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Summary

The theory of sets of finite perimeter provides, in the broader framework of
Geometric Measure Theory, a particularly wellsuited framework for studying the
existence, regularity, and structure of singularities of minimizers in those geometric
variational problems in which surface area is minimized under a volume constraint.
To this end, the class of sets of finite perimeter satisfy these requirements:

1. a class F of sets E C R" endowed with a topology with good compactness
properties so that sets with smooth boundaries belong to this class and are
dense;

2. a notion of perimeter P(FE) for every E € F so that £ — P(E) is lower-
semicontinuous on F, and P extends the usual notion of perimeter H"~! of
the boundary OF; more precisely we require that P(E) = H"}(JF) for every
set F with smooth boundary and for every E € F there exists a sequence
E;, — E with smooth boundaries and satisfying H" ' (0E}),) — P(E).

The methods and ideas introduced are applied to study the classical Plateau problem,
which consists in finding surfaces with minimal area and prescribed boundary, and
variational problems concerning confined liquid drops, briefly denoted as capillarity
problems. The equilibrium shape of the liquid drop is given by the non-trivial
interaction between the surface tension, which depends on the perimeter of the free
surface of the drop inside the container, the contact surface between the drop and
the container and the potential energy acting on the drop, for instance gravity.

A typical problem is the following: find the domain D C R which minimizes

Area(0D) + / f(z)dr  + additional constraint .
L,_/ e.g. Volume(D) is prescribed

additional integral term
Thus, as usually done in the calculus of variations, the semicontinuity and compact-
ness method is used for proving the existence of minimizers. Geometric properties of
the minimizers are deduced by performing first variations of minimizers; for instance,
Young’s law comes out naturally as a stationarity condition of the minimizers in
the capillarity problems.
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Chapter 1

Radon measures

In this first chapter we introduce the basic results of measure theory about Radon
measures. The important results we are going to use later are Riesz’s representation
theorem and the notion of weak-star convergence of Radon measures. The first
permits to work on perimeters of sets as (vector-valued) Radon measures; the
second, together with the compactness and the lower semicontinuity, permits to
exploit the Direct method in variational problems involving functionals of measures.

1.1 Outer measures, Radon measures

Denote by P(R") the set of all subsets of R". An outer measure on R" is a set
function on R™ with values in [0, oc], p: P(R™) — [0, 00], u(@) = 0 and with

Ec B = u(E)<Y plE).

The last property, called o-subadditivity, implies the monotonicity of y,
ECF = p(E) < pu(F).
Example 1.1. The Lebesgue measure of a set £ C R” is defined as

L'(E)=|E|= irj_%f > (@) (1.1)

QeF

where F is a countable covering of E by cubes with sides parallel to the coordinate
axes, and r(Q) denotes the side length of @) (the cubes @ are not assumed to be
open, nor closed).

By Carathéodory’s theorem, if p is an outer measure on R" then it becomes a
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Radon measures

measure on the family of sets M(u) consisting of those sets £ C R" sucht that
p(F) = p(ENF)+ p(F\E), VFCR"

namely pu is o-additive on the o-algebra M(u). The elements of M(p) are called
p~-measureable sets.
An outer measure is called a Borel measure if B(R") C M(u), where with B(R")
we denote the family of Borel sets of R”, i.e. the smallest o-algebra generated by
the open sets of R™. The following theorem provides an useful characterization of
Borel measures on R".

Theorem 1.1. (Carathéodory’s criterion) If p is an outer measure on R™, then
is a Borel measure on R™ if and only if

u(Er U Es) = p(Er) + p(Es)
for every Ey, E5 C R™ such that dist(Ey, Fy) > 0.

Finally, we say that a Borel measure p is regular if for every F' C R" there
exists a Borel set E such that

FCE, u(F)=p(E).

An outer measure p on R™ is locally finite if u(K) < oo for every compact set
K Cc R,

Definition 1.1. An outer measure i is a Radon measure on R" if it is locally
finite and Borel regular. By Borel regularity, for a Radon measure it also holds
that

u(E) =inf{u(A): E C A, A open} (1.2)
=sup{u(K) : K C E,K compact}, (1.3)

for every Borel set £ C R".

Thus, by Borel regularity, a Radon measure p is characterized on M(u) by its
behaviour on compact (or open) sets.

One way to obtain a Radon measure from a Borel regular measure p on R” is to
restrict p to a set E € M(u) such that puF is locally finite. Thus the restriction
pLE is a Radon measure on R”, where p F is defined as

W E(F)=uENF), FCR"
2



1.1 — Outer measures, Radon measures

Proposition 1.1. If {E;}ic; is a disjoint family of Borel sets in R", indexed over
some set I, and p is a Radon measure on R™, then u(E;) > 0 for at most countably
many t € I.

Proof. Iy ={t € I : p(E; N By,) > k™ '}, then {t € I : u(E;) > 0} = Ugen I1. But
I, is finite, with #(I)) < ku(Byg): indeed, if J C I}, is finite, then

w(By) ZM<UEthk> 2M<U EmBk> => w(E,NBy) > #2‘])

tel teJ teJ



Radon measures

1.2 Riesz’s representation theorem for Radon
measures

If 11 is a Radon measure on R”, then the linear functional L : C?(R") — R,

(L, o) =/ ¢ du, € CYRY),

is positive (¢ > 0 implies (L, ¢) > 0) or, equivalently, monotone (1 < ¢y implies
(L, 1) < (L,ps)). As a consequence, L is continuous with respect to the following
notion of convergence on CO(R") : ¢, — ¢ in CO(R™) if ¢}, — ¢ uniformly on R"
and, for a compact set K C R",

spt(p) U | spt(en) C K.
heN

Indeed, ¢, — ¢ in CO(R™) implies (L, pp) — (L, ), as we have
sup {(L,¢) : p € C2(R"), ¢l < M.spt() € K} < Mu(K) < oo,

for every compact set K C R" and M > 0. In other words, once it is fixed a
compact set K, the linear functional L is bounded, hence continuous on C?(R™).

Therefore if L is integration with respect to a Radon measure pz on R”, then L is a lin-
ear bounded functional on C?(R"), with the additional property of being monotone.

Using this point of view, we want to introduce the important notion of vector-valued
Radon measures. Indeed, we can consider a linear functional L : C?(R™;R™) — R,
which by linearity is continuous with respect to the convergence in CO(R™; R™) if
and only if it is bounded, in the sense that, for every compact K C R",

sup {(L, ) : ¢ € CAR™R™), || < 1,spt(p) C K } < oo. (1.4)
We can construct one simple example.

Example 1.2. If 4 is a Radon measure on R” and f € L (R", u; R™), we can
define a bounded linear functional fu : CO(R™;R™) — R setting

(fu, o) = / (- f)du, ¢eCR™R™).

Riesz’s theorem ensures that conversely every bounded linear functional on
C?(R™;R™) can be represented as a product fu. In particular, the Radon measure
p can be characterized in terms of L as follows. Define the total variation |L| of
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1.2 — Riesz’s representation theorem for Radon measures

a linear functional L on C°(R™; R™) as the set function |L| : P(R") — [0, oc| such
that, for every A C R" open,

|LI(A) = sup {(L, ) : ¢ € CUAR™), || <1} (1.5)
and, for £ C R"™ arbitrary,
|L|(E) = inf {|L|(A) : E C A, A is open} (1.6)

Theorem 1.2. (Riesz’s theorem) If L : C?(R";R™) — R is a bounded linear
functional, then its total variation |L| is a Radon measure on R™ and there ezists
a |L|-measurable function g : R" — R™ with |g| =1 |L|-a.e. on R" and

Lo = [ (o 9Ll Vo CARNRY) (17)

that is, L = g|L|. Moreover, for every open set A C R",

|L|(A) = sup {/n (p-g)d|L| : o € COUA;R™), || < 1}. (1.8)

Remark 1.1. When L = fu as in Example 1.2, then the total variation |fu| and
the vector field g in the statement of Riesz’s theorem satisfy

_ _/ n

\ful=1flp, 9= i |f| p-a.e. on R™.

Remark 1.2. (Bounded linear functionals and vector-valued set functions) Let
By(R™) denote the family of bounded Borel sets of R", and B(F) the family of
Borel sets contained in £ C R™. If L is a bounded linear functional on C?(R™; R™),
then L induces a R™- valued set function v : B,(R") — R™,

IJ(E):/Egd|L|, E € By(R), (1.9)

that enjoys the o-additivity property

v (U Eh) = Z v(Ep)

heN heN

on every disjoint sequence {Ej}reny C B(K), for some compact set K C R™. Thus,
bounded linear functionals on C?(R"™;R™) naturally induce R™-valued set functions
on R™ that are o-additive on bounded Borel sets.

Taking into account this, we define R”-valued Radon measures on R" as the

5)



Radon measures

bounded linear functionals on CY(R™; R™). Consequently, denoting 4 as an arbitrary
vector-valued Radon measure (instead of L), we set

(1, ) = /nso ~dp (1.10)

to denote the value of p at ¢ € C?(R"; R™).
We now proceed to prove Riesz’s theorem. We first need a few lemmas.

Lemma 1.1. If L is a bounded linear functional on C?(R™;R™), then its total
variation |L| is a Radon measure on R™.

Proof. Step one: We prove that |L| is an outer measure. Let us first show that

|L[(A) <> |LI(Ap), (1.11)
heN
for A = UpenAn, An open. Indeed, let ¢ € C%(A;R™) with |p| < 1. Since
spt(y) C A is compact, there exists N € N such that spt(p) C UY_ A, We
consider the corresponding partition of unity, that is

N
on € COA), 0<w, <1, Y ¢, =1onspt(yp).
h=1

Since p = S, vy, and g, € C%(A;R™) with |pp,| < 1, we have (by definition

1.5)
N

:Z , PR <Z|L|Ah <Z|L|Ah

h=1 heN

and taking the supremum over all admissible ¢ on the left hand side we find (1.11).
We now consider £ C UpenFEy, and prove that

ILI(E) < > [LI(En).

heN

Given € > 0 and h € N, by definition of |L| we find Aj open with E; C A and
|L|(An) < |L|(EL) +¢/2". Hence, by 1.11

ILI(E) < |L| (U Ah) < DO ILIAR) < D0 ILI(E) +
heN heN heN
Step two: By Theorem 1.1, |L| is a Borel measure if dist(Ey, F2) > 0 implies

|LI(Ey U Ey) > [LI(Ey) + [L|(E2).
6



1.2 — Riesz’s representation theorem for Radon measures

When Ej, E, are open, it follows from the definition of |L|. In the general case, since
0 < dist(Ey, Ey) = dist(Ey, Ey), there exist open sets A;, Ay such that E; C A;
and dist(Ay, As) > 0. If A isopen and F; U Ey C A, then dist(4; N A, A, NA) >0
and E; C A; N A, so that the inequality above on open sets implies

ILI(A) = L[ (A0 A) U (A2 N A)) > [LI(A1NA) +[L|(ANA) = |L|(Ey) +[L|(E).

As A is arbitrary, taking the infimum the result follows for generic £. Hence |L| is
a Borel measure, locally finite thanks to

sup {(L, ) : p € CAR™R™), || < 1,spt(p) C K} < 0.

Finally, |L| is a Borel regular measure (thus a Radon measure), since, if £ C R",
|L|(E) < oo and {Ax}, oy are open sets with £ C Ay, and |L|(Ay) — |L|(E), then
F = NpenAy, is a Borel set with E C F and |L|(E) = |L|(F). O

By the elementary Riesz’s representation theorem on Hilbert spaces, if p is a
Radon measure on R™, and L : L*(R™, u) — R is a linear functional with

sup {(L,u) 1 u € L*(R™, ), |[ul| g2y = 1} = C < o0

then there exists v € L*(R", 1) such that [|v||p2gn,) = C and

(L,u) = / uv dp, Vu € L*(R™, 11).

Bounded linear functionals on L!'(R", 11) are then addressed as follows.

Lemma 1.2. (Riesz’s representation theorem in L') If y is a Radon measure on
R" and L : LY(R™, u) — R is a linear functional such that

sup {(L,u) tu € LYR™, ), | ul | pigen ) = 1} =C < o0, (1.12)

then there exists a function v € L®(R™, p) with ||v||pe@n,y = C and
L= [ wdp, Vue D@ (1.13)

Proof. Setting Ej, = Byy1\Bn, h € N, let {t;}nen C (0,00) be such that w =
Shentnle, € L*(R™, u). The linear functional Ly : L*(R", 1) — R defined as
(Lo, u) = (L,wu), u € L*(R™, ),

is continuous on L?(R", i), since wu is in L'(R™, u) by Cauchy-Schwarz,

(Lo, w)| = [(L, ww)| < Cllwul|pi@n ) < Cllwl] 2@ [l 2@ ),
7



Radon measures

with norm bounded by C||w||;2@n,). By Riesz’s representation theorem on
L*(R™, i), there exists z € L?(R", i) such that

(L, wu) = / uz dpu, Vu € L*(R", ). (1.14)

Since w > 0 on R™. the p-measurable function v = z/w has the required properties.
Indeed, as w is uniformly positive on compact sets, if v € C?(R"), then u/w €
L*(R™, u). By (1.14) we thus find

(L,u) = /n uv d, Vu € CY(R™). (1.15)

To show that v € L*(R", ) with ||v||zec®n ) < C, assume on the contrary that
p({zeR":fo(z)] > C}) >0
so that |v| > C on a Borel set ' with 0 < u(F) < oo. Testing (1.14) with
uo = lpnguscy — lrngue—cy € L*(R™, p),

we would then find the following contradiction

o/w</y = /uOZ— Llwug) < C Rnw|u0|—C/

Since v € L>®(R", i), (1.15) defines a continuous functional on L'(R™, p1). Since L
is continuous on L'(R", i), by density of C?(R") in L'(R", 1), we deduce (1.13)
from (1.15). Finally, ||v||zec @) < C would contradict (1.15) and (1.12). O

Now we can finally prove Riesz’s theorem.

Proof. (of Riesz’s theorem 1.2) By Lemma 1.1, |L| is a Radon measure on R". Let
us now define a functional M : CO(R™; [0, 00)) — [0, 00) as

(M, ) = sup {(L, ) : ¥ € COR™R™), [Y| < 9}, ¢ € CAUR™;[0,00)).

In step one we show that M is additive, positively homogeneous of degree one, and
monotone on CO(R™;[0,00)). In step two, we show the inequality

(M, g) < / pdlLl, Ve € CR™[0,00)) (1.16)



1.2 — Riesz’s representation theorem for Radon measures

Finally, in step three, we combine (1.16) with Riesz’s representation theorem in
LY(R™,|L|) in order to conclude the proof.
Step one: We show that, whenever ¢y, ps € CO(R™; [0, 00)) and ¢ > 0, we have

<M’ $1+ 902> = <M> 901> + <M> 902>7
(M, cor) = (M, 1),
<M7901> < <M7902>7 if ¥1 S(PZ
The second and the third are easily proved, as well as the inequality > in the first

(just noting that for any |¢1| < ¢ and |ihs| < @9, then |¢y + 12| < 1 + 2)). Now
let ¢ € CO(R™; R™) be such that |1| < ¢; + @9, and set

Ph
- (0
P1+ P2

for h = 1,2. Since ¢, € C2(R™; R™) with [¢,| < @), and ¥ = 11 + 1,

<L7¢> = <L7¢1> + <L777Z}2> S <M7 901> + <M7 902>7

Un on {¢1+ 2 >0}, Y, = 0 elsewhere,

and complete the proof by arbitrariness of .
Step two: Given ¢ € C°(R™;[0,00)) and & > 0, let {th}tho C R such that

o <0<ty <...<ty_1<supp < tn, ther —th < ¢
]Rn

and consider the partition {Eh}hN:1 of spt(p) by disjoint Borel sets, defined as
En ={z €spt(p) : th_1 < o(x) < tp}, 1<h<N\.
Since |L| is a Radon measure, there exist open sets A, with Ej, C Aj, and

LI(A) < |LI(E) + = L<h<N.

If necessary replacing Aj;, with the open set {z € Aj, : p(x) < t;, + €} (intersect A,
with the set {p < t;, + ¢}, which is open by continuity of ¢), we can also assume

p<tp+e on A,

Finally, let {&,}2_, be a partition of unity subordinated to the open covering
{AL}N_, of the compact set spt(p), namely &, € C9(A,),0 < &, < 1,and S0, &, =
1 on spt (¢). Since ¢ = 2111\[:1 &np, by step one and ¢ < t;, + € on Ay, we find that

<M7 ()0> = Z<M7£h(p> < Z(th +8)<M7 §h>

h=1 h=1

9



Radon measures

If ¢ € CO(R™;R™) and |¢| < &, then spt(¢)) C Ay and || < 1. Hence (M, &,) <
|L|(Ap) and, by the inequality on |L|(Ap) of above, we find that

(M, ) < g th + €) (|L|(Eh>+fv)

N
(by tp, <tho1+ 6) Z lh—1 + 26 <|L|(Eh) + ;)

(by tor < pon Bp) < / d|L| + tye + 2| L (spt(p)) + 222

(by ty <supp +¢) < / @d|L| + ¢ (supw + e+ 2|L|(spt(p)) + 26) :
R n R”

Let € — 0T to prove (1.16).
Step three: Given e € S™™! we define L. : C°(R") — R by

(Le,p) = (L,pe), ¢ € CART).
By (1.16), we find that, for every ¢ € CO(R™) (using |pe| < |¢]),

(Le, o) < sup {(L,0) : ¢ € CAR™R™), [W] < Jol} = (M. Jel) < | Jld]I].

