = —p, which implies |Du|(€2) = |p|(©2) < V(u, 2).
Therefore, the two definitions imply each other and |Du|(2) = V' (u, ).
[l

Now we will present some further insight on the relation between a measure p
and its total variation |u|, in particular in relation with the weak * convergence.

Definition B.0.7. We say that a sequence of Radon measures {p,} on X converge
weakly x to a Radon measure j, denoted j, — p, if Vg € Co(X):

lim/gduh:/ gdpu.
h—o0 JX X

The following is an important results of the total variation compactness with
respect to the weak x convergence.

Theorem B.0.8 (De La Valée Poussin). Take {un} a sequence of finite Radon
measure on a metric space X , then if supy|un|(X) < 400 there exists a subsequence
n, converging weakly .

Proof. [Co(R™)]™ is separable, that is there exists a countable set B which is dense
(in uniform norm) in [Cy(X)]™. Then, given any g; € B, we have, from B.0.5 that
the sequence {(un, g1)} is bounded in h and consequently it admits a subsequence
{{u}, g1)} converging to some value a; so that

[(pths 1) — an] < ;L
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Now given another element g, € B\ {g1}, since u}(gs) is bounded, we can extract
a subsequence {(u2,gs)} converging to ay and

1
2 J—
‘(Mh>g2> - 662’ < W
[terating we find nested sequences {uf} and values a; such that

1

‘<M§a9k> - ak‘ < W

and {gx }reny = B. Proceeding with a diagonal argument, we take p?, which satisfy:
1
(o) —a <5, Vh> k.

. h o
= lim{uy, gr) = ay.

For Banach-Steinhaus, we can define on B a measure p such that (u, gx) = ay, for
all k, then we can extend it by density. Now, for every g € [Cy(X)]™ consider
g° € B such that ||g — ¢°|| ., < ¢, then, from the boundedness of |u;[(X) there
exists a C independent from h such that

= s )| < [ g = )+ [ = hn 69| + | g — 9°)] <
< (= pp 99| + Cllg = ¢°lloc — Cllg = ll, < Ce.
Thus, by arbitrariness of ¢ > 0 we conclude. O]

We can generalize to non finite measures

Corollary B.0.9. Take {un} a sequence Radon measure on a metric space X,
then if supy|pn|(K) < +oo for every compact K, there exists a subsequence pup,
locally converging weakly *.

We can also say that the total variation is lower semicontinuous with respect to
weak * convergence.

Proposition B.0.10 (Semicontinuity). Let {un} be a sequence converging locally
weakly * to u, then
] = A = A=,

Proof. Because |u| is the norm of p as functional on [Cy]™, the semicontinuity
property is given. 0

In conclusion we present a theorem, useful to prove some results on the reduced
boundary. At first we need the definition of a Lebesgue point.
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Definition B.0.11. We say that x is a Lebesgue point of a function f integrable
on a positive measure p if
1
limi/ f(x) — f(y)|dpu = 0.
M w(B ) Jotan ! IV

Observation B.0.12. We notice that if p is a vector valued Radon measure with
polar decomposition p = f|u|, then every x on which f is defined is a Lebesgue
point. Indeed, from the Jensen inequality

( 1
1l (B(, p))

1 2 .
< BT Jey @)~ @) ) =

—9 (1 - <f<x>’m>> |

However, from A.0.11 and the fact that |f(x)| = 1, this must converge to 0.

/Bu,p)lf(x) —fW)l d\ul(y)> <

Theorem B.0.13. Tuke p a Radon measure with polar decomposition u = f|u|
and let x be a Lebesque point. We define the measure p, , as

tap(A) = p(@ + pA).

Then, given a sequence {p;} converging to 0,

. /’L%Pi . |Iu‘x pi
dv=lim———**— <— Jo=1lim——F—
o pl(B(z, pi)) o pl(B(z, pi))

where the limits are intended as weakly . Furthermore, we have o = |v| and the
polar decomposition v = fv|.

Proof. Let B = B(0,1) and take ¢ € Cy(B).

o dlul,, = (£, [ 6 duny) = [ 61 (@), @+ p) dinl, , =

= /Bcb (y — x) (1= {f(x), f()) dlp| = o(|ul(B(z, p))),

p

where the last step depends on the fact that ¢ is bounded and |1 — (f(x), f(y))| <
|f(z) — f(y)|, then as x is a Lebesgue point we have the convergence behaviour as
above. To summarize we concluded:

oy, Ao
Bl =
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Then, if we define g the function for the polar decomposition of v, we have

o= (f9lv]

and then |o| < |v|. But from B.0.10 we must also have |v| < |o|. This means
lv| = lo| = [{f,9)||v], that is (f,g) = £1 almost everywhere. But since o is a
positive measure, we have:

(fi9) =1 = f=y,

and therefore also o = |v].
The reverse implication instead is a direct consequence of the De La Vallée
Poussin Theorem:

ilep,_ x L )

|1l (B(, pi)) |1l (B(, pi))

Then the relation between v and o is satisfied as before.
O]

Observation B.0.14. We conclude observing that in the proof the denominator
|| (B(z, p)) is used only on to balance the limit behaviour o(|u|(B(x, p)). Therefore,
if we know that there is a function g(p) with the same limit behaviour as |u|(B(z, p)),
we can substitute it in the denominator. For example we can state:

Take p a Radon measure with polar decomposition p = f|u| and let = be a
Lebesgue point. Suppose we know |u|(B(z, p)) < ap™ !, for some real positive a.
Then, given a sequence {p;} converging to 0,

. . plyy,
Jv = lim uﬁ;pjl < Jo =lim —2;
ap] i ap,

where the limits are intended as weakly x. Furthermore, we have the polar
decomposition v = fo.
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Acronyms

ROF
Rudin-Osher-Fatemi problem

ROFs
Rudin-Osher-Fatemi problem by level sets

ROFh
discretized Rudin-Osher-Fatemi problem
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