Rn
By density of C?(R") in L*(R",|L|) we can extend L. as a linear functional on
L'(R™,|L|) such that |(Le,u)| < [g. |u|d|L|. Thus, by Lemma 1.2, there exists
ge € L>®°(R",|L|) such that

(L, ue) :/ ug.d|L|,  Vue L*R"|L|).
If we set g : R® — R™, ¢ = g, then g is bounded and |L|-measurable, with
L) =Y (Lege) =3 [ (ore)o¥ilLi= [ (gLl
for every ¢ € CS(I&";RT”). Moreover, |g(x)| =1 for |L|-a.e. € R™. Indeed,
) =sw{ [ (oeaatlspechamm g <1}

for every open set A C R". By (1.17), |L|(A) < [, |g|d|L]| for every bounded open
set A. Hence, |g| > 0|L|-a.e. on R™ and 1{‘g|>0} (g/lg]) € L*(A, |L|;R™). By density
there exists {¢n},cn C CO(A;R™) such that [p,| < 1 and 5 — 1yg=03 (9/]9]) in
LY (A, |L|;R™). Thus, ¢4 - g — |g| in L*(A, |L]), and

1) = [ (v a)dlEl = [ laldiz] > 2](4)

on every open set A C R™. Hence, |g(z)| =1 for |L|-a.e. z € R™. O

10



1.3 — Weak-star convergence and compactness

1.3 Weak-star convergence and compactness

We established the correspondence between Radon measures on R™ with values
in R™ and continuous linear functionals on C?(R™; R™). Thus we can endowe the
space of Radon measures with the usual weak-star convergence of functionals (as
elements of a dual space).

Definition 1.2. Let {u}reny and g be Radon measures on R™ with values in R™.
We say that u;, weak-star converges to p, u, — ju, if

/ p-dp=lim [ @-du,,  Ype CYRYR™).
n h—o00 R

Example 1.3. (Concentration of mass) The "n-dimensional" measure p, =
h"L™ (0, h~1)" weak-star converges to the "zero-dimensional' measure y = do,

[ eduw =1 /( e = (o) = [ edu voecim)
n 0,1/h)" n

Example 1.4. (Spreading of mass) An increasingly diffused lower dimensional
distribution of mass may weak-star converge to a "higher-dimensional" measure. If
we set ji, = S5y h ™10k n, then py, = £10(0,1), as

/Rgod,uh = Z SO(I{;L/h) — /(0 . o(x)dx, Vo € CO(R).

h=1

Example 1.5. (Tangent space to a smooth curve) A fundamental idea in Geometric
Measure Theory is formulating the existence of tangent spaces in terms of weak-star
convergence of Radon measures. Let I" be a smooth curve in R™, that is I = y((a, b))
for v : (a,b) — R"™ smooth and injective. Given ty € (a,b), the tangent space to
[ at g = (o) is the line 7 = {s7/(tp) : s € R}. Consider now I' as a Radon
measure, looking at © = H'.T", and define the blow-ups p,, , of u at xo, setting

Haor = i (CI)IOJ)# (HlLF) = 7‘[1|_<F — Q30> )

r

where @, .(y) = (y — o) /7,y € R™. The fact that 7 is the tangent space to I' at
zo implies that p,,, — Hlim as r — 0T, Indeed, if ¢ € CO(R"), then by definition
of push-forward of measures we find that

/n P djlnyr = i/rcﬂ (y ;%) dH' (y) = i/abso (M) Y/ (8)] dt

1 [(o=to)/r t — ~(t
_/ @(7(0"‘7’?) 7( 0)>|’yl(t0—|—7‘8)|d5

r (to—a)/r
S / o (57 (t0)) 1 (to) | ds = / pdH, asT - 0°.
R s

11




Radon measures

Proposition 1.2. If {us}ren and p are Radon measures on R™, then the following
three statements are equivalent.

(i) pn = p-
(i) If K is compact and A is open, then
p(K) > limsup i, (K)

h—o00

w(A) < liminf pp(A).
h—o00

(iii) If E is a bounded Borel set with u(OF) = 0, then

p(E) = lim g, (E).

Moreover, if pn — i, then for every x € spt(u), there exists {xptnen C R™ with
limy 00 xp, =  and xp, € spt(uy), Yh € N.

One important feature of weak-star convergence is the weak-star lower semi-
continuity of the total variation of a vector-valued Radon measure. We recall
that

\1|(A) = Sup{/ @-dp:p € CUAR™), o] < 1}.

Proposition 1.3. If u, and p are vector-valued Radon measures with i, — i,
then for every open set A C R™ we have

1l(A) < lim inf 10, (A). (1.18)
Proof. Given o € C%(A;R™) with || < 1, by uj, — p and thanks to the definition
of ||(A),
/ @ dp = lim @ - dpy, < liminf |pg|(A).
n h—o0 R® h—o00

By the arbitrariness of ¢, taking the supremum on the left hand side, we find
(1.18).
O

An important advantage of weak-star convergence is that compactness is had
relatively easy.

12



1.3 — Weak-star convergence and compactness

Theorem 1.3. (Compactness criterion for Radon measures) If {u}hen is a
sequence of Radon measures on R™ such that, for every compact set K in R",

sup /i, () < 00
heN

then there exists a Radon measure p on R™ and a sequence h(k) — oo as k — oo
such that pip) Ao

Finally, we can regularize a Radon measure with a regularization kernel in the
same way as for functions. Recall that given u € L .(R") and a regularization
kernel p., we define the e-regularization of u as

ua(z) = (uxpe) () = / pule = yuly)dy, @ R

If u e C°(R"), then u. — u in CO(R™).
If now p is a R™-valued Radon measure on R”, then we define the functions
(uxpe): R" — R™ as

(ep) ()= [ ple=p)inty). o R (1.19)

This function is in C*°(R™;R™) for every € > 0 (the gradient is applied to p.).
The e-regularization p. of y is the R™-valued Radon measure on R",

() = | o@)-(uxp))ds, g€ CHRNRY)
Equivalently, for every bounded Borel set £ C R", we set
pe(B) = [ (e pe) @)
Theorem 1.4. If 1 is a R™-valued Radon measure on R™, then, as e — 0%,

fre =, pe| = |pl.

Figure 1.1: On the left, the functions p % p. relative to e; < g5 for the measure
1= 0,. On the right, a level set representation of j % p. for u = H'.I". Thus the
regularization p. can be "higher-dimensional" with respect to the measure p [1].
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Chapter 2
Hausdorff measures

This chapter introduces the notion of Hausdorff measure and the related area
formula for Lipschitz functions. The Hausdorff measures provide an important
source of examples of Radon measures and formalize the idea of "lower dimensional
measure in R”, for example the surface measure in R3.

Moreover, in Chapter 3 we are going to exploit rewrite the classical Gauss-Green
theorem in a more general framework, thanks to the (n — 1)-Hausdorff measure in
R™, which formalizes the idea of boundary of (regular) sets.

2.1 Hausdorff measure

Definition 2.1. Given n,k € N, > 0, the k-dimensinal Hausdorff measure
of step ¢ of a set £ C R" is defined as

wh() =i 3 e (2200

FeF

where F is a countable covering of E by sets F' C R" such that diam(F') < ¢ and
wy, is the Lebesgue measure of the unit ball in R¥; see Figure 2.1.

15



Hausdorff measures

Figure 2.1: When computing H%(E) one sums up, corresponding to each element
F of a covering F of E, the k-dimensional measure of a k-dimensional ball of
diameter diam(F") [1].

The k-dimensional Hausdorff measure of £ C R" is then

HME) = sup HY(E) = lim HE(E). (2.1)

6€(0,00] 507

Given a family of sets A; and a covering UjeNCj with diam(C’;) < 0 of each set A;,
the union of these coverings Uj,ieNC’J’: covers the union U;enA;. Thus

By taking infima on the right hand side, for each § € (0, co], H¥ is an outer measure.
As an immediate consequence of taking the supremum, H* is an outer measure too:

Y (U AZ) < SHE(A) < STHE(A)),
€N ieN €N

then let 6 — 0.
We can introduce a measure-theoretic notion of dimension. Given £ C R" we
define the Hausdorff dimension of F as

dim(F) = inf{k € [0,00) : H¥(E) = O}

Its use as a notion of dimension is justified by the following statements that we
state without proof [1].

(i) If £ C R™, then dim(E) € [0,n]. Moreover H*(E) = oo for every s < dim(F)
and H*(E) € (0,00) implies s = dim(FE).

16



2.2 — Area formula

(ii) H° is the counting measure.
(iii) If £ is a curve, then H'(E) coincides with the classical length of F.

(iv) If1<k<n-—1,ke€N, and E is a k-dimensional C'-surface, then H*(E)
coincides with the classical k-dimensional area of E.

(v) If E C R", then H"(E) = L"(E).
(vi) If s > n, then H* = 0.
(vii) If A is an open set in R", then dim(A) = n.
Proposition 2.1. If f: R®” — R™ 4s a Lipschitz function, then
H(f(E)) < Lip(f)*H*(E), (2.2)
for every s € [0,00) and E C R™. In particular dim(f(E)) < dim(FE).

Remark 2.1. By Proposition 2.1 we find that Hausdorff measures are decreased
under projection over an affine subspace of R™. Indeed, if H is an affine subspace
of R and f : R™ — R" is the projection of R™ over H, then Lip(f) = 1.

2.2 Area formula

Let f : R® — R™ be an injective Lipschitz function, where 1 < n < m. The
Jacobian of f is the bounded Borel function Jf : R" — [0, o],

\/det(Vf(x)*Vf(x)), if f is differentiable at z
+00 if f is not differentiable at x.

Thus, by Rademacher’s theorem, the set of points z € R such that Jf < oo (i.e.
where f is differentiable) has full Lebesgue measure on R™.

Theorem 2.1. (Area formula for injective maps) If f: R* - R™ (1 <n <m) is
an injective Lipschitz function and EE C R™ is Lebesgue measurable, then

H'(f(E)) = /E T (), (2.3)

and H™_ f(R™) is a Radon measure on R™.

Remark 2.2. By Proposition 2.1, f(E) is (at most) n-dimensional in R™.
17



Hausdorff measures

Remark 2.3. We can also improve the area formula integrating Borel functions
over the image of the Lipschitz map f (for example when we want to integrate over
a surface).

If g : R™ — [—00,00] is a Borel measurable function on R™ and either g > 0 or

g € LY(R™ H"_f(R™)), then g o f is Borel measurable on R and
[ aawr= [ g(s@) st (2.4)
f(R™) n

Indeed, if g > 0, then g = > encn 1p,, where ¢, > 0 and F,, € B(R™), h € N.
Setting Ej, = f~1(F}), then go f =S ey cn g, , and by (2.3),

/mgd’H” :%chH"(Fh) :%ch/Eh Jf:/n(gof)Jf.

If g € LY(R™, H™_f(R")), then it suffices to notice that g = g™ — g~

The proof of the area formula can be first done for linear functions, namely for
T € R™ ® R"™, for which it takes the form

H*(T(E)) = JT|E|, ECR"

Then, one proves that Lipschitz immersions can be "linearized" in the sense that
there exists a partition of R” into Borel sets { F}, }nen where f is arbitrarily close to a
linear function T}, for each h € N, on the set {Jf > 0}. The singular set {.Jf = 0}
is also mapped by f into an H"-negligible set (this is a necessary condition for (2.3)
to hold). This idea is due to Federer [2], [1]. We do not present here the details
being mostly technicalities.

Theorem 2.2. If f: R" — R™ (1 <n <m) is a Lipschitz function, then
H"(f(E)) =0,
where E = {z € R": Jf(x) = 0}.

We also state the area formula for Lipschitz function which are not injective,
taking into account the multiplicities.

Theorem 2.3. If f : R" — R™ (1 < n < m) is a Lipschitz function, and E
is a Lebesque measurable set of R™, then the multiplicity function M : R™ —
NU {400}, M(y) = H (EN{f =y}) of f over E is H"-measurable on R™, and

HO(EN{f = y}) dH"(y) = / T (). (2.5)

18
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2.2 — Area formula

2.2.1 Area of a graph of codimension one

Given v : R"! — R and G C R"!, we define the graph of u over G as (see the
Notation at the beginning of Chapter 3)

I'(u; G) = {x € R" : qv = u(pzx),pzr € G},

and set for brevity I'(u) = T'(u; R"™!). As a simple consequence of the area formula
we find the following theorem which we are going to use in the rest.

Theorem 2.4. (Area of graph of codimension one) If u : R"™' — R is a Lipschitz
function, then for every Lebesque measurable set G in R" !,

H" 1 /\/1+|V’ )2 d=. (2.6)

In fact, H" "' .T'(u) is a Radon measure on R", and for every ¢ € CO(R"),
/ pdH ! = / oz u()W1 + [Vu(2)P de. 2.7)
I(u) Rn—1

Proof. If v # 0, then v = |v|wy, |wi| = 1, and introducing an orthonormal basis
{w;}; of R™, we find Id+v®v=(1+ |v| Jwy @ wy + Yr s w; @ w;; thus

det(Id +v®@v) =1+ [v]*, VveR™
Now let f:R"! — R" be the injective Lipschitz function defined as
f(z) = (z,u(z)), zeR™

Since T'(u;G) = f(G) for every G C R", H" '.T(u) is a Radon measure by
Theorem 2.1. We now show that Jf = /14 |V/ul? on R""!, so that (2.6) and
(2.7) will follow from (2.3) and (2.4) respectively. To this end, we compute

Vf= Z (e; + (Qu)e,) ® e,

and recall that (a ® b)

(c®
(VH(Vf)= (122_: e; ® (e; + (0; u)en)> (TLZ_: (ej + (Oju)e,) @ ej)

d)=(b-c)(a®d), for a,b,c,d € R™, to find

J=1

=Y (6 + (Ou)(O5u) €, @ ej = Id + (V'u) @ (V'u).

ij=1
By det(Id + v ® v) = 1 + |v]?, we conclude that Jf = /1 + |V'ul?. O
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Chapter 3

Sets of finite perimeter

The classical Gauss-Green theorem on open sets with Cl-boundary plays a fun-
damental role in the theory of sets of finite perimeter. The starting point of this
theory is indeed a generalization of the Gauss-Green theorem based on the notion
of vector-valued Radon measures. The key observation behind the definition of a
set of finite perimeter is that the boundary the boundary of a set is related to the
distributional derivative of its characteristic function. In this chapter we use the
notions introduced in chapters 1 and 2 to perform this generalization.

Notation: Given n and 1 < k < n — 1, we denote by p : R" — R* x {0} = R”
and q : R" — {0} x R"* = R"* the horizontal and vertical projections, so that
r = (pz,qzr) € R". We then introduce the cylinder of center x € R" and radius
r >0,

C(z,r) ={y e R": |p(y — )| <r, |aly —z)| <r},

and the k-dimensional ball of center z € R* and radius r > 0,
D(a:,r):{wERk |z — w| <R}.

When k£ =n — 1, we set pr = 2’ and qz = x,, so that x = (2/,x,). We also set
V, - (81, ...,an,l).

3.1 Gauss-Green theorem on smooth sets

Let E be an open set in R” and let k£ € NU {oco},k > 1. We say that E has
Ck-boundary (or smooth boundary if k = 0o) if for every x € OF there exist
r >0 and ¢ € C*(B(x,r)) with Vi (y) # 0 for every y € B(x,r) and

B(z,r)NE ={y € B(x,r) : ¢¥(y) < 0} (3.1)
B(z,r)NOE ={y € B(x,r) : ¢(y) =0} (3.2)
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Sets of finite perimeter

The outer unit normal vg to E is then defined locally as

_ Vi(y)
veW) = gyl

This definition is independent of the choice of ¢ and r, therefore v can be
considered as a vector field on the whole OF, with vy € C*1(OE; S"1).

Yy € B(xz,r) N OE.

Remark 3.1. If F is an open set with C'-boundary, then H" 'LOF is a Radon
measure on R™. Indeed, by the implicit function theorem, if x € OF and r > 0 is the
same as in (3.1) and (3.2), then there exist s > 0 and a function v € C*(D(pz, s))
such that C(x,s) C B(z,r) and, up to a rotation,

C(r,s)NE ={y € C(z,s) : qy > u(py)},
C(z,s)NOE ={y € C(z,s) : qy = u(py)} -

Hence, H" ' (C(z,s) NOE) = H" ' T (u; D(px, s)), where we denote I'(u, G) =
{r € R": qz = u(px),pr € G}, for every G C R"!. Since we can define the
injective Lipschitz immersion f : R®! — R given by

f(z) = (z,u(2)),

it holds that T'(u; G) = f(G), for every G C R""!. Thus, for G = D(pz,s), by
Theorem 2.1, H" '.T'(u, D(pz, s)) is a Radon measure. By a partition of unity, it
is easily seen that H" 'LOF is a Radon measure on R™. Let us also notice that,
having expressed C(z, s) N E as the epigraph of u over D(pz, s), by the chain rule
we infer the following formula for the outer unit normal vg of E:

ve(y) = (Viulpy), 1) Vy € C(x,s) N OE.

1+ [V'u(py)?

Theorem 3.1. If E is an open set with C*-boundary, then for every ¢ € CH(R"),

/EVgo(x)dx = /é)E ovpdH" . (3.3)

Equivalently, the divergence theorem holds true:

/ div T (z)dzx = / T vgdH" !, VT € CHR™;R"). (3.4)
B

oF

A useful first generalization of Gauss-Green theorem is given on sets £ C R™ with
almost C'-boundary, namely there exists a closed set My C OF with

H" (M) = 0,
P



3.2 — Sets of finite perimeter

and for every z € OE\My = M, (3.1) and (3.2) hold. We call M the regular
part of OF. The outer unit normal to F is defined as a continuous vector field
vp € C°(M; S"1), through the same local representations.

Theorem 3.2. If E is an open set in R™ with almost C'-boundary, and M is the
reqular part of OF, then for every ¢ € C}(R™)

/sz/ vy dH" L.
E M

3.2 Sets of finite perimeter

Let E be a Lebesgue measurable set in R™". We say that E is a set of locally
finite perimeter in R" if for every compact set K C R™ we have

sup {/ divT(z)dz : T € CHR™;R™), spt(T) C K, sup |T| < 1} <oo (3.5)
E R™

If this quantity is bounded independently of K, then we say that E is a set of
finite perimeter.

Proposition 3.1. If E/ is a Lebesqgue measurable set in R™, then E is a set of
locally finite perimeter if and only if there exists a R™-valued Radon measure g
on R™ such that

/divT:/ T-dug, VT eCHR"R"). (3.6)
E n

Moreover, E is a set of finite perimeter if and only if |pug|(R™) < oc.

Remark 3.2. The formula (3.6) is equivalent to

/V(p—/ wdug, Ve CHRM). (3.7)
E n

by using (3.6) n times, with 7; = (0,..,0, ¢ ,0,..,0), fori =1,..,n.
—~—
i-th

We call ug the Gauss-Green measure of E, and define the relative perimeter
of F'in F' C R", and the perimeter of F, as

P(E;F) = [upl(F),  P(E) = |pe|(R").
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Sets of finite perimeter

Figure 3.1: The perimeter P(E; F') of E relative to F' is the (n — 1)-dimensional
measure of the intersection of the (reduced) boundary of £ with F' [1].

We notice that the definition of set of locally finite perimeter is equivalent to
saying that the distributional gradient D1g of 1z € L (R™) can be represented as
the integration with respect to the R"-valued Radon measure —pug. Therefore we
can speak of distributional perimeter of a set E.

Proof. (of Proposition 3.1) Let E be a set of locally finite perimeter in R", and
consider the linear functional L : C}(R"; R") — R defined by

(L, T) = /EdivT(x)d:E.

For every compact set K C R™, by (3.5) there exists C(K) € R such that (L,T") <
C(K) supgn |T'| whenever T is supported inside K. Hence, L can be extended by
density to a continuous linear functional on C?(R™;R™), and the existence of ug
follows by Riesz’s theorem (Theorem 1.2). If E' is a set of finite perimeter, then for
example by taking increasing closed balls we find that |ug|(R™) < oco.

Conversely, if K C R" is compact, T € C}(R™;R") with |T| < 1 on R" with
spt(T) C K, then by (3.6) we have [, divT(x)dr < |ug|(K) < oo, so that by
taking the supremum over 7', F is a set of locally finite perimeter. ]

Example 3.1. By the Gauss-Green theorem, if £ C R™ is an open (not necessarily
bounded) set with C'! boundary, then

pp =vgH" " 'LOE

namely vgH" 'LOFE is a R"-valued Radon measure on R™ such that (3.6) and (3.7)
hold true, and FE is a set of locally finite perimeter with Gauss-Green measure
pup = vgH" 'LOE. In the language of Riesz’s Theorem 1.2, g = vg and |ug| =
H"'LOE. Indeed for |pug|-almost every point, |g| = [vg| = 1. Also we have that

P(E)=H"Y0FE), P(E;F)=H"YFNOoE),

for every F' C R".
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3.2 — Sets of finite perimeter

Remark 3.3. If E is a set of (locally) finite perimeter in R™ and |EAF| = 0, then
F is a set of (locally) finite perimeter and pugp = up; the converse is also true. This
is because in the definition (3.6) the test function 7" does not detect modifications
in the domain of integration by a negligible (in the Lebesgue measure sense) set,
so [pdivT = [,divT. In particular, the perimeter P(E) of E is invariant by
modifications of £ on and/or by a set of measure zero, although these modifications
may wildly affect the size of its topological boundary (for example, removing lines
here and there in a 2-dimensional set, see Figure 3.2). Moreover, every set of
Lebesgue measure zero is of finite perimeter and has perimeter zero.

E B

Figure 3.2: The set E C R? is equivalent to the unit disk B. They both have
distributional perimeter 27, although H'(OF) is much greater than 27 [1].

We provide other useful examples, to show compliance with the geometric intuition.

Example 3.2. If £ is an open set with almost C* boundary in R”, and if M is
the regular part of F, then, by Theorem 3.2, F is a set of locally finite perimeter,
with pp = vgH" 'L M and, for every F C R",

P(E;F)=H"YFNM)=H"(FNOE).

Example 3.3. (Scaling and translation) If A > 0,z € R™ and F is a set of finite
perimeter in R™ then x + AF is a set of finite perimeter with

P(z + \E) = A" P(E).

This comes from the simple change of variables y = x 4+ Az, z € E, in the integral
Joirs Ve(y) dy, which brings the factor A"~!.

Example 3.4. (Complement) If E is a set of locally finite perimeter, then R™\ £
is a set of locally finite perimeter with

pre\p = —pp, P(E)=PR"\E). (3.8)
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Sets of finite perimeter

Indeed, we know from the fundamental theorem of calculus that for ¢ € C}(R™)
Vo =0.
Rn

Writing then R” = E'U (R™\ E), we have the chain of equalities

/ SDdNR"\E:/ Vsoz—/Vsoz—/ pdup, Vo€ C.(R").
n R\ E E R™

Of course the value of the sup in the definition of P(E) is not affected by the change
of sign, by linearity (instead of ¢, take —¢), and so we have P(E) = P(R"\ E).

3.2.1 Lower semicontinuity of perimeter

By (1.5) and Proposition 3.1, if A is an open set in R” and E is a set of locally
finite perimeter in R"™, then

P(E;A) =sup {/ divT(x)dz : T € CHA;R™), sup |T| < 1} , (3.9)
E R™

(note that this quantity can be infinite, if A is not bounded. It is always finite if £
is of finite perimeter). By density we may also take T' € C°(A; R™).
Given Lebesgue measurable sets {Ej}rey and E C R™, we say that Ej, locally

converges to F, and write Ej, log Eif

lim ’K N (EAE;L)‘ =0, V K C R" compact,

h—o0

1

e convergence of the indicator functions hold:

or, in other words, when the L

lim / g, —1g| =0, V K C R" compact.
h—o0 K
We say simply that E}, converges to F, and write E, — E, if

lim |[EAE,| = 0.

h—o0
Proposition 3.2. (Lower semicontinuity of perimeter) If {Ej}ren is a sequence
of sets of locally finite perimeter in R™, with

E, % E,  limsup P(Ey; K) < oo, (3.10)

h—o00

for every compact set K in R™, then E is of locally finite perimeter in R", ug, — pig
and, for every open set A C R™, we have

P(E; A) < lim inf P(Ej; A). (3.11)
—00
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3.2 — Sets of finite perimeter

Proof. If A is open, T' € C}(A;R™) and |T| < 1 on R™, then by (3.9)

/ divT(x)dx = lim divT(x)dzx < liminf P(Ey; A).
E h—o00 E) h—00

By (3.9), (3.10), and by applying the formula above with A bounded (such that
A is compact), we see that E is of locally finite perimeter in R, and that (3.11)

holds true (even if A is unbounded). By (3.7) and since E, % E, we have that

lim edug, = lim V= / V= / wdug, Y e CHR™M).
h—o0 R h—o0 B, E R

Now we use the density of C!(R") into C?(R™) and the uniform boundedness (3.10):

fix ¢ € C?(R™) and take a sequence {¢;}jen C CL(R™), p; — ¢ in C2(R™), so that

spt(¢;) C K, spt(p) C K for a fixed compact set K. Then for any h € N we have

/ wd(pg, — pE)
Rn

<

+

/n(w — @j)dug,

+ |/]R ©jd(ig, — pe)

| o= o

The first term is arbitrarily small because P(E}; K) is bounded uniformly in h:

/ (0 —j)dpg,

< supp — 5| |um, |(K) = sup | — | P(En; K)

and let 5 — co. The second term goes to 0 uniformly in j because ; is in C}(R")
and we let h — 0o as above. Finally, the third term goes to 0 because E is a set of
locally finite perimeter:

/n(%‘ — ¢)dug

< s&plw— oil lpel(K) = Sﬁlrplso—%lp(E; K)

and let 7 — oo. O]

Example 3.5. If E is a Lebesgue measurable set in R", {uy ey € CHR"),
up — 1g in LL _(R™), and, for every compact set K in R™,

limsup/ |Vug| < oo
h—o0 K

then FE is of locally finite perimeter, with

P(E; A) <lim inf/ |Vup|, for every A C R" open. (3.12)
A

h—o00
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Sets of finite perimeter

Proof. Fix a compact set K. For every T € C!(R™; R™) with spt(T) C K, |T| < 1
we have

/divT = lim up divl = — lim T -Vu, < limsup/ |Vuy,| < oo
E - K

o Jpn h—o0 R™ h—s00

by arbitrariness of K and T, F is of locally finite perimeter. Apply the same
calculations of above with T' € C!(A;R") and lim inf to obtain (3.12). O

3.2.2 Topological boundary and Gauss-Green measure

As seen in Remark 3.3, the topological boundary may differ between two sets
with the same Gauss-Green perimeter measure. We want here to give the precise
relation between the support of the perimeter measure, spt(jx), and the topological
boundary OF. Recall that the support of a measure is defined as

R™\ spt(p) = {x € R" : u(B(z,r)) = 0 for some r > 0}.
or equivalently, spt(u) = {z € R" : u(B(z,r)) > 0 for all » > 0}.
Proposition 3.3. If E is a set of locally finite perimeter in R™, then
spt(pp) ={x e R": 0 < |[EN B(z,r)| <w,r" Vr >0} C OF (3.13)
Proof. If x € R™ is such that |E N B(xz,r)| = 0 for some r > 0, then

0=/V90=/ pdug, Y€ C(B(x,r)).
E R

Thus, by taking the sup over these ¢, |ugp|(B(z,r)) = 0 and = € spt(ug) by
definition of support. Similarly, if z € R* and |E N B(x,r)| = |B(x,r)|, for some
r > 0, then = ¢ spt(ug), since by the fundamental theorem of calculus

0=/ Vsoz/Vso:/ pdug, Ve Cu(B(x,r)).
B(z,r) E R

Finally, if ¢ spt(ug), then |ug|(B(x,r)) = 0 for some r > 0, and

0:/ god,uE:/Vgo:/ 15 Vo, Ve CX(B(z,r)).
n E n

By the fundamental lemma of calculus of variations, there exists ¢ € R such that
lg = ca.e. on B(x,r). Necessarily, ¢ € {0,1} and, correspondingly, |E N B(z,r)| €
{0, w,r™} and this proves (3.13). O

Corollary 3.1. If E is a set of locally finite perimeter in R™, then there exists a
Borel set F' such that
|[EAF| =0, spt(up)=0F.
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3.2 — Sets of finite perimeter

3.2.3 Regularization

Sets of finite perimeter are of course Lebesgue measurable sets, so that the char-
acteristic function 15 € L] _(R™). Thus we can consider the regularization of the
characteristic functions with regularizing kernels.

Consider the e-regularization (1g x p.) of 1g,

Uexp)@) = [ plo—oleldy= [ pla-y)dy, zeR

ENB(z,r)

n

Clearly, we have 0 < (1g x p.) < 1, and, moreover,

1, if |B(z,e)\ E| =0,

(1E*pe)(x) = {0’ if |B(g;’5> N E| =0,

see Figure 3.3. If E is an open set with smooth boundary, then we expect V(1g*p.)
to satisfy

(1g * p.)(z) = —e 'vg(projection of x on OF), if dist(z,0F) < e,

and V(1g * p.)(z) = 0 if dist(z, OF) > €. Hence, as ¢ — 0, it should hold that

= P(FE).
R» g £ ()

In the next Proposition this formula is proved to be true if E is a set of locally
finite perimeter, whether P(F) is finite or not.

Figure 3.3: The e-regularization of the characteristic function of an open set with
smooth boundary.The e-neighborhood of OF is painted in gray and corresponds
to the set of those = such that 0 < wu.(x) < 1. Correspondingly Vu.(z) is
approximately —(1/¢)vg evaluated at the projection of z over OF [1].
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Sets of finite perimeter

Proposition 3.4. If E is a set of locally finite perimeter in R™, then

(up)e = =V (1g*pe) L, Ve >0, (3.14)
~V(1p*p)L" = pp,  [V(lp*p)|L" = |pgl, (3.15)

as € — 0%, If, conversely, E is a Lebesgue measurable set in R™ such that

limsup/ IV(1g * pe)(x)|dz < oo, (3.16)
K

e—0t

for every compact set K C R", then E is of locally finite perimeter.

Proof. By (3.7) and the definition of e-regularization of g as in (1.19) we have
that, for every x € R,

(1e * p=)(x) = /n p=(x — y)dpg(y / Vp-(z —y)dy = =V (1g * p)(2).
Since (ug)e = (pug * pe), (3.14) follows. By Theorem 1.4 applied to up together
with (3.14), we directly deduce (3.15).

Conversely, if F is a Lebesgue measurable set in R" such that (3.16) holds true,
then by the compactness Theorem 1.3, applied to |(ug)c| indicized by € > 0, there
exist a R"-valued Radon measure p on R"™ and a sequence &, — 0%, such that
~V(1g % p., )L™ = p. In particular, if ¢ € C}(R™), then we have

/ pdp = —hlim o)V (1g * pe, ) (z)dx
n —00 R

——Jim [ @) [ 15)Vp (0 = )iy

h—oc0
:—hlim// fofh y>d$dy
= [ [ Setom e isar = [ 91,0000 [ 5

This proves that E is of locally finite perimeter in R", since ug = p. O]
Remark 3.4. From |(ug).| = |V(1g % p.)|L" = |ug|, we have that

|(1E)e| (R™) = |up|(R™), ase — 0T,

which is
lim \V(1g % po)|(z)dz = P(E). (3.17)

e—0t R

As an application of (3.4), we obtain the useful result concerning unions and
intersections of sets of finite perimeter.
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3.2 — Sets of finite perimeter

Lemma 3.1. If E and F are sets of (locally) finite perimeter in R™, then E U F
and ENF are sets of (locally) finite perimeter in R"™, and for A C R™ open,

P(EUF;A)+ P(ENF;A) < P(E;A)+ P(F; A), (3.18)

which 1s
\neur|(A) + |near|(A) < |upl(A) + |pe|(A).

Proof. We use the regularization. If u. = 1g x p., v. = 1p % p., then 0 < u.,v. <1,
uv. — lpnp in L (R™), and w. = u. + v. — u.v. — lgup in Ll (R™). Moreover,

/ |V (uv:)| < / ve|Vue| + u: | Vo],

A A

/ Vw,.| < /(1 — ) |[Vue| + (1 — ue) [ Ve,
A A

whenever A is an open bounded set in R™. Adding up the two inequalities,

/ IV (eve)| + / V| < / V| + |Vo.l,
A A A

where the upper limit as ¢ — 07 of the right-hand side is bounded above by
P(E;A) + P(F; A) < oco. By Example 3.5, ENF and E U F are of locally finite
perimeter in R", with

P(EUF;A)+ P(ENF; A) < P(E; A) + P(F; 4), (3.19)

for every bounded open set A. Now let A be any open set in R", set Ay = {z €
R": AN By : dist(z,0A) < k7'},k € N, and apply (3.19) to each Ay, to find

P(EUF;Ay)+ P(ENF;Ay) < P(E;A)+ P(F; A)

Letting k — oo, the left hand side converges to P(EU F; A)+ P(ENF;A). O

P(ENF) P(EUF)

Figure 3.4: If the boundaries of £ and F' intersect on a set of null (n — 1)-
dimensional measure, then inequality (3.18) is an equality [1].
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Sets of finite perimeter

3.2.4 Compactness from perimeter bounds

Theorem 3.3. If R > 0 and {E}}ren are sets of finite perimeter in R™, with

sup P(E}) < o0 (3.20)
heN
E), C Bg, VheN, (3.21)

then there exist E of finite perimeter in R™ and a subsequence Ej, ,k € N such that
Ehk — b, ,uEhk A LE, E C Bg.

Proof. The proof is done by approximation, so we will use Proposition 3.4.
Step one: We show that if Q(x,7) = x + (0,7)" and v € C*(R"™), then

| Ju- e
Q(z,r)

where (u)gr) =1"" |, Q) U By a change of variables and up to adding a constant

<+/nr / |Vl (3.22)
Q.r)

to u, we reduce to considering the case Q(z, r) (0,1)" = @ and (u)g = 0 (zero

mean). Finally, since Y0 |2;] < /ny/>7 27, it suffices to show

n
/ <> [ j0ul.
Q i=1JQ

We prove it by induction. In the case n = 1, by the mean value theorem for integrals
there exists xy € ) such that u(zg) = (u)g = 0, so that |u(z)| = |u(z) — u(xg)| <
I Q |u/| for every = € @ and we have the claim by integrating in ) (which has
measure 1).

Let now n > 2, set z = (z1,2') € R x R"!, and define v(x;) = f(0,1)n71 u(xy, x)dx'.
Since f(O,l) v = fQ u=0, and v'(z1) = f(o,l)nfl O1u(zy, ")dz’, arguing by induction
(the case n — 1 on u(x1,2’) and n =1 on v(z)) we find

/ lu| = / dml/ x)|dx’
0,1) 0,1)n

s/<m/ wmw—wmmw/ o(an)da
(0,1) 0,1)n—1 (0,1)
g/ iy [ (ol +/ v/ (1)

(0,1)

i=2J (0,1)"

<> 3u|+/ / \c%u (21, 2")|d2'dzy = /|8u|
i=2/Q (0,1) J(0,1)" i=1



3.2 — Sets of finite perimeter

Step two: If E is a set of finite perimeter in R™ with |E| < oo, then for every r > 0
there exists a finite union 7" of disjoint cubes of side length r with

|EAT| < /nrP(E);

see Figure 3.5.

Figure 3.5: We obtain a set T from a partition of R™ into cubes of side length r
as the union of those cubes @ such that |E'N Q| > |@|/2. This set is finite because
|E| < oo [1].

Indeed, let {Qx}ren be a disjoint family of open cubes of side length 7 such that
Unen@p =R™. If e > 0 and u = (1g % p) (here we use the approximation of 1 to
have a C'! function as in step one), then by step one

1
RS
Vul=3 | Va2 o ]

heN Y Qp

Letting ¢ — 0, recalling that by the regularization |P(E)| = lim._q [, [V(1e*p:)],
we find that

NnE
heN heN
Q N Q NE
=Z|Emc2h| _ 19 ’+|c2 \ g |l El
hen
EnN E
2Z| Qh|n|Qh\ |'
heN r

Since |E| < oo, |Qn N E| > r™/2 for at most finitely many cubes @,. Up to a
permutation we can assume that these cubes are exactly the first N elements of
the sequence {Q}, }ren, that is we may assume that

n

|thE|2%, if 1 <h <N, |Qh\E|2%, if h> N +1.
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Sets of finite perimeter

As a consequence, if we let T' = UY_,Q,, then we find as required

N 00
VirP(E) > Y |Qu\El+ Y [QuNE|=|T\E|+|E\T|=|TAE|.
h=1

h=N+1

Step three: The set X = {E € M(L") : |E| < oo} is a complete metric space
endowed with the distance d(E, F) = |EAF| = ||1g — 1F||1ny. We now claim
that each set Yz, C X defined as

Yry={E € M(L"): EC Bg,P(E)<p}, R,pec(0,00)

is d-compact. By lower semicontinuity of perimeter (Proposition 3.2), Yz, is closed
(recall also that, by assumption, sup,cy P(Er) < 00). Thus, to ensure compactness,
we are left to prove that Yp, is totally bounded: for every 0 > 0, there exist M € N
and a finite family {7;}}2, C X such that Yz, is covered by the finite M balls of
radius J, namely it holds that

VE € Yg, 3T; for some j =1,..., M, such that d(E,T}) <.

To prove this we are going to use the fact that all the sets Ej are uniformly
contained in Bg. Indeed, for fixed § > 0, let » > 0 be such that \/nrp <4, and
let {Qn}ren be the family of cubes associated with the side length r as in step two.
Only a finite number of cubes @), intersect Br, and we denote this finite family
{Sp}_,. Thus, taking all the possible finite unions of cubes from {5, }I¥_, gives a
finite family too, and we denote such a family as {T;}}7,.

By step two, for every E € Y, there exists T (we know that such 7" of step two
associated to E is one of the T; because E C Br and T are constructed from Bp)
such that

|[EAT,| < vnrp <9,

as required.

Step four: By assumption (3.20) and (3.21), {E}}hen C Yr,p, for some R,p > 0.
By step three, there exists &/ C Br and a subsequence such that Ej, — E, in the
L'(R™) topology. Finally, using Proposition 3.2, E is a set of finite perimeter in
R™ and ppg, g, 0

Remark 3.5. The assumption E, C Bp for all h € N is necessary, because we
cannot conclude the compactness of a sequence of sets from the perimeter bound
(3.20) only. An easy counterexample is a sequence of unit balls with centers {z}, }nen
such that |x,| — oco. This sequence Ej, = B(xy,1) satisfied P(E),) = nw,, for every
h € N, however for every Lebesgue measurable set E we have
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3.2 — Sets of finite perimeter

for h large enough (because z;, goes to infinity), thus { £, } ey can not admit any
converging subsequence.
However, the sequence locally converges to the empty set because

lim ’K N (@AEh)’ = hlgn / 1g,| =0 V K C R" compact,
*JK

h—o0

so that compactness with respect to the local convergence still holds. Consequently,
it is often useful to consider sequences of sets that are only of locally finite perimeter
(Theorem 3.3 is for sets of finite perimeter), which are expected to converge at
most locally. The following Corollary is particularly useful.

Corollary 3.2. If {E},}hen are sets of locally finite perimeter in R™ with

sup P(Ey; Bp) <00, VR >0, (3.23)
heN

then there exist E of locally finite perimeter and a subsequence {Ep, }ren such that
EhkligE) ,uEhkA,uE
Proof. Step one: If E is of locally finite perimeter and R > 0, then
P(EN Bg) < P(E;Br)+ P(Bg). (3.24)

Indeed, given R’ < R, let v. € C°(Br/) be such that 0 < v, <1, v. — 1p,, in
L'(R™), and [, |Vv.| = P(Br) as ¢ — 0T, and let u. = 1 * p.. First we note
that

UeVe — 1EﬂBR/

in L. (R™). Therefore by Example 3.5 it holds that
loc

P(ENBgr) <liminf [ |V (u..)]|.

e—0t Rn

Now using that u. < 1 and Example 3.5 again to u. and v. we find that

P(ENBg) < lim(i)gf IV (uev.)| < limsup/ u:|V(v.)| —i—/ 0| V()|

R™ e—0t

< lim sup |V (ve)] -l—/ 0|V (ue)|
R" n

e—0t

gpwm+n%/ V(u)| < P(Bp) + P(E: Bp)
e B
< P(Bgr) + P(E; Bg).
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Sets of finite perimeter

Since EN By %5 EN By as R — R, by Proposition 3.2 we find (3.24).

Step two: By (3.23) and (3.24), and given j € N, we may apply the compactness
Theorem 3.3 to { £, N B }ren. By a standard diagonal argument, we find a common
subsequence { B, }ren such that, for each j € N, there exists a set of finite perimeter
F; and Ey, N Bj — F; as k — oo. By the fact that £, N B; C Ej, N Bj;1, up to
null sets F; C Fjjyq, so that Ej, locally converges to E' = U, ey Fj. By Proposition
(3.2), E is a set of locally finite perimeter and By, g ]
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Chapter 4

Existence of minimizers in
geometric variational
problems

Finite perimeter sets are particularly suited for solving problems related to area
(i.e. perimeter) minimization which are slightly different from Plateau’s problem.
A typical problem is: find the domain D C R® which minimizes

Area(0D) + / f(x)dz  + additional constraint .
D

——— e.g. Volume(D) is prescribed
additional integral term

Some geometric variational problems of this type are Plateau-type problems, relative
isoperimetric problems, prescribed mean curvature problems and capillarity, i.e.
equilibrium of liquid drops confined in a given container. We want to solve this
problem by the usual "compactness and semicontinuity" approach, i.e. the direct
method. To this end, we would like to use:

1. a class F of sets E C R" endowed with a topology with good compactness
properties so that sets with smooth boundaries belong to this class and are
dense;

2. a notion of perimeter P(FE) for every E € F so that £ — P(E) is lower-
semicontinuous on F, and P extends the usual notion of perimeter H"~! of
the boundary OF; more precisely we require that P(E) = H" 1(9F) for every
set E with smooth boundary and for every F € F there exists a sequence
E), — E with smooth boundaries and satisfying H" "1 (0E},) — P(E).
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Existence of minimizers in geometric variational problems

We know from Chapter 3 that sets of finite perimeter exactly satisfy these require-
ments. We recall that given a £ C R™ measurable set,

Perimeter of F = P(E) = ||D1g|| = |pg|(R") = sup / T -dug = sup / div T,
n E

ITI<1JR |T1<1

d(E,E") = |[EAFE'| = ||1g — 1| @),

(D1g denotes the distributional derivative of 1g).

4.1 Plateau-type problem: finding surfaces with
minimal area and prescribed boundary

The classical Plateau problem consists in minimizing the area among surfaces
passing through a given curve. Generalized formulations of this problem are more
properly conceived, for example, in the setting of currents and varifolds; however a
simple formulation is possible in the framework of sets of finite perimeter.

Given a set Q C R? which is open, bounded and convex, let I be a curve on
0€) and ¥ a subset of 0f2 such that its relative boundary to 02 agrees with T'.

Figure 4.1: The prescribed curve I' is given as the relative boundary to 92 of a
set Xy C 09 [3].

We now construct a smooth, bounded, open set Ej in R?\ © such that 0E; N
002 = Xy. The set Ej is surrounding 2 covering the set >, see Figure 4.2 (in
section).

38



4.1 — Plateau-type problem: finding surfaces with minimal area and prescribed boundary

M Seelom

v

Figure 4.2: The open set Ejy is such that 9Ey N 92 = 33. We minimize P(FE)
among all sets F with finite perimeter in R?® such that £\ Q = Ej [3].

Then we minimize P(E) among all sets E with finite perimeter in R? such that
E\ Q = Ey, which is roughly speaking imposing ¥, as the "boundary condition"
for the admissible sets E, which turns out to impose I' as the contour of the part
of OF which is inside € (see Figure 4.2).

The constraint £\ 2 = Ej is equivalently written as

(E\Q)AR| = £ (B\Q)AE) =0
and this constraint is closed in the L'(R%) convergence. In fact, we consider
¥(Q, By) = inf {P(E) : E CR®, E\Q = Ey}.
Existence of minimizers is then addressed as follows.

Proposition 4.1. (Existence of minimizers for the Plateau-type problem).

Let Q C R3 be a bounded, open set and let Ey be a set of finite perimeter in R™,
Then there exists a set of finite perimeter E such that E'\ Q2 = Ey and P(E) < P(F)
for every F' such that F'\ Q = Ey. In particular, E is a minimizer in the variational

problem
¥(Q, By) = inf {P(E) : E CR®, E\Q = Ey}. (4.1)

Moreover, if Q is conver, then S = OE N Q minimizes the area among all surfaces
with boundary T'.

Proof. Since Ej itself is admissible in (4.1), we have v = (9, Ey) < co. Let us
now consider a minimizing sequence { Ej, }pen in (4.1),

Ey\Q=Ey,  P(E) < P(E),  lim P(Ey)=1.
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Existence of minimizers in geometric variational problems

Since Q U Ej is bounded and E;, C Q U Ey, then by Theorem 3.3 (using that
P(E,) < P(Ep) < o0) there exists a set of finite perimeter E such that, up to
extracting a subsequence, we have E, — E, namely 1z, — 1g in L'(R?). In
particular £\ Q = E, (E is admissible), because the constraint is closed in the
L*(R?) convergence. Indeed,

(E\Q)AE| :/ [1p\o — 1g,| S/ flE\Q—lEh\QH/ e\ — 1gl,
Rn Rn Rn

the first term is arbitrarily small because Ej — E and thus E, \ Q = E;, N Q¢ —
E N Q¢ whereas the second is equal to 0 being E} an admissible set. Moreover, by
Proposition 3.2,

v < P(E) < li}Ilninf P(E}) =1,
—00

so F is a minimizer in (4.1).

To prove that S = 9E N Q minimizes the area among all surfaces with boundary
I, it can be first proved by regularity theory [3] that OF is smooth inside €2 and
Lipschitz on 02, so that S is an admissible (smooth) surface with boundary T.
Another competitor S’ (with less area) must be contained in the convex set €2,
otherwise projecting S’ on € would reduce the area without modifying the boundary.
Secondly, the surface S’ U (9E; \ Q) turns out to be a compact Lipschitz surface
without boundary in R3?, and therefore it is oriented and bounds a set E’ with
finite perimeter such that E'\ Q = Ej,. This set £’ would satisfy P(E') < P(E)
(because S’ has less area than S), thus contradicting the minimality of F in the
original problem (4.1). O

Remark 4.1. This approach imposes strong constraints on the geometry of the
bounding curve I'. The point is that finite perimeter sets are not really suited
for Plateau’s classical problem. This same approach can be extended to higher
dimensions to obtain minimal hypersurfaces with prescribed boundary. However
regularity can not be expected if d > 8, as in Bernstein’s problem [4].

Remark 4.2. One might wonder why we did not follow a simpler way, namely
taking the set £/ which minimizes the perimeter among all sets E contained in €2
such that

O*E NN = %,.
(With 0*FE we denote the reduced boundary). The reason is that the constraint

O*E N IQ = %, or better H2 ((0*E N ON)AY,) = 0 is not closed in the L'(R3)
convergence. To see this, consider the following example in Figure 4.3.
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Figure 4.3: The sets E. are such that 0*E. N 02 = Yy, but for the limit E as
e — 0, 0*E N 0OQ + 3, so the condition is not closed [3].

This can be reduced to the fact that the trace operator on the space BV (R?)
(which contains sets of finite perimeter, i.e. the characteristic function is a function
in BV (R?)) is well-defined but, unlike what happens with Sobolev spaces, is only
continuous with the norm topology, not the dual topology, i.e. it is not weak-x
continuous [3], [5].

Remark 4.3. The lack of closure of the constraint 0*FE N 02 = X, or its measure
theoretic version H? ((0*E N 0N)AY,) = 0 means in particular that if we take a
minimizing sequence Ej,, there is no way to ensure that the limit F still satisfies
the constraint, that is the surface 0E N 0d€2 has boundary equal to I'. This is not
only a technical problem but corresponds to a real phenomenon. Indeed let us
consider I' as the boundary of two coaxial discs of radius 1, and 2 bounded by two
parallel planes (which contain the two discs respectively) at distance h. The union
of the two (open) discs is ¥, see Figure 4.4 on the left. It can be proved that for h
sufficiently small the catenoid is the absolute minimizer of the area among all the
surfaces with boundary I'; when h is sufficiently large, the two discs are already
the minimizer, namely S = .

Let us consider the case with h large. If we minimize P(E) among all sets £ C Q
such that

O"ENoQ =X,

then every minimizing sequence {E, }en (see Figure 4.4 on the right) satisfies

E,5%0=5 PE) =0,
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Existence of minimizers in geometric variational problems

so there exists no minimizer. Instead if we proceed in the same way as before
with the surrounding set Ejy, the minimizer is exactly the set Fy (namely, there
is no "extra" part inside 2) and the corresponding minimal surface is indeed
0FEy N O =X

T T e Ty

Figure 4.4: Two coaxial and parallel rings at distance h (on the left) and a section
of the minimizing sequence {E, },en (on the right) [3], [4].

4.2 Relative isoperimetric problem and potential
energy

Given an open set A C R", the relative isoperimetric problem in A consists in
the volume-constrained minimization of the relative perimeter in A, namely

a(A,m) = inf {P(E;A): E C A,|E| =m}, (4.2)

where m € (0, |A]) (we allow |A| = 00); see Figure 4.5.

A= A

A
e
|

m = |B|/2 m < |B|/2 m small

0

Figure 4.5: Some relative isoperimetric problems in the plane. We cannot expect
uniqueness of minimizers [1].
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4.2 — Relative isoperimetric problem and potential energy

A minimizer F in (4.2), normalized to have spt(ug) = OF according to Corollary
3.1, is called relative isoperimetric set in A. The case A = R" corresponds to
the Euclidean isoperimetric problem. Apart from their geometric interest, relative
isoperimetric problems are also strictly related to the study of equilibrium shapes
of a liquid confined in a given container.

When A is bounded and has finite perimeter, the existence of minimizers is proved
by the Direct Method.

Proposition 4.2. (Existence of relative isoperimetric sets). If A is an open
bounded set of finite perimeter and m € (0,|Al|], then there exists a set of finite
perimeter E C A such that P(E; A) = a(A;m) and |E| = m. In particular, E is a
minimizer in the variational problem

a(A,m) =inf{P(E;A): EC A,|E| =m}.

Proof. Let Ey = An{x:z; <t} (t € R). By a continuity argument, there exists
t € R such that |E;| = m. By Lemma 3.1 and the definition of E; C A we have
that

P(E;A) < PA)+P{{z:x <thA) <o

(since the half space {x : 21 < t} is of locally finite perimeter and A is bounded),
and therefore o = a(A;m) < 0o. Now let {Ej,}heny be a minimizing sequence in
(4.2) that is

E, CA, |Ex=m, hli_)IgOP(Eh;A) = a.

We now notice that
P(Ep) = P(E, C A) < P(ER; A) + P(A), (4.3)

(in the case A is a ball, this was proved in (3.24); in the general case it follows from
set operations on Gauss-Green measures using Federer’s theorem, see Theorem
16.3 in [1]). By (4.3), we deduce that sup,cy P(E,) < co. Since A is bounded,
by Theorem 3.3 there exists a set of finite perimeter £ C R" such that, up to
extracting a subsequence, E, — E. In particular £ C A (by the Theorem) and
|E| = limy, o0 |ER| = m, so that by Proposition 3.2,

a < P(E;A) <liminf P(E; A) = a.

h—o0

43



Existence of minimizers in geometric variational problems

Problems involving potential energies: Interesting variational problems arise from
the interaction between perimeter and potential energy terms. Given a Lebesgue
measurable function g : R* — R U {400}, we define the potential energy of £
associated with g on the Lebesgue measurable set E simply as

G(E) = /E g(z)dz.

The minimization of the potential energy alone is easy to understand. When the
function g is in L'(R") the functional is naturally continuous (strongly) with respect
to the convergence £, — I, for example by dominated convergence applied to g 15,
: by Fatou’s lemma we just need g~ € L'(R™) to have lower semicontinuity. The
volume constraint is obviously closed, since we work with convergence of Lebesgue
integrals.

One example is the action of gravity on subsets of R" lying above the horizontal
plane {z3 = 0}, and we set

xs, if z3 >0
g(x) = .
oo, if xg <O.

A problem of geometric nature is the prescribed mean curvature problem
associated with a Lebesgue measurable function g : R” — R and an open set
A CR”,

inf {P(E)+G(E): E C A}. (4.4)
The terminology used here arises from the fact that, if g € C°(A), E is a minimizer
in (4.4), and AN OE is a C*hypersurface, then the mean curvature Hg of F is
equal to —g in A; see Chapter 5. If ¢ is positive then the problem is trivial and the
solutions is the empty set, because otherwise we could choose the set £ = {g > 0}
and obtain a positive value of the functional. If, however, g takes negative values,
then the problem will possess, in general, non trivial minimizers. If g € L'(A) and
A is bounded, then the existence of minimizers is easily obtained by the Direct
Method. One has only to take the following proposition into account.

Proposition 4.3. If g : R" — RU {400} is a Lebesque measurable function with
g~ € LY(F) for a Lebesgue measurable set F C R™ (possibly F = R"), and E, — E,

then
/ g(x)dx < lim inf/ g(z)dz.
ENF h=oo Jg, nF

Proof. By Fatou’s lemma and since g~ € L*(F) we easily find that

/ gt (z)dr <lim inf/ gt (x)dx,
ENF h—=oo Jg, nF

/EQF g (x)dx = lim g (x)dx.

h—o0 E,NF
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We conclude by g = g — g~ O

We can improve last Proposition with just the local convergence FEj, ¢ B if g is
non-negative.

Proposition 4.4. If g : R™ — [0, 00| is measurable and Ej, log E, then
< limi .
G(F) < h}ggfg(Eh)

Proof. For every compact set K C R", by last Proposition applied to £, N K —
E N K we have

/ g(z)dz < lim inf/ g(x)dzr < lim inf/ g(x)dz
KNE h—=co JknE, h—oo  JE,

where in the last inequality we used the positivity of g. Using now K; = B;,j € N
by the monotone convergence theorem we get

G(F) = lim g(x)dx <liminf G(E}).
J—0o0 B,NE h—o0
[l

Finally we can prove the existence of a minimizer for the following problems.

Proposition 4.5. If A is a bounded, open set of finite perimeter, m € (0,|A]),
g:R" = RU{+o0} is a Lebesque measurable function with g € L'(A), then the
following variational problem

inf {P(F;A)+G(E): ECA,|E|=m} (4.5)
admits a minimizer.

Proof. The proof is similar to the one of Proposition 4.2. Indeed, let {F}, }ren be a
minimizing sequence in (4.5) that is

EyC A, |Exl=m, lim P(Ey;A)+G(Ep) = o,

(a < 0o as proved in Proposition 4.2, now also using g € L'(A) and E; C A). For
each h € N, since g € L'(A) and E;, C A, we have that

/Ehg(l")dx > _/Eh lg(x)|dx > —/A|g(x)|dx: e

with ¢ < 400, and therefore we can bound
P(Ep; A) — ¢ < P(Ep; A) + G(Ey)
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. A < 1 . _ ‘
Jim P(Ey;A) < Jim P(Ey;A)+G(E) +c=a+c

From this we deduce sup,,cy P(E)) < oo as in Proposition 4.2. Since A is bounded,
by Theorem 3.3 there exists a set of finite perimeter £ C R"™ such that, up to
extracting a subsequence, £, — E. In particular £ C A (by the Theorem) and
|E| = limy_o |ER| = m, so that by Proposition 3.2 and Proposition 4.3,

a < P(E;A)+G(F) < liillrninf P(Ey; A)+G(Ep) =«

(where we used the superadditivity of liminf). This proves that F is a minimizer
of the variational problem (4.5). O
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Chapter 5
Capillarity

An interesting problem for which sets of finite perimeter are a good framework is
the capillarity, which consists in studying the equilibrium shapes of a drop of liquid
confined in a given container. Mathematically speaking, the drop E will be a set of
finite perimeter and the container A an open set with sufficiently smooth boundary,
with ¥ C A. In Sections 5.1 and 5.2 we give the necessary analytical tools for
taking into account the intrinsic geometric nature of the problem, most notably
the Gauss-Green theorem on surfaces, where the mean curvature is involved. In
Section 5.3 first variations are computed in order to be able to find stationarity
conditions for perimeter minimizers. In Section 5.4 the problem is finally studied
through the minimization of the Gauss free energy functional.

5.1 Tangential differentiability and the area for-
mula on surfaces

Let M be a k-dimensional C'-surface in R™. A function f : R® — R™ is tangen-
tially differentiable with respect to M at z if there exists a linear function
VM f(x) € R™ @ T,M (the vector space of linear maps from T, M to R™) such
that, uniformly on {v € T, M : |v| = 1},

G tvh) — f(z)

h—0

= VM f(x)v. (5.1)

In other words, the restriction of f to x+7T, M is differentiable at x. The tangential
Jacobian of f with respect to M at z is then defined by

TM f(x) = \Jdet(VM f(a) VM f(x)).

Remark 5.1. A function f : R" — R™ may fail to be differentiable at every x € M
while being tangentially differentiable with respect to M at every x € M. For
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example, let M = {z,, =0} CR", p € CHR" 1 R™), and set f(z) = p(z') + |z, ]e,
for e € R™ and z = (2/,x,) € R"! x R = R". In this case

Vi) = T op B, ) = el),  Wee M

Remark 5.2. If f € CY(R";R™), M is a k-dimensional C'-surface in R", and
x € M, then f is tangentially differentiable at x and V* f(x) is the restriction of
V f(x) at T, M: thus, if {7,}F_, is an orthonormal basis of T, M and {v,}7=¥ is an
orthonormal basis of (T, M)+, then

vMﬂ@w=§XVﬂwnw®m=Vvuy—EXVﬂww»®w.

Theorem 5.1. (Area formula on surfaces) If M C R" is a k-dimensional C*-surface
and f € CY{R™;R™) (m > k) is injective, then

wwwwz/fwwﬁ

M

Proof. Step one: If V is a k-dimensional subspace of R", T} € R" ® R¥ is such that
Ti(RF) =V, and T, € R™® ® V (so that TyT; € R™ @ R¥), then

This can be proved using the polar decompositions 77 = P1.S; and Ty, = P».Ss,
where P, € O(k,n), S, € Sym(k), P, € O(V,m), and S, € Sym(V). Then by
computing (Ty11)*ToTy = S,USy, with U = P;S2P;, and using the spectral the-
orem for S2 = S°F_ | upvn ® vy, with 1, > 0 and {v, }f_, orthonormal basis of V,
one proves the formula.

Step two: Since M is a k-dimensional C'-surface, there exist A, C R¥ open and
gn € C1(R*;R") injective such that M = Upen gn(Ap). Since T,M = T,(gn(As))

when 2 € M N g,(Ay), we can directly assume M = g(A) for A C R* open and
g € C*(R¥;R") injective. Applying the area formula (2.3) to f o g € C1(R*;R™),

wwwwzéﬂwm@w.

If z € A, then Vg(z)(RF) = T,,)M, and, in particular,

V(fog)(z) =Vf(9(2))Vy(z) = VY f(9(2))Vy(z).
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By step one, J(fog) = ((JMf)og)Jg on A. Hence, again by the area formula
(23).

w(ron) - |

A

M o — M k_ M k'
((J"f)og) g /g(A)J fdH /MJ fdH

]

We now improve the same formula on rectifiable sets, so we are going to use the
definitions and the results from Appendix A.
Let M be a locally H*-rectifiable set in R™ and let z € M be such that the
approximate tangent space T, M exists. As in the C'-case, we say that f : R* — R™
is tangentially differentiable with respect to M at z if the restriction of f to
x + T, M is differentiable at z.

Lemma 5.1. If M is a locally H*-rectifiable set, and f : R® — R™ is a Lipschitz
map, then VM f(x) exists at H*-a.e. x € M.

Proof. By Theorem A.2 we can directly assume that M = g(F) is a regular Lipschitz
image. If M = g(F) is a k-dimensional regular Lipschitz image in R", f : R — R™
is a Lipschitz function, and f o g is differentiable at z € E, then f is tangentially
differentiable with respect to M at z = g(z), with

VMf(x) =V (fog)(2)Vg(2)™", on T,M = dg.(RF). (5.3)

Here we have denoted by Vg(z)™! the inverse of Vg(z) seen as an isomorphism
between R* and T, M = dg.(R¥).

By Lemma A.1, M admits the approximate tangent space T,M = dg.(R*) at
= g(z). If w € R* and v = Vg(2)w, then

o ) = f@) L fg(E) + V() - f(e(2)

t—0+ t t—0+ t
L Hale )~ flo2)
t—0+ t ’

since f is a Lipschitz function and since |g(z + tw) — g(z) —tVg(z)w| = o(t). Since
f og is differentiable at z by Rademacher’s theorem A.1, we thus find that f admits
directional derivatives at x along directions v € T, M, with

of _
5, @) =V(feg)(z)w,  w=Vg(z)"", (5.4)
Since Vg(z) is a linear isomorphism between R* and T, M we find that
of
T, M — —
v e - (x)
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is a linear map (for each v € T, M, there is a unique w € R*). Since f is a Lipschitz
function it follows that

i f@ ) = f@) _of

t—0+ t B %

(), uniformly on v € T, M, |v| =1,

which, by (5.4), proves (5.3), so we have the thesis of the Lemma. O

Using Lemma 5.1, one can prove the following theorem. By Theorem A.2 it is
enough to consider M = ¢g(FE) a regular Lipschitz image and use Lemma A.1 to
deduce the existence of T, M = Vg(z)(R¥). Then one proceeds in the same way as
Theorem 5.1.

Theorem 5.2. If M is a locally H*-rectifiable set and f : R™ — R™ is a Lipschitz
map with 1 < k < m, then

HOI0{F =) i) = [ 1 fan (55
Rm M
A useful corollary we are going to use is the following.

Corollary 5.1. If S C R*! is a H" 2-rectifiable set in R"1, u: R"! - R a
Lipschitz function, T' = {(z,u(2)) € R" : z € S}, g : R" — [—00, 0] is a Borel
function, and either g > 0 or g € L*(R™, H"72.T"), then

/gd?-[”_2 = /g,/1+ |VSu|2dH" 2, (5.6)
r S

where we have set §(z) = g(z,u(z)),z € R*1.

Proof. Consider the Lipschitz function f: R"™' — R" defined by f(2) = (z,u(z)),
z € R"! so that T' = f(9) is trivially a locally H" 2-rectifiable set in R™. By
Theorem 5.2, we only have to prove that

Jf = /14 |VSul?, H" 2-a.e. on S.

Indeed, since Vf = Idgn1 + €, ® V'u and Vu = V'u — (V'u - vs)vg, where
vs(z) € (T.S)* for H"2-a.e. z € S, we have

V[ = Vf — (Vfvs) @ vs
= Idgn-1 + €, @ V'u —vs @ vs — (V'u - vg)e, @ vg
= IdVSL + en ® VSU,,

so that (VIf)*(V°f) = Id, . + (V) ® (VSu). Using det(Id + v ®@v) = 1 + |v?,
we conclude. O
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5.2 Gauss-Green theorem on surfaces

We finally introduce the natural extension of the Gauss-Green theorem to hy-
persurfaces in R™. The resulting formula will prove useful in understanding the
geometric meaning of the first variation formula for perimeter in Section 5.3, and
will play a crucial role in establishing an important necessary "boundary condition
for minimality", known as Young’s law, in Section 5.4.

If M C R" is a k-dimensional C''-surface and T' € C}(R"; R") we shall say that T'
is tangential to M if T'(x) € T, M for every z € M, and that T' is normal to M
if, instead, T'(z) € (T,M)* for every z € M.

Theorem 5.3. (Gauss-Green theorem on surfaces) If M C R"™ is a C*-hypersurface
with boundary T, then there exists a normal vector field Hy € CO(M;R"™) to M
and a normal vector field v € CY(T'; S™71) to T such that

/ VMpdH ! = / OHy dH™ 1 + / vl dH" 2, (5.7)
M M r
for every p € CHR™). Moreover, if T € C}(R™;R") is normal to M, then
T - =0 onT. (5.8)
Vum M
\/ - = - I’

Figure 5.1: The normal to the boundary I' of M [1].

Before proving Theorem 5.3, we make some remarks.

Remark 5.3. We say that M is a C"-hypersurface with boundary I' if M is a
C"-hypersurface, I is the relative boundary of M, and, for every z € T, there exist
r > 0, an open set £ C R"! with C"-boundary, and a function u € C"(R"1)
such that, up to rotation and with Notation of Chapter 3,

C(z,r)NM ={(z,u(z)) : z € D(pz,r) N E},
C(z,r)NT ={(z,u(2)) : z € D(px,r) NOE}.

As it turns out from the implicit function theorem, I" is an (n — 2)-dimensional
Ch-surface (with empty relative boundary in R"). We also notice that at every
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relative interior point of M, that is, at every x € M, the first condition above holds
true with £ = R*L,

Remark 5.4. (Mean curvature vector) The vector field Hy, is called the mean
curvature vector to M. The definition of the scalar mean curvature H,, :
M — R of M depends on the mean curvature vector and the explicit choice of a
unit normal vector field vy, : M — S™ ! to M through the formula

H,, = Hyvuy.
Remark 5.5. By condition (5.8), 1! is tangential to M, that is
vy =0 onT,
see Figure 5.1.

Remark 5.6. (Divergence theorem on surfaces) Given a vector field T € C}(R"; R")]
we define the tangential divergence of 1" on M by the formula

divMT = divT — (VTvy) - var = trace(VMT), (5.9)

where vy, : M — S™! is any unit normal vector field to M. Discontinously
switching vy to —vy, on part of M leaves div™ T unchanged, therefore it is always
divMT € C°(M) even if M is not orientable. The Gauss-Green formula on surfaces
(5.7) is equivalently formulated in a "divergence-type formula" as follows: for every
T € CH(R";R")

/ divM T dp! :/ T-HMdH“—1+/(T-Vé”)dH”‘2~ (5.10)
M M r

Proof. (of Theorem 5.3) By using partitions of unity, and up to a rigid motions
and homotheties, it suffices to prove (5.7) for ¢ € C}(C), assuming that

CNM={(z,u(z)): z€ DN E},
CNnT'={(z,u(2)): ze DNOLE},
where v € C*(R"™!) and E is an open set with C*-boundary in R"~! (possibly,

E =R"!). An orientation of the C?-surface C N M is then given by the vector
field vy € CY(C N M; S 1), defined locally as

— (—=V'u,1)
M= —F——,
V14 |Viul?

where, if g : R® — R, then we set g: R — R as g(z) = g(z,u(2)) (z € R*™1Y),
namely the restriction of g over the graph of u. Since Hy; = Hy vy, we define
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5.2 — Gauss-Green theorem on surfaces

H) € C°(C N M;R") and Hy € C°(C N M) locally taking into account (5.11)
and thus by setting

V'u
V14 | Viul?

We now notice that p € C}(D), with Vi = (V/ip, d,¢) and with

Hy = —div’ ( ) on DNE. (5.12)

—V'p - NV'u+ 0,
1+ [ Viu?

Since VMyp = Vi — (Vo - var)va, by using Theorem 2.4 for each component
(horizontals ey, for k =1,...,n — 1 and vertical e,) and by using the expressions of
7y and Vo - vy, we find

_ — (V' -NV'u—0,p)
M 1:/ i+ ¢ JI+ VP, (513
‘ /Mv P DmE( o 1+ [V'ul? IVl (5:13)
_ — (V¢ -NV'u—0,p)
: Md“:/ ) | %) 1 ul2. (5.14
ex /Mv o dH DmE( e T vaE O V14Vl (5.14)

Vertical component: Concerning (5.13), V'p = V'p(z,u(z)) = Vi + 0,9 V'u gives

on DNE.

Vo vy =

— (V'p-V'u-— 8n<p)> V'u "
Ontp + V1I+ IV = ——= Vg,
< 1+ |V'ul? 1+ |V'ul?
and thus, by the classical divergence theorem and since = 0 on 9D,

e - / VM aH?
M

- _/ adiv - o / P YUV gy
DNE 1+ [ Vul? DnoE /14 |V'ul?

=e, - / OHy dH 1 + e, - / ol dH™ 2,
M r

provided we define e, - v on CNT by the formula

_ Vi -
en - M = w e (5.15)

V1 [Vuf2y /14 [VSul2

where S = D N JFE and Corollary 5.1 has been taken into account for the last
equality (the integral over I').
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Horizontal components: Again by Theorem 2.4, the formula (5.12) and the diver-
gence theorem,

V'u
e | pHy dH™' = / P opudiv | —
/ " DNE V1| Viul?

/ 9 / =9 V'u - vg
"(® Oku) D O ———
DNE /1 + \V’ \2 * proE V14 [ Vul?

/ / 10,12
-/ wak<m)+akuw VY B
DNE \/1 |2 \/1—|—|V’ |2

4 / 78 V’U Vg
P ORU—F——=
DNOE 1+ | Vul|?

From (5.14) and by the Gauss-Green theorem we thus conclude that
ek / (VMp — oHy) dH™ !
M
_ / (Frg + Fnp )1+ [V'ul? + 9, <\/1 T \vw)
DNE
/ @a u V,'LL VR
_ U
DNoE 1+ [ Viul|?
! .
_ / 9, <¢, 1 vl |m|2) _ / S Y ve
DNE DNoE 1+ | Viuf?
a /
:/ [ \/1—|—]V’u|2ek——kuvu -I/Ed”H”_Zzek-/goyF dH" 2,
DNoE V1| Viul? r

provided we defined e, - ¥ on CNT and for k=1,...,n — 1 as

— OuV'u Vg
M
er - vt = [ /14 |V'ul?er, — : : (5.16)
g ( V14 [Vaul2) (/14 |VSul?

and once again we used Corollary 5.1 in the last equality.

Geometric properties of vM: by a direct computation, using the expressions (5.15)
and (5.16) together with the formula for 7y, it is easily checked that 1! is a unit
vector and it is orthogonal to vy, and normal to I O]
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5.3 First variation of perimeter

In order to derive valuable information about perimeter minimizers, we want to
construct a curve of competitors "passing through" the candidate minimizer F, as
usually done in the Calculus of Variations to derive the Euler-Lagrange equations
(first order necessary minimality conditions).

We recall that f : R® — R" is a diffeomorphism of R" if f is smooth, bi-
jective and has a smooth inverse g = f~!. If E is an open set with C'*-boundary,
then f(E) is still an open set with C''-boundary. In the notation of Section 3.1,

from f({¢=0}) = {0 g =0} and V(¢ 0 ) = (Vg)*[(V) 0 g], we find

_ Vg(y)ve(g(y)) _
Vi) = IV(y)ve(g(y))| vy € 0f(E) = J(0F).

Similar conclusions hold for sets of locally finite perimeter. From now on we are
going to use the results from Appendix B, i.e. the structure theorems to deal with
(diffeomorphic images of) sets of finite perimeter.

Proposition 5.1. (Diffeomorphic images of sets of finite perimeter) If E is a set
of locally finite perimeter in R™ and f is a diffeomorphism of R™ with g = f~1,
then f(E) is a set of locally finite perimeter in R™ with

H T (f(O°E)L0 f(B)) =0, (5.17)
/ P dH" = / (po f)Jf(Vgo ) vgdH" ™, (5.18)
) 0B

for every p € CO(R™), which may take also the form

ppe) = fg (Jf(Vgo f) pup).
In particular, for every Borel set F' C R",

W (Fnof(E)) = /(Fm*E Tf|(Vgo £y ve|dH . (5.19)
I

Figure 5.2: Deforming a set of finite perimeter E by a diffeomorphism f. By
(5.17) the image of the reduced boundary of E is H" !-equivalent to the reduced
boundary of f(FE) [1].
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Proof. We first remark that if u;, — w in L, (R™), then u; 0 g — uo g in Li, . (R™).
Indeed, if K is compact, then g(K) is compact, and thus the area formula (writing
K = f(g(K))) implies

og—uogqgl= —ulJ Lip (f: g(K)" —ul.
/K|uh g—uog| / fun — ulJf < Lip (f; g( >>/ I

9(K) 9(K)

We used the fact that for a Lipschitz function f with Lipschitz constant L, then it
holds that Jf < L™ (being polynomial in the entries of the gradient matrix).
Now define a tensor field Gf € C*°(R";R" ® R") as

Gf=Jf(Vgo f)*, g=f"

Ifue CYR"), T € CHR™R"), v=uog, and S =T og, then by the area formula
(2.4)

/ vdiv S = —/ S Vo= —/ S+ (Vo) (Vuo )
R n n
_— / T(@) - (Gf(x)Vu())do.
If u = (1g)*pe, then, by our initial remark, v = uog — 1y in L (R™) as e — 07.

Since by the regularization Proposition 3.4 we have —Vu — up = vgH" 'LO*E,
by the identity above we find

/ divs = [ T()- (Gf@pplz))dH (z)
F(B) 0 E
so that, by (3.9), f(E) is of locally finite perimeter with
/ S vpmydH ! = / T(z) - (Gf(z)ve(x))dH" " (z).
*f(E) E

Take now S = (pe) x p. in the formula above for ¢ € C2(R") and e € S"!; letting
e— 0T,

e- / primdH ! =e- / (0o /)GfrgdH™ !, Ve € S"71
o*f(E) I*E

which is (5.18). Now by (5.18) and an approximation argument,

/ Vi dH = / GfvgdH"™,
FNo*f(E) 9(F)NO*E
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for every Borel set F' C R™. Taking total variations in the formula above, we prove
(5.19). We now prove that f(EM) = f(E)M and f(E®) = f(E)©), so as to deduce
O°f(E) = f(0°E), and thus, by Federer’s theorem B.3, the equivalence (5.17). As
(R*\ E)© = EMW and f is a bijection, it suffices to show f(E©®) = f(E)©. If we
set

L, = Lip(g; B(f(x),1)), M, = Lip(f; B(x, L,)), r € R,

then by a direct computation g(B(f(z),r)) C B(x, L,r) for every r < 1. Thus, by
the area formula,

F(E) N B(f(x),r)| = A s S ME B L),
Ng x),r

for every x € R”, r < 1. From the last inequality we deduce that z € E© implies
f(z) € f(E)®, so that f(E®) c f(E)©. Reversing the roles of f and g and
repeating the same calculations, we get the equality. O

The following lemma provides the first order Taylor’s expansion of the determi-
nant close to the identity.

Lemma 5.2. If 7 € R" ® R", Id = Idgn, then
(Id+tZ)' =1d — tZ + O(t?),
det(Id 4+ tZ) = 1 + ttrace(Z) + O(t?).

We now construct the variations.
A one parameter family of diffeomorphisms of R" is a smooth function

(x,t) € R" X (—¢g,¢) — f(t,x) = fi(x) € R", e >0,

such that, for each fixed |t| < e, f; : R" — R" is a diffeomorphism of R™. Given
an open set A C R™, we say that {f;},<- is a local variation in A if it defines a
one-parameter family of diffeomorphisms such that
folz) =z, Vo € R",
{r e R": fi(x) # 2} CC A, V|t < e.
From the last properties it is easily seen that, if {fi}<- is a local variation in A,

then
f(E)AE CC AVE CR",

and the following Taylor’s expansion holds uniformly in R™ (since the set { f; # Id}
is compact),

fi(z) =2 +tT(x) + O(t?), Vfi(z) =1d+tVT(z) + O(t?),
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where T' € C°(A; R™) is the initial velocity of {f;} <.,

0
T(x) = 8{(0’3:)’ x € R".
Conversely, starting from an initial velocity T' € C°(A; R"), from standard ODE
theory f(t,x) is given as the solution of the following Cauchy problem (parametrized

with respect to the initial condition z € R")

9 n
5 (t,x) =T(f(t,x)), x € R",
f(0,2) =z, r €R",

for small values of ¢. The solution {f;}//<. is a local variation associated with
T.
We now compute the first variation of perimeter (relative to the open set A)
with respect to the local variation {f;}<. in A, that is, we aim to compute

d

p7 P(fi(E); A), for T'e C°(A;R™) given.

t=0

Theorem 5.4. (First variation of perimeter) If A is an open set in R™, E is a set
of locally finite perimeter in R™, and { fi}y<- is a local variation in A, then

P(f((E);A) = P(E;A) +t / divpT dH" " + O(t?), (5.20)
o*E
where T is the initial velocity of { fi}<- and divgT : 0*E — R, as done in Remark
5.0,
divgT(z) =divT(z) — vg(x) - VI(x)vg(zx), r € 0L, (5.21)

is a Borel function called the boundary divergence of T on FE.

Remark 5.7. (Mean curvature vector and perimeter) The results from Section 5.2
provide an important geometric insight into the first variation formula of perimeter
(5.20). Indeed, if E is an open set with C?-boundary, applying Theorem 5.3 to
M = 0F,

/ div?ET dH" ™ = / T -HppdH" ', VT € CHR"R"), (5.22)
OE OF

where, recalling Remark 5.6, div?” denotes the tangential divergence of T with
respect to M = OF, and where Hyg is the mean curvature vector to dF, so
Hyp = Hoprp. Of course it holds that divgT = div??T on dE, and Hg = Hyp.
With these conventions, the first variation of perimeter on open sets with C?-
boundary takes the form

d

dt

P(f,(E); A) = /8 (T ) Hy dH (5.23)

t=0
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Remark 5.8. If F is of locally finite perimeter, then the distributional mean
curvature vector of £ in A open is the functional Hg : C2°(A;R™) — R defined by
the formula

(Hg, T) :/ divgTdH"™, VT € CX(A;R").
o*E

We say that F has (locally summable) distributional (scalar) mean curvature in A,
if there exists H € Li.(ANd*E;H" ') such that

/ divgT dH" ™ = / (T -vg) HdH" ™, VT € CF(A;R™). (5.24)
B B

Proof. (of Theorem 5.4) By Proposition 5.1, in particular by (5.19),

PUEIA = [ T8|Tao vl = ()

so that P(f;(F); A) is a smooth function of ¢ in a neighbourhood of ¢ = 0. Since
Vi =1d+tVT + O(¢?), by Lemma 5.2 we have
Vgiofi= (V) =1d—tVT + O(t?)
Jfi =1+tdivT + O(t?),

uniformly on R™ as t — 0. In particular,

(Vagio f) vel* = ve — t(VT) vgl* + O(?) = 1 — 2t v - ((VT)'vig) + O(t2)

=1-2tvg - (VTvg)+ O(t?),
and thus we conclude, as required, that
JH|(Vgio fi) ve| = 1+ t(divT = vg - (VTvg)) + O(#2),

noting that divl — vg - (VI'vg) = divgT on 0*E. O

We now compute the first variation of the potential energy G(E) = [, g(z)dz.

Proposition 5.2. (First variation of potential energy) If E is a set of locally finite
perimeter in R™, |E| < oo, g € C*'(R"), A is open, and {f;} << is a local variation
in A with initial velocity T, then

/ g= / g+t / g(T - VE)d’H"*l + o(t).
Fi(E) E 95

In fact, in the case of Lebesgue measure g = 1Id, we find that

|f(E)| = |E| +t/8 (T - vg)dH" ' + O(t?). (5.25)

*E
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Proof. If g € C'(R™), then by the area formula we have G(f;(E)) = [,(g 0 fi) Jfi-
Thus by Lemma 5.2,

GUH(E) = 6(E) = [ a(o-+T(@)+ O() JAla) ~ o(a) da
:/(g+th-T)(1+tdivT) —g+0()
:t/Ediv(gT)JrO(t ) :t/Mg@-VE)d%"— +0(8).

Now let ¢ € C°(R"), g € CY(R"), and 0 = supgn

E)=[.9,

‘G(ft(E)i— G(E) _ 1 (/f( ) | |f( !t\AE| .

By Lemma 5.3 below, there exist positive constants C' and ¢y < ¢ such that
|f:(E)AE| < Clt| whenever |t| < 9. Thus for || < &y it holds that

GEN =) L([ [

so that the relative error between the two ratios is at most C'o. Since g € C*(R"),
the Taylor expansion of above holds and we find

lim — / / > / T -vg)dH" .
t%0+ ( f(E) 8*E E)

Then, by (5.26),

g — g| > 0. Then, setting

<Co, (5.26)

/ 4T - v)dH™ — C'o < limnf SIUED Z9(E)

t—0+ t

< lim sup G/l E)) = G(E) < / §(T-vg)dH" ' +Co
0 E

t—0t t o

As 0 — 01, since spt(T') is compact we have by dominated convergence that
Joepp 9(T - vE)dH"" — [, g(T - vg)dH"', and from this we conclude. O

Lemma 5.3. If E is a set of locally finite perimeter in R™, A is open, and { fi}y<c
is a local variation in A, then there exist positive constants C' and €y < € such that,
if K is a compact set with {x # fy(x)} C K C A, then

|fi((E)AE] < CJt|P(E; K). (5.27)
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Proof. Set g, = f', and let S € C°(A;R™) denote the initial velocity of the local
variation {g }jyj<e. If @ou(2) = sz + (1 —s)g(x) for z € R", s € (0,1), |[t| < €, then
positive constants C' and ¢y < ¢ exist such that

JPsi(z) > lz — gi(x)] < Clt, Vo € R, |t| < &,

DO | —

and {®,¢}<, is a local variation in A. The first bound comes from V&, =
sId+ (1 —s) (Id +tVS + O(t?)) = Id + t(1 — s)VS + O(#?), and by Lemma 5.2,
JO,; = 1+ t(1 — s)div S, so that by compact support of divS, s € (0,1), for ¢
small enough it holds ¢(1 — s)div.S > —1/2. The second bound holds because
Oi(g:) = S og; and S is bounded. By the fundamental theorem of calculus we have

1
0
u(ge(r)) = u(z) + / 5 Lu(sz + (1 = 5)gi(w))lds
0
1
= / Vu (®s4(2)) - (x — g(z))ds,
0
and thus by Fubini’s theorem and the area formula we find

u()—u(ge(x))dz < 1] / ai / Vu(®, ()]s

|Vu /
= <
cm/ / o, )d 20it) [ v,

We now set u = u. * p. and let ¢ — 07 to deduce (5.27) by dominated convergence,
Proposition 3.4 and Proposition 1.2 (7). O

R
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5.4 Equilibrium shapes of liquids, Young’s law

In this section we study the equilibrium shapes of a liquid confined in a given con-
tainer. The study of this problem provides a significant and instructive application
of the various methods and ideas developed so far.

The problem is studied through the introduction of a free energy functional. Pre-
cisely, if a liquid occupies a region FE inside a given container A (mathematically,
E will be a set of finite perimeter and A an open set with sufficiently smooth
boundary), then its free energy is given by

E

see Figure 5.3. Here, o > 0 denotes the surface tension at the liquid free surface,
interface between the liquid and the other medium (be it another liquid or gas) filling
A. The term —osP(E;0A) is called the wetting energy and it is responsible
for the interaction of the liquid with the wall of the container, the liguid-solid
interface. Finally, the third term denotes a potential energy acting on the liquid,
which is typically assumed to be the gravitational energy g(x) = gp x,, where g
is the acceleration of gravity and p the (constant) density of the incompressible
liquid. The free surface is denoted as ¥/, the contact surface as X°.

EC

Figure 5.3: The equilibrium shape of a liquid inside a container A [1]. The free
surface of the liquid is denoted as 3/, the contact surface between liquid and solid
container as >.¢.

For reasons to be soon clarified, the coefficients o, and o;g are assumed to
satisfy the "wetting conditions", which is

lors| < orr

or also denoting 8 = —ops/orr, |3| < 1. The coefficient (3 is called the relative
adhesion coefficient. With this notation and normalizing oz = 1 for simiplicity,

62



5.4 — Equilibrium shapes of liquids, Young’s law

we study the free energy functional

P(E;A) — BP(E;0A) + / g(x)du.

E

with the condition |3| < 1. The free energy functional is usually minimized under
a prescribed volume constraint |E| = m.

5.4.1 Lower semicontinuity and existence of minimizers

Given € [—1,1], an open set A C R™ and a set of finite perimeter £ C A, we
shall set
Fs(E;A) = P(E; A) — BP(E;0A) (5.28)

for the total surface energy term, and denote by

6(5) = [ gla)ia (5.29)

the potential energy associated with a given Borel function g : R® — R. The free
energy functional we are going to study is

Fs(E;A)+G(B).

We start by discussing the lower semicontinuity of the total surface energy F3 with
respect to the L!-convergence. A necessary condition for the lower semicontinuity
is |B| < 1; see Remark 5.9. For 8 € [—1,0], the semicontinuity holds quite trivially,
whereas for 5 € (0,1] we use an additional assumption on A, see Proposition 5.4.

Proposition 5.3. If § € [—1,0], A is an open set of finite perimeter in R™, { E}, }rhen
and E are sets of finite perimeter contained in A, and E, — E, then

Fs(E;A) < li}gn inf Fg(Ep; A). (5.30)
—00
Proof. By Proposition B.2, for every £ C A we have

P(E) = P(E; A) + P(B;04),  P(E;0A) < P(A), (5.31)
P(E) < Fs(E; A) + (1 +[B])P(A). (5.32)

Without loss of generality let us assume the right-hand side of (5.30) to be finite.
By (5.32) applied to the (minimizing) sequence {Ej}ren, En C A, we thus find
that sup, oy P(E)) is finite. For this reason, by the compactness Theorem 3.3, the
convergence of the Ej, to E implies that up, — pg and, by Proposition 3.2,

li}{ninf P(E,) > P(E), li}anian(Eh;A) > P(E; A). (5.33)
—00 —00
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We are thus left to exploit the identity
Fs(B; A) = (1+ B)P(E; A) — B(P(E; A) + P(E; 04))
= (1+B)P(E; A) — BP(E)
and the non-negativity of 1 + 8 and —f to deduce (5.30) from (5.33). O]

Remark 5.9. (Loss of semicontinuity when |3 > 1) If |5| > 1, then the lower
semicontinuity inequality (5.30) may fail. Indeed, let us set A = €2 the half plane.
If B < —1, which is 075 > o, take the following sequence E. in Figure 5.4,

7 — fox
. < . | 7
1 ) TN

25 3°

Figure 5.4: When g < —1, the drop never touches the wall of the container,
because it is always more convenient (energy-wise) to insert a thin layer of air to
detach the drop from the container, because oy > orp [3].

We have, for every € > 0, P(E.;Q) = H" 1(Xf) and P(E.;00Q) = 0, and since
E. — FE as ¢ — 07, the lower semicontinuity fails because

Fs(EQ) = HH(ED) — H L) + H () = P(E; Q) + P(E;09)
< P(E;Q)) — BP(FE;090)
= fg(E; Q)

Viceversa, if § > 1, that is —o;5 > o, let us take the following sequence FE. in
Figure 5.5,

s f
e
£ -..____._9.

: o —
Ze?_ =25

Figure 5.5: When 8 > 1, it is always convenient to cover the wall of the container
with a thin film of liquid, and separate it from the air [3].
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5.4 — Equilibrium shapes of liquids, Young’s law

In this case, since H" 1(%]) = H" (X)) + H (20 \ 2¢) + o(1) as ¢ — 0, we
have that
Fp(Be; Q) = HH(BL) = BHMH(ELD) — HHE) + H N (Z0 \ 29) — BH" ™ (20)
<H'THET) 4+ BHTH (S0 \ ) — A" (%)
= () - ()
= P(E;Q) — BP(E;00) = F3(E; Q).
Proposition 5.4. Let A be a bounded open set with finite perimeter with the

property that, for sufficiently small 6 > 0, a compactly supported Lipschitz vector
field Ty : R™ — R™ exists such that |Ts| <1 on R™ and

T5 Vg = 1 on 8A, T5 =0 on A\A75, (534)

where As = {x € A : dist(z,0A) < 0} (if A has C*-boundary, Ts may be constructed
starting from the gradient of the signed distance function from A). Then the same
conclusion of Proposition 5.8 holds true with 5 € (0,1] too.

Proof. If F is a set of finite perimeter contained in A, then by the divergence
theorem (applied first to Ts. = Ts * p. and then, by approximation, as ¢ — 0% the
limit holds uniformly) and Proposition B.2,

/ diVT5 = / T5 VR dHn_l +/ T5 VA d%n_l.
F ANO*F OANO*F

Exploiting (5.34), by first putting [, .. Ts - vp dH" " on the left-hand side, we
thus find
P(F;0A) < P(F; As) + C(0)|F|, F C A, (5.35)

(where C'(§) = supgn |[VT5| — 0o as 6 — 07). If now {E,}ren are sets of finite
perimeter contained in A and F), — FE, then, as in the proof of Proposition 5.3,
we find pp, — pp. Applying (5.35) to F' = E,AE, while taking also into account
Proposition B.1 and Proposition B.2, we find

|P(Ep; 0A) — P(E;0A)] < H" ' (0AN (0"E,AD°E)) = P(E,AE; 0A)
< P(Ep; As) + P(E; As) + C(6) | ERAE].

In particular, if 0 < g <1,

Fs(En; A) = Fs(E; A) = P(Ep; A) — P(E; A) — [P(En; 0A) — P(E;0A)

>
> P(Ey; A\ As) — P(E; A) — P(E; As) — C(0)| By AE.
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By Proposition 3.2, since A\ A is open, letting h — oo, we find
li}ILninf.Fg(Eh; A) > Fs(E; A) + P(E; A\ A5) — P(E; A) — P(F; As),
— 00

where the right-hand side converges to Fz(FE; A) as 6 — 0. O

Finally we can state the main theorem of existence of minimizers in bounded
containers.

Theorem 5.5. (Existence of minimizers in bounded containers)

If 18] <1, g € LL.(R"), A is an open bounded set of finite perimeter in R™
(satisfying (5.34) in the case 5 > 0), and m € (0,|A|), then there exists a minimizer
n

v=1inf{F3(E;A)+G(E): EC A, |E| =m}. (5.36)

Proof. As shown in Proposition 4.2, the competition class in non-empty, so that
v < oo. In fact, we have v € R, since by P(E;A) > 0, P(F;0A) < P(A), and
9 € Li(R"),

Fs(E; A) +G(E) > —|B|P(A) — /A lg(z)|dz.

Let now {E}}heny be a minimizing sequence in (5.36). As done in Proposition
5.3, by (5.32) we deduce that sup,cy P(E}) is finite. Since A is bounded, by the
compactness Theorem 3.3, there exists a set £ C A such that, up to subsequences,
E, — E, so that, evidently, | E| = m. We now combine Proposition 4.3, Proposition
5.3 and Proposition 5.4 to conclude by lower semicontinuity that £ is a minimizer.

]
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5.4.2 Stationarity conditions

Adopting the methods from Section 5.3, we are now going to prove that the mean
curvature of the interior interface of an equilibrium configuration equals the poten-
tial energy plus a constant additive factor. The wetting energy plays no role in
this result, and indeed no restriction on f is required.

We first apply first variation arguments (from Section 5.3) to study minimiz-
ers in relative isoperimetric problems defined in (4.2). Given A open and E of finite
perimeter in R", we say that E is a volume-constrained perimeter minimizer
in A, if spt(ug) = OF and

P(E; A) < P(F; A), (5.37)

whenever |[ENA| = |FNA|and EAF CC A. Let us now show that minimizers
in the relative isoperimetric problem (4.2) are also volume-constrained perimeter
minimizers. Indeed, let £’ be a minimizer in the relative isoperimetric problem (4.2)
and F be such that |[ENA| =|FNA|and EAF CC A. By |[ENA|=|FnNA| we
deduce that m = |E| = |[ENA| = |[FNA|; by EAF CC A and E C A we deduce
that also F' C A, so |F| = m and therefore F'is a competitor in the (4.2). Thus it
holds that

P(E;A) < P(F; A)

and F is a volume-constrained perimeter minimizer. We now prove that volume-
constrained perimeter minimizers have constant distributional mean curvature (as

defined in Remark 5.8).

Theorem 5.6. (Constant mean curvature) If E is a volume-constrained minimizer
in the open set A, then there exists X\ € R such that

/ diveT dH™ = \ / (T-vp)dH™™, YT € CX(ARY.  (5.39)
O*FE

o*E

In particular, by Hg = Hgvg, E has scalar distributional mean curvature Hg in
A constantly equal to \.

The following lemma is the key technical tool to obtain the result of above.
Given a set of finite perimeter E and an open set A with ANO*FE # (), we change the
volume of E by a prescribed (suitably small) amount, at the cost of a proportional
perimeter variation; see Figure 5.6.
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Figure 5.6: The situation in Lemma 5.4. Since P(E;A) # 0, there exists
a vector field T € C*(A;R™) that we can use to "move" AN J*E. The local
variations fi(z) = x + tT'(z) associated with T allow us to increase or decrease
volume by a certain maximal amount oy which depends on E and A through T
The corresponding perimeter variations are proportional to the volume variations,
through a constant C' that, again, depends on E and A through 7' [1].

Lemma 5.4. (Volume-fixing variations) If E is a set of finite perimeter and A
is an open set such that H" " '(ANJ*E) > 0, then there exist oo = go(E, A) > 0
and C = C(FE, A) < 0o such that for every o € (—oq,00) we can find a set of finite
perimeter I with FAE CC A and

|F| =|E|+0, |P(F;A)—P(E;A)| <Clol.

Proof. Since H" ' (AN O*E) > 0 there exists T € C>°(A; R™) such that

¥ :/ (T - vg)dH™ ' > 0.
O*E

Let {fi}1y<c be a local variation associated with 7. Recalling (5.20) and (5.25),
namely

P(fi{(E);A) = P(E;A) + t/B*EdiVET dH" '+ O(t?),

AB) = |E| + ¢ / (T - vp)dH™™ + O(P),

oO*E

since v > 0 and T has compact support, we may find 9 > 0 such that f;(E)AE CC
A and |f;(E)| = |E| + ty + O(t?) is increasing on t € (—&g, gy), with

\(B) - 1BI| 2 T, it <=,

PULE)A) — P(E: )| <2

/ leET d%n_l
O*E

i, Yt < <.
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If o9 > 0 is such that (|E| — oo, |[E| + 00) C {|fi(E)| : t € (—e0,20)}, and

bl

4
C = ‘/ divgT dH™ !
Y1JoE

then for every |o| < oy, since |f;(E)| is increasing on t € (—¢&p, &) there exists
|t| < to such that F' = f;(E) has all the required properties. O

Proof. (of Theorem 5.6)
Step one: We prove that there exists rp > 0 such that if 7" € C°(A;R") with
spt(T") CC B(x,ry) for some x € A, and

/a*E(T vg)dH T =0, (5.39)

then
/ divgT dH" ' = 0. (5.40)
o*E

In other words: if T" produces a zero first order volume variation of E, then, by
volume-constrained minimality, 7" produces a zero first order perimeter variation of
E. Indeed, let us consider 7o > 0 to be such that

(ANO*E)\ B(z,1r0) 0,  Vze€ A (5.41)

Given T € C}(A;R™) with spt(T) C B(x, 1) for some x € A and with (5.39) in
force, by Proposition 1.1, applied to the disjoint family of Borel sets 0*E N JB(z,t)
indexed over t < rq, we find r < ry such that

spt(T') cC B(z,r), H ! (8*E NIB(x, 7’)) =0. (5.42)

By (5.41) with z = z and, again by Proposition 1.1, there exists y € AN 0*F and
s > 0 with B(y,s) N B(x,r) =0 and

H ' (9"EN0B(y,s)) = 0. (5.43)

Now let 0y and C' denote the constants associated by Lemma 5.4 with £ in the
open set B(y, s), and let { f;};<- be a local variation in B(z,r) associated with T'.
By (5.20), (5.25) and (5.39), we find that

[fe(E)| = |E| + O(#?), (5.44)

P(f(E); A) = P(E; A) + 1 / divgTdH"! 4 O(8). (5.45)
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If we set o(t) = |E|— | f:(E)|, then, up to decreasing €, by (5.44) we find |o(t)| < o9
for every |t| < €. Hence, by Lemma 5.4, for every volume fraction o(t) corresponding
to |t| < e we can construct F; with EAF, CC B(y, s) and

[FL(E)| = |E] = o(t) = [E] = [fi(E)], (5.46)
|P(Fy; Bly, s)) — P(E; B(y, s))| < Clo(t)] = O(t?). (5.47)

We note that f;(E) gives a volume deficit, whereas F} increases the volume compen-
sating this deficit. We finally test the volume-constrained minimality of E against
the competitors

Ey = (f(E) N B(z,r)) U(F,n By,s)) U (E\ (B(z,r)UB(y,5))),

defined for |t| < ¢; see Figure 5.7.

e B(x,r)
OF, \ OE "

B s Of(E)\ OF

Figure 5.7: A comparison set E; used in the proof of Theorem 5.6. The set Fj is a
variation of E supported in B(y, s) which compensates the volume deficit between

F(E) and E [1].

These sets are indeed competitors for E, as |E| = |E| by (5.46):

|Ex| — Bl = [Ex0 B, )| = |[EN Bz, )| + |[E. N Bly, s)| = |[EN B(y, 5)]
= [fe(E) N B(x,r)| = |E N Bz, )|+ [F, 0 Bly, s)| = [EN B(y, 5)]
= [fe(E)| = |E| + |F| = [E] = 0.

By the volume-constrained minimality of E, the definition of E; and the formulas

(5.45), (5.47), we find

0< P(Et, A)— P(E;A)
P(fi(E); B(z,r)) = P(E; B(x,7)) + P(Fy; B(y, s)) — P(E; B(y, s))

= divgT dH" ™' + O(?)
o*E
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which trivially gives (5.40).
Step two: Up to further decreasing the value of ry, we may assume that

(A N G*E) \ (B(ac, ro) U B(y, ro)) + 0, Vo, y € A. (5.48)

Now let T1, Ty € C°(A;R™) such that, for h = 1,2,

Spt(Th) CC Blan, ro), /@ (@ ve)i 40
By Proposition 1.1, we may find r < r¢ such that, for h = 1,2,
spt(Th) CC Blaw,r),  H" ' (0"E N (0B(21,1) UOB(32,7))) = 0. (5.49)
Finally, define T € C2°(A;R™) by setting

f@*E d’].[” '

T ="1T;
FT Ty v )dH

1.

By definition of T we have [, (T - vg)dH" " = 0. Hence, exploiting (5.48) and
(5.49), and up to replacing B(x,r) with B(z1,7) U B(xs,r) everywhere, we may
repeat the exact same argument of step one to prove that f orp AVET dH" !, that
Is

fB*E diVETl dHn_l _ fB*E diVETQ dHn_l ‘

f@*E(Tl . VE)dHn71 f@*E(T2 . VE)dHnil

Therefore, by arbitrariness of 17, T, there exists A € R such that (5.38) holds true
for every T' € C°(A;R"™) such that spt(T) CC B(x,rg) for some z € A. Now let
T be a generic vector field in C2°(A;R™), and let {B(zx,70) }i; be a finite cover
of spt(T') by open balls centered in A. Using a partition of unity {(.}i_,, with
(r € C®(B(2,70)) and Y, ¢ = 1 on an open neighbourhood of spt(7), and
exploiting the lineary of the boundary divergence operator, we thus find

/ leETdHn L Z leE Ck ) Hn_l
*E

O*E

= A Z Ck(T : VE)dHnil = )\/ (T : VE')d?‘[nil.
k=1J0*E o*E

]

As already mentioned, using Theorem 5.6 we are going to prove that the
mean curvature of the interior interface of an equilibrium configuration equals the
potential energy plus a constant additive factor.
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Theorem 5.7. (Interior stationarity condition) If 8 € R, A is open, g € C°(A),
E C A has finite perimeter and measure, and

Fs(E;A) +G(E) < Fg(F: A) + G(F)
for every F C A with |E| = |F|, then there exists a constant A € R such that
/ divpT dH" ™ = / (—g + \(T - vg)dH" ", (5.50)
ANO*E ANO*E

for every T € CHA;R™). In particular, there exists A\ € R such that E has
distributional mean curvature equal to —g + X in A.

Proof. If T € C*(A;R") and {f;}<- is a local variation associated with T
then {zx € R" : z #+ fi(z)} CC A gives, for € small enough, f,(F) C A for
every |t| < e. By Proposition 5.1, 9*(f;(F)) is H" '-equivalent to f,(0*F), while
fi(O*E)N0A = 0*E N JA, since we have {z € R" : z # fi(x)} CcC A. We thus
find P(f;(E);0A) = P(E;0A) for every |t| < ¢, that is, the wetting energy (i.e.
the term —BP(E;0A)) is constant along { f;(E) }<-.

Now, taking into account Proposition 5.2, in particular the formula

GUAE) = G(B)+t [ glT-ve)dr™ + (),

it is sufficient to argue as in the proof of Theorem 5.6. The difference is that the
minimality condition to exploit has now the potential energy term, namely

Fo(E; A)+G(E) < Fa(fi(E); A) + G(f(E)), V|t <e,

considering also that the wetting energy is constant for [¢| < €, so it holds that
—BP(E;0A) = —BP(f(E); 0A). With the same assumptions and calculations of
step one in the proof of Theorem 5.6, one finds that

0 < Fu(fi(E); A) +G(fi(E)) — Fs(E; A) — G(E)
= P(fy(E); A) — P(E; A) + G(fi(E)) — G(E)

<t / leE'T dHnil + t/ g(T . VE) d%nil + O(t),
O*E O*E

thus if T" produces a zero first order volume variation of E, namely if

/ (T - vg)dH" ' =0,
o*E

then
O*E O*E
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5.4 — Equilibrium shapes of liquids, Young’s law

Now, let T}, Ty € C°(A;R™) be as in step two in the proof of Theorem 5.6, and
define T' € C°(A; R"™) by setting

f@*E(Tl . I/E)dHnilT

fa*E<T2 cvg)dH! .

Since we trivially have [,. (T - vg)dH"~' = 0, by (5.51), the definition of 7" and
the linearity of the tangential divergence we find that

f@*E(Tl . VE)d%n_l
fa*E(TQ . VE)dHn_l

= —/ g(T - vg)dH™
B

T=T —

/ diVETl dHn_l - / diVETQ dHn_l
*E *E

Jyep(Ts - v )
f@* E dHn !

= —/ g(Tl . I/E)dHn 1
*E

which can be written as
Joow (diveTh + g(Th - ve)) dH" ™ [, (diveTs + g(To - vg)) dH"™
[y (T - vg)dH" B Joep(To - vg)dH
Therefore there exists A € R such that

/ divpT dH"" = / (—g + N)(T - vg)dH"!
*E *E

holds true for every T' € C°(A;R"™) with spt(T) CC B(xz,r) for some x € A and
ro > 0. Finally, using a standard partition of unity exactly as in the last part of
the proof of Theorem 5.6, we conclude that there exists a constant A € R such that

l/ dwETdHWJ::/‘ (—g + \)(T - vg)dH"
Ano Ano
for every T' € C}(A;R™). O
Remark 5.10. (Laplace’s law) By (5.24), the equation (5.50) can be rewritten as
/ (—H — g+ M\ (T -vg)dH" ' =0
Ano*

for every T € C1(A;R"). Since ANJ*E = %7, i.e. the free surface of E inside A,
by arbitrariness of T" we have

/ o(Ts - vp)dH ",

H+g=\=const onX/.

The last equation is known as Laplace’s law: it can be interpreted in terms of forces
as

surface tension + volume forces = difference of pressure at the two sides of %/

~H ~g ~A
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Capillarity

Remark 5.11. (Lagrange multiplier) The equation (5.50) could also be found
by the method of Lagrange multipliers. The constraint is naturally the volume
constraint, which is fixed. By constrained minimality it holds that

CEGRE A +aE)| - 2ZismN =0

t=0

t=0

Lagrange multiplier
due to volume constraint

Taking into account the first variation of perimeter (5.20), Proposition 5.2 and
recalling that the wetting energy is constant along {f;(E)}i<., the equation of
above gives

[ awveranw s [ g vt x| (@ et <o
o*E o*E 9*E

which is the same of Theorem 5.7. Note that we used vector fields T" compactly

supported in A, therefore they do not produce any variation of the contact surface
O*EN0A =X-.

Having found the interior stationarity condition, we now proceed to discuss the
behaviour at boundary points, in order to derive a stationarity condition known as
Young’s law. For its derivation we will need to assume the regularity of the interior
interface up to the boundary. The proof will use local variations associated with
vector fields which act tangentially on A (so not anymore compactly supported in
A), as well as Theorem 5.3.

Theorem 5.8. (Young’s law) If 8 € R, g € LY(R™), A is an open set with C*-
boundary in R", E C A is an open set with finite perimeter and measure, AN OFE
is a C*-hypersurface with boundary, and

Fs(E;A) +G(B) < Fp(F; A) + G(F), (5.52)
for every F' C A with |F| = |E|, then
vE - va = —[, on bdry(ANJE). (5.53)

In particular, necessarily |B] < 1.
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5.4 — Equilibrium shapes of liquids, Young’s law

Figure 5.8: As a consequence of the constant mean curvature condition and
Young’s law, the free surface of F meets 0A at a fixed angle 0 such that cosf = —f3

[1].

Proof. Step one: We show that if ' € C2°(R"; R") is tangent to JA and preserves
volume at first order, that is,

T(x)-va(x) =0, Vo € 0A, (5.54)

/M(T cvp)dH" =0, (5.55)

(recall Proposition 5.2), then there exists a one-parameter family of diffeomorphisms
h:(—e,e) x R* — R™ having T as initial velocity, such that

W(B)C A, |h(E)| =B, V[ <e

To show this we start by constructing the usual local variation { f;}<. having T
as its initial velocity, by solving the Cauchy’s problems,

O I6a) =T(f(t),  weR
f(0,z) =z, x € R"™

Since, locally, 0A is the level set of a scalar function, we deduce from (5.54)
that fi(0A) C A for every |t| < e (otherwise, it would not be true anymore
that 7' - v4 = 0). Exploiting the uniqueness in the Cauchy problem, we see that
fi(A) C A, and, in particular, f;(E) C A, for every |t| < e.

We now want to modify {f;}<- into a volume-preserving local variation, without
losing the confinement property in A. We first consider a vector field which, at first
order, increases the measure of E, specifically, we consider S € C°(A;R") such
that

/A dE(S cvg)dH" > 0. (5.56)
.

75



Capillarity

The existence of S follows by the assumption that ANOE # @) is a C*-hypersurface,
which implies A N JF # () and H" '(ANAOFE) > 0. Up to decreasing &, we may
define a two-parameter family of diffeomorphisms g : (—¢,£)? x R® — R", setting

g(t,s,x) = f(t,z) + s S(x) = gr.s(x), It],|s] < e, z € R".
Notice that, since spt(S) CC A, for £ small enough we may assume that
grs(E) C A, V|t |s| < e. (5.57)

Correspondingly, let us consider the map v : (—¢,¢)* — (0, 00),
0lt,9) = loeo(B) = [ Jga(oyde, el Js| <=
E
Clearly 1(0,0) = |E|. Since we have

Vgis(z) =Id+tT(x)+sS(x)+o (\/t2 + 32) : (5.58)

uniformly on R™, by Lemma 5.2, (5.55) and (5.56) we find

?(0,0) = / divl = / T -vg dH" ' =0, (5.59)
t E O E

81# : n—1

—(0,0) = [ divS = S-vp dH" > 0. (5.60)
s E *E

By the implicit function theorem, up to further decreasing the value of ¢, there
exists a smooth function v : (—¢,e) — R such that, for every |t| < ¢,

Ut y(t) =IEl,  ~(0)=0. (5.61)
In particular, differentiating in ¢
_ % 9% .01

which, by (5.59) and (5.60), gives '(0) = 0. If we set h(t,z) = g(t,v(t), x), then
by (5.61) we have |h(E)| = | E|, and by (5.57) we have h;(E) C A, both for every
[t] < e. Moreover, by g(t,s,z) = f(t,x) + s S(x) and 7/(0) = 0, we find

Oh af / _
57 (0:2) = 5-(0,2) +7/(0) S(x) = T(x),

0 {h¢} 1< has initial velocity 7.
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5.4 — Equilibrium shapes of liquids, Young’s law

Step two: Given T and h; as in step one, we now apply the minimality inequality
(5.52) to deduce that

jt (fﬁ(ht(E);A) * /mE) g>

As usual by Theorem 5.4 and Proposition 5.2 we find

= 0. (5.62)

t=0

d
Bl gyt [Tl
o Jnu(B) oE

d

—| P(h(E);A) = / divgT dH™ "

dt t=0 ANO*E

Let us now consider the C?-hypersurface (with boundary) M = AN JE, and the
Cl-hypersurface (with boundary) N = 0E N dA. Since bdry M = bdry N, we set
I' = bdry M = bdry N for the common boundary of M and N. If we use vg and
v4 to define the orientation of M and N respectively, and denote by v and v
the induced orientations on I', then by Theorem 5.3 (recall that divyT = divMT
on OF, see Remark 5.7),

/ divgT dH" ! = / divMT a1
ANOE

M

:/ HM(T-VE)dH"—1+/T-u§4 dH" 2
M r

= Hp(T - vg)dH" ™ + / T v dH" 2.

ANOE r

At the same time, taking into account that T is tangential to OA by (5.54), we
deduce that [\, Hy(T - vg)dH" ' =0 (vg = v4 on N) and thus applying Theorem
5.3 to N we find

/ divgT dH" ' = / divNT dH™ ! = / T-vdH" 2,
JANOE N r

which is interesting to us because

4
dt

P(h(E); 0A) = / divgT dH™ .

t=0 0ANOE

Therefore, from (5.62), we deduce that

0= / (Hg + 9)(T - vg)dH" +/T (W = B )dH 2
ANOE r
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Capillarity

By Theorem 5.7, and in particular by Remark 5.10, Hg + g is constant on A N JF.
Thus by (5.55) we find

/T (WM — BriYdH? =0, (5.63)
T

whenever T' € C°(R"; R™) satisfies (5.54) and (5.55). We now remark that for
every Ty € C*(R™R") satisfying Ty - v4 = 0 on 0A, there exists s > 0 and
So € C(A;R™) such that T'= Sy + s Ty € C°(R"™; R™) satisfies (5.54) and (5.55).
This is true because H" ' (ANAJFE) > 0 gives the existence of Sy € C°(A; R™) such
that [, .. S0 - v dH" ' # 0; then, since [,. T - vgdH" ' # 0, it is sufficient,
according to the relative signs, to take Sy or —S, and adapt s > 0 accordingly.
By (5.63) we thus conclude that

/ To - (! — B ydH ™ =0, (5.64)
r

whenever Ty € CX(R™;R™) and Tj - v4 on 0A = 0. In particular, for every such
vector field, we have Ty - ¥ = Ty - (A - ) 1Y), so that (5.64) combined with
the fundamental lemma of the calculus of variations implies that

B=v vl =—vg-vy onI'.
O

Remark 5.12. Young’s law is insensitive to the presence of the potential energy.
The contact angle of a liquid drop at equilibrium on a horizontal plane is determined
by the capillarity effects only, which turn out to be much stronger than gravity
effects. Gravity, of course, influences the equilibrium shape away from the contact
plane, for example, by flattening the liquid drop at its top.

Remark 5.13. (Regularity and Young’s law) In Theorem 5.8 we assumed AN OFE
to be a C?-hypersurface. Using finite perimeter sets one obtains easy existence
result for minimizers of the capillary energy with prescribed volume. Then one
should prove that these minimizers are smooth enough in order to obtain that they
actually satisfy the equilibrium conditions we derived in the smooth setting; see
Theorem 6.3.
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Chapter 6
Further developments

Here we provide some additional results with no proof. In particular we give an
interesting characterization in the case when A is a half-space and provide the
important theorem of regularity of minimizers, which, among other things, justifies
the assumption of Theorem 5.8 and Remark 5.13.

6.1 Characterization of liquid drops
on half spaces

We first characterize equilibrium shapes of liquid drops confined in a half-space in
the absence of gravity. We thus consider the variational problems

Y(B) =inf {F3(E;H): EC H P(E) < o0, |E| =1}, (6.1)
where H = {x, > 0} and Fj3 was defined in (5.28).

Theorem 6.1. (Liquid drops in the absence of gravity) For every € (—1,1),
there ezists a unique o(f3) > 0 with the following property: a set of finite perimeter
E C H with |E| =1 is a minimizer in the variational problem (6.1) if and only if,
up to horizontal translation, E is equivalent to the set

Gp = B(sen,r)NH,
where s € R and r > 0 are uniquely determined by the constraints
|Gs| =1, P(Gg,0H) = o(pB).

Moreover,

VG - en = [, on bdry(H N 0Gp).
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Further developments

A xi

Figure 6.1: Given € (—1,1), a minimizer (unique up to horizontal translations)
G is obtained by suitably intersecting a ball with center on the e,-axis with the
half-space H [1].

Without the action of gravity, the equilibrium shape is a ball intersected with
the half-space. The mean curvature in this case is constant, as stated in Theorem
5.6, and equal to the mean curvature of the ball. The contact surface depends on
B: for instance, when 8 — (—1)", minimizers converge to balls contained in H and
tangent to OH.

Now we finally add the action of gravity, therefore we state the equilibrium problem
for a liquid drop sitting on a horizontal (hyper)plane under the action of gravity.

Theorem 6.2. (Sessile liquid drops) If 8 € (—1,1), g > 0 and m > 0, them there
exists a minimizer in the variational problem

inf{]:g(E;H) +g/ zpdrx: E C H P(E) < o0, |E| = m} :
E
Every such minimizer is equivalent to a boundet set, which, up to translation, it is

equivalent to its Schwartz symmetrization [1], [5].

The proof of this theorem relies on the properties of Schwartz symmetrization
of a set. Given a Lebesgue measurable set £ C R", with |E| < co, we denote by

E, ={zcR"': (21t € E}, teR

the horizontal slices of F, and consider the function vg € L'(R) defined for t € R
as vg(t) = H"'(E;). We define the Lebesgue measurable set

/(1)
B = {x eR": |pa| < (UE(qw)> } ,
w

n—1

known as the Schwartz symmetrization E* of E; see [1] and [5] for details.
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6.2 — Regularity theory and analysis of singularities

6.2 Regularity theory and analysis of singularities

In [1], Part III is discussed the regularity of the boundaries those sets of finite
perimeter which arise as minimizers in some of the variational problems which we
considered. The deep theorem is the following.

Theorem 6.3. If n > 2, A is an open set in R™, and E is a local perimeter
minimizer in A, then AN O*E is an analytic hypersurface with vanishing mean
curvature which is relatively open in AN OFE, while the singular set of E in A,

Y(E;A)=AN(OE\0'E),
satisfies the following properties:
(i) if 2 <n <7, then X(E; A) is empty;
(ii) if n = 8, then X(E; A) has no accumulation points in A;
(1i7) if n >9, then H*(X(E; A)) =0 for every s >n — 8.

These assertions are sharp: there exists a perimeter minimizer E in R® such that
HO(X(E;R®)) = 1; moreover, if n > 9, then there exists a perimeter minimizer E
in R™ such that H" 3 (X(E;R")) = co.

The proof of this theorem is essentially divided into two parts. The first one
concerns the regularity of the reduced boundary in A and, precisely, it consists of
proving that the locally H" !-rectifiable set A N §*E is, in fact, a C*7-hypersurface
for every v € (0,1) (its analiticity follows from standard elliptic regularity theory.)
The second part of the argument is devoted to the analysis of the structure of
the singular set ¥(E; A). Roughly speaking, the blow-ups E,, of E at points
x € X(F; A) will have to converge to cones which are local perimeter minimizers
in R™, and which have their vertex at a singular point. Starting from this result,
and discussing the possible existence of such singular minimizing cones, we shall
prove the claimed estimates.
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Appendix A
Rectifiability

We first recall that given a function u € L} (R"), its distributional gradient
Du is defined as the linear functional Du : C°(R™) — R™,

(Du, p) = —/ uVe, p € CZ(R™).

Whenever Du is representable as integration of the test function ¢ against a L{

vector field, that is, if there exists a vector field T' € L] (R"; R") such that

/Wsoz—/ oT, Vi € C(R"),

we say that u has a weak gradient on R".

Lipschitz functions play a special role in Geometric Measure Theory, because they
are "measure-theoretically C'!". In particular they admit bounded weak gradients
and they are a.e. classically differentiable (Rademacher’s theorem).

Proposition A.1. If f : R" — R™ is a Lipschitz function, then f € L3 (R™; R™)
and f admits a weak gradient V f € L2 (R™; R™ @ R™).

loc

Theorem A.1. (Rademacher’s theorem). If f : R™ — R™ is a Lipschitz function
and x is a Lebesque point of the weak gradient V f, then f is differentiable in x (in
particular, f is differentiable a.e. on R™), with

df.[r] = V f(x)[7], Vr e R"

where df, € R™ @ R™ is the differential of f at x.
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Rectifiability

We now introduce the notion of rectifiable set, which provides a generalization
of the notion of surface of primary importance in the study of geometric variational
problems. In the following we fix k € N, with 1 < k <n — 1.

Definition A.1. Given a H*-measurable set M C R", we say that M is countably
HF-rectifiable if there exists countably many Lipschitz maps f; : R¥ — R™ such
that

H" (M\ U fh(Rk)) =0;

heN

we say that M is locally H*-rectifiable provided H*(K N M) < oo for every
compact set K C R"; finally, if H*¥(M) < oo, then M is simply called H*-
rectifiable. Moreover, H*_M is a Radon measure if and only if M is locally
HF-rectifiable.

Rectifiable sets are decomposable in the following way. Given a Lipschitz
function f : R¥ — R”, and a bounded Borel set £ C R*, we say that the pair
(f, E) defined a regular Lipschitz image f(F) in R" if

(i) f is injective and differentiable on E, with Jf(z) > 0 for every = € E;
(ii) every z € F is a point of density 1 for £, namely

ENB
r—0t WrT

(iii) every x € E is a Lebesgue point of Vf. Since Vf € L2 (R*; R" @ R*) and
T € R" ® R¥ — JT is continuous, then z is also a Lebesgue point of Jf,
which is

lim |Jf(z) = Jf(z)|dz = 0.

r—0t B(z,r)

It can be shown then that we can always decompose a countably H*-rectifiable set
by means of regular Lipschitz images.

Theorem A.2. (Decomposition of rectifiable sets) If M is countably H*-rectifiable
in R™, then there exists a Borel set My C R"™, countably many Lipschitz maps
fn: RF = R"™ and bounded Borel sets E, C R* such that

M - Mo U U fh(Eh)a Hk<MO) = 0
heN

Each pair (fn, Ey) defines a reqular Lipschitz image.
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Rectifiability

Theorem A.2 allows us to prove the existence (in a measure-theoretic sense) of
tangent spaces to rectifiable sets, thus making rectifiable sets a measure-theoretic
generalization of smooth surfaces. Define ®,, : R* — R" as ¢, ,(y) = (y — x)/r,
y € R", so that, if © is a Radon measure on R™ and FE is a Borel set, then

(Pap)pp(E) _ plx +1E)

rk rk

Theorem A.3. (Existence of approximate tangent spaces) If M C R" is a locally
HE-rectifiable set, then for H*-a.e. x € M there exists a unique k-dimensional
plane m, such that, asr — 0T,

()3 (M M)

rk

:;szL(M_‘”) b, (A1)

r

that is

r

1 —
lim / gp(y ”5) dH* (y) :/ pdH*, Ve CORY).
M s

T

In particular it holds that

k
i EMOB@) gkl pe (A.2)

r—0+ wgrk

Remark A.1. If a k-dimensional plane 7, satisfies (A.1), then we set 7, = T, M
and name it the approximate tangent space to M at z. The set of points
x € M such that (A.1) holds true depends only on the Radon measure y = H*_ M.
It is a locally H*-rectifiable set in R™, which is left unchanged if we modify M on
and by H*-null sets.

The proof of Theorem A.3, relies on measure theory results (differentiation of
Radon measures), Theorem A.2 and the following Lemma.

Lemma A.1. If M = f(F) is a k-dimensional reqular Lipschitz image in R™ and
z € FE, then
T.M =Vf(2)(R"), x=f(2).

Example A.1. (Tangent space to a graph) If u : R*™! — R is a Lipschitz function,
and we define f: R — R" as f(2) = (z,u(z2)),2 € R"! then T = f(R"!) is
locally H™ !-rectifiable and, for a.e. z € R*7!,

Tyl = v(2)*, v(z) = (=V'u(z2),1).

This is easily inferred by Lemma A.1 noting that V f(2)(7) = (1,7 - V'u) € v(2),
for 7 € R 1.
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Appendix B

Structure theorem for sets of
finite perimeter

Structure theorems address to what extent a (locally) finite perimeter set resembles
a regular one, i.e. in some suitable sense it possesses a (n — 1)-dimensional boundary
and an outer unit normal. The objective is to extend the classical Gauss-Green
theorem (with the H"~! measure) to sets of (locally) finite perimeter.

The key notion to consider in order to understand the geometric structure of
sets of finite perimeter is that of reduced boundary, which may be explained as
follows. If E is an open set with C''-boundary, then the continuity of the outer unit
normal vg allows us to characterize vg(x) in terms of the Gauss-Green measure
g = vgH" 'LOF as

vi(r) = lim v dH) = Tim 1EBET)

, VxedFE.
r—0+ B(z,r)NOE r—0F |ME|(B(':C7 T))

If now E is a generic set of locally finite perimeter, then |ug(B(z,7))| > 0 for every
x € spt(pug) and r > 0, we can make the following definition.

Definition B.1. The reduced boundary 0*F of a set of locally finite perimeter
E in R" is the set of those x € spt(pug) such that the limit

im :U/E<B(x7 T))

exists and belongs to S™ !, B.1
OB el (B, ) : (B.1)

We define the Borel function vy : 9*E — S™ ! by setting

L np(B(r)
0 sl (B, 7))
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Structure theorem for sets of finite perimeter

We call v the measure-theoretic outer unit normal to £. By the Lebesgue-
Besicovitch differentiation theorem [6], we have

e =ve|pe|lLd"E, (B.2)

so that the distributional Gauss-Green theorem (3.7) takes the form

/VsoZ/ pvepdus|,  Vpe C (RY).
E O*E

Remark B.1. By example 3.1, if £ is an open set with C'-boudnary, then
0*FE = OF and the measure-theoretic outer unit normal coincides with the classical
notion of outer unit normal.

Example B.1. If £ C R? is a square with sides parallel to the coordinate axes,
then the limit v(x) exists for every x € OF. However |v(x)| = 1 if and only if x is
not a vertex of E: indeed, if z is a vertex, then |v(z)| = |(e1 + €2)/2] < 1 and thus
O0*FE is equal to OF minus the four vertexes of F.

The fundamental results about reduced boundaries describe their local tangential
properties (Theorem B.1) and their structure of generalized hypersurface (Theorem
B.2). Local properties are studied by looking at the blow-ups E, , of E:

EF—=x
T

Ezr:

)

=o,,.(F), reR" r>0,

)

where, as usual, ®,, = (y;I), y € R™. By Lebesgue’s points theorem [5],

re EW if and only if E,, % Rn asr — 07,
0

z € EO if and only if B, % asr — 07,

where we set E(*), the set of points of density ¢ of E, as

hmlEﬂBW:t}

r—0+ W™

E® — {$€R":

Theorem B.1. (Tangential properties of the reduced boundary) If F is a set of
locally finite perimeter in R™, and x € O*FE, then

E.. ¢ H, = {y eR":y-vp(x) <0} asr — 0T, (B.3)
Similarly, if 7, = OH, = vg(x)*t, then, asr — 07,

HE,., S ovg()H m,, e, | BN NI (B.4)
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Structure theorem for sets of finite perimeter

Theorem B.2. (De Giorgi’s structure theorem) If E is a set of locally finite
perimeter in R™, then the Gauss-Green measure ug of E satisfies

up = vpH " WO'E,  |up| = HILOPE, (B.5)

and the generalized Gauss-Green formula holds true:
/ Vo= / ovpdH" !, Vo € CHR™). (B.6)
E o*E

Moreover, there exist countably many C-hypersurfaces M, in R™, compact sets
Kj, C My, and a Borel set F with H" 1 (F) = 0, such that

OE=FU|J K,
heN

and, for every x € Ky, vg(x)t = T, My, the tangent space to Mj, at x.

Theorem B.2 is fundamental because it asserts that reduced boundaries have the
structure of generalized hypersurfaces (up to a H" '-null set F), thus leading to a
geometrically expressive reformulation of the distributional Gauss-Green theorem.

Corollary B.1. (of Theorem B.1) If E is a set of locally finite perimeter in R"
and x € O*E, then

i (EOB@0_ L (B.7)
r—0+ Wy " 2

P(E; B
lim P(E; B(z,1)) _ 1 (B.8)

r—0+ wn_lr”—l
In particular, O*E C EV/?) | the set of points of density one-half of E

Let us now introduce the essential boundary 0°F of a Lebesgue measurable
set £ C R",
OE =R"\ (EQUED).

We obviously have E(*/2) ¢ 9°E. The content of the next Theorem, due to Federer
[2], consists in the H" !-equivalence of the reduced boundary, the set of points of
density one-half and the essential boundary.

Theorem B.3. (Federer’s theorem) If E is a set of locally finite perimeter in R™,
then O*E c EY? c 9°E, with

W' (0°E\O'E) =0, (B.9)
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Structure theorem for sets of finite perimeter

Combining Federer’s theorem with Theorem B.1, one can characterize the Gauss-
Green measures of ENF, E'\ F' and EU F (that, by Lemma 3.1 are sets of locally
finite perimeter provided F and F' are) in terms of pug and pp. For simplicity we
write My &~ M, if M; and M, are Borel sets such that H" '(M;AM,) = 0. By
(B.9), 0*E ~ E"/? ~ 9°F and

M =~ (M N E‘U) U (M N E“’)) U (M N E(1/2>),

for every Borel set M and for every set of locally finite perimeter E.
In particular, we are going to use the characterization of the Gauss-Green measures
of the symmetric difference EAF and in the case when £ C F.

Proposition B.1. (Gauss-Green measure of the symmetric difference) If E' and F
are sets of locally finite perimeter in R™, then EAF is of locally finite perimeter

and
UEAF = UEL FO 4 UE L EO _ gL FO _ I L EW. (B.10)

In particular, for every Borel set G C R",
P(EAF;G)=P(E;G\O'F)+ P(F;G\J0'E) < P(E;G) + P(F;G).

Proposition B.2. If E and F' are sets of locally finite perimeter with E C F, then
pEg = prp on O*ENO*F and

UE :[LEI_F(I) +rvpL (6*F08*E>

In particular, P(E) = P(E; F)) + P(E; FA/2). In the case F = A is an open set,
then P(E) = P(E;A) + P(E;0A).
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